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ABSTRACT 

 

 Grain shape is a key factor affecting the mechanical properties of granular materials.  

However, grain shape quantification techniques to distinguish one granular material from 

another have not reached a stage of development for inclusion in modeling the behavior of 

granular materials.  Part of the problem is the equipment of choice for grain shape 

measurement is the scanning electron microscope.  This is a relatively expensive and 

complex device.  In this research, a practical approach using light microscopy to quantify 

grain shape and to identify the key shape parameters that can distinguish grains was 

investigated.  A light microscope was found to produce grain images with sufficient quality 

for the purpose of observing the grain shape profile.  Several grain shape parameters were 

determined for eight different sands – four sands chosen for this study and four sands from 

an outside source.  Six of these - Circularity, Roundness, Sphericity, Aspect Ratio, 

Compactness and ModRatio – are shown to be the key shape parameters that differentiate 

these sand grains.   

Relationships between the six key grain shape parameters and dilatancy were 

developed to enable a better understanding of the mechanics of granular materials and for 

potential use in practice.  Data to build the relationships were obtained using a light 

microscope, digital image processing software (ImageJ), and direct shear tests on four 

uniform sands composed of grains with varying, somewhat-homogeneous, shape profiles – 

ranging from very rounded grains in one granular conglomerate to very angular shaped 

grains in another. 
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A Weighted Single Sand Shape Factor (WSSSF) was derived from all of the six key 

shape parameters was developed using Weighted Factor Analysis.  A good correlation was 

found to exist between dilatancy and WSSSF.  The correlation also incorporates normal 

effective stress, relative density and the critical state friction angle.  Verification was 

conducted through the introduction of a subangular to subrounded sand that was not used in 

building the correlation.  The correlation proved to provide a good estimate of the dilatancy 

of sands based on the physical properties of grains and the applied loading. 
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CHAPTER 1 

INTRODUCTION 

 

1.1 Introduction 

The term ‘dilatancy’ has been around for more than a century and is used to 

describe the tendency of granular materials to expand during shear.  Osborne Reynolds 

first named this property of soils back in 1885 when he explained the phenomenon of 

color change when walking on seashore sand.  He noticed that the sand appears to whiten 

or momentarily dry around his foot as he walked over it near shore break.  As his foot 

falls on the sand and imposes a normal force, the particles distort by riding up over each 

other.  This causes expansion of the granular mass, sucking water to fill the extra void 

space.  As his foot is removed, the distorting forces are eliminated.  The sand contracts 

and water again rises to the surface (Reynolds, 1885).  Basically, it’s not a color change 

in the sand at all, but an illusion caused by the water being sucked into the void spaces.       

The acknowledgement of volume change in granular materials dates back much 

further than that which was demonstrated by Reynolds.  It dates back to ancient vendors 

of corn.  Just as dense granular materials increase in volume when sheared, loose granular 

materials decrease in volume when sheared.  Corn was sold by the volume, and these 

vendors understood that by pressing the sides of the corn basket together, the corn would 

be at its loosest state and appear more plentiful.  If the baskets were shaken, the volume 

would decrease by about 10% (Reynolds, 1886).  This phenomenon was also recognized 

by Darwin when he examined a container of initially loose sand that suddenly densifies 



17 

when he stirred the sand with a stick (Darwin, 1883).  He thought this behavior to be odd 

as he studied the “large variations in specific gravity” before and after the sand was 

stirred.  Specific gravity is a fundamental property of soil; consequently, it is unclear as 

to why Darwin measured an increasing specific gravity with increasing densification.  He 

did, however, observe volume change due to vibration. 

 

1.2 Statement of the Problem 

The shear strength of granular materials (e.g. masses of sand, sugar, powders, 

fertilizer, seeds and pharmaceuticals) depends on the normal effective stress, intergranular 

friction and dilatancy.  The dilatancy parameter describes the ability of soils to change in 

volume under shearing stresses.  For simplicity, this can be interpreted as the ability of 

grains to slide upward (positive) or downward (negative) over each other during shear.  

During this shear response, the total volume of a conglomerate of granular materials may 

increase, decrease or remain constant.  When the volume increases during shear, the 

material is said to ‘dilate’.  It has been well-established that increases in the normal effective 

stress result in a decreasing expansion potential or value of dilation for the soil.  Large 

normal effective stresses suppress the riding up tendencies of the grains, thus restraining 

dilation. 

Dilation plays a key role in every soil-structure response under any loading 

conditions especially in soils denser than critical state. Existing stress-dilatancy theories 

(Taylor, 1948; Rowe, 1962; Bolton, 1986) include dilatancy as a gross parameter without 

the explicit consideration of the grain geometry.  Grain shape significantly influences the 
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structural (geometric) arrangement of a granular mass.  As a result, both the intergranular 

friction and dilatancy are likely to be affected by grain shape.  The grain shape factor can 

also influence permeability, void ratio, compaction, and crushability of the soil mass.   

There are two key problems with including grain shape quantities in the existing 

models of the mechanics of granular materials.  One is the lack of a standardized and cost 

effective technique to quantify shape.  The other is the difficulty of finding a particular 

shape variable that can identify key characteristics and distinguish one type of grain and/or 

grain conglomerate from another.  If grain shape can be quantified effectively and easily, 

then it is possible to include grain shape characteristics for the purpose of better 

understanding the behavior of granular materials and consequently reducing the existing 

uncertainties in geotechnical engineering design. 

  Investigation of grain shape quantification has a long history (Krumbein and 

Pettijohn, 1938; Pettijohn, 1957; Wadell, 1932; Lees, 1964).  Researchers generally use 

scanning electron microscopy (SEM) to capture digital images of grains.  The use of a 

scanning electron microscope  is an expensive technique that may not be suitable for routine 

measurements.  The investigation of countless grains for a representative sample, and the 

utilization of image processing packages can also add to the complexity in including grain 

shape explicitly in models for the behavior of granular materials.   
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1.3 Objectives and Scope of Research 

The following section discusses the underlying purpose of this study and the 

methodology used to investigate the hypothesis presented.  The effects of grain shape 

properties on dilatancy will be determined and correlated at the conclusion of this research. 

 

1.3.1 Main Goal 

The goal of this research is to use a light microscope as a potential routine tool in 

determining grain shape characteristics and to develop a correlation between some 

distinguishing grain shape parameters with dilatancy.   

 

1.3.2 Hypothesis 

The hypothesis examined in this dissertation is “grain shape is a key parameter in 

the shearing behavior of granular soils masses”.   

 

1.3.3 Objectives and Tasks 

To meet the goal of this research, the following objectives were established: 

 

Objective 1:  Evaluate existing dilatancy theories to understand the contribution of grain 

properties, particularly shape, on the shear response of granular soil masses.  The tasks 

related to this objective are: 

Task 1: Investigate the concept of shear strength and dilatancy for the purpose of 

selecting or reducing the parameters affecting soil strength. 
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Task 2: Examine the similarities and differences in defining dilatancy within the 

existing stress-dilatancy relationships. 

Task 3: Use experimental data to show variations in the dilatancy predictions from 

different theories with varying parameters such as stress path, type of 

sand, particle shape and size, effective stress, and so forth. 

 

Objective 2:  Investigate various shape quantification methods that have the potential to 

describe and distinguish grain properties influencing the mechanical properties of 

granular soil masses.  The tasks related to this objective are: 

Task 1: Utilize light microscopy (LM) and scanning electron microscopy (SEM) 

imaging techniques to capture the shape profile of grains taken from 

different granular soil masses. 

Task 2: Identify the number of grains required to accurately represent the entire 

soil mass. 

Task 3: Study shape quantification methods applied through computer programs to 

determine which shape parameter or parameters best differentiate granular 

soil masses. 

Task 4: Examine the differences in the shape parameter values calculated from 

LM and SEM digital images and decide whether or not a LM can be used 

on a routine basis to capture high quality grain images for grain shape 

quantification. 
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Objective 3:  Develop a relationship between dilatancy and grain shape for both 

academic application as well as practical purposes.  The tasks related to this objective 

are: 

Task 1: Conduct direct shear tests on the sands used in this study and observe the 

differences in dilatancy quantities amongst grain shape variations. 

Task 2: Formulate a correlation between grain shape parameter and/or parameters 

with dilatancy. 

Task 3: Observe the deviation in dilatancy predictions made with existing 

relationships that lack a grain shape parameter as compared to the 

proposed correlation in this research that does. 

 

1.4 Expected Novel Contributions 

It is established in soil mechanics that the shear strength response of a granular 

soil mass is significantly influenced by dilatancy.  Dilatancy - ability of a soil to change 

in volume – must be influenced by the properties of the grains.  If dilatancy models 

include quantifiable grain shape characteristics, then our understanding of the behavior of 

granular soil masses will be improved.  Grain shape characteristics affecting dilatancy is 

surmised to be the most considerable influence aside from external loading and relative 

density of the sample.  Establishing a correlation between dilatancy and grain shape could 

contribute to advancements in numerous fields such as powder technology, grain 

transport, chemical engineering, and the physics and dynamics of granular materials.  
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Practical areas where the inclusion of a grain shape parameter may impact positively 

include:   

 Mixing and sorting of pharmaceuticals in industrial processes 

 Plastic-flow behavior of glassy lubricants 

 Landslides, avalanches and erosion not only on earth, but also on other planets 

 Design of foundations 

 Fundamental understanding of soil responses to loading 

For geotechnical applications, improving the accuracy of dilatancy predictions 

would be significant especially in bearing capacity analysis, which is derived based on 

the existence of slip planes and is valid only at peak strength (Budhu, 2000).  Slip planes 

are formed at the peak shear strength, and are characteristics of dense sands.  The peak 

friction angle is not a fundamental soil parameter.  It depends on the soil’s ability to 

dilate.  The accuracy of the peak friction angle used in bearing capacity analyses depends 

on the accuracy of dilatancy as they are directly related.  The ability to better predict 

dilatancy can lead to a more accurate estimate of the peak friction angle and consequently 

improve the design of foundations.   

 

1.5 Organization of Dissertation 

The methodology used to investigate soil dilatancy is described in the various 

chapters that framework this dissertation.  A brief summary of each chapter is given here so 

that the structure of the research can easily be understood and followed. 
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Chapter 1: Introduction – includes problem statement, hypothesis, objectives and scope 

of research  

Chapter 2: Literature Review – includes definition of shear strength parameters, and 

discussions of existing stress-dilatancy relationships, grain shape 

quantification techniques, and digital image capturing and processing  

Chapter 3: Dilatancy Evaluation using Existing Data – includes analyses and discussion 

of existing stress-dilatancy relationships, and investigation of the influence 

of grain properties on dilatancy  

Chapter 4: Grain Shape Analysis – includes techniques used to capture digital images of 

sand grains, digital image processing, the procedure to convert grain shape 

profiles into quantifiable parameters, and selection of the most influential 

grain shape parameters in distinguishing granular masses 

Chapter 5: Experimental Investigation of Shear Strength Properties – includes the 

procedure and results of direct shear tests on four sands of varying shape 

profiles, and the examination and discussion of the effects of grain shape 

characteristics on dilatancy 

Chapter 6: Correlation between Grain Shape Properties and Dilatancy – includes a 

summary of all grain shape and dilatancy data for the four sands chosen in 

study, development of a model to predict dilatancy based on grain shape, 

normal stress, critical state friction angle and relative density, calculation of a 

weighted single sand shape factor that incorporates the significant grain 
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shape parameters, and model verification through the introduction of a fifth 

natural sand 

Chapter 7:  Conclusions and Recommendations – includes the key results and findings, 

potential contributions and applications of the research, and 

recommendations for future research stemming from this dissertation 

 

1.6 Conventions and Units 

 Unless otherwise stated, the following conventions apply:   

Stresses:  Since all experimental data is derived from tests with drained conditions, all 

stresses are effective.  The prime ( ' ) notation will be specified for all stress symbols. 

Failure:  Failure conditions will be synonymous with critical state and not peak behavior.  

Sign Convention:  The compressive stresses and strains are taken as positive as well as 

shear inducing clockwise moments.   

Units:  The units of measurement used in this dissertation follow the SI system. 

 

1.7 Notations and Symbols 

a  Constant value based on test type in friction/dilatancy relationship 
ao  Roughness parameter in the fractal divider method = log C 
A  Cross-sectional area 
B  Width of footing 
Beffective Parameter that normalizes horizontal displacement with specimen length 

(or width or diameter) dimension 
C  Constant in the fractal divider methodology 
CC  Coefficient of curvature 
CU  Coefficient of uniformity 
dγ, dq  Depth factors for the foundation in bearing capacity analysis 
D  Diameter 
Df  Embedment depth of shallow footing  
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DF  Fractal dimension  
DR  Relative density 
D10, 30, 50, 60  Grain size diameter for which 10, 30, 50, 60 percent of the sample is finer 
e  Void ratio = volume of voids / volume of solids 
ecs  Critical state void ratio 
emax  Maximum void ratio 
emin  Minimum void ratio 
eo  Initial void ratio 
Gs   Specific gravity 
IR   Relative dilatancy index 
k  Hydraulic conductivity 
L  Length of the profile = N x r [Fractal divider method] 
L  Length of footing 
LMajor  Length of the major axis measured for a grain 
n  Porosity 
N  Number of segments [Fractal divider method] 
Nγ, Nq  Bearing capacity factors 
p′   Mean effective stress = (σ'1+σ'2+σ'3)/3 
P  Loading (vertical or horizontal) in the direct shear test 
q   Deviatoric stress = (σ'1-σ'3) 
qu   Ultimate bearing capacity 
Q  Constant used in Bolton’s relative dilatancy index 
r  Segment length  [Fractal divider method] 
R  Constant used in Bolton’s relative dilatancy index 
R  Radii of profile for (R,θ) Method [Fourier analysis] 
RC  Radius of the circumscribed circle in calculating Sphericity 
R1  Radius of the inscribed circle in calculating Sphericity 
sγ, sq  Shape factors for the foundation in bearing capacity analysis 
V  Volume 
w  Water content = mass of water / mass of solids 
W  Weight 
WSSSF  Weighted Single Sand Shape Factor 
x, y  Movement along and perpendicular to failure plane 
 
 
α   Dilation angle 
β  Wood’s dilation angle (1990) 
χ   Dilation slope 
δ   Small increment 
ε   Normal strain 
εp   Volumetric strain 
εq   Deviatoric strain 
ε1, ε2, ε3 Principal strains 



26 

φ'  Effective friction angle 
φ'μ  Internal friction angle = tan-1 μ 
φ'cs   Critical state friction angle 
φ'f   Internal friction angle in Rowe’s stress-dilatancy relationship 
φ'p   Peak friction angle 
φ'r   Residual friction angle 
γ   Shear strain 
γ   Bulk unit weight 
γd   Dry unit weight 
γd(max)  Maximum dry unit weight 
γd(min)   Minimum dry unit weight 
γw   Unit weight of water 
μ   Frictional sliding constant 
θ  Angle used to measure radii of profile for (R,θ) Method [Fourier analysis] 
ρ  Density 
σ'  Normal effective stress 
σ'1, σ'2, σ'3 Principal effective stresses 
σ'3c  Triaxial confining pressure 
(σ'n)crit  Critical confining pressure 
σ'n  Normal effective stress 
τ  Shear stress 
 
 
Superscripts: 
'  Effective stress quantity 
e  Elastic component 
p  Plastic component 
 
 
Subscripts: 
cs  Critical state condition 
DS  Direct shear condition 
f  Failure condition 
o  Initial condition 
p  Peak condition 
PS  Plane strain condition 
PSC  Plane strain compression condition 
SS  Simple shear condition 
TX  Triaxial compression condition 
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CHAPTER 2 

LITERATURE REVIEW 

 

2.1 Introduction 

The focus of this study is on the engineering behavior of granular materials during 

shear and the influence of grain shape on dilatancy.  A literature review of the existing 

dilatancy relationships is presented in this chapter to show similarities and/or disparities 

in existing shear strength theories.  Grain shape quantification techniques are described as 

well as methods to digitally capture and process the grain profiles.  A short summary of 

several, related research works is presented and discussed to illustrate the uniqueness of 

this dissertation.     

 

2.2 Shear Strength 

The shear strength of a soil under drained conditions based on Coulomb’s friction 

law is: 

'                              [2.1] tan)'( fnf φστ =

where τf is the shear stress when slip is initiated, (σ'n)f is the normal effective stress 

applied on the slip plane, and φ' is the effective friction angle.  The subscript, f, denotes 

failure.  The term (tan φ') is the coefficient of friction, μ.  It is not stipulated whether φ' 

refers to the critical state friction angle, φ'cs or the peak friction angle, φ'p.  Coulomb’s 

equation is based on sliding friction.  According to Coulomb’s law, failure does not 

necessarily mean collapse, but the initiation of movement when one rigid body moves 
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relative to another rigid body on a slip plane.  In practice, only dense soils have been 

observed to fail on slip planes (Oda and Kazama, 1998).   

Volumetric changes may occur in a conglomerate of granular particles when 

sheared.  Figure 2.1 illustrates the typical shear strength behavior of dense and loose 

soils.  When no further volume change occurs with continued shearing at a constant shear 

stress to normal effective stress ratio, the soil is said to be at critical state.  According to 

Schofield and Wroth (1968), at critical state, ‘the material behaves as a frictional fluid 

rather than yielding as a solid it is, as though the material had melted under stress.’  

Loose soils strain harden to critical state and do not exhibit slip planes.  On the other 

hand, dense soils strain harden to the peak shear stress and then strain soften to critical 

state.  During the process of strain hardening, the grains set up a columnar structure 

parallel to the major principal stress direction.  As in the case of dense soils, these 

columns buckle at the peak shear stress and the grains begin to form shear bands during 

strain softening (Oda and Kazama, 1998).  Dense soils exhibit shear bands, which causes 

the growth of well-defined failure planes accompanied by particle rotation and significant 

changes in particle orientation.  Oda and Kazama (1998) also determined that the local 

void ratio in the shear zone could sometimes be larger than the generally accepted 

maximum void ratio.   
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Figure 2.1 Typical Shearing Responses of Granular Soils 
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 Coulomb’s frictional law has been modified over the years to better interpret the 

shearing behavior of soils as:  

)'tan()'( pcsfnf αφστ ±=                    [2.2] 

where αp is the peak dilation angle and a positive sign refers to soils in which the net 

movement of particles causes expansion and a negative sign for net movement that 

causes compression (Budhu, 2000).  Generally speaking, soils with a positive dilation 

angle expand during shear and soils with a negative dilation angle compress during shear.  

The effects of dilation on Coulomb’s failure envelope are shown in Figure 2.2. 

 

 

Figure 2.2 Dilatancy Effects on Coulomb’s Failure Envelope (Budhu, 2000) 

 

The curved failure envelope (OBCA) models the behavior of dilatant soils due to 

changes in the normal effective stress.  The linear failure envelope (OA) represents the 

soil at critical state conditions (zero volume change).  The intersection of the curved 
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envelope and the linear envelope (point C) is where dilatancy is suppressed and this 

occurs at the critical normal effective stress, (σ'n)crit. 

