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Abstract

Free-Space Optical (FSO) communication through the terrestrial atmospheric channel

may offer many benefits in the wireless communications arena, like very high power

efficiency; suitability for secure communications; absence of electromagnetic interfer-

ence; and potentially very high bandwidth, to name a few. An optical beam propa-

gating through the atmosphere is subject to optical turbulence. Optical turbulence

is a random process that distorts the intensity and phase structure of a propagating

optical beam and induces a varying signal at the receiver of an FSO communication

link. This phenomenon (usually referred to as scintillation) degrades the performance

of the FSO link by increasing the probability of error. In this dissertation we seek to

characterize the effects of the scintillation-induced power fluctuations by determining

the channel capacity of the optical link using numerical methods. We find that capac-

ity decreases monotonically with increasing turbulence strength in weak turbulence

conditions, but it is non-monotonic in strong turbulence conditions. We show that

low-density parity-check (LDPC) codes provide strong error control capabilities in

this channel if a perfect interleaver can be used. Multiple transmit optical beams can

also be used to reduce scintillation. We characterize the spatial correlation of the at-

mospheric optical channel and determine a scintillation model for the multiple-beam

scheme. With this model we are able to predict the effective reduction in scintillation

as a function of the system design parameters. A Multi-channel FSO communica-

tions system based on orbital angular momentum (OAM)-carrying beams is studied.

We numerically analyze the effects of atmospheric turbulence on the system and find

that turbulence induces attenuation and crosstalk among OAM channels. Based on
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a model in which the constituent channels are binary symmetric and crosstalk is a

Gaussian noise source, we find optimal sets of OAM states at each turbulence con-

dition studied, and determine the aggregate capacity of the multi-channel system at

those conditions. At very high data rates the FSO channel shows some inter-symbol

interference. We address the problem of joint sequence detection in partial-response

(PR) channels and decoding of LDPC codes. We model the PR channel and the

LDPC code as a combined inference problem. We derive the belief propagation equa-

tions that allow the simultaneous detection and decoding of a LDPC codeword in a

PR channel.
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1. Introduction

Free-Space Optical (FSO) communication refers to the point-to-point connection be-

tween two optical transceivers separated by an unguided physical channel. Because

of the propagation properties of light, the unguided channel must be line-of-sight

without obstructions in the path. The availability of the optical components used in

fiber-optics makes outdoors optical links a cost-effective solution for high-rate voice

and data communications. The atmospheric free-space channel is a natural medium

for outdoor optical wireless communication and has generated significant research

attention in the last decade as a complement to radio frequency (RF) links. With

respect to wireless RF systems, microwave links have evolved considerably over the

years, being able to operate at bit rates up to 500 Mb/s through a distance of 12

km [1]. With carrier frequencies beyond 10 GHz, microwave systems are limited

by multi-path fading of the signal, setting a constraint on bit rate. Instead, fiber-

based optical communication systems offer very low signal attenuation and very high

bit rate. For example, in multi-channel (wavelength-division multiplexed) fiber-optic

links, rate-distance products up to 1,000 THz-km have been achieved [2]. Despite

the enormous capacity of fiber, wireless communications are still of great necessity.

And this is demonstrated by the continuous growth of RF-based technology for both

short and long distance links. An example of this is the development of multi-input

multi-output (MIMO) RF schemes that offer an increase in capacity of tens of times

with respect to its predecessors [3, 4].

Despite the improvements achieved in RF communication systems, there are many
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features that make FSO systems very competitive in the short-to-medium-range arena

(which we arbitrarily define as ranges from 200 m to 3 km). FSO links commonly em-

ploy spatially-coherent optical sources, whose light propagates in the form of beams.

Optical beams can be adjusted by means of lenses to have little angular spreading,

thus making the optical link compact in the sense that the radiated power is main-

tained in a small transversal area. This in turn produces a number of benefits. For

instance, (i) the FSO link is extremely power efficient, that is, the receiver can collect

a significant part of the transmitted power. This characteristic is, nonetheless, subject

to the atmospheric conditions, as it will be explained later. (ii) The FSO link is highly

suitable for secure communications, as eavesdropping can only be attained within the

line-of-sight path. (iii) FSO links do not produce electromagnetic interference, and

thus do not require spectrum allocation. Consequently, FSO links are license-free.

(iv) Because of the higher bandwidth of optical communication systems, much like

fiber-optics systems, FSO can accommodate very high data rates; easily ten times

those of RF links. (v) The atmospheric optical channel is not frequency selective, at

least not at the rates of current optical systems, because temporal dispersion is about

0.06 ps/(km-nm) (i.e., the group-velocity dispersion parameter is about β2 = 0.02

ps2/km) [5].

Examples of situations in which FSO systems –often referred to also as wire-

less optical links or free-space laser links– may be preferred over guided links are

data communications along rough terrain; secure building-to-building connections in

metropolitan areas; network hubs to reach end users; temporary network installation,

like those needed in conferences, emergency zones, or battle fields; and data links in

marine environments. From the market perspective, local-area networks are likely to

lean towards FSO technology, because of its simpler and less disruptive deployment
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Figure 1.1. Diagram of a free-space optical communication link.

in comparison to fiber optics.

1.1. The free-space optical laser link

A typical FSO laser link comprises an optical transmitter, an unobstructed line-of-

sight wireless channel, and an optical receiver. The schematic in Fig. 1.1 shows the

components of such a system. The incoming digital data stream modulates –either

directly or through a separate optical modulator– an optical source. The optical

source is usually a semiconductor laser, as this class of lasers provides enough power

for short-to-medium range links. Transmitted optical power requirements may range

from 10 mW to 500 mW. Optical amplifiers may be used to fulfill this requirement,

but as proposed in Chapter 4, an array of independent laser sources is more efficient

and less expensive. An array of light-emitting diodes (LEDs) may also serve as a

transmitter source. In this case the optical signal does not have a beam-like propa-

gation characteristic; the cone of light is much broader, and the signal detection is

therefore less efficient. Lasers are coherent sources, that is, they feature large spatial

and temporal correlation in their wavefronts. Consequently, the power at the re-

ceiver side can be focused onto a small area, as long as there is no distortion through

the propagation medium. As one would expect, a turbulent channel will distort the
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signal, making the power detection less efficient.

Because any beam experiences broadening with propagation, the beam diameter

is controlled at the transmitter to maximize the received power. For this purpose,

the outgoing beam is expanded using a telescope to a diameter matched to the link

distance. The longer the distance, the larger the required diameter. For instance,

an initially collimated beam with 4 cm of diameter and wavelength 0.85 µm will

increase its diameter by 20% after 1 km in vacuum. The maximum received power

criterion is often relaxed by purposely increasing the beam’s spreading angle to ease

the process of optical alignment between the transmitter and the receiver at the cost

of lower received power. This is a convenient approach in FSO systems where the

misalignment caused by building sway may interrupt the data link.

The receiver consists of an objective lens system –which may include a compressing

telescope and a focusing lens–; an optical filter to remove the background radiation,

which otherwise increases the shot noise; an optical detector that produces an elec-

trical current proportional to the received optical power; and the receiver electronics

that deliver an estimate of the transmitted data. PIN detectors and APD detec-

tors are the common choice given the link wavelengths used in FSO systems [6–8].

If error-control codes are used, the data stream is encoded before optical modula-

tion and decoded after the optical-to-electrical conversion and sampling. The most

common modulation formats are on-off keying (OOK) and pulse-position modulation

(PPM). The latter provides a good solution in systems that do not sense the channel

and thus do not operate with an optimal threshold [7–9].
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1.2. The optical atmospheric channel

The reliability of terrestrial FSO communications depends on the conditions of the

optical atmospheric channel. The optical atmospheric channel is a random medium.

An optical beam propagating in the air experiences attenuation, scattering, angular

spreading, deflection from its geometrical path, and amplitude and phase distortions.

These phenomena are random both in space and time, and have a strong influence on

the performance of an FSO data link. Attenuation and scattering are mainly due to

the presence of water particles in the air [11]. For optical sources with near infra-red

(IR) wavelengths, light haze (6km of visibility) can induce an attenuation in the order

of 1 dB/km. Thin fog (2km of visibility) causes attenuation in the order of 4 dB/km.

A moderate fog (500m of visibility) can attenuate the optical signal in the order of 25

dB/km [10–12]. Dense maritime fog can cause an attenuation of more than 400 dB/km

at optical and near IR wavelength. Fog is, in fact, the most harmful atmospheric

phenomenon for FSO communications. Although not immediately evident, rain does

not attenuate an optical beam as much as fog does. For instance, the attenuation

induced by a heavy rain is comparable to that of thin fog. Interestingly enough,

this fact make FSO links good companions to microwave wireless links, as the latter

feature the inverse behavior with respect to fog and rain. Clouds may be as harmful

as fog to FSO links but these are in most cases below the cloud level. It is conjectured

that the multi-scattering effect of water particles in fog may also increase the temporal

dispersion of optical pulses, but this idea has not been experimentally proven to our

knowledge.

The atmospheric phenomena described above are non continuous events, and their

occurrence cannot be effectively predicted. For this reason they are usually treated
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Figure 1.2. Example of a (a) collimated Gaussian beam with radius w0 = 4 cm (b)
after 1 km propagating in intermediate turbulence and (c) the (zoomed-in) intensity
distribution at the focal plane of the collecting lens whose area is marked in (b).

as channel dropouts. Atmospheric turbulence, however, is a random atmospheric

phenomenon that is continuously present in a terrestrial FSO link. Consequently, it

has been given most of the attention in research [13–18]. In this dissertation we assume

that the optical atmospheric channel is transparent (i.e., no attenuation occurs) and

that it is only affected by turbulence.

Atmospheric turbulence is the random process of heat transfer within the air. In

the context of optical propagation, the air’s density experiences random space and

time fluctuations induced by solar heat and wind that produce an inhomogeneous

refractive index distribution. The refractive index variations distort the optical signal

by perturbing the phase structure of the wavefront continuously along the propagation

path. At the receiver’s end, part of the light is lost as it spreads beyond the receiver’s

aperture. The light collected by the objective lens produces a time-varying intensity

distribution at its focal plane. Because of the finite size of the optical detector lying

at the focal plane, only part of this focused light is sensed, and as a result the

detector sees a time-varying signal power. For a fixed aperture and detector size,

this power fluctuation, usually referred to as scintillation, depends on the strength of
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the turbulence, the wavelength of light, and the distance traveled by the beam. Fig.

1.2 shows the effects of turbulence on the spatial intensity distribution of a Gaussian

beam propagated along 1 km of turbulent air. Scintillation can severely reduce the

performance of the link. Power fluctuations in the channel are independent of the

optical signal and vary slowly compared to the bit time. For this reason, in situations

when the channel experiences deep fades, very long bursts of errors are observed.

Correlation times are in the order of milliseconds in terrestrial FSO channels.

Some of the probability density functions that approximate well the intensity fluc-

tuations are (i) the log-normal density, which is accurate in weak turbulence; (ii) the

exponential density, valid only in very strong turbulence conditions; and (iii) the

gamma-gamma density, which can model a wide range of turbulence conditions. Tur-

bulence conditions and channel models will be explicitly defined in the next chapter.

Modeling scintillation both in time and in space and its dependence on turbulence

strength, optical wavelength, and link distance –among other parameters– is a crucial

aspect in the development of the FSO technology. In order to highlight the contribu-

tions of this dissertation we provide a more technical introduction to the underlying

physics of propagation in optical turbulence and scintillation in the following chapter.

1.3. Contributions of this dissertation

Even though FSO communication systems have been under consideration since the

1970’s, little research interest was given outside defense applications until recently.

Only in the last fifteen years have FSO systems shown growth in commercial ap-

plications. During this time, some significant contributions have been made in ar-

eas of scintillation models [19, 21, 22], mitigation of scintillation [23–27], bit-error
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rate bounds [28–30], multi-channel schemes [30–34], and beam-tracking and retro-

reflecting devices [35–39].

The contributions offered by this dissertation are the following.

• Development of a reliable numerical simulation system for beam propagation in

turbulence. This numerical model allowed the study of beam propagation in a

large volume of the system design space, that is, considering large ranges of tur-

bulence strengths, wavelength, receiver aperture, etc. Simulations of complete

FSO systems permitted validating some scintillation models proposed in the

literature, like the log-normal model valid for weak turbulence, the exponential

model (or, more generally the K model) for very strong power fluctuations, and

the gamma-gamma scintillation model, which covers a large range of turbulence

conditions. The numerical simulation system is particularly important in show-

ing the conditions at which the analytical models are accurate. This is covered

in Chapter 2.

• Deployment of an experimental apparatus to measure the power fluctuations of a

continuous laser source over a 600-m horizontal path. This experiment provided

a confirmation of the analytical models as well as the numerical simulation

system. It also opened the possibility of studying the temporal behavior of the

power fluctuations. This is found in Chapter 2.

• Numerical determination of channel capacity in FSO channels modeled by

a gamma-gamma density function and evaluation of low-density parity-check

(LDPC) codes in this channel. We determined for the first time the channel

capacity of a FSO system over a gamma-gamma channel assuming a point de-

tector. We determined that capacity can be severely affected by scintillation and



24

that it reduces (almost) monotonically with the turbulence strength. We found

that high-rate LDPC codes can provide a good solution in weak turbulence

conditions, but stronger, lower-rate LDPC codes are required to compensate

for medium-to-stronger turbulence conditions. These results assumed the use

of a perfect interleaver, in order to break the slow temporal correlation typical

of optical scintillation. This is covered in Chapter 3.

• Modeling of the spatial correlation and scintillation reduction in FSO links using

multiple beams. With the purpose of mitigating scintillation, we investigated

the benefits of using multiple transmitted beams projected to a single receiver.

We found that the FSO channel is spatially correlated when multiple, indepen-

dent sources are used. This correlation may reduce the efficacy of this scintilla-

tion reduction method without sufficient beam separation. We found that the

power fluctuations of the multiple-beam system can also be modeled with the

gamma-gamma density, whose parameters can be explicitly related to the spa-

tial correlation. In the context of multiple transmitters we also adapt space-time

codes previously proposed for RF MIMO channels for intensity-based modula-

tion and find that a simple repetition scheme achieves maximum diversity if the

transmitted sources are independent. This comparison assumes constant trans-

mitted power instead of constant signal-to-noise ratio like in RF communication

systems. This is covered in Chapter 4.

• Feasibility of a terrestrial multi-channel FSO link based on beams carrying or-

bital angular momentum (OAM). We determine the turbulence-induced channel

crosstalk among OAM channels in terms of the turbulence strength and find op-

timal channel configurations in such conditions. We find that inner OAM chan-
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nels (those with small momentum) are more resilient to turbulence than outer

OAM channels. This translates to lower bit-error rates for the former. OAM-

multiplexed FSO link can be a promising concept in weak turbulence conditions

if a photon-efficient receiver strategy is used. This is covered in Chapter 5.

• In the context of error-correction codes, a decoding algorithm for LDPC in mem-

ory channels was derived using principles from statistical mechanics. LDPC

codes will likely be essential components in FSO communication links. Starting

from Bethe free energy, we derive the belief-propagation equations that permit

the decoding of LDPC codes in partial-response channels, providing even bet-

ter bit-error rate performance than those of the standard turbo equalization

schemes, and with comparable complexity. This is covered in Chapter 6.



26

2. Beam Propagation and Channel Models

The propagation of an optical wave in an unconfined medium, as with any other

electromagnetic radiation, follows the laws of diffraction. Diffraction is the phe-

nomenon experienced by any wave that has finite lateral field extent (i.e., that is

not a plane wave). Diffraction manifests as a spatially-dependent phase evolution

of the electromagnetic field, and depends on the field’s wavelength, its polarization,

and the physical characteristics of the propagation medium. In optical propagation

it is usually assumed that the medium is dielectric (i.e., non-conductive). If the

medium is isotropic, propagation is independent of the field’s polarization. Further-

more, in the context of optical propagation in the air, we can also assume that the

medium is linear, non-magnetic and non-dispersive (i.e., permitivity is independent

of wavelength). However, unlike vacuum or optical fibers, the air behaves as an in-

homogeneous, time-variant medium. That is, the air’s refractive index is spatially

variant and its distribution changes over time. Such a medium cannot be modeled

with a simple transfer function. Even more, the air’s inhomogeneity and time depen-

dence are of a stochastic nature. As mentioned in Chapter 1, this randomness origins

in atmospheric turbulence. In this chapter we introduce the Kolmogorov theory for

atmospheric turbulence and describe our numerical model for optical propagation in

turbulence. We describe the experimental apparatus for measuring intensity fluctu-

ations and present some of these measurements. The current analytical models for

intensity fluctuations observed at the receiver of a FSO communication system are

also presented, and are compared to experimental and simulation data.
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2.1. Kolmogorov theory

A commonly used model of turbulence assumes that heat transfer and air motion

occurs as if the air mass behaved as a group of individual cells or eddies of different

temperature, diameter, and refractive indices. In the context of geometrical optics,

these eddies may be thought of as lenses that randomly refract the optical wavefront,

producing a distorted intensity profile at the receiver of a communication system.

The resulting intensity fluctuations are called scintillation and are one of the most

important factors that limit the performance of an atmospheric FSO communication

link. The most widely accepted theory of turbulence is due to Kolmogorov [40,42–44].

This theory assumes that kinetic energy from large turbulent eddies, characterized by

the outer scale L0, is transferred without loss to eddies of decreasing size down to sizes

of a few millimeters characterized by the inner scale l0. The outer and inner scales

define the inertial subrange, in which the energy transfer is independent of the parent

flow (i.e., the flow by which energy is first injected). Below the inner scale, energy

is dissipated by viscosity. The refractive index varies randomly across the different

turbulent eddies and causes phase and amplitude variations to the wave front.

Because the refractive index distribution along the optical propagation path is

stochastic, its characteristics are best described by a power spectrum. The fluctua-

tions in the refractive index introduced by turbulence are of very small magnitude

(≤ 10−5) compared to the air’s index of refraction (≈ 1.0003). For this reason, the

power spectral density is given for the refractive index fluctuation ∆n. The most im-

portant parameter that characterizes the refractive index variations is the refractive

index structure parameter C2
n and depends on temperature and atmospheric pressure.

This structure parameter accounts for the strength of the refractive index fluctuations,
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and varies from about C2
n = 10−17 m−2/3 for very weak turbulence conditions (usually

encountered at high altitude), to C2
n = 10−12 m−2/3 for very strong conditions (next

to the ground at low altitude) [44]. The structure parameter is frequently assumed

to be constant along horizontal paths and its average value can be measured using a

scintillometer [45]. According to the Kolmogorov model, the power spectral density

of the refractive index fluctuations is defined as

Φn(κ) = 0.033 C2
n κ

−11/3, 1/L0 ≪ κ≪ 1l0, (2.1)

where κ is the spatial frequency, in m−1. As indicated above, this spectrum is only

defined within the inertial subrange. Because of its simplicity it is widely used in

analytical calculations, but it is otherwise inconvenient if it is to be used in numerical

wave propagation, as it would require the assumption of an infinitely large outer scale

and an infinitely small inner scale. Several modifications to the Kolmogorov spectrum

have been later proposed to extend its domain beyond the inertial subrange. Among

them we highlight two that we consider most relevant. Von Kármán’s model adds a

damping factor that is a function of both outer and inner scales. This spectrum is

defined by

Φn(κ) = 0.033 C2
n (κ2 + 1/L2

0)
−11/6 exp(−κ2/κ2

m), 0 ≤ κ <∞, (2.2)

where κm = 5.92/l0. Note that within the inertial subrange (2.2) reduces to (2.1).

This model has been widely used in both theoretical analysis and numerical prop-

agation as it adds increased tractability. Hill [46] developed a numerical spectrum

that included a bump at spatial frequencies near 1/l0 observed in experimental data.

This bump has been shown to have an impact in the scintillation index. Later, An-
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drews [47] proposed an analytical approximation to Hill’s spectrum, given by

Φ(κ) = 0.033 C2
n (κ2 + 1/L2

0)
−11/6 exp(−κ2/κ2

l )

×[1 + 1.802(κ/κl) − 0.254(κ/κl)
7/6], (2.3)

where κl = 3.3/l0. In the numerical propagation studies presented in chapters 4

and 5 we use this modified Kolmogorov spectrum to include turbulence in the beam

propagation path. This is described below.

2.2. Numerical wave propagation in turbulence

Wave propagation in an linear, isotropic, homogeneous (LIH) medium is a well known

subject [44,48] and there are well defined solutions for some input fields distributions.

For instance, the propagation of a zero-order Gaussian beam can be analytically

determined at any propagation distance by means of the scalar wave equation and

the paraxial approximation [48]. A convenient method for determining the propagated

field of an arbitrary input field distribution is through the angular spectrum. This

method is closely linked to linear filter theory and is based on the principle that

any (physical) input field distribution can be represented by a superposition of plane

waves, which are eigenfunctions of the propagation operator of a LIH medium. At

propagation distance z the field u(x, y, z) is, thus, expressed in the Fourier domain as

U(fx, fy, z) = exp

[

j
2π

λ
z
√

1 − (λfx)2 − (λfy)2

]

U(fx, fy, 0) (2.4)

where U(fx, fy, z) is the angular (Fourier) representation of the field u(x, y, z), λ is the

wavelength and fx, fy are the spatial frequencies (in unitsm−1). Further simplification
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can be done to the propagation operator by means of the paraxial approximation,

which assumes that the terms f 2
x , f

2
y ≪ 1. In our numerical simulations, however, we

consider the full form in (2.4).

The inclusion of turbulence in numerical propagation is performed through the

insertion of a number of random phase screens along the propagation path, usually

at uniformly distributed steps of size ∆z. These screens are samples of the turbulent

volume and perturb the field in such a way that the statistical properties of the

propagated field are equal to those of a field propagated through the turbulent volume.

