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ABSTRACT 

Image registration is an important pre-processing operation to be performed before 

many image exploitation and processing functions such as data fusion, super-resolution 

frame reconstruction, change detection, image mosaicing, etc. Given two image frames, 

obtained from the same sensor or from different sensors, the registration problem 

involves determining the transformation that most nearly maps (or aligns) one image 

frame into the other. Due to the tremendous practical importance of this problem in 

several applications, both military (surveillance, tracking, missile guidance, etc.) and 

non-military (medical imaging, HDTV, homeland security, etc.), many sophisticated 

image processing algorithms are presently being developed which provide varying 

degrees of registration accuracy and robustness to scene characteristics. Typically, image 

registration requires intensive computational effort and the developed techniques are 

scene dependent. Furthermore, the problems of multimodal image registration (i.e. 

problem of registering images acquired from dissimilar sensors) and sub-pixel image 

registration (i.e. registering two images at sub-pixel accuracy) are highly challenging and 

no satisfactory solutions exist.  

 This dissertation introduces novel techniques to solve the image registration problem 

both at the pixel-level and at the sub-pixel level. For pixel-level registration, a procedure 

is offered that enjoys the advantages that it is not scene dependent and provides the same 

level of accuracy for registering images acquired from different types of sensors. The 

new technique is based on obtaining the local frequency content of an image and using 

this local frequency representation to extract control points for establishing 
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correspondence. To extract the local frequency representation of an image, a 

computationally efficient scheme based on minimizing the latency of a Gabor filter bank 

by exploiting certain biological considerations is presented. The dissertation also 

introduces an extension of using local frequency to solve the sub-pixel image registration 

problem. The new algorithm is based on using the scaled local frequency representation 

of the images to be registered, with computationally inexpensive scaling of the local 

frequency of the images prior to correlation matching.  Finally, this dissertation provides 

a novel approach to solve the problem of multi-modal image registration. The principal 

idea behind this approach is to employ Computer Aided Design (CAD) models of man-

made objects in the scene to permit extraction of regions-of-interest (ROI) whose local 

frequency representations are computed for extraction of stable matching points. Detailed 

performance evaluation results from an extensive set of experiments using diverse types 

of images are presented to highlight the strong points of the proposed registration 

algorithms. 

 

 

   



 14

CHAPTER 1 

Introduction 

 

1.1 Sensor-based Systems and The Need for Image Registration 

The past decade has witnessed a revolution in the development of remote sensors for 

generating images. Recent developments in infrared technology and sensors operating at 

microwave and optical wavelengths are providing detailed and accurate representations 

of the scenes previously not possible. Using more than one sensor can result in significant 

improvements. Consider the following example of a moving object, such as an aircraft, 

that is observed by a pulsed radar and a forward-looking infrared (FLIR) imaging sensor. 

The radar can accurately determine the aircraft’s range but has a limited ability to 

determine the angular direction of the aircraft. By contrast, the infrared imaging sensor 

can determine the angular direction but can’t measure the range. The combination of the 

two sensors can provide a more accurate determination of the location than could be 

obtained by either of the two independent sensors.  However, before fusion of the data 

from the sensors, the data should be transferred to the same reference coordinates. In the 

general case, each sensor provides data in its local reference frame, which could be 

different from the reference frame of other sensors. Hence, aligning all of the data from 

the different sensors to the same reference coordinate is obligatory before any processing 

is performed on the data. The process of aligning the images to one reference coordinate 

system is called image registration. Registration is necessary for many other problems 

besides integrating information captured from different sensors. It is necessary for finding 
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changes in images taken at different times or under different conditions, inferring three-

dimensional information from 2-D images in computer vision field, and for model-based 

object recognition, as we will see in Section 1.3.   

 

1.2 Sensors and Images 

This section presents a short introduction to sensors and explains how different kinds 

of sensors produce images with different characteristics and different types of 

information. A sensor consists of front-end hardware, called a transducer, and a data 

processor, respectively. The transducer converts the energy entering the aperture into 

another form of energy from which target and background discrimination information is 

extracted in the data processor. When the operating frequencies of the sensors are 

selected from a wide electromagnetic spectrum, the generated data from those sensors are 

more likely to be independent. As an example, data acquired by a forward looking 

infrared sensor is independent from the data for the same scene which is generated by a 

charged couple device camera (CCD), because the operating frequency of the former 

sensor is in the invisible region from the electromagnetic spectrum while the operating 

frequency of the CCD camera is in the visible region from the electromagnetic spectrum. 

In general, according to the application and the task of the system, specific types of 

sensors are selected and deployed in the scene. A good reference for the different types of 

sensors and their operating frequencies and functions can be found in [1].  

A broad classification of sensors can be made as active sensors, passive sensors, and 

active/passive sensors. This classification depends on whether the sensor illuminates the 
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scene or not. If the sensor illuminates the scene and then detects the reflected energy, 

then it is called an active sensor. If it detects the scene depending on natural ambient 

conditions, it is called a passive sensor. Some sensors work in both active and passive 

modes. Some examples of sensors are   millimeter-wave camera (MMW) (active sensor), 

electro-optical sensor (EO) (passive sensor), infrared sensor (IR) (passive sensor), 

RADAR (active sensor), laser radar (LADAR) (active sensor), forward looking infrared 

(FLIR) (active sensor), and synthetic aperture radar (SAR) (active sensor). 

 In addition to the previously discussed sensors, there are other kinds of sensors, which 

are used in the medical field. Some of them are:  

Computed Tomography imaging (CT), CT images are used primarily for structural 

(anatomy) imaging. With functional imaging of how an organ does its function, it is 

possible by using intravenous injection of contrast materials to image dye distribution in 

vessels and organs. 

Magnetic Resonance Imaging (MRI). This is a soft tissue imaging modality, providing 

highly detailed structural images. It can also be used to study the biochemical 

composition of tissues. 

Positron Emission Tomography (PET).  PET is a nuclear medicine imaging modality that 

yields transverse tomographic images of the distribution of positron-emitting 

radionuclides systematically administered to the subject under study.   

Most of the sensors provide 2-D images of the scanned scene and a few provide the range 

image of the scene. However, it is possible to encode the range information to establish 

2-D intensity image for the scene. Fig. 1.1 shows examples of images captured by  
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Fig. 1.1 Example for images from different types of sensors.   
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different sensors like EO, IR, and CT. Fig. 1.2 shows an example of mis-alignment 

between two images, which are captured by the same kind of sensor and for the same 

scene. 

 

1.3 Applications of Image Registration  

Most sensor-based systems encounter the problem of image registration. The 

applications include military and civilian applications. Image registration can also be 

used in image fusion applications, change detection applications, or super-resolution 

imaging applications. The applications can be summarized as follows:    

(1) Image Fusion. Image fusion is a fast developing field of research used in a growing 

number of applications. It is an essential operation for multi-sensor based systems. Image 

fusion deals with procedures for the combination of data sets from different sources. 

Multi-sensor integration and fusion can be described as an organized scheme for the use 

of different information from multiple sensors to assist in the overall understanding of a 

phenomenon, measure events or combine decisions. Image fusion provides a complete 

picture of the environment and the events, increases the system robustness, improves 

system reliability, and increases the accuracy of systems. Applications of image fusion 

could be in a medical system that uses MRI and CT imaging to integrate structural 

information about a patient.  Another application is a remote sensing system that uses 

multi-spectral, or different electromagnetic bands like visual band, infrared band, and 

microwave, to improve its function in classification. In addition, target recognition and 

surveillance systems are included in this class of applications.   
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Fig. 1.2 An example of mis-alignment between two images of the same scene 
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 (2) Change Detection. Change detection is an important problem in many applications. 

In this process, a change in a scene might be detected by registering two images of the 

same scene taken at different times. Change detection systems can be used to detect the 

change in the scenes at different times or detect the change in the scene under different 

conditions. These systems include remote sensing systems for detecting manmade 

changes, natural resources monitoring, urban growth monitoring and surveillance of 

nuclear plants. 

(3) Super-Resolution Imaging. In all image-based systems, the demand for high-

resolution images is gradually increasing. However, in many imaging systems, the quality 

of image resolution is limited by physical constraints.  A digital imaging system yields 

aliased and under-sampled images in nearly all cases. Digital image processing 

approaches have been investigated to reconstruct a high-resolution image from aliased 

low-resolution images. Super-resolution is defined as the processing of an image so as to 

recover object information from beyond the spatial frequency bandwidth of the optical 

system that formed the image. Super-resolution is an essential operation for performing 

better diagnosis in medical applications and is necessary for surveillance and observation 

systems. Super-resolution is accomplished by using multiple frames for the same scene 

with sub-pixel shifts between them. The task of registration techniques in super-

resolution is to estimate the sub-pixel shifts between the frames of the scene.   

  

1.4 Approaches to Image Registration  

Recent research has provided numerous algorithms to solve the problem of image 
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registration. Any image registration algorithm can be allocated within one of the 

following classes: Feature-based methods, Similarity measure methods, or Search 

strategy methods. The feature-based methods use features extracted from the image, such 

as edges and contours, as control points to solve the correspondence problem and to 

estimate the registration parameters. In the similarity measure methods, the algorithms are 

based on using a common information measure, such as the phase of the image, to 

estimate the registration parameters. The search strategy methods are based on optimizing 

a search method to minimize a predefined cost function, for instance, the computational 

cost of the registration.  

However, using any one of the algorithms in the literature depends on the specific 

application. In other words, since there are a huge variety of scene complexities, the 

algorithm that is designed for one specific scene is highly unlikely to work well for 

another scene. In addition, registration of multimodal images is still a challenging 

problem, especially when the operating frequencies of the sensors are different, such as 

the LADAR and FLIR.  

 

This dissertation tackles the image registration problem for two purposes. First, to 

find an efficient algorithm which can be applied in different applications. Second, to 

introduce an algorithm for solving the problem of image registration between images 

acquired from multiple modalities.  
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1.5 Contributions of the Dissertation 

Recently, local frequency representation of an image has been used to solve the 

problem of image registration for multimodal medical images. Local frequency is 

relatively invariant to image illumination variation and has a good localization in the 

spatial domain. Local Frequency for an image is defined as the spatial derivative of the 

phase of the analytic form of that image. The analytic form for an image is obtained by 

convolving the image with a bank of Gabor filters. The size of the filter bank is selected 

by ad hoc methods to cover the frequency content of the image. The Gabor filter is a 

complex filter and is parameterized with the following parameters: the spatial frequency 

of the filter, the spatial orientation of the filter, and the bandwidth of the filter.   

To achieve the first goal of this dissertation, we adopted local frequency 

representation (LFR) for the image to solve the problem of image registration. For this 

purpose, we have introduced an efficient way to determine the Gabor filter bank to obtain 

the LFR for an image and developed a simple scheme to estimate the registration 

parameters.  

Registration of images from different modalities is a hard problem because the 

sensors could be working according to different principles.  For example, LADAR is a 

sensor for measuring the distance between the target and the sensor and gives range 

image for the scene. A FLIR sensor measures the difference in temperature between the 

target and its background. On the other hand, a CCD camera generates an image of the 

scene reflectance in the visible region electromagnetic spectrum. So, finding a common 

measure, or common features between the images captured from these sensors, is quite 
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difficult, especially between images from LADAR and other sensors. This dissertation 

presents a novel algorithm to solve this problem. We used Computer Aided Design 

(CAD) models to substitute for man-made objects in the image incorporated with LFR. 

CAD provides 3D models for man-made objects and has been used to recognize objects 

and to recover their poses by using different sensors such as FLIR, LADAR, and MMW.  

 

The major contributions of this dissertation can be summarized as follows:             

1) This dissertation presents a computationally efficient technique to obtain the local 

frequency representation for an image. The developed technique is based on computing 

the local frequency representation of an image in an efficient way by using an optimal 

Gabor filter bank. The optimality of the filter bank is based on some theoretical and 

practical results. Computing the local frequency representation by the proposed technique 

is more efficient than the existing techniques in the literature.  

 

2) The dissertation introduces a new algorithm based on the local frequency 

representation for an image to solve the image registration problem. Local frequency is 

relatively invariant to illumination changes and has good localization in the spatial 

domain. These advantages of local frequency representation make it a promising 

candidate to solve the image registration problem. The new algorithm is designed such 

that it does not depend on specific features in the images, but depends on the local 

frequency representation of the image regardless of the complexity of the scene in the 

image. The proposed algorithm is based on using the local frequency representation for 
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the image to extract control points from the image. Then, the control points are employed 

to solve the correspondence problem between the images and to estimate the 

transformation parameters. The proposed scheme is simple and can be applied with the 

same accuracy in different applications, which may have diverse images that vary from 

complex highly varying gray-scale images, to simple low variable gray-scale images. 

           

3) This dissertation provides a novel technique to solve the problem of registration 

between images from different modalities. The proposed technique is based on avoiding 

the inconsistent information in the features between the images and is based on using the 

consistent information only. The algorithm uses man-made objects in the scenes as 

consistent information and as clues for the registration. Then, man-made objects are 

replaced by their image representation of Computer aided design (CAD) models after 

recovering their poses. Then, we incorporate the local frequency representation with 

image representation of CAD to solve the registration problem in a region-of-interest-to- 

region-of-interest (ROI-to-ROI) mapping fashion. The conducted experiments in this 

dissertation show the importance of multimodal image registration for image fusion 

applications.  

 

4) Finally, the dissertation presents an extension for using the local frequency 

representation to solve the problem of sub-pixel image registration. Many experiments 

are conducted to compare the accuracy of the proposed technique to that of existing 

techniques to solve the problem of sub-pixel image registration. Also, the conducted 
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experiments include an implementation for a super-resolution imaging technique to show 

the importance of sub-pixel estimation.   

1.6 Organization of The Dissertation  

Chapter Two presents some background information for the problem of image 

registration and provides a literature survey. The third chapter presents the concepts of 

local frequency and the necessary background. In addition, it also presents the new 

scheme to obtain the local frequency for an image and the new algorithm to solve the 

image registration problem using the local frequency representations of images to be 

registered. Chapter Four gives the results of extension of the local frequency 

representation to solve the problem of sub-pixel registration and the conducted 

experiments for super-resolution imaging. Chapter Five presents the new technique for 

solving the problem of image registration between different modalities using CAD 

models together with local frequency representations. Chapter Six presents the 

conclusions and offers some future directions.                                                                                               
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CHAPTER 2 

Background on Image Registration and Literature Survey  

 

2.1 An Overview of Image Registration  

The importance of the problem of image registration has grown recently, when the 

demand on using sensor-based systems has increased [2-5].  The demand on sensors has 

increased due to the technological advancements in the manufacturing of sensors and the 

development in other fields like communications and VLSI technology. Image 

registration problem has many applications. The requirements of the application 

determine the type of the problem. Examples include the following.  

Larger view. The registration problem arises here between images of the same scene 

that are acquired from different viewpoints to gain a larger 2-D view for that scene. 

Examples include mosaicing of images of a surveyed area and shape recovery from 

stereo images in computer vision. 

Scene changes evaluation. The problem arises between images of the same scene 

with the same viewpoint but the images are acquired at different times or under different 

conditions. The aim in this kind of application is determining the changes in the scene. 

Examples include landscape planning, motion tracking, security monitoring, and 

monitoring tumor evolution. 

Information integration. This kind of application includes images which are acquired 

by different sensors with the same viewpoint to a scene. The goal is gathering different 

information about the scene by fusing the images acquired by different sensors.  Fusing 



 27

the images gives one complete detailed representation of the scene. The registration is a 

mandatory step before implementing the fusion. Examples include fusion of remotely 

sensed images of different spatial resolution, fusion of RADAR and EO images, and 

fusion of MRI for anatomical body structure and PET for functional and metabolic body 

activities. 

Image localization. This application includes allocating an image within a bigger 

image of a scene or registering an image with a computer-generated model for the scene. 

The aim is comparing the images. Examples include registration of images into maps, 

matching target templates with real-time images, and comparison of the patient’s image 

with digital anatomical atlases.    

 

The first step in solving the problem of image registration, is determining the type of 

distortion between the images and the corresponding spatial transformation model of that 

distortion [6-14]. Then, the second step is determining the method of solving for the 

parameters of the transformation model using only the information in the two images. So, 

to solve the problem of image registration, one has to address two sub-problems:     

First: Identify the types of distortion between the images and the mapping models, which 

are known as the spatial transformations. 

Second: Extract relevant information in the images, which is useful for solving the 

problem of image registration. 

The following two sections present the details of the two sub-problems.    
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2.1.1 Spatial Transformations 

The core characteristic of any image registration technique is the type of the mapping 

or the spatial transformation used to properly align the two images. Many types of 

variations might exist between two images; however, the employed class of spatial 

transformation will remove only the modeled distortion between those images. If we 

define the images as two 2-D arrays denoted by I1 and I2, then the mapping between the 

two images can be expressed as  

 

1 2( , ) ( ( ( , )))I m n I f l kλ= ,                                                                                                (2.1) 

 

where f  is the transformation that maps  the 2D spatial-coordinates l  and k  to new 

spatial coordinates m  and n  , ( , ) ( , )m n f l k= . λ  is a 1D intensity transformation 

function [6]. The most common transformations are affine, projective, perspective, and 

global polynomial transformations.  

  

2.1.1.1 Image Variations 

Before exploring the methods of spatial transformation, we have to introduce the 

possible distortions and variations between images. In general, the distortions between 

images can be classified into two main classes depending on the ability of image 

registration techniques to remove the distortion. The first class is called corrected 

distortion and the second class is called uncorrected distortion.     
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Corrected distortions. These include all the variations which cause mis-alignment 

between images and can be removed by using image registration techniques. These types 

of distortions between images may be due to a change in the sensor viewpoint, changes in 

the subjects’ positions, and other undesirable changes in the scene or sensor geometries.  

In other words, these types of distortions arise from differences in the way or the 

circumstances under which the images are acquired and are usually spatial and can be 

modeled by appropriate transformations.   

