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ABSTRACT

This dissertation contains a study of ultracold atoms in optical cavities. We partic-

ularly focus on two aspects of the coupled atom-cavity systems. In the first aspect,

we implement the quantum nature of the light field to probe the quantum state

of the atoms. This is interesting due to the nondestructive nature of the charac-

terization of many-body atomic states. In the second aspect we study the cavity

optomechanics that investigates the coupling of mechanical and optical degrees of

freedom via radiation pressure. The optomechanical cavity provides an interesting

nonlinear system to study the coupling between atoms and the intracavity field.

In the context of cavity quantum electrodynamics we study the reflection of two

counter-propagating modes of the light field in a high-Q ring cavity by ultracold

atoms either in the Mott insulator state or in the superfluid state of an optical

lattice. We find that the dynamics of the reflected light strongly depends on both

the lattice spacing and the state of the matter-wave field. By using the Monte

Carlo wave-function method to account for the cavity damping we also determine

the two-time correlation function and the time-dependent physical spectrum of the

retroreflected field. We find that the light field and the atoms become entangled if

the latter are in a superfluid state. We also analyze quantitatively the entanglement

between the atoms and the light.

In cavity optomechanics the mechanical effect can either comes from a vibrating

macroscopic oscillator or a collective density excitation of a Bose-Einstein conden-

sate. First we use a Fabry-Perot-type cavity to study the opto-mechanically-induced

bistable quantum phase transitions between superfluid and a Mott insulator states

of an ultracold bosonic gases trapped inside the cavity. Secondly, we study the sym-

metric and antisymmetric collective density side modes of the BEC which results

from the optomechanical effects of the light fields in a ring cavity.
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CHAPTER 1

Introduction

In recent years the study of ultracold atoms in optical lattices has become a very

active research field both experimentally and theoretically. One motivation to study

these systems is that they provide clean realizations of important models in con-

densed matter physics [1] such as the Bose-Hubbard model and the Fermi-Hubbard

model [2, 3], spin systems [4], vortex structures [5–7] , and the Anderson lattice

model [8]; as such they can be considered as quantum simulators as Feynman orig-

inally conceived [9]; they also have potential applications in quantum information

processing [10, 11].

From an experimental point of view ultracold atoms in optical lattices offer an

exquisite degree of control over system parameters [12, 13]. By varying the depth of

the lattice the ground state of the atoms can be controlled, and one has observed,

e.g. a quantum phase transition from a superfluid to a Mott insulator [14].

As is well known, high-Q optical cavities can significantly isolate the system from

their environment, thus they can strongly reduce decoherence processes and offer

strong atom-cavity couplings and long photon storage times. By studying cavity

quantum electrodynamics many questions in quantum optics can be addressed [15].

For instance, strongly nonclassical states of the light field such as number states

can be created [16]; the entanglement between light and atoms can be studied [17];

the complex quantum information processing sequences can be realized [18]. By

making one of the cavity mirror movable we can also obtain a cavity optomechanical

system. In such systems a quantum degenerate atomic gas is coupled to a truly

macroscopic object that could be used to detect and control it. Such hybrid systems

can be used as testing grounds for investigating the coupling between cavity fields,
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nanomechanical systems operating in the quantum regime, and ultracold atomic

gases, with possible applications in precision measurements [19], coherent control of

atoms [20] and molecules [21], and quantum information processing [22, 23].

This dissertation contains a study of ultracold atoms in optical lattices inside

high-Q optical cavities. By applying cavity quantum electrodynamics (QED) con-

cepts in such atom-cavity systems we can investigate both atoms and light at the

quantum level. Our study is particularly focused on two topics. In the first one

we exploit the quantum nature of the light field to detect the many-body quantum

state of ultracold atoms in optical lattices. Standard methods to observe the quan-

tum properties of ultracold atoms are based on matter-wave interferences between

atoms released from traps [24, 25], an approach that completely destroy the atomic

systems. By applying a weak quantized optical probe we propose a non-destructive

cavity QED based method to detect the state of the atomic sample and partially

reconstruct the atom number statistics. The second topic focuses on cavity optome-

chanics, and investigates the coupling of mechanical and optical degrees of freedom

via radiation pressure. We first study the quantum phase transition of ultracold

atoms in a Fabry-Pérot type optomechanical cavity. The radiation pressure-induced

change of cavity length results in the bistable behavior of the lattice potential depth

and we predict a bistable Mott insulator to superfluid quantum phase transition in

this system as well. In general the phase transition between a Mott insulator and

a superfluid does not require the use of a cavity system. However, the advantage

of the cavity setup is its ability to serve as a diagnostic tool, that is, the reflected

or transmitted fraction of light driving the cavity contain information about atomic

[26–28] and mirror [29, 30] dynamics. Furthermore, we study cavity optomechanics

in the situation where the role of the mechanical oscillator is played by a collective

density excitation of a Bose-Einstein condensate (BEC) [31]. Loading a BEC into

a ring cavity we find that both symmetric and antisymmetric density side modes of

the BEC are mechanically excited by the intracavity field and in the semiclassical,
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mean-field limit the system exhibits a rich multistable behavior.

Throughout this dissertation the atomic system under consideration is a

quantum-degenerate sample of bosons, typically a Bose-Einstein condensate (BEC).

To set the stage for this dissertation, the next section gives a brief review of the

history of BEC, followed by a theoretical treatment of weakly interacting dilute Bose

gases. We then move on to a short introduction to cavity QED, and finally review

a few key aspects of cavity optomechanics.

1.1 Bose-Einstein Condensation

Bose-Einstein condensation (BEC), originally predicted by Einstein [32] and Bose

[33] in 1924, was first observed in alkali atomic vapors in 1995. On the basis of a

paper by S. N. Bose devoted to the statistical description of the quanta of light,

Einstein predicted the occurrence of a phase transition in a gas of noninteracting

massive particles. The prediction is that a macroscopic number of particles will

occupy the lowest-energy single-particle state when the gas is cooled below a critical

temperature. The phase transition associated with the condensation of particles is

purely the consequence of quantum statistical effects. It had no practical impact

until the discovery of superfluidity in liquid helium by Allen and Miesner [34] and

independently by Kapitza [35] in 1938. They found that the fluid flows without any

apparent viscosity below the critical temperature. Immediately after the discovery

of superfluidity London proposed that superfluidity in liquid helium is a manifes-

tation of BEC [36], and in 1941 Landau developed the first self-consistent theory

of superfluidity [37]. However, the interaction between helium atoms is strong and

this reduces the number of atoms in the zero-momentum state even at absolute

zero temperature. In 1947, Bogoliubov developed the first microscopic theory [38]

of weakly interacting Bose gases, based on the concept of BEC. In 1961 Pitaevskii

extended Bogoliubov’s theory to an inhomogeneous case and introduced the famous

Gross-Pitaevskii (GP) equation [39].
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The experimental studies on dilute atomic gases were developed much later.

Starting from the 1980s the first experiments were focused on using spin-polarized

hydrogen to obtain BEC [40]. But the large rates of inelastic collisions between

hydrogen atoms prevented the experiments from succeeding for more than ten years.

By combining different cooling techniques - laser cooling and evaporative cooling,

etc, finally in 1995 Cornell and Wieman’s group at Boulder succeeded in reaching

the temperatures and phase-space densities required to observe BEC in a vapor of

87Rb [41]. Soon afterward, Ketterle’s group succeeded in producing a BEC of 23Na

atoms [42]. In the same year first signatures of the occurrence of a BEC in 7Li were

also reported. In 1998 BEC was finally achieved in spin-polarized hydrogen [43],

and in 2001 in metastable 4He [44]. In order to observe quantum phenomena in

such dilute BEC systems, the temperature must be of order 10−5 K or less.

1.2 Weakly interacting dilute Bose gas and Gross-Pitaevskii equation

1.2.1 Dilute atomic gases and contact interaction

BECs in dilute atomic gases provide unique opportunities for exploring quantum

phenomena on a macroscopic scale. These systems differ from ordinary gases in a

number of aspects. For instance the particle density at the center of a BEC atomic

cloud is typically 1013 − 1015 cm−3, order of magnitude lower than the density of

molecules in air at room temperature and atmospheric pressure, which is about

1019 cm−3.

The interaction between atoms in BECs is dominated by elastic two-body colli-

sions and can be treated in the framework of scattering theory. The Hamiltonian of

two interacting particles is given by

Hint =
p2

1

2m
+

p2
2

2m
+ V (r1 − r2)

where ri and pi are the position and momentum operators of particle i, m is the

mass of the particles, and V (r1 − r2) is a general non-local interaction potential.
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Because BEC experiments are performed in the limit where the thermal de Broglie

wavelength is much larger than the effective range of the interaction potential, the

inter-atomic potential can often times be replaced by an effective contact interaction,

V (r1 − r2) = g δ(r1 − r2) (1.1)

where g is the interaction strength. By using s-wave scattering theory [45], normally

appropriate for the extremely low temperatures under consideration, the interaction

strength can be expressed as g = 4π~
2as/m, where as is the two-body s-wave

scattering length. For example, the scattering length of 87Rb for both |F = 1, mF =

−1〉 and |F = 2, mF = 2〉 states is as = 103±5 a0, where a0 = 0.053 nm is the Bohr

radius.

1.2.2 Gross-Pitaevskii equation

Let us consider a gas of ultracold bosonic atoms confined by an external potential

Vext(r). The second quantized microscopic Hamiltonian can be written as

H =

∫
dr ψ†(r) H0 ψ(r) +

1

2

∫
dr dr′ψ†(r)ψ†(r′)V (r − r′)ψ(r)ψ(r′), (1.2)

where ψ(r) is a bosonic field operator obeying the usual bosonic commutation rela-

tions,

[
ψ(r), ψ†(r′)

]
= δ(r− r′),

[ψ(r), ψ(r′)] = 0,
[
ψ†(r), ψ†(r′)

]
= 0.

H0 is the sum of the kinetic energy and the external potential,

H0 = −~
2∇2

2m
+ Vext(r), (1.3)

where m is the mass of the atoms and Vext(r) is typically either a harmonic or

a periodic potential. Using the contact interaction (1.1), the Hamiltonian (1.2)



14

reduces to

H =

∫
dr ψ†(r) H0 ψ(r) +

g

2

∫
drψ†(r)ψ†(r)ψ(r)ψ(r). (1.4)

The Heisenberg equation of motion for ψ(r, t) is

i~
∂ψ(r, t)

∂t
=
(
H0 + g|ψ(r, t)|2

)
ψ(r, t). (1.5)

Within the mean field approximation [46], the BEC is described by a macroscopic

wave function which is the expectation value of the field operator. Thus if we con-

sider ψ(r, t) in Eq.(1.5) as a complex function instead of an operator, we get the

well-known time-dependent Gross-Pitaevskii(GP) equation [39]. The GP equation

has a form of a nonlinear Schrödinger equation, with an effective atom-atom interac-

tion described by a mean field potential proportional to the atomic density |ψ(r, t)|2.
Here the normalization condition is

∫
dr|ψ(r, t)|2 = N , where N is the total number

of atoms. Under stationary conditions, the time evolution of the condensate wave

function ψ(r, t) is given by ψ(r, t) = ψ0(r) exp(−iµt), where µ is the chemical poten-

tial of the system. By substituting this form into the time-dependent GP equation

(1.5) and using Eq. (1.3) we obtain the time-independent GP equation,
(
−~

2∇2

2m
+ Vext(r) + g|ψ0(r)|2

)
ψ0(r) = µ ψ0(r) (1.6)

The solution of that equation can be readily obtained in two limiting cases. In the

non-interacting limit as → 0, thus g → 0, the time-independent GP equation reduces

to a single-particle Schrödinger equation for a particle in the external potential Vext.

In that case the chemical potential equals the ground state energy and the wave

function ψ0(r) is the eigenfunction of the single-particle Hamiltonian. In the opposite

limit where the interaction energy dominates, that is, by assuming a sufficiently

dense atomic cloud and/or large scattering length, the kinetic term can be neglected.

This limit, called the Thomas-Fermi limit, yields the solution

ψ0(r) =





√
(µ− Vext(r))/g, µ > Vext(r)

0 µ < Vext(r)
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where µ can be determined from the constraint
∫
dr|ψ(r, t)|2 = N .

The GP equation has proved to be very successful in describing many condensate

properties both qualitatively and quantitatively.

1.3 Ultracold atoms in optical lattices and the Bose-Hubbard model

Ultracold atoms in optical lattice potentials [12, 47] form an intriguing system in

which a number of concepts in condensed matter physics can be investigated. By

loading a BEC into an optical lattice, a novel quantum system in the strongly

correlated regime can be created. A good description of this situation is provided

by the Bose-Hubbard Hamiltonian [2], see section 1.3.2.

1.3.1 Optical dipole potentials

One method widely used to trap neutral atoms relies on the optical dipole force

[48, 49]. Neutral atoms interact with light fields in both dissipative and conservative

ways. The dissipative interaction arises from the absorption of photons followed

by subsequent spontaneous emission. The conservative interaction arises from the

interaction of the light field with the light-induced dipole moment of the atoms.

This interaction causes an optical intensity dependent energy shift, the AC-Stark

shift. For large detunings this shift can be used to create a conservative trapping

potential for the atoms, the local potential energy being proportional to the local

light intensity [48].

When an atom is placed in a light field, the electric field E induces an atomic

dipole moment d oscillating at the same frequency ω as the field. The resulting

dipole potential is given by the time average of d · E,

Vdip = −1

2
d · E = − 1

2ǫ0c
ℜ(α)I

where α(ω) is the frequency dependent complex polarizability, I = 1
2
ǫ0c|E|2 is the

light intensity, ℜ means real part and the overhead bar stands for time average. The
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complex polarizability can be esaily calculated [47] in a semiclassical theory where

the atoms are approximated as two-state systems and the radiation field is treated

classically, leading to the expression

Vdip(r) =
3πc2

2ω3
a

Γ

∆
I(r). (1.7)

Here ωa is the atomic resonance frequency, ∆ = ω − ωa is the detuning between

the frequency of the optical field and the atomic transition frequency and Γ is

the damping rate of the excited level. The rotating wave approximation was used

in deriving this expression. For red detunings (∆ < 0) the atoms are trapped

at intensity maxima, and for blue detunings (∆ > 0) the atoms are trapped at

intensity minima. From Eq. (1.7) we can see the spatial dependence of the potential

is determined by that of the light field intensity.

1.3.2 Optical lattices and the Bose-Hubbard model

In this subsection we discuss the ultracold atoms realization of the Bose-Hubbard

model. For simplicity we only consider the one dimensional case. The extension to

several dimensions is straightforward.

By using two counter-propagating laser beams of equal frequencies and polar-

ization a one dimensional standing wave is created, resulting in a one-dimensional

optical lattice potential, cf. Eq. (1.7). This potential can be written as

VL(x) = V0 sin2(kx) (1.8)

where k = 2π/λ is the wave number of the laser with wave length λ. A particle in

a periodic potential is described by the Schrödinger equation [50]
[
p̂2

2m
+ VL(x)

]
φ(n)

q (x) = E(n)
q φ(n)

q (x)

where n is the band index, q is the Bloch wave number, and φ
(n)
q (x) the corresponding

Bloch wave function. According to the Bloch theorem

φ(n)
q (x) = eiqx u(n)

q (x)
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where u
(n)
q (x) has the same periodicity as the potential VL(x). Thus the Schrödinger

equation for u
(n)
q (x) can be written as

[
(p̂+ q)2

2m
+ VL(x)

]
u(n)

q (x) = E(n)
q u(n)

q (x). (1.9)

Since the potential VL(x) and wave functions u
(n)
q (x) have the same periodicity, they

can be expanded in discrete Fourier series. For a given potential depth the series

can be truncated, and Eq.(1.9) can be solved numerically. It is often convenient to

also introduce the orthonormal set of Wannier functions

wn(x− xi) = N−1/2
∑

q

e−iqxiφ(n)
q (x), (1.10)

where xi is the position of the lattice site and N is a normalization constant. The

Wannier function wn(x − xi) describes a particle in band n and localized near the

lattice site i. Wannier functions are useful for describing the local interactions

between particles at the same site and the hopping or tunneling between neighboring

sites.

The many-body Hamiltonian of particles in an optical lattice and interacting via

a contact two-body interaction can then be written as

H =

∫
dx ψ†(x)

[
p̂2

2m
+ VL(x) + VT(x)

]
ψ(x) +

g

2

∫
dxψ†(x)ψ†(x)ψ(x)ψ(x)

(1.11)

where ψ(x) is the bosonic field operator for the atoms in a given internal atomic

state, VL(x) is the optical lattice potential, VT(x) describes the external trapping

potential. We assume the energies involved in the system dynamics to be small

compared to the excitation energies to the second Bloch band [2], and expand the

field operators in the Wannier basis of the lowest Bloch band as

ψ(x) =
∑

i

bi w(x− xi),
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where bi is the annihilation operator which describes the annihilation of a particle in

the mode of the Wannier function w(x−xi) localized in lattice site i. The operators

bi and b†i obey the canonical bosonic commutation relations [bi, b
†
j] = δi,j. By using

the above expansion and considering on-site interactions and tunnelling between

neighboring lattice sites only, the Hamiltonian (1.11) reduces to the Bose-Hubbard

Hamiltonian [2, 3, 51]

HBH = −J
∑

<i,j>

b†ibj +
U

2

∑

i

ni(ni − 1) +
∑

i

ǫini, (1.12)

where ni = b†ibi. The hopping term J is given by

J = −
∫
dx w∗(x− xi)

[
− ~

2

2m

d2

dx2
+ VL(x)

]
w(x− xj).

It describes the tunnelling of atoms between neighboring sites. Its effect is to de-

localize each atom over the entire lattice. The symbol < i, j > denotes all pairs of

nearest neighbors. The on-site interaction strength U is given by

U = g

∫
dx |w(x)|4.

