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ABSTRACT 
 

Application of conventional theory of transport and deposition to small particles 

or large colloids, on the order of 1 micron in diameter, has received surprisingly little 

attention in colloid science.  While the favorable deposition of colloidal particles (<0.5 

micron diameter) has repeatedly been shown to agree with the Smoluchowski-Levich 

approximation for a convective-diffusion process, larger particles are known to deviate 

from this solute-like mass transfer behavior.  The rotating disk, used in the experiments 

performed in this work, is a model experimental system that has been employed in the 

past to de-convolute and quantify the mechanisms of particle transport.  Experimental 

evidence shows that particle transport to the rotating disk deviates from the predictions of 

the complete three-dimensional convective-diffusion equation, including hydrodynamic 

and surface-surface interaction forces, in that non-uniform deposition is observed over 

the surface of the disk.  Fluid inertial effects, observed to be significant in capillary flow, 

have been suggested in the literature as an explanation of non-uniform deposition on the 

rotating disk.  Calculations performed in this work show that while inertial lift forces are 

significant, they are not the dominant cause of non-uniform deposition. Instead, 

hydrodynamic blocking of available deposition surface area is shown to accurately 

describe experimental deposition profiles.  The effect of particle size on surface area 

exclusion and hydrodynamic scattering are separately assessed  to demonstrate that the 

blocking model is not only phenomenologically accurate, but also an important part of 

the mechanistic description of transport in the rotating disk system. 
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1.  INTRODUCTION 

1.1.  MOTIVATION 

Many toxic contaminants in soils strongly sorb to subsurface media and, 

therefore, are predicted to exhibit highly retarded transport. However, observations at 

field sites indicate rates of transport that are substantially faster than expected. Examples 

of this behavior include groundwater transport of low-solubility, radioactive 

contaminants at radioactive waste sites [1,2], and transport of toxic metals in landfill 

leachates [3]. A plausible hypothesis to explain this phenomenon is the partitioning of 

contaminants between subsurface media and mobile colloids.  Experimental [4] and 

theoretical [5] evidence demonstrate the potential of micron-sized particles to mediate the 

transport of contaminants. 

Predicting colloid-mediated transport of contaminants requires a mechanistic 

understanding of particle transport and interaction with deposition surfaces.  Particle-

surface interactions are hydrodynamic and physicochemical in nature.  The aim of this 

study is to model mechanistically colloid deposition in a model flow system. 

Packed columns are the typical experimental system for investigating particle 

filtration in the subsurface.  Modeling of column deposition starts with individual 

collectors, often assumed to be isolated spheres.  Particle trajectories are calculated from 

the Langevin equation, which represents a balance of inertial, hydrodynamic, and 

surface-surface interaction forces.  Brownian diffusion is incorporated as a statistically-

based, randomly fluctuating pseudo-force.  This type of model is used to calculate the 

collection efficiency for the single collector, neglecting any influence of already 
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deposited particles on a depositing particle.  Often the physical mechanisms governing 

particle-collector collision frequency are enhanced or retarded by electrostatic, steric and 

chemical interaction.  Attachment efficiencies are applied to account for particle-collector 

collisions not resulting in deposition.  Relationships have been developed to scale model 

collector collection efficiencies up to the full packed column elution profile [6].  There 

exists a potential in this “black box” system for successfully capturing experimental data 

empirically, even while inaccurately modeling each mechanism of transport.  The ideal 

experimental system would provide a means to directly observe particle transport, in 

order to individually quantify each transport mechanism. 

The spherical collector, described above, is commonly used to model transport in 

porous media.  Flow to a spherical collector results in stagnation points at the top and 

bottom of the sphere, and therefore the flow approaching a spherical collector is referred 

to as a stagnation point flow.  Other stagnation point flows include the impinging jet, the 

slot impinging jet, flow over a cylinder, and the rotating disk.  The rotating disk system is 

used in this study as a flow that is analogous to the single collector, in which particle 

deposition can be observed and the mechanisms of transport can be de-convoluted. 

Micron-sized particles are particularly interesting because they are large enough 

to be intercepted by surfaces, yet small enough that their diffusional transport and the 

influence of surface-surface forces can be significant.  From an environmental transport 

perspective, sediment colloids, ubiquitous in groundwater, span a large size range 

(molecular dimensions to on the order of 1 mm in diameter) that is centered around 1 
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micron in diameter [7].  This also happens to be the approximate size of bacterial cells, 

which are common in landfill leachates and other subsurface settings. 

Deposition of particles with diameters less than 0.5 micron in the rotating disk 

system has been repeatedly shown to agree with solute-like mass transfer predictions [8-

11].  To our knowledge, only Martin, et al. [12] have published rotating disk 

experimental data for micron-sized particles.  These authors found that 1.62 µm diameter 

polystyrene spheres, as well as rod-shaped bacteria, deposited non-uniformly across the 

rotating disk surface.  Deposition rates were also observed to exceed those predicted by a 

model developed by Spielman and Fitzpatrick [13], in which interception and external 

forces were considered.  Deposited particle surface concentrations were observed to 

decay smoothly as a function of radial distance from the center.  Martin, et al. [12] 

hypothesized that lift forces induced by fluid inertia, similar to those observed in 

capillary flow, were the cause of these non-uniform deposition profiles. 

 

1.2.  SCOPE OF WORK 

The aim of our present work is to demonstrate that micron-sized particle 

deposition on the rotating disk cannot be described by a model considering only 

convection and diffusion, in agreement with the findings of Martin, et al.  We will 

calculate the lift forces to quantify the role inertial lift has on radially-decaying 

deposition profiles.  In addition, blocking of available deposition surface by deposited 

particles will be incorporated into a deposition model.   
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2.  THEORETICAL DEVELOPMENT 

 An accurate description of the fluid dynamics and mass transfer properties of the 

fluid flow induced by a rotating disk is necessary to quantify transport to the rotating disk 

surface.  In this chapter, the fluid flow is characterized near the rotating disk surface.  The 

mass transfer theory for a dissolved molecular species and small solute-like particles is 

presented.  In Section 2.3, a colloid-mediated contaminant transport model, developed 

previously by Guédez [14], is presented in the context of the rotating disk system.  This 

model represents a first step towards a description of colloid-mediated transport.  In the 

balance of this chapter, we will present a more rigorous conceptual particle deposition 

model that includes surface-surface interactions that occur between particles and the 

rotating disk. 

2.1.  ROTATING DISK HYDRODYNAMICS 

Figure 2.1-1 shows the parts of a rotating disk assembly.  A mica disk (deposition 

surface) is attached to a pedestal that places the mica on the surface of the larger disk 

holder.  The larger disk holder ensures that edge effects will be negligible on the 

deposition surface.  Using a cylindrical coordinate system (Figure 2.1-1) centered on the 

disk’s axis of rotation, the disk rotation induces fluid velocity with components in the 

radial, circumferential, and the axial directions (vr, vθ, and vz respectively).  
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Figure 2.1-1.  A thin mica disk constitutes the deposition surface on a rotating disk assembly.   
 

Assuming a large pool of liquid, the fluid velocity components relative to a fixed point in 

space are given by [15] 

 Frvr ω= [2.1-1a] 

 Grv ω=θ [2.1-1b] 

 Hvz νω= , [2.1-1c] 

where ω is the rotational speed of the rotating disk, ν is the kinematic viscosity of the 

liquid, and the dimensionless functions F, G, and H depend only on the elevation above 

the disk surface, here given in dimensionless form as ξ,

ν
ω=ξ z .              [2.1-2] 

Von Karman [16] reduced the Navier-Stokes equations and the continuity equation 

reduce to the following system of equations 

Deposition Surface

Pedestal

Disk  
Holder

z
r

θ
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FHFGF 22 ′′=′+− [2.1-3a] 

GHGFG2 ′′=′+ [2.1-3b] 

HHH ′′=′ [2.1-3c] 

0HF2 =′+ . [2.1-3d] 

The solution for the fluid velocity is subject to the following boundary conditions 

0vr = at 0z = [2.1-4a] 

 ω=θ rv at 0z = [2.1-4b] 

0vz = at 0z = [2.1-4c] 

0vr → as ∞→z [2.1-4d] 

0v →θ as ∞→z , [2.1-4e] 

which in dimensionless form are 

0F = at 0=ξ [2.1-5a] 

1G = at 0=ξ [2.1-5b] 

0H = at 0=ξ [2.1-5c] 

0F → as ∞→ξ [2.1-5d] 

0G → as ∞→ξ [2.1-5e] 

The approach velocity boundary condition, or the value of vz as ∞→z , is unknown.  

Von Karman [16] and later Cochran [17] solved this system of equations by postulating 

asymptotic series expansions of the dimensionless velocity components near and far from 

the disk.  They then solved for the expansion coefficients that satisfied the system of 

equations, the boundary conditions, and also the requirement that the two series 
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intersected, such that the dimensionless velocity components and their derivatives were 

continuous.  From this solution the boundary condition for the approach velocity is found 

to be [15] 

νω−→ 890vz . as ∞→z . [2.1-6] 

With this boundary condition, the system of equations (Equation [2.1-3]) is solved with a 

Runge-Kutta integration algorithm to yield a convenient numerical solution for F, G, and 

H.  In order to apply the Runge-Kutta technique to this boundary value problem, the 

shooting method was applied, where the value F′ at the disk was iteratively corrected until 

the far field boundary condition, given by 2.1-6, was satisfied. 

The fluid velocity components are often expressed in terms of their limiting 

behavior close to the surface [18], which approximates the fluid velocity within 10% of 

the exact solution up to 30 µm from the disk surface at 200 rpm, 

rz51.0v
2
1
2
3

r
ν
ω= [2.1-7a] 

rz616.0rv
2
1
2
3

ν
ω−ω=θ [2.1-7b] 

2

2
1
2
3

z z51.0v
ν
ω−= . [2.1-7c] 

The expressions given by Equation [2.1-7] are first order approximations in z of the fluid 

velocity, where the actual fluid velocity differs by a correction of the order of z2.
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2.2.  PARTICLE TRANSPORT TO THE ROTATING DISK 

2.2.1.  INTERCEPTION 

The simplest approximation of particle transport to the rotating disk is based on 

the non-diffusing interception.  In this approach, it is assumed that a particle travels with 

a velocity equal to the undisturbed fluid velocity (Equation [2.1-7]); i.e., particles move 

along fluid streamlines.  Interception occurs when a particle reaches an axial distance of 

one particle radius from the deposition surface.  Assuming the particles diffuse 

negligibly, the concentration of particles is uniform in the liquid near the disk and equal 

to the bulk solution concentration, P∞ (number of particles per unit volume). The 

interception flux of particles to the rotating disk is given by the product of the particle 

concentration at one particle radius away from the disk and the particle approach velocity 

at this axial position given by Equation [2.1-7c],  

∞
ν
ω= Pa5100j 2

2
1
2
3

.int  [2.2.1-1] 

where jint represents the number of particles that deposit per unit time and surface area, 

and a is the particle radius. 

 

2.2.2.  SOLUTE-LIKE CONVECTIVE-DIFFUSIVE MASS TRANSFER 

Levich [15] reported results on the use of the numerical solution for the fluid 

velocity components to calculate the mass transfer coefficient for a dissolved molecular 

component to the disk, which is uniform over the entire deposition surface, and is given 

by 
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 2
1

3
2

6
1

m D62050k ων= −. , [2.2.2-1] 

where D is the solute diffusivity in the liquid.  If particles behave like molecular species, 

Levich’s solution can be applied to particles to obtain. 

 2
1

3
2

p
6
1

mp D62050k ων= −. . [2.2.2-2] 

Here Dp is the Stokes-Einstein diffusivity for a spherical particle, given by 

 a6
kTDp πµ= , [2.2.2-3] 

where k is the Boltzman constant, T is the absolute temperature, and µ is the viscosity of 

the fluid.   

 The flux of particles to the surface is described by the mass transfer expression 

( )impmp PPkj −= ∞ , [2.2.2-4] 

where Pi is the concentration of particles in the fluid adjacent to the surface.  If 

adsorption/desorption of particles is fast, Pi would be the particle concentration in the 

fluid that is in equilibrium with the surface concentration (often termed the local 

equilibrium assumption).  If particle partitioning strongly favors the surface, or when 

deposition occurs on a clean disk, Pi=0.   

 It is interesting to evaluate the relative magnitude of interception and mass 

transfer fluxes.  For Pi=0, Equations [2.2.1-1] and [2.2.2-4] lead to  

3
2

ω
mp

ScRe822.0j
j =int , [2.2.2-5] 

where Reω is a Reynolds number given by 
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ν
ωaRe

2
=ω [2.2.2-6] 

and Sc is a Schmidt number given by  

pDSc ν= . [2.2.2-7] 

For example, at 20 oC and a rotational speed of 200 rpm, the ratio given by Equation 

[2.2.2-5] is 1.63x10-4, 0.978, and 2.88x1013 for 0.1, 1.0, and 2.0 µm diameter particles, 

respectively.  Thus, over a modest range of particle sizes the dominant transport 

mechanism shifts from diffusion for small particles, to convection for large particles.  

The solute convective-diffusion model is most appropriately applied to small particles as 

it accounts for diffusion, neglected by the interception model.  The interception model is 

most appropriately applied to large particles as it accounts for the finite size of the 

particle, not considered by the solute convective-diffusion model.  Neither of these two 

models is appropriate for 1 µm diameter particles, where convection, diffusion, and 

interception are significant.  Therefore, in Section 2.4 we will describe a more 

comprehensive model of particle convective-diffusive transport to the rotating disk, in 

order to accurately describe the transport of particles of diameters in the range 

intermediate to these two models. 

 

2.3.  COLLOID-MEDIATED CONTAMINANT TRANSPORT MODEL 

The ultimate goal of this particle transport and deposition study is to better 

understand the role particles play in contaminant transport.  Previous to the current study, 

a model was proposed by Guédez [14] to predict the transport of particles and dissolved 
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components in the rotating disk system.  The behavior of this model was explored 

theoretically, but has yet to be validated experimentally.  What follows is a brief 

summary of the framework of this model, assumptions, approximations, and expected 

results from a contaminant transport perspective.  While the scope of the present work is 

limited to particle transport and deposition, insights gained from this work will have 

direct implications on future development of a colloid-mediated contaminant transport 

model. 

 Guédez’s model was developed in order to describe transport of contaminants in 

groundwater.  The composition of groundwater colloids is typically similar to the soil 

sediments on which they deposit.  The surface-surface interactions of similarly charged 

surfaces are most often repulsive for much of the approach range. The effect of 

electrostatic and van der Waals attractive/repulsive forces on suspended particles will be 

felt in a region adjacent to the disk surface. This region is termed the Interaction Force 

Boundary Layer (IFBL).  Guédez assumed that the characteristic thickness of the IFBL is 

very small compared with the thickness of the hydrodynamic boundary layer.  In the 

rotating disk system, the thickness of the hydrodynamic boundary tends to be greater than 

1 mm (0.8 mm at 200 rpm, 1.1 mm at 100 rpm), while the interaction force boundary 

layer is on the order of 10-100 nm, depending on the strength of electrostatic interactions.  

Hence, interaction forces will only effect particles that are transported through the 

hydrodynamic boundary layer to the outer edge of the IFBL.  From this point of view, it 

can be noted that attractive interaction forces, if present, are expected to have a negligible 

effect on particle deposition due to the short range of interaction [18].  Repulsive forces, 
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though, act as a resistance to particle deposition, and can significantly reduce particle 

deposition on a surface even while being significant only for close surface-surface 

separation distances.  Repulsive interaction forces therefore act in series with mass 

transfer resistance.   

 Assuming that the interaction forces are important only near the collector 

surface, Ruckenstein and Prieve [19] divided the domain near the collector into two 

regions:  the IFBL, and the rest of the hydrodynamic boundary layer (HBL).  Inside the 

IFBL convection and radial diffusion are assumed negligible, and outside of it the 

convective-diffusion equation applies.  If the IFBL is much thinner than the diffusion 

boundary layer, then particle transport can be modeled as convective-diffusion with a 

virtual first-order chemical reaction occurring at the collector surface.  The following 

description of the model assumes a surface initially bare of particles and contaminant, 

and a bulk solution where the contaminant concentration adsorbed to particles’ surfaces, 

cĈ (moles of contaminant per unit surface area of particle), is in equilibrium with the 

surrounding solution at the bulk concentration, C∞. For cases where the bulk particles 

and bulk solution are not in equilibrium, the model accounts for diffusion of the 

contaminant to or from the particle, where the relevant mass transfer coefficient valid for 

negligible flow around a particle is given by [20]  

a
D2k p = . [2.3-1] 
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The fluid phase concentration in equilibrium with an adsorbed phase is determined from 

a contaminant/surface material isotherm, and will be represented here as ( )Ceq CC ˆ . The 

concentration ultimately of interest is the adsorbed concentration on the disk, DĈ .

From Levich’s solution it is known that the steady state concentration of a 

molecular species will decrease near the surface, here in the un-integrated form as applied 

to Brownian particles with a bulk particle concentration P, 

( ) ,∫
∫
∞ −

χ −

∞=
0

u
0

u

due
due

PzP 3

3

[2.3-2] 

where 

6
1

3
1

3 D6
z 2

1

ν
ω=χ . [2.3-3] 

Particles deposit from inside the IFBL.  We will postulate the existence of a region, 

hereafter referred to as the inner region, that represents the surface of the disk over length 

scales associated with hydrodynamics but is external to the IFBL.  In this model, 

convective mass transfer and deposition by particle/disk interaction will be considered 

processes in series (see Figure 2.3-1).   
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Figure 2.3-1  Boundary layers near rotating disk surface, where relative dimensions are not to scale 
as the IFBL and inner region are much thinner than the HBL. 
 

