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ABSTRACT 
 
 

A novel small-animal SPECT imager, FastSPECT II, was recently developed at the 

Center for Gamma-Ray Imaging.  FastSPECT II consists of two rings of eight modular 

scintillation cameras and list-mode data-acquisition electronics that enable stationary and 

dynamic imaging studies.  The instrument is equipped with exchangeable aperture 

assemblies and adjustable camera positions for selections of magnifications, pinhole sizes, 

and fields of view (FOVs).   

The purpose of SPECT imaging is to recover the radiotracer distribution in the 

object from the measured image data.  Accurate knowledge of the imaging system matrix 

(referred to as H) is essential for image reconstruction.  To assure that all of the system 

physics is contained in the matrix, experimental calibration methods for the individual 

cameras and the whole imaging system were developed and carefully performed.   

The average spatial resolution over the FOV of FastSPECT II in its low-

magnification (2.4X) configuration is around 2.4 mm, computed from the Fourier 

crosstalk matrix.  The system sensitivity measured with a 99mTc point source at the center 

of the FOV is about 267 cps/MBq.  The system detectability was evaluated by computing 

the ideal-observer performance on SKE/BKE (signal-known-exactly/background-known-

exactly) detection tasks.   

To reduce the system-calibration time and achieve finer reconstruction grids, two 

schemes for interpolating H were implemented and compared: these are centroid 

interpolation with Gaussian fitting and Fourier interpolation.  Reconstructed phantom and 

mouse-cardiac images demonstrated the effectiveness of the H-matrix interpolation.   
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Tomographic reconstruction can be formulated as a linear inverse problem and 

solved using statistical-estimation techniques.  Several iterative reconstruction algorithms 

were introduced, including maximum-likelihood expectation-maximization (ML-EM) 

and its ordered-subsets (OS) version, and some least-squares (LS) and weighted-least-

squares (WLS) algorithms such as the Gauss-Seidel (GS) iteration and the algebraic 

reconstruction technique (ART).  These algorithms were compared in terms of their 

computational cost, data-agreement measures and subjective assessment of image quality.   

The spatial resolution of the imaging system was visualized through a miniature 

Derenzo hot-rod phantom.  The smallest rods with 1-mm diameters and 3-mm center-to-

center distance were clearly resolved.  Mouse bone, kidney and cardiac images illustrated 

the ability of FastSPECT II to provide high-quality small-animal images.  The dynamic-

imaging capability was demonstrated via rat myocardial studies.   

FastSPECT II can be modified to achieve higher angular sampling and higher 

magnification.  Fourier crosstalk analysis and synthetic phantom studies showed that 

higher angular sampling improved the spatial resolution and image quality along two 

transverse axes.  Line-phantom and mouse-femur images demonstrated the sub-

millimeter resolution of FastSPECT II in the high-magnification (18X) configuration.   
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CHAPTER 1 

INTRODUCTION 

1.1. Motivation 

 Health and medical care is one of the most important issues in daily life.  Medical 

imaging has long played a vital role in clinical applications and biomedical research due 

to its noninvasive characteristic.  Various imaging technologies have been developed to 

provide anatomical and physiological information that leads to diagnoses, treatments, 

prognoses, and preventive measures for a host of diseases.  Medical imaging modalities 

used in human and animal imaging include radiography, ultrasound, X-ray computed 

tomography (CT), magnetic resonance imaging (MRI) and functional MRI (fMRI), 

bioluminescent or fluorescent optical imaging, and nuclear imaging techniques such as 

planar scintigraphy, single-photon emission computed tomography (SPECT), and 

positron emission tomography (PET).   

 Animal models of human diseases are widely used in biomedical research to study 

disease mechanisms and investigate potential therapies.  Noninvasive, in vivo imaging of 

animals enables longitudinal studies to be performed on the same animal.  Such studies 

reduce the number of laboratory animals used and reduce intersubject variability (Tai and 

Laforest, 2005).  Among various species used in animal studies, small animals such as 

mice and rats have advantages over large animals due to low maintenance cost, rapid 

breeding cycles, high genetic homology with humans, and well-developed methodology 

for genetic manipulation (Balaban and Hampshire, 2001; Cherry and Gambhir, 2001). 
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 Imaging systems used for small-animal studies require much higher sensitivity and 

spatial resolution to maintain equivalent accuracy as human studies (Green et al., 2001; 

Acton and Kung, 2003).  Much research effort has been devoted to high-resolution 

medical-imaging instrumentation.  Numerous commercial and research small-animal 

imagers that yield better performance have emerged over the last decade.  Several small-

animal SPECT imagers have also been developed in our research group.  In an attempt to 

explore possibilities that may improve system resolution and image quality given a fully-

constructed small-animal imager, a rigorous calibration procedure and multiple image-

reconstruction options were developed in this dissertation research. 

 

1.2. Nuclear Medicine Imaging 

 Since Wilhelm Conrad Röntgen discovered X-rays in 1895 and Madame Marie 

Curie discovered the radioisotope radium in 1898, the use of radionuclides has gained a 

lot of attention in medical science.  The tracer principle introduced by George de Hevesy 

in 1923 further connected the use of radioisotopes with nuclear medicine applications.  

Nuclear medicine imaging utilizes radiopharmaceuticals to accomplish noninvasive 

imaging of organ functions and cell metabolism in establishing disease diagnosis and 

treatment.  Radiopharmaceuticals are radioactive drugs or biological products whose 

carrier molecules, such as antibodies or ligands, are coupled to radioactive substances.  

When a radiotracer is administered into a patient/animal’s body, the radioactive agent 

localizes preferentially in the organ or tissue of interest through the biochemical nature of 

the radiopharmaceutical.  Gamma rays are emitted isotropically from the resulting 
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biodistribution of the radioisotope.  The spatial distribution of radionuclide can be 

acquired by using appropriate detection devices.  If a series of images is taken over a 

period of time, any abnormal pattern or unusual rate of isotope movement may indicate 

the presence of disease and medical diagnoses can be made accordingly. 

 The earliest imaging device used in nuclear medicine was the rectilinear scanner 

(Cassen, 1969), which used a single moving radiation detector to sample the photon 

fluence in a small region at a time.  Rectilinear scanners dominated nuclear medicine 

imaging from the early 1950s through the late 1960s.  The most commonly used gamma-

ray camera, the Anger camera (Anger, 1958; Anger, 1964), was developed by Hal O. 

Anger at Berkeley in 1958 and began to significantly replace rectilinear scanners in the 

late 1960s when its resolution became comparable to that of the rectilinear scanner 

(Bushberg et al., 1994).  The basic scintillation camera design and detector physics are 

presented in section 2.1. 

 Nuclear imaging can be subdivided into planar imaging and tomography.  In planar 

imaging, a two-dimensional (2D) projection of the three-dimensional (3D) radionuclide 

distribution is recorded.  Since internal structures along the projection direction are 

overlaid, the 3D information of the imaging subject is lost.  The aim of tomographic 

imaging is to recover the 3D radiotracer concentration.  Multiple planar projections at 

different angles are collected and processed by some means of mathematical 

reconstruction to form cross-sectional slices.  Two tomographic imaging modalities, 

positron emission tomography (PET) and single-photon emission computed tomography 

(SPECT), are mainly distinguished by the type of radioisotope incorporated in the tracer 
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and the type of detection mechanism.  Basic principles of PET and SPECT and recent 

developments in small-animal scanners are presented herein. 

 

1.2.1. Positron emission tomography (PET) 

 Radiotracers used in PET are labeled with positron-emitting radionuclides such as 

11C, 13N, 15O, and 18F.  When the radioisotope decays, it produces a positron (β+) that 

travels a small distance (up to a few millimeters) before annihilating with an electron in 

surrounding matter.  The annihilation process generates two 511-keV photons traveling in 

almost exactly opposite directions as shown in Fig. 1-1(a).  Annihilation coincidence 

detection (ACD) is used to register annihilation photon pairs.  Figure 1-1(b) shows a 

typical PET detector geometry, where an array of small scintillation detectors are 

arranged as a ring.  When two gamma rays are detected at almost the same instant, they 

are identified as an annihilation event through the coincidence circuitry.  Non-coincident 

gamma events are rejected.  The two detectors involved in a coincidence event provide 

trajectories of the annihilation photon pair.  The total number of coincidence events 

recorded by a given pair of detectors is equivalent to a measure of the line integral 

through the radioisotope distribution.  The ring configuration permits PET scanners to 

collect data for all projections simultaneously.  Mathematical reconstructions are 

implemented to produce tomographic images. 

 One major advantage of PET is the electronic collimation of annihilation events, 

which avoids the severe sensitivity loss from the physical collimation required in SPECT.  

Hence PET generally has much higher photon-collection efficiency than SPECT.  In  
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Figure 1-1. (a) Annihilation reaction.  (b) Schematic diagram of PET ring detector. 

 

addition, positron-emitting isotopes of carbon, nitrogen, oxygen, and fluorine occur 

naturally in many biological systems and pharmaceutical compounds; this permits 

incorporation of positron emitters into a wide variety of useful radiopharmaceuticals to 

investigate specific physiological functions (Ollinger and Fessler, 1997).  For example, 

18F-FDG (fluorodeoxyglucose) is a commonly used PET radiopharmaceutical, which is a 

chemical analog of glucose with replacement of the oxygen at the C-2 position with 18-

fluorine.  When 18F-FDG is introduced into blood stream, it localizes through glucose 

metabolism and thus can be used to study the metabolic process of glucose in the organ 

of interest (Opie and Hesse, 1997). 

 The major disadvantages of PET are its equipment and radiopharmaceutical costs.  

Since the half-lives of positron emitters are generally short, an on-site or nearby cyclotron 

is required to produce the necessary radioisotopes.  PET scanners are also significantly 

more expensive than SPECT instruments in general.  In addition, the spatial resolution of 

PET has some fundamental physical limitations, such as non-zero positron range after 
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radionuclide decay and annihilation photon non-collinearity due to residual momentum of 

the positron.  The blurring due to 18F positron range in water is 0.102 mm FWHM (full 

width at half maximum) and 1.03 mm FWTM (full width at tenth maximum) and the 

non-collinearity effect contributes a Gaussian blur of 0.33 mm FWHM for a 15cm-

diameter scanner (Levin and Hoffman, 1999).  These physical factors are particularly 

important in high-resolution PET design for small-animal studies. 

 Small-animal imaging has shown great potential in virtually every medical 

discipline, including oncology, neurology, cardiology, toxicology, molecular biology, 

drug discovery and development, and cellular/gene therapy (Green et al. 2001).  With the 

increasing demand on biomedical research and the advances in scintillation detectors and 

radiopharmaceuticals, access to instrumentation for small-animal PET scanning has 

blossomed in the last decade.  As clinical PET systems do not provide the sensitivity and 

spatial resolution necessary for small-animal studies and their system designs do not 

adapt well to small-animal imaging, the PET community has spent a major effort on 

developing high-resolution PET systems specifically for small-animal imaging (Weber 

and Ivanovic, 1999).  Numerous dedicated small-animal PET imagers have been 

developed in different research groups, and some of them are also commercially available.  

Examples of small-animal PET scanners and their sensitivity and spatial resolution are 

listed in Table 1-1. 

 Among all the small-animal PET scanners introduced in Table 1-1, it is worth 

mentioning that there is a special dual-modality PET/SPECT scanner called YAP-(S)PET 

(Del Guerra et al., 2000; Chiozzi et al., 2002; Di Domenico et al., 2003; Comecer 
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Corporation).  This scanner utilizes a YAP:Ce pixellized crystal matrix coupled to 

position-sensitive photomultiplier tubes (PSPMTs).  YAP:Ce scintillators have sufficient 

efficiency for detecting 511 keV radiation and generate adequate light output for 140 keV 

photons, and thus makes a good compromise for PET and SPECT imaging.  YAP-(S)PET 

has spatial resolution less than 3.5 mm and 2 cps/µCi sensitivity in SPECT mode. 

 

1.2.2. Single-photon emission computed tomography (SPECT) 

 Radiotracers used in SPECT are labeled with gamma-emitting radionuclides such as 

99mTc, 123I, and 201Tl, which emit a single gamma ray in each nuclear decay.  The emitted 

gamma ray obeys a uniform angular probability distribution.  To form a projection image 

of the radiopharmaceutical distribution, an imaging system must create a correspondence 

between points in the object and points in the image.  This correspondence is 

accomplished by a collimator, usually made of a heavy material such as lead or tungsten, 

which only allows gamma rays traveling along certain directions to reach the detector.  

Figure 1-2(a) illustrates gamma-ray imaging with a parallel-hole collimator, which is 

mounted against the detector face in practice.  Photons reaching the collimator but not 

traveling along the direction of the bores will be absorbed by the septa between the holes.  

The spatial resolution and sensitivity of collimators are determined by the septal material 

and collimator geometry, including hole size, bore length, and septal thickness.  The 

image formed with a parallel-hole collimator has a magnification of unity that does not 

change with the object location.  However, the image resolution degrades rapidly with 

increasing object-to-collimator distance. 
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Figure 1-2. (a) Gamma-ray imaging with a parallel-hole collimator. 
  (b) Schematic diagram of a triple-head SPECT scanner. 

 

 To accomplish SPECT imaging, sufficient projections from different views must be 

collected to allow tomographic reconstruction.  This can be done by rotating the object in 

front of the detector or by rotating the collimator-detector combination around the object.  

SPECT systems usually comprise a gantry with one or more movable camera heads or 

multiple detectors in a closed ring or polygon.  More detectors lead to higher system 

sensitivity but also higher cost.  A triple-head SPECT system design is shown in Fig. 1-

2(b) and the dotted circle indicates the rotation orbit of detectors.  Each head needs to 

cover 120° in this system. 

 In contrast to the flourishing developments of dedicated small-animal PET scanners, 

most of the early small-animal SPECT studies were accomplished with clinical gamma 

cameras.  Conventional clinical gamma cameras with parallel-hole collimators only 

provide spatial resolution around 6 to 10 mm, which is too low for small-animal imaging.  

However, high-resolution imaging can be achieved by using specialized pinhole apertures.  
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Figure 1-3 shows the basic geometry of pinhole imaging.  The magnification is the ratio 

of the detector-to-pinhole distance to the object-to-pinhole distance (s2/s1).  A large 

magnification can be used to compensate for the limited resolution of the detector, with a 

tradeoff of the field of view (FOV) for a given detector size.  In addition, a smaller 

pinhole size results in higher spatial resolution at a price of lower photon-collection 

efficiency (Barrett and Swindell, 1981; Fessler, 1998). 

 

object

detectorpinhole
aperture

s1 s2

 

Figure 1-3. Basic geometry of pinhole imaging.  The magnification is the ratio of  
  the detector-to-pinhole distance to the object-to-pinhole distance (s2/s1). 

 

 Since Palmer and Wollmer (1990) developed the first pinhole SPECT system with a 

commercial gamma camera to image a rabbit’s lung, numerous research groups have 

investigated the use of pinhole collimation in small-animal imaging studies.  Some 

examples of small-animal pinhole SPECT systems with commercial clinical cameras are 

provided in Table 1-2.  Although pinhole collimation in combination with a large 

magnification and a small pinhole diameter opens the door to high-resolution imaging, 

the tradeoff between spatial resolution and sensitivity has remained an important issue.  
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This has led to two research trends for improving the system sensitivity, by using 

multiple-pinhole and coded-aperture techniques, or employing multiple independent 

detectors around the animal (Acton and Kung, 2003). 

 The use of coded apertures was originally proposed by Mertz and Young (1961) for 

x-ray astronomy and applied to nuclear medicine by Barrett (1972).  The major advantage 

offered by coded apertures is the substantially increased photon-collection efficiency due 

to large open area compared with single-pinhole apertures.  Early investigations include 

Fresnel zone plates (Barrett and Horrigan, 1973), multiple pinhole coded apertures 

(MPCA) (Chang et al., 1974; Vogel et al., 1978; Hasegawa et al., 1979; LeFree et al., 

1981), and uniformly redundant arrays (URA) (Fenimore and Cannon, 1978; Cannon and 

Fenimore, 1979).  Despite the great gains in system sensitivity, early imaging results with 

URA coded apertures were disappointing mainly due to the lack of demultiplexing 

techniques for near-field images (Meikle et al., 2002).  To overcome this problem, 

various methods for reducing near-field artifacts have been suggested (Accorsi and Lanza, 

2001; Meikle et al., 2001; Vassilieva and Chaney, 2002).  Planar gamma-ray imaging 

with URA apertures has been investigated in several research groups (Accorsi et al., 2001; 

Ziock et al., 2002; Gmar et al., 2004; Garibaldi et al., 2005). 

 Compared with the struggle of URA coded apertures in small-animal SPECT 

imaging, the use of multi-pinhole coded apertures has achieved better success so far.  

Table 1-3 shows some examples of small-animal SPECT with multi-pinhole collimators.  

Different pinhole arrangements and system designs allow the presence or absence of 

multiplexing in the projection images.  Conversion kits that provide interchangeable  
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Table 1-2. Examples of small-animal pinhole SPECT with commercially-available 
clinical cameras.  A single camera is used unless additionally specified. 

References 
Pinhole 
diameter 

(mm) 

ROR* 
(cm) 

Resolution 
(mm) 

Sensitivity 

Palmer and Wollmer, 1990 3.3 8.0 4.4 50 cps/MBq 

Weber et al., 1994 2.0 4.5 2.8 86 cps/MBq 

Strand et al., 1994 2.0 
3.3 

5.0 2.2 
3.4 

70 cps/MBq 
194 cps/MBq 

Jaszczak et al., 1994 0.6 
1.2 
2.0 

4.0 1.5 
1.9 
2.8 

24 cps/MBq 
70 cps/MBq 
154 cps/MBq 

Ishizu et al., 1995 1.0 4.0 1.65 0.60 kcps/µCi/ml 

Yukihiro et al., 1996 2.0 4.0 2.5 - 

Yokoi and Kishi, 1998 
(dual-head) 

1.0 4.0 
5.0 

1.65 
1.91 

8.54 kcps/MBq/ml 
5.68 kcps/MBq/ml 

Ogawa et al., 1998 1.0 2.0 
2.8 

1.1 
1.3 

89 cps/MBq 
 

Wu et al., 1999 
Wu et al., 2000 

0.5 2.5 1.0 - 

Wu et al., 2002 0.5 
1.0 
2.0 

3.0 <1.0 
1.1 
2.1 

 
77 cps/MBq 

Habraken et al., 2001 
Booij et al., 2002 

1.0 3.3 1.3 6.8-216.1 cps/MBq

Acton et al., 2002 #1 
Acton et al., 2002 #2 
(triple-head) 

0.5 
2.0 
3.0 

3.0 0.83 
2.56 
3.70 

336 cps/MBq/ml 
1827 cps/MBq/ml 
4029 cps/MBq/ml 

Metzler et al., 2005 
(triple-head) 
(circular or helical orbit) 

1.0 4.0 1.6 - 

* ROR stands for radius of rotation. 
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Table 1-3. Examples of small-animal SPECT with multi-pinhole collimator. 

References System description 
ROR
(cm)

Resolution  
(mm) 

Sensitivity 

Meikle et al., 
2002 

Meikle et al., 
2003 

Singe compact camera with 
NaI(Tl) crystal array 
coupled to PSPMT 

4-pinhole aperture with  
0.5 mm pinhole diameter 

4.0 1.5 146 cps/MBq 

Schramm et al., 
2003 

Single clinical camera 

7-pinhole aperture with  
1.5 mm pinhole diameter 

5.0 2.0 
(simulated) 

325 cps/MBq 

Provide multi-pinhole 
aperture plates and iterative 
reconstruction algorithm for 
clinical cameras 

   

7-pinhole aperture with  
1.5 mm pinhole diameter 

5.0 
3.5 

1.5 
1.2 

334 cps/MBq 
550 cps/MBq 

HiSPECT 

Bioscan, Inc. 

10-pinhole aperture with  
1.5 mm pinhole diameter 

5.0 
3.5 

1.5 
1.2 

464 cps/MBq 
1324 cps/MBq 

U-SPECT-I 

Beekman et al., 
2005 

Triple-head clinical cameras

75-pinhole aperture with  
0.6 mm pinhole diameter 
(no multiplexing in the 
projection image) 

2.2 < 0.5 mm 0.22 %  
(central FOV) 

0.12 %  
(6 mm off-axis)

 

multi-pinhole apertures and iterative reconstruction algorithms for retrofitting clinical 

cameras are commercially available from Bioscan, Inc. 

 Parallel to the exploration of coded apertures, abundant research efforts have been 

devoted to the developments of compact high-resolution cameras, including scintillation 

detectors that use a variety of scintillators and photomultiplier tubes (PMTs) or PSPMTs, 
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and solid-state detectors.  With high resolution detectors, less image magnification is 

required, so that multiple small detectors can be put closely behind the imaging aperture 

to form a dedicated small-animal SPECT scanner.  Several small-animal SPECT systems 

with compact detectors have been constructed in different groups or made commercially 

available.  Williams et al. (2000) utilized a compact gamma camera consisting of a 

pixelated CsI(Tl) crystal array coupled to a 2 × 2 array of 1-inch PSPMTs and a single-

pinhole aperture with 1.0-mm pinhole diameter to accomplish SPECT phantom imaging.  

They achieved spatial resolution of 1.2 mm FWHM with 3X image magnification.  

Weisenberger et al. (2003) constructed three detector heads based on 1-inch square 

PSPMTs coupled to CsI(Tl) crystal arrays.  Preliminary SPECT phantom imaging was 

performed with a single detector equipped with a 5-mm-thick copper-beryllium parallel-

hole collimator that has 0.2 mm × 0.2 mm square openings and 0.05-mm septa.  The 

system has spatial resolution of less than 2 mm and sensitivity of 110 cpm/µCi with a 

ROR of 2.5 cm. 

 A-SPECTTM (MacDonald et al., 2001; McElroy et al., 2002) was the first 

commercial small-animal SPECT scanner available from Gamma Medica, Inc., and 

comprised stationary single- or dual-head compact LumaGEM cameras with inter-

changeable single-pinhole apertures and vertically-oriented animal rotary stage.  A 

second generation system, X-SPECTTM, is similar to A-SPECTTM but has rotating 

detectors and horizontally-positioned stationary animal bed plus an integrated CT.  Table 

1-4 shows some technical specifications of X-SPECTTM in SPECT mode. 
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Table 1-4. Technical specifications of X-SPECTTM in SPECT mode. 

Pinhole diameter  
(mm) 

ROR  
(cm) 

Resolution  
(mm) 

Sensitivity  
(cps/MBq) 

0.5 
1.0 
2.0 
4.0 

0.62 
0.98 
1.80 

88 
25 
- 

1.0 
1.0 
2.0 
4.0 

1.0 
1.3 
2.2 

302 
87 
- 

2.0 
1.0 
2.0 
4.0 

1.8 
2.2 
2.5 

855 
276 

- 

 

 Our research group, the Center for Gamma-Ray Imaging (CGRI) at the University 

of Arizona, has developed several small-animal SPECT systems with compact cameras in 

the past two decades, such as FastSPECT (Four-dimensional Arizona STationary Single-

Photon Emission Computed Tomography) (Klein et al., 1995), FastSPECT II (Furenlid 

et al., 2004), Dual-modality CT/SPECT system (Kastis et al., 2002; Kastis et al., 2004), 

and SemiSPECT (Peterson et al., 2002; Kim, 2004).  FastSPECT was originally 

developed for dynamic 3D human-brain imaging and has been transformed to a small-

animal imager by incorporating a high-resolution pinhole aperture (Kastis et al., 1998).  

This system consists of 24 modular scintillation cameras, each containing a 5mm-thick 

NaI(Tl) scintillation crystal coupled to 2 × 2 PMTs and having its own front-end 

electronics (Milster et al., 1984; Aarsvold et al., 1988; Milster et al., 1990).  FastSPECT 

II is a second generation of the FastSPECT system featuring redesigned modular 

scintillation cameras and list-mode data-acquisition electronics.  A more detailed 
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introduction to FastSPECT II is presented in Chapter 2.  The SPECT system of the dual-

modality CT/SPECT utilizes a compact semiconductor camera module, which comprises 

a 64 × 64 pixellated cadmium zinc telluride (CdZnTe) detector and a 380µm-pitch 

parallel-hole tungsten collimator.  SemiSPECT employs eight CdZnTe detectors in an 

octagonal ring, along with a 0.5mm-pinhole aperture and list-mode data-acquisition 

electronics.  In contrast to the stationary FastSPECT systems, the dual-modality 

CT/SPECT system and SemiSPECT use a vertical animal holder attached to a rotary 

stage to obtain sufficient angular projections for tomographic reconstruction.  Table 1-5 

summarizes some system properties of small-animal SPECT scanners developed at CGRI.  

The spatial resolution is evaluated by the Fourier corsstalk approach to define the average 

resolution over the FOV (Gifford, 1997; Kim et al., 2006).   

 
Table 1-5. Specifications of small-animal SPECT scanners developed at CGRI. 

Small-animal 
SPECT Collimator Resolution Sensitivity 

(cps/MBq) 
Field of view 

(FOV) 

FastSPECT 1.0 mm pinhole 2.3 mm 174 32 mm 

FastSPECT II 1.0 mm pinhole 2.2 mm 267 40 mm 

CT/SPECT 380 µm parallel-hole < 2.0 mm ~10 25 mm 

SemiSPECT 0.5 mm pinhole 1.45 mm 153 32 mm 

 

1.3. Scope of This Dissertation 

 The main focus of this dissertation is to develop a rigorous calibration procedure as 

well as various image reconstruction options for FastSPECT II, a new small-animal 

SPECT system.  FastSPECT II is a recently constructed high-resolution stationary 
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SPECT imager built with modular scintillation cameras and list-mode data-acquisition 

electronics.  This imager comprises 2 rings of 8 modular cameras to provide relatively 

sufficient angular sampling.  The motionless characteristic along with list-mode data 

acquisition makes the system capable of dynamic imaging.  The calibration of this 

imaging system includes characterizations of the individual detectors and measurements 

of the overall system response.  Image reconstruction options include different 

combinations of reconstruction algorithms, voxel sizes, number of projections, and static 

or dynamic image acquisitions. 

 Chapter 2 introduces FastSPECT II, a stationary high-resolution SPECT system.  

The basic hardware components of a modular gamma-ray camera and the detector 

physics are presented, followed by the working principle of the data-acquisition 

electronics.  The mechanical components of FastSPECT II are described, including the 

system gantry and enclosure, exchangeable aperture assemblies, and positioning motion 

stages.  The instrument control kernel, consisting of the data storage hardware and user 

interface software, is introduced as well. 

 Chapter 3 presents the characterization and evaluation of FastSPECT II performance.  

The calibration of individual scintillation camera starts from the gain adjustment of each 

PMT followed by the measurement of the mean detector response function (MDRF) with 

a collimated 99mTc source.  The MDRF calibration data is used to construct a maximum-

likelihood (ML) position estimator (Milster et al., 1990) and a likelihood window (LW) 

for scatter rejection.  The point response function (PRF) and the system sensitivity of 

FastSPECT II are measured by translating a 99mTc point source to all locations in the 
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FOV.  The system spatial resolution is defined using the Fourier crosstalk approach 

(Gifford, 1997).  The signal detection theory is briefly reviewed and the ideal observer is 

used to evaluate the system detectability.  In order to use a finer grid in image 

reconstruction, two schemes for interpolating the system matrix are developed, including 

the centroid interpolation with Gaussian fitting and Fourier interpolation methods.   

 Chapter 4 provides a review of various iterative reconstruction algorithms, including 

maximum-likelihood expectation-maximization (ML-EM) and its ordered-subsets version, 

and some algebraic ones such as the Gauss-Seidel iteration and algebraic reconstruction 

technique (ART).  These algorithms are used to reconstruct a miniature Derenzo hot-rod 

phantom.  The performance of algorithms is compared in terms of the computation cost 

and subjective assessment of image quality.   

 Chapter 5 presents the phantom and animal images taken with FastSPECT II.  

Mouse kidneys, bone, and myocardium are imaged with different 99mTc-labelled 

radiopharmaceuticals.  These studies demonstrate the ability of FastSPECT II in 

providing high-quality tomographic images of mice.  Rat myocardial studies show the 

dynamic imaging capability of FastSPECT II.  Higher angular sampling is achieved by 

rotating the object and the rotated system matrices are interpolated from the measured 

system matrix.  The high-magnification aperture designed for mouse-femur imaging is 

introduced.  Initial line-phantom and mouse-knee images demonstrate the sub-millimeter 

resolution of the system. 

 Summarized contributions of this research and suggestions for future work are 

presented in the final chapter. 
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CHAPTER 2 

FASTSPECT II:  

A HIGH-RESOLUTION STATIONARY SPECT IMAGER 

 
 FastSPECT II is a recently constructed 16-camera small-animal SPECT imager built 

with modular scintillation cameras and list-mode data-acquisition electronics.  The 

instrument is used in this research for calibration-procedure development and imaging 

studies.  A detailed description of FastSPECT II is provided in this chapter. 

 
2.1. Introduction 

 FastSPECT (Four-dimensional Arizona STationary Single-Photon Emission 

Computed Tomography) is the name of a SPECT imaging architecture developed at the 

University of Arizona in the 1980s.  The essence of FastSPECT design is to incorporate 

cylindrical arrays of gamma-ray cameras to simultaneously record adequate angular 

sampling for tomographic reconstruction without any motion of the cameras or the 

imaging subject.  This stationarity enables dynamic 3D imaging capability of the imager. 

 The first physical realization of the FastSPECT architecture was in a dedicated 

human-brain imager (Rowe et al., 1993; Klein et al., 1995) that has been transformed to a 

small-animal imager by adopting a high-resolution pinhole aperture (Kastis et al., 1998).  

This system consists of 24 modular scintillation cameras in a dual ring.  Each camera 

contains a 5mm-thick NaI(Tl) scintillation crystal (10cm × 10cm area) coupled to a 2 × 2 

array of PMTs via a 15mm-thick quartz light guide.  The four PMT signals associated 
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with each individual gamma-ray event undergo analog amplification and event-detection 

electronics, and then are digitized with nonlinear compression to form a twenty-bit event 

word.  The digital word is used as an entry point to a pre-computed lookup table to 

estimate the interaction position in a maximum-likelihood (ML) fashion with an 

acceptable energy window (Sain 2001). 

 As the first FastSPECT system continues to be employed in a variety of biomedical 

research applications, recent advances in detectors and electronics have made it desirable 

and possible to construct an updated and improved version.  A second-generation of the 

FastSPECT system, called FastSPECT II, is based on redesigned modular scintillation 

cameras and list-mode data-acquisition electronics, and equipped with more flexible 

system gantry and enclosure, exchangeable aperture assemblies, and an improved 

calibration and positioning system. 

 The main installation of FastSPECT II is shown in Fig. 2-1, except for the host 

computers and data-storage hardware.  Figure 2-2(a) shows the mechanical design of 

FastSPECT II.  Sixteen modular cameras are arranged in two octagonal rings, where one 

ring is rotated by 22.5 degrees with respect to the other.  The instrument is housed in a 

lead-shielded enclosure and has exchangeable aperture assemblies and adjustable camera 

positions for selections of magnification, pinhole size, and FOV.  A 16-pinhole aperture, 

one pinhole per camera, is the basic image-forming element.  Figure 2-2(b) shows the 

optical arrangement of FastSPECT II.  All cameras look at the FOV from an oblique 

angle.  The pinholes are arranged so that a point source located at the center of the FOV 

will be projected to the center of each camera.  Data acquisition in FastSPECT II starts 
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with front-end list-mode event processors developed to support the 9-PMT modular 

cameras.  Data arrays generated at front-end boards are transmitted to back-end boards 

located in the host computers and stored in the event buffer.  The host computers 

communicate with back-end boards through PCI buses.  High-level instrument control is 

accomplished via graphical user interface (GUI) software programmed in the 

LabVIEWTM environment. 

 

 

Figure 2-1. Photograph of FastSPECT II, including the imager and positioning system.  
Host computers and data-storage hardware are not shown here. 
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2.2. Modular Gamma Cameras 12 

 The most common gamma-ray camera in nuclear medicine is the Anger camera 

(Anger, 1958), which consists of a scintillation crystal, an optical window, and an array 

of PMTs.  Anger’s original design utilized seven PMTs in a hexagonal configuration, 

along with processing electronics to estimate the gamma-ray interaction position by using 

Anger arithmetic.  Modern clinical cameras usually use a large single scintillation crystal 

and up to hundreds of PMTs to cover a FOV of up to half meter. 

 In order to better meet the sensitivity and resolution requirements for dynamic 

small-animal imaging, an optical configuration that utilizes multiple stationary compact 

detectors and pinhole collimation has been adopted in the FastSPECT architecture.  

Compact modular scintillation cameras have been developed in our research group in the 

last two decades.  The first-generation modular cameras (Milster et al., 1984; Aarsvold et 

al., 1988; Milster et al., 1990), each having a 10cm × 10cm active area and a 2 × 2 array 

of square PMTs, are employed in the first FastSPECT system.  The redesigned second-

generation camera (Sain, 2001) features larger active area and more PMTs. 

 
2.2.1. Camera components 

 The modular gamma-ray camera designed for FastSPECT II comprises a 5mm-thick 

NaI(Tl) scintillation crystal (4.5-inch × 4.5-inch area), a 15mm-thick fused quartz light 

guide, and a 3 × 3 array of 1.5-inch diameter head-on PMTs.  Figure 2-3 shows the 

schematic of a modular scintillation camera.  A thin aluminum plate is used as the 

entrance window.  The entrance and exit faces of the crystal are ground to diffuse 
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surfaces.  The entrance face is coupled to a white Teflon sheet to simulate a Lambertian 

reflector.  The exit face is coupled to the light guide with optical-grade silicone RTV 

(room temperature vulcanization).  The scintillation crystal and quartz light guide are 

hermetically sealed with black absorbing epoxy on the edges.  Each PMT is wrapped in 

CO-NETIC® shields and coupled to the light guide with index-matching optical grease in 

early versions but index-matching RTV in later ones.  All camera components are 

shielded from external light in an anodized aluminum housing.  Figure 2-4 shows 

photographs of a modular scintillation camera with an aluminum mounting plate.   

 A single high-voltage (HV) connector drives all nine PMTs in parallel, with extra 

decoupling capacitors installed across the individual voltage-divider networks.  Each 

PMT has 10 dynode stages and operates at around -800V.  Individual SMB connectors 

bring out the signals from the PMT anodes for connection to the transimpedance 

amplifiers of the acquisition electronics.  The full complement of cameras was ultimately 

manufactured to our specifications by Teledyne Brown Engineering of Huntsville, AL. 

 
2.2.2. Detector physics 

 When a gamma ray strikes upon a scintillation camera and is absorbed in the crystal, 

its energy is transferred to one or more atomic electrons that subsequently generate a 

shower of visible photons.  These optical photons propagate in the crystal and light guide, 

and a fraction of them will be detected by the PMTs.  The PMTs convert and amplify the 

optical photons into useful electronic signals that serve as inputs to the data-acquisition 

electronics.  This section reviews the basic physics of gamma-ray interaction with the 

scintillation material and the detection process of a modular gamma camera. 
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Figure 2-3. Schematic of a modular scintillation camera with a 3 × 3 array of PMTs. 

 

  

Figure 2-4. Photographs of a FastSPECT II modular gamma camera with its mounting 
bracket.  On the left shows the anodized housing of the camera and the back 
plate with a high-voltage connector and nine SMB connectors.  On the right 
shows the front aluminum entrance window. 

 



 49

Interaction of radiation with matter 

 When a gamma-ray beam passes through matter, it gets attenuated by two 

competing processes, scattering and absorption.  Gamma rays transfer their energy to 

matter via interactions with electrons, resulting in electronic excitations, heating of the 

matter, or the creation of moving electrons, moving positrons, or fluorescent X-rays. 

Linear Attenuation 

 A collimated beam of monochromatic photons traveling in a homogeneous medium 

is attenuated according to Beer’s law (Barrett and Swindell, 1981), 

 0( ) exp( )I x I xµ= − , (2-1) 

where 0I  is the incident photon fluence (photons per unit area), ( )I x  is the photon 

fluence after traveling a distance x in the medium, and µ is the linear attenuation 

coefficient.  The attenuation coefficient µ corresponds to the probability of a radiation-

matter interaction per unit distance traveled, and depends on the incident photon energy 

and the traversing medium.  For example, the linear attenuation coefficient of NaI(Tl) is 

2.22 cm-1 for 150 keV photons and 0.34 cm-1 for 511 keV photons (Kobayashi and Ishii, 

1999). 

