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ABSTRACT

Ultracold atoms offer an excellent platform for testing new ideas of quantum control
and measurement. I will discuss experiments where we use light and magnetic fields
to drive and monitor non-trivial quantum dynamics of a large spin-angular momentum associated with an atomic hyperfine ground state. We can design Hamiltonians
to generate arbitrary spin states and perform a full quantum state reconstruction
of the results. We have implemented and verified time optimal controls to generate
a broad variety of spin states, including spin-squeezed states useful for metrology.
Yields achieved are of the range 0.8-0.9.
We present a first experimental demonstration of the quantum kicked top, a
popular paradigm for quantum and classical chaos. We make ‘movies’ of the evolving
quantum state which provides a direct observation of phase space dynamics of this
system. The spin dynamics seen in the experiment includes dynamical tunneling
between regular islands, rapid spreading of states throughout the chaotic sea, and
surprisingly robust signatures of classical phase space structures. Our data show
differences between regular and chaotic dynamics in the sensitivity to perturbations
of the quantum kicked top Hamiltonian and in the average electron-nuclear spin
entanglement during the first 40 kicks. The difference, while clear, is modest due to
the small size of the spin.
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CHAPTER 1
INTRODUCTION

1.1 Quantum Control
Over the years, there has been an unprecedented level of development in quantum
engineering, i.e. preparation, control and detection of quantum systems. Each of
these activities require the ability to implement coherent interactions with external
fields to direct desired dynamics in quantum systems. To harness coherent dynamics
in a typical laboratory environment, fundamental challenges are to understand the
physical nature of the quantum states and to robustly perform coherent dynamics
in the presence of noise and systematic error. While the coupling of the system
with the control external fields is critical in manipulating the system, typically they
also couple to other aspects of the surrounding environment which can upset the
coherence of the desired interactions and the quantum nature of the system. Measurement and detection are in general important for accessing and understanding
the dynamics of any system. However, in quantum mechanics they play an additional active role in altering the system. The challenge then is to account for both
aspects while designing quantum controls.
The field of quantum control has experienced an excellent interplay of theory
and experiment. On the theoretical front, there has been a confluence of principles
of quantum mechanics such as wave-packet dynamics, superpositions, entanglement
and measurement, with methods of optimization drawn from applied mathematics
and classical control theory [1–3]. Development of experimental technologies, for
example in ultracold atom manipulation, nanotechnology, and femtosecond laser
pulse shaping etc. have led to succesful implementation and testing of quantum
control protocols. Successful laboratory platforms to test out new ideas of quantum
control and measurement have been demonstrated and explored in various branches
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of physics, chemistry and biology. Notable systems are cavity QED [4, 5], trapped
ions [6–8], ultrafast control of atomic and molecular dynamics [9, 10], photosynthesis
[11–14], NMR [15, 16], solid state [17], and superconductors [18, 19] etc.
Recently, single and collective spins in atomic ensembles have become an important quantum system to work in and promises a broad range of technological
applications. They also provide a clean platform towards ‘simulating’ otherwise
inaccessible complex quantum systems and investigating complex many-body quantum phenomena. Spins in atomic ensembles are being explored as quantum memory
elements complementing the use of photons as carriers of quantum information [20–
24]. An impressive amount of coherent control of light and light pulse storage using
electomagnetically induced transparency (EIT) has been achieved in atomic systems
[25–27]. Atomic spins are also gaining ground over SQUIDs as ultra-sensitive magnetometers [28–30] and have been considered in biomagnetism, for e.g. remote brain
and heart imaging applications like magneto-encelography (MEG) and magnetocardiograms (MCG) [31]. A well known success of atomic spins is in atomic clocks
[32] which, for example, provide precision time information critical in the working
of GPS recievers.
Laser cooling and trapping [33, 34] has completely revolutionized atomic physics,
providing cold atoms with easily accesible spin states and leading to the discoveries and creation of complex atomic ensemble based quantum systems like BEC [35]
and Fermi-degenerate gases [36]. Neutral atoms in optical lattices have become a
promising candidate for quantum information processing [37, 38] as well as for implementing a system of controllable spin lattices as a quantum simulator to perform
studies of condensed matter systems [39] and topological studies of quantum field
theory [40]. The promise of atomic systems lie in the fact that they can be extremely clean systems that can be isolated from environmental disturbances. Over
the years, the development of experimental and theoretical techniques combining
quantum optics and atomic physics have led to a wide range of available control and
measurement tools.
Many such atomic systems are concerned with control of two-level spin qubits,
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which are embedded in a real multi-level atom. The ability to fully control the
Hilbert space within these atoms are of great importance and add an important
experimental toolbox for quantum information processing applications. One can
consider the use of d-dimensional qudits as quantum information elements [41].
Alternatively, this allows greater flexibility in encoding qubits within this larger
Hilbert space, and may allow for implementing logic operations on the qubits with
robust controls and protection from systematic errors [42]. Harnessing techniques for
qudit control can also enable an easier extension to studies of even larger dimensional
systems like collective spins, or more mesoscopic/macroscopic systems [43, 44].
1.2 Quantum Chaos
Usually quantum phenomena is not attributed to macroscopic systems as this regime
is usually deemed to be classical, that is the physics in large objects can be explained
using classical mechanics or Newton’s laws of motion. One of the conundrums of
modern physics is how the familiar classical world arises from quantum mechanics.
Understanding of the quantum-classical transition as well as the quantum to classical
correspondence has found a new sense of urgency from the viewpoint of quantum
control in large quantum systems. With the emerging field of quantum information
technology where handling quantum data may hold the key to future technologies,
practical applications may depend on the ability to maintain the quantum-ness at
big scales and holding off classical behavior.
The quantum-classical correspondence of dynamical systems is still very unclear.
According to the correspondence principle, one expects that the quantum and classical descriptions of a system should give the same answers in some limit when the
quantum numbers describing the system are large 1 . One of the most problematic
instances for the quantum-classical correspondence is when the Newtonian motion
is chaotic. Chaos is ubiquitous in the classical world and is characterized by hyper1

Check out this recent wonderful news feature by Philip Ball [45] mentioning the controversy

surrounding issues related to the quantum-classical transition and the quantum-classical correspondence.
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sensitivity of the dynamics to initial conditions. In classical chaotic systems, points
arbitrarily close to each other in phase can have rapidly diverging trajectories. On
the other hand quantum states are vectors in Hilbert space and a phase space representation usually involves a distribution where the minimum area of the quantum
structures is limited by Heisenberg’s uncertainty principle and set by the Planck’s
constant, ~. It has been argued that the quantum description of the system smooths
out over the infinitely fine level of detail that is needed to describe classical chaotic
phase space trajectories, thus preempting any existence of chaos in quantum mechanics. However, Zurek has shown that sub-Planck features exists in the quantum
system and can have an effect on the dynamics [46].
The field of quantum chaos attempts to find the quantum-classical correspondence for systems whose classical dynamics can show chaos. Another aspect of
quantum chaos is identifying quantum signatures of chaos. The central part of
various studies involves identifying distinctive features in the quantum system that
discriminate between chaotic and regular dynamics in the classical system [47]. A
well established signature of chaos is found in the quantum energy level statistics and
properties of the eigenvectors and has been accurately described by random-matrix
theory [47–49]. For instance, numerical studies of the energy level fluctuations have
been performed with high accuracy for an hydrogen atom in a magnetic field, a simple example of a quantum non-integrable system [50, 51]. Another approach is due
to Martin Gutzwiller [52, 53], who was able to calculate the semiclassical energies
for a chaotic system from the classical periodic orbits of the system. Semiclassical
techniques have been developed to differentiate and identify ‘regular’ and ‘chaotic’
quantum wavefunctions in the ~ → 0 limit [54]. One of the interesting features
in the quantum system is the phenomena of “scarring” of eigenstates along unstable classical periodic orbits [55]. The term ‘Quantum Chaology’ was introduced by
Berry [56] to refer to the study of signatures of chaos in the quantized versions of
classical chaotic systems.
Also of interest is how a quantum system actually propagates in time when the
classical limit is chaotic. Quantum dynamics is governed by unitary evolution, which
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preserves the overlap integral between any two quantum states, and there can be
no sensitivity to initial conditions under the same dynamics. But a quantum state
is not an analogue of classical points in phase space, and further it is not right to
compare its evolution with exponential sensitivity of trajectories to closely spaced
initial points in phase space. In fact, for two classical phase space distributions
evolving by the corresponding classical Liouville equation, the overlap integral can
be shown to be a constant in time [57]. A more relevant basis of comparison is the
extreme sensitivity of chaotic systems to slight changes in the dynamics, which also
carries over to quantum mechanics. For quantum systems with chaotic analogues,
the evolution of the quantum system can exhibit hypersensitivity to perturbations
[58]. Peres [59, 60] introduced the concept of fidelity decay which describes the
overlap (or fidelity) between the perturbed and the unperturbed state as the system
propagates in time. If the quantum system has a chaotic analogue, this overlap
rapidly tends to a much smaller value whereas for regular systems the decay would be
qualitatively slower. The fidelity has also been studied in the context of the question
of time irreversibility in quantum mechanics, where it is often called the Loschmidt
echo. This is the overlap between a state that propagates forward in time and then
backward in time with a slightly perturbed Hamiltonian. Mathematically, it has
the same form as the fidelity decay. It has been shown that in certain dynamical
regimes, there is a direct connection between the rate of decay of the Loschmidt echo
(or fidelity decay) and the classical Lyapunov exponents of the classically chaotic
system [61, 62].
Another physical effect that is of interest, particularly from the viewpoint of
quantum information science, is the connection of the rate and degree of entanglement generation in composite quantum systems to the presence of chaos in the
classical limit. Entanglement occurs when the state of a system composed of at
least two subsystems cannot be written as a product of states that reside entirely
in the subsystems. It leads to unique quantum correlations that can exist even
among spatially well separated particles. It is an useful resource for quantum computing [63], where potential applications include the design of efficient algorithms
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which are otherwise computationally intensive on classical computers. Entanglement is also critical in other quantum information applications, for eg. , quantum
teleportation [64–66], quantum cryptography [67, 68] and quantum communications
[21, 69]. While the onset of classical chaos can affect the implementation of a quantum computer [70, 71], chaotic evolution itself can lead to a rapid exploration of
the Hilbert space allowing for efficient state preparation, measurement and other
aspects of quantum control. Thus the effect of chaos on the dynamical generation
of entanglement has received a significant amount of attention in recent studies [72–
78]. Furthermore, real quantum systems are never isolated from their surrounding
environment, and the presence of classical chaos is shown to lead to a increased rate
of entanglement between the system and its surrounding [79]. This leads to decoherence, which is of fundamental interest in the understanding of the emergence of
classical behavior in a world governed by the the laws of quantum mechanics [80–83].
The quantum kicked top is a much studied and very popular model system
[47, 58, 60, 84–86] of classical and quantum chaos. It is an example of an driven
angular momentum system undergoing a periodic sequence of nonlinear kicks. An
advantage of studying quantum chaos in an angular momentum system is that the
Hilbert space is finite dimensional. This makes it a convenient system to study since
it eliminates the need for truncation of Hilbert space. In this thesis we present a
first experimental demonstration of the kicked top in cold atomic spins. Chapter 6
describes this system in detail, including our particular implementation and the
observed signatures of chaos in the quantum dynamics.
1.3 Thesis Rationale and Outline
This dissertation presents a method for implementing universal quantum control
of an angular momentum of any arbitrary magnitude. The applications of quantum control include quantum state preparation, accurate dynamical control and
quantum state tomography. Here, we have used magnetic fields and light shifts
to generate nonlinear spin Hamiltonians that are sufficiently general to implement
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universal quantum control of the F = 3 ground state hyperfine spin in laser cooled
cesium atoms. As one application of quantum control in this system, efficient density matrix reconstruction of the quantum state was experimentally performed and
this was the subject of Greg Smith’s Ph.D. dissertation [87]. The theoretical framework behind this was developed in extensive collaboration with the group of Ivan
Deutsch at University of New Mexico, and is presented in the Ph.D. dissertation
of Andrew Silberfarb [88]. This thesis presents two other demonstrative applications of quantum control. First, we have used open loop quantum control where
we design and implement accurate Hamiltonians to successfully generate arbitrary
quantum states in the F = 3 spin. Amongst the states prepared are arbitrary superposition states, single magnetic sublevel states, and spin squeezed states useful in
metrology [89]. One of the motivations behind this work is to ultimately extend the
concepts, techniques and challenges learnt from this experiment to quantum state
preparation in larger spin systems, for example the entire ground state manifold
of cesium (6 S1/2 , F = 3, 4) or many body collective spin systems formed with laser
cooled atoms. This thesis also presents a first experimental implementation of the
quantum kicked top. The design of the kicked top Hamiltonian in the F = 3 spin is
pretty straightforward in our experiment. We prepare arbitrary spin coherent states
and take snapshots of the state density matrix at different points in time during the
evolution. Quantum signatures of chaos obtained from our experiment are identified
and presented in the dynamical aspects of the quantum kicked top.
This thesis is organized in the following way. In chapter 2, we review the theoretical foundations to understand the effect of magnetic fields and light fields in
implementing universal quantum control over our system. We introduce the Hamiltonian generated from this interaction, and discuss the concept of controllability in
our system. A brief review is provided of the fast and efficient state estimation technique developed by our group. The state estimation was an important workhorse
in our quantum control experiments and allowed us to evaluate the coherent dynamics implemented in this work. In chapter 3, we present the laser cooling setup,
and review experiments which qualify our ability to perform highly coherent and
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nonlinear dynamics as well as characterize the measurement performance. We also
discuss the diagnostic tools developed in our lab using the atoms that allow us to
eliminate or account for errors in our experiment. We describe the methods used
to calibrate the different unknown parameters in our experiment for quantum state
reconstruction. In chapter 4, we discuss the control and continuous measurement of
the clock pseudo-spin. In chapter 5, we will discuss the concepts and the techniques
used for arbitrary quantum state preparation. We show experimentally estimated
quantum states and compare them with the desired target states. With well developed and fully characterized methods for quantum state preparation, controlled
evolution and state estimation, in chapter 6 , we will discuss the implementation
of the quantum kicked top and investigate features in the quantum dynamics that
carry quantum signatures of classical chaos. Chapter 7 summarizes the results and
accomplishments of this work.
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CHAPTER 2
BACKGROUND: QUANTUM CONTROL AND MEASUREMENT OF ATOMIC
SPINS

Magnetic fields and light are useful controls to drive atomic spin dynamics. In
this chapter, we review the theoretical framework in which a combination of the
two can help implement universal quantum control of a large angular momentum.
Polarization spectroscopy is used extensively for the continuous measurement of
the spin dynamics, and ultimately for quantum state tomography. The theoretical
foundations were largely developed by our collaborators, Ivan Deutsch, and his group
at the University of New Mexico. Parts of this chapter may be seen as a summary
of the portion of their work which is relevant for the understanding of experiments
described later in this thesis.
2.1 Atoms in Magnetic Fields
In this section, we review the role of magnetic fields in driving atomic spin dynamics.
A familiar classical picture is presented for intuition, and then a quantum picture
describes the Hamiltonian governing the spin dynamics.
2.1.1 Classical Description
Atoms possess a magnetic moment, µ and in the presence of an external magnetic
field, B, the interaction energy is given by
V = −µ · B

(2.1)

and the forces and torque acting on this magnetic moment can be derived from this
interaction. The magnetic moment is proportional to the angular momentum of the
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atoms, F, and is given by
µ = γF = −gF

e
µB
F = −gF
F
2m
~

(2.2)

where γ is the gyromagnetic ratio, which is then expressed in fundamental parameters: m is the mass of the electron, µB is the Bohr magneton, and gF is the Lande
factor for the appropriate hyperfine angular momentum of the atom.
The interaction affects both the external degrees of freedom of the atoms, ie. the
center of mass position and momentum as well as the internal degree of freedom that
describes the total angular momentum of the atoms (including electron spin, spinorbit and hyperfine coupling). For the case of a spatially uniform magnetic field, B
across the atomic sample, the interaction energy only depends on the orientation of
the magnetic moment, µ, relative to B, which leads to a toque,
N=µ×B

(2.3)

The torque is equal to the time rate of change of the angular momentum, thus using
equation 2.2, we find the dynamics of the angular momentum described by
dF
= γF × B
dt

(2.4)

This leads to a precession of F around the direction of of the external magnetic field
B. This is called Larmor precession, and the frequency of precession or the Larmor
frequency is given by
ωL = γ|B|

(2.5)

For the case of a magnetic field that is constant in time, the angle of rotation of the
angular momentum vector about B after a certain time, T , is given by
θ = ωL T

(2.6)

In the case when B(t) is a function of time, one can find the time evolution of the
angular momentum vector, F(t), by numerically solving the differential equation 2.4.
In this thesis, we will mostly be concerned with interactions of atoms with a
time-dependent external magnetic field that is uniform across the atomic sample.
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Thus we will only discuss the effects of the field on the internal angular momentum
degree of freedom. An inhomogeneous magnetic field can also affect the center
of mass degrees of freedom of the atoms. For example in magnetic trapping of
atoms [90], magnetic field gradients can confine atoms towards the minimum of
the magnetic field in space. Indeed, we do make use of magnetic field gradients in
some parts of our experiments for example, in Stern-Gerlach measurements of the
atomic spin [91, 92]. These aspects of the atom-magnetic field interaction has been
discussed in details in previous Ph.D. theses from our lab [87, 93, 94], and will not
be discussed here further.
2.1.2 Quantum Description
The angular momentum of an atom is quantized, having discrete magnetic sublevels. An external magnetic field leads to energy shifts of these magnetic sublevels.
The corresponding dynamics that is induced in the angular momentum due to this
external magnetic field can be described as that governed by the Hamiltonian
gF µB
F · B(t)
H(t) = −µ · B =
~
gF µB
=
[Bx (t)Fx + By (t)Fy + Bz (t)Fz ]
~

(2.7)
(2.8)

In a constant magnetic field the Hamiltonian then becomes
H=

gF µB
gF µB B
F·B=
F · û
~
~

(2.9)

where û is the unit vector defining the direction of the magnetic field B = Bû and
ωL = gF µB B/~ is the Larmor frequency. The evolution of the quantum state |ψi as
governed by this time independent Hamiltonian is then described by a unitary time
evolution propagator
|ψ(t)i = U|ψ0 i where U = e−iHt/~

(2.10)

Inserting the Hamiltonian from Eq. 2.9, we get the form for the propagator
U(t) = e−iωL tF·û/~ = e−iθ(t)F·û/~ = Rû (θ(t))

(2.11)
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where θ = ωL t. Here, Rû (θ) is a rotation operator that acts on the angular momentum quantum state in Hilbert space. The time evolution is equivalent to geometric
rotations of the mean spin vector, F, by an angle θ about an axis given by û, at
a rate given by the Larmor frequency, ωL . Note that the classical behavior of a
precessing spin is essentially recovered without any assumptions on the quantum
state or the choice of basis for the above description.
A system is said to be quantum controllable if the accessible Hamiltonians can
generate all the unitary transformations possible in that system [95, 96]. For a spin
1/2 system, all the unitary transformations required for complete quantum control
are equivalent to geometric rotations. Thus a spin-1/2 angular momentum system
is quantum controllable with magnetic fields alone. However for large angular momentum systems, geometric rotations alone do not give access to all the unitary
transformations possible in that system. For example in the F = 3 hyperfine spin,
it is not possible to transform |F = 3, mF = 3i state to |F = 3, mF = 0i just with
magnetic fields. The notion of controllability of a large angular momentum is established in section 2.5. There we find that for a large angular momentum, an operator
of the form F̂x2 in addition to geometric rotations is enough to impart universal
control. We will look at the role of atom light interaction towards generating this
operator and therefore very interesting spin dynamics. In addition we also make use
of the atom light interaction to perform weak continuous measurements of the single
atom angular momentum, and this too will be discussed in the following sections.
2.2 Atom-Light Interaction in a Multilevel Atom : Atomic Polarizability
Here, we consider the interaction of a monochromatic laser beam with ground state
atomic spins in alkali atoms. If the laser frequency is far off resonance from any of
the transition frequencies of the specific atom in consideration, there is negligible absorption. However, the interaction causes energy shift (light shift) of the magnetic
sublevels of the ground state hyperfine spin manifold, which leads to interesting
spin dynamics. On the other hand, the atomic ensemble possesses a spin dependent
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refractive index which results in the laser beam undergoing changes in its polarization. These changes carry information about the quantum state of the atoms. In
this section we will review the dipole interaction Hamiltonian due to this atom-light
interaction and cast it in terms of the atomic polarizability. Various interesting
aspects of the relevant spin dynamics and optical effects like Faraday rotation and
birefringence will be explained in this context. The following discussion is adapted
from Deutsch and Jessen [97], and we provide a review of the results from this paper
necessary for the understanding of our experiment.
Consider a low intensity monochromatic laser beam E(x, t) = (E(x)e−iωL t +
c.c.)/2 where ωL is its frequency and E(x) is complex. In the low saturation limit,
the atom-light interaction is governed by the dynamics of the electronic ground state
manifold coupled to the polarization modes of the AC electric field. The interaction
is written in the form
H = −d · E

(2.12)

where d is the induced dipole moment from the atom light interaction. In general,
the induced dipole moment is not parallel to the applied electric field and it is also
dependent on the direction and magnitude of the applied electric field. To account
for this, the Hamiltonian is commonly expressed in terms of the atomic polarizability
→
tensor, ←
α,
1X
1
→
α ·E=−
αij Ei ∗ Ej
(2.13)
H = − E∗ · ←
4
4 i,j
Quantum mechanically using perturbation theory, the atomic polarizability tensor
operator of rank 2 is a dyadic formed out of the outer product of the electric dipole
operator d̂eg and its hermitian conjugate projected between the degenerate excited
and ground manifolds, labeled by e and g
α̂ij = −

ˆeg
X dˆge
i dj
e,g

ˆeg
X dˆge
∆eg /Γ
i dj
≈−
~Γ (∆eg /Γ)2 + 1/4
~∆eg
e,g

(2.14)

where d̂ge = d̂eg† = P̂g d̂P̂e . Here ∆eg = ω −ωge is the detuning of the laser frequency
from the resonance of the corresponding manifolds. Γ is the natural line-width of
the excited states and the approximation holds for ∆eg /Γ  1.
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From Eq. 2.13 and Eq. 2.14, we find that the interaction Hamiltonian is a contraction of two dyadic tensors of rank 2 one being the atomic polarizability, αij as
discussed above, and the other dyadic tensor formed by the outer product of the
electric field onto itself (Ei∗ Ej ). Each tensor can be decomposed into its irreducible
tensor components [98] and the Hamiltonian can be expressed as
1
1 X (2) ∗
1
1
αij (Ei Ej − |E|2 δij )
H = − α(0) |E|2 − α̃(1) ·(E∗ × E) −
4
4
4 ij
3

(2.15)

where the superscripts denote the irreducible rank. The Hamiltonian is thus broken
down into separable contributions from each tensor components of different rank.
The rank 0 component is the scalar part of the interaction, the rank 1 is the vector
part, and the rank 2 term is the tensor part of the interaction. The dynamics
generated due to each component of this coherent interaction act to change the
quantum state of the atomic spins as well as the light polarization. We shall discuss
in the context of alkali atoms driven by a monochromatic polarized laser tuned near
the an optical resonance n S1/2 → n PJ 0 where J 0 = 1/2 (D1 ) or 3/2 (D2 ). For a
ground state hyperfine manifold with angular momentum F , the Hamiltonian has
the irreducible decomposition written in terms of the ground state spin and the light
AC electric field
ĤJ 0 F 0 F


1
(0)
= − αJ 0 F 0 F C J 0 F 0 F E∗ · E
4

(2.16)

(1)

+ iCJ 0 F 0 F (E∗ × E) · F


Fi Fj + Fj Fi 1 2
(2)
∗
+ CJ 0 F 0 F Ei Ej
− F δij
2
3

(2.17)
(2.18)

Here, F is the total angular momentum spin operator, and
α

J 0F 0F

|hJ 0 ||d||Ji|2
∆F F 0 /Γ
=
~Γ
(∆F F 0 /Γ)2 + 1/4

(2.19)
(K)

is the characteristic polarizability. Each of the coefficients CJ 0 F 0 F can be found
by calculating the appropriate Clecbsch-Gordon coefficients that come from the
decomposition of the polarizability tensor into its irreducible rank K components.
The reader is referred to [88, 97] for a complete derivation of these coefficients using
the requisite tensor algebra.
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2.3 Spin Dynamics due to Light Shifts
Consider a laser beam with electric field given by E = Re(E0 e−iωt ~ε). The atom
light interaction acting on a given ground state hyperfine manifold F can be shown
using Eq. 2.18 to be


1 2 2
(0)
(1)
(2)
2
∗
2
ĤJ 0 F 0 F = VF 0 F CJ 0 F 0 F |~ε| + iCJ 0 F 0 F (~ε × ~ε)·F̂ + CJ 0 F 0 F (|~ε·F̂| − F̂ |~ε| ) (2.20)
3


where |~ε·F̂|2 = 12 (~ε·F̂)† (~ε·F̂) + (~ε·F̂)(~ε·F̂)† and
VF F 0

1
= − αJ 0 F 0 F |E0 |2 =
4




~ I
∆F F 0 /Γ
8 Isat (∆F F 0 /Γ)2 + 1/4

(2.21)

Here, VF F 0 is the AC stark shift associated with a field of intensity, I = (1/2)c0 |E0 |2 ,
acting on a transition with unit oscillator strength and saturation intensity, Isat =
c0 ~2 Γ2 /4|hJ 0 ||d||Ji|2 , detuned by ∆F F 0 . The total atom-field interaction operator
for the ground state hyperfine spin manifold, F , is given by summing over all the
contributions from each of the excited hyperfine structure manifold,
X
ĤJ 0 F =
ĤJ 0 F 0 F

(2.22)

F0

The decomposition of the light shift interaction into its irreducible tensor components provides a deeper understanding of the atomic spin dynamics. The rank-0
scalar component is spin independent and does not contribute to spin dynamics, if
we are restricted to a single hyperfine spin manifold. The rank-1 vector component
is in a form analogous to a Zeeman like interaction, Ĥ (1) = Bf ict ·F̂. Here Bf ict
stands for a fictitious magnetic field proportional to i(~ε∗ × ~ε), and thus depends on
the ellipticity of the incident laser beam. This component generates rotations of
the atomic spin about Bf ict The rank-2 component contains a non-linear light shift
proportional to |~ε·F̂|2 and this generates more interesting spin dynamics. The other
term in the rank-2 component depends on F2 which is spin independent in a single
hyperfine manifold, and thus does not contribute to spin dynamics.
In general the contribution of the rank-1 component to the light shift is larger
than that from rank-2 component. However, if we consider an incident linearly
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polarized light, the vector component disappears, and does not contribute to spin
dynamics. The rank 2 contribution to the light shift interaction that is responsible
for spin dynamics is written in the form
H (2) =

X

(2)

VF F 0 CJ 0 F 0 F (|~ε·F̂|2 ) = β (2) ~γS (|~ε·F̂|2 )

(2.23)

F0

In the latter expression, we have scaled the strength of the nonlinear shift
P
(2)
F 0 VF F 0 CJ 0 F 0 F relative to the photon scattering rate, γS , where
X

fJ 0 F 0 F
~Γ I
(2.24)
~γS =
8 Isat F 0 (∆J 0 F 0 F /Γ)2 + 1/4
where fJ 0 F 0 F are the relative oscillator strengths. The nonlinear light shifts drive
coherent dynamics, whereas photon scattering causes decoherence. The pre-factor
β (2) roughly determines the difference in time scales between the two processes.
The photon scattering rate sets a time window within which coherent dynamics is
possible. Thus a larger value of β (2) is desired to be able perform more nonlinear
dynamics within this time window. From Eq. 2.21, 2.23, and 2.24, we can compute
the variation of β (2) as a function of detuning. We make use of two expressions
derived in Deutsch and Jessen [97],
fJ 0 F 0 F



 F 0 1 J0 
= (2J 0 + 1)(2F + 1)
 1/2 1 F 

2

(2.25)

and,
√

(2)

CJ 0 F 0 F




0 
F 1 F
30(2F + 1)
0
= (−1)3F −F p
fJ 0 F 0 F
F (F + 1)(2F + 1)(2F − 1)(2F + 3)  1 F 2 
(2.26)
0

where 6j symbols have been employed.
Fig 2.1 shows the variation of β (2) as function of detuning for both ground state
hyperfine manifolds in the D1 and the D2 line. We find that β (2) assumes a larger
value at the D1 line and one can show that this is due to the larger hyperfine splitting
of the 6P1/2 excited state. We also notice that β (2) varies as a function of detuning
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Figure 2.1: β (2) vs. Detuning. (a),(b) shows the calculations of β (2) for the different
hyperfine ground states at the D1 line, whereas (c),(d) show that for the D2 line.
Note the difference in hieghts between (a), (b) and (c),(d). The blue dot in (a) is the
nominal detuning at which most work described in this experiment are performed.
The detuning, ∆D1 is referenced from the F = 4 → F = 4 transition frequency of the
D1 line, whereas ∆D2 is referenced from the F = 4 → F 0 = 5 transition frequency.
An illustration of the cesium energy level structure is provided in Fig. 3.1
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at frequencies close to the transition frequencies. At larger detuning, this coefficient
becomes a constant. As a consequence, the rank-2 light shift can never be made
arbitrarily large compared to the photon scattering rate. The nonlinear light shift
is instrumental in driving interesting coherent spin dynamics and enables powerful
spin control and measurement schemes in our system. There is an inherent trade-off
between coherent control and decoherence. The choices of detunings are important
to balance the the requirement of low decoherence with the necessary interactions
for control and measurement.
We will use magnetic fields and a linearly polarized laser beam to drive coherent dynamics in the F = 3 hyperfine spin manifold. Omitting scalar parts, the
Hamiltonian for coherent control is given by
HˆC = gF µB B(t)·F̂ + β (2) ~γS (|~ε·F̂|2 )