Uncorrected distortions. These types of distortions arise from lighting and atmospheric 

variations and cannot be corrected by using image registration techniques alone.      

There exist other types of variations between images, which we are interested in after 

solving the registration problem. These variations include, but are not limited to, changes  

in the scene, such as object movements, growths or deformations, and differences in 

sensor measurements when using sensors with varying sensitivities, or using sensors that 

measure different properties of the scene.  

All the variations can be classified in different ways. They can be either static / 

dynamic, internal / external, or geometric / photometric.  

Static variations do not change for all images and can be corrected by calibration 

techniques for the sensors such as radial distortions. 

Dynamic variations include changes that arise from the change in the sensor, or from 

varied lighting conditions and atmospheric conditions.  

Internal variations arise from the sensors themselves. Typically, internal geometric 

distortions are size, skew, and centering.  Other types of internal distortions are 
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photometric. These types of distortions affect intensity values in the images. Typically, 

photometric distortions are caused by detector gain variations, lens distortions, sensor 

imperfections and sensor-introduced filtering. The effect on intensity values from either 

internal or external distortions is either of interest or is difficult to remove and does not 

cause mis-alignment between images. 

 External variations arise from changing scene characteristics and changing of the 

operating conditions of the sensors. These changes include either the viewing angles of 

the sensors or scene changes due to movement or atmospheric conditions. 

Geometric distortions play the most critical role in the registration. They include the 

geometric distortions such as scaling, rotation, and translation. 

Photometric distortions do not cause mis-alignment between images but only affect the 

intensity values in the images.   

In general, sufficient information about the source of distortion is important, and it 

helps to model the distortion. For example, if the scene is a flat plane and if the two 

images of the scene differ only in their viewing geometries, and the relative difference is 

known, then an appropriate sequence of Cartesian transformations such as translation, 

rotation, and scaling can be found to align the two images.    

 

2.1.1.2 Affine Transformation 

The most commonly used registration transformation is the affine transformation, 

which is sufficient to match images of a planar scene taken from the same viewing angle, 

but there exists a movement of the camera and there may be a rotation of the camera  
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Fig. 2.1: The common elementary digital image transformations. 
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around its optical axis.  This kind of transformation is composed of Cartesian operations 

of translation, scaling, and rotation. This type of transformation is rigid since the overall 

geometric relations between points remain unchanged. For example, a triangle in one of 

the images will be mapped into a similar triangle in the second image. An affine 

transformation typically has four parameters , , ,x yt t s θ , where s is a scale factor, θ  is the 

rotation angle, and ,x yt t  are translations in x  and y  directions, respectively [6,11]. Fig. 

2.1 shows the common elementary digital image transformations. Assume a point P1 with 

coordinates  ( 1x , 1y ) is in one image and another point P2 with coordinates  ( 2x , 2y ) is in 

the second image; then the relation between the two points by using the affine 

transformation is expressed by the following equation,   

 

2 1

2 1

cos( ) sin( )
cos( )sin( )

x

y

tx x
s

ty y
θ θ

θθ
⎛ ⎞−⎛ ⎞ ⎛ ⎛ ⎞⎞

= + ⎜ ⎟⎜ ⎟ ⎜ ⎜ ⎟⎟
⎠⎝ ⎠ ⎝ ⎝ ⎠ ⎝ ⎠

.                                                                        (2.2) 

 

The affine transformation preserves the angles and the lengths after the registration. The 

scaling factor s allows changes in the lengths, but these lengths have the same directions 

in the original image. In addition, one can easily recognize from Eq. 2.2 that an affine 

transformation is linear without the addition of the translation vector. A more 

computationally efficient way of describing the affine transformation matrix is the 

homogeneous coordinate representation, which is 
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  If the distortion is pure translation, Eq. 2.3 takes the following form 
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if the distortion is scaling only, then Eq. 2.3 takes the following form 
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but if the distortion is rotation only, then Eq. 2.3 takes the following form 
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There exists a general 2D affine transformation and it has the following form, 

2 1

2 1

x a xb e
dy c y f

⎛ ⎞ ⎛ ⎛ ⎞⎞ ⎛ ⎞
= +⎜ ⎟ ⎜ ⎜ ⎟⎟ ⎜ ⎟

⎝ ⎠⎠⎝ ⎠ ⎝ ⎝ ⎠
  .                                                                                         (2.7) 

     

The general affine transformation does not preserve the angles and the lengths, but 

parallel lines still remain parallel. The general affine transformation can account for 

spatial distortion such as shearing and aspect ratio changes. By applying a sequence of 

rigid-body transformations, the affine transformation describes the cumulative 

distortions. In this dissertation, we have emphasized the affine transformation because it 

is the most common spatial transformation and has many applications. However, there 

exist other spatial transformations, as we will see in the next section.   

 

2.1.1.3 Perspective Transformation 

A perspective transformation accounts for the distortion that occurs when a 3-D scene 

is projected through an optical system to form a 2-D image. In other words, the 

perspective distortions occur in registration of a 3-D scene to its corresponding 2-D 

image (3-D/2-D registration). The perspective distortions cause the imagery to appear 

smaller the farther it is from the camera, and the more it is inclined away from the 

camera. The perspective transformation is defined as follows. Assume a point ( , ,o o ox y z ) 

in a 3-D scene, then the corresponding point in the 2-D image of that scene ( ,x y ) is 

defined by 
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where f  is the focal length of the lens of the optical system which is used in generating 

the image for the scene.  

     

2.1.1.4 Polynomial Transformation 

In many registration problems, the precise form of mapping function is unknown, and 

a general transformation is needed. In such cases, a bi-variate polynomial transformation 

is applied.  This kind of transformation is expressed by 
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= =
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n i
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ij
i j
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=∑∑                                                           (2.9) 

 

where ( 1 1,x y )  are the coordinates in the reference image, ( 2 2,x y )  are the coordinates in 

the image to be transformed, and ( ,ij ija b ) are the coefficients to be determined. n  is the 

order of the polynomial and its value depends on the trade-off between the accuracy and 

the needed speed for the registration problem under investigation. In many applications, a 

second order or a third order polynomial is sufficient and the coefficients are determined 

by employing a system of N equations determined by the mapping of N control points. 

Also, we have to say here that polynomial transformation is only useful to account for 

low-frequency distortions because of their unpredictable behavior when the degree of the 

polynomial is high.   
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2.1.2 Registration Methods 

The second sub-problem to be addressed in solving the problem of image registration 

is selecting the registration technique. Image registration methods can be classified 

mainly into similarity measure methods, and feature-based methods. However, there exist 

other methods such as relaxation methods, pyramid methods, and optimization methods 

are considered as search strategy methods.  

Similarity measure methods avoid extraction of the features, but rather they go to the 

matching step directly. These methods do not need a feature extractor or looking for the 

suitable feature for the application. The Similarity based methods are called direct 

methods because they use the raw images without any preprocessing. So, the first step in 

solving image registration is omitted when compared with the feature-based methods.  

The methods of similarity measure include cross-correlation methods, normalized cross-

correlation methods, Fourier-based methods and mutual information methods. The cross-

correlation methods search for the best correlation between the images to determine the 

transformation parameters. It gives a measure of the degree of similarity between the 

image and a template. Fourier-based methods use the Fourier Shift theorem to determine 

the difference in the translation, the rotation, and the scaling. Mutual information 

methods are based on information theory and they depend on using the information in 

both images to estimate the registration parameters.  

Feature-based methods depend on extracting features from the images and then using 

these features to estimate the registration parameters. The majority of feature-based 

methods consist of the following steps: 
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Feature detection. In this step, distinguished regions (fields, lakes, etc.), distinguished 

edges (rivers, bridges, roads, building boundary, etc.), and distinguished points (roads 

intersections, corners, salient features in building and objects, etc.) are automatically or 

manually detected for further processing. The detected features are represented by 

distinctive points such as end points of lines and center points of gravity of regions. In 

this step, we have to decide what kind of features is suitable for the application. The 

features should be easily detectable, spread over the image, common between the 

reference image and the distorted image, stable in the time, locally accurate, and 

insensitive to the assumed distortion between the two images.  

Correspondence establishing. Once the features are detected and are represented in the 

reference image and in the distorted image, the correspondence problem between these 

features needs to be solved. The spatial relationship between the features in the reference 

image and in the distorted image can be used for this purpose. In this step, incorrect 

feature detection due to a poor feature detector can cause problems. The physical 

similarity between the images is weakened in some cases due to illumination condition 

changes or the sensitivity of the sensors.  So, choosing a feature detector and feature 

representation are important aspects and these have significant effect on the image 

registration problem. The matching algorithm in this step should be feature-invariant and 

should be able to detect the outliers. The features without correspondence in the two 

images should not influence the performance of the algorithm.     

Transform model estimation. The mapping function and its parameters are determined in 

this step. Information about the source of the distortion can help in determining the 
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transformation model. If prior information is not available about the source of the 

degradation, then the mapping function should be flexible and general enough to handle 

all the expected distortions which might appear between the images. Once the 

transformation model is determined and the correspondence problem is solved, the 

extracted features are used to estimate the transformation parameters. The transformation 

model should not remove all the differences between the images because there may exist 

types of differences we are looking for in the specific application.   

Image transforming. The estimated parameters in the last step are used as parameters for 

the mapping functions for transforming the image.     

 

Beside the feature based methods and the similarity measure methods, there exist 

other methods that depend on using optimization methods, relaxation methods, wavelet 

transform methods and elastic registration methods. Search strategy methods are also 

used to decide the next transformation in the search space to find the optimal 

transformation. They speed up many approaches by guiding the search through 

progressively finer resolutions. These approaches include Linear and Nonlinear 

Programming, Hierarchical Techniques, Tree and Graph Matching, Decision Sequencing, 

generalized Hough transform, and Dynamic Programming [6,8,9]. 

 

2.1.2.1Similarity Measure Methods     

The methods of similarity measure use the intrinsic structure, i.e., the invariance 

properties of the image, to establish matching between the images and to estimate the 
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registration parameters. Typical similarity measures are cross-correlation, normalized 

cross-correlation [15-23], phase correlations [24-30], and mutual information [31-40].  

These methods estimate the transformation parameters without attempting to detect 

the salient features or to analyze the structure in the images. In these methods, the entire 

image or a predefined size window is used to estimate the correspondence between the 

images. The window-based methods, such as cross-correlation method, have limitations. 

One such limitation is that they are suitable only if the mis-registration between the 

considered images is a translation only, but if the mis-registration is more than 

translation, the window in the reference image will not be able to correlate and to cover 

the same part from the scene in the distorted image. Some authors changed the shape of 

the windows, but the proposed shapes do not work in all the transformations [9]. Another 

limitation for window-based methods is the so-called “remarkableness” of the window 

content, where windows with smooth areas and without salient features are likely to 

match incorrectly other smooth windows. These methods are sensitive to intensity 

changes due to varying illumination, noise or different sensors. 

Similar to the cross-correlation methods, the methods of sequential similarity 

detection algorithm are also based on windows. The methods of sequential similarity 

detection are less accurate than other window-based methods, but they are faster.  The 

sequential similarity detection algorithm sequentially searches for the transformation 

between the reference image and the distorted image. It uses the accumulation of the 

absolute difference, as measuring distance between the windows in the reference and the 

distorted images. The sum of squared differences is another measure, which is proposed 
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by different authors [41]. The correlation ratio based method is used to register 

multimodal images [42]. This approach can handle the difference in the intensities 

between images due to the usage of different types of sensors. There exist two main 

disadvantages for cross-correlation methods. These disadvantages are the flatness of the 

similarity measure maxima and the computation cost. Different authors tried to improve 

the cross-correlation method by sharpening the maxima by introducing preprocessing on 

the image, such as image filtering or using the edges in the image [43].           

The phase correlation method is based on The Fourier Shift Theorem. First, it is 

proposed for solving the problem of image registration if the distortion is translation only, 

but then other authors introduced an extension to the distortion of rotation and scaling by 

using the Fourier-Mellin transform. These algorithms are used in remote sensing and in 

the medical applications, as well as, in 3D applications. The method is applied to 

multimodal images by using edge representation instead of using the original images. 

Recently, Foroosh et al. [125] extended the phase correlation method to sub-pixel 

estimation. Chapter 4 will present this method in detail as the sub-pixel registration 

algorithm proposed in this dissertation employs a variation of this technique.  

The mutual information (MI) method has been introduced recently by Viola et al[31]. 

It is the leading technique to solve the problem of multimodal medical image registration. 

Later, authors combined MI with other approaches such as hierarchical search strategy 

and Parzen’s window to find the maximum of MI [44]. Other authors introduced MI to 

different kinds of images such as PET and registering 3D objects to their images. 
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Gradient descent optimization and Gauss-Newton numerical minimization are used in the 

searching for the maxima for MI.  

Choosing the type of similarity measure is important because it determines how the 

image registration transformation is estimated. For example, estimated transformation 

parameters, using cross-correlation, are found at the peak value of the correlation values. 

The direct methods or the similarity measure methods are computationally expensive and 

typically they need a good initial guess to ensure correct convergence. Therefore, these 

approaches do not always guarantee proper convergence and may converge to local 

minima for large values of the transformation parameters.  

 

Mutual Information 

Mutual information is an example of similarity measure methods to solve the image 

registration problem between two images. The mutual information method is based on 

the information theory, and it is a measure of the statistical correlation between the two 

images. The method uses directly the raw data and does not require an invariant image 

representation such as features. This method is based on the assumption that the statistical 

correlation between the two images is global, which is often violated [45]. Moreover, the 

statistical correlation between raw multi-sensor images tends to decrease with the 

reduction in the spatial resolution. In general, the methods of similarity measure suffer 

from computational complexity and, in addition, may employ an optimization algorithm, 

which can be trapped in local minimum. When two images are perfectly aligned, their 
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mutual information attains a maximum. Given two images A and B, their mutual 

information, ( , )I A B , is defined by  
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where , ( , )A BP a b  is the joint probability density and is approximated by the normalized 

joint histogram of the two images, while the true joint probability density is often 

unknown. ( )AP a  is the probability density associated with image A and it is 

approximated by the normalized histogram of that image. Similarly, ( )BP b  is the 

probability density associated with the image B and is approximated by the normalized 

histogram of that image. If the two images are perfectly aligned and have the same pixel 

intensity mapping, then the joint histogram should be a straight diagonal line. Otherwise, 

the straight line is replaced by a figure corresponding to the relationship between pixel 

intensities. On the other hand, if the images are not registered, the joint histogram will 

have entries distributed over most of the area. Fig. 2.2 shows the normalized joint 

histogram between two “Cameraman” images. 

 

 

 

 

 

 



 43

 

 

(a) 

 

(b) 

Fig.2.2 The normalized joint histogram between two standard “Cameraman” images. (a) The two images 
are perfectly registered. (b) There exists a mis-registration between the two images. 
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In Fig. 2.2(a) the normalized joint histogram is a straight diagonal line because the two 

images are registered perfectly. Fig. 2.2(b) shows the normalized joint histogram for the 

same two images, but with a mis-registration between them. Obviously, the normalized 

joint histogram is no longer a straight line.    

 

2.1.2.2 Feature-Based Methods 

Feature-based methods do not use the raw images directly, but require detecting and 

extracting features from the images [46-56]. These are based on extraction of salient 

features in the images, such as regions (lakes, fields), lines (roads, coastlines, region 

boundaries) and/or points (line intersection, points of high curvatures) [57-74]. The 

features should be efficiently detectable in both images and spread over the images. Also, 

they should have fixed positions in the images. The number of detected features should 

be high enough, regardless of the captured scene, radiometric conditions, and presence of 

additive noise. Due to the nature of edge and line features, feature-based methods are 

suitable for situations when illumination changes exist and multi-sensor image 

registration is required. 

 The first step in registering two images is to decide what kind of features in the 

feature space is suitable for matching. For example, remotely sensed images usually 

contain roads, rivers, coastlines, fields, and lakes, but landscape images contain objects 

such as cars, buildings, furniture, and people.       

Region features such as lakes, fields, and urban areas are segmented and then they are 

represented by their centers of gravity, which are invariant to rotation and scaling. 
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Accuracy of segmentation methods for these features significantly influences the 

resulting accuracy of the registration. For this reason, some authors have tried to estimate 

the registration parameters during the segmentation process and they used the estimated 

transformation parameters to refine the segmentation process [62]. 

Line features such as roads, coastal lines, object contours, and rivers are represented by 

end points or middle points. The edge detection technique significantly influences the 

results of image registration. Methods such as Canny edge detector and Laplacian of 

Gaussian are used for edge detection, however ridge detection needs different types of 

detectors, the so-called ridge detection operators [75] 

Point features such as road crossings, lines intersections, points of high curvature, and 

corners are used as control points to estimate the registration parameters. Among these 

point features, corners took a lot of attention and many authors proposed different corner 

detectors [69,70,73,76], because corners are well perceived by a human observer.   

 
The feature space is a fundamental aspect of image registration as it is for computer 

vision tasks, and by choosing suitable features, it is possible to improve significantly the 

registration performance. However, feature detectors should be image invariant and 

accurate.       

Deciding on the features for image registration depends on: 

• Which properties of the image will most likely establish matches between the 

images? For image registration, structures like edges, corners, contours, and 

crossing points are more useful than texture. 
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• The computational cost including the preprocessing steps for feature extraction 

process. 

Features can be found in each image independently in a preprocessing step and it is often 

possible to choose a feature space, which will eliminate uncorrected variations, which 

might otherwise make matches unreliable. 

Feature based methods give accurate solutions, but obtaining correct matches between 

control points in images acquired by different types of sensors is a hard problem (for 

example, a Forward looking infrared sensor and a CCD camera).   