 There are three principal mechanisms in which gamma-ray photons interact with 

matter: photoelectric absorption, Compton scattering, and pair production.  Both 

photoelectric absorption and Compton scattering produce one ion-electron pair, and pair 

production produces an electron-positron pair from a photon.  The prevalence of each 

type of interaction is a function of the incident photon energy and the atomic number of 

the elements composing the matter.  In nuclear medicine, where gamma rays with 
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energies between 50 keV and 550 keV are used, Compton scattering is the dominant 

interaction in materials with lower atomic numbers, such as human soft tissue (effective 

atomic number Zeff is about 7.2; Jayachandran, 1971) and human bone (Zeff ~ 13.3).  In 

contrast, photoelectric absorption is the dominant interaction in materials with higher 

atomic numbers, such as thallium (Z = 81) and lead (Z = 82).  Pair production only 

occurs with photon energies higher than 1022 keV and is therefore not important in 

nuclear imaging. 
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Figure 2-5. (a) Photoelectric absorption.  (b) Compton scattering. 

 

Photoelectric Absorption 

 In a photoelectric event, the incident photon undergoes an inelastic collision with an 

orbital electron of the absorbing atom in which the photon completely disappears.  All the 

energy of the incident photon is used to ionize the absorbing atom, and an energetic 

photoelectron is ejected from one of the bound shells of the atom as illustrated in Fig. 2-
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5(a).  This process obeys conservation of energy, and therefore the kinetic energy of the 

librated electron equals the energy of the incident photon minus the binding energy of the 

electron.  For gamma rays with sufficient energy, electrons in the innermost shell have 

the highest probability of photoelectric absorption.  Filling of the inner-shell vacancy by 

an electron from a higher atomic level can lead to emission of Auger electrons or 

characteristic X-rays. 

Compton Scattering 

 In Compton scattering, the incoming photon collides with a free or loosely-bound 

electron in the absorbing material and transfers part of its energy to the electron.  Figure 

2-5(b) shows the geometry of a Compton event.  The incident photon with energy 0hν  is 

deflected through an angle θ  with remaining energy 'hν .  The recoil electron departs at 

an angle φ  with kinetic energy kE .  The scattering angle θ  can be from nearly 0˚ to 180˚.  

Conservation of energy and momentum requires that 

 0'
1 (1 cos )

hh νν
α θ

=
+ −

, (2-2) 

where 2
0 eh m cα ν=  ( 2 511 keVem c = , the rest energy of an electron).  The relationship 

between the scattering angle θ  and the electron recoil angle φ  is  

 cot (1 ) tan
2
θφ α= + . (2-3) 

The kinetic energy of the recoil electron is 

 0 0
(1 cos )'

1 (1 cos )kE h h h α θν ν ν
α θ
−

= − =
+ −

, (2-4) 
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where the binding energy (if applicable) of the electron is negligible.  There is a 

maximum energy that can be transferred to the recoil electron, which occurs when the 

incident photon is backscattered at 180˚ and the recoil electron travels forward at 0˚.  The 

maximum energy of the recoil electron is  

 0(max)
2

1 2kE h αν
α

=
+

. (2-5) 

For gamma-ray photons of 140 keV, (max)kE  is around 49.6 keV. 

 

Scintillation process 

 When a gamma ray strikes a scintillation material and is absorbed in the crystal, a 

shower of visible photons is generated via the scintillation process.  This section briefly 

reviews the scintillation mechanism in inorganic scintillators with activators, such as 

thallium doped sodium iodide [NaI(Tl)] crystals used in this research.  The scintillation 

process in inorganic scintillators with activators can be described using a simple solid-

state energy-band model (Birks, 1964) as shown in Fig. 2-6.  The valence band is the 

uppermost filled band at absolute zero and is occupied by electrons that are bound to the 

crystalline lattice sites.  The conduction band contains mobile electrons that have 

sufficient energy to freely migrate throughout the crystal.  The intermediate energy bands 

are the forbidden bands, in which no electrons can be found in a pure crystal.  Small 

amounts of an impurity called activators are intentionally introduced into the crystalline 

lattice to create additional intermediate energy bands in the forbidden band gap.  These 
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impurity sites are called luminescence centers, whose energy structure determines the 

emission spectrum of the scintillator (Knoll, 2000). 
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Figure 2-6. Energy-band structure of an inorganic scintillator with activators. 

 

 The scintillation process in inorganic scintillators can be described as the sequence 

of the following stages (Rodnyi, 1997): 

(1) Absorption of the ionizing radiation energy and production of primary electrons and 

holes by either photoelectric absorption or Compton scattering. 

(2) Relaxation of the primary electrons and holes.  The energetic primary electrons may 

undergo multiple collisions with atoms in the crystalline lattice and result in 

numerous secondary electrons, holes, photons, plasmons, and other electronic 
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excitations.  An atom with a primary inner-shell hole can relax by emitting a 

characteristic X-ray photon or an Auger electron, which may be reabsorbed in the 

crystal yielding new electrons, holes, and phonons. 

(3) Thermalization of the low-energy secondary electrons and holes via electron-phonon 

relaxation.  The electrons move down to the bottom of the conduction band and the 

holes move to the top of the valence band.  Ultimately a large number of electron-

hole (e-h) pairs with energy roughly equal to the band-gap energy Eg are created. 

(4) Energy transfer from the e-h pairs of the host lattice to the luminescence centers and 

their excitation.  Two major energy-transfer modes, electron recombination and hole 

recombination, are accomplished through sequential capture of an electron and a hole, 

in either order, at a luminescence center (Kaufman et al., 1970).  Equations (2-6) and 

(2-7) characterize the two modes of recombination at a thallium ion site in NaI(Tl) 

scintillators, including electron recombination 

 + 0 0 *Tl e Tl ,     Tl h (Tl )− + ++ → + → , (2-6) 

and hole recombination 

 + + 2 2+ *Tl h Tl ,     Tl e (Tl )+ − ++ → + → , (2-7) 

where (Tl+)* represents an excited thallium ion.  In NaI(Tl) at room temperature, the 

reaction in Eqn. (2-6) dominates the scintillation yield (Rodnyi, 1997).  More details 

on these two recombination modes can be found at Kaufman et al. (1970), Dietrich 

and Murray (1972), Dietrich et al. (1973), and Murray (1975). 

(5) Emission of optical photons from the excited luminescence centers.  Equation (2-8) 

gives an example of the scintillation emission in NaI(Tl) crystals, 
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 * +(Tl ) Tl hν+ → + . (2-8) 

The lifetime of (Tl+)* at room temperature is 250 ns (Dietrich et al., 1973).  The 

maximum emission wavelength of NaI(Tl) is at 415 nm (Sakai, 1987), which 

corresponds to optical-photon energy of around 3 eV. 

 

 One important consequence of luminescence through activator sites is that the 

emitted scintillation photons will not be reabsorbed by the crystal since the photon energy 

is less than the band-gap energy of the crystalline lattice (i.e. the emission spectrum is 

shifted to wavelengths longer than the optical absorption band of the crystal).  Therefore 

the crystal is transparent to its own scintillation light (Knoll, 2000). 

 The mean number of photons generated in a scintillation event is proportional to the 

amount of energy deposited in the crystal from the incident ionizing radiation.  Either 

photoelectric absorption or Compton scattering gives rise to the cascaded scintillation 

process.  The optical photons are emitted from the luminescence centers and propagate in 

random directions.  A photoelectron dissipates all of its energy within about 0.17 mm of 

the original site of a 140 keV photoelectric event (Sorensen and Phelps, 1987), so the 

photoelectric interaction site can be treated as a point source of optical photons.  By 

contrast, Compton scattering can invoke the scintillation process by the recoil electron 

and/or the scattered photon.  The kinetic energy of the recoil electron depends on the 

scattering angle and is different from that of the photoelectron in a photoelectric event.  

Hence the mean number of photons generated in a scintillation event stimulated by a 

recoil electron does not represent the full incident ionizing photon energy.  The Compton 
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scattered photon carries less energy than the original incident photon and may induce a 

scintillation event at a different location from the original interaction site, leading to 

uncertainties about the energy and the interaction location.  Photoelectric events are 

therefore preferable since they generate optical photons near the interaction sites, whereas 

Compton scattering events are undesirable due to the loss of position and energy 

information of the incoming ionizing photons. 

 NaI(Tl) has long been the most popular scintillation material in gamma-ray 

detection due to its high scintillation yield resulting in good energy resolution, its 

reasonable short decay time (230 ns) permitting a high detection rate, and its high 

effective atomic number (Zeff ~ 51, Kobayashi and Ishii, 1999) and high density (3.67 

g/cm3) providing a large linear attenuation coefficient that allows a highly-absorbing 

crystal with a reasonable thickness.  However, NaI(Tl) crystals have small resistance 

against mechanical and thermal shocks.  They are also hygroscopic and therefore have to 

be hermetically sealed.  The maximum luminescence efficiency of NaI(Tl) occurs at low 

concentrations of Tl+, about 0.05 ~ 0.1 mol% (Kaufman et al., 1970).  The absolute 

scintillation efficiency of NaI(Tl) is around 11% ~ 13% (Sakai, 1987).  Holl at al. (1988) 

measured the average light yield of NaI(Tl) at 20ºC being 37700 photons/MeV, and 

calculated the energy conversion being 11.3% by integrating over the energy spectrum of 

the scintillation light.  For gamma-ray photons of 140 keV, the mean number of photons 

emitted from a scintillation event in NaI(Tl) is therefore about 5300 photons at room 

temperature. 
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PMT physics 

 A PMT converts incident photons into an electric signal with charge amplification 

ranging from 103 to 108.  Figure 2-7 shows the typical construction of a PMT, which 

consists of an input window, a photocathode, focusing electrodes, an electron multiplier 

with roughly 10 dynodes, and an anode sealed in an evacuated glass tube.  The 

photocathode is usually a thin-film electrode deposited on the interior surface of the 

entrance glass window.  A photon incident upon the PMT passes through the entrance 

window, strikes the photocathode, and then induces a photoelectric event with a certain 

probability called the quantum efficiency.  In a photoelectric event, an electron is ejected 

from the photocathode into the vacuum.  The quantum efficiency is defined as the ratio of 

the number of emitted photoelectrons to the number of incident photons.  For the PMTs 

used in this research, the quantum efficiency is around 25%. 

 

Photocathode

Focusing
electrodeEntrance
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Vacuum chamber

Incoming
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electron

Electronic multiplier
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Electronics  

Figure 2-7. Schematic of a PMT. 



 58

 PMTs usually operate at a high voltage on the order of 1,000V (either positive or 

negative with respect to ground depending on the PMT design).  A voltage-divider circuit 

splits the voltage into equal increments that are distributed to dynodes.  The first dynode 

is given a voltage of approximately +100V with respect to the photocathode; subsequent 

dynodes have voltages raised by roughly 100V per dynode.  Electrons emitted from the 

photocathode are accelerated by the internal electric field and directed by the focusing 

electrode towards the first dynode.  The kinetic energy of the photoelectrons on arrival at 

the first dynode is approximately equal to the potential difference between the 

photocathode and the first dynode (Knoll, 2000).  Upon impacting the first dynode, a 

photoelectron invokes the emission of four to six secondary electrons that are then 

accelerated towards the next dynode.  This secondary-emission process continues down 

the dynode chain, with the number of electrons being multiplied at each stage.  The 

secondary electrons emitted from the last dynode are collected by the anode, which 

outputs the electron current to an external circuit.  The current signal is integrated over 

the decay time of the scintillation flash and converted into a voltage signal.  The signal 

amplitude is proportional to the number of photoelectrons generated in the PMT. 

 The overall electron gain of a PMT is the product of the individual multiplication at 

each dynode.  If a PMT has 10 dynodes and the multiplication factor at each stage is 5, 

the overall amplification will be about 107.  The amplification can be adjusted by the high 

voltage applied to the PMT.  The electron gain on the order of millions implies that 

measurable pulses can be obtained from single photons, and hence makes PMTs proper 

detectors for various applications in particle physics, astronomy, and medical imaging. 
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2.3. List-mode Acquisition Electronics 1234567 

 FastSPECT II adopts a raw list-mode-acquisition architecture.  The full set of 

observations associated with a gamma-ray event is recorded as an entry in an ordered list.  

Attributes of each individual event include an identifier for the camera where the event is 

detected, the nine signal values present in the 3 × 3 array of PMTs, and the time of 

occurrence.  List-mode data collection offers several advantages over traditional binned-

mode acquisition, such as efficient data storage when there are more than four attributes, 

full information preservation, direct dynamic-imaging capability, and more data-

processing flexibility (Barrett et al., 1997; Koss et al., 1997; Parra and Barrett, 1998; 

Lehovich, 2005). 

 The data-acquisition task in FastSPECT II is divided into two parts, a front-end that 

performs digital event detection and list-mode entry generation, and a back-end that 

buffers data and communicates with the host computer (Furenlid et al., 2005).  The data-

acquisition electronics package was designed by Prof. Lars R. Furenlid.  Figure 2-8 

shows a complete set of the acquisition electronics associated with a single modular 

camera.  The list-mode event-buffer board actually supports a second camera.  Hence 

there are sixteen front-end event processors and eight back-end event-buffer boards in 

FastSPECT II. 

 The operation of the list-mode data-acquisition system is diagrammed in Fig. 2-9.  

Camera events are detected with a fully-pipelined event-detection algorithm.  Signals 

from PMT anodes are shaped with analog filters and digitized to 12 bits with free-running 

analog-to-digital converters (ADCs).  A continuous stream of nine 12-bit data words 
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every 30 nanoseconds are summed and scanned for an event maximum by a combination 

of threshold trigger and first-derivative zero-crossing detection.  A pile-up rejector is 

implemented to hold a detected event long enough so that no second trigger can occur 

within the support of the analog shaping amplifiers.  Each event-detection is completed in 

six stages driven by a 33-MHz clock.  3.5 gigabits of raw data per second are digested in 

each processor.  Event attributes are assembled into data packets and transmitted to back-

end buffers via a network-based SERDES (serializer/deserializer) chipset with auto-

synchronization.  Data arrays are transformed into a low-voltage differential-signaling 

(LVDS) serial data stream by the serializer on the front-end board, sent across to the 

deserializer on the back-end board via a standard category-5 twisted-pair cable, retained 

in the event buffers, and eventually saved in the host computer through a PCI interface. 

 

2.3.1. Front-end event processors 

 The front-end board digitizes input signals, performs digital event detection, and 

packages list-mode data arrays.  Each front-end board in FastSPECT II is mounted in the 

vicinity of the modular gamma camera it serves, as shown in Fig. 2-10.  Figure 2-11 

shows a front-end list-mode event processor board with key features identified.  The 

board is roughly divided with analog on the left side, digital on the right, and ADCs in 

between.  The analog amplifiers are modular and mounted in 30-pin SIMM sockets for 

easy exchange of filter function.  The event-detection algorithm is realized in the FPGA 

firmware.  Each front-end board may be driven by its own on-board clock, or accept an 

external distributed clock through a short SMB cable when synchronization with other 
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acquisition boards is required.  Schematics as well as detailed information on the front-

end electronics are provided in Appendix A. 

 

 

Figure 2-8. Data acquisition electronics of a modular gamma camera. 
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Figure 2-9. Block diagram representation of the operation of the list-mode data 

acquisition system. 
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Figure 2-10. A front-end list-mode event processor board mounted in FastSPECT II. 

 
 

 

 

 

 

Figure 2-11. A front-end list-mode event processor board with key features identified. 
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2.3.2. Back-end buffers 

 The back-end board is designed to manage list-mode data from a variety of photon-

counting detectors.  Figure 2-12 shows a back-end list-mode event buffer board with key 

features identified.  Each board can support two modular gamma cameras with 

completely independent data channels.  A field-programmable system chip (FPSC), 

which combines a general-purpose FPGA with an embedded ASIC core dedicated to 

PCI-interface implementation, forms the core of the list-mode event buffer.  The 

industry-standard PCI bus complies with 66-MHz interface clock and 64-bit data width.  

Up to four back-end boards can be installed in one host PC as shown in Fig. 2-13.  Each 

deserializer receives a LVDS serial data stream transmitted from a front-end board and 

transforms it into 10-bit wide parallel data bus and separate clock.  When a deserializer is 

synchronized with a front-end serializer, the LOCK pin on the deserializer is driven low, 

indicating the deserializer is locked to the embedded clock.  Consequently, the data 

coming out of the deserializer is valid and representing the incoming LVDS data. 

 The FPSC saves the data coming out of a deserializer into a memory buffer and 

enables the communication between the host computer and the memory buffer.  When the 

host computer is powered on, the FPGA loads the VHDL firmware stored in the flash 

memory.  Two socketed memory modules are used to store the list-mode data coming 

from channel A and B respectively.  Each memory module comprises eight SRAMs with 

1,048,576 × 4 bits to support one mega of 32-bit words before a transfer to the hard disk 

must be made.  The host computer can download the buffered data through the PCI bus, 

send commands to the front-end board via the cat-5 cable, or write data into the memory 
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buffers.  A kernel-level driver maps the addresses of the memory buffers and control 

registers into the virtual address space of the host computer. 

 

 

Figure 2-12. A back-end list-mode event buffer board with key features identified. 

 

 

Figure 2-13. Four event-buffer boards in one host PC to support eight cameras. 
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2.3.3. List-mode data 

 Figure 2-14 shows a sample of raw list-mode data of FastSPECT II during a mouse-

bone scan.  Gamma-ray events detected by FastSPECT II are saved in sixteen separate 

files, one for each camera.  All observations associated with a gamma-ray event are 

recorded with their full acquired precision.  The data comprise the peak amplitudes of the 

shaped PMT signals and the time of occurrence.  The PMT signals are digitized to 12 bits 

with 1 sign bit and 11 data bits, and hence range from -2048 to 2047 in AD units.  

Nevertheless, only non-negative values are valid for true gamma-ray events.  The time 

stamps are in 30-ns clock ticks counting from 0 to 4,294,967,295, which cycles about 

every 2 minutes.  The camera ID is implicitly part of the event-list entry, even though it is 

stored in the file name rather than inside the file with the PMT values and time stamps. 
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Event Event Signals (AD unit) Event Time 
Number PMT0 PMT1 PMT2 PMT3 PMT4 PMT5 PMT6 PMT7 PMT8 (clock) 

1 76  97  89 188 970 586 302 2045 1641  335541 
2 10  27  24 260 253 44 1086 866 96  635564 
3 15  58  24 165 408 66 239 987 249  850137 
4 429  879  210 56 121 75 9 29 0  1427102 
5 621  424  43 532 708 61 33 118 28  1517918 

 

 

Figure 2-14. Raw list-mode data of FastSPECT II image acquisition.  Shown are digitized 
PMT signals and time stamps of scintillation events collected in camera #0 
during a mouse-bone scan. 
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2.4. System Gantry and Enclosure 1234567891011121314 

 FastSPECT II is built in and around a welded tubular aluminum framework.  The 

system gantry was designed by a group of four students (J. Butters, T. Lerdal, S. Lieber, 

and B. Stuckey) from the Aerospace and Mechanical Engineering Department at the 

University of Arizona.  Figure 2-15(a) shows the system skeleton of FastSPECT II.  The 

sixteen cameras are arranged in two octagonal rings on opposite side of a pair of central 

plates.  A central lead baffle can be inserted between the central plates to prevent image 

multiplexing.  Each camera has an aluminum mounting plate that is captured in a milled 

recess.  Three radial camera positions of different distance (6.5, 9.5, and 12.5 inches) 

from the imager axis can be selected.  The normal axis of each camera face is 

perpendicular to the imager axis.  The front-end electronics associated with each camera 

is mounted in the proximity of the camera it serves. 

 The entire imager is shielded with 1/8” lead sheet laminated to a 1/8”-thick powder-

coated aluminum skin.  Figure 2-15(b) shows a side view of the system enclosure.  Two 

hinged doors, one on each side, provide the access to service the interior components or 

to change the camera positions.  All cables run through a cable maze on the roof, 

including HV BNC-connector coaxial cables that provide the camera high voltage, power 

cords that supply the front-end event-processor boards, and Ethernet cables that link up 

the front-end with the back-end electronics.  The entire structure is built on a heavy-duty 

wheeled base that permits relocation of the imager if necessary. 
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(a)          (b) 

      

Figure 2-15. Photographs of FastSPECT II framework and enclosure. 
(a) System skeleton.  (b) Side view of the system enclosure. 

 

2.5. Imaging Apertures 

 In its regular configuration, FastSPECT II employs an array of 1-mm-diameter 

pinholes, one per camera, as the image-forming element.  Figure 2-16 shows the imaging 

aperture of FastSPECT II.  The pinholes are precisely-machined gold disks mounted in 

the milled recesses of a lead cylinder.  The 5/16”-thick lead pipe has 4.23” outer diameter 

and the gold pinholes are 1.9” from the imager axis.  The gold inserts are held in place 

with retaining rings and can be conveniently exchanged for other inserts with alternative 
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pinhole diameters.  The pinholes are arranged so that a point source located at the center 

of the FOV will be projected to the center of each camera.  With the closest camera 

position (6.5 inches from the imager axis) and this regular aperture cylinder, FastSPECT 

II provides a magnification of approximately 2.4X.  The FOV is about 40 mm in three 

directions that accommodates a typical laboratory mouse (25-50 grams). 

 

  

Figure 2-16. Imaging aperture of FastSPECT II.  On the left Lance Fesler helps the 
installation of the central lead pipe and pinhole collimator.  On the right 
shows a gold pinhole-insert in place with its retaining ring. 

 

 The imaging geometry of FastSPECT II can be adjusted to accommodate imaging 

studies with different resolution requirements.  Aperture cylinders with different 

diameters can be used in combination with radial camera positions to achieve a variety of 

imaging magnifications and fields of view.  Pinhole diameters can also be changed 
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accordingly to match the desired spatial resolution, with the intrinsic resolution of the 

modular cameras taken into account.  The achievable magnification ranges from 2.4X to 

18X, the corresponding pinhole diameter varies from 0.1 to 1.0 mm, and the FOV covers 

from 5 to 40 mm in three directions. 

 

2.6. Positioning System 

 In order to calibrate the imaging system for optimal performance and to orient the 

subject in an imaging study, a precision motion system is essential.  First, the motion 

system must be able to translate a well-collimated source on a 2D grid across each 

camera face.  At least two translations and one rotation are required in this kind of motion.  

This measurement yields samples from the mean detector response function (MDRF) of 

each camera that incorporates all optical and electronic properties of the camera and its 

acquisition chain.  Secondly, a point source is stepped throughout the object volume on a 

3D grid to build an overall imaging matrix.  This in turn calibrates in all imaging 

properties of the system, including pinhole sizes and locations, camera orientations, and 

sensitivity effects.  As a result, three orthogonal translations are implicated in this 

calibration.  Similarly, positioning the subject in an imaging study requires the same 

motion capability. 

 To meet these needs, a five-motion positioning system is implemented as shown in 

Fig. 2-17.  The motion system comprises a 6K6 motion controller, four linear stages, and 

one rotary stage, all from Parker Hannifin Corporation.  The 6K6 motion controller can 

accommodate six stepper/servo motors at most and move multiple stages at the same time.  
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It communicates with the host computer via a crossover Ethernet 10Base-T cable.  Three 

linear stages implement the standard x-y-z motions.  The base stage has 700-mm travel 

while the other two have 600-mm travel.  An electromagnetic brake is applied to the 

vertical stage to prevent backdriving due to gravity.  A rotary stage and a small secondary 

translation stage with 150-mm travel are mounted on the vertical stage.   This 

combination makes it possible to carry out all MDRF scans with the convenience of 

having two translation axes parallel to any camera face. 

 

  

 

Figure 2-17. Five-axis positioning system of FastSPECT II. 

 

Motion Controller 
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 Each of the four linear stages is equipped with hardware limit switches at two ends 

of travel and a home switch in the middle.  Additional software limit switches can be 

added if necessary.  The rotary stage has a magnetic home switch and can rotate over 360 

degrees with no limitation.  However, it is protected by software limit switches from 

wrapping the wiring around.  Microstepping motors along with optical encoders enable 

all stages running in servo control and provide repeatable positioning with 1.25 µm linear 

precision and 1 milli-degree rotary precision. 

 

2.7. Instrument Control Kernel 

 FastSPECT II is controlled by two PCs running Windows® XP operating systems.  

Four list-mode event-buffer boards are located in each of the PCs to support the full 

complement of 16 cameras.  A custom device driver and low-level dynamic link libraries 

(DLLs) are responsible for recognizing the presence of list-mode event-buffer boards on 

the PCI buses and providing memory-mapped I/O functions.  A small Beowulf cluster 

consisting of four dual-CPU nodes is implemented to perform hasty position estimation 

for real-time planar-projection display.  High-level instrument control is accomplished 

via custom GUI software programmed in the LabVIEWTM environment.  Coordination 

between the two PCs and control of the robotic system are accomplished via TCP/IP 

communication.  PVM (Parallel Virtual Machine) software is utilized to integrate the 

UNIX nodes and Windows machines into a single large parallel computer. 
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2.7.1. Hardware for data storage and processing 

 Figure 2-18 shows the FastSPECT II instrument control hardware.  Each acquisition 

PC is equipped with a 1.6GHz processor (AMD AthlonTM XP 1900+), 768MB memory, a 

120GB hard drive, and a DVD+RW drive for data backup.  Each cluster node has two 

2.0GHz processors (AMD AthlonTM MP 2400+), 1.5GB memory, and 30GB disk space.  

Communications among the PCs, the Beowulf cluster, and the motion controller is 

accomplished via an 8-port Gigabit Ethernet switch (DELL PowerConnectTM 2508). 

 

 

 

Figure 2-18. Data storage and processing hardware of FastSPECT II. 

2 Acquisition PCs 8-CPU Beowulf Cluster 
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2.7.2. Control and acquisition software 

 FastSPECT II instrument control is managed through custom LabVIEWTM software 

named “FASTSPECT II Control System”.  Figure 2-19 shows the main panel of the 

imager control software in master mode, while Figure 2-20 shows the software in slave 

mode.  Both control PCs can run the imager control software independently, or execute 

the same control software simultaneously with one being the master and the other being a 

slave.  The slave machine can receive commands synchronously from the master machine 

via either DataSocket application from National Instruments Corporation or conventional 

TCP/IP communications. 

 The imager control panel is divided into several blocks based on the mission 

characteristics.  Located at the top-left corner of the panel is a manual switch that controls 

the Master/Server status of the PCs.  Two status LEDs on top of the switch indicate if 

either of the control PCs has requested to be the master.  The master machine will have 

both LEDs lit and the slave machine will only have the “MasterRequest” LED lit.  All 

controls on the slave machine are disabled except “Quit”.  When the two control PCs are 

running the imager control software independently, the two LEDs are off. 

 In the middle of the panel lies the section for data storage.  Users can type in the 

storage path, the image root filename, and user comments in this section.  Sixteen image 

files are saved in an imaging session with the filenames being the root filename plus the 

camera ID.  User comments are saved in a documentation file.  Below the data storage 

section is a bouncing marquee tag called “Life”, indicating if the system is busy or ready 

for commands.  The tag simply halts when the system is busy in some tasks. 
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 The bottom half of the control panel is divided into four blocks as Setup, Actions, 

Show, and Acquisition.  The Setup section is responsible for initializing the front-end 

electronics associated with each camera and preparing the communication among the 

control PCs, the motion controller, and the Beowulf cluster.  The Actions section allows 

users to move the robotic system and perform various calibration tasks.  The Show 

section is in charge of displaying live planar images and camera count rates.  Image 

acquisitions are accomplished via the Acquisition section, with the options of changing 

the integration time and saving the list-mode data to local hard drives. 

 Any buttons in action will be sunken and green, such as the Countrate(s) button 

shown in Fig. 2-19.  Figure 2-21 shows LabVIEW sub-panels for measuring the camera 

count rates.  FastSPECT II has background count rates around 30 cps per camera with its 

regular configuration.  Figure 2-22 shows the motion control sub-panels, where a variety 

of motion types and moving directions/distances can be selected.  Figure 2-23 is a sub-

panel displaying the real-time planar projection images for object positioning.  Shown are 

cardiac images of a normal rat heart from camera #0 to camera #7, with 99mTc-

tetrofosmin 60 minutes post-injection and 2-minute integration. 

 After the acquisition of list-mode calibration and imaging data, further computations 

and tomographic reconstructions are carried out on the CGRI main Beowulf cluster that 

has roughly 50 nodes.  Reconstructed tomographic images are displayed in transaxial, 

coronal, or sagittal slices and 3D animations by custom LabVIEW programs and AMIDE 

(A Medical Imaging Data Examiner) software. 
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Figure 2-19. Imager control software of FastSPECT II in master mode.  The buttons in 
action will be sunken and green, such as the Countrate(s) button on the panel. 
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Figure 2-20. Imager control software of FastSPECT II in slave mode.  All controls are 
disabled except Quit.  The slave machine will receive commands 
synchronously from the master machine via either DataSocket application 
from National Instruments Corporation or TCP/IP communications. 
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Figure 2-21. Sub-panels for measuring the camera count rates.  Numbers shown are 
background count rates with 1.2-second integration time. 
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(a)      (b) 

  

Figure 2-22. Motion control software of FastSPECT II. 
(a) Sub-panel for selecting the motion type. 
(b) Sub-panel for selecting the moving direction and distance. 

 

 

Figure 2-23. Sub-panel showing the real-time projection images for animal positioning.  
Shown are cardiac images of a normal rat heart from camera 0 to camera 7, 
with 99mTc-tetrofosmin 60 minutes post-injection and 2-minute integration. 
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CHAPTER 3 

PERFORMANCE CHARACTERIZATION OF FASTSPECT II 

 
 The performance of a SPECT system is often represented by several characteristics, 

such as spatial resolution, uniformity, system sensitivity, and energy resolution.  This 

chapter presents the evaluation of FastSPECT II performance.  Section 3.1 provides an 

introduction to the system matrix of a linear digital-imaging system.  The imaging system 

matrix (referred to as H) is described in a probabilistic viewpoint and decomposed into 

the system-specific and object-related components.  Calibration methods to provide the 

system-specific component of H for scintillation cameras and pinhole SPECT systems 

are described in sections 3.2 and 3.4.  Section 3.3 provides the theoretical background of 

position estimation and scatter rejection, and describes how the list-mode data are 

processed into projection images.  Section 3.5 introduces the concept of Fourier crosstalk 

matrix to define the system spatial resolution.  Section 3.6 provides a brief review of the 

signal detection theory and uses the ideal observer to evaluate the system detectability.  

Section 3.7 introduces two interpolation schemes of H, including centroid interpolation 

with Gaussian fitting and Fourier interpolation method, to reduce total acquisition time of 

the system calibration and achieve finer reconstruction grid. 

 

3.1. System Matrix of a Linear Digital-Imaging System 

 Linear digital-imaging systems are most accurately described as mappings from an 

object, which is a function of continuous variables, to a discrete set of measurements.  
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The image-forming mechanism of a linear digital-imaging system can be formulated as 

(Barrett and Myers, 2004) 

 ( )f= +g r nH , (3-1) 

where r = (x, y, z) is a 3D position vector in the object space, ( )f r  is the object as a 3D 

function, g is the image vector, H  is the system operator that transforms the object into 

the image being detected, and n is the measurement noise vector.  The components of the 

image vector are as follows, 

 3  ( ) ( )g d r h f n= +∫m m mr r , (3-2) 

where ( , , )x ym m j=m  is a 3D multi-index to specify the 2D location ( , )x ym m  on the 

detector face and the jth projection angle, and ( )hm r  represents the system sensitivity 

function. 

 For numerical computations, the object is usually approximated by a discrete vector 

(e.g. a linear combination of some expansion functions).  One common choice is to 

discretize the 3D object ( )f r  using voxel functions as 

 
1

( ) ( )
N

af θ φ
=

=∑  i  i
i

r r , (3-3) 

where subscript a denotes approximate, i is a 3D index to indicate the location in the 

object space, ( )φ i r  is a voxel function, which is uniform within a cube centered on point 

ri, and θ  i  are the expansion coefficients.  The image-forming mechanism therefore 

becomes a matrix mapping, 

 = +g Hθ ε , (3-4) 
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where H represents the system matrix and [ ]( )f − +r H nHε = θ , which contains the 

modeling error plus the measurement noise.  The elements of H can then be expressed as 

 3 ( ) ( )H d r h φ= ∫mi m  ir r . (3-5) 

Equation (3-5) shows that a column of H matrix is the image of ( )φ i r  for all projection 

angles.  Furthermore, when properly normalized, Hmi can be viewed as the probability 

that a photon emitted from voxel i is detected in detector bin m. 

 Imaging systems are designed to recover the object function from the measured 

image vector by some sort of image reconstruction, whether analytic inverses or iterative 

algorithms.  Image reconstruction, which is essentially an inverse problem to solve Eqn. 

(3-4) for the object expansion coefficients θ , requires accurate knowledge of the system 

matrix H.  The H matrix can be obtained by many methods, including purely theoretical 

analysis, simulation, experimental calibration, or some combination of these methods.  In 

any case, it is preferable to assure that all of the system physics is contained in the matrix. 

 The H matrix specific to pinhole SPECT imaging is influenced by properties of the 

object (scatter and attenuation), the image-forming system (e.g. pinholes), and the 

detector(s).  Thorough understanding of these effects could lead to the analytical 

decomposition of H.  The section below provides a brief introduction on how to 

decompose the H matrix into the system-specific and object-related components.  More 

detailed discussions on this subject can be found in Barrett and Myers (2004). 

 A photon recorded by the imaging system may have traveled a straight line from its 

disintegration site to the detector element without any scattering or have been scattered 
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one or more times.  Because the scattered and unscattered events are mutually exclusive, 

H can be decomposed into two parts as 

 ( ) ( )sc un= +H H H , (3-6) 

where the superscript sc denotes scattered and un denotes unscattered.  Both matrices are 

M × N, where M is the total number of detector pixels and N is the number of voxels.  

The total number of detector pixels is the product of M0 and J, the number of pixels in 

each detector and the number of projection angles respectively. 

 It has been shown in Barrett and Myers (2004) that the unscattered part of H can be 

further decomposed as 

 ( ) ( ) ( )un det geom⎡ ⎤= ⎣ ⎦H H H A , (3-7) 

where ( )detH  denotes the influence of detectors on the H matrix, ( )geomH  represents the 

straight-line propagation from the voxel location to the detector element without scatter 

or attentation, A indicates the attenuation along the propagation path, and  denotes a 

Hadamard product, which is an element-by-element product.  The sizes of ( )detH , ( )geomH , 

and A are M × M, M × N, and M × N respectively.  To get a closer look at each element of 

( )unH , Eqn. (3-7) can also be expressed as 

 ( ) ( ) ( )
' ' '

'

un det geom⎡ ⎤= ⎣ ⎦∑mn mm m n m n
m

H H H A , (3-8) 

where ( ), ,x ym m j=m  and ( )' ', ', 'x ym m j=m .  ( )
'

det
mmH  is the probability that a photon 

striking detector bin ′m  is detected and assigned to detector bin m.  It is reasonable to 

assume that a photon detected at the jth projection angle will also be assigned to the jth 

projection angle.  That is  
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 ( ) ( )
' ' '

det det
jjδ=mm mmH H , (3-9) 

where 'jjδ  is the Kronecker delta, which takes the value 1 if 'j j=  and 0 if 'j j≠ .  

Therefore ( )
'

det
mmH  has a block-diagonal form with J blocks, each block having M0 × M0 

elements.  In addition, for an ordinary SPECT system that uses a single detector for all 

projection angles, ( )
'

det
mmH  is independent of j and thus the individual blocks are the same. 

 Assuming the attenuation factor is slowly varying over a scale comparable to the 

spatial resolution of the detector, 'm nA  in Eqn. (3-8) can be replaced with mnA .  Equation 

(3-8) becomes 

 ( ) ( ) ( )
' '

'

un det geom⎡ ⎤≈ ⎢ ⎥⎣ ⎦
∑mn mm m n mn
m

H H H A , (3-10) 

or equivalently 

 ( ) ( ) ( )un det geom⎡ ⎤≈ ⎣ ⎦H H H A . (3-11) 

The advantage of this form is that the product ( ) ( )det geomH H  depends on the system while 

A depends only on the particular object being imaged.  The product ( ) ( )det geomH H  can be 

obtained empirically by measuring the system response in air.  This procedure will be 

introduced in section 3.4. 