Generation of the screens is done by filtering a two-dimensional array of complex

Gaussian deviates with the spectrum of the refractive index fluctuations in (2.3). A

detail description of the procedure follows. In accord with the well-known split-step

Fourier method [49], the field is propagated in vacuum (or unperturbed air) over

a distance ∆z/2 using (2.4). The resulting field is perturbed by the random phase

screen by performing a multiplication (in spatial domain) of the former with a complex

exponential whose argument is the two-dimensional random phase

θ(x, y,∆z) =
2π

λ

√
∆z n1(x, y) (2.5)

where

n1(x, y) = F
−1
{

2∆x−1 G(κx, κy)
√

Φ(κ)
}

, κ2 = κ2
x + κ2

y (2.6)

in which F−1 indicates the inverse Fourier transform operation, ∆x is the pitch of

the discrete simulation grid in the transverse direction x (assumed to be equal to ∆y,

where y is the transverse direction orthogonal to x), G(κx, κy) is an N × N array

of complex Gaussian deviates and κx, κy are the spatial frequencies in the transverse

directions x, y. The perturbed field is then Fourier-transformed and propagated in
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free-space via (2.4) for a distance ∆z/2. This completes one step of the forward wave

propagation.

Several requirements have to be met in order to obtain accurate field statistics

using this method. First, the phase fluctuations induced by each screen have to be

small enough to maintain the validity of the Rytov approximation [40, 41, 44]. This

is ensured by limiting the value of C2
n and/or the step size ∆z. The latter implies

the use of more screens along the path. For instance, on a 1-km propagation path

using 25 screens (i.e., ∆z = 40 m) a value C2
n < 10−12 m−2/3 with ∆x = 2 mm

guarantees a phase change θ ≪ 2π. Another required condition –which is also limiting

in practical cases– is imposed by the energy spread due to propagation. Transverse

lengths of the propagation volume must be large enough to account for the additional

beam spreading induce by turbulence and proper handling of the energy that reaches

the volume boundaries must be ensured. This is achieved by attenuating the field

on the screen’s edges such that power leakage from one side to the opposite from

Fourier-transform operations is avoided. An important requirement in cases where

measuring scintillation in the intermediate-to-strong regime is of interest consists of

setting ∆x < l0/2, so that the small scale fluctuations are properly sampled.

It is worth noting that random phase screens are uncorrelated from each other.

Because the large-scale eddies can occupy several meters along the path, the volume

is properly sampled if the screens are separated at distances ∆z > L0, that is, at

steps at which the spatial distribution of eddies can be expected to be independent

from each other. In our simulations we use ∆z = 2 L0, while ensuring the other

conditions are still satisfied. A thorough numerical analysis of these conditions is

given by Belmonte in [50].

The simulations presented in Chapters 4 and 5 also include the interaction with
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Figure 2.1. Diagram of the experimental setup to record intensity fluctuations.

optical elements in both the transmitter and the receiver, as well as with the geometry

of the optical detector.

2.3. Scintillation experiment

In the interest of understanding the underlying physical effects of turbulent propa-

gation on a laser source, an experimental apparatus was deployed at the campus of

the University of Arizona. The system comprises a single-mode continuous-wave laser

source with λ = 650 nm, whose pig-tailed output is connected to a beam expander,

as shown in Fig. 2.1. The beam expander is pointed to a 2-inch (1 inch = 2.54

cm) corner-cube reflector fixed to a lighting pole 300 m away. The reflected beam

(which by corner-cube design is reflected back in the same direction) is captured by

a telescope and focused on one end of a multi-mode fiber. The other end of the fiber

is connected to a low-bandwidth silicon-based optical detector. The signal delivered

by the detector is recorded in an oscilloscope. The path length is, therefore, z = 600

m.

The laser source featured a transmit power of only 2 mW, which proved to be

enough to get a return signal with large signal-to-noise ratio for a 20MHz band-

width in clear days. This, however, was subject to critical beam alignment at both
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Figure 2.2. (a) Received optical power versus time for a signal with average scin-
tillation σ2

I = 0.178. (b) Histogram of signal waveform, probability density function
of a fitted gamma-gamma distribution, and histogram of power fluctuations obtained
from simulations.

the transmitter-reflector link and the free-space-to-fiber coupling at the receiver end.

Because of the narrow field of view imposed by the free-space-to-fiber coupling at

the receiver, no optical filters were necessary to reduce the background radiation.

At every data recording we measured this background signal (for later subtraction)

whose average showed in all cases to be very small in comparison to the laser signal.

Data were recorded in intervals no longer than 20 seconds in order to keep sampling

frequency above 5 kHz, given the finite sample count of the oscilloscope. Intensity

waveform recordings were performed on several months at different atmospheric con-

ditions. In Figure 2.2 (a) we present a sample of a recorded optical signal distorted by

turbulence with a scintillation σ2
I = 0.178. In Fig. 2.2(b) the normalized histogram of

the recorded optical power is plotted along with the histogram obtained from numeri-

cal simulations of a Gaussian beam in turbulence. A gamma-gamma density function

fitted to the experimental data is also included in the plot. This density function
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Figure 2.3. (a) Power spectrum from experimental data with scintillation σ2
I = 0.04.

(b) Power spectrum from experimental data with average scintillation σ2
I = 1.05.

will be introduced in the following section. We note that good matching between

the gamma-gamma distribution, simulations, and experimental data is achieved as

long as small receiver apertures are considered, that is, aperture size much smaller

than the beam spot. With larger sizes, aperture averaging reduces the extent of

the fluctuations, thus changing the statistical properties. Analytical models like the

gamma-gamma distribution are not accurate when a large fraction of the transmitted

power is collected.

To highlight the temporal characteristics of the optical power fluctuations, Figure

2.3 shows the temporal power spectra for two cases, recorded at different days. In

(a) the data has σ2
I = 0.04 (very week). In (b), the signal features a much stronger

scintillation, with σ2
I = 1.05. Note that both spectra show very similar characteristics.

We have observed that the power fluctuations never show frequency content beyond

2 kHz. Furthermore, the energy of the spectrum is often contained below 1 kHz and

appears to be uncorrelated with the strength of the turbulence. We conjecture that
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temporal correlation is a function of the wind velocity transverse to the optical path,

but this subject is not studied in this dissertation.

2.4. Analytical intensity fluctuation models

In clear atmosphere the variations of received power are the most important feature of

the FSO channel. For this reason, formalizing accurate analytical models for scintil-

lation has taken a good fraction of the community’s research effort. Among the many

models available, we briefly describe three probability density functions of practical

importance.

2.4.1. Lognormal density

The lognormal probability density function is a two-parameter density. It is related to

the normal distribution in that if I is a lognormal-distributed random variable with

parameters µ and σX , then the random variable ψ = log(I) is normal-distributed

with parameters µ and σX . The lognormal function is given by

fI(I) =
1

I

1
√

2πσ2
X

exp

[

−(ln I − µ)2

2σ2
X

]

, I > 0 (2.7)

The validity of the lognormal density is linked to the underlying physical model

in which the field variations along the propagation path can be understood as many

consecutive small perturbations. As described by the Rytov approximation [40], the

log-amplitude fluctuations follow a normal distribution due to the Central Limit theo-

rem. Because of the exponential relation between the intensity and the log-amplitude

of the field, the perturbed optical intensity has a lognormal distribution. The validity
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of this assumption, and therefore the accuracy of this model, applies only to the weak

turbulence regime.

2.4.2. Exponential density

Because of the wide-spread use of this distribution, we limit our comments to say that

this density is adequate to model the intensity fluctuations in very strong turbulence

conditions (achieved by either a large C2
n or a long propagation path), usually referred

to as the saturation regime. It applicability is limited but its simple functional form

gives great flexibility in analytical studies. The density is given by

fI(I) =
1

µ
exp

(

− I
µ

)

(2.8)

2.4.3. Gamma-gamma density

The gamma-gamma density function has gained significant popularity since Al-

Habash et al. proposed it to model intensity fluctuations over a wide range of tur-

bulence conditions, while relating its parameters to the physical conditions of the

turbulence [51]. The density is given by the expression

f(I) =
2(αβ)(α+β)/2

Γ(α)Γ(β)
I(α+β)/2−1Kα−β

(

2
√

αβI
)

, I > 0 (2.9)

where I is the received optical power, α and β are the parameters, Γ is the Gamma

function, and Kα−β is the modified Bessel function of the second kind and order α−β.

This distribution can accurately model intensity fluctuations from weak turbulence

conditions to very strong conditions. Its accuracy in the focusing regime (in which

scintillation finds its maximum) is lower. Still, among scintillation models it covers
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the largest range of turbulence conditions and for this reason we make use of it in

this dissertation. Chapter 3 presents a complete description of this model.
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3. Channel Capacity and LDPC codes in Turbulent Channels

3.1. Introduction

To design a high-performance communication link for the atmospheric FSO channel, it

is of great importance to characterize the channel from the perspective of information

theory. In this Chapter we study the Shannon capacity of the atmospheric FSO

link using an accurate scintillation model based on the gamma-gamma probability

distribution function to predict the fluctuation of the intensity signal [29, 51]. This

statistical representation not only fits the channel scintillation accurately, but its

parameters can be related to the physical conditions of turbulence by a scintillation

model proposed by Andrews et al. [22]. Previous studies have considered the use of the

lognormal distribution [28], but its validity is limited to weak turbulence [22, 29, 51].

To estimate the channel capacity, a system based on OOK modulation and a point

detector is studied. The noise in the receiver electronics is modeled as additive white

Gaussian noise (AWGN).

A broad range in turbulence strength –from the weak turbulence regime through

the saturation regime– is considered. We show that atmospheric turbulence reduces

the channel capacity, and the latter reaches an asymptotic limit in the saturation

regime.

The probability of bit error under several turbulence conditions is determined

using Monte Carlo simulations. We demonstrate that appropriate forward error cor-

rection (FEC) codes can provide a significant coding gain in SNR with respect to an

uncoded system. In particular, we present two error correction systems based on low-
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density parity-check (LDPC) codes: (i) LDPC codes designed using the MacNeish-

Mann theorem and (ii) block-circulant codes; both codes we proposed recently for

fiber-optics communications [52,53]. The codes have quasi-cyclic structure of parity-

check matrix, high code rate, low encoder and decoder complexity, and excellent error

correction capabilities. For more details on LDPC codes, the interested reader is re-

ferred to Refs. [52–55]. The bit-error rate (BER) performance of LDPC codes are

compared against Reed-Solomon (RS) codes of similar rates and lengths. The LDPC

codes provide significant coding gain improvement compared with standard RS codes,

ranging from about 6 dB to about 14 dB, depending on the turbulence strength.

The Chapter is organized as follows. In Section 3.2 we describe the statistical

model for the intensity variations caused by atmospheric turbulence. The zero and the

nonzero inner scale models are presented in subsections 3.2.1 and 3.2.2, respectively.

In Section 3.3 we present the computation of channel capacities based on the statistical

model and we explain the implications on high bit-rate communication links. In

Section 3.4 we present a comparison of BER performances of the FEC codes and the

uncoded link for some channels. In Section 3.5 we summarize our work and provide

our conclusions.

3.2. Atmospheric turbulent channel modeling

As described in Chapter 2, Kolmogorov theory characterizes the loss-less turbulent

air motion between the outer scale L0 and the inner scale l0. Outer scale is assumed

to be infinite in this Chapter. We consider zero and nonzero inner scale conditions.

Understanding the turbulence effects under zero inner scale is important, as it repre-

sents a physical bound for the optical atmospheric channel and as such it has been
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of interest to researchers [19, 22, 51].

To account for the strength of the turbulence, we use the unitless Rytov variance,

given by [40, 42]

σ2
R = 1.23 C2

n k
7/6 L11/6, (3.1)

where k = 2π/λ is the wavenumber, λ is the wavelength, L is the propagation distance,

and C2
n is the refractive index structure parameter, which we assume to be constant

for horizontal paths. Although the Rytov variance has been used as an estimate of

the intensity variance in week turbulence, we use it here only as an intuitive metric

that brings together all the physical operating conditions. Throughout the Chapter

we often refer to σR simply as turbulence strength.

To characterize the FSO channel from a communication theory perspective, it is

useful to give a statistical representation of the scintillation. The reliability of the

communication link can be determined if we use a good probabilistic model for the

turbulence. Several probability density functions (PDFs) have been proposed for

the intensity variations at the receiver of an optical link [19–21, 56–58]. Al-Habash

et al. [51] proposed a statistical model that factorizes the irradiance as the product

of two independent random processes each with a Gamma PDF. The PDF of the

intensity fluctuation is therefore [as defined in (2.9)]

f(I) =
2(αβ)(α+β)/2

Γ(α)Γ(β)
I(α+β)/2−1Kα−β

(

2
√

αβI
)

, I > 0 (3.2)

where I is the signal intensity, α and β are parameters of the PDF, G is the gamma

function, and Kα−β is the modified Bessel function of the second kind of order α−β.
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Figure 3.1. Gamma-gamma probability density function for several values of σR.

3.2.1. Zero inner scale

The parameters α and β of the PDF that predicts the scintillation experienced by

plane waves in the case of l0 = 0, are given by the expressions [43, 51]

α =











exp







0.49σ2
R

(

1 + 1.11σ
12/5
R

)7/6






− 1











−1

,

β =











exp







0.51σ2
R

(

1 + 0.69σ
12/5
R

)5/6






− 1











−1

. (3.3)

This is a significant result, as the PDF of the intensity fluctuations at the receiver

can be predicted from the physical turbulence conditions. The predicted distribution

matches very well the distributions obtained from numerical propagation simulations

[19, 51]. The predicted gamma-gamma distribution fits even better than the log-

normal distribution in the weak turbulence regime. The poorest fit with experiments

occurs in the focusing regime, where σR is about 2 to 3.

Figure 3.1 shows the predicted distribution for a few instances of the turbulence
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strength. For σR ≪ 1, the gamma-gamma distribution resembles a log-normal distri-

bution. As the turbulence strength increases the distribution skews towards smaller

values of irradiance. The distribution of the intensity fluctuations asymptotically

approaches an exponential distribution as σR tends to infinity.

3.2.2. Nonzero Inner Scale

In the presence of non-zero inner scale, the model must be modified to account for the

slight change in the power spectrum of the refractive index variations. The PDF model

is again a gamma-gamma distribution, but its parameters are now given by [43, 51]

α =
{

exp
[

σ2
ln X

]

− 1
}−1

,

β =











exp







0.51σ2
P

(

1 + 0.69σ
12/5
P

)5/6






− 1











−1

, (3.4)

where σ2
ln X is given by

σ2
ln X = 0.16 σ2

R

(

ηxQ

ηx +Q

)7/6
[

1 + 1.75

(

ηxQ

ηx +Q

)1/2

− 0.25

(

ηxQ

ηx +Q

)

]

, (3.5)

and

ηx =
2.61

1 + 0.45σ2
RQ

1/6
, Q =

10.89L

k l20
. (3.6)
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For the second expression in (3.4), σ2
P is given by

σ2
P = 3.86 σ2

R

{

(

1 + 1/Q2
)11/12

[

sin

(

11

6
tan−1Q

)

+
1.51

(1 +Q2)1/4
sin

(

4

3
tan−1Q

)

− 0.27

(1 +Q2)7/24
sin

(

5

4
tan−1Q

)]

− 3.5 Q−5/6

}

. (3.7)

3.3. Channel Capacity of an Atmospheric FSO Channel

The capacity of a noisy channel relates the SNR of the received signal to the average

rate of symbols per channel use that can be recovered with an arbitrarily small prob-

ability of error. If we use a binary alphabet, the maximum rate we can achieve is 1

bit/channel use and this limit is realized only for infinite SNR. The channel capacity

can also be expressed in terms of bandwidth efficiency (bits/s/Hz) if the frequency

response of the channel is known. In most cases the channel capacity can only be

achieved by using long error-correction codes. To be able to reduce the BER to an

arbitrarily small value at any given SNR, the rate R of the code has to be smaller

than the channel capacity C at that SNR [59]. We define SNR=E[I]2/N0, where E[]̇

is the expectation operator, I is the received intensity, and N0 is the electrical noise

power.

We are interested in determining the channel capacity of the FSO channel for

different turbulence conditions. This can lead to better understanding of the effects

of turbulence in a high-bit-rate optical communication system and helps to learn

about on which conditions the channel can be more effectively utilized. Some work

on capacity estimation has been previously done under weak turbulence by using

the lognormal statistical model [28]. We consider the complete range of turbulence
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strength, from very weak turbulence to the saturation regime. It is intuitively clear

that higher turbulence strength will lead to a reduction in channel capacity; however,

we seek a quantitative description of this capacity reduction. Below we describe the

assumptions under which we determine the channel capacity of the optical atmo-

spheric channel.

3.3.1. Channel Capacity Calculation

The assumptions made to determine channel capacity are as follows:

(i) The received intensity samples are treated as independent and identically dis-

tributed (i.i.d.); that is, the channel is assumed to be uncorrelated. In reality, at

high bit rates the channel has temporal correlation and consecutive bits propagate

through similar channel conditions [16]. Because of the lack of literature in regard

of the temporal statistics in the FSO channel and the difficulty of tractability of

multidimensional joint distributions, we consider an i.i.d. case, as it will produce a

lower bound in capacity. This approach is valid because temporal correlation can

in practice be overcome by means of long interleavers. Hence, this type of correla-

tion does not place a constraint on capacity [60, 61]. For brief periods of time the

instantaneous capacity may be reduced or increased due to scintillation. If the bit

time is much smaller that the correlation time, the channel can be sensed and this

information can be used to improve the detection of further bits, yielding a higher

capacity. However, without the knowledge of the temporal statistics, the receiver uses

a symbol-by-symbol detection scheme.

(ii) The marginal distribution of the channel is known. This means that we can

determine the turbulence conditions and can predict the parameters of the gam-

magamma distribution. This assumption is sound, as all the physical parameters can
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be effectively measured.

(iii)We assume an intensity-based OOK modulation scheme and model the noise

at the receiver as AWGN. The statistical channel can be represented by the expression

Y = I X + N, I > 0, (3.8)

where Y is the received signal, I is a random variable representing the intensity

gain, X is the transmitted binary signal, and N is the noise at the receiver. We

assume for simplicity that the responsivity factor of the detector is equal to 1. If a

0 is transmitted, the received signal is given by noise alone. If a 1 is transmitted,

the channel will randomly scale the input signal by a factor that follows a gamma-

gamma distribution according to the model described above. Channel capacity for

a binary-input continuous-output channel is defined as the maximum of the mutual

information between X and Y over all input distributions [59]. In this case, the input

distribution is binomial. The mutual information for this channel is, therefore,

I(Y ;X) =

∫ ∞

0

1
∑

x=0

fY (y|x) PX(x) log2

fY (y|x)
∑1

z=0 fY (y|z) PX(z)
dy, (3.9)

where fY (y|x) is the conditional distribution of the output Y given the input X,

and PX(x) is the probability of X = x. The conditional distribution fY (y|x = 0)

is a zero-mean Gaussian distribution, and fY (y|x = 1) is the distribution of I + N .

We determine fY (y|x = 1) numerically, using the fact that the PDF of the sum of

two random variables is the convolution of their PDFs [62]. Because the channel

is asymmetric, the input distribution that maximizes the mutual information is no

longer PX(0) = PX(1) = 0.5. In fact the optimal input distribution varies with the

turbulence strength and the SNR, and it ranges from about PX(0) = 0.56 for strong
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Table 3.1. Channel parameters for capacity computations for zero inner scale.

σR α β σ2
I

0.2 51.91 49.11 0.04
0.4 14.11 12.54 0.156
0.6 7.38 5.86 0.329
0.8 5.23 3.59 0.523
1.0 4.39 2.56 0.706
1.5 4.01 1.61 1.025
2.0 4.34 1.31 1.171
3.0 5.49 1.12 1.242
4.0 6.76 1.06 1.234
5.0 8.05 1.03 1.214
6.0 9.31 1.02 1.194
10.0 14.11 1.0033 1.138

turbulence and low SNR to about PX(0) = 0.5 for weak turbulence and high SNR.

We determine the capacity C from (3.9) using Monte Carlo integration [63].

3.3.2. Capacity for Zero Inner Scale

Table 3.1 summarizes the turbulence conditions considered and the corresponding

distribution parameters for l0 = 0. The final column indicates the variance of the

intensity fluctuations, usually referred to as scintillation index. Figure 3.2 shows the

channel capacity for plane waves considering OOK modulation and a point receiver,

expressed as bits/channel use versus SNR in decibels. For the sake of a compari-

son, the capacity of an OOK AWGN channel with the same modulation scheme is

also shown. Each curve represents the maximum possible coding rate at which the

probability of error can be made arbitrarily small for a given SNR and turbulence

strength.

Under weak turbulence the capacity approaches that of a binary AWGN channel as
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Figure 3.2. Capacity of the FSO atmospheric channel using OOK as a function of
SNR. The dotted curve is the capacity of an OOK AWGN channel.

the turbulence strength decreases. We see that as σR increases, the capacity decreases.

This in turn will result in worse performance of the communication link. Under weak

turbulence the capacity decreases more rapidly as σR increases, for a given rate. It

is interesting to see that beyond the weak turbulence regime (σR > 2), the capacity

curves keep to higher SNR values but at smaller steps. For very strong turbulence,

capacitycurves asymptotically approach a limit. This means that regardless of the

propagation distance and turbulence strength, the performance will not drop below

this asymptotic limit, assuming that attenuation is compensated.

Another useful way to analyze the capacity is to plot the SNR required to achieve

a constant rate (in bits/channel use) as a function of σR. This is shown in Fig. 3.3.

For any given rate, the required SNR grows more rapidly for small σR, meaning that



48

Figure 3.3. Capacity of the FSO atmospheric channel using OOK as a function of
SNR. The dotted curve is the capacity of an OOK AWGN channel.

most of the degradation in capacity occurs in weak turbulence. From the curves of

Fig. 3.3, for fixed SNR, it can be concluded that there exists a monotonic decrease

of capacity as turbulence strength σR increases. At high rates, we find that the SNR

suffers stronger degradation compared with that at lower rates. We see that at a rate

R = 0.5 the required SNR is almost constant in strong turbulence (σR > 2). However,

at a rate R = 0.9, the SNR required increases significantly up to a turbulence strength

of about σR = 4. It appears that the power penalty for using higher code rate FEC

codes is large. It is worth recalling, however, that FEC codes incur a SNR penalty

inversely proportional to the rate. Moreover, for a reasonable throughput, high-rate

codes are necessary.

