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Abstra ct

An initial-v alue problem is formulated for a three-dimensionalperturbation in a com-
pressibleboundary layer °ow. The problem is solved using a Laplacetransform with
respect to time and Fourier transforms with respect to the streanwise and sparwise
coordinates. The solution can be presened as a sum of modesconsistingof cortinu-
ous and discrete spectra of temporal stability theory. Two discrete modes,known as
Mode S and Mode F, are of interest in high-speed°ows sincethey may be involved
in a laminar-turbulent transition scenario.The cortinuousand discretespectrum are
analyzednumerically for a hypersonic’ow. A comprehensie study of the spectrum is
performed,including Reynoldsnumber, Mach number and temperature factor e®ects.
A speci ¢ disturbanceconsistingof an initial temperature spot is considered,and the
receptivity to this initial temperature spot is computedfor both the two-dimensional
and three-dimensionalcases.Using the analysisof the discreteand cortin uous spec-
trum, the inverseFourier transform is computed numerically. The two-dimensional
inverseFourier transform is calculatedfor Mode F and Mode S. The Mode Sresult is
comparedwith an asymptotic appraximation of the Fourier integral, which is obtained
using a Gaussianmodel as well asthe method of steepest descen Additionally, the
three-dimensionalinverse Fourier transform is found using an asymptotic approxi-

mation. Using the inverseFourier transform computations, the dewelopmen of the
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wave padket is studied, including e®ectsdue to Reynoldsnumber, Mach number and

temperature factor.
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Chapter 1

Intr oduction

It is important to study the transition from laminar “ow to turbulent °ow in hyper-
sonicboundary layersdueto the role it will havein the developmen of future vehicles
operating at hypersonicspeeds.Aerodynamic heating on an aircraft changesdramat-
ically when the laminar °ow becomesturbulent. Since aeradynamic heating a®ects
the choice of materials usedfor protecting the vehicle - and therefore the weigh of
the vehicle- the laminar-turbulent transition processmust be understood.

The transition processfrom laminar to turbulent °ow in hypersonic boundary
layershasbeenstudied for many years. Howewer, becauseexperimertal conditionsare
sose\erein hypersonicwind tunnels, our understandingof this phenomenas still very
poor comparedwith the low speedcase.Becauseof high levels of free-streamnoise, it
is dixcult to perform experimerts with cortrolled disturbances.Unlike the low speed
case,it is ditcult to designperturbers that can generatehigh-frequencyarti cial
disturbancesof individual modes. Instead, wave trains and wave padets are usedin
the experimert. Therefore,interpretation of experimertal data is not straightforward,
and this issueleadsto the needfor closecoordination betweentheoretical modeling

and experimenrtal designand testing.
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Seweral methods for excitation of arti cial disturbancesin a hypersonicboundary
layer are available [1, 2, 3, 4]. These methods could be usedto generate either
two-dimensional(2D) or three-dimensional(3D) wave padkets of a broad frequency
band. Additionally, dueto advancesin computational °uid dynamics,it is possibleto
perform reliable direct numerical simulations of laminar-turbulent transition to better
understandthe medanismsleadingto hypersonicboundary layer transition [5, 6, 7,
8,9, 10, 11].

Accomparying these experimerts, both wind tunnel and numerical, should be
theoretical modeling and studies of the dewelopmert of perturbations in hypersonic
boundary layers.

With the classicalpipe °ow experimerts of Reynolds[12] in 1883, the eld of
hydrodynamic stability cameinto its own. Throughout the late 1800sand early 1900s,
a number of cortributions were made, including Rayleigh's theoretical analysis for
inviscid °ows[13, 14, 15],and Orr [16] and Sommerfeld's[17] independen theoretical
investigationsof viscous°ows.

The theoretical analysisof the stability of “ows beginswith the governing Navier-
Stokesequations. As an example,for a 2D incompressibleow with 2D perturbations,

the cortinuity and momenium equationsare given as

= 0 (1.1)

OIS
+
Q®
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g; 1.2
g; (1.9

wherex and y are respectively the streamwise and normal coordinates, u and v are

respectively the streanmwise and normal velocities, p is the pressure,%is the density

and ° is the kinematic viscosity.