 

2.2.1 Peak Friction Angles 

It is of particular importance to examine the methods by which the peak friction 

angle, φ'p, is derived, as its value is influenced by the dilation angle, αp.  The critical state 

friction angle, φ'cs, is a fundamental parameter of soil and does not change for a specified 

soil irrespective of the initial density and/or type of loading.  Figure 2.3 demonstrates 

how these shear strength parameters are derived a direct shear test on dense sand.  The 

waviness seen in the data is due to external disturbances such as interferences with the 

load cell frequency. 
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Figure 2.3 Extraction of Shear Strength Parameters from Direct Shear Data 

 

 From the graph, the peak horizontal load, (Px)p, and the horizontal load occurring 

when there is continued shearing with no volume change (critical state), (Px)cs, are 

extracted.  The vertical load, Py, applied to the top face of sample provides a constant 
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normal stress for each test run.  The shear strength parameters can be calculated from the 

following definitions:     

Peak Friction Angle:  
y

px1
p P

)P(
tan' −=φ      

Critical State Friction Angle: 
y

csx1
cs P

)P(tan' −=φ       

Peak Dilation Angle:  
x
ytan 1

p δ
δ

=α −    

The direct shear apparatus is similar to the simple shear and plane strain 

compression apparatuses in that the sample is tested under plane strain conditions.  The 

strains cannot be quantified from the direct shear test, whereas strains are directly 

measured in the simple shear and plane strain compression tests.  Also, the stress path can 

only be approximated for the direct shear tests, whereas the stress paths are known 

throughout the tests for the other two plane strain tests.  The failure plane is 

predetermined in the direct shear test, thus only the average shear and normal stresses 

along the horizontal plane can be found.  The plane strain compression and simple shear 

devices do not impose this restriction for the location of the failure plane region.  The 

simple shear apparatus allows for the rotation of the principal axes unlike plane strain 

compression or direct shear.        

The peak friction angle is known to be dependent on soil density and stress path 

(Bolton, 1986; Schanz and Vermeer, 1996).  Thus, φ'p values for triaxial are often 

different from plane strain loading conditions.  Cornforth (1964) determined that φ'p is 

always higher for the plane strain case as opposed to the triaxial case on specimens 
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prepared at the same density.  He found that the difference between these values can vary 

from ½o for loose sand to more than 4o for dense sands.   

The Mohr-Coulomb criterion is the most widely used method for deriving friction 

angles.  For triaxial (axisymmetric) and plane strain conditions, φ'p is: 

p31

311
PS/TXp ''

''
sin)'( ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
−

= −

σσ
σσ

φ                         [2.3] 

where the subscripts TX / PS refer to triaxial and plane strain conditions, subscript p 

refers to peak conditions, σ'1 is the major principal effective stress and σ'3 is the minor 

principal effective stress.  For the plane strain compression condition, φ'p is given by 

Bishop (1972) as: 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

= −

2/1

p31

21
PSCp ''

'2
cos)'(

σσ
σ

φ                   [2.4] 

where the subscript PSC refers to plane strain compression.  The Mohr-Coulomb failure 

criterion is independent of the intermediate principal effective stress, σ'2.  In the triaxial 

test, the minor principal effective stress is equal to the intermediate principal effective 

stress, σ'3 = σ'2.  Bishop’s equation produces results almost identical to the Mohr-

Coulomb criterion.    

Several empirical equations have been developed to convert φ'p from the triaxial 

condition to the plane strain condition, or visa versa.  The correlations between (φ'p)TX 

and (φ'p)PS are summarized below. 

Schanz and Vermeer (1996) ]'2)'(5[
3
1)'( csTXpPSp φφφ −=         [2.5] 
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Wroth (1984)   TXpPSp )'(
8
9)'( φφ =              [2.6] 

Lade and Duncan (1976)        [2.7] o17)'(5.1)'( TXpPSp −= φφ o34)'( TXp >φ

TXpPSp )'()'( φφ =    o34)'( TXp ≤φ

The accuracy of the empirical conversion equations using triaxial compression 

and plane strain compression laboratory tests on silica sand (Hanna and Youssef, 1987) is 

shown in Figure 2.4.  The peak friction angles, (φ'p)PS, were first calculated by applying 

the Mohr-Coulomb criterion to the plane strain compression data using Eqn. [2.3].  

Triaxial compression data was also available on the same silica sand with nearly identical 

confining pressures and relative densities of the samples.  The ‘triaxial’ peak friction 

angles, (φ'p)TX, were calculated from applying the Mohr-Coulomb criterion to the triaxial 

compression data.  These ‘triaxial’ φ'p predictions were then converted to ‘plane strain’ 

φ'p by means of Eqn. [2.5]-[2.7].  The figure shows the discrepancy among methods 

converting between the differing stress and strain conditions of axisymmetric and plane 

strain.      

The φ'p estimates from Eqn. [2.6] (Wroth, 1984) yield the largest deviation from 

the ‘true’ φ'p calculated from the plane strain compression test data.  The φ'p predictions 

from Eqn. [2.5] (Schanz and Vermeer, 1996) follow the general trend of the ‘true’ φ'p 

with estimates typically about 1o smaller.  The φ'p calculations from the Eqn. [2.7] 

method (Lade and Duncan, 1976) are generally 2o lower than the ‘true’ φ'p.  Data sets 

(Hanna and Youssef, 1987) for additional confining pressures and for two other silica 

sands were also examined and similar conclusions were drawn.     
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Figure 2.4 Evaluation of φ'p Conversions from Axisymmetric to Plane Strain 

 

 Utilizing the appropriate conversion method between test types can ultimately 

minimize the influence of stress path on φ'p.  The next issue to address is the disparity in 

definitions relating φ'p to its corresponding αp.  Based on Coulomb’s theory of frictional 

sliding on an inclined plane, the ‘saw blades’ model was developed for application to soil 

particles in place of sliding blocks (Bolton, 1986).  The expression relating friction and 

dilatancy is given as: 

pcsp '' αφφ +=               [2.8] 

Using a better fit to experimental data, the above equation was modified to the following 

form: 
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pcsp a'' αφφ +=              [2.9] 

where ‘a’ is a constant value depending upon the type of test.  Bolton (1986) specified an 

‘a’ value 0.8 for plane strain compression, and Vaid and Sasitharan (1992) specified 0.33 

for triaxial compression and extension tests.  Eqn. [2.9] was reported to be valid 

irregardless of stress path, confining stress at failure, relative density, and mode of 

loading (compression or extension) (Vaid and Sasitharan, 1992). 

 The dilation angle or dilation rate was found to be similar for plane strain and 

triaxial compression (Schanz and Vermeer, 1996; Vermeer and de Borst, 1984; Bolton, 

1986; Vaid and Sasitharan, 1992).  According to Eqn. [2.8], φ'cs is constant for a 

particular sand and αp directly depends on φ'p.  Since φ'p is affected by loading conditions 

and φ'cs is not, stress path must have nearly the same effect on φ'p as it does with αp.  On 

the contrary, published literature states otherwise (Vaid and Sasitharan, 1992).  

Therefore, the dependency of dilatancy on stress path will be considered in this research.   

 

2.2.2 Stress - Dilatancy Relationships 

 Taylor (1948) used an energy approach to derive the following relationship 

between friction angle and dilatancy:   

pcsp tan'tan'tan αφφ +=            [2.10] 

He found that the shear strength of soils consisted of two components: frictional 

resistance between grains and interlocking.  The friction component is a combination of 

rolling and sliding friction, but only sliding friction is included in Taylor’s equation.  

According to Taylor (1948), the interlocking behavior is responsible for volume change 
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in soils.  The interlocking of grains and the initial compression of the conglomerate 

causes dilation in dense sands and compression in loose sands.  Taylor (1948) did not 

mention the term ‘dilatancy’.  It is assumed in practice that the interlocking component is 

similar to the definition of dilatancy, and can be transferable since both are volume 

change parameters.   

 Rowe (1962) developed a dilatancy expression based on the evaluation of energy 

loss during shear.  Irregular packings of particles and regular assemblies of spheres were 

investigated for a minimum energy ratio at failure.  De Josselin de Jong (1976) showed 

that Rowe’s (1962) dilatancy expression can be derived using only the laws of friction, 

without assuming energy principles.  The resulting stress-dilatancy expressions are:   

cN MN=                  [2.11] 

where    ⎟⎟
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in which pδε 1δε and  are the increments of volumetric and axial strain respectively, and 

the subscript p refers to peak and cs to critical state.  From Eqn. [2.11], the dilation angle 

is given as: 



 39

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−
δε
δε

+
δε
δε

=α
1

k

1
k

sin

3

1

3

1

                [2.12] 

where k = 1 for plane strain and k = 2 for triaxial loading conditions. 

Bolton (1986) conducted a detailed analysis of the strength and dilatancy of 17 

sands in axisymmetric and plane strain conditions at different densities for various 

confining pressures.  He developed the following empirical relationships for dilatancy:  

oPlane Strain Conditions p cs p R' ' 0.8 5Iφ − φ = α =

o

                  [2.13] 

Triaxial Conditions  p cs R' ' 3Iφ − φ =

R RI D (Q ln p ') R= − −

                  [2.14] 

where IR is the relative dilatancy index defined as: 

       

where DR is the relative density, p' is the mean effective stress [kPa] at peak, Q and R are 

constants with values of 10 and 1, respectively.  The values for Q and R were obtained 

for quartz and feldspar sands, both highly resistant to crushing.  Q decreases for soils of 

weaker grains, e.g. Q = 8 for limestone and Q = 5.5 for chalk.  Bolton (1986) also 

determined the following relationship applicable for both triaxial and plane strain loading 

conditions: 

pδε⎛ ⎞
R

1 max

0.3I− =⎜ ⎟δε⎝ ⎠
           [2.15] 

Based on the Critical State Models (CSM), Collins and Muhunthan (2003) defined the 

dilation angle as: 
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p1
p

q

tan−
⎛ ⎞δε

α = ⎜⎜ δε⎝ ⎠
⎟⎟            [2.16] 

where  is the increment of deviatoric strain. qδε

Vermeer and de Borst (1984) and Schanz and Vermeer (1996) found that the 

triaxial dilation rate ‘coincides’ with the plane strain dilation rate.  They stated that the 

peak friction angle is dependent on stress path, yet they found that the dilation angle does 

not.  Based on plasticity concepts, Vermeer and de Borst (1984) defined the dilation 

angle by: 

p1

1 p

sin
2

−
⎛ ⎞δε

α = ⎜⎜ − δε + δε⎝ ⎠
⎟⎟           [2.17] 

Vermeer and de Borst (1984) also determined that a dilation angle of 15o is typical of 

very dense sand.  Based on Rowe’s theory (1962) and Bolton’s theory (1986), Schanz 

and Vermeer (1996) developed the following empirical relationship to define the dilation 

angle: 

1 R

R

Isin
6.7 I

− ⎛ ⎞
α = ⎜ +⎝ ⎠

⎟            [2.18] 

where IR is the relative dilatancy index defined previously.  Eqn. [2.17] and Eqn. [2.18] 

are applicable to both plane strain and axisymmetric loading conditions.   

Wood (1990) related Taylor’s energy balance for direct shear to the Modified 

Cam-Clay model, and developed a correlation for simple shear conditions.  The dilation 

angle is given by: 



 41

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= −

δγ

δε
α p1

SSp sin            [2.19] 

where the subscript SS refers to simple shear loading conditions. 

Vaid and Sasitharan (1992) modified Equation [2.19] for application to triaxial 

compression conditions.  The resulting dilation angle is given by: 
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 The literature study in this research demonstrates the lack of a unique definition 

for dilatancy.  Also, the author shows that a grain shape parameter is not included in the 

models to predict shear strength.  It is hypothesized that grain shape will aide in reducing 

the disparities among dilatancy estimations.   

 

2.3 Grain Shape Quantification 

 Classical methods of grain shape characterization are primarily based on the 

geometric dimensions of a grain, including major axis, minor axis, perimeter, and 

smallest circumscribing circle.  Other grain shape characterization methods have recently 

emerged with advances in computer technology.  Some of the more popular methods of 

differentiating grains based on shape are summarized in Table 2.1. 
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Table 2.1 History of Grain Shape Characterization Methods 
 

SHAPE 
CHARACTERISTIC DEFINITION COMMENT 

Sphericity 
Krumbein (1941) 

Ratio of grain volume 
to that of smallest 
circumscribing sphere 

 2-D chart developed to facilitate  
application (Rittenhouse, 1943) 

 Measurement relates to form 
 Measurement in computer programs 

differ from the original definition 

Roundness 
Wadell (1932) 
 

Ratio of the curvature 
of grain edges/corners 
to overall grain 

 2-D chart developed to facilitate 
application (Krumbein, 1941) 

 Measurement relates to angularity and 
texture  

 Measurement in computer programs 
differ from the original definition 

Fourier series 
Ehrlich and 
Weinberg (1970) 

Shape (wave of profile) 
estimated by expansion 
of periphery radius as 
function of angle of 
grain’s center of 
gravity by Fourier 
series 

 Unable to correctly analyze highly 
irregular or re-entrant particles 

Fourier 
descriptors 
Beddow and 
Vetter (1977) 

Calculation of shape 
descriptors from the 
Fourier series 
coefficients 

 Problems with other Fourier series 
methods are overcome, i.e. re-entrant 
particles  

 Applies FFT algorithm and utilizes 
boundary information only 

Fractal 
dimension 
Kaye (1982) 

2-D value ranging from 
0-1; describes the 
ability of a rugged 
boundary to occupy 
void space 

 Highly dependent on segment lengths 
chosen to measure profile  

 Measurement relates more to 
roughness or texture of grain rather 
than form 

 
 

 Sphericity (shown in Table 2.1) as a measure relates to the gross shape of a grain 

and requires the measurement of the volume of the grain.  Roundness relates to the 

texture or angularity and requires the measurement of the curvature of edges or corners of 

a grain.  Wadell (1932) determined that these two shape characteristics are independent 

of each other and changes in the Sphericity parameter does not affect the Roundness 
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parameter or vice versa.  Sphericity is generally most sensitive to elongation, while 

Roundness is most sensitive to the sharp edges of a grain (Bowman et al., 2000).  Due to 

the difficultly in measuring volume or edge curvature, charts were developed for ease in 

application.  As the use of computer programs became more common in practice, the 

charts were replaced with mathematical definitions of Sphericity and Roundness given as 

C

I

R
R

Sphericity =                                         [2.21] 

and 

2
MajorL
A4Roundness

π
=                                             [2.22] 

where RI is the radius of the inscribed circle and RC is the radius of the circumscribed 

circle centered at the center of mass, A is the cross-sectional area, and LMajor is the length 

of the major axis.   

Morphology is a theory that emerged as an analytical method to describe the form 

and shape of fine particles (Luerkens, 1991).  According to Luerkens (1991), morphology 

is a ‘generalized method of representing and analyzing the structure of fine particles and 

their sets’.  Morphology includes the Fourier series representations as a first order 

approximation (Luerkens, 1991).  Fourier analysis of grain profiles correlates observed 

size and shape with mathematical relationships.  Fourier series can represent irregular 

boundaries of single grains.  The (R,θ) periodic function is most commonly used in 

representation by Fourier series and this technique is illustrated in Figure 2.5.  A profile 

is described by measuring the radii, R, at uniformly distributed values of θ (0o-360o), 

measuring the angle between radii measurements.  The grain profile is then ‘unrolled’ to 
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obtain a waveform.  The characterization of shape derived from measured parameters is 

represented by a Fourier series.  A disadvantage in utilizing the Fourier method is its 

inability to correctly analyze complex shapes (Vallejo, 1995).  Re-entrant grain edges 

(area of grain turns back on itself) are a major concern because this would result in 

several values of R for one given θ value.  Also, the classical (R,θ) method is unable to 

handle multiple values of R (Luerkens, 1991).  Therefore, Fourier analysis is best applied 

on well-rounded grain profiles or grains of small shape variations.  Modifications 

correcting re-entrant grains have been developed (Luerkens, 1991).  Yet, the more 

complex a shape becomes the more complex the equation describing the profile.   

 

 
 

Figure 2.5 (R,θ) Method Used in Fourier Analyses (Kaye, 1982) 
 

Fourier descriptors are used to desc be the boundary of a grain.  The primary 

advantage of this methodology in digital image processing is that shape description is 
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indepen

y relating natural forms to basic shapes, 

i.e. plan

the ability of a rugged 

bounda

divider method is to describe 

the pro

dent of the relative position and size of grain in the input image (Petkovic and 

Krapac, 2002).  Fourier transformation of a boundary function yields a set of complex 

numbers or Fourier descriptors.  The lower frequency descriptors relate to the general shape 

of the grain, whereas higher frequency descriptors represent textural qualities (Kunttu et al., 

2003).  For sand grains, Bowman et al. (2000) found that the first three Fourier descriptors 

are sufficient in capturing the grain’s shape profile. 

In the past, Euclidean geometry was used to evaluate the forms found in nature.  

This method simplified the complexities in nature b

ets are spheres, elm leaves are ellipses, etc.  Euclidean geometry was replaced with 

fractal geometry since all essence of shape was lost in assuming such a basic form.  

Mandelbrot developed the fractal dimension concept in 1977 for the purpose of describing a 

shape, a profile or a form in nature regardless of the complexity.     

The fractal dimension, DF, is a parameter that measures roughness and irregularity of 

a given profile.  Kaye (1982) defines the fractal dimension as 

ry to occupy its void space.  In two dimensional fractal analyses, DF ranges from 1.0 

to 2.0.  For a perfectly straight line, DF is equal to 1.0, whereas DF approaches 2.0 for a 

jagged line.  The value of DF gives the autocorrelation of the profile or the rate of change in 

length in response to a change in the scale of measurement.   

There are many methods to measure the fractal dimension; the divider method 

being the most common.  The general concept behind the 

file of a natural boundary with varying scales of resolution (Figure 2.6).  A pair of 

dividers set to a particular segment length, r, is walked along the profile.  The number of 
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segments, N, required to walk the length of the profile is counted; remainders are 

estimated.  This process is repeated with various segment lengths.  The length, L, of the 

profile is the number of segments, N, multiplied by the segment length, r.  The basic 

relationship of the divider method is as follows: 

)D1( FCrL −=             [2.23] 

where C is a constant.  The profile length versus the segment length is plotted on a log-

log graph.  T

constant, ao, is 

he linear relationship of L and r in log-log space is given by: 

log L = log C + (1-DF)log r          [2.24] 

The slope subtracted from 1.0 will yield the fractal dimension, DF.  The 

equal to log C or the intercept and this parameter captures the effect of scale on 

roughness.  
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Figure 2.6 Fractal Divider Method (Vallejo, 1995) 

 

In all fractal analysis methods, the fractal dimension is highly dependent upon the 

scale of measurement.  A large segment length will not capture the irregularities of the 

profile.  It seems logical to assume that smallest segment length would best describe the 
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roughness; this is not the case.  If the measurement scale is extremely small, it will 

basically trace the profile without bridging peaks and valleys (Kulatilake et al., 1998).  

Continuously decreasing the scale will result in a length approaching infinity.  Both 

segment length extremes will yield a slope of 0, thereby giving an incorrect fractal 

dimension of 1.0.  It is necessary to carefully choose segments lengths so that the 

roughness of the profile is correctly quantified.   

 Grain shape quantification techniques yield very different shape parameters.  The 

choice of one method over another is dependent on which shape factor can distinguish 

one type of grain and/or grain conglomerate from another.     