The curves presented in Figs. 3.2 and 3.3 are universal, that is, they apply for any

combination of propagation length L, wavelength λ, and structure parameter C2
n, as



49

Figure 3.4. Capacity vs. σR vs. SNR for Q = 200. The inset is a close-up around
37.5 dB.

long as L is much larger than λ, so that the geometrical optics approximation used in

deriving (3.3) holds. In practice, the refractive index structure parameter C2
n varies

from about 10−17 m−2/3 for very weak turbulence to about 10−12 m−2/3 for strong

turbulence. For instance, a value of σR = 1 can be obtained with C2
n = 8 × 10−14

m−2/3, L = 500 m, and λ = 780 nm.

3.3.3. Capacity for nonzero inner scale

For non-zero l0, the capacity is computed as in the previous section but the parameters

of the PDF are predicted according to (3.4). Because there is an additional degree of

freedom, the capacity cannot be represented by a single set of curves as before. It is

convenient to use the parameter Q, defined by (3.6), as the free variable as it accounts

for propagation distance, inner scale, and wavelength. We present the capacity for
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Table 3.2. Channel parameters for capacity computations with Q = 200.

σR α β σ2
I

0.2 45.79 41.55 0.0464
0.4 12.87 10.67 0.179
0.6 6.82 5.05 0.374
0.8 4.75 3.14 0.596
1.0 3.83 2.29 0.811
1.5 3.04 1.50 1.214
2.0 2.88 1.25 1.422
3.0 2.98 1.09 1.557
4.0 3.18 1.05 1.571
5.0 3.41 1.03 1.555
6.0 3.62 1.02 1.534
7.0 3.82 1.01 1.512
8.0 4.00 1.006 1.493
9.0 4.17 1.004 1.475
10.0 4.34 1.002 1.459

three values of Q, namely 200, 32, and 8. Table 3.2 shows the distribution parameters

we consider for Q = 200. The values of Q considered above are obtained, for instance,

with L = 592 m, λ = 780 nm, and inner-scale values 2 mm, 5 mm, and 10 mm,

respectively. Because σR depends on L and λ, the free parameter will be C2
n. Given

the values above, varying σR from 0.2 to 10 is equivalent to varying C2
n from 2×10−15

m−2/3 to 6× 10−12 m−2/3. For smaller values of C2
n, the curve of capacity is expected

to come nearer the capacity of the AWGN channel.

Figures 3.4, 3.5, and 3.6 show the capacity curves for Q = 200, 32, and 8, re-

spectively. These curves show a similar behavior to that of the zero inner-scale case.

There are, however, some noteworthy differences. The capacity curves experience a

stronger shift to higher SNR values as Q decreases. In other words, for a given σR,

capacity decreases as Q decreases. For instance, at σR = 1, a rate 0.8 bits/channel
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Figure 3.5. Capacity vs. σR vs. SNR for Q = 32. The inset is a close-up around
37.5 dB.

use is achieved at an SNR = 17 dB for Q = 200 (Fig. 3.4), at 21.1 dB for Q = 32

(Fig. 3.5), and at 21.6 dB for Q = 8 (Fig. 3.6). If L, k, and C2
n are kept constant,

we can conclude that capacity decreases as the inner scale increases.

Beyond the focusing regime (σR > 2), the capacity is no longer monotonic with

σR. Within the focusing regime, scintillation finds its maximum and decays as σR

continues to grow. The maximum scintillation reached at this conditions has a strong

dependence on l0 and therefore, on Q. The non-monotonicity is subtle for Q = 200

(Fig. 3.4) which is associated with a small l0, but very noticeable at Q = 8, for which

l0 is larger for a fixed L (Fig. 3.6). The latter case produces a large scintillation value

σ2
I in comparison to that of the saturation regime (i.e., at large σR), thus causing

a visible minimum in capacity. The insets in Figs. 3.4, 3.5, and 3.6 show detailed

sections of the capacity curves. Beyond certain σR, the curves shift to lower values
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Figure 3.6. Capacity vs. σR vs. SNR for Q = 8. The inset is a close-up around
37.5 dB.

of SNR. The value of σR at which this occurs decreases with Q. This trend is more

clearly seen by plotting SNR versus σR for curves of constant rate. This is shown in

Fig. 3.7. For Q = 200 [Fig. 3.7(a)], the maximum SNR occurs around σR = 6; for

Q = 32 [Fig. 3.7(b)], the maximum occurs around σR = 4; for Q = 8 [Fig. 3.7(c)],

the maximum appears to be between σR = 3 and σR = 4. Table 3.2 summarizes the

turbulence parameters at which capacity is computed for Q = 200. We estimate the

error in the capacity –assuming the validity of the gamma-gamma model– to be lower

than 1%.

3.4. Efficient LDPC error-correction codes

We have found in the previous section that capacity can be severely reduced with

scintillation. Hence, the FSO probability of bit error can be very high, even for
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(a) (b)

(c)

Figure 3.7. Capacity of the FSO atmospheric channel using OOK as a function of
SNR. The dotted curve is the capacity of an OOK AWGN channel.

large values of SNR [64]. This renders the atmospheric FSO channel useless, as such

high SNR is not attainable in practice. Therefore, powerful error-correction codes

are necessary. Our analysis will focus on two classes of codes: RS codes and LDPC

codes [52, 53, 65]. Some Turbo codes [66] have already been evaluated for use on the

FSO channel under weak turbulence [28].

We evaluate two LDPC error-correction codes for the FSO channel that can ef-

ficiently operate across all turbulence regimes. These codes were recently proposed

for bursty channels, such as fiber-optics channel operating at 40 Gb/s or higher, out-
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Figure 3.8. BER versus SNR for σR = 0.6.

performing turbo product codes of comparable code rates [52, 53]. The atmospheric

FSO channel also shows bursty-error prone behavior, making these codes appealing

for this channel. They also have large minimum distances, have a regular structure

and are designed using the concepts of combinatorial design [54]. These codes also

have low encoding and decoding complexity, which is a desirable feature for imple-

mentation in actual FSO communication systems. Namely, the quasi-cyclic structure

of parity-check matrix of the considered LDPC codes facilitates the implementation,

because only the dimension of the permutation matrix and the exponents are to be

memorized. For the details of an LDPC chip architecture an interested reader is re-

ferred to [67]. The codeword lengths are 2025 bits and 4320 bits long, with rates 0.91

and 0.75, respectively.

Figure 3.8 shows the BER curves for a turbulence strength of σR = 0.6 (weak

turbulence) of the rate 0.91 LDPC, the rate 0.75 LDPC, a rate 0.94 RS (255, 239)
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Figure 3.9. BER versus SNR for σR = 0.8.

code, and a rate 0.75 RS (255, 191) code. The BER of the uncoded system is also

depicted. The Shannon limit for rates 0.91 and 0.75 are also plotted and represent

the best performance one can achieve with an infinitely long FEC code. The coding

gain of the rate 0.91 LDPC code with respect to the rate 0.94 RS code is 5.5 dB, and

the coding gain of the rate 0.75 LDPC code with respect to the rate 0.75 RS code

is 6.3 at BER = 10−7. The coding gain of the LDPC codes over an uncoded system

is more than 20 dB, which is an outstanding improvement, as these coding gains are

rarely seen in other channels. The performances of the LDPC codes are 5 dB and 4

dB away from their respective Shannon limits.

The BER performance for a turbulence strength of σR = 0.8 (weak turbulence) is

shown in Fig. 3.9. The coding gain of the rate 0.91 LDPC code over the rate 0.94

RS (255, 239) code is 6.7 dB. The gain over the uncoded system is again larger than

20 dB, although the whole range is not depicted in Fig. 3.9. The BER curve of the
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Figure 3.10. BER versus SNR for σR = 1.0.

LDPC code is about 7 dB away from the Shannon limit at BER = 10−7.

Figure 3.10 shows the BER performance of both LPDC codes and both RS codes

for a turbulence strength of σR = 1.0. This corresponds to a medium turbulent

strength. The coding gains in this case are 7.5 dB and 9.0 dB over the RS codes,

respectively. For this turbulence strength, the performance of the uncoded system is

so poor that in practice a system cannot operate without coding, because an SNR of

50 dB is almost impossible to achieve.

Figures 3.11 and 3.12 show the BER performance in the strong turbulence regime

for σR = 2.0 and σR = 3.0 respectively. LDPC coding gains with respect to the RS

codes are even larger than in previous cases: 10.5 dB and 12 dB for the rate 0.91

code, at σR = 2.0 and σR = 3.0 respectively, and 12 dB and 14 dB respectively for

the rate 0.75 codes. The performance of the LPDC codes departs more from the

Shannon limit than for weaker turbulence, so there is more room for improvement
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Figure 3.11. BER versus SNR for σR = 2.0.

here. The uncoded channel under this turbulence strength is almost useless. However,

the values of capacity presented above show that although the BER performance of

these uncoded channels is very poor, there is a significant room for improvement if

appropriate channel codes are used, particularly at lower rates.

3.5. Conclusions

We analyze the atmospheric FSO channel from the perspective of information theory.

This analysis is based on a gamma-gamma distribution model of the scintillation that

has been shown to be a good representation of the actual effect of turbulence. We

determine the channel capacity of the atmospheric FSO channel for a point receiver

from weak through very strong turbulence conditions. For this analysis we consider

both the zero and the non-zero inner scale instances.
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Figure 3.12. BER versus SNR for σR = 3.0.

We observe that the capacity reduces as the turbulence strength σR increases.

This reduction is monotonic with σR at zero inner scale. We observe that for any

given rate, the capacity decreases more rapidly at lower values of σR than at higher

ones. At non-zero inner scale, we observe that for constant σR, the capacity decreases

as l0 increases. We also note that the capacity does not monotonically decrease with

σR: it begins to grow over a certain value of σR, and this increment is more evident

as l0 increases.

We evaluate two error-correction systems based on LDPC codes with excellent

correction capabilities for the FSO channel. We show that these codes provide very

large SNR gains over Reed-Solomon codes of similar rate for a wide range of turbulence

conditions. The delivered coding gains appear to grow as turbulence strengthens.

These codes have been designed to provide low encoder and decoder complexity,

making them very suitable for practical FSO communication systems.
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4. Spatial Correlation and Irradiance Fluctuations in

Multiple-Beam Links

4.1. Introduction

An optical beam propagating in turbulent air experiences faster spreading than in

vacuum, deflection from its geometric path, and wavefront distortions. All these phe-

nomena are random in nature and induce a time-varying optical power at the receiver

of the communication link. The variations in optical power seen by the receiver, usu-

ally referred to as scintillation, reduce FSO channel capacity or equivalently increase

the bit-error rate (BER) [30]. In the effort to improve system performance, scintilla-

tion may be reduced by means of (1) aperture averaging, achieved by increasing the

receiver aperture with the purpose of averaging the distortions on the optical wave-

front [68, 69]; (2) spatial coherence reduction of the beam at the transmitter [24, 25];

and/or (3) exploiting spatial diversity with the use of multiple transmitted beams

and/or multiple receivers [16, 23, 32, 33, 70–72].

Aperture averaging requires increasing both the receiver aperture and the detec-

tor’s area. The need for the latter originates in the random phase distortions suffered

by the beam, which reduce the spatial correlation of the optical wavefront [22]. This

in turn increases the spatial frequency content and, therefore, broadens the point-

spread function at the focal plane. As shown experimentally in [26], a relatively small

aperture can provide a ten-fold averaging factor, but further improvement grows only

logarithmically with aperture size. Moreover, smaller averaging factors are expected

in high-bit-rate systems, for which optical detectors must have small area.
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Beams with reduced spatial coherence show lower scintillation at the cost of faster

divergence and, therefore, lower average received power. The spatial coherence of a

beam can be reduced by placing a phase diffuser at the output of the transmitter. By

appropriately choosing the strength of the diffuser, the improvement in scintillation

reduction overcomes the penalty of power reduction and significant signal-to-noise

ratio (SNR) gains can be obtained in the weak turbulence regime [25].

The large degree of spatial diversity found in turbulent optical channels can also

be exploited to reduce scintillation, and ultimately reduce BER. In this regard, most

of the reported research has been focused on receiver diversity [16, 23, 32, 33, 70].

This previous work has demonstrated that a collection of small receivers can offer

performance similar to that of a single large receiver. The use of multiple transmitters

has also been suggested [70–72] to be used in multiple-input/single-output (MISO)

or multiple-input/multiple-output (MIMO) configurations, similar to those proposed

for wireless radio-frequency (RF) links. However, reported works on the physical

characteristics of the multiple-beam terrestrial FSO channel and the improvements

we may expect are not abundant [31, 73–76].

In this Chapter we will study a FSO MISO system. Because correlation among the

constituent beams in a MISO system plays a key role in determining overall system

performance, our focus will be on quantifying this spatial correlation structure as a

function of turbulence strength, beam separation, receiver aperture, and propagation

distance. Note that there have been some important experimental activities reported

that undertook a similar task; however, because these activities were hardware-based,

only isolated points in design space could be evaluated [31,73–75]. Here we have taken

a complementary approach in which we have employed a widely accepted numerical

wavefront propagation model in order to conduct design studies that probe a large
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volume of the relevant design space. We have verified that our numerical results agree

with these previous experimental studies while simultaneously providing important

insights into underlying trends. For example, we find a simple scaling rule that enables

the prediction of correlation values and scintillation reduction at long propagation

distances from known values obtained at shorter link lengths. We also present for the

first time, a simple way to characterize the probability density function (PDF) of the

temporal power fluctuations in a MISO system in terms of the PDF of a single-beam

system operating under similar turbulence conditions.

The work reported here also verifies several expected trends. For example, we

verify that spatial correlation increases with (a) increased propagation distance, (b)

increased receiver aperture, and (c) decreased beam spacing. We also find that cor-

relation does not depend significantly on the turbulence strength parameter C2
n or on

link wavelength. We also discover one additional benefit from using multiple beams:

because of the square-law relationship between optical power and electrical power, the

total received power is increased by M1/2 if the electrical power applied to one source

is divided intoM sources. This is important for battery operated FSO communication

systems.

The chapter is organized as follows. In Section 4.2 we describe the system model

on which we base our analysis along with our numerical propagation model. In

Section 4.3 the analysis of channel correlation is presented. In Section 4.4 we compare

the scintillation-averaging effects of four beams with that of a single-beam system

for several receiver aperture sizes and a fixed detector area. We also describe the

relationship between single- and multiple-beam probability densities. In Section 4.5

we present a BER comparison between a four-beam and a single-beam system for two

different turbulence conditions. Here we introduce a rate-one space-time code adapted
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from wireless RF communications and compare it to a simple space repetition code.

The last Section summarizes our results.

4.2. System model

4.2.1. Description of system components

Our numerical analysis is based on the four-source single-receiver FSO link shown

in Fig. 4.1. The transmitter comprises four mutually incoherent monochromatic

sources of wavelength λ = 1.55 µm. As shown in Fig. 4.1, each transmitter produces

a Gaussian beam that is directed toward the center of the receiver aperture. All

laser sources are assumed to be noise-free and with equal power, as the latter is the

most effective configuration to reduce scintillation. The transmitter apertures are

separated by distances d. The beams are collimated and expanded to a radius w0

chosen appropriately for the link distance so that the received power is maximized at

the weakest turbulence considered in this study. In practical systems, this criterion is

often relaxed to ease the alignment of the beams to the receiver. The incoherence (or

independence) of the sources is important because it ensures the incoherent super-

position (sum of intensities) at the detector, regardless of any channel-induced phase

change. This is a feature not found in multi-source RF systems.

The receiver comprises a circular collecting lens with focal length fRx = 15 cm

and diameter D, and a square PIN detector. The detector size is chosen to support

a system bandwidth of 2GHz, for which 50µm is the typical size in the class of

infrared free-space detectors. Because the transmitted beams form an angle with

respect to the receiver’s optical axis, the focal spots will lie away from the center of

the detector. This limits the ratio d/z between beam-separation d and link-distance
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Figure 4.1. Diagram of a four-beam/single-receiver FSO link.

z, but is otherwise more energy-efficient than using parallel beams. For instance, a

50µm-detector is large enough to contain about 98% of the power focused by a 4cm-

lens from all incident beams in the absence of turbulence, assuming a 1km-link with

beam separation d = 10 cm. Any power not collected by the detector is considered

lost, with the consequent reduction in SNR. Because the purpose of this work is to

quantify channel correlation and scintillation reduction, background radiation is not

considered in this analysis.

Using multiple receivers together with multiple sources is an alternative not eval-

uated in this study, but it is worthwhile mentioning that in such an architecture one

must assess the additional detector noise incurred. Unlike wireless RF links in which

any additional receiver will increase the SNR, optical links exhibit line-of-sight prop-

agation with little radiation to adjacent channels. If a larger divergence angle is given

to the beams (i.e., by adjusting the beam’s radius of curvature), larger channel loss is

also experienced. The use of multiple smaller receiver apertures (with one detector)

in place of a single large aperture may however be a cost-effective solution that can
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give good performance in moderate to strong turbulence conditions [23, 32].

4.2.2. Beam propagation and turbulence simulation

Gaussian beam wavefront propagation is performed using the split-step Fourier meth-

od [50]. In order to generate statistics with 95% significance or better, many thou-

sands of simulation runs (one simulation run involves propagating the wavefront from

the transmitter to the receiver) are needed for each set of simulation parameters.

Note that this involves very long computing times, performed on many machines. We

select a grid size of N = 512 points on a square window of 50 cm on a side perpen-

dicular to the propagation axis z. This gives a pitch of ∆x = ∆y = 0.98 mm, well

beyond the Nyquist sampling rate for the inner scale of turbulence l0 = 5 mm that

we use throughout our study. Turbulence is included via the use of random phase

screens placed at steps ∆z = 40 m. This screen separation is small enough to ensure

small phase transitions, yet large enough to guarantee the validity of the assumption

that turbulence is uncorrelated between contiguous screens. To generate the random

phase screens we have used the modified version of the Kolmogorov refractive-index

power spectrum proposed by Andrews [47], given earlier in (2.3). The spectrum is

described by

Φ(κ) = 0.033 C2
n (κ2 + 1/L2

0)
−11/6 exp(−κ2/κ2

l )

×[1 + 1.802(κ/κl) − 0.254(κ/κl)
7/6],

where κ is the spatial frequency, κl = 3.3/l0, C
2
n is the refractive-index structure

parameter, L0 is the outer scale of turbulence (which is set to L = 10 m) and l0 is the

inner scale. The propagation of beams from different optical sources is done one at a
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Figure 4.2. Example of a (a) collimated Gaussian beam with w0 = 4 cm (b) after
1 km propagating in turbulent air with C2

n = 10−13 m−2/3 and (c) the (zoomed-in)
point-spread function at the focal plane of the collecting lens whose area is marked
in (b).

time on a common set of random screens to ensure incoherent superposition. At each

propagation step the optical fields are attenuated on the edges of the screens using

a two-dimensional super-Gaussian function to avoid energy leakage that otherwise

would occur from Fourier transform operations. This ensures the integrity of the

propagating field that reaches the detector.

We assume clear air and no mechanical flexure. Values for the refractive-index

structure parameter are taken from the range 2 × 10−15 m−2/3 ≤ C2
n ≤ 10−12 m−2/3,

with a maximum propagation distance of 1km in the case of C2
n = 10−12 m−2/3.

When longer propagation distances are considered, the maximum value of C2
n must

be restricted to avoid significant energy spread outside the simulation volume. A

detailed description of these numerical constraints is presented by Belmonte in [50].

4.2.3. Definition of channel coefficients

The propagated optical field is masked at the receiver by a circular aperture and

the point-spread function observed at the detector plane is computed as the scaled
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Fourier transform of the masked field, according to the Fresnel approximation [48].

The size and shape of the point-spread function depends on the amplitude and phase

distortions induced by turbulence, as well as on the wavelength, the lens diameter,

and the focal length. Fig. 4.2 shows an example of an intensity profile resulting from

an (a) initially collimated Gaussian beam (b) after propagating 1 km with C2
n = 10−13

m−2/3 and (c) the corresponding point-spread function observed at the detector plane.

We define the received optical power pRx(i) from beam i as the spatial integral of the

intensity Ir(i)(u, v) falling on the detector’s surface, where (u, v) are the coordinates of

the simulation grid at the detector plane, and (u0, v0) and (u1, v1) are the coordinates

of the beginning and end position of the detector surface. The transmitted optical

power for beam i, pTx(i), is defined as the integral of the transmitted intensity profile

It(i)(m,n) of beam i, where (m,n) are the coordinates of the simulation grid at z = 0.

The instantaneous channel coefficient hi is defined as the ratio between pRx(i) and

pTx(i), for a given channel instance. That is,

hi =
pRx(i)

pTx(i)
=

∑u1

u=u0

∑v1

v=v0
Ir(i)(u, v)

∑u1

u=u0

∑v1

v=v0
It(i)(u, v)

. (4.1)

Thus, channel coefficients hi range from 0 to 1.

4.3. Analysis of correlation

The effectiveness of the MISO scheme depends on the correlation among channel

coefficients. Therefore, it is important to understand the dependence of correlation

upon the system parameters and the turbulence conditions. The random nature of

turbulence makes hi random in both space and time. We define the spatial channel
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correlation coefficient as

r̂ij =
〈hihj〉 − 〈hi〉〈hj〉

sisj
(4.2)

where 〈〉 represents ensemble average and si is the sample standard deviation of hi.

To have a value of r̂ij with a significance of at least 0.95 (by means of a t-test) we

generate a minimum of 15,000 channel samples for each set of parameters, and up to

30,000 samples for those cases in which r̂ij < 0.03. In the first set of simulations we

fix the propagation distance to z = 1 km. The structure parameter C2
n takes values

in the set {2× 10−15, 5× 10−14, 2× 10−13, 8× 10−13} m−2/3 and the receiver aperture

is varied from D = 1 cm to D = 7 cm, and L0 = 10 m and l0 = 5 mm. All beams

are collimated at the transmitter and have a 1/e radius of w0 = 2.2 cm. We present

the resulting correlation data in several ways to make the dependence on the free

parameters more apparent.