 

Registration by Point Matching 

This technique is an example of a method to solve image registration problems by 

using features in the image. The algorithm proposed by Ton and Jain [46] decomposes 

the images into homogenous regions with specific qualities. Then, they used the features 

as candidates for matching. They used different methods for region segmentation by 

utilizing similarity of pixel gray levels to define a region.  Once the regions are identified, 

the center of gravity (centroid) of each region is used as a control point. The center of 

gravity of a region R is defined by ( , )c cx y  , where 10 00/cx m m=   , 01 00/cy m m=  , and  

 

( , )p q
pq

i j
m i j R i j=∑∑ ,                                                                                       (2.11) 

where ,i j are the indices of region R .  After the control points are found, they are input 



 47

to a correspondence matching algorithm used to estimate the registration parameters. Ton 

and Jain conducted many experiments to test the proposed scheme.  

 

Discussion 

The image registration community has provided numerous techniques to solve the 

problem [77-80]. Due to the huge diversity of images to be registered and due to the 

different types of deformations between images, it is not possible to design a universal 

method that can solve every registration problem. Every method has to take into account 

the geometric transformation, the type of the data, the corruption noise, and the required 

accuracy. Some algorithm developers have used feature spaces such as edge maps, 

corners, contours and points. However, each method is designed to handle a specific type 

of feature that exists in the structure and the complexity of the scene. So, the algorithm 

that is designed to register images using contours in the structure of the image cannot 

register images whose structures includes point intersection only. In addition to the 

problem of the dependency on the structure of the image to solve the problem, extraction 

of features requires tuning and optimality for feature extraction operators.  

Other algorithms have been introduced; they do not depend on the feature space but 

they depend on the similarity measure. The similarity measure methods avoid the step of 

feature detection and extraction and go directly to the matching step. However, these 

methods suffer from computational complexity and require good guessing for the initial 

values of transformation parameters, otherwise they can be trapped into a local maximum 
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or minimum. In addition, they need optimization algorithms to reduce the searching 

space. These methods might not work if the distortion between the images is large. 

A few researchers have used a wavelet transform to solve the problem of image 

registration [81-83] and others have used multi-resolution analysis to align the images 

[84]. Other authors have combined the wavelet decomposition with the pyramid approach 

[85]. The methods differ in the used wavelet and the set of coefficients for achieving the 

correspondence between the images. The relaxation method is used by many authors; 

however the first work was done by Rosenfeld et. al.[86]. Fuzzy sets and genetic 

algorithms are also employed in [87]. 

 

Regarding the problem of multimodal image registration, it is still a challenging 

problem. Few authors have addressed this problem and their results are dependent on the 

application and on the employed type of sensors [88-92].  Multimodal image registration 

presents more difficulties than registration of images acquired by the same type of sensor. 

Due to the lack of consistency of information between multimodal images, finding 

common features is a hard problem. The authors in [90] used the edges presented in the 

images as a source of consistent information to accomplish the registration process, 

which is not the common case for IR images and EO images. In addition to the edges,  

contours are also employed [92]. In the medical field, the mutual information method is 

commonly used to register multimodal images. The multimodal image registration based 

on segmentation is also described by [89], where the authors fused IR and EO images 

based on segmented parts from the image but their algorithm required common features 
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between the images, which is not always possible. The same constraint of common edges 

between images is required in [91]. The authors registered IR image with EO image, but 

they required consistent edges between the two images.      

 

Apparently, image registration for images acquired by the same sensor is still an open 

problem and most of the existing methods suffer from computational complexity, and are 

dependent on the structure and the complexity of the scene (the application). Also, for 

registration of images acquired by different types of sensors, i.e. multimodal image 

registration, all the methods in the literature register IR image with EO image or SAR 

image with EO image and the methods require common edges between the images which 

is not the general case. So, while these methods are suitable for specific scenes, which 

have common edges or segments, this is not the general case. Figure 3 shows a schematic 

overview for literature survey of image registration. 

 

Therefore, improved registration performance in terms of less computational 

complexity, better accuracy, and consistency in broad applications are the goals of this 

dissertation. In addition, the goal of the dissertation is to introduce an algorithm to solve 

the problem of multimodal image registration. The dissertation will also report many 

experiments to evaluate the proposed algorithms for applications of image fusion and 

super-resolution imaging.   
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How do you solve the problem of image registration between 
images acquired by the same types of sensors? 

Feature-based 
methods are 
preferred if 

there are 
significant 

structures in the 
scene 

Similarity 
measure methods 
are preferred if 

there are no 
significant 

structures in the 
scene 

Other methods 
include wavelet 

transform, multi-
resolution analysis, 
fuzzy set,  genetic 

algorithm, 
relaxation methods. 

(a) 

How do you solve the problem of image registration between 
images acquired by different types of sensors? 

In medical 
applications, mutual 
information is the 

most common 
method  in addition 

to other methods 

In civilian 
application, the 

existing methods 
depend on using the 

consistent edges 
between the images to 

solve the problem . 

(b) 

Fig.. 2.3. The schematic diagram for the flow of the literature on the image registration problem. A) 
Images acquired by the same type of sensor. B) Mutimodal images. 
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2.2 Evaluation of Image Registration Methods 

The results of image registration algorithms usually need evaluation. The purpose of 

this evaluation is to estimate the accuracy of the results. Accuracy evaluation is highly 

desirable regardless of the registration technique, the application area, and the complexity 

of the scene. The sources of error in the image registration process vary from the sources 

of error in the detection of features and their representation to match the features and 

solve the correspondence problem. Also, distortion in the image can cause errors through 

distortion of the features in the images.       

 

Sources of errors 

The first source of error in image registration is called localization error. 

Localization error arises from the displacement of the control point coordinates due to a 

lack in accuracy of their detection. In controlled experiments, the error in the estimation 

of the coordinate of the control points can be detected by comparison using computer 

simulation and ground truth; however, in the general case the source of this error cannot 

be detected directly. Localization error can be reduced using an optimal feature detector 

for the given image and the scene; however using an optimal feature detector can reduce 

the number of control points, which is not desirable in some cases. The second source of 

error is matching error. It is caused by false matching. Matching error can lead to the 

failure of the image registration process and should be avoided. Robust matching 

algorithms can ensure correct matching, however a consistency check can detect false 

matches. Consistent matching can be employed by using two different algorithms to 
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match the points between the reference image and the distorted image, and the pairs that 

are found by both algorithms are considered to be valid corresponding pairs, the other 

control points are excluded from the registration process. The cross-validation approach 

can also be used to achieve the same aim. The registration parameters that are estimated 

by the control points are used to compute the translation, rotation and scaling mapping 

for each pair of control points. Any pair of control points that exceeds a threshold for the 

distortion values are excluded from the registration process, and they are considered to be 

false pairs and other control points are accepted as valid control points. The last source of 

error in the registration process is alignment. Alignment error arises due to errors in 

estimated registration parameters and/or due to the fact that the chosen mapping model 

may not correspond to the actual distortion between the images. The lack of prior 

information about the reason for distortion between the images causes the selection of an 

unsuitable mapping function.  

The accuracy of registration can be evaluated in different ways. The simplest 

measure is computing the mean square error or the root mean square error between the 

mapped control points and the reference control points. Another similar method is called 

test point error. This method is based on excluding some control points from the 

estimation of parameters of the registration, and then these parameters are used to map 

the excluded points and to compute the mean square error for those points. This method 

can be applied if we have a sufficient number of test points. Another method to evaluate 

the registration algorithm is by comparison with another method based on a different 

principle. The algorithm we use in the comparison is typically called the ‘gold standard 
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method’, which is a method commonly believed to be the best in the specific application 

or for the given image type. In fact, the gold standard method plays a similar role to the 

ground truth. Usually, the gold standard method is used in medical applications, but for 

other applications such as remote sensing and image fusion, where no gold standard 

method exists, any different method of different nature can be used; however, this 

method does not guarantee evaluation of registration accuracy. Finally, the oldest method 

of evaluation can be used, which is visual assessment by a domain expert.     

 

In general, feature-based methods are preferred when the scene in the image has 

significant structures such as buildings, objects, rivers, and roads, which can be detected 

and employed to solve the problem of image registration. The features should be visible, 

stable in time, and invariant to the assumed distortion between the images. On the other 

hand, direct methods are employed when the scene in the image does not have salient 

features and the distinctive information between the images is given by gray levels rather 

than by structures. However, the two images should have similar intensity functions 

which are either identical or at least statistically dependent. To speed searching in the 

direct methods, some optimization algorithms are preferred.  

  

2.3 Problem Statement 

The scenario of interest in this dissertation is the following. We are given two 

landscape images (reference image and distorted image) with the same viewing angle for 

a scene and acquired by the same type of sensors or by different types of sensors. 
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Unavoidable distortions exist between the two images, such as horizontal translation, 

vertical translation, rotation in the plane, and scaling. The distortions of interest are 

modeled by affine transformations. The goals of the dissertation are: 

 

• Developing more computationally efficient and accurate algorithms for solving 

the problem of image registration. 

•  Ensuring that the accuracy of the proposed algorithm is consistent in different 

applications and should not depend on the scene.  

• Solving the problem of multimodal image registration without putting 

constraints on the used images.     

• Evaluating the proposed techniques by conducting different experiments. 

• Demonstrating experimentally the applicability of image registration algorithms 

in the image fusion application and the super-resolution imaging.   

•  Investigating the applicability of the developed technique to sub-pixel image 

registration. 
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CHAPTER 3 

Local Frequency Estimation 

 

The primary focus in this chapter is to introduce the principles of local frequency 

estimation and developing an algorithm for the local frequency estimation of a given 

image. Section 3.1 and Section 3.2 present an introduction to the concept of local 

frequency and the principles of local frequency estimation as developed in the literature. 

Section 3.3 introduces a novel computational scheme to estimate the local frequency 

based on minimizing the latency of a Gabor filter bank.  Section 3.4 employs the 

developed algorithm to solve the image registration problem. Section 3.5 presents the 

results of the conducted experiments to illustrate the performance of the algorithm. 

 

3.1 Introduction 

The concept of frequency of a signal is mathematically well defined. Any stationary 

signal can be represented as a weighted sum of sine and cosine functions having 

particular amplitudes, phases and frequencies. However, this is not the case for non-

stationary signals and a description as a sum of cosines and sines is not possible. This fact 

has led to the introduction of the notion of local or instantaneous frequencies to allow 

non-stationary signals to be analyzed in a frequency-like manner, since most physical 

signals are non-stationary. The instantaneous frequency (IF) of a signal is commonly 

defined as the rate of change in phase of the corresponding analytic signal. A historical 

review and introduction of the concept of IF can be found in [93-95].    
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Recently, local frequency (LF) has been used successfully for multi-modal image 

registration [96,97].   The advantages of local frequency are as follows [96-98]:  

• local frequency is relatively invariant to illumination changes (in other words, 

local frequency estimate is relatively insensitive to the level of signal energy),  

• local frequency can detect the edges and ridges in the image at the same time,   

• local frequency has good localization in the spatial domain and can be 

extracted from a given image using systematic signal processing operations, 

• local frequency is relatively insensitive to photometric deformations that 

result from changes in viewing direction, surface normal and lighting 

conditions.   

   

These attractive properties make the local frequency a promising candidate for invariant 

image representation for matching image data sets for image registration purposes. 

Therefore, we have introduced a computationally efficient scheme to estimate the local 

frequency of an image and then we have employed this local frequency representation to 

solve the registration problem as we will show in Section 3.3 and Section 3.4.  

 

3.2. An Overview of Local Frequency Estimation 

The local frequency representation for an image is estimated in two steps as follows: 

1- Filtering the image with analytic filters tuned to a certain spatial frequency, 

orientation, and bandwidth.  

2- Computing the spatial gradient of the phase of the filtered image.  
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In order to understand the principles of estimating the local frequency representation, a 

brief introduction to the principles of the analytic signal/function is presented first.    

 

3.2.1 Analytic Signal 

 An analytic signal in signal processing terms means that the signal has no negative-

frequency component. For a brief introduction to the local frequency representation, we 

will consider a one-dimensional signal, which can be generalized to higher dimensions 

readily. Consider a signal s  in 1-D. Its corresponding analytic signal is defined to be 

iA Hs s is= −  where 
iHs  is the Hilbert transformation of s . The Hilbert transform Hi, 

1 2:iH c c→ , is defined by the integral 

1 ( )( )
iH

ss x d
x

ξ ξ
π ξ

∞

−∞

=
−∫

.    
                                                                                         (3.1) 

The Hilbert transform could be denoted by { }
iH is H s= . Also, it may be noted that the 

Hilbert transform can be computed quite easily by performing the convolution operation 

using  

     
1

iHs s
xπ

−
= ⊗ ,                                                                                                          (3.2) 

where ⊗  denotes convolution. In other words, the Hilbert transform is computed by 

convolving s  with the function 1
xπ

− .  

Example: 
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Let ( ) cos( )s x A wx= , A>0; the Hilbert transform of  s  is  ( ) sin( )
iHs x A wx= −  .  Then,  

( ) [cos( ) sin( )] iwx
As x A wx i wx Ae= + =                                                                           (3.3)  

which means that the amplitude A is given by  

22( ) ( )
iA HA s s s x s x= = = +  .                                                                              (3.4)  

 

The transformation of a real signal to its corresponding analytic one can be regarded as 

the result of convolving the real signal with a complex filter, such as a Gabor filter [99]. 

The argument of As  is called the local phase of s  , which is defined in the spatial domain. 

The spatial derivative of the local phase is called instantaneous or local frequency [93-

97].  

 

To summarize the above, given a real signal in 1-D, its corresponding analytic signal 

is complex with real part being the original signal itself, and the imaginary part being the 

Hilbert transform of the real signal. In other words, the corresponding analytical signal of 

a real signal is obtained by convolving the real signal with a complex Gabor filter. The 

argument of As  refers to the local phase of s  whose spatial derivative gives the 

instantaneous frequency or local frequency. For a 2-D image, a filter bank is used to 

recover all the spatial frequencies in the image. Therefore, a Gabor filter bank is used to 

obtain the analytic form of the image such that each filter has a unique spatial orientation 

and unique spatial frequency. Then, the outputs of the filters are fused to construct the 

local frequency representation of the image. The next section presents the details of a 
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Gabor filter. 

 

3.2.2 Gabor Filter 

Gabor filters are optimal filters that are constrained by a lower limit for joint 

localization properties in the spatial domain and the spatial frequency domain [99,100]. A 

Gabor filter is characterized by the orientation, spatial frequency, and spatial kernel of the 

filter. These characteristics help in extracting various types of information from the 

image, which may be different in the orientations, the scales and in corresponding spatial 

frequencies. Further, many authors have pointed out the close relationship between the 

neurophysiological processing of visual and tactile stimuli and families of Gabor filters 

[101]. Therefore, it seems to be a natural tool to examine the spatial information. A two-

dimensional Gabor function ( , , , , )G x y fο θ σ  centered at the origin in the spatial domain 

implements a bandpass filter centered at fο  in the spatial frequency domain. The Gabor 

function is defined by 

( , , , , )G x y fο θ σ =  

2 21 exp( 2 ( cos( ) sin( )) )
2 22 2

x y
i xf yfο οπ θ θ

πσ σ

+
+ − ,                                                     (3.5) 

where x and y are the spatial coordinates, the parameter fο  denotes the radial central 

spatial frequency of the band pass filter,θ  is an arbitrary spatial orientation of the filter 

coordinates in the counterclock-wise direction. It is important to say here that θ  in Eq. 

3.5 is also the orientation of fο  in the spatial frequency domain. σ is the standard 

deviation of the Gaussian envelope of the filter. Fig. 3.1 shows a Gabor filter (the real 
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part) encoded as an intensity image. The size of the image is 128 x 128 pixels. The 

parameters of the filter  are as follows: σ  = 10 pixels, 8 2fο =  cycles/image_width, and 

θ   = 45 degree.  

The 2-D Fourier Transform of the Gabor function defined in Eq. 3.5 is given by 

 

( , , , , )x yG w w fο θ σ
∧

= 2 2exp( 2 (( cos( )) ( sin( )))x yw f w fο οπ σ θ θ− − + − ,                         (3.6) 

 

which is a Gaussian bandpass filter with a radial central frequency fο  and orientation θ     

with respect to the wx-axis in the counterclock-wise direction. Fig. 3.2 shows the fast 

Fourier transform of the Gabor function with an arbitrarily selected set of parameters, σ  

= 2 pixels, 20 2fο =  cycles/image_width. (a) θ =45 degree,  (b) θ =135 degree.       

 

Local frequency using a Gabor filter bank 

 Obtaining a local frequency representation for a given image consists of building 

a filter bank such that the filters are appropriately tuned with the parameters fο  and θ . 

The parameter σ  can be varied to generate a scale space representation and is not 

considered as a design parameter in the construction of the filter bank. A filter bank is 

employed to estimate the local frequency representation of an image. Since the image of 

interest may contain significant details typically covering a wide range of frequencies and 

a single filter characterized by a specific center frequency 
of and a specific orientation θ  

is not sufficient to cover the entire frequency range, a bank of filters will be needed for  
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(a) 

 

(b) 

 

Fig. 3.1.  Gabor function (real part) encoded as intensity map images. Light and dark gray colors 
correspond to positive and negative function values, respectively. σ  = 10 pixels, 8 2fο =   

cycles/image_width for both images. (a) θ =45 degree , (b) θ =135 degree. 
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(a) 

 

(b) 

 

Fig. 3.2   Fourier Transform of Gabor filter function encoded as intensity map images.Higher gray level 
values correspond to higher function values. Both functions in the spatial domain have σ  = 2 pixels, 

20 2fο =   cycles/image_width. (a) θ =45 degree , (b) θ =135 degree. 
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obtaining an accurate local frequency representation. 