In orderto make Egs. (1.1)-(1.3) non-dimensional,one can scalethe spatial coor-

dinates x and y with a characteristic length scaleL?, the velocities u and v with a

characteristic velocity U®, and the pressurecan be referencedo ¥5(U")?, wheres is

a characteristic density. With the useof thesescalesthe non-dimensionalequations

are given as

%+%=q (1.4)
@+u@+v@=|@+i“@+@ﬂ' (1.5)
@ @ o @& Re @ @2 °

K
@ @ @ 1 @v, @v
@+u@+v@:i%+R_e —2+@ ; (1.6)
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where Re is the Reynoldsnumber and is given by Re = »AL"U"=1" with 1" a char-
acteristic viscosity.

Egs.(1.4)-(1.6) arenon-linear. It is possibleto linearizethe equationsby assuming
that ead °ow quartity (u, v and p) can be expressedas a superposition of a mean

°ow quartity and its disturbance as follows:

u(y;t) = Us(y) + udxyit); v yst) = Vs y) + vAX; yst);

p(x; y;t) = Ps(x;y) + pAx y;t); (1.7)

where the \s" subscripted quartities are mean °ow quartities and the \primed"
guartities are disturbances. By substituting these quartities into Egs. (1.4)-(1.6),
subtracting the terms that satisfy the mean °ow equations, and eliminating terms
that cortain products of perturbation quartities, the following linearizeddisturbance

eguationsare found:

=+ = =0 (1.8)
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@, Us@+ uo@/s+vsg+v°@/s: .

1
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@v0 @VO
@’

& (1.10)

The linearized disturbance equations[Egs. (1.8)-(1.10)] can be further simpli ed
by employing a parallel °ow assumption. A parallel °ow (plane Couette °ow, channel
°ows, etc.) is onewherethe streamlinesof the mean°ow are always parallel to eat
other and the surfacethat boundsthe °ow. Therefore, the mean normal velocity
Vs vanishes,and since Us; = Uq(y), longitudinal derivatives of Us are omitted. A
boundary layer is not a truly parallel °ow. Howewer, the growth of the boundary
layer is a slow function of the streanmwise coordinate. Sincethe wavelength, |7, of
the disturbanceis much shorter than the characteristic length of the boundary layer
dewelopmer (such as the distance from the leading edgeof a °at plate or the dis-
tance from a conetip), the °ow will be approximately parallel on the scaleof the
disturbance.

Perturbations in a boundary layer “ow are now considered. The linearized, di-
mensionlesgyoverning equationsfor the disturbanceswithin the quasi-parallel °ow

approximation are as follows:

%0 + %0 = 0 (1.11)
@° @’ @ @JO @uo @uo

= = ; (1.12)
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= %)+ i“@vo+ @VOT[:

@O + US@O = =
Re @2 @2

a = (1.13)

Under theseconditions, the equationsadmit wave-like solutionswith the form

dlx; y;t) = a(y) exp(i(®x i ! 1)): (1.14)

Substitution of the normal modesgiven by Eq. (1.14) into the systemof partial
di®erettial equations(PDES) givenby Egs.(1.11)-(1.13)leadsto the following system

of ordinary di®eretial equations(ODES):

do

i®0 + & 0 (1.15)
H 1
. . du . 1 d0
(i®Usi i )0+ dySO: i i®p+ e d—yzi ®0 (1.16)
H 1
. . d 1 d¥
(I®Us i Il)o:i£+R_e d_yzi ®¢ (1.17)

y! 1: %! 0 (1.18)
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represem an eigervalue problem, and is equivalert to the classicalOrr-Sommerfeld

equationfor ¥(y), which now forms a fundamenal basisfor the eld of hydrodynamic

stability:
H T M T
d’¢ d?Us 1 d* d’¢
. | . . N - . - .
(@Usi 1) dy? ' & ®dy20 iRe dy*' 2®2dy2+®40 ’ (1.19)
do
y=0: ¥¢= a/ 0;
do
I . . _l .
yl 1 : & o: (1.20)

Throughout the rst third of the twertieth certury, Heiserberg[18], Tolimien [19]
and Salichting [20] cortinuedto dewelopthe linear stability theory. Their theoretical
calculations were con rmed with the experimerts of Scubauer and Skramstad [21]
in the 1940sand of Schubauer and Klebano®[22] in the 1950s.