4.3.1. Correlation versus receiver aperture

The plots in Fig. 4.3 show the average channel correlation as a function of beam

separation at the transmitter, d, for several values of turbulence strength C2
n. We

have plotted the average correlation r̂ among all pairs of beams that are separated

at distance d, specifically, r̂ = (r̂12 + r̂23 + r̂34 + r̂14)/4. In (a) the receiver aperture

is D = 1 cm, in (b), D = 3 cm, in (c), D = 5 cm, and in (d), D = 7 cm. The

error bars represent a ±1 standard deviation of the estimation error. At any receiver

aperture diameter, correlation decreases monotonically with beam separation, as one

would expect. We observe that the dependence of correlation on C2
n saturates at

C2
n = 5×10−14 m−2/3. Above that turbulence strength correlation does not experience

significant change for any fixed beam separation.
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Figure 4.3. Average correlation coefficient between pairs of converging beams on a
single receiver, with receiver aperture (a) D = 1 cm, (b) D = 3 cm, (c) D = 5 cm,
and (d) D = 7 cm.

As the receiver aperture is increased, correlation increases accordingly. This may

be explained by the fact that with larger aperture, a larger fraction of the beam’s

energy is collected, and part of that energy has propagated in a common path. In

Fig. 4.4, correlation is plotted as a function of collecting lens diameter for (a) C2
n =

2 × 10−15 m−2/3, (b) C2
n = 5 × 10−14 m−2/3, (c) C2

n = 2 × 10−13 m−2/3, and (d)

C2
n = 8 × 10−13 m−2/3. We observe that in all cases, channel correlation increases

monotonically with collecting lens diameter, and this dependence is stronger at shorter

beam separations. The increase in spatial correlation with increasing receiver aperture

presents a trade-off. Effective scintillation control requires low correlation. This is also

a requirement for obtaining good performance in multiple-beam systems using space-
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Figure 4.4. Average correlation coefficient versus receiver aperture diameter for (a)
C2

n = 2 × 10−15 m−2/3, (b) C2
n = 5 × 10−14 m−2/3, (c) C2

n = 2 × 10−13 m−2/3, and (d)
C2

n = 8 × 10−13 m−2/3.

time coding. This leads to a preference for smaller receiver aperture and, consequently,

to lower SNR. The optimal combination depends on the application, which in some

cases may prefer smaller power variations and smaller receiver size at the cost of lower

average received power.

4.3.2. Correlation versus propagation distance

The results in Fig. 4.3 and Fig. 4.4 make an important point: channel correlation

cannot be expected to directly scale with scintillation. This is because correlation

may be thought of as an effect of multiple scattering, in which the probability of a
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scattering event increases with propagation distance. At this point it is convenient to

make use of the Rytov variance [defined in (3.1)] as a metric for turbulence strength.

It is given by

σ2
R = 1.23 C2

n k
7/6 z11/6,

where k = 2π/λ is the propagation constant. At a propagation distance z = 1 km,

C2
n = 2 × 10−15 m−2/3 is equivalent to σ2

R = 0.04. Similarly, C2
n = 5 × 10−14 m−2/3,

C2
n = 2 × 10−13 m−2/3, and C2

n = 8 × 10−13 m−2/3 correspond to σ2
R = 1.0, σ2

R = 4.0,

and σ2
R = 16.0, respectively. We evaluate and compare the correlation found for (i)

z = 1 km and C2
n = 8 × 10−13 m−2/3, (ii) z = 2 km and C2

n = 2.25 × 10−13 m−2/3,

(iii) z = 4 km and C2
n = 6.3× 10−14 m−2/3, and (iv) z = 9 km and C2

n = 1.43× 10−14

m−2/3. All four cases have a Rytov variance σ2
R = 16.0. We have varied w0 and

D according to the propagation lengths such that the average received power is the

approximately same for all cases. The corresponding correlation curves are plotted

as a function of beam separation in Fig. 4.5. A conspicuous increase in correlation

with propagation distance is observed.

From these results, we can extract an order-of-magnitude estimate for the cor-

relation at larger propagation distances. For a given Rytov variance the correlation

found at beam separation d0 and propagation distance z0 equals the correlation found

at beam separation

d = d0

√

z/z0 (4.3)

and propagation distance z. This relation holds as long as the average ratio of received

power and transmitted power is maintained (that is, the receiver aperture is increased

for longer distances in order to maintain a constant power ratio). Furthermore, a
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Figure 4.5. Average correlation coefficient among pairs of beams at 1 km, 2 km, 4
km, and 9 km with σ2

R = 16. Correlation estimates (dotted curves) for 2 km, 4 km,
and 9 km are obtained by using the data from 1-km curve and equation (4.5).

decaying exponential of the form

r = exp (−C d0) (4.4)

is fit to the simulation data corresponding to C2
n = 8×10−13 m−2/3 and z0 = 1 km (line

with diamond markers in Fig. 4.5), where C = 0.295 is a constant that minimizes

the mean-square error and d0 is the beam separation in cm. By substituting (4.3)

into (4.4) we can obtain an estimate of the spatial correlation at longer propagation

distances, namely

r = exp

(

−C d
√

z/z0

)

. (4.5)

We have plotted the correlation estimates for z = 2 km, z = 4 km, and z = 9 km

using C = 0.295 and z0 = 1000. These are shown by the dotted lines in Fig. 4.5.

These estimates compare well with the simulated data. Note that if one considers
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the saturation observed in correlation at σ2
R > 1 (Fig. 4.3), the recipe in (4.5)

and the values in Fig. 4.5 may serve to estimate the spatial correlation coefficient at

other propagation distances and wavelengths. Although not shown here, we have also

quantified the spatial correlation experienced by beams with λ = 850 nm (in contrast

with λ = 1550 nm) and z = 9 km for a few instances of d, showing agreement with

the predicted curves in Fig. 4.5.

4.4. Scaling of scintillation using multiple beams

4.4.1. Scintillation reduction

We seek to reduce scintillation at the receiver by using multiple independent sources.

Scintillation may be quantified by the received power variance

σ2
I =

〈 (pRx(i) − 〈pRx(i)〉)2 〉
〈pRx(i)〉2

=
〈p2

Rx(i)〉
〈pRx(i)〉2

− 1, (4.6)

where pRx(i) is the received optical power from beam i, as defined in section 2.C.

It is well-known that the sum of M independent and identically distributed (i.i.d.)

random variables h1, ..., hM with variance σ2
h has variance σ2 = M σ2

h. Therefore, the

scintillation seen by a detector when M beams are used would be

σ2
I =

σ2
h

M
(4.7)

only if the assumption of independence holds. For practical reasons, multi-beam

systems may be restricted in size, so assessing the effective scintillation reduction for

small beam separations is important. In these cases, the independence assumption

will not hold. Using the simulations described in the previous sections, we characterize
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the total optical power resulting from the superposition of four incoherent beams as

described in Section 2 and shown in Fig. 4.1. The scintillation of the four-beam

system is compared with that of a single-beam system with the same receiver. The

simulation of a one-beam system with a point receiver is also necessary to determine

aperture averaging, as we explain below.

In Fig. 4.6(a) the scintillation of the configurations above are plotted for D = 3

cm and D = 7 cm together with the scintillation of the point-aperture case, as a

function of σR. In order to quantify scintillation, we define two metrics: (i) aperture

averaging factor AD and (ii) beam averaging factor FB as

AD =
σ2

I (D)

σ2
I (0)

, FB =
σ2

I4
(D)

σ2
I (D)

, (4.8)

where σ2
I (0) is the scintillation of the single-beam, point-receiver system; σ2

I (D) is the

scintillation of the single-beam system with receiver aperture D and a 50µm square

detector; and σ2
I4

(D) is the scintillation of the 4-beam system with the same receiver.

The total averaging factor is then given by the product ADFB. The plot in Fig. 4.6(b)

shows AD and ADFB as a function of receiver aperture for C2
n = 2 × 10−15 m−2/3,

C2
n = 5 × 10−14 m−2/3, and C2

n = 8 × 10−13 m−2/3. It is apparent in Fig. 4.6(a) that

the overall reduction of scintillation is lower at large σR. The performance of AD in

Fig. 4.6(b) provides hints on the origin of this decreased effectiveness. It is due to the

finite detector size, as the point-spread function is larger at stronger turbulence. In

contrast, the beam factor FB is rather insensitive to D and to the detector size if beam

separation is relatively large (i.e., at low spatial correlation). Multiple beams can be

used in exchange for collecting lens diameter to reduce scintillation and receiver size.

For instance, in Fig. 4.6(b) the total averaging factor at C2
n = 8 × 10−13 m−2/3 for
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Table 4.1. F−1
B at beam separation d = {5, 7.5, 10, 12.5} cm.

C2
n [m−2/3] 2 × 10−15 5 × 10−14 2 × 10−13 8 × 10−13

D = 1 cm d = 5.0 3.526 3.161 3.332 3.282
d = 7.5 3.984 3.590 3.688 3.772
d = 10.0 4.047 3.760 3.849 3.926
d = 12.5 4.032 3.857 3.926 4.001

D = 3 cm d = 5.0 3.292 2.800 2.928 2.820
d = 7.5 3.726 3.291 3.350 3.405
d = 10.0 3.805 3.513 3.603 3.677
d = 12.5 3.896 3.688 3.757 3.827

D = 5 cm d = 5.0 3.084 2.479 2.562 2.557
d = 7.5 3.480 2.984 3.032 3.130
d = 10.0 3.692 3.297 3.374 3.487
d = 12.5 3.841 3.543 3.617 3.724

Simulation values: z = 1 km, w0 = 2 cm, l0 = 5 mm.

At d = 15cm (not shown), F−1
B ranges from 3.9 to 4.0.

D = 1 cm is about the same as that for a single beam with D = 7 cm.

All cases in Fig. 4.6 employ a beam separation d = 15 cm. For this and larger

separations (in a 1-km link), the beams can be assumed to be spatially uncorrelated,

as F−1
B is close to 4. For smaller d the performance can still be good. Beam av-

eraging factors for other values of d and C2
n are shown in Table 4.1. These beam

averaging factors have been determined directly from the simulations according to

(4.8), but they can also be predicted with good accuracy from the spatial correlation

coefficients. The scintillation index of the combined system clearly depends on the

correlation between the received signals of the constituent beams. This relationship

can, in principle, be determined through the moment-generating function of the sum

of the random variables characterizing the received power from each individual beam.

However, this is a very burdensome mathematical problem. We circumvent this by

assuming Normal statistics. In this case, it is simple to show that the scintillation
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Figure 4.6. (a) Scintillation versus σR for five system configurations: (i) single-
beam/point-receiver; (ii) single-beam, receiver aperture D = {3, 7} cm and 50µm
detector; (iii) four beams, receiver aperture D = {3, 7} cm and 50µm detector. (b)
Aperture averaging factor AD and total averaging factor AD FB versus receiver aper-
ture D. For both (a) and (b), z = 1 km, w0 = 2.2 cm, L0 = 10 m, l0 = 5 mm, d = 15
cm.

index σ2
IM

in a system with M spatially-correlated received signals can be expressed

as

σ2
IM

=
1

M

(

1 +
2

M

∑

p∈P

rp

)

σ2
I (4.9)

or, more conveniently

F−1
B = M

(

1 +
2

M

∑

p∈P

rp

)−1

, (4.10)

where rp is the correlation coefficient between the pth pair of beams and P represent

the set of all pairs of beams, and σ2
I is the single-beam scintillation. Clearly, in the

uncorrelated case, (4.9) reduces to (4.7) as expected. The Normal statistics assump-

tion is clearly not appropriate for characterizing the probability density functions of

the received power, but it does give a good approximation to the overall scintillation

as a function of the correlation coefficients. We have tested this hypothesis using
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Table 4.2. Prediction of F−1
B for the experiment in [73].

Predicted F−1
B : 2.991 (Reported F−1

B : 3.20)
d [cm] r̂ No. of pairs
20.0 0.42213 8
35.0 0.22107 8
46.2 0.13639 8
50.0 0.11578 4

Parameters involved in the estimation of F−1
B factor for the 46.8-km

8-beam experiment reported in [73]. The beam spacing d is given for

all pairs of beams in the array.

the correlation data shown in Fig. 4.3 and were able to estimate the values of F−1
B

in Table 4.1 (assuming a square configuration of beams) with an accuracy of 4% or

better at all values of C2
n. We use this hypothesis in the next subsection to predict

the values obtained by some reported experimental setups.

4.4.2. Comparison with previously published experiments

In the 46.8-km multi-beam experimental demonstration reported in [73], 8 beams in

a circular configuration are used in an effort to reduce scintillation. The separation

between adjacent beams in that demonstration is 20 cm and the maximum beam

separation (across diameter) is 50 cm. We estimate the correlation coefficient between

all pairs of beams using (4.5) with a constant C = 0.295. The estimated coefficients

were used in (4.10) to obtain F−1
B = 2.99, very close to the reported value F−1

B =

3.20 (data from June 29th in [73]). Table 4.2 summarizes all the values involved in

computing F−1
B .

The experiment in [75] reports the use of multiple beams in several configura-

tions for propagation distances 1.2 km and 10.4 km. We focus on the latter case as
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Table 4.3. Prediction of F−1
B for the experiments in [75].

Predicted F−1
B : 4.296 Predicted F−1

B : 12.15

(Reported F−1
B : 4) (Reported F−1

B : 10)
d [in] r̂ No. of pairs d [in] r̂

4.0 0.39479 24 11.0 0.07763
5.7 0.26865 18 15.6 0.02693
8.0 0.15586 16 22.0 0.00603
8.9 0.12516 24 24.6 0.00330
11.3 0.06153 8 31.1 0.00073
12.0 0.06153 8 33.0 0.00047

Parameters involved in the estimation of F−1
B factor for the 10.4-km

16-beam experiment for two of the square configurations reported in [75].
The beam spacing d is given for most of the pairs of beams possible

in the 4-by-4-beam array.

the authors report large variations of the effectiveness in reducing scintillation with

varying beam spacing. Considering the 4-by-4 square configuration of beams, with

separation d = 4 inches between adjacent beams, we predict (using (4.5) and (4.10))

a beam averaging factor corresponding to F−1
B = 4.30, significantly lower than 16,

which is what one would obtain if the channels are uncorrelated. For beam spacing

d = 11 inches, our estimation is F−1
B = 12.15. These estimates match well (20%

or better) the results plotted in [18, Fig.12b], approximately 4 and 10, respectively

(however, values of scintillation or beam averaging factors are not explicitly given in

the text). It is worth noting that the accuracy of the predictions is expected to be

higher if the received power per beam is uniform. The pair-wise beam spacing and

the corresponding correlation estimates are listed in Table 4.3.

A third comparison is made with the 5.4-km multibeam illumination experiment

reported in [31]. The system comprises 9 beams, each with 4 cm in diameter, in a

circular configuration with one in the center. According to the description, all the

beams are contained within a circular area of diameter 20 cm. Using this information
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we determined all the pair-wise beam spacings. In this case we use C = 0.34 in

(4.5), fit to the lowest curve in Fig. 4.3(d). This is to account for the small Rytov

variance (σR = 0.25), at which we cannot assume saturation of the spatial correlation

coefficient, unlike in the previous comparisons. The predicted beam averaging factor

(inverted) is F−1
B = 3.08, almost the same as the observed value F−1

B = 3.0. Table

4.4 summarizes the data used in this estimation.

4.4.3. Density function of multi-beam case

The Gamma-Gamma (ΓΓ) probability density function (PDF) serves as a good model

for the power fluctuations seen at the receiver of a single-beam FSO communication

system for a wide range of turbulence conditions [51, 77, 78]. It is given by

f(I) =
2(αβ)(α+β)/2

Γ(α)Γ(β)
I(α+β)/2−1Kα−β

(

2
√

αβI
)

, I > 0 (4.11)

where I is the received optical power, α and β are the parameters, Γ is the Gamma

function, and Kα−β is the modified Bessel function of the second kind and order α−β.

We fit this PDF to the histograms obtained from simulation data corresponding to

single-beam cases in order to determine the parameters α and β. We have found

that the power variations for the multiple-beam case on a single receiver can also be

modeled by a ΓΓ PDF whose parameters are scaled versions of those from the single-

beam case under the same turbulence conditions and design constraints. This scaling

follows the beam averaging factor FB very closely. That is, the PDF’s parameters α

and β of the multi-beam case can be expressed as

α = F−1
B α1, β = F−1

B β1 (4.12)
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Figure 4.7. Histograms of intensity fluctuations and ΓΓ fit. The ΓΓ density curve
for the 4-beam case is predicted using the beam factor FB. (a) C2

n = 5×10−14 m−2/3,
D = 3 mm, d = 5 cm. (b) C2

n = 5 × 10−14 m−2/3, D = 3 mm, d = 15 cm. (c)
C2

n = 2 × 10−13 m−2/3, D = 1 cm, d = 5 cm. (d) C2
n = 2 × 10−13 m−2/3, D = 1 cm,

d = 15 cm.

where the parameters α1 and β1 correspond to the single-beam case. The beam

averaging factor’s inverse F−1
B reduces to the number of beams, M , when the channels

are uncorrelated.

Figure 4.7 show four examples that compare the predicted PDF with the actual

histogram. In Fig. 4.7(a), C2
n = 5× 10−14 m−2/3 and D = 3 mm. The parameters for

the single-beam case are α1 = 100 and β1 = 1.85 and for a beam separation d = 5 cm,

F−1
B = 3.28. The predicted PDF is a good match to the histogram obtained from the

simulation data of the 4-beam case. We have quantified the goodness of fit by means
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Table 4.4. Prediction of F−1
B for the experiment in [31].

Predicted F−1
B : 3.0779 (Reported F−1

B : 3.0)
d [cm] r̂ No. of pairs
6.11 0.4083 8
8.00 0.3102 8
11.3 0.1910 8
14.2 0.1247 8
16.0 0.0962 4

Parameters involved in the estimation of F−1
B factor for the 5.4-km

9-beam experiment reported in [31]. The beam spacing d is given for

all pairs of beams in the array.

of the correlation between the histogram and the predicted ΓΓ. For case (a) the

correlation is ρ = 0.9933. In (b) the parameters are the same as in (a) but d = 15 cm.

Here, F−1
B = 3.92, and the predicted curve gives and excellent fit to the histogram.

In this case, ρ = 0.9994. The examples in (c) and (d) employ C2
n = 2 × 10−13 m−2/3

and D = 1 cm with beam separations d = 5 cm and d = 15 cm, respectively. In these

cases we have α1 = 1.5 and β1 = 0.98, with F−1
B = 3.33 in (c) and F−1

B = 3.98 in (d).

The goodness of fit is ρ = 0.9919 for case (c) and ρ = 0.9972 for case (d).

A good fit is obtained using the ΓΓ density function as long as the receiver aperture

is small compared to the effective beam size at the receiver. We have observed that

for relatively large collecting lenses, the histograms resemble a Gaussian density. A

plausible reason is that larger apertures collect more independent fading patches and

the PDF of the sum of these patches approaches a Gaussian distribution through the

Central Limit theorem.
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4.5. Bit-error rate comparison using space-time codes

The metrics analyzed above do not completely portray the communication system

improvement to be expected by using a MISO scheme. The bit-error rate (BER)

comparison presented here (based on Monte Carlo simulations) considers the effec-

tiveness of the MISO approach in reducing the detection errors induced by both the

random turbulent channel and the detector noise. We adapt the modulating and de-

coding strategy of a size-four rate-one space-time block code proposed for multi-input

multi-output (MIMO) antenna systems in the context of wireless radio-frequency

(RF) communications so that it can be used in intensity-modulated optical systems,

following the approach proposed in [72]. We evaluate the bit-error rate performance

of two space-time coding schemes using On-Off Keying (OOK) modulation. The first

scheme uses a spatial repetition code and the second scheme uses a size-four rate-one

ST block code mentioned above. We show that although both schemes have excellent

performance in moderate and stronger turbulence conditions, the simpler repetition

scheme is better. We later explain that this is due to the incoherent superposition of

fields, naturally found in optical systems if independent sources are used.

4.5.1. Space repetition code

We can describe the output y of the FSO channel with the statistical expression

y = h x+ ξ, (4.13)

where h is the instantaneous channel coefficient, x is the transmitted symbol, and

ξ is the zero-mean Gaussian noise added by the optical detector. The knowledge of

h (usually referred to as channel state information in the context of coding theory
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for fading channels) by the receiver is essential in the use of space-time codes. can

be measured with small error using pilot signals. This is a realistic approach, as the

temporal variations of scintillation are known to be slow compared to the bit rate of

a typical FSO communication system [79].

A size-four space repetition code is defined by the column vector

x = [x x x x]T (4.14)

where x is the symbol to be transmitted and [·]T is the transpose operation. The

transmission vector in (4.14) implies that every symbol x is replicated and transmitted

simultaneously by each optical transmitter. The time dimension of this code is just

the transmission of the next symbol in the buffer. The received signal will be

y = (h1 + h2 + h3 + h4)x+ ξ (4.15)

where {hi} represent the single-beam channel coefficients defined in (4.1). In the

context of RF communications, this code would not provide diversity because the

channel coefficients add coherently. However, the superposition of independent optical

sources is always incoherent, as the correlation length of a typical laser source will

be much shorter than the path difference of any two transmitted beams [81]. The

decoding statistic for the repetition code will then be

x̂ = y/

4
∑

i=1

hi. (4.16)
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4.5.2. Space-time block code

A ST block code is defined by an nT ×p transmission matrix, where nT is the number

of optical transmitters, and p is the number of time steps required to transmit all

symbols. In a binary system, q bits are encoded into nT parallel binary sequences of

length p, according to the transmission matrix X. The rate of the code is given by

R = q/p [82]. We evaluate a modified rate-one (q = 4, p = 4), size-four, full-diversity

code given by

X =



















x1 −x2 + A −x3 + A −x4 + A

x2 x1 x4 −x3 + A

x3 −x4 + A x1 x2

x4 x3 −x2 + A x1



















(4.17)

where {x1, x2, x3, x4} are the binary symbols to be transmitted, and A is the intensity

of the OOK signal, which is added to negative symbols to produce non-negative

transmit signals. In (4.17) we have followed the adaptation of the Alamouti (size-

two) code proposed in [72]. The first column of the transmission matrix corresponds

to the bits transmitted on each of the four optical transmitters during the first time

interval. The following columns correspond to the second, third, and fourth group of

transmitted bits, respectively. The received intensity at time interval t for the case

of one receiver is given by

rt =

nT
∑

i=1

hi Xi,t + ξt, (4.18)

where hi is the intensity coefficient of channel i, Xi,t is the (i, t) element of X, and ξt

is white Gaussian noise added by the detector at interval t. The channel coefficients

{hi} are assumed to remain constant for the duration of the transmission of the entire

matrix X. The decoding scheme with linear processing proposed for RF systems [82]
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must be modified to account for the constraints imposed on X to work on non-negative

signals. In our case, the decision statistic for symbol xj with 1 ≤ j ≤ q is given by

the expression

x̃ =
4
∑

i=1

δi(j)rihei(j) + bj (4.19)

where δi(j) represents the sign of symbol xj at column i of X, ei(j) is the position

of symbol xj in column i, and bj is the bias added to balance the decision statistic,

given by

bj =















0 , j = 1

−
4
∑

i=2

δi(j) hei(j) Ci , j = 2, 3, 4.