Typically, an input image ( , )I x y , ( , )x y ∈Ω   ( Ω is the set of image points ), is 

convolved with a set of a 2-D Gabor functions  ( , , , )k k kG x y f θ ,  ( , )x y ∈Ω  and  tuned to a 

preferred spatial frequency , kf ,  and a preferred spatial orientation, kθ , to obtain the 

analytic signal ( , )ku x y as follows:                                         

  

( , ) ( , ) ( , )k kr x y I G x y d dε η ε η ε η
Ω

= − −∫∫                                                                          (3.7) 

for 1, 2, .....,k n=     where n is any integer number. Having obtained the analytic signal, 

the local frequency can be estimated using two methods. First, the local phase can be 

computed using the ATAN function and then the gradient of the local phase can be 

computed to estimate the local frequency. The second method involves deriving a 

mathematical expression for the local frequency using the analytic function. Let  

( , )ku x y+  and  ( , )ku x y−  be the result of the convolution of an image , I , with the real and 

the imaginary parts of  kG , respectively. Then, the local phase gradient or the local 

frequency estimate from each filter is computed using the following equation: 

 

2 2( , ) [ ( , ) ( , ) ( , ) ( , )] /[ ( , ) ( , )]k k k k k k kx y u x y u x y u x y u x y u x y u x y+ − − + + −Γ = ∗∇ − ∗∇ +           (3.8)     

 

where  ∇  is the gradient operator. Then, the overall local frequency representation of the 

image is constructed by fusion of the results of the filters at every pixel in the image.  
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To implement the gradient operator, the forward finite difference or the backward 

finite difference can be employed. For a 1-D signal, the forward finite difference is 

defined in Eq. 3.9 and the backward finite difference is defined in Eq. 3.10.     

( ) ( 1) ( )forwardu n u n u n= + −

 
                                                                                           (3.9)     

( ) ( ( ) ( 1))backwordu n u n u n= − +                                                                                       (3.10)     

Computing the central finite difference is another option and is defined by 

( ) ( 1) ( 1)centralu n u n u n= + − − .                                                                                     (3.11) 

 

3.3.    An Approach to Minimize Latency of the Filter Bank 

  Fundamental questions in design of filter bank 

 From Section 3.2, the computation of the local frequency representation for a given 

image involves two steps: 

1) Filtering the input image with a set of 2-D Gabor filters each tuned to a specific spatial 

frequency, orientation and bandwidth.  

2) Computing the gradient of the phase of the filtered images and appropriately 

combining these into a single local frequency representation. 

There are two questions of central importance that must be addressed for an efficient 

implementation of this approach. First, how many filters need to be included in the filter 

bank for a given input image? Second, what is the rule to be employed for combining the 

outputs of the various filters in order to form an accurate local frequency representation? 

These are questions that have not received significant attention in the literature.  As 
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regards the first question of how many filters to use, researchers that have attempted 

employing local frequency representations to aid in image processing applications have 

left this question unanswered and typically propose using an ad hoc selection of the 

number of filters [95,96]. In practice, one usually errs on the conservative side by 

employing a larger than needed set of filters in order to cover the entire range of 

frequencies, thus sacrificing computational efficiency. For large format images, in 

applications where real-time performance is of interest, minimizing the latency of the 

filter bank, i.e. using the least number of filters and yet covering the entire frequency 

range, is important.  On the second question of how to integrate the outputs of the 

individual filters to obtain a single accurate local frequency map, a detailed study does 

not appear to have been made. These are the two questions that are addressed in our 

research to estimate the local frequency representation of an image.  

 

3.3.1 Local Frequency Representation by Fusion of Four Gabor Filter Outputs 

The estimation of natural scales of shapes contained in a given image is a problem 

that has several applications ranging from pattern recognition to template matching for 

detection and automatic target classification. Consequently, this problem has received 

some attention in the literature [102,103]. One of the more popular approaches is the 

analysis of spatial information by multiple detectors that are sensitive to relevant shapes. 

An important contribution to this problem was recently made by Fdez-Valdivia et. al. 

[104] who proposed a multi-channel  approach comprising four detectors, each with an 

orientation bandwidth of 45 degrees. This result was based on some biological evidence 



 66

observed in the receptive fields of mammalian visual cortex cells. Although not directly 

related to the image registration application that is of interest in our research, we draw 

inspiration from this work to design an optimized multi-channel Gabor filtering scheme 

for local frequency representation. As a matter of fact, biological evidence shows that the 

median orientation bandwidth is about 40 degrees, which means that the mammalian 

visual cortex cell responds better to all the spatial activity in the image within this spatial 

bandwidth. Therefore, four Gabor functions, with each Gabor function representing a 

mammalian visual cortex cell, will cover all the spatial activities in the image in all the 

orientations. This scheme of implementing a Gabor filter bank restricts the spatial 

orientation, θ  , values to 22.5o, 67.5 o, 112.5 o, and 157.5 o.  To estimate the spatial 

frequency of each filter, the authors in [104] proposed a scheme based on splitting each 

orientation bandwidth into an active region and a passive region according to their spatial 

frequency contributions to the spatial frequency content of the whole image. Having 

allocated the active regions in each spatial orientation bandwidth, the center of the active 

region in the spatial frequency domain determines the spatial frequency, f  , for the 

corresponding Gabor filter. A description of the various steps of the whole algorithm, 

together with some justifications, will now be given.  

   

3.3.2 Estimation of Filter Bank Spatial Frequencies   

 Based on biological evidence and theoretical results that explain that the median 

orientation bandwidth of visual cortex cells is about 40 degrees, the spatial orientation 

bands of four filters are selected as 22.5o, 67.5 o, 112.5 o, and 157.5 o, respectively  
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Fig. 3.3  Spectrum of  “Cameraman” image 
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Fig. 3.4. Orientation band at 22.5o 
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[104,105]. Let us denote these bands as B1, B2, B3, B4 and the corresponding set of filters 

as ( , , , , )k k kG x y f θ σ , 1,..., 4k = . Fig. 3.3 and Fig. 3.4 show the 2-D Fourier transform of a 

“Cameraman” image of size 64 x 64 and the filtered output orientation bandwidth at 

22.5o in the frequency domain of that image, respectively.  

 

Gabor filter spatial frequency adapting  

 To compute the spatial central frequency f  for each filter according to the spatial 

information for the image, each band is split along the radius in the polar coordinate into 

regions (sensors), which are called active regions and passive regions in the frequency 

domain according to its contribution to the spatial frequency content of the image. To 

show that, an index sup( )
kBζ ρ  in Eq. 3.12 is constructed to show a natural splitting of 

each orientation band Bk, k=1,..,4, into a number of spatial frequency channels ( 1,j jρ ρ− ) 

which are not similar in the importance of relative frequency components in the 

frequency domain, 

 

   
sup 1

sup
1

| ( , ) |
( )

| ( , ) |
k

k

k

B
B

B

R d d

R d d

ρ σ

σ

ρ θ ρ ρ θ
ζ ρ

ρ θ ρ ρ θ

=

=

=
∫∫
∫∫

,                                                                (3.12) 

 

where  1| ( , ) |Rσ ρ θ=  denotes the Fourier transform magnitude of the input image smoothed 

by a Gaussian filter with a scale of 1σ = . The double integral sup
kBρ∫∫  covers the coordinates 

( , )ρ θ  for the 2-D spectral sector corresponding to the spatial frequency channel (0, supρ ) 
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upon the orientation band Bk, while the double integral kB∫∫ covers the entire frequency 

band Bk. ( , )ρ θ  are polar coordinates. The reason that the index is written as a function of 

supρ   is because the index may be seen as a function of radial frequency supρ  and increases 

as supρ  increases. Fig. 3.5 shows the index sup( )
kBζ ρ , for the orientation band at 22.5o in 

Fig. 3.4. Visual investigation of Fig. 3.5 shows that there exists significant rise in the 

value of the index sup( )
kBζ ρ  at specific locations supρ  .  These locations represent the 

natural splitting for the band B1 into spatial frequency channels. The rise at these 

locations is less or more abrupt depending on the relative importance of the spatial 

frequency components that are added. To detect these locations, the extrema of the 

second derivative with respect to ρ  can be employed.     
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Fig. 3.5. Index 

1 sup( )Bζ ρ  for the orientation band at 22.5o in Fig. 3.4. 
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 To distinguish between these channels in their importance to the frequency domain 

for the image, another measure is used, ( )
ikw ch , 

 

  
2

1

2
1

| ( , ) |
( )

| ( , ) |
ki

i

ch
k

R d d
w ch

R d d
σ

σ

ρ θ ρ ρ θ

ρ θ ρ ρ θ
=

Ω =

= ∫∫
∫∫

.                                                                      (3.13) 

 

Where 2
1| ( , ) |Rσ ρ θ=  denotes the power spectrum of the image smoothed at the scale 

1σ = and the double integral 
kich∫∫ covers the channel i in the band k. The double integral 

Ω∫∫  covers the entire frequency domain of the image. This measure is used to distinguish 

between the important channels and not-important channels in the spectral domain for 

each orientation, Bk, k=1,…,4. Having obtained these features, they are employed to 

cluster the channels in each band into active cluster and passive cluster categories. K-

means algorithm is employed to cluster all the channels in each band into only two main 

clusters: an active cluster (includes the active channels) and a passive cluster (includes 

passive channels). The seed of the active cluster in k-means algorithm is the maximum 

value of ( )
ikw ch  in the orientation band k and the seed of the passive cluster in k-means 

algorithm is the minimum value of ( )
ikw ch  in the orientation band k.   

 The location of the active cluster center in a specific orientation band is adapted as 

the spatial frequency f  for the Gabor filter that is tuned to that band. Fig. 3.6 shows the 

feature measure, ( )
ikw ch , against the channels generated from Fig. 3.5. Fig. 3.7 shows the 

flow chart of all the steps of the algorithm.   
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Fig. 3.6 Measure ( )

ikw ch against the channels generated from Fig. 3.5. 
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Start 

 Smooth the image I with Low-Pass 
filter (Gaussian with σ=1). 

Obtain Fourier Transform of the 
image I. 

(Fourier Spectrum) 

Construct orientation 
band at 22.5o 

B1 

Construct orientation 
band at 67.5o 

B2 

Construct orientation 
band at 112.5o 

B3 

Construct orientation 
band at 157.5o 

B4 

For each orientation band, construct 
spatial frequency channels using Eq. 3.12 

For each orientation identify features of channels  
using Eq. 3.13 

For each orientation band use K-means algorithm to 
cluster the channels to two clusters: active cluster of 

active channels and passive cluster of passive channels. 

For each orientation band use the location of active 
cluster center as an estimates of the spatial 

frequency in this orientation band. 

Feed spatial frequencies to 
Gabor filter to start stage 

two of the algorithm 

Fig. 3.7 Spatial Frequency estimation of each orientation band 
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Once the spatial frequency, f , of each filter is estimated, we convolve the image 

with each filter. Then, we use the resulting analytic signal from each filter to compute the 

local phase and local phase gradient, or we can estimate the local frequency of the image 

using Eq. 3.8. The next section presents the details of the proposed algorithm to obtain 

the local frequency for an image.  

 
3.3.3 Algorithm for Local Frequency Estimation  

To calculate the local phase, we can use the ATAN function on the real and the 

imaginary values for the analytic signal to calculate the local phase and then we compute 

the gradient of the local phase. In this method, we have to perform quadrant correction 

for the output of ATAN function based on the signs of the real part and the imaginary 

part of the analytic signal. This is because ATAN is periodic in π  rather than 2π . The 

other option for estimating the local frequency without computing the local phase and the 

derivative of the local phase is using Eq. 3.8. To obtain a good approximation for the 

derivative in the discrete domain, we employed the fourth order estimator from Table 3.1 

[94]. 

Table 3.1 
Order Coefficients 

2 -1/2  0  1/2  
4 1/12  –2/3  0 2/3  -1/12 
6 -1/60  3/20   -3/4  0  3/4  -3/20  1/60 

 
 
 

A brief description for the developed algorithm together with some justification will 
now be given. 
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Algorithm 3.1. Obtaining local frequency representation by using adaptive Gabor filter 

set. 

(1) Create a set of four Gabor filters, ( , , , , )k k kG x y f θ σ , k=1…4, to cover the frequency 

space of the image under investigation, by selecting the orientation bands of the four 

filters set to 22.5o, 67.5 o, 112.5 o, and 157.5 o respectively. It may be noted that each filter 

has a spatial orientation bandwidth of 45 o, such that the four filters cover the entire 

spatial bandwidth of 180 o.  

(2) Estimate the spatial frequency of each filter using the corresponding orientation band 

as described above. 

(3) Convolve the input image I whose local frequency representation is desired with each 

filter Gk, k=1,..,4, to obtain the corresponding analytic signals  

                         ( )k
ku I G= ⊗ .                                                                      (3.14)                         

(4) Compute the local phase, ( )kΨ , for the analytic signal ( )ku , k=1,..,4, by calculating    

                 
( )

( ) 1
( )

( ( , ))( , ) tan
( ( , ))

k
k

k

imag u x yx y
real u x y

ψ −= ,                                                               (3.15) 

( , )x y ∈Ω   ( Ω is the set of image points.), 

(5) Create the local frequency representation formed by each filter using  

            

( ) 2 ( ) 2 ( ) ( )( , ) ( ( , )) ( ( , )) | cos( ) |k k k K
x y kx y x y x yψ ψ θ θ∆Γ = ∇ +∇ − ,                                                             (3.16)  

                                                                                                                

where  (.)x∇  and (.)y∇    are the gradient estimation in the x and y directions respectively, kθ  

is the orientation of  the kth Gabor filter, and ( ) ( , )k x yθ∆ denotes the direction of the gradient 
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vector with respect to the x-axis , 
( )

( ) 1
( )

( , )
( , ) tan

( , )

k
yk

k
x

x y
x y

x y
ψ

θ
ψ

−
∆

∇
=

∇
 . It may be noted that ( )kΓ  

provides a spatially localized estimate of the local frequency along the direction kθ .  

( , )x y ∈Ω   ( Ω is the set of image points.). 

(6) Fuse the local frequency estimates obtained from the four filters, kΓ , k=1…4, to get 

one combined representation using 

 

(1) (2) (3) (4)( , ) { ( , ), ( , ), ( , ), ( , )}x y fuse x y x y x y x yΓ = Γ Γ Γ Γ ,                                                                   (3.17) 

( , )x y ∈Ω   ( Ω is the set of image points.). Fig. 3.8 shows a schematic for the algorithm. 

 

Justifications for the various steps in the above scheme can be given as follows. The 

bandwidth σ  of a Gabor filter provides a notable scalability property in the spatial 

domain. Motivated by the work of Fdez-Valdivia et. al. [102], the present scheme 

employs four Gabor filters, each covering a spatial orientation  band of 45 o width.  The 

biological evidence on which this development is based confirms in a qualitative sense 

that the four filters are sufficient to capture the variations in the spatial frequency activity 

characterizing the given image. How do we demonstrate that this size of the filter bank 

constitutes an optimal size?  While an analytical determination is not possible (since 

different input images in general have different local frequency structures), simulation 

studies of the representation accuracy resulting from filter banks of different sizes can be 

made to justify the above selection in terms of our desire to address the tradeoff between 

representation accuracy and latency minimization. 
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U1 Ψ1 Γ1 

G1 Local phase Gradient  

G2 Local phase Gradient  

U2 Ψ2 Γ2 

U3 Ψ3 

G3 Local phase Gradient  

Γ3 

G4 Local phase Gradient  

U4 Ψ4 

Fusion 

Γ I 

Fig. 3.8. Schematic for the local frequency extraction from a 
given image I process.

Γ4 
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Fusion local frequency from the filter set 

 A few words justifying the fusion rule described by Eq. 3.17 are in order. Due to the 

different orientations used for the four filters, each filter forms a different local frequency 

representation of the input image. However, the local frequency variation within a certain 

frequency range coinciding with the spatial orientation band to which each filter is tuned 

is emphasized more in its output.  Consequently, a fusion rule that extracts in the final 

result the most emphasized structures formed by the individual filters at each pixel 

location (in the spatial domain) will yield the most accurate estimate of the local 

frequency activity present in the given image. So, Eq. 3.17 will be as follows: 

 

(1) (2) (3) (4)( , ) { ( , ), ( , ), ( , ), ( , )}x y Max x y x y x y x yΓ = Γ Γ Γ Γ                                                                    (3.18) 

 

To confirm this, results of one experiment will be outlined in Fig. 3.9. Fig. 3.9a shows the 

input image. The local frequency representations formed along the four filter channels 

(i.e. (1)Γ , (2)Γ , (3)Γ and (4)Γ ) are shown in Figs. 3.9b-3.9e. Fig. 3.9b displays a more 

emphasized local frequency activity within the 45 o spatial orientation band centered 

around the 22.5o orientation line compared to the representations formed along the three 

other channels.  Figs. 3.9c, 3.9d, and 3.9e show the corresponding local frequency 

representations formed along the three other channels, which depict a more emphasized 

structure within their spatial orientation bands. Fig. 3.9f shows the final representation  
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3.9d 
 
 
 
 

 
3.9e 

 
 
 

 
3.9f 

 
Fig. 3.9. Results from processing a T1-weighted MRI frame. 3.9a. Input image; 3.9b –3.9e. Local 

frequencies individually estimated along the four filter channels coded in gray-scale images; 3.9f. Final 
local frequency representation formed by fusion of four filter outputs. 
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obtained by fusing the four representations according to the present fusion rule, which 

clearly displays a more emphasized local frequency structure in the entire image.   

 

3.3.4 Evaluation of The Proposed Scheme 

Several simulation experiments with different images were conducted to confirm in a 

quantitative sense the latency minimization property, i.e. to show that the filter bank of 

size 4 tailored with our approach is capable of reliably extracting most of the local 

frequencies. Results from these experiments will be given here for illustration. In the first 

experiment, the local frequency representation for a T2-weighted MRI frame of size 128 

x 128 was obtained by employing the above algorithm, as well as by executing the same 

algorithm two more times, once with changing the number of Gabor filters used to 3 and 

the other with changing the number of filters to 6. In the three-filter case, the orientations 

of the filters were set at 30 o, 90 o, and 150 o in order to cover the 180 o range (note that 

each filter now covers a 60 o range in the spatial band), whereas in the six-filter case the 

filter orientations were set at 15 o, 45 o, 75 o, 105 o, 135 o, and 165 o once again to cover the 

180 o range (note that each filter in this case covers a 30 o band). To ensure a fair 

comparison, the value of the scale parameter σ was selected to be the same in all cases. 