(2.27)

This is the basic form of the Hamiltonian that is implemented in our experiments
on quantum state control and the quantum kicked top. With a careful design of the
magnetic field and laser parameters, we can drive the desired spin dynamics, which
is why we also refer to this as a control Hamiltonian. In chapter 5, we discuss the
importance of this Hamiltonian that makes a large angular momentum controllable.
In chapter 6, we show how we implement the kicked top by choosing the appropriate
time variation of the magnetic field and laser field controls.
2.4 Weak Optical Measurement of Atomic Spin Dynamics
To evaluate our controls as well as monitor the spin dynamics, we need an experimental toolbox to measure the atomic spin. Due to the atom light interaction in
the low saturation limit, the spin dependent refractive index of the atoms induce a
polarization change in an incident light field which is characteristic of the atomic
spin. We can thus perform continuous weak measurements of the atomic spin by
monitoring the polarization of a probe laser beam that traverses the sample. To
understand the dynamics in the light polarization, it is useful to consider the Stokes
vector for laser polarization [99]. We will find that the atom light interaction has a
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form of quantum non-demolition measurement (QND) [100] for a few atomic spin
observables through analysis of the Stokes vector components.
2.4.1 Light Polarization and the Stokes Vector
Consider a laser beam propagating along the êk axis, the Stokes Vector S for the
polarization is expressed in terms of the following measurable quantities
S0 = |εH |2 + |εV |2
S1 = |εH |2 − |εV |2
S2 = ε∗H εV + ε∗V εH = |ε45 |2 − |ε135 |2
S3 = ε∗H εV − ε∗V εH = |ε+ |2 − |ε− |2

(2.28)

where εH , εV are the amplitudes of the electric field components along a chosen
‘horizontal’ and ’vertical’ axis along the plane perpendicular to the direction of
light propagation, the indices 45 and 135 indicate electric fields in the directions
√
ê45,135 = (êH ± êV )/ 2 and the indices + and − indicate the circular components
√
of the light polarization, ê± = ∓(êH ± iêV )/ 2. Each of the Stokes vector components are expressed in terms of intensities of polarization components of light that
are measurable with a photodetector and appropriate polarization optics like wave
plates and polarizers. S0 indicates the total light intensity, and the components
S1 , S2 , S3 forms the axes of a Poincare sphere representation of the polarization.
The position of the Stokes vector S ≡ (S1 , S2 , S3 ) on the Poincare sphere represents
the polarization state of the field and completely characterizes the polarization of
the light.
To account for the Hamiltonian dynamics in the polarization modes, it is convenient to treat the field quantum mechanically. Following Silberfarb and Deutsch
[101], we employ a travelling wave quantization scheme, and consider a wavepacket
mode duration ∆t of a paraxial laser beam with area A. The electric field in the
relevant modes is then written as
r
E=

2π~ω
(eH aH + eV aV )
Ac∆t

(2.29)
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where aH and aV are the photon annihilation operators in the horizontal and vertical
polarization modes. In quantized form, the Stokes operators for the polarization are
expressed via the Schwinger representation [98, 102] for two independent oscillator
modes,
1
1
1
S1 = (a†H aH − a†V aV ), S2 = (a†H aV + a†V aH ), S3 = (a†H aV − a†V aH )
2
2
2i

(2.30)

The Stokes operators correspond to those of a pseudospin-1/2 system satisfying the
commutation relationship [Si , Sj ] = iεijk Sk . The total photon number operator is
defined by S0 = a†H aH + a†V aV .
2.4.2 Polarization Spectroscopy
The interaction Hamiltonian operator in Eq. 2.18 can be elegantly expressed in
terms of Stokes operators of polarization and the atomic spin operators. For this,
use is also made of Eq. 2.22, 2.29 and 2.30, to get
H=

X

HJ 0 F 0 F =

F0

~
(A0 S0 + A1 S1 + A2 S2 + A3 S3 )
∆t

(2.31)

where the operators Ai are atomic spin observables
A0 = ξ (0) −

ξ (2)
(3Fk2 − F 2 )
6

ξ (2) 2
(FH − FV2 )
2
ξ (2)
(FH FV + FV FH )
=
2
= ξ (1) Fk

(2.32a)

A1 =

(2.32b)

A2

(2.32c)

A3

(2.32d)

and the coefficients ξ (K) are given by
ξ

(K)

 X
4πω X (K)
σ0
Γ
(K)
=−
CJ 0 F 0 F αJ 0 F 0 F =
CJ 0 F 0 F
Ac F 0
A F0
2∆F F 0

(2.33)

where σ0 = 3λ2 /2π is the resonant cross-section for unit oscillator strength.
The Hamiltonian expressed in Eq. 2.31 clearly illustrates the effect of atomic
spins on the dynamics of the light field. The polarization independent index of
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refraction is set by the S0 interaction. The remaining terms generate a rotation of
the Stokes vector on the Poincare sphere around an axis and angle determined by the
moments of the atomic spin. The net amount of rotation is determined according to
a unitary transformation, U = e−iH∆t/~ = e−iA·S , where the vector A is made of the
components {A1 , A2 , A3 }. The A3 S3 interaction leads to the Stokes vector precessing
about the S3 axis by an amount proportional to the atomic magnetization along the
propagation direction, or the Faraday effect. The A1 S1 and the A2 S2 interaction
leads to changing ellipticity of the laser polarization, indicative of birefringence in
the atomic sample.
For an optically thin ensemble of atoms of density n distributed in a volume
V = AL, where L is the optical path length of the traversing laser beam, the
effective coupling strength due to each tensor component is now nALξ (K) . Using
the on resonance optical depth, OD = nσ0 L, the net rotation is determined by
the mean of the atomic spin observables, hAi i. Using Eq. 2.31, and 2.33, one can
express the rotation angles about each Stokes component by components of a vector
Θ, where
Θ1
Θ2
Θ3



OD X (2)
Γ
CJ 0 F 0 F
hFH2 − FV2 i
=
0
4
∆
FF
F0
X

OD
Γ
(2)
=
CJ 0 F 0 F
hFH FV + FV FH i
4
∆
FF0
0
F
X

OD
Γ
(1)
=
CJ 0 F 0 F
hFk i
2
∆F F 0
F0

(2.34a)
(2.34b)
(2.34c)

In the optically thin limit, where Θi  1, the Stokes vector is transformed
according to
Sout = Sin + Θ̃ × Sin

(2.35)

A polarimeter can be setup to analyze any one of the polarization Stokes components. One gets maximum sensitivity when the polarimeter analyzes the Stokes
component along a direction in the Poincare sphere perpendicular to the input. If
the analyzing axis in Poincare sphere is given by eout , the signal is approximately
proportional to eout · Sout = Sin × eout · Θ̃. For example, if incident polarization
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is along S1 , and the analyzer is along S2 in the Poincare sphere, we perform an
ensemble measurement of hFz i via Faraday rotation, since eout · Sout ∼ Θ3 . On other
hand if the polarimeter analyzes S3 , eout · Sout ∼ Θ2 , we perform a measurement
of the second moment hFH FV + FV FH i due to birefringence of the sample. Such
measurements are used to continuously monitor the spin dynamics either due to
external magnetic fields, or due to the laser probe itself.
We should also note that the measurement sensitivity is directly proportional
to the optical depth of the atomic sample. Measurement sensitivity and Signal to
noise ratio (SNR) has been discussed in greater detail in our group in the context of
Faraday spectroscopy [103] and in Greg Smith’s Ph.D. dissertation [87], and is not
discussed here. We will look at some of the trade-offs in measurement sensitivity and
decoherence in the context of weak measurements of the clock transition pseudospin
in cesium, discussed in chapter 4.
2.5 Controllability
Here, we will discuss the ability of the Hamiltonian for spin dynamics in Eq. 2.27 to
allow universal control of large angular spin momenta. This brings in the notion of
controllability [95, 96, 104–106] where a quantum system is said to be controllable
if, in principle, the accessible Hamiltonians can dynamically generate all the unitary
operators on Hilbert Space. For a spin F , the Hilbert space dimension is d = 2F +1,
and any unitary transformation that can be performed in this state space belong to
the special unitary group of degree d, denoted as SU (d). To generate SU(d), one
needs atleast d2 − 1 independent generators [107].
Eq 2.27 shows the control Hamiltonian that we can implement on the ground
state hyperfine spins of Cesium. As seen in chapter 3 and from Fig. 3.3, the incident
laser beam polarization in our setup is always along the lab x axis, and thus our
control Hamiltonian reduces to
ĤC (t) = gf µB B(t)·F̂ + ~ωN L (t)F̂x2

(2.36)

where ωN L = β (2) γS indicates the rate at which coherent dynamics is driven by
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the nonlinear part of the Hamiltonian. At first sight, this Hamiltonian seems to be
rather restricted, in the sense that it is built out of the following set of operators1
{F̂x , F̂y , F̂z , F̂x2 }. We discuss the control of a single hyperfine spin manifold, or the
F = 3 spin system, which resides in a 7 dimensional Hilbert space. How do we
generate all the unitary transformations from just 4 operators to make our system
quantum controllable? The answer lies in dynamically being able to effectively
“simulate” all the other generators for this Hilbert space. Thus the challenge is to
design a time dependent Hamiltonian that gives any unitary evolution by virtue of
linear combinations and commutations between these accessible operators. This is
said to be possible if the accessible operators can generate the entire Lie algebra
su(7).
Here, we present a more formal statement of the problem for the above discussion.
This has been adopted from the formalism developed and proved for quantum control
of the entire hyperfine ground states of alkali atoms by Merkel, Jessen and Deutsch
[95]. We include the mathematical statement from this reference for the sake of
completeness and discuss its implications.
Consider a quantum system in a Hilbert space of dimension d, governed by a
Hamiltonian of the form
Ĥ(t) = Ĥ0 +

X

bj (t)Ĥj

(2.37)

j

The system is said to be controllable, if for every possible unitary transformation,
Ûd ∈ SU (d), there exists a choice of controls bj (t) and a finite time T , such that
˙
the Hamiltonian evolution given by the Schrodinger equation, Û = −iĤ(t)Û (t),
maps the identity operator to Ûd at time T . A necessary and sufficient condition for
controllability is that the independent terms in the Hamiltonian, {Ĥ0 , Ĥ1 , · · · , Ĥn },
generate the Lie algebra su(d).
A Lie algebra is a linear vector space with an algebraic product defined by the
commutator. To understand the significance that linear combinations and commuta1

Notice the difference in the use of the terms ‘generators’ and ‘operators’. The generators of a

SU (d) group are traceless, and trace(F̂x2 ) 6= 0.
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tions of operators can play towards controllability, we consider two short timesteps,
each ∆t, where control Hamiltonians Ĥ1 and Ĥ2 are applied. The resulting unitary
evolution goes as
U = e−ib1 H1 ∆t/~ e−ib2 H2 ∆t/~

(2.38)

The above unitary can be expanded to first order in ∆t for small ∆t,
i
i
U = (1 − b1 H1 ∆t)(1 − b2 H2 ∆t)
~
~
i
1
= 1 − (b1 H1 + b2 H2 )∆t + 2 b1 b2 H1 H2 ∆t2
~
~

(2.39)

In this way, we can get access to a linear combination of the two original Hamiltonians. Looking at the second order term in ∆t2 , we can also design a combination
e−ib1 H1 ∆t/~ e−ib2 H2 ∆t/~ eib1 H1 ∆t/~ eib2 H2 ∆t/~

(2.40)

from which we can get a term that is ∝ [H1 , H2 ]∆t2 . If repeated commutations
and linear combinations can generate the Lie algebra su(d), the system is said to be
controllable.
For controlling the F = 3 spin in our system, it is shown to be sufficient to design
time dependent Hamiltonians with the set of operators {F̂x , F̂y , F̂x2 } [97]. Thus
for designing controls, we can fix B(t) along the x − y plane, and still implement
universal control. The arbitrary quantum state preparation and quantum state
reconstruction protocols followed by our group are based extensively on this result.
2.6 Quantum State Reconstruction
A quantum state of a physical system contains information to statistically predict
the outcome of any measurements on the system. Quantum state estimation is usually formulated in terms of strong measurements on a complete set of observables.
For example, this was performed in reconstructing the density matrix of spin states
in a large angular momentum system in our group [91] and was the subject of Gerd
Klose’s Ph.D. thesis [93]. Here, we extensively employ a different method for fast, robust and efficient state reconstruction in the F = 3 spin using a combination of weak
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continuous measurement and quantum control. We perform weak measurements of
an atomic spin observable, O, over an ensemble of identically prepared atoms, by
recording the polarization change in a weakly scattering laser beam traversing the
atomic sample as described in section 2.4.2. As the system is controllable due to the
Hamiltonian in Eq. 2.36, it is possible to implement dynamics that map complete
information of the initial state density matrix onto the measured signal. With good
signal-to-noise ratio, and an accurate knowledge of the controls applied, the measurement record can be analyzed to accurately reconstruct the density matrix. The
first implementation of this method in our setup was the subject of the Ph.D. thesis
of Greg Smith [87], and the rigorous theoretical foundations behind this method are
described in Andrew Silberfarb’s Ph.D. thesis [88]. An exhaustive discussion of the
concepts and methods behind the successful implementation of this reconstruction
scheme can be found in these references. Here, we briefly summarize the theoretical
ideas behind the procedure and present the control Hamiltonian used for quantum
state reconstruction in our experiments.
We consider the Heisenberg picture, where the observable, Ô(t), is timedependent and its evolution is given by Heisenberg’s equation of motion
i~

dÔ
= [Ô, HˆC ]
dt

(2.41)

where ĤC is the Hamiltonian given by Eq. 2.36. Applying a control field governed
by B(t), one can get a coarse grained series of measurement records, {Mi }, of the
observables, {Ôi }, over a time interval T . Based on the accurate knowledge of the
control Hamiltonian, one can determine a multi-dimensional probability distribution
for the measurement record, P ({Mi }|ρ0 ), conditioned on the initial quantum state
ρ0 . Using Bayes rule, one can then get a posterior probability distribution
P (ρ0 |{Mi }) = P ({Mi }|ρ0 )P (ρ0 )

(2.42)

where P (ρ0 ) is the prior information that ρ0 is a density matrix for a physical state,
i.e. a positive definite Hermitian operator with unit trace.
The control field is optimized to make the conditional probability distribution,
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P ({Mi }|ρ0 ), as sensitive as possible to the different parameters that define the density matrix, ρ, as well as make it robust to experimental errors. One can then get a
maximum likelihood estimate ρe from applying Bayes rule in Eq. 2.42. The implementation of this protocol in the experiments described in this thesis are reviewed
in chapter 3.
2.7 Summary
In this chapter, we have discussed the role of magnetic fields and light shifts in driving coherent dynamics in an atomic ground state hyperfine spin. Magnetic fields
lead to Hamiltonians that perform geometric rotations of the angular momentum.
Light shifts from a laser beam generates a nonlinear Hamiltonian opening up the
possibilty of rich control and measurement of atomic spin dynamics. The Hamiltonian allows complete quantum control of the F = 3 ground state hyperfine spin of
Cesium. Together with quantum control and continuous weak measurements, it is
also possible to reconstruct the density matrix of the quantum state associated with
the atomic spins. In the next chapters, we will look at experiments where we tailor
magnetic fields and light shifts for various quantum control objectives.
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CHAPTER 3
EXPERIMENTAL METHODS

Laser-cooled atomic spins provide an excellent test-bed to test and implement new
ideas of quantum control and measurement. They provide a clean model system due
to their excellent isolation from the environment. Excellent experimental techniques
from quantum optics are available to accurately manipulate these spin systems. In
this chapter, we will review the hyperfine spin structure of

133

Cs and discuss the

experimental laser cooling and trapping apparatus used to collect and prepare a
sample of cold atoms in the ground state hyperfine spin. In chapter 2, we discussed
the role of magnetic fields and laser light in driving coherent dynamics in atomic
spins. Here we will describe some experiments performed to evaluate our ability
to implement accurate dynamical control in the presence of noise and systematic
errors. Accurate magnetic field control is achieved by careful design considerations
of the hardware. We have also developed sensitive methods using the atoms themselves to measure and cancel the ambient background fields. While the laser light
is responsible for non-trivial spin dynamics in the atomic sample, photon scattering
due to optical pumping and light inhomogeneities across the atomic cloud also lead
to decoherence, which sets a time window for coherent dynamics. The laser light
is also used as a probe for monitoring the spin dynamics. A combination of accurate control and measurement is used to reconstruct the complete density matrix
associated with a single atomic spin in the cold atomic ensemble. We discuss the
experimental setup for quantum control and measurement of the ground state F = 3
hyperfine spin. We describe the design considerations and diagnostic tools used to
enable accurate magnetic field and laser light management in the lab.
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Figure 3.1: Cesium energy level diagram
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3.1 The Atom
We performed our experiments with cesium, a heavy alkali atom with a simple
hydrogen-like spectrum due to its single valence electron. Here we exclusively refer
to the stable isotope of cesium,

133

Cs with 55 protons and 78 neutrons. An energy

level diagram showing the fine and the hyperfine splitting in

133

Cs is illustrated

in Fig. 3.1. The fine structure is a result of the L · S coupling between the orbital
angular momentum L of the valence electron and its spin angular momentum S. The
total electron angular momentum is then given by J = L + S. The 62 S1/2 → 62 P1/2
and the 62 S1/2 → 62 P3/2 transitions are components of a fine structure doublet1 ,
with the transitions being separated at optical wavelengths, 894.5 nm (D1 line) and
852.1 nm (D2 line) respectively. The coupling of the nuclear angular momentum
I where I = 7/2 with the total electron angular momentum, J, leads to hyperfine
splitting. The total atomic angular momentum is then given by F = I + J where
the magnitude of F takes on values |J − I| ≤ F ≤ J + I. For example, the cesium
ground state, 62 S1/2 has J = 1/2 and I = 7/2, so F = 3 or F = 4 are the two
hyperfine levels separated by exactly 9.192631770 GHz, which defines the modern
unit of time. A comprehensive summary of the physical and optical properties of
Cesium is found in [108].
Each hyperfine level of spin F has 2F + 1 degenerate magnetic sub-levels, which
are labeled by mF , where mF = −F, −F + 1, . . . , F . The degeneracy between
the magnetic (Zeeman) sub-levels may be broken with external fields, for example,
magnetic fields (Zeeman splitting), or electric fields (DC Stark shift) or light fields
(AC Stark shift/ light shift). These external fields are responsible for atomic spin
dynamics in the hyperfine manifolds. In this thesis in particular, we will look at
the use of magnetic fields and light fields to control and monitor the atomic spin
dynamics in the F = 3 spin manifold.
1

Here the convention n2S+1 LJ is used, where n is the principle quantum number of the outer

electron, S, L and J are the quantum numbers for the the spin angular momentum, orbital
angular momentum and the total electron angular momentum respectively. (For L, S ⇒ L = 0,
P ⇒ L = 1, . . . )

43
The internal angular momentum state of an atom residing in a particular hyperfine level F is represented as
|ψi =

F
X

cmF |F, mF i

(3.1)

mF =−F

where cmF are the complex probability amplitudes associated with each magnetic
sub-level |F, mF i. Typically in our experiment we have a dilute gaseous sample
of a few million cold atoms. Many contemporary experiments working with such
atomic ensembles are concerned with the control of the many-body collective spin
[23, 24, 109], which is the sum of all the individual spins of the constituent atoms.
In this thesis, we will be concerned with the quantum control and measurement of
the states of individual atoms in an ensemble of identically prepared and evolving
members. The mathematical formalism to express the quantum state of a single
atom in the face of incomplete knowledge about the spin is the density matrix,
which in the F hyperfine manifold is expressed as
ρ=

X

ρij |F, mF,i ihF, mF,j |

(3.2)

mF,i ,mF,j

where ρii indicate the populations in the eigenstate |F, mF,i i. ρij , for i 6= j, represent
the coherences between the |F, mF,i i and the |F, mF,j i eigenstates. The density
matrix characterizes our statistical knowledge of the state of the single atomic spin
in the ensemble.
3.2 Laser Cooling and Trapping
Laser cooling and trapping cesium atoms inside an ultrahigh vacuum chamber
(UHV) is the first step for all the experiments performed in this thesis. Fig. 3.2
shows a picture of the UHV chamber surrounded by magnetic coils as well as optical and opto-mechanical components for laser cooling and trapping. Details of
the hardware can be found in previous Ph.D. theses from experiments with this
laser cooling setup performed by Gerd Klose [93], and Greg Smith [87]. Here we
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(a)

(b)

Figure 3.2: Photo of the vacuum chamber with surrounding magnetic coils. The blue
dot shows the approximate location of the cold atoms in the chamber during the experiment. The red arrows represent the direction of the 6 laser beams used for laser
cooling and trapping. (a) “Control” coils on a precision machined plexiglas cube
provide arbitrary magnetic fields at the atomic sample. (b) Teflon support structure
containing water cooled coils for MOT and Stern-Gerlach gradient fields. Magnetizable material and metallic content is kept far away from the chamber to reduce
magnetic field gradients and eddy currents. Accurate magnetic field management
is a vital ingredient of our experiments. The hardware is discussed in section 3.4.2
and the techniques for magnetic field control are discussed in section 3.6.
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review the salient features of the setup that are important for understanding the
experiments described in this thesis.
The UHV system is made entirely out of quartz glass, which provides excellent
optical quality and does not introduce metallic or magnetizable material close to
the atoms. Cesium atoms are contained as a dilute vapor in this chamber at a
pressure of ∼ 10−8 Torr. Cold atoms are collected in a magneto-optical trap (MOT)
by standard laser cooling and trapping techniques, discussed for example in Steve
Hamann’s Ph.D. thesis [110]. A discussion of laser cooling can be found, for e.g. in
Metcalf and Van der Straten [33]. Typically2 , the MOT collects a few million atoms
in a volume of ∼0.1 mm3 which are cooled to about 2 - 3 µK after a period of optical
molasses. The laser beams and magnetic fields for the MOT and molasses are then
turned off, and we thus have a sample for cold atoms inside the UHV chamber ready
for further manipulation. The manipulation consists of the use of magnetic fields
and light to control and measure dynamics in the angular momentum quantum state
of the laser cooled atoms.
3.3 Preparation of a Pure State by Optical Pumping
The first important stage for each of the experiments described in this thesis is
making a pure spin state by optical pumping. It is particularly efficient to optically
pump the atoms into the |F, mF = ±F i states, also called ‘stretched’ states. Both
|F = 4, mF = ±4i and |F = 3, mF = ±3i states were prepared during the course
of this thesis. Atoms in |F = 4, mF = ±4i can be prepared by using a circularly
polarized beam tuned to the 6S1/2 (F = 4) → 6P3/2 (F 0 = 4) transition, along with
a repump light tuned to the 6S1/2 (F = 3) → 6P3/2 (F 0 = 4) transition to move
the atoms depumped into the ground state F = 3 back to F = 4. The repump
light is counter-propagating to partially balance the radiation pressure from the
other beam during the optical pumping process. Since |F = 4, mF = ±4i is a dark
2

See for example, Appendix A, which lists values for atomic sample size and number of atoms

measured during the clock pseudo-spin experiment described in chapter 4.
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state to the optical pumping beam and the repumper, all the atoms accumulate
here and thus we have a pure state. In our experiment this circularly polarized
laser beam propagates along the lab y axis, and hence we will refer to the initially
optically pumped state as being spin polarized along this axis. Similarly atoms can
also be optically pumped to |F = 3, mF = 3i by using a circularly polarized beam
tuned to the 6S1/2 (F = 3) → 6P3/2 (F 0 = 3) transition and a counter-propagating
repumping beam tuned to the 6S1/2 (F = 4) → 6P3/2 (F 0 = 3) transition to repump
atoms that go to F = 4 back to F = 3. Atoms optically pumped into the states,
|F = 3, mF = ±3i, are the important starting point for our experiments. SternGerlach measurements (see Gerd Klose Ph.D. thesis [93]) after optical pumping
show 97% of the atoms populating this state while the remaining 3% populate the
nearest two magnetic sublevels in descending proportions.
3.4 Experimental Setup
Fig. 3.3 shows a schematic of the standard setup for all the experiments described in
this thesis. A linearly polarized beam is incident on a sample of cold cesium atoms.
Depending on the spin of the atomic sample undergoes a change in polarization
that is captured by a polarimeter arrangement consisting of a wave-plate, polarizing
beam splitter and balanced photodetector. Magnetic fields and the laser intensity
and frequency are chosen to drive the desired dynamics in these atoms. We discuss
in greater details each of the components shown in the schematic.
3.4.1 The Probe Beam
A nice feature of the setup is that the same laser beam is being used simultaneously
to drive atomic spin dynamics as well as to measure the atomic spin. Because of
the latter feature, it is often referred to as the probe beam. The probe beam is
generated by a tunable diode laser 3 , spatially filtered by a single mode optical fiber
3