The particle concentration in the inner region, Pi, will be less than the bulk concentration, 

P∞, due to particle deposition.  Particle transport outside the IFBL is governed by 

convective-diffusive transport  

)( impmp PPkj −= ∞ . [2.3-4] 

The adsorbed and dissolved concentration of contaminant must be specified for 

the inner region in order to develop a complete transport model.  The contaminant 

concentration in the inner region is lower than in the bulk solution as the inner region 

resides within the contaminant diffusion boundary layer.  The contaminant concentration 

differs from the bulk solution due to collection by the rotating disk surface.  It is assumed 

that the inner region is of negligible thickness, and therefore the contaminant 

concentration in the solution can be assumed to be in equilibrium with the contaminant 

concentration adsorbed to the particles, ( )Cieq CC ˆ . Equilibrium between adsorbed and 

aqueous phases therefore requires that the contaminant concentration adsorbed to the 
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IFBL
Disk 
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z
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particles in the inner region, CiĈ , will also be different from the bulk adsorbed 

concentration due to the lower aqueous contaminant concentration near the disk.   

The quantity 1/kmp can be considered a mass transfer resistance of the 

hydrodynamic boundary layer.  Transport from the inner region, across the IFBL, to the 

disk is treated as a virtual first-order reaction 

imp PI
1j = . [2.3-5] 

where I is the resistance of the IFBL, as defined by Prieve and Lin [18] and termed the 

interaction parameter,  

( )
( )∫δ
φ

= o

0
dhhD

kT
hexp

I ,           [2.3-6] 

where φ is the potential energy of interaction of the particle and deposition surface as a 

function of the surface separation, h (h=z-a).  Here, δo is the thickness of the IFBL and is 

defined as the value for which φ(h) << kT for h > δo. The decay of the interaction 

potential makes the integral in Equation [2.3-6] insensitive to the upper integration limit 

beyond h=δo. The diffusion coefficient, D, of a particle near a flat boundary is reduced 

due to increased fluid drag forces, and is given by [21] 

( ) ( ) a6
kThfhD 1 πµ= , [2.3-7] 

which decays to zero in the limit of deposition due to hydrodynamic resistances.  The 

effect of the excess drag forces are characterized analytically by f1,
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ah
hf1 += [2.3-8] 

which is described in detail in Section 2.4.1.  Equating the flux to the inner region 

(Equation [2.3-4]) and the flux from the inner region to the disk (Equation [2.3-5]), yields 

the inner region particle concentration in terms of the bulk concentration 

∞
+

= P
k
1I

IP

mp

i . [2.3-9] 

As interaction force resistances tend to zero, so does the interaction parameter, and the 

IFBL vanishes.  This is not to say that there is no particle concentration profile, only that 

the value Pi has no significance in the solute mass transfer case (I=0), where the first-

order reaction boundary condition is effectively replaced by the perfect sink boundary 

condition (Pi=0). Combining the two resistances in series yields the definition of the keff,

the effective mass transfer coefficient, 

∞∞

−

=



 += PkPk

1IJ eff

1

mp
. [2.3-10] 

Guédez [14] outlined the particle and solute fluxes in the rotating disk system 

necessary for development of particle and contaminant mass balances.  The contaminant 

fluxes incorporated in the model are summarized in Table 2.3-1, and in Figure 2.3-2.  An 

in-depth formulation and explanation of these expressions is presented elsewhere [14].  

Other variables necessary for description of transport in this system are as follows:  Asp,

particle surface area; AD, disk surface area; V, volume of the colloidal suspension; ρp, the 

particle density. 
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Table 2.3-1.  Particle and contaminant fluxes considered in the model presented by Guédez [14]. 

Particle Flux Description  Particle Number Flux 
Bulk particle transport to inner region  Equation [2.3-4] 

Deposition from inner region 
 

Equations [2.3-5] and [2.3-9] 
 

Contaminant Flux Description  Contaminant Molar Flux 

Mass transfer between bulk solution and bulk 
particles 

 ( ) VPACCCkW SPCeqPPB ∞∞−= ]ˆ[

Mass transfer from bulk to disk  ( ) DCieqmBD ACCCkW ]ˆ[ ∞−=

Inner region particle mass transfer to bulk 
 

DSPCiimpia AAĈPkW =

Bulk particle mass transfer to inner region 
 

DSPCmpai AACPkW ˆ∞=

Deposition of particles from inner region 
though the IFBL 

 
CiDSPeffD CAAPkW ˆ∞=

Surface-surface transfer by diffusion through 
the IFBL 

 ( ) ( )[ ] iDeqCieqDSS PCCCCAkW ˆˆ −= γ

where 
0P2

D3k δρ≡γ
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Figure 2.3-2.  Particle fluxes are depicted with solid arrows, contaminant fluxes with dashed arrows.  
Contaminant is also transferred by particles, and therefore particle fluxes are also pertinent to 
contaminant transport. 

It is considered in Guédez’s model that the presence of particles in the inner 

region provides an opportunity for surface-surface transfer of contaminants.  In the 

absence of particles deposition, transport of contaminant in the IFBL occurs solely by 

diffusion, and the driving force for surface-surface transport is the difference between the 

dissolved phase concentration in equilibrium with the inner region particles and the 

concentration in equilibrium with the deposition surface.  In this way, the transport of 

contaminants from the bulk solution to a surface is enhanced by particle transport even 

when there is negligible particle deposition. 

Several key findings of the work of Guédez [14] should be mentioned for 

completeness.  The interaction parameter, I, as defined by Prieve and Lin [18], was found 

to be insensitive to the upper integration limit, δo, the so-called interaction force 

boundary layer thickness, beyond a certain value.  Once this critical value is determined, 
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the resistance offered by the interaction forces can be determined.  The apparent modified 

mass transfer coefficient, kγ, defined for surface-surface transfer is dependent on the 

thickness of the interaction force boundary layer, but here an accurate value is necessary 

as kγ is inversely proportional to δo. Additionally, the diffusivity of the contaminant, 

typically an ion, in the vicinity of the deposition surface may not be the same as in the 

bulk solution, due to ion concentration effects near the surface.  Therefore, kγ is 

considered a fitting parameter. 

Mass balances are performed on the bulk solution, the inner region, and the disk 

surface to yield a system of differential equations describing the contaminant and particle 

concentrations as a function of time [14].  Local equilibrium is assumed in the inner 

region, as the inner region is assumed to be small in comparison with the HBL, and 

therefore all fluxes must balance.  From this mass balance, the concentration of 

contaminant adsorbed to inner region particles can be shown to be a function of bulk and 

disk concentrations of particles and contaminant.  If a linear isotherm is assumed, where 

the concentration in equilibrium with a surface is given by 

( ) ĈĈCeq β= , [2.3-11] 

this relationship has a simple analytical form 

iSPmp

iDCSPmp
Ci BPkAPk

PCBkCAPkC
γ∞

γ∞
+
+=

ˆˆˆ , [2.3-12] 

which was used to probe the relative importance of each transport mechanism. 

The differential equations resulting from the mass balances for the contaminant in the 

bulk dissolved phase, the particle-adsorbed contaminant bulk phase,  the disk-adsorbed 
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contaminant bulk phase, and the bulk particles, can be solved simultaneously for the 

relevant particle and contaminant concentrations, and are as follows: 

V
PAkdt

dP D
EFF

∞∞ −= [2.3-13] 

( )[ ] C
DEFF

CiEFF
Dmp

C
Dmp

CeqP
C CV

AkCIkV
AkCV

AkCCCkdt
Cd ˆˆˆˆˆ ++−−−= ∞ [2.3-14] 

( )[ ] ( )[ ] V
ACCCkAPCCCkdt

dC D
BCieqmpSPCeqP

B −+−= ∞∞ ˆˆ [2.3-15] 

( )[ ] ( )
( ) ( )[ ] iDeqCieq

T

D

DCiEFF
T

D
SPCieq

T

D
m

D

PCCCCA
Ak

PCCkA
AACCCA

Akdt
Cd

ˆˆ

ˆˆˆˆ

−+

+−+−−=

γ

∞∞
. [2.2-14] 

 Guédez investigated the behavior of this model, considering a theoretical system 

where particles are composed of the same material as the deposition surface.  In the 

absence of significant repulsive electrostatic interactions ( 0I ≈ ), he found that the 

transport of contaminants that partition favorably to solid surfaces is dominated by the 

deposition of particles.  In the presence of strong repulsive electrostatic interactions, 

where particle deposition is negligible, Guédez found that the contaminant transport was 

highly dependent on kγ, or the surface-surface transfer mechanism.  In the limit of small 

kγ, the contaminant flux approaches the mass transfer flux in the absence of particles, 

which is the minimum contaminant transport possible.  In the limit of large kγ, the flux 

approached the flux observed for particles depositing in the absence of electrostatic 

repulsive forces (differing only because of the assumption that deposited particles 

contributed additional deposition surface area).  The fluxes calculated for these two 
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limiting cases were shown to differ by six orders of magnitude.  The importance of the 

surface-surface transfer mechanism also depends on the contaminant partitioning 

between the adsorbed and dissolved phases, as WSS depends on the equilibrium isotherm.   

This model is an improvement over a model that simply assumes equilibrium 

between the solution and all surfaces, as is commonly used in modeling contaminant 

transport in groundwater [5], as it incorporates the effects of mass transfer and interaction 

force resistances.  The solute-like mass transfer description of particle transport assumed 

by this model is simplistic and not always appropriate, as will be shown by experiments 

performed in this work and described in Sections 4 and 5.  In the following sections we 

will develop a more accurate description of particle transport, and in Section 6 we will 

return to this model of contaminant transport and discuss the implications of a more 

rigorous understanding of particle transport. 

 

2.4.  SURFACE-SURFACE INTERACTIONS IN PARTICLE DEPOSITION 

As particle size increases from molecular dimensions, interaction forces between 

the particle surface and the deposition surface begin to influence the particle deposition 

rate.  In fact, attractive interaction forces can enhance deposition rates, exceeding the 

convective-diffusive flux (though this is not the case for the rotating disk system, as 

explained in Section 2.3).  What follows is a description of the forces that result when a 

particle approaches the deposition surface, and how these forces effect the particle 

motion.   
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2.4.1.  PARTICLE DEPOSITION HYDRODYNAMICS 

Hydrodynamic forces on a depositing particle, resulting from the presence of a 

flat deposition surface, have been well characterized by Brenner and coworkers [21-24].  

The so-called universal hydrodynamic correction factors (f1, f2, f3) are defined in this 

section and applied to particle deposition in the rotating disk system.  Brenner [21] solved 

the Stokes’s equations for a particle moving in an otherwise quiescent solution towards a 

plane surface as the result of an external force, Fn. Brenner found the motion of the 

particle relative to the plane surface, 

( )
a6
hfF

dt
dh 1n

πµ= . [2.4.1-1] 

Charles and Mason [22] found the asymptotic solution of f1 for small h 

( ) 1H
HHf1 += , [2.4.1-2] 

where the dimensionless surface separation is given by H=h/a.  The factor f1 corrects the 

Stokes’s drag on a particle in an unbounded uniform flow field for the presence of the 

plane surface.  Goren and O’Neil [23] solved the Stokes’s equations for the drag force, 

Fst, on a particle held fixed in an axisymmetric flow field, 

( )HfUa6F 2st
3

st πµ= [2.4.1-3] 

where Ust is the fluid velocity field far from the particle, and f2 adjusts the drag force 

from the Stokes’s drag in a uniform flow field to the drag force in an axisymmetric flow 

field.  The form of f2 in the limit of small H is given by 

( ) ( )
( ) 11H

H1H232Hf 22 ++
−+= . . [2.4.1-4] 
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Goldman, Cox, and Brenner [24] solved the Stokes’s equations for a freely rotating and 

translating sphere in a linear shear flow parallel to a plane boundary.  They found the 

induced particle velocity, 

( ) ls3Sh vHfv = , [2.4.1-5] 

where vls is the undisturbed velocity evaluated at the particle center.  The factor f3

corrects the Stokes’s drag in a uniform flow field for linear shear flow and the increased 

drag due to the presence of the plane surface, 

( ) ( )33 1H16
51Hf +−= . [2.4.1-6] 

Spielman and Fitzpatrick [13] decomposed the flow to the rotating disk into three 

additive flows:  an axi-symmetric stagnation point flow, and two linear shear flows.  

Solutions to Stokes’s equations (or the creeping flow equations) are linear and therefore 

additive.  For the rotating disk system, ignoring electrostatics and van der Waals 

interactions for now, the normal force, Fn, on a particle is given by the sum of all external 

forces, Fext, and the drag force, 

extstn FFF += . [2.4.1-7] 

If the limiting forms of the particle velocity components (Equation [2.1-7]) are applied 

the additive forces, the force balance on a particle in the z-direction is 

( ) ( ) 2
2

2
1

2
3

3

1

2
f1H510a6dt

dH
f

a6 +
ν
ωπµ=πµ− . . [2.4.1-8] 

The force balance expression in the r-direction is 
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( ) rf1Ha510dt
dr

3
2
1

2
3

+
ν
ω= . [2.4.1-9] 

Equivalently, the universal hydrodynamic correction factors relate non-diffusing particle 

velocity components to the fluid velocity components, 

 r3r,p vfv = [2.4.1-10a] 

 θθ = vfv 3,p [2.4.1-10b] 

 z21z,p vffv = . [2.4.1-10c] 

In the next section, the force balance approach will be extended to interaction forces such 

as electrostatic and van der Waals interactions between surfaces. 

 

2.4.2.  SURFACE-SURFACE INTERACTION FORCES 

Surface-surface interaction forces include van der Waals (VDW) attraction and 

electrostatic double layer attraction (favorable deposition) or repulsion (unfavorable 

deposition).  They act in the axial direction and are a function of the surface-surface 

separation distance.  The sum of the z-direction interaction forces, Fext, appears in the z-

component of the force balance on a particle, 

( ) ( ) ext2
2

2
1

2
3

3

1

2
Ff1H510a6dt

dH
f

a6 ++
ν
ωπµ=πµ− . . [2.4.2-1] 

Equivalently, the z-component of the particle velocity can be expressed in terms of the 

fluid velocity as 
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 πµa6
Ffvffv ext1

z21zp +=′ , , [2.4.2-2] 

which will be referred to hereafter as the z-component of the pseudo-convective velocity.  

The radial and angular components of the pseudo-convective velocity are given by 

Equations [2.4.1-10a] and [2.4.1-10b].  The z-component of the pseudo-convective 

velocity, represented by Equation [2.4.2-2], is the actual z-component of the non-

diffusing particle velocity considering hydrodynamic and surface-surface interaction 

forces.  The total external force on a particle is the sum of the VDW force, Fvdw, and 

electrostatic force, Fedl,

edlvdwext FFF += . [2.4.2-3] 

 The VDW force is given by 

 ( ) 22vdw H2Ha
A

3
2F +−= , [2.4.2-4] 

where A is the Hamaker constant.  It is noteworthy to point out that both the surface-

surface interaction forces (Fext) and the hydrodynamic effects associated with the 

presence of the deposition surface (quantified by f1, f2, f3) lead to a slip between the 

particle and the fluid. 

The magnitude of the electrostatic force on a particle, at a given separation 

distance from the deposition surface, is calculated from the interaction potential between 

the surfaces 

( )
dz

zdFedl
φ= [2.4.2-5] 
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Together, the interaction potential for VDW and electrostatic interactions can only be 

solved analytically for two flat plates.  Numerical techniques, such as finite elements, 

boundary elements, or finite differences, are required for all other geometries.  

Derjaguin’s method [25] is the most widely used technique for approximating the 

interaction potentials between surfaces with more complex geometries, such as a 

spherical particle and an infinite plane, in order to avoid complex numerical solutions.  

Derjaguin’s method involves integration of the interaction energy between differential 

surfaces elements of the particle and the infinite plane.  The exact analytical solution for 

the interaction energy per area between two infinite flat planes is assumed for the 

interaction between the differential particle element and the plane.  Derjaguin’s solution 

also assumes that surfaces are quadratically curved at the point of closest surface-surface 

separation, in order to represent the interaction energy as a Taylor series expansion based 

on the closest surface-surface separation distance, and subsequent truncation of the 

Taylor series to first order effects.  Effectively, these approximations restrict the 

Derjaguin method to small particles and weakly interacting surfaces.  Specifically, the 

Derjaguin method is applicable to cases where the radius of curvature of the particle 

surface is much larger than the range of the interaction forces.  For long range 

electrostatic interactions, the Debye length is used to approximate the range of interaction 

forces and is given by 
5.0

2
or1
Ie
kT 


 εε=κ− , [2.4.2-6] 
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where εo is the permittivity of free space, εr is the relative permittivity of water,  and e is 

the fundamental charge.  The Derjaguin approximation is restricted to κa<<1. 

Forces resulting from electrostatic interactions were calculated numerically using 

the surface element integration (SEI) technique of Bhattacharjee and Elimelech [26], in 

order to avoid all of these limiting assumptions.  The SEI method involves the same 

integration technique as the Derjaguin method, except that the differential area used in 

the calculation of the interaction energy is the projected area of a differential particle 

surface element on the plane.  The total interaction energy, φ(h), is related to the infinite 

plate interaction energy per unit area, E(h), by the integral 

( ) ∫∫ ⋅
⋅=φ

pA
pdAhEh

z

z
en
en)( , [2.4.2-7] 

where the dAp is the projected area of a particle surface element on the deposition plane, 

n is the unit vector normal to the particle surface element, and ez is the unit vector 

pointing from the surface element along the z-axis towards the surface. The product n·ez

determines the sign of the interaction energy.  Considering the sphere and plate geometry, 

this integral is 

( ) ∫ 














−−+−








−−+π=φ
a

0

22
rdra

r1aaDEa
r1aaDE2h [2.4.2-8] 

The exact solution for two infinite planes approaching at constant surface potential, 

developed by Hogg, et al. [27], was assumed in this derivation. 