The governing equationsfor compressible’ows are much more complicatedthan
thosefor the incompressiblecase.In addition to the cortinuity equationand momen-
tum equations, one must now include the energy equation. Further complications
arise from the fact that viscosity is now a function of temperature (i.e. * = 1(T)).
Additionally, an equation of state is now neededto form a closedset of equations.

With the useof asymptotic methods, Leesand Lin [23], Dunn and Lin [24] and

Leesand Reshotlo [25] investigatedthe stability of viscous,compressibl€ows. Later,
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Brown [26, 27] and Mack [28 deweloped numerical methods to directly compute the
eigervaluesand eigenfunctionsfrom the di®erettial equationsfor compressible’ows.

Throughout the last half of the 1900s,and cortinuing into the 21stcertury, there
have beenmany experimertal, numerical and theoretical investigationsin the eld
of hydrodynamic stability. Further historical badkground can be found in the mono-
graphsof Criminale, Jadkson and Joslin [13], Drazin and Reid [14] and Sdimid and
Henningson[15].

Regardlessof the type of °ow under consideration(inviscid, viscous,incompress-
ible, compressible,bounded, shear, etc.), it is expected that the dynamics of the
°ow transition depend on the instability of small perturbations excited by external
sources.As mertioned above, when oneinvestigatesthe stability of “ows, the motion
is decompsedinto the basic °ow whosestability is to be examined, and a super-
imposedperturbation. Linearization of the governing equationsleadsto a systemof
PDEs. With a parallel °ow appraoximation, Fourier and Laplace transforms can be
usedto transform thesePDEs into a systemof ODEs. This set of ODESs, along with
the assaiated boundary conditions, can be recastas an eigervalue problem.

At this stage,the eigenmalescan be analyzedwithin the scope of a spatial theory
or a temporal theory. For the spatial analysis, the frequencyof the perturbation is
prescribed to be real-valued, and one solvesthe eigervalue problem for the complex-
valued wave number. For the temporal analysis, one prescribesthe wave number to

be real-valued, and solvesthe eigervalue problem for the complex-\alued frequency



33

Considerationof the PDEs within the scope of the physical problem oneis interested
in will dictate the choice of temporal or spatial theory. The signaling problem [29]
is the physical problem ass@iated with the spatial stability theory. The initial-v alue
problem [3(] is the physical problem assaiated with the temporal stability theory, as
will beillustrated in the presern work.

The inviscid, incompressibleéwo-dimensionalinitial-v alue problem was considered
by Case[31, 32, 33 in the early 1960s,and he showved that by keepingthe physical
problem\rather strongly in mind" (Ref. [33], p. 32), onecould avoid ambiguities and
omissionsassaiated with the traditional normal mode analysis. In particular, Case
shoved how using\the transform approad” could\prevert ... someglaring omissions
of cortinuousspectra” (Ref. [33], p. 28).

Later, in 1979, Gustavsson[3(] formulated and solved the viscous,incompress-
ible two-dimensionalinitial-v alue problem. He solved the problem using Fourier and
Laplace transforms, and found that the disturbance consistsof cortinuous spectra
along with discrete spectra. In 1981, Salwen and Grosdt [34] derived a biorthogo-
nality relation betweenthe solution of the Orr-Sommerfeldequation and its adjoint
within the framework of the temporal stability theory. Additionally, they shaved
that the set of eigenfunctionsformed a completeset, and therefore, a solution of the
initial-v alue problem for disturbancesin a boundary layer could be expandedas a
linear conmbination of those eigenfunctions.

In the early 2000s,Fedorosr and Tumin [35 analyzeda 2D initial-v alue problem
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in a compressibleboundary layer with the use of Fourier and Laplace transforms.
Howewer, they did not computethe inverseFourier transform for the wave padet. In
addition, the initial-v alue problem for 3D perturbations hasnot yet beenconsidered.

Mack [36, 37] used linear stability theory to perform extensiwe studies of the
behavior of 2D and 3D instability modesfor both the temporal and spatial problems.
In particular, he discovered that for compressible®ows, higher acoustic instability
modes exist along with the rst mode. Howewer, even though the behavior of these
modesis understood, the medanism by which the modesare generated(receptivity
problem) is still a subject of researb.

During the 1970s,the important role of the receptivity problem in the laminar-
turbulent transition processwasclari ed by Morkovin [38] and Reshotko [39]. These
articles motivated the study of medanismsthat are responsiblefor the excitation of
unstable Tollmien-Sdlichting waves.