Fig. 3.10 shows the results of this experiment. The input MRI frame is shown in Fig. 

3.10a and its local frequency representation obtained from the four-filter scheme is 

shown in Fig. 3.10b. Since for demonstrating the latency minimization we are interested 

in what the three-filter scheme fails to capture compared to the four-filter scheme, and 

also what additional information the six-filter scheme is capable of capturing compared to 
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the four-filter scheme, we computed the difference between the local frequency maps 

obtained by implementing each of these schemes. Fig. 3.10c depicts the difference 

between the results obtained from the three-filter and the four-filter schemes, while Fig. 

3.10d shows the difference between the results obtained from the four-filter and the six-

filter schemes.  As can be seen from Figs. 3.10c and 3.10d, there is considerable local 

frequency activity captured by the four-filter scheme that did not show up in the output of 

the three-filter scheme, while the difference between the outputs of the four-filter and six-

filter schemes is hardly significant (making the return from the additional computational 

effort, an almost 50% increase, not commensurate). Results from several other 

experiments were quite similar leading to the conclusion that the four-filter scheme 

shown in Fig. 3.8 offers a good tradeoff between representation accuracy and latency 

minimization.  

In other simulations performed to support the above conclusion, we used a T1-

weighted MRI frame of size 128 x 128 and a “Cameraman” image of size 128 x 128. In 

each simulation, the local frequency was obtained by employing the present four Gabor 

filters scheme, as well as by employing 3 and 6 filters in the filter bank. Then, we 

computed the difference between the local frequency that is obtained by 4 Gabor filter 

scheme and the other schemes. Fig. 3.11 and Fig. 3.12 show the results of the two 

simulations. Apparently in both simulations, the four-filter scheme still presents a good 

tradeoff between the accuracy and the latency minimization.   
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Fig. 3.10. Results from processing a T2-weighted MRI frame. 

3.10a. Input image; 3.10b. Local frequency representation obtained by present scheme; 3.10c. Difference 
between local frequency representations obtained by present scheme and a three-filter scheme; 3.10d. 

Difference between local frequency representations obtained by present scheme and a six-filter scheme. 
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Fig. 3.11. Results from processing a T1-weighted MRI frame. 

3.11a. Input image; 3.11b. Local frequency representation obtained by present scheme; 3.11c. Difference 
between local frequency representations obtained by present scheme and a three-filter scheme; 3.11d. 

Difference between local frequency representations obtained by present scheme and a six-filter scheme. 
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Fig. 3.12. Results from processing a Cameraman image. 

3.12a. Input image; 3.12b. Local frequency representation obtained by present scheme; 3.12c. Difference 
between local frequency representations obtained by present scheme and a three-filter scheme; 3.12d. 

Difference between local frequency representations obtained by present scheme and a six-filter scheme. 
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3.4 Image Registration Based on Local Frequency Representation   

As noted before, local Frequency enjoys the following characteristics: 

It is relatively invariant to illumination change in the scene. This property gives LF 

superiority in processing the images for many applications since the local frequency, 

unlike the gradient, is relatively independent of signal contrast [96].   

 

Another superiority of local frequency is the capability of detecting the edges and the 

ridges in the image at the same time. Due to this property of local frequency, it is a 

perfect candidate to solve the problem of image registration, especially multi-modal 

medical image registration, because the ridges and the edges are common in the medical 

images. In general, to detect the edges and the ridges in an image, one typically needs an 

edge detector and a ridge detector [107] separately, but using local frequency can detect 

the edges and the ridges at the same time.  

 

One more advantage of the local frequency representation is that it is relatively 

insensitive to photometric deformations that result from changes in viewing direction, 

surface normal and lighting conditions. Therefore, it solves the problem of establishing 

correspondence between stereo images with high accuracy [108].  

 

Finally, local frequency can be extracted from a given image using systematic signal 

processing operations [97] and has good localization, which means that the local 

frequency is quiet faithful to the variations in the original signal [95].  
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These advantages of the local frequency provided the motivation to develop an 

algorithm based on local frequency representation of the image to solve the image 

registration problem. The developed algorithm depends on using the local frequency 

estimated by employing the algorithm proposed in Section 3.3.4 (Algorithm 3.1). Then, 

the local frequency representation is employed to extract control points from the image. 

After that, a matching algorithm is implemented to match these control points and to 

estimate the registration parameters. In addition to exploiting the advantages of local 

frequency, the proposed algorithm avoids the associated problems with feature-based 

image registration methods such as selecting the type of features, selecting an appropriate 

feature detection algorithm, and method of representation of the features. The next two 

sections will explain the employed strategies for extracting the control points and 

matching them. 

 

3.4.1 Control Points Extraction 

Solving the image registration problem using feature-based methods leads to the 

following questions, which are considered as sub-problems of the image registration 

problem: 

What are the useful features in the image that can be employed in solving the problem? 

What is the optimal algorithm to extract these features? 

And how to represent these features to be control points? 

Determining useful features in the image depends on the scene. In other words, the useful 

features in a scene that has homogenous regions such as lakes and fields are different 
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from the useful features in another scene that has roads and rivers. Moreover, the useful 

features in indoor scenes are different from outdoor scenes. The indoor features most 

likely include edges, corners and crossing points. Having identified the useful features in 

a scene, the extraction algorithm for these features will depend on the types of features. 

For example, the algorithm that can be employed to segment the homogenous regions 

(their centers are used as control points) in an image cannot be used to detect features 

such as roads. Also, the algorithm that can be used to detect roads cannot be used to 

detect corners and ridges. Therefore, the employed algorithm for feature extraction will 

depend on the scene under investigation. Also, some features such as lakes have many 

representations in the feature space, e.g. it can be represented by the center of gravity or 

by its contour, and one needs to decide which representation will be useful.   

Therefore, we have developed an algorithm to extract features (control points) 

without depending on the scene or the types of the features.  The proposed method is 

based on using the local frequency representation of the image to extract control points. 

Local frequency values of an image reflect the activities in the image scene and high 

values are associated with high activities in the image scene. High activities in the image 

scene occur where there exist features such as edges and ridges in the scene; therefore 

high values of the local frequency representation locate the useful features in the image. 

The control points are selected based on the values of the local frequency, which can be 

determined using a threshold or selecting the points that have higher local frequency 

values. Thus, we select the control points that are located at the most apparent activities 

in the image such as edges and ridges using the local frequency representation of the 
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image. Obtaining the control points by this approach avoids the problems of conventional 

feature extraction methods, since the control points do not depend on the structure in the 

scene and the method of selecting the control points is the same for all types of structures. 

The size of the control point set is determined such that the number of points is enough to 

capture features in both images and to establish matches between them. From many 

conducted experiments, the number of the control points varied from image to image 

according to the size of the image. In our experiments, we found the number of control 

points that is enough to capture features from the image and to establish matching varied 

from 50 to 300 according to the image size. Fig. 3.13a shows a “Cameraman” image and 

Fig. 3.13b shows the corresponding local frequency representations encoded as a gray-

scale image. The higher gray-scale values correspond to the higher local frequency values 

in the local frequency representation and vice versa. Fig. 3.13c shows the selected control 

points from using local frequency representation in Fig. 3.13b.  

 

3.4.2 Control Points Matching Algorithm 

Once the control points are selected for a pair of images, the correspondence problem 

between them has to be solved to estimate the registration parameters. While there exist 

many point matching procedures [109-116], we employed the algorithm presented by 

Gold et. al. [109]. This algorithm estimates the registration parameters and solves the 

correspondence problem by incorporating an optimization technique and an iterative 

correspondence assignment technique called “Softassign”, which is a general procedure 

for identifying the correspondence between two sets of points in space. The motivation  
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Fig. 3.13  (a) ”Cameraman” image., (b) the extracted local frequency representation using the proposed 
algorithm coded as a gray-scale image, (c)  the extracted control points using the proposed scheme. 
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for using this algorithm comes from its capability that it detects the outliers from matched 

pairs while at the same time solves the correspondence problem and estimates the 

transformation parameters. The algorithm minimizes the following objective function: 

 

2

1 1 1 1,
min ( , ) M N M N

ij i j iji j i jm A
E m A m X AY mα

= = = =
= − −∑ ∑ ∑ ∑                                                       (3.19) 

 

In Eq. 3.19, ijm denotes the correspondence variables that define the match matrix of 

dimension NM × . If ijm  is one, point i in image X and point j in image Y have 

correspondence, and if they do not correspond, ijm  equals zero. If a point in one image 

does not have correspondence, then it is discarded as an outlier. The second term with the 

multiplierα  biases Eq. 3.19 towards matches. It acts as a threshold error distance, 

indicating how far apart the two points must be before they may be treated as outliers. 

{ }iX and { }jY  are two 2-D point sets, related by the affine transformation X AY= . A is a 

3x3 2-D affine transformation matrix in the plane and defined by six parameters a,b,c,e, f, 

and g in the form 

 

0 0 1

a b c
A e f g

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

                                                                                                                                     (3.20) 
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These six parameters specify the translation, the scaling and the rotation in the plane. Eq. 

3.19 describes an optimization problem whose solution yields the transformation matrix, 

A.     

 

 Softassign 

For M image points in a set X and another N image points in a set Y, the correspondence 

between the two sets is given by an (M+1) x (N+1) assignment matrix m, where 0 ≤ ijm  ≤ 

1. The value of ijm  (1≤ i ≤M, 1 ≤ j ≤ N) determines how well the ith point in a set of 

points matches the jth point in the other set of points. At the beginning of the algorithm, 

all ijm  have the same values indicating that the correspondences between the two point 

sets are unknown (for example 0.1ijm =  i and j∀ ). The last row, M+1, and the last 

column, N+1, of the matching matrix, m , are the slack row and slack column, 

respectively. The slack variables receive large values when the corresponding point in a 

set doesn’t match any point in the other set, which means that the point is an outlier. The 

goal in this algorithm is to determine the matching matrix m ={ ijm } in a zero-one form to 

explicitly specify the matches between the two sets of points. The matching matrix 

satisfies the two way constraint that each point in one set matches at most one point in the 

other set and vice versa. Softassign algorithm can be summarized as follows: 

1- initialize m  by an arbitrary value 

2- update the matching matrix m  by iterative row and column normalization until m  

converges . The constraints of row and column normalization are  
1

ijo
ij N

ijj

m
m

m
=

←
∑

  , 
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1

ij
ij M

iji

m
m

m
=

←
∑

 , respectively. Here o
ijm  denotes the previous value of ijm  before the 

current iteration of normalization. The criterion for the convergence is 

11

M N o
ij iji j

m m ε
=

−∑ ∑ p  , where 1ε  is an arbitrarily small number. 

3-   update m  using  exp[ ]ij ijm qβ= , where q is updated using   

2
( )ij i j

ij

Eq X AY
m

α ∂
= − − − = −

∂
 and β  is initialized using oβ , an arbitrarily small 

value, and the following constraint holds 
1

1N
ijj

i m
=

∀ ≤∑ ,  
1

1M
iji

j m
=

∀ ≤∑ ,                         

and increased in every updating to q . 

The Softassign algorithm can be employed alone to solve the correspondence problem 

and fβ can be used to stop the algorithm, where fβ  is an arbitrary value such that 

f oβ βf  .  The slack variables are introduced from linear programming techniques and are 

determined using the following constraint   1

1
1N

ijj
i m+

=
∀ =∑ ,  1

1
1M

iji
j m+

=
∀ =∑ .                                  

  

Point pattern match algorithm summary: 

The point matching algorithm including the softassign algorithm can be summarized 

as follows: 

• Initialize the control parameters and matching matrix ijm including the stack 

variables. 

• Update the matching matrix using the Softassign algorithm. 
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• Update matrix A using Eq. 3.19. Updating the matrix A is achieved by minimizing 

the objective function, Eq. 3.19, with respect to A and assuming anything else is 

fixed as follows:    

        1( )( )T T
ij i j ij j j

i j i j

A m X Y m Y Y −= ∑∑ ∑∑                                                                      (3.21) 

• Update the control parameter β . 

• Iterate until convergence. The convergence criterion is   

 

2
o o os s t tθ θ ε− + − + − p . Where 2ε  is an arbitrarily small number. The , ,sθ and t  are 

the rotation angle, the scaling, and the translation parameters of the affine 

transformation respectively.   

After the algorithm converges, the transformation parameters are obtained from A.    

 

To summarize the proposed image registration algorithm, given two images and 

distortion (translation, scaling, rotation) between them, the local frequency representation 

is extracted for both images and the control points are selected. Finally, the matching 

algorithm is employed to solve the correspondence problem and to estimate the 

registration parameters. A brief description of the various steps is given below and a 

schematic overview of the algorithm is shown in Fig. 3.14.    

Algorithm 3.2 

1- Use Algorithm 3.1 to extract the local frequency representation of the input 

image. 



 94 
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Distorted image Reference image 

Local frequency 
representation 

Local frequency 
representation 

Control points 
selection 

Control points 
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Fig.3.14 Schematic overview of the proposed image 
registration algorithm. 

Registration parameters 
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2- Select a set of control points in each image based on the values of the local 

frequency representation for that image. 

3- Employ the matching algorithm to solve the correspondence problem and to 

estimate the registration parameters. 

  

3.5 Experimental Results 

In this section, we describe three different types of experiments. The first type of 

experiments is to evaluate the performance of the proposed algorithm in extracting the 

local frequency of different image modalities.  The second type of experiments is to 

evaluate the results of the proposed scheme for image registration.  The last part from 

experiments is to evaluate the efficiency of the proposed algorithm for image registration 

in dealing with images of different complexities.  

 

A number of experiments were conducted to evaluate the performance resulting from 

the present approach to extract local frequency representation from different types of 

image data and to establish its robustness to scene details. We also tested the performance 

resulting from the use of the present approach to image registration problems. For this 

purpose we conducted experiments on images that contain real objects, as well as, images 

that contain synthetic objects. Results from these experiments will be presented here to 

illustrate the strong points of the present approach. 

 Fig. 3.15 shows the results of an experiment where a number of images captured by 

sensors of different modalities were processed by the present algorithm. The images and 
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the corresponding local frequency representations formed by the algorithm are shown. 

The first of these images is an EO image, “Cameraman” image, of size 128 x 128. The 

corresponding local frequency representation is encoded in a gray-scale image and it is 

shown in first row in right column. The higher the gray-scale values, the higher the local 

frequency values in the local frequency representation and vice versa. 

From the local frequency representation shown, one can clearly see the activities in the 

EO image. In the middle row, the second image is a T1-weighted MRI image of size 128 

x 128, whose local frequency representation that is encoded as gray-scale image reflects 

all the edges and the ridges characterizing the image. In the third row, the image is a 

synthetic one containing a trapezoidal object with sharp edges. Once again, the local 

frequency representation that is shown in 3-D view clearly displays these edges, which 

are extracted perfectly by the algorithm. These results serve to illustrate the versatility of 

the approach used here to process images of different types and the robustness of the 

algorithm to variations in the scene.   
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Fig.3.15. Three different types of images and their corresponding local frequency representations formed 
by the present algorithm. Left column: Top –  EO  “Cameraman” image of size 128 x 128, Middle - T1-

weighted MRI image of size 128 x 128, Bottom - a synthetic image of size 128 x 128 containing a 
trapezoidal object. Right column: Top and middle - Gray- scale coding of the corresponding local 
frequency representations, Bottom - the corresponding local frequency representation in 3D view. 
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For demonstrating the accuracy of the local frequency representation and its utility in 

image registration, we conducted the following controlled experiments. In the first 

experiment, we used the 128 X 128 T1-weighted MRI frame shown in Fig. 3.16 as a 

reference image and we distorted it manually by known transformation parameters 

(rotation and translation along x- and y-directions) to create a second frame. The two 

frames are then registered by forming local frequency representations from the two 

images with the present algorithm (Algorithm 3.1), and implementing a point matching 

registration procedure. While there exists a number of specific algorithms in the literature 

that employ point matching ideas for registration [46,54], the registration performance 

resulting from these critically depend on the quality (accuracy) of the points that can be 

used for matching. This is indeed where the accuracy of the local frequency 

representation formed by our algorithm makes a major difference in the outcome of the 

registration process. From the local frequency representations obtained from the two 

frames (the reference and the distorted), we selected a set of points that have a significant 

local frequency magnitude. For the present experiment it was seen that about 200 points 

extracted from the local frequency representations were sufficient to capture the 

important features in order to establish the correspondence between the two images (the 

number of points to be chosen depends in general on the size of the images). Fig. 3.16 

shows the result of this step of the procedure, where the reference T1-weighted MRI 

frame is shown in Fig. 3.16a and the set of 200 control points extracted for matching 

from the local frequency representation is shown in Fig. 3.16b. 

 



 99 

 
 
 
 

 

 
 

(a) 

 

 
(b) 

 
Fig. 3.16. Extraction of control points for registration. 

a. Reference T1-weighted MRI frame; b. Extracted control points from the local frequency representations. 
 
 
 
 
 
 
 
 
 
 
 
Employing these 200 control points and implementing the point matching procedure 

given by Gold et al., [109], the registration problem could be solved with a high degree 

of accuracy.  Results of this experiment are summarized in Table 3.1, which shows the 

estimated transformation parameters (rotation φ , translation xT  and translation yT ) as 

well as the ground truth values of these parameters under Registration Experiment #1.   

To further highlight the local frequency extraction performance of our algorithm 

when applied to images from different modalities and its usefulness in accurately solving 

registration problems, a similar experiment was conducted with a 64 x 64 CT image 
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frame that was distorted with different transformation parameters. These frames were 

then used as inputs to our algorithm and 100 points with the higher magnitude values 

were selected from the local frequency representations in order to establish 

correspondence between the two frames. Fig. 3.17 shows the reference CT image frame 

and the 100 extracted control points.  The registration performance resulting from this 

selection of control points is summarized in Table 1 under Registration Experiment #2. 