Bhattacharjee and Elimelech justify this approach by considering the interaction 

force as an effective pressure, where the pressure acts normal to the particle surface.  In 
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this way the interaction force depends on the orientation of the surface.  These authors 

demonstrated that the VDW interaction energy calculated by the SEI method is 

equivalent to the exact solution determined by Hamaker [28], and that the electrostatic 

interaction energy calculated by the SEI method agreed with a finite element solution.  

Their solution, used in our calculations, assumes that the electrostatic potential near a 

surface is governed by the linearized form of the Poisson-Boltzman (PB) equation.  The 

linear PB equation is accurate for small surface potentials, less than 25 mV, but has been 

shown to be a good approximation for larger potentials up to 60 mV or larger [29].  Also, 

the PB equation is formulated with a constant surface potential boundary condition in the 

parallel plane interaction energy calculation of Hogg, et al. [27].  This is in lieu of the 

constant surface charge condition for which the linearized PB equation becomes 

inaccurate at small separation distances as the linear approximation of the PB equation 

becomes invalid. 

 

2.4.3.  CONVECTIVE-DIFFUSION MODEL 

The transport of Brownian particles is most readily described within a Eulerian 

framework, applying the steady state convective-diffusion equation 

 ( ) ( )PP ∇⋅⋅∇=′⋅∇ Dvp , [2.4.3-1] 

where vp' is the pseudo-convective particle velocity given by Equations [2.4.1-10a], 

[2.4.1-10b] and [2.4.2-2], or the non-diffusing particle velocity considering convection 

and interaction forces.  The diffusion tensor, D, accounts for the non-uniformity of the 

diffusion coefficient near the plane surface.  Applying the analysis of Brenner [21] 
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described by Equation [2.4.1-1] to Brownian pseudo-force, the magnitude of the diffusion 

tensor is given by  

1fDD ∞= , [2.4.3-2] 

where D∞ is the particle diffusivity in the bulk solution, far from the influences of the 

disk surface (Equation [2.2.2-3]).  For non-diffusing particles, the pseudo-convective flux 

can be decomposed into a purely convective flux term and an interaction force 

contribution to the particle flux, to yield the governing equation for the particle 

concentration in an external force field 

 ( ) ( )PPkT
fP 1

p ∇⋅⋅∇=


⋅∇+⋅∇ DFv ext , [2.4.3-3] 

where vp is the particle velocity vector as described by Equation [2.4.1-10].  Considering 

all interaction forces except for lift, the non-zero components of the particle mass balance 

are 

( ) 



∂
∂=


 +∂

∂+∂
∂

∞ dz
dPfDzPkT

FfPvzPrvrr
1

1
ext1

zprp ,, . [2.4.3-4] 

The radial convection term (the first term in Equation [2.4.3-4]), when expanded, is not 

dependent on r.  The particle concentration is therefore not dependent on r, and the partial 

derivatives become total derivatives, 

( ) 


=


 ++ ∞
∞

dz
dPfDdz

dPkT
FfDPvdz

dPrvdr
d

r
1

1
ext1

zprp ,, . [2.4.3-5] 

The incorporation of VDW, electrostatic, and hydrodynamic interactions affects the 

particle approach velocity alone, as these interaction forces act only in the axial direction.  

The approach velocity remains uniform over the surface of the disk as the interaction 
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forces are the same for all radial positions.  Substituting the expressions for the particle 

velocity components, Equation [2.4.3-5] can be rearranged to the following form, 

( ) ( ) ( )




 +−++=+ PkT

FFfaPff1HPea2
1

dz
Pdfadz

dPf1HaPe edlvdw1
3

21
22

1
3

3 . [2.4.3-6] 

The dimensionless particle concentration normalized to the bulk concentration is  

∞
= P

PP .         [2.4.3-7] 

The Péclet number is defined as  

p

3

D
a021Pe

2
1

2
3

ν
ω= . . [2.4.3-8] 

Dabrós, et al. [30] re-wrote this second order ordinary differential equation in the form of 

two simultaneous first order differential equations 

 ( ) Pf1HPedH
jd

3
H += [2.4.3-9a] 

 ( ) ( )
1

Hedlvdw
2

2

f
jPkT

FFaPf1HPe2
1

dH
Pd ++++−= , [2.4.3-9b] 

where Hj is the normal component of the dimensionless particle flux vector, the limiting 

behavior of which is described below.  This system of equations was solved numerically 

using Hamming’s predictor-corrector method with initial values calculated from a 4th 

order Runge-Kutta algorithm.  The appropriate boundary conditions are 

1P → as ∞→z [2.4.3-10] 

0P = at 0H = . [2.4.3-11] 

The flux of particles to the disk surface becomes purely diffusional at the disk surface  
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=



= →→ H0H10H

ja
Dlimdz

PdDflimj ,                 [2.4.3-12] 

where j is the particle flux normalized to the bulk concentration.  In practice, the system 

of equations cannot be evaluated at H=0 (or z=a), due to the analytic representations of 

the interaction forces tending to infinity.  Instead, integration is commenced at a finite 

surface-surface separation distance, such that H= δ/a (z=a+δ), where δ represents the 

primary minimum in potential energy of interaction.  The dimensionless flux was found 

to approach a constant value near the surface.  Values of δ were selected successively 

closer to the disk until the particle concentration evaluated far from the disk changed 

negligibly.  For all particle sizes and interaction forces tested experimentally in this work, 

a value of δ equal to 0.01% of a particle radius  was sufficient for evaluating the flux at 

the disk surface (which is two orders of magnitude closer surface-surface separation than 

the extent of the typical IFBL thickness, which is on the order of 10 nm).  Integration is 

initiated at the surface by arbitrarily guessing a value of Hj , followed by integration away 

from the surface to a point where the concentration approaches a constant value, taken to 

be the normalized bulk concentration within a specified tolerance.  The value of Hj is 

then corrected such that the normalized bulk concentration is 1, satisfying the boundary 

condition given by Equation [2.4.3-10].  The system of equations described by Equation 

[2.4.3-9] is linear in the normalized bulk particle concentration, and therefore, the flux to 

the surface is proportional to the normalized bulk concentration.   
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2.4.4.  FLUID INERTIA-INDUCED LIFT EFFECTS 

The hydrodynamic effects considered in the previous section, which lead to the 

parameters f1, f2, and f3 in Equation [2.4.1-10], are based on a Stokes flow formulation 

for the fluid motion.  While Stokes flow considers that fluid inertia is negligible in 

comparison with viscous effects, even at relatively low particle Reynolds numbers, they 

may lead to measurable consequences.  For example, in capillary flows, inertial effects 

result in lateral migration, making particles concentrate at a finite distance from the 

capillary wall [31-33].   

The inertial effects will be quantified by a pseudo-force that affects particle 

motion.  Calculation of this inertial lift force requires a solution for the flow field around 

a depositing particle in a complex three-dimensional flow field.  Approximate solutions 

have been published that accurately predict experimental observations.  Nevertheless, 

published solutions to date have been constrained to limited ranges of flow 

characteristics, and are only obtained through numerical solutions. 

The simplest analysis available is that of Saffman [34], which considered a 

particle traveling in a direction parallel to the streamlines of an unbounded linear shear 

flow, where the particle travels with a speed different from the undisturbed fluid velocity.  

Saffman calculated the lift force by applying the method of matched asymptotic 

expansions to the velocity field around a particle, and obtained the following expression 

for the lift force 

 5.0
slip

5.02

L ν
vµa46.6F γ= & + smaller order terms,        [2.4.3-1] 
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where γ& is the shear rate, and the slip velocity is 

 pslip vvv −= . [2.4.3-2] 

When the particle trails the fluid, the lift force acts perpendicular to the fluid streamlines, 

in the direction of fluid velocity increase.  When the particle leads the fluid, the lift force 

acts perpendicular to the fluid streamlines, in the direction of fluid velocity decrease.   

Saffman’s analysis assumed that the Reynolds number based on shear rate, 

ν
γ= &2

G
a4Re ,              [2.4.3-3] 

and the Reynolds number based on the slip velocity 

ν= slip
slip

av2Re ,    [2.4.4-4] 

are much less than unity.  Saffman derived Equation [2.4.3-1] by considering the 

linearized equations of motion, assuming that inertial terms due to shear are large in 

comparison to inertial terms due to the slip velocity, such that the following condition 

was met 

1Re
Re

5.0
G

slip < . [2.4.4-5] 

Several assumptions are made in order to apply Saffman’s solution to the complex 

three-dimensional flow field near the rotating disk.  For a length scale on the order of a 

particle radius, it is assumed that the flow field can be approximated as a linear shear 

flow.  The direction of the inertial lift force at any point is taken to be perpendicular to 

the fluid velocity vector 

 ξeeev zθr vvvv zr =++= θ , [2.4.4-6] 
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where ξξξξ is the unit vector along the streamline, 

 zθr eeevξ v
v

v
v

v
v

v
zr ++== θ . [2.4.4-7] 

If the fluid velocity field is assumed to be a linear shear flow on the length scale of a 

particle diameter, the lift force can be taken to be perpendicular to the fluid velocity.  In 

the case of simple shear where a particle leads the fluid, the lift force acts in the same 

direction as the direction of velocity decrease, but in the rotating disk system the flow 

field is 3-dimensional.  The effect of lift on the approach velocity of the particle has the 

greatest impact on the transport of particles to the rotating disk.  This is considered in the 

following analysis, aimed to define a shear rate to be used in the calculation of the lift 

force. 

A unit vector κκκκ is found as perpendicular to ξξξξ, but having no z component (i.e. 

parallel to the disk surface) 

 0=⋅κξ . [2.4.4-8] 

The components of κκκκ are then 
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where sign selection is consistent with the formulation of the lift force expression.  A unit 

vector ηηηη is then defined as 

 κξη ×= . [2.4.4-10] 
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This unit vector is the unit vector perpendicular to the streamline with the largest z 

component.  The components of ηηηη are therefore 

 zθr e)(eeη θθθ ξκ−ξκ+ξκ+ξκ−= rrzrz . [2.4.4-11] 

The shear rate is then calculated as 

 )(η ξ∇⋅=γ vη& , [2.4.4-12] 

or more simply, 

 z
v

r
vv zr ∂

∂η+∂
∂η=∇⋅=γη )(η& . [2.4.4-13] 

The lift force is specified to have a magnitude given by Saffman’s relation and assumed 

to act in the η-direction, 

 50
slip

50
p

L
va466F .

.

,
.

ν
γµ= η

η
& , [2.4.4-14] 

where 

ηFL ηL,F= . [2.4.4-15] 

The above equations are sufficient to define the components of the lift force in the 

cylindrical coordinate system as a function of the shear rate and particle slip velocity at 

any point.  The components of the lift force, FL,r, FL,θ, FL,z can be found by solving the 

following system of equations 
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The lift force on the particle is expected to be sufficiently small that the fluid flow 

around a particle is negligibly affected by the lateral migration.  This assumption allows 

treatment of the lift force as an additional external force,  

 a6
Ffvfv rL3

r3rp πµ+=′ ,
, [2.4.4-19a] 

 a6
Ffvfv L3

3p πµ+=′ θ
θθ

,
, [2.4.4-19b] 

 a6
FFFfvffv zLedlvdw1

z21zp πµ
+++=′ )( ,

, , [2.4.4-19c] 

where Fedl is the force resulting from electrostatic interactions.  

The particle velocity components (Equations [2.4.1-10a], [2.4.1-10b], [2.4.2-2]), 

the relations defining the lift force components (Equations. [2.4.4-16], [2.4.4-17], [2.4.4-

18]), and the relationship between the magnitude of the lift force and the slip velocity 

(Equation [2.4.4-14]) constitute a system of eight equations with eight unknowns, whose 

solution yields the slip velocity and lift force, and ultimately the particle velocity 

components at any location.  At this point, the trajectory of a non-diffusing particle and 

the particle flux to the rotating disk can be calculated.   
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When inertial lift is considered in the context of convective-diffusion theory, 

Equation [2.4.3-3] reduces to a system of coupled first order partial differential equations. 

The lift force is a function of the shear rate, which increases with radial position, and 

therefore the lift force and the particle concentration in solution are functions of r.  In 

order to avoid solving this particularly stiff set of non-linear equations, insight into the 

importance of lift was garnered from deposition flux calculations for non-diffusing 

particles, based on calculation of the particle trajectories (Equation [2.4.4-19]). 

 

2.4.5.  BLOCKING THEORY 

 The hydrodynamic and physicochemical mechanisms discussed so far all lead to a 

prediction of constant particle flux to the rotating disk.  Implicitly, the disk surface has 

been considered a perfect sink for particles.  Realistically, the surface will eventually 

become saturated with particles.  Long before that happens, deposited particles will 

interfere with depositing particles, resulting in a decreasing flux with time assuming a 

monolayer attachment.  While most experiments in this work were performed at 

relatively low surface coverage (θ<5%), it is believed that blocking of the surface by 

deposited particles is a significant phenomenon due to the relatively high flow and high 

shear rate environment of the rotating disk system.   

Surface concentration effects (or blocking) are commonly studied with either a 2-

dimensional Random Sequential Adsorption (RSA) model, or with 3-dimensional 

Brownian Dynamics (BD) simulations.  Adamczyk and coworkers have successfully 

modeled blocking in the impinging jet and slot impinging jet cells, also stagnation point 
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flows, using both of these approaches [35-37].  BD simulations represent a stochastic 

approach to modeling particle flux to a surface, in which the particle trajectory is 

followed from a random starting position all the way to deposition, accounting for 

particle-surface and particle-deposited particle interactions.  The 3-dimensional nature of 

hydrodynamic and physicochemical interactions, as well as volume exclusion effects, 

make simulation of many particles computationally demanding. 

 The RSA model is based on random placement of particles on a 2-dimensional 

surface where particles successfully adsorb when the surface is vacant, and are discarded 

when the surface is occupied.  While this is an unrealistic representation of particle-

deposited particle interactions, modifications have been made that capture the 

hydrodynamic, physicochemical, and 3-dimensional nature of this problem, while 

capitalizing on the computational efficiency of this approach.  

The ratio between the observed particle flux and the initial uniform flux to a bare 

surface is given by the blocking parameter, and is a function of the surface coverage,  

 ( )
oj
jθB ≡ . [2.4.5-1] 

Surface coverage, θ, is defined as the cross-sectional area of adsorbed particles per unit 

deposition surface area.  The initial uniform flux to a bare surface, jo, is determined from 

convective-diffusion theory, where particle interactions with deposited particles are not 

considered.  The blocking parameter is defined as the probability of a particle depositing 

on a surface, and is therefore given by a Boltzman relationship for a depositing particle 

interacting electrostatically with all deposited particles 
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∫∫
∆

φ−−−=
A

kT dAe11B )( [2.4.5-2] 

where φ is the interaction potential between the depositing particle and all deposited 

particles, defined to approach infinity as particle-particle separations approach 2a, or 

touching.  It has been shown, for low to moderate surface coverage (θ<0.20), that by 

employing the methods of statistical mechanics the blocking parameter can be 

represented by a virial equation [35],  

 ( ) ( )32
21 θOθCθC1θB ++−= , [2.4.5-3] 

where the dimensionless constants C1 and C2 are independent of surface coverage and 

have specific physical significance as shown in Figure 2.4.5-1.   

 

Figure 2.4.5-1.  Conceptual schematic depicting soft sphere exclusion, which accounts for repulsive 
electrostatic blocking and hydrodynamic shadowing for a pair of deposited particles.  In this 
example, the second particle is deposited at the closest surface-surface separation distance possible 
from the first particle based on an effective hard sphere approach. 
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The first virial constant, C1, is the area blocked by a single adsorbed particle normalized 

to the cross sectional area of a particle [35] 

rde1r24C
2

kT
1

1∫∞
φ−




 −+= [2.4.5-4] 

where φ1 is the electrostatic potential between a particle and a single adsorbed particle, 

and  r is the dimensionless particle separation.  The 4 represents the area blocked by the 

hard sphere (4πa2), while the second term represents the area excluded by the 

electrostatic double layer.  Note that the area blocked by the hard sphere is four times 

larger than the cross-sectional area of a particle, as no particle overlap can occur.  The 

second virial constant, C2, corrects for the area counted twice by C1 when the blocked 

area of two deposited particles overlap.  The calculation of C2 involves calculation of a 

complicated integral [35] which captures the probability of a particle depositing when 

three-body (1 depositing, 2 deposited) interactions occur.  The virial constants are related 

to the area blocked by a particle, Ω1, and the overlap area of two blocked areas, Ω2, by  

2
1

1 aC π
Ω= [2.4.5-5] 

2
2

2 aC π
Ω= . [2.4.5-6] 

Four-body and higher order interactions can be accounted for by including higher order 

terms in the virial equation, which would extend the validity of this solution to higher 

surface coverage.  For hard spheres, with no hydrodynamic or physicochemical 

interactions, the virial expansion has a convenient analytical form when truncated after 

the second virial coefficient term [35],  
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 4C1 = [2.4.5-7] 

 π
36C2 = . [2.4.5-8] 

The integrals defining the blocking constants can only be solved analytically for 

the hard sphere case.  The above representation separates the effects of the area exclusion 

due the particle size and the area excluded due to interaction forces.  The interaction 

forces therefore have an effective range of influence away from the particle surface,  *h .

The total area blocked by a particle of radius a, and electrostatic interaction range *h , is 

equivalent to the area blocked by a hard sphere with no interaction forces and a radius 

equal to 

 *har* += , [2.4.5-9] 

to account for the effective range of interaction forces.  The dimensionless range of 

interaction forces,  

a
hH

*
* = , [2.4.5-10] 

can be calculated from a recursion relationship [37], but will be shown to not be required 

a priori. Considering interaction forces, the virial constants are [35] 

 ( )2*
2*

1 H14a
r4C +=



= [2.4.5-11] 

 ( )4*
2 H1π

36C += . [2.4.5-12] 

 Adamczyk, et al. [35-37] accounted for the hydrodynamic scattering effect on 

depositing particles by adsorbed particles by considering the size of the deposition area 
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blocked by a deposited particle in a shear flow.  Dabrós, et al. [38] calculated the 

trajectory of a Brownian particle traveling in a shear flow, near a plane surface, when the 

particle approaches a deposited particle from various heights above the surface and 

various lateral positions relative to the deposited particle.  Dabrós, et al. determined the 

shape of the shadow behind the deposited particle and found that the length of the 

shadow, L, was directly proportional to the shear rate evaluated at the disk surface, γ& .