 As the photon energy of scattered photons is often lower than that of unscattered 

photons, it is possible to post-process the image with scatter rejection to reduce the 

influence of the scattered part ( )scH .  However, there is overlap between the energy 

spectra of scattered and unscattered photons due to the finite energy resolution of the 

detector.  Hence the scatter rejection cannot work perfectly.  In addition, ( )scH  cannot be 
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decomposed into a Hadamard product of the system-specific and object-related 

components as the unscattered part ( )unH  in Eqn. (3-11).  Since the propagation path of a 

scattered photon is stochastic, each scattered photon that departs from a particular point 

in the object and arrives at a particular point on the detector will have its own attenuation 

factor.  Hence an attenuation matrix mnA  as in Eqn. (3-11) does not work for the 

scattered part of the H matrix.  Alternatively, Monte-Carlo simulations can be performed 

to model the scattered part or the whole H matrix.  Comprehensive reviews of the Monte-

Carlo modeling in nuclear medical imaging can be found in Zaidi (1999) and Buvat and 

Castiglioni (2002). 

 

3.2. Calibration of Scintillation Cameras 

 A precise calibration of the individual scintillation cameras is important for the 

satisfactory performance of a pinhole SPECT imaging system as a whole.  It enables the 

system to accurately estimate the interaction position of incident gamma rays.  For each 

FastSPECT II modular gamma camera, the calibration procedure starts from the gain 

adjustment of each PMT with a collimated 99mTc source followed by the measurement of 

the mean detector response function (MDRF).  This calibration is performed with the 

cameras mounted in the imager but no pinholes or collimator in place. 

 A Cerrobend 1 -cast tube carrying a radioactivity-filled syringe cap provides a 

collimated beam of gamma rays with a beam size of 0.84 mm at zero distance and a beam 

                                                 

1 Composition of Cerrobend is 50% bismuth, 26.7% lead, 13.3 % tin, and 10% cadmium.  Melting point is 70° C. 
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divergence of 0.056 radians, as shown in Fig. 3-1.  The source count rate is designed to 

be more than 30 times that of the environmental radiation.  When the modular camera is 

mounted in the imager with the shielding of the system enclosure but not the aperture 

cylinder, the background count rate is 70 cps on average.  The efficiency of the 

Cerrobend collimator is 273 cps/mCi.  The radioactive beam is oriented normal to the 

camera face during the calibration procedure with a distance of approximately 1 mm. 

 

15 8 28
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Beam divergence angle: 0.056 radians

 

Figure 3-1. Collimated gamma-ray beam for scintillation-camera calibration. 

 

3.2.1. PMT gain adjustment 

 The nine PMTs of each FastSPECT II modular camera are operated with a single 

high voltage setting at around -800V.  Even so, the electron gain of each PMT still differs 

due to fabrication variations.  As described in section 2.3, the analog PMT output is 

digitized to 12-bit words (1 sign bit and 11 data bits) with free-running ADC on the front-

end board.  In order to utilize the full dynamic range of the ADCs, a collimated 99mTc 
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source is scanned across the camera face to the center of each PMT and the reference 

voltage of the ADC is adjusted based on the PMT pulse-height spectrum.  Figure 3-2 

shows the tube arrangement of a modular camera.  Figure 3-3 shows a typical pulse-

height spectrum of the PMT output with 36,000 gamma-ray events acquired.  All ADCs 

have a reference voltage of 2 volts at the beginning of the calibration procedure.  When  
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Figure 3-2. The tube arrangement of a modular camera. 

 

 

Figure 3-3. Typical pulse-height spectrum of the PMT output of a modular camera with 
a collimated 99mTc source centered on the PMT.  The bin size used for 
plotting the histogram is 1 ADU. 

0.195FWHM
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the collimated source is centered on one PMT, the control software alters the reference 

voltage of the ADC associated with that PMT so that the photopeak is roughly at 1,500 

analog-to-digital units (ADU).  This process is repeated for all nine PMTs. 

 

3.2.2. Mean detector response function (MDRF) measurement 

 To characterize the detector response, a collimated 99mTc source is scanned in a 2D 

grid pattern across the camera face.  Thousands of gamma-ray events are collected at 

each calibration grid point.  This measurement yields samples from the mean detector 

response function (MDRF) of the scintillation camera, defined as the average signal 

output of each PMT in the camera as a function of the gamma-ray incident position upon  

 

 

Figure 3-4. In situ acquisition of a MDRF calibration for a scintillation camera. 
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the camera face.  A measured MDRF incorporates all optical and electronic properties of 

the scintillation camera. 

 Figure 3-4 shows an in situ MDRF acquisition of a modular camera in the 

FastSPECT II system.  The scan contains 78 × 78 points and the grid spacing is 1.5 mm 

to cover the 115-mm crystal width.  More than 5,000 scintillation events are collected at 

each position and the total acquisition time is about 3.5 hours per camera. 

 

3.2.3. MDRF data processing 

 The MDRF calibration data set is used to calculate the sample means and variances 

of the PMT signals as a function of the collimated source location.  The sample means 

and variances are only calculated for the events in the photopeak.  This is accomplished 

in several steps.  First, histograms of the PMT signals are plotted, including one 

histogram for the sum signals of the nine PMTs and nine histograms for individual PMTs.  

Secondly, events outside the photopeak are removed by a multi-step algorithm to 

eliminate the noise tail and scattered events.  Thirdly, sample means and variances of the 

filtered data are calculated.  Finally, the MDRF is smoothed by an adaptive least-squares 

polynomial fit to eliminate the Poisson measurement noise in the MDRF calibration.  

Details of the outlier filter and the smoothing filter are given below. 

Outlier filter on the PMT sum signals 

 In a scintillation camera, the sum of the PMT signals can be regarded as an estimate 

of the photon energy absorbed in the detector.  This energy estimate is consistent and 

unbiased only if the total amount of light collected by the PMT array does not depend on 
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the gamma-ray interaction position (Barrett, 2005).  However, for the modular camera 

used in this research, the sum signal is a function of position.  This is due to the finite size 

of the detector, the absorptive edges of the crystal and light guide, and the crystal area 

that is not covered by the PMT array (the gray area shown in Fig. 3-2).  Nevertheless, 

when the collimated source aims at a particular location on the camera face, the PMT 

sum signals can still be used as energy estimates to distinguish background and scattered 

events from photopeak events. 

 Figure 3-5 shows two sample histograms of the sum signals of the nine PMTs, each 

histogram corresponding to one MDRF calibration point.  Figure 3-5(a) and (b) reveal 

that the sum signal is indeed a function of position.  The two red vertical lines in the 

graph indicate the lower and upper limits of the outlier filter.  The blue vertical line 

shows the location of the mean of the photopeak events.  The algorithm calculates the 

sample mean and variance of the sum signals first, constantly discards events outside two 

standard deviations and recomputes the sample mean and variance until the mean 

converges to a fixed value with an error less than 0.1 ADU.  The upper/lower limit of the 

outlier filter is then defined as the mean plus/minus four standard deviations.  The four-

standard-deviations criterion is chosen empirically in hopes of preserving photopeak 

events and eliminating background and scattered events at the same time.   

Outlier filter on the individual PMT 

 Once the algorithm finishes removing outliers in the sum signals, a five-step filter is 

applied to the signals from the individual PMTs.  Figure 3-6 shows a sample histogram of 

the signals from one PMT for one grid point of the MDRF calibration.  The algorithm 
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(a) 

 

(b) 

 

Figure 3-5. Sample histograms of the sum signals of the nine PMTs in a modular camera.  
Each histogram is generated with the collimated source located at one grid 
point of the MDRF calibration.   
(a) Center of one corner tube, PMT # 1.   
(b) Center of the center tube, PMT # 5. 
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Figure 3-6. Sample histogram of the signals from one PMT of a modular camera for one 
grid point of the MDRF calibration.  The red vertical lines indicate the lower 
and upper limits of the outlier filter.  The blue vertical line shows the mean 
of the photopeak events. 

 

calculates the mean and variance of the signals from the individual PMT, and removes 

events outside four standard deviations.  If one event is identified as an outlier for one 

PMT, all nine PMT signals of this event are thrown away.  This completes the first step 

of the outlier filter.  The second step of the algorithm computes the mean and variance of 

the filtered data, defines a window as the mean plus/minus three standard deviations, 

applies the window to the original data set instead of the filtered data, and discards events 

outside the window.  The third to fifth step is essentially the same as the second step, 

except the window size is changed from three standard deviations to 2.5, 2.2, and 3.0 in 

turn.  The sample means and variances of the filtered data are then recalculated and 

stored for further processing. 
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Smoothing filter on the MDRF 

 Theoretically, the camera response varies continuously and smoothly with respect to 

the collimated source location.  However, due to the finite number of events collected at 

each calibration point, the sample means are not smooth across the detector face.  In 

order to eliminate the effect of the sample signal-to-noise ratio (SNR), an additional 

smoothing filter developed by William C.J. Hunter is applied to the sample means.  This 

filter is based on a least-squares 2D polynomial fit with an adaptive window.  A detailed 

description of the smoothing filter can be found in Hunter (2006). 

 Figure 3-7 shows the mean output of a corner PMT as a function of the collimated 

source location before applying the smoothing filter.  The window size of the smoothing 

filter is set to be 5 × 5 pixels in the region where the PMT has maximum response and 

gradually enlarged for the regions where the PMT outputs are low.  The area of the 

adaptive window is designed to be proportional to the uncertainty of the signal.  Since the 

PMT signals can be described using a scaled Poisson model which will be introduced in 

the next section, the signal-to-noise ratio (SNR) by definition is  

 
( , )

SNR ( , ) ( , )
( , )

i
i i

i

V x y
x y V x y

x yσ
= ∝ , (3-12) 

where ( , )iV x y  and ( , )i x yσ  denote the mean and standard deviation of the ith PMT 

when the collimated source is located at (x, y).  If we denote the unsmoothed mean output 

of the ith PMT as ( , )iV x y  and the maximum response as max
iV , the width of the adaptive 

window is defined as  
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max

4width ( , ) 5
( , )
i

i
i

Vx y round
V x y

⎧ ⎫⎪ ⎪= ×⎨ ⎬
⎪ ⎪⎩ ⎭

, (3-13) 

where the {}round ⋅  operator rounds its argument to the nearest integer.  The fourth root 

can be viewed as double square roots, one converting the ratio of means to the ratio of 

SNRs and the other accounting for the conversion from area to width. 

 Once the window size is determined for a particular ( , )iV x y , a third-order 2D 

polynomial fit is performed to all the data points inside the window centered at (x, y).  

The smoothed sample mean ( , )iV x y  is determined by the fitted value.  Figure 3-8 shows 

two line profiles of the sample means before and after applying the smoothing filter.  

Figure 3-8(a) indicates that the smoothing filter does a good job in preserving the original 

data points when no smoothing is required while Fig. 3-8(b) demonstrates the 

effectiveness of the smoothing filter.   
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Figure 3-7. The mean response of one corner PMT as a function of the collimated source 
location. 
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Figure 3-8. Line profiles of the mean response of PMT # 1 before and after applying the 
smoothing filter. 
(a) Line profile through the center of PMT # 1, 2, and 3. 
(b) Line profile through the center of PMT # 7, 8, and 9. 
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 The final smoothed sample means represent samples of the MDRF on a rectangular 

grid.  Figure 3-9 shows the mean response of all nine tubes as a function of the collimated 

source location.  A normalized 1D slice of the 2D MDRF along a diagonal line across the 

camera face is shown in Fig. 3-10.  The measured MDRF is then used to construct a 

maximum-likelihood (ML) position estimator (Milster et al., 1990) in the next section. 
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Figure 3-9. The mean response of all nine PMTs as a function of the collimated source 
location. 
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Figure 3-10. A 1D slice of the 2D MDRF of 3 tubes along a diagonal line across the 
camera face.  The dynamic range of the center tube (PMT #5) is about 26 
and the dynamic range of the two corner tubes (PMT #1 and #9) is around 
318.   
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3.3. Position Estimation and Scatter Rejection 12345678910 12345678910111213  

 When a scintillation event is detected in a modular camera, the interaction location 

can be estimated by using the strength of PMT outputs and a proper position estimator.  

A maximum-likelihood (ML) position estimator (Milster et al., 1990) is constructed 

using a scaled Poisson model (Barrett, 2005) and the MDRF of each camera.  Each 

detected event is classified as scattered or unscattered by a likelihood window.  This 

section describes the position estimation and scatter rejection implemented in FastSPECT 

II system, and presents the flood and grid-point-array images of the modular cameras.  

More details on the subject can be found in chapter 3 of Small-Animal SPECT Imaging 

(Barrett, 2005). 

 

3.3.1. ML position estimation 

 It has been shown that the number of photoelectrons arriving at the first dynode 

stage of one PMT in a scintillation camera is approximately Poisson distributed (Barrett 

and Myers, 2004; Barrett, 2005).  This essentially comes from the binomial-selection 

theorem, as stated in Barrett and Myers (2004): “Binomial selection of a Poisson yields a 

Poisson, and the mean of the output of the selection process is the mean of the input times 

the binomial probability of success.”  Thousands of optical photons are emitted from the 

interaction site of a scintillation event and propagate in random directions.  Only a small 

portion of them arrive at the photocathode of a certain PMT in the camera.  This fraction, 

which is the collection efficiency of the PMT, can be approximated to the first order 

based on the solid angle subtended by the PMT.  The number of photoelectrons ejected 
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from the photocathode is governed by a second binomial process parameterized by the 

quantum efficiency of the PMT.  A light source obeys the Poisson law if three postulates 

are satisfied: (1) the photons are emitted independently; (2) the photons are emitted at an 

average rate of a photons/time; (3) either 0 or 1 photon is emitted in each infinitesimal 

time interval.  Barrett (2005) argued that the statistics of scintillation light is 

approximately Poisson, and therefore the number of photoelectrons produced at the 

photocathode is also Poisson by the binomial-selection theorem.  Even if the number of 

optical photons is not Poisson itself, the number of photoelectrons can still be 

approximated with a Poisson since both the collection efficiency and quantum efficiency 

are small.  If we denote the number of photoelectrons arriving at the first dynode of the ith 

PMT as ni, the resulting probability law on ni can be expressed as 

 ( )int int , exp( )
!

in
i

i i
i

nPr n E n
n

= −r , (3-14) 

where rint is the 3D interaction location in the scintillation crystal, and Eint is the energy 

deposited in the interaction.  In addition, the multivariate probability law for a set of 

{ },  1, 2,...,9in i =  (denoted as the vector n) associated with a single gamma-ray event in a 

modular camera can be modeled as independent Poisson, 

 ( )
9

int int
1

 , exp( )
!

in
i

i
i i

nPr E n
n=

= −∏n r . (3-15) 

 As described in section 2.2.2, photoelectrons ejected from the photocathode of a 

PMT are amplified by the dynode stages.  Since the PMTs function independently and 

the numbers of photoelectrons n are Poisson and independent, the PMT output signals are 
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also statistically independent.  The number of electrons at the anode, however, is the 

result of a random-amplification process.  Consider the photoelectrons produced at the 

photocathode of a single PMT as primaries and the output electrons at the anode as 

secondaries.  If there are N primaries produced in time T and the nth primary event gives 

rise to kn secondaries, the total number of secondaries is  

 
1

N

n
n

K k
=

= ∑ , (3-16) 

where N and {kn} are random.  It has been shown that the mean and variance of K are 

given by (Barrett and Myers, 2004)  

 { } 1 nE K N k N m= = , (3-17) 

 { } { } { }2  n nVar K N Var k k Var N= + , (3-18) 

where jm  is the jth moment of kn.  Equation (3-18) is the so-called Burgess variance 

theorem (Burgess, 1959).  If the number of input primaries N obeys the Poisson law, Eqn. 

(3-18) becomes  

 { } { } 2
2 n nVar K N Var k k N m⎡ ⎤= + =⎣ ⎦ . (3-19) 

 If we ignore the electronic noise of the PMT output circuit for simplification and 

denote the voltage output of the ith PMT as Vi, the first and second-order statistics on Vi is 

therefore 

 i i iV n G= , (3-20) 

 { } 2 2
2
1

i i i
mVar V n G
m

= , (3-21) 
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where Gi is the overall average gain of the ith PMT that converts each photoelectron 

emitted from the photocathode to the output voltage.  The ratio 2
2 1m m  is the reciprocal 

of the Swank factor (Swank, 1973).  If the gain mechanism is noise-free (i.e. { } 0nVar k =  

and 2
2 1m m= ), Eqn. (3-21) becomes 

 { } 2
i i iVar V n G= . (3-22) 

Equations (3-20) and (3-22) illustrate that even with noise-free amplification, the PMT 

output is no longer Poisson after the gain process.   

 If we calibrate each PMT by acquiring a large number of gamma-ray events with 

fixed interaction location and energy, and compute the sample mean and variance of Vi, 

the overall gain of each PMT can be obtained empirically from the ratio of Eqn. (3-22) to 

(3-20) as 

 { }i i iG Var V V= . (3-23) 

Therefore for each scintillation event, the PMT responses Vi can be converted back into 

units of photoelectrons as  

 i
i

i

VU round
G

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
. (3-24) 

Similar to Eqn. (3-15), the multivariate probability law for a set of {Ui , i = 1,2,…,9} is  

 ( )
9

int int
1

 , exp( )
!

iU
i

i
i i

nPr E n
U=

= −∏U r , (3-25) 

where each in  is a function of the interaction location rint and energy Eint.  This model is 

referred to as the scaled Poisson model (Barrett, 2005).  If we can calibrate the modular 
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camera to obtain int int( , )in Er , the ML estimate for the interaction location and energy 

associated with a set of {Ui} is 

 ( )
int int

int int int int
,

ˆˆ( , ) arg max  ,
E

E Pr E=
r

r U r . (3-26) 

However, even if we use a collimated monoenergetic source to perform the calibration, 

the depth of interaction (DOI) is still beyond our control.  A conventional approach is to 

assume that the mean detector response is independent of the DOI and estimate only the 

lateral coordinates ( , )x y  of the interaction location.  This approximation is applicable for 

cameras with thin crystal and reflective entrance face.  To simplify the problem at hand, 

we consider a monoenergetic source and assume that the camera response is insensitive 

to the DOI; then the MDRF calibration of each camera readily provides in  as a function 

of the lateral coordinates ( , )x y  on the camera face.   

 Assume ( , )iV x y  is the mean voltage output of the ith PMT calculated from the 

MDRF calibration data set when the collimated source is located at position ( , )x y .  The 

gain Gi of each PMT is estimated by Eqn. (3-23) with more than 30,000 events acquired 

when the collimated source is located at the center of the particular PMT in interest.  The 

mean number of photoelectrons ( , )in x y  is therefore 

 ( , )( , ) i
i

i

V x yn x y round
G

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
. (3-27) 

For each detected scintillation event, a set of PMT responses {Vi} is recorded and 

converted to {Ui} in units of photoelectrons.  The log-likelihood of the scintillation event 

associated with {Ui} is 
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= =
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The last term ( )
9

1

ln !i
i

U
=

−∑  is not a function of ( , )x y  and thus an irrelevant constant for 

searching the ML solution.  However, it is relevant for the likelihood windowing 

described in the next section.  The ML estimate for the interaction location is  

 ˆ( ,MLx ( )
,

ˆ ) arg max ln  ,ML
x y

y Pr x y⎡ ⎤= ⎣ ⎦U . (3-29) 

 The scaled Poisson model assumes a Swank factor of unity, while the value for 

typical PMTs is only about 0.8-0.9 (Barrett and Myers, 2004).  An alternative approach is 

to utilize a multivariate independent normal model that incorporates the measured sample 

mean and variance at the same time.  Recently we found that the independent normal 

model outperforms the scaled Poisson model in terms of the variance of the position 

estimates calculated from the Cramér-Rao lower bound.  More discussions on this subject 

are presented in section 3.3.5.   

 Another issue of the scaled Poisson model is that the gain Gi is actually a function of 

position due to the PMT shape and arrangement, the DOI, and the size of the collimated 

beam.  A detailed simulation analyzing the contributions of these factors can be found in 

Hunter (2006).  One solution of this problem is to use the whole MDRF calibration data 

and compute the average gain as { }( , ) ( , ) ( , )i i iG x y Var V x y V x y= .  This modification 

complicates the likelihood calculation of the scaled Poisson model as { }iU  become 

functions of position.  In contrast, the position-dependent gains can be readily adopted in 
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the independent normal model.  Nevertheless, the scaled Poisson model with position-

independent gains was employed in FastSPECT II system in this research work.   

 

3.3.2. Position-dependent likelihood windowing  

 Once the ML estimate of the scintillation position is obtained, a subsequent scatter-

rejection technique is usually applied to discriminate against scattered events.  Several 

techniques have been developed in our group to perform this task, including likelihood 

windowing (LW), energy windowing (EW), and Bayesian windowing (BW) (Chen and 

Barrett, 1993; Chen, 1995; Chen, 1997).  Among these three methods, LW is most 

readily executable since we already compute the log-likelihood in the ML position 

estimation.  The only term to be calculated is the sum of the log-factorial ( )
9

1
ln !i

i
U

=

−∑  

that is omitted in the ML search.  The log-likelihood is then compared to a threshold to 

classify the photon as scattered or unscattered.  By contrast, EW requires a joint estimate 

of the photon energy and position, which adds an additional dimension to the ML search.  

An event is accepted as unscattered if the energy estimate falls inside the preset energy 

window.  Both LW and EW test only the null hypothesis that corresponds to unscattered 

photons, while BW utilizes two hypotheses that the photon is either scattered (hypothesis 

H1) or unscattered (hypothesis H0).  A Bayesian decision maker uses the generalized 

likelihood ratio (Chen, 1995), 

 ( )
( )
( )

1
,

0
,

arg max  , ,H

arg max  , ,H
x y

x y

Pr x y

Pr x y
Λ ≡

U
U

U
, (3-30) 
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to choose between the two hypotheses.  The optimal decision is made by comparing the 

likelihood ratio to a threshold determined using prior knowledge of the scatter probability 

and spectrum.  More details about the computation of the numerator and the denominator 

of the likelihood ratio in the context of a modular camera can be found in Chen (1995).  

BW is more computationally intensive than LW and EW, yet has the superiority of 

incorporating prior knowledge (Barrett, 2005).   

 Chen (1995) compared the performance of the three scatter-rejection windows using 

simulation studies and ROC (receiver operating characteristic) analysis.  He found that 

LW is less efficient in scatter rejection than EW or BW except at high scatter acceptance 

probability.  BW is better at low scatter acceptance rate while EW is better with moderate 

rejection threshold.  In addition, BW works nicely for energy discrimination in dual-

isotope imaging.   

 As LW possesses the advantage of easy implementation and rapid computation, it is 

adopted in FastSPECT II to eliminate the environmental radiation and scattered events.  

A major rectification is made to overcome the inferiority of LW in scatter rejection.  It is 

found that the acceptance rate of LW is a function of position, indicating the likelihood 

threshold should be position dependent.  An event is accepted if the resulting maximized 

likelihood satisfies the following criterion, 

 ( ˆ| ,MLPr xU )ˆMLy (0 ˆ ,MLL x> )ˆMLy , (3-31) 

where 0 ( , )L x y  is a position-dependent threshold computed from the MDRF calibration 

data.  All events acquired in the MDRF calibration are processed to find their ML 

position estimates.  Figure 3-11 shows sample histograms of the log-likelihood values for 
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all events correspond to one MDRF calibration point.  The same outlier filter applied to 

the PMT sum signals as described in section 3.2.3 is used to calculate the mean and 

standard deviation of the log-likelihood samples inside the photopeak.  The algorithm 

calculates the sample mean and variance of the log-likelihood values, constantly discards 

events outside two standard deviations and re-computes the sample mean and variance 

until the mean is converged to a fixed value with an error less than one decimal place.   

 

(a) 

 

(b) 

 

Figure 3-11. Histograms of the log-likelihood for all events correspond to one grid point 
in the MDRF calibration.  The blue line indicates the location of the sample 
mean and the red line represents the likelihood threshold.  The location of the 
collimated source is at 
(a) Center of the corner tube, PMT #1. 
(b) Center of the center tube, PMT #5. 
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Figure 3-12. Position estimates for all events correspond to one grid point in the MDRF 
calibration.  The location of the collimated source is at 
(a) Center of the corner tube, PMT #1. 
(b) Center of the center tube, PMT #5. 

 

The blue line in Fig. 3-11 indicates the location of the sample mean for all events inside 

the photopeak.  The red line represents the likelihood threshold, which is set at four 

standard deviations below the sample mean.  This threshold corresponds to an average 

acceptance rate of 84.86 % for the MDRF calibration data of the modular cameras used in 

FastSPECT II.  The acceptance rate can be adjusted by varying the likelihood threshold.  
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Figure 3-12 shows the position estimates that correspond to the log-likelihood histograms 

plotted in Fig. 3-11.  A representative map of the position-dependent likelihood threshold 

is shown in Fig. 3-13.   
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Figure 3-13. Representative map of the position-dependent likelihood threshold. 

 

3.3.3. ML search schemes 

 As shown in Eqn. (3-29), estimating the interaction location of a scintillation event 

using the ML principle involves a search over the possible lateral coordinates to find the 

maximum likelihood.  Several search strategies to perform the ML position estimation 

have been investigated in our group.  This section introduces the ML search schemes 

implemented in this research and compares their speed. 
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Exhaustive search 

 The most straightforward method for the ML search is the brute-force approach, 

which involves an exhaustive search.  The log-likelihood for a given set of PMT signals 

are evaluated at all grid points of the MDRF calibration.  Figure 3-14 shows a typical log-

likelihood map as a function of all lateral coordinates.  The ( , )x y  value that gives the 

maximum likelihood is consequently the ML position estimate.  This method searches all 

possible positions, and thus serves as a gold standard but is also slowest. 

 

 

Figure 3-14. A representative log-likelihood map for a scintillation event. 
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Directed search 

 Another approach to search for the ML estimate is to conduct a directed search.  

Since the likelihood map is smooth and has a single maximum as shown in Fig. 3-14, it is 

possible to perform a directed search.  The search strategy implemented is shown in Fig. 

3-15.  In the first iteration, the search algorithm evaluates the likelihood values at 5 × 5 

grid points equally-spaced on the camera face and returns the point with the highest 

likelihood (denoted as 0 0( , )x y  in Fig. 3-15(a)).  In the second iteration, the search 

algorithm calculates the likelihood values in a 3 × 3 window surrounding 0 0( , )x y  (the 

circular dots in Fig. 3-15 (b)).  The search starting point is then moved to 1 1( , )x y , which 

has the greatest likelihood in the second iteration.  The search algorithm moves the 

starting point ( , )k kx y  to the coordinate that has the highest likelihood in each iteration.  

This search converges to the ML position estimate when the starting point has the highest 

likelihood than that of all its neighboring points in the 3 × 3 window.  The number of 

iterations required for convergence is usually less than one-sixth of the dimension of the 

MDRF grid points.  For instance, if the MDRF has 78 × 78 grid points, the number of 

iterations is usually less than 13. 

Lookup table plus directed search 

 A rapid approach to perform the ML search is to pre-compute the ML estimates for 

all possible combinations of PMT outputs and save them in a lookup table (LUT).  

However, the size of the LUT can be unfeasibly large when the number of possible signal 

combinations is enormous.  For instance, with 9 PMT signals each digitized to 11 bits,  
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(a) 

 

(b) 

0 0( , )x y

1 1( , )x y

3 3( , )x y

2 2( , )x y

 
Figure 3-15. Schematic for directed search. 

 

the number of possible signal combinations is (211)9.  If we use 2 bytes to store the ML 

position estimate ˆ( ,x ˆ)y , the size of the LUT is therefore 2100 bytes, which is too large to 

be implemented. 

 For this reason, we settle upon a 3-bit LUT developed by Prof. Donald W. Wilson to 

look up for an initial estimate, and then perform a directed search to reach the ML 

0 0( , )x y
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estimate.  The 3-bit LUT provides a mapping between a set of PMT signal values in their 

upper 3 bits and the corresponding ML position estimate.  This 3-bit LUT is generated in 

two steps.  A first LUT is generated from all events acquired in the MDRF calibration.  

For each scintillation event, the first LUT looks at the order of the nine PMT signals 

sorted by their values and determines if the order is physically probable or not.  For 

example, if a corner PMT has the highest response in a scintillation event, the PMT at the 

opposite corner is most likely to have the smallest response.  There are totally 9! possible 

orders for 9 PMTs.  However, only a small fraction of these orders are physically 

reasonable.  One MDRF calibration data set typically contains more than 30 million 

events.  If a particular order of the PMT signals occurs less than ten times, it is classified 

as unreasonable.  Under this criterion, only about 5% out of the 9! orders are assigned as 

reasonable. 

 The 3-bit LUT is generated using the first LUT and the MDRF ( , )iV x y .  There are 

23 possible values for each PMT and (23)9 combinations for all 9 PMTs.  Each 

combination corresponds to a 2-byte ML position estimate.  Hence the size of the 3-bit 

LUT is 228 bytes, which is about 268 MB per camera.  All possible combinations of the 

3-bit PMT values go through the first LUT and are classified as reasonable or not.  If a 

signal combination is classified as reasonable, the ML position estimate associated with 

this signal combination is computed and saved in the LUT.  If a signal combination is 

unreasonable, -1 is saved as the ML estimate in the LUT.  Therefore the first LUT helps 

to reduce the computational time of the final 3-bit LUT.  When a scintillation event is 
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detected, the 3 most significant bits of the PMT signals are sent into the 3-bit LUT and an 

ML position estimate is returned. 

 Since the 3-bit LUT uses only the upper 3 bits of the PMT signals, there is 

significant information loss in the process.  The ML estimate returned from the 3-bit LUT 

may not be the same as the ML estimate using all 11 bits of the PMT signals.  Therefore, 

we use the 3-bit LUT to find an initial estimate and perform a directed search from that 

starting point.  Assuming the ML estimate returned from the 3-bit LUT is 0 0( , )x y , a 

directed search as shown in Fig. 3-15(b) is performed.  If the returned estimate from the 

3-bit LUT is -1, another initial estimate is obtained as illustrated in Fig. 3-15(a).  The 

number of iterations required for convergence of the subsequent directed search is usually 

less than 5 since we use the 3-bit LUT to obtain the initial estimate. 

Multi-resolution search 

 A multi-resolution search scheme proposed by Furenlid et al. (2005) is illustrated in 

Fig. 3-16.  The dimension of the search region is zero-padded to a power of two.  The 

gray-scale map in the middle shows the log-likelihood map of an event, where white 

indicates region of highest likelihood.  The search algorithm can be described as follows: 

1. In each iteration, the likelihood values are evaluated on 4 × 4 grid points, which are 

the centers of 16 squares that equally divide the search region. 

2. The test point with the greatest likelihood is chosen as the center of region of interest 

(ROI) for the next iteration. 

3. The dimension of ROI is decreased by a factor of two in both directions for the next 

iteration. 



 113

 As shown in Fig. 3-16, for a camera with 78 × 78 MDRF grid points and zero-

padded to 128 × 128, this search algorithm converges to the ML estimate in exactly 6 

iterations.  The multi-resolution search algorithm is suitable for implementation in a gate-

array pipeline if the MDRF samples are scaled to integer values.  That is, the ln ( , )in x y  

and 
9

1
( , )i

i
n x y

=
∑  terms in Eqn. (3-28) are multiplied by a large scaling factor to permit 

integer computations. 

Performance Comparison 

 The performance of different ML search schemes are compared in terms of their 

speed and the percentage correct with respect to the gold standard (the exhaustive search).  

The ln ( , )in x y  and 
9

1
( , )i

i
n x y

=
∑  terms in Eqn. (3-28) are related only to the MDRF 

calibration data and are pre-computed in double precision for look-up in the ML search.  

The last term ( )
9

1

ln !i
i

U
=

−∑  is not a function of ( , )x y  and thus is discarded in the search.  

However, it contributes to the total likelihood and needs to be considered in the 

likelihood windowing.  The computation power used in this evaluation comprises a 

2.0GHz processor (AMD AthlonTM MP 2400+) and 1.0GB memory.  The test image as 

shown in Fig. 3-17 is a flood image with more than 2 million events.  This image is 

acquired with a point source placed 241.3-mm away from the camera face.  The 

dimension of the MDRF calibration is 78 × 78.  Table 3-1 summarizes the performance 

of different ML search schemes. 
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Figure 3-16. Schematic for multi-resolution search. 
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Figure 3-17. Flood image of FastSPECT II’s camera # 0.  The ML position estimation is 
accomplished by brute-force search. 
(a) Without likelihood windowing. 
(b) With likelihood windowing. 
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Table 3-1. Performance of different ML search schemes. 

Percentage correct w.r.t. 
brute-force search (%) Search 

Method Events/sec Acceptance rate 
with LW (%)  

All  
events 

Accepted 
events 

Brute-force 2,257 86.9957 - 

Directed 61,270 86.9738 99.1235 99.7705 

3-bit LUT 
plus directed 85,777 86.9731 98.9936 99.7101 

Multi-
resolution 46,618 86.9784 99.4258 99.8506 

 
 

 The percentage correct is calculated in two ways.  The first one considers all events, 

regardless if the events pass the LW or not.  The other one only counts the events that are 

accepted by the LW in both methods compared.  The percentage correct of all three 

methods other than the brute-force search is higher than 99.7 % when we consider only 

the accepted events.  This indicates that all three methods are good alternatives for the 

ML search.  Figure 3-18 shows the difference maps of the flood images generated by 

different search schemes.  All the differences are confined to the corners and edges of the 

camera.  Among the ML search algorithms tested, the search with 3-bit LUT plus 

directed search is fastest but has lowest percentage correct.  The multi-resolution search 

is slowest in this evaluation but has the highest percentage correct. 

 



 117

  (a) (b) 

0 20 40 60 78

0

20

40

60

78

-5

0

5

 0 20 40 60 78

0

20

40

60

78

-5

0

5

 

  (c) 

0 20 40 60 78

0

20

40

60

78

-5

0

5

 

Figure 3-18. Difference maps of the flood images generated by different search methods. 
(a) Difference between brute-force search and directed search. 
(b) Difference between brute-force search and 3-bit LUT plus directed search. 
(c) Difference between brute-force search and multi-resolution search. 

 

 Furthermore, if we extend the problem to perform the ML search on a detector with 

more pixels, the ranking of these methods in terms of their speed may change.  The 

directed search will require more iterations to converge as the number of pixels increase.  

Different grid patterns can be applied in the first iteration of the directed search to 
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optimize the search speed.  The search speed for the method with 3-bit LUT may not 

change since the initial estimate is looked-up and close to the final estimate.  However, 

the size of the LUT may become troublesome for more detector pixels.  The multi-

resolution search scheme only requires one more iteration (evaluating the likelihood 

values at 16 test points) when the dimension of the search advances to the next power of 

two.  Since the multi-resolution search avoids the use of giant LUTs and is applicable in a 

gate-array pipeline, it has become the standard search scheme in our research group. 

 

3.3.4. Flood images 

 Figure 3-19 shows the flood images of the sixteen modular cameras of FastSPECT 

II with and without LW.  These images were acquired with a point source placed at the 

center of the imager without the pinhole aperture cylinder in place.  The cameras were in 

their mid radial positions, which are 9.5 inches away from the imager axis.  The point 

source was made of a single chromatographic resin bead 300 µm in diameter, and the 

source strength was 148 kBq.  Each camera had 1000 cps on average while the 

background was about 70 cps/camera.  The integration time was 35 minutes in order to 

acquire about 2-million events per camera. 

 Figure 3-19(a) and (b) show the flood images before and after LW.  The acceptance 

rate for all 16 cameras is 85.57 %.  The uniformity of the camera response is calculated at 

the central FOV (CFOV) by using the definition of integral uniformity in NEMA 

standards NU1-2001 (NEMA, 2001).  The CFOV is the area defined by shrinking the 

linear dimensions of the useful FOV (UFOV) by 75 %.  Prior to the calculation of the 
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(a) 

 

(b) 

 

Figure 3-19. Flood images of FastSPECT II cameras.  (a) Without LW.  (b) With LW. 
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uniformity, the flood image is first smoothed by convolving a weighting filter, which has 

a 3 × 3 window as 

 
1 2 1

  2 4 2
1 2 1

Weighting Filter
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

. (3-32) 

The integral uniformity is defined as  

    100 Max MinIntegral Uniformity
Max Min

−
= ± ×

+
. (3-33) 

Hence smaller is better.  The average integral uniformity at the CFOV of the 16 cameras 

is reduced from 36.82 to 21.73 after LW, indicating the camera uniformity is improved 

with likelihood windowing. 

 In addition, since we measure the system matrix experimentally and use the matrix 

in image reconstruction, no flood divide is required.  Hence the uniformity of the modular 

cameras used in FastSPECT II is not as critical as the scintillation cameras used in clinic.  

The flood images rather serve as a camera usability check.  If there is any region with 

unusual response, it may be an indication of problematic optical coupling, crystal defect, 

or crystal hydration.  Figure 3-20 shows a flood image with crystal hydration.   