Here, the probe laser frequency is tuned near the D1 line, that is ∼ 894.5 nm. Previous versions

of the experiment used a MOPA laser source near the D2 line at 852 nm [103].
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Figure 3.3: Schematic of setup for quantum control and measurement. M1, M2:
mirrors, PD: Photodiodes, PBS: Polarizing Beam Splitter, WP: waveplate. For
measurements of Faraday rotation, WP is not used. For ellipticity measurements,
WP is a quarter waveplate (λ/4). Details about each component of the setup are
discussed in the text.
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and is then passed through a high quality Glan-Laser polarizer before it is incident
on the atomic sample. Assuming that the laser beam intensity has an approximately
gaussian profile, its 1/e radius of ∼ 1.2 mm is much larger than the atomic cloud,
typically of radius 0.25 - 0.35 mm. The flat part near the peak of the beam intensity
distribution was incident on the atomic sample to ensure that the light intensity was
reasonably uniform across the sample. The imaging setup shown in the schematic
then ensures that only the part of the light which goes through the atoms makes it
to the detector, as this contains the signal or the polarization change information
from the atoms. The rest of the light would just add to the laser shot noise and is
thus prevented from making it to the detector.
3.4.2 Coils Generating Magnetic Fields
The set of coils (Fig. 3.2) along the three orthogonal axes are in Helmholtz configuration along each axis. Each pair independently provide uniform magnetic fields
across the atomic sample along their respective directions. These low inductance
coils allow high bandwidth modulation of applied fields. Arbitrary current waveforms through each of these coils generate time dependent magnetic fields at the
atomic cloud. Each of the Helmholtz coil pairs are connected in series to an arbitrary waveform generator (Tabor-8026) and a precision R = 50Ω resistor (VISHAY
S102C - high precision foil resistors). The coils have an inductance of L ∼ 35µH. The
waveform generator has an output impedance of Ro = 50Ω, and the coils have an
additional resistance measured to be RC ∼ 1Ω. In terms of the frequency response,
the -3 dB point for this L-R circuit is f3dB = (R + Ro + RC )/2πL ∼ 450 kHz. To
reproduce faithfully the desired AC magnetic fields with this setup, it is a good rule
of thumb to restrict the frequency content of the applied waveforms to less than half
of this frequency. The function generator supplies a no-load voltage in the range of
Vmax,min = ±10 V, which means the current goes from Imax,min ∼ ±100 mA. This
corresponds to a maximum magnetic field that can be generated along each direction, |B| ∼ 50 − 60 mG which in turn corresponds to maximum Larmor frequencies
of 18 - 20 kHz. Since these coils are used to drive the atomic spin dynamics in our
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Figure 3.4: View of the Experiment Setup. (a) The vacuum chamber and control
coils (close-up in Fig. 3.2). (b) Support structure for “Nulling Coils”, pairs of coils
in Helmholtz configuration that cancel the ambient magnetic fields at the region
of the cold atom sample. (c) µ-metal shield to minimize stray magnetic fields and
gradients arising from the ion pump inside. (d) CCD camera monitors the cold atom
cloud. (e) Non-magnetic optical table.
experiments, they are often referred to as the ‘control’ coils.
In addition to the above coils, there are three pairs of coils in Helmholtz configuration further away from the atoms, again along each orthogonal direction (see
Fig. 3.4). The current in each of these these coils are provided by DC power supplies. A potentiometer in series with the coils is used to control the amount of
current flowing through these coils. These coils are used to cancel the ambient magnetic field at the location of the atoms and are often referred to as the ‘nulling’ coils.
The primary source of these magnetic fields are the earth’s magnetic fields, fields
generated by nearby equipments and the AC power line which create fields of 60 Hz
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and higher harmonics.
A large part of the setup was built to minimize stray magnetic fields, magnetic
field gradients and eddy currents. For example, in Fig. 3.4, the UHV chamber is
all glass, the ion pump is covered with a µ-metal shield, and the optical table is
non-magnetic. Keeping magnetizable material as far as possible from the vacuum
chamber minimizes gradient magnetic fields. Metallic content was also kept far away
to reduce eddy currents which can limit switching times of magnetic fields. Finally
the nulling coils cancel the DC background fields at the site of the atoms. The large
size helps minimize gradients without restricting any optical or physical access to
the chamber. In addition the experiment is synchronized with the 60 Hz power cycle
to ensure that the same background AC fields are present through each experiment
cycle.
As discussed later in section 3.6, we achieve a sufficient level of high bandwidth
magnetic field control. This is done without the use of magnetic field shielding in
this setup, which could in principle give a finer level of ambient field cancellation.
A disadvantage is that shielding limits optical and physical access to the chamber. Also, fast modulation of applied fields causes eddy currents in the shields and
precludes fast switching.
3.4.3 Polarimeter
In Fig. 3.3, the polarimeter analyzes the polarization of the laser beam after it has
traversed through the atomic sample. It consists of a polarizing beam splitter and
a pair of photodetectors which measures the difference in intensities between light
from the two output ports of the beam splitter. The orientation of the beam splitter
with respect to the incident polarization and the choice of wave-plate in front of the
beam splitter depends on the particular Stokes vector component of the laser polarization that is measured. The incident laser beam is linearly polarized along the lab
x axis, which we label as the horizontal or ‘H’ axis for the polarization vector. This
translates to the initial Stokes vector as S ≡ (1, 0, 0) or S1 = 1. The polarimeter
is arranged such that the subtracted signal from the detectors in the two ports of
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the beam-splitter is zero for this incident polarization. Any change in polarization
is detected as signal in this balanced configuration. As seen in section 2.4.2, the
change in polarization of the output laser beam after traversing the atomic sample
depends on the atomic spin. The signal depends on the particular Stokes component
of the output laser polarization being measured (measurement basis), and carries
information about the means of some atomic spin observables. Maximum sensitivity
of the detection method to the polarization change also depends on the orientation
of the measurement basis with respect to the initial Stokes vector of the laser polarization. For example, to measure Faraday rotation due to the atoms, we measured
the S2 component. Here no wave-plate was used, and the beam-splitter was aligned
at 45o to the initial incident linear polarization. Separately, the change in ellipticity
was also measured by using a quarter wave-plate before the beam-splitter with its
fast axis at 45o to the initial incident polarization. This ensured that we measured
the S3 Stokes component of the output laser polarization. From section 2.4.2, we
find that with the initial Stokes vector being along S1 , the measurement along S2 or
the S3 axis gives a signal proportional to hFz i or hFx Fy + Fy Fx i respectively. The
polarimetry setup was critical in the continuous measurement of the spin dynamics
implemented in our experiments.
The two photodetectors used are parts of an auto-balanced detector [111] model
called Nirvana, from NewFocus, and allows for shot noise limited performance in a
bandwidth of ∼ 100 Hz −125 kHz. While this detector can be operated either with
or without the auto-balanced mode turned on, its highest transimpedance gain of
106 is only for the auto-balanced mode. A disadvantage of this detector is that it
is AC coupled and hence we cannot measure DC polarization shifts. Nevertheless,
in all our experiments we measure signals whose frequency content is primarily in
the 2 - 20 kHz range. In fact, as shown in the schematic in Fig. 3.3, the signal from
the detector goes through a tunable Krohn-Hite bandpass filter which sets a 4-pole
bessel filter from 1kHz - 125 kHz. This filter can also provides voltage amplification
to the incoming signal within this bandwidth, and this signal is captured on a scope
or a computer for further data analysis or signal processing.
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3.4.4 Computer Control and Data Acquisition
In the experiments described in this thesis, arbitrary magnetic field waveforms were
created and implemented extensively for non-trivial quantum control of the atomic
spin dynamics. This required the ability to generate a broad range of control waveforms on the fly for several diagnostics, calibration and real-time analysis. It also
required the ability to apply a sequence of arbitrary control waveforms for different
stages of a single experiment. While the computer control and interface for the
initial laser cooling and trapping phase were already in place, the next step was to
create automation routines to enable a quick generation of the control waveforms
and a fast analysis (time domain and power spectrum) of the polarimetry signals.
Software codes were written in the Matlab graphical user interface (GUI) to quickly
generate the desired magnetic field waveforms. A Labview program then loaded
these waveforms from a PC to the Tabor function generators, which were then
implemented into the experiment according to a controlled trigger for the desired
timing.
3.5 Experimental Quantum Control and Density Matrix Reconstruction
In our experiments, the incident laser beam in Fig. 3.3 is polarized along the lab
x axis. The laser frequency is near the D1 line and tuned in between the 6S1/2 →
6P1/2 F 0 = 4 and F 0 = 3 transitions. From Eq. 2.27, the control Hamiltonian that
generates non-trivial spin dynamics due to this setup is given as
ĤC (t) = gf µB B(t)·F̂ + ~ωN L F̂x2

(3.3)

where ωN L = β (2) γS is the rate of coherent interaction due to the nonlinear part
of the Hamiltonian. As seen from Fig. 2.1, β (2) ∼ 5 at the laser frequency we
typically work at. To generate time dependent Hamiltonians for control of desired
spin dynamics, we design arbitrary magnetic field waveforms for B(t) while keeping
the laser intensity and detuning fixed such that ωN L ∼ 2π 533.2 Hz. This is found
to be enough to allow the desired coherent manipulation. In principle the laser
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parameters may also be modulated to give a time dependent ωN L (t), but this is not
done in the experiments described in this thesis and will not be considered here.
The same laser beam is also the probe for spin dynamics. The change in laser
polarization due to the ensemble of identically prepared atoms is analyzed by the
polarimeter shown in Fig. 3.3 and discussed in section 3.4.3. The signal carries information of the atomic spin quantum state and provides a continuous weak measurement of the atomic spin. After a period of quantum control for a desired objective
(for example, quantum state preparation - see chapter 5, or the quantum kicked top
- see chapter 6), the density matrix can be reconstructed by adding a separate phase
for control and measurement.
Fig. 3.5(a) and (b) shows an example of typical waveforms, B(t), designed and
implemented in our experimental setup shown in Fig. 3.3. Fig. 3.5(c) shows the measured ellipticity signal. For accurate implementation of the designed waveforms, a
careful measurement and calibration of the magnetic field and light parameters are
performed. The signal in the reconstruction stage is used to evaluate the density
matrix at time t = tC in Fig. 3.5. Successful reconstruction is dependent on accurate knowledge of the control parameters, estimation of errors in the implemented
control fields, the accurate modeling of the spin dynamics due to these control fields
and the precise knowledge of the polarization measurement basis. Simulations modeling the spin dynamics in our experiment was provided by Andrew Silberfarb, and
is described in detail in his Ph.D. dissertation [88]. The model accounts for photon
scattering due to the laser beam during the applied control Hamiltonian, inhomogeneities in the laser beam intensity across the atomic sample, errors in the magnetic
field controls and errors in the polarization measurement basis. With an accurate
knowledge of the control fields implemented in the setup and the polarization measurement basis, it is possible to get a simulated signal that matches the experimental
data shown in Fig. 3.5. The simulations were used extensively in designing control
Hamiltonians, data analysis and quantum state reconstruction. The careful calibration of the magnetic field and light parameters and the use of the software codes in
reconstructing the quantum state are described in the subsequent sections.
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Figure 3.5: Example of magnetic field waveforms and ellipticity signal for quantum
control and quantum state reconstruction. (a), (b) Control Magnetic fields designed
for the lab x and y axes respectively. Each of these are generated from a pair
of coils in Helmholtz configuration along each direction (see section 3.4.2). The
magnetic fields are given in units of Larmor frequency (gF µB B/2π). Magnetic field
waveforms are designed for different stages in one experiment cycle and are then
stitched together in software. Shown here is stage (i) Preparation of pure spin state
|my = 3i by optical pumping. This is actually on for ∼ 2.75 ms but only a part
of this stage is shown here. (ii) Control stage. The particular example shown here
corresponds to the control angles shown later in Fig. 5.10(b). tC is the total time
for this stage. (iii) Reconstruction stage. The control magnetic fields along the lab
z axis are zero for all times and is not shown here. However this is not typical and
Bz (t) is also designed for many other experiments. (c) Ellipticity signal due to the
spin dynamics from the applied waveforms.
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3.6 Magnetic Field Control
The arbitrary nature of the magnetic field waveforms shown for example in Fig. 3.5
requires the accurate calibration of the coil drivers providing the magnetic fields at
the atomic sample. It also requires that the ambient background magnetic fields
are minimized at the atomic sample. We discuss the use of the atoms as an insitu probe of the magnetic fields. Together with quantum control and polarization
spectroscopy, we can ensure accurate management of the magnetic field waveforms
at the atomic sample.
3.6.1 Magnetic Field Calibration
In Fig. 3.3, if the laser is far detuned, the strength of the nonlinear interaction,
ωN L , can be made negligible. A constant voltage from the waveform generators
driving the control coils creates a constant magnetic field at the atomic sample. This
leads to Larmor precession of the mean spin vector. The Faraday rotation signal
is proportional to hFz i (see section 2.4.2) and oscillates at the Larmor frequency
(for a detailed description of Faraday spectroscopy in our setup, see [87, 103]). The
Larmor frequency depends linearly on the coil driver voltage, and the calibration
factor for magnetic field at the atoms vs. voltage can be measured with an error
of less than 1%. For the setup shown in Fig. 3.3, this calibration method works
for magnetic fields along the x and y axis, and not for the z axis, as hFz i does not
change for Larmor precession about a magnetic field along z. The calibration of the
coils providing magnetic field along z is mentioned later in section 3.8. Also for this
method to be accurate, it is important to null the ambient background fields at the
atomic sample. This is discussed next.
3.6.2 Nulling of Background Magnetic fields
Nulling of background magnetic fields is critical for the precise control of the total magnetic fields acting on the atomic spins. This requires methods for accurate
detection and cancellation of the background magnetic fields. The nulling coils de-
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Figure 3.6: Control Field 2π/ − 2π Pulse Sequences for Field Nulling. Blue solid
line shows the applied field along one cartesian axes. Also shown is a constant
background field, ∆B (green solid line), and the resulting effective control field in
red dashed line.
scribed in section 3.4.2 provide magnetic fields to cancel the average DC background
magnetic field at the atomic sample. Coarse magnetic field detection and cancellation can be done by minimizing the temperature of the molasses, and further by
minimizing the Larmor precession frequency in the absence of any applied magnetic
fields with the help of Stern-Gerlach measurements [87]. These methods are only
sensitive to the magnitude of the ambient fields, which makes it hard to estimate
the direction of these fields. In this thesis, we made extensive use of a technique
which combines the use of composite magnetic field pulses and polarization spectroscopy and provides ultra-sensitive detection of the ambient background magnetic
field component along a desired direction. Parts of this method were first developed
by Greg Smith [87]. The data presented in this section is due to a systematic effort
spearheaded by Aaron Smith to characterize this nulling procedure.
Fig. 3.6 shows a schematic of a typical control field that is used for this experiment. The applied field is a periodic sequence of two alternating pulses, each
providing magnetic fields in opposite directions along the same axis. The mean spin
vector undergoes a rotation of an angle of 2π about one axis and then a 2π about
the opposite axis. Given the time period, T , of each pulse, the magnitude of the
magnetic field is chosen to ensure that the area under the pulse is 2π, thus
gF µB B0 = 2π/T

(3.4)
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Thus each of these pulses are called 2π or −2π pulses depending on the directions
in which the magnetic field is applied. The pulse sequence is called a “rotary-2π”
sequence. The advantage of using rotary-2π pulses is that they map the initial
state back on to itself and are insensitive to errors in the rotation amount as well
as variations in the rotation axis across the atomic ensemble [112]. Fig. 3.7 shows
the deviation of the mean spin vector after a rotary-2π pulse in the presence of
constant background magnetic fields, ∆B, in three orthogonal directions. While
the deviations add up when ∆B is along the direction of the applied pulses, they
are compensated by the rotary-2π pulse for small magnetic fields in the transverse
direction. This is advantageous since only the background fields along the applied
field direction affect the spin state after a rotary-2π pulse sequence. Signatures of
this change in the polarization spectroscopy can enable an accurate measurement of
the background magnetic field component along the direction of the applied pulses.
Faraday spectroscopy is used to continuously monitor the time evolution of hFz i
under the application of the rotary-2π pulse sequence. The probe is far detuned
so that ωN L is negligible. Typical signals from our experiment due to a rotary-2π
pulse sequence along the x axis are shown in Fig. 3.8(a) and (b). The initial spin
state is |mz = 3i which has maximum projection along the z axis. In the absence
of background fields, a rotary-2π pulse sequence applied along the x axis will cause
the same evolution of hFz i for both 2π and −2π pulses even though the rotations
are about opposite directions. The power spectrum from this signal contains a
strong single peak at the fundamental frequency, 1/T given by Eq. 3.4. With a
small background field along x, kinks start appearing in the signal. The power
spectrum due to this signal show sidebands at frequencies shifted by ±1/2T from
the fundamental frequency. The power spectrum is monitored in real-time, and
current in the appropriate nulling coils can be tuned to minimize the amplitude of
these sidebands. This nulls the magnetic field component along the direction of the
applied pulses. With an appropriate calibration of the nulling coils, we can measure
the canceling magnetic field.
Fig. 3.8(c) and (d) show the variation of the power in the sidebands and carrier
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Figure 3.7: Effect of constant background fields on the mean spin vector after a
rotary-2π pulse. The rotary-2π pulse is applied along the x axis. (a) Schematic
of the calculated spin evolution under a single pulse sequence. J0 (black) is the
initial spin vector, Jmid (red) is the spin vector after the application of a 2π pulse
and Jpulse (blue) is the final spin vector after the following −2π pulse. θd is the
angle subtended by Jpulse with J0 on a plane formed by the two vectors. (i) Spin
evolution due to ∆Bx along x. B+ = B0 + ∆Bx , and B− = B0 − ∆Bx where B0
is given in Eq. 3.4. As a consequence, there is a rotation more than 2π in the first
pulse, followed by a rotation less than 2π about the x axis. Here, θd increases due
to each rotary-2π pulse sequence. (ii), (iii) Spin evolution due to magnetic fields
transverse to the applied pulse sequence. The rotations are about slightly different
axes from x, however it is seen that after a rotary-2π sequence, Jpulse lies almost
on top of J0 . The final spin vector gets mapped back to its initial direction, and is
insensitive to tranverse fields. (b) Calculated variation of θd vs magnetic field ∆B
along the three orthogonal axes. At |∆Bx |/B0 = 0.5, we have an effective 3π, −π
pulse which causes the spin vector to return onto itself. In our experiments, we are
mostly concerned with the region close to ∆B = 0, where the evolution is largely
sensitive to the constant field along the direction of the applied pulses. Note that
the sensitivity to fields also depend on the direction of the initial spin vector, which
is responsible for the difference in variation of θd against ∆By and ∆Bz .
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Figure 3.8: Faraday rotation signal due to to rotary-2π pulses along x. Measured
time domain signals for 1 ms and corresponding power spectrum with (a) background
field nulled along x and (b) non-zero background field. The values of the background
field in both these cases are shown by the vertical gray dashed lines in (c). (c)
Measured variation of power in the carrier frequency ((i)-red dots) and the sidebands
((ii) blue diamonds), ((iii) green triangles). The lines are theoretical predictions from
simulations. (d) Same as (c) but for measurements with a larger time window (4
ms). Note: Time varying background fields within this window were cancelled for
this measurement. See text and Fig. 3.9 for more details.
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Figure 3.9: AC background fields before and after AC nulling. Rotary-2π pulses are
applied along the lab x axis in Fig. 3.3 for a 1 ms window around each datapoint
(red dots).Green solid line shows the fit signal to the measurement. This waveform
is then applied into the experiment to cancel the background AC fields. Diamonds
show the resulting measured background magnetic field. The dashed line is to guide
the eye.
frequency as a function of the background field for two different time windows.
Using a larger time window increases the number of oscillations over which the
power spectrum is analyzed and thereby increases the sensitivity of this nulling
procedure to background fields. However, our simulations show that the presence
of time-varying background fields with substantial variations within a longer time
window can compromise the accuracy of the procedure. In our experiment, the time
dependent background fields arise from the AC power lines and nearby equipment,
which create periodic magnetic fields of 60 Hz and higher harmonics. If we look
at the control waveforms shown for example in Fig. 3.5, the total time for control
and reconstruction is about 2.5 ms. There were situations, specially in the quantum
kicked top experiment, where the total control time was 8 − 9 ms, which is about
half a period of a 60 Hz cycle. For precise control of the total magnetic field applied
in these experiments, it was also necessary to cancel the AC background fields.
Measurement of the time varying magnetic fields are performed by measuring the
average background field in a series of small time windows in which the background
field is assumed to be nearly constant. Fig. 3.9 shows a typical measurement of the
time varying background magnetic field with a rotary-2π pulse along x for a time
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window of 1 ms about each datapoint. The data is then fit to a signal consisting
of 60 Hz and the first three harmonics. The resulting waveform is the time-varying
canceling field and are added to the control waveforms in software. A measurement
of the AC field after the implementation of the canceling magnetic fields show that
we can cancel AC fields to 50 µG rms for a 10 ms window.
The method outlined so far in this section works also for a rotary-2π pulse sequence applied along the y axis and is used extensively in our experiments. However
for pulses along z, the method fails, as the Faraday rotation signal does not change
since hFz i is a constant of motion. A probe beam can in principle be propagating
along the x or y axis which would give a measurement of hFx i or hFy i respectively.
Alternatively, we can use the same setup but bring the probe closer to resonance so
that ωN L is appreciable, and we get a ellipticity signal with good signal to noise ratio
due to the pulse sequences along z. As discussed in section 2.4.2, this is proportional to hFx Fy + Fy Fx i. A constant magnetic field along z gives an ellipticity signal
oscillating at twice the Larmor frequency [87]. The spin dynamics is also modified
due to the resulting Hamiltonian shown in Eq. 3.3. Nevertheless, the signal from a
rotary-2π pulse still carries similar signatures in its sensitivity to background fields
along the same direction as the applied pulses. The method is also found from
simulations to be robust against transverse fields.
Fig. 3.10 shows ellipticity signals due to a rotary-2π pulse along the z axis. The
carrier frequency is at twice the Larmor frequency, 1/T , and a small background
field leads to the appearance of sidebands. Current in the nulling coils providing
magnetic fields along the z direction is again tuned to minimize these sidebands to
cancel the ambient magnetic field along z. Again using a series of time windows of
1 ms, we also measure and cancel the time-varying z field over a 10 ms time window
in our experiments.
In general, we have found that the background AC fields remain very similar in
shape for a period of weeks. Fig. 3.11 shows the canceling magnetic field waveforms
used due to 2 separate sets of measurement within an interval of 2 months. While
there are slight changes in the waveforms, we have found it convenient to use the
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Figure 3.10: Ellipticity signal due to Rotary-2π pulse sequence along the z axis.
Measured time domain signals for 1 ms and corresponding power spectrum with (a)
background field nulled along x and (b) non-zero background field. The values of
the background field in both these cases are shown as vertical dashed gray lines in
(c). (c) Variation of power in the carrier frequency ((i)-red dots) and the sidebands
((ii) blue diamonds), ((iii) green triangles). The lines are theoretical predictions
from simulations. (d) Same as (c) but for measurements with a larger time window
(4 ms). Note: Time varying background fields within this window were cancelled
for this measurement.
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Figure 3.11: Magnetic Field Waveforms used to cancel AC background fields along
3 orthogonal axes measured on 2 separate days. (Green Solid) September 24, 2007.
(Red Dashes) December 02, 2007.
same waveforms over the course of a week. The AC measurements were redone on
a weekly or bi-weekly basis during the periods of intensive data taking.
3.7 Calibration of Laser Parameters
We will discuss the procedure through which we can set and then determine the
nominal value for the strength of the nonlinear interaction, ωN L , in Eq. 3.3. Experimental consideration relating to the laser probe are discussed in section 3.4.1. The
final job before running the experiments is to set the laser intensity and detuning
to get the desired value of ωN L . The choice of ωN L ≈ 533.2 Hz allows for sufficient
coherent dynamics within the time window for decoherence set primarily by the
photon scattering rate (γs = ωN L /β (2) , β (2) ∼ 5) and light inhomogeneities. Other
factors that set the decoherence clock for our experiment to a much lesser extent
are, for example, inhomogeneities in the control magnetic fields, the falling of the
atomic cloud under gravity, atomic cloud expansion etc. The first successful density
matrix reconstruction experiments were done with this value for ωN L [87, 88], and
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Figure 3.12: Faraday rotation signal due to a constant magnetic field and nonlinearity. The probe laser frequency is near the D1 line and tuned in between the
6S1/2 → 6P1/2 F 0 = 4 and F 0 = 3 transitions. ωN L ≈ 500 Hz (Eq. 3.3). (a) Simulations from full model. (b) Experimental data.
was also used for designing the subsequent control experiments presented in this
thesis. It ensured that the light parameters across the two stages of control and
reconstruction shown in Fig. 3.5 stayed the same.
Fig. 3.12 shows a Faraday rotation signal due to spin dynamics driven by a
constant magnetic field along the x axis in the setup in Fig. 3.3. A description
of the collapse and revivals in the signal arising due to the nonlinear Hamiltonian
in Eq. 3.3 can be found in [87, 88, 113]. The signal contains information about
some unknown experimental parameters. With the help of the full model for our
experiment, we can extract a fit for some of these unknowns. Some parameters are
independently measured and are used as known inputs in the model. The initial
spin state is close to |my = 3i and is separately measured through a Stern-Gerlach
measurement. The laser detuning is independently determined and the laser is
frequency stabilized at this detuning with the help of a saturation spectroscopy
setup [87]. As seen in Fig. 2.1, the laser frequency is usually set at ∼ 524 MHz to
the red of the 6S1/2 F = 3 → 6P1/2 F 0 = 4 transition (D1 line). We also assume in our
analysis that the measurement basis is perfectly along S2 for this signal. The Stokes
vector of the initial laser polarization is also assumed to be exactly S ≡ (1, 0, 0),
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i.e. along S1 on the Poincare sphere. The laser intensity is then chosen such that
the strength of the non-linear interaction, ωN L , is close to the desired value for the
quantum control experiments. The mean value and the distribution of ωN L across
the atomic sample due to intensity inhomogeneities is extracted as a fit from the
signal.
The temporal locations of the collapse and revivals as well as the exponentially
decaying envelope of the signal depend on ωN L . Inhomogeneities in intensity (and
hence ωN L ) across the atomic sample implies that different parts of the atomic
cloud will lead to signals with collapse and revivals at slightly different time. The
net signal is an average of all the contributions and affects the shape and width of the
revivals. The full model uses the experimental signal to fit an intensity distribution,
namely the first three moments, the mean, width and the skew of the distribution.
The resulting simulated signal shown in Fig. 3.12(a) accurately matches the data.
Typical numbers are ω̄N L ∼ 533.2 Hz and ∆ωN L ∼ 6%. We extensively use ω̄N L for
designing the control waveforms for quantum state preparation (chapter 5) or the
quantum kicked top waveforms (chapter 6).
The fit also extracts an extra exponential decay time due to factors not considered in the model, for example, decay due to magnetic field inhomogeneities. This
decay time is typically found to be around 10 − 15ms.
The ability to get an accurate fit is painfully sensitive to an accurate knowledge
of the Larmor frequency in the signal. One needs to be close by at least less than
0.1%. The Larmor frequency as well as the time delay between the control field
and the actual signal has to be first fit from a separate routine using the full model.
Silberfarb’s Ph.D. thesis [88] presents a lucid account of these issues. The actual
procedure for fitting and extracting the unknown parameters discussed above are
found as Matlab programs in Appendix B of his dissertation.
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Figure 3.13: Calibration signals for polarization measurement basis. Signals are
from measurements in the near circular basis (∼ S3 ). Initial state is |my = 3i. The
control Hamiltonian is given in Eq. 3.3 with ωN L ∼ 500 Hz and a constant magnetic
field of the same magnitude along (a) the x axis, and (b) the z axis. Setup schematic
is shown in Fig. 3.3.
3.8 Calibration of Measurement Basis
The precise knowledge of the measurement basis is important for a successful density
matrix reconstruction. The measurement basis is the Stokes component of the laser
polarization that is measured by the polarimeter. On the Poincare sphere, the
measurement basis is the axis on which the evolving Stokes vector are projected and
measured. The reconstruction procedure analyzes the changing ellipticity signal
from the spin dynamics due to the control Hamiltonian discussed in section 2.6.
The analyzed Stokes component is thus desired to be along S3 and is called the
circular measurement basis in our lab. Due to experimental imperfections in different
polarization elements of the polarimeter (see section 3.4.3), the measurement basis
is not exactly circular. The deviation from the circular basis thus needs to be
measured. An elaborate discussion of the measurement basis is found in the Ph.D.
dissertations of Greg Smith [87] and Andrew Silberfarb [88]; here we briefly review
the important details.
The measurement basis is calibrated from the ellipticity signals due to two runs
with constant magnetic fields along x and z axes. These two together determine the
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actual measurement basis which is slightly different than S3 . The calibration shows
that the signal contains approximately 99% of S3 contribution with the remaining
1% from Faraday measurements along S2 . To get to this result, the simulation uses
the calibrated intensity inhomogeneities discussed in the previous section and again
a precise knowledge of the applied magnetic fields need to be known. Fitting the
precise magnetic field for each of the waveforms takes the most time. The procedure
for the fitting the measurement basis is available as a Matlab program in Appendix
B of Andrew Silberfarb’s Ph.D. thesis.
We note here the frequency of oscillation of the ellipticity signal in Fig. 3.13(b) is
twice the Larmor frequency due to a magnetic field along z [87]. Again, the magnetic
field implemented along z is linear with respect to the voltage applied by the coil
drivers within the bandwidth limits. This signal is thus also used to calibrate the
coil drivers for voltage vs. magnetic fields along the z axis.
3.9 Calibrations from the Reconstruction Procedure
With accurate knowledge and calibration of the control parameters, the reconstruction code takes in the signal in Fig. 3.5 from time t = tC onwards to analyze the
spin density matrix at tC . Discussion of two issues are due.
A digital band pass filter with a passband 10 − 80 kHz is additionally applied
in software to the experimental signals before reconstruction. This removes the
extraneous low and high frequency noise that is seen to affect the performance of
the reconstruction.
In spite of the efforts to accurately calibrate the magnetic fields, the reconstruction procedure is seen to be sensitive to less than 1% errors in the scaling of the
magnetic fields along the x and the y axes. The estimates for the scaling errors are
achieved from the reconstruction signal itself. To do this, a grid of reconstruction
magnetic field waveforms are created over a small range of scaling errors for both the
x and the y fields (usually 99% to 101%, in steps of 0.1%). The full reconstruction
code does a gradient search over this grid to find the resulting fit for the scaling
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Figure 3.14: Signals from quantum control and reconstruction: experiment vs. simulations. The experimental data is a digitally filtered version of the signal shown
in Fig. 3.5(c). This signal is used for quantum state reconstruction. tC is the time
at which the density matrix is reconstructed. Density matrix reconstruction is performed from the signal from t = tC to t = tR for a total time, tR − tC = 1 ms.
The results of reconstruction from this particular signal is presented in Fig. 5.10.
It is important to note that the reconstruction is performed without knowledge of
the initial state. The simulations use calibrated light inhomogeneities, measurement
basis imperfections and magnetic field scaling errors to predict the signal, starting
from the known initial state |my = 3i. Magnetic field scaling errors fit for this
signal: Bx0 = 1.003Bx , By0 = 1.006By . Bx and By are shown in Fig. 3.5(a) and (b)
respectively.
parameters.
The reconstruction procedure was evaluated for several known input states, ρi , by
Greg Smith et. al. [87, 88, 114] and
q the estimated density matrices, ρe were compared
to ρi by the fidelity F = (T r

1/2

1/2

ρi ρe ρi ). Typically the fidelities were around

F ≈ 0.9, which reflects the limit on the accuracy of the measurement method.
Finally, we check the results of the fit of different parameters by simulating the
expected signal due to the control waveforms applied in the experiment. Fig. 3.14
shows the resulting excellent match of the simulations with the experimental data
obtained due to the control waveforms shown in Fig. 3.5. This confirms the accuracy
of the extracted parameters and the resulting reconstructed state.
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3.10 Summary
In this chapter, we have established and examined the necessary tools used in our
experiments for the accurate control of coherent dynamics in atomic spins with
magnetic fields and light shifts. Faraday spectroscopy and ellipticity measurements
due to a probe beam provide a powerful tool to perform continuous measurement of
the coherent spin dynamics. In addition, the universal quantum control achieved by
the use of magnetic fields and light shifts also allows for the complete reconstruction
of the spin density matrix.
While well controlled external fields provide a useful handle to manipulate the
coherent dynamics, the atoms themselves serve as a system to evaluate our controls.
By driving specific dynamics in the atoms and performing well chosen measurements, we have been able to estimate the light inhomogeneities, imperfections in
our polarization measurement as well as measure and cancel background magnetic
field errors. An extensive quantum control and measurement experimental toolbox
for cold atomic spins is thus developed, and we shall now look at some applications
of quantum control in the following chapters.
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CHAPTER 4
THE CLOCK PSEUDO-SPIN