Adamczyk, et al. approximated the shadowed area as both an ellipse [35] and a rectangle 

[36].  The latter approximation for the shape will be used here,  

 γ+= &hCb2L [2.4.5-13] 

For the rotating disk the shear rate evaluated on the surface is given by 

2
1

2
3
r021

ν
ω=γ .& . [2.4.5-14] 

The shadow has measurements of b2 by γ+ &hCb2 , as shown by the dashed 

rectangle in Figure 2.4.5-1, directly attributable to exclusion by the particle size and the 

electrostatic repulsion.  The length of the shadow is the sum of the effective hard sphere 

area and distance due to hydrodynamic scattering effects, which are quantified by the 

hydrodynamic scattering constant Ch, which is theoretically independent of shear rate and 

electrostatic interactions.  In this way, electrostatic and hydrodynamic effects are de-

convoluted.  Considering hydrodynamic scattering, the area blocked by a single particle 

is 

γ+=Ω &h
2

1 bC2b4 .    [2.4.5-15] 
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 The resulting virial coefficients are 

 γ+= &h
2

1 Cbπ
4C [2.4.5-16] 

 2
12 C8

1C = , [2.4.5-17] 

where 

a
bb = , [2.4.5-18] 

 2
h

h a
bC2C π= . [2.4.5-19] 

The calculation of the second virial coefficient is non-trivial and is discussed elsewhere 

[35]. 

 Substituting the virial coefficients into Equation. [2.4.5-3] and solving for the rate 

of change of surface coverage yields the differential equation 

2
2

2

h
2

h
2

op
CCbπ

4
8
1Cbπ

41dt
d

jA
1B θ


 γ++θ


 γ+−=θ= && , [2.4.5-20] 

which can be rearranged into the form of Riccati’s equation [38].  Substituting dt
du

u
1=θ

eliminates the non-linear θ2 term, and a homogenous, second order, linear equation 

subject to the following initial conditions results, 

( ) 0tr =θ , at 0t = [2.4.5-21] 

( ) o
2 jatrdt

d π=θ , at 0t = . [2.4.5-22] 

The solution for the surface coverage as a function of time and radial position is 
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 ( ) ( ) ( )[ ]
( )[ ]τrqexpp1
τrqexp1rθr,τθ st −⋅−

−−= , [2.4.5-23] 

where the dimensionless time is defined as 

 
∞

== θ
tjπa

t
tτ o

2

ch
 [2.4.5-24] 

and 

 0.171p = [2.4.5-25] 

 1Cθ2
1q ∞= [2.4.5-26] 

 ( )
1

st C
0.514θ −= . [2.4.5-27] 

The characteristic time, tch, is taken as the time to achieve a maximum hard sphere 

surface coverage, θ∞, with a constant particle flux equal to the initial flux.  The maximum 

hard sphere surface coverage, referred to as the jamming limit, has been determined from 

RSA simulations to be 0.546 [37].  Adamczyk, et al. [36] have argued that for large 

particles and high shear rates the surface coverage reaches a pseudo-steady state 

coverage, θst, that varies negligibly with time.  The pseudo-steady state coverage is linear 

in γ& , as determined from combining Equations [2.4.5-23] and [2.4.5-27] to yield 

 γ



 −
+= &

2
114

C
θ
1

θ
1 h

ost
. [2.4.5-28] 

For a typical experiment, where the rotational speed, particle size, and ionic 

strength are specified, the steady state values of concentration would be experimentally 
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obtained by depositing particles for successively longer times until the surface coverage 

at all radial positions remained constant.  These steady state values, θst, could then be 

used to calculate the value of C1 from Equation [2.4.5-27].  With the experimental 

steady-state surface coverage and the value of C1, the surface coverage can be predicted 

for any deposition time with Equation [2.4.5-23]. 
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3.  MATERIALS AND METHODS 

The basic experiments conducted in this work consisted of immersing a particle-

free deposition surface (mica) into a colloidal suspension and immediately commencing 

rotation of the deposition surface (Figure 3-1).  After a specified time, rotation was 

stopped, and the deposition surface was immediately removed from the suspension.  The 

surface was then rotated in a particle-free solution of the same ionic strength for 10 

seconds to rinse the surface so that particles suspended in the residual water on the mica 

surface would not deposit on drying. 

 

Figure 3-1.  Rotating disk system experimental configuration.  One liter vessel used to hold colloidal 
suspension for all experiments. 
 

The rotating disk was composed of a mica disk attached to a PTFE holder of 

larger radius (Figure 3-1), in order to minimize edge effects.  Experiment duration, disk 

Precision Rotator

Deposition Surface

Colloidal Solution
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rotational speeds, and particle concentration were selected so that deposited particle 

surface coverage was larger than the experimental noise.  Rotational speeds were verified 

with an optical tachometer to within 1 rpm.  Care was taken during handling to minimize 

excess shear forces on the deposition surface.  Experiments verified (see Section 4.3) that 

the rinsing process did not remove previously attached particles, i.e., particle attachment 

to the mica surface was irreversible.  The mica disks were dried and imaged with an 

optical microscope at 80x magnification, capturing adjacent images along a radius of the 

deposition surface.   

Surfactant free, monodisperse polystyrene lattices (Interfacial Dynamics, Inc.) 

were suspended in ultra-pure water, at a concentration of 5x109 particles/L for all 

experiments.  This concentration was selected as it was sufficiently dilute that particle 

interactions in solution were unlikely, yet concentrated enough to observe measurable 

deposition over the course of a few hours.  The particle suspensions were considered 

dilute as average particle-particle separation distances were calculated to be on the order 

of 50 particle radii.   

Particles were either functionalized with negatively charged sulfate groups or 

positively charged aliphatic amine groups.  The charged surface groups were sparse 

enough that the particles were considered mildly hydrophobic by the manufacturer.  The 

hydrophobic nature of the polystyrene particles made them particularly sensitive to 

aggregation due to contamination by organics and foreign particulates, and therefore 

special care was taken to keep surfaces free of contamination.  Aggregation in solution 

was observed for larger particles (2.3 µm diameter sulfate-functionalized) at the air-water 
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interface for experiments longer than 48 hours.  While polystyrene is nearly neutrally 

buoyant (densities of water and polystyrene at 22ºC are 1.009 and 1.055 g/cm3,

respectively), the particles were sufficiently large that settling also occurred after 48 

hours.  The ionic strength was adjusted with potassium chloride (Spectrum, 99%).  All 

experiments were conducted at room temperature (22ºC).   

Mica was used as a molecularly smooth deposition surface so that surface 

roughness effects could be minimized.  High quality (V-1) muscovite mica was obtained 

in the form of 2 cm diameter disks (Structure Probe, Inc.).  Consistent, but more scattered 

data were obtained when lower quality (V-4) mica was used.  For all experiments 

reported herein, only systems with attractive particle-mica electrostatic interactions were 

considered.  When positively charged aliphatic amine functionalized particles were used, 

the mica was cleaved before use to expose an uncontaminated surface.  When negatively 

charged sulfate functionalized particles were used, the natural negative charge of the 

mica was reversed by treating freshly cleaved disks for 24 hours in a well-stirred, 80ºC 

bath of 0.2 mM aluminum chloride (99.99%, Aldrich).  This surface treatment was not 

indefinitely persistent, but was found to give repeatable deposition over the time frame of 

our experiments (48 hours).  To avoid contaminant, surfaces were cleaved on both sides 

before treatment in AlCl3.
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Figure 3-2.  Deposited 2.3 µµµµm diameter latex spheres on 0.12 x 0.15 mm area of mica disk after 4 
hours of deposition at 300 rpm.  The center of the image shown was located 1.2 mm from the center 
of rotation.  Spots of discoloration are due to residual adhesive and the natural heterogeneity of the 
mica composition.  The arrow point to the right is collinear with and points in the same direction as 
the radial position vector.  The dashed arrow pointing up is pointed in the direction of rotation at its 
location.  This image is taken from the perspective of looking down at the deposition side of the mica. 
 

Particle counts were performed on each picture (150×120 µm), yielding discrete 

particle concentration profiles.  The total surface coverage, θt, was calculated as the cross 

sectional area of all deposited particles per unit mica surface area.  In cases that 

aggregates of two or more particles were observed, the surface coverage was determined 

as θa, the cross-sectional area of all particles deposited as aggregates per unit mica 

surface area.  Calculation of a modified surface coverage, θm, was also found to be useful, 

as a measure of deposition site density, and is calculated as the cross-sectional area of 

deposited particles per unit area of deposition surface, taking each deposition site to be a 

single particle, regardless of the size of an aggregate.   

 

10 µµµµm
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Table 3-1.  Size and surface properties of particles used in experiments. 

Particle Functionality Particle Diameter (µµµµm) Particle Surface Charge 
Density 

1.3 4.59×105 (SO4/µm2)
Sulfate 

2.3 4.50×105 (SO4/µm2)
Aliphatic Amine 1.1 2.00×107 (NH4/µm2)

Counting of deposited particles results in experimental scatter for θ, as discrete 

values are used to describe continuum phenomena.  Experimental scatter within a given 

experiment, as well as the scatter of deposition profiles between two different 

experiments, were found to be approximately of the same magnitude.  Figure 3-3 presents 

the results of three separate 3 hour deposition experiments, performed with 1.1 µm

diameter aliphatic amine functionalized particles, at 200 rpm rotational speed and 10-4 M 

ionic strength.  Each experiment was performed with a freshly prepared particle and salt 

solution.  The shortest deposition times yielding reliable data are limited by the scatter of 

data.  In practice, experiments were performed such that particle concentrations were at a 

minimum 30 particles per 150x120 µm picture.  The surface coverage as well as the 

modified surface coverage are presented in order to demonstrate the consistency between 

experiments, of the total number of deposited particles and the number of deposition 

sites, respectively.  The data represented by the filled circles is a 3 hour deposition 

performed in a particle solution immediately following a 24 hour deposition experiment 

at the same conditions.  The significance of this data set will be discussed in Section 4.6.  

Figure 3-4 shows repeated experiments for 2.3 µm diameter particles.  The scatter of 
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surface coverage values is much higher than the 1.1 µm diameter particles.  This is a 

consequence of the particle size, and when the deposited number concentrations are 

compared the scatter is found to be of the same order of magnitude for the two particle 

sizes.  The smaller particles demonstrate a lower percentage scatter in surface coverage 

data, and are therefore more repeatable. 
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Figure 3-3.  Deposition profiles for repeated 3 hour deposition experiments for 1.1 µµµµm diameter 
sulfate particles, at 200 rpm and 10-4 M ionic strength.  All experiments were performed in fresh 
solutions, except the experiment represented by solid circles, which was performed in a solution 
previously used in a 24 hour deposition experiment. 
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Figure 3-4.  Surface coverage profiles for 13 separate experiments where 2.3 µµµµm diameter sulfate-
functionalized particles were deposited at 1 µµµµM ionic strength and 200 rpm. 
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4.  RESULTS AND DISCUSSION:  PART I 

4.1.  SURFACE COVERAGE PROFILES 

Deposition data, in combination with results of theoretical calculations, will be 

used to suggest the transport mechanisms that govern particle deposition.  Decaying 

radial profiles of surface coverage were observed for all particles tested in this study.  

Mechanisms that would explain this decrease in particle concentration with radial 

distance have been discussed in the literature and in this thesis previously.  The possible 

mechanisms include particle inertia, fluid inertia-induced lift forces, shear removal of 

reversibly attached particles, and blocking of deposition area by deposited particles.  

Deposition of 1.3 µm diameter sulfate-functionalized particles will be investigated first 

and used as a model system.   

Deposition profiles of 1.3 µm diameter sulfate particles are shown in Figure 4.1-1 

for several deposition times.  Surface coverage at a given deposition time is non-uniform, 

decaying with radial position away from the center of rotation.  Also, a time-dependent 

flux is observed for all deposition times tested and for all radial positions.  As an example 

of measurement of surface coverage, Figure 4.1-1 shows a microscope image taken after 

3 hours, 6 mm from the center of the disk, which has a surface coverage of 0.715%.  

From the standpoint of area exclusion by deposited particles, this is a low surface 

coverage, so that the probability of a two particles depositing at the same location is low.  

This suggests that a radially-dependent mechanism is inhibiting or enhancing particle 

deposition.   
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Figure 4.1-1.  Microscope image of 1.3 µµµµm sulfate-modified particles on mica after 3 hours of rotation 
in 5.0×109 particles/L and 10-4 M ionic strength at 200 rpm. The top edge of the photograph is 6 mm 
from center of rotation.  The arrow indicates the direction and position of the radial axis. 

 

Removal of particles by fluid shear, particle inertial effects, fluid inertial effects, 

and surface saturation were all considered as possible mechanisms leading to radial 

surface coverage profiles.  In the rotating disk system, mass transfer rates are independent 

of radial position, as is shown by solutions of the convective-diffusion equation in 

Section 4.2 for electrostatically attractive systems.  Experimental verification of Levich’s 

solution for the rotating disk is described in Appendix A-1.  The shear stress exerted by 

the fluid on the surface varies linearly with r, which leads us to explore the effect of shear 

stress on deposited particles in Section 4.3.  Solute-like mass transfer assumes that 

particles have negligible inertia and therefore do not deviate from fluid streamlines.  The 
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deviation of particles from their trajectories due to non-negligible particle inertia would 

result in radially-dependent surface coverage.  This effect is explored in Section 4.4. 

Martin, et al. [12] also observed radial variations in surface coverage in the 

deposition of 1.62 µm diameter polystyrene particles, and hypothesized that the radial 

decay of surface coverage was due to fluid inertia-induced lift forces.  The theory behind 

the calculation of the lift force and the expected deposition profiles are discussed in 

Section 4.5.   

The observed decrease in particle flux over time suggests particle/deposited 

particle interactions are significant.  Saturation at the low surface coverage observed in 

this study suggests that deposited particles block a deposition area that is significantly 

greater than their cross-section.  Existing models of surface blocking assume that 

depositing particles are electrostatically repulsive and therefore do not aggregate, though 

significant aggregation is observed in the experiments reported in this work for long 

deposition times.  The nature of aggregation is discussed in Section 4.6, before the 

blocking model is applied to the experimental data in Section 4.7. 

Experimental deposition profiles of 2.3 µm diameter sulfate-functionalized 

particles are presented in Section 4.8, along with the application of the blocking model.  

In Section 4.9, a rough calculation is described which develops additional quantitative 

evidence to distinguish between blocking and fluid inertial lift effects.   
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Figure 4.1-2.  Deposition profiles for 1.3 µµµµm diameter sulfate-modified polystyrene microspheres on 
AlCl3 treated mica after several deposition times at 200 rpm, at an ionic strength of 10-4 M. 

4.2.  RESULTS OF THE CONVECTIVE-DIFFUSION THEORY  

Experimentally-measured deposition rates after the shortest deposition times 

measured (1 hour) were found to agree with conventional convective-diffusion theory, as 

described by Equation [2.4.3-9], which accounts for hydrodynamic, van der Waals and 

electrostatic interactions.  For longer deposition times, particle fluxes were less than that 

determined by convective-diffusion theory {Equation [2.4.3-9]}, suggesting that the 

radial dependence of surface coverage is consistent with a deposition inhibition 

mechanism.   
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Figure 4.2-1 shows the effect of particle size on particle deposition flux for three 

theoretical cases: (i) as calculated using Levich’s mass transfer solution (Equation [2.2.2-

4]), (ii) a purely interception case (Equation [2.2.1-1]), (iii) and convective-diffusion 

coupled with surface-surface interaction forces, as described in Section 2.4.3.  The 

interception flux and solute-like mass transfer flux expressions do not account for any 

surface-surface interaction forces.  The solutions to the full convective-diffusion 

equation, Equation [2.4.3-9], are shown for the two ionic strengths used in this work, 

which characterize the electrostatic interaction.  The Hamaker constant, A, characterizes 

the van der Waals interaction.  
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Figure 4.2-1.  Particle flux to the rotating disk as determined from convective-diffusion theory 
coupled with a force balance (Equation [2.4.3-9]), incorporating surface-surface interaction forces.  
Conditions are 25 rad/s rotational speed, -120mV mica surface charge, and 50 mV particle surface 
charge.  Dashed line represents the interception solution for non-diffusing particles, as calculated by 
Equation [2.2.1-1].  The solid line represents the solute-like mass transfer solution as calculated by 
Equation [2.2.2-4]. 

 

Figure 4.2-1 demonstrates that the transport of particles with size on the order of 1 

µm diameter cannot be described accurately by either solute-like convective-diffusive 

theory (Levich) or interception.  Small particles, regardless of the strength of van der 

Waals and electrostatic interactions behave approximately like dissolved molecules and 

follow the solute-like mass transfer solution (Levich’s solution), with transport rates only 



71

slightly lower due to hydrodynamic resistances.  Larger particles are intercepted by the 

surface, and for the size range shown also have a significant diffusion flux.  Flux of 

particles with diameters greater than 1 µm can exceed the solute-like mass transfer 

solution as well as the interception solution, depending on the strength of interaction 

forces.  It should be noted that the flux vs. particle size curves do not asymptotically 

follow the interception behavior, as reported by Dábros, et al. [30], which indicates that 

both interaction forces as well as hydrodynamic resistances play a significant role in the 

transport of particles larger than 2 µm in diameter.  