 In section 3.2.3, an adaptive smoothing filter is applied to the MDRF samples 

( , )iV x y  to eliminate the influence of measurement noise.  Figure 3-21 demonstrates the 

effect of the smoothing filter.  Figure 3-21(a) and (b) are generated by the brute-force 

search with the un-smoothed MDRF and smoothed MDRF respectively.  Both images 

have LW applied.  The flood image generated with the un-smoothed MDRF has more 
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noisy pixels than the flood image generated with the smoothed MDRF.  The camera 

uniformity is improved with the MDRF smoothing filter. 
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Figure 3-20. Flood image of a modular camera with crystal hydration. 
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Figure 3-21. Flood image of FastSPECT II’s camera # 0.  The ML position estimation is 
accomplished by the brute-force search.  Both images have LW applied. 
(a) With un-smoothed MDRF. 
(b) With smoothed MDRF. 
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3.3.5. Point-array images and camera intrinsic resolution 

 The intrinsic resolution of scintillation cameras is influenced by various factors, 

such as the crystal material, crystal and light-guide dimensions, edge treatment of the 

crystal and light guide (e.g. absorptive or reflective), PMT size and arrangement, and 

PMT quantum efficiency.  The intrinsic resolution of the modular cameras used in 

FastSPECT II is determined by finding the full width at half maximum (FWHM) of the 

point image acquired with the MDRF collimated source. 

 Figure 3-22 shows the representative images of a grid-point array extracted from the 

MDRF calibration data.  Figure 3-22(a) is obtained by ML search using a measured 

MDRF with 78 × 78 samples and 1.5-mm grid spacing and Fig. 3-22(b) is processed 

using a spline-interpolated MDRF with 155 × 155 samples.  All grid points in the MDRF 

calibration are processed to determine the FWHM of the point image as a function of the 

collimated source location.  The beam size of the collimated source is about 1.06 mm 

FWHM at the mid-thickness of the crystal.  The camera intrinsic resolution is obtained by 

de-convolving the measured FWHM with the collimated beam size as  

 ( )1 22 2
intr meas beamFWHM FWHM FWHM= − . (3-34) 

For each point image, the line profiles across the coordinate of maximum response are 

extracted along the X and Y directions to determine the FWHM.  Figure 3-23 shows 

representative maps of the FWHM in both directions as a function of the collimated 

source location.  The camera has better resolution in the regions between PMTs, where 

the MDRF has the steepest slopes.  This is consistent with the theoretical resolution that 

can be achieved by the ML estimate, which will be explained later in this section. 
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Figure 3-22. Representative images of grid-point array. 
(a) Original MDRF with 78 × 78 samples. 
(b) Interpolated MDRF with 155 × 155 samples. 
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 The minimum-achievable FWHM by the modular cameras in FastSPECT II is about 

2.64 mm when the MDRFs used in the ML position estimation have 78 × 78 samples 

with 1.5-mm grid spacing.  The average FWHM at the CFOV of the camera is averaged 

to be about 4.48 mm for all 16 cameras.  If the MDRFs are interpolated to 155 × 155 

samples with 0.75-mm grid spacing, the average FWHM at the CFOV becomes 3.94 mm 

for all 16 cameras.  Therefore 2X interpolations of the MDRFs improve the resolution 

measure by 13.73 %.  It is possible to further interpolate the MDRFs multifold in order to 

obtain better resolution in planar images.   

 The theoretical resolution of the ML estimate can be calculated from the Fisher 

information and the Cramér-Rao lower bound of the underlying data statistics.  The 

components of the Fisher information matrix for a likelihood function ( | )pr g θ  are given 

by (Barrett and Myers, 2004) 

 
2

||

ln ( | ) ln ( | ) ln ( | )jk
j k j k

F pr pr pr
θ θ θ θ

⎡ ⎤ ⎡ ⎤∂ ∂ ∂
= = −⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥ ⎣ ⎦⎣ ⎦ g θg θ

g θ g θ g θ , (3-35) 

where g is the measured data vector and θ is the parameters to be estimated.  The 

variance of each ML-estimated parameter has a lower limit related to the inverse of the 

Fisher information.  This is the well-known Cramér-Rao lower bound (CR bound), which 

can be expressed as 

 { } 1
ˆ n̂ nnn nn

Var θ θ −⎡ ⎤⎡ ⎤ = − ≥⎣ ⎦ ⎣ ⎦θ
K F  (3-36) 

if the estimator is unbiased.  If an estimator has a bias vector as  

 
|

ˆ ( )= −
g θ

b θ g θ ˆ= −θ θ , (3-37) 
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the corresponding CR bound becomes (Barrett and Myers, 2004) 

 ( ) ( )1
ˆ

t−≥ ∇ + ∇ +θ θθ
K b I F b I . (3-38) 

It is worth mentioning that the bias can increase or decrease the variance depending on 

the bias gradient. 

 As stated in section 3.3.1, a scaled Poisson model  

 ( ) [ ] [ ]9
1 2

1 2 1 2
1

( , )
 ( , ) exp ( , )

!

in
i

i i i
i i

n x x
Pr n n x x n x x

n=

= −∏  (3-39) 

is adopted to perform the ML position estimation.  It can be shown that the corresponding 

Fisher information is 

 
9

1 2 1 2 1 2
1 1 2

1( , ) ( , ) ( , )
( , )jk i i

i i j k

F x x n x x n x x
n x x x x=

⎡ ⎤ ⎡ ⎤∂ ∂
= ⎢ ⎥ ⎢ ⎥∂ ∂⎢ ⎥ ⎣ ⎦⎣ ⎦
∑ . (3-40) 

The CR bound of the ML position estimator can be calculated as defined in Eqn. (3-36) 

using the Fisher information and the MDRF values 1 2( , )in x x  to determine the achievable 

resolution of the modular camera.  Equation (3-40) also explains why the cameras have 

better resolution in the regions where the MDRF values have steeper slopes.  Figure 3-24 

shows the FWHM in the X and Y directions calculated from the CR bound.  Nice 

correspondence is shown between the measured and theoretical resolution in Figs. 3-23 

and 3-24.  However, the measured resolution is better than the CR bound by roughly 13.6 

% at the CFOV, which violates the estimation theory.  This may be due to the bias in the 

position estimation, as the scaled Poisson model does not incorporate the position-

dependent gains of the PMTs.  The CR bound associated with the independent normal 

model is presented for comparison. 
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 The independent normal model for 2D position estimation can be expressed as  

 ( ) [ ]29
1 2

1 2
1 1 21 2

( , )1| , exp
2 ( , )2 ( , )

i i

i ii

V x x
pr x x

x xx x
α
βπβ=

⎧ ⎫−⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭

∏V , (3-41) 

where 1 2( , )i x xα  and 1 2( , )i x xβ  are the mean and variance of the normal distribution 

calculated from the MDRF calibration data (i.e. 1 2( , )iV x x  and { }1 2( , )iVar V x x ).  The log-

likelihood is  

 ( ) [ ]29 9
1 2

1 2 1 2
1 11 2

( , ) 1ln | , ln ( , ) constant
2 ( , ) 2
i i

i
i ii

V x x
pr x x x x

x x
α

β
β= =

− −
= − +∑ ∑V , (3-42) 

where the constant contains the logarithm of 2π .  The ML estimate for the interaction 

location is therefore  

 1̂( ,x ( )
1 2

2 1 2
,

ˆ ) arg max ln  ,
x x

x pr x x⎡ ⎤= ⎣ ⎦V . (3-43) 

The corresponding Fisher information is given by  
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The CR bound assuming an unbiased estimator can then be calculated from the Fisher 

information.  Table 3-2 lists the FWHM of the ML position estimate on camera #0 

computed either from the experimental data or the CR bound.  Figure 3-25 shows the 

FWHM in the X and Y directions calculated from the CR bound with the independent 

normal model.  It turns out that the CR bound calculated with the independent normal 

model is smaller than that computed with the scaled Poisson model.  In addition, the 
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lower bound obtained with the independent normal model is smaller than the resolution 

measurement extracted from the experimental data by roughly 6.6 %, which can be 

accounted for by the measurement noise.  On the contrary, the lower bound obtained with 

the scaled Poisson model is larger than the experimental resolution by 13.6 %.  This may 

be due to a biased estimator or the likelihood windowing so that the measured resolution 

can be smaller than the CR bound when assuming an unbiased estimator.  These results 

suggest that the independent normal model describes the statistics of the PMT signals 

better than the scaled Poisson model.  Further investigations are in progress to validate 

the adoption of the independent normal model in FastSPECT II.   

 

Table 3-2. The FWHM of the ML position estimate on camera # 0. 

Average FWHM at the CFOV Methods for computing the FWHM of the ML 
position estimator associated with a MDRF of 

78 × 78 samples and 1.5-mm grid spacing X Y 

ML search with the scaled Poisson model 4.4085 4.4079 

CR bound with the scaled Poisson model 5.1090 5.0957 

CR bound with the independent normal model 4.1396 4.1337 
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Figure 3-23. Representative maps of the FWHM in both directions as a function of the 
collimated source location. 
(a) FWHM in the X (horizontal) direction. 
(b) FWHM in the Y (vertical) direction. 
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Figure 3-24. Representative maps of the FWHM calculated from the Cramér-Rao lower 
bound with the scaled Poisson model (Courtesy of William C.J. Hunter).   
(a) FWHM in the X (horizontal) direction. 
(b) FWHM in the Y (vertical) direction. 
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Figure 3-25. Representative maps of the FWHM calculated from the Cramér-Rao lower 
bound with the independent normal model (Courtesy of William C.J. Hunter).   
(a) FWHM in the X (horizontal) direction. 
(b) FWHM in the Y (vertical) direction. 
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3.4. Calibration of the Imaging System Matrix 12345678910111213141516171819202122232425  

 The system matrix of an imaging system can be obtained by many methods, such as 

analytic calculation, simulation, empirical determination, or some combination of these 

methods.  The analytic or simulation method generates the H matrix by making certain 

assumptions about the geometry and response of the system and the empirical method 

measures the H matrix directly.  The simulation and measurement of the H matrices of 

emission tomographic systems can be traced back to 1970’s.  Tipton (1978) simulated the 

point response function for each point in the object space of his tomographic system, 

stored the whole system matrix on magnetic tapes, and used this matrix in his background 

subtraction algorithm for image reconstruction.  Lefkoupoulos et al. (1983) measured the 

H matrices experimentally for their 2D and 3D tomographic systems.  The maximum 

number of measured voxels was 144 in their study.  They used the generalized inverse of 

the H matrix by using SVD approach for image reconstruction.  Our group at the 

University of Arizona has also performed various studies on the simulation and direct 

calibration of the H matrices for our SPECT systems (Roney, 1989; Rowe, 1991; Rowe 

et al., 1993; Aarsvold, 1993).  In recent years, we have preferred to carefully calibrate our 

imaging systems and used the calibration data sets as the H matrices (Klein et al., 1995; 

Kastis, 2002; Furenlid et al., 2004; Kim, 2004; Chen et al., 2005). 

 The system matrix of FastSPECT II is experimentally calibrated in air to obtain the 

system-specific components of H, the product ( ) ( )det geomH H  in Eqn. (3-8).  As described 

in section 3.1, the continuous object space can be decomposed into a set of voxels.  A 

99mTc point source can be made to approximate the voxel function ( )φn r  in practice.  The 
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H matrix is measured by stepping the point source through a 3D grid in the FOV of the 

imager.  The recipe for making a point source is as follows (suggested by Dr. A. B. Brill): 

Chromatographic resin beads 300 µm in diameter are soaked in an aqueous solution of 

sodium pertechnetate and heated to dry.  The beads are then glued together in an epoxy 

ball at the tip of a carbon-fiber tube to make a point source with about 1-mm diameter 

and more than 370-MBq radioactivity. 

 A typical calibration data set for FastSPECT II contains about 50,000 calibration 

points with 1-mm grid spacing to cover a cylindrical FOV of 41-mm length and 41-mm 

diameter.  The acquisition time for the first grid point is set to acquire more than 1,000 

events per camera, and the acquisition time for subsequent grid points is elongated 

according to the radioactive decay.  The total acquisition time for the H-matrix 

calibration is about 24 hours.  This measurement calibrates the imaging properties of the 

system, such as pinhole sizes and locations, camera orientations, and system sensitivity. 

 The recorded response of the modular cameras as a function of the point-source 

location is processed into projection images using the ML position estimator.  Figure 3-

26 shows one column of the H matrix, the images of the point source for all 16 projection 

angles.  Figure 3-27 shows the sensitivity map of FastSPECT II.  This map is generated 

as the number of events acquired from all 16 cameras and passed the likelihood 

windowing.  The sensitivity at the center of the FOV is 267 cps/MBq and the average 

sensitivity over the FOV is 243 cps/MBq.  The sensitivity map contains measurement 

noise and will cause artificial hot and dark spots in image reconstruction.  This effect can 

be reduced by smoothing the sensitivity map with a 3D medium filter. 
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Figure 3-26. One column of H, the images of the point source for all 16 projection 
directions, when the source is located at voxel (20,20,30). 

 

 Any reconstructions that use a measured H matrix automatically take account of the 

detector blur and non-uniformity, imager geometry, radiometry, pinhole penetration, 

aperture defects, and system misalignment.  However, a measured H contains photon and 

electronic noise.  Barrett et al. (2006) provided thorough discussions about the effect of 

noise in the point response functions on task performance.  The influence of noise can be 

lessened by increasing the integration time at each calibration point, but the total 

acquisition time of the whole H-matrix will become an issue.  In order to reduce the 

system-calibration time and achieve finer reconstruction grid, two schemes for 

interpolating H will be introduced in section 3.7.   
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  15,000 20,000 25,000 

Figure 3-27. Sensitivity map of FastSPECT II in 1-mm slices.  Each slice has 41 × 41 
samples with 1-mm grid spacing. 
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3.5. Fourier Crosstalk Matrix and Spatial Resolution 1234567891011121314151617181920212223242526272829303132333435363738394041424344 12 123456789101112131415161718192021222324252627  

 The spatial resolution is a common indicator for the performance of an imaging 

system.  It provides a measure of the shape and width of the point response function 

(PRF).  Since tomographic systems are shift-variant, the PRF is a function of position in 

the FOV, and so is the spatial resolution.  It is useful to obtain a summary measure of the 

system resolution averaged over the FOV for comparing different systems.  This section 

reviews the mathematical development of the Fourier crosstalk matrix and establishes a 

measure of the system resolution based on this concept.  Comparisons between the spatial 

resolutions calculated from the Fourier crosstalk approach and other conventional 

methods are provided in Appendix C. 

 Consider a continuous object function ( )f r  with compact support ( )S r , which is 

confined to a cube of width L.  The support function ( )S r  is unity inside the support 

region and zero otherwise.  The object function can be represented by a Fourier series as 

 
3

( ) ( )
Z

f F
∈

= Φ∑ k k
k

r r , (3-45) 

where Fk  is the Fourier-series coefficient of the object and 

  ( ) exp(2 ) ( )i SπΦ = ⋅k kr r rρ . (3-46) 

Each basis function ( )Φk r  represents a truncated plane-wave object and carries a 

particular spatial frequency designated by the wavevector kρ .  The index ( ), ,x y zk k k=k  

spans the infinite set 3Z , where each component jk  takes integer values from negative 

infinity to positive infinity.  The wavevector kρ  is defined as  
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 ( ) 
1

x x y y z zk k k
L L

= = + +k
k e e eρ . (3-47) 

Fourier coefficients Fk  are therefore given by 

 3 *
3  ( )

1 ( ) ( )
S

F d r f
L

= Φ∫k kr
r r . (3-48) 

The imaging equation ( )f= +g r nH  can be modified accordingly as 

 
3Z

g F n
∈

= Ψ +∑m k mk m
k

, (3-49) 

or in the operator form as = +g F nΨ , where  

 3 3
  ( )

  ( ) ( )  ( ) exp(2 )
S

d r h d r h iπΨ = Φ = ⋅∫ ∫mk m k m kr
r r r rρ . (3-50) 

Therefore each Ψmk  is the data vector produced by passing the basis function ( )Φk r  

through the imaging system.  The Fourier crosstalk matrix is defined as †=Β Ψ Ψ , which 

is an infinite, complex matrix.  Each element of Β  is given by 

 [ ] [ ]†*
 ' ' '( ) ( )β = Ψ Ψ = Φ Φ∑kk mk mk k k

m
r rH H , (3-51) 

which is the inner product of the data vectors ( )Φk rH  and ' ( )Φk rH .  The off-diagonal 

elements of the crosstalk matrix reflect the degree of linear dependence or aliasing 

between two different frequencies kρ  and 'kρ .  The degree of aliasing is defined as the 

angle between the two data vectors as (Barrett and Gifford, 1994) 

  '  '
 '

'  ' '

cos
( )  ( )
β β

θ
β β

= =
Φ Φ

kk kk
kk

k k kk k kr rH H
. (3-52) 

If  'cos 1θ =kk , the two data vectors are completely aliased to each other and no post- 
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processing can resolve the contributions of ( )Φk r  and ' ( )Φk r  to the data.  Therefore it is 

favorable to minimize the off-diagonal elements of the Fourier crosstalk matrix when 

designing new imaging systems. 

 The diagonal element of the crosstalk matrix is 

 
2

2 3
   ( )

( ) exp(2 )
S

d r h iβ π= Ψ = ⋅∑ ∑ ∫kk mk m kr
m m

r rρ , (3-53) 

which is the squared norm of the data when the object has a single spatial frequency.  

Therefore it can be regarded as a generalized transfer function that specifies how strongly 

a particular frequency is transferred through the imaging system to the data.  If  0β =kk , 

the basis function ( )Φk r  makes no contribution to the data and cannot be recovered by 

any post-processing.  It has been shown that β kk  is proportional to the square of the 

modulation transfer function ( 2MTF ) for a linear shift-invariant system (Barrett et al., 

1995).  More generally,  β kk  provides a mathematical measure to discuss the MTF of 

shift-variant imaging systems.  It characterizes the response of an imaging system 

through the projection-backprojection operator †H H  without involving any image-

reconstruction algorithms. 

 The empirical computation of the Fourier crosstalk matrix can be carried out by 

DFT of the measured H-matrix elements (Gifford, 1997).  Consider an H matrix that 

contains N 3 voxels with sampling interval ∆H and hence L = N × ∆H.  If we assume the 

sensitivity function ( )hm r  is constant in each voxel centered on point ( , , )x y z=nr , Ψmk  

as shown in Eqn. (3-50) can be approximated by DFT of Hmn  as 
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The crosstalk matrix can then be calculated as defined in Eqn. (3-51) as 
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The empirical crosstalk matrix computed from the DFT approach will only have N 3 × N 3 

elements corresponding to a finite set of wavevectors kρ .  The Fourier lattice has a grid 

spacing of 1 L  and a maximum frequency of 1 (2 )H∆ in each direction.  For the 

empirical crosstalk matrix to be a good representation of the infinite Fourier crosstalk 

matrix, it is desirable to have as finely-sampled Fourier lattice and as extended maximum 

frequency as possible.  Therefore it is preferable to have small grid spacing between 

voxels of the H matrix given a fixed FOV.  Section 3.7 discusses methods to interpolate 

the H matrix for finer grid spacing. 

 Figure 3-28 shows the diagonal elements of the Fourier crosstalk matrix of 

FastSPECT II along three orthogonal axes.  The crosstalk matrix is computed from the 

DFT of an H matrix measured on 41 × 41 × 41 grid points with 1-mm spacing.  Figure 3-

28(a) shows  β kk  along the imager axis, which is defined as the X axis and perpendicular 

to the transverse slices of the cylindrical object space.  Figure 3-28(b) and (c) show β kk  

along the two transaxial axes.  It is observed that β kk  falls off roughly as the reciprocal 

of the spatial frequency (Barrett and Gifford, 1994).  This is the well-known fact in 

tomography that projection-backprojection operation without filtering results in much  
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Figure 3-28. Normalized  β kk  along three orthogonal axes of FastSPECT II. 
(a) Along the X axis (posterior/anterior, perpendicular to the transverse slices 
of the cylindrical object space). 
(b) Along the Y axis (left/right, perpendicular to the sagittal slices). 
(c) Along the Z axis (ventral/dorsal, perpendicular to the conoral slices). 
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(a) 

 

(b) 

 

(c) 

 

Figure 3-29. Normalized 2
eqMTF  along three orthogonal axes of FastSPECT II.  In each 

graph, the dots represent the values computed from the H matrix and the line 
represents a best-fit Gaussian function. 
(a) Along the X axis.  (b) Along the Y axis.  (c) Along the Z axis. 

ρx (mm-1) 

ρy (mm-1) 

ρz (mm-1) 
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denser sampling in the low-frequency domain and leads to a strong low-pass filtering 

effect.  Therefore a ramp-like filter is required to compensate this  1 kρ  fall-off.  In order 

to obtain a summary measure of the system resolution for the hardware, we define an 

equivalent 2MTF  as (Kim et al., 2006) 

 2
 eqMTF β
β

= kk
k

00

ρ . (3-56) 

Assuming the eqMTF  along each axis (ρx, ρy, or ρz) has an approximately Gaussian shape, 

its Fourier transform back in the space domain will also have a Gaussian form.  The 

spatial resolution of the system is then defined as the FWHM of the Fourier transform of 

the eqMTF  along three axes.  The spatial resolution along the j axis is given by 

 { }( ) ( )
4ln 2 1spatial resolution ( )

( )eq j
eq j

FWHM MTF
FWHM MTF

ρ
π ρ

= ℑ = . (3-57) 

This number can not be interpreted as the width of the point spread function (PSF) of the 

imaging system as it should be for a shift-invariant system.  However, it can be regarded 

as the average spatial resolution over the FOV of an imager to provide a mathematical 

measure for comparing different imaging systems. 

 Figure 3-29 shows the normalized 2
eqMTF  along the three orthogonal axes of 

FastSPECT II.  In each graph, the dots represent the values computed from the H matrix 

and the line represents a best-fit Gaussian function to the data points.  Since the value of 

eqMTF  at zero frequency is zero due to the ramp filter, this data point is excluded in the 

curve fitting.  In addition, the data points in Fig. 3-29(a) show a significant departure 
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from the Gaussian function for higher spatial frequency.  The origin of this departure will 

be explained in the next paragraph.  An upper limit for the spatial frequency is set 

manually to eliminate the effect of this departure and the curve fit is performed only for 

the data points that correspond to -1
 (0,0.25] mm∈kρ .  The resulting spatial resolutions 

of FastSPECT II along the three orthogonal axes are given in Table 3-3.   

 

Table 3-3. Spatial resolution of FastSPECT II estimated by the Fourier crosstalk 
approach. 

 Spatial resolution (mm) 

X axis (imager axis, posterior/anterior) 2.60 

Y axis (left/right) 2.28 

Z axis (ventral/dorsal) 2.40 

 

 The Fourier crosstalk matrix was estimated from DFT of the measured H matrix in 

this section.  However, approximating a continuous transform by a discrete one can lead 

to errors.  As shown in Fig. 3-29(a), the square of the equivalent MTF has a significant 

departure from the Gaussian function for higher spatial frequency.  This is partly due to 

the sampling interval of the H matrix.  Figure 3-30 shows the effect of sampling interval 

in DFT.  Consider an arbitrary 1D function ( )f x , whose Fourier transform is ( )F ξ .  

Suppose we are going to perform a DFT on the samples of ( )f x  to approximate the 

continuous Fourier transform.  ( )f x  is sampled at points nx n x= ∆  as 

 1( ) ( ) comb ( ) ( )s
x

xf x f x f n x x n x
x x

δ
∞

=−∞

⎛ ⎞= = ∆ − ∆⎜ ⎟∆ ∆⎝ ⎠
∑ . (3-58) 
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Fourier transform of ( )sf x  yields 

 ( )( ) ( )*combsF F xξ ξ ξ= ∆ . (3-59) 

Therefore ( )sF ξ  contains periodic replicates of ( )F ξ .  If ( )f x  is not bandlimited or the 

Nyquist sampling criterion is not satisfied, there will be overlap among the replicates as 

shown in Fig. 3-30.  One way to reduce this overlap is to use a smaller sampling interval.  

For our problem at hand, this can be accomplished by either measuring the H matrix on a 

finer grid, or interpolating the H matrix to a finer grid.  Section 3.7 will introduce how to 

interpolate the H matrix and show the effect of finer sampling on the equivalent MTF. 

 

 

Figure 3-30. The effect of sampling interval in DFT. 
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3.6. Signal Detection Theory and Detectability 1234567891011121314151617181920212223242526272829303132333435363738394041424344454647484950515253545556575859 123456789101112131415161718192021222324252627282930  

 The capability of detecting a signal at a specific location in a noisy background can 

be used to assess the performance of an imaging system.  This detectability depends on 

several factors, such as the spatial features of the signal, the signal contrast relative to the 

background, the exposure quanta of the image, and most importantly, the characteristics 

of the imaging system itself (e.g. sensitivity and spatial resolution).  This section briefly 

reviews signal detection theory and describes the studies performed to evaluate the signal 

detection capability of FastSPECT II. 

 Consider a binary hypothesis test to determine the presence of a known signal ( )sf r  

against a background distribution ( )bf r  in the images generated by a linear imaging 

system.  There exist two hypotheses: 

 
[ ]

1

2

H  (signal absent) : ( ) ,
H  (signal present) : ( ) ( ) ,

b

b s

f
f f

= + = +

= + + = + +

g r n b n
g r r n b s n
H
H

 (3-60) 

where b is the background image, s is the signal image, and n is the noise vector.  Given 

the data g and without considering any reconstruction algorithms, an ideal observer is 

employed to decide whether hypothesis H1 or H2 is true.  The ideal observer is one who 

utilizes all the information in the data to yield optimal performance that cannot be 

surpassed.  The ideal observer uses the likelihood ratio or its monotonic transformation to 

perform the test (Barrett et al., 1998).  The log-likelihood ratio is defined as  

 2

1

( | H )( ) ln ( ) ln
( | H )

pr
pr

λ = Λ =
gg g
g

. (3-61) 

The corresponding decision rule is  
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2

1

D

D

( ) cλ λ><g , (3-62) 

where D1 denotes a decision that H1 is true, D2 denotes a decision that H2 is true, and cλ  

is the decision threshold. 

 The decision is made based on the data, which contains transformed information of 

the object through some imaging system and measurement noise.  Therefore the decision 

cannot always be correct.  One common measure of the test performance for a given 

imaging system and observer is the signal-to-noise ratio (SNR) associated with λ , 

 2 1
2 21
2 12 ( )

SNRλ

λ λ

σ σ

−
=

+
, (3-63) 

where 
i

λ  is the conditional expectation of λ  given that hypothesis Hi is true and the 

conditional variance is given by (Barrett et al., 1998) 

 ( )22
i i

i
σ λ λ= − . (3-64) 

Another common figure of merit is the area under the receiver operating characteristic 

curve (denoted as AUC) (Metz, 1978).  If the test statistic is normally distributed under 

both hypotheses, AUC is related to SNRλ  by 

 1 1 erf
2 2

SNRAUC λ⎡ ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
, (3-65) 

where erf ( )⋅  is the error function.  AUC can be converted to the detectability index dA by 

 ( )-12 erf 2 1Ad AUC= − , (3-66) 
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which is another measure of the observer performance and can be interpreted as the 

effective SNR.  The detectability index dA is the same as SNRλ  if and only if λ  is 

normally distributed. 

 The detection task performed to estimate the detectability index of FastSPECT II is 

the so-called SKE/BKE (signal-known-exactly/background-known-exactly) case.  The 

test object for the signal-present case consists of a uniform signal sphere at the center of 

the FOV against a flat background.  The test images are generated by forward projecting 

the synthetic object through the system matrix H.  For photon-limited imaging, the data 

obey Poisson statistics.  The conditional probability distribution function (PDF) under 

each hypothesis is 

 ( )
1

( | H ) exp
!

mgM
jm

j jm
m m

g
pr g

g=

= −∏g , (3-67) 

where jmg  is the mean response of the mth detector pixel when hypothesis Hj is true.  The 

test statistic of an ideal observer is  

 2

1 1

( ) ln
M

m
m

m m

gg
g

λ
=

⎛ ⎞
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⎝ ⎠
∑g , (3-68) 

and the corresponding SNR is (Barrett and Myers, 2004) 
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One can utilize the Gaussian approximation to the Poisson case if the signal contrast is 

low ( 1m ms g  for all detector pixels).  Poisson noise leads to a diagonal covariance 

matrix as  

 2
' ' 'mm m mm m mmgσ δ δ= =K , (3-70) 

where mg  can be either 1mg  or 2mg  to this approximation.  The SNR becomes 

 
2

2

1

( )M
m

m m

sSNR
gλ

=
∑ . (3-71) 

 The SKE/BKE detection task is easy to implement for a quick evaluation of an 

imaging system.  However, it is unrealistic for most imaging tasks and sometimes even 

leads to unphysical results for system optimization.  An example of this unreliable 

behavior can be found in Rolland and Barrett (1992), where the authors investigated the 

detection performance with respect to the aperture size of an idealized pinhole imaging 

system.  The performance of the ideal observer was shown to increase monotonically 

with respect to the aperture size; this result indicates that the optimal aperture is no 

aperture at all, which leaves no resolution for the imaging system.   

 A more realistic detection task is to detect a known signal against a random 

background that better resembles the normal background anatomy.  This is the so-called 

SKE/BKS (signal-known-exactly/background-known-statistically) case.  The random 

background makes the signal or lesion difficult to detect and therefore degrades the 

detectability of the ideal observer.  In contrast to the result obtained with a uniform 

background, Rolland and Barrett (1992) showed that the optimal aperture size of an 

idealized pinhole imaging system settled to reasonable values with background variability.  
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One approach to synthesize the random background in simulation studies is to adopt the 

lumpy object model (Myers et al., 1990; Rolland and Barrett, 1992; Kupinski et al., 

2003a).  The calculation of the likelihood ratio with lumpy backgrounds is far more 

complex than that with a flat background model yet can be carried out by the Markov-

Chain Monte Carlo (MCMC) methods (Kupinski et al., 2003b).  K. A. Gross (2006) 

utilized MCMC to optimize pinhole SPECT imaging systems based on the performance 

of the Bayesian ideal observer.   

 As discussed above, observer studies of SKE/BKE tasks have limited applicability.  

Nevertheless, their usefulness is well described in Abbey et al. (1997), “It appears that 

SKE-BKE tasks are not generally good for image-quality assessment.  However, when 

used in tandem with more complex tasks, they provide information about how 

complexity in the task influences detection performance.”  Only the flat background 

model was employed here to evaluate the detectability of FastSPECT II. 

 The synthetic test object has a uniform background ( )b bf A=r  within the FOV.  For 

the signal-present case, a signal sphere is defined as  

  0if  2,
( )

 0 otherwise,
s

s

A D
f

⎧ − ≤⎪= ⎨
⎪⎩

r r
r  (3-72) 

where D is the diameter of the signal and 0r  is the center of the sphere located at the 

center of the FOV.  The signal contrast is defined as  s bC A A= .  Figure 3-31(a) shows 

the test object in transverse slices when D = 4.0 mm and C = 0.1.  Figure 3-31(b) shows 

the projection image of the signal sphere on camera #0 of FastSPECT II and (c) shows 

the projection of the object with signal present.  It is clear in Fig. 3-31(c) that a uniform 
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background in the object does not translate into a uniform projection image.  This is due 

to several reasons, such as the obliquity of the camera configuration, the integration of a 

3D cylinder into a 2D projection, and the non-uniformity in the camera response.   

 The SNR of the ideal observer is calculated using Eqn. (3-69) or using Eqn. (3-71) 

when the Gaussian approximation is valid.  The detectability of an imaging system partly 

depends on the signal diameter, signal contrast, and exposure time.  The comparisons of 

the detectability versus these factors are presented herein. 

 

(a) 

     

(b)  (c) 

  

Figure 3-31. Representative test object and images when D = 4.0 mm and C = 0.1.   
(a) The test object in transverse slices with 1.0 mm between slices.   
(b) The projection of the signal sphere on camera #0.   
(c) The projection of the signal plus the flat background on camera #0.   

 

Detectability vs. signal contrast 

 Intuitively, higher signal contrast should result in higher detectability.  This is 

demonstrated in Figs. 3-32 and 3-33 showing the plots of SNRλ  versus signal contrast.  

The value of  bA  is adjusted so that 10 million counts are obtained from the uniform 
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background ( 1 10,000,000m
m

g =∑ ) and the value of sA  is adjusted to vary the signal 

contrast C.  In the low-contrast region where 0.1C ≤ , the Gaussian approximation to the 

Poisson noise is employed to calculate the detectability.  For fixed background magnitude, 

the signal is linearly proportional to the contrast ( ms C∝ ) and hence  

 
2

1

( )M
m

A
m m

sd C
g=

= ∝∑ , (3-73) 

the detectability is also linearly proportional to the signal contrast as shown in Fig. 3-32.  

For signal contrast larger than 0.1, Eqn. (3-69) is used to calculate the SNR of the binary 

hypothesis test.  Figure 3-33 shows that the SNR still increases approximately linearly 

with respect to the signal contrast for 0.1 2.0C≤ ≤ . 

 

Detectability

d A  = 126.64 C

R2 = 1

0
2
4
6
8

10
12
14

0.00 0.02 0.04 0.06 0.08 0.10
signal contrast

signal
diameter

4 mm
6 mm
8 mm
10 mm
fit

 

Figure 3-32. Detectability versus signal contrast in the low-contrast region.  The equations 
in the figure show the linear regression to the data points and the R-square 
value of the fit for signal diameter equal to 10 mm. 
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Figure 3-33. SNRλ  versus signal contrast for contrast larger than 0.1.  The equations in 
the figure show the linear regression to the data points and the R-square 
value of the fit for signal diameter equal to 10 mm. 

 

Detectability vs. exposure time 

 Similarly, the longer the exposure time is, the higher the detectability is.  The plot of 

detectability versus exposure time is shown in Fig. 3-34.  The signal contrast is fixed at 

0.1.  Both the signal vector and the mean image vector are linearly proportional to the 

exposure time ( ms T∝  and mg T∝ ).  Therefore 

 
2

1

( )M
m

A
m m

sd T
g=

= ∝∑ , (3-74) 

the detectability is proportional to the square root of the exposure time.  This is evident in 

Fig. 3-34(b), where the square of the detectability increases linearly with respect to the 

exposure time.   
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Figure 3-34. (a) Detectability versus exposure time.  The abscissa is the total counts 
acquired from the uniform background.  The equations in the figure show the 
power-law curve fit to the data points and the R-square value of the fit for 
signal diameter equal to 10 mm.   
(b) The square of the detectability versus exposure time.  The equations in 
the figure show the linear regression to the data points and the R-square 
value of the fit for signal diameter equal to 10 mm.   
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Detectability vs. signal diameter 

 Figure 3-35 shows the influence of the signal diameter on the detectability.  The 

value of  bA  is adjusted so that 10 million counts are obtained from the uniform 

background.  A small fixed signal contrast 0.1C =  is used in order to remain in the 

Gaussian approximation region.  The detectability increases nonlinearly with increasing 

signal diameter.  The equation in Fig. 3-35 is a curve fit to the data points with a fitting 

model as 3
1 2( )Ad c D D c= + , where 1c  and 2c  are the fitting coefficients.  A brief 

discussion about the relationship between the detectability and the signal diameter is 

given below.  The signal diameter is roughly 3.51 mm for a detectability of 1.2 (AUC of 

about 0.8). 
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Figure 3-35. Detectability versus signal diameter.  The dots in the graph represent the 
detectability computed from the synthetic images and the solid line is a 
nonlinear curve fit to the data points.  The R-square value of the fit is 0.9941. 

 

3ˆ 0.1520 ( 1.9649)Ad D D= +
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 The total number of counts in the signal image is proportional to the volume of the 

signal sphere as 

 3

1

M

m
m

s D
=

∝∑ , (3-75) 

where 16 78 78 97,344M = × × = , which is the total number of detector pixels in 

FastSPECT II.  The number of effective pixels where 0ms >  is plotted in Fig. 3-36 as a 

function of the signal diameter.  The number of effective pixels can be modeled as 

 2( magnification blur)effM D∝ × + , (3-76) 

where blur accounts for the pinhole and detector blur.  The equation in Fig. 3-36 is a 

perfect-square fit to the data points. 
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Figure 3-36. Number of effective pixels versus signal diameter.  The dots in the graph 
represent the number of effective pixels ( 0ms > ) in the synthetic images and 
the solid line is a perfect-square fit to the data points.  The R-square value of 
the fit is 0.9994. 