It describes the repulsion between two atoms on a single site and its effect is to

localize the atoms to a lattice site. The energy offset of each lattice site ǫi is given

by [2]

ǫi =

∫
dx VT(x)|w(x− xi)|2 ≃ VT(xi)

If VT = 0, two limiting ground states of the Bose-Hubbard Hamiltonian (1.12)

can be readily obtained.

In the case U ≪ J the system is dominated by the kinetic energy and the ground

state turns out to be a superfluid state

|ΨSF〉 ∝
(

M∑

i=1

b†i

)N

|0〉,
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where M is the number of lattice sites and N is the total number of atoms. In

this case the atomic wavefunction is spread over the entire lattice and the system

is well described by a macroscopic wavefunction with long-range phase coherence

throughout the lattice. The number fluctuations at each lattice site are given by

N/M for large M .

In the opposite limit U ≫ J the repulsive interaction dominates and the state of

the system consist of localized atomic wavefunctions with a fixed number of atoms

per site. The many-body ground state is a product of local Fock states, called the

Mott-insulator state. For a commensurate filling with N/M atoms per site, the

Mott-insulator state can be written as

|ΨMI〉 ∝
M∏

i=1

(b†i )
N/M |0〉,

In this case it is less favorable for the atoms to jump from one site to the next and

each atom is localized to a specific lattice site. The atom number on each site is

exactly determined, and this results in vanishing atom number fluctuations.

The ratio U/J can be easily varied by changing the depth of the optical lattice

potential, resulting in a phase transition, first predicted theoretically [2] and later

on demonstrated experimentally [14].

1.4 Cavity quantum electrodynamics

Cavity quantum electrodynamics (QED) deals with the interaction between atoms

and quantized optical fields in high-Q optical cavities. By using ultrahigh finesse

cavities one can achieve atom-cavity couplings in the so-called strong regime where

the coherent atom-field coupling is large compared to all decay processes. In this

regime one can observe a periodic exchange of excitation between atoms and the

radiation field, and the entanglement between the atoms and photons enables one to

use the photons to probe the properties of atomic states. In the following subsections

we introduce three important rates that characterize the dynamics of atom-cavity
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systems, and then review some aspects of the interaction between atoms and cavity

fields.

1.4.1 Atom-cavity interaction

The coupling between a single atom and a single cavity mode is discussed in many

quantum optics books, e.g. [52]. We first give a brief summary of important results,

then extend the model to N ultracold atoms.

We assume that a single two-level atom is at rest inside a high-Q optical cavity

of dimensions sufficiently small that the free spectral range is large compared to the

atomic transition frequency ωa. Under these conditions, and neglecting the effects

of transverse modes, the atom effectively interacts with a single cavity mode of

frequency ωc. There are three important time scale parameters that determine the

relative strength of the atom-cavity coupling:

• the photon decay rate κ = ωc/Q of the cavity, where Q is the quality factor

of the cavity.

• the spontaneous emission rate Γc of the atom. Since the atom interacts only

with a subset of the free-space modes determined by the solid angle over which

the atom ”sees” the background, this rate Γc is different from the the free-space

spontaneous emission rate Γ. However, most optical cavities encompass only

a small fraction of the free-space solid angle 4π, so that Γc ≃ Γ.

• the atom-photon coupling strength g0 =
√
℘2ωc/(2ǫ0~V ), where ℘ is the dipole

matrix element of the transition and V is the mode volume of the cavity [52].

With these three parameters it is useful to distinguish between two qualitatively

different regimes. In the strong coupling regime g0 ≫ κ,Γc the atom-photon inter-

action is faster than the dissipation processes and the exchange of photons between

the atom and the cavity mode is a reversible process. In the weak coupling regime
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g0 ≪ κ,Γc the irreversible decays dominate over the dipole interaction between the

atom and the cavity.

The position-dependent dipole coupling between the atom and the field is given

by

g(x) = g0u(x)

where g0 is the so-called vacuum Rabi frequency and u(x) is the mode function of

the cavity field. We assume that the transverse motion of the atom is frozen out

by other laser fields and consider atomic motion along the cavity axis, x-axis. In a

reference frame rotating at pump frequency ωp, the Hamiltonian of the system can

be written as

Hsingle =
p2

2m
− ~∆aσ

†σ − ~∆ca
†a− i~g(x)(σ†a− a†σ) − i~η(a− a†) (1.13)

where x and p are the atomic center-of-mass position and momentum operators.

∆a = ωp − ωa and ∆c = ωp − ωc are the pump-atom and pump-cavity detunings, a

and a† are the annihilation and creation operators for cavity photons with frequency

ωc, fulfilling the commutation relation [a, a†] = 1. σ = |g〉〈e| and σ† = |e〉〈g| are the

dipole lowering and raising operators.

By using Schrödinger field operators we can extend the Hamiltonian (1.14) to

the many-body case of N ultracold bosons. For simplicity we neglect atom-atom

collisions for now and introduce the Schrödinger field operators ψi(x) with i = g, e

to label the internal levels {g, e} of the atoms. These operators satisfy the bosonic

commutation relations,

[
ψi(x), ψ

†
j (x

′)
]

= δijδ(x− x′),

[ψi(x), ψj(x
′)] = 0,

[
ψ†

i (x), ψ
†
j (x

′)
]

= 0.
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In second quantized form the Hamiltonian (1.14) can be expressed as

H =
∑

j=g,e

∫
dxψ†

j (x)

(
−~

2∇2

2m

)
ψj(x) − ~∆ca

†a− i~η(a− a†)

− ~∆a

∫
dxψ†

e(x)ψe(x) − i~

∫
dxg(x)

[
ψ†

e(x)aψg(x) − h.c.
]

(1.14)

We further assume that the field is far detuned from the atomic transition, ∆a ≫ γ,

where γ is the rate of the spontaneous emission. In this limit one can adiabatically

eliminate the excited atomic level and derive the Hamiltonian for a dispersive atom-

field interaction,

H = −~∆ca
†a− i~η(a− a†) +

∫
dxψ†

g(x)

[
−~

2∇2

2m
+ U0 a

†a u2(x)

]
ψg(x) (1.15)

where U0 is the depth of the single-photon dipole potential.

1.5 Cavity optomechanics

Cavity optomechanics studies the coupling between a mechanical oscillator and the

radiation field in an optical cavity. This optomechanical coupling results from the

radiation pressure force on the oscillator, a force that depends on the optical path

length of the cavity, which depends in turn on the displacement of the oscillator.

Cavity optomechanics is at the interface between quantum optics, condensed matter

physics and nanoscience, and it opens up exciting directions for research. For exam-

ple, the optomechanical cooling and trapping of the movable mirror offers a viable

means of extending quantum mechanics to macroscopic objects [53–55]; bistable

quantum phase transitions can be realized in such an optomechanical cavity [56].

The simplest optomechanical system is a Fabry-Pérot cavity with one fixed end-

mirror and the other mounted on a spring. The radiation pressure force can change

the position of the movable mirror, thus changing the physical length of the cavity;

on the other hand, any change in the cavity length modulates its internal field and
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the resultant change in radiation pressure force acts back on the mirror, analog to

the force from a spring.

Recent experiments [31] show that in order to form an optomechanical system

one does not necessarily need vibrating macroscopic objects. Instead the mechanical

oscillator can also consist of momentum side modes of an ultracold atomic system

trapped inside a high-Q optical cavity. The trapped atoms can be either a thermal

sample [57], a quantum-degenerate BEC [31, 58], or even a quantum-degenerate gas

of fermions [59]. In the next two subsections we will give a brief introduction to

these two kinds of systems.

1.5.1 Fabry-Pérot cavity with a movable end-mirror

We consider a Fabry-Pérot cavity with one fixed end-mirror and the other one, of

mass M , mounted on a spring of natural frequency Ω and damping rate γm. The

reflectivity of both mirrors is R, and their transmittivity is T with R + T = 1. We

assume that the dynamics of the cavity field is much faster than that of the movable

mirror, so that the field adiabatically follows the instantaneous displacement of the

movable mirror. Therefore the cavity field provides a potential trap [60] for the

movable mirror which is useful to cool the mirror to a lower temperature [61].

Following Ref. [60] the equation of motion for the movable mirror is given by

d2q

dt2
+ γm

dq

dt
+ Ω2q =

FRP

M
,

FRP =
2ARIt
cT

(1.16)

where q is the displacement of the movable mirror, FRP is the radiation pressure

force and A is the cross-sectional area of the laser beam, and It is the transmitted

intensity. The transmitted intensity It is given by [62]

It =
Iin

1 + (4F2/π2) sin2(kL)
(1.17)
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where Iin is the input intensity, F is the finesse of the cavity, k is the wave number

of the cavity field. L is the cavity length which can be changed by radiation pres-

sure forces. Setting the time derivatives to zero in Eq.(1.16) gives the steady-state

displacement of the movable mirror as

qs = ηIt (1.18)

where η = 2AF
√

R
MΩ2πc

. Substituting L = L0 + qs into Eq.(1.17) we get the the following

nonlinear equation for It which is multistable with respect to the input intensity Iin

It =
Iin

1 + (4F2/π2) sin2(β0 + kηIt)
(1.19)

where β0 is a constant due to the offset from the cavity resonance in the absence

of radiation. The multistability of the transmitted and intracavity field results in

multistable optical lattice potentials, which result in a quantum phase transition for

the atoms trapped inside the cavity. This problem will be discussed in Appendix C.

1.5.2 Cavity optomechanics with a BEC

In the previous subsection we discussed a cavity optomechanical system in which the

vibrating mirror is coupled to the light field via radiation pressure. In this subsec-

tion we show that the mechanical oscillator doe not always need to be a macroscopic

object, rather a collective density excitation of a Bose-Einstein condensate can like-

wise serve as a mechanical oscillator. To show how this works we consider a uniform

one-dimensional condensate of N two-level atoms trapped inside an optical Fabry-

Pérot cavity with both mirrors fixed [31, 63, 64]. We assume the cavity resonance

frequency ωc to be far detuned from the atomic transition frequency ωa, thus the

atomic excited state population is very small and spontaneous emission processes

can be neglected. The cavity field is coherently driven by a pump laser with fre-

quency ωp and amplitude η resonant with a cavity mode in the absence of atoms.

By choosing the origin at the center of the cavity and assuming nearly perfectly
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reflecting mirrors we can write the mode function of the cavity field as cos(kx).

Therefore the Hamiltonian for this system neglecting atom-atom interactions is

H = −~∆ca
†a− i~η(a− a†) +

∫
dxψ†

g(x)

[
− ~

2

2m

d2

dx2
+ U0 a

†a cos2(kx)

]
ψg(x).

(1.20)

The BEC is initially prepared in a macroscopically occupied zero-momentum state

from which the atoms are then scattered into higher momentum side modes ±2ℓ~k

by the intracavity optical field, where ℓ is an integer. For moderate fields only a small

percentage of atoms is kicked out of the zero-momentum state, and predominantly

those atoms are in the symmetric superposition state of |p = ±2~k〉, this is because

the standing wave imposed by the fixed mirrors is an inseparable quantum unit

whose average momentum remains zero at all times and the mirrors act as infinite

sinks of momentum [65, 66]. Therefore we can expand the atomic field operator as,

ψg(x) = c0

√
1

L
+ cc

√
2

L
cos(2kx) (1.21)

where c0 and cc are the mode annihilation operators satisfying [ci, c
†
j] = δi,j.

√
1/L

and
√

2/L cos(2kx) are the motional mode functions corresponding to the zero

momentum state and the state |p = 2~k〉+ |p = −2~k〉, respectively. After inserting

Eq. (1.21) into the Hamiltonian (1.20) and neglecting the depletion of the conden-

sate, i.e., treating the zero-momentum mode classically, c0 →
√
N , we can express

the Hamiltonian in the optomechanical form,

H =
~U0

√
N

2
Xa†a+ 4~ωrecc

†
ccc − ~

(
∆c −

U0N

2

)
a†a− i~η(a− a†) (1.22)

where ωrec is the recoil frequency and the ‘position‘ operator X ≡ (c† + c)/
√

2.

From the first term in Eq. (1.22) it is clear the collective density excitation of the

condensate plays a role analogous to that of the mechanical oscillator and this side

mode oscillator couples to the intracavity field with coupling constant U0

√
N/2. In



26

Appendix D we extend this problem to the case of a ring cavity, in which both sym-

metric and antisymmetric collective density side modes of the BEC are mechanically

excited by the light field. In the semiclassical, mean-field limit the system is found

to exhibit a rich multistable behavior, including the appearance of isolated branches

of solutions (isolas).

1.6 Dissertation format

This dissertation addresses quantum degenerate atomic gases in optical cavities and

focuses on two main topics. The first one deals with using the quantum nature

of the probe field to detect the atomic states and partially reconstruct the atomic

number statistics. The research in this part was carried out by myself, Dr. Dominic

Meiser and my advisor Prof. Pierre Meystre. The second one discusses some aspects

of cavity optomechanics with ultracold atomic gases. Here we studied the bistable

quantum phase transition in a optomechanical cavity. This system can be used as

an adjustable template for investigating the coupling between cavity fields, nanome-

chanical systems operating in the quantum regime, and ultracold atomic gases. The

research was carried out by myself, Keye Zhang, Dr. Mishkat Bhattacharya and Dan

Goldbaum, and Prof. Pierre Meystre. We also studied cavity optomechanics with a

BEC in a ring cavity. In contrast to the more familiar case where the condensate is

driven by the standing-wave field of a high-Q Fabry-Pérot cavity [31] we find that

both symmetric and antisymmetric collective density side modes of the BEC are

excited and the system exhibit a a rich multistable behavior in the semiclassical,

mean-field limit. The research was carried out by myself, Dr. Mishkat Bhattacharya

and Dan Goldbaum, and Prof. Pierre Meystre.
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CHAPTER 2

Present Study

The four papers appended to this document contain theory and results of the study

presented in this thesis. The following is a summary of the significant results of

these papers.

2.1 Cavity QED determination of atomic number statistics

Appendix A contains the manuscript “Cavity QED determination of atomic number

statistics in optical lattices” authored by myself and Dr. Dominic Meiser and Prof.

Pierre Meystre. This paper appeared in the February 2007 issue of Physical Review

A [27]. The main objective of this work is to study the reflection of two counter-

propagating modes of the light field in a ring resonator by ultracold atoms either

in the Mott insulator state or in the superfluid state of an optical lattice. We

obtain exact numerical results for a simple two-well model and carry out statistical

calculations appropriate for the full lattice case. We find that the dynamics of the

reflected light strongly depends on both the lattice spacing and the state of the

matter-wave field. Depending on the lattice spacing, the light field is sensitive to

various density-density correlation functions of the atoms. The light field and the

atoms become strongly entangled if the latter are in a superfluid state, in which case

the photon statistics typically exhibit complicated multimodal structures.

2.2 Role of cavity dissipation in characterization of atomic states

Appendix B contains the manuscript “Cavity QED characterization of many-body

atomic states in double-well potentials – The role of dissipation” authored by myself
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and Prof. Pierre Meystre. This paper appeared in the April 2009 issue of Physical

Review A [67]. The main objective of this work is to extend our previous work to a

more general case by considering the effect of cavity decay. When an incident light

beam is scattered off a sample of ultracold atoms trapped in an double-well poten-

tial, the statistical properties of the retro-reflected field contain information about

the quantum state of the atoms, and permit for example to distinguish between

atoms in a superfluid state and a product of Fock states for each well. We use a

Monte Carlo wave function method to determine the two-time correlation function

and time-dependent physical spectrum of the retro-reflected field. We also analyze

quantitatively the entanglement between the atoms and the light field for atoms in

these two states.

2.3 Bistable phase transition in cavity optomechanics

Appendix C contains the manuscript “Bistable Mott-insulator to superfluid phase

transition in cavity optomechanics” authored by myself, Keye Zhang, Dr. Dan Gold-

baum, Dr. Mishkat Bhattacharya and Prof. Pierre Meystre. This paper appeared

in the July 2009 issue of Physical Review A Rapid Communications [56]. The main

objective of this work is to study the bistable phase transition of ultracold atoms

in an optomechanical cavity. The central element of most cavity optomechanical

systems is a Fabry-Pérot type cavity with one end-mirror allowed to vibrate about

its equilibrium position under the effect of radiation pressure. It has recently been

demonstrated that one or more modes of vibration of that mirror can be laser-

cooled, and it is expected that cooling to the ground state of vibrational motion will

be achieved in the near future. It is also known that these resonators can exhibit

radiation-pressure induced optical multistability, whereby a given input intensity

can result in two or more values of the output intensity, depending upon the history

of the system. In this work we show that these combined effects can lead to the

realization of opto-mechanically-induced multistable quantum phase transitions be-
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tween superfluid and a Mott insulator states of an ultracold bosonic sample trapped

inside the resonator. We also discuss the experimental conditions under which this

effect can be observed.

2.4 Dynamics of optomechanical modes of a BEC in a ring cavity

Appendix D contains the manuscript “Classical dynamics of the optomechanical

modes of a Bose-Einstein condensate in a ring cavity” authored by myself, Dr. Dan

Goldbaum, Dr. Mishkat Bhattacharya and Prof. Pierre Meystre. This paper was

submitted to Physical Review A [68]. The main objective of this work is to study

the optomechanical effect induced by a collective density excitation of a BEC in a

ring cavity. We consider a BEC interacting with two counterpropagating optical

modes in a ring cavity. In contrast to a recent experiment involving a BEC in

a Fabry-Perot cavity interacting with a standing wave mode [31] both symmetric

and antisymmetric collective density side modes of the BEC are excited by the

optomechanical effects of the light fields. By using a mean field description we

consider these excitations classically and present an analysis of the system in the

steady state, which exhibits rich multistable behavior including isolated domains

of solutions (isolas). We also study the dynamics of the system as the cavity-field

detuning is varied linearly with time which shows the steady values on the isolas

can be reached.