 

2.4 Digital Image Capturing Device 

 The device of choice for digital image capturing for grain shape investigation is 

the Scanning Electron Microscope, SEM, (e.g. Bowman et al., 2000; Whalley and 

Orford, 1982; Thomas et al., 1995).  Analysis using SEM images can provide many 

characteristics of the grains in a granular mass.  Grain shape can be observed as well as 

the surface of a particular grain due to the significant magnification abilities of SEM.  

Figure 2.7 shows the setup of an SEM device at the University of Arizona’s Department 

of Material Science.  The projection stage can be tilted at different angles to examine the 

grains from different perspectives, thus providing a partial 3-D interpretation in the 

digital images.  SEM can also perform an x-ray analysis and determine the elemental 

composition of the grain.  Cost is the biggest disadvantage associated with SEM imaging.  
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Also preparing the sample and operating the SEM to capture images are tedious and time 

consuming.   

 

 

 

Figure 2.7 Setup for Scanning Electron Microscope (University of Arizona) 

 

The light microscope, LM, has also been utilized in studies examining grain shape 

(Sukumaran and Ashmawy, 2001; Gori and Mari, 2001; Vallejo, 1995).  Figure 2.8 

shows the setup of an LM device at the University of Arizona’s Department of Material 

Science.  Sukumaran and Ashmawy (2001) analyzed grain shape with respect to 

reference shapes (i.e. circle, flat particle, cross and four-pointed star), whereas Gori and 

Mari (2001) and Vallejo (1995) implemented fractal analysis techniques.  These studies 

are limited to grain shape only, because the LM does not have the magnification abilities 
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to observe surface roughness.  The capabilities of the LM are far less than that of SEM.  

The LM can neither examine the surface characteristics of the grains nor can it determine 

the elemental composition of the grain.  Simplicity in sample preparation and cost of the 

LM are significant advantages of LM as compared to SEM. 

 

 

 

Figure 2.8 Setup for Light Microscope (University of Arizona) 

 

The SEM and LM can both digitally capture the shape of granular materials.  

Though the SEM will capture the asperities on the surface of each grain and the LM 

cannot, the shape profile may not differ significantly with the grain shape quantification 

methods presented in Section 2.3.       
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2.5 Image Processing Tool 

Various commercial programs are available to process images captured with 

microscopy methods.  One such program is ImageJ (Rasband, 2004).  It is a Java based 

image-processing tool adapted from an earlier Macintosh version of the National Institute 

of Health (NIH) Image program.  This program is available over the public domain and is 

able to assess numerous image formats with numerous built-in editing and analyzing 

tools.  For the purpose of this research, the author found the following built-in features 

beneficial: 

 Modification of image’s brightness/contrast, threshold, and color balance 

 Transformation of images’ sharpness, smoothness, edge definition, noise 

inclusion, and contrast enhancement 

 Conversion to binary images (black/white) with numerous options to better 

capture region of interest (ROI) 

 Revisions made to image with math option to alter pixel level/color or filter 

option to alter pixels based on characteristics of neighboring pixel or pixels 

properties in comparison to the image’s mean pixel, etc.  

 Analysis of individual particles within an image and outputting various geometric 

dimensions of each grain 

ImageJ was developed for the medical field and one important application of this 

program is to analyze cells in the body.  Such application can be extended to analyzing 

particles, or in this study, soil grains.     
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2.6 Recent Similar Research 

 The goal of this research is to develop a relationship between soil dilatancy and 

grain shape.  Within the past several years, literature has been published that documents 

similar research between physical grain properties (single) and mechanical granular mass 

properties (bulk).  Ng (2004) examined the influence of particle shape on granular 

material response specifically by using the discrete element method.  He simulated 

triaxial drained and undrained tests on samples with two sizes of ellipsoidal particles.  In 

comparing the behavior with samples of mono-size particles, Ng (2004) determined that 

the ellipsoidal samples resulted in a higher friction angle and he observed a more 

complex particle shape effect.   

Alshibli and Alsaleh (2004) conducted a detailed digital microscopy analysis of 

the surface roughness, roundness, and sphericity of three different sizes of silica sands.  

They found that as the surface roughness increases, the friction and dilatancy angles of 

the sands also increase.  Alshibli and Asaleh (2004) also defined two new indices for the 

sphericity and roundness of particles, which were found to be in good agreement with the 

sands used in their study.      

Cho et al. (2006) states through their research that “particle shape emerges as a 

significant soil index property”, and goes on to say that “the systematic assessment of 

particle shape will lead to a better understanding of sand behavior”.  Their research also 

focused on sphericity, roundness and smoothness, which characterize three different 

scales of particle shape.  Cho et al. (2006) determined that a decrease in sphericity and/or 

roundness leads to: 1) increase in emax and emin, 2) decrease in small-strain stiffness and 
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increase in sensitivity to state of stress, 3) increase in compressibility under zero-lateral 

strain loading, 4) increase in φ'cs, and 5) increase in the critical state line intercept. 

 Guo and Su (2007) researched the effect of particle angularity on the strength and 

dilation of granular materials.  They conducted triaxial tests on two sands at different 

confining pressures and initial void ratios.  They determined that particle angularity has a 

significant influence on the peak friction angle and dilatancy, however no correlation was 

developed.   

 

2.7 Summary of Findings 

This chapter illustrates the variations existing in stress-dilatancy relationships.  

These dilatancy predictions lack the inclusion of a parameter reflecting grain properties 

such as size and shape.  However, with certain grain shape quantification techniques and 

the use of microscopy and digital image processing, a parameter of grain properties may 

be feasible, practical and cost-effective.  The inclusion of a grain shape parameter in 

stress-dilatancy relationships is examined in this research.  
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CHAPTER 3 

DILATANCY EVALUATION USING EXISTING DATA 

 

3.1 Introduction 

Existing stress-dilatancy relationships prove the disparate understanding in the 

fundamentals of soil dilatancy such that the inclusion of important factors differs from 

theory to theory.  Most relationships include effective stress and soil density, but stress 

path, particle shape and fines content have all been shown to have a significant impact on 

the soil’s response.  The objective of this chapter is to examine existing stress-dilatancy 

relationships and evaluate how they compare to one another.  Existing experimental data 

is used to show variations in the dilatancy predictions from different theories with 

varying parameters such as stress path, type of sand, particle shape and size, effective 

stress, etc.  This will aide in choosing the most influential soil parameters on dilatancy. 

 

3.2 Experimental Observations 

 Available experimental data from Lee (1965), and Hanna and Youssef (1987) 

were used for comparing the existing dilatancy relationships in the literature.  The details 

of the experimental data are explained below.   

Lee (1965) conducted a series of drained triaxial compression tests with various 

confining pressures on Sacramento River sand and Ottawa sand (properties shown in 

Table 3.1).  The Sacramento River sand is a fine uniform soil composed primarily of 

quartz and feldspar minerals of sub-angular to sub-rounded shapes.  The soil was washed 
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between the No. 50 (0.297 mm) and No. 100 (0.149 mm) sieve.  Tests were conducted on 

the Sacramento River sand at four different initial densities.  The Ottawa standard sand is 

composed of well-rounded particles ranging in size from 0.6 to 0.8 mm.  This lab sand 

has a high resistance to crushing, and exhibits dilatancy at relatively high confining 

pressures.  The sample was tested at a relative density, DR, of 100%.  Ottawa sand is 

considerably more dilatant than Sacramento River sand.   

 

Table 3.1 Properties of Sands Used in the Experimental Study 
 

SOIL 
DESCRIPTION 

SPECIFIC 
GRAVITY, 

GS 

MINIMUM 
VOID RATIO, 

emin 

MAXIMUM 
VOID RATIO, 

emax 

RELATIVE 
DENSITY,       

DR 
Sacramento River 
Sand a 2.68 0.61 1.03 60%, 78%, 

100% 

Ottawa Sand a 2.65 0.49 0.71 100% 

Silica Sand A b 2.65 0.40 0.80 4%-100% 
(varied) 

Silica Sand B b 2.63 0.50 0.90 4%-100% 
(varied) 

Silica Sand C b 2.64 0.40 0.95 4%-100% 
(varied) 

 

a. Triaxial Compression Data from Lee (1965) 
b. Triaxial and Plane Strain Compression Data from Hanna and Youssef (1987) 
 
 
 

Hanna and Youssef (1987) performed triaxial compression and plane strain 

compression laboratory tests to evaluate dilatancy theories.  This particular data set is 

especially useful because triaxial and plane strain compression tests were conducted on 

three types of silica sands prepared at the same relative density and same confining 



 56

pressures.  The properties of the sands are shown in Table 3.1.  This provides exceptional 

data for investigation of the dependency of dilatancy on stress paths since several 

dilatancy relationships proposed in the literature are independent of this factor.   

The current disparate understanding of dilatancy is illustrated in Figure 3.1.  The 

relationship between the average dilation angle and relative density is shown with each 

data point reflecting the varied predictions from different stress-dilatancy theories.  The 

triaxial data is shown for silica sand type A with a constant confining pressure of 172 

kPa.  A few noticeable characteristics will be discussed before going into detail about the 

parameters affecting dilatancy. 
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* Triaxial Compression Data from Hanna and Youssef (1987) 
 
 

Figure 3.1 Dilation Angles for Silica Sand A with σ'3 = 172 kPa  

 
The negative dilation angles calculated from the relationships in Eqn. [2.14] 

(Bolton, 1986) and Eqn. [2.18] (Schanz and Vermeer, 1996) correspond to negative 

values of IR.  A negative value arises when the relative density is extremely low or the 

confining pressure is relatively high.  According to Bolton (1986), this means that large 

compressive strains occur before the critical friction angle is mobilized.  The negative 

dilation angle is consistent with considerable contraction in volume.    
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The dilation angle derived from the theory in Eqn. [2.16] (Collins and 

Muhunthan, 2003) has relatively high values compared to the other theories.  The dilation 

rate is a fundamental concept in critical state soil mechanics, CSM, (Schofield and Wroth 

1968), and is given by the following equation: 

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

δε

δε
=χ

q

p
CSMTX              [3.1] 

where χTX is the triaxial dilation rate.  ‘Rate’ is used here to indicate the change in 

volumetric strains with respect to changes in shear (deviatoric) strains, and not with 

respect to time.    

Within Taylor’s 2-D simple model for soils, the dilation angle is defined as 

⎟⎟
⎠
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x
ytan , where δεp is the increment of volumetric strain (same 

as vertical displacement in direct shear) and δγ is the increment of shear strain (same as 

horizontal displacement in direct shear).  The dilation angle using CSM and adopting 

Taylor’s model is: 

⎟
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⎝
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−= −

q

p1
p tan

δε

δε
α              [3.2] 

In Eqn. [2.16], Collins and Muhunthan (2003) determined that this interpretation 

is correct for constrained shear deformations of purely frictional materials.  Also, the use 

of tangency to define a quantity in 3-D space seems problematic.  The experimental data 

show that the Collins and Muhunthan (2003) theory largely over-predicts dilation angles.   
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The application of Coulomb’s theory, Eqn. [2.8] to triaxial data would be 

incorrect because it is derived for plane strain conditions.  This was included in the αTX 

comparison to assess the dilatancy relationship given by Bolton (1986) with other 

theories.  According to Eqn. [2.14] (Bolton, 1986), o
p cs R' ' 3Iφ −φ =  defines the 

parameters representative of soil grains tested in triaxial compression conditions.  The 

relationship for conversion of the defined parameters to αTX was not given.  Nevertheless, 

it is assumed that Coulomb’s theory, pcsp '' αφφ += , is a valid estimate.  The empirical 

expression in Eqn. [2.14] (Bolton, 1986) and Coulomb’s theory predict lower α values 

compared with other existing theories.  This is unexpected since plane strain conditions 

tend to yield higher peak strengths (higher φ'p values) as compared to triaxial conditions.  

Both Coulomb’s and Bolton’s (1986) theories of dilatancy are better suited for plane 

strain conditions and should be applied to estimate dilation angles for these particular 

loading conditions.     

It is observed that the relationships in Eqn. [2.11] (Rowe, 1962; De Josselin de 

Jong, 1976) and Eqn. [2.17] (Vermeer and de Borst, 1984) predict the same triaxial and 

plane strain αp values, which is similar to the (αp)PS given by the relationship in Eqn. 

[2.19] (Wood, 1990).  These equations have different forms, yet produce the same results.  

The αp values predicted by the three authors are included separately in calculating the 

average αp values from the multiple theories because they were derived based on 

different concepts.  As previously mentioned, Vermeer and de Borst (1984) developed 
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the dilatancy relationship based on plasticity concepts, whereas De Josselin de Jong 

(1976) used only the laws of friction.  

 

3.3 Discussion of Dilatancy Investigation 

Based on the study of various dilatancy relationships available, the effect of 

parameters such as type of sand, relative density, particle size and shape, stress path, and 

confining pressure, will now be discussed.  It is well known that relative density and 

normal effective stress have significant influence on the dilatancy of a soil, thus 

verification will not be further discussed here.  The following examines the contribution 

of grain properties on dilatancy.   

 

3.3.1 Influence of Sand Type on Dilatancy        

 The experimental data of Lee (1965) reveals that the average αTX for Ottawa sand 

are higher than that of Sacramento River sand (Figure 3.2), which indicates that Ottawa 

sand is far more dilatant than Sacramento River sand (Lee and Seed, 1967).  The large 

error bars show the deviation in (αp)TX predictions between the various stress-dilatancy 

relationships discussed in this study.  The issue of one type of sand being more dilatant 

over another type of sand can be attributed to particle size and/or particle shape.  Ottawa 

sand particles are well rounded as compared to the more angular shape of the Sacramento 

River sand particles.  The particle sizes of Ottawa sand used in the tests range from 0.6 

mm (Sieve No. 20) to 0.8 mm (Sieve No. 30), which are larger compared to the 

Sacramento River sand with particle size ranging from 0.149 mm (Sieve No. 100) to 
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0.297 mm (Sieve No. 50).  Particle shape and size both affect the arrangement of the 

particles, and thus the ability for one particle to ride up over its surrounding neighbors.  

Both characteristics are important in assessing the amount of dilatancy for a given type of 

sand.   
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* Triaxial Compression Data from Lee (1965) 
 
 
Figure 3.2 Average Dilatancy of Ottawa and Sacramento River Sand at DR = 100%  

 

 

3.3.2 Influence of Grain Properties on Dilatancy        

 For the three silica sands (Hanna and Youssef, 1987), the average αTX from the 

different dilatancy theories are as shown in Figure 3.3.  The three silica sands, though 
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different in particle sizes, have more or less the same particle shape.  The variation 

between the (αp)TX is not significant; therefore particle size does not appear to be a 

significant factor.  According to the experimental data of Lee (1965), shown in Figure 

3.2, it was observed that particle size and/or particle shape has an effect on (αp)TX.  From 

Figure 3.3, which shows the αp for silica sands of different particles sizes, it is observed 

that particle size does not have a noteworthy effect on the αp.  In comparing the two 

figures, it was determined that particle shape has a significant influence on dilatancy.   

 

-5

0

5

10

15

20

25

0 20 40 60 80 1

Relative Density, DR [%]

00

Sand A - 172kPa
Sand A - 344 kPa
Sand B - 172 kPa
Sand B - 344 kPa
Sand C - 172 kPa
Sand C - 344 kPa

Sand Type - Confining Pressure

T
ri

ax
ia

l D
ila

tio
n 

A
ng

le
,  

 α
T

X
 [d

eg
re

es
]

 

* Triaxial Compression Data from Hanna and Youssef (1987) 
 
 

Figure 3.3 Average Triaxial Dilation Angles for Three Types of Silica Sands  
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 The silica sand samples (Hanna and Youssef, 1987) do not contain a significant 

amount of fines and are uniformly graded.  It was concluded above that particle size is 

not a significant contributor to the shear strength of clean sand.  However, many natural 

sands contain significant amount of silts and/or clays, and particle size could be an 

important parameter.  Salgado et al. (2000) observed that the addition of even small 

percentages of silt to clean sand considerably increased both the φ'p at a given DR and the 

φ'cs.  They determined that silty sands in the 5-20% silt content range are more dilatant 

than clean sand.  The probable cause of this is that as shearing progresses, the fines reach 

a more stable arrangement.  This will ultimately increase the interlocking, dilatancy and 

shear strength.   

 

3.4 Summary of Findings 

From the analyses of the existing dilatancy data and theories, it is concluded that 

confining pressure (for triaxial compression tests or normal effective stress for direct 

shear tests), relative density and particles properties are the significant factors in the 

amount of dilatancy exhibited by a soil sample.  The effects of external loading and 

relative density are accounted for in most of the existing stress-dilatancy theories.  

Considering these two factors, dilatancy estimates fell within a range of 5o-10o, 

depending on the stress path.  For a more accurate estimate, it was determined that other 

factors must be included to fully describe soil behavior.  Particle shape is not accounted 

for in the existing theories and it is hypothesized that the inclusion of a particle shape 

factor will aid in better predicting dilatancy of uniform granular masses.   
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CHAPTER 4 

GRAIN SHAPE ANALYSIS 

 

4.1 Introduction 

 Grain shape is a key factor affecting the mechanical properties of granular materials.  

However, grain shape quantification techniques to distinguish one granular material from 

another have not reached a stage of development for inclusion in modeling the behavior of 

granular soils.  The methodology in choosing a grain shape parameter to better describe the 

shear strength of soils must be relatively simple, efficient and inexpensive.  This approach 

will aide in introducing the use of a grain shape parameter in practical application. 

 

4.2 Experiment 

 The following section describes the methodology utilized in conducting a grain 

shape analysis in this study. 

 

4.2.1 Materials and Preparation  

 Four different types of sands were used in this research: (1) Ottawa 20, which is 

considered the standard or reference sand in geotechnical investigations.  This sand type 

has rounded grains that are mostly retained on Sieve No. 20 (0.85 mm mesh size). (2) 

Two river sands, Rillito River sand and Santa Cruz River sand, obtained in Tucson, AZ.  

Both sands consist of sub-angular to sub-round grains according to ASTM D-2488 (1998) 

specifications. (3) Orange County Silica Sand 40, which has angular grains that are 
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mostly retained on Sieve No. 40 (0.425 mm mesh size). (4) Four other sands were 

provided by Gori and Mari (2001) in digital image format and these sands ranged from 

natural sands to reconstituted materials and also artificial materials.  The images supplied 

through Gori and Mari (2001) was used by them to develop a correlation between the 

friction angle and fractal dimension.  Basic properties of all of these sands are given in 

Table 4.1.  The D50 parameter (Table 4.1) is the average grain size of the sample and the 

uniformity coefficient (CU = D60/D10) is a measure of the size distribution.  D60 is the 

diameter corresponding to 60% finer and D10 is the diameter corresponding to 10% finer.  