Terert'ev [40, 41, 42] consideredan actuator located on the surfaceof a plate,
and obtained the rst results on the generationof Tollmien-Sdlichting waves using
asymptotic methods (triple-deck theory). Goldstein [43] usedasymptotic analysisto
study the excitation of Tollmien-Sdlichting wavesby acousticwavesinteracting with
the leading edgeof a plate. Similar methods were usedby both Goldstein [44] and
Ruban [45, 46 to analyzethe generationof Tollmien-Salichting waves by acoustic
waves that had been scattered by a roughnesselemen. Kerschen, Choudhari and

Heinrich [47] examinedthe receptivity due to vortical freestreamdisturbancesin-
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teracting with the leading edgeof a plate as well as receptivity due to 2D suction
strips. This theory was extendedby Choudhari and Kersden [48] to 3D wall inho-
mogeneities. There is a vast bibliography on the receptivity process. Many of the
articlesrelevant to the asymptotic analysisof boundary layer receptivity canbe found
in reviewsby Kersden [49], Choudhari [50], and Saric, Reedand Kerschen [5]].

The use of asymptotic methods enablesone to gain a generalunderstanding of
°ow structure. Howeer, the quartitativ e results may be invalid for nite Reynolds
numbers. It is thereforeusefulto solve the receptivity problemwith methods suitable
for nite Reynoldsnumbers. Gaster[52] considereda localized periodic-in-time forc-
ing on the wall, and obtained the rst theoretical result regarding the excitation of
spatially growing Tollmien-Sdlichting waves. In succeedingyears, the biorthogonal
eigenfunctionsystemwasintroduced. The biorthogonal eigenfunctionsystemturned
out to be a powerful technique for solving receptivity problemsfor boundary layers
and internal °ows (seeRefs.[53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66]).
Tumin and Aizatulin [62] have shavn that the receptivity solution basedon the
biorthogonal eigenfunction expansionis equivalert to the solution found using the
method of Ashpis and Reshotlo [67]. Additionally, Tumin [68] hasshawn that in the
triple-deck limit, the method leadsto the results of Smith, Sykesand Brighton [69]
and Terert'ev [40].

Fedoror and colleagueshave discovered many results involving the receptivity of

high speed°ows (seeRef. [66]). Particularly, this spatial analysisof the 2D instability
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modesin hypersonic’ows revealedthe following: (1) in the regionof the leadingedge,
two discrete modes, Mode F and Mode S, are syndironized with the fast and slov
acoustic modesrespectively; (2) at a downstream location, Mode F is syndironized
with the entropy and vorticity waves; (3) further downstream, Mode F and Mode S
could also becomesyndironized [70]. It is important to understand these features
due to the role they may have in the transition process. Later on, similar features
of Mode F and Mode S were seenin the 2D temporal problem [35. Thesefeatures
have alsobeenseenin the direct numerical simulations of Zhongand Ma [5], Ma and
Zhong|[6, 7, 9], Egorov, Fedoror and Nedhaev([8], Egorov, Fedoros and Soudalov [10],
and Wang and Zhong[11].

Sincethe receptivity problem was not understood during the time of Mack's in-
vestigations,and sinceit hasnot yet beendone,it is worth revisiting the eigenmale
analysis. The objective of this dissertation is to formulate and solve the 3D initial-
value problemfor perturbations in a compressibldboundary layer °ow, and to provide
a comprehensie study of the spectrum.

Chapter 2 describesthe initial-v alue problem for three-dimensionalperturbations.
Section 2.1 cortains the formulation of the problem, while section 2.2 cortains the
problem solution. Section 2.3 describesthe application of an inverselLaplace trans-
form along with its relation to the discrete and cortinuous spectra. The inverse
Laplace transform may also be expressedas an expansionin a biorthogonal eigen-

function system,and this is explainedin section2.4.
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Chapter 3 cortains an overview of a numerical study of the spectrum. Within
this chapter, referenceto appendicesD-H is maderegardingspeci ¢ details of various
syndironism of discrete and cortinuous spectra along with the e®ectof Reynolds
number, Mach number and temperature factor.