Whether the deposition of particles is approximated by the solute-like mass 

transfer solution, the interception solution, or the exact convective-diffusion formulation 

the particle flux is constant over time and does not account for surface saturation.  These 

solutions also predict uniform deposition over the entire rotating disk surface.  In the 

following sections, we consider possible radially-dependent mechanisms not captured by 

the convective-diffusion equation and investigate their relevance in the description of the 

experimental data. 

 

4.3.  SHEAR STRESS IN THE ROTATING DISK SYSTEM  

While convective-diffusive mass transfer is uniform over the disk surface, 

hydrodynamic forces exerted by the fluid on the surface vary appreciably with radial 

position. From the solutions of the Navier-Stokes equations, it can be shown that the 

tangential (shear) force exerted by the fluid on the surface of the disk per unit area (shear 

stress) is given by [40] 
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It may be hypothesized that this force could remove particles from the surface. This 

would happen if the shear force exceeded the adhesion force of the particle.  If this were 

the case, the radial dependence of the shear force would lead to a non-uniform deposition 

pattern.  However, particle deposition was found to be irreversible for the conditions 

explored in this work.  Deposition experiments were performed where the rotating disk 

was transferred into a particle-free solution of identical ionic strength immediately 

following a deposition experiment, and then rotated at higher rotational speeds in order to 

increased the presumed removal of particles by shear.  Agreement was found, within 

experimental scatter, between the deposition profiles with and without the higher 

rotational speed rinse as shown in Figure 4.3-1.   



73

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0 1 2 3 4 5 6
Distance from center of rotation (mm)

Su
rfa

ce
Co

ve
ra

ge
,
θθ θθt

200 rpm, rinse at 500 rpm

200 rpm

 

Figure 4.3-1.  Attempt at removing adsorbed 2.3 µµµµm diameter sulfate particles by increased shear 
forces at higher rotational speeds.  Shown are surface coverage profiles after 4 hours of deposition at 
1 µµµµM ionic strength and 200 rpm.  The solid line gives the surface coverage after deposition at the 
same conditions, followed by rotation at 500 rpm for 2 hours in a particle-free solution. 
 

Particles were not removed until turbulent flows were reached, at rotational speeds much 

higher than those used in experiments.  Similar experiments were performed to verify that 

particle deposition was irreversible under variable ionic strength conditions as well.  

Figure 4.3-2 shows deposition profiles comparing deposition at 1 µM ionic strength with 

the same experiment followed by a particle-free 1 mM ionic strength wash.  With 

removal by shear eliminated as a possible radially-dependent mechanism, the 

significance of particle inertia is explored.  
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Figure 4.3-2.  Attempt at removing adsorbed 2.3 µµµµm diameter sulfate particles by shear under 
conditions of decreased electrostatic attraction.  Shown are surface coverage profiles after 4 hours of 
deposition at 1 µµµµM ionic strength and 200 rpm.  The solid line gives the surface coverage after 
deposition at the same conditions, followed by rotation at 200 rpm for 2 hours in a particle-free 
solution at 1 mM ionic strength. 
 

4.4.  PARTICLE INERTIA IN THE ROTATING DISK SYSTEM  

The neglect of particle inertia in this study must be critically analyzed, as a radial 

profile in particle deposition would be expected for particles with non-negligible inertia.  

Particle inertia was expected to have a negligible effect on particle transport in this work 

due to the relatively small particle size and the near-neutral buoyancy of polystyrene 

(1.055 g/cm3 at 20oC, versus 1.005 g/cm3 for water).  The importance of particle inertia in 

this system can be inferred from a comparison of the characteristic time on which fluid 

velocity changes, with the characteristic time of response of a particle to that change in 
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fluid velocity.  A characteristic particle response time is determined by balancing the 

particle inertia and the drag forces on a non-diffusing particle 

drag
p Fdt

dvm = . [4.4-1] 

For a preliminary calculation, we assume that the hydrodynamic drag force, Fdrag, is the 

Stokes’s flow drag, where the relative velocity is the difference between the particle 

velocity and the undisturbed fluid velocity at that location, 

)vv(a6F pdrag −πµ= . [4.4-2] 

The characteristic time with which a particle responds to a perturbation in the fluid 

velocity is therefore 

ν≈
2

char,p
a

9
2t .               [4.4-3] 

This characteristic particle response time is less than 0.5 µs for a 2 µm diameter particle. 

 The importance of particle inertia can be discerned from a comparison of the 

characteristic time for a particle to respond to the fluid acceleration with the characteristic 

time on which the fluid velocity changes.  Due to the complexity of the rotating disk 

flow, the fluid acceleration is a function of position.  The characteristic time of the fluid 

acceleration can be related to the velocity change along the fluid streamline, 
1

char ds
dvt

−



≈ , [4.4-4] 

where ds is a differential arc length along the fluid streamline, and 

ξvξ ⋅∇⋅=ds
dv . [4.4-5] 
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where ξξξξ is a unit vector along the streamline. Figure 4.4-1 shows the characteristic time 

for the fluid acceleration for several streamlines, at a 200 rpm rotational speed.  As a fluid 

element approaches the rotating disk, it initially slows, as the axial component of the 

particle velocity dominates.  The fluid then accelerates as the angular and radial velocities 

increase.  Finally, the fluid element asymptotically approaches a constant velocity, 

relative to a fixed point in space, as the fluid streamline asymptotically approaches the 

surface velocity, rω. The characteristic time tends to infinity when the fluid transitions 

between acceleration and deceleration.  As expected, the fluid acceleration time is faster 

near the center of the disk.  Clearly, though, the relaxation time of the particle is at a 

minimum five orders of magnitude faster than that of the fluid.  Therefore, the trajectory 

of a particle will not be significantly influenced by the inertia of the particle.   
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Figure 4.4-1.  Characteristic time of acceleration of fluid at 200 rpm, as observed following several 
fluid streamlines to within one particle radius of the surface, for a 1.3 µµµµm diameter particle. 
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4.5.  LIFT IN THE ROTATING DISK SYSTEM 

Lift is the final radially-dependent mechanism yielding a constant flux over time 

that will be analyzed before blocking effects are considered.  Due to the complex three-

dimensional nature of the fluid velocity around a spherical particle in this system, an 

exact solution for the lift force requires a computationally intensive effort.  To determine 

if this effort was necessary to model the observed behavior, Saffman’s lift force 

(Equation [2.4.4-14]), derived for a particle traveling parallel in an unbounded linear 

shear flow, was initially applied to estimate whether lift is relevant for the conditions of 

interest.  In this way Saffman’s solution is used as a simple means to scope the magnitude 

of the lift effect.   

Saffman’s perturbation solution for the lift force requires that Reynolds numbers 

based on the shear rate and slip velocity, ReG and Reslip, and the ratio Reslip/ReG0.5 are 

much less than unity (see Section 2.4.4).  Figure 4.5-1 presents typical values of the 

Reynolds numbers based on fluid shear (Equation [2.4.3-3]) as a function of axial 

position for a 1.3 µm diameter particle in a 200 rpm flow, the highest rotational speed 

tested.  Interaction forces are calculated assuming a van der Waals interaction 

characterized by a Hamaker constant of A=1.4×10-20 J, and an electrostatic interaction 

calculated for a particle with a -50 mV surface charge and a +120 mV mica surface 

charge in a 10-4 M ionic strength solution.  Saffman’s condition of ReG<<1, is met for 

these conditions.  Based on the expression for the shear Reynolds number (Equation 

[2.4.3-3]), this condition will also be satisfied for 2 µm diameter particles, studied later in 

this work.   
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While less than unity, the Reynolds number based on the slip velocity (Equation 

[2.4.4-4]) does not satisfy the required condition of Res<<1, as shown in Figure 4.5-2.  

Cherukat, et al. [41] solved for the lift force when a particle travels in a shear flow near a 

plane boundary.  Though their formulation was again restricted to low Reynolds 

numbers, these authors found that their solution predicted experimental values of lift 

force within 20% for slip Reynolds numbers on the order of those seen in the experiments 

presented here.  The error in the approximation due to the invalidation of the slip 

Reynolds number constraint is therefore expected to be of the same order as that observed 

by Cherukat, et al., namely within 20%.  The presence of the wall in the disturbance flow 

around a particle, not accounted for by Saffman’s analysis, was shown to reduce the lift 

force [41], and therefore Saffman’s lift force can be considered an over-approximation. 
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Figure 4.5-1.  Shear field strength experienced by 1.3 µµµµm particles along their trajectories as they 
approach the disk surface, depositing at 1, 3, and 6 mm from the center of rotation.  For these 
calculations A=1.4×10-20, the rotational speed was 200 rpm, and the ionic strength was 10-4 M. 
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The final stipulation of Saffman’s solution, that the ratio of the Reynolds numbers 

given by Equation [2.4.4-5] be less than unity is not satisfied, as shown in Figure 4.5-3.  

McLaughlin [42] extended Saffman’s work to cases where the Reynolds number ratio is 

on the order of unity or larger, and found that Saffman’s solution over-predicts the 

inertial lift force.  In the limit that the ratio approaches infinity, the lift force vanishes.  As 

shown in Figure 4.5-3, the ratio of Reynolds number is in fact greater than unity and 

therefore application of Saffman’s solution is expected to be an over-estimation of the lift 

force.   
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Figure 4.5-2.  Reynolds number quantifying relative velocity between fluid and particle for 1.3 µµµµm
particles, depositing at 1, 3, and 6 mm from the center of rotation.  Conditions are as stated in Figure 
4.2-1. 
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Figure 4.5-3.  Slip and shear Reynolds numbers ratios (Equation [2.4.4-5]) calculated for a 1.3 µµµµm
particle along trajectories depositing at 1, 3, and 6 mm from the center of rotation. Conditions are as 
stated in Figure 4.2-1. 
 

Typical trajectories of non-diffusing particles are shown in Figures 4.5-4 and 4.5-

5.  The interception trajectory neglects all interaction forces, where the particle travels 

along a fluid streamline.  For the conditions used in these plots, the incorporation of 

interaction forces enhances the deposition rate, as particles deposit faster and closer to the 

center of the disk.  As seen in Figure 4.5-4, the effect of the lift force on the 1.3 µm

particles is minimal, while for the 2.3 µm particle (Figure 4.5-5) the lift force is 

significant, and at these conditions approximately counters the effect of the attractive 

electrostatic interactions.  It is important to note that the flux of particles to the surface is 

not only governed by the deposition location, but also the time of flight of the particle, 

which is different for each case.   
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Figure 4.5-4.  Non-diffusing particle trajectories calculated for a 1.3 µµµµm diameter particle depositing 
on a rotating disk, with a rotational speed of 200 rpm.  Interaction forces assume a Hamaker 
constant of A=1.4×10-20 J, 10-4 M ionic strength, and a surface charge of -120 mV for mica and 50 mV 
for the particle.  Note that the incorporation of the lift force has a negligible effect as the trajectories 
with and without lift are negligibly different. 
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Figure 4.5-5.  Non-diffusing particle trajectory calculated for a 2.3 µµµµm diameter particle depositing 
on a rotating disk, with a rotational speed of at 200 rpm.  Interaction forces assume a Hamaker 
constant of A=1.4×10-20 J, 10-4 M ionic strength, and a surface charge of -120 mV for mica and 50 mV 
for the particle.  Note that the times of flight of each a particle along the three calculated trajectories 
are not equivalent. 
 

The non-uniform deposition flux resulting from the radially-dependent lift force, 

was calculated directly from the particle trajectories.   Particle trajectories were traced 

backwards from the deposition surface (z = a, r = rdep) to a distance far from the disk, 

where interaction forces are negligible.  If the particle trajectory is traced beyond the 

hydrodynamic boundary layer as well, the particle velocity has only a z-component equal 

to the approach velocity of the fluid [13], 

νω−=∞νω=∞ 886.0)(H)(vz . [4.5-1] 
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Far from the disk, here taken to be an axial position of 2 mm, the particle concentration is 

the bulk concentration.  For a particle depositing at radial position rdep, the trajectory can 

be traced back to z = 2mm, where the particle radial position is ri. The flow rate of 

particles at z = 2mm is 

PvrrJ z
2
iimm2z )()( ∞π== . [4.5-2] 

This is also the average flow rate of particles to the surface over 0<r<rdep. The average 

flux to the surface is therefore 

2
dep

z
2

i
dep r

PvrrJ π
∞π= )()( , [4.5-3] 

where ri is a function of the deposition location rdep, as related to by the particle 

trajectory.  This average of flux over 0<r<rdep, is related to the flux F(rdep) by 

( ) ∫ ∫
∫ ∫

π

π

θ
θ= 2
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)(

. [4.5-4] 

The average flux was represented adequately by a third-order polynomial fit to discrete 

values of the flux, calculated from trajectories corresponding to regular deposition 

locations and the disk.   

The lift force is a function of surface-surface separation distance, and, like the 

simple convective-diffusion solution, the flux is constant with time and does not account 

for surface saturation.  The theoretical deposition profiles for non-diffusing 1.3 µm

particles, where lift forces are considered, are shown in Figure 4.5-6.   
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Figure 4.5-6.  Theoretical deposition profiles of non-diffusing 1.3 µµµµm particles at various times, where 
approximate fluid-inertia induced lift forces are considered, for rotation at 200 rpm, in 5.0×109

particles/L.  Interaction forces calculated for A=1.4×10-20 J, 10-4 M ionic strength, and a mica surface 
charge of -120 mV and a 50 mV particle surface charge. 

 

The lift model fails to capture the sharply decaying behavior of the experimental 

profiles near the center of rotation (e.g. Figure 4.1-1), and does not account for the 

saturation of the surface and the decreasing particle flux over time.  It should be 

remembered that based on the flow conditions prevalent near the rotating disk, and 

observations taken from more accurate calculations of the lift force available in literature, 

Saffman’s expression is an over-estimation of the deposition behavior expected when 

inertial lift is considered.  At this point, it cannot be assumed that inertial lift is not a 

significant mechanism that inhibits of particle deposition, but it is clear that this force is 

not the dominant mechanism generating the radially-decaying particle concentration 

profiles observed for the particle sizes and rotational speeds used in this study.  The 
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decrease of the particle flux over time suggests that blocking is a significant mechanism, 

and therefore the radial dependence of blocking will be investigated in order to explain 

the radially-decaying deposition profiles.   

 

4.6.  AGGREGATION IN THE ROTATING DISK SYSTEM 

While the effects of blocking have been studied in other stagnation point flow 

systems by Adamczyk and coworkers [35-37], the rotating disk operates at higher fluid 

velocities and shear rates than systems such as the gravitationally-fed impinging jet cell.  

Accordingly, these studies have confined themselves to particles that are electrostatically 

repulsive, and do not aggregate on the deposition surface.  As can be seen in Figure 4.6-1, 

aggregation occurs in our deposition experiments, most obviously for high surface 

coverage.  Aggregation in solution was not expected since the average particle-particle 

separation distance is on the order of 50 particle radii for a 5×109 particle/L solution of 

1.3 µm diameter particles, assuming a hexagonal close packing analog for the distribution 

of particles.  Due to the low concentration of aggregates, the high scatter of the data 

makes comparison of the aggregate fraction difficult.  Therefore, the fraction of 

aggregates for discrete deposition times are plotted additively in Figure 4.6-2.  What 

follows is a discussion of experimental observations which indicate that aggregation is 

occurring on the deposition surface and not in solution. 
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Figure 4.6-2.  Particles deposited as aggregates. Each shaded region represents the fraction of 
particles that deposit in aggregates observed at the indicated time. The increase in the shaded areas 
with time indicates an increase in aggregation.  Deposition data shown here is from 1.3 µµµµm diameter 
sulfate particles deposited at 200 rpm and 10-4 M ionic strength. 
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Figure 4.6-1. Deposition pattern of 1.3 µµµµm diameter sulfate-modified polystyrene particles on mica, 
taken at center of rotation, after 6 hours of rotation in 5.0×109 particles/L, at 200 rpm, 10-4 M ionic 
strength. Note the presence of particle doublets and triplets over the deposition field. 
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Figure 4.6-3.  Experimentally observed aggregation on surface for 1.3 µµµµm sulfate particles, where 
each individual particle or aggregate is considered a single deposition location.  The solid line 
represents no aggregation, where each deposition location represents a single particle.  Data points 
for several radial positions are taken from polynomial fits to surface concentration measurements. 
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Figure 4.6-4.  Variation of surface coverage of aggregates with total particle surface coverage, for 1.3 
µµµµm sulfate particles.  Experimental conditions are 10-4 M ionic strength and 200 rpm rotational 
speed. 
 

Observation of aggregate concentration as a function of time does not offer any 

insight into whether particles aggregate on the surface or in solution before depositing.  

Radial profiles of the aggregate fraction reveal an increase in the aggregate fraction as a 

function of time.  If aggregation occurs on the surface, we expect the number of 

aggregates to increase with time, as the surface concentration increases with time, where 

the probability of particle-particle collision increases.  Alternatively, if aggregation is 

occurring in the solution, it is reasonable to expect that the aggregate fraction in solution 
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will increase with time as well since longer times will increase the probability of 

particle/particle collisions.   

Radial profiles are expected for aggregation on the surface, since the aggregate 

fraction is dependent on the total particle surface coverage.  The probability of a particle 

being intercepted by a deposited particle increases with the surface coverage, as can be 

seen in Figure 4.6-3, where the aggregate coverage increases with the total surface 

coverage.  A saturation of individual particles is observed before the surface saturates 

with particles (with respect to the potential maximum packing), as shown in Figure 4.6-3. 

This indicates that aggregation on the surface is the only mechanism for additional 

deposition for coverage higher than the single particle surface saturation coverage.  

Radial profiles are also expected, though for particles depositing as aggregates formed in 

the bulk solution.  Figure 4.6-4 shows that the surface coverage of aggregates is directly 

related to the total surface coverage, which is consistent with aggregation occurring on 

the surface. 