2.5 Toward an experimental realization of the proposed experiments

In this section we briefly summarize the connection to experimental possible realiza-

tion of our proposed calculations, and the parameters are chosen to reflect current

experimental conditions [14, 31, 54, 57, 69–71]. In Appendix A and B we consider

a Bose-Einstein condensate of 87Rb atoms in the |F = 1〉 ground state, where F

denotes the total angular momentum. The atomic D2 transition couples to a sin-
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gle cavity mode with the corresponding wavelength λc = 780nm. The cavity has

a round-trip path of L ≃ 3mm and a finesse of F ≃ 105. The cavity is loaded

with a Bose-Einstein condensate of about 2000 atoms and the atom number per

lattice site is about 2. In Appendix C we consider a Fabry-Pérot type of cavity of

length L ≃ 1mm and a movable mirror of mass M = 10mg and oscillation frequency

ω = 2π×25Hz. The cavity is loaded with a Bose-Einstein condensate of about 1000

23Na atoms. An input laser of wavelength λ = 985nm is used to generate the intra-

cavity optical lattice potential. In Appendix D a Bose-Einstein condensate of 87Rb

atoms is loaded in a ring cavity with length L ≃ 100µm and finesse F ≃ 105. The

atomic D2 transition couples to a single cavity mode with the corresponding wave-

length λc = 780nm. Initially the cold atoms are prepared in the zero-momentum

mode with total number of atoms N ≃ 9000.
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ABSTRACT

We study the reflection of two counter-propagating modes of the light field in

a ring resonator by ultracold atoms either in the Mott insulator state or in the

superfluid state of an optical lattice. We obtain exact numerical results for a simple

two-well model and carry out statistical calculations appropriate for the full lattice

case. We find that the dynamics of the reflected light strongly depends on both

the lattice spacing and the state of the matter-wave field. Depending on the lattice

spacing, the light field is sensitive to various density-density correlation functions of

the atoms. The light field and the atoms become strongly entangled if the latter are

in a superfluid state, in which case the photon statistics typically exhibit complicated

multimodal structures.

A.1 Introduction

The study of ultracold atoms in optical lattices has been a very active field of research

both experimentally and theoretically in recent years. One motivation to study these
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systems is that they provide clean realizations of important models of condensed

matter physics [1] such as the Bose-Hubbard and Fermi-Hubbard models [2, 3], spin

systems [4] and the Anderson lattice model [5]. A particularly well-known example

is the prediction [2] and observation of the Mott-insulator to superfluid transition

[6, 7] in trapped Rubidium atoms. An important advantage of ultracold atoms over

conventional solid-state systems is that they offer an exquisite degree of control

over system parameters such as interaction strengths, densities and tunneling rates.

Ultracold atomic systems are also very versatile in that the atoms involved can be

either fermionic or bosonic, and can be associated into molecules of either statistics

[8–11]. Furthermore the dimensionality of the systems can be tuned from three to

two and one-dimensional. Important other potential applications of ultracold atoms

in lattices include quantum information [12, 13] and improved atomic clocks [14].

The ability to characterize the many-particle state of atomic fields is an impor-

tant ingredient of many of these studies. While a full characterization of the field

would ideally be desirable, a great deal can already be learned from the atomic

density fluctuations at each lattice site and from the intersite density correlations.

The counting statistics of atoms in an optical lattice have previously been studied

by using spin changing collisions [15], atomic interferences in free expansion [16]

and the conversion of atoms into molecules via photoassociation [17] or Feshbach

resonances [9]. The main goal of this paper is to propose and analyze an alternative

cavity-QED based method to measure these properties.

Our proposed scheme is an extension to trapped ultracold atoms of the familiar

diffraction technique used to probe order in crystalline structures. One important

new aspect is that since we wish to measure the quantum fluctuations of the atomic

density we cannot simply use classical radiation, which only provides information on

some average of the atomic occupation numbers. Instead, we exploit the quantum

nature of the light field and the fact that it can become entangled with the atoms

to probe the number statistics of the matter-wave field. It is for this reason that
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a cavity-QED geometry is particularly attractive: as is well known, high-Q optical

cavities can significantly isolate the system from its environment, thus strongly

reducing decoherence and ensuring that the light field remains quantum mechanical

for the duration of the experiment.

More specifically, we consider two counter-propagating field modes in a high-Q

ring cavity, coupled via Bragg scattering off the atoms trapped in an optical lattice.

If one of the counter-propagating modes is initially in vacuum, this is analogous to

a quantum version of the Bragg reflection of X-rays by a crystal.

The remainder of this article is organized as follows: Section D.2 describes our

model and presents several general results of importance for the following analysis.

In particular, it shows that the dynamics of the light field strongly depends on the

manybody state of the atomic field as well as on the lattice spacing. Section A.3

presents a series of results for the case of a simple two-well system, analyzing the

properties of the Bragg-reflected light field for atoms in a Mott insulator state and

for a superfluid described both in terms of a number-conserving state and of a mean-

field coherent state. In particular, we find that these two descriptions lead to major

differences in the properties of the scattered light. Section A.4 then turns to the

case of a large lattice. Finally, section A.5 is a conclusion and outlook.

A.2 Model

We consider a sample of bosonic two-level atoms with transition frequency ωa

trapped in the lowest Bloch band of a one-dimensional optical lattice with M lattice

sites and a lattice spacing d, see Fig. C.1. We assume for simplicity that the effects of

tunneling and collisions are fully accounted for by the initial state of the matter-wave

field, and neglect them during the subsequent scattering of the weak quantized probe

fields, taken to be two counter-propagating (plane-wave) modes of a ring cavity with

mode functions E±k(z), wave-vectors ±k and frequency ωk. We further assume that

these fields are far detuned from the atomic transition, |∆| ≡ |ωk − ωa| ≫ γ,ΩR,
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with γ the atomic linewidth and ΩR the vacuum Rabi frequency, so that the excited

electronic state of the two-level atoms can be adiabatically eliminated.

k

−k
n̂0 n̂1 n̂2

· · ·

d

Figure A.1: (Color online) Atoms trapped in an optical lattice with lattice constant
d in a ring resonator and interacting with two counter-propagating modes with wave
vectors ±k.

Expanding the field operators for the atomic excited state ψ̂(e)(z) and ground

state ψ̂(g)(z) in the Wannier basis of the lowest Bloch band as

ψ̂(e,g)(z) =

M−1∑

m=0

ψ(e,g)
m (z)ĉ(e,g)

m ,

where ĉ
(e)
m and ĉ

(g)
m are the bosonic annihilation operators for an atom in the excited

and ground state at lattice sitem and ψ
(e)
m and ψ

(g)
m the corresponding wave functions,

this system is described by the effective Hamiltonian

Ĥ = ~g[N̂(0)(â†kâk + â†−kâ−k)

+N̂(d)â†−kâk + N̂(−d)â†kâ−k], (A.1)

where we have neglected collisions and tunneling, as already discussed, and also

ignore all loss processes. In this expression

N̂(d) =
M−1∑

m=0

e2imkdĉ(g)†
m ĉ(g)

m (A.2)
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and the coupling frequency is

g =
2℘2

∆~2

∣∣∣∣
∫
dzE±k(z)ψ

(e)∗
0 (z)ψ

(g)
0 (z)

∣∣∣∣
2

, (A.3)

with ℘ the dipole matrix element of the atomic transition. Since only the ground

electronic state is relevant in this model, we drop the superscript (g) in the following

for notational clarity.

Our proposed detection scheme relies crucially on the observation of the coher-

ent dynamics resulting from the Hamiltonian (A.1), hence it is important that the

associated characteristic time scales are significantly faster than than those associ-

ated with losses and with the atomic motion in the lattice. To illustrate that this is

within current experimental reach, we consider explicitly the experimental parame-

ters of Klinner et. al. [18]. Assuming that the atoms are confined to much less than

an optical wavelength at the antinodes of the lattice potential, we can approximate

the coupling constant between the cavity modes and a single atom as

g ≈ ℘2ωk

∆~ǫ0V
,

where V is the mode volume of the cavity and ℘ ≈ 2.3 × 10−29 Cm is the relevant

dipole matrix element for the D2 line of 85Rb. For a detuning of ∆ = −1 GHz from

that transition, a cavity length of 0.1 m, and a mode waist of 100 µm we find g ≈ 50

s−1.

As we show later on, the fluctuations of the operator N̂(d) are central in the

determination of the spectral properties of Ĝ. As these typically scale like the

square root of the total number of atoms we find that for a sample of 106 atoms

the relevant frequencies for the coherent evolution are of the order of 50 kHz. Such

frequencies are several times larger than the decay rate of state-of-the-art optical

cavities with large mode volume, 17 kHz in the experiments of Klinneris et. al. The

spontaneous emission from the atomic excited state is negligible at this detuning.

Indeed, the fact that in the experiment of Klinner a splitting of the normal modes
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has been observed is direct experimental evidence that the coherent dynamics can

be made dominant over the losses.

Turning now to the characteristic time scales for the center-of-mass atomic dy-

namics, specifically the interwell tunneling rate and the two-body collision rate, they

can be controlled with high accuracy, respectively through the depth of the lattice

potential and via a magnetic Feshbach resonance. It is therefore possible to operate

under experimental conditions such that both are much smaller than the coupling

strength between atoms and light. This justifies “freezing” the atomic dynamics

resulting from tunneling and collisions once the probe fields are turned on.

It is well known that, depending upon the ratio between tunneling and two-

body collisions, bosonic atoms in an optical lattice can undergo a transition from a

superfluid to a Mott insulator state. With this in mind, we consider initial atomic

states that correspond to these two extreme situations, specifically: (a) a Mott

insulator state with a well-defined atom number in each well, (b) a state where each

well is in a coherent state, a mean-field approximation of the superfluid state, and

(c) a more realistic description of atoms in the superfluid state with a fixed total

number of atoms N . These three states are given explicitly by

|ψMott〉 = |n0, n1, . . . , nM−1〉, (A.4)

|ψSF1〉 = |α0, α1, . . . , αM−1〉, (A.5)

where |αm|2 is the mean number of atoms in well m, and

|ψSF2〉 = N−1

(
M−1∑

m=0

ĉ†m

)N

|0〉, (A.6)

where N =
√
N !MN is a normalization constant.

We further assume for simplicity that the mode propagating in the −k direction

along the ring is initially in a vacuum while the other mode is in a Fock state with

ntot photons. Our results are qualitatively independent of the exact state of the
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light field, but we will point out the modifications brought about by a coherent

state instead of a number state when appropriate.

The intensities of the two counter-propagating modes, 〈â†kâk〉 and 〈â†−kâ−k〉, are

easily obtained from the solution of the Heisenberg equations of motion for â±k(t),

 â−k(t)

âk(t)


 = e−igN̂(0)t


 cos Ĝ(d)t −iQ̂(d) sin Ĝ(d)t

−iQ̂†(d) sin Ĝ(d)t cos Ĝ(d)t




 â−k(0)

âk(0)


 ,

(A.7)

where

Q̂(d) =
N̂(d)√

N̂(d)N̂(−d)
(A.8)

is unitary and we have introduced the operator

Ĝ(d) = g

√
N̂(d)N̂(−d) (A.9)

describing the coupling between the two modes. The closed form solution (A.7)

follows from the observation that in the absence of tunneling the optical field only

couples to conserved quantities of the atomic field. Note however that the number

statistics of the atoms at each site is conserved for many cases of practical interest

even in the presence of tunneling. This is for instance the case for the ground state

of the Bose-Hubbard model. Our results are valid for such cases as well.

Expanding the atomic states in the number states basis |n0, n1, . . . , nM−1〉, where

the operators Ĝ and Q̂ are diagonal, we then find for the intensity of the Bragg-

reflected field

〈n̂−k(t)〉
ntot

=
1

2
− 1

2

∑

n0,n1,...,nM−1

Pn0,n1,...,nM−1
× cos 2ω(n0, n1, . . . , nM−1)t, (A.10)

where Pn0,n1,...,nM−1
is the probability to find nm atoms in the mth well and

ω(n0, n1, . . . , nM−1) is the corresponding eigenvalue of Ĝ.

As we see in the following sections, this expression accounts implicitly for the

well-known property that Bragg scattering depends strongly on the well separation
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d. In particular, the light scattered from neighboring wells interferes either con-

structively or destructively for well separations equal to λ/2 or λ/4, respectively,

two situations relatively easy to realize experimentally.

A.3 Double-well potential

Before considering the situation of a general optical lattice, we discuss the simpler

case of a double-well potential, where explicit analytical results are readily obtained.

Despite its simplicity, this case already exhibits many of the properties of the full

M-site lattice and hence provides valuable intuition for its understanding. We first

discuss the Bragg-reflected intensity for well separations d = λ/2 and d = λ/4, and

then turn to an arbitrary well separation and to the analysis of the photon statistics.

A.3.1 Reflected intensity

Well separation d = λ/2

From Eq. (A.10), most properties of the reflected intensity can be understood from

an analysis of the eigenvalues of the operator Ĝ(d) describing the coupling between

the forward- and backward-propagating light fields. For d = λ/2 we find from the

definition (A.2) of N̂(d) that

Ĝ(λ/2) = g(n̂0 + n̂1),

indicating that the intensity of the Bragg-scattered light is only sensitive to the

total number of atoms N , a signature of the constructive interference of the fields

reflected off the two wells. Specifically,

〈n̂−k(t)〉
ntot

=
∞∑

N=0

PN sin2 gNt (A.11)

where PN is the probability that the total atom number in the two wells is N .
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Both the Fock state |ψMott〉 and superfluid state |ψSF2〉 have a well defined total

number of atoms so that the light field simply undergoes harmonic oscillations be-

tween the +k and −k directions. These two situations are illustrated in the upper

and lower parts of Fig. A.2.

Π�2 Π 3 Π�2 2 Π
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0
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Figure A.2: Reflected intensities 〈n̂−k(t)〉 for well separation d = λ/2 and for atoms
(a) in a Fock state |ψMott〉, (b) in a superfluid state in mean field approximation
|ψSF1〉 and (c) in the number-conserving superfluid state |ψSF2〉. The mean number
of atoms in each well is nine in all three cases.

In contrast, if the atomic field is described by coherent states for each well, the

total number of atoms is uncertain and consequently the reflected intensity is com-

prised of oscillations at the eigenfrequencies associated to all possible combinations

of atom numbers, leading to collapses and revivals similar to those familiar from

the two-photon Jaynes-Cummings model [19, 20], see the middle curve in Fig. A.2.

The Bragg-reflected intensity periodically collapses and revives after characteristic

times

T
λ/2,SF1
collapse =

1

2g∆(n̂0 + n̂1)
=

1

2g
√
〈n̂0〉 + 〈n̂1〉

, (A.12)
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and

Trevival = π/g, (A.13)

where ∆(n̂0 + n̂1) =
√
〈(n̂0 + n̂1)2〉 − 〈n̂0 + n̂1〉2 is the standard deviation of the

total number of atoms. Equation (A.12) is important in that it indicates that the

intensity of Bragg-scattered light is indeed sensitive to fluctuations in the atom

number. As such, it offers a clear signature to distinguish the mean-field description

from the number-conserving description of the atomic superfluid state.

Well separation d = λ/4

The light reflected from the two wells is now π out of phase and hence interferes

destructively. Mathematically, this is reflected by the coupling between the two

counter-propagating modes being now proportional to the difference between the

atom numbers in the two wells,

Ĝ(λ/4) = g|n̂0 − n̂1|,

so that the intensity of the backscattered light field is given by

〈n̂−k(t)〉
ntot

=

∞∑

|∆N |=0

P|∆N | sin
2 g|∆N |t, (A.14)

where P|∆N | is the probability that the atomic population difference between the

two wells is ∆N or −∆N .

If the atomic fields in both wells are in Fock states, the sum in Eq. (A.14) reduces

to just one term and the light intensity undergoes sinusoidal oscillations at frequency

g|n0 −n1|. If the atom numbers are equal the two optical modes become decoupled,

see Fig. A.3(a).

If each well is in a coherent state, on the other hand, the number difference is

not known with certainty and accordingly the oscillations of the intensities of the

two modes contain frequency components corresponding to all possible number dif-

ferences. In the case of equal mean atomic numbers in the two wells the reflected
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Figure A.3: Reflected intensities 〈n̂−k(t)〉 for well separation d = λ/4 and for the
atoms (a) in Fock states with equal atom numbers, (b) in coherent states of equal
mean atom number and (c) in the number-conserving superfluid state. The mean
number of atoms in each well is nine in all cases. In (c) the solid line is for N = 18
and the dashed line is for N = 17.

intensity rises to half the initial intensity of the forward-propagating field, remains

constant at this value and drops to zero at time Trevival. The dips in the reflected

intensity can be thought of as ‘remnants’ of the collapse and revival features ex-

hibited by the d = λ/2 case. Similarly to that case the half-width of the dips is

determined by the uncertainty in the atom number difference, which is half of the

uncertainty in the total number of atoms 1, so that the initial rise time is given by

T
λ/4,SF1
collapse = 2T

λ/2,SF1
collapse = 1/g

√
〈n̂0〉 + 〈n̂1〉.

Finally, for atoms in the number-conserving superfluid state |ψSF2〉, odd differ-

ences in atomic numbers are impossible for an even total number of atoms, hence all

possible oscillation frequencies differ by at least 2g (or 4g for the oscillations of the

1The standard deviation is cut in half because negative frequencies do not occur.
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field intensities). For an even total number of atoms the revival time is cut in half,

see Fig. A.3(c). For odd numbers of atoms the reflected intensity is equal to ntot at

times t = π/2g, 3π/2g, . . . Apart from these times the reflected intensity behaves

very similar to the coherent state case. The collapse time is T
λ/4,SF2
collapse = 2T

λ/2,SF1
collapse .

Arbitrary well separation

The expressions (A.11) and (A.14) for the backscattered photon numbers in the two

cases considered so far indicate that the marginal probability distributions PN and

P|∆N | can be directly determined from the reflected intensity by means of Fourier

transforms. Unfortunately, the complete number statistics Pn0,n1
for n0 atoms in

the first well and n1 atoms in the second well cannot be reconstructed from these

marginals.