Chapter 4 descrikes the numerical and asymptotical computation of 2D wave
padkets. A speci ¢ disturbanceconsistingof aninitial temperature spot is considered,
and section4.1 describesthe receptivity to this disturbance. Section4.2 corntains the
numerical computation of the 2D inverseFourier transform along with two separate
asymptotic appraximations of the Fourier integral for Mode F and Mode S. Reference
is madewithin this chapterto appendiced-P regardingthe e®ectof Reynoldsnumber,
Mach number and temperature factor on the 2D Mode F and Mode S wave padets.

Chapter 5 descrikesthe computation of 3D wave padkets. Again, an initial dis-
turbance consistingof a temperature spot is considered.and section5.1 descrilkesthe
receptivity to the temperature spot. Section5.2 cortains the numerical computation
and asymptotic appraximation of the 3D inverseFourier transform for a prescribed
value of the sparwise wave number for Mode S. Section 5.3 describesthe useof an
asymptotic approximation to nd the full 3D inverse Fourier transform for Mode
S. Referenceis made within this chapter to appendicesQ-S regarding the e®ectof
Reynolds number, Mach number and temperature factor on the 3D Mode S wave

padet.
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Chapter 2

Initial-V alue Pr oblem for Three-Dimensional

Per turba tions

2.1 Problem Form ulation

A 3D parallel boundary layer “ow of a calorically perfect gas is considered. At
the initial time, t = 0, a 3D localized disturbance is introduced into the °ow. The
problem is to descrike the downstream ewlution of the perturbation. The hydrody-
namic and thermodynamic characteristicsof the °ow are expressedsa superposition
Qs(y) + q(x;y;z;t), where Qg is a mean-°ow quartity and q is its disturbance. The
streamwise, normal and sparwise spatial coordinates, given respectively by x, y and
z, are nondimensionalizedusing a length scaleL”, and time is nondimensionalized
as L°=U;, where U is the streamwise mean velocity at the boundary layer edge.
The mean-°ow velocity componerts are referencedo UZ, while temperature, density
and viscosity are referencedo their respective quartities at the boundary layer edge.
Pressureis made non-dimensionalusing the dynamic pressure ¥2(UZ)2. The stream-

wise, normal and sparwisevelocity disturbancesare denotedrespectively asu, v and
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w, while the temperature, pressure,density and viscosity disturbancesare given re-
spectively by W, ¥4 Y2and 1. The linearized, dimensionlessgoverning equationsfor

the disturbancesare

@, 9@, 0.9 Q1@ W @ g
@+ /g@+US@+ @(/g,v)+ /g@+WS@ 0; (2.1)
H l V2 - H 1.
1/?, @+ Us@+V@JS+WS@ :i@4+i _@ 1s r@+m@+ m@
@ H@ @ﬂ u@ q @ 'Reu @ ﬂg @ @
+ _@ 1 @+@ +1 @Js 5+_CC’D 1 @+@ b (22)
Q@ @ @& @ @ @ @
u | v T n_ 1
Ya @"'Us@"'ws@ :i@4+i _@ 1 @+@ + 1 @
@' U@ @ @ﬂ Re @ H @ %@ H %37
+_@ 1 m@+ r@+ m@ , +_@ 1 @4-@ +1 @anvs - (2.3)
Q@ @ o @ @ @ @ Q@
u | Z3CT 1.
1/3 @+ US@+V@VS+WS@ :i@/4+i _@ 1s @+@
@ @& % @ @ Re @& @ @
e, "e,a' to." 6 0," @, @, &
+@ 1, @+@ +1 a +@ 1 m@+m@+r@ (2.4)
H T M l
. @ @ @ _ .. 2 @ @i @., 1
/3 64_95@;\/@1;_\/\/5@& = (i 1)Mﬂe @:Us@ﬂ“LWs@"‘R—e@
+ 1 _@ 15@ +_@ 15@14.1@-5 +_@ 15@ , (2.5)
RePr @ @ @ @ @ @ @
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o Zu@+@ﬂu@sﬂ+2u@+@ﬂu@vsﬂ,
. @ e g, @ @ a
b @t et (2.6)
@ @
Yo M Yo
A 2 @7

where Re is the Reynolds number, Pr is the Prandtl number, and ° is the speci ¢
heat ratio. Additionally, r = 2(e+ 2)=3and m = 2(ej 1)=3, wheree = 3=2 of the
ratio of bulk viscosity to dynamic viscosiy. In particular, e = 0 correspndsto the
Stokeshypothesis. Us(y), Ws(Y), Ts(y) and * 5(y) are mean-°ow pro les.