Sands with uniformity coefficients less than 4 are described as uniform.  A CU value of 

1.0 indicates grains of the same size.  All samples used in this study are limited to 

uniform gradations, thus the uniformity coefficients are less than 4.  This research 

examines the behavioral differences between uniform samples with grains of numerous 

diameters in the conglomerate versus grains of approximately 0.425 mm diameters.  Gori 

and Mari (2001) investigated the behavioral characteristics of grains between 0.18 mm 

(Sieve No. 80) and 0.425 mm (Sieve No. 40).    
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Table 4.1 Properties of the Sands Used in Investigation 
 

SAND TYPE D50 
[mm] CU COMMENT 

Ottawa 20 a 0.70 1.18 Standard rounded lab sand 
(Sieve No. 20) 

Rillito River a 0.72 1.95 Rillito River sand obtained in 
Tucson, AZ 

Santa Cruz River a 0.47 2.73 Santa Cruz River sand 
obtained in Tucson, AZ 

Silica 40 a 0.58 1.40 Orange County silica sand 
(Sieve No. 40) 

CA1 b 0.31 1.53 Natural sand from Canary 
Islands 

PO b 0.30 1.57 Natural sand from fluvial 
environments 

AL b 0.53 1.28 
Reconstituted natural 

material (artificial rock 
crushing) 

MS b 0.21 1.24 Artificial material of hollow 
glass micro-spheres 

 

a. Cox and Budhu (2008) 
b. Gori and Mari (2001) 
 
 
 
 One fundamental issue regarding the quantification of grain shape is the number 

of grains required for a representative sample.  The number of grains in published studies 

ranged from 20 (Sukumaran and Ashmawy, 2001) to 270 (Bowman et al., 2000).  The 

need for more grains or less is dependent on the distribution of grain sizes in the granular 

mass being examined.  Since the sands used in this study are uniform, the number of 

grains selected is 25 grains.  It will be shown later that 25 grains is sufficient for 

evaluation in this research.   
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4.2.2. Methods of Capturing Digital Images 

The digital images of sand grains were captured with both the SEM and the LM.  

Brief descriptions of how the images were captured in each device are given in the 

following section.   

SEM: A variable pressure SEM, Hitachi S-2460N, was used in this study.  Numerous 

approaches in finding the ideal digital image exist and the following describes the 

approach taken in this study to best capture the grain shape: 

SEM magnification is independent of the lenses and is adjusted by changing the 

size of the area scanned.  A smaller area scanned will produce a higher magnification.  

SEM magnification is a function of the size of a picture element.  Thus, a scale is 

provided on the image rather than the number of times magnified.  In the microscope, 

secondary electrons (SE) are generated by the electron beam entering the specimen and 

by backscattered electrons (BSE) escaping the specimen.  The SE sampling volume is 

smaller than the BSE because SE is generated around the initial probe diameter.  The 

smaller sample volume and shallow escape depth result in a higher resolution image.  

Surface features dominate the SE image and topographical features dominate the BSE 

image.  The SE type was chosen in this study. 

The trade off in SEM imaging is that increasing the resolution of the image also 

reduces the quality of the image.  For higher resolution images, the operator must 

increase the strength of the condenser lens.  This results in a smaller probe diameter, but 

this also decreases probe current to the sample and causes a reduction in the signal that is 

being generated.  Noisier images are a consequence of high resolution, thus the images 
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can appear somewhat grainy.  The noisy image makes it difficult to convert the SEM 

images to binary, which is a requirement for analyses by computer.                 

Sand grains by themselves give poor signals in SEM.  A thin film of 

gold/palladium was deposited on the surface (sputter coating) to enhance the signal and 

increase the resolution.  The Everhart-Thornley (ET) detector was used to obtain SE 

images.  The SE images from the ET detector, coupled with coated samples result in 

high-resolution images.  The strength of the condenser lens was decreased to a setting of 

9:00 to increase the probe current, reduce noise and acquire a sharper image.  The voltage 

was set at 25kV.  The image size was 1024 pixels x 1024 pixels x 256 pixels.  The 

working distance (WD) or the distance from center of the lens to the sample plane was 

adjusted to give a moderate depth of field and moderate resolution with respect to the 

WD influences.  Magnifying the grains approximately 40 times was sufficient in 

capturing the shape of the grains. 

The projected silhouette of a grain is being measured in this study and can 

sometimes be quite different from the true grain cross section.  The position of the grain 

can project numerous cross sections from different angles.  Due to this discrepancy, the 

authors investigated the grain shape cross section at an alternative view.  Most of the 

grains were taken with a tilt angle of zero.  However, several images were taken with a 

tilt angle equal to 12o to determine whether significant changes in the shape 

characteristics would occur.  According to Bowman et al. (2000), tilting of the SEM 

yields a better overall shape quantification because it produces electron shadows, and 

gives depth to the grain and distinguishes form. 
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LM: The LM was also used to obtain shape information of each of the sands.  For the 

LM, coating of the sand grains was not required.  The sand grains were placed on a 

contrasting background and held firmly by a black sticky tape.   

 

4.2.3 Image Processing for Shape Quantification 

SEM Digital Images 

The SEM digital images for the sand grains tested in this study are shown in 

Figure 4.1.   

 

 Ottawa 20 Rillito River 

 

 

 

 

 
Santa Cruz River Silica 40 

 

 

 

 

 

 

Figure 4.1 SEM Digital Images of Sands 
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Initially, many problems occurred in converting the SE images to binary images.  The 

background must be completely white and the grains completely black (or vice versa) 

because certain aspects of grain shape such as asperities or protrusions on the edges can 

be lost during conversions (Figure 4.2).  A larger mounting device was used with a darker 

background to enhance the signal.  The binary image (right image) illustrates some of the 

difficulties (overlap, unclear edges, etc.) in transferring SEM images to entirely black and 

white images. 

 

 

 

Figure 4.2 Conversion of SEM Image to Binary Image for Ottawa 20 

 

BSE topographical images were obtained to assess if this technique would result 

in a better contrast between background and the grains than the SE image.  The Robinson 

detector was inserted halfway for the BSE topographical image, in which the trajectory of 

the signal is accentuated by nonsymmetrical detector geometry.  The BSE images did not 
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convert well.  The SE image of the grains coated with gold was found to be of the best 

quality. 

 One benefit in having conducted the BSE technique in SEM is that x-ray analyses 

were performed on the sand grains.  The surface of an Ottawa 20 sand grain is shown in 

Figure 4.3 along with its elemental spectra.  The point labeled “1” on the grain surface is 

the exact location where the x-ray analysis was performed.  Gold (Au) and palladium 

(Pd) were excluded in the spectra because these elements were used to coat the samples.  

The Ottawa sand grains are composed primarily of silicon (Si), while a small percentage 

of carbon (C) and oxygen (O) also exist.  The Silica 40 sand grains gave nearly the same 

genetic makeup – primarily silicon.  

 

 

 

 

Figure 4.3 X-Ray Analysis of Ottawa 20 Sand Grain 
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The surface of the Rillito River sand grain is shown in Figure 4.4 along with its two 

elemental spectra plots. Again, gold (Au) and palladium (Pd) were excluded in the 

spectra.  Two areas on the grain were examined with x-ray: the dark, flatter region 

(labeled “1” on surface) and the lighter, flakier region (labeled “2” on surface).  The 

spectra revealed that there is a high concentration of silicon (Si) in both regions of the 

grain.  A small percentage of carbon (C) and oxygen (O) were also identified in these 

areas.  The lighter, flaky region also shows some trace amounts of aluminum (Al), iron 

(Fe), calcium (Ca), and potassium (K).  Niobium (Nb) is also present on the spectra, but 

the existence of this element is doubtful.  Any errors present in the spectra are most likely 

due to the fact that the sample is rough and not a flat, polished specimen, which is ideal 

for x-ray analysis.  A similar composition was found for the Santa Cruz River sand 

grains, which also showed both a flat region as well as a flakier region.        
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Region 1 

Region 2 

 

Figure 4.4 X-Ray Analysis of Rillito River Sand Grain 

 

After experimenting with numerous binary conversion techniques in ImageJ, the 

best approach for converting the SEM image was found to include a combination of 

adjusting the brightness/contrast, applying a digital filter and background correction, and 

using the binary selection tools.  It took several trials to convert the image to the optimal 

binary illustration.  Nevertheless, using ImageJ’s functions are simple and once a 

technique was reached, conversion became straightforward.   
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LM Digital Images 

Obtaining binary images from LM digital images was simpler than from SEM 

images.  In ImageJ, minimal effort was required for the conversion to binary.  A typical 

conversion of the LM image to a binary image is shown in Figure 4.5.   

 

 

 

Figure 4.5 Conversion of LM Image to Binary Image for Ottawa 20 

 

A few spaces inside the grain had to be colored in black and a few areas of the 

background had to be colored in white.  Grains on the edges of the image were removed 

if the entire grain was not captured within the image constraints.  Overlapping grains 

were also removed so that the program does not mistake two grains as one.  This was 

done manually in ImageJ with erasing tools.  There is a watershed algorithm that 

automatically separates grains, but the true shape of the grains at the contacting region 

becomes questionable.  Consequently, the grain profile will not be accurate and only 



 75

solitary grains were included.  The binary images for all of the sands in this study are 

shown in Figure 4.6 and those of Gori and Mari (2001) are shown in Figure 4.7. 

  

 

2 Rillito River 

3 Santa Cruz River 4 Silica 40 

1 Ottawa 20 

 

Figure 4.6 Binary Profile Outlines of LM Images 
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3 4 

2 1 

* Gori and Mari (2001): 1) MC: artificial, 2) AL: reconstituted natural, 3) CAN1: natural, 
and 4) PO: natural 
 
 

Figure 4.7 Binary Profile Outlines of LM Images (Outside Source) 

 

4.3 Results and Discussion 

 The results of the grain shape analysis are shown in the following section along with 

a discussion and interpretation of the grain shape parameters desired for shear strength 

correlations. 

 

4.3.1   Comparison for Accuracy and Shape Differentiation 

 Several plugins measuring various shape characteristics were used in this study.  

Over fifteen plugins in ImageJ were investigated, but only those of importance to this 
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study are briefly described here.  The shape parameters listed in column one in Table 4.2 

was used to compare two plugins in ImageJ - Particle8_Plus (Landini, 2006) and Shape 

Descriptor (Chinga, 2006).  These two plugins define the perimeter and the area of grains 

differently.  The Shape Descriptor (Chinga, 2006) defines the perimeter as the length of 

the outside boundary of the selection and the area as the area of the selection in square 

pixels.  The Particle8_Plus (Landini, 2006) defines the perimeter as the length calculated 

from the center of the boundary pixels and the area as the area inside polygon defined by 

perimeter. 

 

Table 4.2 Shape Factors Defined in Plugins, Particles8_Plus and Shape Descriptors 
 

 

SHAPE PARAMETER DESCRIPTION COMMENT 

Circularity / Form Factor (4*π*A) / (Perimeter2) Area and perimeter 
estimation differs 

Roundness (4*A) / (π*LMajor
2) Major Axis = Feret 

Compactness (SQRT[(4*A)/ π]) / LMajor Major Axis = Feret 

Aspect Ratio LMajor / LMinor 
Major Axis = Feret 

Minor Axis = Breadth 

Solidity A / ConvexArea Area estimation differs 

Convexity ConvexPerimeter / 
Perimeter Perimeter estimation differs 

RFactor ConvexHull / (Feret* π) Parameter only measured in 
Particle_Plus8 

ModRatio (2*RI) / Feret Parameter only measured in 
Particle_Plus8 

Rectang Area / (Feret*Breadth) Parameter only measured in 
Particle_Plus8 
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The area differentiated using Particle8_Plus ignores "holes" in the grains, while 

the area from the Shape Descriptor plugin returns the number of pixels forming the grain.  

A grain with holes will therefore have more area than the number of pixels.  If the grain 

has no holes, then the area is smaller than the number of pixels since the polygon is 

positioned in the center of boundary pixels. 

A simple circle was used to investigate differences in the shape parameters from 

the two plugins of ImageJ as compared to the theoretical values associated with a circle.  

A circle was manually constructed with the built-in ImageJ features.  The “Circle Test” 

ImageJ plugin (Gulick, 2000) was also used for comparison purposes.  This Circle Test 

plugin automatically draws a circle of radius 60 pixels in an image of size 324 pixels x 

200 pixels.  A manual circle was drawn with the same size specifications as the Circle 

Test plugin.  The results are presented in Table 4.3.  Both plugins give similar results.  

The largest discrepancy between the plugins and the theoretical value occur in 

Circularity.  A difference of about 10% lower is observed in the plugins values as 

compared to the theoretical.     
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Table 4.3 Comparison of Theoretical and Predicted Shape Parameter Values 
 
 

 

GRAIN SHAPE 
PARAMETER 

PARTICLE8_PLUS SHAPE DESCRIPTOR 
THEORETICAL 

 Manual Plugin Manual Plugin 

Perimeter 398.0 397.2 399.6 398.8 400.0 

Pixels 11545.0 11517.0 11545.0 11517.0 11309.7 

Circularity 0.902 0.904 0.908 0.910 1.000 

Roundness 0.986 0.983 1.000 1.000 1.000 

Compactness 0.993 0.991 1.000 1.000 1.000 

Aspect Ratio 1.000 1.000 1.000 1.000 1.000 

Solidity 0.993 0.992 0.988 0.987 1.000 

Convexity 0.954 0.956 0.960 0.962 1.000 

 

4.3.2  Comparison of Grain Shape Parameters using SEM and LM Images 

 The resolution observed in SEM digital images is significantly better as compared 

to the LM digital images.  Several grains of the Rillito River sand captured with both 

SEM and LM are shown in Figure 4.8.  The images taken with the LM did not pick up 

the detailed shape of grains.  The appearance of un-focused looking edges of the grains 

contributes to differences in shape quantification. These un-focused edges are due to the 

limited depth of field at high magnification.  In SEM images, depth of field is a property 

where surfaces at different distances from the lens appear in focus, giving three-

dimensional information of the image. The SEM has more than 300 times the depth of 
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field of the LM and the resolution is much higher.  The figure illustrates that the images 

taken with SEM capture more details than the shape of the grains examined with LM.   

 

 

 

Figure 4.8 Comparison of Rillito River Sand Grains Captured with SEM and LM 

 

 The degree of disparity between the shape measurements from the SEM and LM 

images of the whole conglomerate of grains in the sand samples are shown in Figure 4.9.  

The shaded bars indicate values obtained for LM and the hatched bars for SEM.  Larger 

shape values are obtained for each of the sands with SEM imaging.  The SEM has a 

higher magnification capability and thus better capture the true shape value of the grain.  

For example, Ottawa 20 is known to be a very rounded sand and the Circularity value 

(0.845) obtained from SEM is closer to a value of 1.0 (circle) compared with the LM 

value of 0.724 - this is a difference of about 14%.  However, the differences among each 

of the SEM and LM shape values are not consistent among each of the shape parameters 

or among the sands.  For the Circularity parameter, Ottawa 20 yields the highest value, 

followed by Santa Cruz River, Silica 40 and lastly, Rillito River.  This trend holds true 
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both for SEM and LM Circularity values.  The other three shape parameters in the plot do 

not follow this particular order, but the differences between LM and SEM remain 

constant.  Roundness, Compactness, Aspect Ratio, ModRatio and Sphericity yield values 

with the following order from largest: Ottawa 20, Rillito River, Santa Cruz River, and 

Silica 40.    
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* 1) Ottawa 20, 2) Rillito River, 3) Silica 40, and 4) Santa Cruz River 
 
 

Figure 4.9 Differences in Shape Values for SEM and LM Images 
 

Though differences exist in the shape values analyzed between the SEM and LM 

digital images of the grains, the relative comparison among the sands for each 

microscopy technique is similar.  In this paper, the concern is only with grain shape 
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profile characteristics as opposed to surface roughness characteristics of a grain.  In this 

respect, the LM can provide accurate relative shape values rather than accurate absolute 

shape values. 

 

4.3.3 Grain Shape Differentiation based on the Fractal Dimension 

 The FracLac 2.4 plugin (Karperien, 2006) utilizes the box-counting method of 

fractal analysis to measure the fractal dimension and it also has the ability to measure 

various other shape factors.  This fractal technique is conceptually similar to the divider 

method, where the profile of a natural boundary is described with varying scales of 

resolution.  This plugin counts the number of boxes of increasing size needed to cover 

one pixel binary object boundary.  FracLac 2.4 also measures the max radii to min radii 

ratio of a bounding circle, bounding rectangle, and convex hull.  An example of the 

fractal dimension output from FracLac 2.4 is shown in Figure 4.10 for the Rillito River 

sand grains.   
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Figure 4.10 Box-Counting Fractal Dimension for Rillito River Sand Grains 

 

Vallejo and Zhou (1995) conducted a simple fractal analysis on various sands and 

evaluated the influence of fractal dimension on several engineering properties.  They 

magnified the profiles of 25 grains of each sand sample 11.75 times the diameter of the 

grain.  The geometric information needed for the divider method was obtained with 

image analyzing software.  Vallejo chose to conduct his study on Ottawa and Pittsburg 

sands because of their contrasting geometric properties.  Ottawa sand particles are well 

rounded and relatively smooth, whereas Pittsburg sand particles are angular and very 

rough.  They conducted soils laboratory tests to determine the critical state friction angle 

and hydraulic conductivity of each sample.  It was determined that the larger fractal 
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dimension corresponds to a larger friction angle and a larger hydraulic conductivity.  

Angular particles can resist shearing more so than smooth particles, causing more friction 

in the system.  Smoother grains can easily ride up over its surrounding neighbors.  

Because of this, a rougher profile is expected to increase the friction angle.  Also, angular 

particles allow more void space for water to flow through the sample.  A rougher profile 

is expected to yield a larger hydraulic conductivity.   

Gori and Mari (2001) used the divider method and found a good correlation 

between the fractal dimension and the internal friction angle of the twelve sands used in 

their study.  Hyslip and Vallejo (1997) discussed the sensitivity of the fractal dimension 

from the most commonly used fractal methods, including the divider and box counting.  

The divider method was found to be the most reliable method.  In this study, we used the 

box counting fractal method because it is readily available over the public domain and the 

interest is not on the actual fractal dimension but the relative fractal dimensions among 

grains.  

The fractal dimensions measured for the sands are shown in Figure 4.11.  The 

fractal dimensions of basic shapes were also included for comparison.  The differences in 

the fractal dimension among the sands are small.  The fractal dimension of a square and a 

circle are similar although they are different shapes.  The actual dimension of a circle 

should be 1.0 and the computer program yielded a value of 1.0151.  Error is always 

introduced in computer programs dealing with fractal dimension.  The difference appears 

small but in fractal analysis Vallejo and Zhou (1995) showed that four-digit precision in 

the fractal dimension is required in differentiating grains.  Thus, the error in measurement 
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is significant and consequently the fractal dimension alone rather than relative fractal 

dimension may not be the best choice in characterizing the shape of sand grains. 
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Figure 4.11 Assessment of Fractal Dimensions for Sands and Basic Shapes 

 

The two-dimensional fractal dimension is based on a particular orientation of the 

grain.  The difference in fractal dimension may be much different if the roughness profile 

was measured at a different orientation.  Figure 4.12 shows the silica sand grains at the 

initial orientation in SEM and the grains after a shift in orientation.  The image on the left 

shows the grains from the initial camera orientation in the SEM and the image on the 

right shows the grains after the camera was tilted 12o above that initial position.  The 
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fractal dimension differed by less than 1% for the sands.  For the purpose of this research, 

it was determined from the findings that orientation of grains does not have a significant 

effect on the fractal dimension.  Taking an average of 25 grains reduces the orientation 

effects.   