(4.20)

where Ci are constants derived from the bias terms in ri. In particular, C2 = A(h1 +

h3), C3 = A(h1 + h4), and C4 = A(h1 + h2). The constructed statistics in (4.19) will

have the form

x̃ =
(

h2
1 + h2

2 + h2
3 + h2

4

)

xj + Ξj (4.21)

where Ξj is a noise term that comprises all noise contributions in (4.19). To decode

the symbol j, we decide in favor of the symbol value s ∈ {0, 1} that minimizes the

expression [82]

mj = |x̃j − s|2 +

(

4
∑

i=1

|hi|2 − 1

)

|s|2, (4.22)

which, with the assumption of a AWGN channel (as channel coefficients are known),

is equivalent to thresholding the statistic

x̂j = x̃j/
4
∑

i=1

h2
i . (4.23)

Note that the decision statistic in (4.23) differs from that of the repetition code
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in (4.16) in that the former features a sum of the squares of the channel coefficients,

rather than a sum of linear terms. This fact causes the two statistics to have different

probability distributions. The ST codes described above do not have any error-

correction capability; they just make use of the channel diversity of the multiple

beam system. However, ST codes can be concatenated with any error-correction

code.

4.5.3. Monte Carlo BER simulations

To evaluate the BER improvement achieved by using the space-time coding strategies

described above, we modulate a randomly generated binary stream using On-Off

keying(OOK). We assume that the channel state information is known to the receiver.

For the purposes of this evaluation, the channel is assumed to remain constant for

ten thousand consecutive bits and is varied randomly and independently from the

previous instance. This scheme is usually referred to as block fading [80].

Channel coefficients are randomly generated according to a ΓΓ PDF. We consider

two specific cases for which (1) C2
n = 10−13 m−2/3 and D = 3 cm, and (2) C2

n = 10−12

m−2/3 and D = 5 cm. Both cases employ a beam separation d = 15 cm. We define

electrical signal-to-noise ratio (SNR) as the ratio between the average transmitted

electrical power and receiver electrical noise power PTx/N0. Consequently, the BER

curves include the power penalty incurred by the choice of beam diameter, receiver

aperture, detector area, and beam spreading induced by turbulence. This penalty

can be determined by an ensemble average of the channel coefficients hi as defined in

(4.1) and apply to both single-beam and four-beam systems. We have summarized

these parameters in Table 4.5.

Figure 4.8 depicts the BER versus electrical SNR in dB for case (1). The curve
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Table 4.5. Parameters used in the Monte Carlo simulations to determine BER.

Case C2

n Rx aperture Single-beam ΓΓ σ2

I (D) Power penalty
[

m−2/3
]

D [cm] (α, β) (channel loss)
(1) 10−13 3 (4.6, 4.2) 0.694 7.7 [dB]
(2) 10−12 5 (3.7, 3.0) 0.507 13.0 [dB]

.

with asterisk markers correspond to the repetition-code scheme; the curve with circle

markers correspond to the ST block code; and the curve without markers is the BER

of the uncoded single-beam system. The SNR gain is 23 dB between the repetition-

coded system and the single-beam system at BER= 10−6, and is 18 dB between the

ST-block-coded system and the single-beam system at the same BER level. In each

situation, the average transmitted electrical power per bit for the four-beam system

is the same as that of the single-beam system. As mentioned in the introduction,

splitting the electrical power into M independent sources provides an increase in

optical power by a factor of
√
M . This derives from the square-law relationship

between electrical power and optical power. If we assume a total electrical power

normalized to unity, the optical power in each beam is proportional to M−1/2. The

total optical power is then M × M−1/2 =
√
M . In our example, the total optical

power is increased by a factor of 2, which translates into a gain of 6 dB in electrical

SNR. This improvement is already included in the SNR gains given above. Figure

4.9 shows the BER performance for case (2). For this case, the SNR gains are 30 dB

with the repetition code and 25 with the ST block code.

Our explanation for the better performance of the repetition code is that it

achieves diversity without the need of separate transmissions. The ST block code

was designed to work on RF channels where the superposition of fields is coherent.

As a result, the statistics given in (4.16) and in (4.23) have different underlying prob-
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Figure 4.8. BER versus PTx/N0 for a repetition code and a ST block code using
four optical transmitters for the system parameters given in Table 4.5, case 1.

ability distributions. We have found that the decoding statistic of the repetition code

is characterized by a less skewed probability density than that of the ST block code,

which leads to a better performance of the former.

The channel conditions for cases (1) and (2) evaluated above correspond to Rytov

variances σ2
R = 2.0 and σ2

R = 19.9, respectively. Both cases belongs to the strong

turbulence regime, which is characterized by σ2
R > 1. In weaker turbulence conditions,

the SNR gain may not be large enough to justify the cost of additional hardware, and

aperture averaging alone (i.e., increasing the collecting aperture at the receiver) may

be more cost-effective.



88

Figure 4.9. BER versus PTx/N0 for a repetition code and a ST block code using
four optical transmitters for the system parameters given in Table 4.5, case 2.

4.6. Conclusions

By means of numerical modeling we have analyzed the correlation among multiple

incoherent beams projected onto a single receiver in an FSO communication system.

Correlation is found to increase with the turbulence parameter C2
n up to a certain

point (around σ2
R = 1) above which correlation saturates. Spatial correlation grows

with increasing propagation distance and increasing collecting lens diameter. For

z = 1 km, channel correlation is statistically significant for beam separations d < 15

cm.

It is observed that for constant Rytov variance, correlation increases with propaga-

tion distance, such that the correlation found at beam separation d0 and propagation

distance z0 approximates the correlation found at beam separation d = d0

√

z/z0 and

propagation distance z. We provide simple expressions that, together with the corre-



89

lation curves given in Figures 4.3 and 4.5, can be used to predict correlation values at

other propagation distances. We tested these predicting tools by comparing against

previously reported experiments, with very good accuracy.

We find that the ΓΓ PDF can be used to model the power fluctuations observed

in a FSO MISO system. The parameters (α, β) corresponding to the density function

of the MISO system are well approximated by (F−1
B α, F−1

B β). In this expression, F−1
B

is the inverse of the beam averaging factor, as defined in (4.8), and (α, β) are the

parameters of a ΓΓ PDF modeling the optical power fluctuations of a single-beam

system under the same turbulence conditions.

The improvement in BER performance achieved by using multiple beams is eval-

uated. Large SNR gains are obtained by using such configurations compared to

single-beam systems using the same electrical power. The averaging effects on scintil-

lation achieved by the MISO scheme multiply those obtained from aperture averaging

at the receiver. This combined effect significantly reduces the power requirements to

operate at low BER, and may provide a cost-effective alternative to large collecting

apertures.
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5. Orbital Angular Momentum-Based Channel Multiplexing

5.1. Introduction

Orbital angular momentum (OAM) is a property of light associated with the helicity

of a photon’s wavefront. Optical beams carrying OAM are usually called optical

vortices, because they feature a phase discontinuity at their center. This discontinuity

produces a dark central spot in the intensity distribution of such an OAM beam. A

vector normal to a vortex wavefront follows a spiral trajectory around the optical

propagation axis. The momentum of a vortex field is proportional to the number of

turns that this vector completes around the beam’s axis after propagating a distance

equal to one wavelength. This number is equal to the OAM state.

Unlike spin angular momentum, for which only two states are possible, the OAM

state of a photon can take any integer value. This infinite set of OAM states forms an

orthonormal basis [83–85]. This property may be exploited in the context of optical

communications [85–87]. The orthogonality among beams with different OAM states

allows the simultaneous transmission of information from different users, each on a

separate OAM channel. Each orthogonal channel can be perfectly filtered and decoded

at the receiver of a free-space optical (FSO) communication link. OAM states may

also be used for multilevel modulation [85].

Although OAM could in principle be imprinted on any optical wavefront, some

optical beams have well-defined vorticity. Among the beams that can carry OAM

we find Bessel beams, Hermite-Bessel beams, helical Mathieu beams, and Laguerre-

Gauss beams [83, 84, 88–91]. The phase front of an optical beam carrying OAM is of
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course diffracted as it propagates in any linear, isotropic, and homogeneous medium;

however, the vorticity of the beam is preserved so that wavefronts with different

OAM states remain orthogonal after propagation. For FSO applications however, it

is important to note that orthogonality is no longer maintained in the presence of

atmospheric turbulence [92]. Atmospheric turbulence is a random process in which

heat is continuously transferred within the air. As described by Kolmogorov’s model,

air cells of various sizes and different temperature break continuously into smaller

cells in a process that ends as cells dissipate by viscosity. This process makes the

optical channel inhomogeneous because the transmitted optical wavefront propagates

along a space- and time-varying refractive index distribution. As a result, part of

the energy launched into a single OAM state will be redistributed into other OAM

states after turbulent propagation. Consequently, atmospheric turbulence induces a

time-varying crosstalk among OAM channels.

There have been some successful laboratory experiments to generate beams with

superimposed OAM states [84,85,93]. Our interest is to study the feasibility of a multi-

channel OAM terrestrial FSO link and quantify the channel crosstalk as a function

of turbulence strength, number of simultaneous channels, and signal-to-noise ratio

(SNR). Through numerical methods we simulate the coaxial propagation of Laguerre-

Gauss beams each with a distinct OAM state in the range [-smax, +smax] over a 1-km

turbulent path. Because we seek to determine the effects of atmospheric turbulence

alone, we assume perfect generation and detection of the OAM channels.

As expected, these simulations verify that optical turbulence induces OAM

crosstalk and that the average crosstalk between channels grows with turbulence

strength. For each transmitted OAM state we (i) quantify the efficiency (% of power

remaining in transmitted channel) of each channel in terms of the turbulence strength
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and (ii) quantify the average crosstalk observed on all channels in the studied range,

in terms of turbulence strength. The efficiency in (i) accounts for channel losses due

to beam spreading, beam wander, and crosstalk.

The averages found above can be understood as the channel matrix of the OAM-

multiplexed communication system. Knowledge of this matrix (at each turbulence

strength level) is essential to designing and predicting the performance of such a

system.

With the assumption that crosstalk and detector noise are mutually independent

Gaussian noise sources we model each OAM mode as a binary symmetric channel

whose probability of flip error is a function of the channel efficiency, the crosstalk

induced by the other constituent channels, and by detector noise. Using this model we

find for a prescribed number of channels the optimal set of OAM mode numbers, in the

sense of maximizing the aggregate capacity. Because of the Gaussian assumption, this

approach renders a lower bound on system capacity. The optimal sets of OAM state

numbers are determined at each value of SNR and turbulence strength considered.

Aggregate capacity curves and bit-error rate curves are presented as functions of

transmit power to quantify the turbulence-induced channel losses and the service

quality of constituent channels.

The Chapter is structured as follows. In section 5.2 we briefly describe the

Laguerre-Gauss beams and note several methods for generating them. Section 5.3

describes the transmitter and receiver models and our numerical method for simu-

lating the turbulent propagation. In section 5.4 the crosstalk among OAM channels

is presented as a function of turbulence strength. The results on aggregate capacity

and bit-error rate are given in section 5.55, and conclusions are given in section 5.6.
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5.2. Orbital angular momentum in Laguerre-Gauss beams

5.2.1. Laguerre-Gauss modal distribution

Among the optical beams that can carry OAM, Laguerre-Gauss (LG) beams are of

special interest because they are easily realizable. Because of its symmetry around

the optical axis, the field distribution of a LG beam is best described in cylindrical

coordinates. For a radial distance r from the propagation axis, azimuthal angle φ,

and propagation distance z, the field distribution can be expressed as

u(r, φ, z) =

√

2p!

π(p+ |m|)!
1

w(z)

[

r
√

2

w(z)

]|m|

Lm
p

[

2r2

w2(z)

]

× exp

[ −r2

w2(z)

]

exp

[ −ikr2z

2(z2 + z2
R)

]

× exp

[

i(2p+m+ 1) tan−1 z

zR

]

exp(−imφ) , (5.1)

where w(z) = w0

√

1 + (z/zR)2 is the beam radius at distance z, w0 is the radius of

the zero-order Gaussian beam at the waist, zR = πw2
0/λ is the Rayleigh range, λ

is the optical wavelength, and k = 2π/λ is the propagation constant. Note that in

(5.1) the beam waist is at z = 0. The term Lm
p (·) represents the generalized Laguerre

polynomial, and p and m are the radial and angular mode numbers, respectively.

There are several things to note in (5.1). The radial mode number p is such that

p+1 represents the number of maxima in the radial intensity distribution. The angular

mode number m corresponds to the OAM state number. For p = 0, Lm
p = 1 ∀m. By

setting m = 0, u(r, φ, z) reduces to a zero-order Gaussian beam (TEM00 mode). For

p = 0 and m 6= 0, the intensity of a LG mode is a ring whose radius is proportional to

√
m. As an example, the intensity and phase profiles of a LG beam with p = 0 and
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Figure 5.1. (a) Intensity distribution of a LG beam with OAM state m = 5 and
radius w0 = 3 cm. The frame is 20 cm on a side. (b) Phase distribution of the beam
at z = 0. (c) Phase distribution of the beam at z = 1 km.

OAM state m = 5 and radius w0 = 3 cm are shown in Fig. 5.1. The characteristic

ring-shaped intensity distribution is depicted in (a). The phase distribution of the LG

beam at z = 0 is shown in (b). The phase is represented by levels of gray, such that

black corresponds to −π and white to π. As explained in Section 1, a vector normal

to the OAM wavefront rotates around the propagation axis m times as the beam

propagates for one wavelength. Thus, at any given propagation distance, the beam is

characterized by a helicoidal waveform whose phase linearly increases in the azimuth

direction such that the total phase difference is 2πm radians. This explains the 5 line

discontinuities in Fig. 5.1(b). Because diffraction induces a radially-dependent phase

change with propagation, at z = 1 km the phase distribution looks like that of Fig.

5.1(c).
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5.2.2. Generation methods

There are numerous methods for generating LG beams. Three methods that have

received recent attention are (i) mode conversion from high-order Hermite-Gauss

beams (generated by a laser) to LG beams by means of a pair of cylindrical lenses

[94, 95]; (ii) a spiral phase plate, consisting of a transparent optical element whose

thickness varies linearly with the azimuthal angle, such that a zero-order Gaussian

beam propagating through it acquires a prescribed OAM state [96–101]; and (iii)

computer-generated holograms created by recording a digitally-generated interference

pattern between a reference beam and a LG beam onto a film or by controlling

a SLM [85, 93, 102, 103]. Method (i) is theoretically the most efficient, but it is

cumbersome as it requires starting with Hermite-Gaussian beams with high modal

purity. Method (ii) may also have high efficiency (i.e., above 90%) depending on the

number of (discrete) steps used to define the plate thickness. It is, however, not very

flexible, as the plate is designed for one wavelength and one OAM state. Method

(iii) allows great flexibility. Efficiencies vary according to the type of hologram used.

Multi-channel FSO communication systems demand high efficiencies for all OAM

states and volume holograms can fulfill such a requirement.

5.3. OAM-multiplexed system and propagation in turbulence

5.3.1. Transmitter and receiver models

The transmitter for the OAM-multiplexed communication system considered here

comprises the following. As shown in the diagram of Fig. 2, a number of data-

carrying TEM00 modes –each independently modulated by a data stream– are shone
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Figure 5.2. Diagram of a free-space optical communication link using multiplexed
OAM channels.

onto a series of volume holograms, each programmed with a different OAM state,

whose diffraction angles are designed to produce coaxial propagation of the outgoing

OAM-carrying beams. After the set of independently modulated OAM beams have

been made collinear (i.e., optically multiplexed), the resulting superposition field is

expanded by a telescope, as shown in Fig. 2. For the work reported here we collimate

and expand the outgoing multi-mode beam so as to minimize the receive aperture

size for a given link length [27]. The receive aperture in turn, is matched to the

size of the largest constituent OAM field so that 99.9% of the transmitted power will

be collected in the absence of turbulence. This is accomplished by using a receive

aperture diameter DRx = 2 wz

√

|m0|, where m0 is the largest OAM state number

in the system and wz is the zero-order beam radius at propagation distance z. Even

though a beam suffers further spreading in turbulent propagation, larger receiver

apertures will not yield higher efficiencies (except for TEM00 modes) because the

actual per-channel received power depends on the de-multiplexing holographic filter,

whose programmed field is fixed.

The design of the receiver end of the link is based on the principle of the or-
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thogonality among LG beams with different azimuthal mode numbers. Although

the superposition and simultaneous propagation of a set of LG beams with differ-

ent vorticity may produce an unrecognizable intensity pattern, the scalar product of

any two of the constituent fields (after propagating through vacuum) is zero. This

is related to the modal radiance theorem, which states that co-propagating modes

can be perfectly split and recombined [104]. The receiver is, thus, based on a set

of volume holograms programmed with the fields of each of the constituent received

OAM channels. These holograms can be arranged in parallel and perform as filters

that diffract the powers of the matching channels but otherwise allow transmission of

non-matching channels. Given the received field um(r, φ, z) with OAM state m and

the analyzing field u∗n(r, φ, z) (where ∗ indicates complex conjugate) with OAM state

n, the nth channel output signal (observed at the detector of channel n) is

um(r, φ, z) · u∗n(r, φ, z) ,

∫

r dr dφ um(r, φ, z) u∗n(r, φ, z)

=















0 ∀n 6= m

∫

r dr dφ |um(r, φ, z)|2 n = m .

(5.2)

The output signal in (5.2) can be recovered with a conventional PIN or APD detector.

It is clear that for the case n = m the outcome is equal to the total power of the

observed field. With this approach one can use on-off keying (OOK), pulse-position

modulation (PPM), or any other modulation scheme appropriate for direct-detection

FSO [105].

We note that given the phase evolution induced by diffraction, the channel filters

are designed using the diffracted versions of the LG modes. That is, each detecting

hologram must be recorded with the field u(r, φ, z = zL), where zL is the link distance;
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otherwise, the power is not maximized. The receiver comprises a collecting lens whose

diameter is as large as the largest LG beam considered. In our study, the optical

detector is assumed to be large enough to neglect power losses at the focal plane so

that only the effects of turbulence on OAM channels are analyzed. Because the FSO

channel is not frequency-selective within the range of current bit-rates, the results

obtained here will be valid for any data rate. This principle, however, does not hold

at very high bit rates for which optical detectors must be small, and therefore, focal

plane loss must be included.

We consider a link distance z = 1 km. The optical beams have a zero-order

radius w0 = 1.6 cm at the transmitter. This radius minimizes the spot size at the

receiver end for the link distance considered. All OAM channels use a wavelength

λ = 850 nm. Note that LG beams with larger m are characterized by wider intensity

distributions, resulting in a larger optical aperture requirement. This scaling will set a

practical limit on the number of OAM channels a system (with a single optical receiver

aperture) can have. The diameter of the receiver optics will depend on the turbulence

level. For instance, a 15-centimeter collecting aperture is enough to accommodate 21

OAM modes (i.e., from -10 to +10) for the given beam parameters and propagation

distance. This diameter is large enough to collect 99.99% of the largest mode’s power

in the absence of turbulence.

5.3.2. Propagation in turbulence

We simulate the propagation of LG beams with states m ∈ S = {−smax,−smax +

1, ...,−1, 0,+1, ...,+smax − 1,+smax} in atmospheric turbulence (where smax is cho-

sen depending on the strength of the turbulence) by means of the split-step Fourier

method [27,50,106]. Turbulence is induced by means of random phase screens inserted
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Figure 5.3. (a) Intensity distribution of a distorted LG beam with initial OAM
state m = 5 and radius w0 = 3 cm. The frame is 20 cm on a side. (b) The distorted
phase distribution after z = 1 km still preserves some of its helical structure. In this
example C2

n = 10−15 m−2/3.

every 50 m along the propagation path. Each screen is generated by shaping (in the

Fourier domain) a set of complex Gaussian deviates according to a two-dimensional

power spectrum of refractive-index fluctuations. Again we consider the power spec-

trum proposed by Andrews [47] given earlier in (2.3) and later repeated in Section

4.2. The outer and inner scales are set to L0 = 20 m and l0 = 5 mm, respectively.

The numerical grid comprises 512 × 512 elements and covers an area of 70 × 70 cm2

transverse to the propagation axis. Turbulence strength is controlled by varying C2
n

from 10−16 m−2/3 to 10−13 m−2/3. Figure 5.3 shows the intensity and phase distribu-

tions of an LG beam whose characteristics are the same as those from Fig. 5.1, after

propagation for 1 km in turbulence with C2
n = 10−15 m−2/3.

The outer and inner scales are set to L0 = 20 m and l0 = 5 mm, respectively.

The numerical grid comprises 512 × 512 elements and covers an area of 70 × 70 cm2

transverse to the propagation axis. Turbulence strength is controlled by varying C2
n

from 10−16 m−2/3 to 10−13 m−2/3. Figure 5.3 shows the intensity and phase distribu-
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tions of an LG beam whose characteristics are the same as those from Fig. 5.1, after

propagation for 1 km in turbulence with C2
n = 10−15 m−2/3.