The accuracy with which all registration parameters (rotation φ , translation xT  and 

translation yT ) have been estimated attests to the quality of the control points extracted 

for matching, which in turn confirms the accuracy of the local frequency representations 

formed by the present algorithm.    
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(a) 

 

 
(b) 

 
Fig. 3.17. Control point extraction for image registration. 

a. Reference CT image frame; b. 100 control points extracted. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3.2: Results of Registration Experiments 
 

 
Registration 
experiment # 

 

 
Registration parameters 

 
Ground truth data 

 
Estimated data 

Rotation 
 

2.0 o 2.02 o  
 

1 
 

Translation 
Tx                                Ty 
 

 
0.0                             4.0 

 
0.054                  4.117 

Rotation 
 

1.0 o 0.9 o  
 

2 Translation 
Tx                                Ty 
 

 
3.0                            -2.0 

 
2.97                   -2.006 
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Local frequency representation based registration of complex images 

While some efficient approaches to image registration have been developed lately, 

the registration algorithms resulting from these approaches generally remain application 

dependent and may require operator-assisted tuning for different images to achieve equal 

accuracy levels. In this section of the dissertation, we present the results of a few 

experiments in image registration using local frequency representation to demonstrate 

that the proposed algorithm offers scene-independent registration performance and is 

efficient for different scenes ranging from complex, highly-varying gray-scale images to 

simpler, low-varying gray-scale images. Experimental results reported here indicate that 

the proposed registration technique is accurate and yields promising results for the 

alignment and fusion of complex images. In short, the purpose of this part of the 

experiments is to confirm our claim that the local frequency representation can be used to 

register images regardless the complexity of the structure of the image, in contrast with 

other schemes in the literature, which are application dependent.   

 All the images considered in these experiments were obtained from a public database 

[130] to enable checking of the reported results. In order to create ground truth data with 

which the registration parameters estimated by the present algorithm could be compared 

for a quantitative evaluation, the original image frame in each case was distorted by a 

known affine transformation in order to obtain a second frame that was then registered 

with the first (undistorted) frame.   

In the first experiment, a “Cameraman” image was rotated by 4 o (using Matlab’s 

function “maketform” to resample the image based on bicubic interpolation), with respect 
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to the standard Cameraman image shown in Fig. 3.15, in order to obtain the distorted 

frame shown in Fig. 3.18. The Cameraman image is of size 128 x 128. Estimating the 

registration parameters (rotation angle, in this case) between the two images by the 

proposed algorithm occurs in three steps. First, we obtain the local frequency 

representations for the two images using the procedure outlined in Algorithm 3.1. Then a 

set of control points are selected from each local frequency representation for execution 

of the matching step by isolating points with higher local frequency values. For the 

images under consideration, it was found that a set of 200 control points extracted from 

each local frequency representation is enough to cover all principal features in the image, 

as well as, to ensure that there are adequate numbers of matching pairs to implement the 

matching algorithm. Determination of an appropriate number of control points is 

generally dependent on the activity within the image (and hence is image-dependent). 

However, in all experiments that were performed, matching sets containing about 300 

control points were found to be adequate to give reasonably accurate estimates of the 

registration parameters. It must be emphasized that selection of the least number of 

control points necessary for the specific image being processed is useful for minimizing 

the computational effort in the matching step. However, extracting a matching set that 

may have more than the required minimum number of points would eliminate user 

intervention and makes the registration process fully automatic for all considered images. 

In the third step, we apply the matching algorithm to establish correspondence between 

the two extracted sets and to estimate the transformation parameters at the same time. 

The estimated rotation angle in this experiment was 3.9o, which agrees with the ground 
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true value quite well. Fig. 3.18(b) shows the distorted frame in Fig. 3.18(a) after it is 

registered by the estimated parameters (i.e. de-rotated by 3.9o). 

Fig. 3.19 shows the results of an experiment performed with a different type of 

image. The original image, of size 256 x 256 and shown in Fig. 3.19(a), is distorted by 

scaling to 85% of the original and a rotation of 3o.  The resulting distorted image is then 

registered with the original frame. The estimated registration parameters by the present 

algorithm in this case are 3.1o for rotation and 0.85 for scaling. Fig. 3.19(b) shows the 

local frequency representation of the frame in Fig. 3.19(a), and the extracted control 

points for matching are shown in Fig. 3.19(c). The registered image after de-rotating by 

3.1o and prior to applying scaling is shown in Fig. 3.19(d). 

To increase the challenge to the present algorithm, two other experiments with 

remotely sensed earth data were conducted. Fig 3.20(a) shows a 256 x 256 image of part 

of a city that was scaled by a factor of 0.9 (and no rotation) to obtain a distorted image, 

which was then registered with the original frame. The estimated registration parameters 

obtained were 0.901 for scaling and 0.07o for rotation, which agree with the true value 

quite well. Fig. 3.20(b) shows the local frequency representation of the frame in Fig. 

3.20(a). Fig. 3.21(a) shows another frame of remote sensing data of size 256 x 256. A 

distorted image, shown in Fig. 3.21(b), was obtained by rotating this frame by 6o (and no 

scaling), which was then registered with the original frame.  The estimated registration 

parameters obtained were 6.01o for rotation and 1 for scaling.  The distorted image after 

de-rotation by 6.01o is shown in Fig. 3.21(c). 
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                                      (a)                                                                                               (b) 
 
 
 
 

 
 

 

Fig. 3.18 (a) Cameraman image has rotation angle 4 o with respect to standard Cameraman image. (b) 
Cameraman image in (a) after it is de-rotated by the recovered angle 3.9 o 
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                                                  (a)                                                              (b) 

 

  

 
 

                                                    (c)                                                                           (d) 
Fig. 3.19. (a) Original airplane image. (b). Local frequency representation.  (c). The selected control points 

from the local frequency representation. (d). Distorted image registered with image in (a) by applying 
3.1 0 de-rotation. 
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                                     (a)                                                                      (b) 

 

 
  

Fig. 3.20. (a) Aerial image of part of a city. (b) Local frequency representation for image in (a). 
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(a) 

     

     
(b) 

 
(c) 

Fig. 3.21. (a) Another aerial image of part of a city. (b) Distorted image by applying 6 o rotation to the 
reference image.   (c) The registered image obtained by applying 6.01o de-rotation to image in (b).  
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CHAPTER 4 

Extension of Local Frequency To Sub-Pixel Registration 

 

4.1 Introduction 

 Recently, local frequency representation (LFR) has been employed to solve the 

problem of image registration at the pixel level, and the algorithm presented in the last 

chapter provides a solution to this problem. In this chapter, we propose an extension of 

using the LFR to solve the problem of sub-pixel image registration. The proposed method 

is based on using the normalized cross-correlation between the local frequency 

representations derived from the pair of images.  A significant improvement in the 

accuracy of the results of the algorithm can be achieved using the so-called scaled local 

frequency representation (SLFR) of the image, instead of using LFR only. Scaled local 

frequency of an image is the local frequency representation of the image where the local 

frequency value at an individual spatial location is scaled by the image energy at that 

location. We evaluate the proposed algorithm using numerous experiments, some of 

which are reported here. These results indicate that SLF is superior to LF and yields 

comparable results as other state-of-the art sub-pixel image registration algorithms.   

 

4.2 Background and Motivations 

Image registration is an important preprocessing operation for the analysis and fusion  

of data in many applications. Pixel-level registration is adequate for many applications, 

however sub-pixel registration is essential for some important problems in biomedical 
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imaging and remote sensing. In this work, we assume that the images have pixel-level 

registration and we need to extend the accuracy of the registration to sub-pixel level. In 

addition, we assume that sub-pixel deformation between images is translation only. 

 

There are several approaches that have been investigated for solving the problem of 

sub-pixel registration. Most of the methods are based on some form of interpolation. 

Examples include intensity interpolation and phase correlation interpolation [117-119]. 

One commonly used method is based on the differential properties of the image 

[120,121] under an intensity conservation assumption between images [122]. This 

assumption sometimes is violated in real images. Other methods solved the problem by 

employing optimization techniques [123,124]. Again these methods are based on an 

intensity conservation assumption, which is violated if the luminance has changed 

between the images, or if the images are from different spectral bands. Recently, the 

authors in [125,126] extended the phase correlation (PC) method to sub-pixel 

registration. In a slightly modified procedure, the authors in [127, 128] used a gradient 

correlation (GC) method to solve the problem and they reported superior results than the 

phase correlation technique in a few experiments. The gradient correlation technique is 

based on the cross-correlation between the computed spatial gradients for the pair of 

images. In other words, the method is based on using correlation between salient features 

in both images, such as the horizontal and vertical gradients.     
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Motivated by these developments, we propose extension of the local frequency 

representation to solve the problem of sub-pixel image registration. The LFR is 

successfully used to solve the problem of pixel-level image registration [129,95]. 

However, using LFR to solve the problem of sub-pixel registration is not investigated yet 

in the image registration literature. The proposed technique is based on computing the 

phase correlation between the local frequency representations of images.   

 

All the advantages of local frequency representations make it a promising candidate in 

solving the problem of image registration. However, the results from the conducted 

experiments were not satisfactory when compared with the state-of-the art method, 

Foroosh’s method [125] that employs phase correlations between the images to be 

registered.     

 

The unsatisfactory results from directly using local frequency representations 

provided a motivation to improve the proposed scheme. The idea of improvement is 

based on using more information from the image in addition to the local frequency and its 

orientation in the representation of the image. The image energy at various spatial 

locations is used as this additional information. Which is used to construct the so-called 

scaled local frequency (SLF) of the image.  Then, the SLF representation is employed to 

solve the problem of sub-pixel image registration. The results of conducted experiments 

show that using SLF is superior to LF and offers results which compare favorably with 

Foroosh’s method.     
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4.3 Estimation of Local Frequency for Sub-Pixel Registration  

A practically efficient procedure for computing the local frequency representation of 

a given image was developed in Chapter 3. This procedure utilizes some important recent 

findings inspired by biological data (efficiency of the model human image code and 

orientation bandwidth of visual cortex cells) of splitting up the two-dimensional spatial 

frequency plane of a given image into 4 orientation bands, with orientation bandwidths of 

45 degrees (to cover the 2-D frequency plane of the image), in order to construct a multi-

channel filtering scheme. For the proposed sub-pixel image registration algorithm, we 

adapted the four-filter scheme presented in Section 3.2 to build a more efficient algorithm 

by including the orientation of the local frequency in addition to the magnitude of the 

local frequency to obtain more information about the image. Hence, the orientation and 

the magnitude of the local frequency are employed in one representation for the image. 

Algorithm 3.1 presented in Section 3.3.3 will be employed for this purpose with some 

modifications as follows:  

 

Consider the analytic signal in Eq. 3.14 represented in polar form as  

 

 ( )( ) ( ) ( , )( , ) | ( , ) | e
kk k j x yu x y u x y ψ= .                                                                                            (4.1)  

  

Then, the local frequency estimation in x  and y  directions, 
( ) ( , )k x y

x
ψ∂

∂
 , 

( ) ( , )k x y
y

ψ∂
∂

 ,  

can be obtained from the analytic signal ( )ku  , k=1,..,4,  without explicitly computing the 
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phase as follows: 
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k
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x u x y
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•
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=

∂
,                                                     

{ }( ) ( )( )

2( )

( , ) ( , ) /( , )

( , )

k kk

k

imag u x y u x y yx y
y u x y

ψ
•
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=

∂
,                                                             (4.2) 

where •  denotes the complex conjugate. 

 

Proof.  

 Consider the analytic signal ( )ku  in Eq. 4.1     

 

( )( ) ( ) ( ( , ))( , ) | ( , ) | e
kk k j x yu x y u x y ψ=         

Computing the partial derivative with respect to x 

 

( ) ( )
( ) ( ) ( )

( , ) ( ) ( , )( , ) | ( , ) | ( , )e | ( , ) |
k k

k k k
j x y k j x yu x y u x y x yu x y j e

x x x
ψ ψϕ∂ ∂ ∂

= +
∂ ∂ ∂

    

multiplying by  
( )( ( , ))kj x ye ψ−  and rearranging  

 

( )
( )( ) ( )

( ( , )) ( )
( , )( , ) ( , )( , )

k
kk k

j x y k
u x yu x y x ye u x y j

x x x
ψ ψ−

⎧ ⎫∂∂ ∂⎪ ⎪− =⎨ ⎬
∂ ∂ ∂⎪ ⎪⎩ ⎭

      

multiplying the left side by  
( )

( )

( , )

( , )

k

k

u x y

u x y
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Similarly we can prove 
( ) ( , )k x y

y
ψ∂

∂
. 

 

Having obtained the local frequency in both x-direction and y-direction for each filter 

Gk, k=1,..,4, we combine them in one complex representation to retain the magnitude and 

the orientation of the local frequency estimated by each filter Gk, k=1,..,4,   as   

 

( ) ( )
( ) ( , ) ( , )( , )

k k
k

o
x y x yx y j

x y
ψ ψ∂ ∂

Γ = +
∂ ∂

,                                                                             (4.3)                         

where 1j = − . It is easy to note that k
oΓ  gives the local frequency in the rectangular form 
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and hence includes both magnitude and orientation of the local frequency estimate. 

 

We then fuse the results of the four filters to construct one combined representation of the 

LF estimate, oΓ   using 

 

(1) (2) (3) (4)( , ) ( ( , ), ( , ), ( , ), ( , ))o o o o ox y fuse x y x y x y x yΓ = Γ Γ Γ Γ ,                                 (4.4) 

 

where the  fuse operator is defined by Eq. 3.18 in Algorithm 3.1. 

  

4.4 Sub-Pixel Estimation Based on Local Frequency  

Phase correlation (PC) is a computationally efficient method for translation 

estimation ( , )x y∆ ∆  between a pair of images sharing some mutual support. For a brief 

description of this method let 1( , )I x y and 2 ( , )I x y  be two given images and their mutual 

support satisfies the following equation: 

2 1( , ) ( , )I x y I x x y y= + ∆ + ∆ .                                                                                                 (4.5)  

Using the Fourier shift theorem, we have 

{ }2 22 ( , ) ( , )x yFFT I x x y y f ω ω
∧

+ ∆ + ∆ = ,    

                                  ( )
1( , ) x yj x y

x yf e ω ωω ω
∧

∆ + ∆=                                                                       (4.6) 

where { }1 1( , ) 2 ( , )x yf FFT I x yω ω
∧

=  and FFT2 stands for the fast Fourier transform in 2-D.   

The normalized cross power spectrum is then given by 
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where •  denotes the complex conjugate. Foroosh et al [125] show analytically how to 

compute the sub-pixel translation from Eq. 4.7.  

To employ Eq. 4.7 for obtaining the sub-pixel shifts between images using the LFR 

for both images, we obtain the fast Fourier transform of the local frequency 

representation for each image and compute the normalized cross power spectrum as      

 

2 1

2 1

( )2( ( , )) 2 ( ( , ))

2( ( , )) 2 ( ( , ))
x yo o j x y

o o

FFT x y FFT x y
e

FFT x y FFT x y
ω ω

•
∆ + ∆

•

Γ Γ
=

Γ Γ
                                                                      (4.8) 

 

where 
1oΓ  and 

2oΓ  are the local frequency representation for the images I1 and I2 , 

respectively.  The sub-pixel translations x∆  and y∆  can then be evaluated using routine 

calculations. 

 

4.4.1 Accuracy Evaluation of the Proposed Algorithm  

To evaluate the proposed algorithm, we conducted an experiment using “Aerial” 

image from [130]. The image is shown in Fig. 4.2. The experiment is conducted in two 

steps. The first step is to generate a ground truth data set and the second step is to use the 

ground truth data to evaluate the proposed algorithm.  
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Ground Truth 

In order to evaluate the accuracy of the proposed algorithm, we prepared ground truth 

using the scheme described below. The idea is to use a high-resolution image, I , and 

create down-sampled images of low-resolution. Creation of low-resolution images is 

accomplished in two steps as follows: 

 

Step 1: Convolve the image, I , with a Gaussian filter wGa  with kernel w . The function 

of the Gaussian filter is to reduce the aliasing in the down-sampled images. 

 

*ga wI Ga I=                                                                                                                    (4.9) 

where gaI  is the image I  after convolution. 

Step 2: Synthesize sub-pixel shifts by down-sampling gaI  by factor l  ( w l> ) in x-

direction and in y-direction. The down-sampled images are shifted with respect to each 

other by integer amounts xo and yo in the high- resolution grid.  After down sampling by 

factor of l  in each dimension, the relative shifts become sub-pixel shifts of size xo/ l and 

yo/ l , respectively.   

 

 Using “Aerial” image of 512 x 512 size and a down sampling factor 8l = , we 

synthesized a set of 64 testing images, { }64

1
_

i
down sampledi

I
=

 , of size 64 x 64. The 

synthesized sub-pixel shifts are (1/8;2/8;3/8;4/8;5/8;6/8;7/8).  We selected an arbitrary 

image _ rdown sampledI from the set of the synthesized images and we designated it as a 
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reference image for the rest of the image set.  Then, we used the proposed algorithm to 

estimate the sub-pixel shifts between the selected reference image and the rest of images 

in both x and y directions.  From the results, we computed the average of the absolute 

error of the estimated sub-pixel shifts for all images within the set relative to the 

reference according to 

 

1

1
2

n

i r i r
i

e dx dx dy dy
n =

= − + −∑ ,                                                                                   (4.10) 

where n is the cardinal number of the synthesized image set excluding the reference 

image, _ rdown sampledI , rdx and  rdy are the synthesized sub-pixel shifts between the images 

in x and y directions, respectively relative to the chosen reference (note that they take 

values from the set (1/8, 2/8, 3/8, 4/8, 5/8, 6/8,7/8)). idx  and idy  are the estimated sub-

pixel shifts between the reference image and image i in x and y directions, respectively. 

We plotted the results in Fig. 4.3 and we compared them with the results of the phase 

correlation (PC) method [125]. Investigating the graphs, the average of the absolute error 

of the estimated sub-pixel shifts using PC is much smaller than the average of the 

absolute error of the estimated sub-pixel shifts using LF representation.   
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Figure 4.1. “Aerial” image 
 
 
 
 
 

 
 

Figure 4.2. Comparison of the average of the absolute error for the estimated sub-pixel shifts using the 
proposed algorithm and the phase correlation algorithm. 