 

 

 

Figure 4.12 Effects of the Tilt Angle on SEM Digital Images of Silica 40 Sand 

 

4.3.4  Effects of Sample Size 

 As previously stated, this study is limited to uniform soils.  The question that 

arises is ‘how many grains constitute a representative sample’.  The Circularity parameter 

generated in the Shape Descriptor plugin was chosen to examine variations with sample 

size.  Sand grains from the whole Ottawa 20 sample and grains retained on Sieve No. 40 

(0.425 mm) from the same sample were analyzed.  Approximately 2% of the Ottawa 20 

sample has grains retained on Sieve No. 40.  The Circularity measurements are shown in 

Figure 4.13.  Each graph symbol represents the Circularity value for individual grains, 
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and the lines represent the average shape values calculated for the whole sample (full 

line) and for particle sizes retained on Sieve No. 40 (dashed line).  In reviewing 50 grains 

of the whole mass, the average Circularity was found to be 0.80 with a standard deviation 

of 0.083, whereas reviewing 25 grains retained on the Sieve No. 40 yielded an average 

Circularity of 0.82 with a standard deviation of 0.031.  The 95% confidence level for the 

whole mass is 0.0216 and 0.0123 for Sieve No. 40 grains.  The average of the 25 grains 

retained on the Sieve No. 40 falls within the confidence level of the 50 grains of the 

whole mass. 
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Figure 4.13 Variations in Circularity with Grain Count for the Ottawa 20 Sand 
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Figure 4.14 illustrates another perspective of the differences in the grain count for 

the whole mass (50 grains) versus the grains retained on the Sieve No. 40 (30 grains).  

Approximately 10% of the Rillito River sand sample has grains retained on Sieve No. 40.  

In the plot, each bubble centers on the average shape value and the sizing of the bubble 

reflects the standard deviation.  Roundness, Compactness and the inverse of the Aspect 

Ratio yield the same shape values between the two samples of the Rillito River sand, 

whereas the remaining shape factors show slight variations.  Analyses of the grains 

retained on Sieve No. 40 prove to be more consistent (smaller standard deviation  is 

reflected by a smaller bubble).  At the same time, the average shape value for the grains 

retained on Sieve No. 40 fall within the standard deviation observed in the whole mass.  

The other sands followed a similar trend.  As a result, 25 grains from each sand sample 

was used to be representative of the whole sand mass.     
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Figure 4.14 Evaluation of Shape Values for Rillito River Sand  

 

4.3.5  Grain Shape Parameters of Significance 

Figure 4.15 illustrates the difference in the shape values measured between the 

two plugins.  The shaded bars indicate the grain shape measurements from the Shape 

Descriptor plugin and the hatched bars for measurements from the Particle8_Plus plugin.  

The Circularity property shows the most significant variation, yet the difference is not 

consistent among the different sands.  The Ottawa 20 grains show a 12% change, whereas 

the PO grains show only a 2% change. 
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Ottawa 20: Sieve No. 40 grains 
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Rillito River: Sieve No. 40 grains 

0

0.2

0.4

0.6

0.8

1

Circularity Roundness Compactness Solidity Convexity 1/AspRatio

Shape Factor 

Particle Plus8
Shape Decriptors

Sh
ap

e 
V

al
ue

 
 
 

Figure 4.15 Comparisons of Grain Shape Measurements from ImageJ Plugins  
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PO - Natural Sand from Fluvial Environment 
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Figure 4.15 Comparisons of Grain Shape Measurements from ImageJ Plugins - 

Continued 

 

 Figures 4.16 and 4.17 show the variation measured between all of the sands used 

in this study.  The average shape values are represented by the dots and the bars mark the 

standard deviation.  Larger error bars signify a distinguishing shape property.  The 

ModRatio and Sphericity quantities show large variation between the sands, but these 

characteristics are not measured in the Shape Descriptor plugin.  The Circularity, 

Roundness, Compactness and Inverse of the Aspect Ratio quantities also show large 

variation in both plugins.  The individual average values found for each of the sands in 

this study are shown in Figure 4.18.  The six parameters, Circularity, Roundness, 

Compactness, ModRatio, Sphericity, and Inverse of the Aspect Ratio appear to be the key 

factors in differentiating the sands.     

.     
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* A) Circularity, B) Roundness, C) Compactness, D) Solidity, E) Convexity, F) RFactor, 

G) ModRatio, H) Sphericity, I) Rectang and J) Inverse of Aspect Ratio 

 
 

Figure 4.16 Variations in Shape Values Calculated in Particle8_Plus Plugin 
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* A) Circularity, B) Roundness, C) Compactness, D) Solidity, E) Convexity, and F) 

Inverse of Aspect Ratio 

 
 

Figure 4.17 Variations in Shape Values Calculated in Shape Descriptors Plugin 
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* 1) Ottawa 20: Sieve No. 40 grains, 2) Rillito River: Sieve No. 40 grains, 3) Silica 40: 

Sieve No. 40 grains, 4) Santa Cruz River: Sieve No. 40 grains, 5) AL: reconstituted 

natural, 6) CAN1: natural, 7) PO: natural, and 8) MS: artificial 

 
 

Figure 4.18 Significant Shape Parameters for All Sands Used in this Research 

 

4.4 Summary of Findings 

 Six shape parameters – Circularity, Roundness, Compactness, ModRatio, 

Sphericity and Inverse of Aspect Ratio – were found to be significant in differentiating 

grain shapes among the eight uniform sand masses.  Analyzing hundreds of grains is not 

necessary in dealing with uniform sand types.  A total of thirty grains is sufficient for the 
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grain shape analysis study in this research.  The six influential grain shape parameters can 

be measured routinely by using a LM instead of SEM.  The LM has the capability of 

providing relative grain shape values for routine shape quantification as compared to the 

SEM, which is a relatively expensive and complex device. 
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CHAPTER 5 

EXPERIMENTAL INVESIGATION OF SHEAR STRENGTH PROPERTIES 

 

5.1 Introduction 

The inclusion of a grain shape parameter into shear strength formulations is 

anticipated to improve the prediction of dilatancy in soils.  The results of this research 

presented so far deal with the influence of grain shape on dilatancy and also the key grain 

shape parameters capable of distinguishing one granular mass from another.  A practical 

approach is essential in modifying the existing dilatancy theories to incorporate grain 

shape.  The focus of this chapter is on reporting the effects of grain geometry on the shear 

strength of soils by means of laboratory direct shear tests.   

 A series of direct shear tests were performed at the University of Arizona’s 

Geological and Mining Department on four sands:  Ottawa 20 (grains mostly retained on 

Sieve No. 20), Rillito River, Santa Cruz River and Silica 40 (grains mostly retained on 

Sieve No. 40).  Preliminary tests were first conducted on the sands to measure their 

physical properties, including the particle size distribution, maximum and minimum void 

ratios, permeability, and specific gravity.  Unless otherwise stated, all experiments were 

performed in accordance to ASTM procedures.  A fifth sand sample was also tested to 

evaluate the accuracy of the correlation developed between dilatancy and grain shape for 

the four sands.  This external sand is independent in the development of this research 

correlation, and will be analyzed and discussed in the subsequent chapter. 
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5.2 Physical Properties of Sands used in Research 

 Granular materials are generally classified by properties including grain size 

distribution, permeability, relative density, specific gravity and fines content.   In the 

following section, the experimental procedures utilized in obtaining the physical 

properties of the soils used in this research are described. 

 

5.2.1 Grain Size Distribution 

Sieve analyses were conducted on the sands according to the procedures in ASTM 

D 422.  The average grain size distributions of all the sands used in this study are shown 

in Figure 5.1.  Several parameters were extracted from the test data and these include D10, 

D30, D50, and D60.  D is the diameter of the grain and the subscript numerical value refers 

to the percentage finer.  The D50 parameter is the average grain size of the sample.   
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Figure 5.1 Grain Size Distribution of Sands in Study 
 

The uniformity coefficient, 
10

60

D
D

CU = , is a measure of the distribution of grain 

sizes in the sample as a whole.  Soils with uniformity coefficients less than 4.0 are 

described as uniform and the grains that comprise the soil mass are approximately the 

same size.  A CU value of 1.0 indicates a sample with grains that are nearly identical in 

size.  The coefficient of curvature, 
6010

2
30

DD
D

CC
×

= , is a measure of the continuity or 

discontinuity of grain sizes represented in the sample.  Soils that exhibit coefficient of 

curvature values between 1.0 and 3.0 are classified as well-graded.  Values of CC falling 

outside of this range (1.0 to 3.0) are classified as gap-graded.  Well-graded samples are 

comprised of grains with an assortment of sizes.  Gap-graded samples consist of grains 
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with a more sporadic size distribution and typically have an absence of certain grain 

sizes.  An extreme example of a gap-graded soil mass could be a sample consisting only 

of gravelly grains (> 4.75 mm) and silty grains (< 0.075 mm and > 0.002 mm).     

Examination of the grain size distribution of the four sands showed that they are 

all uniformly graded with CU < 4.0.  The grain size parameters obtained from the sieve 

analyses are shown in Table 5.1.   

 

Table 5.1 Index Properties of Sands Selected by Author 
 
 

GRAIN PROPERTIES 
SAND TYPE 

Ottawa 20 Rillito River Silica 40 Santa Cruz 
River 

D10 [mm] 0.61 0.42 0.45 0.22 
D30 [mm] 0.66 0.56 0.52 0.34 
D50 [mm] 0.70 0.72 0.58 0.47 
D60 [mm] 0.72 0.82 0.63 0.60 

CU 1.18 1.95 1.40 2.73 
CC 0.99 0.91 0.95 0.88 
emax 0.73 0.73 0.80 0.80 
emin 0.50 0.42 0.40 0.40 

k [cm/sec] 0.022 0.014 0.020 0.019 
Gs 2.65 2.61 2.65 2.59 

 
 

5.2.2 Specific Gravity 

The ASTM D 854 standard test method for the specific gravity of soils (Gs) was 

performed.  The specification that includes the pycnometer container was chosen to 

determine this property due to testing procedures relevant for coarse-grained soils.  The 
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specific gravity for all sands lies in the range 2.59 to 2.65, and is consistent with typical 

specific gravity values for quartz sands.   

 

5.2.3 Maximum and Minimum Void Ratio 

The minimum unit weight (directly related to the minimum void ratio, emin) was 

determined according to the procedures outlined in ASTM D 4253 -96: Dry Method.  The 

soil was prepared in a standard Proctor mold and the specified steel surcharge loads were 

applied on the top of the sample and imparting a vertical stress of 13.8 kPa.  The 

assembly was vibrated for 8 minutes using a vibrating table at a frequency of 3600 Hz.  It 

was difficult to check the actual frequency of the vibrating table (Model VP-51-B1). 

The maximum void ratio, emax, was estimated according to the procedures 

outlined in ASTM D 4254 - 96 – Dry Method.  The dry soil was slowly poured into a 

standard Proctor mold through a funnel with a very low fall height.  The void ratio limits 

determined for each of the sands are presented in Table 5.1.   

 

5.2.4 Permeability 

The hydraulic conductivity, k, measured for each of the sands used in this 

research study followed the testing procedures in accordance with ASTM standards.  

Each sample was lightly compacted in layers and the flow of water was adjusted such 

that a constant head was established for the testing setup.  Once the constant head was 

achieved, the flow of water was maintained for several hours before testing to ensure that 

the sample was completely saturated.  A minimum of three trials were performed to 
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measure the flow parameter (volume of water accumulated over a given time).  The 

hydraulic conductivities of the sands are given in Table 5.1. 

 

5.3 Direct Shear Tests 

 The direct shear test was used to determine the shear strength parameters of sands 

being investigated in this study.  The specifics relating to the direct shear apparatus are 

discussed in the following section as well as the preliminary tests conducted to observe 

the repeatability among tests and the effects of sample size and shape. 

 

5.3.1 Experimental Apparatus  

The direct shear tests were performed in accordance with ASTM D 3080 

standards.  The direct shear apparatus used in this study is shown in Figure 5.2 and this 

equipment is a component of the University of Arizona’s Department of 

Geological/Mining Engineering lab.  The experiments were displacement controlled and 

the shearing rate was kept constant at 0.5 mm/min for all tests.  The shear force applied to 

the sample displaces the shear box along a predetermined shear plane, which is equal to 

½ the height of the shear box.  The applied vertical force is constant in each test.  The 

normal stress, σ'n, desired on each sample is achieved by applying dead weights to a 

hanger with a 10 to 1 moment arm.  The top platen on the sample distributes the vertical 

point load to the top face of the soil.  The direct shear device does not have a means of 

drainage control.  However, this is not necessary for this study since only dry soils were 

being tested (drained tests).        
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Initial tests were conducted using a stainless steel square shear box with a cross-

sectional area of 103.2 cm2 (16.0 in2).  The box is divided in two halves of equal 

thickness and held together with screws during sample preparation.  Screws are removed 

prior to application of the shear force so that the bottom half is displaced relative to the 

top half.  Due to the vertical loading limitations of the machine, a smaller sample was 

desired to increase the force per area (σ'n) applied.  A circular sample container with a 

cross-sectional area of about 30.3 cm2 (4.7 in2) was used for samples loaded to high σ'n, 

3421 kPa (470 psi).  

 

 

 

Figure 5.2 Direct Shear Machine (University of Arizona) 
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Measurements of the horizontal force required to shear the sample at a constant 

horizontal speed and the resulting horizontal displacements were recorded electronically 

by means of a computer.  The peak and critical state horizontal forces were extracted 

from the raw data generated and such values were used to determine the corresponding 

dilation angles.   

   

5.3.2 Sample Preparation 

 The shear box is first assembled and fixed in position with vertical pins.  Porous 

stones were not placed in the shear box because dry sand was used in all experiments.  

The samples were prepared by compacting multiple layers of sand with a tamping rod.  

These layers are typically small and heavily dependent on the desired initial density of 

the sample.  Since denser samples are desired in this study, 5 to 10 layers were used to 

compact the sand sample.  The middle layer was positioned to ensure that it does not 

coincide with the shear plane.  The top of the compacted sample was approximately 5 

mm (0.197 in) from the top of the box.   

 Medium dense to dense samples were desired in this study and the analogous 

relative densities, DR, lie within the range of 70% to 90%.  DR is a soil parameter used for 

comparison purposes and defined as 
minmax

omax
R ee

ee
−

D
−

= .   

 

 

 



104 

5.3.3 Test Data Consistency 

 In an effort to observe the consistency in test data, multiple experiments were 

performed for identical testing conditions.  The applied vertical stress, σ'n, as well as the 

initial density of the samples were kept constant.  Figure 5.3 shows the variation observed 

in data resulting from shearing the square samples while Figure 5.4 shows the variation 

for circular samples.  The repeatability is excellent and is essentially due to the care taken 

in sample preparation. 
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Figure 5.3 Shear Behavior of Rillito River Sand; Square Sample, σ'n = 138 kPa 
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Figure 5.4 Shear Behavior of Ottawa 20 Sand; Circular Sample, σ'n = 414 kPa  

 

5.3.4 Effects of Sample Size and Shape 

  The maximum σ'n that could be applied on the square sample (area = 103.2 cm2 = 

16 in2) is 931 kPa (135 psi) for this particular direct shear machine.  Larger σ'n are 

desired for the purpose of this study, consequently a circular sample with a smaller area 

was utilized.  By reducing the sample area, the applied σ'n (force per area) was increased 

to 3241 kPa (470 psi).  Several experiments were performed on both the square samples 

and circular samples with equivalent σ'n.  Consequently, the consistency in test data 

between the differing sample shapes can be observed.  Figure 5.5 displays the direct shear 

results of the Ottawa 20 and Rillito River sands for samples of different area 
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specifications.  The horizontal axis presents the horizontal displacement data normalized 

by the parameter notated as Beffective.  Both the square sample and the circular sample 

have symmetrical dimensions and the Beffective parameter is the length (width for square or 

diameter for circular) of the specimen.  The square shear box has a Beffective of 10.16 cm 

(4.0 in width) and the circular shear sample has a Beffective of 6.35 cm (2.5 in diameter).     
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Figure 5.5 Direct Shear Results on Sand Samples with a σ'n = 414 kPa  

 

 Critical state is a property of soils that is achieved when continuous shearing of the 

sample no longer causes changes in the shear stress to normal effective stress ratio ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n'σ
τ  
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and volume.  The critical state characteristic can only be approximated and Figure 5.5 shows 

that the critical state shear stress to normal effective stress ratio ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

cs

'σ
τ

 is nearly the same 

for square and circular samples.  The peak shear stress to the normal effective stress ratio 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

p

'σ

τ
 is slightly less for the square sample than that of the circular.  As a result, the circular 

sample yields a peak dilation angle, αp, approximately 2o higher for the Ottawa 20 sample 

and 3o higher for the Rillito River sample than the square samples, respectively.  The reason 

for this variation in test data between the square samples and the circular samples is 

unknown.  A possible explanation for the higher αp (more expansion) measured in the 

circular sample is that the grains have less room to adjust its configuration during shear and 

can only ride up over neighboring grains.  The square sample has a much larger volume that 

allows the grains to arrange more freely and orientate themselves to fill the void spaces 

existing in the sample.  The grain configuration of the square sample will exhibit less 

expansion during shear because the grain to grain contact is not as constrained as that of the 

smaller circular sample.    

 

5.4 Test Results and Discussion 

 Direct shear tests were performed on each of the four sands examined in this 

study with varying σ'n.  The samples were prepared in the medium dense to dense range 

with the Silica 40 sand sample at DR=70% and the Ottawa 20 sand sample at DR=90%.  
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Careful attention was given during the sample preparation phase to maintain a constant 

initial density for each particular sand sample among tests with σ'n being varied.   

The shearing behavior of the Rillito River sand as the applied σ'n is varied for 

each test from 414 kPa (60 psi) to 3241 kPa (470 psi) is shown in Figure 5.6.  The 

“peaking” behavior of the soil is much more pronounced at lower σ'n and then becomes 

less significant as the σ'n in increased.  In other words, the ability of a soil sample to 

dilate or expand in volume decreases with increases in σ'n.  This is consistent with 

established understanding of shear behavior of uncemented soils.        
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Figure 5.6 Normal Stress Effects on Direct Shear Behavior of Rillito River Sand 
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 In general, increasing σ'n has three effects: (1) it increases the horizontal load 

required to sustain a constant strain rate; (2) it reduces the brittle characteristics or peak 

behavior of the sample; and (3) it decreases the sample’s ability to dilate.  High σ'n 

suppress dilatancy completely and the sample will compress until critical state is 

achieved.  In this situation, peak behavior can no longer observed for dense samples.  

Consequently, the behavior of dense samples at high σ'n is similar to the behavior of 

loose samples.   

 The direct shear results of all sands used in this research is presented in Figures 

5.7 and 5.8.  The shear strength data obtained from shearing only the circular samples 

will be used for analysis purposes due to the apparatus’ capability of achieving higher σ'n.  

The shear characteristics of the sands at a σ'n of 414 kPa (60 psi) are shown in Figure 5.7 

while the shear characteristics from a σ'n of 3241 kPa (470 psi) are shown in Figure 5.8.  

The two river sands (Rillito River and Santa Cruz River) achieve higher ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n'σ
τ  than the 

other two sands.  A higher shear force is required to shear the river sands at a strain rate 

identical to the other sands.   