5.4. OAM crosstalk induced by turbulence

5.4.1. The channel matrix

To determine the channel crosstalk we undertake the following procedure. For a

given value of C2
n, a LG beam with OAM state m is propagated in turbulence as

described above. The received, distorted OAM-carrying field is filtered according to

the scalar product operation defined in (5.2) for every m,n ∈ S and the resulting

projections are recorded. This corresponds to one instance of the channel. We repeat

this operation on 20,000 different channel instances. Projections are averaged for each

(m,n), yielding a (2 smax + 1) × (2 smax + 1) matrix whose elements are normalized

by the transmitted energy. We denote this matrix by H. In the absence of turbulence

H is an identity matrix. It is worth noting that the elements of H relate to optical

power, not electrical power. Energy loss induced by fast beam spreading and beam

wander are accounted for in H. Because we consider a transparent medium, this lost

energy is in fact spread to outer OAM states.

We perform the numerical propagation described above for several values of C2
n,

namely, 10−16, 10−15, 10−14, 3 × 10−14, and 10−13 m−2/3. We have determined H

for each of these C2
n values. As we have done in previous chapters, we can also

express the propagation conditions in terms of the Rytov variance, defined as σ2
R =

1.23 C2
n k

7/6 z
11/6
L . For a path length zL = 1 km and wavelength λ = 850 nm, the

range of σ2
R that we study spans from 0.004 to 4.0.

Let us label the elements of the crosstalk matrix H by ηmn, where m is the
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Figure 5.4. Transmission efficiency ηmm as a function of OAM state, for several
values of turbulence strength C2

n.

transmitted OAM channel and n is the observed OAM channel at the receiver. The

elements on the diagonal of H, ηmm, represent the efficiency of channel m, that is, the

fraction of power that remains in the transmitted channel after propagation. Fig. 5.4

shows the channel efficiency ηmm of OAM channels +1 to +20 for the 5 values of C2
n

under consideration. These averages are the same for OAM channels with negative

state number, i.e., η(−m)(−n) = ηmn. Note that ηmm is close to 1 for every m when

C2
n = 10−16 m−2/3 (a weak dependence on m is, however, apparent in the zoomed-in

inset of Fig. 5.4). As turbulence increases, ηmm decreases with increasing |m|. For
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Figure 5.5. Average crosstalk ηmn observed on OAM channels n ∈ S induced
by transmit channel m ∈ {+1,+5,+10,+15}. In (a), C2

n = 10−16 m−2/3; in (b),
C2

n = 10−15 m−2/3; and in (c), C2
n = 10−14 m−2/3.

C2
n = 10−13 m−2/3 this decay is severe, ranging from roughly η0 0 = 0.055 down to

η16 16 = 0.0079. This is caused by the large spread of energy to adjacent states and/or

energy loss from beam spreading. As a consequence, channels with larger OAM state

will experience lower SNR. Also, it is clear from Fig. 5.4 that for any given OAM

state, ηmm decreases with increasing C2
n.

5.4.2. OAM crosstalk comparison

The previous discussion refers to the efficiency of each channel alone, which relates

to the effective signal power an OAM channel will detect. Crosstalk is the power

detected by a receive channel for which the transmitted signal is not intended. This

crosstalk is represented by the elements of H, ηmn, for which m 6= n. Fig. 5.5 shows

histograms of the OAM crosstalk found for (a) C2
n = 10−16 m−2/3, (b) C2

n = 10−15
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Figure 5.6. Average crosstalk ηmn observed on OAM channels n ∈ S induced by
transmit channel m ∈ {+1,+5,+10,+20}. In (a), C2

n = 3 × 10−14 m−2/3 and in (b),
C2

n = 10−13 m−2/3.

m−2/3, and (c) C2
n = 10−14 m−2/3. In each of the three cases, we present four examples

corresponding to the crosstalk generated by transmitting on an isolated channel with

m = 1, 5, 10, or 15. Each of these subplots corresponds to a row in H and, as

such, includes the channel efficiency ηmm. In case (a) crosstalk among channels is

negligible. This manifests in both a large value of ηmm and small values of ηmn with

m 6= n. For instance, in the uppermost box of 5.5(a) for which the transmitted

OAM state is m = +1, η1 1 = 0.99, η1 2 = 0.0034, and η1 3 = 0.0004. The latter two

correspond to −24.6 dB and −34 dB of attenuation with respect to η1 1 (decibels in

the optical domain). For a transmit channel m = +10, η10 10 = 0.97, η10 11 = 0.0092,

and η10 12 = 0.0019, corresponding to −20.2 dB and −27 dB, respectively. It can

be noted that, as expected from the trends seen in Fig. 5.4, crosstalk to adjacent

channels increases with increasing OAM transmit state |m|.
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In Fig. 5.5(b), C2
n = 10−15 m−2/3 and up to four bars of crosstalk are now apparent.

For transmit channel m = +1, η1 1 = 0.90, η1 2 = 0.037, and η1 3 = 0.0043. Expressed

in decibels, the crosstalk is −13.9 dB between channels 1 and 2, and −23.2 dB between

channels 1 and 3, indicating a significantly larger interference, compared to that found

in case (a). Despite this level of crosstalk, we will show in the next section that

multichannel communications can be reliable at this turbulence condition. One can

observe the conspicuous increase of crosstalk for higher OAM states. By making

another 10-fold increase in C2
n, we find that crosstalk in adjacent channels reaches the

same order of magnitude as the power remaining in the transmit signal channel. This

is shown in Fig. 5.5(c), with C2
n = 10−14 m−2/3 (equivalent to σR = 0.63), close to the

upper limit of the weak turbulence regime. In this figure we have marked the bar of

the transmitted channel with an arrow on top. Note that the distributions of ηmn are

not symmetric around the transmitted channel. We observe in all cases of Fig. 5.5

that average received energy remains peaked at the transmitted state. Some sample

values of crosstalk for C2
n = 10−14 m−2/3 and m = +1 are η1 1 = 0.38, η1 3 = 0.041

(−9.6 dB), and η1 5 = 0.0047 (−19 dB). For m = +5, η5 5 = 0.19, η5 3 = 0.062

(−4.8 dB), and η5 1 = 0.0046 (−16.1 dB). The reader may find the full matrix H for

C2
n = 10−14 m−2/3 in the Appendix.

Fig. 5.6 shows the OAM crosstalk for (a) C2
n = 3×10−14 m−2/3 and (b) C2

n = 10−13

m−2/3. These conditions correspond to σR = 1.1 and σR = 2.0, respectively, in the

strong turbulence regime. Again, we have included four examples for each turbulence

strength, corresponding to transmit channels m = 1, 5, 10, or 20. In (a) the energy

still remains peaked at the transmitted channel but the crosstalk induced on the

immediately adjacent channels is nearly as strong as the energy remaining in the signal

channel. Energy is in fact spread over all observed channels (and clearly beyond). For
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Figure 5.7. (a) One-dimensional intensity profile (φ = 0) of some LG modes. (b)
Overlap integral of intensity distribution of OAM state +5 and those of other OAM
states. Note the similarity with the crosstalk for m = +5 in 5.6(b).

C2
n = 10−13 m−2/3 [shown in Fig. 5.6(b)] the crosstalk is conspicuous in all observed

channels. For small values of |m| the energy is not peaked at the transmitted state,

but at the state |m − 1|. Note also the higher crosstalk observed on channels with

negative index. A plausible cause is that for these turbulence levels, OAM fields

have lost much of their phase structure and the superposition integral inherent to

the channel de-multiplexing operation results in relatively large power for those cases

in which the two fields (the distorted received field and the undistorted decoding

field) have a geometrically similar intensity distribution. More notable is the null

seen at receive channel 0 which, in light of the aforementioned cause, results from a

non-overlapping superposition of the intensity maxima between the m = 0 mode and

the m 6= 0 modes. Figure 5.7(a) shows the overlap of the one-dimensional intensity

profiles (i.e., φ = 0) for a few values of m. In (b) we have plotted the overlap integral

of the unperturbed two-dimensional intensity distribution of OAM state +5 and those

of other states. The similarity with the crosstalk bar plot in 5.6(b) for m = +5 is

striking.
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5.5. Aggregate capacity of the OAM-multiplexed system

The channel coefficients determined in the previous section serve the important pur-

pose of characterizing the OAM-multiplexed optical channel. Each channel matrix H

fully determines the communication limits for a fixed receiver noise power. Determin-

ing the maximum information rate (i.e., the channel capacity) for such a multiple-

input multiple-output channel is a complicated mathematical task (e.g., see [107]).

We instead take a simpler approach assuming that the system comprises a set of

non-collaborative channels (for instance, the channels are used by independent users

without knowledge of other channel’s statistics) for which we maximize the infor-

mation rate, considering a uniform distribution of input symbols in each constituent

channel and a uniform power policy among them. Furthermore, it is assumed that

crosstalk from each channel is an independent Gaussian noise source that adds to the

receiver noise. This intuitive approach gives a lower bound on channel capacity, and

is explained in detail below.

5.5.1. Optimal OAM sets

Let us denote a set of M OAM channels by the calligraphic letter O, where O ⊂ S.

Each constituent channel m ∈ O is modeled as a binary-symmetric channel (BSC).

To determine the flip probabilities for each BSC we want to define a SNR per bit

that accounts for channel losses and crosstalk. We denote this SNR by γ, defined in

the electrical domain as the ratio between the transmit power PTx times the squared

channel efficiency ηmm, and the total noise power. Because each contributing crosstalk

signal is modeled as an independent Gaussian source, the total noise power on a given

channel is determined by the sum of all contributing crosstalk terms and the receiver
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noise power N0, also modeled as additive white Gaussian. Thus, γ may be written as

γ ,
η2

mm
∑n 6=m

n∈O η2
nm +N0/PTx

. (5.3)

Note that (5.3) has been conveniently arranged to form the termPTx/N0 . The

term PTx/N0 can be varied to control the transmit power. For instance, if PTx/N0

is very small in relation to ηnm (i.e., the transmit power is low), the system will be

limited by detector noise and γ will be small. As the transmit power is increased,

the term N0/PTx in γ’s denominator becomes smaller. For sufficiently large transmit

power, the term N0/PTx is negligible and the system becomes crosstalk-limited. This

condition is intuitively evident if one considers that large transmit powers induce large

crosstalk noise (as the latter grows proportionally), such that for a sufficiently small

(fixed) detector noise power, the system’s performance will depend on the crosstalk

matrix alone.

For a given matrix H, we seek to find an optimum set of OAM channels in the

sense of maximizing the system’s aggregated information rate. The optimum set,

which we denote by Ô, will depend on the number of channels M , and is found by

performing the maximization over all possible subsets of S

Ô = argmax
O⊂S

∑

m∈O

C(pm) , (5.4)

with

C(pm) = 1 + pm log2 pm + (1 − pm) log2(1 − pm) (5.5)

pm =
1

2
erfc(

√

γ/2) , (5.6)
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where C(pm) is the capacity of a BSC with flip probability pm and erfc(·) is the

complementary error function. The expression in (5.6) assumes orthogonal signal

modulation, such as OOK or binary PPM.

For a given H, there are two design variables that must be specified, namely, the

number of OAM channels and the power ratio PTx/N0. Using (5.4)-(5.6) we find

the optimum channel sets for every M ∈ {2, 3, ..., 10} over a large power range. For

the weakest turbulence strength considered, C2
n = 10−16 m−2/3, the crosstalk is small

enough to allow a maximum rate equal to 1 bit per channel, equal to M bits per M

parallel channels simultaneously (bits/M-channels) for any OAM state number com-

bination, provided the power ratio PTx/N0 is large enough. In this case the optimal

channel set, at any power level, is simply Ô = {−M/2, ...,−1, 0,+1, ...,+M/2 − 1}

for even M and Ô = {−⌈M/2⌉, ...,−1, 0,+1, ...,+⌊M/2⌋} for odd M .

As turbulence strength grows however, the aggregated rate becomes increasingly

sensitive to the choice of channels. Optimal OAM state numbers balance the channel

efficiency (which decays as |m| increases) with crosstalk (whose effect increases for

small channel separation) and detector noise. To show the dependence on transmit

power, we plot the optimal state numbers at each power level for a few cases of M

and C2
n. In Fig. 5.8(a) the optimal OAM state numbers for a 7-channel system

in a turbulent atmosphere with C2
n = 10−14 m−2/3 are plotted. Note that at very

low transmit power the optimal sets are simply Ô = {−3,−2,−1, 0,+1,+2,+3}.

Crosstalk among these states is clearly significant; however, for small values of PTx

the dominant noise is that of the detector. At PTx/N0 = 20 dB the optimal set is

Ô = {−6,−3,−1, 0,+1,+3,+6}. As transmit power is increased greater loss can

be tolerated and, therefore, we can afford to use channels with larger m resulting in

optima with larger channel separations. For instance, at PTx/N0 = 32 dB the optimal
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Figure 5.8. Optimal OAM channel sets versus PTx/N0, for (a) M = 7 and C2
n =

10−14 m−2/3, for (b) M = 9 and C2
n = 10−14 m−2/3, and for (c) M = 7 and C2

n =
3 × 10−14 m−2/3.

set is Ô = {−10,−5,−2, 0,+2,+5,+10}. Also, note that increasing the transmit

power beyond PTx/N0 = 36 dB will not yield larger optimal channel separation for

this turbulence condition, as aggregate capacity is near saturation (i.e., C → 7). It

is promising to see that at this turbulence strength the largest optimal OAM mode

needed is |m| = 10, corresponding to a receiver aperture of about 15 cm if the design

parameters given in section 3.A are employed.

Figure 5.8(b) shows a plot of the optimal OAM state numbers for a system with

M = 9 channels. The turbulence conditions are the same as those of Fig. 5.8(a).
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Table 5.1. Optimal channel sets for M = 9 and PTx/N0 = 20 dB.

C2

n [m−2/3] Optimal OAM state numbers

10−15 −6 −4 −2 −1 0 +1 +2 +4 +6
10−14 −10 −6 −3 −1 0 +1 +3 +6 +10

3 × 10−14 −10 −6 −4 −2 0 +2 +4 +6 +10
10−13 −4 −3 −2 −1 0 +1 +2 +3 +4

Table 5.2. Optimal channel sets for M = 9 and PTx/N0 = 30 dB.

C2

n [m−2/3] Optimal OAM state numbers

10−15 −6 −4 −2 −1 0 +1 +2 +4 +6
10−14 −16 −9 −5 −2 0 +2 +5 +9 +16

3 × 10−14 −22 −13 −6 −2 0 +2 +6 +13 +22
10−13 −10 −7 −5 −4 0 +4 +5 +7 +10

At PTx/N0 = 32 dB the optimal set is Ô = {−16,−9,−5,−2, 0,+2,+5,+9,+16}.

We repeat the exercise with 7 channels for C2
n = 3 × 10−14 m−2/3 and find that at

PTx/N0 = 32 dB the optimal set is Ô = {−16,−8,−3, 0,+3,+8,+16}. Note that

a larger range of OAM state numbers is required (-16 to +16) in comparison to the

case of Fig. 5.8(a) with PTx/N0 = 32 dB (-10 to +10). Moreover, for C2
n = 3× 10−14

m−2/3, PTx/N0 = 32 dB is no longer near the saturation point of capacity. Therefore,

optimal sets require a larger range of state numbers as the transmit power is further

increased. For instance, with M = 7 and C2
n = 3 × 10−14 m−2/3, the optimal set

at PTx/N0 = 44 dB is Ô = {−23,−11,−4, 0,+4,+11,+23}, which would require a

receive aperture with DRx = 23 cm, approximately.

We summarize our optimization results in tables organized by PTx/N0. Table 5.1

contains the optimal OAM channel sets with M = 9 at PTx/N0 = 20 dB for the

considered values of C2
n. Table 5.2 presents the optimal sets at PTx/N0 = 30 dB. In

Table 5.3, the power level is PTx/N0 = 40 dB. All these sets are symmetric around
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Table 5.3. Optimal channel sets for M = 9 and PTx/N0 = 40 dB.

C2

n [m−2/3] Optimal OAM state numbers

10−15 −6 −4 −2 −1 0 +1 +2 +4 +6
10−14 −20 −11 −6 −2 0 +2 +6 +11 +20

3 × 10−14 −33 −18 −9 −3 0 +3 +9 +18 +33
10−13 −31 −18 −10 −4 0 +4 +10 +18 +31

m = 0. In a few cases we obtained slightly non-symmetric optimal sets that we

replaced by the closest symmetric set, with a difference in capacity ∆C < 0.02 (with

much smaller ∆C at large PTx/N0). These differences are within the error of our

crosstalk estimation procedure. It is worth noting that at C2
n = 10−13 m−2/3, optimal

channel separation grows very fast with increasing transmit power. for sufficiently

large PTx/N0 (relative to channel loss), OAM mode numbers may span to |m| = 50 or

more. Because our largest OAM mode simulated at this turbulence level is |m| = 52,

optimal sets were found for only a limited range of transmit power.

The optimal sets in Table 5.4 are organized differently. We have chosen M = 8 to

illustrate that optimal sets with even numbers of channels are generally not symmetric

around OAM state m = 0. This is because the efficiency of mode m = 0 is superior

to that of any other mode, and as such it is part of the optimal set, thus breaking

the symmetry of the even-numbered sets. However, we have found a small range

of operating conditions for which the optimal sets with even channel count become

symmetric (i.e., they exclude state m = 0). These cases are observed for C2
n = 10−14

m−2/3 and C2
n = 3×10−14 m−2/3, and only for values of PTx/N0 at which the aggregate

capacity is very near saturation. We show a few examples in Table 5.4. This can be

explained by observing the following. In turbulence conditions at which crosstalk is

significant and when transmit power is such that the system operates in a crosstalk-

limited regime (i.e., noise power is negligible), the relatively higher efficiency of state
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Table 5.4. Optimum channel sets for M = 8 at various power levels.

C2

n [m−2/3] PTx/N0 Optimal OAM state numbers

10−15 12 dB −5 −3 −2 −1 0 +1 +2 +4
10−15 18 dB −6 −4 −2 −1 0 +1 +2 +4
10−14 20 dB −10 −6 −3 −1 0 +1 +3 +6
10−14 30 dB −11 −6 −3 −1 +1 +3 +6 +11

3 × 10−14 40 dB −33 −18 −9 −3 0 +3 +9 +18
3 × 10−14 46 dB −33 −18 −9 −3 +3 +9 +18 +33

10−13 44 dB −43 −26 −13 −4 0 +7 +18 +35
10−13 48 dB −49 −31 −15 −5 0 +7 +18 +35

m = 0 has lower impact. In such conditions the optimal sets are pushed into a

symmetric condition because the channel matrix is symmetric around η0 0. However,

at C2
n = 10−13 m−2/3 this phenomenon does not happen because the crosstalk induced

by a channel on its counterpart with opposite sign is significant [e.g. see Fig. 5.6 (b)],

particularly for small OAM state numbers.

It is important to note that the power ratios PTx/N0 given above are per-channel.

That is, the total transmit power grows with each additional channel in a set. In

the following subsection we present the aggregate capacity of the OAM multi-channel

system using this per-channel incremental power scheme. Later we will re-analyze

the aggregate capacity under the assumption that total transmit power is fixed and

evenly split among the constituent channels.

5.5.2. Aggregate capacity

The optimal sets presented in the previous section were determined by maximizing

the aggregate capacity of the collection of independent binary-symmetric channels.

Recall that capacity has been determined using γ defined in (5.3), which is the SNR

at the receiver. By plotting capacity as a function of PTx/N0 all power penalties
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caused by turbulence, including channel losses (consequence of beam wander and

spreading) and crosstalk have been included. In Figure 5.9 we plot the aggregate

capacity in bits/M-channels for (a) C2
n = 10−15 m−2/3 with M = {1, 2, ..., 10}, for

(b) C2
n = 10−14 m−2/3 with M = {1, 2, ..., 10}, for (c) C2

n = 3 × 10−14 m−2/3 with

M = {1, 2, ..., 9}, and for (d) C2
n = 10−13 m−2/3 with M = {1, 2, ..., 8}. Each curve

is computed using the optimal channel set at every value of (per-channel) PTx/N0.

Therefore, the constituent channels in the optimal channel sets will change along each

curve.

On each curve we have marked the PTx/N0 point at which the channel with the

worst performance within the set has a BER=10−5. This serves as a reference for

quality comparisons among systems with different M and different C2
n. Because the

case with C2
n = 10−16 m−2/3 is very similar to that in Fig. 5.9(a) (except for an

approximately uniform 3-dB improvement), we refrain from plotting it. We see from

Fig. 5.9(a), for which the crosstalk is weak, aggregate capacities show a steady growth

with PTx/N0 and M . From Fig. 5.9(b), we note that it takes an additional 9 dB of

PTx/N0 (for M = 2) to 19 dB (for M = 10) to reach the rates shown in (a), due

to the lower efficiency ηmm of each constituent channel. At C2
n = 3 × 10−14 m−2/3

[Fig. 5.9(c)], an additional 14.5 dB (for M = 2) over the PTx/N0 in (b) is required

to achieve the same rate, and 11.5 dB if M = 9 (a curve with M = 10 cannot be

completed for this turbulence level given the range of OAM states considered). The

power levels required to achieve a large capacity at C2
n = 10−13 m−2/3 [Fig. 5.9(d)] are

very large. In this case, only systems with optical amplification at the receiver may be

feasible, given this system design. However, by using more complex receiver models,

capacity is likely to grow faster with transmit power than in the non-collaborative

BSC model studied here. As a last note about Fig. 5.9, we observe that in all cases
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Figure 5.9. Aggregate capacity (in bits/M-channels) versus PTx/N0 for (a) C2
n =

10−15 m−2/3, for (b) C2
n = 10−14 m−2/3, for (c) C2

n = 3 × 10−14 m−2/3, and for (d)
C2

n = 10−13 m−2/3.

capacity has a monotonic growth with M .