 
 

          LF 
  -+-   PC 
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4.5 Sub-Pixel Estimation Based on Scaled Local Frequency  

To further improve the accuracy of the proposed algorithm we incorporated 

additional information from the images in Eq. 4.8. in the form of image energy at 

individual spatial locations. The image energy with the local frequency representation 

defines the so-called scaled local frequency (SLF). The scaled local frequency in the x-

direction using the kth filter is defined by  

 

( )
( ) 2

( ) ( , )( , ) . ( , )
k

k
k

x
x yx y u x y

x
ψ∂

Ω =
∂

 

               = { }
( )

( ) ( , )( , )
k

k u x yimag u x y
x

•⎧ ⎫∂
⎨ ⎬

∂⎩ ⎭
,                                                                     (4.11) 

 

where 
( ) ( , )k x y

x
ψ∂

∂
 is the LF for the image at the spatial position ( , )x y  in the x-direction 

using the kth filter and ( ) 2
( , )

k

u x y is the energy of the image, ( ) ( , )kE x y , at the spatial 

position ( , )x y using the kth filter. Similarly scaled local frequency in the y-direction using 

the kth filter is defined by  
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 The scaled local frequency estimate formed by the kth filter can then be described in the 

rectangular form, as   

( ) ( ) ( )( , ) ( , ) ( , )k k k
x yx y x y j x yΩ = Ω + Ω .                                                                      (4.13) 

The scaled local frequency estimates from all the filters, ( )kΩ  , k=1,..,4, are then fused to 

construct one combined  scaled local frequency representation for the image,  Ω .   The 

fuse operator in Eq. 3.18 will be employed again using the scaled local frequency instead 

of the local frequency.  

 To employ SLF for an image to estimate the sub-pixel shifts, Eq. 4.8 will take the form   

 

( )2 1

2 1

2( ( , )) 2 ( ( , ))
2( ( , )) 2 ( ( , ))

x yj x yFFT x y FFT x y
e

FFT x y FFT x y
ω ω

•
∆ + ∆

•

Ω Ω
=

Ω Ω
  ,                                                                  (4.14) 

 

where 1Ω  and 2Ω  are the scaled local frequency representations for the two images I1 

and I2 , respectively.  

While an analytical proof that SLF is superior over LF (in solving the problem of sub-

pixel registration) is not possible, simulation studies can be used to justify the above 

selection.   

To show that SLF is superior to LF in dealing with the problem of sub-pixel image 

registration, we conducted again the previous experiment using “Aerial” image, but we 

used SLF representation to replace LF representation. Then, we estimated the absolute 

average error using Eq. 4.10. Fig. 4.3 shows the results of using SLF compared with 

results of using LF. Using SLF, the error is up to 30% lower. 
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Figure 4.3. Comparison of average of the absolute error for the estimated sub-pixel shifts using SLF 
representation and using LF representation. The units of absolute average error in pixels. 
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4.6 Experimental Results 

In order to evaluate the precision of the proposed algorithm, we prepared a controlled 

simulation using the scheme described in Section 4.3. The method involves using a single 

high-resolution image to represent the scene and use it to create a set of smaller size 

images such that there is known sub-pixel shifts between each pair of two images. Then 

we use the known sub-pixel shift as ground truth to compare with the estimated sub-pixel 

shifts by the proposed algorithms.  

We conducted two types of experiments to evaluate the proposed algorithms. In the 

first type of experiments, we compared the estimated sub-pixel shifts with the ground 

truth data by calculating the average absolute error. In the second type of experiments, we 

used the estimated sub-pixel shifts by the proposed algorithms to construct the super-

resolution image from the down- sampled images set. Then we calculated peak signal to 

noise ratio (PSNR) for each constructed image to evaluate quantitatively the proposed 

algorithms.     

 

4.6.1 Performance of LF and SLF Algorithms 

In the first two experiments, we compared the precision of the proposed algorithms. 

In the first experiment, we used “Lenna” image of size 512 x 512 to create the set of 

down-sampled images. Each down-sampled image is of size 64 x 64.  The ground truth 

data of sub-pixel shifts for each low-resolution image with respect to another low-

resolution image in the set comprises of  two values from (1/8, 2/8, 3/8, 4/8, 5/8, 6/8,7/8) 

for the x and y directions.  We selected one image from the low-resolution image set as a 
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reference image in estimating the sub-pixel shifts. Using Eq. 4.10, we calculated the 

absolute average error of the estimated sub-pixel shifts using the LF algorithm and then 

using the SLF algorithm.  The results of this experiment appear in Fig. 4.5. It can be seen 

that the result of the SLF algorithm is superior to the result from LF algorithm.       

In the second experiment we used “Plane” image of size 512 x 512 to create the low-

resolution images. The down sampling factor is 8 and the low-resolution image of size 64 

x 64.  Fig. 4.6 shows the results. Once again the average absolute error with use of  SLF 

algorithm is less than the average absolute error using the LF algorithm at all sub-pixel 

shifts. 
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Fig. 4.4. (a) “Lenna” image, (b) comparison of absolute average error of the estimated sub-pixel shifts 
using LF algorithm and using SLF algorithm. 

 
 
 
 

 
 

 

 
 
Fig. 4.5. (a) “Plane” image, (b) comparison of absolute average error of the estimated sub-pixel shifts using 

LF algorithm and using SLF algorithm. 
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Influence of noise on LF and SLF performances  

At the end, we conducted a different experiment to show the influence of noise on the 

performance of the SLF and LF algorithms in sub-pixel image registration. For this 

purpose, we synthesized sub-pixel shifts between set of images generated from “Man” 

image, Fig. 4.7, as before and we used the proposed algorithm to estimate these sub-pixel 

shifts. In the process of synthesizing, we added Gaussian noise with zero mean to the 

image “Man” before the down-sampling process. We added noise with different level 

values such that the signal-to-noise ratio (SNR) varies from (5 dB to 20 dB), where SNR 

(in dB) is defined by, 
2

2( ) 10log s

n

SNR dB σ
σ

=  ,s nσ σ  are the standard deviations for the 

signal (image) and the added noise, respectively. We then estimated the sub-pixel shifts 

by the developed algorithms and we computed the average of the error. Fig. 4.8 shows 

the computed average error against SNR. Obviously, performance of the SLF is better, 

however the error in the estimated sub-pixel shifts for both algorithms is decreasing with 

increasing in the SNR.    
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Fig. 4. 6   “Man” Image 
 
 
 
 

 
 
 

Fig.4.7 The average error vs. SNR 
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4.6.2 Comparison with Other Sub-pixel Registration Algorithms 

This section presents a comparison of the proposed algorithm with the GC algorithm 

[127] and the PC algorithm [125].  For this purpose, we conducted two types of 

experiments. In the first type of experiments, a set of low-resolution images is generated 

as described above in Section 4.3. Then, each algorithm is used to estimate the sub-pixel 

shifts between the images and the average absolute error is calculated for the results of 

each algorithm. Figure 4.9 shows the results for both “Lenna” and “Plane” images. The 

performance of the proposed algorithm is comparable with the performance of PC and is 

better than the performance of GC.   
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(a) 

 
(b) 

 
Fig. 4.8. (a) Using “Lenna” image, a comparison of absolute average error of the estimated sub-pixel shifts 
using PC, GC, and SLF algorithms. (b) Using “Plane” image, a comparison of absolute average error of the 

estimated sub-pixel shifts using PC, GC, and SLF algorithms. 
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4.7 Super-Resolution Imaging.  

In all image-based systems the demand for high-resolution images is gradually 

increasing. However, in many imaging systems, the quality of image resolution is limited 

by physical constraints.  The imaging systems yield aliased and under-sampled images if 

their detector array is not sufficiently dense. Digital image processing approaches have 

been investigated to reconstruct a high-resolution image from aliased low-resolution 

images. Super-resolution is defined as the processing of an image so as to recover object 

information from beyond the spatial frequency bandwidth of the optical system that 

formed the image. Super-resolution is an essential operation for performing better 

diagnosis in medical applications and is necessary for surveillance and observation 

systems. Super-resolution is accomplished by using multi-frames for the same scene with 

sub-pixel shifts between them. The task of registration techniques in super-resolution 

imaging is to estimate the sub-pixel shifts between those frames of the scene, so that the 

high-resolution frame can be reconstructed by summing the low-resolution frames. 

 

4.7.1 Importance of Sub-Pixel Estimation to Super-Resolution Imaging 

It is known that a high-resolution image can be estimated from a sequence of low- 

resolution frames with sub-pixel motion between them. These frames are captured by 

mounting an imager on a moving or a vibrating platform (uncontrolled microscanning). 

Thus, estimating the sub-pixel shift between the frames is an essential step towards 

implementing super-resolution algorithms. This is obvious by investigating the model in 

Eq. 4.15, where all the matrices are known except the matrix kF , which stands for the 



 131

geometric warp operation that exists between the low resolution images { }
1

N

k k
Y

=
. So, 

implementing an algorithm for super-resolution and using the proposed algorithm for 

estimating the sub-pixel registration  parameters in order to compute kF is the goal in this 

section. 

 

4.7.2 Super-Resolution Imaging Model  

In this section, we briefly present the super-resolution model. Given N measured 

images, { }
1

N

k k
Y

=
, for the same scene such that there exist sub-pixel shifts between each 

pair of  images. These images are employed to form a single high-resolution image, 

denoted as X . The images with low resolution and the high resolution image are related 

by the following equation 

k k k k kY D H F X V= +   ,   1,...,k N=  ,                                                                            (4.15) 

where the matrix kD  stands for the decimation operation, representing the reduction of 

the observed pixels in the low resolution images. The matrix kH is the blurring matrix, 

representing the point spread function (PSF) of the camera. The matrix kF stands for the 

geometric warp operation that exists between the high-resolution image vector X  and the 

interpolated version of the low-resolution image vector kY . The vectors { }
1

N

k k
V

=
 represent 

Gaussian additive noise with zero mean and the auto-correlation matrix given by 

{ }T
kkE V V . In most applications the noise is assumed to be white, which means that 
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{ } 2T
kkE V V Iσ= . 

In fact, the problem of super-resolution reconstruction from summing multiple frames 

was first addressed in the literature by Tsai and Huang [131] and since then the problem 

is well known and extensively treated in the literature [132 - 141]. The problem is known 

to be an inverse problem, where an unknown image is to be reconstructed, given low-

resolution images related to it through linear operators and additive noise as shown in the 

above model. In our work, we adopted the algorithm given by [134] to reconstruct the 

high-resolution image from given low-resolution images in order to evaluate the 

proposed sub-pixel image registration. The employed super-resolution reconstruction 

algorithm assumes that the blur is space-invariant and is the same for all measured low-

resolution images, the geometric warps between the low-resolution images are pure 

translations, and the additive noise is white. The algorithm can be briefly outlined as 

follows: 

 

4.7.3 Fast Super-Resolution Image Reconstruction Algorithm 

The Maximum-likelihood estimation of X  can be obtained through the following 

least squares expression 

^
1

1

[ ] [ ]
N

T
k k k k k k k k k

X k

X Arg Min Y D H F X W Y D H F X−

=

⎧ ⎫= − −⎨ ⎬
⎩ ⎭
∑                                            

(4.16) 

Taking the first derivative  of  the objective function in Eq. 4.16  with respect to X  and 

equating to zero yields 
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^

R X P=                                                                                                                        (4.17)  

 where 
1

N
T T T T

k k k k k k k
k

R F H D W D H F−

=

= ∑    and  1

1

N
T T T

kk k k k
k

P F H D W Y−

=

= ∑ . 

Solving  
^

R X P=  directly is not practically possible due to its size. For example, if the 

size of image 
^

X  is 100 x 100 pixels, the matrix R is of size 10000 x 10000, which 

requires huge memory consumption. Another approach to solve for 
^

X  is using iterative 

methods. One common and simple method is using the steepest descent (SD) algorithm. 

Using the SD algorithm, 
^

X  is estimated as following 

 

^ ^ ^

1 [ ]j j jX X P R Xµ+ = + − ,                                                                                            (4.18) 

where 
^

0X  is any initialization vector.   

The algorithm assumes the following properties. 

1) The decimation operations are assumed to be the same, i.e. , kk D D∀ =  

2) The blur operations are assumed to be the same,  i. e.  , kk H H∀ = . Moreover, H 

is assumed to be block circulant, representing a linear space invariant blur. 

3) All the warp operations are pure translations. 

4) The additive noise is white and is the same for all the measurements, i. e. 

2, kk W Iσ∀ =  

Using these assumptions, the updating equation in Eq. 4. 18 can be rewritten as   
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^ ^ ^

1
1

[ ]
N

T T T
j j k jk k

k
X X F H D Y DHF Xµ+

=

= + −∑   .                                                              (4.19) 

Exploiting the fact that block circulating matrices commute yields that T T T T
k kF H H F=  

and k kHF F H= , and hence Eq. 4.19 becomes 

^ ^ ^

1
1

[ ]
N

T T T
j j k jk k

k
X X H F D Y DF H Xµ+

=

= + −∑  .                                                              (4.20) 

Multiply both sides by  H  and define 
^ ^

j jZ H X=  to obtain the updating equation 

^ ^ ^

1
1

[ ]
N

T T T
j j k jk k

k
Z Z HH F D Y DF Zµ+

=

= + −∑                                                                    (4.21) 

^ ^ ~ ^~

1 [ ]T
j j jZ Z HH P R Zµ+ = + − ,                                                                                       (4.22) 

 where 
~

1

N
T T

kk
k

P F D Y
=

= ∑  and 
~

1

N
T T

k k
k

R F D DF
=

= ∑ .                                     

Assuming that we somewhat found 
^

Z ∞  from  Eq 4.22, then we must apply an image 

restoration process in order to remove the effect of the blur  matrix H , this is based on  

^ ^

Z H X∞ ∞=  and then we get 
^

X ∞ . More details on this reconstruction algorithm can be 

found in [134]. 

 

4.8 Experimental Results 

The goal in this part of the experiments, is to measure the performance of the 

proposed sub-pixel estimation algorithms quantitatively in super-resolution 

reconstruction. For this purpose, we implemented the super-resolution reconstruction 
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algorithm outlined in the previous section. We used a set of low-resolution images 

obtained from “Lenna” and we conducted two experiments. In one experiment, we used 

the LF algorithm to estimate the sub-pixel shifts in the super-resolution reconstruction 

algorithm. In the second experiment, we used the SLF algorithm to replace the LF 

algorithm to estimate the sub-pixel shifts. Having obtained the super-resolution image in 

both experiments, we calculated PSNR in dB for each super-resolution reconstructed 

image. PSNR is defined by  

 

PSNR
2

10 2^

255 .10 log N

I I

⎧ ⎫
⎪ ⎪⎪ ⎪= ⎨ ⎬
⎪ ⎪−⎪ ⎪⎩ ⎭

  ,                                                                                      (4.23) 

where N is the total number of pixels in the high-resolution image; 
^
I and I are the 

reconstructed super-resolution image and the original high-resolution image, respectively. 

The norm 
^
I I−  is defined as 

^ ^
2

,

( ( , ) ( , ))
i j N

I I I i j I i j
∈

− = −∑ . The calculated PSNR 

using the LF algorithm to estimate the sub-pixel shifts is 23.6642 dB, while PSNR is 

25.6309 dB using the SLF algorithm. 

Similar to this experiment with the “Lenna” image, we used the low-resolution 

images obtained from down-sampling the “Plane” image, and we reconstructed the super-

resolution image by using both LF and SLF algorithms. PSNR was 28.3430 dB with LF 

and 29.4804 dB when the SLF algorithm replaced the LF algorithm. Table 4.1 shows the 
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results of calculating PSNR from the two experiments with “Lenna” image and “Plane” 

image. 

Table 4.1 PSNR of the reconstructed image using LF to estimate the sub-pixel shifts and using SLF to 
estimate sub-pixel shifts. 
 PSNR(dB) 

LF 
 

PSNR(dB) 
SLF 

Lenna Image 23.6642 25.6309 
Plane Image 28.3430 29.4804 
  
 

For visual comparison, the reconstructed super-resolution images in the above 

experiments are shown in Fig. 4.9 and Fig. 4.10 for the “Lenna” and “Plane” images, 

respectively. For comparison, an upsampled image obtained by using a bicubic 

interpolation of the selected reference low-resolution images in both experiments are 

shown in Figs. 4.10(a) and 4.11(a). 
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(a) 

 
 

 
(b) 

 
 

 
(c) 

 
Fig. 4.9. Results of  “Lenna” image.  (a) A bicubic interpolation image, (b) the result of reconstruction 

based on using LF sub-pixel shifts estimation, (c) the result of reconstruction based on using SLF sub-pixel 
shifts estimation. 
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(a) 

 
(b) 

 
(c) 

Fig. 4.10. Results of “Plane” image.  (a) A bicubic interpolation image, (b) the result of reconstruction 
based on using LF sub-pixel shifts estimation, (c)the result of reconstruction based on using SLF sub-pixel 

shifts estimation 
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CHAPTER 5 

Multi-Modal Image Registration  

 

5.1 Introduction 

 While some efficient procedures have been developed lately, the registration of 

images acquired from sensors operating in different modalities is still a challenging 

problem. In general, such images have different gray level characteristics and the features 

in the two images to be registered are often not well preserved, rendering registration 

techniques such as those based on feature extraction and area correlation generally not 

efficient, and hence not feasible in all cases. In this dissertation, we propose a new 

algorithm for multi-sensor image registration based on the local frequency representation 

of the images together with image representation by Computer-Aided Design (CAD) 

models that permit use of region-of-interest-to-region-of-interest, ROI-to-ROI, space to 

solve the image registration problem (instead of relying only on the captured images to 

solve image registration problem using image-to-image space). The key point underlying 

the proposed approach is the employment of local frequency representations of images 

where CAD models are used to replace objects in the scene in order to efficiently 

determine sets of matching points from the images to be registered, which in turn enables 

obtaining correspondence between these sets for estimating the transformation 

parameters. Performance evaluation results reported here indicate that the proposed 

technique is robust and yields promising results for multi-modal image registration. 
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5.2    Background and Motivations 

 In many image-based systems, it is necessary to use many sensors operating in 

different modalities to improve the reliability of the overall system. The information 

captured by sensors of different types are inherently different and have different gray 

level characteristics, thus accentuating the registration problem [89]. Although a number 

of new registration algorithms have been developed in the recent past, they typically 

encounter difficulties in accurately registering images acquired from different sensing 

modalities on a consistent basis [90].  Among some recent attempts made at multi-sensor 

registration, one may cite the use of the point matching algorithm in [91] to register 

electro-optical (EO) and infrared (IR) images. The work reported in [90, 92] uses 

contours instead of features, but this method works only with image pairs in which the 

contour information is preserved. An alternate approach in [89] uses segments to form 

matching triangles, and the registration method is based on the assumption that the only 

segment-related invariant and robust characteristic between the two images to be 

registered is the straight line defined by the segment. 