2ˆ 37.5125 ( 5.9562)effM D= +
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 For simplicity, assume the projection image of the signal sphere is a uniform disk on 

each camera and the projection of the flat background is also uniform within the effective 

pixels.  This is not valid as shown in Fig. 3-31(b) and (c).  Nevertheless, we can derive a 

constant pixel value from the contribution of the signal as 

 
3 3

2( mag. blur)m
eff

D Ds s
M D

= ∝ ∝
× +

, (3-77) 

and assume { }1  for all | 0m mg g m m s= ∈ ≠ .  The corresponding detectability becomes 

 

2 2

1

2
3 3 3

( )

    
( mag. blur)

M
m

A eff
m m

eff
eff eff

s sd M
g g

D D DM
M DM

=

= = ×

⎛ ⎞
∝ × = ∝⎜ ⎟⎜ ⎟ × +⎝ ⎠

∑
. (3-78) 

Equation (3-78) indicates that the detectability index Ad  is roughly proportional to the 

order of 2D  for blur mag.D  and 3D  for blur mag.D , but the exact form depends 

on the characteristics of the imaging system.  Given a system matrix H, one can generate 

the plot of detectability versus signal diameter numerically. 

 Although the simple model defined in Eqn. (3-78) fits the data points nicely in Fig. 

3-35, the fitting coefficients in Figs. 3-35 and 3-36 do not have a consistent estimate for 

the pinhole and detector blur defined in Eqns. (3-76) and (3-78).  This indicates the 

model inaccuracy due to the assumption of uniform signal and background strength 

within the effective pixels.  Another way to model the relationship between the 

detectability and the signal diameter is to compute the detectability via numerical 

integration.  Figure 3-37 illustrates the geometrical setup of the numerical simulation.   
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Figure 3-37. Illustration of pinhole imaging. 

 

 The pinhole is centered at ( , , )ph ph phx y z  with a diameter of phD .  The sensitivity 

function for radiation originating at point ( , , )x y z  and arriving at ( , , )d d detx y z  can be 

expressed as 

 3 22 2 2

( , , ; , ) ( )( , , ; , )
( ) ( ) ( )

d d det
d d

d d det

A W x y z x y z zh x y z x y
x x y y z z

⋅ ⋅ −
=
⎡ ⎤− + − + −⎣ ⎦

. (3-79) 

The constant A includes the detection efficiency, the exposure time, and the reciprocal of 

4π steradian.  The factor 3 22 2 2

( )

( ) ( ) ( )
det

d d det

z z

x x y y z z

−

⎡ ⎤− + − + −⎣ ⎦
 accounts for the geo-

metrical variation of the solid angle.  ( , , ; , )d dW x y z x y  is the magnified pinhole shadow 

on the detector face, 
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0 0
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( ) ( )( , , ; , ) d d
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x x y yW x y z x y circ
r

⎡ ⎤− + −
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, (3-80) 
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where the center coordinates and the radius of the pinhole shadow are 

 

0

0

0

1 ( ) ( ) ,

1 ( ) ( ) ,

 .

det ph ph det
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det ph ph det
ph

det
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ph
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⎧
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⎪ −
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−⎪⎩

 (3-81) 

The detector response to a uniform background Ab is therefore  

 
( )

( , )  ( , , ; , )d d b d dS
g x y A dxdydz h x y z x y= ∫ r

, (3-82) 

where ( )S r  is the FOV of the imaging system.  The source distribution of the signal 

sphere is defined as  

 
2 2 2 2   if ( ) ( 2) ,

( , , )
 0    otherwise.

bC A x y z D
f x y z

⎧ × + + ≤
= ⎨
⎩

 (3-83) 

where D is the signal diameter and C is the signal contrast.  The detector response to the 

signal sphere is  

 
( )

( , )  ( , , ) ( , , ; , )d d d dS
s x y dxdydz f x y z h x y z x y= ∫ r

. (3-84) 

The detectability associated with continuous coordinate is  

 [ ]2
2 ( , )

( , )
d d

A d d
d d

s x y
d dx dy

g x y
= ∫ . (3-85) 

This equation does not lead to an analytic and explicit expression of the detectability as a 

function of the signal diameter.  Numerical integration is implemented to calculate the 

detectability.  In order to mimic the response of the modular camera, ( , )d ds x y  and 
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( , )d dg x y  are convolved with a Gaussian blur with 4-mm FWHM, yielding ( , )blur d ds x y  

and ( , )blur d dg x y .  In addition, the detector response is pixelated by a binning process as  

 rect rect ( , )d m d m
m d d blur d d

x x y ys dx dy s x y
ε ε∞

− −⎡ ⎤ ⎡ ⎤= ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∫ , (3-86) 

where ( , )m mx y  indicates the center coordinate of each detector pixel and ε is the pixel 

width.  Similar formulation is applied to ( , )blur d dg x y  to generate the background signal 

mg .  The detectability with Gaussian blur and detector binning becomes  

 
2

2

1

( )M
m

A
m m

sd
g=

= ∑ . (3-87) 

 Figure 3-38 shows the projection images that are generated by the numerical 

integration described above, including the integration of the sensitivity function, the 

Gaussian blur, and the binning.  The signal diameter is 4 mm and the signal contrast is 

0.1.  The pixel width is 1.5 mm for the modular camera.  These images show nice 

correspondence to Fig. 3-31.  Figure 3-39 shows the detectability versus signal diameter.  

The dots in the graph are the data points calculated from a measured H matrix.  The solid 

line corresponds to the detectability of an ideal detector calculated from the numerical 

integration with detector binning.  The dash line corresponds to a detector with a 

Gaussian blur of 4-mm FWHM.  It is observed that the ideal detector has higher 

detectability than the data obtained from a measured H matrix.  The data with 4mm blur 

agree with the measured data for small signal diameters.  However, it starts to 

underestimate the detectability of the system for signal diameters larger than 5 mm.  

Although the numerical integration does not make the detectability an explicit function of 
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the signal diameter, the curves correspond to the detector with zero and 4-mm Gaussian 

blur can serve as the upper and low limits of the detectability.   

 

(a)  (b) 

  

Figure 3-38. Numerically-generated test images for D = 4.0 mm and C = 0.1.   
(a) The projection of the signal sphere.   
(b) The projection of the signal plus the flat background. 
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Figure 3-39. Detectability versus signal diameter.  The dots in the graph are the data 
points calculated from a measured H matrix.  The solid line corresponds to 
the detectability of an ideal detector calculated from the numerical 
integration with detector binning.  The dash line corresponds to a detector 
with a Gaussian blur of 4-mm FWHM.   
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Contrast vs. detail 

 Assuming a fixed SNR of an ideal observer, Wagner and Brown (1985) modeled the 

relationship of the signal diameter, signal contrast, and exposure time as 

 2 constantnC D Q = , (3-88) 

where Q corresponds to the exposure quanta or the image exposure time.  This equation 

holds for the case of 0D →  or D →∞  for ten imaging modalities studied by Wagner 

and Brown (1985).  The SNR of the ideal observer was derived in the frequency domain 

using the noise-power spectrum (NPS) of the images, which implied stationary noise in 

the wide sense.  However, neither the projection images nor the reconstructed images in 

SPECT are stationary.  The noise in projection images is governed by Poisson statistics, 

in which the variance equals the mean.  Hence the projection noise is spatially-correlated 

except for a uniform projection image.  The image noise is even more complex when 

propagating the non-stationary projection noise through the reconstruction algorithm.  

Nevertheless, Eqn. (3-88) provides a simple model useful for preliminary system 

evaluation and optimization.   

 Figure 3-40 shows a typical contrast-detail diagram, which is a log-log plot of the 

signal contrast versus signal diameter.  The value of n depends on the type of the imaging 

system.  In addition, different power n applies for the “small diameter” and “large 

diameter” regions.  Wagner and Brown (1985) showed that for the “small diameter” 

region, the value of n is 4 and 6 for 2D and 3D imaging respectively.  For 3D 

tomographic imaging with line integrals, the value of n is 6 for the “small diameter” 

region and 4 for the “large diameter” region.  For 3D tomographic imaging with planar 
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integrals, the value of n is 6 for the “small diameter” region and 5 for the “large 

diameter” region.  The break between the lower-power dependence and the higher-power 

dependence is determined by the system aperture (Wagner and Brown, 1982), which can 

be regarded as a measure of the system resolution. 

 

 

Figure 3-40. Typical contrast-detail plot. 

 

 Figure 3-40 illustrates an important concept about the design or the operation 

requirement of an imaging system.  Holding the exposure quanta Q fixed, the contrast C 

required for detection of the signal goes as the negative (n/2)-th power of the signal 

diameter D.  This power-law dependence is more severe in the “small-diameter” region.  

If the system aperture is decreased, the break point in the contrast-detail plot will be 

shifted towards smaller diameters.  Therefore the range of the “large diameter” region can 

be extended to the left in the contrast-detail diagram and an improvement in the detail 

resolution can be obtained without any exposure cost. 
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 Figure 3-41 shows the plot of log C versus log D of FastSPECT II for five specified 

levels of detectability and fixed exposure quanta.  The value of bA  is adjusted so that 10 

million counts are obtained from the uniform background.  Figure 3-41 illustrates that the 

signal contrast increases nonlinearly with decreasing signal diameter to maintain a 

constant detectability.  The relationship between C and D approximately obeys a power 

law.  The rate of increase in contrast is larger when the signal diameter is less than the 

system resolution (around 2.4 mm as computed from the Fourier crosstalk approach).  

Figure 3-42 shows the contrast-detail diagram for dA = 1.2.  The equation pairs in the 

graph represent the power-law curve fit to the data points and the R-square value of the 

fit for the small and large diameter regions.  The slope of log C vs. log D changes from -

2.85 for signal diameter D ≤ 2.5 mm to -2.36 for D ≥ 2.5 mm.  The corresponding n 

values for the power of D in Eqn. (3-88) are therefore 5.7 and 4.7 for the small and large 

diameter regions respectively. 
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Figure 3-41. Signal contrast versus signal diameter for five specified levels of 
detectability. 

 

C  vs D  for d A  = 1.2

C  = 3.443 D -2.8544

R2 = 0.9999
C  = 2.082 D -2.3634

R2 = 0.9987

0.001

0.01

0.1

1

10

1 10
signal diameter (mm)

contrast

 

Figure 3-42. Signal contrast versus signal diameter for dA = 1.2.  In the graph, the 
equation pair on the left represents the power-law curve fit to the data  
points for signal diameter D ≤ 2.5 mm and the R-square value of the fit.   
The equation pair on the right corresponds to the curve fit to the data  
points for D ≥ 2.5 mm. 
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 A measured H matrix incorporates the imperfections or misalignment of the imaging 

system, as well as the non-uniform response or distortion of the detectors.  Therefore 

using a measured H matrix relaxes the system requirement for ideal detectors and perfect 

mechanics.  However, a measured H contains photon and electronic noise.  The influence 

of noise can be reduced by increasing the integration time at each calibration point, which 

leads to another practical issue, the total acquisition time of the whole H-matrix. 

 As described in section 3.4, a typical calibration of FastSPECT II contains more 

than 50,000 calibration points with grid spacing of 1mm and takes about 4 half lives of 

99mTc to finish.  The spacing between calibration grid points defines the voxel size, and 

this spacing acts as the ultimate limit on the system resolution.  A 2X reduction in the 

voxel spacing increases the matrix size by a factor of 8.  At the same time, the 

measurement time will be magnified by more than eightfold considering the radioactive 

decay.  If we want to shrink the voxel spacing to achieve finer grid in image 

reconstruction, the calibration procedure will become increasingly burdensome. 

 One way for reducing this burden is to interpolate between calibration points.  The 

idea of H-matrix interpolation was first discussed and proved to be viable by Roney 

(1989) in his thyroid phantom study.  Later on, Rowe (1991) simulated and measured the 

H matrix of a pinhole SPECT system, decomposed it into two matrices, and interpolated 

the H matrix based on the centroid locations and magnitudes of the pinhole projections.  

He also briefly discussed the possibility of fitting a Gaussian function to the detector 

projection data.  In order to reduce the system-calibration time and achieve finer 
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reconstruction grid, two schemes for interpolating H have been proposed in our previous 

study (Chen et al., 2005): these are centroid interpolation with Gaussian fitting and 

Fourier interpolation method.  This section presents the mathematical developments of 

these two interpolation methods and comparisons of their performance. 

 

3.7.1. Centroid interpolation with Gaussian fitting 

 The point response of a pinhole SPECT system is approximately shift-invariant for 

lateral translations of the point source with respect to the detector face and slowly varying 

for longitudinal translations (Barrett and Myers, 2004).  As shown in Eqn. (3-5) and Fig. 

3-24, one column of H is the image of the voxel function ( )φn r  for all projection angles.  

Figure 3-24 also reveals that the projection of the point source looks like a blob on the 

detector face.  Therefore, each column of H can be parameterized into its centroid on the 

detector and a spread about the centroid as 

 [ ]( , )j cH h j= −mn n m m n , (3-89) 

where ( , )c jm n  denotes the centroid of the image of ( )φn r on the detector for the jth 

projection angle, and [ ]( , )j ch j−n m m n  is a blur function around the centroid.  Since 

columns of H are slowly varying for adjacent point source locations, it is possible to 

interpolate the H matrix by averaging the centroid locations and the blur functions 

( )jh n m  for neighboring point source locations. 

 The blur functions ( )jh n m  can be approximated to the first order by considering the 

point source as a uniform sphere, calculating its geometric projection through a circular 
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pinhole and convolving with the detector point spread function (Barrett and Swindell, 

1981).  In practice, the blur functions suffer from pinhole penetration (Metzler et al., 

2002) and contain photon-counting noise in measurements.  A simple 2D Gaussian model 

is used to parameterize the blur functions ( )jh n m  in this research work.  More 

sophisticated models can be adopted to mimic the blur functions for different imager 

geometry and detector physics. 

 For each measured point-source projection, a 2D Gaussian that best fits the image in 

least-square sense is estimated by the Levenberg-Marquardt method adopted from 

Numerical Recipes in C (Press et al., 1992).  The blur function on a single camera can be 

expressed as 

 [ ]1( , ) exp
22 detj

x xAh x y x x y y
y yπ

⎧ − ⎫⎡ ⎤
= − − −⎨ ⎬⎢ ⎥−⎣ ⎦⎩ ⎭

n K
K

, (3-90) 

and the covariance matrix can be decomposed into its eigenvalues and the rotation angle 

of the principal axis as 
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K R K R . (3-91) 

Therefore each blur function is parameterized into six coefficients, including the 

amplitude A, the centroid location ( , )x y , and the eigenvalues λ1 and λ2 and the principal 

angle φ of the covariance matrix.  The response between adjacent point-source locations 

are interpolated by averaging the Gaussian coefficients.  Arithmetic averaging is applied 

to the amplitudes, centroid locations, and principal angles of the covariance matrices 

while geometric averaging is applied to the eigenvalues of the covariance matrices to 
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approximate the magnification effect.  The H matrix is then regenerated from the 

interpolated Gaussian coefficients.  Pixels that are away from the centroid location with a 

distance more than three standard deviations are assigned zero values and not saved in the 

interpolated H matrix.  In addition, the blur functions correspond to the original measured 

voxels are also replaced by their Gaussian fits in an interpolated H matrix. 

 

(a)    (b)    (c) 

   

Figure 3-43. Sample images of H, when the point source is located at 3 adjacent locations.  
These are projection images from camera #10.  The point source is located at 
(a) voxel (0,20,0), (b) voxel (1,20,0), and (c) voxel (2,20,0). 

 

(a)    (b) 

  

Figure 3-44. Interpolated and Gaussian-fitted response of H. 
(a) Interpolated image of Fig. 3-43 (a) and (c) using centroid interpolation 
with Gaussian fitting.  (b) Gaussian fit of Fig. 3-43 (b). 
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 Figure 3-43 shows three images of the adjacent point response when the source is 

located at voxel (0,20,0), (1,20,0), and (2,20,0) in the object space.  Figure 3-44(a) shows 

the interpolated response of Fig. 3-43(a) and (c) using centroid interpolation with 

Gaussian fitting.  This image is intended to simulate the response at voxel (1,20,0) as 

shown in Fig. 3-43(b), whose Gaussian fit is shown in Fig. 3-44(b).  Figure 3-44(a) and 

(b) demonstrate a close correspondence between the interpolated data and the Gaussian 

fit of the acquired data.  Tomographic reconstructions using the interpolated H matrix 

will be presented later in this section to demonstrate the effectiveness of this interpolation 

method. 

 

3.7.2. Fourier interpolation  

 For a linear shift-invariant (LSIV) imaging system, there exists a unique point 

spread function (PSF).  That is, the point response of the system has a unique shape and 

amplitude and a shift of the point-source location causes only a corresponding shift of the 

PSF.  Consider a continuous-to-continuous LSIV system with a PSF 0( )h −r r , where 0r  

represents the point-source location.  The Fourier transform of the PSF is therefore 
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r

ρ ρ

ρ ρ ρ
 (3-92) 

where ( )H ρ  is the Fourier transform of ( )h r  and ( )A ρ  and ( )φ ρ  are the magnitude and 

phase of ( )H ρ  respectively.  Equation (3-92) shows that the Fourier transform of the 

PSF for a LSIV system has a magnitude function ( )A ρ  independent of the point-source 
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location 0r .  Moreover, the Fourier transform has a common phase function ( )φ ρ  plus a 

phase function ( )02 iπ− ⋅rρ  depending on the point-source location.  The phase function 

( )02 iπ− ⋅rρ  is linear for a 1D system, planar for a 2D system, and hyper-planar for a 

system with a dimensionality higher than 2.  This shift property shown in Eqn. (3-92) 

also applies to discrete-to-discrete LSIV systems.  It is worth noting that a LSIV system 

must have an infinite FOV and the same dimensionality for its object and image space.  It 

also requires a constant flood image independent of the position in the image space and 

constant point sensitivity independent of the position in the object space (Barrett and 

Myers, 2004). 

 However, tomographic systems are never truly shift-invariant.  They have limited 

fields of view and their point response functions (PRFs) depend on the position in the 

object space.  Therefore the Fourier transforms of the PRFs do not share an underlying 

magnitude or phase function that is independent of the position in the object space.  Even 

so, since the point response of a pinhole SPECT system is approximately shift-invariant 

laterally with respect to the detector face and slowly varying longitudinally, we postulate 

the PRFs of adjacent source locations in the FOV are slowly varying in their Fourier 

transforms.  An interpolation method for the H matrix was developed in the Fourier 

domain based on this concept. 

 The Fourier interpolation method is shown in Fig. 3-45 through the interpolation of 

two images.  The final interpolated image is obtained by averaging the magnitudes and 

phases of the original images and inverse Fourier transform.  Since the phase maps are 
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wrapped in the range ( , ]π π− , an additional phase-unwrapping step is required before 

averaging the phase maps.  A non-iterative DFT-based phase-unwrapping algorithm is 

employed and its mathematical development is presented in appendix B.  In addition, the 

PRFs obtained by the Fourier interpolation method have complex values from the inverse 

Fourier transform.  Each pixel takes the magnitude of the complex value instead.  Also, 

pixels that have small values are set to zero in order to keep the H matrix in a reasonable 

storage size.  This is accomplished by calculating the centroid and the covariance matrix 

of the PRFs and rejecting pixels outside three standard deviations.  Moreover, the PRFs 

corresponding to the original measured voxels also undergo the Fourier transform, phase-

unwrapping, and inverse Fourier transform steps in the Fourier-interpolated H matrix. 

 

voxel
(0,20,0)

voxel
(2,20,0)

Phase 
unwrapping

phase

Fourier transform

Fourier-Interpolated
image at
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Figure 3-45. Fourier interpolation of the H matrix. 
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 The Fourier interpolation scheme can be summarized as follows, 

1. Perform Fourier transform on the images that need to be interpolated to obtain their 

magnitude and phase maps. 

2. Unwrap the phase maps using the algorithm described in appendix B. 

3. Compute the arithmetic average of the magnitude maps and the arithmetic average 

of the unwrapped phase maps. 

4. Use the averaged magnitude and phase maps and inverse Fourier transform to get 

the interpolated image. 

5. Calculate the centroid and the covariance matrix of the resulting point image and 

reject pixels outside three standard deviations. 

 

3.7.3. Comparison  

 The two interpolation methods are compared in terms of the computational time, the 

storage sizes, and the resulting system resolution and detectability of the interpolated H 

matrices.  A measured H, which contains 51,537 calibration points with 1-mm grid 

spacing and covers a cylindrical FOV of 41-mm length and 41-mm diameter, is used in 

this study.  Phantom and mouse-cardiac images are reconstructed using the measured and 

interpolated H matrices to demonstrate the effectiveness of the interpolation methods. 

Speed 

 The computer hardware used in this study comprises a 2.6GHz processor (AMD 

AthlonTM MP 2600+) and 1GB memory.  A 2X interpolation for 51,537 input voxels in a 

cylindrical FOV results in 397,950 output voxels.  Table 3-4 shows the computational  
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Table 3-4. Computational time required for a 2X interpolation of the H matrix. 

Interpolation 
method Computational time (seconds) 

Fourier 730,579 

86,454 

Nonlinear 
Gaussian fit 

Interpolate the 
Gaussian 

coefficients 

Regenerate  
the H matrix 

Gaussian 

83,877 15 2,562 

 

Table 3-5. Estimated computational time for a 4X interpolation of the H matrix. 

Interpolation method Computational time (seconds) 

Fourier 730,579 × 8  
= 5,844,632 

Gaussian 83,877 + 15 + 8 × (15 + 2,562) 
= 104,508 

 

time required for the H-matrix interpolation.  The centroid interpolation with Gaussian 

fitting is called as the Gaussian method for short.  The computational time of the Fourier 

interpolation is about 8.5 times greater than the time used by the Gaussian interpolation 

for a 2X interpolation.  In addition, the computational time of the Gaussian interpolation 

can be divided into three parts as shown in table 3-4.  About 97% of the time was spent 

on the nonlinear Gaussian fits to the point images.  Once we had the Gaussian 

coefficients, it cost only 15 seconds to perform a 2X interpolation and 2,562 seconds to 

regenerate the H matrix from the interpolated Gaussian coefficients.  If we want to 

further interpolate the H matrix to a higher multiple, the additional computation time will 
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only come from the interpolation of the Gaussian coefficients and the regeneration of the 

H matrix.  On the contrary, the computational time of the Fourier interpolation depends 

mainly on the number of output voxels.  A 4X interpolation using the Fourier method will 

cost about 8 times of the computational time required for a 2X interpolation.  Table 3-5 

gives the estimated computational time for a 4X interpolation of the H matrix.  It is 

obvious that the Gaussian method will be much faster than the Fourier method when a 

higher-multiple interpolation is desired. 

Storage size 

 The unscattered system matrix of a pinhole SPECT system is sparse because only 

the detector pixels near the line connecting the pinhole and the voxel where the point 

source is located will have nonzero counts.  The size of the original measured H matrix 

used in this study is 676,875,586 bytes for 51,537 voxels, with only nonzero elements 

saved.  This corresponds to a sparseness of about 1.69 %.  Table 3-6 shows the storage 

sizes of the H matrices with 397,950 voxels after a 2X interpolation.  The corresponding 

sparseness is calculated as well.  The storage size of the Fourier-interpolated H matrix is 

about 93.2 % of the Gaussian-interpolated H matrix.  In addition, the interpolated H 

matrices are sparser than the measured H matrix.  This is due to the compression filter 

applied in the interpolation methods.  The Fourier and Gaussian methods both reject 

pixels outside three standard deviations of the PRFs.  When the same compression filter 

is applied to the measured H matrix, the sparseness becomes 1.18 %, which is closer to 

the sparseness of the interpolated H matrices.  It is possible to design a different 

compression filter to match the sparseness of the measured and interpolated H matrices. 



 174

 Moreover, the Gaussian-interpolated H matrix can be stored with only the Gaussian 

coefficients.  This is particularly useful when the H matrix is interpolated to an extremely 

fine grid spacing.  The size for 397,950 voxels is 155,199,330 bytes no matter how much 

the sparseness is.  It takes about 40 minutes (2,562 seconds) to regenerate an H matrix of 

397,950 voxels from its Gaussian coefficients. 

 

Table 3-6. Storage sizes and the corresponding sparseness of the interpolated H matrices. 

Interpolation method Storage size (MB) Sparseness (%) 

Fourier 3,782 1.22 

Gaussian 4,058 1.31 

Gaussian coefficients only 155 - 

 

Spatial resolution 

 The spatial resolution of the measured and interpolated H matrices is calculated by 

the Fourier crosstalk approach and listed in table 3-7.  It turns out that interpolating the H 

matrix from 1-mm to 0.5-mm grid spacing does not alter the system resolution 

significantly since the resolution is more than 2 mm.  The change in the resolution is less 

than 3.1 % for all three directions.  In addition, section 3.5 addressed the effect of 

sampling interval when approximating a continuous Fourier transform by a discrete one.  

This effect is also demonstrated in Fig. 3-46, which shows the square of the equivalent 

MTF associated with the measured and interpolated H matrices along the X axis.  It can 

be seen that the MTF of the measured H matrix has rising tails at spatial frequencies 

around ±0.5 mm-1, which is the maximum frequency that can be recovered by a 1-mm 
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sampling interval.  The Fourier and Gaussian-interpolated H matrices both relayed the 

rising tails to higher frequency as they have smaller sampling interval (0.5 mm). 

 

Table 3-7. Spatial resolution of the original and interpolated H matrices. 

FastSPECT II Spatial Resolution (mm) 

 1.0 mm  
measured H 

0.5 mm Gaussian- 
interpolated H 

0.5 mm Fourier- 
interpolated H 

X axis (transverse) 2.60 2.52 2.67 

Y axis (sagittal) 2.28 2.25 2.25 

Z axis (coronal) 2.40 2.36 2.37 

 
 

 

Figure 3-46. The effect of sampling interval on the square of the equivalent MTF. 

ρx (mm-1) 



 176

C  vs d  for d A  = 1.2

0.001

0.01

0.1

1

10

1 10
signal diameter (mm)

contrast

Original
Gaussian
Fourier

 

Figure 3-47. Signal contrast versus signal diameter for a constant detectability dA = 1.2. 

 

Detectability 

 The detectability of the imaging system associated with the measured and 

interpolated H matrices is determined by the binary hypothesis test described in section 

3.6.  The test object for the signal-present case has a uniform signal sphere at the center 

of the FOV against a flat background.  The test images are generated by forward 

projecting the object through the H matrices.  The exposure quanta are adjusted so that 10 

million counts are obtained from the uniform background.  An ideal observer is employed 

to perform the test.  Figure 3-47 shows the contrast-detail diagram for a constant 

detectability dA = 1.2.  It is observed that the H matrices interpolated by the two methods 

have detectabilities close to that of the original measured H matrix.  Given a fixed 

diameter, the difference in the signal contrast for the three H matrices to have the same 

detectability (dA = 1.2) is less than 2.2 %.  This indicates that the three H matrices are 
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similar to one another in terms of the detectability measure, at least at the center portion 

of the FOV that is covered by the signal sphere. 

Tomographic Reconstructions 

 This section presents tomographic images of a resolution phantom and a mouse-

cardiac study reconstructed using the measured and interpolated H matrices.  More 

imaging studies with FastSPECT II will be introduced in Chapter 5.  All images shown in 

this section are reconstructed with 100 iterations of ML-EM algorithm.  Details on the 

image reconstruction algorithms will be covered in Chapter 4. 

 A miniature Derenzo hot-rod phantom was imaged by FastSPECT II to visualize the 

spatial resolution of the imaging system.  Figure 3-48 shows the geometry of the Derenzo 

phantom.  This phantom is made of a plastic cylinder containing three sectors of holes of 

different sizes (1.0, 1.5, and 2.0 mm in diameter).  The distance between adjacent holes in 

each sector is three times of their diameters.  The bore length is 12 mm.  The phantom 

was filled with about 2.13 mCi of 99mTc-pertechnetate aqueous solution.  This study had 

about 1700 counts/second (cps) per camera while the background was around 60 

cps/camera.  The acquired list-mode image contained about 2-million events per camera.  

Figure 3-49 shows the projection images of the Derenzo phantom. 

 The miniature Derenzo phantom was reconstructed using a measured H on a 1.0-

mm grid with 100 iterations of ML-EM.  The resulting images are shown in Fig. 3-50(a) 

in 1.0-mm slices.  The phantom was also reconstructed using the Gaussian and Fourier-

interpolated H matrices on a 0.5-mm grid and displayed in Fig. 3-50(b) and (c) in 0.5-mm 

slices.  Therefore every other slices in Fig. 3-50(b) and (c) correspond to the slices in Fig. 
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3-50(a).  The smallest rods that have 1-mm diameter and 3-mm center-to-center distance 

are resolvable in the tomographic slices of Fig. 3-50(a), (b), and (c).  Figure 3-50(d) 

shows the volume rendering of the reconstructed Derenzo phantom. 

 

 

Figure 3-48. Geometry of the Derenzo phantom. 

 

 

Figure 3-49. Projection images of the Derenzo phantom. 
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(a) 

 

(b) 

 

Figure 3-50. Tomographic reconstructions of the Derenzo phantom with 100 iterations of 
ML-EM.  The smallest rods have 1-mm diameter and 3-mm center-to-center 
distance.   
(a) Using a measured H, 1.0 mm between slices. 
(b) Using a Gaussian-interpolated H, 0.5 mm between slices. 
(c) Using a Fourier-interpolated H, 0.5 mm between slices. 
(d) Volume rendering of Fig. 3-50 (a) viewing from different angles. 
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(c) Figure 3-50 - Continued 

 

(d) 

 

Figure 3-50. Tomographic reconstructions of the Derenzo phantom with 100 iterations of 
ML-EM.  The smallest rods have 1-mm diameter and 3-mm center-to-center 
distance.   
(a) Using a measured H, 1.0 mm between slices. 
(b) Using a Gaussian-interpolated H, 0.5 mm between slices. 
(c) Using a Fourier-interpolated H, 0.5 mm between slices. 
(d) Volume rendering of Fig. 3-50 (a) viewing from different angles. 

 
 Figure 3-51 shows the line profile across one tomographic slice of the Derenzo 

phantom reconstructed using the measured and interpolated H matrices.  The abscissa is 

the physical distance in the image and the vertical axis represents the number of counts 

assigned in each voxel.  Since the volume of each voxel in the measured H matrix is eight 
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times of that in the interpolated H matrices, the amplitude of the image reconstructed 

using the measured H matrix is divided by eight in the graph.  It can be seen that the 

locations of the hot rods are aligned among the images reconstructed using different H 

matrices.  However, the amplitudes of the hot rods are different from one image to 

another as the three H matrices are not exactly the same.  Moreover, the images 

reconstructed using the two interpolated H are closer to each other and have a smaller 

FWHM for each hot rod than the image reconstructed using the measured H.  Even 

though the spatial resolution calculated from the Fourier crosstalk approach does not 

change significantly by the interpolation, the Derenzo phantom images reconstructed 

using the interpolated H matrices exhibit better resolution in terms of the FWHMs of the 

reconstructed hot rods. 

 

 

Figure 3-51. Line profiles across one tomographic slice of the Derenzo phantom 
reconstructed using the measured and interpolated H matrices.   
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 Besides enabling image reconstruction on a finer grid, the H-matrix interpolation 

can also be utilized to reduce the acquisition time of the H matrix.  A measured 1.0mm-

grid H matrix was down-sampled to 2.0-mm and 4.0-mm grid.  These three H matrices 

were interpolated to 0.5-mm grid and used to reconstruct the Derenzo phantom.  Figure 

3-52 shows the line profile across one tomographic slice of the Derenzo phantom 

reconstructed using three Gaussian-interpolated H matrices.  The legend indicates the 

original grid spacing of the H matrices before interpolation.  It is observed that the line 

profiles coincide nicely with one another in the graph.  Therefore it is possible to measure 

the H matrix on 4.0-mm grid and interpolate eightfold to 0.5-mm grid.  Considering the 

radioactive decay, an 8X interpolation corresponds to a reduction in the measurement 

time by more than 83 times.  Another advantage is that the integration time at each 

calibration point can now be increased to reduce the photon noise in the PRFs. 

 In addition to the resolution phantom study, mouse-myocardium imaging was 

performed with 99mTc-tetrofosmin and reconstructed using the measured and interpolated 

H matrices.  A mouse (20-25g) was tail-vein injected with about 8.9 mCi of 99mTc-

tetrofosmin aqueous solution and imaged with FastSPECT II 1 hour after injection.  This 

study had roughly 1500 cps/camera and 20-minute integration.  Figure 3-53 shows the 

tomographic images at a single slice reconstructed using the measured and interpolated H 

matrices.  Nice correspondence is shown among the images in Fig. 3-53, thus 

demonstrating the effectiveness of the H-matrix interpolation in animal imaging. 
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Figure 3-52. Line profiles across one tomographic slice of the Derenzo phantom 

reconstructed using three Gaussian-interpolated H matrices.  A measured 
1.0mm-grid H matrix was down-sampled to 2.0-mm and 4.0-mm grid.  The 
three H matrices were interpolated to 0.5-mm grid and used to reconstruct 
the Derenzo phantom.  The legend indicates the original grid spacing of the 
H matrices before interpolation. 

 

(a)    (b)    (c) 

   

Figure 3-53. Tomographic reconstructions of the normal mouse myocardium with 99mTc-
tetrofosmin with 100 iterations of ML-EM.   
(a) Using a measured H of 1.0-mm grid.   
(b) Using a Gaussian-interpolated H of 0.5-mm grid.   
(c) Using a Fourier-interpolated H of 0.5-mm grid. 
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Discussion 

 Comparisons of the two interpolation methods suggest that they have comparable 

performance with regard to the system resolution, detectability, and reconstructed image 

quality.  Computation-wise, the centroid interpolation with Gaussian fitting is about 8.5X 

faster than the Fourier interpolation method when a 2X interpolation is performed on an 

H matrix with about 50,000 voxels.  When a higher-multiple interpolation is considered, 

the centroid interpolation method will be much faster than the Fourier method.  In 

addition, the two methods are suitable for different situations.  The centroid interpolation 

method is applicable for multi-pinhole aperture when properly programmed.  The Fourier 

method is not confined to a particular blur function of the point-source image.  

Nevertheless, other functional forms can be adopted to mimic the blur function in the 

centroid interpolation method. 
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CHAPTER 4 

ITERATIVE RECONSTRUCTION ALGORITHMS 

 
 A pinhole SPECT system records two-dimensional projections of a 3D object and 

relies on image reconstruction to provide the cross-sectional images of the object.  

Numerous tomographic reconstruction techniques have been developed.  A conventional 

approach is to invert a discrete form of the X-ray transform by filtered-backprojection 

(FBP) (Kinahan et al., 2004), a method that has relatively quick computation and is 

widely used in clinical settings.  This approach assumes the data consist of line integrals 

of the object.  However, the FBP model accounts for neither the finite sizes of the pinhole 

and detector pixels nor the photon-counting noise.  In addition, FBP is not suitable for 

incomplete data (Llacer, 1979; Tuy, 1983; Smith, 1985).  As a result, images 

reconstructed with FBP can exhibit significant inaccuracies.  Rather than assuming the 

line-integral model, a model that better represents the imaging-system physics is required 

to avoid the drawbacks of FBP. 

 As described in section 3.1, the imaging mechanism of a linear digital-imaging 

system can be formulated as a set of linear equations, 

 
1

, 1, 2,..., ,
N

m mn n m
n

g H m Mθ ε
=

= + =∑  (4-1) 

or in the vector-matrix form as = +g Hθ ε .  The vector θ  contains the object expansion 

coefficients when the continuous object is discretized by a set of expansion functions 

(chosen as the voxel functions in section 3.1).  The system matrix H describes the 
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imaging process, in which all system physics such as blurring and attenuation can be 

incorporated.  The error vector ε  includes the measurement noise and modeling error.  

Therefore, tomographic reconstruction is essentially an inverse problem to solve for the 

vector θ  given a measured data vector g. 

 It is straightforward to solve a set of linear equations by computing the 

pseudoinverse of the system matrix using singular value decomposition (SVD).  However, 

the dimension of the system matrix is usually too large for direct SVD computation.  