5.5.3. Bit-error rate

Knowledge of the optimum number of OAM channels and the aggregate rate at each

turbulence condition provides a good measure of the system performance. However,

it does not describe the quality of each constituent channel. In Figs. 5.5 and 5.6 we

showed that neither efficiency nor crosstalk are symmetric across the OAM channels.
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Figure 5.10. Bit-error rate versus PTx/N0 in dB, with M = 7 at (a) C2
n = 10−15

m−2/3 and (b) C2
n = 3 × 10−14 m−2/3.

Therefore, we expect to observe nonuniform channel performance within such an

OAM multiplexed system. We plot the BER curves for two cases to illustrate this.

As seen in the previous graphs, systems operating at C2
n ≤ 10−15 m−2/3 will have very

good performance with low PTx requirements. We compare a system with C2
n = 10−15

m−2/3 [Fig. 5.10(a)] against another with C2
n = 3×10−14 m−2/3 [Fig. 5.10(b)]. In each

plot, every circle corresponds to the BER of a different constituent channel. At each

PTx/N0 there are 7 circles (as before, BER is determined using the optimal channel

sets). The continuous curves indicate the average BER of these systems. It is evident

that BER is not constant within a set (or equivalently, at a given value of PTx/N0);

however, differences are not significant in (a). In (b), the uneven performance is

more apparent, featuring one channel with significantly better BER (m4 = 0) and

larger BER differences among the constituent channels in comparison with the BER

differences observed in 5.10(a).
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5.5.4. Aggregate capacity - fixed system power

We have previously presented the aggregate capacity in systems for which total power

grows with the number of channels. This is a reasonable approach for an existent

system whose optics may allow additional co-propagating channels without reducing

the quality of those already in operation. We now consider the case in which the

total power is fixed and any additional channels share the available transmit power

uniformly. Figure 5.11 shows the aggregate capacity versus PTx/N0. Because the

transmit power is being uniformly distributed, the optimal sets found earlier remain

valid. In this case, for a given PTx/N0 in Fig. 5.11 the optimal channel set is found

using a value PTx/N0 − 10 log10M in Tables 1-4 or in Fig. 5.8. As M grows the

capacity curves shift to higher values of PTx/N0 as expected. As a consequence,

capacity no longer grows monotonically with M . It is apparent in Figs. 5.11(b), (c),

and (d) that capacity curves with different M intersect for low values of PTx/N0. It is,

therefore, convenient to plot capacity as a function of M to investigate these trends.

In Fig. 5.12 we show the same data that is plotted in Fig. 5.11 with the horizontal

axis now corresponding to the number of channels M . Within each plot, a curve

shows the aggregate capacity for a given value of total PTx/N0. In (a), for which

C2
n = 10−15 m−2/3, the curves show a monotonic growth (at least for M ≤ 10) at all

values of PTx/N0. Under these turbulence conditions, ten or more OAM channels can

be allocated while keeping the transmit power fixed, provided the optical aperture

is large enough. Because the capacity provides diminishing returns as the number

of channels grows (i.e., the curves have decreasing slope), the practical number of

OAM channels may be chosen to balance the costs of increasing the optical aperture

with the marginal increment in aggregate capacity. In Fig. 5.12(b), maxima are
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Figure 5.11. Aggregate capacity (in bits/M-channels) versus PTx/N0 (transmit
power fixed) for (a) C2

n = 10−15 m−2/3, (b) C2
n = 10−14 m−2/3, (c) C2

n = 3 × 10−14

m−2/3, and (d) C2
n = 10−13 m−2/3.

observed for curves with PTx/N0 = 12 dB (at M = 3), PTx/N0 = 16 dB (at M = 3),

PTx/N0 = 20 dB (at M = 5), and PTx/N0 = 25 dB (at M = 9). At larger PTx/N0,

however, no maximum is observed for M ≤ 10. The existence of maxima in stronger

turbulence conditions is explained by the slow growth in aggregate capacity at low

PTx/N0 for large M [e.g., see Figs. 5.11(c) and (d)], as the available power shared by

these channels is not enough to overcome the crosstalk among them. In Fig. 5.12(c),

for which C2
n = 3 × 10−14 m−2/3, maxima are observed at curves with PTx/N0 = 20
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Figure 5.12. Aggregate capacity (in bits/M-channels use) versus number of OAM
channels M for (a) C2

n = 10−15 m−2/3, (b) C2
n = 10−14 m−2/3, (c) C2

n = 3 × 10−14

m−2/3, and for (d) C2
n = 10−13 m−2/3.

dB (at M = 1), with PTx/N0 = 25 dB (at M = 3), with PTx/N0 = 30 dB (at M = 5),

and with PTx/N0 = 35 dB (at M = 7). In the case for which C2
n = 10−13 m−2/3 [Fig.

5.12(d)], we find maxima up to PTx/N0 = 50 dB, in which case it occurs at M = 7.

As mentioned previously in this section, in situations for which the combination of

C2
n and PTx/N0 support the existence of maxima, the design of an OAM-multiplexed

system will require the consideration the additional cost incurred in increasing the

transmit and receive optics (as well as the additional electronics and holograms) for
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the marginal aggregate capacity gained. This will likely result in a channel count

smaller than that of the theoretical optimum.

As a final note on the plausibility of further increasing the aggregate capacity of

an OAM-multiplexed system, one can think of using additional sets of coaxial OAM

modes on parallel optical paths through the existent transmit and receive optical

apertures. This approach may benefit from the increased efficiency of OAM modes

of small state number, with the additional constraint of fewer total modes in order

to avoid overlap.

5.6. Conclusions

Laguerre-Gauss beams can be employed in a multi-channel FSO communication sys-

tem by exploiting the orthogonality of their OAM states. These beams can be gen-

erated and detected with high photon efficiency using volume holograms.

We evaluate the feasibility of an OAM-multiplexed FSO link in atmospheric

turbulence by simulating the propagation of LG beams with OAM states m ∈

{−smax,−smax+1, ...,−1, 0,+1, ...,+smax−1,+smax} over 1 km in atmospheric turbu-

lence (with smax up to 50+ in the strongest turbulence case considered) and estimating

the average attenuation and channel crosstalk. The turbulence strength considered in

this study ranges from C2
n = 10−16 m−2/3 to C2

n = 10−13 m−2/3 corresponding to Rytov

variances from σ2
R = 0.004 to σ2

R = 4.0. We find that OAM channels are subjected to

increasing attenuation with increasing turbulence strength and observe that channels

with larger OAM state number are more strongly affected. We demonstrate that

crosstalk among OAM states increases with increasing turbulence strength and find

that the power remains peeked at the transmitted OAM state except at the largest
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turbulence level evaluated.

We model a set of M co-propagating OAM states as a set of binary symmetric

channels and treat the crosstalk induced by the constituent channels as Gaussian

noise. Using this model we find optimum sets of OAM states in the sense that the

aggregate rate of the system is maximized at each turbulence level considered. Curves

of aggregated capacity as a function of PTx/N0 (transmit power over detector noise

power) are determined using the optimal OAM channel sets for multiplexed systems

using up to 10 OAM channels. These rates provide lower bounds to the capacities of

OAM-based multichannel FSO systems and demonstrate that good performance can

be expected in weak turbulence conditions. Capacity is also determined for systems in

which the total transmit power is shared by the constituent OAM channels, yielding

optimal points of operation.
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6. Bethe Free Energy Approach to LDPC Decoding in Memory

Channels

6.1. Introduction

Most transmission media used in current digital communication systems exhibit a

non-uniform frequency response. This non-uniform response, which may manifest

in amplitude and/or in phase, introduces distortion to the transmitted signal. This

distortion induces a spreading of a symbol waveform beyond its allocated time slot.

As a result, a sequence of consecutive symbols transmitted through the channel ex-

periences overlaps of their waveforms, such that the individual symbols are no longer

identifiable at the receiver. This symbol overlap is commonly referred to as inter-

symbol interference (ISI). Channel ISI is an undesirable feature as it usually increases

the complexity of the receiver and may increase the probability of symbol error in

the detection process. ISI is observed, for instance, in fiber-optic channels, in the

read-back process of magnetic and optical recording channels, and in radio-frequency

wireless channels [108–110].

In many cases, channel ISI can be represented by a linear filter. In a discrete-

time system, this filter gives rise to a state-dependent response, where a channel

output is a linear combination of the past transmitted symbols. The number of past

symbols affecting the output symbol is denoted as ISI length or memory length. The

memory length is one of the dominant factors determining the ability of a receiver

to correctly and efficiently detect symbols in the presence of ISI and receiver noise,

and a common way to reduce it is equalizing the channel to a target partial-response
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(PR) channel [111–113]. PR channels are designed with short ISI length, to simplify

symbol decoding. A discrete-time PR-equalized channel is usually characterized by

its PR polynomial or target h(D), where D denotes the symbol delay. A PR target

must be chosen carefully in order not to boost noise to intolerable levels at frequencies

for which the channel response is weak. Symbols transmitted over a PR channel are

typically decoded using a maximum likelihood (ML) sequence detector [114], like the

Viterbi algorithm, or using a maximum a posteriori (MAP) symbol detector [115], like

the Bahl, Cocke, Jelinek, and Raviv (BCJR) algorithm. Errors made in the detector

may be controlled by an error correction code, typically a linear block code.

A class of linear block codes that has received much recognition in the last decade

is that of low-density parity-check (LDPC) codes. LDPC codes have been shown to

give outstanding bit-error rate (BER) performance while featuring a simple encoding

and decoding algorithm based on belief propagation [116–120]. The belief-propagation

algorithm, which operates on a graphical representation of the parity-check matrix of a

code, involves passing messages (received bit probabilities or likelihoods) from variable

nodes to checks nodes, and vice-versa. This message-passing scheme operates locally

on bits and checks and can, consequently, lend itself to low-complexity hardware

implementations [117].

Even though knowledge of the channel PR polynomial could be exploited by the

error correction decoder, in the state-of-the art receivers symbol detection and er-

ror correction are performed separately due to speed and complexity constraints.

Roughly, the idea of such sub-optimal algorithms is to provide ISI-free channel sym-

bols as well as their likelihoods to an error-correction decoder. The independence

among input symbol likelihoods –assuming that no other a-priori information is avail-

able to the decoder– is a necessary condition for successful decoding of LDPC codes
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by means of the message passing algorithms mentioned above, an example of which is

the sum-product algorithm. For a detailed discussion on the sum-product algorithm

(or its variants) the reader is referred to [121]. Most of the proposed alternatives for

decoding LDPC codes over ISI channels involve the use of the BCJR algorithm (or

its variants) followed by the sum-product algorithm. A significantly more efficient

approach is to use the output symbol likelihoods of the sum-product algorithm as

extrinsic information to improve the performance of the sequence detector in an iter-

ative feedback scheme. This is known as turbo equalization, and is currently the most

effective known algorithm to decode LDPC codes on PR channels [122–125]. Turbo

equalization entails, however, high complexity and, because of the sequential nature

of the BCJR algorithm, may lead to a significant delay.

Simultaneous channel ISI removal and error-correction decoding is preferred if

high bit rates and/or short decoding delays are sought. In this direction, noteworthy

contributions have been made by Kurkoski, Siegel, and Wolf [109], and by Pakzad and

Anantharam [126]. In the former, a PR channel detector performs parallel symbol

message-passing between the PR channel state nodes and the variable nodes for a

prescribed number of iterations (graphical models for LDPC codes and ISI channels

will be introduced in Section 6.2). The resulting symbol likelihoods are later passed

to the LDPC decoder. After a number of iterations of the sum-product algorithm,

the LDPC decoder feeds its output likelihoods back to the channel detector, thus

completing a turbo iteration. The approach in [109] is, therefore, very similar to turbo

equalization, but with the advantage of a significantly shorter delay thanks to the

parallel channel detector. Nevertheless, the method can only attain the performance

of the BCJR-based turbo equalization algorithm if the number of iterations in the

PR channel detector is equal to the LDPC codeword length.
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It is well known that the inference of marginal probabilities in a graph can only

be uniquely accomplished if the graph is a tree. Since the decoding of LDPC codes

corresponds to an inference problem for which the graph has loops, the convergence of

the message-passing algorithm is not guaranteed. In this regard, the decoding strat-

egy proposed in [126] seeks to redefine the underlying graphical model –comprised by

LDPC nodes/checks and PR nodes– in terms of a set of super-nodes or regions. The

belief propagation algorithm is applied to the new, region-based graphical model,

thus implementing the Generalized Belief Propagation (GBP) strategy introduced

in [127, 128]. It was shown in [126], that the GBP-based approach can outperform

the decoding approach of [109]. However, one should also be aware of two impor-

tant caveats of the GBP-based algorithm. First, the selection of regions is not an

unambiguous process, but rather a heuristic strategy, lacking a rigorous justification.

Therefore, the quality of the algorithm is not universal, but case- (e.g. code-) specific,

and it can only be judged upon simulations. Second, increasing the size of the re-

gions improves GBP but it is also computationally expensive, as the overhead grows

exponentially with the region size.

This chapter addresses the problem of joint detection and error correction in PR

channels. We present, for the first time, a derivation of the belief propagation (BP)

equations in a LDPC-coded PR channel. These are obtained by minimizing the Bethe

free energy, which is equivalent to performing the exact inference [128] if the graph is

loop-free. The derived equations give an explicit solution to the decoding of LDPC

codes on general PR channels with pair-wise ISI (i.e., those in which each observed

symbol depends on two transmitted symbols), that are corrupted by additive white

Gaussian noise. This solution is exact if the LDPC part of the graph does not contain

loops and allows a fully parallel implementation on the symbols. The equations reduce
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to the well-known BP equation for the memoryless channel [121] in the absence of ISI.

We also present a simple yet powerful algorithmic solution to the PR-BP equations.

The algorithm features a fully parallel implementation, in the sense that channel

detection and LDPC decoding are simultaneously performed on each symbol (after a

complete codeword has been received). We evaluate the performance of this algorithm

on some LDPC codes over the Dicode channel, for which h(D) = 1−D, and find that it

outperforms the turbo equalization algorithm. We illustrate the smooth convergence

of PR-BP algorithm towards the ISI-free channel case by evaluating its performance

over a channel with h(D) = 1 + 0.5D.

The remainder of the Chapter is organized as follows. In Section 6.2 we briefly

introduce LDPC codes and their graphical representation. We also introduce a graph-

ical model for LDPC codes on a linear ISI channel. In Section 6.3 the derivation of

the BP equations from the Bethe free energy is given, and an iterative decoding al-

gorithm to solve the equations is proposed. In Section 6.4 we present a numerical

evaluation of the bit-error rate (BER) versus signal-to-noise ratio (SNR) of several

LDPC codes over the Dicode channel. A comparison against the BER performance

of a turbo equalizer is also offered to display the excellent convergence of the PR-BP

algorithm, particularly with medium- to low-rate codes. A brief comparison of com-

plexity between our approach and that of turbo equalization is offered at the end of

Section 6.4. Finally, Section 6.5 summarizes our results.
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6.2. Preliminaries on graphical models

6.2.1. Graphical representation of a LDPC code

Let x = {x1, x2, . . . , xN} denote an ordered set of variables each of which can take

values from a finite alphabet B. Let g indicate a function of these variables. A

configuration of x denotes a particular realization of x from the domain S = BN ,

referred to as the configuration space. A marginal function gi(xi) is a function such

that for each γ ∈ B, gi(γ) is found by summing g(x) over all those configurations for

which xi = γ. Namely, the marginal function gi(xi) is expressed by [14]

gi(xi) =
∑

x\xi

g (x1, x2, . . . , xn)

where x\xi denotes that the summation is over all variables in x except xi. Let us

assume that g(x) can be expressed as a product of functions fα whose arguments xα

are subsets of x, and α is an element of the index set A. We write g(x) as

g (x1, x2, . . . , xn) =
∏

α∈A

fα(xα), (6.1)

and the marginal gi(xi) can be written as

gi(xi) =
∑

x\xi

∏

α∈A

fα(xα). (6.2)

A factor graph is a bipartite graph whose configuration is determined via (6.1)

[129, 130]. In a factor graph, variables xi are symbolized by variable nodes; factor

functions fα are symbolized by factor nodes; and the dependence of a function on

a variable is symbolized by an edge joining the two. It is not difficult to see that
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Figure 6.1. Factor graph or bipartite graph. Circles correspond to the variable (bit)
nodes and the squares correspond to the factor (check) nodes.

every factor graph is a tree. Figure 6.1 depicts an example of a factor graph, in which

the variable nodes are represented by circles and the factor nodes are represented

by squares. This graph has five variable nodes and four factor nodes. Its structure

corresponds to the functional expression

g (x1, x2, x3, x4, x5) = fA (x1, x2, x3) fB (x3, x4) fC (x3, x5) fD (x4) . (6.3)

A LDPC code is a linear block code specified by its parity-check matrix H. This

matrix has elements from the set {0, 1} and is sparse, i.e., the number of elements 1

is much smaller than the number of elements 0. H is said to be regular if it features

uniform column and row weight; otherwise, it is called irregular. A parity-check

matrix H of M rows and N columns and rank rank(H) defines a code C with block

length N and rate (N − rank(H))/N . Each row of H defines a parity check equation.

A 1 in row j and column i indicates that variable xi is an argument of the jth parity

check equation. A codeword of the code C is a configuration of the ordered set of

variables x for which all the parity check equations are satisfied. If the alphabet B
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is binary with elements from GF(2), then a codeword of C (in vector representation)

satisfies H xT = 0 over GF(2), where 0 is an all-zero vector. A bipartite graph in

which the parity check equations are represented by factor nodes and the variables xi

by variable nodes is referred to as a Tanner graph. A value 1 at row j and column i of

H is represented by an edge between variable node i and factor node j. We define qi as

the node degree (i.e., the number of connected edges) of variable node i and pj as the

node degree of factor node j [117]. A regular LDPC codes has qi = q, pj = p, ∀ i, j.

6.2.2. The discrete ISI channel

Consider the transmission of a sequence of symbols xi in discrete time intervals in-

dexed by i. A linear discrete ISI channel relates the output signal yi with the trans-

mitted signal xi as

yi =

L
∑

j=0

hjxi−j + ξi (6.4)

where L is the ISI length, h0, h1, . . . , hr are real-valued channel coefficients, and ξi is

an additive discrete noise process, which we assume to be white and Gaussian with

zero mean and variance σ2. The relation in (6.4) is commonly referred to as the PR

channel. The PR channel is usually represented by the polynomial expression

h(D) =

L
∑

j=0

hj D
j (6.5)

where D is the delay operator, such thatDjxi = xi−j . We assume that the polynomial

h(D) is normalized so that h0 = 1. Figure 6.2 shows a graphical representation of

(6.5). Each variable xi is represented by a hidden variable node, that is, a variable

node that cannot be observed. An output variable yi is designated by a triangle in
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Figure 6.2. Graphical representation of a linear ISI channel. The output nodes yi

are a linear combination of the uncorrelated nodes xi plus additive receiver noise.

the graph, which we denote as an ISI node. ISI nodes include the contribution of

additive noise, but to simplify the graph we choose to leave this contribution implicit.

We denote the SNR by s2 and, following [131], is defined as

s2 =

∑L
j=0 h

2
j

σ2
. (6.6)

This definition of SNR accounts for the energy contribution induced by the ISI, so

that the energy per symbol is maintained, regardless of the channel coefficients and

the memory length L.

6.2.3. Graphical representation of a LDPC code on a discrete ISI channel

An LDPC code operating on an ISI channel can have a graphical representation that

combines the graphs in Figs. 6.1 and 6.2. An example of this is the tripartite graph
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Figure 6.3. Factor graph of a LDPC code on a ISI channel with length L = 1.
Squares, circles, and triangles represent factor nodes, variable nodes, and ISI nodes,
respectively.

in Fig. 6.3, which correspond to a linear code on a discrete ISI channel of length L.

Provided that the factor nodes in Fig. 6.3 correspond to the parity check equations

of the LDPC code, we may interchangeably refer to them as check nodes. We have

previously denoted the parity check equations by fα. In addition, we denote the

functional representation of the ISI node by fℵ (ℵ is the first letter of the hebrew

alphabet). The tripartite graph in Fig. 6.3 serves as the basis for the derivation of

the BP equations over a discrete ISI channel. Note that the left-most ISI node in the

graph is assumed to be the first output signal observed. The next section presents

the derivation of the belief propagation equations.
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6.3. Bethe free energy and belief propagation equations

We begin this Section by briefly introducing the concept of beliefs and the Bethe

free energy. The reader may find a thorough description of the BP algorithm and

its relation to the Bethe free energy in [128]. A belief bi(xi) at the variable node i

is an approximation to the exact marginal function gi(xi) [128]. We can extend this

definition to the other types of nodes in the graph shown in Fig. 6.3. The joint

belief bα(xα) at the set of variables xa (which in turn corresponds to the belief of the

factor node fα) is an approximation to the exact marginal function gα(xα). Similarly,

the joint belief bℵ(xℵ) of the set of variables xℵ, corresponding to the variable nodes

connected to the ISI node ℵ, is an approximation to the exact marginal function

gℵ(xℵ).

It is of interest to compute the marginal function mentioned above, because they

represent the probabilities of the transmitted symbols. However, even with the knowl-

edge of the global function g(x), this may be a very difficult computational task. We

may use the BP equations to approximate the marginal functions by means of the

beliefs.

6.3.1. Bethe free energy approach to the decoding of LDPC codes in a PR channel

The BP equations correspond to the stationary points of a function of the beliefs

called the Bethe free energy [128]. The Bethe free energy, expressed as a function of

the beliefs bα(xα) and bℵ(xℵ) on the check, and the ISI nodes, respectively, is

F [bα(xα), bℵ(xℵ)] = U [bα(xα), bℵ(xℵ)] −H [bα(xα), bℵ(xℵ)] , (6.7)
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where the Bethe self energy U is

U [bα(xα), bℵ(xℵ)] = −
∑

α

∑

xα

bα(xα) ln fα(xα) −
∑

ℵ

∑

xℵ

bℵ(xℵ) ln fℵ(xℵ) (6.8)

and the Bethe entropy H is

H [bi(xi), bα(xα), bℵ(xℵ)] =
∑

α

∑

xα

bα(xα) ln bα(xα) −
∑

ℵ

∑

xℵ

bℵ(xℵ) ln bℵ(xℵ)

+
∑

i

(qi − 1)
∑

xi

bi(xi) ln bi(xi). (6.9)

In a tree-like graph, the Bethe free energy is a concave function on the beliefs

such that at its minimum points, bα(xα) = gα(xα) and bℵ(xℵ) = gℵ(xℵ), the desired

marginal functions, and F = Ffree, the free energy. Since it is of interest to interpret

the beliefs as probability mass functions, the normalization constraints

∑

xi

bi(xi) =
∑

xα

bα(xα) =
∑

xℵ

bℵ(xℵ) = 1, (6.10)

and the consistency constraints

bi(xi) =
∑

xα\xi

bα(xα) =
∑

xℵ\xi

bℵ(xℵ), (6.11)

must be satisfied.