We will discuss an experiment where we performed a weak continuous measurement
of the pseudospin associated with the clock transition in a sample of Cs atoms. This
chapter is mainly composed of excerpts from reference [115] in which the results
described here were first published. A few comments are added in the light of
subsequent developments in our group and elsewhere. A few notations have been
changed from the publication to make it consistent with discussion in this thesis.
The clock pseudospin consists of the magnetically insensitive |mF = 0i Zeeman sublevels of the ground state 6S1/2 F = 3, 4 hyperfine spins. The transition
frequency between the clock states form a stable frequency reference for modern
Cesium atomic clocks. We drive Rabi oscillations between the clock states with microwave radiation, and use a probe beam tuned in-between the F = 4 → F 0 = 3, 4
transitions of the D1 multiplet at 895 nm to monitor the coherent dynamics in real
time. Since the sample is birefringent by an amount proportional to the population
of the upper clock state, this is done by measuring the induced probe ellipticity.
This experiment demonstrates our ability to drive coherent dynamics in an example
two-level system embedded in the multilevel ground manifold. A measurement of
the clock pseudo-spin was previously implemented in [116], where the atomic sample
was inserted in one arm of a Mach-Zehnder interferometer. Recently, coherent Rabi
oscillations were also observed in this system [117]. By comparison, our approach
does not rely on interferometry and is therefore simpler and more robust. Realtime
non-perturbing polarization probes can be implemented for other two-level systems
(qubits) embedded in the ground manifold, and have been used extensively to observe single-qubit coherent manipulation in optical lattices in our group. This was
the subject of Rakreungdet’s Ph.D. dissertation [118, 119]. The following experiment thus provides an example of quantum control and measurement of a two level
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Figure 4.1: (a) Schematic of our experimental setup. The probe beam propagates
along ŷ, and is linearly polarized at θ = 45 ◦ in the x̂ − ẑ plane. (b) Level scheme
for the Cs clock states probed on the D1 line, indicating the relevant transitions for
the x and z polarized probe components. (c). Top: birefringent phase shift φ as a
function of probe frequency, for atoms in the |4, 0i (solid) and |3, 0i (dashed) clock
states. Bottom: differential light shift ∆U as a function of the probe detuning from
the F = 4 → F 0 = 4 transition, showing the existence of two magic frequencies
where ∆U = 0.
system or a pseudospin 1/2 angular momentum. Coherent manipulation of two
level systems are essential in atomic clocks [120], atomic interferometers [121], and
quantum information processing [37]. Recently, measurement based spin squeezing
in the clock transition was demonstrated by the groups of V. Vuletic and E. Polzik
[122, 123].
4.1 Measurement Scheme and Setup
Here, we cast the discussion of atom light interaction in chapter 2 in terms of the laser
polarization and the clock pseudospin. In the far-off-resonance limit the interaction
of an alkali atom and a probe field is described by the light shift Hamiltonian, from
Eq. 2.13, VAP = Σij Ei− Ej+ αij , where αij is the ground state polarizability tensor.
We concentrate at first on a single hyperfine manifold of given F , and choose the
propagation and quantization axes as in Fig. 4.1(a). In that case the vector part
(1)

reduces to VAP = ξ1 S3 Fy , where F is the collective hyperfine angular momentum and
S is the Stokes vector for the probe field. It follows that atoms in the mF = 0 clock
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states cannot contribute to Faraday rotation, and therefore in the limit ∆  ∆HF
the probe polarization does not couple to the clock pseudo-spin. For probe detunings
∆ ∼ ∆HF , the rank-2 tensor component is significant and can induce a probe
ellipticity that depends on the clock pseudo-spin. Here we describe conceptually
how such a measurement can be implemented. Consider a sample of atoms in the
|F, mF i = |4, 0i clock state and a probe tuned to the F = 4 → F 0 = 4 transition.
The mF = 0 → mF 0 = 0 transition is forbidden and the sample is transparent to
the z polarized probe component, while the mF = 0 → mF 0 = ±1 transitions are
allowed and the x polarized component sees a small change in refractive index. The
result is a birefringent phase shift φ of one polarization component relative to the
other. When all relevant levels and oscillator strengths are included (Fig. 4.1(b))
both x and z polarized components undergo non-zero but different phase shifts, and
it is straightforward to find the net birefringence for any probe frequency and atoms
in either clock state (Fig. 4.1(c)). Because of the large hyperfine splitting of the D1
multiplet, (∆HF = 1168MHz = 256Γ) we can tune the probe in-between the F =
4 → F 0 = 3, 4 transitions to get substantial birefringence with negligible absorption.
The probe detuning from the F = 3 → F 0 = 3, 4 transitions is roughly the ground
hyperfine splitting, (∼ 2000Γ), and the birefringence due to atoms in the |3, 0i state
is negligible. Ignoring it we obtain, for an ensemble in a superposition of the two
clock states and a probe tuned exactly halfway between the F = 4 → F 0 = 3, 4
transitions, a total birefringent phase shift
φ=

5 OD 1
(σ3 + σ)
96 ∆/Γ σ

(4.1)

Here OD is the optical density of the sample on resonance, and ∆ = −∆HF /2 is
the detuning from the F = 4 → F 0 = 4 transition. In addition, we have labeled
the |4, 0i, |3, 0i states as spin-up/down respectively, and introduced the collective
P
(i)
pseudo-spin σ = N
i=1 σ , σ = N for a sample of N atoms. This result can be
compared directly to the benchmark provided by Faraday rotation measurements
of a collective angular momentum [103]. For a given OD the birefringent phase is
∼ 30% of the Faraday phase that would be seen for an angular momentum with
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Fz /F = σ3 /σ. This indicates that our measurement can be expected to resolve
projection noise and enter the regime of significant quantum backaction for a atomic
samples with large OD [103].
A birefringent phase shift φ corresponds to a rotation of the Stokes vector by an
angle φ around the 1̂ axis of the Poincaré sphere. A detailed analysis shows that
if we ignore coupling to the spin-down state, the (pseudo)spin-probe interaction is
of the simple form VSP = (ξ0 S0 + ξ2 S1 )(σ3 + σ)/2, where S0 is the magnitude of
the Stokes vector, the constants ξ0 and ξ2 depend on probe frequency and atomic
oscillator strengths, and ξ0 S0 + ξ2 S1 is the total (scalar plus tensor) collective light
shift for atoms in the upper clock state [97]. In principle VSP has the form required
for a QND measurement [124, 125]. To design a measurement that is useful in
practice, however, we need to consider two additional aspects of the atom-probe
interaction. First, it is essential to minimize the differential light shift ∆U between
the clock states. If we do not, then in a realistic experiment ∆U will vary with
probe irradiance across the atomic sample, and lead to inhomogeneous broadening
of the transition frequency. Fortunately the differential light shift can be eliminated
if the probe is tuned to one of two “magic” frequencies in-between the F = 3 → F 0
or F = 4 → F 0 transitions (Fig. 4.1(c)). Second, we must minimize leakage from
the clock states to the rest of the ground manifold. Because the probe polarization
is linear this involves only the rank-2 tensor component of the light shift, which in a
sufficiently strong bias magnetic field along ẑ is effectively proportional to Fz2 , and
therefore does not couple the clock states to other magnetic sublevels[113]. Thus,
for the correct probe frequency and bias magnetic field, our measurement of σ3 is
non-perturbing, at least on timescales short compared to optical pumping.
4.2 Experimental Procedure
The basic setup of our experiment is shown in Fig. 4.1(a). We begin by preparing
a cloud of 3.5 × 106 laser cooled atoms, with a 1/e radius of ∼ 0.25 mm and an
estimated OD = 1.8 ± 0.5 (see Appendix A for a discussion of OD measurements).
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Figure 4.2: (a) Master equation simulation and (b) average of 32 experimental
measurement records showing the polarimeter signal due to Rabi oscillations, for a
probe tuned to the magic frequency in between the F = 4 → F 0 transitions, and
with an irradiance I ∼ 16Isat . (c) includes the effect of an inhomogeneous microwave
field and an additional atom loss rate unrelated to the probe.
After cooling, the atoms are optically pumped into the |3, 0i state, released into free
fall, and probed on the F = 4 → F 0 transitions. Our probe beam is generated using
a diode laser, spatially filtered with an optical fiber and then passed through a high
quality Glan-Laser polarizer before it is incident on the atomic sample. The probe
direction is vertical to minimize the effects of atoms falling during the measurement.
Its irradiance profile is nearly Gaussian with a 1/e radius of 1.2 mm, which is much
larger than the 0.25 mm radius of the atomic cloud, and ensures that the probe
light shift is reasonably uniform. We use an imaging system to select only the part
of the probe that passes through the cloud, and measure the birefringence with a
simple polarimeter consisting of a quarter-wave plate, polarization beamsplitter and
differential photo-detector.
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4.3 Results: Rabi Oscillations
To evaluate the performance of our measurement we drive Rabi oscillations between
the clock states with a resonant microwave field at ∼ 9.2GHz. We apply a ∼ 500mG
magnetic field along the z-axis, enough to shift transitions between magnetic sublevels other than the clock states out of resonance with the driving field. This field
also prevents the tensor light shift from coupling the clock states to the rest of the
ground manifold. Fig. 4.2(b) shows a typical polarimeter signal from Rabi oscillating
atoms, for a probe beam tuned to the magic frequency. For comparison, Fig. 4.2(a)
shows the calculated signal based on a solution on the master equation, including the
microwave drive, probe-induced optical pumping within the entire ground hyperfine
manifold, and the sample birefringence caused by atoms in all hyperfine magnetic
sublevels including the clock states. The only free parameters are the microwave
Rabi frequency and the cloud optical density. By matching the signal amplitude
at t = 0 we infer an OD = 2.2, in good agreement with our estimate based on
atom number and cloud size. This simulation shows that the signal decay is fundamentally limited by optical pumping, and that the useful measurement window
is therefore inversely proportional to the probe scattering rate. A better correspondence at later times is obtained in Fig. 4.2(c), where the simulation includes a 1.5%
spatial inhomogeneity in the microwave irradiance, and an additional loss of population from the clock states at a rate of (2.5ms)−1 . The microwave inhomogeneity
has been estimated by seeking the best overall fit to many signals acquired across
a wide range of parameters, while the extra loss rate has been independently determined from the asymptotic signal decay rate as the probe scattering rate goes to
zero [103]. There is no reason to believe the loss is fundamental to our measurement
scheme, and we suspect it stems from background gas collisions, stray light or similar
problems. This is supported by the fact that related measurements in a different apparatus have shown loss rates below (7.5ms)−1 . In practice one can usually increase
the probe scattering rate and thus shorten the measurement window to the point
where extrinsic losses are unimportant, without compromising the performance of
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Figure 4.3: Signatures of the magic probe frequency. (a) Rabi frequency as a function
of probe detuning for a polarization angle θ = 45 ◦ . (b) Magic probe detuning as a
function of θ. The solid lines are theory predictions.
the measurement [103]. A discussion on debugging coherence times can be found
in Worawarong Rakruengdet’s Ph.D. thesis [118]. A systematic characterization of
factors influencing coherence times in microwave control of neutral atom qubits are
performed in that work and is also available in [119].
4.4 Results: Magic Probe Frequency
The non-perturbing aspects of the atom-probe interaction can be examined by
tuning the probe in the neighborhood of the magic frequency. Fig. 4.3(a) shows
the microwave Rabi frequency versus probe frequency. At the magic frequency
(∆M = −335MHz) the Rabi frequency is minimum, Ω = χµw , corresponding to
resonant excitation. At other probe frequencies the differential light shift leads to an
effective detuning δµw between the microwave and light shifted transition frequency,
p
2 . Both the increase in
resulting in an increased Rabi frequency Ω = χ2µw + δµw
Ω versus probe frequency, and the gradual change in the magic frequency as the
probe polarization is rotated (Fig. 4.3(b)) agree well with theory, showing that we
understand how to detect and eliminate the differential light shift.
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Figure 4.4: (a) Signal decay τd and (b) integrated measurement strength η 2 as a
function of probe frequency, for a constant scattering rate of (0.8ms)−1 (assuming
equal population of the clock states, on average). The dashed lines assume a probe
irradiance inhomogeneity of ∼ 15% (rms). The solid lines include an additional atom
loss rate as mentioned in the text. Vertical lines indicate the F = 4 → F 0 transitions
and magic probe frequency.
4.5 Sensitivity vs Decoherence Trade-off
The overall performance of our measurement can be quantified by the maximum
information gain, i.e. by the measurement strength κ integrated over the available
measurement time. Fig. 4.4(a) shows the decay time τd for the Rabi oscillations as a
function of probe frequency, for constant scattering and optical pumping rates. Away
from the magic frequency the inhomogeneous light shift broadens the distribution of
detunings δµw , and cause the Rabi oscillations for different atoms to dephase. The
resulting decrease in τd is clearly visible in the data. Also shown are predictions based
on simulations such as that in Fig. 4.2(c), but now including a Gaussian distribution
of probe irradiances with a standard deviation of ∼ 15% (best fit). Agreement is
generally excellent, except near the atomic resonances where our model fails to
account for absorption. Using τd as an estimate for the available measurement time,
we can approximate the integrated measurement strength by κτd ∝ η 2 , where η is the
SNR for a measurement with σ3 = σ and bandwidth (τd )−1 . Fig. 4.4(b) shows values
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for η 2 extrapolated from the actual SNR in our Rabi oscillation data, along with the
predictions of simulations with OD = 2.5 (best fit). Our theory and experimental
data agree well and are both strongly peaked at the magic probe frequency. Finally,
a measure for the significance of quantum backaction can be obtained by estimating
the SNR in a measurement of the spin projection noise. Averaging over the entire
measurement window τd , this SNR should be 0.2 [103] for the parameters used in
Fig. 4.4, which is too low to generate any appreciable degree of spin squeezing.
√
However, the SNR in a measurement of projection noise scales as OD, so a higher
OD is needed to increase measurement backaction. Higher OD may be obtained for
example with the use of BEC’s. In practice squeezing may be complicated by the fact
that our measurement is most sensitive to projection noise near σ3 ∼ 0. In contrast
to Faraday measurements, our mean signal is then non-zero, φ ∝ σ3 + σ ∝ N , so
that additional noise will arise from fluctuations in the atom number. If necessary
this problem can be mitigated by using a probe with two frequency components,
tuned between the F = 3 → F 0 and F = 4 → F 0 transitions respectively. A scheme
based on two probe frequencies has been performed for the clock pseudospin by the
group of E. Polzik [117]. As seen from Fig. 4.1(c) the birefringent phase shifts for
the probe components have opposite signs and can be arranged to cancel at σ3 = 0.
4.6 Conclusion
In this chapter, we have demonstrated quantum control of the clock pseudospin
by driving Rabi oscillations with a microwave horn antenna. A polarimetry-based
non-demolition measurement scheme allows us to monitor these coherent dynamics
in real time. At certain magic frequencies the probe-induced light shift of the clock
transition vanishes, and the measurement becomes non-perturbing on time scales
shorter than optical pumping. It would also be useful to work with samples that are
optically thick on resonance, where the sensitivity will be high enough to resolve
projection noise. Spin squeezed states in the clock pseudo-spin [122, 123] can help
improve the performance of atomic clocks and interferometers.
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CHAPTER 5
QUANTUM CONTROL OF THE GROUND STATE HYPERFINE SPIN

In chapters 2 and 3, we evaluated the role of magnetic fields and the AC Stark shift
in generating non-trivial dynamics in the hyperfine spin angular momentum of an
atom. In this chapter, we will discuss the use of these interactions towards quantum
control of the spin angular momentum associated with the 6S1/2 F = 3 ground state
hyperfine spin of 133 Cs. The results described here were first published in [126]. This
chapter contains excerpts from that reference and also expands on that paper by
providing more details and results.
Quantum state preparation is an important aspect and application of quantum
control. While it is relatively easy to prepare some quantum states, it is not obvious
how to make any arbitrary quantum state. This is a common problem across a wide
range of quantum systems. Here, we will discuss arbitrary state preparation in the
F = 3 spin which has a (2F + 1 = 7) dimensional state-space. Starting from a
readily available fiducial state, we will evaluate our ability to perform near-optimal
control and produce a broad range of target states in this spin manifold. In the
language of dynamical systems, the challenge is to design a time dependent control
field that maximizes the probability that the quantum system will make a transition
from an initial state to a desired final state. We discuss the concepts and methods
behind designing time dependent Hamiltonians for quantum state preparation. We
then present experimental results where we evaluate our control performance by
reconstructing the spin density matrix as discussed in section 2.6 and computing
the fidelity between the measured and target states. A special class of states called
spin-squeezed states are also produced with this method and compared with another
method based on adiabatic evolution [127].
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5.1 The Control Hamiltonian
In chapter 3, we determined the Hamiltonian due to a weak magnetic field and a
static x-polarized light field (Eq. 3.3) due to the setup in Fig. 3.3
ĤC (t) = gf µB B(t)·F̂ + ~ωN L (t)F̂x2

(5.1)

Here the control fields are magnetic fields, B(t), and ωN L (t) = β (2) γS (t) (from
Eq. 2.27), which is a function of light intensity and detuning. Note that there are
two competing process due to the light beam. On the one hand, the strength of
the nonlinear Fx2 term, ωN L , indicates the rate at which the coherent dynamics
is driven, while on the other hand the photon scattering rate, γs , indicates the
rate at which incoherent evolution sets in, thus imposing a finite time window in
which one can drive coherent evolution. The factor β thus gives a measure of the
timescales between the two competing processes, and it is thus desirable to choose
β as large as possible. By tuning the light between the D1 hyperfine transitions in
cesium (Fig. 2.1), β (2) ∼ 5. This is enough to allow considerable amount of coherent
manipulation. As seen in section 2.5, this Hamiltonian also allows for the universal
quantum control of the F = 3 spin system. We will discuss the designing of time
dependent Hamiltonians that can generate unitary transformations to map a readily
available quantum state to any desired target state.
5.2 Control Objective: Arbitrary Quantum State Preparation
The objective is to start from a given initial state |ψ0 i and produce a desired target
state |χT i. This transformation |ψ0 i → |χT i acts in a d = 7 dimensional state space
and can be specified by a set of 2d−2 = 12 real numbers. This represents quite a large
parameter space and intuitively one would expect that a high dimensional quantum
control search space would contain sub-optimal solutions. However, according to a
result in [128], the particular class of quantum control problem dealing with state
preparation turns out to be a much easier problem despite the huge search space
because of a universal mathematical property that all local searches will find global
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optima. This suggests that the simplest search algorithm, say for example a gradient
search, over this large dimensional parameter space can give us an optimal control
field for our desired objective. Note that one does need to take into account the
following assumptions that are taken for this result,
1. Infinitely long times
2. No decoherence during the dynamics.
3. No control error, noise, bandwidth limitations.
In our experiment, decoherence from photon scattering imposes a time window in
which we can implement quantum control. Also from an engineering perspective in
general, we would like to get to our desired objective as fast as possible. We also have
to account for the precision, finite bandwidth, slew rate and noise in the drivers and
instruments that produce the control fields. These extremely idealized conditions
listed above may at first look intimidating for the experimentalist, however these
experimental restrictions may be imposed as constraints into the search algorithm.
The resulting optimization problem would be to find a set of control parameters
that give a reasonably acceptable and robust result. We find that we can do pretty
well in spite of our experimental constraints. In the following section we discuss the
design of the control fields and present experimental results evaluating our ability
to implement time optimal quantum control.
5.3 Design of the Control Waveform
Control Hamiltonians for our experiment are designed through a simple procedure
that we have found to produce ‘very good’ though not provably optimal results.
The objective is to start from the state |ψ0 i and produce a specified target state
|χT i by modulating the field B(t) for a fixed time T . With readily available magnetic fields, the timescale for geometric rotations is much shorter than that for
nonlinear evolution driven by the light shift, and therefore, the latter becomes the
time-limiting element of most transformations. In our experiment the maximum

82
magnetic field strength is 42 mG, corresponding to a Larmor frequency of 15kHz,
and the nonlinear strength is ωN L ≈ 2π × 533.2Hz. Under these conditions there is
no significant sacrifice in control performance when the set of available rotations is
somewhat restricted. We therefore choose the magnetic field to have constant magnitude and time-dependent direction in the x-y plane. With this simplification the
control Hamiltonian is thus
HC (t) = gf µB B[cosφ(t)Fx + sinφ(t)Fy ] + ~ωN L (t)Fx2

(5.2)

and can be completely determined by the angle φ(t) between B(t) and the x-axis.
From the discussion in section 5.2, the transformation |ψ0 i → |χT i needs to be
specified by a set of 2d − 2 = 12 real numbers. Full control requires at least that
many free parameters in the control Hamiltonian. To ensure sufficient flexibility we
specify the waveform φ(t) by its values {φi } at N = 30 discrete time steps.
The design of a control waveform is done in software and proceeds through two
search iterations. Starting from the state |F = 3, mF = 3i, we first calculate the
state |ψP i produced by a sequence of field angles {φi } by integrating the Schrodinger
equation. With an initially random seed {φi }, a gradient ascent algorithm was used
with the objective of maximizing the yield Y = |hχT |ψP i|2 . While all sets of random
seeds did not necessarily reach an optimal solution, we found that only a few tries
were required to get an optimal control waveform returning high yields. Various
real experimental conditions were considered that went in as constraints into our
optimization problem. They are listed as follows.
1. A fixed total time, T , for control. T was chosen so that it was large enough
to allow for sufficient coherent evolution and state space exploration with the
help of the control waveform. However it had to be short enough so that the
photon scattering would have the least acceptable adverse effect on our control
performance. We found that for preparing any arbitrary state with the above
mentioned control parameters, a total time ranging from 300 µs to 500 µs
returned optimal control waveforms that predicted high yields.
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2. The first angle and the last angle were fixed in the optimization problem for
all the waveforms implemented in our experiment. The reason for this was
largely technical pertaining only to our particular planned implementation
of the control waveforms. The control waveforms achieved are stitched to a
preceding magnetic field required for optical pumping the cold atoms along
the y direction. Immediately after the control magnetic fields are applied, it
is followed with the reconstruction control field described in section 2.6. This
started with a magnetic field pointing along the −y axis. To ensure a smooth
transition between the three stages, the first and the last control magnetic
field direction was kept fixed along the +y and the −y axes respectively.
3. The finite bandwidth and slew rate of the magnetic coils and drivers were
accounted for in the algorithm. We used a special trick provided by our collaborators, Seth Merkel and Ivan Deutsch, from University of New Mexico.
Instead of implementing the set of angles {φi } as control parameters into the
optimization algorithm, we used the set of differences between adjacent angles,
{∆φi }, as the parameters. With the help of a standard Matlab function from
its Optimization Toolbox, fmincon, we imposed a maximum bound on each
of parameters. A typical worst case scenario was, for example, a maximum
value of ∆φmax ≤ 0.3π for every 10 µs, say. The largest slew rate required was
calculated to be ≤ 0.4 V/µs for any of the coils, which is much less than the
maximum slew rate specified for the magnetic field drivers or that calculated
for the coils (see section 3.4.2).
With these constraints, we found that we can generate at least one waveform
with yield ≥ 0.99. This is expected from the general structure of control landscapes
derived in [128]. At this point we switch to a more realistic estimate of control
performance, modeling the evolution with a full master equation that incorporates
decoherence from light scattering and variation of the nonlinear strength across the
ensemble. This allows a second stage of optimization starting with the waveform
from round one and using the complete but computationally intensive model to
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predict the yield, now defined as
q
1/2
1/2
Y = T r ρT ρP ρT

(5.3)

between the target (ρT ) and predicted (ρP ) density matrices. Taking into account
imperfect optical pumping, where the population in the initial |F = 3, mF = 3i
state in our experiment are typically measured to be around 97%, the expected
yields across several states range from 0.9 - 0.95.
Fig. 5.1 illustrates the steps undergone during the design of the control waveform
for one of the target states. While the initially chosen random set of angles produce
a poor yield (Fig. 5.1(a)), the search algorithm eventually converges to an output
waveform that provides a high yield (Fig. 5.1(b)). The second round of optimization
produces slight changes in the final waveform, a feature that is typical across many
of the control waveforms implemented in the experiment. Nevertheless, it increases
the chance of attaining a slightly higher yield in the face of light inhomogeneities
and decoherence.
An example of how a state evolves during a particular control waveform is shown
in Fig. 5.2. The Wigner function representation of the spin wave-packet [129] is
shown at several intervals during the dynamics as calculated by Schrodinger integration. Note that the non-linear evolution initially produces a squeezing ellipsoid
on the surface of the sphere, the distribution continues to wrap around the sphere,
and eventually interference effects are manipulated to create the desired target state.
5.4 Spin Squeezed States
To evaluate quantum control in our system, it is helpful if we have some sort of
yardstick to compare the optimization method outlined above to some other known
or available method. We generated spin squeezed states by two different methods,
the time optimal control method and another method based on an adiabatic scheme
first proposed in [127]. We will review the class of states that are called spin squeezed
states and outline different methods of producing spin squeezing in this section.
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Figure 5.1: Design of the Control Waveform: Initial state is my = 3 obtained by
optical pumping and the target state is |χT i = (|mz = 2i + mz = −2i)/2. (a) Waveform showing the initial seed of angles and the resulting density matrix (absolute
values). The number signifies the yield. (b) Control waveform obtained after first
round of optimization and final density matrix. (c) Waveform (blue solid) obtained
after the second round of optimization and predicted state. The waveform from the
first round is also shown here in grey solid line. (d) Yield as a function of iterations
in the first round of optimization. The numbers are derived from the output algorithm implemented in Matlab, and note that each iterations contains many function
evaluations which is internally decided by the particular routine used in Matlab.
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Figure 5.2: Spin Evolution under the Control Field: (a) The waveform for quantum
control. (b) Wigner functions of the state calculated at four stages during the control
waveform. The same sphere is shown from two opposing viewpoints so effectively
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matrix and Wigner function.
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The commutator relation for angular momentum operators in their cartesian
coordinates is given by
[F̂i , F̂j ] = i~ijk F̂k

(5.4)

where i, j, k denote the set of three orthogonal cartesian coordinates and ijk is
the Levi Civita symbol. Due to this commutation relationship, the Heisenberg’s
uncertainty relation for the spin operators can then be shown to be
∆Fi ∆Fj ≥

~
|hFk i|
2

(5.5)

A spin is said to be a coherent spin state if the uncertainty in the components normal
to the direction of maximum projection are equal and satisfy the equality in Eq. 5.5.
In that sense it is a minimum uncertainty spin wave-packet. Now without violating
Heisenberg’s uncertainty principle, it is possible to redistribute the uncertainty or
the associated quantum fluctuations unevenly between two orthogonal components
while still maintaining the minimum uncertainty relation. Spin squeezed states are
a class of minimum uncertainty states where the uncertainty in one of the components orthogonal to the direction of maximum projection, say in a direction given
p
by k, is less than |hFk i|/2. The ability to prepare spin squeezed states have important consequences in high precision spectroscopy and in atomic clocks which are
at present limited by fundamental spin noise [130].
5.4.1 Twist Hamiltonian
Spin squeezing can be produced by a straightforward application of an Hamiltonian
that depends on Fx2 and the states and degree of squeezing that can be achieved
have been studied in [131]. Observation of spin squeezing in our lab due to the Fx2
term in the Hamiltonian of Eq. 5.1 is well documented in [87, 114]. In Fig. 5.2 for
example we can see the effect that the Fx2 part of the Hamiltonian has in terms
of shearing the quasi-probability distribution in phase space of angular momentum
and causing the distribution to then look like an ellipse for a short while. However,
this squeezing process is not well controlled and eventually the distribution warps
and gets wiggly [131] as opposed to just getting squeezed.
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5.4.2 Adiabatic Method of Spin Squeezing
The desired method of generating spin squeezing is to identify the quantum states
that correspond to the spin squeezed states and thereby devise control waveforms
to transfer an easily available state to a target spin squeezed stated. From [127], we
find that the lowest energy eigenstates (ground states) of the operator
Ĥ = µF̂y + F̂x2

(5.6)

minimizes the squeezing parameter ξ, which is an useful quantity in high precision
metrology [89], where
ξ=

∆Fx
|hFy i|

(5.7)

These states are called maximally spin squeezed states with different degrees of spin
squeezing given by the value of µ. These states have the minimum variance of Fx ,
given the value of |hFy i|.
The Hamiltonian in Eq. 5.6 is of the form of our standard control Hamiltonian
in Eq. 5.1 if the magnetic field B(t) = By ŷ is chosen along the y axis. The coherent
spin state, |my = −3i, is an approximate ground state of the Hamiltonian when the
magnitude of the Larmor frequency, ωy = gF µB By , is much larger than ωN L . With
an initially large value of By , it can be slowly reduced whereby the state adiabatically
evolves through a family of states that minimize ξ for different |hFy i|. The degree of
squeezing and the corresponding spin squeezed state is then determined by the end
value of BT = By (t = T ) after time T , with the state being the ground state of the
Hamiltonian
HT = ~gF µB BT F̂y + ~ωN L F̂x2

(5.8)