A simple experiment was performed to discern whether aggregation was 

predominantly occurring in solution, or on the deposition surface.  A typical 24 hour 

deposition experiment was performed with 1.1 µm diameter aliphatic amine-

functionalized particles.  The same solution was used in a 3 hour deposition experiment 

with a new, clean disk.  The deposition after 3 hours in this “old” particle solution was 

compared with repeated 3 hour experiments performed in fresh particle solutions.  If 

aggregation in solution occurs, the 3 hour experiment should exhibit a greater aggregate 

fraction that those performed in fresh solutions.  The total and modified surface coverage 
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profiles for the this experiment are shown in Figure 3-3 as a filled circles, included again 

below.  Both curves fall similarly within the scatter of the data, with a fraction of 

aggregates similar to repeated experiments performed with fresh particle solutions, and 

fewer aggregates than observed after 24 hours of deposition.  With aggregation identified 

as occurring on the surface and not in solution, we now attempt to apply the blocking 

model, developed for non-aggregating systems, to the 1.3 µm experimental data. 
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Figure 3-3.  Deposition profiles for repeated 3 hour deposition experiments for 1.1 µµµµm diameter 
sulfate particles, at 200 rpm and 10-4 M ionic strength.  All experiments were performed in fresh 
solutions, except the experiment represented by solid circles, which was performed in a solution 
previously used in a 24 hour deposition experiment. 
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4.7.  RESULTS OF BLOCKING MODEL FITS TO EXPERIMENTAL DATA 

Analysis of particle trajectories, presented above, demonstrates that a 1.3 µm

diameter particle depositing at a radial position of 3 mm will travel within a particle 

diameter from the surface for a distance approximately half of its total radial distance.  

Therefore, blocking is potentially a significant mechanism at much lower surface 

coverage than would be expected from the probability of blocking based on randomly 

placing a particle on the surface. 

Aggregation on the surface increases with surface coverage, as the probability of 

depositing particles colliding with deposited particles increases.  The blocking model 

developed by Adamczyk and coworkers [35-37] assumes that particle aggregation is 

negligible for low surface coverage.  Our proposed method of calculation, described in 

Section 2.4.5, requires experimental determination of the pseudo-steady state surface 

coverage at each radial position.  A saturation state, based on the total singlet number on 

the surface, will not be achieved if aggregation occurs for a fraction of particle-particle 

collisions, as almost complete coverage of the surface is theoretically possible at long 

times.  The scope of this project does not include attempting to accurately model the total 

particle flux when aggregation is possible, but only to identify the dominant mechanisms 

of particle deposition in this system.  Therefore, we will limit ourselves to modeling the 

modified surface coverage, or the rate of deposition of single particles, where only the 

first particle in every aggregate is accounted for, and all subsequent particles are ignored.  

To avoid having to identify the pseudo-steady state concentration profile, Equation 
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[2.4.5-23] will be applied directly, where C1 is used as a fitting parameter.  Since the 

constant C1 varies linearly with shear rate, G, and therefore has a unique value at each 

radial position.   

The natural scatter of surface coverage data makes fitting curves to plots of 

coverage as a function of time impractical when the surface coverage is on the order of 

the experimental scatter.  Instead, deposition profiles are mathematically smoothed when 

necessary.  Fourth-order polynomials fit to the smoothed data were found to represent 

well the raw experimental data.  The continuous polynomial representations made 

possible the selection of a few arbitrary, regularly spaced radial positions (i.e. 0, 1, 2, 3, 

4, 5, and 6 mm) for comparison purposes. 

Application of the blocking model assumes low surface coverage (θm<0.20), and 

more importantly, no aggregation.  Not surprisingly, considering the significant 

aggregation observed, the blocking model provides a poor fit to data of coverage vs. time, 

for all radial positions.  Identifying the time at which aggregation becomes significant is 

not known a priori. The basis of the blocking model, the RSA model, assumes that when 

a depositing particle interacts with a deposited particle it is reflected - it is discarded and 

does not deposit anywhere on the disk.  This is a well-known shortcoming of the RSA 

model, resulting in under-prediction of surface coverage [35]. 

Aggregation occurs when a particle deviates from the fluid streamline trajectory 

due to inertia, or when a particle travels along a trajectory that results in the particle being 

intercepted by a deposited particle.  In both cases the depositing particle must overcome 

the electrostatic repulsion and the hydrodynamic resistance.  The blocking model 
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assumes particles have negligible inertia, and therefore only deviate from fluid 

streamlines as a result of interaction forces, leaving only interception as an aggregation 

mechanism for electrostatically repulsive particles.  

 Instead of considering the number of total particles, we consider the number of 

sites where deposition occurs.  In this way only the first particle in each aggregate is 

accounted for, and the subsequently depositing particles are essentially discarded, in 

accordance with the RSA model.  Since the physically excluded area depends on particle 

size, this model is not valid for larger aggregate sizes and when aggregates constitute a 

significant percentage of the deposited particles.  Increased blocking due to aggregate 

formation is assumed to be a secondary effect in comparison with the effect of scattering 

by shear, an assumption that can be validated by comparing the effective hard sphere 

dimensions with the hydrodynamic scattering shadow length, as determined from the 

blocking model fits to experimental data. 

Application of Equation [2.4.5-23] to the modified-surface coverage is shown in 

Figure 4.7-1, where C1 is used as a fitting parameter for each radial position.  In general, 

the model tends to reach a steady-state concentration earlier than the experimental data.  

The predicted linear dependence of C1 on shear rate is verified in Figure 4.7-2.  The slope 

and intercepts are used to calculate the hydrodynamic scattering constant and the 

effective hard sphere radius, which are, in turn, used to predict deposition as a function of 

time and radial position from Equation [2.4.5-23]. 
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Figure 4.7-1.  Blocking model fits to experimental data for 1.3 µµµµm sulfate particles at 200 rpm and  
10-4  M ionic strength. 
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The blocking model predictions are shown, along with the modified surface 

coverage data in Figure 4.7-3.  General agreement between model predictions and 

deposition data for times less than 24 hours is observed.  The data exceed the 

theoretically determined pseudo-steady state concentration for experiments longer than 

24 hours.  The blocking model assumes a deposited particle blocks an area of the surface 

much larger than its cross-section due to hydrodynamic scattering.  The size of this 

shadow was based on the Monte-Carlo simulations of Brownian particles depositing in 

the vicinity of a deposited particle (Dábros and coworkers [38]).  In their paper, Dábros, 

et al. [38] present figures that show the deposition locations for particles approaching a 

deposited particle in a simple shear flow, where particles are initially placed upstream of 

and at random axial and lateral positions relative to the deposited particle.  The 

hydrodynamic shadow is shown in these figures, along with the concentration of particles 

around the shadow.   
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Figure 4.7-3.  Blocking model fits to 1.3 µµµµm sulfate particle deposition experiments.  Experimental 
conditions are 10-4 M ionic strength and 200 rpm rotational speed.  Open symbols represent 
experimental data and the corresponding lines with filled symbols are blocking model predictions. 
 

The blocking model assumes that particles with trajectories terminating in deposition at 

blocked areas do not deposit anywhere on the disk.  The diffusive nature of the particles 

results in an increased concentration of the particles immediately upstream and along the 

periphery of the blocked area.  Another observation taken from the Monte-Carlo 

simulations is that hydrodynamic scattering causes particles to move transverse to the 

fluid motion.  Particles scattered by one deposited particle can therefore deposit in the 

hydrodynamically shadowed area of a nearby deposited particle without ever interacting 
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with the neighboring particle.  This agrees with experimental results in that no distinct 

shadowed area was observed around deposited particles. 

 
4.8.  EFFECT OF PARTICLE SIZE ON DEPOSITION 

Deposition experiments were also performed with 2.3 µm diameter sulfate 

particles.  The sulfate particles were selected such that the surface charge density was 

comparable with the 1.3 µm diameter particles.  Experiments were performed at 10-4 M 

ionic strength and 200 rpm in order to observe the effect of particles size on deposition.  

Figure 4.8-1 shows deposition as a function of time, along with blocking model fits.  For 

particles of this size, the blocking model predicts that surface saturation will occur within 

6 hours for all radii, including the stagnation point.  The data are in general agreement 

with this prediction, though as can be seen from Figure 4.8-1, the model predicts a faster 

surface saturation than observed experimentally.  Figure 4.8-2 shows model fits to the 

surface coverage data, where 6, 9, and 12 hour predictions are negligibly different from 

the steady-state curve.  In fact, based on the model, the 3-hour data levels are obtained in 

only 10 minutes.  The deviation of the model from the data near the center of rotation is 

not necessarily accurate, as the steepness of the predicted deposition profile may not be 

observed experimentally due to unavoidable wobble of the rotational axis, measured to be 

less than a picture width (150 µm).  Wobble has a negligible effect on deposition over 

most of the disk, but results in shear forces that are theoretically not present near the 

center of the disk. 
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Figure 4.8-1.  Deposition as a function of time for 2.3 µµµµm diameter sulfate particles.  Experimental 
conditions are 200 rpm rotational speed and 10-4  M ionic strength.  The solid lines represent blocking 
model fits to the deposition rate data, here the 5 and 6 mm curves are indiscernible. 
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Figure 4.8-2.  Blocking model fits to 2.3 µµµµm sulfate particle deposition experiments, conducted at 200 
rpm and 10-4  M ionic strength.  The 6, 9, 12, and 24 hour model curves coincide with the steady state 
curve within the resolution of this figure. 
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4.9.  INCORPORATING LIFT INTO THE BLOCKING MODEL 

The disagreement between the model and 2.3 µm experimental data is not 

believed to be due to inertial lift forces.  In Section 4.5 we ruled out lift as the dominant 

mechanism which results in radially-decaying surface coverage profiles.  This conclusion 

was reached by over-approximating the effect of lift in order to gain insight into the 

radial-dependence of the lift force and to compare this behavior with observed profiles.  

While the lack of agreement between the lift model and observed radial dependence 

indicates that lift is not the dominant mechanism, the lift force is potentially an important 

mechanism, particularly in light of the poor agreement of the blocking model with 2.3 

µm data.  The linear dependence of the inertial lift force on a2, suggests that as the 

particle size increases, lift forces become more important.   

A rough calculation was performed to determine if lift forces are significant for 

2.3 µm diameter particles, in the context of the rotating disk system.  The blocking model 

assumes the initial, uniform flux to a bare surface given by convective-diffusion theory 

(Equation [2.4.3-9]), and accounts for reduction in that flux due to blocking effects.  This 

correction assumes that particles that interact with deposited particles do not deposit 

anywhere on the disk surface.  In reality, a blocked particle remains inside the particle 

diffusion boundary layer, effectively increasing the particle concentration.  Subsequently, 

the particle flux, assumed in the blocking model to be the convective-diffusive flux, is 

actually higher, and of course, non-uniform over the surface of the disk.  In effect, this 

model ignores effects of blocking on the particle concentration in solution and assumes 

this effect is negligible.   
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 Analogously, a similar approximation is made in order to incorporate the effect of 

the inertial lift force into the context of the blocking model.  Results from the lift model 

for non-diffusing particles, presented previously, demonstrate that the particle flux is 

constant with time but decreases radially (see Figure 4.5-6).  The effect of lift can be 

super-imposed on the blocking resistance by assuming that the percent reduction in the 

convective-diffusive flux due to lift forces, as calculated by the lift model for non-

diffusing particles, is the same for Brownian particles.  The radially-dependent flux is 

taken as the initial flux assumed by the blocking model.  While the lift force was not 

incorporated into a Brownian particle model, the effect of diffusion would be to lessen 

the effect of lift at all radial positions, as concentration gradients in the radial and axial 

directions would result in diffusive fluxes acting in opposition to the lift force.  

Therefore, this calculation represents an over-approximation of the effect of lift in the 

context of the blocking model.  Here, as in the blocking model, the increase in the 

particle concentration in the particle diffusion boundary layer, due to the repulsive lift 

force, is neglected. 

 When the radially-dependent initial flux is incorporated into the blocking model 

for the 2.3 µm diameter sulfate particles, as well as the 1.3 µm diameter particles, the 

effect of inertial lift is negligible.  The adsorbed particle concentration at short times is 

essentially flat within the scatter of the data.  The effects of lift are not measurable 

beyond the scatter of the data until longer deposition times, as can be seen in Figure 4.5-

6.  In the case of the particles and rotational speeds used in this work, the effects of 

blocking become dominant at such low surface coverage, that at short deposition times 
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the effects of lift are negligible in comparison with the reduction in deposition flux due to 

blocking.   
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5.  RESULTS AND DISCUSSION:  PART II 

 In Part I, it was shown that the blocking theory adequately predicts deposition 

profiles for 1.3 µm diameter sulfate-functionalized particles, but was not sufficient in the 

case of 2.3 µm diameter particles.  In Part II, experimental results are presented for 

different particle surface functionality, ionic strength, and rotational speed.  The 

experimental data, in tandem with a critical assessment of the blocking model, will be 

used to establish the role of blocking in deposition.  The shortcomings of the blocking 

model are attributed to the simplifying assumptions made in its development, particularly 

the assumption of no particle aggregation on the deposition surface.  The scope of this 

section will be to identify phenomena that must be considered when modeling deposition 

in a system where many-body interactions and particle aggregation are possible.  

 

Table 5-1.  Blocking model parameters fit to surface coverage data for particles tested in this study.  
The hydrodynamic constant, Ch, is defined by Equation [2.4.5-13]. 

Particle 
Functionality

Particle 
Diameter 

(µµµµm) 

Ionic 
Strength 

(mM) 

Rotational 
Speed 
(rpm) 

Effective 
Hard 

Sphere 
Radius 
(µµµµm) 

Hydrodynamic 
Constant 

(m×s)  ×108

Sulfate 1.3 0.1 200 1.32 3.89 
0.1 200 1.51 4.21 
1.0 200 1.75 5.89 Aliphatic 

amine 1.1 
0.1 100 2.52 1.30 
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Figure 5-1.  Percent of blocked deposition surface area attributable to hydrodynamic scattering, as 
opposed to effective hard sphere exclusion.  Curves show weak dependence of deposition on 
electrostatic interactions and strong dependence on the fluid shear rate.  
 

Table 5-1 presents the effective hard sphere radius and the hydrodynamic 

scattering constant for particles tested in this study, determined from blocking model fits 

to the surface coverage data as described in Section 4.7, for the 1.3 µm diameter sulfate 

particles.  As defined in Figure 2.4.5-1, the area blocked by a deposited particle is 

theoretically b2 by γ+ &hCb2 , where b/2 is the effective hard sphere radius and Ch is the 

hydrodynamic scattering constant.  The area ( )2b2 is the rectangular approximation of the 

area blocked by a particle due to exclusion by the particle itself and also by the 

electrostatic interactions.  The area γ&hbC2 , is the area blocked by the particle due to 
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hydrodynamic scattering.   The relative dimensions of the two areas, as determined by the 

parameters listed in Table 5-1, are shown in Figure 5-1 as a function of radial position.   

For particles of the size used in experiments in this work, lift has been ruled out as 

an important mechanism.  The poor agreement between the blocking model predictions 

and the 2.3 µm particle data leave room for argument, and so when probing the influence 

of surface functionality, ionic strength, and rotational speed, the potential for significant 

inertial lift was avoided by using the smaller 1.1 µm diameter particles.  As can be seen 

in Figure 5-2, the calculated effect of lift is expected to be much less for the 1.1 µm

particles.  The following sections separately analyze the effect of particle functionality, 

ionic strength, and rotational speed.  
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Figure 5-2.  Effect of inertial lift force for particles and conditions reported experimentally in this 
work, where deposition fluxes are calculated from non-diffusing particle trajectories, as described in 
Section 4.7, where surface-surface interaction forces and the approximation of the lift force are 
incorporated (Equation [2.4.4-19c]). 
 

5.1.  EFFECT OF SURFACE FUNCTIONALITY 

Aliphatic amine-functionalized polystyrene particles with 1.1 µm diameter were 

deposited at 200 rpm, in a 0.1 mM ionic strength solution, in order to compare with 1.3 

µm sulfate particle deposition, solely on basis of surface functionality.  The convective-

diffusive flux as calculated by Equation [2.4.3-9], was expected to decrease less than 5% 
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due to a reduction of particle diameter to 1.1 µm from 1.3 µm ( j =2.05×10-7 m/s and 

1.98×10-7 m/s, respectively, where the conditions used in Figure 4.2-1 calculations are 

assumed).  While inertial lift is not believed to be a significant effect, it is noted that 

effects of lift, as predicted from the non-diffusing particle trajectories, are expected to be 

significantly less than for 1.3 µm particles, despite the small difference in particle size 

(see Figure 5-2).  While the surface charge of the aliphatic amine particles is lower, the 

flux of particles at this ionic strength is relatively insensitive to surface charge, as 

discussed in Section 5.2, as less than a 2% change in the convective-diffusive flux for a 

+/-30 mV surface charge difference is predicted by Equation [2.4.3-9]], again assuming 

the conditions stated in Figure 4.2-1. 

Application of the blocking model to the aliphatic amine deposition rates, shown 

in Figure 5.1-1, results in excellent agreement for times up to 24 hours.  When regression 

fits to the rate data are applied to the coverage profiles, as shown in Figure 5.1-2, for 

deposition times greater than 12 hours, model fits are again observed to under-predict 

experimental profiles, as was observed for the sulfate particle behavior.  As with the 1.3 

µm sulfate particles, the long duration experiments exceed the theoretical steady state 

maximum concentration.  Similar proportions of aggregation on the surface occur at all 

radial positions, as shown by the aggregate fraction profile, Figure 5.1-3.  Qualitatively, 

the behavior of 1.1 µm aliphatic amine particles is similar to 1.3 µm sulfate particles. 
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Figure 5.1-1.  Deposition as a function of time for 1.1 µµµµm diameter aliphatic amine functionalized 
particles.  Experimental conditions are 200 rpm and 10-4 M ionic strength.  Blocking model fits to 
data are shown as lines. 
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Figure 5.1-2.  Blocking model fits to deposition experiments for 1.1 µµµµm aliphatic amine particles.  
Experimental conditions are 200 rpm and 10-4 M ionic strength.  The solid lines with filled symbols 
indicate the appropriate fit for each deposition time.  The bold solid line represents the theoretically 
determined steady-state surface coverage. 
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Figure 5.1-3.  Particles deposited as aggregates. Each shaded region represents the fraction of 
particles that deposit in aggregates observed at the indicated time. The increase in the shaded areas 
with time indicates an increase in aggregation.  Deposition data shown here is from 1.1 µµµµm diameter 
aliphatic amine particles deposited at 200 rpm and 10-4 M ionic strength. 
 