Modeling the content of images from using models of objects is a topic that is 

receiving a lot of attention at present by researchers in image analysis [142-147]. 

Especially useful in this task are Computer-Aided Design (CAD) models of man-made 

objects such as buildings, tanks, and trucks. For image registration, such models can 

provide a mechanism for image-to-ROI space transformations and ROI-to-ROI space 

transformations rather than relying on image-to-image space transformations only [148].  

In this dissertation, we shall develop a new multi-sensor image registration algorithm that 
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combines the capabilities resulting from employing CAD models with the local 

frequency extracted from the images to be registered. The use of local frequency for 

multi-modal image representation is motivated by the fact that it is relatively robust to 

gray level changes and can reliably detect the edges and ridges simultaneously in the 

various images. Results from several performance evaluation experiments are included to 

illustrate the capabilities of the algorithm in registering imagery data acquired from 

multiple diverse sensors.  

  

 5.3   Motivations for Using Region-of-Interest Space Transformations 

Before exploring the motivations behind using what is called ROI-to-ROI space, first 

we need to introduce the following definitions. 

-Image space of a scene. It is the 2D image for that scene (e.g. Electro-optical image and 

IR image).   Fig. 5.1(a) shows the image space for a scene.  

-ROI  space of a scene. It is the 2D image that is generated from the image space for that 

scene by a high-level segmentation of selected object(s) in the scene and by eliminating 

all of the background. ROI space contains only selected object(s) from the image space. 

Fig. 5.1(b) shows an example for ROI space generated from the image space in Fig. 

5.1(a).  

-Image representation of CAD model. It is the 2D image of the CAD model for a specific 

object. Fig. 5.2 shows the image representation of the CAD model for a car.   

In the approach that will be proposed for segmentation, the image of CAD model will be 

used to replace the ROI after the CAD model is successfully aligned to the object’s ROI 
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and its pose is recovered. The reasons and the details will be given below. Fig. 5.3 shows 

a scene captured by an IR sensor and the corresponding ROI space using image of a CAD 

model for a car in the scene after the alignment and recovering the pose. 

 

  

 

 

 

 

 

 

    

1(a) 

 

1(b) 

 

Fig.5.1. (a)Image space. 1(b) The object space corresponding to image space in 5.1(a). 
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Fig. 5.2 The image representation generated from the CAD model with a specific pose. 

 

 

 
  

                               (a)                                                                                                   (b) 

Fig. 5.3. (a) IR image of a real scene, image space. (b) The corresponding ROI space  contains  the car in 
the IR image space. 
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It should be noted that, extensive research performed during the past decade has 

given rise to many image registration techniques. However, no algorithm provides a 

satisfactory level of performance for accurately registering images acquired from diverse 

sensors consistently. This is due to the fact that the gray levels or texture characteristics 

of data captured by different types of sensors do not necessarily match well. Thus, the 

features extracted from these images are often not well preserved, rendering registration 

techniques such as those based on feature extraction and area correlation generally not 

efficient, and hence not feasible to use in all scenes. However, many of the scenes that 

are imaged include several man-made objects, such as buildings, trucks, cars, and tanks. 

Fig. 5.4 shows some illustrative real images that do not include clear features for 

registration, but contain certain man-made objects (such as a truck or a tank, etc.).   

 

Fortunately more recently, successful image analysis algorithms to recover man-

made objects from the images based on using CAD models for these objects are being 

developed for applications in object recognition and computer vision. These techniques 

enjoy a certain degree of robustness in recovering objects even when the features of the 

objects present in the different images are not identical, as in the case of images acquired 

from different kinds of sensors such as IR, LADAR, MMW, and CCD [142-147,151]. 

Use of this idea for image registration will be the primary focus of this paper.   

Employing the image representation for the CAD model that is aligned to the object 

in the scene and has its pose, provides a mechanism for employing the ROI image space 

to solve the correspondence problem, and to estimate the parameters defining image-to-
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image registration.  In fact, to solve the registration problem between two images, we can 

use the two images in three different ways as follows:  

1) Image Space to Image Space (image-to-image), by using the image space.   

2) ROI Space to ROI Space (ROI-to-ROI), by generating the corresponding ROI images 

and then using them to solve the image registration problem. 

3) Image Space to ROI Space, by using the image space of one of the two images against 

the ROI space of the other image to solve the image registration problem.  

Fig. 5.5 illustrates the possible combinations between the image space and the ROI space 

to solve the image registration problem. The arrows indicate which pair of images can be 

used to solve the problem.    
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5.4(a) 

 

5.4(b) 

5.4(c) 

 

5.4(d) 

 

5.4(e) 

 

5.4(f) 

 

Figs. 5.4(a) and 5.4(b) LADAR  and FLIR images for the same scene. 5.4(c) LADAR  and 5.4(d) EO for 
the same scene, 5.4(e) FLIR,  and  5.4(f) EO different scenes. Illustrative images acquired by different 

sensors and contain man-made objects.((a)-(d) from [144].   
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Space    
(A) 

Image  
Space 
(B) 

ROI  
Space 
(A) 

ROI 
Space 
(B) 

Image-to-image space 

ROI-to-ROI space 

Image-to-ROI space Image-to-ROI space 

Fig5.5. Employing the image space and the ROI 
space to solve the image registration problem. 
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Given an image, using image of the CAD model to construct the corresponding ROI 

image space of that image has many advantages. It overcomes the lack of feature 

consistency in images acquired by different types of sensors. Of particular relevance to 

our work is the possibility it presents for estimating the registration parameters between 

the ROIs extracted from the images to be registered. We may note that since the 

registration process can now attempt to estimate the correspondence between the ROIs 

(and not the original images themselves), the procedure can be applied with the same 

efficiency irrespective of the imaging modality used to acquire the image. Performance 

evaluation results given later in this paper provide confirmation of this basic idea. Fig. 

5.6(a) shows the image representation of a CAD model for a truck that can be used to 

model the object present in the scene depicted in Fig. 5.4(a) to construct the ROI space. 

Similarly, Fig. 5.6(b) shows the image of a CAD model of a tank that can be used to 

replace the object in Fig. 5.4(b) to construct the ROI space. 

 

5.3.1 Region-of-Interest Space Using Image Representation of CAD Model  

To obtain the image representation of CAD model, first we need to solve the problem 

of simultaneous pose and alignment determination of CAD model to the corresponding 

object in the scene. This is an old problem in the literature, specifically for the computer 

vision community and model-based automatic target detection (ATR) community [143, 

149, 150, 151]. It can be defined as follows: given 3D set of points, CAD model, and its 

2D image and we need simultaneously to determine the alignment and the pose of the 3D 

points to its 2D image. 
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                                                             5.6(a)      5.6(b) 

 

 

 

 

 
Figs. 5.6(a) and 5.6(b): CAD model images for a truck  

and a tank. 
 

 

 

 

 

 

  

Solving this problem depends on the application [144,147,151]. In [151], the authors 

used the general pattern theory to detect, to track, and to classify the targets in a unified 

process.  They used synthesized templates from CAD models of targets to match the 

measured data and through certain geometric transformations they determine the 

orientations and the positions of the target.  Their work is guided by Jump-diffusion 

processes, which provide the dynamic flexibility to accommodate higher and lower 

complexity scenes. Jump-diffusion processes provide a mathematical foundation for a 

sequential detection and computationally efficient target hypothesis during recognition.     
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5.4 Local Frequency Estimation of Region-of-Interest Image 

While using image representation of CAD models of the objects present in the images 

provides a mechanism for obtaining ROI-to-ROI space transformation, estimation of the 

required transformation parameters will require determining a set of points extracted 

from each image to be used for matching purposes. Use of the local frequency 

representation can significantly aid in this process. To estimate the local frequency of an 

CAD model image, Algorithm 3.1 will be employed for this purpose such that the input 

image for the algorithm it will be the CAD image.    

For illustration purpose, Fig. 5.7 shows the gray levels coding for the local frequency 

representations for the images shown in Fig. 5.6. The brighter pixels reflect higher local 

frequency values and vice versa.  

        

5.5.Matching the Local Frequency Representation 

Having obtained the local frequency representations of a pair of ROI images, we 

selected a set of control points. We select the size of the control points set such that the 

selected number of points are enough to capture features in the pair of images and to 

establish the matching between them. To determine the control points, we select the 

points with higher local frequency values. For this purpose, we have conducted many 

experiments to study the relation between the number of points and the extracted features 

from an image. Figs. 5.9-5.11 Show the results from different objects shown in Fig. 5.8.    
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Fig. 5.7. Gray levels coding of Local frequency representation for the images in Fig. 5.6. 
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                                                                    (a) 
 
 
 

 
 
                                                                   (b) 
 
 
 
 

 
                                                                  
                                                                 (c) 
 
 
         
 

Fig. 5.8 CAD model images. (a) Car, (b) tank, (c) truck. 
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Fig. 5.9 shows different number of extracted control points from local frequency estimation of CAD model 

image in Fig. 5.8(a). 
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Fig. 5.10 shows different number of extracted control points from local frequency estimation of CAD 

model image in Fig. 5.8(b). 
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Fig. 5.11 shows different number of extracted control points from local frequency estimation of CAD 

model image in Fig. 5.8(c). 
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Once the control points are selected for a pair of object CAD images, the correspondence 

problem between them has to be solved. For this purpose, we have employed Algorithm 

3.2 in Chapter 3. Fig. 5.12 shows a schematic diagram of the proposed registration 

algorithm . 
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Fig. 5.12 Schematic overview of the 
proposed algorithm. 
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5.6 Experimental Results 

In this section, from many conducted experiments to evaluate the proposed technique, 

we provide two illustrative results for registration real images. The images and the CAD 

models used in the experiments are from public databases. In the first experiment, Figs. 

5.13(a) and 5.13(b) shows two images of size 256 × 256 for real scene. The two images 

captured by electro-optical (EO) and infrared (IR) sensors, respectively. The registration 

parameters between the two images are unknown.  Estimating registration parameters 

using the image space directly might not possible since the features of the scene in both 

images are not consistent due to the difference in the working principles of the sensors. 

However, the scene contains man-made objects such as the truck indicated by the arrow 

in the images. The Truck is man-made object and its corresponding CAD model is 

available, which can be aligned to this truck and recovers its pose. Having aligned CAD 

model to the truck in the images, we can exploit this aspect by using image representation 

of these aligned CAD models to establish the ROI-to-ROI space transformation in order 

to solve the registration problem as shown in Figs. 5.13(c) and 5.13(d). Figs. 5.13(c) and 

5.13(d) show the corresponding ROI space images for image space in Figs. 5.13(a) and 

5.13(b), respectively. We have to say here that for image registration there is a general 

assumption that the pair of images used to recover the registration parameters has been 

captured with the same viewing angle to the scene.  This means that the objects in the 

pair of images have the same viewing angle with respect to the capturing sensors and 

hence no chance to see the same object in the two images from two different viewing 
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angles. So, the object space images using the image representation for CAD model have 

the same object CAD model image but there exist mis-registration between them.     

Having obtained the object space images, we estimate the local frequency 

representations for these object images using the procedure outlined in Section 5.4. In 

order to perform the matching, we select a set of points that are the higher values for the 

local frequency estimation.  In our experiments, we selected 200 points for each object to 

cover most of the features for that object and also to establish the matching. Then the 

matching algorithm in Section 3.4.2 (Algorithm 3.2) has been applied to solve 

correspondence problem to estimate the transformation parameters at the same time. 

Using the proposed technique, the recovered registration scaling was 0.62 and the 

translations are 0.01pixel and 69.37 pixel in x and y directions, respectively. To evaluate 

the results of proposed technique, we registered the two images by the estimated 

parameters and then averaging the summation is used to fuse the two images. The result 

of the fusion is shown in Fig. 5.13(e). Apparently, the two images are aligned quite well 

which reflects the accuracy of the proposed technique.  

In another experiment, Figs. 5.14(a) and 5.14(b) show a pair of images for a real field, 

the images are captured by EO and IR sensors, respectively. Also, here the registration 

parameters are unknown.   Due to the features in IR image are not clear as in EO image, 

recovering the registration parameters using these images directly is not easy and might 

not be possible. So, we applied our algorithm to estimate the registration parameters after 

constructing the object space images by using a suitable CAD model for the tank, which 

is indicated by the arrow, in the scene with alignment and pose recovering process. The 
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estimated registration parameters are then used to register the two images for fusion 

purpose. Using the average fusion approach, the result in fused image is shown in Fig. 

5.14(c). Again, the result of the fusion using the estimated parameters emphasized the 

accuracy of the proposed technique.  
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                                                              (e) 

Fig. 5.13.  (a) and (b) are EO and IR images respectively, (c) and (d) are the corresponding object space 
images for a truck in the scene, (e) the fused image using IR and EO images after registration by the 

proposed technique. 
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Fig. 5.14. (a) and (b) are EO and IR images respectively, (c) the result image of fusing EO and IR images 
after registration by the proposed technique. 
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CHAPTER 6 

Conclusions 

 

This chapter briefly summarizes the results presented in the dissertation and outlines 

some directions for further research.  

 

6.1 Summary of Contributions 

The first contribution of this dissertation is a novel algorithm for the estimation of the 

local frequency representation of a given image. The algorithm attempts to retain a high 

level of representation accuracy while minimizing the latency of the Gabor filter bank, 

which in turn ensures computational efficiency making it ideally suited for the 

registration and fusion of images. Results from various performance evaluation 

experiments reported in this dissertation confirm the versatility of the present algorithm 

to handle images acquired from different modality sensors and its robustness to variations 

in the scenes. 

  

Employing local frequency representation offers a promising approach for solving 

image registration problems. For this reason, the dissertation introduced a new algorithm 

to solve the image registration problem. The developed algorithm employs the local 

frequency representation of the image to extract control points to solve the registration by 

matching the control points.   
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Results presented in this dissertation demonstrate that the developed technique can be 

efficiently utilized to register diverse images with differing complexity levels and that the 

algorithm is quite robust to scene details. The present algorithm enables one to obtain a 

fully automatic approach for image registration and hence can find many applications in 

image registration, sensor fusion, object recognition, and detection and tracking of 

surveillance targets. 

 

The third contribution of this dissertation is introducing an extension of using local 

frequency representation of the image to solve the problem of sub-pixel image 

registration. The proposed approach is based on using the normalized cross-power 

spectrum of the local frequency representation of the images. The local frequency 

representation is presented in vector form by including the orientation of the local 

frequency in addition to the magnitude in order to enhance the correlation.  Further, to 

improve the results of the approach, we employed scaled local frequency to replace local 

frequency. The experimental results show that using scaled local frequency is superior to 

using local frequency.     

 

As the fourth and the last contribution in the dissertation, we introduce a novel 

algorithm to solve the problem of registration between multi-modal images. The 

proposed algorithm is based on using a CAD model to replace a man-made object in the 

scene of the image and then using the local frequency representation of the CAD model 

to solve the registration problem by matching the regions-of-interest corresponding to the 
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object extracted from the images.  Employing the image representation of CAD models 

for facilitating use of region-of-interest-to-region-of-interest space transformation is a 

promising approach for solving image registration problems, particularly when the 

images to be registered come from different sensing modalities and hence have 

significant gray scale differences. Using the local frequency representation of the object 

space data in generating matching points proved to be quite successful. In addition, the 

conversion of the given images to be registered to region-of-interest space prior to 

extraction of matching points makes the process robust to scene details. The algorithm 

hence can find many applications in multi-sensor image registration, multi-sensor fusion, 

and multi-sensor target tracking.  

 

6.2 Some Directions for Further Work 

Local frequency representation was employed to solve pixel level and sub-pixel level 

registration problems. However, because of the numerous advantages enjoyed by the 

local frequency representation of an image, it can be employed to replace the direct 

image in many other tasks. In particular, local frequency of an image can be employed 

for tasks such as target detection, target tracking, detection and extraction of features for 

image fusion.   

 

For pixel-level registration, the performance of the proposed algorithm depends on 

the accuracy of the matching algorithm selected to match the control points extracted. To 

reduce the dependency on the matching algorithm, we can introduce employing the 
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corresponding values of the local frequency at the control points in addition to the 

coordinates of the control points. This step may reduce the dependency on the matching 

algorithm because there is another source of matching. 

   

Also, despite the good performance demonstrated by the proposed sub-pixel 

registration algorithm in Chapter 4, the sub-pixel registration problem is still a 

challenging one. In general, it is known that the performance of the various algorithms 

available for this problem offer non-uniform performance when applied to different types 

of scenes (high spatial activity scenes vs. scenes where the level of activity is not 

significant) and different amounts of sub-pixel shifts. One may hence conjecture selection 

of an appropriate algorithm based on classifying the images according to the spatial 

activity present and their frequency content. To facilitate such a selection process, one 

needs to perform an exhaustive study of different scene patterns and conducting 

registration experiments with different amounts of sub-pixel shifts introduced into these 

images.   
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