The probability of observing the channel output vector y, given the binary input

vector x ∈ {−1, 1}N and the SNR s2, is

P (y|x) ∝ exp



−s
2

2

N
∑

i=1

(

yi −
L
∑

j=0

hjxj

)2


 (6.12)
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provided that the discrete additive noise process is white and Gaussian. After ex-

panding (6.12) and discarding the constant terms, we obtain

P (y|x) ∝ exp

(

N
∑

i=1

ui xi

)

exp



−
∑

(i,j),1≤|i−j|≤L

Qj−i xj xi



 , (6.13)

where the summation on the right-most exponent is over all pairs (i, j) of distinct

bits separated by a distance (i, j), 1 ≤ |i− j| ≤ L, and we have defined

ui = s2

L
∑

j=0

hj yj, Qp = s2

|p−L|
∑

k=0

hk hk+p. (6.14)

With ui we symbolize the likelihood of the variable node i. For L = 0, ui takes

the form of the likelihood of a Gaussian memoryless channel. Qp accounts for the

pair-wise memory.

Following the approach in [128, 132], we would like to write the joint probability

distribution function of the random vector X representing the binary symbols of a

codeword with a product of functions such that the probability of the configuration

x = {x1, x2, . . . , xN}, p(x), is given by

p(x) =
1

Z

∏

α∈A

fα(xα)
∏

ℵ∈i

fℵ(xℵ) (6.15)

where {fα(xα)} is a set of M non-negative functions as defined in Section 6.2. Simi-

larly, {fℵ(xℵ)} is a set i of N non-negative functions indexed by ℵ whose arguments

xℵ are subsets of x. In (6.15), Z is a normalization constant given by

Z =
∑

x

∏

α∈A

fα(xα)
∏

ℵ∈i

fℵ(xℵ) (6.16)
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such that
∑

x
p(x) = 1, i.e., p(x) is a probability mass function. The purpose of

expressing the joint probability distribution in this fashion is to conveniently represent

the factor graph in Fig. 6.3, in which {fα(xα)} describes the check nodes of the LDPC

parity-check matrix, and {fℵ(xℵ)} describes the observed ISI nodes. By writing

fα(xα) ≡ δ





∏

xj∈xα

xj , 1



 exp

(

q−1
i

∑

xi∈xα

xi ui

)

(6.17)

fℵ(xℵ) ≡ exp
(

−Q|j−i| xixj

)

, (6.18)

where δ (v, 1) = 1 for v = 1 (the parity-check equation is satisfied) and 0 otherwise,

we obtain

p(x) =
1

Z

M
∏

α=1

δ





∏

xj∈xα

xj , 1





N
∏

i=1

exp(uixi)
∏

(i,j),1≤|i−j|≤L

exp (−Qj−i xj xi) . (6.19)

The Bethe free energy is then minimized with respect to the beliefs bi, bα, and bℵ

subject to the normalization and consistency constraints in (6.10) and (6.11). Namely,

we minimize the Lagrangian function

L =U −H +
∑

α

γα

(

∑

xα

bα(xα) − 1

)

+
∑

ℵ

γℵ

(

∑

xℵ

bℵ(xℵ) − 1

)

+
∑

i

γi

(

∑

xi

bi(xi) − 1

)

+
∑

i

∑

α∋i

∑

xi

λiα(xi)



bi(xi) −
∑

xα\xi

bα(xα)





+
∑

i

∑

ℵ∋i

∑

xi

λiℵ(xi)



bi(xi) −
∑

xℵ\xi

bℵ(xℵ)



 , (6.20)

where α ∋ i and ℵ ∋ i indicate all indices of the checks and of the ISI nodes connected

to bit i, respectively, and γi, γα, γℵ, λiα(xi), λiℵ(xi) are Lagrange coefficients that mul-
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tiply the normalization constraints (6.10) and the consistency constraints (6.11). The

minimization of (6.20) with respect to the beliefs leads to

bα(xα) = fα(xα) exp

[

−γα − 1 +
∑

i∈α

λiα(σi)

]

, (6.21)

bℵ(xℵ) = fℵ(xℵ) exp

[

−γℵ − 1 +
∑

i∈ℵ

λiℵ(xi)

]

, (6.22)

bi(xi) = exp

[

1

qi + L− 1

(

γi +
∑

α∋i

λiα(xi) +
∑

ℵ∋i

λiℵ(xi)

)

− 1

]

. (6.23)

Equations (6.21)-(6.23) complemented by the normalization and the consistency

constraints form a close system of BP equations for the λiα(xi) and λiℵ(xi) coefficients.

Following the traditional notation of BP equations in terms of the fields η defined on

the edges of the factor graph, we have the relations

ηiα ≡ λiα(+1) − λiα(−1)

2
+
hi

qi
, ηiℵ ≡ λiℵ(+1) − λiℵ(−1)

2
, (6.24)

where ηiα indicates the field going from variable node i to factor node α, and ηiℵ

indicates the field going from variable node i to ISI node ℵ. Substituting (6.24) in

(6.21)-(6.23) yields the expressions

∑

xα

xibα(xα) = tanh

[

ηiα + tanh−1

(

j 6=i
∏

j∈α

tanh ηjα

)]

, (6.25)

∑

xℵ

xibℵ(xℵ) = tanh
(

ηiℵ − tanh−1 (tanh ηiℵ tanhQℵ)
)

, s.t. (i, j) ∈ ℵ, (6.26)

∑

xi

xibi(xi) = tanh





∑

α∋i

[λiα(+1) − λiα(−1)] +
∑

ℵ∋i

[λiℵ(+1) − λiℵ(−1)]

2(qi + L− 1)



 . (6.27)

By equating the right-hand sides of (6.25), (6.26), and (6.27), and using (6.24),
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after some algebraic manipulations we find the BP equations for the ISI channel:

ηiα = ui +

β 6=α
∑

β∋i

tanh−1

(

j 6=i
∏

j∈β

tanh ηjβ

)

−
∑

ℵ∋i

tanh−1 (tanh ηiℵ tanhQℵ) , (6.28)

ηiℵ = ui −
i6=ℵ
∑

i∋i

tanh−1 (tanh ηii tanhQi) +
∑

α∋i

tanh−1

(

j 6=i
∏

j∈α

tanh ηjα

)

. (6.29)

where the hebrew letter i is used to indicate those ISI nodes that are connected to

the variable node i but are not ℵ.

It can be observed in (6.28)-(6.29) that in the absence of ISI, Qℵ = 0 and the

equations reduce to the well known BP equations for memoryless channels.

Equations (6.28)-(6.29) form the exact BP solution to the PR channel with pair-

wise ISI, regardless of the distance between the two variable nodes joint by an ISI

node. In a factor graph whose PR nodes do not form loops (in the absence of the

check nodes), the solution is exact in the sense that the fields determined correspond

to the stationary points of the Bethe free energy. Of course, the check nodes of the

LDPC code add loops to the graph, and therefore, the convergence of the fields is not

guaranteed. The BP equations above can be used to decode the message symbols of

a LDPC code over a discrete PR channel with polynomial

h(D) = 1 − αDn, (6.30)

where −1 ≤ α ≤ 1 and n is a non-negative integer. For ISI involving more than

two variable nodes, the solution is suboptimal even in the absence of the check nodes

because the ISI nodes and the variable nodes will form loops.

The BP equations are nonlinear and the roots can be evaluated with the method

of preference. In the next subsection we describe a simple iterative procedure to solve
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the BP equations, analogous to the message-passing algorithm applied to memoryless

channels.

6.3.2. Algorithmic solution to the BP equations

The nonlinear PR-BP equations described above can be solved using any nonlinear

minimization algorithm. However, in the interest of finding a simple and fully-parallel

decoding algorithm, we follow an iterative approach similar to that of message-passing

for LDPC codes on memoryless channels. Equations (6.28)-(6.29) can be iteratively

decoded using the following algorithm:

η
(n+1)
iα = ui +

β 6=α
∑

β∋i

µiβ −
∑

ℵ∋i

ζiℵ (6.31)

η
(n+1)
iℵ = ui −

i6=ℵ
∑

i∋i

ζii +
∑

α∋i

µiβ (6.32)

with

µiβ = tanh−1

(

j 6=i
∏

j∈β

tanh η
(n)
jβ

)

(6.33)

ζiℵ = tanh−1
(

tanh η
(n)
iℵ tanhQℵ

)

(6.34)

The superscript (n + 1) refers to the value of the field η at iteration step n + 1.

Decoding starts when all ISI symbols associated with a LDPC codeword have been

received. The algorithm is initialized by setting all µiβ, ζiℵ to zero. It is assumed

that the symbols transmitted prior and posterior to the codeword are on a known

state. Using terminating nodes with known states is not strictly necessary when the

channel has memory length L = 1, as convergence is enforced by the check equations.
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However it helps achieving a faster convergence and it is also common practice in the

evaluation of decoders on PR channels. The fields in (6.31) and (6.32) are evaluated

using the values µiβ, ζiℵ, computed in the previous iteration to replicate a fully-parallel

architecture at each iteration. After every iteration, the likelihood Λi on each variable

node i is computed as

Λi = ui +
∑

α∋i

µiα (6.35)

and the codeword is checked. Note that the summation is in this case over all the

check nodes a connected to variable node i. In the next section we present a BER

evaluation of some LDPC codes using this iterative algorithm on a Dicode channel.

6.4. Numerical simulations

As we have already mentioned, the exact solution given above does not guarantee

convergence to a valid codeword because linear block codes generate graphs with

loops. It is well-known, however, that very good convergence is generally observed

using the sum-product algorithm on graphs with loops such as those generated by

LDPC codes [119]. We expect this to be also true for the BP equations presented here.

To illustrate this, we have numerically performed the transmission and decoding of

random LDPC codewords on a Dicode channel, given by the polynomial h(D) = 1−D

by means of Monte Carlo simulations. We have done this for various LDPC codes

using the algorithm in (6.31)-(6.34) with the initialization given in (6.14). Clearly, for

the Dicode channel h0 = 1, h1 = −1, and Q1 = −s2. Each channel observation yi is

computed using (6.4), in which xi is a LDPC-coded binary symbol that takes values

from {−1,+1}, and ξi is a AWGN sample from the normal distribution N(0, σ2).

In the following subsections we present the BER vs. SNR curves obtained from
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the abovementioned simulations. Because the BER performance of a code on an

ISI channel may depend on the transmitted codeword, we determine the generator

matrix of the code by means of Gaussian elimination and encode randomly generated

sequences of equiprobable bits. For each LDPC code considered, we have included the

BER performance obtained from the turbo equalization scheme [122] for comparison

purposes. Decoding using turbo equalization was performed in the following way.

Each turbo iteration consisted of one pass of the BCJR algorithm followed by S

iterations of the sum-product algorithm. If T is the number of turbo iterations, we

selected T such that T (S + 1) would equal (or be near) the number of iterations J of

the PR-BP algorithm. It is worth mentioning that T and S were chosen to achieve

the best performance of the turbo equalization algorithm, and were in fact different

for different LDPC codes.

6.4.1. Length-495, rate 0.875 (quasi) regular LDPC code

We first consider the MacKay (495,433) code, with rate 0.875, column weight 3 and

row weight 24 [133]. This is a slightly irregular code, as it features three parity-

check equations with weight 23. This code has been previously considered in the

joint-decoding works published in [109] and [126].

Figure 6.4 depicts the BER versus SNR in decibels. We use the definition of SNR

given in (6.6). In this and in the next examples, a power penalty is applied to the SNR

to account for the code redundancy, and is given by 10 log10R, where R is the code

rate. In this example, the penalty equals 0.58 dB. In Fig. 6.4, the curve with black

square markers shows the BER performance of the code on a memoryless channel

obtained making 20 iterations of the sum-product algorithm. This curve may serve

as a lower bound to the code performance in a ISI channel. The curve with open
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Figure 6.4. BER versus SNR in dB of the MacKay(495,433) rate 0.875 (quasi)
regular code performing on both a memoryless and a Dicode channel.

circle markers was obtained with the PR-BP algorithm using 40 iterations, while the

curve with filled circle markers corresponds to 80 iterations of the same algorithm.

The curves with open and filled diamond markers were obtained using turbo equal-

ization with 8×(5+1) iterations and 16×(5+1) iterations, respectively. Note that at

high SNR these curves show an error floor, whereas those from the PR-BP algorithm

do not. We observe a decoding gain of about 0.5 dB at BER = 10−8.

6.4.2. Length-4095, rate 0.82, (quasi) regular LDPC code

Our second example considers a code with block length 4095 and rate 0.82 [133].

This code features column weight of 4 and row weights 22 and 23. We simulate this

code on both a memoryless channel and a Dicode channel using randomly-generated
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Figure 6.5. BER versus SNR in dB of the MacKay (4095,3358) rate 0.82 (quasi)
regular code performing on both a memoryless and a Dicode channel.

codewords. Figure 6.5 shows the BER curves of this code. The memoryless channel is

decoded using 20 iterations of the sum-product algorithm, and its BER curve is shown

with square markers. The results using the PR-BP algorithm with 20 iterations is

depicted by the curve with circle markers. The curve with diamond markers represent

the performance of the turbo equalization algorithm using 4× (4+1) iterations. Note

the low BER values achieved with the PR-BP algorithm (2× 10−10) at SNR = 5 dB.

As with the code in the previous subsection, the BER curves on the Dicode channel

exhibit a cross-over, with a steeper slope in the case of the PR-BP algorithm. We

observe again that with high-rate codes the improvement over turbo equalization can

only be seen at low BER. At BER = 10−8, the decoding gain is 0.15 dB. This gain,

however, increases for lower rate codes, as we show next.
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Figure 6.6. BER versus SNR in dB of the Margulis (2640,1320) rate 0.50 regular
code over both a memoryless and a Dicode channel.

6.4.3. Length-2640, rate 0.50, regular LDPC code

The next LDPC code we evaluate is a regular Margulis (2640,1320) code with rate

0.5, column weight 3 and row weight 6 [133]. As with the previous codes we have

determined the BER performance on the memoryless and Dicode channels. We use

20 iterations for PR-BP. The best decoding performance using turbo equalization is

attained using 3 × (6 + 1) iterations, different from the optimal combination found

for the previous code. We observe that the performance of turbo equalization can

be seriously degraded with a careless selection of the iteration parameters T and S,

as described at the beginning of this Section, at least when the target number of

iterations is small.

In the evaluation of this code there is a substantial decoding improvement with
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Figure 6.7. BER versus SNR in dB of the MacKay (4000,2000) rate 0.50 regular
code over both a memoryless and a Dicode channel.

the PR-BP algorithm over turbo equalization, as observed in the BER plot of Fig.

6.6. The BER curves are marked as in the last example. The decoding gain reaches

approximately 0.5 dB at BER = 10−7 and appears to increase at higher SNR. At BER

as low as 10−9 the PR-BP algorithm shows a steadily increasing slope, with no sign

of an error floor. We observe a difference of only about 0.8 dB with the memoryless

case.

6.4.4. Length-4000, rate 0.50 regular LDPC code

The last code considered is a MacKay code of block length 4000 and rate 0.5 [133].

This code is regular with column and row weights 3 and 6, respectively. Of the codes

considered in this numerical BER evaluation, this is the strongest, as it can be seen in
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Figure 6.8. BER versus SNR in dB of the Margulis (2640,1320) rate 0.50 regular
code over both a memoryless and a channel with h(D) = 1 + 0.5D.

Fig. 6.7, by the curve with square markers. We have used 20 iterations on the PR-BP

algorithm and 3×(6+1) iterations on the turbo equalization algorithm. The decoding

gain achieved by the PR-BP algorithm is about 0.5 dB at BER= 10−7. It is interesting

to see that the turbo equalization algorithm shows an error floor below BER= 10−7.

However, no indication of this is seen with PR-BP, even at BER= 3×10−10. Because of

the error floor, the decoding gain increases to approximately 0.75 dB at BER= 10−8.

6.4.5. Legth-2640, rate 0.5 LDPC code on PR channel h(D) = 1 + 0.5D

As mentioned at the end of Section 6.3, the PR-BP equations are optimal on PR chan-

nels with pair-wise ISI. Although not shown here, we have evaluated the Margulis code

on a PR2 channel, with h(D) = 1−D2, and as expected, the BER performance coin-
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cides with that of the Dicode channel. It is worthwhile to assess the PR-BP algorithm

on a channel with smaller ISI to observe how it approaches to the performance of the

sum-product algorithm on a memoryless channel. We have chosen a channel with

an arbitrary impulse response h(D) = 1 + 0.5D. Figure 6.8 shows the BER versus

SNR of the Margulis code. As one would expect, the BER curve corresponding to

PR-BP approaches nicely the curve of the memoryless channel, with a distance of

only 0.4 dB. Again, the turbo equalization algorithm required a change of iteration

parameters (T = 2 and S = 9) and its BER performance did not approach that of

the memoryless case as fast as the PR-BP scheme.

6.4.6. Complexity and delay

To finish our analysis we briefly present an account of the operations required to

complete one iteration of the PR-BP algorithm on a pair-wise ISI channel, of which the

Dicode channel is an example. Let q and p be the (constant) outdegrees of the variable

nodes and the check nodes of the LDPC code, respectively. In order to simplify

the analysis, we do not consider the complexity of the tanh and tanh−1 functions

(as if they were look-up-table operations) and only account for multiplications and

additions. We also disregard the computation of the initial likelihoods ui.

To compute µiβ in (6.33), (p−2) multiplications are required, and only 1 multipli-

cation is needed for ζiℵ in (6.34). The field ηiα in (6.31) requires (q − 2) additions of

µiβ and 1 addition of ζiℵ, besides the 2 explicit additions of the equation. Since there

are (q − 1) different µiβ and two different ζiℵ, the total number of multiplications for

ηIα is (q − 1)(p − 2) + 2. For a pair-wise ISI channel there are only two edges on

each ISI node. A careful look at (6.32) reveals that all the terms in ηiℵ have been

computed for the field ηiα, or for another field on an edge connected to check node
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α. Only (q − 1) additions have to be counted. We also count the 2 additions of the

terms in (6.32). In summary, considering all edges incident on each variable node i

(both from the LDPC checks and from ISI nodes), the number of multiplications Nm

and additions Na per symbol per iteration for the PR-BP algorithm on a pair-wise

ISI channel are

Nm = q(q − 1)(p− 2) + 2, Na = q(q + 1) + 6. (6.36)

The number of operations per symbol in the BCJR algorithm for a two-state trellis

is 18 multiplications and 9 additions. We add to this the cost of the sum-product

algorithm, which consists of q(q−1)(p−2) multiplications and q(q−1) additions per

symbol. Because the number of sum-product and BCJR iterations within a turbo

iteration differs from case to case, the overall complexity varies. Using one of the

simulations reported above we compare the complexity and the latency of PR-BP

and turbo equalization.

Example: In subsection 6.4.4 we simulate the performance of a (4000,2000) LDPC

code with weights q = 3 and p = 6. The total number of operations per symbol

performed by the PR-BP algorithm on 20 iterations is 520 multiplications and 360

additions. In the turbo equalization algorithm we have used 3 turbo iterations, each

with 7 sum-product iterations and 1 BCJR iteration. This corresponds to 486 mul-

tiplications 135 additions per symbol. With respect to delay, the PR-BP algorithm

exceeds the performance of the turbo equalization algorithm. To decode a codeword

it takes 20 time steps of the PR-BP algorithm, assuming that a parallel architecture is

used. In contrast, the same decoding operation takes approximately 3×N = 12, 000

time steps of the turbo equalization algorithm. Note that the complexity within each
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time step in the BCJR algorithm is smaller than (18 multiplications and 9 additions)

but comparable to that of each symbol in the PR-BP algorithm (26 multiplications

and 18 additions).

6.5. Conclusions

We have considered the problem of joint channel detection and error correction of

LDPC codes over PR channels. We treat the joint PR-LDPC system as an inference

problem defined on a graph on which we attempt to determine the marginal probabil-

ities. Finding the marginal probabilities on the combined factor graph is equivalent

to decoding a codeword on a PR channel. We have presented a derivation of the be-

lief propagation equations for such a combined system [equations (6.28),(6.29)]. The

equations originate from the minimization of the Bethe free energy –a well-known

technique in statistical mechanics– and provide an optimal solution (limited by the

effect of loops in the LDPC part of the graph) for PR channels with polynomial

h(D) = 1 − αDn (where −1 ≤ α ≤ 1) and n is a non-negative integer.

The BP equations for PR channels are explicit and can be solved by any algorithm

capable of solving nonlinear equations. We propose a simple iterative algorithm

that permits fully parallel implementation on the symbols. Numerical simulations

show that the algorithm delivers excellent BER performance on all of the LDPC

codes evaluated, surpassing the performance of turbo equalization and showing no

error floor above BER= 10−9. The complexity of the PR-BP scheme in terms of

number of operations is comparable to that of turbo equalization. Particularly good

characteristics of the PR-BP scheme are its simplicity –as it requires no customization

for different LDPC codes– and very low latency. In fact the algorithm exhibits a delay
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that only depends on the number of iterations, and not on the codeword length. This

feature makes it an excellent choice for sequence detection and decoding at high bit

rates. Further work is being pursued (a) to determine the optimal BP equations for

PR channels with longer memory length, and (b) to analyze, in the spirit of [132,134],

the effects of LDPC-related loops on performance of the PR-BP scheme in the error-

floor domain.
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