5.2.  EFFECT OF IONIC STRENGTH 

The concentration of ions in solution determines the nature of the electrostatic 

interactions between the charged particle and deposition surfaces, affecting both the 

deposition rates, the extent of aggregation, and the effects of blocking.  The electrostatic 

interactions are governed by both the solution ionic strength and the surface charge of the 

particle and deposition surface.  The surface charge, and similarly the surface potential, 

determines the quantity of ions in solution that migrate towards the charged surface, and 
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therefore determines the magnitude of the interaction potential between two charged 

surfaces.  The ionic strength determines the decay of the ion concentration away from a 

charged surface, or the range over which surfaces interact.  In this attractive system, the 

transport of particles to a bare deposition surface is weakly dependent on the particle 

surface potential.  Assuming the same conditions as in Figure 4.2-1, calculations show 

that 1 µm diameter particles with surface potentials of -50 mV and -80 mV, exhibit 

convective-diffusive deposition fluxes differing by approximately 1.5%.  From this same 

figure, the effect of increasing the ionic strength from 0.1 mM to 1.0 mM results in 

approximately a 10% increase in the deposition flux. 

When the solution ionic strength is increased from 0.1 mM to 1.0 mM, the 

blocking parameters, listed in Table 5-1, show a significant increase in both the effective 

hard sphere radius and the hydrodynamic shadow length.  This is in opposition to the 

expected decrease of the effective hard sphere radius due the compression of repulsive 

particle electrical double layers.  The blocking model assumes that an area around each 

particle is excluded due to electrostatic interactions.  While this is true for a strongly 

repulsive system, the presence of aggregation in this study suggests that no such area will 

exist.  The electrostatic interactions will lessen the probability of a particle depositing 

inside the area that composes the difference between the hard sphere radius and the 

effective hard sphere radius, but will not prevent all deposition.  Instead, a fraction of 

particles attempting to deposit in this region will deposit due to Brownian motion 

following a Boltzman-like distribution of energies.   
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Interestingly, the Monte-Carlo simulations presented in the work of Dábros, et al. 

[38] demonstrated similar ambiguous behavior, though this behavior was not discussed 

by those authors.  Namely, both the electrostatically and hydrodynamically blocked areas 

are mildly sensitive to changes in the range of electrostatic interactions at high shear 

rates.  Inspection of pair correlation (Monte-Carlo simulations) figures in their work, 

suggests that the blocked area upstream of the particle may be a result of hydrodynamic 

scattering as well as electrostatic repulsion.  In fact, in the experiments performed in this 

study, a significant number of particles were regularly found to deposit within the 

effective hard sphere radius calculated from the data, at distances closer to the short range 

of electrostatic repulsion expected for the particles in this system.  This suggests that the 

blocking model does not capture the hydrodynamic scattering effect on the upstream side 

of the particle.  The diffusive behavior of particle sizes tested in this work vary greatly 

for small differences in particle size (as seen in Figure 2.4.3-9).  A dependence is 

expected between the blocked area size and the particle size, due to a hydrodynamic 

mechanism, which is not predicted by the blocking model.  While this constitutes a small 

error at high shear rates, for which the hydrodynamic shadow is much larger than the area 

excluded by the effective hard sphere, it will be shown in Section 5.3 that at reduced 

rotational speeds the upstream and down stream areas are comparable.  

As expected, more aggregation is observed as the ionic strength increases 

(compare Figures 5.1-3 and 5.2-2).  At higher ionic strength, the thickness of the 

electrostatic double layer, or the range over which the diffuse layer extends away from a 

charged surface, compresses.  While the range of the electrostatic interactions decreases, 
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attractive van der Waals interaction forces remain constant, and aggregation of similarly 

charged particles becomes more probable.  The slightly increased aggregation (10-20%) 

may be the cause of the reduced deviation from the theoretical steady-state observed at 

the higher ionic strength.   
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Figure 5.2-1.  Blocking model fit to 1.1 µµµµm aliphatic amine experimental deposition.  Experimental 
conditions are 200 rpm and 10-3 M ionic strength.  The solid lines with filled symbols indicate the 
appropriate fit for each deposition time.  The bold solid line represents the theoretically determined 
steady-state surface coverage. 
 

The experimentally observed steady-state appears to agree with the model 

predictions, as can be seen in Figure 5.2-1, where surface coverage after 6, 12, and 24 

hours is similar, particularly at larger radial positions where steady state is achieved 

faster.  Also, model fits to the deposition rate have better agreement at all deposition 
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times, as shown in Figure 5.2-1.  As expected, the deposition rate is lower at all times, as 

compared with 10-4 M ionic strength.  This result was expected, since increasing the ionic 

strength compresses the electrical double layer and, thus, reducing the range of the 

attractive electrostatic force.   
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Figure 5.2-2.  Particles deposited as aggregates. Each shaded region represents the fraction of 
particles that deposit in aggregates observed at the indicated time. The increase in the shaded areas 
with time indicates an increase in aggregation.  Deposition data shown here is from 1.1 µµµµm diameter 
aliphatic amine particles deposited at 200 rpm and 10-3 M ionic strength. 
 

5.3.  EFFECT OF FLUID VELOCITY AND SHEAR (ROTATIONAL SPEED) 

Deposition experiments were also performed at 100 rpm and 10-4 M ionic strength 

in order to further assess the ability of the blocking model to capture particle deposition 
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behavior.  Figure 5.3-1 shows that aggregation is approximately 30% less than observed 

at 200 rpm.  The aggregate fraction was shown to scale with surface coverage in Figures 

4.6-3 and 4.6-4.  The same behavior is qualitatively seen between the 100 and 200 rpm 

experiments, since within the experimental scatter the aggregate fraction and the 

modified surface coverage follow similar trends when rotational speed is reduced from 

200 to 100 rpm.  The deposition profiles for the 100 rpm experiments (Figure 5.3-3) 

decay less sharply than the 200 rpm experiments.  The same trend is observed in the 

aggregate fraction radial profiles.  At the same modified surface concentrations the 

aggregate fraction is similar between the two rotational speed experiments.  

The radial decay of modified surface coverage (or the coverage of particles that 

deposited as single particles) indicates that of the total particles that interact with 

deposited particles, a fraction are blocked and the remainder are adsorbed into an 

aggregate.  Therefore, the extent of aggregation can be predicted if the mechanisms of 

aggregation are identified.  In this system, there are two mechanisms by which particles 

can aggregate with adsorbed particles:  diffusion of the particle over the repulsive 

electrostatic potential maximum, and deviation of particle trajectories from fluid 

trajectories around deposited particles due to particle inertia.  The radial decay in the 

aggregate fraction is not consistent with particle inertia being the dominant cause of 

aggregation.  Aggregation due to particle inertia is expected to increase at larger radial 

positions where the particle and fluid velocities are higher.  The fluid velocity near the 

disk is dominated by the angular (Equation [2.107b]) and radial components, which are 

proportional to r and to ω3/2. Based on the observed decrease in aggregate fraction at 
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reduced fluid velocity (specifically rotational speed), significant radial profiles would be 

expected, where the aggregate fraction increases with radial position.  The opposite trend 

is observed as radial surface coverage profiles decay from the center of rotation.  

Therefore, its seem most likely that the faction of particle-particle interactions that result 

in aggregation is a result of particles diffusing through the repulsive interaction force 

boundary layer near an adsorbed particle, and is independent of the particle trajectories 

and velocities. 
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Figure 5.3-1.  Particles deposited as aggregates. Each shaded region represents the fraction of 
particles that deposit in aggregates observed at the indicated time. The increase in the shaded areas 
with time indicates an increase in aggregation.  Deposition data shown here is from 1.1 µµµµm diameter 
aliphatic amine particles deposited at 100 rpm and 10-4 M ionic strength. 
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Figure 5.3-2.  Deposition as a function of time for 1.1 µµµµm diameter aliphatic amine-functionalized 
particles.  Experimental conditions are 100 rpm and 10-4 M ionic strength.  Blocking model fits to 
data are shown as lines. 
 

Halving the rotational speed reduced the hydrodynamically blocked area in the 

wake of deposited particles by a factor of 3, as determined the blocking model fits, shown 

in Table 5-1 and Figure 5-1.  The model predicts the 100 rpm experiment more accurately 

than any of the higher rotational speed experiments (Figure 5.3-2), which suggests that 

the model insufficiently captures the hydrodynamic scattering effect.  The hard sphere 

radius increases significantly relative to the 200 rpm experiments, which could be due to 

multiple effects.  As already been stated in Section 5.2, the area assumed to be blocked 
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by electrostatic repulsion may also have a hydrodynamic contribution.  Again, the Monte-

Carlo simulations performed by Dábros, et al. [38] show that as fluid shear decreases, the 

blocked area upstream of the particle does not necessarily decrease. 
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Figure 5.3-3.  Blocking model fit to 1.1 µµµµm aliphatic amine experimental deposition.  Experimental 
conditions are 100 rpm and 10-4 M ionic strength.  The solid lines with filled symbols indicate the 
appropriate fit for each deposition time.  The bold solid line represents the theoretically determined 
steady-state surface coverage. 
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6.  APPLICATION OF PARTICLE TRANSPORT FINDINGS TO 

CONTAMINANT TRANSPORT MODEL 

The ability to accurately describe the trajectory of a depositing particle, whether 

from a stochastic or Eulerian perspective, is paramount to understanding the role of 

particles in contaminant transport.  With the insight gained into the effect of interaction 

forces and blocking effects, it seems appropriate to reflect on our original model of 

contaminant transport.   

 The mass transfer model, described in Section 2.3, assumes purely repulsive 

interactions between particles and the deposition surface – the unfavorable deposition 

case.  In the context of contaminant transport in groundwater, this is a practical 

assumption as groundwater colloids tend to be of similar composition to the sediment 

surfaces from which they are generated.  It has been mentioned that particle deposition in 

favorable and unfavorable systems is vastly different from the standpoint of transport 

mechanisms.  Attractive interaction forces are assumed to negligibly enhance deposition 

rates, while repulsive interactions of the same order of magnitude significantly reduced 

deposition rates.  Yet, the comparison of the findings of the favorable deposition 

experiments of this work give insight into the accuracy of the mechanistic description of 

unfavorable deposition.    

It has been shown [14] in attractive deposition cases, and even in weakly 

repulsive systems, that particle transport to the surface dominates contaminant transport 

when a contaminant partitions favorably to solid interfaces.  This is due to the high 

contaminant loading of the particle relative to the free solute transport to the deposition 
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surface.  The importance of blocking effects at low surface coverage, observed in this 

study, suggests that weakly repulsive systems have the potential to behave similarly to 

strongly repulsive systems in which particle deposition is effectively zero.  This 

observation would be even more important when considering hydrodynamic obstacles on 

soil sediments other than deposited particles, specifically surface roughness effects.  

 A key implication of the Guédez’s mass transfer model is that in the absence of 

repulsive interaction forces, surface-surface transfer of contaminants is not important.  

The presence of a repulsive interaction resistance results in the accumulation of non-

depositing particles in the vicinity of the surface, which allows for a more rapid diffusive 

transport of contaminants from the particle surfaces to the deposition surface than for the 

particle free solute transport case.  Surface-surface transfer is more accurately described 

as a loss of contaminant by particles in the vicinity of the surface due to equilibration of 

the particles with the surrounding fluid.  The contaminant lost by the particles can then 

diffuse to the deposition surface.  It becomes immediately obvious from this description 

that this model considers that mass transfer resistance to particle deposition does not have 

the same effect as the interaction force resistance.  Specifically, in the absence of 

interaction forces, particles are not retained in the vicinity of the surface long enough for 

the particles to equilibrate with the solution near the surface.   

 It seems appropriate here to make a simple approximation in order to show that 

while the assumption of equilibrium in the inner region is valid in highly repulsive cases, 

equilibrium, and therefore surface-surface transfer, may occur also in non-repulsive 

systems.  The contaminant lost by particles in the contaminant diffusion boundary layer 
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may be compared with the solute mass transfer flux in the absence of particles (Equation 

[2.2.2-1]).  If the particles equilibrate with the surrounding fluid, the approximation of the 

contaminant loss should be on the same order as, or greater than, the contaminant flux.   

The total contaminant lost by a particle while traveling through the diffusion 

boundary layer will be given by a time dependent flux at the particle surface, 

∫=
ft

0
pt dttjAn )( [6-1] 

where Ap is the surface area of a particle.  The flux will be integrated throughout the time 

the particle spends in the diffusion boundary layer before it deposits.  The thickness of 

the contaminant diffusion boundary layer is given by [15] 
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in terms of the hydrodynamic boundary layer thickness, which is given by 
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A simple interception trajectory of a particle is assumed for this calculation (Equation 

[2.1-7]), where the particle travels with a fluid streamline and deposits on the surface 

when it gets to be within one particle radius of the surface.  For a 1 µm diameter particle, 

the interception flux of particles under-predicts the full convective-diffusive flux by 

approximately an order of magnitude (see Figure 4.2-1).  For simplicity, the interception 

trajectory will be used as a typical particle trajectory ignoring diffusion.  The solute-like 
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mass transfer flux (Levich flux), which agrees with the convective-diffusive flux within 

10% for 1 µm particles, will be used to calculate the total particle flux. 

The approximate fluid velocities near the disk given by Equations [2.1-7] are 

valid within the contaminant diffusion boundary layer.  For deposition by interception, 

the time of flight of a particle is independent of the trajectory, as the z-component of the 

velocity, the approach velocity, is only dependent on the axial position.  The time of 

flight is determined from the trajectory as follows, 
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And, similarly, the axial position as a function of time is given by 
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The contaminant concentration profile near the deposition surface is assumed to be that 

of a particle-free system [15],  
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where Y is a dimensionless axial position, 
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This is a valid assumption when the loss of contaminant by particles is small in 

comparison with the Levich flux, as the loss of contaminant will have a small impact on 

the contaminant concentration profile.  From the perspective of a particle, the 

concentration in the surrounding solution will be given by c=c(t), as the trajectory is 

defined as z=z(t).  It will be assumed for simplicity, that a particle, initially in equilibrium 

with the bulk solution, will lose a negligible fraction of its total adsorbed contaminant 

while in the vicinity of the disk.  This assumption eliminates the need for an isotherm 

expression describing the changing equilibrium behavior with time in the boundary layer. 

 To make the calculation of flux from a particle tractable, it is assumed that the 

contaminant lost by particles does not affect the contaminant concentration profile.  

While this assumption yields an over-estimation of the contaminant loss, the solution will 

give insight into the potential for surface-surface transfer in systems where particle 

deposition is favorable.  Assuming that the contaminant mass transfer between a particle 

and the solution near the surface is the same as in the bulk solution, the contaminant flux 

from a particle is driven by the difference between the concentration in equilibrium with 

the particle surface and the solution away from the particle 

( )[ ])t(cĉcK)t(j peqp −= , [6-8] 

and the contaminant lost by a particle in the diffusion boundary layer is 
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Here, the mass transfer coefficient, kp, is taken to represent the purely diffusive transfer 

of contaminant away from the particles, which will be valid when the slip velocity is 

small and the fluid motion is laminar [20], 

a
D2kp = [6-10] 

The flux of contaminant into the diffusion boundary layer by all particles is then 

determined by the product of the contaminant lost by a single particle and the particle 

flux, 
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 The flux of contaminant to the rotating disk diffusion boundary layer due to 

particle equilibration can be compared with the mass transfer flux of contaminant from 

the bulk to the rotating disk.  Calculation of the ratio of the two fluxes, shown in Figure 

6-1, for several contaminant diffusivities and particle sizes, suggests that surface-surface 

transfer is negligible when repulsive forces are absent and there is only a mass transfer 

resistance.  For particle sizes greater than 2 µm in diameter, the interception flux 

dominates transport and the ratio begins to increase, which is not reflected here as the 

solute-like convective-diffusive flux of particles is assumed.   
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Figure 6-1.  Approximation of contaminant shed by particles traveling through the contaminant 
diffusion boundary layer near the rotating disk surface, relative to the contaminant deposited on the 
disk by particle-free diffusive transport from the bulk.  The calculated was evaluated for several 
contaminant diffusivities, 200 rpm rotational speed, and 5×109 particles/L.  Flux calculated with 
Equation [6-11] is normalized by the solute-like mass transfer flux of particles calculated with 
Equation [2.2.2-1]. 
 