To maintain the condition of adiabaticity, By must change quite slowly compared
to the rates determined by the Larmor frequency, ωy = gF µB By , and the strength
of the non-linearity, ωN L = 2π533.2 Hz. Fig. 5.3 shows control waveforms for a
target spin squeezed state with gF µB BT = 2π0.25 kHz starting from the state
|my = −3i. Note that the adiabatic control waveform is not a simple simple linear
ramp from gF µB By (0) = 2π15 kHz to gF µB BT = 2π0.25 kHz, as this was calculated
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Figure 5.3: Control Waveforms for Spin Squeezing. (a) Target state corresponding
to gF µB BT /2π = 0.25 kHz. (b) Magnetic field waveform derived from adiabatic
method. (b) Angle vs Time for control waveform obtained by optimal control
to take a very long time (∼ 20 ms) to reach the desired target state adiabatically.
Instead we account for the fact that initially when the magnetic field, By , is large,
the fields can be changed much faster and the process still maintains adiabaticity.
As the magnetic field larmor frequency is decreased to smaller values, By changes
even more slowly. With the use of this waveform, we find that we can prepare the
desired target spin squeezed states typically within 1 ms. We can also compare this
adiabatic method with the optimal control method, where we can devise a control
waveform according to the method described in sec. 5.3 since we know the target
state. A control waveform based on this design for the same target state is shown
in Fig. 5.3(c). Note that this waveform can achieve the same target state in a much
faster time than the adiabatic control. The advantage of adiabatic control is that it
is known to be more robust against experimental errors. We shall evaluate results
from implementing both methods of spin squeezing in our experiment.
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5.5 Experimental Procedure
A schematic of the setup for this experiment is shown in Fig. 3.3 and is described
in detail in section 3.4. After atoms have been cooled and optically pumped into a
state of maximum projection along the y axis, |ψ0 i = |my = 3i, the control magnetic fields are implemented onto the atoms. Immediately following the period of
quantum control, we estimate the resulting state by applying the reconstruction
control waveform as described in section 2.6. The measurement signal is averaged
over 16 repetitions of the experiment and the density matrix is determined from
the measurement record and the known evolution. Calibration errors in the control
magnetic field along the orthogonal x and y axis are also determined by the reconstruction routine. These are found to be less than 1% of the applied fields, but are
nevertheless crucial in determining the right density matrix. This can be judged by
comparing the the experimentally recorded signal with the predicted signal due to
the control and reconstruction fields from the full model.
5.6 Results of Arbitrary State Preparation
We have tested a sample of control waveforms designed to produce 21 different pure
spin states. Out of these, 10 of these states were spin squeezed states of various
degrees, the discussion of which we will come back to in section 5.4. While we can
compare the measured states, ρM , to the target states, ρT , by computing the yields,
it is also useful to compare ρM against the density matrices, ρP , predicted by our
full model. This is quantified by the fidelity of control,
q
1/2
1/2
FC = T r ρP ρM ρP

(5.9)

A wide range of target states were measured and we use this thesis here as an
opportunity to present the typical measured density matrices as well as their rather
fascinating Wigner functions from Fig. 5.4 to 5.15.
A close inspection of the results show that in spite of having a wide range of
measured yields and fidelities, the respective Wigner functions show remarkable
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Figure 5.9: Results from Target State (|my = 3i + |my = −3i)/ 2. See Fig. 5.4 for
more details.
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Figure 5.11: Results from Target State (|mz = 2i + |mz = −2i)/ 2. See Fig. 5.4
for more details.
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Figure 5.14: Results from Target State (3|my = 2i + |my = −3i)/ 10. See Fig. 5.4
for more details.
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Figure 5.15: Results from Target State (|my = 2i + 2|my = −1i)/ 5. See Fig. 5.4
for more details.
similarity in phase space structures with that of the target states. As is expected,
the deviations away from those of the target are reflected in the yields and fidelities. Notice that there are some instances where the yields come out really low,
for example in Fig. 5.12 and Fig. 5.13. The Wigner function of the experimentally
reconstructed state (Fig. 5.12(d)) is seen to have similar structures in phase space
compared to the target state, except that the orientation is slightly rotated which
leads to low fidelities. Since we have reconstructed the complete density matrix, we
can perform rotations in software and compare the rotated state with the target as
in Fig. 5.12(e), where the reconstructed state is rotated to maximize FC , leading to
higher value of the yield, Y . As part of our data analysis this rotation is performed
for each ρM . Numerical modeling shows that small background magnetic fields or
miscalibration of the control fields will lead to apparent geometric rotations of the
final state, but such errors are too small to be significant in our experiment. The
axis of rotation corresponds to the magnetic field direction at the transition between
the control and state estimation parts of the experimental sequence, which suggests

98
(a)

(b)

50
25
0
(c)

(d)

50
25
0
Yield

Fidelity of Control

Figure 5.16: Histograms of (a) yields and (b) fidelities of measured vs. predicted
states. (c) & (d) Yields and fidelities when each measured state is geometrically
rotated to optimize fidelity relative to the predicted state. These histograms include
results from generating arbitrary final states in Table 5.1 and spin squeezed states
in Table 5.2.
a problem with the way the above two control waveforms were joined together.
Table 5.1 shows the yields and fidelities from the experimentally reconstructed
states shown in Fig.’s 5.4 to 5.15. The corresponding yields and fidelities of the
states after a geometric rotation to maximize FC are also included. As mentioned
above, the rotations help improve the yields and fidelities slightly for each final state,
however the effect is more pronounced for the states listed in 9 and 10 of Table 5.1,
corresponding to Fig.5.12 and Fig. 5.13, respectively.
A more complete statistics of yields for over a hundred experimental realizations
of control is compiled as a histogram in Fig. 5.16(a), showing a fairly broad distribution centered on a respectable value of 0.8. Fig. 5.16(b) shows a histogram of
fidelities for our dataset. Note that both yield and fidelity can be affected by control
errors (the actual state is different from ρP ) as well as state estimation errors (the
actual state is different from ρM ), and that we cannot distinguish between these
possibilities. As mentioned above, we can independently rotate each individual ρM
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|my = −3i
|my = 2i +
12
2|my = −1i
1
2
3
4
5

#
T
Simulaof
(ms)
tions
Runs
Mean(std.
dev.)
Yield
0.33 6
0.85(0.02)
0.33 9
0.91(0.01)
0.36 7
0.80(0.03)
0.33 5
0.88(0.01)
0.36 8
0.91(0.02)

Experimental
Data

Experimental
Data + Rotation

Mean(std. dev.)

Mean(std. dev.)

Yield
0.73(0.04)
0.76(0.16)
0.84(0.15)
0.78(0.12)
0.84(0.06)

Yield
0.74(0.06)
0.83(0.10)
0.80(0.05)
0.78(0.12)
0.83(0.06)

Fidelity
0.92(0.07)
0.81(0.17)
0.95(0.05)
0.91(0.04)
0.92(0.04)

Fidelity
0.93(0.03)
0.91(0.08)
0.96(0.04)
0.92(0.03)
0.93(0.04)

0.3

6

0.87(0.04) 0.80(0.07) 0.89(0.04) 0.80(0.06) 0.92(0.04)

0.33

8

0.89(0.04) 0.91(0.16) 0.91(0.04) 0.89(0.14) 0.93(0.05)

0.375 5

0.78(0.03) 0.82(0.11) 0.82(0.05) 0.72(0.05) 0.89(0.05)

0.36

7

0.90(0.01) 0.44(0.11) 0.52(0.06) 0.78(0.16) 0.87(0.10)

0.36

8

0.94(0.01) 0.58(0.17) 0.62(0.21) 0.82(0.09) 0.89(0.07)

0.36

7

0.87(0.02) 0.75(0.10) 0.88(0.08) 0.76(0.09) 0.88(0.07)

0.36

5

0.84(0.01) 0.75(0.04) 0.86(0.03) 0.75(0.03) 0.87(0.03)

Table 5.1: Results from experimental realizations of quantum control for different
final target states. Yields and Fidelities are shown for the experimentally reconstructed states as well as after rotating the measured states to maximize the fidelity,
FC . The variations in the calibrated magnetic field miscalibration errors across different runs of the same control for one final target state introduces a distribution on
the predicted yields (in column 5) for each target state. Note: Spin squeezed states
prepared by this similar control method are shown in Table 5.2.
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to maximize its fidelity relative to ρP and obtain new values for yield and fidelity.
Carrying out this procedure for all data points takes care of the outliers without
otherwise changing the yield distribution significantly, as shown in Fig. 5.16(c). This
distribution can reasonably be interpreted as a measure of our ability to control the
spins in a well designed experiment. The fidelity distribution (Fig. 5.16d)) remains
peaked at ∼ 0.9, which we know from experience to reflect the accuracy of our state
estimation protocol. Note that random errors in state estimation are more likely
to decrease than increase an apparent yield, and that a better estimate of the real
range of yields can be obtained if the error statistics are taken into account. As
a reasonable first step we use a simple error model wherein the measured states
undergo normally distributed random displacements in state space relative to the
actual states, which in a similar way are displaced relative to the target states. This
model suggests that the real yields (actual vs. target state fidelity) are roughly 10%
larger on average than those in Fig.(c). This puts most real yields in the range
0.8 − 0.9, in good agreement with the ∼ 0.9 predicted by the model used to design
the control waveforms.
5.7 Results from Spin Squeezing
We shall now look at the results for generating spin squeezed states as discussed in
section 5.4. Target states were chosen for different values of the final BT in Eq. 5.8,
and these states were generated both adiabatically as well as with the use of the
time optimal control method. Table 5.2 and Table 5.3 show the experimental yields
and fidelities achieved for generating spin squeezed states with various degrees of
squeezing using the time optimal control method and the adiabatic method respectively. Fig. 5.17 displays the Wigner functions corresponding to the target states
and the experimentally reconstructed spin squeezed states which were obtained by
the adiabatic ramp down method.
Fig. 5.18 shows the squeezing (from Eq. 5.7) as well as the anti-squeezing
(ξ ∗ = ∆Fz /|hFy i|) that results for the different target states produced from the
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gF µB BT /2π
(kHz)

1
2
3
4
5
6
7
8
9

5
2.5
1
0.75
0.5
0.25
0.1
0.05
0

#
T
Simulaof
(ms)
tions
Runs
Mean(std.
dev.)
Yield
0.05 2
0.97(0.00)
0.05 4
0.97(0.00)
0.05 3
0.96(0.00)
0.1
2
0.96(0.00)
0.1
3
0.95(0.00)
0.1
2
0.95(0.00)
0.4
2
0.93(0.00)
0.4
3
0.90(0.01)
0.4
2
0.86(0.00)

Experimental
Data

Experimental
Data + Rotation

Mean(std. dev.)

Mean(std. dev.)

Yield
0.90(0.00)
0.89(0.03)
0.88(0.00)
0.86(0.03)
0.89(0.01)
0.87(0.00)
0.80(0.01)
0.71(0.03)
0.54(0.03)

Yield
0.92(0.00)
0.95(0.01)
0.88(0.00)
0.86(0.03)
0.89(0.01)
0.88(0.00)
0.83(0.01)
0.78(0.06)
0.79(0.05)

Fidelity
0.91(0.00)
0.90(0.06)
0.94(0.00)
0.91(0.03)
0.90(0.02)
0.88(0.00)
0.92(0.01)
0.88(0.03)
0.76(0.04)

Fidelity
0.95(0.00)
0.94(0.03)
0.94(0.00)
0.92(0.02)
0.92(0.01)
0.91(0.01)
0.94(0.01)
0.91(0.05)
0.93(0.02)

Table 5.2: Results From Spin Squeezing by Optimal Control. Target spin squeezed
states are ground states of HT in Eq. 5.8 for different final BT given in column 2.
Results from this table are included in the histograms shown in Fig. 5.16. As in
Table 5.1, a variation of calibrated errors in the applied magnetic field controls between different runs of the same waveform introduces a distribution in the predicted
yields, as in column 5.
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gF µB BT /2π
(kHz)

1
2
3
4
5
6
7
8
9

5
2.5
1
0.75
0.5
0.25
0.1
0.05
0

10
11
12
13
14
15
16
17
18

0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25

#
T
SimulaExperimental
Experimental
of
(ms)
tions
Data
Data + Rotation
Runs
Mean(std.
Mean(std. dev.)
Mean(std. dev.)
dev.)
Yield
Yield
Fidelity
Yield
Fidelity
0.1
3
0.97(0.00) 0.91(0.00) 0.93(0.01) 0.92(0.01) 0.95(0.01)
0.1
3
0.97(0.00) 0.89(0.04) 0.94(0.03) 0.90(0.04) 0.94(0.03)
0.2
3
0.96(0.00) 0.91(0.03) 0.93(0.02) 0.91(0.02) 0.93(0.01)
0.4
2
0.96(0.00) 0.92(0.02) 0.95(0.01) 0.92(0.02) 0.95(0.01)
0.4
3
0.97(0.00) 0.91(0.03) 0.93(0.06) 0.91(0.03) 0.94(0.06)
0.75 3
0.95(0.00) 0.84(0.07) 0.91(0.07) 0.88(0.07) 0.92(0.06)
0.625 3
0.94(0.00) 0.75(0.10) 0.79(0.11) 0.79(0.07) 0.89(0.08)
0.75 3
0.91(0.00) 0.73(0.07) 0.79(0.11) 0.89(0.04) 0.89(0.03)
1
3
0.88(0.00) 0.56(0.15) 0.68(0.16) 0.80(0.12) 0.86(0.11)
Same Target State, Different Ramp Total Time
0.1
3
0.81(0.00) 0.65(0.03) 0.81(0.04) 0.68(0.04) 0.82(0.04)
0.25 1
0.93(-)
0.82(-)
0.87(-)
0.84(-)
0.89(-)
0.5
1
0.94(-)
0.89(-)
0.94(-)
0.88(-)
0.94(-)
1
1
0.95(-)
0.88(-)
0.93(-)
0.90(-)
0.95(-)
1.25 1
0.95(-)
0.87(-)
0.91(-)
0.91(-)
0.94(-)
1.5
1
0.94(-)
0.84(-)
0.92(-)
0.87(-)
0.94(-)
2
1
0.94(-)
0.84(-)
0.93(-)
0.88(-)
0.95(-)
2.5
1
0.93(-)
0.82(-)
0.92(-)
0.85(-)
0.93(-)
3
1
0.93(-)
0.85(-)
0.94(-)
0.86(-)
0.95(-)

Table 5.3: Results From Spin Squeezing by Adiabatic Ramp. Target spin squeezed
states are ground states of HT in Eq. 5.8.
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Figure 5.17: Wigner Functions of Spin Squeezed States. Each target state is the
ground state of HT in Eq. 5.8 where fT = gF µB BT /2π is the Larmor frequency
corresponding to the final BT in the applied adiabatic ramp field along y. The
initial state for all cases is |my = −3 and the ramp down total time is different
for each target. For more information on the ramp times, please see Table 5.3.
The predicted states are calculated with the full master equation model which also
includes magnetic field calibration errors. The numbers correspond to Y , or yield.
The experimentally reconstructed states are shown after the rotation to maximize
fidelity of control, FC and the numbers correspond to Yield (Fidelity of Control).
Wigner functions from opposite viewpoints to the sphere are only displayed for the
states corresponding to fT = 0kHz.
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Figure 5.18: Spin Squeezing Results: Normalized squeezing parameter vs. final magnetic field for the squeezed and anti-squeezed components. Dashed lines: perfect
squeezing. Open triangles: full model predictions for adiabatic control. Filled circles
and diamonds: experimental results for adiabatic control. Open circles and diamonds: experimental results for optimal control.
two methods. Each of the parameters are shown relative to a spin coherent state
with the same |hFy i|. Upto ∼ 4 dB of spin squeezing is seen in the experiment, in
good agreement with the model prediction. For the small spin F = 3, the squeezing
is quickly limited by the decrease in |hFy i| as the squeezing ellipse wraps around the
sphere.
The optimal control method produces the same spin squeezed states with a small
but significant reduction in both squeezing and yield. This is most likely because
adiabatic control is inherently more robust against control errors even in the presence
of extra decoherence during the longer control waveform.
5.8 Summary
In this chapter, we have implemented a scheme for optimal control of the spin of a
Cs atom in the F=3 hyperfine ground state. The scheme is based on finding timedependent magnetic fields along with a constant rank-2 tensor light shift from a
laser probe that drives the spin from an easily prepared initial quantum state to any
desired final state within a chosen time. Control Hamiltonians were obtained via
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software by utilizing an optimization algorithm based on a simple gradient search
routine to maximize the overlap integral of the final state with the desired target
state. We then implemented these control Hamiltonians for a wide range of target
states in the laboratory and these were evaluated by measuring the resulting density
matrices. Spin squeezed states were identified as ground states of specific easily
available Hamiltonians in our system, and an adiabatic scheme was designed to
generate these states in the laboratory. The optimal control scheme was also used to
generate the same spin squeezed states and then compared to the adiabatic scheme.
While the latter was faster, the adiabatic squeezing scheme, as expected, was seen
to be slightly more robust to control errors.
Typical yields fall in the range of 0.8 - 0.9. Light shifts were instrumental in
driving coherent spin dynamics in an angular momentum system greater than spin
1/2. However, inhomogeneities in the light intensity across the atomic sample and
decoherence due to photon scattering was also responsible for the reduction in yields
from the 0.99 range predicted due to a fully coherent evolution. A full master equation model which also includes errors in the applied light and magnetic field controls
account for some of the reduction in the expected yields. The fidelity of control which
is the overlap integral of the experimentally reconstructed states with the states predicted due to our full model is seen to lie in the range 0.85 - 0.95 which is reflective
of the known accuracy of the state estimation method used in the experiment.
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CHAPTER 6
THE QUANTUM KICKED TOP

We now have in place a very useful set of experimental tools towards the complete
quantum control of the ground state Cs 6S1/2 F = 3 hyperfine spin angular momentum. We can prepare arbitrary states, implement any desired evolution in a
controlled fashion, and capture snapshots of the evolving spin density matrix. In
this chapter, we will discuss the implementation of the quantum kicked top in this
hyperfine spin manifold. The quantum kicked top Hamiltonian describes a driven
spin angular momentum system undergoing alternate pulses of precession and nonlinear twists. The classical limit for this system arises when the spin is large, and
the classical dynamics can be shown to be have both regular and chaotic features.
We will thus use this Hamiltonian to make our first foray into the field of quantum
chaos. In our experimental investigations, we look for signatures in the quantum dynamics that discriminate between regular and chaotic motion in the corresponding
classical system. As we shall find, the implementation of the quantum kicked top
Hamiltonian is quite straight-forward in our system. We shall show results from this
experiment where we can make ’movies’ of the evolving state under different control
parameters of the kicked top.
The primary challenge is in the fact that we will be working in a deeply quantum
system due to the small size of the F = 3 spin. Here the size of ~ in the phase space
of angular momentum is about 1/(d = 2F + 1) = 1/7 of the total phase space.
The question naturally arises: is it possible for such a deeply quantum system to
even know that there is chaotic behavior looming in a regime so far away (F  1)?
Our theoretical analysis and experiments reveal quite surprisingly that the quantum
dynamics in our system indeed do show clear signatures of chaos.
In this chapter, we will first review the ideal kicked top Hamiltonian which has
been extensively studied theoretically. We then describe the modifications for a prac-
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tical implementation in our experiment. We calculate the classical dynamics that is
expected from our particular implementation of the Hamiltonian, and then compare
it with the observed quantum dynamics. Experimental results are presented where
we find evidences that discriminate between classical chaotic and regular dynamics
in the quantum system’s hypersensitivity to perturbation, the phase space structure
of the quantum states during the dynamics and in the entanglement generated between the nuclear and electron spin which couples to give the hyperfine spin in the
atoms.
6.1 The Model Hamiltonian
The Hamiltonian for the quantum kicked top is given by [47, 84]
HKT

∞
X
κ
2
Fx + ~pFy
δ(t − nτ )
=~
2F τ
n=−∞

(6.1)

This Hamiltonian describes dynamics where the angular momentum system is driven
by a twist due to the Fx 2 term and is periodically kicked at every time period, τ ,
where each kick is a rotation (precession) about the y axis due to the Fy term. κ
determines the strength of the twist, while the total angle of rotation during each
kick is given by p. The magnitude F 2 = F (F + 1)~2 is a constant of motion. The
kicked top is thus an example of a periodically driven system where
H(t + nτ ) = H(t) where

n = 0, ±1, ±2, · · ·

(6.2)

An important aspect of periodically driven systems is that the dynamics can be
analyzed after every period, which yields a stroboscopic map of the dynamics. The
following sections describe in detail the expected quantum and classical stroboscopic
maps due to the above Hamiltonian.
6.1.1 Quantum Dynamics and the Floquet Operator
Stroboscopically, the dynamics is analyzed in terms of the time evolution operator
for one period, τ
U = e−ipFy e−i(κ/2F )Fx

2

(6.3)
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Thus in each period, the spin undergoes a twist about the x axis and then a subsequent precession about the y axis by an angle p. This simple form results from the
consideration that during the intense and infinitely short delta rotation pulse, the
Fx 2 term can essentially be considered off.
This operator, U , is also called the Floquet operator for the dynamics given by
the Hamiltonian in Eq. 6.1 and is instrumental in providing a stroboscopic view of
the dynamics. In the Schrodinger picture, the quantum state at discrete times of nτ
is given by
|ψ(t = nτ )i = U n |ψ(0)i,

n = 0, 1, 2, . . .

(6.4)

where |ψ(0)i is the initial state at time t = 0. Equivalently, the Floquet operator
defines a quantum map
|ψin+1 = U |ψin

(6.5)

In the Heisenberg picture, the discrete time evolution of the spin operators is given
by
Fi (nτ ) = U †n Fi U n

(6.6)

and the corresponding map would then be
Fi,n+1 = U † Fi,n U

(6.7)

The eigenstates of the Floquet operator often form a convenient basis to analyze
and understand the quantum dynamics.
U |ei i = exp[−iΦi ]|ei i

(6.8)

where |ei i are called the Floquet eigenstates and Φi the Floquet eigenphases (or
quasi-energies [132]).
6.1.2 Classical Dynamics
As F  1, the system approaches its classical behaviour. In this case we have an
angular momentum vector, L, whose length is constant during the dynamics. Hence
the system can be scaled to unit length that resides on a sphere, with the coordinates
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of the vector given by the orthogonal cartesian components. Since the length is
preserved during the dynamics, the angular momentum can also be specified by
its spherical coordinates (r, θ, φ) where r = 1. Standard polar coordinates are used
where Lx = sin(θ)cos(φ), Ly = sin(θ)sin(φ) and Lz = cos(θ).
The classical dynamics for each period corresponding to the Hamiltonian in 6.1
for L is a rotation of the vector by an angle p about the y axis followed by a rotation
about the x axis by an angle proportional to the instantaneous value of Lx for a
time given by τ . The proportionality factor is determined by κ. Note that during
rotations around the x axis, the value of Lx remains unchanged, thus this rotation
also occurs at a constant rate. The map for this dynamics can be achieved easily
through the use of rotation matrices in the cartesian basis and can be written as
Ln+1 = R2 R1 Ln

(6.9)

where the transformation due to the rotation about y axis by an angle p is given by


cos(p) 0 sin(p)



(6.10)
R1 = 
0
1
0


−sin(p) 0 cos(p)
and the rotation around x in time τ will thus be given by an angle (κ/τ )Lx τ = κLx .
This transformation is given by


1


R2 (Lx ) = 
 0

0

0




sin(κLx ) 

0 −sin(κLx ) cos(κLx )
cos(κLx )

(6.11)

From equations 6.9, 6.10 and 6.11, the following map is obtained,
Lx,n+1 = Lx,n cos(p) + Lz,n sin(p)
Ly,n+1 = Ly,n cos(κL̃x,n ) − L̃z,n sin(κL̃x,n )
Lz,n+1 = L̃z,n cos(κL̃x,n ) + Ly,n sin(κL̃x,n )
L̃x,n = Lx,n cos(p) + Lz,n sin(p)
L̃z,n = Lz,n cos(p) − Lx,n sin(p)

(6.12)

where L˜x and L̃z corresponds to the vector components in between the two rotations.
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6.1.3 Classical and Quantum Phase Space Structures
The stroboscopic map in equation 6.12 can be plotted for a number of initial conditions and for a number of kicks for each initial condition. Classical phase space plots
for p = π/4 + 0.2 and various values of κ are shown in Fig. 6.1. For small values of
κ, the phase space consists only of periodic orbits (Fig. 6.1(a) and (b)). As we keep
tuning κ to higher values, the phase space starts getting mixed with regular islands
embedded in a sea of chaotic trajectories. As κ is increased to still higher values,
the islands of regular motion disappear and the system eventually becomes globally
chaotic. Since the emergence of chaotic dynamics in phase space depend so strongly
on κ, it is also called the chaoticity parameter.
In Fig. 6.1(c) - (f), it is interesting to note that the trajectories plotted in the
chaotic sea are obtained by performing the map in Eq. 6.12 from just one initial
point and for about 105 kicks until the whole sea of chaos is filled. The exact method
of identifying which regions are chaotic and regular, given the dynamical map, is
outlined later in the context of the map for the experimentally implemented kicked
top in section 6.2.3. While two closely spaced points do have quite different trajectories in the chaotic sea, they still remain within the part of phase space that is
clearly demarcated by the sea of chaos, and does not seep into the islands in spite of
several kicks used in the calculation. The boundaries between regions of chaos and
regular motion in a mixed phase space are sharp and distinct, as dictated by the
Kolmogorov-Arnold-Moser (KAM) theorem [57, 133].
As noted in Eq. 6.8, the quantum stroboscopic dynamics is conveniently analyzed
in the basis of the Floquet eigenstates. One way to evaluate quantum dynamics is to
start with a spin coherent state that lies in a corresponding classical region of regular
motion or chaos in phase space and see wether the evolution bears any signature
of the corresponding classical dynamics. To see the dynamics in phase space, it
is helpful to look at the phase space structure of the Floquet eigenstates without
actually looking at their analytical forms. The quantum dynamics due to an initial
spin coherent state is most likely to cover the regions in phase space spanned by

111

(a)

y<0

(b)

y>0

y>0

y<0

Z

1

0

-1
(c)

(d)

Z

1

0

-1
(f)

(e)

Z

1

0

-1
-1

0
X

11

0
X

-1

-1

0
X

11

0
X

-1

Figure 6.1: Classical stroboscopic plots for the model kicked top. p = π/4 + 0.2. (a)
κ = 0.5. (b) κ = 1.5. (c) κ = 2. (d) κ = 2.5. (e) κ = 4.5. (f) κ = 6. Blue dots indicate
sea of chaos, red dots are used for periodic orbits. For each figure, the same sphere is
shown from two viewpoins, namely the y < 0 hemisphere and the y > 0 hemisphere.
Note the x axis points in opposite directions for the two views in keeping with the
right hand rule for displaying cartesian coordinates.
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the Floquet eigenstates that support the initial state. The structures in the phase
space of angular momentum can be shown with help of the Husimi quasi-probabiity
distribution functions, which for a spin state |ψi is given by [93, 134].
P (θ, φ) =

2F + 1
|hθ, φ|ψi|2
4π

(6.13)

Here |θ, φi stands for a spin coherent state (see section 5.4) which has maximum
projection along the direction given by the spherical angular coordinates, θ, and φ.
Unlike the Wigner function, the Husimi probability distribution function do not take
negative values, and thus come closest to a classical probability density. Most often
in our experiment, we work with quantum states of an individual spin averaged over
an entire ensemble, thus it is also beneficial to express the Husimi function in terms
of the density matrix, ρ, describing the single spin
P (θ, φ) =

2F + 1
hθ, φ|ρ|θ, φi
4π

(6.14)

This form will be extremely helpful when we investigate the regions of phase space
that is explored due to any given quantum dynamics.
These functions are plotted in phase space on a fine grid of θ and φ values,
and displayed on a surface of a sphere, as for example in Fig. 6.2. Throughout this
thesis, all displays of the Husimi function for any arbitrary state will be normalized
by the maximum value that the probability density function assumes in phase space.
This is advantageous for looking at individual Husimi functions in the sense that
it provides more visual contrast. But one has to be mindful of the fact that while
comparing two Husimi functions, larger areas of shades of red means that the peak
values of the density functions are smaller since the probability density functions
integrated over the whole phase space should give the same value, 1, for any state.
Shown in Fig. 6.2 are Floquet eigenstates for the model kicked top in Eq. 6.1,
with p = π/4 + 0.2 and κ chosen for comparison with three classical phase space
plots in Fig. 6.1. For κ = 0.5, we compare the Floquet eigenstates in Fig. 6.2(a)
with the all regular classical phase space plot shown in Fig. 6.1(a). We find that the
phase space distribution for the different eigenstates are concentrated on different
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Figure 6.2: Floquet eigenstates for the model kicked top. p = π/4 + 0.2. (a), (b), (c)
Husimi functions for the set of seven Floquet eigenstates for the value of κ listed in
figure. Axes for the two set of viewpoints for each sphere are not shown here and
are the same as in Fig. 6.1
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periodic orbits of the corresponding classical plot. For κ = 2.5, we compare the
Floquet eigenstates shown in Fig. 6.2(b) to the mixed phase space of the classical
plot shown in Fig. 6.1(d). We find that for some of the eigenstates, the probabilities
are concentrated on the regular orbits (|e5 i, |e6 i, |e7 i) and for the rest of the states,
the distribution is delocalized over the corresponding classical chaotic sea. Based
on the phase space structure of the Husimi functions, we can label the eigenstates
as regular or chaotic. At higher values of κ, the classical phase space plots show a
predominance of chaos. We compare the Floquet eigenstates shown for κ = 4.5 in
Fig. 6.2(c) to the classical phase space plot shown in Fig. 6.1(e). Here, more Floquet
eigenstates are delocalized over phase space. Due to the small quantum number of
our spin system, F = 3, which has only 7 Floquet eigenstates with large phase space
extent, the distinction between the regular and chaotic regions are not as clear as
it would be for the semiclassical regime. Nevertheless, in such a deeply quantum
system, we shall see that the quantum dynamics of the Husimi functions still show
clear phase space signatures of classical chaos and regular motion, depending on
where an initial spin coherent state is chosen.
6.2 Quantum Kicked Top In The Lab
The kicked top is implemented in the lab using the same setup as in Fig. 3.3.
The interaction of magnetic fields and a linearly polarized laser beam leads to a
Hamiltonian of the form described in Eq. 2.27. The laser beam polarized in the lab
x direction provides the Fx 2 term and the kicks are provided by short magnetic
field pulses generated from current flowing through the control coils. In the lab one
needs to account for the finite bandwidth and power considerations of the control
fields. The delta function in equation 6.1 is thus replaced by ‘soft’ magnetic field
pulses which have a fixed bandwidth limit, and is applied to get the desired rotation
per pulse. While the Hamiltonian still closely resembles the kicked top physically as
well as mathematically, we will account for the changes in the quantum and classical
phase space dynamics due to our particular implementation of the kicked top. In
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these sections, we define the lab kicked top and discuss the classical and quantum
dynamics expected from this system.
6.2.1 Implementation
In the lab rendition of the quantum kicked top, we keep the laser beam on all the
time, and apply periodic short and strong magnetic field pulses, according to the
following Hamiltonian
HC = ~ωN L Fx 2 + ~gF µB Fy