Denoting
A = (U;@=@;V; Y1 Q=@; w; Gv=@)" (2.8)
as the disturbance vector function, where\T" standsfor transpose,it is possibleto

rewrite the systemof equations(2.1)-(2.6) in the following matrix operator form:

u
Lo

Hwg *Huftlzg *Higg " Miae

®le

@ﬂ+@: @ @ @A @A
@ @

@ @A @A @A |

+Hs— + Hgp + Hy +Hg

@ @@ Q@ @’

(2.9)

Lo, H 10» H 11» H 2, H 3, H 45 H 5, H 61 H 75 and H g are 8£ 8 matriceswhosenon-zero
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elemerts are preserted in Appendix A. At the initial time, t = 0O, the disturbance
vector is denotedas

A(Xy;2,0)= Ag(XY;2): (2.10)

The boundary conditions are as follows:

y=0: u=v=w=pu=0;

y! 1 jAjj! 0 (J = 1¢¢¢;8): (2.11)

Theseboundary conditions correspnd to the no-slip condition and zerotemperature
disturbanceonthe wall, and all disturbancesdecaing to zerofar outsidethe boundary

layer.

2.2 Problem Solution

The three-dimensionaliy of both the boundary layer °ow and the disturbance adds
complexity to the problem. Howewer, the problem can be solved using a similar
approad to the oneusedin Ref. [35 for the 2D wave padket. The problemis solved
using a Fourier transform with respect to the streanwise coordinate, x, a Fourier

transform with respect to the sparwise coordinate, z, and a Laplace transform with
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respect to time, t:

A 4 4

Ape(y) = 2%/4 ert @™ @l ZA(xy;zt) dzdxdt: (2.12)

0 il il

By applying the transformsgiven by Eq. (2.12) to the problem[Egs. (2.9)-(2.11)],
one arrives at a system of non-homogeneousrdinary di®eretial equationsfor the

amplitude vector A pe:

M A , B

dy dy dy

= H10pApe~ i H10Aoe + H11A pe + I®H 1A pe-

+ i®H 3d':|;® i @H Ao+ I HsA o

i ® HeApo + 1 H7Ape | “HgAper; (2.13)

whereA oe—(Y) is the Fourier transform (with respectto both x and z) of A o(Xx;y; 2),
the initial disturbancevector. The solution of Eq. (2.13) satis esthe following bound-

ary conditions:

y = 0: Ap®_1 = Ap®—3 = Ap®_5 = Ap®_7 = 01

y! 1 : jAmesi! O ( = 1;00¢;8): (2.14)

The non-homogeneouterm in Eq. (2.13) is the term cortaining the Fourier trans-

form of the initial disturbance, A ge—. The remainder of the terms form the homoge-
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neouspart of Eq. (2.13). This homogeneougquation can be recastas the following

systemof ordinary di®eretial equations:

dA p®_

dy = HuA p® (215)

whereH ¢ is an 8£ 8 matrix whosenonzeroelemens are presened in Appendix A.

equationsgiven by Eq. (2.15). Outside the boundary layer (y ! 1), Ho is a ma-

trix of constant coexcients, and thus eat fundamertal solution has an exponertial

istic equation

det(Hoj ,1)=0: (2.16)

Fory! 1, Eq.(2.16)canbe written as

i Ci CEj ¢i ¢ ol

bioi .2 bui ,? boi 2 bizi 2 i bl =0 (2.17)
where

by = HEY iy = HG' = HE = by (2.18)



_ 4224 43y, 34 46y 64 48y 84.
b2 = Ho"Hg" + HgHg™ + Ho"Hg™ + Hg®Hg™;

421125 431135 4614 65 48 85.
HEHE + HPHS + HIOHS + HBH S,

bps

032 Hg4; b3 = Hg5;

with H' denotingthe (i; j) elemen of matrix H .