This approximate calculation can be extended to show that surface-surface 

transfer is negligible when particles are retained inside the contaminant diffusion 

boundary layer, specifically inside the interaction force boundary layer, due to repulsive 

forces or blocking.  In the calculations described above, the interception trajectory was 

followed to deposition.  The trajectory of the particle can be artificially thought to travel 

parallel to the disk at this axial position, nearly in contact with the surface, in order to 
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simulate the effect when repulsive forces resist particle deposition.  As the particle travels 

along the surface of the disk, it eventually reaches equilibrium with the surrounding 

solution.  As expected, that the residence time of a particle in the diffusion boundary 

layer determines whether the particle equilibrates with the surrounding solution.  Figure 

6-2 shows the approximate contaminant lost by a particle, as compared with the 

contaminant mass transfer flux, for several rotational speeds.  Decreasing the rotational 

speed results in slowing the particle motion, allowing more time for equilibration with the 

surrounding fluid for the same radial motion.  Clearly, equilibrium is achieved at lower 

fluid velocities, despite the absence of repulsive forces. 
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Figure 6-2. Contaminant flux from particles within the contaminant diffusion boundary layer due to 
particles equilibrating with the solution, normalized to the mass transfer flux of contaminant in the 
absence of particles (Equation [2.2.2-1]), for several rotational speeds.  Calculations are based on a 
contaminant diffusivity of 5×10-10 m2/s. 
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Surface-surface transfer is potentially an important mechanism of contaminant 

transport in the rotating disk system for all electrostatic interaction cases (repulsive, 

attractive, and neutral).  This phenomenon is not captured by the mass transfer model 

described in Section 2.3, where in the absence of repulsive forces surface-surface transfer 

is assumed to be zero.  The rotational speeds selected in this study were ideal for studying 

particle deposition in electrostatically attractive systems, in order to observe significant 

deposition over a short experimental time.  Theoretical approximations described in 

Figure 6-2 suggest that at lower fluid velocities, particles will equilibrate with the fluid 

near the rotating disk before depositing.  The presence of forces retarding the approach of 

particles only enhances this effect.  In this way blocking mechanisms will act analogously 

to repulsive electrostatic interactions by enhancing the surface-surface transfer 

mechanism.   

 

7.  IMPLICATIONS FOR CONTAMINANT TRANSPORT IN GROUNDWATER 

The rotating disk system, unlike the packed column, is not a scaled down model 

of groundwater and the subsurface sediments.  The fluid velocities and shear rates 

experienced in groundwater are orders of magnitude lower than those observed in the 

rotating disk experiments performed in this study.  What the rotating disk does is allow 

the direct measurement of particle and contaminant fluxes under controlled physical 

conditions.  By controlling these conditions we are able to quantify the mechanisms of 

transport.  Mechanisms such as blocking by hydrodynamic scattering and inertial lift 

forces are not important in the low flow, low shear conditions prevailing in groundwater.  
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The high flow conditions of the rotating disk system are necessary to quantitatively 

measure particle deposition.  Yet, at the rotating disk fluid flow conditions we can gain 

insight into the effects of electrostatic interactions, particle size, and blocking  that are not 

directly measurable in systems such as packed columns.   

The results of this study have direct relevance to the transport of contaminants in 

groundwater.  The particle transport description developed in this work contrasts with the 

conventional approach to the description of particle populations in contaminant transport 

models.  In their comprehensive review of colloid-facilitated transport, Ryan and 

Elimelech [5] attempted to show that plutonium transport in groundwater, measured by 

Penrose, et al. [2], was under-predicted by conventional environmental transport theory.  

The transport was under-predicted by over two orders of magnitude when assuming a 

simple partitioning model.  Particle transport was assumed to be conservative (i.e. no 

particle deposition).  Partitioning between the dissolved and adsorbed phase was assumed 

to be governed by a linear partitioning coefficient, Kd, measured experimentally for the 

colloid material by Penrose, et al.  A bulk density to porosity ratio, ρb/ε, was assumed for 

the soil, and the superficial velocity was assumed to be the average transport velocity of 

the conservative tracer tritium measured by Penrose, et al., tv .  For a particle 

concentration, P, the transport of plutonium was estimated by the well-known retardation 

equation [6] 
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When this model is assumed, the transport of a contaminant that partitions favorably to 

solid surfaces is not enhanced by colloids even when colloids are transported 

conservatively.  This suggests that particle transport is not the mechanism that enhances 

contaminant transport in groundwater.  The mechanisms leading to colloid-enhanced 

transport, as of yet unaccounted for, must concern the transport of contaminant between 

the surfaces.  

 Ryan and Elimelech proposed three criteria that must be met for colloids to 

facilitate the transport of contaminants:  (1) colloids must be present; (2) contaminants 

must associate with colloids; (3) colloids and associated contaminants must be 

transported.  We now propose the criteria for colloid-enhanced transport of contaminants, 

where transport is greater than predicted by simple equilibrium partitioning.  First, the 

three Ryan and Elimelech criteria must be met.  (4) Contaminant must be transported 

faster than in the absence of particles.  (5) Colloids must be readily transported through 

the aquifer, experiencing minimal retardation due to deposition on sediment surfaces.  

The final requirement, because conservative colloid transport is not enough,  (6) transport 

of contaminant from colloids to the sediment surfaces must be slow.   

The mass transfer resistances described by the model of Guédez are an example 

of a mechanism that retards transfer of contaminant from loaded particles to the sediment 

surfaces.  The surface-surface transfer mechanism, though, acts to decrease contaminant 

transport velocities in groundwater.  Determining the influence of the surface-surface 

transfer mechanism is paramount to predicting contaminant transport.  The calculations 

performed in Section 6 suggest that surface-surface transfer may be a dominant 
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mechanism.  If surface-surface transfer is dominant, then particles are not expected to 

enhance contaminant transport, and some, as yet unexplained cause, is leading to 

enhanced transport. 

Experiments in this study and theoretical experiments conducted in the review of 

the mass transfer model [14] were performed such that solutions were initially 

equilibrated and contacted with a bare surface.  Particle transport was measured from the 

perspective of transport to the rotating disk.  In groundwater, important mechanisms of 

transport are both the release and uptake of contaminants by colloids.  In the same 

manner that contaminant loaded particles transport contaminants to soil surfaces, 

particles can also adsorb contaminant from the soil surfaces.  The concept of particle 

sequestration near a surface in groundwater differs from the rotating disk system as a 

particle can travel along soil surfaces for extended periods of time (Figure 7-1), allowing 

for more contaminant transport. 

 

Figure 7-1.  Idealized model of groundwater flow around soil sediment, where repulsive mechanisms 
causes a particle to continue to travel along sediment surfaces without depositing. 
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Based on the findings of Guédez [14], contaminant adsorption isotherms can 

potentially determine the relative importance of the surface-surface transport mechanism.  

Ryan and Elimelech suggest that irreversible adsorption of contaminant to particles may 

be the cause of enhanced transport.  Surface-surface transfer is negligible for irreversibly 

adsorbing contaminants, unless the irreversible nature of adsorption is affected by the 

proximity to the deposition surface, specifically the presence of interaction forces and 

modified mass transfer properties due to ion accumulation.   
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8. CONCLUSIONS 

The intent of this work was to identify and quantify the dominant particle 

transport mechanisms in groundwater.  Direct observation of particle deposition is not 

practical in experimental systems that are direct analogs of porous media, such as packed 

columns.  Instead, the well defined hydrodynamics of the rotating disk system was 

selected to measure particle deposition.  In order to produce accurate, reproducible 

measurements of particle deposition with the rotating disk system, deposition must occur 

at physicochemical and hydrodynamic conditions different from those of groundwater.   

Deposition of groundwater particles on sediment surfaces is expected to 

significantly retard the transport of particles through an aquifer, even when considering 

repulsive electrostatic interactions typical in groundwater systems, where surfaces are of 

similar composition with similar surface charge.  The same deposition rates cannot be 

quantitatively observed in the rotating disk system over practical experimental durations, 

due to the small surface area of the rotating disk, in comparison with the surface area 

available for deposition in porous media.  In order to measure deposition, an 

electrostatically attractive system must be used, where deposition rates are as much as 

1010 times greater than for repulsive systems at the ionic strengths used in this study. 

In the rotating disk system higher velocities and shear rates are required to 

measure significant deposition.  Under these conditions, particle deposition rates decrease 

over time due to blocking of the available surface area by deposited particles. The 

deposition rate decreases faster with time away from the center of rotation, at larger 

radial positions.  Radial profiles of surface coverage, decaying from the center of rotation 
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were observed for surface coverage as low as 1% (1.1 µm aliphatic amine, 200 rpm 10-4 

M ionic strength), which is not expected when considering blocking of the surface area 

by simple exclusion by deposited particles.  The radial decay was greater for a specific 

surface coverage at higher rotational speeds, suggesting a fluid shear dependence. 

Polystyrene microspheres were selected based on their monodispersivity and 

relative stability in solution.  The deposition of polystyrene particles on mica was found 

to be irreversible for the ionic strengths and rotational speeds used in this study (up to  

10-3 M, and 1000 rpm, respectively).  The polystyrene particles did exhibit some 

hydrophobic behavior, which limited the duration of experiments to on the order of 48 

hours before aggregation was observed at the air/water interface.  Aggregation was 

observed on the mica deposition surface and was shown to occur when depositing 

particles are intercepted by deposited particles, and not due to aggregates depositing from 

solution.  The extent of aggregation was shown to be a function of the total surface 

coverage, indicating that the mechanism of aggregation was interception of depositing 

particles by previously deposited particles.  The mechanism of aggregation is believed to 

be diffusion over the repulsive electrostatic interaction potential, due to the observation 

of increased aggregation at higher ionic strength.   

Not all particle/deposited particle interactions result in aggregation on the mica 

surface.  Instead, depositing particles not capable of overcoming the repulsive surface-

surface interactions are scattered by deposited particles.  The blocking of available 

deposition area by deposited particles has been studied by others extensively in similar 

experimental systems [35-38].  The blocking theory of Adamczyk, et al. [35-37] 
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separately identifies three mechanisms of blocking:  exclusion due to the deposition area 

covered by a deposited particle; exclusion due to deposition area unavailable because of 

electrostatic repulsion between particles; and hydrodynamic scattering, where the flow 

field around deposited particles makes deposition surface area downstream of the particle 

unavailable.  The flux of particles to a bare surface is calculated by traditional 

convective-diffusion theory coupled with a force balance accounting for surface-surface 

interaction forces.  Experimental deposition rates converge with the convective-diffusion 

prediction in the limit of low surface coverage (short deposition times).  The blocking 

model does not account for aggregation, therefore, the blocking model was applied to 

particle surface coverage calculated for only the first particle depositing in every 

aggregate.  The blocking model adequately predicts the experimentally observed decay of 

surface coverage over the deposition surface radius, in the case of 1.3 µm diameter 

sulfate-functionalized and 1.1 µm diameter aliphatic amine-functionalized particles.  

Deviations between the blocking model predictions and data are partially due to the 

presence of the aggregated particles unaccounted for by the model. 

The blocking model accurately describes the dependence of deposition on the 

shear rate through the hydrodynamic scattering mechanism.  For increasing shear rate, the 

blocking model predicted an increase in the size of the hydrodynamic shadow behind a 

particle.  The effect of electrostatic interactions was not captured by the blocking model, 

as increasing ionic strength resulted in an increase, rather than decrease, of the size of the 

electrostatically excluded area.  In fact, when rotational speed was increased, the 

electrostatically excluded area decreased.  This suggests that the model does not 
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accurately describe blocking in the electrostatically excluded area.  Hydrodynamic 

blocking appears to be significant upstream of a deposited particle, indicated by the 

influence of rotational speed on the electrostatically excluded area.  The potential for 

particle aggregation on the surface suggests that the electrostatically excluded area is, in 

reality, very small.  This is verified by experimental observation of significant numbers 

of deposited particles in closer proximity than the blocking model predicts, without 

aggregating. 

The blocking model predicts deposition of larger 2.3 µm diameter particles 

(sulfate-functionalized) to saturate much faster than observed.  The inability of the model 

to predict this behavior is believed to be due to flaws in the blocking model that are more 

evident with larger particle size, and due to some as of yet unspecified mechanism.  

Martin, et al. [12] observed radial deposition profiles in rotating disk experiments, and 

hypothesized that fluid inertial forces were the cause.  Inertial lift forces for non-diffusing 

particles, calculated in this work, are negligible for 1.1 µm particles, but significant for 

larger 2.3 µm particles.  The radial profiles resulting from the lift force, calculated for 

non-diffusing particles, do not exhibit the same sharply decaying behavior as the 

experimental data.  The approximations involved in calculating the lift force have been 

shown to lead to over-approximating the effect of lift.  The inability of the lift model to 

predict the shear rate dependence leads us to believe that lift is not important for 1.1, 1.3, 

or the 2.3 µm particles.  Instead, the inability of the blocking model to accurately 

describe the hydrodynamic dependence of the blocked area upstream of deposited 

particles, is attributed to under-prediction of the blocked area.  
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 The interaction of depositing particles with deposited particles should be studied 

further in order more accurately predict particle transport.  The mechanism of 

aggregation is hypothesized to be diffusional transport, where the electrostatic repulsion 

is overcome by a Boltzman-determined fraction of particles interacting with deposited 

particles.  Due to the strength of electrostatic repulsion between particles, it seems likely 

that induction effects occurring at the surface are the cause of aggregation, where the 

electrostatic field around a deposited particle is significantly altered by the presence of 

the oppositely charged surface.  This effect has not been accounted for by the 

electrostatic models used in this study, but should be considered if aggregate formation is 

to be predicted.   

 While the simplifying assumptions of the blocking theory, discussed in Section 

2.4.5, are necessary for a convenient analytical description of the particle flux, these same 

assumptions are to blame for the discrepancies between theory and experiment observed 

in this work.  All of the deposition experiments showed that at long times the surface 

coverage exceeded the theoretical steady-state coverage, with a larger discrepancy at 

larger radial positions.  This was attributed to the assumption of the RSA model – that 

particles interacting with deposited particles or their excluded area do not deposit 

anywhere on the disk and are effectively discarded from calculation.  It seems more 

likely that these particles due deposit at larger radial positions.  Disagreement between 

shadow dimensions calculated by the blocking model and observed in microscope images 

of deposition suggests that particles are capable of deposited in the shadow of deposited 
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particles.  Before blocking can be used quantitatively, a more accurate representation of 

the blocked area is necessary. 
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A-1 APPENDIX:  MICROSCOPE IMAGES OF DEPOSITED PARTICLES 

The following sequence of images is considered representative of typical 

deposition observed in this study.  Shown below are microscope images taken at 40x 

magnification, where the picture dimensions are 305×242 µm.  In order to compare data 

taken by multiple microscopes at different magnifications, these pictures were divided 

into two pictures with dimensions 152.5×121, centered on the radial axis (here the 

vertical centerline of each picture).  Particle counts were therefore equivalent to counts of 

images taken at 80x magnification.   

The images shown are deposited 1.1 µm diameter aliphatic amine-functionalized 

particles on mica, as observed after 6 hours of deposition at 10-4 M ionic strength and 200 

rpm.  The images are shown in order of increasing radial position, the center of rotation is 

marked in the first picture.  The direction of increasing radial position for each 

subsequent image is towards the bottom of each picture.  Areas of discoloration are due 

to the heterogeneity of the mica surface and its optical properties. 

Center of rotation at center of image At center of image r = 0.182 mm 

X
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r = 0.424 mm r = 0.666 mm 

r = 0.908 mm r = 1.15 mm 

r = 1.39 mm r = 1.63 mm 
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r = 1.88 mm r = 2.12 mm 

r = 2.36 mm r = 2.60 mm 

r = 2.84 mm r = 3.09 mm 
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r = 3.33 mm r = 3.57 mm 

r = 3.81 mm r = 4.05 mm 

r = 4.30 mm r = 4.54 mm 
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r = 4.78 mm r = 5.02 mm 

r = 5.26 mm r = 5.51 mm 

r = 5.75 mm r = 5.99 mm 
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A-2 APPENDIX:  VERIFICATION OF SOLUTE MASS TRANSFER FROM 

ROTATING DISK 

In order to verify that the rotating disk system used in experiments performed in 

this study was operating as expected, solute transport was measured and compared with 

solute mass transfer theory described in Section 2.2.2.  Benzoic acid (C6H5COOH) was 

selected as the solute because of its slow transport from the rotating disk.  Benzoic acid 

crystals were melted and poured into disk molds that were attached to the rotating disk 

holder such that the surface of the benzoic acid disk was flush with the holder surface.  

The disk was then rotated in water as the pH of the solution was monitored.  The 

dissolution and dissociation of benzoic acid resulted in a change in the pH of the solution.  

Protons transported to the bulk solution were attributed to the dissociation of one benzoic 

acid molecule, yielding the H+ ion and a benzoate ion (C6H5COO-).  The benzoic acid 

was transported from the disk in both the dissociated and un-dissociated forms, and 

therefore the concentration of benzoic acid was taken as the sum of the benzoate ion and 

the un-dissociated benzoic acid in equilibrium with the benzoate ion and the proton 

concentration.  The concentration of benzoic acid was determined from dissociation 

constant, Ka = 6.32×10-5 M, taken from measurements reported in the literature [43-45].   

The transport of benzoic acid from the rotating disk was measured for several 

rotational speeds.  The benzoic acid concentration (sum of benzoate ion and un-

dissociated benzoic acid molecule) is shown for the highest rotational speed, 200 rpm, in 

Figure A-1-1.  The solution becomes saturated as the concentration of benzoic acid 

approaches its solubility.  The convective-diffusive flux characterized by the mass 
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transfer coefficient, Equation [2.2.2-1], does not consider saturation.  Therefore, the 

initial flux from the disk to the pure water is approximated by the flux at 20 minutes, over 

which time the flux changes negligibly.   
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Figure A-1-1.  Concentration of benzoic acid in both associated and dissociated forms as a function of 
time, when a solid benzoic acid disk is rotated at 200 rpm in water. 
 

While the rotating disk can be used to measure the diffusivity of a solute, 

comparison of the calculated diffusivity with literature values was not performed due to 

the wide range of values reported in literature [43-45].  Instead, the rotating disk was 

evaluated based on the rotational speed dependence of the solute mass transfer.  Based on 

Equation [2.2.2-1], the mass transfer coefficient for the solute was expected to be linearly 
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dependent on the square root of the rotational speed.  This behavior was verified by 

rotating benzoic acid disks at several rotational speeds, as shown in Figure A-1-2. 
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Figure A-1-2.  Linear dependence of the benzoic acid mass transfer coefficient on the square root of 
the rotational speed. 
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