Instead, iterative algorithms can be applied to achieve the pseudoinverse solution.  This 

corresponds to the least-squares (LS) solution of the system and equivalently the 

maximum-likelihood (ML) solution if the noise of the data vector is identically and 

independently distributed (i.i.d.) Gaussian.  Other statistical-model-based iterative 

algorithms can also be utilized to solve the linear equations.  This chapter provides a 

review of several iterative reconstruction algorithms, including maximum-likelihood 

expectation-maximization (ML-EM) and its ordered-subset version, and some least-

squares (LS) and weighted-least-squares (WLS) algorithms such as the Gauss-Seidel (GS) 

iteration and the algebraic reconstruction technique (ART).  The performance of different 

algorithms is compared in terms of the data-agreement measures and subjective image-

quality assessments of the reconstructed images. 
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4.1. Maximum-Likelihood Reconstruction 

 The maximum-likelihood (ML) estimation is a standard statistical-estimation 

method proposed by R. A. Fisher (1922).  The likelihood function of the parameters to be 

estimated given a measured data vector is defined as  

 ( ) ( )| |L pr=θ g g θ , (4-2) 

the occurring probability of the data given the parameters.  The ML principle seeks a set 

of parameter values that maximize the likelihood for the observed data.  That is 

 ( )ˆ arg max |ML pr≡
θ

θ g θ . (4-3) 

ML estimators possess many desirable properties.  The most frequently mentioned ones 

are that ML estimates are asymptotically unbiased and asymptotically efficient.  Namely 

in the limit of infinite observations, the mean of the ML estimates approaches the true 

value and the variances of the ML estimates are the smallest possible. 

 

4.1.1. Maximum-likelihood expectation-maximization (ML-EM) 

 The expectation-maximization (EM) algorithm is an iterative technique to calculate 

a ML estimate.  It consists of two alternating steps: expectation (E) and maximization (M) 

steps.  Repeating the two steps makes the algorithm converge to a ML solution.  The EM 

algorithm was rigorously presented in the paper by Dempster et al. (1977) to solve 

incomplete data problems in statistics.  The iterative formula of ML-EM was derived 

from a different approach by Richardson (1972) and Lucy (1974) and known as the 

Richardson-Lucy algorithm in the optics literature.  The application of the ML-EM 
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algorithm for emission tomography was first demonstrated by Shepp and Vardi (1982).  

Since then, the ML-EM algorithm and its variations have been widely used for emission 

tomographic reconstruction.  A brief derivation of the ML-EM iterative formula is 

presented below.  Here we followed the derivation given in Barrett and Myers (2004).  

Another derivation based on the general EM methodology can be found in Lalush and 

Wernick (2004). 

 In emission tomography, the number of photons detected in each detector bin obeys 

Poisson statistics.  Hence the probability law for the data vector g is given by 

 ( )
1

| exp( )
!

mgM
m

m
m m

gPr g
g=

= −∏g θ , (4-4) 

where the mean data vector is  

 =g Hθ . (4-5) 

Here we have assumed the error vector ε  has a zero mean, which is only true when Hθ  

is a good approximation to ( )f rH .  ( )|Pr g θ  is therefore the likelihood of θ  for a 

given g.  Since the logarithmic transformation is monotonic, the maximum-likelihood 

criterion in Eqn. (4-3) can be written equivalently as  

 ( ){ }ˆ arg max ln |ML Pr= ⎡ ⎤⎣ ⎦
θ

θ g θ . (4-6) 

The log-likelihood function is 

 ( ) ( ) ( ) ( )
1

ln | ln ln !
M

m mm m
m

Pr g g
=

⎡ ⎤= − + −⎡ ⎤⎣ ⎦ ⎣ ⎦∑g θ Hθ Hθ . (4-7) 

An extremum of this function occurs at a point where all of the first derivatives are zero: 
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 (4-8) 

Moreover, the sign of the second derivatives determines whether the extremum is a 

maximum or a minimum.  The second derivatives are 

 ( )
( )

2

2
1

ln |
M

mj mk
m

mj k
m

H H
Pr g

θ θ =

⎧ ⎫∂ ⎪ ⎪= −⎡ ⎤ ⎨ ⎬⎣ ⎦∂ ∂ ⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭
∑g θ

Hθ
. (4-9) 

Since components of g and H are nonnegative, the second derivatives of the likelihood 

function are non-positive everywhere: 

 ( )
2

ln | 0
j k

Pr
θ θ
∂

≤⎡ ⎤⎣ ⎦∂ ∂
g θ . (4-10) 

Hence any extremum found by solving Eqn. (4-8) must be a maximum.  Rearranging Eqn. 

(4-8) yields  

 
( )

1 1m
mj

mij m
i

gH
H

=∑∑ Hθ
. (4-11) 

To get an iterative algorithm, we can multiply both sides of Eqn. (4-11) by jθ , 
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gH
H
θ

θ = ∑∑ Hθ
, (4-12) 

and convert it into a fixed-point iteration as 

  ( 1)ˆ k
jθ

+
 ( )

 ( )

ˆ
, 0,1, 2,...ˆ

k
j m

mj k
mij mn n

i n

gH k
H H

θ
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= =∑∑ ∑
 (4-13) 
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This is the iterative formula of the ML-EM algorithm.  If the algorithm converges, Eqn. 

(4-8) is satisfied and the algorithm reaches a ML solution.  Also, if the maximum of the 

likelihood function is not unique, ( )ˆ ∞θ  depends on the initial estimate (0)θ̂ . 

 Equation (4-13) shows that ML-EM is a multiplicative algorithm.  As a result, ML-

EM automatically preserves non-negativity.  That is, if the initial estimate (0)θ̂  is 

nonnegative, all subsequent estimates remain nonnegative since the system matrix H and 

the data vector g are also nonnegative.  Equation (4-13) also shows that ML-EM enforces 

data agreement (i.e. ( )ˆ ∞=g Hθ ).  However, since the data vector g contains noise, running 

the algorithm to convergence yields a noisy reconstruction.  A common practice to avoid 

the problem is to stop the algorithm after a certain number of iterations.  A usable image 

can usually be achieved around 30-50 iterations. 

 

4.1.2. Ordered-subsets expectation-maximization (OS-EM) 

 The OS-EM algorithm (Hudson and Larkin, 1994) is a variation of ML-EM that 

speeds up the reconstruction process.  This algorithm breaks up the full set of projections 

into a series of mutually exclusive subsets and applies the iterative formula to the subsets 

in order.  Denote the local iteration number as k and the number of subsets as Q.  For 

( )mod , 1q k Q= +  and the global iteration number ( )floorK k Q= , the update rule of 

OS-EM is 

  ( 1)ˆ k
jθ

+
 ( )

( )

ˆ
ˆ

q

q

k
j m

mj k
m Sij mn n

i S n

gH
H H

θ
θ∈

∈

= ∑∑ ∑
,  0,1, 2,...k =  (4-14) 
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It can be seen that each local iteration only uses the detector pixels that belong to the 

subset Sq in the computation.  Therefore a global iteration that passes through all subsets 

has the same computation load as one iteration of ML-EM.  On the other hand, each 

global iteration is formed by Q EM iterations, and increases the likelihood function as 

equivalent to Q ML-EM iterations.  Consequently, the convergence of OS-EM compared 

with ML-EM is accelerated on the order of the number of subsets. 

 Although more acceleration can be gained by using a large number of subsets, it has 

been suggested to have at least 4 projections per subset (Lalush and Tsui, 2000).  The 

sixteen projections acquired by FastSPECT II are grouped into four subsets, 4 views per 

subset.  Therefore one global iteration of OS-EM is equivalent to four iterations of ML-

EM.  Figure 4-1 illustrates the projection angles used in each subset of the OS-EM 

algorithm for the FastSPECT II system.  The choice of viewing angles in each subset 

attempts to provide maximum angular spacing between views.  The order of subsets aims 

to provide the greatest variability in the data vector between successive local iterations. 

 

Subset 1 Subset 2 Subset 3 Subset 4

Front Ring Back Ring  

Figure 4-1. The projection angles used in each subset of the OS-EM algorithm for the 
FastSPECT II system. 
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4.2. Least-Squares and Weighted-Least-Squares Reconstructions 

 The least-squares (LS) estimation is a common method in statistical estimation when 

the data statistic is unknown.  The LS principle aims to minimize the Euclidean distance 

between the measured and estimated data vectors.  The objective function of the LS 

estimation is given by 

 
2

2

1 1

( , )
M N

m mn n
m n

Q g H θ
= =

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

∑ ∑θ g g Hθ , (4-15) 

where || ⋅ || denotes the Euclidean norm.  The LS solution is therefore 

 ˆ arg min ( , )LS Q=
θ

θ θ g . (4-16) 

Similar to the derivation of the ML-EM algorithm, the first derivatives with respect to 

each component of the parameter vector are set to zero to find the extrema of the 

objective function: 
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M

mj m mn n
m nj

Q H g H j Nθ
θ =

∂ ⎛ ⎞
= − − = =⎜ ⎟∂ ⎝ ⎠
∑ ∑  (4-17) 

Furthermore, the second derivatives are nonnegative everywhere, 

 
2

1

2 0
M

mj mk
mj k

Q H H
θ θ =

∂
= ≥

∂ ∂ ∑ , (4-18) 

as the components of the system matrix are nonnegative.  Hence any solution that 

satisfies Eqn. (4-17) must be a minimum.  Equation (4-17) can be written in the vector- 

matrix form as  

 ( )† 0− =H g Hθ . (4-19) 

If †H H  is invertible, Eqn. (4-19) can be solved explicitly as  
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 ( ) 1† −
=θ H H †H g . (4-20) 

This is essentially the pseudoinverse solution of the linear equations =g Hθ .  However, 

†H H  may not be invertible or have too large dimensions to compute its inversion in 

practice.  Alternatively, a whole family of iterative algorithms can be developed (Golub 

and van Loan, 1989).  Split the matrix †H H  as  

 † = −H H A B , (4-21) 

where A can be any N N×  matrix as long as 1−A  exists.  Equation (4-19) becomes 

 ( ) †− =A B θ H g . (4-22) 

Rearranging Eqn. (4-22) yields 

 †= +Aθ H g Bθ †= H g †+ −Aθ H Hθ ; (4-23) 

 1−= +θ θ A ( )† −H g Hθ . (4-24) 

Equation (4-24) can be turned into a fixed-point iteration as 

 ( 1)ˆ k+θ ( ) 1ˆ k −= +θ A †H ( )( )ˆ k−g Hθ . (4-25) 

If this algorithm converges, Eqn. (4-19) is satisfied and the algorithm finds a LS solution. 

 A sufficient condition for Eqn. (4-25) to converge for arbitrary initial estimate is that 

the maximum eigenvalue of 1−A B  must be less than 1 (Golub and van Loan, 1989).  

Even if this condition is not satisfied, an acceleration coefficient ( )kα  can be introduced 

to scale the eigenvalues and make the algorithm converge: 

 ( 1)ˆ k+θ ( ) ( ) 1ˆ k kα −= +θ A †H ( )( )ˆ k−g Hθ . (4-26) 
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This coefficient can either be a constant or a function of the iteration number.  It not only 

can make the algorithm converge but also controls the convergence rate. 

 Equation (4-26) is an additive algorithm and does not preserve non-negativity.  

Therefore it is necessary to apply a non-negativity constraint to the estimates so that the 

solution is physically rational.  One way to enforce non-negativity is to zero the negative 

components at each iteration as  

 ( 1)ˆ k+θ { ( ) ( ) 1ˆ k kα −
+= +P θ A †H ( )}( )ˆ k−g Hθ , (4-27) 

where P+ is a non-negativity operator defined as 

 [ ]
if  0,

0 if  0.
j j

j
j

θ θ

θ+

≥⎧⎪= ⎨ <⎪⎩
P θ  (4-28) 

As a result, the algorithm converges to a LS solution with nonnegative components. 

 Similar to the ML-EM algorithm, the LS estimation also enforces data agreement 

(i.e. ( )ˆ ∞=g Hθ ).  The reconstructed images become extremely noisy upon running the 

algorithm to convergence.  Again, this situation can be avoided by stopping the algorithm 

after a certain number of iterations.   

 There are some classical iterative algorithms that fit into the form of Eqn. (4-27) 

with different choices of A, such as the Landweber, Jacobi, and Gauss-Seidel iterations.  

The Landweber algorithm (Landweber, 1951) simply has =A I  and the update rule as  

 ( 1)ˆ k+θ { ( ) ( )ˆ k kα+= +P θ †H ( )}( )ˆ k−g Hθ . (4-29) 

The Jacobi iteration is named after Carl Gustav Jakob Jacobi (1804-1851) and can be 

obtained by making A as a diagonal matrix as 
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 ( )†
mn mnmn

A δ= H H , (4-30) 

where mnδ  is the Kronecker delta, which takes the value 1 if m equals n and 0 otherwise.  

The resulting iterative formula of the Jacobi iteration is  
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The Gauss-Seidel iteration is attributed to Johann Carl Friedrich Gauss (1777-1855) and 

Philipp Ludwig von Seidel (1821-1896).  The matrix A is chosen as the lower triangular 

part of †H H  as 

 ( )†  if  ,

0  if  . 
mnmn

mn

n m
A

n m
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>⎪⎩

H H
 (4-32) 

The corresponding update rule of the Gauss-Seidel iteration becomes 
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It can be seen that the Gauss-Seidel iteration is a sequential iterative algorithm that 

utilizes an updated component ( 1)ˆ k
jθ

+  as soon as it is available.  This has made the Gauss-

Seidel iteration converge much faster than the Landweber and Jacobi iterations when 

proper acceleration coefficients are used for these three algorithms.  The convergence 

behavior of these algorithms is presented in section 4.3. 

 So far we have assumed that the contributions of different components of the data 

vector are equal in the objective function (Eqn. (4-15)).  The LS solution can be shown to 

be equivalent to the ML solution with the assumption that the data statistic is i.i.d. 
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Gaussian.  If we have some knowledge about the contributions of the components (e.g. 

some components of the data vector may have larger variances than the others and should 

contribute less to the objective function), a weighting matrix can be introduced into the 

objective function as  

 ( ) ( )
2

†

1 1
( , )

M N

m m mn n
m n

Q w g H θ
= =

⎛ ⎞= − − = −⎜ ⎟
⎝ ⎠

∑ ∑θ g g Hθ W g Hθ , (4-34) 

where the weighting matrix mn m mnW w δ=  is a diagonal matrix.  This is the objective 

function of the weighted-least-squares (WLS) method.  A common choice of the 

weighting matrix is the inverse of the variance of each element in the data vector (i.e. 

{ }( ) 1
m mw Var g

−
= ).  In this case, the WLS solution is equivalent to the ML solution 

assuming the noise statistic of the data vector is independent multivariate Gaussian.  In 

order to minimize the objective function, the WLS solution has to satisfy 

 ( )† 0− =H W g Hθ . (4-35) 

Again, this equation can be solved iteratively by the Landweber, Jacobi, and Gauss-

Seidel iterations, whose update formulas are shown in Eqns. (4-36), (4-37), and (4-38) 

respectively. 

 ( 1)ˆ k+θ { ( ) ( )ˆ k kα+= +P θ †H W ( )}( )ˆ k−g Hθ . (4-36) 
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4.2.1. Data-weighted least-squares (DWLS) algorithms 

 In emission tomography, the data obey Poisson distribution in which the variance 

equals the mean.  Therefore the diagonal elements of the weighting matrix can be chosen 

as  1
m mw g −=  for the WLS estimation.  Although the mean data vector is unknown in 

practice, two institutive ways of estimating the data variance are applicable.  The first one 

simply uses the measured data vector to construct the estimated covariance matrix as  

 ( )   if  ,ˆ
  if  ,

m mn m th
g mn

th mn m th

g g
g

δ λ
λ δ λ

≥⎧
= ⎨ <⎩

K  (4-39) 

where a positive threshold thλ  is used to ensure this data-weighted least-squares (DWLS) 

method is not excessively sensitive to detector bins with only a few counts.  The second 

method is the iteratively-reweighted least-squares (IRLS) method, which uses the 

estimated data vector at each iteration as the estimated variances, 
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g mn
th mn

δ

λ δ

⎧⎪= ⎨
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Hθ
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k
thm
λ≥Hθ

 (4-40) 

 Both the DWLS and IRLS methods approximate the Poisson data statistics by a 

Gaussian model, which is only valid when the mean is greater than 10.  The DWLS 

method is easier to implement while the IRLS method is more computationally intensive 

if the Jacobi or Gauss-Seidel iteration is considered (due to the necessity to re-compute 

( )†

jj
H WH  at each iteration).  Moreover, despite the computational complexity, the IRLS 

method does not yield significant improvements in performance compared with the 

DWLS method (Fessler, 1994). 
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4.2.2. Algebraic reconstruction technique (ART) 

 The algebraic reconstruction technique (ART) (Gordon et al., 1970) and its 

variations are another famous family of tomographic reconstruction algorithms.  The 

operation of ART is based on the Kaczmarz method attributed to Stefan Kaczmarz (1895-

1940).  The imaging equation =g Hθ  can be considered as a set of linear equations, 

 , 1, 2,...,T
i ig i M= =h θ , (4-41) 

where ih  represent the ith row of the system matrix H.  Each equation defines a 

hyperplane in the object space in which θ  is defined.  If the system is consistent so that 

at least one exact solution exists, the solution must occur at the intersection of all the 

hyperplanes.  The ART algorithm seeks to find the intersection of the hyperplanes 

iteratively.  However, the system is seldom consistent due to noise contained in the data 

vector or overdetermination.  Even so, it can be shown that ART is actually a WLS 

algorithm (Censor et al., 1983) for inconsistent systems.   

 Figure 4-2 illustrates the basic concept of the ART algorithm.  Denoting the unit 

normal vector of the hyperplane as is , Eqn. (4-41) can be rewritten as  

 T T
i i ig=s θ h , (4-42) 

where T
i ig h  is the Euclidean distance from the origin to the hyperplane as shown in 

Fig. 4-2(a).  The operation of the ART algorithm is to project the current estimate onto 

the hyperplane as 

 ( 1)ˆ k+θ ( )ˆ k= θ ( )ˆT k i
i i T
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h θθ h
h

. (4-43) 
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By projecting the estimated solution onto all the hyperplanes sequentially, the ART 

algorithm will converge to the intersection of the hyperplanes (if the intersection is not 

empty).  Figure 4-2(b) shows a simple example of the ART algorithm when there are 

only two detector bins and two parameters.  It can be observed that the estimates are 

getting closer to the true solution at each iteration. 

 

 

Figure 4-2. Geometric representation of the ART algorithm. 

 

 It is worth noting that when the system does not have an exact solution, the iterative 

process oscillates between the hyperplanes as shown in Fig. 4-3(a).  This situation can be 

avoided by introducing a relaxation factor ( )kα  into the iterative formula.  The relaxation 

factor is designed to be smaller than one and approaches zero for infinite iterations (i.e. 

( ) 1kα <  and ( ) 0α ∞ → ).  The update rule of Gordon ART with underrelaxation becomes 
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where the detector pixel index ( )mod , 1i k M= +  and the global iteration number 

( )floorK k M= .  This is equivalent to projecting the current estimate towards the 

hyperplane but not all the way onto the hyperplane at each iteration.  As shown in Fig. 4-

3(b), the algorithm converges to a WLS solution that minimizes the Euclidean distance 

between the solution and the hyperplanes (Censor et al., 1983).  In addition, a non-

negativity constraint can be applied to zero any negative estimate before proceeding to 

the next iteration. 

 

 

Figure 4-3. Behavior of the ART algorithm when there is no exact solution. 
(a) Oscillation inside the triangle. 
(b) Convergence to a weighted-least-squares solution by underrelaxation. 

 

Simultaneous iterative reconstruction technique (SIRT) 

 One disadvantage of ART is that it is extremely computationally expensive for one 

global iteration as the algorithm updates the estimate based on one component of the data 

vector at a time.  Gilbert (1972) proposed a variation of ART that modifies the estimate 
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using all components of the data vector at the same time.  This algorithm is called the 

simultaneous iterative reconstruction technique (SIRT), and the iterative formula is 
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with the non-negativity constraint applied.  The SIRT algorithm converges to the same 

WLS solution as Gordon ART.  It can be observed that the corresponding objective 

function of the WLS method is 
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which is the Euclidean distance between the solution and the hyperplanes.   

 Similar to the DWLS method, the SIRT algorithm can also adopt data weighting.  In 

addition, the algorithm can be modified to converge faster by using the Gauss-Seidel 

iteration.  Define a distance-weighting matrix D constructed using the Euclidean norm of 

each row of the system matrix H as 
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and a data-weighting matrix 1ˆ
g
−=W K , where ˆ

gK  is the estimated data covariance 

defined in Eqn. (4-39).  The DW-SIRT algorithm with Gauss-Seidel iteration becomes 
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Simultaneous algebraic reconstruction technique (SART) 

 Anderson and Kak (1984) proposed another variation of ART called the 

simultaneous ART (SART).  They considered SART as a superior implementation of 

ART and demonstrated significantly improved reconstructions using SART with fewer 

iterations.  The SART algorithm is also a WLS method that applies a weighting matrix 

different from that of ART.  The iterative formula of SART is given by 
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where ij
i

H∑  is the point sensitivity vector and ml
l

H∑  is the flood uniformity vector of 

the system.  This algorithm corresponds to WLS estimation with an objective function as 
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which is the distance between the measured and estimated data vectors weighted by the 

flood uniformity of the system.  Applying data-weighting and the Gauss-Seidel iteration 

to the SART algorithm yields 

  ( 1)ˆ k
jθ

+

( )
( )

 ( )
†

ˆ
k

k
j

jj

αθ+

⎧⎪= +⎨
⎪⎩

P
H DWH

( 1)

1

ˆ
M

mj m k
m mn n

m n jml
l

H w
g H

H
θ +

= ≤

⎛
−⎜

⎝
∑ ∑∑

 ( )ˆ k
mn n

n j
H θ

>

⎫⎞⎪− ⎬⎟
⎪⎠⎭

∑ ,(4-51) 

where mn mn ml
l

D Hδ= ∑  and 1ˆ
g
−=W K .   

 The performance of the SART and SIRT algorithms including their data-weighted 

and Gauss-Seidel versions is presented in section 4.3. 
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4.3. Performance Comparison of Algorithms 123 123456789101112131415161718192021222324252627282930313233343536373839404142434445464748495051  

 The performance of the EM and LS-based algorithms is compared subjectively via 

the reconstruction of the Derenzo hot-rod phantom introduced in section 3.7.  The 

Derenzo phantom was filled with about 2.13 mCi of 99mTc-pertechnetate and imaged by 

FastSPECT II with about 2-million events acquired in each projection angle.  Images are 

reconstructed using an H matrix with 0.5-mm grid spacing and 81 × 81 × 81 voxels. 

 Each iteration of the algorithms introduced in sections 4.1 and 4.2 contains one 

forward projection and one backward projection of the system.  Hence the computational 

time required for one iteration of these algorithms is similar.  The total computation of 

different algorithms depends on the number of iterations required to attain a usable 

reconstruction, or in other words, depends on the convergence rate of the algorithms.  For 

instance, one iteration of OS-EM with 4 subsets is equivalent to 4 iterations of ML-EM.  

Hence OS-EM is 4-times faster than the ML-EM algorithm. 

 The convergence behavior of the reconstruction algorithms is described using the 

data-agreement measures as a function of the iteration number.  The objective function 

for the ML criterion is  

 ( )( )
ML

ˆ k
mmm S

OBJECTIVE g
∈

⎡= − +
⎣∑ Hθ ( )( )ˆln k

m
⎤
⎦

Hθ , 

 where ( ){ }( )ˆ 0k

m
S m= >Hθ . (4-52) 

This is simply the log-likelihood function without the terms that are unrelated to the 

estimates (i.e. ( )ln !mg∑ ).  The objective function for the LS criterion is calculated as 
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2( )

LS
1 ˆ kOBJECTIVE
M

= −g Hθ , (4-53) 

which is the LS objective function divided by the number of detector pixels.  Similarly, 

the objective function for the data-weighted least-squares (DWLS) case is defined as  

 ( )
2

( )
DWLS

1 1 ˆ k
m mm S m

OBJECTIVE g
M g∈

⎡ ⎤= −
⎣ ⎦∑ Hθ , where { }0mS m g= > . (4-54) 

 

4.3.1. ML-EM versus OS-EM 

 A uniform initial estimate defined as 

 (0)ˆ
m mn

m m n
g H=∑ ∑∑θ , so that ( )(0)ˆ

mmm m
g=∑ ∑Hθ , (4-55) 

is used for both the ML-EM and OS-EM algorithms.  Figure 4-4 shows the tomographic 

reconstructions of the Derenzo phantom with the EM algorithms.  It is evident that the 

image reconstructed with 25 iterations of OS-EM with 4 subsets is similar to the image 

reconstructed with 100 iterations of ML-EM.  Figure 4-5 illustrates the convergence of 

the ML-EM and OS-EM algorithms in terms of the log-likelihood of the reconstructed 

image at each iteration.  The abscissa represents the number of iterations of the ML-EM 

algorithm and the number of local iterations of the OS-EM algorithm.  One global 

iteration of OS-EM with 4 subsets has 4 local iterations.  After the second global iteration 

of OS-EM, the log-likelihood function associated with OS-EM coincides with that 

associated with ML-EM.  Therefore one global iteration of OS-EM with 4 subsets is 

equivalent to 4 iterations of ML-EM.  This is also shown in Fig. 4-6 through the one-to-

one correspondence between the reconstructed images.   
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 Figure 4-6 demonstrates the progression of the iterated image estimates by showing 

a single tomographic slice of the ML-EM and OS-EM reconstructions at different 

iteration numbers.  Figure 4-7 shows the line profiles across one tomographic slice of the 

Derenzo phantom reconstructed with ML-EM at different iteration numbers.  Although 

the log-likelihood function runs to a plateau after 10 iterations of ML-EM as shown in 

Fig. 4-5, it can be observed that increasing iteration number yields better resolution as 

demonstrated in Figs. 4-6 and 4-7.  However, running the algorithms to a high iteration 

number (e.g. 1000 iterations of ML-EM) results in noisy reconstructions (see Fig. 4-6).  

This is the well-known night-sky effect of the EM algorithms.  Since the data vector g 

contains noise, forcing agreement with the noisy data leads to noisy images. 

 Figure 4-8 shows the line profiles across one tomographic slice of the Derenzo 

phantom reconstructed with 100 iterations of ML-EM and 25 iterations of OS-EM with 4 

subsets.  Again, nice correspondence between the two line profiles verifies the 

equivalence between the ML-EM and OS-EM reconstructions.  However, small 

differences in the line profiles are still visible since the images are reconstructed from 

noisy data.  The difference between the two algorithms can also be observed in Fig. 4-9.  

Figures 4-9 illustrates the objective functions of the EM algorithms in the LS and DWLS 

senses.  It shows that the EM algorithms not only maximize the likelihood function but 

also minimize the LS and DWLS objective functions as the iteration number increases.  

In addition, the OS-EM algorithm has slightly larger values in the LS and DWLS 

objective functions than the ML-EM algorithm.  Nevertheless, better data agreement in 

the LS and DWLS senses does not necessarily imply better reconstruction.  The stopping 
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iteration number of the algorithms should be chosen to optimize some objective measure 

of image quality, such as the observer performance on a specific task (Barrett and Myers, 

2004). 

 

(a) 

 

(b) 

 

Figure 4-4. Consecutive tomographic slices of the Derenzo phantom reconstructed with 
the EM algorithms.  The separation between slices is 0.5 mm.  The smallest 
rods have 1-mm diameter and 3-mm center-to-center distance.   
(a) With 100 iterations of ML-EM. 
(b) With 25 iterations of OS-EM with 4 subsets. 
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Figure 4-5. The convergence of the ML-EM and OS-EM algorithms in terms of the log-
likelihood of the reconstructed image at each iteration.  The abscissa shows 
the number of iterations of the ML-EM algorithm and the number of local 
iterations of the OS-EM algorithm.  One global iteration of OS-EM with 4 
subsets has 4 local iterations. 

 

(a) ML-EM 

      
 8 20 40 100 200 1000 

(b) OS-EM 

      
 2 5 10 25 50 250 

Figure 4-6. Tomographic reconstructions using the ML-EM and OS-EM algorithms with 
different iteration numbers.  The number below each graph indicates the 
iteration number. 
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Figure 4-7. Line profiles across one tomographic slice of the Derenzo phantom 
reconstructed with ML-EM at different iteration numbers.  The image at the 
100th iteration and the sectional line is shown in the upper-right corner. 

 

 

Figure 4-8. Line profiles across one tomographic slice of the Derenzo phantom 
reconstructed with 100 iterations of ML-EM and 25 iterations of OS-EM 
with 4 subsets.   
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Figure 4-9. Convergence properties of the ML-EM and OS-EM algorithms.  Plotted are 
the objective functions in the (a) LS and (b) DWLS sense as a function of the 
iteration number.  The abscissa represents the number of iterations of the 
ML-EM algorithm and the number of local iterations of the OS-EM 
algorithm with 4 subsets. 
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4.3.2. LS and ART algorithms 

 Various LS and ART algorithms were introduced in section 4.2, including the 

Landweber, Jacobi and Gauss-Seidel iterations, and the Gordon ART, SART and SIRT 

algorithms.  Among these algorithms, the Gordon ART algorithm is extremely 

computationally expensive as the algorithm updates the estimate based on one component 

of the data vector at a time.  In addition, the Gordon ART and SIRT algorithms converge 

to the same WLS solution.  Hence the performance of the Gordon ART algorithm is not 

included here.  Furthermore, the Gauss-Seidel iteration uses an updated component as 

soon as possible and therefore converges much faster than the other LS and ART 

algorithms mentioned here.  Only the performances of the Landweber, Jacobi, SART, and 

SIRT algorithms are compared in this section.  The performance of the Gauss-Seidel 

iteration is presented in section 4.3.4. 

 The iterative formula of these LS and ART algorithms has a general form as  

 ( 1)ˆ k+θ { ( ) ( )ˆ k kα+= +P θ ( )}( )ˆ k−B g Hθ , (4-56) 

where the matrix B depends on the algorithm.  The initial estimate is chosen as  

 { }(0)ˆ c+=θ P Bg , (4-57) 

where the value of constant c is adjusted so that 

 ( )(0)ˆ
mmm m

g=∑ ∑Hθ . (4-58) 

This initial estimate produces smaller OBJECTIVELS than the uniform initial estimate 

defined in Eqn. (4-55).  Moreover, it can be viewed as the output of the algorithm if we 

define ( 1)ˆ 0− =θ  and ( 1) cα − = .  Therefore the Landweber algorithm ( †=B H ) will 
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converge to the so-called minimum-norm least-squares (MNLS) solution with this initial 

estimate.  Other algorithms may not converge to a minimum-norm solution as the matrix 

B can introduce null functions.   

 The acceleration coefficient ( )kα  is set as a constant instead of a function of the 

iteration number for simplicity.  It is chosen as large as possible so that the algorithm 

stays convergent and converges faster.  The iteration rule defined in Eqn. (4-56) can be 

viewed as a fixed-point iteration, 

 ( 1)ˆ k+θ { }( )ˆ ,k= T θ g . (4-59) 

A sufficient condition for convergence is that the algorithm is a contraction mapping.  

The algorithm remains a contraction if  

 ( 2)ˆ k+ −θ ( 1)ˆ k+ <θ ( 1)ˆ k+ −θ ( )ˆ kθ , (4-60) 

and the algorithm converges to its fixed-point solution (i.e. { },=θ T θ g ).  There exists an 

upper limit of the acceleration coefficient to make Eqn. (4-60) stays true for all k.  On the 

other hand, a larger acceleration coefficient leads to greater updates at each iteration and 

implies faster convergence.  However, excess acceleration causes the iterations to 

oscillate while converging.  Hence the acceleration coefficient is chosen as large as 

possible so long as the iterations converge monotonically. 

 The Derenzo phantom was reconstructed using the Landweber, Jacobi, SART, and 

SIRT algorithms.  Figure 4-10 illustrates the convergence properties of these algorithms 

in terms of the LS objective function.  The curve associated with ML-EM is also plotted 

for comparison.  These algorithms all minimize the LS objective function even though 
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SART and SIRT are not LS but WLS algorithms.  The curves corresponding to the 

Landweber and Jacobi methods coincide after 5 iterations, suggesting the two algorithms 

converge to the same solution (an LS solution as it should be).  Since SART and SIRT 

are WLS algorithms, they converge to different OBJECTIVELS values than that of the LS 

algorithms.   

 Figure 4-11 shows the tomographic reconstructions of the Derenzo phantom with 

various LS and ART algorithms at different iteration numbers.  Despite the algorithms 

converge to different LS or WLS solutions as defined by their iterative formulas, their 

reconstructed images are similar.  However, a striping artifact is evident in the images.  It 

is less obvious in SIRT reconstructions but still visible.  Applying data weighting to the 

algorithms helps to eliminate this artifact since it better resembles the Poisson statistics of 

the data.  The result of data weighting is presented in section 4.3.3.   

 Figure 4-11 also suggests that these algorithms have similar convergence rates.  This 

is further verified from the line profiles of the reconstructed images shown in Fig. 4-12.  

Figure 4-13 shows the line profiles of the Derenzo phantom reconstructed with 100 

iterations of ML-EM and the Jacobi iteration.  It can be observed that the convergence 

rate of the LS and ART algorithms is not faster than that of ML-EM.  The OBJECTIVELS 

curves shown in Fig. 4-10 also support the same finding.  Since the OS-EM algorithm 

with 4 subsets speeds up the EM algorithm by 4 times, the LS and ART algorithms are of 

no use unless an accelerated version is available.  Similar to OS-EM, one way to speed up 

the LS and ART algorithms is to adopt the ordered-subset technique (Eggermont et al., 

1981; Herman et al., 2001; Censor and Elfving, 2002).  However, the acceleration is the  
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Figure 4-10. Convergence properties of various LS and ART algorithms in terms of the 
LS objective function.  The curve corresponds to the ML-EM algorithm is 
also plotted for comparison.   
(a) From 1st to 20th iteration.   
(b) From 20th to 200th iteration. 
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Figure 4-11. Tomographic reconstructions with various LS and ART algorithms at 
different iteration numbers.  The number below each graph indicates the 
iteration number.  Images reconstructed with ML-EM are also shown for 
comparison. 
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Figure 4-12. Line profiles of the Derenzo phantom reconstructed with 100 iterations of 
the Jacobi iteration, SART, and SIRT. 

 

 

Figure 4-13. Line profiles of the Derenzo phantom reconstructed with 100 iterations of 
ML-EM and the Jacobi iteration.   
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same as OS-EM to ML-EM.  The Gauss-Seidel iteration is an alternative that can provide 

a much greater acceleration.  The performance of the algorithms with the Gauss-Seidel 

update rule is presented in section 4.3.4. 

 

4.3.3. DWLS algorithms 

 The data in emission tomography obey Poisson statistics.  However, an unweighted 

LS algorithm assumes Gaussian statistics with equal variance for all components of the 

data vector.  In order to better resemble the data statistic, the DWLS algorithms use the 

measured data vector to construct the estimated covariance matrix.  The same definitions 

of the initial estimate and the acceleration coefficient introduced in section 4.3.2 are used.  

Since the Landweber and Jacobi iterations converge to the same solution, only the data-

weighted Jacobi iteration is implemented. 

 The Derenzo phantom was reconstructed using the data-weighted Jacobi, SART, and 

SIRT algorithms.  Figure 4-14 illustrates the convergence properties of these algorithms 

in terms of the DWLS objective function.  The curve associated with ML-EM is also 

plotted for comparison.  Since the algorithms have different weighting matrices, they 

converge to different OBJECTIVEDWLS values.  Although SART has additional weighting 

other than the data-weighting matrix, both DW-Jacobi and DW-SART minimize the 

DWLS objective function as the iteration number increases.  However, the DWLS 

objective function of DW-SIRT does not decrease with the iteration number after 40 

iterations.  Hence OBJECTIVEDWLS is not a good indicator for monitoring the 
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convergence of DW-SIRT.  Instead, the contraction-mapping criterion was incorporated 

in all algorithms to ensure convergence.   

 Figure 4-15 shows the tomographic reconstructions of the Derenzo phantom with 

the DWLS algorithms at different iteration numbers.  The images reconstructed with 

different DWLS algorithms are similar.  Moreover, the striping artifact shown in the LS 

and ART reconstructions disappears with data weighting (cf. Fig. 4-11).   

 In addition, applying data weighting to the LS and ART algorithms does not change 

the convergence rates of the algorithms.  Figure 4-15 shows that the DWLS algorithms 

have similar convergence rates.  This can also be observed from the line profiles of the 

reconstructed images shown in Fig. 4-16.  However, differences among the line profiles 

are visible (see the region where the arrow points).  The DW-Jacobi algorithm performs 

better than DW-SART and DW-SIRT in clearing the space between the smallest hot rods 

of this particular phantom.  Figure 4-17 compares the line profiles of the Derenzo 

phantom reconstructed with 100 iterations of ML-EM and the DW-Jacobi iteration.  