The dynamics of the two optical modes becomes more involved for arbitrary

separations, as the eigenvalues of the operator Ĝ are no longer integer multiples of

g but in general irrational numbers that depend on the occupation numbers n̂0 and

n̂1 in a nontrivial manner. One consequence is that the perfect recurrences observed

for d = λ/2 and d = λ/4 no longer occur and the dynamics of the backscattered

intensity is typically non-periodic.

The backscattered intensity is determined by the spectral properties of the oper-

ator Ĝ as we have seen, and these can be understood by means of a simple geometric

construction: For a number state with n0 atoms in the first well and n1 atoms in the

second well the eigenvalue of Ĝ is given by the hypothenuse of the triangle obtained

by drawing a straight line of length gn0 and then continuing with another straight

line of length gn1 at an angle 2kd with respect to the first line. This construction is

shown in Fig. A.4, which also illustrates the probability of each frequency occurring

if each well is in a coherent state with coherent amplitude α0 = α1 = 3. The dots

along the n0 line are drawn in shades of gray with darker shades being more likely

and lighter shades being less likely. The n1 lines originating from each dot are drawn
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Figure A.4: Construction of the eigenvalues of Ĝ for d = λ/10 and probability
of occurrence of each frequency for the two wells in coherent states with coherent
amplitudes α1 = α2 = 3.

with the same convention, and the probability for a given combination of n0 and

n1, obtained by multiplying the probabilities for n0 and n1, is again shown in gray

scale. Hence the most likely eigenfrequencies and the spread in frequencies can be

read off as the distances of the final dots from the origin. A typical example of

Bragg-reflected intensity is shown in Fig. A.5. This example is for nine atoms per

well in the coherent state |ψSF1〉 and a well separation d = λ/10.

Figure A.6 shows the spectrum of Ĝ as a function of d for state |ψSF1〉 with

α0 = α1 = 3. Each frequency is again weighted with its likelihood, and the eigenfre-

quencies have been collected in bins of the size of the pixels in the figure. The special

cases of d = λ/2 and d = λ/4 are easily recognized, as for those well separations

only integer multiples of g can occur. For general well separations, the spectra lack

any obvious structure.

The number-conserving superfluid state |ψSF2〉 corresponds roughly to a “diag-
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Figure A.5: Backscattered intensity for atoms in state |ψSF1〉 with nine atoms in
each well on average and a well separation d = λ/10.

onal cut” through the construction in Fig. A.4 such that n0 decreases by one if n1

is increased by one. Accordingly there are now much fewer possible frequencies as

can be seen in Fig. A.7. Furthermore, the width of the frequency distribution is no

longer independent of d. We have ∆|n̂0 − n̂1| =
√

N
2
(1 − cos 2kd) 2.

A.3.2 Photon number statistics

A major advantage of the two-well case over the full lattice case is that we can easily

solve the Schrödinger equation for the coupled atom-cavity system numerically. This

integration is greatly facilitated by the conservation of the number of atoms in each

well and the total number of photons, which we exploit by integrating in the invariant

subspaces of constant n̂0, n̂1 and n̂k + n̂−k. From the full solution we can gain more

detailed information about the dynamics of the photons than the average reflected

intensity considered so far.

Here we consider the number statistics of the Bragg-reflected photons,

Pn−k
= 〈|n−k〉〈n−k|〉. (A.15)

2This result is valid for well separations for which the mean frequency is larger than the fre-

quency fluctuations. If d approaches λ/4 and the mean frequency becomes comparable to the

fluctuations the width of the frequency distribution approaches the value for d = λ/4.
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Figure A.6: Spectrum of Ĝ as a function of d. The darkness of each eigenfrequency
corresponds to its likelihood. In this example both wells are in a coherent state with
an average of 9 atoms per well.

The calculation of Pn−k
involves a trace over the well occupation numbers. As a

consequence the number statistics is, in complete analogy to the reflected intensity

in Eq. (A.10), the sum of the number statistics P
(n0,n1)
n−k

for each set of occupation

numbers (n0, n1), each weighted with its probability of occurring in the atomic state,

Pn−k
=
∑

n0,n1

Pn0,n1
P (n0,n1)

n−k
.

Figure A.8 shows one of the building blocks P
(n0,n1)
n−k (t) for well occupation num-

bers n0 = 10 and n1 = 9 with d = λ/4. In this case the two counter-propagating

modes are linearly coupled to each other, with coupling frequency g|n0−n1|. Figure

A.9 shows the number statistics for atoms in state |ψSF2〉.
This example is representative of the typical situation, with non-trivial photon

statistics and ‘complicated’ dynamics of the light field that cannot be adequately

described by means of the reflected intensity only. As the elementary probabil-
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Figure A.7: Spectrum of Ĝ as a function of d for atoms in state |ψSF2〉 with 18
atoms.

ity wavepackets P
(n0,n1)
n−k (t) dephase with respect to each other the photon statistics

evolves through complex patterns, with a large uncertainty of the photon number.

The reflected light intensity exhibits large fluctuations the description of which re-

quires all moments of the intensity up to order ntot.

There are however special times when several of the elementary photon statistics

building blocks add up to yield peaks at specific photon numbers. Prominent such

times are t = π/2g−1 and t = π/4g−1 for d = λ/4. At these times all odd frequency

components (i.e. odd number differences) lead to n̂−k = ntot while all even number

differences lead to n̂−k = 0. This is illustrated in Fig. A.10 for the atomic state

|ψSF1〉. For the fairly large mean number of atoms per well considered in that

example the probabilities for even and odd frequencies are approximately equal so

that the probabilities to find all photons reflected or no reflection at all are also

nearly equal. For atoms in state |ψSF2〉 the photon statistics at time t = π/4g−1

look very similar to Fig. A.10(b).

It is important to emphasize that the light field does not evolve into a ‘NOON’
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Figure A.8: Photon number statistics Pn−k
(t) for each well in a Fock state with

n0 = 9 and n1 = 10 atoms, a well separation of d = λ/4 and 10 photons initially in
the +k direction. Lighter shades of grey correspond to higher probabilities.

state (|ntot, 0〉 + |0, ntot〉)/
√

2, which would show the same behavior. Rather, the

light field is entangled with the atoms in the Schrödinger cat state

|ψ(t = π/2g)〉 = |ψSC〉
=

1

2
|ntot, 0〉 [|α0, (−1)ntotα1〉 + | − α0,−(−1)ntotα1〉]

+
(−i)ntot

2
|0, ntot〉 [|α0, (−1)ntotα1〉 − | − α0,−(−1)ntotα1〉]

which is reflected by the atomic Q-function in the first well,

Q(α) = 〈ψSC|α〉〈α|ψSC〉 =
1

2π

(
e−|α−α0|2 + e−|α+α0|2

)
.

For d = λ/2 the number statistics looks qualitatively similar to the λ/4 case.

The most likely frequencies are however typically higher because of the constructive

interference of the light reflected off the two wells that leads to the coupling frequency

being g(n̂0 + n̂1).

In practice, Fock states are very hard to realize. Typically the +k mode will start

out in a superposition of states with different photon numbers such as a coherent

state. As we have mentioned, this case is qualitatively similar to the Fock state case

and here we would like to explain in more detail why this is so. Because the system

Hamiltonian conserves the total number of photons n̂−k+n̂k, no interference between
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Figure A.9: (Color online) Photon number statistics for atoms in state |ψSF2〉 for
N = 18 atoms and a well separation d = λ/4. Also indicated are the elementary
sinusoidal oscillations corresponding to number differences one and two.

0 2 4 6 8 10

0.1

0.3

0.5

0 2 4 6 8 10

0.1

0.3

0.5

Pn
−k

n−k n−k

(a) (b)

Figure A.10: (Color online) Photon number statistics at times (a) t = π/4g−1 and
(b) t = π/2g−1 for atoms in state |ψSF1〉 with average atom numbers n0 = n1 = 9
for well separation d = λ/4.

states with different total photon numbers can arise in any observable that preserves

the total photon number as well. The reflected intensity and the photon number

statistics are clearly observables of this type. For a general state the expectation

value of these observables is the sum of the expectation values for the various photon

numbers weighted with the probability of that photon number. The consequence

is simply that one has additional fluctuations in the reflected intensity due to the

uncertainty of the photon number in the initial state. Another way to see that the

intensity behaves the same for all initial states of the +k mode is to insert the formal
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solution for the modes of the light field Eq. (A.7) into the expectation value of the

intensity. The terms containing operators of the −k mode vanish and we end up

with the expectation value of the intensity in the +k mode at time t = 0 multiplying

the trace of the atomic operators over the atomic states.

A.4 Optical Lattice

A.4.1 Well separation d = λ/2

This section extends the results of the double well analysis to the case of an optical

lattice with a large number of wells. The case of a well separation d = λ/2 is again

particularly simple since in that case Ĝ is simply proportional to the total number

of atoms in the lattice,

Ĝ = g
∑

m

n̂m ≡ gN̂. (A.16)

Both the Fock state and the number-conserving superfluid state |ψSF2〉 have a well-

defined total number of atoms N , hence the intensity of the optical field undergoes

simple sinusoidal oscillations at frequency gN between the two counter-propagating

modes.

The situation is more complicated in the mean-field description of the superfluid

state, in which case the matter-wave field at each lattice site is in a coherent state

with mean number of atoms nm = 〈N̂〉/M . In the limit of a large lattice, M ≫ 1,

the central limit theorem permits to approximate the probability distribution of the

total number of atoms to an excellent degree as

PN =
1√

2π〈N̂〉
exp

[
−(N − 〈N̂〉)2

2〈N̂〉

]
. (A.17)

In the limit of large 〈N̂〉 this distribution is sharply peaked at 〈N̂〉 and the dynamics

of the light is largely characterized by oscillations at frequency g〈N̂〉 between the

two counter-propagating modes. However the finite variance of the total atomic
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number distribution results in a collapse of these oscillations on a time scale

T
λ/2,SF1,latt.
collapse =

1

2g

√
〈N̂〉

. (A.18)

The photons undergo roughly 2

√
〈N̂〉 oscillations before this collapse. Note that

since the allowed frequencies are discrete and integer multiples of g, the oscillations

also show complete revivals, with a revival time given by Eq. (A.13).

A.4.2 Well separation d = λ/4

The situation is markedly different for a well separation d = λ/4. In that case Ĝ

is proportional to the difference in the total number of atoms trapped on even and

odd lattice sites,

Ĝ = g

∣∣∣∣∣
∑

m even

n̂m −
∑

m odd

n̂m

∣∣∣∣∣ ≡ g|N̂e − N̂o|, (A.19)

and the light field probes fluctuations in the occupation differences of neighboring

sites. This is a useful property since fluctuations of this type, while being typically

difficult to measure, can serve to distinguish various many-body quantum states

such as the Mott insulator state and the superfluid state. Note that if all lattice

sites are in Fock states with equal atomic population, then Ĝ vanishes identically

for an even number of lattice sites and is very small when the number of lattice

sites is odd. In typical experiments the atoms are also subject to a harmonic trap

and the added trapping potential leads to shells with constant occupation number

separated from each other by edges with a superfluid component. Equation (A.19)

shows that the reflected light can serve as a good detector of these edges.

For the atoms in the mean-field superfluid state |ψSF1〉 the coupling strength can

again be analyzed using the central limit theorem. To this end we use the fact that

Ne and −No are the sums of a large number of independent random variables with

means 〈N̂〉/2 and −〈N̂〉/2, respectively, and standard deviation

√
〈N̂〉/2. From
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the resulting Gaussian probability distributions for Ne and No we readily find the

probability distribution for Ne −No by using that the sum of two Gaussian random

variables is again a Gaussian. For the intensity of the reflected light it is actually

|Ne − No| that is important, see Eq. (A.14). The probability distribution for this

quantity is readily found from those for Ne,o as

P|Ne−No| = (2 − δNe,No
)

1√
2π〈N̂〉

exp

[
−(Ne −No)

2

2〈N̂〉

]
, (A.20)

where δ is the Kronecker delta.

The analysis of the state |ψSF2〉 requires a bit more attention. Since N̂e is the

sum of many operators it is natural to assume that its distribution is Gaussian, and

hence fully characterized by its mean 〈ψSF2|N̂e|ψSF2〉 = N/2 and standard deviation

∆Ne =
√
N/2. Since every choice of Ne automatically determines No = N −Ne the

probability distribution for |Ne −No| is

P|Ne−No| = δNo+Ne,N(2 − δNe,No
)

×
√

2√
πN

exp

[
−(Ne −No)

2

2N

]
. (A.21)

Figure A.11 shows an example of the numerically obtained exact probability

distribution and compares it to the approximate result of Eq. (A.21) for as few

as 10 lattice sites and 20 atoms. Clearly, the two results already agree quite well

even for these modest numbers, so that the expression (A.21) can be considered as

essentially exact for the much larger numbers of lattice sites and atoms typically

encountered in practice.

Note that if one assumes that the occupation numbers of the lattice sites con-

tributing to N̂e are independent when calculating the probability distribution for Ne

with the central limit theorem, one finds that the standard deviation of the resulting

distribution is too large by a factor of
√

2. In this sense, fluctuations of the number

difference between even and odd sites are suppressed in the state |ψSF2〉.
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Figure A.11: (Color online) Probability distribution of the coupling frequencies
(eigenvalues of Ĝ for d = λ/4 with atoms in state |ψSF2〉 for 10 lattice sites with
20 atoms. The bars are the exact probabilities determined numerically and the
diamonds show the distribution obtained from Eq. (A.21). The line is an aid to the
eye.

A.4.3 General well separation d

The calculation of the possible eigenvalues of Ĝ and their probabilities of occurring

for the atomic states |ψSF1〉 and |ψSF2〉 by means of the central limit theorem can

readily be extended to well separations d = qλ/2p, where q and p are integers. The

lattice sites can be grouped into p distinct classes according to the roots of unity

e2ikd = e2iπl/p with l = 0, 1, . . . , p− 1. The total number of atoms in each class 3,

N̂l =

M/p−1∑

m=0

n̂l+mp

enters the frequency with the common coefficient e2iπl/p and each class comprises

many lattice sites, so that the central limit theorem can be used to calculate the as-

3For simplicity we have assumed that M is a multiple of p. The extension to more general

numbers of lattice sites is straightforward.
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sociated number distribution PNl

4. The frequencies are then obtained as a function

of the few macroscopic occupation numbers N̂l, which are independent to a good

approximation. Thus the probabilities for the frequencies ω(N0, N1, . . . , Np−1) =

g|∑p−1
l=0 Nle

2iπl/p| are simply the product of the probabilities for each macroscopic

occupation PNl
. These probabilities can however not be written down in closed

form, since the frequencies are no longer sums of Gaussian variables.

If p is large or d is an irrational fraction of λ, the behavior of the system becomes

identical for atoms in states |ψSF1〉 and |ψSF2〉 in the limit of a large number of

lattice sites. In this case we can think of N̂(d) as the result of a random walk of

M steps of average stride length 〈N〉/M in the complex plane and the frequency is

proportional to the distance from the origin to the final point. The distribution of

possible frequencies ω becomes quasi-continuous with

P (ω) =
2ω

g2〈N̂〉
exp

[
− ω2

g2〈N̂〉

]
, (A.22)

independently of whether the atoms are in state |ψSF1〉 or |ψSF2〉. This is illustrated

in Fig. A.12 for atoms in state |ψSF1〉 and in Fig. A.13 for atoms in state |ψSF2〉.
It is remarkable that the numerically obtained true frequency distribution is in a

good agreement with the approximate Eq. (A.22) even for the low number of atoms

and lattice sites considered here, and even more so, that this agreement is already

obtained for p = 5. As one might expect, we find much better agreement between

the actual frequency distributions and Eq. (A.22) for the atom and site numbers

of Figs. A.12 and A.13 if the lattice spacings correspond either to a larger p or to

irrational fractions of the optical wavelength, as is the case in the inset of Fig. A.13,

which is for d =
√

2λ/10.

One can calculate the reflected intensity in closed form from the frequency dis-

4As we have mentioned above the N̂l are not independent for p = 2, but we have numerically

verified their independence for p > 2.
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Figure A.12: (Color online) Probability distribution of frequencies for atoms in the
mean-field superfluid state |ψSF1〉 with ten lattice sites and ten atoms for d = λ/10.
The solid line is the distribution Eq. (A.22), and the histogram the result of an
exact numerical diagonalization of Ĝ(d).

tribution (A.22) by approximating the sum in Eq. (A.10) by an integral,

〈n̂−k〉
ntot

=

∫ ∞

0

dωP (ω) sin2 ωt

=
g〈N̂〉√π
2
√
M

|t|e− g2〈N̂〉2t2

M erfi

(
g〈N̂〉t√
M

)
, (A.23)

where erfi(x) = 2
i
√

π

∫ ix

0
dze−z2

is the complex error function. The intensity converges

to 〈n̂−k〉 = ntot/2 after a transient of duration Tcollapse ≈
√
M/(g〈N̂〉).

A.5 Conclusion

In this paper we have investigated the Bragg reflection of a quantized light field off

ultracold atoms trapped in an optical lattice as a function of the lattice spacing.

We have considered atoms in a Mott state as well as a superfluid state, the latter

described both in the mean-field approximation and in a number-conserving form.

We have studied both a simplified two-mode model that allows us to carry out most

of the calculations explicitly or numerically as well as the full lattice case, where our
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Figure A.13: (Color online) Probability distribution of frequencies for atoms in the
number-conserving superfluid state |ψSF2〉 with ten lattice sites and 18 atoms for
d = λ/10. The solid line is the distribution Eq. (A.22) and the histogram a result
of the numerical diagonalization of Ĝ(d). The inset shows the same distribution for

d =
√

2
10
λ.

analysis mostly relies on statistical arguments.