∞
X

By (t − nτ )

(6.15)

n=0

Here By (t) represents a pulse and the summation indicates that the pulse is repeated periodically at every time period τ , thus represantative of a pulse train. As
in chapter 5, the laser frequency is tuned between the hyperfine transitions and
the mean intensity is chosen such that the strength of the twist Fx 2 term is set to
ωN L = 2π × 533.2 Hz. Matching the coefficients of Fx 2 in equations 6.1 and 6.15, we
get
τ=

κ
2F ωN L

(6.16)

Thus the time period of the pulses, τ , is determined by the choice of ωN L , the kick
strength, κ, and the spin quantum number of the system that we are working in.
Within each period, the magnetic field pulse is chosen such that the total angle of
rotation due to the magnetic field alone is the value chosen for p in equation 6.1.
As the nonlinear drive is kept on all the time, we want the pulses to be as short
and strong as possible with the peak strength of the pulse much larger than that of
the Fx 2 term. The pulses are thus kept on for a short time, tp ≤ τ , and then the
magnetic field is turned off for rest of the time in each period. The magnetic field is
thus applied such that
Z
p=

tp

gF µB By (t)dt

(6.17)

0

Fig. 6.3 shows examples of the applied magnetic field pulse trains for two different
values of κ. The periodicity of the pulses is determined from equation 6.16. Keeping
ωN L fixed, τ increases as κ is increased. The pulses are chosen so that the desired
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Figure 6.3: Kicked top with soft pulses : Pulsed magnetic field waveforms applied
along the lab y axis for the kicked top. Each pulse is on for tp = 17µs, and the net
rotation due to the magnetic field alone is p = π/4 + 0.2. Shown here are the pulse
train for a.) κ = 2.01 and b.) κ = 3. The strength of the twist is ωN L = 2π × 533.2
Hz and is on at all times, thus different values of κ is implemented by changing the
periodicity of the aplied pulses/ kicks with the period given by τ from equation 6.16.
angle of rotation, p, is achieved according to equation 6.17. To ensure that the
waveforms are faithfully reproduced in the experiment, the fastest frequency content
in the pulses is chosen to be 75 kHz which is well below the bandwidth limit set
by the coils (∼500 kHz) and driver electronics (Tabor 8026 Arbitrary waveform
generator - 100 MS/s) (see section 3.4.2). Thus, these pulses are thereby called soft
kicks.
These soft kicks were produced in Matlab at a sampling rate, fs = 1 MS/s and
then loaded into the Tabor 8026 waveform generator whose output was connected to
a pair of Helmholtz coils. We initially start with a square pulse (hard pulse) sampled
at fs with a constant magnetic field strength, Bmag . From the choice of the desired
kick angle, p, the pulse time can be determined as tp0 = p/gf µB Bmag . This pulse is
then filtered in software with a cutoff frequency of 75 kHz, and further conditioned to
take out the resulting ripples after the filtering operation. The pulse heights are then
scaled by an appropriate value to ensure that the kick angle covered under the pulse
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is the desired one. For the pulses shown in Fig. 6.3, we chose Bmag = 15kHz, which
gave tp0 ∼ 10µs for p = π/4+0.2. After the filtering process, the resulting pulse time
was tp = 17µs. All the experiments described in this chapter were performed with
the above choice of p, and hence this was the standard pulse used. The periodicity
of the pulse train was tuned according to the choice of κ.
In addition to the above fields, we also applied a constant magnetic field along the
lab z axis, Bz = 2mG. The kicked top Hamiltonian implemented in the experiment
thus is the Hamiltonian from equation 6.15 with an additional Fz operator
ĤC =

~ωN L F̂x2

+ ~gF µB F̂y

∞
X

By (t − nτ ) + gF µb Bz F̂z

(6.18)

n=0

This extra field changes the dynamics in the quantum and classical regimes, and
we will look at these dynamics to probe various aspects of quantum to classical
correspondence and quantum signatures of chaos. This was done to make the desired
kicked top dynamics more robust against background fields as well as tune several
features of the dynamics. In section 6.4.2, we will look at the importance of these
additional fields in modifying the kicked top dynamics.
While the strength of the non-linearity, ωN L , decides the kick strength, it also is
responsible for photon scattering and the time-scales for decoherence due to photon
scattering is given by γS = ωN L /β (2) . Comparing this with Eq. 6.16, we find that
γS τ =

κ
2F β (2)

(6.19)

The factor γS τ indicates roughly the number of photon scattering events in one
period, or the inverse of this term tells us the number of kick periods available
before one photon scattering event. As we increase κ, the time period τ gets larger
and the same number of kicks take a longer time as compared to one with smaller
κ. This also means that we have less kicks per photon scattering event and thus
decoherence sets in faster for larger values of κ. For example, with κ = 2.0 with
β (2) ∼ 5 (Fig. 2.1), we get γS τ ∼ 1/15 for our system.
It is worth noting that the ideal kicked top could indeed be realized in our
lab if we follow the simple form of the dynamics given by the Floquet operator in
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Eq. 6.3. This would require alternate pulses of the laser beam and the magnetic
field, with one being off while the other is on. However, in our experiment, the laser
beam providing this non-linear dynamics was also the probe beam for the dynamics,
thus any changes in the intensity of the laser beam (to change the twist strength)
also meant that the monitored signal by the auto-balanced detector would show
ringing and transient effects due to its AC coupled configuration. These transients
are typically on the order of milliseconds, which would thus last longer than the
duration of a few kick periods, creating problems for our detection. In principle, one
could use separate beams for the manipulation and the detection, but that would
just compound the limitations set by photon scattering. The experiment was much
cleaner with the modified Hamiltonian in Eq. 6.18 and as we shall find, all the basic
tenets relating to the quantum signatures of classical chaos are still maintained
except with a slightly different dynamics than the ideal kicked top.
6.2.2 Classical Dynamics
We begin with the analysis of the classical dynamics before we discuss the dynamics
in the quantum regime. The stroboscopic map will give an indication of the parameters for which the classical motion is regular or chaotic. As opposed to the model
Hamiltonian, it was not straightforward to find an analytical version of the stroboscopic map, and hence we formulated the classical dynamics by its classical equation
of motions and then solved the differential equation in Matlab.
The corresponding classical dynamics of an angular momentum vector can be
thought of as one which is precessing under a time-varying magnetic field. The time
rate of change of the angular momentum is then given by
dL
= γL × B(t)
dt

(6.20)

Here the time varying magnetic field for the case corresponding to Eq. 6.18 is then
γB(t) = (κ/τ )Lx x̂ + gf µB

∞
X
n=0

By (t − nτ )ŷ + gf µB Bz ẑ

(6.21)
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where γ is the gyro-magnetic ratio. The magnetic field thus has a component along
the x axis which depends on the instantaneous value of the Lx component of the
angular momentum, a component along the y axis which is a series of pulses as in
Fig. 6.3 with time period τ , and the additional constant component along the z
direction.
6.2.3 Making Classical Stroboscopic Plots
The differential equations in Eq. 6.21 are solved in Matlab using a standard ODE
solver, namely the ode45 routine. Given the choice of κ, τ and the pulsed waveforms are derived as mentioned in section 6.2. An initial angular momentum vector
is chosen on a unit sphere and the evolution of the vector is tracked after every period. This can be done for several initial conditions and several number of kicks for
each initial point and the stroboscopic map can be obtained. In reality, making the
stroboscopic plot is a little more involved and the procedure is outlined as follows.
Fig. 6.4 shows stroboscopic plots obtained at different stages of the procedure
implemented in making these plots. First, a random set of 300 initial points are taken
and the kick by kick map is plotted for 80 kicks for each initial points (Fig. 6.4(a)).
This shows us approximately the regions of regular and chaotic motion, however
the boundaries between the different regions are blurred out and the periodic orbits
themselves are hazily dotted as opposed to a sharp single closed line. Some other
undesirable artifacts of this method can also occur. For example, it is quite possible
that there can be regions in the chaotic sea that are accidentally not covered just
from the randomly chosen initial points and within 80 kicks. Another possibility is
that some initial points lying in the regular region are so closely spaced that all the
80 kicks trajectories from these points are densely packed to make the region look
chaotic. In the absence of an analytic method of finding the regular and chaotic
regions, a better method is warranted. With the help of this plot, one can take a
few more steps to more clearly delineate the boundaries between the chaotic and
regular regions.
Fig. 6.4(b) shows the stroboscopic plot from a single initial point on the sphere
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Figure 6.4: Example showing the procedure for making a stroboscopic plot. Shown
here is for the case p = π/4 + 0.2, κ = 2.01 and ωN L = 533.2 Hz. Each figure shows
the y < 0 hemisphere and the y > 0 hemisphere of the same sphere. Note that the x
axis has the opposite direction for the two hemispheres consistent with the right hand
rule for displaying the orthogonal x,y,z axes. (a) Stroboscopic Plot from a random
set of 300 initial points and 80 kicks for each initial point. (b) Plot for initial point
at x = 0, z = 0, y > 0 for 50000 kicks. The angular momentum eventually covers
the entire chaotic sea. (c) Periodic orbits (in red) for 5 different initial conditions
in an island of stability. For each initial point, 1000 kicks are plotted. (d) Initial
conditions chosen in the other islands of stability show the periodic orbits in these
regions. Note that there are patches of chaotic motion inside these islands (on the
edge of the the white region in the y < 0 hemisphere).
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Figure 6.5: Classical stroboscopic plots for the experimental kicked top. p = π/4 +
0.2. (a) κ = 0.5. (b) κ = 2.5. (c) κ = 4.5. (d) κ = 8.
that clearly lies in the region identified as the sea of chaos in Fig. 6.4(a). From this
one point, the kick by kick mapping is plotted for a sufficient number of kicks (here,
50000) such that it fills out the entire chaotic sea. The regions that are avoided are
clearly the regions of regular motion, or islands of stability. There are noticeably
three large islands along with several small regions of regular motion. Fig. 6.4(c)
then shows periodic orbits from 5 chosen initial points handpicked at random in
one of the islands of stability and for about 1000 kicks. Note that the trajectories
from these points stay confined in this island of stability. Fig. 6.4(d) then shows
other periodic orbits from initial points in the other islands of stability. While the
dynamics in these three big regular islands stay confined in their respective regions,
the other smaller islands dispersed in between the sea of chaos are connected in
more complicated ways with periodic orbits centered around multiple period fixed
points lying across several of these small islands. Thus we get a rich and exquisite
structure with a few islands of stability embedded in a sea of chaos.
FIg. 6.5 shows the classical phase space plots for several other values of κ obtained
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with the above method. Again, with this implementation of the kicked top, we see
the same dependence of chaoticity on κ as the model kicked top, except with altered
shapes of the regular orbits and chaotic structures in phase space.
6.2.4 Floquet Analysis
The Floquet operator for the Hamiltonian in equation 6.18 is found numerically
by solving the Schrodinger’s equation and deriving the time evolution operator for
one time period. Fig. 6.6 shows the calculated Husimi functions for the Floquet
eigenstates for p = π/4 + 0.2 and three values of κ. The Husimi functions for these
eigenstates of the modified kicked top show qualitatively similar behavior as those
for the ideal kicked top, described in section 6.1.3. While the phase space structures
between the two versions of the kicked top have changed substantially, we find that
the correspondence between the phase space structures of the Husimi functions for
the Floquet eigenstates and the structures of the classical plot are still maintained.
There are some eigenstates that have distributions primarily on regular regions
of phase space, while there are others that have distribution spanning largely the
chaotic sea. To understand how an initial state may evolve due to the quantum
kicked top, it will be helpful to consider their support/overlap on these eigenstates.
6.3 Quantum Signatures of Chaos
Several quantum distinctions between classically regular and chaotic motions have
been identified for the kicked top. Some well established static signatures are the
statistics of the quasi-energy levels and eigenvector elements [47] and the phase
space structures of the Floquet eigenstates in terms of Husimi functions [86, 135].
More dynamical signatures are found, for example, in its hypersensitivity to small
perturbations [58, 60] or in the evolution of the mean components of the spin [47, 84]
etc. The quantum kicked top has been studied in multipartite systems where the
rate and degree of entanglement generation also show signatures of chaos [73, 75].
Here, we shall investigate the quantum dynamics of the single atomic spin as it
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Figure 6.6: Floquet eigenstates for the experimental kicked top. p = π/4 + 0.2. (a),
(b), (c) Husimi functions for the set of seven Floquet eigenstates for the value of κ
listed in figure. Axes for the two set of viewpoints for each sphere are not shown here
and are the same as for example in Fig. 6.5 and Fig. 6.4, where the corresponding
classical map is shown.
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propagates under the quantum kicked top Hamiltonian. As noted, we can typically
apply only 40 − 50 kicks in our experiment before decoherence effects from photon
scattering and light inhomogeneities start limiting the utility of making further
observations. Given this limitation, we will now discuss a few dynamical features in
the quantum F = 3 spin we have identified in our system that serve to discriminate
between the corresponding classical regular and chaotic dynamics.
6.3.1 Quantum Dynamics in Phase Space
The quantum phase space structure of the eigenstates are an useful tool to visually
evaluate the dynamics of the quantum system. We will look at how a spin coherent
state evolves in phase space depending on its initial direction in phase space and the
underlying classical dynamics of the system. The initial state which can be chosen
to be a spin coherent state, |θ0 , φ0 i, can be expressed in the basis formed by the 7
Floquet eigenstates of the Hamiltonian in the F = 3 spin,
|ψ0 i = |ψ(t = 0)i = |θ0 , φ0 i =

7
X

ci |ei i

(6.22)

i=1

where ci ’s are the complex amplitude support on each eigenstate. The time evolving
spin wave packet after n kicks (/modulation periods) is then given by
|ψn i = |ψ(t = nτ )i =

7
X

ci e−inΦi |ei i

(6.23)

i=1

For each of the time evolved wave-function |ψn i after n kicks, we can find the corresponding Husimi function from Eq. 6.13, and monitor the part of phase space that is
being traversed by the dynamics. The Husimi function averaged over the dynamics
in n kicks gives a time averaged probability distribution function that shows the
regions in phase space that are likely to be covered or not within n kicks. If we let
n → ∞, we can know the portions of phase space covered or left out due to the
entire dynamics.
The time averaged Husimi function, P̄|θ0 ,φ0 i (θ, φ), due to a initial spin coherent
state, |θ0 , φ0 i, is conveniently analyzed if we consider the density matrix formalism

125
of expressing the Husimi function in Eq. 6.14. In that case,
N
1 X
Pρ (θ, φ)
N n=0 n
 X

N
1
= hθ, φ|
ρn |θ, φi
N n=0

P̄|θ0 ,φ0 i (θ, φ) =

(6.24)

where ρn = |ψn ihψn | and this can be broken down into its diagonal and off-diagonal
elements in the basis of the Floquet eigenstates using Eq. 6.23

 
 |c |2
for i = j
i
ρn
=
 ci c∗ e−in(Φi −Φj ) for i 6= j
i,j
j

(6.25)

The time averaged Husimi function over N kicks is the Husimi function of the time
averaged density matrix, ρ̄, given by

ρ̄i,j =


N
1 X
ρn
N n=0
i,j

(6.26)

The diagonal elements involve an averaging of complex exponentials and in the case
for long times, i. e. when N → ∞, this goes to zero if the eigen-phase differences,
∆Φ = Φi − Φj are incommensurate with 2π. If this is true, ρ̄ takes a particularly
simple form for long times,

 |c |2 for i = j
i
lim ρ̄i,j =
N →∞
 0
for i 6= j, Φi − Φj 6= 2(l/k)π

(6.27)

where l and k are integers. In this case, the long time limit for the average Husimi
distribution function starting from a spin coherent state, |θ0 , φ0 i, is given by using
Eq.’s 6.22, 6.24 and 6.27
P̄|θ0 ,φ0 i (θ, φ) =

7
X

|ci |2 hθ, φ|ρei |θ, φi

(6.28)

i=1

where ρei = |ei ihei | are the density matrices corresponding to their respective Floquet eigenstates. The time averaged Husimi function over the dynamics is then
determined by the support of the initial state on the Floquet eigenstates.
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6.3.2 Phase Space Spread
A figure of merit to quantify the spreading of the wavefunction in phase space can
be defined in terms of a basis independent function, which we call the phase space
spread,
S =1−

hFx i2 + hFy i2 + hFz i2
F2

(6.29)

where hFx i,hFy i and hFz i are the expectation values of the angular momentum
along three orthogonal axes in cartesian coordinates and F = 3 is the spin quantum
number. For a spin coherent state that is localized in phase space, the sum of squares
of the means goes to F 2 , and thus S = 0. For a state that is highly delocalized in
phase space, this sum approaches 0, and thus S → 1. This measure thus provides a
quantitative measure of the extent of the wave-function in phase space.
For states that are localized in regular islands, the wave-function tends to stay
confined to these islands whereas for states initially localized in a sea of chaos,
the evolving wave-functions spreads out much faster through the part of the phase
space that is spanned by this classically chaotic dynamics. Thus the function, S, will
increase much faster and to a higher value for the state in the corresponding chaotic
dynamics. The rate of growth of S starting from an initial spin coherent state as
well as its degree of growth thus provides a useful quantum distinction between the
corresponding classical regular and chaotic motions.
Based on the dynamics starting from different spin coherent states, it is helpful
to define a time averaged spread over N kicks
hSi(θ, φ) =

N
1 X
S(θ, φ, nτ )
N n=0

(6.30)

where S(θ, φ, nτ ) indicates the time evolving phase space spread due to the wavefunction that is achieved by starting from an initial spin coherent state, |θ, φi, and
after n kicks.
The function, S, for this large spin (d > 1/2) spin system also has an association
as a measure of entanglement generation if this spin is artificially subdivided into
a system of N = 2F spin qubits (F = 1/2) [75, 78, 136] and has been touted as a
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measure ‘generalized entanglement’ which is independent of system subdivision [76].
In the case of considering the large spin as a system of qubits, it has been shown
that this measure, S, directly describes the linear entropy due to the reduced state
of a single qubit traced over all the other interacting qubits [136]. Thus it has a
profound significance towards issues relating to quantum information science, where
entanglement is a valuable resource. In terms of quantum control, S, and more so
hSi, indicates the kind of dynamics that would lead to accessible wave-functions
over a wider region of phase space, which is important for controllability. Thus S
is an invaluable tool to acquire a better understanding of quantum dynamics in
relation to their corresponding classical motion. It could be a useful figure-of-merit
to evaluate the role of the quantum dynamics toward practical aspects of quantum
information science and quantum control.
6.3.3 Entanglement Generation between the Electron and Nuclear Spin
Entanglement is one of the most important phenomena that lies at the heart of
powerful quantum information functionalities such as quantum computing, quantum
teleportation, quantum cryptography [63] etc. Entanglement occurs when the state
of a system, which is composed of say at-least two subsystems, cannot be written
as a product of states that reside entirely within these sub-systems. Theoretical
studies have shown that there is a connection between the dynamical nature of
the entanglement generation and the existence of chaos in the classical counterpart
[72, 74]. Furthermore, as mentioned in the previous section, the kicked top dynamics
in a large spin system also show differences in the rate and degree of entanglement
generation between its spin 1/2 (arbitrary) subsystems depending on the classical
regular or chaotic motion, as was shown in [75].
We consider a physical scenario in the case of our cold atom experiment, where
the hyperfine coupling between the electron and nuclear spin leads to the accessible
ground state hyperfine spins, F = 3, 4. The hyperfine spin, F is formed by the
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coupling of the nuclear spin, I and the electron spin S,
F=I+S

(6.31)

where for cesium, the quantum numbers corresponding to each spin is, I = 7/2 and
S = 1/2. For a state of maximum projection in the F = 4 hyperfine manifold, i. e. a
spin coherent state corresponding to |F = 4, mF = ±4i is a product (unentangled)
state of the nuclear and electron spin. Subsequent kicked top dynamics leads to
generation of entanglement between the spin subsytems, and calculations using the
full model for our experiment has shown that the rise in entanglement is larger and
faster when the classical limit of the composite quantum system shows chaos. For
our experiment confined to the F = 3 spin, the initial state of maximum projection,
|F = 3, mF = ±3i already is some entangled state of the nuclear and electron
spins, however it is the least entangled of all the other states possible in this spin
manifold. The entanglement changes as the kicked top is implemented and like in
F = 4 spin, will show the same discriminatory features between classical regular
or chaotic dynamics. The entanglement can be quantified by a few figures of merit,
and each shall be explained below.
Given the density matrix of the single atomic spin, ρ, a measure for entanglement,
the linear Entropy, or LE, is given by
LE = 1 − T r[ρ˜e 2 ]

(6.32)

where ρ˜e is the reduced density matrix of the spin 1/2 electron. This value ranges
from 0 for separable states to 1/2 for maximally entangled states. Another measure
for entanglement would also be the Von-neumann entropy which is defined as follows
:
V N E = −T r[ρ˜e log2 (ρ˜e )]

(6.33)

These measures can be easily extracted from our system by reconstructing the complete density matrix of the composite spin system. Both these measures have the
disadvantage that they are a valid measure only for pure states. In our experiment,
we have to account for the fact that the spin state averaged over the cold atom
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ensemble becomes mixed during the kicked top evolution. A computable measure of
entanglement for mixed states is given by the negativity, N [137], which is defined
as
N (ρ) =

||ρT || − 1
2

(6.34)

where ρT is the partial transpose of the bipartite mixed state ρ, and the trace norm
is defined by
p
||ρT || = T r[ ρT † ρT ]

(6.35)

The negativity thus corresponds to the absolute value of the sum of negative eigenvalues of ρT and this vanishes for unentangled states. It essentially measures the
degree to which ρT fails to be positive and therefore provides a quantitative basis
for Peres’ criterion for separability [138].
6.3.4 Hypersensitivity to Perturbation
While quantum dynamics do not show hypersensitivity to changes in initial conditions because of the unitarity in dynamics, they do change when the Hamiltonian
is slightly perturbed. Dramatic changes are seen in the dynamics when the corresponding classical motion is chaotic as opposed to much smaller effects when it is
regular. This feature is called hypersensitivity to perturbation and is a quantum
signature of classical regular or chaotic motion. This is studied by evaluating the
squared overlap or the fidelity between the unperturbed and the perturbed state as
the system propagates in time. This is called the fidelity decay and has been studied
extensively for the kicked top [60]. In that reference, Peres evaluated a quantum
kicked top with a large quantum number (F = 1600) in a mixed phase space. If
an initial spin coherent state lied in the chaotic sea, the fidelity rapidly tends to a
much smaller value than for initial states in regular islands, where the decay rate is
also qualitatively slower.
Fidelity decay is a useful quantity to investigate for quantum systems that evolve
in a perfectly controlled environment; a pure state remains pure throughout the dynamics (the quantum determinism postulate, Peres [60]). In our experiment, we have
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an ensemble of atomic spins where each individual spin is described by a density matrix, ρ. The environment is not perfectly controlled and is only statistically known,
and thus we must consider an ensemble of unitary matrices, Uα , with respective
probabilities, pα , affecting the dynamics such that
ρ(nτ ) =

X

pα Unα ρ0 Un†
α

(6.36)

α

where ρ0 is the state at time t = 0. Thus as the kicked top is implemented on to the
spins, the state will eventually become mixed. So what determines the parameter α
in our experiment? The atomic sample has a finite width, and thus the laser beam
providing the twist F̂x2 part of the Hamiltonian in Eq. 6.18 has some distribution of
intensities across the atom cloud. Since the strength of the nonlinearity and hence κ
depend on the laser intensity, we have a distribution of κ acting on the atoms during
any single evolution. One could also consider the possibility of small spatial gradients
in the control magnetic fields across the atoms to also contribute to the distribution
in unitary dynamics. Furthermore, in our particular implementation of the kicked
top, the twist strength, κ, is also intricately tied to the photon scattering rate, γS ,
as discussed in section 6.2. This will cause decoherence due to optical pumping, and
the dynamics no longer remain unitary (Eq. 6.19 estimates the number of photon
scattering events per kick in our system). The evolution may be thus described by
a master equation [88] which takes into account photon scattering effects as well as
inhomogeneities in the driving laser beam intensity across the atomic cloud. We can
consider the time evolution of the purity of the density matrix which indicates how
mixed the state gets during the dynamics


2
ς(nτ ) = T r ρ(nτ )

(6.37)

We expect that the photon scattering will eventually randomize the individual spin
state across the ensemble at long times, givng us a maximally mixed state in the
F = 3 spin, which is ρ(n → ∞) = 1/7 ∗ I, where I is the identity matrix. It is
known that the decay rate of purity as well as the asymptotic degree of decay
at long times due to such dephasing is connected to the presence of chaotic or
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regular motion in the corresponding classical regime [139]. Light inhomogeneities
and decoherence due to photon scattering are modeled by a master equation which
is used to predict the temporal behavior of the purity decay. Without considering the
effects of photon scattering, we can also find an approximate, yet simple analytical
estimate for the purity at long times expected for the kicked top undergoing evolution
under an distribution of parameters, α. We evaluate the time evolution of the average
density matrix under an ensemble of unitary operators, Uα , in the basis of Floquet
eigenstates of the mean unitary operator, Uᾱ . This would be valid if the distribution
of parameters, α, is small enough such that we can consider the eigenstates are
approximately the same across the full range of α given by the eigenstates of Uᾱ ,
or |ei,ᾱ i, with changing eigenphases φi,α , where i = 1 − 7. We should note here
that in our experiment, for typical measured spread in inhomogeneity in laser beam
intensity and hence of κ, this condition is not satisfied. Nevertheless, this treatment
allows us to get a rough analytical indicator of the differences in the long time purity
limits between chaotic and regular dynamics.
The density matrix evolution due to each unitary evolution Uα is given by



 |c |2
for i = j
i
(6.38)
ρα (nτ )
=
 ci c∗ e−in(φi,α −φj,α ) for i 6= j
i,j
j

Using the summation in Eq. 6.36 and again assuming that all eigen-phase differences
are incommensurate with 2π, the density matrix at long times becomes



 P p |c |2 = |c |2 for i = j
i
α α i
lim ρ(nτ )
≈
n→∞
 0
for i 6= j
i,j

(6.39)

Again we have made quite a simplistic assumption that we are summing over a
wide range of incommensurate phases in the off-diagonal elements, which make the
summation go to 0. If this is true, we have a particularly simple form for the purity
from Eq. 6.37
ς∞ = lim ς ≈
n→∞

7
X

|ci |4

(6.40)

i=1

Now, 0 < ci < 1, and for initial states that have a large overlap on one or two
Floquet eigenstate, typical for spin coherent states in a regular island, the value of
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ς∞ is much closer to 1 than a state which has overlap on many more eigenstates,
which is typical for initial states in the chaotic sea. Thus the long time purity for
states in a chaotic sea is expected to decay to a much smaller value than those
in regular islands, thus bringing out another signature in the quantum dynamics
between classical chaotic and regular motion.
6.4 Dynamical Tunneling
One of the interesting instances where the quantum description differs quite
markedly from the classical description of the same system is the phenomena of tunneling. Quantum mechanical tunneling arise for example in potential energy barrier
penetration [140, 141] where classical mechanics forbids a particle to penetrate a
potential energy barrier higher than its kinetic energy but is quantum mechanically
allowed to do so. In our group for example, coherent tunneling of atomic wavepackets between double well potentials formed by optical lattices has been observed
[92, 94]. The so-called dynamical tunneling refers to the effect which allows for quantum dynamics between regions of phase space that are classically disconnected and
hence the classical motion between these regions are forbidden [142–145]. This effect
is common in many chaotic systems with a mixed phase space. Dynamical tunnelling
is known to occur between two classically isolated stable islands of regular motion
that are separated by a sea of chaos. The chaotic sea behaves as an impenetrable
dynamical barrier. Dynamical tunneling and a related phenomena, chaos-assisted
tunneling, have been observed in cold atom systems [132, 146] where atoms in an
amplitude modulated optical standing wave tunneled between classically isolated
stable islands of the corresponding mixed phase space.
Dynamical tunneling is also observed in our kicked top apparatus, where quantum dynamics can be shown to occur between regular islands of stability embedded
in a sea of chaos. Spin coherent states starting in one of the regular islands oscillate back and forth between this and another island of stability. We will discuss
the theoretical framework based on their decomposition into Floquet eigenstates.
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We identify the tunneling islands and investigate a few aspects of the dynamics, for
example, the tunneling frequency, their robustness to external disturbances, etc.
One of the challenges in the experiment was to pick a set of kicked top parameters
where the size of ‘tunneling’ islands was large enough to fit a large part of the
phase space distribution due to an initial spin coherent wave-packet. Dynamical
tunneling was also found to be very sensitive to background fields. A vast range of
control parameters and deliberate constant magnetic fields on top of the kicked top
waveform were explored to get a reasonably robust set of kicked top conditions to
experimentally explore this effect in a deeply quantum regime with our atomic spin
system.
6.4.1 Theory
We consider the situation where the kicked top parameters are κ = 2.01, p = π/4 +
0.2 and a constant magnetic field on top the kicked top control fields, Bz = 2mG
of the control Hamiltonian in Eq. 6.18. We refer to the Floquet eigenstates for this
dynamics, shown in Fig. 6.6(b), and comparing with the corresponding classical
phase space plot in Fig. 6.4(d), we notice that the eigenstates, |e6 i and |e7 i, have
phase space distributions that straddle the two classically disconnected islands on
the y > 0 part of the sphere. For reasons that will soon be clearer, we may refer
to these as the ‘tunneling’ eigenstates. Spin coherent states that center roughly on
these islands are found by simulations to be in an approximate superposition of
these two states,