The most significant observation made in comparing these results is the ability of 

the Ottawa 20 sample to remain dilatant at high σ'n.  At a σ′n of 3241 kPa (470 psi), 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

p

'σ

τ
 is still well-defined for the Ottawa 20 sand.  The same plot reveals that ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

n

p

'σ

τ
 of 

the silica sand can longer be distinguished from ⎟⎟
⎠

⎞

⎝

⎛

n

cs

'σ
τ

⎜⎜ .  Dilatancy is nearly suppressed 
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with a σ'n of 3241 kPa (470 psi) applied on the silica sand.  In contrast, the Ottawa 20 

sample continues to expand with the same value of σ'n. 
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Figure 5.7 Direct Shear Response of All Sand Samples with σ'n = 414 kPa  
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Figure 5.8 Direct Shear Response of All Sand Samples with σ'n = 3241 kPa  

  

 In order to determine the shear strength parameters of the sands, τp and τcs were 

extracted from each test.  These τ are displayed with the corresponding σ'n in Figure 5.9 

for the Santa Cruz River sand.  A linear trendline was then generated from τcs.  It is 

known that sands do not have cohesive properties; thus, the shear strength is zero with no 

applied σ'n and the trendline must go through the origin.  The inverse tangent of the linear 

trendline slope produces the critical state friction angle, φ'cs, of the soil.  This is a 

fundamental property of soils and remains constant for a particular soil irregardless of 

testing conditions or sample preparation.  Alternatively, the peak friction angle, φ'p, of the 

soil changes with any changes made in testing procedures, namely, changes in σ'n for this 
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research.  The inverse tangent of the slope generated between each point and the origin 

results in φ'p of the soil.  The difference between φ'p and φ'cs gives αp.          
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Figure 5.9 Ratio of Shear Stresses to Normal Stresses of the Santa Cruz River Sand 

 

 A summary of αp values determined from the direct shear tests performed on 

circular samples is shown in Table 5.2.  These results are also shown in Figure 5.10.  All 

sands except the Rillito River sand show a smooth, continuous, decrease in αp with high 

levels of σ'n.  The αp measurements for the Rillito River sample show some deviation 

from the smooth curve observed in the other three sands.  In general, this plot 

demonstrates the significant difference in the αp values observed for the Ottawa 20 sand 
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and Silica 40 sands.  The Ottawa 20 sample exhibits considerable volume changes at the 

largest σ'n applied in this study, whereas the dense Silica 40 sand samples behave similar 

to that of loose samples.  The two river sands possess shear strength properties that lie 

within range of Ottawa 20 and Silica 40 sands.     

 

Table 5.2 Dilation Angles for All Sand Samples with Varying σ'n 
 
 

NORMAL 
STRESS 

[kPa (psi)] 

DILATION ANGLE [degrees] 

Ottawa 20 Rillito River Santa Cruz River Silica 40 
φ'cs=30o φ'cs=34o φ'cs=36o φ'cs=33o 

138 (20) - - - 12.0 

276 (40) - 11.6 - - 

414 (60) 10.0 10.7 10.2 9.2 

552 (80) - 8.0 - - 

931 (135) 8.6 6.2 7.5 5.9 

1379 (200) - 5.1 - - 

1724 (250) 7.7 5.1 5.8 3.1 

2758 (400) - 2.8 - - 

3241 (470) 5.8 1.4 2.2 0.2 
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Figure 5.10 Dilatancy Behavior of All Sand Samples with Increasing σ'n  

 

5.5 Summary of Findings 

 The direct shear test results demonstrate the differences in the shear strength 

characteristics displayed by the four sands examined in this study.  Dilatancy was nearly 

suppressed at high σ'n on the Silica 40 sand mass, yet was still noticeably present in the 

Ottawa 20 sand mass.  The river sands demonstrated shear strength properties that 

consistently fell within the range set by the other two sands.  The test results suggest that 

grain properties are important in the shearing response of the sands tested.  The rounded 

grains that comprise the Ottawa 20 sand mass exhibit dilatancy behavior at the opposite 

end of the spectrum as compared to the angular grains of the Silica 40 sand mass.  The 
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rounded grains allow for expansion within the granular mass at high σ'n, whereas the 

angular grains configure themselves such that volume expansion is suppressed at high 

σ'n.  Grain shape is presumed to be the underlying factor affecting the αp parameter.   
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CHAPTER 6 

CORRELATION BETWEEN GRAIN SHAPE PROPERTIES AND DILATANCY 

  

6.1 Introduction 

 The shear behavior of granular materials depends on stress path, relative density, 

external loading (confining pressure in triaxial tests or normal effective stresses in direct 

shear tests), and various grain characteristics including size, shape, gradation, 

mineralogy, orientation and arrangement.  The direct shear experimental data presented 

in Chapter 5 lead to the notion of shape being the most significant grain characteristic 

affecting soil dilatancy response.  The grain shape parameters which exhibit the most 

distinguishing qualities amongst the sands used in this study was determined in Chapter 

4.  In this chapter, the stages taken to develop a correlation between dilatancy and grain 

shape are described and evaluated.  The benefit of this correlation is to improve existing 

models so that they may better describe the behavior of granular materials.  A fifth sand 

is also introduced here to examine the validity of the correlation proposed.   

 

6.2 Summary of Data used to Develop Correlation 

 One of the bases of this study is to develop a correlation between dilatancy and 

some unique grain shape factor.  Any such correlation, called model in this dissertation, 

should also incorporate the effects of normal effective stresses due to its direct influence 

on the ability of a granular mass to expand in volume.  The relative density, DR, of a soil 

also plays a vital role in its volume change characteristics; dense sands tend to dilate, 



117 

loose sands tend to compress (negative dilation).  All the data that were used in 

investigating a relationship between dilatancy and grain shape including shear strength 

parameters (φ'p, φ'cs, αp), normal effective stresses (normalized with atmospheric 

pressure, σ'n / patm), grain index parameters of sand (CU, CC), hydraulic conductivity (k), 

and shape factors (Circularity, Roundness, Compactness, ModRatio, Sphericity, Aspect 

Ratio, fractal dimension and fractal autocorrelation) are shown in Tables 6.1 through 6.3.    

 

Table 6.1 Index and Fractal Parameters of Sands Used in Analyses 
 
 

SOIL PARAMETERS 
SAND TYPES 

Silica 40 Ottawa 20 Rillito River Santa Cruz 
River 

Uniformity Coefficient, 
CU 1.40 1.18 1.95 2.73 

Coefficient of Curvature, 
CC 0.95 0.99 0.91 0.88 

Fractal Dimension,       
DF a 1.239 1.182 1.272 1.187 

Fractal Autocorrelation, 
ao b 

0.796 0.907 0.784 0.905 

Permeability,            
k [cm/sec] 0.020 0.022 0.014 0.019 

 
a. DF = Fractal Dimension determined by Box Counting Method 
b. ao = Autocorrelation variable used in conjunction with Fractal Dimension 
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Table 6.2 Shape Parameters of Sands Used in Analyses 
 
 

GRAIN SHAPE 
PARAMETERS 

SAND TYPES 

Silica 40 Ottawa 20 Rillito 
River 

Santa 
Cruz River

LM 

Circularity 0.715 0.724 0.677 0.721 
Roundness 0.604 0.759 0.661 0.642 
Compactness 0.774 0.870 0.811 0.800 
ModRatio 0.555 0.715 0.617 0.583 
Sphericity 0.525 0.698 0.597 0.560 
Inverse of Aspect Ratio 0.728 0.828 0.761 0.749 
Weighted Single Sand 
Shape Factor, WSSSF a 0.621 0.756 0.670 0.649 

SEM 

Circularity 0.746 0.845 0.747 0.769 
Roundness 0.678 0.797 0.676 0.688 
Compactness 0.823 0.892 0.820 0.827 
ModRatio 0.624 0.756 0.631 0.638 
Sphericity 0.605 0.738 0.604 0.606 
Inverse of Aspect Ratio 0.747 0.859 0.767 0.779 
Weighted Single Sand 
Shape Factor, WSSSF a 0.688 0.804 0.699 0.696 

 
a. Weighted Single Sand Shape Factor, WSSSF, determined by Weighted Factor 

Analysis (described later in chapter) 
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Table 6.3 Shear Strength Properties of Sands Used in Analyses 
 

SAND TYPES 
SHEAR STRENGTH CHARACTERISTICS 

σ'n 
[kPa] 

σ'n 
[psi] 

σ'n / 
patm (αp/φ'cs) 

αp 
[deg.] 

(αp/φ'cs) / 
WSSSFLM 

a 
(αp/φ'cs) / 

WSSSFSEM 
a 

Silica 40      
φ'cs=33o 

138 20 1.36 0.365 12.0 0.588 0.530 
172 25 1.70 0.289 9.5 0.466 0.420 
345 50 3.40 0.237 7.8 0.381 0.344 
414 60 4.08 0.191 6.3 0.308 0.278 
414 60 4.08 0.279 9.2 0.449 0.405 
689 100 6.80 0.149 4.9 0.240 0.216 
931 135 9.19 0.178 5.9 0.287 0.259 
1034 150 10.21 0.104 3.4 0.167 0.151 
1724 250 17.01 0.093 3.1 0.149 0.135 
3241 470 31.98 0.006 0.2 0.010 0.009 

Ottawa 20    
φ'cs=30o 

414 60 4.08 0.334 10.0 0.443 0.416 
931 135 9.19 0.285 8.6 0.377 0.355 
1724 250 17.01 0.256 7.7 0.338 0.318 
3241 470 31.98 0.194 5.8 0.257 0.242 

Rillito River   
 φ'cs=34o 

276 40 2.72 0.342 11.6 0.511 0.490 
414 60 4.08 0.314 10.7 0.469 0.450 
552 80 5.44 0.235 8.0 0.351 0.337 
931 135 9.19 0.182 6.2 0.271 0.260 
1379 200 13.61 0.151 5.1 0.225 0.216 
1724 250 17.01 0.149 5.1 0.222 0.213 
2758 400 27.22 0.081 2.8 0.121 0.116 
3241 470 31.98 0.042 1.4 0.063 0.060 

Santa Cruz 
River        

φ'cs=36o 

414 60 4.08 0.282 10.2 0.435 0.406 
931 135 9.19 0.208 7.5 0.321 0.299 
1724 250 17.01 0.161 5.8 0.247 0.231 
3241 470 31.98 0.061 2.2 0.093 0.087 

 
a. Relationship including ratio of shear strength parameters to Weighted Single Sand 

Shape Factor, WSSSF, determined by either the LM and SEM method; 

WSSSF/1
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6.3 Properties of External Sand Sample for Model Verification 

 An external sand (5th sample) utilized in verifying the dilatancy and shape factor 

correlation will be called “Concrete” sand hereafter in this dissertation.  The name refers 

to the sands primary use as the ingredient in making concrete at the University of 

Arizona’s Department of Civil Engineering.  This natural sand mass was chosen to test 

the validity of the model since most sands found in nature are less uniform in size, shape 

and gradation as compared to the standard, rounded, Ottawa 20.  The Concrete sand 

contains little or no fines, and has a unique shape profile.    

 

6.3.1 Physical Parameters of Concrete Sand 

The grain size distribution of the Concrete sand along with the other sand types 

used in the study is shown in Figure 6.1.  The steep gradation curves of all sands 

represent uniformity in grain sizes.  Table 6.4 summarizes the properties of the Concrete 

sand as compared to the other sand masses.  The uniformity coefficient of Concrete sand 

is less than 4.0 and indicates a uniform gradation, but is higher in comparison to the other 

sands used in this research.  Sands with CU near 1.0 correspond to a mass of grains of 

nearly the same size.  The maximum and minimum void ratios for Silica 40, Santa Cruz 

River and Concrete sand are nearly identical, which leads the author to believe that grain 

configuration during shearing behavior may be similar for these three sands.  The ability 

of the grains to adjust themselves and either fill in void spaces or ride up over 

neighboring grains affects the structural arrangement and shearing behavior of the soil 

mass.  Permeability is also affected by the grain configuration.  The Concrete sand has a 
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slightly lower permeability than the Silica 40 sand and Santa Cruz River sand (sands with 

similar emax and emin values).  A possible reason is the presence of a higher amount of 

fines in the Concrete sand than either of these other sands.                              
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Figure 6.1 Grain Size Distribution for Sands Utilized in Model Development and 

Verification 
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Table 6.4 Comparison of Soil Properties for the Sands Utilized in Model 

Development and Verification 

SOIL 
PROPERTIES 

SAND TYPES 

Concrete Ottawa 20 Rillito 
River Silica 40 Santa Cruz 

River 
D10 [mm] 0.20 0.61 0.42 0.45 0.22 
D30 [mm] 0.41 0.66 0.56 0.52 0.34 
D50 [mm] 0.63 0.70 0.72 0.58 0.47 
D60 [mm] 0.80 0.72 0.82 0.63 0.60 

CU 3.96 1.18 1.95 1.40 2.73 
CC 1.04 0.99 0.91 0.95 0.88 

Fines Content  1.6% 0% 0.06% 0.11% 0.04% 
emax 0.80 0.73 0.73 0.80 0.80 
emin 0.41 0.50 0.42 0.40 0.40 

k [cm/sec] 0.015 0.022 0.014 0.020 0.019 
Gs 2.65 2.65 2.61 2.65 2.59 

 

 

6.3.2 Grain Shape Properties of Concrete Sand 

SEM and LM were both used to obtain digital images of the Concrete sand grains 

and examples of the SEM analyses are shown is Figures 6.2.  The grains are less uniform 

in size and shape as compared to the other sands used in this dissertation.  Some of the 

grains have very angular edges, whereas others have more rounded edges.  The variation 

of shape profiles with the Concrete sand allows for a thorough check in the model 

verification process.  The six grain shape parameters extracted from the profiles of the 

grains are summarized in Table 6.5.  The LM and SEM values of these parameters follow 

a similar trend with the other sands, in that, the SEM values are slightly higher than the 
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LM values.  This is due to more details in the shape profile and surface features that are 

picked up with the magnification capabilities of the SEM.   

 

      

 

Figure 6.2 SEM Digital Images of Concrete Sand Grains 

 

Table 6.5 Grain Shape Characteristics of Concrete Sand 
 

 GRAIN SHAPE  
PARAMETERS 

CONCRETE SAND  
LM  

Value 
SEM  
Value 

Circularity 0.668 0.770 
Roundness 0.624 0.621 

Compactness 0.787 0.786 
ModRatio 0.538 0.567 
Sphericity 0.517 0.546 

Inverse of Aspect Ratio 0.731 0.743 
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6.3.3 Shear Strength Properties of Concrete Sand 

 Direct shear tests were performed on the Concrete sand with similar testing 

conditions to the other four sands in this dissertation.  Dry, medium dense samples were 

prepared (DR is approximately equal to 80%) with applied normal stresses varying 

between 207 kPa (30 psi) and 3241 kPa (470 psi) were imposed on the top face of the 

sample.  The shearing behavior of the Concrete sand is demonstrated in Figure 6.3.   
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Figure 6.3 Direct Shear Responses of Concrete Sand 

 

The peak shear stresses, τp, and critical state shear stresses, τcs, extracted from the direct 

shear data are shown in Figure 6.4.  A best-fit trendline through the critical state data 
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points reveal a critical state friction angle for the Concrete sand of 35o.   The dilatancy 

angles for each of the direct shear tests are summarized in Table 6.6.  The Concrete sand 

sample still exhibits some expansion even at a normal stress of 3421 kPa (470 psi) – the 

maximum capacity of the direct shear device used.  
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Figure 6.4 Relationship Between Shear Stress and Normal Effective Stress  
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Table 6.6 Dilatancy Angles for Concrete Sand 
 

NORMAL 
STRESS 

CONCRETE SAND 
φ'cs=35o 

[kPa] [psi] Dilation Angle [degrees] 
207 30 11.9 
414 60 5.0 
621 90 8.1 
931 135 6.2 
931 135 5.3 
1241 180 6.5 
1724 250 4.0 
3241 470 1.7 

 

 

6.4 Methodology for Developing Dilatancy Model 

 The need to develop a soil model including grain shape to better predict dilatancy 

can easily be overshadowed if the methodology is too difficult, time-consuming, 

expensive or impractical for application.  For this reason, only lower order polynomial-

type model that includes dilatancy, normal effective stress and grain shape are examined.  

For the initial approach, the effectiveness of combining the six grain shape parameters 

into one unique shape factor with a technique called Weighted Factor Analysis is 

evaluated.  Microsoft Office Excel 2003 was used in this preliminary analysis and also in 

the development of a correlation between dilatancy and grain shape.  A statistical 

software package, S-Plus 8 for Windows, was later used for further development of the 

correlation.  The stages used in investigating these models and its application are 

described in the following.    
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6.5 Weighted Factor Analysis 

 The purpose of Weighted Factor Analyses is to examine simple patterns in the 

relationships between numerous variables.  The goal is to determine whether or not the 

observed variables can be explained largely or entirely in terms of a much smaller 

number of variables.  In this study, there are six grain shape parameters found to 

distinguish among grain types and the Weighted Factor Analysis will aide in reducing the 

variable count from six to one.  

 

6.5.1 Calculation of Weighted Single Sand Shape Factor, WSSSF    

 As stated in Chapter 4, there are six grain shape parameters with the ability to 

distinguish among the four uniform sand masses used in this study: 1) Circularity; 2) 

Roundness; 3) Compactness; 4) ModRatio; 5) Sphericity; and 6) Inverse of Aspect Ratio.  

From a logical sense, developing one factor from these six variables should depend 

heavily on how well each variable is able to differentiate the four sands.  This means that 

the variable with the largest deviation among the sands is more influential than a variable 

reflecting a small deviation.  The key data used for calculations in the Weighted Factor 

Analysis and the results are shown in Table 6.7.  All analyses are performed using 

Microsoft Office Excel 2003. 
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Table 6.7 Process of Reducing Variables to Describe Grain Shape 
 
 

GRAIN SHAPE 
PARAMETERS 

SAND TYPES 
Std Dev, 

σ  a 
Weight 
Factor bOttawa 

20 
Rillito 
River 

Silica 
40 

Santa 
Cruz 
River 

Circularity 0.724 0.677 0.715 0.721 0.022 6.9% 

Roundness 0.759 0.661 0.604 0.642 0.066 20.9% 

Compactness 0.870 0.811 0.774 0.800 0.040 12.8% 

ModRatio 0.715 0.617 0.555 0.583 0.070 22.2% 

Sphericity 0.698 0.597 0.525 0.560 0.075 23.7% 

1/AspRatio 0.828 0.761 0.728 0.749 0.043 13.6% 

WSSSF c 0.756 0.670 0.621 0.649 - - 
 

a. Step 1: Calculation of standard deviation among sands for each shape parameter 
b. Step 2: Calculation of weight factor to determine the amount of influence of each 

shape parameter with respect to all shape parameters 
c. Step 3: Calculation of the Weighted Single Sand Shape Factor, WSSSF, which 

includes all six grain shape parameters 
 

 

The steps taken are described in the following. 