Our results show that the dynamics of the light field strongly depends on the

many-particle state of the matter-wave field and thus can serve as a diagnostic tool

for that state. Depending on the lattice spacing the light field can probe fluctuations

of various density correlation functions on the lattice. These fluctuations typically

lead to collapses of the oscillations of the reflected intensity. From the standpoint

of probing the atomic many-particle state the lattice spacing d = λ/4 seems the

most promising, since in that case the three atomic states give rise to dramatically

different reflection signals: The Mott state leads to perfect sinusoidal oscillations,

the superfluid state described in the mean-field approximation to collapses with

revivals after t = π/g and the number-conserving superfluid state to revivals after

t = π/2g−1 for even total atom numbers and anti-revivals at the same times for odd

total atom numbers. Also, the sensitivity of the reflected intensity to the number

differences on neighboring sites means that it can be used as a detector for the edges
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lattice atomic T−1
collapse

spacing state 2 wells lattice

|ψMott〉 0 0

d = λ
2

|ψSF1〉 2g
√
〈n̂0〉 + 〈n̂1〉 2g

√
〈N̂〉

|ψSF2〉 0 0
|ψMott〉 0 0

d = λ
4

|ψSF1〉 g
√
〈n̂0〉 + 〈n̂1〉 g

√
1 − 2/π

√
〈N̂〉

|ψSF2〉 g
√
N g

√
1 − 2/π

√
N

|ψMott〉 0 0

general d |ψSF1〉 2g
√
〈n̂0〉 + 〈n̂1〉

√
1 − π/4g〈N̂〉/

√
M

|ψSF2〉 2g
√

N
2
(1 − cos 2kd)

√
1 − π/4gN/

√
M

Table A.1: Collapse times for the various lattice spacings and atomic states. See
the comments in footnote [21] regarding the validity of the double well results for
|ψSF1〉 and |ψSF2〉.

of the density plateaus in the Mott insulator state in a harmonic trapping potential.

The double-well case can easily be handled by numerically solving for the cou-

pled dynamics of atoms and light field. The solution shows that the atoms and

light field evolve into non-trivial entangled states if the atoms are in a superfluid

state. For those states the photon number statistics is typically many-modal and

the characterization of the state of the light field merely in terms of the reflected

intensity is incomplete.

Most results obtained for the double-well case immediately carry over to the

case of a lattice, where we have shown that for general well separations, the system

behaves the same for the mean-field and the number-conserving superfluid state.

Future work will extend this model to include cavity losses thereby making it

possible to model more realistically the measurement of the reflected photons. It

will be interesting to determine into which atomic states the matter-wave field is

projected as a result of this measurement. Another open question is the determina-

tion of the best possible choice of lattice period d, or even of an optimal sequence
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of lattice spacings for the purpose of reconstructing the full counting statistics of

the atomic field. We plan to investigate this point in more detail by studying the

information content of the reflection signal by means of a Bayseian analysis.
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[9] T. Stöferle, H. Moritz, K. Günther, M. Köhl, and T. Esslinger, Phys. Rev. Lett.

96, 030401 (2006).

[10] G. Thalhammer, K. Winkler, F. Lang, S. Schmid, R. Grimm, and J. Hecker

Denschlag, Phys. Rev. Lett. 96, 050402 (2006).

[11] D. Jaksch, V. Venturi, J. I. Cirac, C. J. Williams, and P. Zoller, Phys. Rev.

Lett. 89, 040402 (2002).



65

[12] D. Jaksch, H.-J. Briegel, J. I. Cirac, C. W. Gardiner, and P. Zoller, Phys. Rev.

Lett. 82, 1975 (1999).

[13] O. Mandel, M. Greiner, A. Widera, T. Rom, T. W. Hänsch, and I. Bloch,
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ABSTRACT

When an incident light beam is scattered off a sample of ultracold atoms trapped

in an double-well potential, the statistical properties of the retro-reflected field con-

tain information about the quantum state of the atoms, and permit for example

to distinguish between atoms in a superfluid state and a product of Fock states for

each well (Mott insulator-like state). This paper extends our previous analysis of

this problem to include the effects of cavity damping. We use a Monte Carlo wave

function method to determine the two-time correlation function and time-dependent

physical spectrum of the retro-reflected field. We also analyze quantitatively the en-

tanglement between the atoms and the light field for atoms in these two states.

B.1 Introduction

Ultracold atoms in optical lattices provide a remarkable test system to simulate a

number of situations in condensed matter physics [1] under exquisitely controlled
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conditions. The first example along these lines was the superfluid to Mott insulator

transition [2, 3] in bosonic systems, but the list of strongly correlated condensed

matter systems that can be simulated by atoms or molecules [4–7] in optical lattices

has continued to grow since these pioneering experiments. Examples include, but

are not limited to the Bose-Hubbard and Fermi-Hubbard models [8, 9], spin systems

[10] and the Anderson lattice model [11]. In other examples, rotating lattices [12]

are expected to lead to the realization of analogs of the quantum Hall effect, and

random lattices have recently been used to study Anderson localization in atomic

systems.

The ability to characterize the many-particle state of the atomic fields in optical

lattices is of course central to the realization of these experiments [13]. In a recent

paper [14], we proposed an optical scheme based on the diffraction of a quantized

light field off the atomic sample to probe the number statistics of the matter-wave

field. The basic idea is to use two light fields counterpropagating in a high-Q ring

cavity and coupled via Bragg scattering off the atoms, a technique that is analogous

to the Bragg reflection of X-rays off a crystal, but operating in the quantum regime.

We found that the dynamics of the light field strongly depends on the manybody

state of the atomic field as well as on the well spacing. Specifically, the statistical

properties of the Bragg-reflected light field for the atoms in each well in Fock states

and for a superfluid – described both in terms of a number-conserving state and a

mean-field coherent state – were found to provide a clear signature of the state of

the atomic field.

The present paper extends these results to include the effects of cavity damping.

We use a Monte Carlo wave function method [15] to determine the two-time corre-

lation functions and (time-dependent) physical spectrum [16] of the retro-reflected

field, restricting our considerations to the case of a simple two-well lattice. We also

analyze quantitatively the entanglement [17] between the atoms and the light field

for atoms in a product of Fock states and a superfluid state. Our main result is
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that even in the presence of dissipation these quantities allow to easily distinguish

between these two states, and in addition permit to decide between two familiar

descriptions of that state.

Section II describes the main elements of our model, introducing in particular

the effective non-hermitian Hamiltonian required in the Monte Carlo wave function

simulations of the problem. The intensity reflected by the atoms via Bragg scattering

is discussed in section III, and section IV presents the time-dependent physical

spectrum of the reflected light. The quantum entanglement that may develop as

a result of Bragg diffraction is quantified in section V in terms of the logarithmic

negativity. Finally, section VI is a conclusion and outlook.

B.2 Model

We consider a sample of ultracold bosonic two-level atoms [8] with transition fre-

quency ωa trapped in the lowest-energy state of a one-dimensional double-well po-

tential [18, 19] placed inside an optical ring resonator [20, 21]. The atoms are driven

by two counterpropagating cavity modes of wave vectors ±k and frequency ωk = kc,

see Fig. C.1. This interaction is described by the Hamiltonian

V̂d =

∫
dxψ̂†

e(x)〈e|d̂ · Ê(x)|g〉ψ̂g(x) + h.c. (B.1)

where d̂ is the dipole moment of the transition, Ê(x) is the electric field operator, and

ψ̂e and ψ̂g are field operators describing atoms in their excited and ground electronic

states |e〉 and |g〉, respectively. We assume that the optical fields are sufficiently

detuned from the atomic transition frequency ωa that the excited electronic state

can be adiabatically eliminated.

We proceed by expanding ψ̂e and ψ̂g as

ψ̂e,g(x) =
∑

m

ψ(e,g)
m (x)ĉ(e,g)

m , (B.2)
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where ĉ
(e)
m and ĉ

(g)
m are the annihilation operators for excited and ground state atoms

in the mth well, and ψ
(e)
m and ψ

(g)
m are the corresponding wave functions. Introducing

also the operator

N̂(d) = n̂0 + n̂1e
2ikd, (B.3)

where

n̂m ≡ ĉ(g)†
m ĉ(g)

m , (B.4)

and d is the well separation, the atom-field system is easily seen to be described by

the Hamiltonian [14]

Ĥ =
∑

k

~ωkâ
†
kâk + ~g[N̂(0)(â†kâk + â†−kâ−k) + N̂(d)â†−kâk + N̂(−d)â†kâ−k] (B.5)

where ak and a†k are bosonic annihilation and creation operators for mode k, and

similarly for mode −k,

g =
2℘2

∆~2

∣∣∣∣
∫
dxE±k(x)ψ

(e)∗
0 (x)ψ

(g)
0 (x)

∣∣∣∣
2

,

∆ is the detuning between the optical frequency and the frequency of the atomic

transition, and ℘ is the dipole matrix element of that transition. We drop the label

(g) in the following for notational clarity since no confusion is possible once the

excited electronic state has been eliminated.

Cavity damping is treated in the usual way by coupling the cavity modes to a

markovian reservoir of harmonic oscillators of frequencies {ωq}, with the interaction

Hamiltonian

V̂r = ~(âk + â−k)
∑

q

gqb̂
†
q + h.c. (B.6)

Finally, the +k cavity mode is driven by an oscillating classical current of amplitude

η and frequency ω = ωk,

V̂p = ~ηe−iωktâ†k + h.c. (B.7)

The numerical studies that are the subject of this paper are conveniently carried

out using a Monte Carlo wave function approach [15]. In this case, the coupling
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Figure B.1: Atoms trapped in a double-well potential with well separation d and
interacting with two counter-propagating modes with wave vectors ±k in a ring
resonator. F: filter. D: detector.

of the system to the reservoir is described in terms of the effective non-hermitian

Hamiltonian

Ĥeff = ĤS − i~

2

∑

j=1,2

Ĉ†
j Ĉj, (B.8)

where

Ĉ1 =
√

2γ âk, Ĉ2 =
√

2γ â−k (B.9)

and γ is the familiar Wigner-Weisskopf decay rate resulting from the coupling of

the cavity modes to the Markovian reservoir. For the specific situation at hand this

gives, in an interaction picture with respect to the Hamiltonian Ĥ0 =
∑

k ~[ωk +

gN̂(0)]â†kâk,

Ĥeff = ~

[
gN̂(d)a†−kak + ηâ†ke

igN̂(0)t + h.c.
]

− i~γ
[
â†kâk + â†−kâ−k

]
. (B.10)

B.3 Reflected intensity

The light intensity transmitted and reflected by the trapped atoms depends strongly

on the state of the atoms as well as on the well separation d. Throughout this paper

we assume that the incident +k mode is initially in a coherent state (with amplitude

α =
√

2 in our simulations) and the reflected −k mode is in the vacuum state, and

we concentrate on the special cases of well separations d = λ/4 and λ/2, for which
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the Hamiltonian Ĥeff becomes

Ĥ
(±)
eff = ~g(n̂0 ± n̂1)

(
a†−kak + a†ka−k

)

+ ~η
(
â†ke

ig(n̂0+n̂1)t + h.c.
)

− i~γ
(
a†kak + a†−ka−k

)
. (B.11)

Here the ‘plus’ sign corresponds to the d = λ/2 case and the ‘minus’ sign to the

d = λ/4 case.

B.3.1 Fock states

When the atoms can be described by a product of Fock states. Atomic Fock states

are eigenstates of the effective Hamiltonian (B.11), that is, the operators n̂0 and n̂1

are constants of motion with eigenvalues n0 and n1, and it is possible to replace the

operators by these eigenvalues in Eq. (B.11).

It is known [22] that if a system of coupled harmonic oscillators satisfies Heisen-

berg equations of motion that can be expressed as

˙̂aj = Fj({âk(t)}, t), j = 1 . . . n, (B.12)

where the functions Fj may depend explicitly on time, then if the oscillators are

initially in a coherent state they will remain in a coherent state for all times. This

is the case for the situation at hand. Hence the two modes of the light field are in

coherent states whose amplitudes exhibit damped oscillations due to the combined

effects of photon exchange between the incident and reflecting modes and of cavity

decay. As is to be expected, the oscillation frequency is proportional to the total

number of atoms for the d = λ/2 case and to the difference in the populations of the

two wells for d = λ/4. The difference between the oscillation frequencies in these

two cases permits therefore a full determination of the well populations.

Figure B.2 illustrates the time dependence of the reflected intensity for equal well

populations and for the two special well separations. Different atomic populations in
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the two wells also result in an oscillating signal for the“destructive well separation”

d = λ/4, but they are is much weaker and slower than that in the “constructive

case” d = λ/2. Since the light field remains in a coherent -state at all times the

quantum jumps do not affect them and all Monte Carlo wave function trajectories

are identical in this case.

Π�2 Π 3Π�2 2 Π

0.5

1

1.5

0
HaL

HbL

t/g−1

〈n̂
−

k
(t

)〉

Figure B.2: Single trajectory (or average reflected intensities 〈n̂−k(t)〉) for atoms in
the Fock states with 3 atoms per well for (a) d = λ/4 (zero signal) and (b) d = λ/2,
η = 1.5g and γ = 0.9g.

B.3.2 Superfluid

There are two particularly simple ways to approximate the state of the atoms in

a superfluid state. The first one is essentially a mean-field approach that assumes

that the atoms in the two wells are in coherent states,

|ψSF1〉 = |α0, α1〉 =
∑

n0,n1

cn0,n1
|n0, n1〉, (B.13)
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whereas the second description accounts for the fixed total number N of atoms and

describes their state as

|ψSF2〉 = N−1(c†1 + c†2)
N |0, 0〉

=

N∑

n0

√
N !

2Nn0!(N − n0)!
|n0, N − n0〉

=

N∑

n0

bn0
|n0, N − n0〉. (B.14)

This section compares the reflected optical field corresponding to these two descrip-

tions, assuming as before that the incident light field is initially in a coherent state

and the reflected field is in a vacuum state.

Consider first the coherent state description of Eq. (B.13). From the previous

discussion we know that for fixed atom numbers in the two wells the state of the

field remains a coherent state,

|α, 0;n0, n1〉 → |αk(n0, n1, d, t), α−k(n0, n1, d, t);n0, n1〉,

so that without quantum jumps between times 0 and t

|ψ(t)〉 =
∑

n0,n1

cn0,n1
|αk(n0, n1, d, t), α−k(n0, n1, d, t);n0, n1〉. (B.15)

It is apparent from this expression that the atoms and the light field become entan-

gled, a point to which we return in section V. Also, since the optical field does not

generally remain in a coherent state in this case, the quantum jumps resulting from

the loss of photons due to dissipation become apparent in the single trajectories, see

Fig. B.3.

Comparing the present case to the situation of the previous section we observe

that there are no contributions to the backscattered intensity from situations with

equal populations in the two wells, since the coupling between the incident and
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Figure B.3: Reflected intensity 〈n̂−k(t)〉 for atoms initially in the superfluid state
|ψSF1〉 with 4 atoms on average per well and d = λ/4. (a) typical single trajectory.
(b) average over 100 trajectories, for η = 1.5g and γ = 0.9g.

reflected fields is zero in these cases. Also, the oscillatory character of the back-

reflected light is now largely washed out by the uncertainty of the atom numbers in

the two wells.

The number-conserving description (B.14) of the superfluid state leads to similar

results, although the details of the dynamics are slightly different because of the fixed

total number of atoms which results in less atom number uncertainty, see Fig. B.4.

In practice, it is therefore not expected that the backscattered intensity will allow

to unambiguously distinguish between the two descriptions.

B.4 Physical spectrum

We now turn to the analysis of the physical spectrum of the reflected optical field,

which also provides a signature of the state of the atomic field.

Because the process under study is not stationary, the usual spectrum obtained
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Figure B.4: Reflected intensity 〈n̂−k(t)〉 for atoms initially in the superfluid state
|ψSF2〉 with a total of 8 atoms and d = λ/4. (a) typical single trajectory; (b) average
over 100 trajectories, for η = 1.5g and γ = 0.9g.

from the Wigner-Khintchine theorem is not appropriate, and we use instead the

time-dependent physical spectrum of Ref. [16]. We recall that this spectrum is

defined as

S(t, ω; Γ) =

∫ t

0

∫ t

0

H∗(t− t1, ω,Γ)H(t− t2, ω,Γ) × 〈â†−k(t1)â−k(t2)〉dt1dt2,(B.16)

where H(t, ω,Γ) is the response function of the filter, ω its setting frequency, and Γ

its bandwidth, see Fig. C.1. Following Ref. [16], we assume that it is constant for

the frequency range of interest, and choose the filter response function as

H(t, ω; Γ) = Θ(t)Γe−(Γ+iω)t (B.17)

where Θ(t) is the unit step function.

Figure B.5 shows the real part of the two-time correlation function

G(t, t+ τ) = 〈â†−k(t)â−k(t+ τ)〉.
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for d = λ/4 and in the range 0 ≤ t + τ ≤ T = 2π/g when the atoms in the two

wells are in Fock states, while Fig. B.6 shows that same function for the initial

superfluid state |ψSF1〉, and Fig. B.7 for the initial superfluid state |ψSF2〉. As was

the case for the reflected intensity, the periodic oscillations of the reflected intensity

characteristic of the Fock states case are washed out in the superfluid regime. Since

the number-conserving description |ψSF2〉 of the superfluid state corresponds to a

smaller atom number uncertainty, the corresponding correlation function is char-

acterized by stronger oscillations, intermediate between its description in terms of

coherent states and the Fock states case, see Fig. B.7 .

0

Π

2 Π 0

Π

2 Π

-1
-0.5

0
0.5

1

0

Π

Re[G(t + τ, t)]

τ/g−1

t/g−1

Figure B.5: Two-time correlation function G(t+ τ, t) in the Fock states case, with
6 atoms in well 0 and 2 in well 1. Well separation is d = λ/4, the pump constant is
η = 0.1g and the decay constant is γ = 0.5g.

In terms of τ = t1 − t2, the physical spectrum S(t, ω; Γ) may be reexpressed as

S(t, ω,Γ) = 2Γ2 e−2Γt

∫ t

0

dτe(Γ−iω)τ ×
∫ t−τ

0

dt2 e
2Γt2 Re[〈â†−k(t2 + τ)â−k(t2)〉]

≡ 2Γ2 e−2ΓtS0(ω,Γ). (B.18)

with τ ≥ 0.