1
|θ± .φ± i ≈ √ |e6 i ± |e7 i
2

(6.41)

where we have found that the distribution function due to the state |θ+ .φ+ i lies on
the lower regular island on the x < 0, y > 0 part of the sphere in the classical phase
space plot in Fig. 6.4(d) and the the state |θ− .φ− i lies on the other regular island
which is located on the x > 0, y > 0 part of the phase space. In reality the phase
space extent due to spin coherent states are larger than these islands and always
contain some though much smaller overlap with a few of the other eigenstates.
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However, for purposes of pedagogical understanding of dynamical tunneling, we
shall ignore those overlaps. Let us assume an initial state at time, t = 0, is localized
in the former island and is thus in the symmetric superposition of the two tunneling
eigenstates, i. e. |ψ0 i = |θ+ .φ+ i, and thus the state after n kicks |ψn i may be written
as


1 −inφ6
−inφ7
|e6 i + e
|e7 i
|ψn i = √ e
2


−inφ6 1
−in∆φ
√ |e6 i + e
= e
|e7 i
2

(6.42)

where φ6 and φ7 are the eigen-phases of the corresponding Floquet eigenstates, and
thus n∆φ = n(φ6 − φ7 ) is indicative of the relative phase shift accumulated during
the dynamics between the two Floquet eigenstates. After N kicks when N ∆φ = π,
the state becomes ψN = |e6 i− |e7 i, and is now localized on the other island. In other
words, the system has now tunneled into the other island of stability. Similarly, at
every N = mπ, we find the state is completely localized on either of the islands,
depending on wether m is odd or even. This oscillation back and forth of the quantum
system between the two stable islands is forbidden in the corresponding classical
dynamics and is called dynamical tunneling. The tunneling period, Ntunnel , is the
number of kicks need for complete one oscillation between the two islands is thus
found by equating the number of kick for which Ntunnel ∆φ = 2π. Thus
Ntunnel = 2π/∆φ

(6.43)

The tunneling period therefore depends only on the separation of the Floquet eigenphases corresponding to the eigenstates that largely contribute to the dynamical
tunneling. The tunneling frequency is given by 1/Ntunnel .
6.4.2 Tuning Parameters for Robust Observation of Dynamical Tunneling
Dynamical tunneling was found to be very sensitive to many experimental parameters, the most important being the presence of small background magnetic fields
during the evolution of the kicked top. As expected, these fields can change both the
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classical and quantum dynamics of the kicked top. In the classical regime, they can
change the position of the islands in phase space, and the extent of the chaotic sea
for particular kicked top parameters of κ and p. In the quantum dynamics, they are
responsible for enhancing the frequency of tunneling or even completely inhibiting
the process altogether. In addition, the choice of κ and p also influences the dynamical properties of this tunneling. With the addition of constant magnetic fields on
top of the kicked top parameters as described in section 6.2.1, we were able to implement more control on the quantum dynamics, and tune important aspects of the
tunneling dynamics, like its frequency, and its robustness to external background
magnetic fields.
To discuss the effect of a constant magnetic field, BC , in any direction on the
kicked top dynamics, we consider a more general version of the kicked top Hamiltonian in Eq. 6.18,
ĤC = ~ωN L F̂x2 + ~gF µB F̂y

∞
X

By (t − nτ ) + gF µb BC · F̂

(6.44)

n=0

The effects due to the addition of BC are quite complicated and an exhaustive
discussion may be performed by looking at the Floquet eigenvalue spectrum and
the dependence of the Floquet eigenstates as a function of magnetic fields in any
direction. In this thesis, we will briefly review the salient features that are important
for the understanding of our experiment.
A small field BC = Bx x̂ is seen by simulations to eventually suppress the quantum tunneling between the regular islands. The effect is similar to that of detuning in two level spin dynamics. As |Bx | is increased, the evolving wavefunction
shows a decrease in tunneling into the other island, while the tunneling frequency
increases. Simulations show that, for typical parameters used in the experiment,
κ = 2, p = π/4 + 0.2, the tunneling due to our particular implementation of the
kicked top is completely suppressed by about Bx ∼ 150µG. To observe dynamical
tunneling, care has to be taken to cancel background field at-least along x to much
less than this value during the duration of the entire experiment.
The addition of a small field BC = Bz ẑ helps increase the tunneling frequency

136
within a range of Bz values found by performing simulations. With Bz = 0 mG,
the tunneling period is found to be ∼ 41 kicks. We settled with Bz = 2 mG, which
led to the calculated tunneling period of ∼ 27 kicks. This was done to enable the
observation of more than one tunneling oscillation within 40 - 50 kicks that we
planned to implement in the experiment.
6.5 Experiment Procedure
We have identified a few dynamical signatures of chaos as well as some signatures
from the time-averaged dynamics in the kicked top. The phenomenon of dynamical
tunneling was also discussed in the previous section. We shall now briefly describe
the experiment procedure and then discuss the observations and results from our
implementation of the kicked top.
As has been mentioned previously, the experimental setup for the kicked top is
the same as in Fig. 3.3. The experiment involved preparing different spin coherent
states oriented along different directions in the phase space and then tuning the laser
and magnetic field parameters to get different values of the kicked top parameters, κ,
and p. The strength of the nonlinearity ωN L ≈ 2π 533.2 kHz and p = π/4+0.2 is kept
fixed throughout all the experiments that were performed for the kicked top, and
depending on the choice of parameters, the magnetic field waveform was constructed
as described in section 6.2.1. Each experiment proceeds as follows: After the atoms
are released from the molasses, they are optically pumped in |F = 3, mF = −3i state
along the lab y axis. This corresponds to a spin coherent state, |θ = 90o , φ = 270o i,
centered on the (x = 0, y < 0, z = 0) coordinate on the surface of the sphere. The
state is then rotated by a short magnetic field pulse (typically within 20µs) to center
it around a desired direction on the phase space to get the initial spin coherent state,
|θ0 , φ0 i. The kicked top waveform is now applied for n kicks where n = 0 − 40 in all
the results discussed here, along with the reconstruction waveform that is stitched
right after it for state estimation after n kicks (see section 2.6). The kicked top
waveforms take around 5 − 10ms typically for all the 40 kicks + reconstruction
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waveform wherein variations in background AC fields become significant (1 mG
peak to peak). Accurately calibrated AC cancellation magnetic field waveforms as
described in section 3.6.2 are added onto the kicked top control fields to cancel the
background field fluctuations (to 50µG rms ∼ 20 Hz Larmor frequency) during the
course of the kicked top experiment. Each experiment is repeated several times,
and the 16-averaged birefringence signal during the course of the reconstruction
control fields is processed to give the estimated density matrix after n kicks. The
experiments are performed for several values of κ each for different number of kicks
ranging from 0 − 40, and thus we can obtain kick by kick movies of the evolving
state for various kicked top parameters.
Two approaches were taken in our experiment to evaluate the salient aspects
of the dynamics and signatures of chaos due to the quantum kicked top. First,
we will discuss results from performing the kicked top dynamics in a mixed phase
space. Here, κ was kept constant and the initial state was varied across phase space.
All the data presented here was taken in one single day of a typical experimental
run (4 − 6 hours, midnight and after), and the values of κ and n were randomized
during the entire process of data-taking to prevent artifacts of gradual changes in the
background to creep into our data. Second, and this data was taken on another day,
we will then discuss results from keeping the initial state fixed, and then changing
κ such that the corresponding classical dynamics is tuned from largely regular to
globally chaotic dynamics.
6.6 Results: Quantum Dynamics in a Mixed Phase Space
One of the most important aspects of our experiment was the ability to take snapshots of the complete quantum state during any quantum kicked top dynamics and
then analyze dynamical parameters extracted from the estimated states. Here, we
will describe the quantum dynamics corresponding to a mixed phase space with the
kicked top parameters being κ = 2.01 and p = π/4 + 0.2, for which the classical
phase space plot is shown on 6.4(d). The classical dynamics has different regions
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of chaotic and regular motion and thus we can experimentally analyze quantum
signatures of chaos and regular motion under the same control conditions and by
only varying the chosen initial spin coherent state. We performed the experiment
for several different initial spin coherent states centered at the z = −0.16 (θ = 99o )
plane that cuts the sphere, with some states lying mostly in a regular island, some
almost entirely in the chaotic sea, and others straddling both the dynamical regions.
In this section, we are going to analyze extensively the kick by kick dynamics due
to three different initial states, each of which brings out some salient features of
quantum to classical correspondence. The quantum signatures of chaos observed in
the experiment will then be discussed in the following section.
For the three initial states that are considered in the following discussion, the
dynamical regimes are labelled according to the structure in the classical phase space
plot (Fig. 6.4(d)) and their corresponding quantum dynamics:
1. ‘Large Island’ : Initial spin coherent state, |θ = 99o , φ = 270o i, centered at
x = 0, y = −0.99, z = −0.16 point on the surface of the sphere, which lies in
a large island of stability.
2. ‘Tunneling’ : Initial spin coherent state, |θ = 99o , φ = 45o i, centered on x =
0.7, y = 0.7, z = −0.16 point on the surface of the sphere, which lies on one of
the smaller islands and show tunneling.
3. ‘Sea of Chaos’ : Initial spin coherent state, |θ = 99o , φ = 162o i, centered on
x = −0.94, y = 0.31, z = −0.16 point on the surface of the sphere, which lies
in the chaotic sea.
6.6.1 Floquet Analysis
The phase space plot for the Floquet eigenstates under the kicked top parameters
in consideration are shown in Fig. 6.6(b) and the support of the three spin coherent
states mentioned above are listed in Table 6.1. We find that the spin coherent state,
|θ = 99o , φ = 270o i, centered in the large regular island of the classical phase space
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Floquet Eigenstates
|e1 i
|e2 i
|e3 i
|e4 i
|e5 i
|e6 i
|e7 i

Large Island
0.02
0.02
0.10
0
0.86
0
0

Tunneling
0.01
0.03
0
0.04
0
0.51
0.41

Sea of Chaos
0.18
0.25
0.08
0.21
0.02
0.09
0.17

Table 6.1: Support of three initial spin coherent states on the Floquet eigenstates
shown in Fig. 6.6(b). The numbers correspond to overlap, or |ci |2 , where ci is defined
in Eq. 6.22
plot in Fig. 6.4(d) has most of its support on the eigenstate, |e5 i, whose distribution
is also concentrated within this island. The spin coherent state |θ = 99o , φ = 45o i
that is centered in the small regular islands has almost equal support on the two
eigenstates that straddle the separate classical regular islands, and will thus lead to
dynamical tunneling. The state |θ = 99o , φ = 162o i lies on the chaotic sea, and we
can see it also has considerable support across the 3 ‘chaotic’ eigenstates, |e1 i, |e2 i
and |e4 i, while also having slightly less though comparable support across most of
the other ‘regular’ eigenstates. As a consequence, the dynamics from the spin coherent states in the different dynamical regimes of classical motion are dramatically
different and are analyzed in different sections.
6.6.2 Initial Spin Coherent State on the Large Island of Stability
Fig. 6.7(a) shows the the measured kick by kick evolution results starting from a
spin coherent state |θ = 99o , φ = 270o i for different number of kicks to 40 kicks. We
find that the distribution of the time evolving state lies almost entirely in this island
of stability at all times. The support of the initial state is largely on eigenstates that
have most of their phase space distribution concentrated within this island, as seen
from Table 6.1, which explains the confinement of the evolving Husimi function in
this region of phase space. Fig. 6.7(b) shows how these estimated states compared to
the states that we expect from simulations using the full model for our experiment.
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Figure 6.7: Time evolution from spin coherent state in a regular island. κ = 2.01, p =
π/4 + 0.2 and the corresponding classical phase space plot is shown in Fig. 6.4(d).
Initial spin coherent state is |θ = 99o , φ = 270o i centered at [x = 0, y = −0.99, z =
−0.16]. (a) Experimentally measured Husimi functions as a function of kicks labeled
on the upper left corner of each sphere. Only the y < 0 hemisphere is shown as the
distribution stays confined in this region. (b) Fidelity with the predicted state from
a full mater equation model as a function of kicks. The dashed line is to guide the
eye.
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The fidelity is the overlap of the measured state with the predicted state and it
stays consistently close to 0.85 which is within the limits of accuracy of our state
estimation method. The data shows our ability to reproduce quantum dynamics
corresponding to a classical regular behavior with high fidelity.
6.6.3 Dynamical Tunneling
We now consider the spin coherent state, |θ = 99o , φ = 45o i, centered at [x =
0.7, y = 0.7, z = −0.16] on the surface of the sphere and roughly covering one island
of stability in the classical phase space plot of Fig. 6.4(d). Again from Table 6.1,
we see that the eigenstates on which the state has major support are those whose
Husimi distribution functions overlap two classically disconneted islands.The kick
by kick evolution thus shows dynamical tunneling as discussed in section 6.4.
Fig. 6.8(a) shows the experimentally observed ‘movie’ of dynamical tunneling.
The measured dynamics clearly shows the spreading of the distribution from the regular island and into the other island. By the 12th kick, the distribution is completely
confined into this other island. For an ideal fully coherent kicked top dynamics, the
husimi distribution would then oscillate back and forth between the two islands.
However, because of decoherence from photon scattering and because of inhomogeneities in the laser beam intensities across the atomic sample, the evolving state
slowly becomes more mixed and the oscillations are thus damped. Fig. 6.8(b) shows
the evolution of the fidelity of the evolving states with the initial chosen target
state. A fidelity of 1 indicates that the phase space distribution due to the state is
on the initial island whereas a fidelity of 0 indicates the distribution function is on
the other island. Values in the middle indicate that the distribution partially covers
each island. The Schrodinger equation calculation modelling kicked top dynamics
under a perfetly controlled environment and no decoherence processes show almost
complete tunneling into the other island, and back and forth. There are some more
high frequency components expected in the evolution indicative of (a) the initial
state is not completely centered on the regular island and (b) even if it was, the
initial state would still have small support on other eigenstates as seen in Table 6.1.
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Figure 6.8: Observation of dynamical tunneling. κ = 2.01, p = π/4 + 0.2and the corresponding classical phase space plot is shown in Fig. 6.4(d). Initial spin coherent
state is |θ = 99o , φ = 45o i centered at [x = 0.70, y = 0.70, z = −0.16]. (a) Experimentally measured Husimi functions as a function of kicks labeled on the upper
left corner of each sphere. Only the y > 0 hemisphere is shown as the distribution
during the
q dynamics is largely limited to this side of the sphere. (b) The fidelity
1/2

1/2

(F = T r ρ0 ρM ρ0 of the reconstructed states, ρM , with the initial target spin
coherent state, ρ0 . The blue dashed line is a prediction from a Schrodinger equation
calculation, the green solid line corresponds to prediction from a full master equation simulation and the red dots correspond to that extracted from the experimental
estimates of the density matrix.
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This is because of the wide extent in phase space of spin coherent states in the
small F = 3 spin that seeps out of the relatively smaller islands of the classical
dynamics. A full model including in the various sources of losses indicate that the
tunneling dynamics gets damped at long times and is bore upon in the data too,
which shows good agreement with the calculated predictions. In spite of the small
spin and significant decoherence due to photon scattering and light inhomogeneities,
the observation of dynamical tunneling in phase space is indeed quite dramatic.
6.6.4 Initial Spin Coherent State in the Chaotic Sea
Finally we look at the dynamics due to the initial spin coherent state |θ = 99o , φ =
162o i centered at [x = −0.94, y = 0.31, z = −0.16] point on the surface of the
sphere. This lies in the sea of chaos of its corresponding classical phase space plot in
Fig. 6.4(d). As seen in Table 6.1, this state has support across many of the Floquet
eigenstates of the dynamics predicting that the time evolving wave-function will have
structures over a large part of phase space. In Fig. 6.9(a), we see exactly this, with
the Husimi functions of the kick by kick states spreading out all over phase space
with no discernible pattern in the evolution. Furthermore, in Fig. 6.9(b), we find that
the fidelity with the predicted states during the evolution also drops substantially
compared to that seen for the dynamics due to the state in the regular island. This is
expected as slight imperfections in the controls could lead to substantially different
dynamics due to hypersensitivity to perturbation.
In spite of the apparent randomness of the wavefunction spreading during the
kicked top dynamics for this particular initial state, we can jump ahead here to
Fig. 6.10(c) where we shall find the time averaged dynamics exhibited for this state
obeys some of the rules expected for this ’chaotic’ state. We find, quite surprisingly,
that the time averaged phase space distribution lies predominantly in the corresponding chaotic sea of the classical dynamics. We shall look at this in more details
in the following section, where we evaluate the experimentally observed quantum
signatures that distinguish between chaotic and regular dynamics.
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Figure 6.9: Time evolution from spin coherent state in a chaotic sea. κ = 2.01, p =
π/4 + 0.2 and the corresponding classical phase space plot is shown in Fig. 6.4(d).
Initial spin coherent state is |θ = 99o , φ = 162o i centered at [x = −0.94, y =
0.31, z = −0.16]. For each sphere, the y < 0 hemisphere is shown on the left and
the y > 0 hemisphere is shown on the right with the axes conventions being the
same as in Fig. 6.4(d). (a) Husimi functions of experimentally estimated states with
the kick number listed on top left. (b) The fidelity of the estimated states with the
corresponding predicted state from a full master equation calculation. The dashed
line is included to guide the eye.
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6.7 Results: Quantum Signatures in a Mixed Phase Space
In the previous section we looked at kick by kick movies of the time evolving state
for three different spin coherent states centered at different dynamical regions of
the corresponding phase space plot. We continue our analysis in the mixed phase
space towards investigating quantum signatures of chaotic and regular behavior
by extracting the useful dynamical as well as time averaged information from the
estimated states, the foundations for which was laid out in section 6.3.
6.7.1 Time Averaged Husimi Distribution Function over 40 kicks
We have seen that it is easy to decipher the patterns in the kick by kick quantum
dynamics which correspond to classical regular behaviour. However it was found
not to be so easy for the dynamics corresponding to the chaotic motion. A more
convenient parameter to look at is the time averaged Husimi function, P̄ (θ, φ),
over the number of kicks that was implemented in our experiment. This allows us
to visually comprehend the parts of phase space that was substantially traversed
during the dynamics. Following Eq. 6.24, we extract the Husimi functions from
the estimated states during the dynamics and compute P̄ (θ, φ) over 40 kicks. We
then compare this function with that expected from the solution of the full model
calculation that incorporates decoherence effects from photon scattering and light
inhomogeneities. Fig. 6.10 shows the expected and measured time averaged Husimi
functions due to the three spin coherent discussed above in section 6.6. As is expected
by visually inspecting the dynamics seen in Fig. 6.7, we find that P̄ (θ, φ) shows
maximum distribution on the large island. P̄ (θ, φ) due to the initial state in the
tunneling island indicates the occurence of dynamical tunneling in Fig. 6.10(b).
Perhaps more revealing is the structure of P̄ (θ, φ) arising from the dynamics shown
in Fig. 6.9 for an initial state in the chaotic sea. While the dynamics itself does not
show any predictable pattern, P̄ (θ, φ) indicates that on an average the quantum
dynamics was confined to the chaotic sea of the classical phase space dynamics. The
time averaged Husimi function, P̄ (θ, φ), is thus seen to serve as a clear quantum
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Figure 6.10: Time averaged Husimi functions in a mixed phase space. Kicked top
paramters are κ = 2, p = π/4 + 0.2 with the corresponding phase space plot in
Fig. 6.4(d). Each row shows predictions from a full model calculation and experimental results of the time averaged Husimi function due to the initial spin coherent
state (a) |θ = 99o , φ = 270o i centered on [x = 0, y = −0.99, z = −0.16] (‘Large
Island’) (b) |θ = 99o , φ = 45o i centered on [x = 0.70, y = 0.70, z = −0.16] (‘Tunneling’) and (c) |θ = 99o , φ = 162o i centered on [x = −0.94, y = 0.31, z = −0.16] (‘Sea
of Chaos’). As in the previous figures, each sphere is shown by its y < 0 hemisphere
and y > 0 hemisphere.
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Figure 6.11: Phase space spread vs. initial spin coherent state. κ = 2.01, p = π/4+0.2
and corresponding classical phase space plot is shown in Fig. 6.4(d). Kick by kick
evolution of the phase space spread for spin coherent states (a) |θ = 99o , φ = 270o i
centered on [x = 0, y = −0.99, z = −0.16] (‘Large Island’) (b) |θ = 99o , φ = 45o i
centered on [x = 0.70, y = 0.70, z = −0.16] (‘Tunneling’) and (c) |θ = 99o , φ =
162o i centered on [x = −0.94, y = 0.31, z = −0.16] (‘Sea of Chaos’). Red dots
are experimental data, Green solid lines are full model calculation including the
calibrated errors and decoherence in the system. Purple dashed lines are Schrodinger
equation calculations of purely coherent dynamics.
indicator of the sharp boundaries between classically chaotic and regular motion.
6.7.2 Dynamics of the Phase Space Spread
Here we seek to quantify the previously observed spreading of the spin wave-function
in terms of the phase space spread function,S, a figure of merit defined in section 6.3.2. The dynamical evolution of the spread for the three initial spin coherent
states described in section 6.6 are extracted from the density matrices during the
dynamics and are shown in Fig. 6.11. Comparing the dynamics of S corresponding
to the regular and chaotic regimes between Fig. 6.11(a) and Fig. 6.11(c) respectively,
we find a clear difference in the eventual degree of spread. While the spread rapidly
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rises to its maximum value for the ’chaotic’ state, the difference in rates of increase
of S are small and hard to discriminate, which is not surprising considering the
deeply quantum regime that we are working in. For the case of dynamical tunneling
in Fig. 6.11(b), an oscillation of S at twice the tunneling frequency is expected as
S∼0 when the state has completely tunneled to any of the islands, and assumes a
larger value when it is spread out between these two islands. As is predicted by the
full model, light inhomogeneities and photon scattering again cause a damping of
these oscillations, and experimental data is in good agreement with the predictions.
Simulations show that dynamical tunneling is very sensitive to external parameters
like for eg., the time varying background magnetic fields, initial state pointing, noise
and control field errors and other systematic errors. Discounting the limits set by
our reconstruction method (accuracy of ∼ 0.85 - 0.9), these factors could account
for the slight discrepancy. The excellent initial agreement of S for the state corresponding to chaotic dynamics in Fig. 6.11(c) might be a bit surprising in the face
of all the above mentioned factors. However all initial spin coherent states lying in
the chaotic sea close to the considered state have similar rise profiles of S, and thus
these errors would not show up in the initial increase of S. Rather they change the
times where the first small kinks away from maximum spread appear in the dynamics of S. Taken all together, we have discussed one of the dynamical signatures in
the quantum system between classical chaotic and regular motion.
6.7.3 Time Averaged Phase Space Spread
While we have focussed predominantly on three spin coherent states at different
dynamical regions of a mixed phase space, we also performed the kicked top for several other states lying on the z = −0.16 cut of the sphere. The time evolving states
during the dynamics due to each of these spin coherent states were experimentally
reconstructed and the average phase space spread was extracted over 40 kicks according to Eq. 6.30. Fig. 6.12(a) reproduces the time averaged phase space spread
hSi(θ, φ) for the kicked top parameters corresponding to the classical phase space
plot in Fig. 6.4(d). We discussed the remarkable feature of this parameter of the
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Figure 6.12: Average spread vs. initial conditions for κ = 2.01, p = π/4 + 0.2. (a) A
Schrodinger equation calculation of expected values of average spread for initial spin
coherent states starting from each point on the sphere. As usual, the two opposite
faces of the same sphere are shown here. Note that this is different from a Husimi
distribution function shown in earlier figures. (b) Experimental Data (red dots)
showing the average spread over 40 kicks for the several chosen initial states on the
z = −0.16 cut of the sphere (solid line in (a)). The solid green line is that expected
from a full master equation calculation.
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quantum system to demarcate the boundaries between chaotic and regular motion.
Experimental data for hSi(θ, φ) is shown in Fig. 6.12(b) clearly showing similar features as predicted by calculations. hSi(θ, φ) takes on high values for conditions that
correspond to classical chaos and lower ones for corresponding regular dynamics.
In our system, hSi(θ, φ) due to initial states in the tunneling islands is measured
to be a higher value closer (but still slightly lower) to that of states in the chaotic
sea. Light inhomogeneities and photon scattering eventually wash out the tunneling
oscillations leading to states with consistently large phase space spread over the two
tunneling islands after about 15 kicks, as for example seen in Fig. 6.8 and Fig. 6.11.
This leads to a higher hSi(θ, φ) and is also predicted from our full model. Noting this
caveat for the tunneling dynamics, the time averaged phase space spread otherwise
provides a remarkable indicator underlying the ability of the quantum system to
bring out the phase space boundaries between chaotic and regular dynamics in the
classical limit.
6.7.4 Hypersensitivity to Perturbation
We shall consider dynamics due to the spin coherent states in the ‘large island’ and
in the ‘sea of chaos’ to evaluate typical differences in the time evolution of purity
between states in the two opposing regimes of classical motion. From the time evolving density matrices, we can extract the purity by using Eq. 6.37. In section 6.3.4,
we discussed a simple perturbation theory analysis to predict larger purity decay
for states that have support on many Floquet eigenstates, as is true for the ’chaotic’
spin coherent state considered here (see Table 6.1). The two main sources of purity
decay are photon scattering from the driving laser beam and the inhomogeneities in
the laser intensity across the atomic sample, both of which are modeled into our calculations. The latter results in an inhomogeneity of control parameters, κ, creating
an ensemble of kicked top unitaries driving the atomic spin density matrix. Fig. 6.13
shows calculations and experimentally measured time dependence of purity for the
case of the two spin coherent states. From the calculations, the predominant source
of purity decay for the ‘regular’ state is the inhomogeneities in the laser beam. The
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Figure 6.13: Decay of state purity vs. kicks. κ = 2.01, p = π/4 + 0.2. The two
cases are for initial spin coherent states (a) |θ = 99o , φ = 270o i centered on [x =
0, y = −0.99, z = −0.16] (‘Large Island’), (b) |θ = 99o , φ = 162o i centered on [x =
−0.94, y = 0.31, z = −0.16] (‘Sea of Chaos’). The orange solid line is the predicted
decay due to photon scattering alone. The blue solid line is the predicted decay
from a Schrodinger equation calculation but also including experimentally calibrated
inhomogeneities in κ. The green solid line is for calculations that include both effects
of photon scattering and inhomogeneties and the red dots are experimental data.
The horizontal dashed line (black) is the long time limit for purity expected from a
simplistic perturbation theory calculation prescribed in Eq. 6.40.
decay for the chaotic state on the other hand shows equal contributions from the
two effects. The cumulative decay rate is slightly faster for the state lying in the
sea of chaos compared to the state that starts on the regular island. More striking
is the difference in the degree of purity decay after many kicks between the two
states. The experimental data clearly shows a marked difference in the degree of
purity after 40 kicks. While the trend in the experimental data agrees with the calculations, the slight discrepancies may be due to errors in the reconstruction, shot
to shot fluctuations in the applied magnetic fields in the span of the 16 averaged
signals, or possible small gradients in magnetic field across the sample. The above
mentioned factors were not included in the model. Typically in our system, such
’chaotic‘ spin coherent states are seen to be much more sensitive to external perturbation and parameter inhomogeneities than ‘regular’ states. Thus, purity decay is a
good measure of hypersenstivity to perturbation and is another quantum indicator
of classical chaotic vs. regular dynamics.
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Figure 6.14: Time evolution of the linear entropy for initial spin coherent states (a)
|θ = 99o , φ = 270o i centered on [x = 0, y = −0.99, z = −0.16] (‘Large Island’), (b)
|θ = 99o , φ = 162o i centered on [x = −0.94, y = 0.31, z = −0.16] (‘Sea of Chaos’).
Blue dashed lines are from a Schrodinger equation calculation with no losses, green
solid line is predictions from the full model, and red dots are experimental data.
(c) Time averaged linear entropy over 40 kicks for initial states centered on the
z = −0.16 cut of the spherical phase space. The horizontal dashed line (black)
shows the calculated linear entropy due to a |mF = 3i spin coherent state, the
smallest for a state in the F = 3 spin manifold. Note that the zero of linear entropy
in these plots have been suppressed.
6.7.5 Entanglement between Electron and Nuclear Spin
From the kick by kick density matrices, we can also extract several measures of
entanglement between the nuclear and electron spin. This was discussed in section 6.3.3, and we shall look at the results of extracting these measures to show
quantum signatures of chaos. As in the previous section, we again compare the dynamics due to the same two initial spin coherent states, one in the ’large island’
and the other in the ’sea of chaos’. The Linear Entropy, LE, and the Von-Neumann
Entropy, V N E, are shown for the two states in Fig. 6.14 and 6.15 respectively. In
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Figure 6.15: Time evolution of the Von Neumann entropy for initial spin coherent
states (a) |θ = 99o , φ = 270o i centered on [x = 0, y = −0.99, z = −0.16] (‘Large
Island’), (b) |θ = 99o , φ = 162o i centered on [x = −0.94, y = 0.31, z = −0.16]
(‘Sea of Chaos’). Blue dashed lines are from a Schrodinger equation calculation
with no losses, green solid line is predictions from the full model, and red dots are
experimental data. (c) Time averaged Von Neumann over 40 kicks for initial states
centered on the z = −0.16 cut of the spherical phase space. The horizontal dashed
line (black) shows the calculated Von Neumann entropy due to a |mF = 3i spin
coherent state, the smallest for a state in the F = 3 spin manifold. Note that the
zero of Von Neumann entropy in these plots have been suppressed.