Step 1:  The standard deviation is a measure of how widely values are dispersed 

from the average value or mean.  The standard deviation, σ , of the four sands is 

calculated for each shape parameter using: 

( )
1n
xx

2

−

−
=σ ∑              [6.1] 

xwhere x is each sample value in the population,  is the sample mean or arithmetic mean, 

and n is the sample size.  In this case, n = 4, representing the four sands.  The term “n-1” 
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in the denominator corresponds to a sample of a population of 30 or less, whereas “n” in 

the denominator corresponds to an entire population.  A total of 30 grains were analyzed 

for each sand mass and the “n-1” term is appropriate for this case.       

Step 2:  The weighted factor is a percentage reflecting the significance of each 

shape parameters as compared to all of the grain shape parameters as a whole in 

discriminating a sand mass.  More specifically, the weight factor is a percentage of the 

standard deviation for a particular shape parameter to the total standard deviation for all 

shape parameters and its relationship is given as: 

( )

( )

( )
∑ ∑

∑

∑
−

−

−

−

=
σ

σ

6eterShapeParam
1eterShapeParam

2

2

6eterShapeParam
1eterShapeParam

1n
xx

1n
xx

                     [6.2] 

Step 3:  A weighted shape factor is calculated for each sand mass by utilizing all of 

the weighted factors in order to include all six grain shape parameters.  The weighted 

factor for each shape parameter is multiplied by the shape value for one particular sand 

type.  The sum of these weighted shape values gives a “Weighted Single Sand Shape 

Factor” or WSSSF as described in this dissertation.  Using the values given in Table 6.7, 

the following demonstrates the calculation process for the Ottawa 20 sand’s WSSSF: 

WSSSFOttawa20 = (CircularityOttawa20 × WeightFactorCircularity) + (RoundessOttawa20 × 

WeightFactorRoundness) + (CompactnessOttawa20 × WeightFactorCompactness) + ………. + 

(1/AspectRatioOttawa20 × WeightFactor1/AspectRatio)                   [6.3] 

i.e., 

WSSSFOttawa20 = (0.72×6.9%) + (0.76×20.9%) + (0.87×12.8%) + ………. + (0.83×13.6%) 
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 The methodology of Weighted Factor Analysis as described above results in one 

weighted shape factor for each particular sand type.  There is a weighted shape factor 

generated from the LM digital image analysis and another from the SEM.  The LM 

WSSSF will be the focal point in the development of a correlation due to its potential as a 

more practical tool than SEM.  This will be the shape factor used to establish a 

relationship with the dilatancy behavior of a soil mass.   

 The differences in the weighted factors are shown in Table 6.8 and also the 

resulting changes to the WSSSF.  The weight factors are altered from 2% up to 6% when 

utilizing the variance instead of the standard deviation.  As a result, there is a slight 

difference in the calculated WSSSF.  The WSSSF values are higher when using the 

standard deviation and the error ranges from 1% to 4%.  Units are of no concern with the 

shape values even though the standard deviation has same units as mean and the variance 

has the unit measure squared.  Also, the shape values range from 0 to 1.  Therefore, the 

choice of variance or standard deviation is not significant in this study.  Since the interest 

is on the spread of data rather than the spread of data from the mean, the standard 

deviation is chosen as the measure to calculate the variation of data among the sands for 

each individual shape parameter. 
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Table 6.8 Standard Deviation and Variance Methods to Calculate Weighted Factors 
 
 

GRAIN SHAPE 
PARAMETERS 

SAND TYPES 
Weight 
Factor 1 

Weight 
Factor 2Ottawa 

20 
Rillito 
River 

Silica 
40 

Santa 
Cruz 
River 

Circularity 0.724 6.9% 0.715 0.721 6.9% 2.5% 

Roundness 0.759 20.9% 0.604 0.642 20.9% 23.2% 

Compactness 0.870 12.8% 0.774 0.800 12.8% 8.7% 

ModRatio 0.715 22.2% 0.555 0.583 22.2% 26.2% 

Sphericity 0.698 23.7% 0.525 0.560 23.7% 29.7% 

1/AspRatio 0.828 13.6% 0.728 0.749 13.6% 9.8% 

WSSSF 1 0.756 0.670 0.621 0.649 - - 

WSSSF 2 0.745 0.654 0.597 0.628 - - 
 
1. Weight factor and WSSF calculated using the standard deviation to measure the 

spread of data from the mean, 
( )

1n
xx

2

−

−
=σ ∑  

2. Weight factor and WSSF calculated using the variance to measure the spread of 

data from the mean, 
( )

1n
xx

2
2

−

−
=σ ∑  

 

 

6.5.2 Limitations of Weighted Single Sand Shape Factor    

 The advantage of using the Weighted Factor method for obtaining the weighted 

shape factor is that the number of variables is decreased from six to one.  This simplifies 

the model development process as well as the resulting correlation between dilatancy and 

grain shape.  One disadvantage of this method is that while all of the shape parameters 



132 

are lumped into one factor, the possibility of one parameter canceling out others can 

increase.  This could reduce the influence of one or more of the significant parameters.    

 In order to observe this limitation that could possibly be introduced with the use 

of WSSSF, the Weighted Factor Analyses technique was applied to four basic shapes in 

nature including the circle, oval, square, and triangle.  The Particle_Plus8 plugin in 

ImageJ was utilized on each basic shape to obtain the six significant shape parameters 

(Circularity, Roundness, Compactness, Sphericity, ModRatio, and the Inverse of Aspect 

Ratio) being studied in this research.  The data for these basic shapes are summarized in 

Table 6.9.   

 

Table 6.9 Process of Reducing Variables to Describe Basic Shapes in Nature 
 
 
GRAIN SHAPE 
PARAMETERS 

BASIC SHAPES Std Dev, 
σ  a 

Weight 
Factor b Circle Oval Square Triangle 

Circularity 0.904 0.760 0.785 0.555 0.145 12.5% 

Roundness 0.983 0.504 0.637 0.553 0.216 18.6% 

Compactness 0.991 0.710 0.798 0.744 0.126 10.8% 

ModRatio 0.982 0.502 0.707 0.575 0.211 18.2% 

Sphericity 0.981 0.502 0.707 0.498 0.228 19.7% 

1/AspRatio 1.000 0.505 1.000 0.865 0.234 20.2% 

WSSSF c 0.977 0.558 0.773 0.630 - - 
 

a. Step 1: Calculation of standard deviation among basic shapes for each shape 
parameter 

b. Step 2: Calculation of weight factor to determine the amount of influence of each 
shape parameter with respect to all shape parameters 

c. Step 3: Calculation of the Weighted Single Sand Shape Factor, WSSSF, which 
includes all six grain shape parameters 
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 The Inverse of Aspect Ratio and Sphericity parameters carry the largest influence 

in distinguishing amongst the basic shapes, followed closely by Roundness and 

ModRatio.  Combining Compactness and Circularity together accounts for approximately 

the same weight as each of the other shape parameters.  For analyses of the sands, 

Sphericity and ModRatio are the most significant weighted factors followed by 

Roundness and Inverse of the Aspect Ratio.  Again, combining Compactness and 

Circularity together accounts for approximately 20% of the total influence in 

discriminating grains. 

 The following observations were made for both the sands and the basic shapes in 

regards to each of the following shape parameters: 

Circularity 

The error observed from the output of the image processing software plugin is 

apparent with a resulting Circularity value of 0.90 for a perfect circle.  Theoretically, a 

circle should yield a Circularity value of 1.0.  However, imperfections in the lines used to 

generate the circles or in the software plugin itself, can lead to misrepresentations in the 

shape value determined.  Ottawa 20 is known to be a standard, rounded sand and this 

research shows that its grains have a Circularity value of 0.72.  This sand is most closely 

represented by the oval (Circularity = 0.76); another very rounded-type of basic shape, 

but also very different from a circle.  This implies that the Ottawa 20 grains have a 

maximum to minimum axis length ratio less than 1.0.  Nevertheless, shape value 

representation of the Ottawa 20 grains similar to an oval (Aspect Ratio approaches ½) 

may not be accurate.  The Aspect Ratio is the distinguishing characteristic between a 
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circle and an oval.  Oval-shaped grains would exhibit dilatancy behaviors much different 

from that of circular grains.  Observations of Circularity for the other three sands showed 

similar shape profiles among the natural materials (similar to oval). 

Roundness 

 The circle gives a Roundness of nearly 1.0 and the oval yields a value nearly 0.5.  

The triangle and square resulted in unexpected Roundness quantities, 0.55 and 0.64, 

respectively.  The grains of the two river sands and Silica 40 gave Roundness values 

within the range of a square.  Roundness relates to the angularity of grains.  Although the 

grains of the Rillito River, Santa Cruz River and Silica 40 sands do not appear similar to 

a square, the similarity in Roundness values can be attributed to the angular to subangular 

edges observed in those sand grains.  The Ottawa 20 grains were the most rounded of the 

natural sands.   

Compactness 

 All of the natural materials result in Compactness values within the range set by 

the Compactness of a circle and a square.  The dimensions used to calculate Compactness 

are the same as those used to calculate Roundness including the area of the grain and the 

length of the major axis.  As a result, the comparison between natural materials and the 

basic shapes is similar for both shape parameters and is described above.     

ModRatio 

 ModRatio values for the Rillito River, Santa Cruz River and Silica 40 sand grains 

were most similar to that of a triangle whereas the Ottawa 20 sand grains were most 

comparable to that of a square.  This shape factor incorporates the radius of an inscribed 
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circle as well as the length of the major axis.  Consequently, sharp edges such as those of 

a square and triangle have little impact on the ModRatio parameter.  As a result, the 

logistics in comparing basic shapes with the natural sands cannot be correctly evaluated.       

Sphericity 

 The Sphericity of all of the natural materials used in the study fell within the 

range of Sphericity quantities of the oval and square.  This shape factor is related to the 

gross shape of a grain and it includes the radius of an inscribed circle as well as the radius 

of a circumscribed circle centered at the center of mass.  The Sphericity of the natural 

materials being comparable to a circle and oval is logical with this volume-type of 

measurement.  The subangular or angular edges of the grains can be attributed to the 

similaries being observed with the square.      

Inverse of Aspect Ratio 

 As previously mentioned, the Aspect Ratio is the distinguishing characteristic 

between a circle and an oval.  In contrast, the Aspect Ratio cannot discriminate between a 

circle and a square, both of which give an Aspect Ratio of 1.0.  The oval-shape used in 

this study was generated such that the maximum axis length was nearly twice the 

minimum axis length, giving an Aspect Ratio of 2:1 (Inverse of Aspect Ratio = ½).  The 

digital images of the sands show grains that are not oblong in nature, thus the Aspect 

Ratio of the sands was most comparable to that of the triangle.  This is reasonable 

because all of the sands fall somewhere in between an oblong shape and a perfectly 

rounded shape.     
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6.5.3 Correlation of Weighted Single Sand Shape Factor and Dilatancy 

The goal in developing a correlation of WSSSF with dilatancy is to be able to 

predict the shear strength of a particular sand mass based solely on the grains’ shape 

characteristics and the applied normal stresses, σ'n.  Relative density of the granular mass 

has a significant influence on the amount of expansion it experiences during shear.  

Direct shear tests were performed only on medium to medium-dense samples in an effort 

to possibly reduce the variable count required for model development.  The inclusion of 

DR will also be examined to determine if the dilatancy predictions improve.  

Incorporating the critical state friction angle, φ'cs, into the dilatancy correlation may aide 

the weighted shape factor in distinguishing sand types.  As mentioned previously, φ'cs is a 

fundamental parameter of a particular granular mass, and if used in conjunction with 

WSSSF, the dilatancy factor may be better predicted for a unique sand type.   

 To examine a dimensionless relationship between grain shape and dilatancy, σ'n is 

normalized with respect to atmospheric pressure, patm, and αp is normalized with respect 

to φ'cs.  Given that WSSSF and (σ'n / patm) are known variables, they were multiplied by 

one another to establish an x-axis variable entirely influencing dilatancy.  A trendline was 

then generated for each of the sand types.  Figure 6.5 shows the dimensionless correlation 

determined from an exponential trendline.  This type of trendline is utilized when data 

values rise or fall at increasing higher rates and cannot be used if data contains zero or 

negative values.  Figure 6.6 shows the dimensionless correlation determined from a 

natural logarithmic trendline.  This type of trendline is a best-fit curved line that is 
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utilized when the rate of change in data increases or decreases quickly and then levels 

out.  The logarithmic trendline can use both positive and negative data values.   
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Figure 6.5 Exponential Trendline Correlations of Dilatancy and Grain Shape for 

Each Sand Mass 

 
The exponential trendline equations and R2 values are as follows. 
 

Ottawa 20 Sand (R2 = 0.986):  
WSSSF
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Santa Cruz River Sand (R2 = 0.986): 
WSSSF
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Rillito River Sand (R2 = 0.960): 
WSSSF
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Silica 40 Sand (R2 = 0.944):  
WSSSF

p
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The equations can be approximated for practical use by utilizing only two decimal 

points in the first values after the equal sign.  The R2 value shown in each of the plots 

reflects how closely the estimated values correspond to the actual data values.  A 

trendline is deemed most reliable when the R2 value is nearly equal to 1.0.  The 

exponential trendlines generated for each sand individually yielded R2 values 

approximately 90% or higher.   
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Figure 6.6 Logarithmic Trendline Correlations of Dilatancy and Grain Shape for 

Each Sand Mass 
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The logarithmic trendline equations and R2 values are as follows.   
 

Ottawa 20 Sand (R2 = 0.979):  413.0WSSSF
p

'
ln066.0

' atm

n

cs

p +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ σ
φ

α
     [6.8] 

Santa Cruz River Sand (R2 = 0.975): 392.0WSSSF
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Rillito River Sand (R2 = 0.974): 410.0WSSSF
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Silica 40 Sand (R2 = 0.919):  323.0WSSSF
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The logarithmic trendlines generated for each sand individually also yielded R2 values 

approximately 90% or higher.    

The goal of this research is to establish one correlation between dilatancy and 

grain shape that can distinguish one granular mass from another.  The above relationships 

are unique to each sand mass.  The trendline for all the sands taken together are shown in 

Figures 6.7 and 6.8.  The trendlines created by combining all data together gives a much 

lower R2 value, approximately 48% for the exponential trendline and 62% for the natural 

logarithmic trendline, compared with the individual trendlines.   
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Figure 6.7 Single Exponential Trendline Correlation of Dilatancy and Grain Shape 

for All Sands 

 
The exponential trendline equation and R2 value is as follows. 
 

WSSSF
p

'
084.0

cs

p atm

n

e323.0
'

××−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ σ

φ

α
;  R2 = 0.475        [6.12] 
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 Figure 6.8 Single Logarithmic Trendline Correlation of Dilatancy and Grain 

Shape for All Sands 

 
The logarithmic trendline equation and R2 value is as follows. 
 

340.0WSSSF
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To examine the effects of DR, a new correlation was examined by dividing the 

ordinate factor by DR as shown in Figure 6.9.  The R2 value for the correlation increased 

from 62% to 77% for the natural logarithmic trendline as compared to the actual data 

without the effects of DR included.        
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Figure 6.9 Single Logarithmic Correlation of Dilatancy and Grain Shape Including 

DR for All Sands 

 
The logarithmic trendline equation (including DR) and R2 value is as follows. 
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;  R2 = 0.774      [6.14] 

 

 

6.5.4 Verification of Correlation Developed with Weighted Factor Analysis 

The Weighted Factor Analysis was applied to the grain shape quantities of the 

Concrete sand.  The weight factors for each of the grain shape parameters were consistent 

with those determined from the standard deviation distributions of the four sands (Silica 
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40, Ottawa 20, Rillito River and Santa Cruz River). The shape parameter quantities and 

the weighted factors used to calculate the WSSSF for the Concrete sand are shown in 

Table 6.10.   

 

Table 6.10 Weighted Single Sand Shape Factor for the Concrete Sand Mass 
 
 

GRAIN SHAPE PARAMETERS 
CONCRETE SAND  

LM Value Weight 
Factor SEM Value Weight 

Factor 
Circularity 0.770 6.9% 0.668 14.8% 

Roundness 0.621 20.9% 0.624 18.3% 

Compactness 0.786 12.8% 0.787 10.8% 

ModRatio 0.567 22.2% 0.538 19.7% 

Sphericity 0.546 23.7% 0.517 20.9% 

Inverse of Aspect Ratio 0.743 13.6% 0.731 15.5% 

WSSSF 0.639  0.625  
 

 

The logarithmic correlation of dilatancy and grain shape with the inclusion of DR 

is shown in Figure 6.10 along with the Concrete sand data.  The correlation shows good 

agreement with the external sand shape parameters.  Several of the Concrete sand data 

points fell on the trendline while others lie within a small range.  One data point is 

extremely low as it does not follow the trend of the other dilatancy data points.  Overall, 

the correlation developed by means of the weighted factor analysis is capable of 

predicting a reasonable dilatancy angle considering the key controlling factors, the 
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normal effective stress, critical state friction angle, relative density and the weighted 

single sand shape factor. 
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Figure 6.10 Verification of the Single Logarithmic Correlation of Dilatancy and 

Grain Shape for All Sands  

 
 

6.6 S-Plus Analysis 

 The software package, S-Plus 8.0 for Windows, by the Insightful Corporation is a 

reasonably priced program with extensive capabilities.  This program is an inexpensive 

solution for exploratory data analysis and statistical modeling. 
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 The first step taken in S-Plus analyses to visualize the data involved creating a 

local regression plot.  A two-dimensional plot using Loess regression of dilatancy and the 

normal effective stress is shown in Figure 6.11.  The Loess-type regression is a locally 

weighted scatterplot smoothing technique.  It fits simple models to localized subsets of 

the data to build a function that describes the deterministic part of the variation in data.  

The Loess curve is unable to capture the true meaning of the relationship because at one 

particular normal stress, there is a scatter or wide variation in dilatancy values.  The 

reason for this is that one particular granular mass is not being distinguished from another 

– they are all being grouped together.        
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Figure 6.11 Relationship of Dilatancy and Normal Stress Developed in S-Plus 

 

To investigate the effects of grain shape, a scatterplot matrix was generated for 

each variable against each of the other variables (Figure 6.12).  The five by five matrix 

was established based on five chosen parameters, which are listed diagonally across the 

matrix in the following order: normal effective stress, dilation angle, LM Roundness, LM 

ModRatio, and LM Sphericity.  These three grain shape parameters have the largest 

weight in distinguishing the grains.  In order to use the scatterplot, one variable is 

selected and its relationship with the other variables can be examined through the plots in 
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the horizontal row of the selected variable or the vertical column of the selected variable.  

For example, to observe the relationship between the dilation angle and LM Sphericity, 

the plots of interest are in the 2nd column/4th row or 4th column/2nd row.   
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Figure 6.12 Scatterplot Matrix Showing Relationships Between Five Variables  

 

In general, this plot only shows the individual effects of each of the three grain 

shape parameters (LM Roundness, LM Sphericity and LM ModRatio) and normal 

effective stress on dilatancy.  For example, the figure indicates that some type of 

relationship does exist between normal effective stress and dilatancy due to the 

decreasing trend in data.  However, another variable is needed to distinguish the granular 
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masses.  Care needs to be taken with interpreting the results of the scatterplot.  For 

example, normal effective stress should not be affected by the other variables.  But it is 

possible to infer relationships among normal effective stress and the other variables.  A 

linear relationship is shown between each of the shape parameters – LM Roundness, LM 

Sphericity, and LM ModRatio.  However, this interpretation is incorrect because the 

shape parameters are directly related through the dimensioning characteristics of the 

grain from which they are calculated.  Sphericity and ModRatio are both functions of the 

radius of the inscribed circle of the grains, whereas Roundness and ModRatio are both 

functions of the length of the major axis.  Besides, the objective of the correlation is to 

show how grain shape affects dilatancy.  Because of this, it is difficult from this type of 

plot to determine which parameters can be used to establish the relationship between 

grain shape and dilatancy.   