The roots of Eq. (2.17) are

,iz: b1 = ®+ 2+ iRe(®+  Wee i |p),

a
1

J5a = (Dot bsg) 2+ 5 (b i bg)” + dlopsbyy;
19 ;

oo™ (Do bg) =20 5 (boi Do) + dbaby;

>$;8= by, = ®+ 2+ iIRe(®+ Weej ip) =l = ,%;2
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(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

where Wq, is the mean-°ow sparwise velocity at the boundary layer edge. The root

branches are chosento have Real(, 1;, 3;, 5;, 7) < 0, and a matrix of fundamenal
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solutionsis de ned as

Z =jjzy; i zg)): (2.26)

The non-homogeneousystemgiven by Eq. (2.13) hasa solution expressedn the
form

Ape~ = ZQ(Y); (2.27)

where the vector of coexcients Q(y) is found using the method of variation of pa-

rameters:
dZ dQ d’°Q dLo_ dQ dQ . dQ _ dQ
2lo——+LyZ—+ —27Z —+7 —|j HiZ —j H,Z—=F; (2.2
Odydy+ 0 dy2+dy dy+ dy||®3 dyll 2 Gy ; (2.28)
whereF = j (H10Aoe). SinceZ is the matrix of fundamenal solutions of the

homogeneousystem of equations, it follows that dZ=dy = H (Z. Substitution of

this relationship into Eq. (2.28) yields the following systemof equations:

2
2L0HoZd—Q+ LoZd—Q+ %zd—Qud—Qi i®H 3zd—Qi i_H7Zd—Q: F: (2.29)

dy dy2 dy dy dy dy dy

It is possibleto considerthe individual equationsof Eq. (2.29). Denoting z; to
be the ith componert of vector z;, Q; to be the jth componert of vector Q, and F;
to be the jth componert of vector F, then the rst, third, fth, sixth and sewerth

equationsof Eq. (2.29) are, respectively,
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2] dd% =0 (2.30)
Z3; dd% = F3; (2.31)
Zs Cijiyj =0 (2.32)
Zg; dd% = Fe; (2.33)
Z7j dd% =0 (2.34)

The secondand eighth equationsof Eq. (2.29) are, respectively,

dQ . dQ _ _ .

25 d—y‘. i®H 323 d—y’ = Fy: (2.35)
dQ - dQ, .

Zgj d—yj il H78323j d—yj = Fg. (236)

Substitution of Eg. (2.31) into Egs. (2.35) and (2.36) leadsto the following forms:



a7

Zy — aQ _ = F, + i®H2%F3; (2.37)
dy
dQ,
Zg dyJ = Fg+ i HPFg: (2.38)
The fourth equation of Eq. (2.29) is
i dQ *Q, dQ , dig® dQ _ _.
2L8H Iz dy‘ + L33y dyz’ + 24 dy‘ + d; Z3 dy‘ = Fy (2.39)

By consideringonly the nonzeroelemers of HZ', Eq. (2.39) can be rewritten as

d(L&F3)
¥ . (2.40)

de Fai L43H 33F
Zy dy 1+ L43H 34

Therefore,the non-homogeneousystem(2.29) can be rewritten as

Z—==A; (2.41)

with

A =0 (2.42)

Ao=i (H1Aoe),i I®HE (H 10A00)s; (2.43)
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As=i (H1Ao0e)s5; (2.44)

A

a!

£
d LE(H10A 0e),

. 1
Ay = ﬁw i (H1Ae ), + L83H033(H 10A 0®*)3 + dy ;
(2.45)
As =0 (2.46)
As=i (H 10A 087 )¢ ; (2.47)
A =0 (2.48)
Ag=i (H1Aoe)gi | HP(H 10A0e7)5: (2.49)
The formal solution of Eq. (2.13) is expresseds
0 1
X 2 40
Ape~ = %}a1 + dd% dy& zj, (2.50)
i=1

Yj

where dQ; =dy are found from Egs. (2.41)-(2.49), and the constarts & and y; are

determined using the boundary conditions given by Eq. (2.14). Using properties of
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determinarts, the following solution is obtained:

0 2y dQ 1 ya} dQ 0 ya) dQ 1 do
Ao = @a + yl dyA z; + y2 dyz, + @a + d—y3 dyA z5 + d—y4 dyz,
0 1 0 1
0 2 Q 1 2y © 0 2 “© 1 2y 1
+ @ + ® dyA O dyze+ @+ —<TgyAz,+ —<8(
as Yy Zg + dy YZe az dy ym z7 dy YZsg;
0 0
(2.51)
with
E + c,E + cE + GE
a = CoE2357 T C4E 4357 T CgEg3s7 + Cg 8357; (2.52)
E1357
E + c4E + cE + cE
ag = CoEq057 + C4E 1457 + CgE1657 T Cg 1857; (2.53)
E13s7
GE + c4E + cE + E
ac = 2E 1327 4E1347 T CgE1367 T Cg 1387; (2.54)
E1357
E + c,E + cE + GE
a = CoE13520 + C4E 1354 + CgE1356 T Cg 1358; (2.55)