Figure B.8 shows the real part of S0(ω) for atoms initially in a product of Fock

states, while Figs. B.9 and B.10 are for atoms initially in superfluid states. In

Fig. B.8, the temporal oscillations of the correlation function G(t + τ, t) translates
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Figure B.6: Two-time correlation function G(t + τ, t) for atoms initially in the
superfluid state |ψSF1〉 with a mean atom number of 4 per well and d = λ/4, η = 0.1g
and γ = 0.5g.The curve is the average over 50 trajectories at time t and 3 trajectories
at time τ .

into a modulation of the lorentzian spectrum due to the filter function at the oscil-

lation frequency ω− ≡ g|n0−n1| between the incident and reflected light fields. The

physical spectrum provides therefore a direct measure of the population difference

between the two wells for d = λ/4, of their sum for d = λ/2 and hence of n0 and n1

separately, i.e.,

ω± = g(n0 ± n1)

n0,1 = (ω+ ± ω−)/2g (B.19)

where we assumed n0 > n1 for concreteness. The second small dip at frequency

g(n0 + n1) originates from the pump term, ~η(â†ke
i(n̂0+n̂1)t + h.c.), in the Hamilto-

nian (B.11).

Figures B.9 and B.10 show the physical spectrum for the coherent and number-

conserving superfluid states |ψSF1〉 and |ψSF2〉, respectively. In the number-

conserving description (B.14) the total atom number N is fixed, hence for d = λ/4

the population difference between the two wells |2n0 −N | can only take all even or

all odd numbers, depending on N . This restriction disappears in the coherent state

description of |ψSF1〉, so that additional peaks appear although the mean number of
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Figure B.7: Two-time correlation function G(t + τ, t) for atoms initially in the
superfluid state |ψSF2〉 with a total number of 8 atoms, d = λ/4 η = 0.1g and
γ = 0.5g. The curve is an over 50 trajectories at time t and 3 trajectories at time τ .

atoms in each well are the same in Figs. B.9 and B.10 .

We conclude this discussion by mentioning that for a well separation d = λ/2 case

the superfluid descriptions |ψSF1〉 and |ψSF2〉 result in completely different spectra.

For |ψSF1〉 the spectrum is similar to that of the d = λ/4 case since n0 and n1 are

independent and hence give all combinations of different total numbers (n0 + n1) to

form the spectrum. By contrast, the number-conserving description |ψSF2〉 results

in a single sharp peak, just as in the Fock states case, see Fig. B.8.

Next we use the number-conserving approximation |ψSF2〉 to investigate the rela-

tion between the full width at half maximum (FWHM) of the physical spectrum and

the atomic number uncertainties in the two wells. We evaluate that width with the

help of an envelope function fitted in the way illustrated in Fig. B.11. The atomic

number uncertainties σ are defined in the usual way as

σ =

√√√√
N∑

m=0

(m− m̄)2 b2m , (B.20)

where m̄ =
∑

mmb
2
m, N is the total number of atoms, and b2m, the probability

of having m atoms in one of the wells, is a binomial distribution. Figure B.12,

which plots the FWHM w of the physical spectrum as a function of σ, shows as
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Figure B.8: Real part of S0(ω) for a Mott insulator states with 6 atoms in well 0
and 2 atoms in well 1, with d = λ/4. The peak is centered at |n0 − n1| in this case.
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Figure B.9: Real part of S0(ω) of superfluid states |ψSF1〉 with each well containing
4 atoms on average and d = λ/4.

expected a linear dependence, further illustrating the use of that spectrum in helping

characterize the many-body state of the atomic system.

B.5 Entanglement

In this section we make some brief remarks on the entanglement generated between

the light fields and the atoms, and its dependence on the state on the atomic system.

We characterize the entanglement in terms of the logarithmic negativity [17]

EN (ρ) = log2 ||ρTA||1, (B.21)
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Figure B.10: Real part of S0(ω) for the superfluid state |ψSF2〉 with a total number
of 8 atoms and d = λ/4.
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Figure B.11: The envelope and FWHM.

where ρTA is the partial transpose of ρ and || � ||1 denotes the trace norm.

There is always some ambiguity in the way a quantum system is described in

terms of its subsystems. One simple way to describe the system at hand is as a

four-partite system comprised of two optical modes and the atoms in the two wells.

It is then possible to trace over any two parts of the full system, and to consider

the remaining subsystems only. We find that independently of our choice of the

subsystems being considered the resulting reduced density operator does not retain

any trace of whatever entanglement may have characterized the full system. This
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Figure B.12: FWHM w vs. atomic number uncertainty of each well σ. The data
points corresponds to N=1,2,3,4,5,6,7,8,10 and 12. The straight line is the fit to the
data points.

leads us to describe instead the full system as a bipartite system, the two subsystems

being the optical field and the atoms.

The situation is particularly simple if the atomic system is initially in a product

of Fock states. As discussed in Section B.3, in the absence of quantum jumps

between the times 0 and t we have that

|ψ(t)〉 = |αk(n0, n1, d, t), α−k(n0, n1, d, t);n0, n1〉 (B.22)

where the amplitudes of the coherent states αk and α−k depend on the atomic

populations of the wells and on their separation. It is immediately apparent from

Eq. (B.22) that the total optical field is not entangled with the atoms. As previously

remarked, for coherent states quantum jumps do not affect the light field, hence

|ψ(t)〉 is always a product state for this four-partite system, that is, no entanglement

builds up between the atoms and the field.

The situation is markedly different for atoms in a superfluid state. For example,

in the atom number-conserving approximation |ψSF2〉, and in the absence of quantum
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jumps between times 0 and t, the state of the system at time t is

|ψ(t)〉 =
N∑

n0

bn0
|αk(n0, d, t), α−k(n0, d, t);n0, N − n0〉,

(B.23)

a state for which the light field and atoms are clearly entangled. Dissipation and the

associated quantum jumps clearly impacts the amount of entanglement in that case.

To illustrate that point, we first evaluate the logarithmic negativity of the bipartite

atoms-optical field system for a well separation of d = λ/4, while neglecting pump

and decay mechanisms. In that case, from Eqs. (B.3) and (B.5) the system is

described by the Hamiltonian

Ĥ = ~g[(n̂0 + n̂1)(â
†
kâk + â†−kâ−k) + (n̂0 − n̂1)(â

†
−kâk + â†kâ−k)], (B.24)

and we find easily that

|ψ(t)〉 =
8∑

n0

βn0
|αk(n0, t), α−k(n0, t);n0, N − n0〉

where

αk(n0, n1, t) =
α

2

(
e−2ign0t + e−2ign1t

)
,

α−k(n0, n1, t) =
α

2

(
e−2ign0t − e−2ign1t

)
. (B.25)

The logarithmic negativity EN corresponding to that case is shown in Fig. B.13 for

N = 8 atoms. We observe that EN = 0 for t = ℓπ/g where ℓ is a integer, indicating

the absence of entanglement between the light and the atoms. These are the times

when the atoms do not scatter any light into the −k-mode, and the state of the

system has undergone a full revival to its original, unentangled form.

The situation is changed when including the external pump in the description of

the system, in which case there is no longer an exact revival. Figure B.14 illustrates

that a remnant of that feature is still observable in this case, but is disappears
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almost completely when both pump and dissipation are included, see Fig. B.15. In

that latter case, the entanglement between the light field and the atoms disappears

completely over time as would be expected.
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0.5

1.0

1.5

2.0
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Figure B.13: Logarithmic negativity of light and atoms for a perfect cavity(no decay
and no pump). The initial coherent amplitude of k mode α = 1 and atoms are in
superfluid states |ψSF2〉 with total number of atoms N = 8 and well separation
d = λ/4.

As a final point, we remark that similar results hold in case the superfluid atomic

system is described by the state |ψSF1〉, although the maximum value of the loga-

rithmic negativity is now larger, due to the larger number of terms in the expansion

of that state in terms of number states.

B.6 Conclusions

We have studied the interaction of a light field and ultracold atoms trapped in a two-

well optical potential in a lossy cavity. We have calculated the reflected intensity,

the physical spectrum and the logarithmic negativity, and shown that all three

observables present completely different features for the two different many-body

atomic states, allowing one can distinguish these states.

Our explicit results are for small systems of a few atoms only, and a legitimate

question is to ask to which extent this scheme remains practical for larger numbers
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Figure B.14: Logarithmic negativity for a perfect cavity, without decay but including
the pump. The initial coherent amplitude of the k mode is α = 1 and the atoms are
initially in the superfluid state |ψSF2〉 with total number of atoms N = 8 and well
separation d = λ/4. The pump constant is η = 0.5g.

of atoms and/or of wells. Returning for instance to the physical spectrum of the

system, it is clear that the interpretation of the results becomes increasingly com-

plicated in that case: the superfluid spectrum of Fig 10 rapidly acquires additional

peaks corresponding to all allowed values of |2n0 − N |, odd or even depending on

the well separation. In the Fock states situation, though, the physical spectrum

will still be characterized by two peaks only as in Fig. 8, so the distinction between

the superfluid and Fock states situations should will still be observable. However,

the distinction between the two superfluid descriptions is expected to become more

difficult to make as the number of particles in increase.

Going from two to multiple wells is also worth considering. For instance, for a

well separation d = λ/4 the contributions to the backscattered light alternatively

add and subtract, see Eq. (B.10), thereby masking the double-peak signature in

the physical spectrum. Even for d = λ/2, where this difficulty is absent, well to

well fluctuations in atomic numbers result in a situation more akin to the case of

a superfluid. This, of course, would not be the case for a perfect Mott insulator

state, where the atom number in each well is precisely the same. We also note
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Figure B.15: Logarithmic negativity including dissipation. The initial coherent
amplitude of the k mode is α = 1 and the atoms are in a superfluid state |ψSF2〉
with total number of atoms N = 2 and well separation d = λ/4. The pump constant
is η = 0.2g and the decay constant is γ = 0.7g. The curve has been averaged over
100 trajectories.

that experiments normally involve an additional harmonic trap superimposed to

the optical lattice, leading for instance to a ”wedding cake” distribution of atomic

populations. While our scheme is in principle able to distinguish the appearance

of such structures its experimental implementation is bound to be challenging. As

such, our considerations are of most relevance for experiments involving small atom-

cavity systems.

Future work will generalize this analysis to more complex manybody atomic

states, using in particular Laguerre-Gaussian modes of the light field to characterize

the state of vortex lattices. We are also extending this work to optomechanical

situations, using radiation pressure force on Fabry-Pérot resonators with moving

mirrors to induce quantum phase transitions and monitor them optically in real

time.
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[16] J. H. Eberly and K. Wódkiewicz, J. Opt. Soc. Am. 67, 1252 (1977).

[17] G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314 (2002).

[18] L. Salasnich, A. Parola, and L. Reatto, Phys. Rev. A 60, 4171 (1999).

[19] G. J. Milburn, J. Corney, E. M. Wright, and D. F. Walls, Phys. Rev. A 55,

4318 (1997).

[20] J. M. Zhang, W. M. Liu, and D. L. Zhou, Phys. Rev. A 77, 033620 (2008).

[21] J. Corney and G. J. Milburn, Phys. Rev. A 58, 2399 (1997).

[22] R. J. Glauber, Physics Letters 21, 650 (1966).



89

APPENDIX C

Bistable Mott-insulator to superfluid phase transition in cavity

optomechanics

W. Chen, K. Zhang, D. S. Goldbaum, M. Bhattacharya and P. Meystre

Published in Physical Review A

Copyright 2009 by American Physical Society

ABSTRACT

We study the many-body state of ultracold bosons in a bistable optical lattice

potential in an optomechanical resonator in the weak-coupling limit. New physics

arises as a result of bistability and discontinuous jumps in the cavity field. Of

particular interest is the situation where the optical cavity is engineered so that a

single input beam can result in two radically different stable ground states for the

intracavity gas: superfluid and Mott-insulator.

Recent years have witnessed a remarkable convergence of interests in atomic,

molecular and optical physics, condensed matter physics, and nanoscience. Specific

examples include the use of ultracold atomic and molecular systems as quantum

simulators of solid-state systems [1, 2], the demonstration of the analog of cavity

QED effects with superconducting boxes [3], and the laser cooling of nanoscale

cantilevers [4], leading to the emerging field of cavity optomechanics.

The central element of most cavity optomechanical systems consists of a Fabry-

Pérot type cavity with one of the end-mirrors allowed to vibrate about its equilibrium
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position under the effect of radiation pressure. For appropriate detuning of the light

field incident on the cavity, it is possible to efficiently laser-cool one or more modes

of vibration of the mirror [5]. It is expected that cooling to the quantum mechanical

ground state of vibrational motion will be achieved in the near future.

Optical resonators with a moving end-mirror have been studied since the early

1980s [6], most importantly perhaps in connection with interferometer-based grav-

itational wave detectors. These systems can exhibit optical bistability, that is, the

light transmitted through those interferometers can take two distinct values for a

given incident intensity. This bistable behavior is closely related to the more fa-

miliar bistability that occurs when a Kerr nonlinear medium is confined inside a

Fabry-Pérot resonator. The difference is that instead of an intensity-dependent in-

dex of refraction, we now have an intensity-dependent resonator length. Radiation

pressure induced optical bistability is generally considered as detrimental when try-

ing to cool nanoscale cantilevers [7]. In this note, we show however that it can lead

to fascinating new effects in the dynamics of an ultracold sample of bosonic atoms

trapped inside the resonator. In particular, it can lead to a bistable quantum phase

transition between a Mott insulator state and a superfluid state of the atoms.

The Mott insulator to superfluid transition can occur when an ultracold gas of

bosonic atoms is trapped by an optical lattice in the tight-binding regime. [8]. The

ground state properties of the system are largely determined by the relative strength

of the interwell tunneling energy J , and the intrawell pair-interaction energy U .

When tunneling dominates, the ground state tends to be superfluid. In the opposite

case, the ground state tends to be a Mott insulator, characterized by a fixed atom

number at each site.

Consider then an ultracold gas of bosonic atoms trapped in the optical lattice

provided by the standing optical wave inside the optical cavity. In the lower intensity

branch, the intracavity field intensity is relatively low, corresponding to a weak

optical potential, or a shallow lattice. In that case, tunneling tends to dominate
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and the ground state of the atomic system is a superfluid. In contrast, in the upper

branch, the intracavity optical field is high, tunneling is significantly reduced, and

the atomic ground state is a Mott insulator. The state of the atomic system is

therefore bistable, with a superfluid or a Mott insulator being formed for the same

incident light field, depending on the history of the system. The question, of course,

is whether this effect can be observed for realizable parameters.

Our study complements recent experiments on cold atomic gases in optical cavi-

ties with fixed ends. In each system two dynamical quantities are strongly coupled,

necessitating a self-consistent, and generally nonlinear, description of their time

evolution. Slama et al. [9, 10] studied the gain mechanisms behind superradiant

Rayleigh scattering and collective atomic recoil lasing by investigating a ring cavity

system. Two separate groups investigated optomechanical systems, where collective

excitations of the confined gas played the role of the mechanical oscillator. Bren-

necke et al. [11] demonstrated a coupling between a density modulated Bose-Einstein

condensate (BEC) and the cavity field, where the phase space evolution was mapped

onto that of a harmonically confined, cavity-coupled mechanical oscillator. Gupta et

al. [12] and Murch et al. [13] found that cavity-field coupling to a collective center-

of-mass-motion excitation of the confined gas, resulted in oscillatory displacement

of the gas.

Our work has an especially close correspondence with that of Larson et al. [14].

Like us, they investigate a cold gas of bosonic atoms trapped by a bistable optical

lattice. However, in contrast to our study, their cavity had fixed ends, and the bista-

bility results from the strong coupling between the cavity field and the atomic gas.

Accordingly, their system is modeled by a Bose-Hubbard Hamiltonian characterized

by the parameters J ,U , and chemical potential µ calculated self-consistently with

the many-body atomic state. This self-consistent dependence results in a radically

different ground-state phase diagram than for the Bose-Hubbard Hamiltonian de-

scribing our system. We focus here on the new physics that results from the unique
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feature of our system: a tunable bistable lattice potential exhibiting hysteresis and

discontinuous jumps.

On the microscopic level, the lattice potential results from the coupling between

the intracavity field and an atomic resonance with frequencies, ω and ωa, respec-

tively. As already mentioned we investigate the weak-coupling limit defined by

Ng2
0/|∆| ≪ κ, where N is the total number of atoms, g0 is the atom-field coupling

strength, κ is the cavity’s natural line-width, and ∆ = ω − ωa is the atom-field

detuning [15]. In this limit the intracavity field has no significant dependence on

the intracavity atomic population. We thus explain the generation of the intracavity

optical lattice potential by using the theory of an empty cavity [16].

We briefly derive the necessary results from the one-dimensional equilibrium

theory of the Fabry-Perot cavity shown in figure 1. The cavity consists of two

mirrors, one fixed along x = 0 and the other harmonically confined about x = L0.

Each mirror has complex transmission and reflection coefficients t and r, where

|r|2 = 0.99 and |t|2 + |r|2 = 1. We only consider internal reflections where one may

assume a π-phase shift, and thus we replace the complex r defined above with −r,
where the new r is positive and real. The phase of t has no bearing on our results.

A driving laser field Ein of frequency ω is incident on, and directed normal to,

the outer surface of the fixed mirror. This configuration allows a one-dimensional

treatment. For a fixed cavity length, L, we follow the discussion of Loudon [17]

to determine the transmitted intensity, Itrans, exiting the cavity. The right-moving

intracavity field at x = 0, ER, is determined by solving ER = tEin − rEL under

the equilibrium condition EL = −r exp[i2kL]ER, where EL is the left-moving cavity

field at x = 0 and k = ω/c is the wavenumber of the light. The resulting transmitted

intensity, Itrans = |Etrans|2, is

Itrans =
Iin

1 + 4F2

π2 sin2(kL)
, (C.1)

where Etrans = tER, Iin = |Ein|2, and F = πr/ (1 − r2) is the cavity finesse.
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Figure C.1: A Fabry-Pérot cavity with one moving end mirror. The left-end mirror
is fixed along x = 0. The right-end mirror undergoes small oscillations about x = L0,
where L = L0 + ξ. The input- and transmitted-light intensities are labeled Iin and
Itrans, respectively. The intracavity intensity at resonance (Iin = Itrans) is represented
schematically by the sine-squared wave drawn inside the cavity. In this letter, we
describe a cavity ∼ 1 mm long, enclosing ∼ 2000 standing wave periods, where the
magnitude of the intracavity intensity is ∼ 400 Itrans.