Again, the convergence rate of the LS and ART algorithms with data weighting is not 

faster than that of ML-EM.   

 



 218

(a) 

1 5 10 15 20
10

20

30

40

50

60

number of iterations

O
B

JE
C

TI
V

E
DW

LS

DW-Jacobi
DW-SART
DW-SIRT
ML-EM

 

(b) 

20 50 100 150 200
6

8

10

12

14

16

18

20

22

number of iterations

O
B

JE
C

TI
V

E
DW

LS

DW-Jacobi
DW-SART
DW-SIRT
ML-EM

 

Figure 4-14. Convergence properties of various DWLS algorithms.  The curve 
corresponds to the ML-EM algorithm is also plotted for comparison.   
(a) From 1st to 20th iteration.   
(b) From 20th to 200th iteration. 
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Figure 4-15. Tomographic reconstructions with various DWLS algorithms at different 
iteration numbers.  The number below each graph indicates the iteration 
number.  Images reconstructed with ML-EM and the Jacobi iteration are also 
shown for comparison. 
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Figure 4-16. Line profiles of the Derenzo phantom reconstructed with 100 iterations of 
various DWLS algorithms. 

 

 

Figure 4-17. Line profiles of the Derenzo phantom reconstructed with 100 iterations of 
ML-EM and the DW-Jacobi iteration. 
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4.3.4. DWLS algorithms with the Gauss-Seidel (GS) update rule 

 The Gauss-Seidel (GS) update rule uses an updated voxel value as soon as it is 

available.  As a result, the DWLS-GS algorithms converge faster by applying the Gauss-

Seidel update rule to the DWLS algorithms.  The same initial estimate defined in section 

4.3.2 is used.  The convergence rate of the DWLS-GS algorithms is greatly controlled by 

the acceleration coefficient.  Figures 4-18 to 4-21 shows the convergence properties of 

various DWLS-GS algorithms in terms of the DWLS objective function.  It can be seen 

that the algorithms converge faster with larger acceleration coefficients.  This is also 

evident in Fig. 4-22, which shows the tomographic reconstructions of the Derenzo 

phantom using 10 iterations of the DWLS-GS algorithms with different acceleration 

coefficients.  However, extremely large acceleration coefficients yield noisy images. 

 In Fig. 4-21, the acceleration coefficient of each algorithm is adjusted so that the 

reconstructed image at the 10th iteration is similar to the image reconstructed with 100 

iterations of ML-EM.  The corresponding tomographic reconstructions are shown in Fig. 

4-23.  Both Figs. 4-22 and 4-23 indicate that the DWLS-GS algorithms can converge 

much faster than the ML-EM algorithm by controlling the acceleration coefficient.   

 Figure 4-24 compares the line profiles of the Derenzo phantom reconstructed with 

different DWLS-GS algorithms.  Similar to the result obtained with the DWLS 

algorithms, the DW-GS algorithm performs better than DW-SART-GS and DW-SIRT-

GS in retrieving the zero-activity region between the smallest hot rods.   
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Figure 4-18. Convergence property of the data-weighted Gauss-Seidel (DW-GS) iteration.  
The numbers in the legend indicate the acceleration coefficients used in the 
DW-GS algorithm.  The curve corresponds to the data-weighted Jacobi 
iteration is shown for comparison.   
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Figure 4-19. Convergence of the data-weighted SART with the Gauss-Seidel update rule.  
The numbers in the legend indicate the acceleration coefficients.  The curve 
corresponds to the data-weighted SART is shown for comparison.   
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Figure 4-20. Convergence of the data-weighted SIRT with the Gauss-Seidel update rule.  
The numbers in the legend indicate the acceleration coefficients.  The curve 
corresponds to the data-weighted SIRT is shown for comparison.   
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Figure 4-21. Convergence properties of various DWLS-GS algorithms.  The acceleration 
coefficient of each algorithm is adjusted so that the reconstructed image at 
the 10th iteration is similar to the image reconstructed with 100 iterations of 
ML-EM.  The curve corresponds to ML-EM is shown for comparison.   
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Figure 4-22. Tomographic reconstructions using 10 iterations of various DWLS-GS 
algorithms.  The number below each graph indicates the acceleration 
coefficient used in the reconstruction algorithm. 
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Figure 4-23. Tomographic reconstructions using various DWLS-GS algorithms.  The 
number below each graph indicates the iteration number.  The acceleration 
coefficient of each algorithm is adjusted so that the reconstructed image at 
the 10th iteration is similar to the image reconstructed with 100 iterations of 
ML-EM.  Images reconstructed with ML-EM are also shown for comparison. 
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Figure 4-24. Line profiles of the Derenzo phantom reconstructed with 10 iterations of 
various DWLS algorithms with Gauss-Seidel update rule. 

 

 

Figure 4-25. Line profiles of the Derenzo phantom reconstructed with 100 iterations of 
ML-EM and 10 iterations of the data-weighted Gauss-Seidel iteration. 
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 Figure 4-25 compares the line profiles of the Derenzo phantom reconstructed with 

100 iterations of ML-EM and 10 iterations of DW-GS.  Although the DW-GS algorithm 

approximates the Poisson statistics of the data with independent multi-variant Gaussian 

by using the data weighting, the image reconstructed with DW-GS is still different from 

that reconstructed with ML-EM.  The line profiles show that the DW-GS reconstruction 

has wider FWHMs for the hot rods but better recovery for the zero-activity region 

between hot rods.  Otherwise the DW-GS reconstructions in Fig. 4-23 have a great 

resemblance to the ML-EM reconstructions.   

 

4.3.5. Discussion 

 The EM algorithms maximize the likelihood of the estimated data vector given the 

observed data.  The DWLS-GS algorithms are WLS estimators that minimize some kind 

of distance measure between the measured and estimated data vectors.  There is only one 

free parameter, the number of iterations, in the ML-EM and OS-EM algorithms, while an 

additional free parameter, the acceleration coefficient, has to be determined in the 

DWLS-GS methods.  The OS-EM algorithm with 4 subsets speeds up the ML-EM 

algorithm by 4-fold, while the DWLS-GS algorithms can be more than 10 times faster 

than the ML-EM algorithm.  Hence the DWLS-GS algorithms are favorable when the 

computational time is greatly concerned.  The OS-EM algorithm is a nice compromise for 

easy implementation and speedy computation. 

 Sections 4.3.1 to 4.3.4 show that the EM and DWLS algorithms yield similar 

reconstructions for the Derenzo hot-rod phantom.  However, the EM and DWLS 
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algorithms can produce significantly different reconstructions for other objects.  This is 

mainly due to the different null functions introduced by different algorithms.  Figure 4-26 

shows the tomographic reconstructions of the Derenzo hot-rod phantom with an 

artificially-added uniform background.  Both the ML-EM and DW-GS reconstructions 

exhibit a stripping artifact due to the incomplete sampling of the system.  However, the 

non-negativity constraint of the DW-GS algorithm forces some regions to be exactly zero.  

Although Fig. 4-26 suggests the EM algorithms produce better images in preserving the 

uniform background of this particular object, it can not be concluded that EM algorithms 

will be better for all objects.  The optimal solution is to increase the sampling complete-

ness in order to reduce the null space of the imaging system. 

 

(a)    (b) 

  

Figure 4-26. Tomographic slices of the Derenzo hot-rod phantom with a uniform 
background.  The signal-to-background ratio is 10. 
(a) Reconstructed with 100 iterations of ML-EM.   
(b) Reconstructed with 10 iterations of DW-GS.   
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CHAPTER 5 

IMAGING WITH FASTSPECT II 

 
 SPECT imaging of small animals is an important tool in biomedical research.  

Diagnostic and therapeutic strategies can be developed and evaluated through studies of 

biochemical pathways and physiological processes of radiopharmaceuticals.  This chapter 

provides a brief review of the radiopharmaceuticals used in this research and presents 

animal images taken with FastSPECT II.  Section 5.1 covers imaging studies of various 

organs of mice with different technetium-99m-labeled radiopharmaceuticals to evaluate 

the performance of the imaging system.  The dynamic imaging capability of FastSPECT 

II is demonstrated in section 5.2 through rat myocardial studies.  The imaging system also 

undergoes modifications to achieve higher angular sampling and higher magnification.  

Section 5.3 introduces higher angular sampling accomplished by rotating the object to 

three designated angular positions.  Synthetic phantom studies show that more angular 

samples lead to better spatial resolution along the transverse axes.  Section 5.4 presents a 

high-magnification aperture designed for mouse-femur imaging.  Initial line phantom 

images demonstrate the sub-millimeter resolution of the system with this aperture.  The 

mouse-femur images illustrate the potential of FastSPECT II for investigating metastatic 

neuroblastoma bone lesions.  All tomographic images shown in this chapter were 

reconstructed with 25 iterations of OS-EM.  Images in sections 5.1-5.3 were recon-

structed with 0.5-mm voxels, while the high-magnification images in section 5.4 were 

reconstructed with 0.1-mm voxels. 
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Table 5-1. 99mTc-labeled radiopharmaceuticals used in this research and their primary 
applications. 

99mTc-labeled radiopharmaceuticals Primary use 

99mTc Methylene DiPhosphonate (MDP) Bone imaging 

99mTc Glucarate (GLA) Myocardial infarction imaging 
Breast tumor imaging 

99mTc Sestamibi (MIBI) Myocardial perfusion imaging 
Breast tumor imaging 

99mTc Teboroxime Myocardial perfusion imaging 

99mTc Tetrofosmin Myocardial perfusion imaging 
Breast tumor imaging 

 

 The most important radionuclide used today in nuclear medicine is technetium-99m 

(99mTc), which accounts for more than 80 % of diagnostic nuclear medicine procedures 

(Banerjee et al., 2001).  99mTc has a half-life of 6 hours that is long enough for metabolic 

studies but short enough for radiation risk concerns.  It emits monoenergetic gamma rays 

at 140 keV with an external photon yield of 89 %.  99mTc binds chemically to many 

biologically-active substances that make it suitable for a variety of imaging applications.  

In the 1950s, Brookheaven National Laboratory developed the first 99Mo/99mTc generator 

that permits the ready availability of 99mTc.  Since the mid-1960s, numerous 99mTc-

labeled radio-pharmaceuticals have been developed for morphological and functional 

imaging of different organs.  The radiopharmaceuticals used in this research and their 

primary applications are listed in Table 5-1.   

 99mTc-MDP was first proposed as a skeletal-imaging agent by Subramanian et al. in 

1973 and was found to be superior to three other 99mTc bone-targeted complexes present 
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at the time (Subramanian et al., 1975).  It had higher bone uptake, faster blood clearance 

and greater urinary excretion (Subramanian et al., 1975; Rudd et al., 1977).  Rudd et al. 

(1977) determined from the average uptake distribution in rabbits that 47.8 % of the 

administered dose was left in bone and 0.73 % in blood three hours post-injection.  Even 

now 99mTc-MDP remains the choice for bone imaging.  It is widely used in diagnosing 

and monitoring inflammatory and neoplastic bone diseases.  Images are usually taken 2-3 

hours after the radiopharmaceutical is intravenously (IV) administered for optimal target-

to-background ratio.  A mouse-bone scan is presented in section 5.1.1. 

 99mTc-GLA is an infarct-avid agent proposed for early diagnosis of acute myocardial 

infarction in the 1990s.  Orlandi et al. (1991) determined from canine models that 99mTc-

GLA had high affinity to myocardial necrosis for several days following injury but no 

preferential uptake in ischemic yet viable myocardium.  Narula et al. (1997) 

demonstrated that high-contrast images of myocardial infarcts with 99mTc-GLA can be 

obtained within minutes after the onset of injury in rabbit models.  Khaw et al. (1997) 

confirmed the avidity of 99mTc-GLA for necrotic myocardium in in vitro cell culture 

studies.  Mariani et al. (1999) determined that “99mTc-GLA localizes in zones of acute 

myocardial necrosis when injected within 9 h of onset of infarction.”  These studies 

suggest that imaging with 99mTc-GLA has the potential for early detection of myocardial 

infarction and differentiation of acute from former infarcts. 

 Besides the preferential uptake in myocardial infarcts, 99mTc-GLA can also 

concentrate in malignant breast tumors (Petrov et al., 1997; Molea et al., 1997; Mariani et 

al., 2002; Liu et al., 2004).  This suggests the potential clinical utility of 99mTc-GLA in 
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the screening of breast cancer, although the exact mechanisms by which 99mTc-GLA 

localizes in the breast tumors are yet unknown.   

 99mTc-MIBI and 99mTc-teboroxime were the first two 99mTc-labeled myocardial 

perfusion imaging agents approved by the Food and Drug Administration (FDA) in the 

United States in 1991.  However, 99mTc-teboroxime never gained popularity in the clinic 

due to its rapid washout that challenged the imaging capability of early instruments.  

With the maturing of speedy and high-sensitive imagers, studies on myocardial kinetics 

of 99mTc-teboroxime are now feasible.  99mTc-tetrofosmin was the third myocardial 

perfusion imaging agent approved in 1996.  Both 99mTc-MIBI and 99mTc-tetrofosmin 

were also evaluated for imaging breast carcinoma.  99mTc-MIBI was approved by the 

FDA in 1996 as a breast-tumor imaging agent.  European approval of 99mTc-tetrofosmin 

as a breast-tumor seeking agent was granted in 2002.   

 99mTc-tetrofosmin behaves similarly to 99mTc-MIBI in myocardial uptake, retention, 

and blood clearance kinetics, while 99mTc-teboroxime exhibits very different myocardial 

pharmacodynamics from that of the 99mTc-MIBI and 99mTc-tetrofosmin.  Nevertheless, 

the myocardial uptake of 99mTc-MIBI, 99mTc-teboroxime, and 99mTc-tetrofosmin is 

proportional to regional myocardial blood flow and myocyte viability.  Hence these three 

agents are useful in assessing myocardium at risk and infarct.  In addition, the myocardial 

uptake of 99mTc-teboroxime is higher than that of 99mTc-MIBI and 99mTc-tetrofosmin.  

The clearance of 99mTc-tetrofosmin is faster in both liver and lung than that of 99mTc-

MIBI.  More detailed properties of these three myocardial perfusion imaging agents can 

be found in Taillefer (2003).   
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5.1. Mouse Imaging 

 In this section, tomographic images of mouse bone, kidneys, and myocardium with 

different 99mTc-labelled radiopharmaceuticals indicate the ability of FastSPECT II to 

provide high-quality small-animal images. 

 

5.1.1. Bone Scan 

 Bone scanning is a major clinical application of SPECT imaging in finding bone 

abnormalities, such as bone tumors, bone infections, and arthritis.  It is also a common 

benchmark for evaluating the performance of a small-animal SPECT system.  A 30-g 

mouse was tail-vein injected with 7 mCi of 99mTc-MDP in about 0.2 ml and imaged 3 

hours after injection.  It was euthanized with a lethal dose of barbiturate via intra-

peritoneal injection prior to imaging.  As the body length was longer than the axial FOV 

of the imager, the mouse was imaged in six longitudinal positions with 20-mm movement 

in between.  The integration time for the first animal position was 20 minutes and 

prolonged for subsequent animal positions to compensate for the radioactive decay.  

About 150,000 counts per animal position per camera were recorded.   

 Figure 5-1 shows the consecutive tomographic slices of the mouse in sagittal and 

coronal sections.  Figure 5-2 shows the volume rendering of the mouse skeleton.  Major 

features of the skeleton are recognizable, such as the skull, the zygomatic bones, the 

mandibles, the scapulae, the vertebral column, the sterna, the ilia, and the front and hind 

limbs.  Individual caudal vertebrate are clearly delineated.  Anatomic details shown in 

these images illustrate the capability of FastSPECT II for high-resolution imaging. 
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(a) 

 

(b) 

 

Figure 5-1. Tomographic reconstructions of the mouse-bone scan with 25 iterations of 
OS-EM using a 0.5mm-grid Gaussian-interpolated H, displayed with 1-mm 
separation between slices.  (a) Sagittal slices.  (b) Coronal slices. 
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(a) 

 

(b) 

 

 

Figure 5-2. Volume rendering of the mouse-bone scan in (a) side view and (b) top view. 

 

5.1.2. Kidney imaging 

 Kidneys are bean-shaped primary emunctories in charge of excreting waste products 

of the body.  These include urea, uric acid, and foreign materials such as water soluble 

toxic substances and drugs.  As many radiopharmaceuticals injected into the body are 

metabolized through kidneys into urine, high radioactivity is typically shown in kidneys.  

Hence kidney imaging can serve as a performance yardstick of a SPECT system.  In 

addition, dynamic kidney imaging is a major application of SPECT imaging in 

determining kidney functions.   

45 mm 

132 mm

31 mm 
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 A mouse was injected with 5.96 mCi of 99mTc-GLA via the tail vein and imaged 45 

minutes post-injection.  Images were acquired for 10 minutes with about 15-million 

events recorded.  Figure 5-3 shows the tomographic reconstruction of the mouse kidneys 

and Fig. 5-4 shows the volume rendering.  Nice uniform uptake is presented in the kidney 

parenchyma, the solid part of the kidneys.   

 

 

Figure 5-3. Consecutive coronal slices of the mouse-kidney reconstruction with 0.5-mm 
separation between slices.  The dimensions of each slice are 40 mm × 40 mm.   

 

 

 

Figure 5-4. Volume rendering of the mouse-kidney reconstruction. 
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5.1.3. Myocardial imaging 

 Heart disease is the leading cause of death in developed countries.  Nuclear 

cardiology plays a vital role in clinic to provide information for classifying coronary 

artery disease and predicting the prognosis.  In vivo mouse-heart models are useful for 

various preclinical cardiac studies, such as investigation of myocardial ischemia-

reperfusion injury, development of cardiovascular pharmaceuticals, and evaluation of 

revascularization therapy.  A variety of therapeutic strategies for the prevention, 

diagnosis, and management of cardiovascular disease are being developed using imaging 

techniques.  This section presents tomographic myocardial perfusion imaging in mice 

using FastSPECT II.  Both 99mTc-MIBI and 99mTc-tetrofosmin were employed to image 

myocardia of normal mice.   

 A mouse was injected with 6 mCi of 99mTc-MIBI and imaged 3 hours later.  15-

minute images were acquired with about 10-million counts recorded.  The tomographic 

reconstruction of the myocardium imaged with 99mTc-MIBI was shown in Fig. 5-5.  The 

ultra-bright spot in the figure is the gall bladder of the mouse.   

 Another normal mouse was tail-vein injected with 8.4 mCi of 99mTc-tetrofosmin and 

imaged 1 hour post-injection.  Images were acquired for 20 minutes with approximately 

22-million events recorded.  Figure 5-6 shows the tomographic images of the 

myocardium of a normal mouse with 99mTc-tetrofosmin.  Both Figs. 5-5 and 5-6 

demonstrate the ability of FastSPECT II in mouse-cardiac imaging.  A more sophisticated 

study using FastSPECT II in mouse myocardial perfusion imaging was presented in Liu 

et al. (2006). 
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(a) 

 

(b) 

 

(c) 

 
 

 
Figure 5-5. Normal-mouse myocardium imaged with 99mTc-MIBI in (a) transaxial, (b) 

coronal and (c) sagittal slices.  The dimensions of each slice are 10 mm × 10 
mm.  The separation between slices is 0.5 mm.   
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(a) 

 

(b) 

 

(c) 

 
 

 
Figure 5-6. Normal-mouse myocardium imaged with 99mTc-tetrofosmin in (a) transaxial, 

(b) coronal and (c) sagittal slices.  The dimensions of each slice are 10 mm × 
10 mm.  The separation between slices is 0.5 mm.   



 240

5.2. Dynamic Imaging of Rat Myocardium 123456 1 

 The list-mode data-acquisition electronics of FastSPECT II records the occurrence 

time of each event to a 30-nanosecond precision.  Therefore the data are dynamic in 

nature.  Images can be reconstructed with any desired time slices as illustrated in Fig. 5-7.  

The integration time T controls the number of counts in each image and hence influences 

the noise statistics of the reconstructed image.  The time difference ∆T between images 

can be adjusted to study the temporal variation of the tracer distribution.  By imaging the 

flow and metabolism of the radiotracer, the dynamic imaging capability of FastSPECT II 

provides a valuable tool in studying the kinetic of pharmaceuticals.  Potential applications 

include cardiac perfusion, cerebral receptor imaging and renal function.   

Time

image 2
image 3

image 4

image 1

image 5 ……

original image

T

∆T
Choices of T & ∆T are arbitrary

 
Figure 5-7. Schematic of the dynamic data sequence.   

 

 A preliminary rat cardiac study was performed with 99mTc-teboroxime to investigate 

the dynamic-imaging capability of FastSPECT II.  The uptake and washout of 99mTc-

toboroxime in the myocardium take only about 10 minutes.  A rat was injected with 6.94 
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mCi of 99mTc-teboroxime.  The rat heart was positioned at the center of FOV based on the 

system geometry and the location of the heartbeat.  The image acquisition began at the 

instant the radiotracer was hand-injected.  The acquisition time for the first image was 9 

minutes.  After that, 2 to 5-minute images were acquired up to 60 minutes post-injection. 

 Figure 5-8 shows the projection images of a normal rat heart with 99mTc-teboroxime 

5 minutes post-injection.  These images correspond to 2-minute integration with about 

1.7 million events recorded.  The corresponding tomographic reconstruction is shown in 

Fig. 5-9.  Figure 5-10 shows the dynamic image sequence of the rat myocardium with 

99mTc-teboroxime from 0 to 9 minutes post-injection.  Images are processed in 10-second 

steps with 30-second exposure ( 30secT =  and 10secT∆ = ).  Each image contains about 

0.42 million events.  The dynamic image sequence demonstrates the radioactivity 

clearance in the rat myocardium with time.  The time-activity curve (TAC) of the 

radioactivity in a region of interest (ROI) over the posterior wall of the left ventricle is 

shown in Fig. 5-11.  This curve is normalized by the peak activity and corrected for the 

radioactive decay.  It can be observed that the uptake is peaked at 15 seconds post-

injection.  The activity rapidly washes out to 50 % at 1 minute and then gradually reduces 

to 30 % at 5 minutes.  However, the TAC is fluctuating due to the short exposure of each 

image.  Figure 5-12 shows another TAC from 0 to 60 minutes post-injection.  This curve 

is generated using tomographic images with 2 to 5-minute exposure.  After the peak 

uptake, the activity is indeed strictly decreasing with time. 

 



 242

 

Figure 5-8. Projection images of a normal rat heart with 99mTc-teboroxime 5 minutes 
post-injection.  These images correspond to 2-minute integration with about 
1.7 million events recorded. 

 

 

Figure 5-9. Consecutive transaxial slices of the rat myocardium with 1-mm separation 
between slices.  The dimensions of each slice are 20 mm × 20 mm.  These 
images correspond to 2-minute integration, 5 minutes post-injection.   
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Figure 5-10. Dynamic image sequence of the rat myocardium with 99mTc-teboroxime 
from 0 to 9 minutes post-injection.  Shown are images from the same 
transaxial slice at different time.  The integration time of each image is 30 
seconds and the time difference between images is 10 seconds ( 30secT =  
and 10secT∆ = ). 

20 mm 

20 mm 
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Figure 5-11. Time-activity curve of 99mTc-teboroxime in the left ventricle wall of a 
normal rat heart from 0 to 9 minutes post-injection.  This curve is generated 
using tomographic images of a dynamic sequence with 10secT T= ∆ = .  
The radioactivity at each time point is normalized to the peak activity at 15 
seconds post-injection and corrected for the radioactive decay.   
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Figure 5-12. Time-activity curve of 99mTc-teboroxime in the left ventricle wall of a 
normal rat heart from 0 to 60 minutes post-injection.  Data points 
corresponding to less than one minute post-injection are generated using 
tomographic images with 10-second exposure.  Data points corresponding to 
more than one minute post-injection are generated using tomographic images 
with 2 to 5-minute exposure.   
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 Another set of rat cardiac studies was performed with 99mTc-tetrofosmin.  The 

purpose of this study was to develop an in vivo dynamic imaging protocol using 

FastSPECT II to detect ischemia-reperfusion injury in rat hearts.  5 normal rat hearts 

(Control group) and 8 rat hearts with 60-minute regional ischemia and 30-minute 

reperfusion (IR group) were imaged.  Each IR rat heart was prepared by an open-chest 

surgery.  A ligature was tied tightly around the left coronary artery (LCA) with a small 

amount of myocardium for coronary occlusion and then released for reperfusion.  After 

intravenous injection of 99mTc-tetrofosmin (5-10 mCi), dynamic images were recorded in 

1-minute sessions for the first 10 minutes.  After that, 2 to 3-minute dynamic images 

were acquired up to 60 minutes post-injection.   

 Figure 5-13 shows the projection images of a normal rat heart with 99mTc-

tetrofosmin 60 minutes post-injection.  These images correspond to 3-minute integration 

with about 1.4-million events recorded.  The tomographic reconstruction is shown in Fig. 

5-14.  Figure 5-15 shows the representative dynamic tomographic images of the rat 

myocardium with 99mTc-tetrofosmin from 0 to 60 minutes post-injection.  The blood pool 

is evident in the 1-minute images of both the normal and IR rat hearts.  A perfusion 

defect can be identified on the lateral wall of the left ventricle of the IR rat heart.   

 The time-activity curves (TACs) of 99mTc-tetrofosmin in the rat myocardium are 

plotted in Fig. 5-16.  The radioactivity at each time point is normalized to the peak 

activity in the right coronary artery (RCA) zone and corrected for the radioactive decay.  

Figure 5-16(a) shows the TACs in the right coronary artery (RCA) zone and the LCA 

zone in the Control group; there is no significant difference between the left and right 
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myocardial zones.  The TACs associated with the IR group are shown in Fig. 5-16(b).  

TACs in the RCA normal zone and the defect area of the LCA zone exhibit a significant 

difference.  The uptake in the defect area of the LCA zone is much lower than the uptake 

in the RCA normal zone.   

 Figure 5-17 shows the kinetic percent washout (% peak) of 99mTc-tetrofosmin 60 

minutes post-injection in the RCA zone compared with the washout in the LCA zone in 

the Control group and the washout in the defect area in the IR group.  The washout in the 

defect area in the IR group is significantly greater than that in the normal myocardium in 

the Control group.  This study validates the use of FastSPECT II in investigating 

cardiovascular radiopharmaceutical kinetics and ischemia-reperfusion injury in rats. 

 

 

Figure 5-13. Projection images of a normal rat heart with 99mTc-tetrofosmin 60 minutes 
post-injection.  These images correspond to 3-minute integration with about 
1.4 million events recorded. 
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Figure 5-14. Consecutive transaxial slices of a normal rat heart with 99mTc-tetrofosmin 60 
minutes post-injection.  The dimensions of each slice are 20 mm × 20 mm.  
The separation between slices is 1 mm.   

 

(a)      (b) 

  

Figure 5-15. Representative dynamic tomographic images of the rat myocardium with 
99mTc-tetrofosmin.  Shown are images from the same transaxial slice at 
different time.  The time after injection is shown in minutes in the lower 
right corner of each image.  The blood pool is evident in the 1-minute image.   
(a) A normal rat heart.   
(b) A rat heart subjected to 60-min ischemia followed by 30-min reperfusion. 
A perfusion defect can be identified on the lateral wall of the left ventricle.   
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Figure 5-16. Time-activity curves (TACs) of 99mTc-tetrofosmin in the rat myocardium.  
The radioactivity at each time point is normalized to the peak activity in the 
right coronary artery (RCA) zone (Courtesy of Dr. Zhonglin Liu).   
(a) TACs in the RCA zone and the left coronary artery (LCA) zone in the 
Control group.   
(b) TACs in the RCA normal zone and the defect area of the LCA zone in 
the IR group.   
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Figure 5-17. Kinetic percent washout (% peak) of 99mTc-tetrofosmin 60 minutes post-
injection in the RCA zone compared with the washout in the LCA zone in 
the Control group and the washout in the defect area in the IR group 
(Courtesy of Dr. Zhonglin Liu). 
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5.3. Rotation of the Object for More Angular Samples  

 Despite the stationary characteristic of FastSPECT II, more angular sampling can be 

achieved by rotating the object.  This is advantageous to the spatial resolution and image 

quality in the two transverse axes.  The improvements are presented in sections 5.3.1 and 

5.3.3.  However, the rotation angle must be limited to keep the animal from slipping.  

One nice approach is to rotate the animal along the imager axis by 7.5 degrees in both 

clockwise and counter-clockwise directions and acquire images at these two positions 

plus the 0-degree position (as illustrated in Fig. 5-18).  This results in 48 projections of 

the object evenly distributed in 2π radians.  The system matrix associated with the 48-

projection system can be constructed using that of the original 16-projection system.  The 

H-matrix interpolation technique introduced in section 3.7 can be used to rotate the H 

matrix of the 0° position by ±7.5°.   

 

 

Figure 5-18. Rotation of the object for more angular samples.   

Rotation 
axis 

CCW 7.5° 

CW 7.5° 
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5.3.1. Spatial resolution and aliasing 

 The spatial resolution of the 48-projection system is calculated using the Fourier 

crosstalk approach and shown in Table 5-2.  The H matrix associated with 48 projections 

is interpolated from the H matrix with 16 projections using the centroid interpolation 

method with Gaussian fitting.  The resolution along the imager axis does not change with 

more angular samples.  The resolution along the two transverse axes is improved by 

about 6 %.  Besides, more projections suppress aliasing between different spatial 

frequencies.  The degree of aliasing is defined in Eqn. (3-38) and repeated here for 

convenience: 

  '  '
 '

'  ' '

cos
( )  ( )
β β

θ
β β

= =
Φ Φ

kk kk
kk

k k kk k kr rH H
, (5-1) 

which is the angle between two data vectors associated with wave vectors  kρ  and 'kρ .  

Figure 5-19 plots the  'cosθ kk  values along the X and Y axes with 16 and 48 projections.  

Figure 5-19(c) and (d) show that the off-diagonal elements of  'cosθ kk  are reduced along 

the transverse axes with more angular samples. 

 

Table 5-2. Spatial resolution of FastSPECT II with 16 and 48 projections. 

FastSPECT II Spatial Resolution (mm) 

 16 projections 48 projections 

X axis (imager axis) 2.52 2.52 

Y axis (left/right) 2.25 2.11 

Z axis (ventral/dorsal) 2.36 2.22 
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Figure 5-19. Plots of  'cosθ kk , the degree of aliasing between different frequencies. 
(a) Along the X axis (imager axis) with 16 projections.   
(b) Along the X axis with 48 projections.   
(c) Along the Y axis (left/right) with 16 projections.   
(d) Along the Y axis with 48 projections. 
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5.3.2. Detectability 

 The binary hypothesis test introduced in section 3.6 was employed to determine the 

detectability of the ideal observer associated with the 16 and 48-projection imaging 

systems.  The test image consists of a signal sphere at the center of FOV and a uniform 

background for the signal-present case.  The signal contrast is fixed at 0.1.  The exposure 

time is adjusted so that 10 million counts are acquired from the uniform background.   

 Intuitively, more projections should result in higher detectability, if each projection 

has the same exposure time regardless of the total number of projections.  However, in 

order to have a fair comparison between the 16 and 48-projection systems, there should 

be a 3-fold reduction in the integration time of the 48-projection system to maintain a 

fixed total acquisition time.  This time reduction will decrease the detectability.  On the 

contrary, more projections correspond to a higher number of total detector pixels and 

increase the detectability.  When these two effects combine together, no improvement in 

the detectability is gained with more projections for the SKE/BKE detection task, as 

shown in Fig. 5-20. 

 

5.3.3. Image uniformity 

 As the degree of aliasing between different spatial frequencies along the transverse 

axes is reduced with more projections, it is desirable to investigate how the aliasing 

reduction is transferred into subjective image quality.  A synthetic Derenzo hot-rod 

phantom was introduced to study the effect of higher angular sampling.  Figure 5-21 

shows the geometry of the synthetic Derenzo phantom.  The phantom was forward- 
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Figure 5-20. Detectability associated with the 16 and 48-projection imaging systems. 

 

 

Figure 5-21. Geometry of the synthetic Derenzo phantom. 

 

projected through the H matrices of the 16 and 48-projection systems with 0.25-mm grid 

spacing in the object space.  The hot rods in the phantom were oriented either parallel to 

the vertical axis (Z axis) or parallel to the imager axis (X axis).  A uniform background 

was also added to the phantom with the signal contrast equal to 10.  Tomographic 

reconstructions were then performed using the OS-EM algorithm.   
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 Figure 5-22 shows the tomographic reconstructions of the Derenzo phantom at the 

same coronal slice when the hot rods are parallel to the Z axis.  Figure 5-23 shows the 

tomographic images of the Derenzo phantom at the same transaxial slice when the hot 

rods are parallel to the X axis.  The images associated with 16 projections were 

reconstructed using 24 iterations of OS-EM with 4 subsets, 4 projections per subset.  The 

images associated with 48 projections were reconstructed using two different setups of 

the OS-EM algorithm: 24 iterations of OS-EM with 4 subsets and 8 iterations of OS-EM 

with 12 subsets.  It turns out that images reconstructed with these two different setups of 

OS-EM are similar as shown in Figs. 5-22 and 5-23.  However, the number of iterations 

is greatly reduced for the OS-EM algorithm with 12 subsets.  A reduced iteration number 

implies reduced computation time.  In addition, the size of the H matrix associated with 

the 48 projection system is roughly 3 times of that associated with the 16 projection 

system.  Hence the computational cost for 16 projections with 24 iterations of OS-EM 

with 4 subsets is similar to the computational cost for 48 projections with 8 iterations of 

OS-EM with 12 subsets. 

 It can be observed from Fig. 5-22 that when the hot rods of the Derenzo phantom are 

parallel to one of the transverse axes, the images reconstructed from 16 and 48 

projections have no significant difference in appearance.  This is also verified in the 

Fourier crosstalk analysis.  It has been shown in Fig. 5-19 that higher angular sampling 

does not affect the components of the Fourier crosstalk matrix along the imager axis.  On 

the other hand, when the hot rods of the Derenzo phantom are parallel to the imager axis, 

better reconstructed images are obtained with more angular samples.  The circular hot 
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rods are more nearly round with 48 projections as shown in Fig. 5-23(a)-(c).  The 

uniform background is also better retrieved with 48 projections as shown in Fig. 5-23(d)-

(f).  Hence higher angular sampling leads to better image quality along the transverse 

axes, at the cost of the stationarity and the dynamic imaging capability of the system.   

 

(a)    (b)    (c) 

   

(d)    (e)    (f) 

   

Figure 5-22. Derenzo phantom reconstructions at the same coronal slice.  The hot rods are 
parallel to the Z axis. 
(a) 16 projections with 24 iterations of OS-EM with 4 subsets.   
(b) 48 projections with 24 iterations of OS-EM with 4 subsets.   
(c) 48 projections with 8 iterations of OS-EM with 12 subsets.   
(d)-(f) Similar to (a)-(c) with a uniform background added to the Derenzo 
phantom.  The signal contrast equals 10. 
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(a)    (b)    (c) 

   

(d)    (e)    (f) 

   

Figure 5-23. Derenzo phantom reconstructions at the same transaxial slice.  The hot rods 
are parallel to the X axis. 
(a) 16 projections with 24 iterations of OS-EM with 4 subsets.   
(b) 48 projections with 24 iterations of OS-EM with 4 subsets.   
(c) 48 projections with 8 iterations of OS-EM with 12 subsets.   
(d)-(f) Similar to (a)-(c) with a uniform background added to the Derenzo 
phantom.  The signal contrast equals 10. 
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5.4. High-Magnification Imaging  

 A high-magnification (18X) aperture is implemented in FastSPECT II to achieve 

nanoSPECT.  This aperture comprises two pieces, including a small pinhole collimator 

and its supporting cylinder as shown in Fig. 5-24(a).  The aperture has an array of 100-

µm-diameter pinholes, one per camera.  Cameras are retracted to their farthest radial 

positions (12.5 inches from the imager axis).  The resulting magnification is about 18X.  

The FOV is about 5 mm in three directions.   

 The radioactive point source used to calibrate this 18X system was made of a single 

200-µm-diameter chromatographic resin bead and had only 500 µCi.  To compromise 

among the step size, the FOV, and the total acquisition time, the H matrix was measured 

on a 400-µm grid with a scan size of 13 × 13 × 13 points.  The total acquisition time was 

about 10 hours.  The H matrix was then interpolated to a 100-µm grid for use in 

tomographic reconstruction.  The system sensitivity is about 607 cps/MBq with 16 

cameras and the background radiation is about 35 cps/camera.  The spatial resolution is 

calculated using the Fourier crosstalk approach and shown in Table 5-3. 