154
terms of their dynamics, they show remarkable similarity in trends with the phase
space spread function S shown in Fig. 6.11. From our simulations, we have found
that
LE = LE(|mF = 3i) + 0.28125 S

(6.45)

where LE(|mF = 3i) = 0.21875 is the linear entropy due to any spin coherent state
in the composite F = 3 spin system (see Fig. 6.14). For Von-Neumann Entropy,
V N E, we have found from simulations by fitting V N E vs. S from density matrices
that span the full range of both these parameters, that
V N E ≈ V N E(|mF = 3i) + 0.51812 S − 0.063097 S 2

(6.46)

where V N E(|mF = 3i) = 0.54356 is the Von-Neumann entropy due to any spin
coherent state in the composite F = 3 spin system (see Fig. 6.15). S thus has a
exactly linear relationship with LE and almost linear with V N E. The signatures
of chaos seen from S in Fig. 6.11 are therefore reproduced with LE and V N E in
Fig. 6.14 and 6.15. Thus the phase space spread itself is also an invaluable measure
for the entanglement between the nuclear and electron spin from information of the
state in F = 3 spin.
As noted before, the rise in the above entanglement measures, LE and V N E,
could be due to the generation of entanglement or due to the state in the F =
3 spin getting more mixed during the dynamics. To resolve the two effects, we
also compute the evolution of negativity (see section 6.3.3) from the reconstructed
states during the dynamics. Fig. 6.16(a) and Fig. 6.16(b) show the differences in
the dynamical evolution of negativity for the initial two spin coherent states in
consideration. Schrodinger Equation calculations for perfectly coherent evolution
indicate the more rapid and larger entanglement generation for the state in the
chaotic sea than for the regular island. The experimental data capture this effect at
small times, but as the master equation also predicts, the entanglement dies off as
the state in the composite F = 3 spin eventually gets more and more mixed. The
time averaged negativity over 40 kicks in Fig. 6.16(c) thus doesn’t show much of a
difference in the average entanglement generated over 40 kicks. We also compute the
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Figure 6.16: Time evolution of the negativity for initial spin coherent states (a)
|θ = 99o , φ = 270o i centered on [x = 0, y = −0.99, z = −0.16] (‘Large Island’), (b)
|θ = 99o , φ = 162o i centered on [x = −0.94, y = 0.31, z = −0.16] (‘Sea of Chaos’).
Blue dashed lines are from a Schrodinger equation calculation with no losses, green
solid line is predictions from the full model, and red dots are experimental data. (c)
and (d) Time averaged negativity over (c) 40 kicks and (d) 14 kicks for initial states
centered on the z = −0.16 cut of the spherical phase space. The horizontal dashed
line (black) shows the calculated negativity due to a |mF = 3i spin coherent state,
the smallest negativity for a pure state in the F = 3 spin manifold. Note that the
zero of negativity in these plots have been suppressed.
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Figure 6.17: Average spread vs. κ. (a) Schrodinger Equation calculation for initial
spin coherent states lying on the z = −0.16 cut of the phase space on the sphere.
Here p = π/4 + 0.2. The top shows the y < 0 face, while the bottom is for the y > 0
face of the sphere. The horizontal solid lines show the chosen initial states for which
experimental data is displayed in (b). The vertical line is at κ = 2.01, for which
experimental data is displayed in Fig. 6.12. (b) Experimental Data and predictions
from full master equation model (solid lines). The initial spin coherent states for the
data are (1) |θ = 99o , φ = 270o i centered at [x = 0, y = −0.99, z = −0.16] and (2)
|θ = 99o , φ = 198o i centered at [x = −0.94, y = −0.31, z = −0.16].
average negativity over 14 kicks (Fig. 6.16(d)) during the more coherent part of the
dynamics, before negativity starts dropping off due to the growing mixedness of the
evolving state. Qualitatively, we find a slightly more pronounced distinction between
the chaotic and the regular regions in the negativity, even though the difference is
still quite small.
6.8 Results: Quantum Dynamics vs. Different κ
We have seen the results from the quantum dynamics in a mixed phase space that
clearly demarcate the phase space boundaries between classical chaos and regular
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dynamics. We look for the same trends as a function of the chaoticity parameter, κ,
keeping the initial spin coherent state fixed. In the classical kicked top, when κ is
small, the dynamics is all regular. As κ gets larger, we have a mixed phase space,
and eventually almost global chaos (see Fig. 6.5). The approach in the experiment
is similar in principle as before. We choose a few initial spin coherent states directed
at different regions of the phase space, and for each state we capture kick by kick
snapshots of the evolving state for a range of κ’s going from 0.5 to 4.5. Note of-course
that by changing κ we change the duration of each kick, and therefore the number
of photon scattering events per kick, as was described in section 6.2.1. But we are
testing for the universality in the behavior of the identified signatures of chaos, and
seek to verify that the discriminating patterns identified in the quantum dynamics
between classical chaotic and regular regions hold true as a function of κ.
In Fig. 6.17(a), we look at the expected behaviour of the time averaged phase
space spread, hSi computed from solving Schrodinger’s equation modeling coherent
dynamics in a perfectly controlled system. As κ is increased, hSi from the quantum
dynamics is indicative of how global chaos eventually takes over in the classical
limit at large κ’s. Fig. 6.17(b) shows experimental data for the variation of hSi
against κ for two initial spin coherent states. Note that there exists a few regions
in phase space that show large hSi even when the classical dynamics is regular. For
example, hSi is large when the initial state is |θ = 99o , φ = 198o i, even at κ = 0.5 in
Fig. 6.17(b). If we inspect the classical phase space plot in Fig. 6.5(a) along with the
Floquet eigenstates in Fig. 6.6(a), we find that the state has considerable support
on the eigenstates whose Husimi functions overlap with the larger periodic orbits
of the classical phase space plot. The large phase space extent of these eigenstates
lead to large hSi. Thus even while the underlying classical dynamics is regular, hSi
assumes a larger value.
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6.9 Summary
We have experimentally performed the quantum kicked top in the F = 3 hyperfine
spin manifold of laser cooled Cesium atoms. To the best of my knowledge, this is the
first experimental implementation of this popular model for quantum chaos. This
is also a first study of quantum chaos by directly observing quantum dynamics in
phase space. We have investigated quantum signatures of chaos in the dynamics of
a deeply quantum kicked top. With the help of accurate quantum control and efficient state estimation procedures, we prepare spin coherent states, apply the desired
kicked top Hamiltonian and reconstruct the spin density matrix as it propagates in
time. We have thus created kick by kick ‘movies’ of the evolving spin wave-packet
in phase space and found a connection of the quantum dynamics in phase space
with the presence of chaos or regular motion in the corresponding classical regime.
The Husimi functions of spin coherent states starting in a sea of chaos are seen to
rapidly spread out in phase space and span the whole chaotic sea on average during the quantum dynamics, while avoiding the classically regular regions of motion
in phase space. On the other hand, spin coherent states starting in the regular islands of stability stay confined in these regions of regular motion in phase space. An
interesting phenomenon is dynamical tunneling, where we observe spin dynamics
between regions of regular motion which are otherwise classically forbidden. Since
we are working in a deeply quantum system, the size of the spin Husimi functions
are often larger than the size of the islands and the extent of the chaotic sea in phase
space. In spite of this we find that the quantum dynamics remarkably respects the
boundaries between chaotic and regular dynamics in phase space.
We have identified a few quantum signatures of chaos that distinguishes between
classical regular and chaotic regions in phase space. The spreading of the state in
phase space is seen to be larger and slightly faster for dynamics in the chaotic
sea than for that in the regular regions. A measure for the phase space spread, S,
quantitatively shows that the differences are clear though small as expected due to
the small size of the spin. We have also looked at the generation of entanglement
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between the nuclear and electron spins that couple to provide the composite hyperfine F = 3 spin system. Spin coherent states are the least entangled states of
the nuclear and electron spin, and kicked top dynamics in the F = 3 spin manifold again show larger and slightly faster degree of entanglement generation as the
system propagates in time for states in the classically chaotic regions. Some of the
measures identified to quantify the entanglement, namely the linear entropy of the
constituent electron spin, have a direct linear relationship with S. In addition, we
have shown that dynamics in the chaotic sea are more sensitive to perturbations and
parameter inhomogeneities than that in the regular regions of motion. The small
but clear contrast in the measured temporal behavior of purity between the states in
the chaotic and regular regions provide another useful quantum signature of chaos.
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CHAPTER 7
SUMMARY AND OUTLOOK

This dissertation presents experiments where we demonstrate some specific applications of quantum control and measurement in ultracold neutral atoms. Ground state
hyperfine spins of laser cooled Cesium atoms provided a clean platform to evaluate
new quantum control protocols as well as perform experimental investigations of
some long standing popular problems in quantum chaos.
In chapter 4, we discussed the use of microwaves in driving coherent Rabi oscillations between the clock states, and the use of a non-perturbing probe for a
continuous measurement of the spin dynamics. This was an example of quantum
control and measurement of a spin-1/2 system (pseudo-spin).
In chapter 5, we extended our techniques to the control of a larger angular momentum, specifically the 6S1/2 F = 3 hyperfine spin. In addition to magnetic fields,
light shifts from the probe beam were instrumental in creating a nonlinear Hamiltonian that allowed for complete quantum control of the spin. Using concepts from
classical control theory, Hamiltonians were designed to perform arbitrary state to
state mapping and then implemented into the experiment. We created arbitrary
quantum states in the F = 3 spin manifold, and also demonstrated spin squeezing in this system. A method for reconstructing the complete spin density matrix
was employed extensively in this experiment. This method also relied on the quantum control and continuous measurement schemes developed in our group. Typical
yields from performing the arbitrary state mapping in our experiment were in the
range 0.8 - 0.9. Light shifts driving coherent dynamics in the angular momentum
also made the system vulnerable to decoherence from photon scattering and light
inhomogeneities. By choosing the appropriate detuning for the laser probe, we were
able to maximize the rate of the coherent drive relative to that of photon scattering. While predictions from a fully coherent evolution estimated yields of 0.99 in
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quantum state preparation, a full master equation modeling the real experimental
conditions and decoherence predicted reductions in expected yields to the range 0.85
- 0.95. In particular, we found our control and measurement method to be sensitive
to magnetic field errors of less than 1%. Use of classical control theory to design
control waveforms more robust to errors can be pursued for this system, on similar
lines as current efforts in NMR systems with composite pulses [16].
Finally, in chapter 6, we describe an experimental demonstration of the quantum
kicked top in the F = 3 spin. The quantum kicked top is a much studied model for
quantum and classical chaos. Extensive theoretical studies have been performed on
this system to explore quantum signatures of classical chaos, and our work represents a first experimental investigation of this model for studies in quantum chaos.
We have prepared arbitrary minimum uncertainty spin coherent states, and obtained kick by kick movies of the evolving quantum phase space distribution. The
spin dynamics seen in our experiment includes dynamical tunneling between regular islands and rapid spreading of the states through the chaotic sea. The quantum
dynamics show robust signatures of the classical phase space boundaries between
regular and chaotic dynamics. Differences between classically chaotic and regular
regions in phase space are also seen in the temporal evolution of the decay of the
purity due to light scattering and inhomogeneities of the nonlinear light shift across
the atomic sample. This is a measure of hypersensitivity to perturbations. Another
difference between the two dynamical regimes was found in the average electronnuclear spin entanglement generated during the first 40 kicks. Our experimental
data show excellent agreement with theoretical predictions.
From the perspective of quantum information science, the work in this thesis
presents an instance of control and measurement of a quantum system of Hilbert
space dimension, d > 2, or a qudit. Many current quantum information protocols
work with 2 level systems, or qubits, buried in a larger dimensional qudit. Qudit quantum information processing offer potential advantages in terms of physical
resource requirements and error correction [42]. In keeping with this theme, current efforts in the lab are towards extending the concepts of quantum control and
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measurement to the complete 16 dimensional ground manifold of 133 Cs atoms. Theoretical work by Merkel, Jessen and Deutsch [95] have already shown that universal
quantum control can be implemented in this system using radio-frequency (RF)
magnetic fields and microwave frequencies near the transition frequencies between
the two hyperfine ground states, or ∼ 9.2 GHz. That work showed modest laboratory conditions under which arbitrary state mapping can be performed within 50µs.
The ability to implement microwave control in our system was first demonstrated
in chapter 4, and developed to great finesse in Rakrengduet’s work on single qubit
manipulation in ultracold atoms, covered in length in his dissertation [118]. The
ability to design and apply fast well controlled magnetic field waveforms was discussed in chapter 5, chapter 6 of this thesis as well as in Smith’s dissertation work in
quantum state reconstruction [87]. With a well established theoretical footing, the
experimental challenges and new capabilities behind combining all these techniques
together are currently being explored in the lab.
One of the advantages offered by the above new quantum control paradigm is that
the method will be decoupled from decoherence issues intricately connected with our
present control scheme. In our system, light shifts played a central role in generating
a nonlinear Hamiltonian, making our angular momentum system amenable to universal quantum control. However, inhomogeneities in the light shift across the atomic
cloud, and photon scattering imposed a time window for coherent control, while also
causing decoherence during the dynamics. Instead, the new system promises faster
controls and decoherence free dynamics at-least for longer times. It remains to be
seen what time window might be set by microwave and RF inhomogeneities and if
there are workarounds through use of spin echo type techniques.
In spite of the above discussion, light will still play a major role in continuously
monitoring the coherent dynamics in the 16 dimensional angular momentum. As
seen in chapter 2, the light polarization carries signatures of some of the atomic spin
observables and this can be analyzed by an appropriate polarimetry setup. Akin to
the quantum state tomography scheme used in our experiments, one can implement
dynamical control to generate an informationally complete set of observables in the
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larger spin such that the complete state density matrix can be reconstructed. Present
theoretical efforts to develop a reconstruction scheme for the complete ground state
manifold of Cesium are being performed in the group of Ivan Deutsch. Successful
demonstration of quantum control in the future experiments depend on robust state
tomography protocols. In light of the work on quantum chaos described in this
thesis, the role of quantum kicked top Hamiltonian for state reconstruction has
been currently explored and is described below.
The experiment on the quantum kicked top described in chapter 6 showed how
rapidly the spin wave function spreads in phase space when the underlying classical dynamics is chaotic. Quantum chaotic Hamitonians may be used in schemes to
more efficiently generate entanglement useful for quantum information processing
[147, 148] whereas limits for practical quantum computing may be set due to hypersensitivity to perturbation [149] or a phenomenon called ‘chaotic melting’ [70, 71].
Our studies shed light on some aspects of control of complex dynamics in a deeply
quantum regime and their relevance to quantum information processing.
Recent theoretical developments from the group of Ivan Deutsch show that the
ideal evolution for state reconstruction is achieved if the time evolution is governed
by random unitary matrices, which is extensively studied in the context of quantum
chaos [47]. The required random unitaries can be Floquet operators of the sort
seen in our quantum kicked top. If the underlying classical dynamics from these
unitary evolution show global chaos in the classical phase space structures, the
protocol promises surprisingly efficient reconstruction results in any large angular
momentum. For example, numerical calculations by Riofrio and Deutsch [private
communications] have shown that a random sequence of two QKT Floquet operators,
kicked around different axes, can rapidly produce a random evolution that allows for
excellent state reconstruction. While the exact workings and details are still being
investigated, this could mark an important step for quantum state tomography.
A general framework for reconstruction can, in principle, be developed and easily
extended for larger angular momentum systems. Since the control waveforms are
potentially easy to generate, this lends itself to the possibility of easily testing a
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large number of waveforms experimentally. This would enable a relatively quick
characterization of a fast and robust procedure for density matrix reconstruction in
the laboratory.
Control of the complete ground state manifold can also provide more flexibility
in encoding and manipulating qubits embedded in the qudit system. An example is
magnetic field insensitive encodings |F, mi, |F + 1, −mi, where the qubit states are
not easily coupled by one-photon microwave or two-photon optical Raman transitions if m 6= 0 [41]. It is also interesting to consider if control Hamiltonians of the
form used in this thesis can be achieved for collective spins, for example through
coherent optical feedback [150] or through atom-atom interactions in a quantumdegenerate gas [151].
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APPENDIX A
ESTIMATION OF ON RESONANT OPTICAL DEPTH OF THE ATOMIC
CLOUD

A.1 Introduction
This chapter looks at some measurements performed to estimate the on resonant
optical depth (OD) of our laser cooled atomic cloud. These measurements were
performed for the work on continuous measurement of the clock transition pseudospin, described in chapter 4. A schematic of the experimental setup is shown in
Fig. 4.1. We will derive the mean OD given its number density, and a laser probe
beam of certain wavelength and intensity profile.
In the measurement of the clock pseudo-spin, a linearly polarized probe beam
passes through an atom cloud in the clock states (Cs 6 S1/2 ground states F =
3, 4; mF = 0 levels) and acquires an ellipticity due to a birefringent phase shift
between two orthogonal components of the probe polarization. This phase-shift is
measured with an initially balanced polarimeter after the beam goes through a
quarter wave plate and polarizing beamsplitter. The signal from this polarimeter
depends on many parameters including the atomic OD. We will estimate the OD
from the achieved polarimeter signal.
A.2 Birefringent Phase Shift
The birefringent phase shift, φ between the orthogonal linear components of the
incident polarization is given by
φ = OD Lφ (∆/Γ)

(A.1)

where OD is the on-resonant optical density of the atomic sample for the probe
beam, ∆ is the detuning of the probe beam from the D1 line F = 4 → F 0 = 4
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transition, and Γ is the natural line-width in the D1 line. Because of an extensive
number of terms that have the same functional dependence as a function of detuning,
I define here the line-shape function, Lφ (∆/Γ), which depends on the population
distribution in the Cs ground state and on the oscillator strengths of the various
allowed transitions.
Lφ (∆/Γ) =

X

ρF,mF (Lφ,z − Lφ,x )F,mF

(A.2)

∆F,F 0
4∆2F,F 0 + 1

(A.3)

F,mF

,where
(Lφ,z )F,mF =

X

fF,mF ;F 0 ,mF

F0

and
(Lφ,x )F,mF = (Lφ,σ+ )F,mF =

X

fF,mF ;F 0 ,mF +1

F0

∆F,F 0
4∆2F,F 0 + 1

(A.4)

Here fF,mF ;F 0 ,mF 0 ’s are the oscilllator strengths, ρF,mF are the fractional populations
for all the mF sub-levels of F = 4, 3 and ∆F,F 0 are the probe detuning from the
F → F 0 hyperfine levels.
Thus the net phase-shift is the sum of all the phase-shift contributions from each
of the ground state magnetic sub-levels weighted by each of their populations. Note:
Eq. A.4 holds true as long as the population distribution is symmetric about the
mF = 0 clock sublevels which holds true if we start with an atomic cloud optically
pumped into one of these clock states, and then probed by a laser beam with linear
polarization at 45 ◦ .
A.3 On-resonant Optical Depth, OD
The OD of the sample is given by
OD = σ ρ l

(A.5)

for a sample of number density ρ and length l, where σ is the on-resonant scattering
cross-section
σ=

3λ2
2π

(A.6)
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Now, in the experiment we have an atomic sample with a roughly 3-D Gaussian
distribution. If N0 is the total number of atoms in the atomic sample, the number
density, ρ is given by
2

− R2
N0
r
A
ρ(R) =
e
2 3/2
(π rA
)

(A.7)

where rA is the 1/e radius of the atom cloud. Now replacing ρ l in Eq. A.5 with the
local column density along y ( the direction of propagation of the probe beam) and
using R2 = r2 + y 2 and then integrating, we get
Z ∞
2
σ N0 − rr2
A
e
ρ(R) dy =
OD(r) = σ
2
π rA
−∞

(A.8)

The iris aperture (open disk) in our imaging system determines the area of the
atomic sample that contributes to the signal. If the back propagated image of the
aperture (at the location of the atomic sample) has radius, a, then the mean OD of
the atomic sample is given by
Ra
OD =

0

2
− a2
OD(r)2πrdr
σ N0
r
A
Ra
(1 − e
)
=
πa2
2πrdr
0

(A.9)

A.4 Polarimeter Output Signal
For small phase-shift values, the difference in the power between the two ports of
the polarimeter is given by
∆PS = Pdet φ

(A.10)

where Pdet is the total Power of the beam incident on the polarimeter.
We start with the beam power and irradiance profile at the location of the atoms
and then derive the power Pdet at the detector based on the aperture size and beam
profile. At the location of the atoms, we assume that the beam has a gaussian
intensity profile in 2-D which goes as
2

P0 − r2
I(r) = 2 e rL
πrL

(A.11)
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where P0 is the total power in the beam, and rL is the 1/e radius of the beam profile.
The net power of the beam that contributes to the detector power is then given by
Z a
I(r) 2πrdr
Pout =
0
2

= P0 (1 − e

− a2

r
L

)

(A.12)

Taking into account the losses due to the optics, for eg. mirrors, polarization components in the imaging path between the atoms and the detector, given by χ, we
get
2

− a2

Pdet = χ P0 (1 − e

r
L

)

(A.13)

Again replacing the parameters in Eq. A.10 by their local Intensity distribution and
local phase shift, then using Eq. A.11 , Eq. A.1 and Eq. A.8 and integrating over r
from 0 to aperture size at the location of the atoms, a, we get
Z a
∆PS = χ
φ(r) I(r) 2πrdr
0
Z a
2
2
− r2 − r2
σ N0
P0
r
r
Le
A 2πrdr
=
e
L
(∆/Γ)
χ
φ
2
πrA
πrL2 0
2 2
−a2 ( 12 + 12 )
rL
σ N0
P0
rA
r
r
A
L )
=
L
(∆/Γ)
χ
π
(1
−
e
φ
2
2
πrA
πrL2 rA
+ rL2

(A.14)

Using Eq. A.9 and Eq. A.13, we get
∆PS = β OD Lφ (∆/Γ) Pdet

(A.15)

where β is a dimensionless correction factor to the signal power arising due to the
non-uniform distribution of the laser intensity and atom number density.
a2
β= 2
rA + rL2

−a2 (

1−e

2

− a2

(1 − e

r
A

1
+ 12 )
r2
r
A
L

(A.16)

2

− a2

) (1 − e

r
L

)

The photocurrent from the balanced detection system and the corresponding voltage
achieved as signal is
iS = η ∆PS

(A.17)

VS = GT iS

(A.18)
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Param eters
η
Isat
rA
rL

Value

Units

Comments

0.621875
0.8327
360.00
1.23

A/W
mW/cm2
µm
mm

a

408.927

µm

χ

0.402

NA

β

1.012

NA

From supplied calibration curve
Saturation Intensity in D1
Calibrated 7/9/2004
Calibrated 12/17/2003
Measured from iris size / magnification : Iris Diameter = 0.0615”
(1/16” drill bit ; magnification =
1.91; Calibrated 7/9/2004
Calibrated 7/13/2004
Derived from measured values of
a, rA and rL using Eq. A.16

Table A.1: Measured Values and Constants.
where η is the responsivity of the photodiodes in the polarimeter , and GT is the
trans-impedance gain of the detector system.
Thus using eqn’s Eq. A.18 and Eq. A.15, we get signal voltage
VS = GT η β OD Lφ (∆/Γ) Pdet

(A.19)

One can thus calculate the mean OD of the atomic sample from the output voltage
amplitude of the photodetector signal and measuring the other parameters. Lφ (∆/Γ)
is calculated from Eq. A.4.
OD =

VS
GT η β Lφ (∆/Γ) Pdet

(A.20)

A.5 Results
Using Eq. A.20 and the numbers for the parameters given in Table A.1 and Table A.2, gives :
OD ≈ 2.18

(A.21)

Using Eq. A.20 and the numbers for parameters given in Table A.3, gives :
OD ≈ 2.45
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Param eters
VS,amp
GT

Value

∆

-334.85

Units

111.16
mV
26.103E+6 V/W

MHz

Lφ (∆/Γ) 7.64E-04

NA

P0

968.61

µW

Pdet

40.75

µW

Comments
08/25/2004 data
Nirvana gain without autobalance times the Filter gain,
calibrated 7/13/2004 for 8 kHz
signal
Detuning from the 4 → 40 transition
From Matlab calculations, see
Eq. A.2
Total power at the location of
the atoms : Power measured before chamber, transmission losses
due to the chamber
Using Eq. A.13

Table A.2: Relevant experimental parameters for calculating OD from a polarimetry
signal data, for example as shown in Fig. 4.2
Param eters
VS,amp

Value

Units

Comments

624.57

mV

GT

26.103E+7 V/W

∆

-314.73

08/20/2004 data: Chosen Data
Point that lies on best fit
Nirvana gain with auto-balance
times the Filter gain, calibrated
7/13/2004 for 8 kHz signal
Detuning from the 4 → 40 transition: Chosen Data that best
matches fit
From Matlab calculations, see
Eq. A.2
Total power at the location of
the atoms : Power measured before chamber, transmission losses
due to the chamber
Using Eq. A.13

MHz

Lφ (∆/Γ) 5.30E-04

NA

P0

693.91

µW

Pdet

29.19

µW

Table A.3: Relevant experimental parameters for calculating OD from Fig. 4.4
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Best estimate for atom number for this experiment comes from a separate time
of flight calibration [94], which gives N0 = (3.45 ± 1)E + 06. Using Eq. A.9 and
numbers in Table A.1, this gives :
OD ≈ 1.82 ± 0.53

(A.22)

A.6 Conclusion
In this appendix, the OD of the atomic sample in the presence of the probe beam
and finite aperture has been estimated through 2 different methods: one from the
measurement of the atom number and the other from the best fit amplitude scaling
of the signal obtained by simulations with the polarimeter measurement signal. Both
methods agree to within the limits of experimental error. The main source of error
is from the estimation of atom number. The uncertainties in the measurement of
parameters that account for OD from the polarimeter signal have not been calculated
in this chapter. In this calculation,the photocurrent may be slightly overestimated
since the auto-balancing feature of the Nirvana detector causes a bit of loss of
photocurrent. However this will just give a difference of less than 1% of the OD
estimated here.
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APPENDIX B
LIST OF PUBLICATIONS

This chapter presents the list of peer-reviewed journal publications that I have authored or co-authored.
1. Souma Chaudhury, Seth Merkel, Tobias Herr, Andrew Silberfarb, Ivan H.
Deutsch, and Poul S. Jessen,“ Quantum control of the hyperne spin of a Cs
atom ensemble”, Physical Review Letters, vol. 99, no. 16, p. 163002, 2007.
Results published in this paper are discussed in chapter 5 (Reference [126]).
2. Souma Chaudhury, Greg A. Smith, Kevin Schulz, Poul S. Jessen, “A continuous non-demolition measurement of the Cs Clock transition pseudo-spin”,
Physical Review Letters, vol. 96, no. 4, p. 043001, 2006. Results published in
this paper are discussed in chapter 4 (Reference [115]).
3. Greg A. Smith, Souma Chaudhury, Andrew Silberfarb, Ivan H. Deutsch, and
Poul S. Jessen,“Continuous weak measurement and nonlinear dynamics in a
cold spin ensemble”, Physical Review Letters, vol. 93, no. 16, p. 163602, 2004
(Reference [113]).
4. Greg A. Smith, Souma Chaudhury, and Poul S. Jessen,“Faraday spectroscopy
in an optical lattice: a continuous probe of atom dynamics”, Journal of Optics B: Quantum and Semiclassical Optics, vol. 5, no. 4, pp. 323 - 329, 2003
(Reference [103]).
At the time of writing this dissertation, we are preparing two more articles for
submission to refereed journals.
1. Souma Chaudhury, Aaron Smith, Brian E. Anderson, Shohini Ghose, Poul S.
Jessen, “Quantum signatures of chaos in a kicked top”. This article is based
on the discussion about the quantum kicked top in chapter 6.
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2. Aaron Smith, Souma Chaudhury, Brian E. Anderson, Greg A. Smith, Poul
S. Jessen, “A rotary echo technique with atomic spins to measure and cancel background magnetic fields”. This article is based on the discussion in
section 3.6.
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