Small mirror displacements due to the intracavity radiation pressure are given

by ξ = ηItrans, where η = A
MΩ2c

2r
π
F , A is the cross-sectional area of the input

laser beam, M is the mass of the moveable mirror and Ω its oscillation frequency.

Substituting L = L0 + ξ into equation (C.1) results in a nonlinear equation for Itrans

which is multistable with respect to Iin. We concentrate on the physics near cavity

resonances, where kL = nπ, with n a positive integer.

For small displacements from resonance, the governing equation is approximately

cubic in Itrans,

Itrans =
Iin

1 + 4F2

π2 (φ0 + kηItrans)2
(C.2)

where φ0 = modπ [kL0]. Equation (C.2) predicts radiation pressure bistability,

which is illustrated in references [16] and [18] , and has been demonstrated experi-

mentally [6].
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Figure C.2: (Color Online) Bistability of the intracavity optical lattice depth, Vosc,
with respect to the input light intensity Iin. The bistability curve is drawn with
respect to the unitless quantities αIin/Ere and Vosc/Ere, where α = VOL(x) /Icav(x)
and Ere = (~2k2) / (2m) is the recoil energy. The detuning from resonance is quanti-
fied by φ0 = −0.005 π, and k η = 0.1 π α/Ere. The curves AB and DC are the lower
and upper branches of Vosc in the bistable region. The dashed green line connecting
D and B marks the unstable lattice depths. The dashed gray lines DA and BC mark
discontinuous jumps in the lattice height.

It follows that the intracavity field intensity, Icav(x) = |ER(x) + EL(x)|2, is also

bistable, and leads to a bistable optical lattice potential for the atoms (see Figure

2),

VOL(x) = Vosc sin2 [k (L− x)] + VL , (C.3)

where Vosc = 4F
π
αItrans , VL = (1−r)

(1+r)
αItrans , α = (3πc2Γ) / (2ω3

a∆), and Γ is the natu-

ral linewidth of the atomic resonance. The microscopic origin of the proportionality

constant α is the AC-Stark shift of the single-atom ground state. (We ignore the

effect of VL in the following since it is tiny compared to all relevant energies.) The

position of the individual lattice wells is bistable as well, since a mirror displace-

ment, ξ, displaces each optical lattice well by ξ in the same direction. However, we

consider a regime where ξ/ (π/k) ∼ 10−3, and thus we ignore this effect.
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We consider a gas of ultracold bosonic atoms trapped in the one-dimensional

optical lattice potential VOL(x). In the weak-coupling limit the atomic state does

not alter the cavity field. Thus the dynamics of the atomic state are described by

the Hamiltonian

Ĥ =

∫
dx ψ̂†(x)

(
− ~

2

2m

d2

dx2
+ VOL(x)

)
ψ̂(x)

+
g

2

∫
dx ψ̂†(x) ψ̂†(x) ψ̂(x) ψ̂(x) , (C.4)

where ψ̂†(x) , ψ̂(x) are bosonic field operators, m is the atomic mass and g is the

two-body interaction.

We are interested in the superfluid–Mott-insulator transition, where the many-

body dynamics of the system are accurately described by a tight-binding approxi-

mation that results in a single-band Bose-Hubbard Hamiltonian

ĤBH = −J
∑

i

(
â†i âi+1 + h.c.

)

+
U

2

∑

i

n̂i (n̂i − 1) − µ
∑

i

n̂i , (C.5)

where the subscript i denotes a lattice site, â†i (âi) is the bosonic creation (annihi-

lation) operator for site i, and n̂i = â†i âi is the corresponding number operator. The

tunneling matrix element is J , U is the pair interaction energy, and µ is the chemi-

cal potential. The parameters J and U are calculated by expanding the boson field

operators in a basis of lowest band Wannier states, ψ̂(x) =
∑

i âiw(x− xi), numer-

ically calculating the Wannier states, and then evaluating the pertinent integrals.

Further details of the calculation of J and U are found in Jaksch et al. [1].

The ground state of the many-body system described by equation (C.5) is largely

determined by the value of J/U , which depends on the intensity, wavelength and

detuning from atomic resonance of the intracavity standing wave field. Of particular

interest to us is the bistable regime of the optical lattice potential where the many-
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body ground state corresponding to the lower branch of the potential is a superfluid,

while the ground state corresponding to the upper branch is a Mott-insulator.

Figure 3 summarizes key features of the system for a cavity length L = 1 mm and

a moving end mirror of mass M = 10 µg and oscillation frequency Ω = 2π× (25Hz).

The cavity is loaded with a Bose-Einstein condensate of about 1000 sodium-23

atoms. We use an input laser of wavelength λ = 985 nm to generate the intracavity

optical lattice potential. The optical lattice consists of about 2000 sites, however we

neglect the effects of direct atom-mirror interactions by assuming that only ∼ 1000

sites near the center of the cavity are appreciably populated. This situation can

be realized by using a gentle additional confining potential, and results in a lattice

system with an average single site population near unity.

The solid black curve in Fig. 3 is the mean-field superfluid–Mott-insulator phase

boundary on the axes µ/U and log10 (2J/U) [19]. For J/U smaller than this bound-

ary the ground state is the single-particle Mott-insulator, otherwise the ground state

is superfluid. This diagram is overlayed by a plot of log10 (2J/U) versus Iin for the

many-body system described above, the logarithmic scale reflecting the exponential

dependence of tunneling on intensity. The lower and upper branches are labeled

with points {A,B} and {D,C}, respectively. These labeled points correspond to

the lattice depths labeled in Fig. 2. For Iin just above zero, the lattice potential

is too shallow for the system to be described by a single-band tight-binding limit.

Thus assigning a value of J/U is meaningless there. However, by adiabatically in-

creasing the intensity of the input laser, the condensate settles into a single band

of the optical lattice potential. For high enough lattice intensity, the system enters

the tight-binding limit. However, at the low-intensity edge of the bistable region,

labeled A in Fig. 3, the system is very near the single-band tight-binding regime.

That is, at point A a treatment with Eq. (C.5) is appropriate for our present pur-

pose, but a future in-depth calculation will require including higher band effects. At

point B, in contrast, the system is safely in the single-band limit, and is accurately
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described by Eq. (C.5). It should be noted that the semi-log bistability plot has no

direct correspondence to µ in Fig. 3. We merely specify that the system is prepared

so that the upper branch of the bistability region lies inside the Mott-lobe, while

the lower branch corresponds to a superfluid ground state.

For input intensities between the points A, D (Iin ∼ 0.86 mW for our choice of

parameters) and B,C (Iin ∼ 1.62 mW), the system is bistable. During an initial

adiabatic intensity increase, the system first resides in the lower branch, where the

ground state is superfluid. Above point B there is only a single stable state, in

the upper branch of intracavity intensities and lower branch of interwell tunneling.

At that point the atoms experience a much stronger lattice confinement, with a

discontinuous phase transition to a Mott insulator.

The time scale over which this transition occurs is determined by the longest

of the interwell tunneling times τ ∼ ~/J and the switching time of the intracavity

field. Switching times in optical bistability have been studied in the past, see e.g

Ref. [20]. In most cases, the intracavity field reaches a new steady-state value

following an abrupt change in the incident field after a time of the order of the

inverse cavity decay rate κ ≃ c|t|2/L. However, for intensities switched from below

point B to a value just above it the system undergoes a critical slowing down [21],

with a large delay before the field switches from the lower to the upper branch.

The resulting possibility to vary the switching time of the light field compared to

the tunneling time provides an important tool to investigate a variety of dynamical

phenomena. Most optical lattice experiments are performed using adiabatic tuning

of the lattice height in an attempt to keep the system in its ground state. After

sweeping through the discontinuity, though, we expect that in general the many-

body state will be excited above the ground state corresponding to the optical lattice

potential. The nature of this excited state and its relaxation pathways are a subject

of current research. Alternatively, applying a time-dependent incident field such that

the system oscillates about the discontinuity provides an additional tool to probe
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non-equilibrium properties, and perhaps induce coupling between Mott-insulator

and superfluid ground states.

Similar considerations hold when initially preparing a stable state in the upper

branch, and then decreasing Iin past point D, the optical lattice magnitude discon-

tinuously jumps to its lower branch value at point A.

In summary, we have shown how an optomechanical Fabry-Pérot cavity can gen-

erate a bistable optical lattice potential for ultracold neutral atoms. Furthermore,

we have suggested how such a cavity plus cold-atom system might be engineered so

that superfluid and Mott-insulator phases are bistable ground states for the cold-

atom gas. In addition, one should be able to investigate the formation dynamics

and relaxation of excited states and non-equilibrium phenomena in many-body lat-

tice systems. Future work will include a detailed time-dependent analysis of this

system, the extension of our theory to the strong-coupling regime, a multi-band

treatment and a proper analysis of the effects of finite temperatures and coupling

to the environment.

This work is supported in part by the US Office of Naval Research, by the

National Science Foundation, and by the US Army Research Office.



99

-3

-2

-1

0

1
0.0 0.1 0.2

  

 

0.0 0.5 1.0

 

lo
g
1
0
(2

J
/
U

)

µ/U

Iin [Ere/α]

A

D
C

B

Figure C.3: (Color Online) Bistability of the many-body ground state. Thick black
line: mean-field superfluid–Mott-insulator phase boundary with respect to µ/U and
log10 (2J/U)). The ground state is the single-particle Mott-insulator inside the lobe
and a superfluid outside. The phase plot is overlayed with the intersite tunneling
bistability curve, log10 (2J/U) vs. Iin curve. The (DC) branch corresponds to Mott-
insulator ground states, while the (AB) branch corresponds to superfluid ground
states. The labeled values here correspond to the lattice depths labeled in Fig. 2.
The dashed green line indicates unstable solutions, and the arrows BC and DA
indicate the discontinuous jumps between different branches.
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ABSTRACT

We consider a cavity optomechanical system consisting of a Bose-Einstein con-

densate (BEC) interacting with two counterpropagating traveling-wave modes in an

optical ring cavity. In contrast to the more familiar case where the condensate is

driven by the standing-wave field of a high-Q Fabry-Pérot cavity we find that both

symmetric and antisymmetric collective density side modes of the BEC are mechan-

ically excited by the light field. In the semiclassical, mean-field limit where the light

field and the zero-momentum mode of the condensate are treated classically the

system is found to exhibit a rich multistable behavior, including the appearance of

isolated branches of solutions (isolas). We also present examples of the dynamics

of the system as input parameters such as the frequency of the driving lasers are

varied.
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D.1 Introduction

The optomechanical cooling of mechanical oscillators has witnessed considerable

progress in the last few years, leading to the expectation that a large class of such

oscillators will soon be cooled to near their quantum-mechanical ground state of

vibration. In addition to the top-down approach where cooling proceeds by mount-

ing macroscopic oscillators as moving mirrors in an optical resonator [1, 2] — often

but not always the end-mirror of a Fabry-Pérot interferometer, there has also been

increased interest in considering bottom-up situations. In that case the mechanical

oscillator consists of a momentum side mode of an ultracold atomic system trapped

inside a high-Q optical cavity with fixed mirrors. The trapped atoms can be either

a thermal sample [3], a quantum-degenerate Bose-Einstein condensate (BEC) [4, 5],

or even a quantum-degenerate gas of fermions [6]. In that bottom-up situation the

mechanical oscillator(s) consist of collective momentum modes of the trapped gas,

excited via photon recoil [7–11]. Specifically, in the case of a condensate the in-

tracavity standing-wave field couples the macroscopically occupied zero-momentum

component of the BEC to a symmetric superposition of the states with center-of-

mass momentum ±2~k via virtual electric dipole transitions.

It is known that when considering the mechanical effects of light on atoms by

quantized light fields, there are situations where a standing wave does not lead to

the same diffraction pattern as a superposition of two counterpropagating running

waves of equal frequencies [12–14]. This is because in contrast to a standing wave,

running waves in principle permit one to extract “which way” information about

the matter-wave diffraction process. This begs the question whether a description

of the intracavity light field in terms of a standing wave is always appropriate to

describe the optomechanical effects of feeble light fields on ultracold atoms. As

a first step toward answering this question, this paper addresses the somewhat

simpler question of understanding the difference between classical standing wave and
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counterpropagating light fields, that is, the difference in optomechanical properties of

condensates trapped in, say, a Fabry-Pérot and a ring cavity. One main consequence

of the presence of two counterpropagating running waves is that in addition to a

symmetric “cosine” momentum side mode, it is now possible to excite an out-of-

phase “sine” mode as well. In the optomechanics analogy, this indicates that two

coupled “condensate mirrors” of equal oscillation frequencies but in general different

masses are driven by the intracavity field. This can result in complex multistable

behaviors that we analyze in some detail in the following sections.

The dynamical interaction between BECs and counterpropagating light fields has

a long history. The cooperative scattering of light and atoms in ultracold atomic

systems, including experimental [15–18] and theoretical [19–23] studies of superradi-

ance in BECs and coherent atom recoil lasing (CARL) [24–31] has been the subject

of a number of studies, see Ref. [32] for a brief review. The work most closely related

to our analysis is Ref. [33], which considers likewise the collective dynamics of atoms

in a ring resonator, but in the somewhat simplified situation where the amplitude

of one of the counterpropagating fields inside the resonator is fixed.

The remainder of the paper is organized as follows. Section II describes our

model of a BEC interacting with two counterpropagating fields in a ring cavity. It

introduces a description of the condensate that clearly illustrates an optomechanical

analogy involving two mirrors driven by the intracavity field. In the semiclassical

limit where the light fields are treated classically, the dynamics of these two “mir-

rors” can be understood in terms of an interference effect between the propagating

fields. We further discuss conditions under which one of the mirrors can be trapped

into a dark state. Section III discusses the steady-state properties of the system, and

comments on the appearance of isolated branches of solutions, or “isolas” [34, 35].

We then turn in Section IV to the dynamics of the system, considering in particular

the response of the condensate to a sweep of the frequency of the external pump

lasers. Finally, Section V is a summary and outlook.
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D.2 Model

We consider a BEC of N two-level bosonic atoms with transition frequency ωa

trapped inside one arm of a high-Q optical ring cavity supporting two counterprop-

agating traveling-wave fields of frequency ω and driven by two coherent pump fields

of identical frequency ωp and complex amplitudes η1 and η2. The light fields are

taken to be far detuned from the atomic transition so that the excited electronic

state of the atoms can be adiabatically eliminated. We further assume that the atom

trap is sufficiently soft that the condensate can be assumed to be homogeneous along

the axis of the resonator. For simplicity we neglect transverse effects and describe

both the condensate and the light fields as plane waves, thereby reducing the de-

scription of the problem to one dimension. Neglecting atom-atom collisions and in

a frame rotating at the pump frequency ωp the model Hamiltonian for this system

is then

Ĥ = −
∑

i=1,2

[
~∆ â†i âi + i~(η∗i âi − ηiâ

†
i )
]

+

∫
dx ψ̂†(x)

[
− ~

2

2m

d2

dx2
+ ~U0

(
â†1â1 + â†2â2 + â†2â1e

2ikx + â†1â2e
−2ikx

)]
ψ̂(x),

(D.1)

where ψ̂(x) and âi are the bosonic annihilation operators for the atomic field and

the counterpropagating cavity modes i = 1, 2, respectively, k = ω/c, ∆ = ωp − ω

is the pump-cavity detuning, m is the atomic mass, U0 = g2
0/∆a is the familiar

off-resonant atom-photon interaction strength, with g0 the vacuum Rabi frequency

and ∆a = ωp − ωa the atom-pump detuning.

The BEC is initially prepared in a macroscopically occupied zero-momentum

state from which the atoms are then scattered into higher momentum side modes

±2ℓ~k by the intracavity optical field, where ℓ is an integer. For moderate fields the

condensate dynamics can be restricted to the zero-momentum mode and the first

two side modes, ℓ = 1 [4, 7], and the atomic field operator can be expanded simply



106

ˆ
cX ˆ

sX

† †
2 1 1 2ˆ ˆ ˆ ˆa a a a�

† †
2 1 1 2ˆ ˆ ˆ ˆia a ia a�

0N

Figure D.1: Excitation of symmetric X̂c and antisymmetric X̂s collective density
side modes. The excitation of these modes is due to the interaction between a
classically treated zero-momentum mode ĉ0 → √

N0, and the superposition of two
travelling wave modes â1 and â2.

in terms of these modes. Instead of a plane-wave expansion, we find it convenient

to use a sine and cosine basis, so that

ψ̂(x) =
1√
L
ĉ0 +

√
2

L
ĉc cos(2kx) +

√
2

L
ĉs sin(2kx), (D.2)

where L is the cavity length and ĉ0, ĉc and ĉs are the bosonic annihilation operators

of the zero-momentum mode, the cosine mode, and the sine mode respectively. They

satisfy the usual bosonic commutation relations [ci, c
†
j] = δi,j . With this expansion

of the Schrödinger field the Hamiltonian (D.1) reduces to

Ĥ = ~ (−∆ + U0N)
∑

â†i âi −
∑

i~(η∗i âi − ηiâ
†
i )

+ 4~ωr(ĉ
†
ccc + ĉ†scs) +

~U0√
2

(â†2â1 + â†1â2)(ĉ
†
cĉ0 + ĉ†0ĉc)

+
i~U0√

2
( â†2â1 − â†1â2)(ĉ

†
sĉ0 + ĉ†0ĉs), (D.3)

where ωr = ~k2/2m is the atomic recoil frequency. This Hamiltonian can be further

simplified since for weak optical fields and largeN the depletion of the initial conden-

sate remains weak. We then treat the zero-momentum mode classically, ĉ0 →
√
N
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. We further introduce the ‘position’ operators

X̂j ≡ (ĉ†j + ĉj)/
√

2 (D.4)

and the corresponding ‘momentum’ operators

P̂j ≡ i(ĉ†j − ĉj)/
√

2, (D.5)

where j = {c, s}, resulting in the Hamiltonian (D.3) being mapped to the optome-

chanical Hamiltonian

Ĥ = ~ (−∆ + U0N)
∑

â†i âi −
∑

i~(η∗i âi − ηiâ
†
i )

+ 2~ωr(X̂
2
c + P̂ 2

c + X̂2
s + P̂ 2

s )

+ ~U0

√
NX̂c(â

†
2â1 + â†1â2)

+ i~U0

√
NX̂s(â

†
2â1 − â†1â2). (D.6)

In this form, the Hamiltonian provides a simple physical picture: the sine and cosine

momentum side modes of the condensate behave as a pair of mirrors driven by the

interference between the two counter-propagating intracavity light fields. As such,

they can be thought of as a “bottom-up” realization of coupled mirrors driven by

the radiation pressure. We return to this point shortly, but first derive the coupled

equations of motion of the light-condensate mirrors system.