Since the data set used in this study has many variables, S-Plus allows the user to 

observe how a plot with two chosen variables changes with one or more conditioning 

variables.  Trellis graphs are produced to display data in a series of panels conditioned 

upon different values of one or more specified variables.  Each panel contains a subset of 

the original data corresponding to intervals of the conditioning variables.  Figure 6.13 

shows how the dependence of dilatancy on the LM WSSSF varies according to levels of 

normal effective stress.  The LM WSSSF calculated with Weighted Factor Analysis was 

used here because it includes all of the six significant grain shape parameters.  Each 

individual grain shape parameter was also plotted on the y-axis against dilatancy, but 

these plots are not shown on Figure 6.13.  This is due to the fact that the individual grain 
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shape parameters show similar trends with dilatancy as compared to WSSSF.  The 

increasing linear trend in each conditioning panel indicates that the dilatancy angle tends 

to increase with increasing weighted shape factor.  The increasing slope of the linear 

trend signifies an increase in dilatancy with increasing weighted shape factor and 

decreasing normal effective stress.  It is difficult to conclude a distinct correlation 

between dilatancy and grain shape from this plot because there is only one shape 

parameter quantity per sand and only four sands used in the whole study. 

 

Figure 6.13 Trellis Graphics for Multipanel Conditioning of the Data Set 

 The Trellis-type graph would be useful if more LM WSSSF values (or any other 

grain shape parameter) were available. 
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6.7 Summary of Findings 

 A correlation between soil dilatancy and grain shape was developed and verified 

in this chapter.  The model factors includes dilatancy, normal stress, relative density, 

critical state friction angle and a weighted single sand shape factor, WSSSF, which 

incorporates all six distinguishing shape parameters.  The goal of this dissertation was 

achieved with the following correlation (R2 = 0.774): 
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The WSSSF term was calculated by means of the Weighted Factor Analysis 

technique and consists of the grains’ Circularity, Roundness, Compactness, ModRatio, 

Sphericity and Inverse of Aspect Ratio.  The correlation was developed in Microsoft 

Office Excel 2003 using the Ottawa 20, Silica 40, Rillito River, and Santa Cruz River 

sand masses, and then verified using the Concrete sand mass.  A more advanced 

statistical package, S-Plus 8.0 for Windows, was also evaluated in developing the model.  

However, for practical use, the Weighted Factor Analyses offers simplicity.   

Routine tests can be used to determine the critical state friction angle and relative 

density for a given material and the LM can be used to determine the shape factor.  

Although the regression coefficient is relatively low for WSSSF compared with the 

individual grain shape factors, the use of Eqn. [6.14] will improve the modeling of 

granular masses.  
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CHAPTER 7 

SUMMARY, CONCLUSIONS, APPLICATIONS AND RECOMMENDATIONS 

 

7.1 Summary and Conclusions 

The hypothesis examined in this dissertation is that grain shape is a key parameter in 

the shearing behavior of granular soil masses.  The key soil characteristic that grain shape 

affects is dilatancy.  Dilatancy is the ability of a soil to expand during shearing.  Prior to this 

research, grain shape quantification techniques to distinguish one granular material from 

another have not reached a stage of development for inclusion in modeling the behavior 

of granular materials.  Part of the problem is the equipment of choice for grain shape 

measurements is the scanning electron microscope, which is a relatively expensive and 

complex device.  The other problem lies in the difficulty of finding a particular grain 

shape parameter(s) that can identify key characteristics and distinguish one type of grain 

and/or grain conglomerate from another.  Effective and simple techniques of grain shape 

quantification for practical application were investigated in this dissertation.    

Existing soil models were evaluated to understand the contribution of grain 

parameters, particularly shape, on the shear behavior of granular materials.  Most existing 

stress-dilatancy relationships include normal effective stress (for direct shear loading 

conditions or confining pressure in triaxial compression loading conditions) and a few also 

include relative density of the sample and the critical state friction angle.  However, to better 

predict dilatancy, grain properties must also be incorporated.   
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SEM and LM were used to evaluate which method of obtaining digital images is 

better for practical application.  LM is less expensive and easier to operate in comparison to 

SEM.  Nevertheless, sufficient quality of the digital images is necessary for the purpose of 

examining grain shape characteristics and LM may not always fulfill this requirement.  In 

this research, both techniques are analyzed to determine whether or not SEM capabilities 

outweigh the benefits of LM.    

Various grain shape quantification methods were investigated to determine which 

shape parameters influence the dilatancy of a granular mass.  The ImageJ digital image 

processing program, available as freeware, was utilized to obtain and analyze the shape 

parameters that best differentiated the granular soil masses.  The grain shape parameters that 

showed the largest variation among sands chosen in this study were deemed significant 

shape parameters.      

Direct shear tests were performed on four sands in the model development phase of 

this study.  These sand masses were comprised of grains that ranged from rounded (Ottawa 

20 sand) to subrounded/subangular (Rillito River sand and Santa Cruz River sand) to 

angular (Silica 40 sand).  A fifth sand was tested in the model verification phase of the 

research and this natural sand consisted of grains varying from more rounded shapes to 

more angular shapes (Concrete sand).  The shear strength of medium to medium dense 

samples was examined with varying normal stresses for all five of these sands.     

The correlation developed in this dissertation incorporates all of the factors that are 

included in existing stress-dilatancy relationships (normal stress, relative density and critical 

state friction angle) as well as grain shape.  Weighted Factor Analysis was used to combine 
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all six grain shape parameters into the Weighted Single Sand Shape Factor, WSSSF, such 

that the correlation would be much simpler due to a smaller number of variables.  Microsoft 

Office Excel 2003 was used to perform the analysis and evaluate a correlation.  The 

statistical software package, S-Plus 8.0, was also used to examine the potential for a model 

predicting dilatancy from grain shape.      

In this research, a new methodology to predict dilatancy is presented.  LM was 

found to be as equally effective as SEM for the purpose of this research, thereby reducing 

one component of the costly approach in grain shape quantification techniques.  For 

uniformly graded sands, the number of grains required to accurately represent the entire 

mass was determined to be as minimal as 30.  The key grain shape parameters found to 

differentiate the sand grains included Circularity, Roundness, Compactness, ModRatio, 

Sphericity, and Aspect Ratio.  The correlation developed in this dissertation (R2 = 0.774) is 

given by: 
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This model showed good agreement with the shear strength and grain shape data 

collected in the research.  It was shown that it is possible for grain shape quantification 

techniques to be both effective and simple, thereby allowing the correlation to become 

practical for application in real world shear strength problems.  The following procedures 

allow for this functional approach: 1) use of the light microscope to obtain digital images 

of the sand grains; 2) use of the National Institute of Health’s software package, ImageJ, 

for digital image processing and grain shape quantification; 3) use of Weighted Factor 
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Analysis in Microsoft Office Excel 2003 to calculate WSSSF and estimate the dilatancy 

factor.  The proposed work was accomplished by developing a correlation of grain shape 

characteristics and dilatancy to aide in the understanding of the mechanics of granular 

materials and for potential use in practice.       

    

7.2 Key Contributions 

The key contributions from this dissertation are: 

1. Implementation of the light microscope as the primary tool for capturing the shape 

profile of sand grains.   

2. Identification of six, significant grain shape parameters - Circularity, Roundness, 

Compactness, ModRatio, Sphericity, and Aspect Ratio – to characterize grain shape. 

3. Quantification of grain shape through a Weighted Single Sand Shape Factor 

(WSSSF) that is unique to a particular sand mass.   

4. Prediction of dilatancy with the model developed in this research that includes 

WSSSF, normal effective stress, relative density and critical state friction angle. 

 

7.3 Practical Application 

The Geotechnical Engineering field would benefit from this study because the model 

improves the accuracy of dilatancy predictions, which is especially important in bearing 

capacity analyses.  As mentioned at the beginning of this dissertation, the bearing capacity 

equation is derived based on the existence of slip planes and is only valid at peak strength 

(Budhu, 2000).  Slip planes are formed at the peak shear strength and are characteristic of 
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dense sands.  The capability of a soil to dilate increases with an increase in the density of the 

sand mass, meaning that dilatancy is a characteristic of dense sands.  This research showed 

that dilatancy predictions can be improved with incorporating grain shape into a relationship 

with normal effective stress, relative density and critical state friction angle.  The ability to 

better predict dilatancy can lead to more accurate estimates of the peak friction angle 

(function of critical state friction angle and dilatancy) and consequently improve the design 

of foundations.   

The correlations developed for each individual sand can be useful in predicting 

the ultimate bearing capacity of the sand mass.  To investigate this practical application, 

Eqn. [6.8] through [6.11] were utilized to estimate the dilation angle of a given sand 

mass.  These equations represent the logarithmic correlations to estimate dilatancy based 

on normal effective stress, critical state friction angle and WSSSF.  It is assumed that the 

peak friction angle is the summation of the critical state friction angle and the dilation 

angle.  Peak friction angles were estimated for normal effective stresses ranging from 25 

kPa to 3000 kPa.   

The ultimate net bearing capacity for effective stress analysis (ESA for drained 

conditions) was estimated using the following equations for general failure.  These 

equations are derived from limiting equilibrium and are a culmination of relationships 

proposed by Terzaghi (1943), Meyerhof (1963), Hansen (1970) and Vesic (1973).  They 

were developed based on the behavior of dense soils subjected to plane strain loading 

conditions.   
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where B is the width of the footing, L is the length of the footing, and Df is the embedment 

depth of the shallow footing.  For the purpose of this practical application, these 3 

parameters were taken to be 1 meter.  Figure 7.1 shows the effects on the ultimate bearing 

capacity of the four sands with increasing dilatancy (normalized with the critical state 

friction angle).  An upper bound dilation angle of 15o was selected because this is typical of 

very dense sands (Vermeer and de Borst, 1984).  The lower bound dilation angle is 0o and 

this can represent a dense sample when dilatancy is suppressed (sample subjected to the 

critical normal effective stress).  The dilatancy limits of 0o and 15o were normalized with the 

smallest critical state friction angle value of 30o since all other sands will fall within this 

range.  The plot shows that the two river sands have a higher ultimate bearing capacity at 

high dilation angles as compared to the Silica 40 and Ottawa 20.  Referring back to the shear 

behavior of the Ottawa 20, this sand mass was highly dilatant at high normal stresses as 
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compared to the other sands.  However, there was little change incrementally in volume (or 

dilatancy) with increasing normal effective stresses.  This is reflected in the ultimate bearing 

capacity predictions for the Ottawa 20 sand, where there is a very gradual increase in the 

capacity with increasing dilatancy as compared to the river sands.        
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Figure 7.1 Relationship Between Ultimate Bearing Capacity and Dilatancy 

 

 The individual correlations for the sands have R2 values of 90% and higher, 

meaning that the predicted dilatancy are in good agreement with the actual test data.  If 

the WSSSF, critical state friction angle and normal effective stress are known for these 

four sands, the ultimate bearing capacity can be analyzed for a wide range of predicted 

dilatancy values.  Ottawa 20 and Silica 40 are fairly common sands, thus the correlations 
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do not need to be redeveloped.  In the case of external sands not used in this study, a new 

correlation must be developed particular to that sand before the relationship in Figure 7.1 

can be generated.  However, estimation of the ultimate bearing capacity and dilation 

relationship can be determined using Eqn. [6.14], which is general for all sands.  For this 

correlation, the relative density is needed to increase the reliability of the dilatancy 

predictions.     

 

7.4 Potential Applications 

Apart from the potential applications discussed in Chapter 1, another exciting area 

that could possibly benefit with the advancements made in this dissertation includes fields 

where percolation theory (PT) is used.  PT is popular in statistical physics and has 

application to engineering.  PT is a natural mathematical tool for studying certain properties 

of grain boundary networks (Fullwood et al. 2006).  Over the past two decades, percolation 

has been applied in modeling a wide variety of phenomena in disordered systems (Sahimi, 

1994).  Sahimi (1994) defines disordered structures or systems as related to apparent 

randomness in the morphology of the system, which has two major aspects: topology or the 

interconnectiveness of individual microscopic elements of the system, and geometry or the 

shape and size of the individual elements.   

Percolation processes were first developed to describe the formation of a large 

network of molecules connected by chemical bonds (Flory, 1941; Stockmayer, 1943).  

Percolation as defined from a mathematical sense was first introduced to describe the spread 

of hypothetical fluid particles through a random medium, where ‘fluid’ could be liquid, 
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vapor, heat flux, electric current, etc., and where ‘medium’ (where the fluid is carried) could 

be pore space of a rock, the universe, etc. (Broadbent and Hammersley, 1957).  PT is used to 

model the morphology of a porous medium, where morphology consists of its geometrical 

properties including shape, size and volume of pores, and its topological properties 

including the way the pores are connected to one another (Sahimi, 1994).   

Many studies of PT include predicting path-based phenomena in grain networks 

such as fractures, flow and corrosions with lattice based structures.  In a recent paper, 

Fullwood et al. (2006) examined percolation on lattice-based networks that represented the 

topology of real grain structures more closely than the traditional hexagonal lattice.  They 

found that a random network based on the triangle lattice was more appropriate in modeling 

two-dimensional grain structures and results in a higher percolation threshold.  Percolation 

threshold is the point at which the percolation transition between an open system and a 

closed system occurs for the first time (Sahimi, 1994).  Most studies before the research 

presented by Fullwood et al. (2006) have focused on percolation modeling of systems with 

mono-sized spheres, whereas their study investigated the effects of varying the grain shape 

distribution in the lattice based systems.  As mentioned previously, shape is a significant 

factor in percolation as well as in other mechanical behaviors of a granular system.  

Therefore, grain shape quantification may aide in better modeling percolation because of the 

ease and inexpensive method of quantifying grain shape developed in this research project. 

Another field that could benefit from this research is powder technology, where a 

wide range of industrial applications including mixing, comminution, hopper discharge and 

flow are affected by grain shape.  Recent studies in this area have showed that grain shape 
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sharply increases the strength of a material, making it stronger and harder to shear (Cleary, 

2008).  This same study found that the generation of particle spin throughout the flow of 

non-circular particles leads to higher granular temperatures, dilative pressures and lower 

solid fractions in the core of the flow.  Cleary (2008) determined that the presence of sharp 

corners, broad flat sides, and higher numbers of contacts with surrounding particles can 

hugely increase the strength.  Thus, grain shape is a critical property of granular materials 

that determines when and where it will flow and which parts will remain locked together as 

a solid.  The connections between particle shape and spin are also being explored to better 

understand simple shear flows during powder technology industrial practices (Clearly, 

2008).  However, prior to this research, a grain shape factor was elusive.       

   

7.5 Recommendations for Future Research 

The recommendations for future work in the area of this research include: 

1. Expanding the data set. 

Only a limited data set was used in building a correlation among dilatancy, normal 

effective stress, critical state friction angle of the sand, relative density and a weighed single 

sand shape factor.  More experimental data is needed to check and/or to improve this 

correlation.  Such data includes a wide variety of soil types tested not only in direct shear 

loading conditions, but triaxial compression loading conditions as well.  It is well 

established that the peak friction angle from plane strain tests is approximately 9/8 of the 

triaxial compression peak friction angle (Wroth 1984).  Whether this holds true for sand 

types with very angular grains as well as very rounded grains is unknown.  This research has 
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shown that rounded grains exhibit a higher dilatancy rate at high normal effective stresses as 

compared to angular grains.  Also, the path likely to be taken by a grain can also change 

with shape and not only stress loading conditions as peak friction angle relationships 

suggest.   

2. Lab testing to determine the critical normal effective stress. 

The critical normal effective stress for direct shear tests or the critical confining 

stress in triaxial compression needs to be investigated for varying types of sands prepared at 

varying initial densities.  This critical stress reflects the onset of where dilatancy becomes 

suppressed, and the peak shear stresses become equal to the critical shear stresses with 

increased shear.  Grain shape effects on dilatancy are important until this critical 

normal/confining stress is reached, after which point, grain shape effects on grain crushing 

would most likely govern the behavior of the granular mass.  Examination of the critical 

stress can be a significant advancement in bearing capacity analyses. 

3. Investigating potential correlations of grain shape with permeability. 

Permeability is another significant property of soils aside from its shear strength.  

The shape of grains plays a vital role in affecting the ease through which water can flow 

through a system.  A conglomerate comprised of smooth, rounded grains would have a 

higher permeability than a conglomerate of similar sized, rough, flat-like grains because 

water can flow more freely.  Angularity of the grains can either increase or decrease the 

permeability depending on how the grains arrange themselves.  Using the approach taken in 

this research including the light microscope and ImageJ software, a potential correlation 

between a unique shape factor and permeability may be found to exist and have application 
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in practice.  Permeability is important in practical applications where drainage and load 

bearing qualities are concerned.   

4. Extending methodology for grain shape quantification and dilatancy correlation to 

soils with varied gradations and fines content. 

The correlation developed in this research is valid for uniform granular masses with 

little or no fines.  Investigating the significance of grain shape in well-graded or gap-graded 

soils may lead to a similar correlation with the unique shape factor.  Also, many natural 

sands contain a significant amount of silts and/or clays.  Thus, examining the influence of 

particle shape on the shear strength of granular masses with increasing fines content is 

beneficial and may give insight as to the fines content at which particle size becomes more 

significant than particle shape. 

5. Applying unique shape factor in PT. 

This focus of this research is on how grain shape affects the dilatancy response of a 

soil mass during shear.  Expansion of the grain conglomerate is dictated by the ability of the 

grains to configure themselves into some structural arrangement, allowing the grains to 

either move into neighboring void spaces (causing compression as in the case of loose soils) 

or move up over neighboring grains (causing expansion as in the case of dense soils).  This 

research is similar to percolation studies in that there is randomness ascribed to the grains; 

the grains decide where to go in the medium.  Future work may include using PT to study 

the probability of a grain, based on its shape factor, to take a particular path within a 

conglomerate of grains.   
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APPENDIX A 

SEM DIGITAL IMAGES OF SAND GRAINS 

 

A.1 Ottawa 20 Sand Grains 
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A.2 Rillito River Sand Grains 
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A.3 Santa Cruz River Sand Grains 
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A.4 Silica 40 Sand Grains 
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A.5 Concrete Sand Grains 
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APPENDIX B 

LM DIGITAL IMAGES OF SAND GRAINS 

 

B.1 Sands Used in Analysis from Cox and Budhu (2008)  

 

Ottawa 20 Sand Grains 
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Rillito River Sand Grains 

  

  

  

Santa Cruz River Sand Grains 
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Silica 40 Sand Grains 

   

 

Concrete Sand Grains 
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B.2 Sands Used in Analysis from Gori and Mari (2001)  

 

ALG Sand Grains 

  

 

CAN Sand Grains 
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MS Sand Grains 

  

 

PO Sand Grains 
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