 

Table 5-3. Spatial resolution of the high-magnification aperture. 

FastSPECT II Spatial Resolution (mm) from FCTM 

X axis (imager axis) 0.60 

Y axis (left/right) 0.50 

Z axis (ventral/dorsal) 0.51 
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(a) 

 

 (b) (c) 

   

Figure 5-24. High-magnitude aperture of FastSPECT II.  
(a) The pinhole aperture (front) and its supporting cylinder (back).   
(b) Dr. M. Bret Abbott helps the installation of the back plate of the 
supporting cylinder.   
(c) The high-magnitude aperture in place. 
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5.4.1. Phantom imaging  

 An initial phantom study was performed with a line phantom to examine the spatial 

resolution of the 18X system.  The line phantom consists of 2 capillary tubes taped side 

by side and filled with 99mTc-pertechnetate aqueous solution.  The inner diameter of the 

capillary tubes is 200 µm and the outer diameter is 660 µm.  Each camera had 40.7 cps 

on average with the phantom in place while the background was about 35 cps/camera.  

The projection images from 1-hour integration are shown in Fig. 5-25.  The background 

radiations are partially rejected by likelihood windowing of the ML position estimator.  

The tomographic reconstruction of the line phantom is shown in Fig. 5-26.  The 

transaxial slices in Fig. 5-26(a) show that the two capillary tubes are well resolved.   

 

 

Figure 5-25. Projection images of the line phantom.  These images correspond to 1-hour 
integration with about 2.3 million events recorded.  The acceptance rate of 
the likelihood window is about 43 %. 
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(a) 

 

(b) 

 

(c)    (d) 

  

Figure 5-26. Tomographic images of the line phantom.   
(a) Transaxial slices, 0.1 mm between slices.   
(b) Sagittal slices, 0.1 mm between slices.   
(c) Volume rendering of the line phantom.   
(d) Line profile of the line phantom at the center of the FOV.  The center-to-
center distance between the two capillary tubes is about 700 µm. 
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5.4.2. Mouse-femur imaging 

 Neuroblastoma is one of the most common tumors that occur in infants and young 

children.  More than 70 % of patients present with metastatic disease at the time of 

diagnosis, usually to lymph nodes, liver, bone, and bone marrow.  In vivo mouse models 

of the metastatic neuroblastoma bone lesions are useful for investigating disease 

progression and evaluating the response to therapy.  SPECT imaging with the 18X 

system provides high-resolution images and permits noninvasive and longitudinal studies.  

These strategies are also applicable to a variety of bone-tumor models, such as prostate 

and breast carcinoma. 

 A neuroblastoma-tumor mouse was prepared by injecting one million human 

neuroblastoma cells into the medullary space of the right femur three months before 

imaging.  The mouse was injected with 9.5 mCi of 99mTc-MDP and imaged with the 18X 

system 7 hours post-injection.  The affected femur was positioned in the FOV.  SPECT 

images were acquired for 5 animal-bed positions, 5-minute integration per bed position.  

The movement between beds was 2 mm along the imager axis.  About 1.4 million events 

were acquired and passed through the likelihood window of the ML position estimator.  

Tomographic reconstructions from different bed positions are pieced together based on 

the geometric movements and corrected for the radioactive decay.  Figure 5-27(a)-(c) 

show the tomographic slices of the mouse-femur and Fig. 5-27(d) shows the 3D volume 

rendering.  The coronal slices shown in Fig. 5-27(b) demonstrate the neuroblastoma bone 

lesion and correlate with the X-ray CT image shown in Fig. 5-27(e).  This study validates 

the capability of the 18X system in investigating metastatic bone lesions. 
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(d)      (e) 

   

Figure 5-27. Mouse-femur images.   
(a) Transverse slices, 0.2 mm between slices.   
(b) Coronal slices, 0.2 mm between slices.   
(c) Sagittal slices, 0.2 mm between slices.   
(d) Volume rendering of the SPECT reconstruction.   
(e) X-ray CT image of the mouse femur (Courtesy of Dr. M. Bret Abbott).  
The rectangle in the graph indicates the FOV of the SPECT images. 



 264

CHAPTER 6 

CONCLUSIONS AND FUTURE WORK 

 
6.1. Conclusions 

 The objective of this research was to develop a rigorous calibration procedure and 

explore image reconstruction options for FastSPECT II, a novel small-animal pinhole 

SPECT system.  With the successful implementation of system calibration and image 

reconstruction algorithms, FastSPECT II is now on-line for biomedical research.   

 Experimental calibration methods were developed to take all of the system physics 

into account.  The calibration procedure was fully integrated into the instrument control 

software.  Individual cameras were calibrated using a collimated 99mTc source to yield 

samples of the mean detector response functions (MDRFs).  The system matrix (referred 

to as H) was measured by stepping a 99mTc point source through a 3D grid in the object 

space of the imager.  The use of measured MDRFs and H matrices avoids the assumption 

of an idealized model for the cameras and the imaging system.  A measured MDRF 

contains all optical and electronic properties of the scintillation camera while a measured 

H incorporates the imperfections or misalignment of the imaging system, as well as the 

non-uniformity in the camera response. 

 A maximum-likelihood (ML) position estimator was constructed using the MDRFs 

and a scaled Poisson model.  A position-dependent likelihood window was applied to 

eliminate the environmental radiation and scattered events.  Several ML search schemes 

were implemented and compared.  All of the tested ML search algorithms performed well 
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in terms of the percentage correct of the position estimates compared to the brute-force 

search.  Among these algorithms, the search with a 3-bit lookup table (LUT) plus directed 

search is fastest while the multi-resolution search is slowest with the setting of this 

evaluation.  However, the multi-resolution search possesses several advantages over the 

other methods, such as the less sensitivity to the search size, the avoidance of giant LUTs, 

and the applicability in a gate-array pipeline. 

 The concept of the Fourier crosstalk matrix (FCTM) was introduced to evaluate the 

system performance.  Diagonal elements of the FCTM can be regarded as a generalized 

transfer function while off-diagonal elements give the degree of aliasing between 

different frequencies.  The average spatial resolution over the field of view (FOV) of the 

imager is computed from the FCTM.  FastSPECT II provides spatial resolution of about 

2.4 mm with its regular configuration of 2.4X magnification.  The average sensitivity 

measured with a point source is about 243 cps/MBq within a cylindrical FOV of 40-mm 

diameter and 40-mm length.  When operated in its 18X-magnification mode, FastSPECT 

II presents spatial resolution of about 0.5 mm and average sensitivity of about 607 

cps/MBq within a cylindrical FOV of 5-mm diameter and 5-mm length.   

 The signal detection capability of FastSPECT II was evaluated through a binary 

hypothesis test.  The ideal observer was employed to detect a uniform signal sphere 

against a flat background.  The system detectability was shown to be linearly proportional 

to the signal contrast and the square root of the exposure time.  The detectability is 

monotonically increasing with respect to the signal diameter D, and roughly proportional 

to 3D  for small diameters and 2D  for large diameters. 
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 To reduce the system-calibration time and achieve finer reconstruction grid, two 

schemes for interpolating H were implemented: these are centroid interpolation with 

Gaussian fitting and Fourier interpolation.  Comparisons of the two interpolation methods 

suggest that they have similar performance with regard to the system resolution, 

detectability, and reconstructed image quality.  However, the centroid interpolation with 

Gaussian fitting is much faster in terms of computation.  Studies also showed that 

multifold interpolations were achievable: images reconstructed with a coarsely-measured 

H undergone an eight-fold interpolation displayed nice correspondence to images 

reconstructed with a finely-sampled H. 

 Tomographic reconstruction can be formulated as a linear inverse problem.  Two 

families of iterative reconstruction algorithms that incorporate the photon-counting 

statistic of the measure data were introduced.  One includes maximum-likelihood 

expectation-maximization (ML-EM) and its ordered-subset version (OS-EM), and the 

other involves least-squares (LS) and weighted-least-squares (WLS) algorithms coupled 

with data weighting and Gauss-Seidel update rule (DWLS-GS algorithms).  These 

algorithms were used to reconstruct a miniature Derenzo hot-rod phantom and yielded 

similar tomographic images.  OS-EM with 4 subsets speeds up the ML-EM algorithm by 

4-fold, while the DWLS-GS algorithms can be more than 10 times faster than ML-EM.  

However, ML-EM and OS-EM has only one free parameter, the number of iterations, 

while the DWLS-GS methods have to determine an additional parameter, the acceleration 

coefficient.  Hence OS-EM provides a nice compromise for easy implementation and 

speedy computation. 
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 A miniature Derenzo hot-rod phantom was imaged to visualize the spatial resolution 

of FastSPECT II.  The smallest rods with 1-mm diameter and 3-mm center-to-center 

distance were clearly resolved.  Tomographic images of mouse bone, kidneys, and 

myocardium with different 99mTc-labelled radiopharmaceuticals demonstrated the ability 

of FastSPECT II in high-resolution imaging.  Time-activity curves showing the kinetic 

washout of 99mTc-teboroxime and 99mTc-tetrofosmin in rat hearts were generated by 

parsing the list-mode data into dynamic image sequences.  These studies illustrated the 

dynamic capability of FastSPECT II for investigating cardiovascular radiopharmaceutical 

kinetics and ischemia-reperfusion injury in small animals.   

 With appropriate hardware and software modifications, FastSPECT II is capable of 

higher angular sampling and higher-magnification imaging.  More angular samples were 

obtained by rotating the object to three designated angles yielding 48 projections.  

Fourier-crosstalk analysis showed that the resolution along the two transverse axes is 

improved by about 6 %.  Synthetic phantom studies also exhibited better image quality 

along the transverse axes.  An 18X aperture designed for mouse-femur imaging was 

installed.  Initial line-phantom images demonstrated the sub-millimeter resolution of the 

system.  Knee images of a neuroblastoma-tumor mouse validated the use of the 18X 

system in investigating metastatic bone lesions.   

 With the integration of system calibration and image reconstruction in FastSPECT II, 

various preclinical small-animal studies can now be expedited.  Several studies on 

myocardial ischemia-reperfusion injury in mice and rats have been performed with 

FastSPECT II to yield data that can serve as biomarkers for detection of myocardial 
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perfusion defect and effects of drug intervention.  Imaging studies on metastatic bone 

lesions of neuroblastoma-tumor mice are underway to investigate disease progression and 

evaluate the response to therapy.  Such biomedical research not only can facilitate the 

development of new pharmaceuticals and therapeutic strategies but also can impact 

advantageously diagnoses and prognoses of diseases.   

 

6.2. Future Work 

 There are several areas of future research that can yield better performance of 

FastSPECT II.  Hardware modifications have been undertaken to make the instrument 

more comprehensive.  FastSPECT II is now equipped with an electrocardiogram system 

developed by Heather L. Durko to permit gated myocardial imaging.  Efforts are also 

being devoted in our group to complete FastSPECT II as a dual-modality instrument with 

an integrated X-ray CT system.  Co-registration of functional SPECT and anatomical CT 

images can only have a favorable impact on the analysis of imaging studies.   

 Currently the software for image reconstruction and for processing the H matrices is 

standalone to allow various reconstruction options.  In order to make the image 

acquisition and analysis as a simple task, it is necessary to integrate these routines into 

the instrument control software.  Further investigations on the ML position estimation are 

also required to verify the superiority of the independent normal model over the scaled 

Poisson model.  This assumption, once validated, should launch the adoption the 

independent normal model into the position estimator and the determination of the 

corresponding likelihood threshold.   
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 As described in section 2.2, each modular camera used in FastSPECT II comprises a 

5mm-thick NaI(Tl) crystal, a 15mm-thick fused quartz light guide, and a 3 × 3 array of 

1.5-inch diameter head-on PMTs.  The camera intrinsic resolution, determined as the 

average FWHM at the CFOV, is 3.94 mm for all 16 cameras.  We have found that 

cameras with better PMTs and thinner light guides have better resolution.  Figure 6-1 

shows the grid-point array images from improved cameras (cf. Fig. 3-22).  The camera 

associated with Fig. 6-1(a) still has a 15mm-thick light guide but has PMTs with higher 

quantum efficiency and better optical coupling to the light guide.  The average FWHM at 

the CFOV is 3.67 mm, showing a resolution improvement by 6.85 %.  The camera 

associated with Fig. 6-1(b) has an 8mm-thick light guide and the average FWHM at the 

CFOV is greatly reduced to 2.73 mm.  Hence it is preferable to build future imagers with 

improved modular cameras.   

 Having 16 cameras in FastSPECT II has led to several beneficial characteristics, 

such as stationarity, dynamic capability, and high sensitivity.  As the instrument has 

flexible aperture assemblies, it is possible to obtain higher sensitivity by employing 

multiple pinholes per camera.  A table-top SPECT imager, the multi-module multi-

resolution (M3R) system, which utilizes four modular cameras and interchangeable 

pinhole plates, has been developed by Jacob Y. Hesterman.  This system allows variation 

of system magnification and pinhole arrangement, and has been used for studying 

optimal system design for detection tasks.  The centroid interpolation with Gaussian 

fitting method has been successfully implemented to interpolate the H matrices of this 

multi-pinhole system.  Even though the tomographic reconstructions look sensible,  
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Grid-point array image, 15-mm light guide
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Grid-point array image, 8-mm light guide
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Figure 6-1. Grid-point array images of modular cameras with different light-guide 
thicknesses.  The ML position estimations are performed using MDRFs  
with 155 × 155 samples and 0.75-mm grid spacing. 
(a) 15mm-thick light guide. 
(b) 8mm-thick light guide. 
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improvements can be made to the centroid interpolation method.  Besides the Gaussian 

parameterization, a blur function that better models the asymmetry of the point response 

function due to obliquity can be devised in future studies.   

 The completeness condition of cone-beam tomography (Grangeat, 1991) requires 

that every plane intersecting the object support has to intersect the acquisition curve at 

least at one point.  However, the sampling configuration of FastSPECT II, which 

comprises two parallel circular trajectories, does not satisfy the completeness condition.  

The planes containing each trajectory intersect the FOV right at the edges of the FOV.  

Therefore the shadow zone (Grangeat, 1991) in the Radon domain is located at the center 

of the FOV.  Simulation studies of Defrise-type phantoms have shown severe artifacts in 

the reconstructed images, especially in the middle of the FOV.  Adding translations along 

the imager axis more nearly fulfills the completeness condition and reduces artifacts 

significantly.  Further investigations utilizing task-based assessment of image quality are 

still required to determine the necessity of translational image acquisitions.   
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APPENDIX A. LIST-MODE FRONT-END ELECTRONICS 

 
 This appendix provides schematics and detailed information on the FastSPECT II 

front-end electronics.  Figure A-1 is a copy of Fig. 2-11 showing a front-end list-mode 

event processor board with key features identified.  The board is roughly divided with 

analog on the left side, digital on the right, and ADCs in between.  The analog amplifiers 

are modular and mounted in 30-pin SIMM sockets for easy exchange of filter function.  

The event-detection algorithm is realized in the FPGA firmware.  Each front-end board 

may be driven by its own on-board clock, or accept an external distributed clock through 

a short SMB cable when synchronization with other acquisition boards is required. 

 
 

 

 

 

 

Figure A-1. A front-end list-mode event processor board with key features identified. 
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 Figure A-2 shows the schematic of the power supply, the Ethernet connection for 

signal input/output, and the clock reset circuit of the front-end board.  The front-end 

board is powered via the J2 connector.  The power supply consists of +5V and -5V for 

analog devices and another +5V for digital devices.  A subsequent regulator converts the 

+5V input into +3.3V for digital devices.  J1 represents the Ethernet connector, which has 

one ground and seven signal-transmission pins.  The DOUT- and DOUT+ pins are used 

to send the LVDS serial data to a back-end board.  The serial data stream and clock from 

a back-end board come through the PROG DATA and PROG CLK pins respectively.  

The inverting opto-isolators are used to transmit the digital signals coming into the front-

end board in order to prevent noise pickup from the ground of the host computer.  The F0 

and F1 pins control the operation mode of the front-end electronics.  Table A-1 lists the 

commands corresponding to different (F0, F1) pairs at the output of the opto-isolators.  

The front-end board undergoes a clock reset and outputs one event whenever the FUNC 

SEL pin is low or an external clock-reset signal is received from J3. 

 

Table A-1. List of commands according to the (F0, F1) values. 

F0 F1 command 

1 1 Put the front-end board in the acquire mode. 

0 0 Reprogram the front-end board. 

1 0 Program the event header and event threshold. 

0 1 Program the PMT gains (the ADC reference voltages). 
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Figure A-2. Schematic of the power supply, the Ethernet connection for signal 
input/output, and the clock reset circuit of the front-end board. 
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 The on-board clock circuitry is shown in Fig. A-3.  An internal oscillator is utilized 

to generate a 66-MHz sinusoidal waveform.  A D-type flip-flop converts the 66-MHz 

sinusoidal clock into a 33-MHz square-wave clock with 50% duty cycle.  The clock 

signal is first distributed into four outputs.  CLK A is then connected to 3 of the 9 ADCs 

while each of CLK B ~ CLK D is connected to 2 ADCs.  The trace from each ADC to its 

clock distributor is kept at the same length to minimize clock skew. 

 
 

 

 

Figure A-3. Schematic of the on-board clock. 

 

 The schematic of the analog shaper amplifier is shown in Fig. A-4.  Figure A-5 

illustrates the output signal at the first three stages of the analog shaper amplifier.  The 

circuit first converts the PMT output current pulse to a voltage pulse via the trans-

impedance preamplifier.  The voltage pulse has 20 ns rise time (the RC time constant) 

and 230 ns decay time (NaI(Tl) decay time).  The integrator converts the voltage pulse 

into an inverted quasi-Gaussian-shaped pulse.  The passive differentiator generates the 

LRC power filter D-type flip-flop 
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first derivative of the quasi-Gaussian pulse and results in a bipolar pulse.  The use of the 

bipolar pulse minimizes the count-rate-dependent baseline drift of the output signal.  The 

bipolar pulse is further amplified by the inverting voltage amplifier.  The last stage of the 

circuit raises the bipolar pulse to a common-mode level of 2.5 volts and outputs two 

bipolar pulses, one being the inverted version of the other, as shown in Fig. A-6. 

 The bipolar pulses generated in the analog amplifier modules are sent to the ADCs 

on the front-end board.  Figure A-7 shows the connection configuration between one 

analog shaper amplifier and one ADC.  The ADC digitize the input bipolar pulses to 12-

bit words (1 sign bit and 11 data bits) with the 33-MHz clock in the following manner, 

 
( ) ( ) [ ] [ ]in in

out
ref

V V
V 0111,1111,1111 1000,0000,0000

V
+ − −⎡ ⎤⎣ ⎦= × + , (A-1) 

where inV +  and inV −  correspond to the positive and negative bipolar pulses respectively, 

and refV  is the reference voltage of the ADC.  The digitized PMT signal is asserted on 

D[0:11].  The OR pin indicates if the input signal is over range and the output value is 

locked at 4095.  The reference voltages of the 9 ADCs are programmed by a single 9 × 

16-bit shift register sent from the host computer whenever the (F0, F1) is (0,1) at the 

output of the opto-isolators.  Each ADC has its own serial 12-bit DAC to provide its 

reference voltage.  The DAC reads the 12 least-significant bits of the 16-bit gain word 

associates with the DAC and converts into the reference voltage in the range of 0 to 4095 

mV in 1 mV increments.  Hence the reference voltage of each ADC can be adjusted 

independently.  The overall gain of each PMT in one camera is controlled by the camera 

high-voltage setting in combination with the ADC reference voltage. 
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Figure A-5. Illustrative output signal at each stage of the analog shaper amplifier. 
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Figure A-6. Representative output bipolar pulses from the analog shaper amplifier. 
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7 The FPGA chip used on the front-end board is ORCA OR3T80-6 PS 240, and the 

EPROM (erasable programmable read-only memory) used is ATMEL AT29LV020-20JC.  

Figure A-8 shows the connection configuration between the FPGA and the EPROM.  

VDD’s are the positive power supply pins and VSS’s are the ground supply pins of the 

FPGA.  M[0:3] are the configuration pins that control the configuration mode and the 

data-transmission speed of the FPGA.  They are hard-wired to set the FPGA operating in 

the master parallel mode with a 1.25-MHz internal oscillator.  As a master, the FPGA 

sends the control signals out to load data in.  PRGM  is an active-low input that forces the 

restart of the FPGA configuration and loads the list-mode event processing program from 

the EPROM.  This pin gets low when the board is powered-up, the reset button S1 on the 

board is pressed, or a reset command, (0,0) for the (F0, F1) input, is sent from the host 

computer.  The FPGA outputs an 18-bit address on A[0:17] to the EPROM and reads an 

8-bit parallel word on D[0:7] from the EPROM at each clock cycle.  The starting memory 

address is 0 Hex, and the FPGA increments the address for each byte loaded.  The DONE 

pin goes true once the FPGA has finished loading the program from the EPROM. 

 The data in the EPROM basically contains three major pieces of information: the 

validity of the stored program, the length of the program, and the program itself.  The 

PROG SEL input of the EPROM permits configuration of FPGA with two different 

functions: normal peak detection and list-mode data engine in the low bank and peak-

diagnostic function for trouble shooting in the high bank.  Three active-low control pins, 

CE  (chip enable), OE  (output enable), and WE  (write enable), determine the device 

operation mode.  WE  is hard-wired to inhibit reprogramming.  When CE  and OE  are 
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low and WE  is high, the EPROM is in read mode, and the data stored at the memory 

location determined by the address pins A[0:17] is deposited on the outputs D[0:7].  The 

outputs are disabled whenever OE  is high. 

 Figure A-9 shows the circuitry for sending the digitized PMT signals to the FPGA.  

The event processor reads a continuous stream of nine 12-bit data words every 30 

nanoseconds, sums the eight most-significant bits of each of the nine 12-bit words, and 

scans for an event maximum by a combination of threshold trigger and first-derivative 

zero-crossing detection.  Each event is packed into a 20-byte (five 32-bit words) event 

packet as shown in Fig. A-10.  An 8-bit checksum is appended to each event packet as 

the 20th byte.  Figure A-11 shows how the checksum is calculated.  Data-transmission 

errors can be detected by comparing the checksum transmitted in the event packet with 

the checksum calculated in the host computer. 

 The list-mode event packets are stored in a ping-pong buffer in the FPGA before 

being transferred to the serializer.  The ping-pong buffer has two banks, each having 20-

byte capacity for one event.  Once an event is detected, it is stored in one bank of the 

buffer.  A subsequent event is stored in the other bank of the buffer.  A third event will be 

stored back in the first bank; a fourth event will be stored in the second bank, and so forth.  

The FPGA transfers each byte of the event packet from the buffer to the serializer at a 

16.5-MHz rate.  Hence it takes about 1.21 µs to transfer the whole event packet.  Since 

the pile-up rejector holds a detected event for 16 clock cycles so that no second trigger 

can occur within that duration, no data will be missed with this ping-pong buffer.  The 
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highest count rate that can be handled by the FPGA in experimental measurements is 

about 150,000 cps due to Poisson statistics. 

 
 

 

 
Figure A-8. Connection configuration between the FPGA and the EPROM. 
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Figure A-11. Illustration of checksum calculation. 

 

 Figure A-12 shows the connection configuration between the FPGA and the 

serializer.  The FPGA sends the event packet to the serializer one byte at a time.  The 

serialized data stream is transmitted on DOUT+ and DOUT- back to the host computer 

via the Ethernet connection.  Figure A-13 shows the data format of the 10-bit wide 

parallel data sent from the FPGA on PARDATA[0:9] to the serializer.  Each 10-bit 

parallel data contains 2 control bits indicating the nature of the 1-byte event data.  The 

serializer has to transmit data to the back-end board all the time to maintain clock 

synchronization with the deserializer.  When there is no real data to be sent, the FPGA 

generates the 1-byte event data with random numbers.  Figure A-14 shows the data 

format of the serial data stream sent from the serializer to the back-end board.  The 

serializer has an on-board phase-lock loop (PLL) to embed two clock bits in each serial 

data segment.  The start bit is always high and the stop bit is always low.  The serial data 
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stream is transmitted to the back-end board at 198 Megabits per second, which is 12 

times the data-transfer rate coming into the serializer.  The deserializer on the back-end 

board has its on-board PLL to extract the clock information and deserialize the data. 

 

 

Figure A-12. Connection configuration between the FPGA and the serializer. 
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Figure A-13. Data format of the 10-bit wide parallel data sent from the FPGA to the 
serializer. 
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Figure A-14. Data format of the serial data stream sent from the serializer to the back-

end board. 
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 There are eight status LEDs on one front-end board.  Figure A-15 shows the 

schematic of the status LEDs.  All eight LEDs will first turn red when the board is 

powered-up or reset.  LED0 (DONE) stays green once the FPGA has been configured 

and has completed loading the program from the EPROM.  LED1 (FUNCTION SELECT 

/ CLOCK RESET) indicates which bank of program in the EPROM is loaded during the 

initialization of the FPGA.  After the initialization, LED1 serves as an indicator for clock 

reset and normally remains red.  LED1 will undergo a fast red-green-red transition 

whenever there is a clock reset.  LED2 (EVENT) shows if there are events being detected 

by the list-mode event processor and LED3 (QUALIFIED) indicates if the detected 

events pass the pile-up rejection and are identified as qualified events.  LED2 and LED3 

usually have green and red alternating, and the rate of color change reflects the event 

count rate.  LED4 (FIFO WRITE) and LED5 (FIFO READ) are currently backup LEDs 

and generally stay green.  LED6 (CLOCK RESET) undergoes a state change whenever 

the clock is reset.  LED7 (PROGRAM) usually stays red and goes through a red-green-

red transition when the PMT gains (the ADC reference voltages) are reprogrammed. 
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Figure A-15. Schematic of the status LEDs on the front-end board. 
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APPENDIX B. 

DFT-BASED NON-ITERATIVE PHASE UNWRAPPING ALGORITHM 

 
 This appendix provides the mathematical development of the phase unwrapping 

algorithm used in the Fourier interpolation of the H matrix.  The goal of phase 

unwrapping is to reconstruct phase maps modulo 2π into continuous phase maps.  The 

simplest method of phase unwrapping is to integrate a phase difference along a path from 

a fixed point.  The most obvious defect is that noise will be propagated through the 

integration process.  Different integration paths will result in different unwrapped phase 

maps.  To prevent this noise propagation, a phase unwrapping algorithm that is path-

independent and least-square-error-based is introduced herein (Hunt, 1979; Takajo and 

Takahashi, 1988; Ghiglia and Romero, 1994; Malacara et al., 1998). 

 The geometric representation of a phase map ( , )x yφ  sampled on a discrete grid of 

points and the phase differences along the two dimensions is shown in Fig. B-1.  Assume 

the phase map modulo 2π is known from some measurement.  The wrapped phase map 

can be expressed as 

 { }( , ) ( , )s x y W x yφ φ= , (B-1) 

where the subscript s denotes 2π modulus, and W is a wrapping operator that takes the 

principal value of the input phase.  The value of ( , )s x yφ  is in the range of ( , ]π π− .  

Considering all adjacent points of ( , )x y , the following relationship holds, 
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Figure B-1. Geometric representation of phase and phase difference maps. 

 

 Equation (B-2) can be viewed as a discrete version of the Poisson equation, 

 
2 2

2 2( , ) ( , ) ( , )x y x y x y
x y
∂ ∂φ φ ρ
∂ ∂

+ = , (B-3) 

where 

 ( , ) ( 1, ) ( 1, ) ( , 1) ( , 1) 4 ( , )x y x y x y x y x y x yρ φ φ φ φ φ= + + − + + + − − . (B-4) 

In order to retrieve the continuous phase map ( , )x yφ  without any 2π ambiguity, the 

measurement of the wrapped phase ( , )s x yφ  has to satisfy the Nyquist sampling criterion.  

That is, there must be at least 2 pixels to cover a 2π change in ( , )x yφ .  In other words, 

the phase differences of ( , )x yφ  along the two dimensions must obey 

 
 ( , )

  for all ( , )
 ( , )

x

y

x y
x y

x y

φ π

φ π

⎧ ∆ <⎪
⎨

∆ <⎪⎩
. (B-5) 

Equation (B-5) implies that wrapping the phase differences makes no change at all, 
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Moreover, the wrapped phase differences can be calculated from the wrapped phase as 

 
 { ( 1, ) ( , )} { ( 1, ) ( , )}
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Therefore, Eqn. (B-4) can be calculated from ( , )s x yφ  as 

 
{ } { }
{ } { }
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 Equations (B-3) and (B-8) provides the relationship between the wrapped phase 

( , )s x yφ  and the unwrapped phase ( , )x yφ .  This connection transforms the phase-

unwrapping technique into a partial differential equation (PDE) solution.  Mathematical 

transforms useful for solving PDE are now applicable.  Considering a phase map of 

M N×  samples, Neumann boundary conditions ( ˆ 0n
n
φφ ∂

∇ ⋅ = =
∂

) as specified in Eqns. 

(B-9) and (B-10) can be adopted to finalize the analogy between phase unwrapping and 

PDE (Ghiglia and Romero, 1994).  That is, 

 
( 1, ) ( 1, ) 0,
1, 0,..., 1,

x s x sy M y
y N
φ φ∆ − = ∆ − =
= − −

 (B-9) 

and 

 
( , 1) ( , 1) 0,
1,0,..., 1.

y s y sx x N
x M
φ φ∆ − = ∆ − =

= − −
 (B-10) 

 Since the above discussion relates phase unwrapping to PDE, the discrete Fourier 

transform (DFT) can be adopted to solve for the phase map.  Considering the concept of 
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periodic normal equations and the self-repeating behavior of DFT (Figure B-2), 

stretching out the measured phase by mirror reflection in two dimensions can minimize 

the influence of the jump on the boundaries (Figure B-3) (Takajo and Takahashi, 1988). 

 

DFT implyDFT imply

 

Figure B-2. Geometric representation of the self-repeating behavior of DFT. 

 

DFT implyDFT imply

 

Figure B-3. 1D representation of the mirror reflection of the phase map before applying 
DFT algorithm. 

 

 Once the mirror reflection is performed in both x and y directions, a new domain 

with 2 2M N×  sample points is obtained.  The periodic phase map is then denoted as 

( , )p s x yφ  and can be easily assigned from ( , )s x yφ .  The phase difference on the 

boundary can be specified accordingly for this 2 2M N×  domain.  After mirror 

reflections, a DFT algorithm can be applied to solve the Poisson equation, which is 

equivalent to performing phase unwrapping, within this newly created domain. 
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 The forward DFT of a function ( , )f x y  can be defined as 
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Using DFT to transform both sides of Eqn. (B-3) yields 
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Set ˆ(0,0) 0pφ = .  The inverse DFT is defined as 
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 The phase unwrapping procedure can be summarized as follows, 

1. Mirror reflect the wrapped phase ( , )s x yφ  into ( , )p s x yφ . 

2. Calculate ( , )x yρ  from the wrapped phase ( , )p s x yφ  by Eqn. (B-8). 

3. Fourier transform ( , )x yρ  by Eqn. (B-11) to obtain ˆ ( , )u vρ . 

4. Compute ˆ( , )p u vφ  from ˆ ( , )u vρ  according to Eqn. (B-12).  Set ˆ(0,0) 0pφ = . 

5. Inverse Fourier transform ˆ( , )p u vφ  by Eqn. (B-13) to rebuild the phase ( , )p x yφ , 

which is the mirror-reflected version of ( , )x yφ . 
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APPENDIX C.  

SPATIAL RESOLUTION BY VARIOUS APPROACHES 

 
 This appendix compares the spatial resolution of FastSPECT II calculated by the 

Fourier crosstalk approach and two conventional methods.  The spatial resolution of 

FastSPECT II in two different configurations computed from the Fourier crosstalk matrix 

is listed in table C-1.  These resolution numbers represent the average resolution over the 

FOV of the imaging system.   

 The spatial resolution can also be estimated using the geometric backprojection of 

the point response function (PRF).  Considering the pinhole penetration, the effective 

pinhole diameter ed  can be formulated as (Paix, 1967; Accorsi and Metzler, 2004) 

 2 2
2

2 2tan tan  
2 2e

dd d α α
µ µ

= + + , (C-1) 

where d is the physical pinhole diameter of a knife-edge pinhole, α  is the full acceptance 

angle, and µ  is the linear attenuation coefficient of the pinhole material.  The geometric 

resolution in the object space (in terms of the full width at half maximum, oFWHM ) can 

be calculated as (Accorsi and Metzler, 2004) 

 
2 21 i

o e
FWHMMFWHM d

M M
⎡ + ⎤ ⎛ ⎞⎛ ⎞= +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

, (C-2) 

where M is the magnification and iFWHM  is the detector intrinsic resolution in the 

projection space.  Table C-2 shows the spatial resolution of FastSPECT II calculated 

using the geometric backprojection approach.  Comparing table C-2 to table C-1, the 
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spatial resolution estimated by the geometric backprojection agrees with that computed 

from the Fourier crosstalk matrix for the 2.4X configuration.  However, the spatial 

resolution for the 18X configuration computed from the geometric backprojection is 

significantly smaller than that computed from the Fourier crosstalk matrix.  Nevertheless, 

both methods provide resolution measures that can be used to compare different imaging 

systems without considering any reconstruction algorithms.   

 

Table C-1. Spatial resolution computed using the Fourier crosstalk approach. 

FastSPECT II Spatial Resolution (mm) 

 2.4X 18X 

X axis (imager axis) 2.52 0.60 

Y axis (left/right) 2.25 0.50 

Z axis (ventral/dorsal) 2.36 0.51 

 

Table C-2. Spatial resolution computed using the geometric backprojection approach. 

FastSPECT II Spatial Resolution (mm) 

 2.4X 18X 

Pinhole diameter d 1.0 mm 0.1 mm 

Acceptance angle α  90° 50° 

Linear attenuation coefficient µ  4.265 mm-1 (gold) 4.265 mm-1 

Effective pinhole diameter ed  1.257 mm 0.236 mm 

Detector intrinsic resolution iFWHM  3.94 mm 3.94 mm 

System spatial resolution oFWHM  2.41 mm 0.33 mm 
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 Another conventional way to estimate the spatial resolution of a SPECT system is to 

image a line source, find the FWHM of the reconstructed line source and subtract the 

effect of the width of the line source.  This is in essence a deconvolution assuming the 

cross section of the reconstructed line source is a circ function convolving a 2D Gaussian.  

Table C-3 shows the estimated spatial resolution of FastSPECT II using the 

deconvolution approach.  The line sources were reconstructed using 25 iterations of OS-

EM with 4 subsets.  The resulting resolution for the 2.4X configuration is significant 

smaller than that obtained from the Fourier crosstalk or geometric backprojection.  This 

would be great if this resolution number was true, since we always like to have an 

imaging system with excellent resolution.  However, computing the spatial resolution 

using the deconvolution approach is problematic since the FWHM of the reconstructed 

line source depends on the choice of the reconstruction algorithm, the iteration number 

and other parameters associated with the algorithm.  Table C-4 shows the reconstructed 

line widths imaged with the 2.4X configuration when the original line widths are 1.5 and 

2.0 mm.  It turns out that the reconstructed line widths are too small to have a solution for 

the spatial resolution using the preset convolution model.   

 

Table C-3. Spatial resolution computed using the deconvolution approach. 

FastSPECT II Spatial Resolution (mm) 

 2.4X 18X 

Line source width 1.0 mm 0.2 mm 

Reconstructed line source width (FWHM) 1.23 mm 0.36 mm 

Estimated spatial resolution (FWHM) 1.04 mm 0.34 mm 
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Table C-4. Spatial resolution computed using the deconvolution approach when there is 
no solution. 

FastSPECT II Spatial Resolution (mm) 

 2.4X 2.4X 

Line source width 1.5 mm 2.0 mm 

Reconstructed line source width (FWHM) 1.17 mm 1.65 mm 

Minimum achievable FWHM of the 
reconstructed line source with the preset 

model (a circ convolving a Gaussian) 

~ 1.41 mm 
(with FWHM  

~ 1.0 mm of the 
Gaussian func.) 

~ 1.87 mm 
(with FWHM  

~ 0.8 mm of the 
Gaussian func.) 

Estimated spatial resolution (FWHM) No solution No solution 

 

 Comparisons between the spatial resolutions calculated from the Fourier crosstalk 

approach and two conventional methods show that both the Fourier crosstalk and 

geometric backprojection approaches can provide resolution measures for comparing 

different imaging systems.  The deconvolution approach is algorithm-dependent and 

provides misleading resolution numbers.  Furthermore, the Fourier crosstalk approach 

provides a summary measure of the spatial resolution averaged over the FOV of the 

imaging system.   
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