In practice the sine and cosine momentum modes are coupled to other momentum

side modes as a result of the presence of a trapping potential that is otherwise ignored

in our discussion. This results in a damping of the population of these modes, and

associated noise operators. The resulting quantum Langevin equations obtained
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from the Hamiltonian (D.6) are therefore

˙̂
Xc = 4ωrP̂c − γX̂c + f̂xc,

˙̂
Pc = −4ωrX̂c − U0

√
N(â†2â1 + â†1â2) − γP̂c + f̂pc,

˙̂
Xs = 4ωrP̂s − γX̂s + f̂xs,

˙̂
Ps = −4ωrX̂s − iU0

√
N( â†2â1 − â†1â2) − γP̂s + f̂ps

i ˙̂a1 = U0

√
Nâ2(X̂c − iX̂s) − (∆̃ + iκ)â1 + iη1 +

√
2κâin

1 ,

i ˙̂a2 = U0

√
Nâ1(X̂c + iX̂s) − (∆̃ + iκ)â2 + iη2 +

√
2κâin

2 ,

(D.7)

where κ is the linewidth of the ring cavity, ∆̃ = ∆ − U0N is the Stark-shifted

cavity-pump detuning, and the side-mode damping rate γ affects both position and

momentum, as discussed in Ref. [9]. All noise operators, f̂xc, â
in
1 , etc. are assumed

to have zero mean.

In the remainder of this paper we consider the simple limit where all fields,

optical and matter-wave, are treated classically. A full quantum description of

the problem will be considered in future work. Taking the expectation values of

Eqs. (D.7) and factorizing all operator products, for example 〈â2X̂c〉 → 〈â2〉〈X̂c〉,
〈â†2â1〉 → 〈â†2〉〈â1〉, etc, yields the classical equations of motion

Ẍc = −2 γ Ẋc − (16ω2
r + γ2)Xc

−4ωr U0

√
N (α∗

2 α1 + α∗
1 α2), (D.8)

Ẍs = −2 γ Ẋs − (16ω2
r + γ2)Xs

−4 i ωr U0

√
N (α∗

2 α1 − α∗
1α2), (D.9)

iα̇1 = U0

√
Nα2(Xc − iXs) − (∆̃ + iκ)α1 + iη1, (D.10)

iα̇2 = U0

√
Nα1(Xc + iXs) − (∆̃ + iκ)α2 + iη2, (D.11)

where we have set 〈âi〉 → αi, 〈X̂c〉 → Xc, etc.
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Equations (D.8) and (D.9) are particularly instructive in that they show that the

sine and cosine side modes are driven by out-of-phase components of the interference

pattern produced by the counterpropagating optical fields. In particular, we observe

that if these two fields have equal phase and amplitude, then the sine mode is

not excited: it becomes a dark state as a result of the destructive interference

between the coherent recoil effects from the two counterpropagating fields. Similarly,

the cosine mode can become a dark state for out-of-phase and equal amplitude

intracavity fields, see Fig. 1. We show in the next section that these dark states are

useful in understanding the steady-state properties of the system. Interestingly, in

high-Q Fabry-Pérot resonators it is usually appropriate to describe the intracavity

light field as a standing-wave, a cosine-wave if the origin is chosen as the center of

the resonators. In that case, only the cosine momentum side mode of the condensate

is excited, and the problem reduces to the familiar BEC optomechanical situation

of Ref. [4].

We remark that even in Fabry-Pérot interferometers it is strictly speaking never

completely appropriate to ignore the other mode, the sine mode of the optical field,

unless the mirrors are perfectly reflecting (and infinitely heavy). This is especially

so in the limit of feeble quantized fields, certainly the quantum fluctuations of the

cosine mode are always present. It will be interesting in future work to determine

the extent to which the two BEC ‘mirrors’ under consideration here can develop

quantum correlations between the two light fields, leading e.g. to 〈â†2â1〉 6= 0, with

similar behavior for the sine and cosine side modes. As such, this system may

provide a sensitive test-bed to generate and study the onset of quantum correlations

in this optically driven Bose condensate. These intriguing questions will be the

topic of subsequent work. In the context of a BEC driven inside a Fabry-Pérot

resonator, work has been done to treat quantum noise and correlations, see for

instance [7, 36, 37]. Concentrating for now on the classical properties of the system,

we turn in the next section to a discussion of its steady-state properties.
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D.3 Steady-state solutions and optical bistability

Setting the time derivatives to zero in Eqs. (D.8)-(D.11) yields after some algebra

a fifth-order polynomial equation for |α1|2. This equation is quite cumbersome and

is not presented here. We proceed by numerically determining |α1|2, retaining only

the physically relevant real positive roots of the fifth-order equation. From these

values one readily finds |α2|2, Xc, Xs, α1 and α2 from

α2 =
iη2

∆̃ + i κ+ C1 |α1|2
, (D.12)

α1 =
iη1

∆̃ + i κ+ C1 |α2|2
, (D.13)

Xc = C2(α
∗
2 α1 + α∗

1 α2), (D.14)

Xs = i C2(α
∗
2 α1 − α∗

1 α2), (D.15)

where

C1 = 8ωrNU
2
0 /(16ω2

r + γ2)

and

C2 = −4ωrU0

√
N/(16ω2

r + γ2).

The stability of the steady state solutions is determined by the standard Routh-

Hurwitz criterion [38].

Figures D.2 - D.8 show typical results obtained for parameters similar to those

used in previous experimental [4] and theoretical [9] work. For these specific param-

eters we obtain only three real roots for |α1|2.
Consider first the case of real and equal pump amplitudes, η1 = η2. Figure D.2

shows the mean intracavity intensity of the counterpropagating optical fields 1 and 2

as a function of the effective detuning ∆̃. Starting from large negative detunings, the

intracavity field intensities increase as the magnitude of the detuning is decreased,

as expected, with both field intensities being equal. At point A the system makes a
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Figure D.2: Mean intracavity intensity(unitless) of mode 1 or 2 as a function of

the detuning ∆̃ for L = 100µm, λp = 780nm, κ = 2π × 1.3MHz, ωr = 2π × 3.8kHz,
U0 = 2π × 3.1kHz, N = 9000, η1 = η2 = 0.54κ, and γ = 0.001κ. The dashed
segments are unstable. The plot for modes 1 and 2 are identical, except that when
mode 1 is on the CFD branch then mode 2 is on the CED branch, and conversely,
see text.

discontinuous jump to point B. A similar behavior has been observed e.g. in the case

of a BEC trapped in a Fabry-Pérot cavity [4]. However, a new feature of the ring

cavity system appears at point C. Here, the solution described by the thick curve

becomes unstable and the system undergoes a spontaneous symmetry breaking, with

one of the intracavity intensities increasing and following the CFD curve, while the

other decreases and follows the CED curve. Which of the two counterpropagating

fields will follow which branch is completely random and determined by classical (or

quantum) noise, as illustrated in the following section. This behavior is reminiscent

of that found for instance in symmetrically pumped nonlinear interferometers [35,

39].

Figure D.4(a) shows the steady-state position Xc of the cosine mode for the

parameters of Fig. D.2. Clearly, Xc is also multistable, although this would appear
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Figure D.3: Phase of the intracavity fields as a function of the detuning ∆̃ for the
same parameters as Fig. 2. The plots for modes 1 and 2 are identical, except that
when mode 1 is on the upper semi-loop then mode 2 is on the lower semi-loop, and
conversely, see text. The dashed segments are unstable.

not to be the case from the figure. This is because the branch CGD is actually

degenerate, with the field intensities corresponding to both branches CED and CFD

in Fig. D.2 yielding the same value of Xc for a given detuning ∆̃. This might appear

surprising, considering that these intensities are vastly different. The point is that

the intensity only gives part of the story; we also need to consider the phase of the

intracavity fields, see Fig. 3, which are just as important in determining the steady-

state value of Xc and Xs, as apparent from Eqs. (D.14) and (D.15). More precisely,

it is the interference between the forward and backward field amplitudes that drives

Xc and Xs. To the left of the spontaneous symmetry breaking point C in Fig. D.2

the phases of the two counterpropagating fields are equal, hence α∗
2α1 − α2α

∗
1 = 0,

and the sine side mode is in a dark state, cf. Fig. 5. The situation is the same to

the right of point D in Fig. 2. For detunings in the spontaneous symmetry breaking

region, the upper intensity branch corresponds to the lower phase branch. For a

fixed detuning, these combinations of phase and amplitudes of the fields result in

equal values of the interference term α∗
2α1 + α2α

∗
1 for the two branches, and hence
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the same value of Xc. In this region we also have that α∗
2α1 − α2α

∗
1 6= 0, resulting

in non-zero values for Xs, see Fig. D.5. Note however that for that mode, the two

branches lead to two values of Xs exactly out of phase with each other, as expected

from the form of Eq.(D.15).

A small imbalance between the two (real) pump field amplitudes, η1 6= η2 is

sufficient to lift the degeneracy and remove the symmetry between the two counter-

propagating modes, see Fig. 4(b). This leads to a qualitatively different steady-state

behavior of the system, including the appearance of isolated domains of solutions,

or isolas. A similar behavior has been previously predicted in other nonlinear op-

tics contexts, including nonlinear ring resonators filled by a Kerr nonlinear medium

[34, 35].

Figure D.6 shows the mean intracavity intensity of mode 1 as a function of the

detuning ∆̃ for imbalanced pumping, and Fig. D.7 the corresponding curves for mode

2. The effect of imbalanced pumping is to detach the loop previously associated with

spontaneous symmetry breaking from the “main” bistability branch. The isolated

branch, the isola, is accessible via an adiabatic sweep of the detuning from large

negative values. When reaching point C in Fig.6 the main branch becomes unstable,

and the field jumps toward point D on the isola. One could also reach the isola with

a hard non-equilibrium excitation to a point within the basin of attraction of the

steady-state branch RDE. That basin of attraction can be determined numerically

by integrating the equations of motion (D.8)-(D.11) backward in time from initial

values arbitrarily close to that branch.

Fig. D.4(b) shows Xc as a function of detuning, illustrating particularly clearly

the lifting of the degeneracy associated with symmetric pumping and the onset of an

isola, and Fig. D.8 the corresponding Xs. Further results not discussed here show

that when the difference between the pump field intensities are sufficiently large,

both bistability and the isolas eventually disappear.



114

D.4 Dynamics

We now turn to a discussion of selected aspects of the dynamics of the system as

external parameters are varied in time. Here we concentrate on linear sweeps of the

effective detuning from large negative values to large positive values. Because the

cavity field decay rate κ is typically orders of magnitude larger than the characteristic

frequency of mechanical motion 4ωr and the decay rate γ of the condensate, we can

eliminate the optical field degrees of freedom adiabatically, and are left with a pair of

coupled nonlinear second-order differential equations for Xc and Xs that can easily

be solved numerically. The initial conditions for the oscillator variables are taken

to be Xc(0) = Xs(0) = Ẋc(0) = Ẋs(0) = 0 in all cases. We also add a small amount

of classical noise δN(t) to simulate atom number fluctuations, due e.g. to collisions

or to thermal effects in the condensate. This noise term has the main effect of

helping drive the system away from unstable branches in a reasonable time. In the

simulations presented in this section δN(t) is assumed to have a normal distribution

with zero mean and the standard deviation equal to 5% of the total mean atom

number.

We consider first the case of real pumps of equal amplitudes, η1 = η2, and sweep

the effective detuning linearly at a rate of 2π× 0.3MHz, a rate that is in most cases

slow compared to the characteristic time scale of the atomic motion, in order to

guarantee adiabaticity, but still fast compared to the atom loss rate [4]. Figure D.9

shows the time evolution of the intensity of mode 1 as the detuning ∆̃ is varied from

−4κ to 4κ. Except for rapid transients that occur for a narrow range of detunings

the intensity follows the steady-state values of Fig .D.2. These rapid transients

correspond to system parameters such that the system is almost unstable, with

a particularly slow relaxation time to equilibrium. At the spontaneous symmetry

breaking point C in Fig.2, random noise determines whether the intensity follows the

lower half loop solution of Fig. D.9(a) or the upper half loop shown in Fig.D.9(b).
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Figure D.10 shows the corresponding Xs(t).

We already mentioned that sweeping the effective detuning allows one to reach

the isolas characteristic of imbalanced pumping. This is illustrated at point C of

Fig. D.11(a), which shows the evolution of the intensity of mode 1 as the detuning

is swept linearly from −4κ to 4κ. Likewise, point P on Fig. D.11(b) shows that

transition when the detuning is swept down from 4κ to −4κ. For completeness,

Fig. D.12 shows the corresponding time evolution of the position Xs of the sine

mode.

D.5 Conclusions

In this paper we have presented a classical analysis of the fundamental optomechan-

ical modes of a Bose-Einstein condensate trapped inside a ring cavity. In contrast

to the situation of a Fabry-Pérot cavity there are now two such modes, symmet-

ric(cosine) and antisymmetric(sine) ones. These sine and cosine modes act as two

coupled “condensate mirrors” of equal frequencies, their coupling resulting in a rich

steady-state behavior, including for instance the appearance if isolas for an appro-

priate choice of parameters.

One important feature of these modes is that together with the original conden-

sate they form a V-system, with the upper levels – the sine and cosine modes –

driven by a two-photon process involving both counterpropagating light fields. One

or the other of these modes can then become a dark state as a result of destructive

interferences between the two counterpropagating fields. This is of course a classical

effect: in the case of quantized optical and matter-wave fields quantum fluctuations

will normally prevent these modes from becoming perfectly dark. It follows that

measuring correlation functions of the optical field provides a direct means to probe

the quantum properties of the matter-wave side modes. Future work will examine

these aspects of ring-cavity optomechanics in detail, both when quantum fluctua-

tions can be treated as small fluctuations about a classical mean, and in the limit of
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very feeble fields where this approach is no longer appropriate. We will also revisit

the Fabry-Pérot case to include both the standing-wave mode that is normally in-

cluded in the analysis, as well as the second frequency-degenerate but out-of-phase

optical mode that needs to also be included and can become significantly excited

for low mirror reflectivities. Finally, we will investigate in detail the damping of the

matter-wave side modes due to the presence of a trap as well as the damping due to

collisions. This will provide us with an effective Q-factor for the condensate mirrors

and permit us to study in detail their heating and cooling mechanisms.
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Figure D.4: Position Xc(unitless) of the cosine mode as a function of the detuning

∆̃.(a) Equal pumping amplitudes η1 = η2; (b) slightly imbalanced pumping η1 =
0.53κ; η2 = 0.54κ; other parameters as those in Fig. D.2. The dashed segments are
unstable.
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Figure D.5: Position Xs(unitless) of the sine mode as a function of the detuning

∆̃ for equal pumping amplitudes. Parameters as in Fig.D.2. The dashed segments
are unstable.
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Figure D.6: Mean intracavity intensity(unitless) of mode 1 as a function of detuning

∆̃. Parameters as those in Fig.D.2 except that η1 = 0.54κ and η2 = 0.55κ. The
dashed segments are unstable.
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Figure D.7: Mean intracavity intensity(unitless) of mode 2 as a function of detuning

∆̃. Same parameters as those in Fig.D.6. The dashed segments are unstable.
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Figure D.8: Position Xs(unitless) of the sine mode as a function of detuning ∆̃.
Same parameters as those in Fig.D.6. The dashed segments are unstable.
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Figure D.9: Time evolution of the intensity(unitless) of mode 1 as the effective
detuning is varied at a rate of 2π × 0.3MHz from −4κ to 4κ. Due to random noise,
the system evolves either along (a) the lower stable loop or (b) the upper stable
loop, cf. Fig.D.2. The values given above the time axis are the instantaneous values
of the detuning in units of κ. Other parameters as in Fig.D.2.
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Figure D.10: Time evolution of Xs(unitless) as the effective detuning is swept lin-
early at a rate of 2π × 0.3MHz from −4κ to 4κ. Classical noise can result in the
system evolving either along (a) the upper or (b) the lower stable loop, see Fig.D.5.
The values given above the time axis are the instantaneous values of the detuning
in units of κ. Other parameters as in Fig.D.2.
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Figure D.11: Time evolution of the intensity(unitless) of mode 1 under a linear
sweep of the effective detuning at a rate of 2π × 0.3MHz, (a) for a sweep from −4κ
to 4κ; (b) for a sweep from 4κ to −4κ, cf. Fig.D.6. The values given above the time
axis are the instantaneous values of the detuning in units of κ. Other parameters
as in Fig.D.6.
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Figure D.12: Time evolution of Xs(unitless) as the effective detuning is swept
linearly at a rate of 2π × 0.3MHz. (a) from −4κ to 4κ; (b) from 4κ to −4κ, cf.
Fig.D.8. The values given above the time axis are the instantaneous values of the
detuning in units of κ. Other parameters as in Fig.D.6.
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