E 1357
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where
A
dQ,
G = d—y‘dy; (2.56)
0
and
2 3
Z1i 2y Zik 2y
Z3 Zz Zzxx Z3
Eij K = det : (2.57)
Zsi Zsj Zsx  Is
Z7i Z7p Lk Zn
y=0
2.3 Inverse Laplace Transform
The inverselLaplacetransform of Eq. (2.51) is
1 pAil
Ao (V1 ® ) = 57 Ape (Y p;® ) €™ dp: (2.58)
Poi il

The integral can be ewvaluated by closingthe path, integrating along the branch cuts,
and applying the residuetheorem. Figure 2.1 shavs a schematic of sudh an integration
contour for the inverselLaplace transform, which is determined by poles assaiated
with the zerosof E 357 (relevant to the discrete spectrum) and by branch cuts asso-
ciated with the branch points of | ; (relevant to the cortinuousspectrum).

By integrating alongthe cortour shavn in Fig. 2.1, Eq. (2.58) can be written asa



51

P

Figure 2.1. Integration cortour for the inverseLaplacetransform.

sum of integralsalongthe sides,** and °! , of ead branch cut and a sum of residues
resulting from the polesof Eq. (2.51) given by the equationE1357(p) = O, i.e.,
0 1

1 X g¥ X i ¢
Ao =i 5~ ED A€ dp+ Ap@fe"‘dpg + Res, Ape € 1 (2.59)

m n

+ oj
m m

2.3.1 Discrete Spectrum

Modes of the discrete spectrum correspnd to poles of Eq. (2.51), which are roots

of Eq1357 = 0, where E 357 is de ned by Eq. (2.57). Discrete modes arise from the
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situation when all the roots of Eqs. (2.22)-(2.25) have non-zeroreal parts and are
given by the poles' cortribution to the inverselLaplace transform, i.e., the residues

showvn in Eq. (2.59). Theseresidueshave the form

i ¢
Res, |Ap®—eDt = A, (Y;pn;® ) et (2.60)

with
ﬂ i 1

u
a7 (1) (2.61)

@

Ap = [z, + &z3+ &zs5+ drZ7]

wheredy, &;, &, and &, aregivenby the numeratorsof Egs. (2.52)-(2.55). If the eigen-
valuep, = j i! , belongsto the discrete spectrum, then the assaiated eigenfunction
A, decas exponertially outside the boundary layer (y! 1 ).

To illustrate featuresof the spectrum, a boundary layer over an adiabatic sharp
coneat zero angle of attack is considered. The length scaleis L® = P (* ax2=18U7)
and the Reynoldsnumber is Re = P (X8U2x°=1%). Usingthe Lees-Doralnitsyn trans-
formation [71], the conical problem is solved with boundary layer pro les for a °at
plate. Accordingly, all conical results preserted hereaftercan be adjusted to the °at
plate boundary layer by dividing the parametersRe, ®, , and! by P 3. Details on
the numerical methods usedfor the analysisof the discreteand cortinuousspectrum
can be found in Chapter 3 and in Appendix C.

To maintain consistencywith the 2D problem analyzedin Ref. [35], the following

parametervaluesare chosen: M = 5.6, Re= 12195, Pr = 0.7, ° = 1.4, e = 0 with
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Figure 2.2. Streamwise velocity disturbance (a), normal velocity disturbance (b),
sparwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance (e) of Mode F for M = 5.6, Re = 12195, ® = 0.2, = 0:14, with complex-
valued eigervalue! = 0:2056; 10:00661. The real part of eat disturbanceis given
by the solid lines, while the imaginary part of eat disturbanceis given by the dashed
lines.

an adiabatic wall and stagnation temperature To = 470K.

Two discretemodesare of interest. Onediscretemode will bereferredto as\Mo de
F," where\F" standsfor \fast"; this is the mode whosephasespeedapproadesthat
of the fast acousticmodeas®! 0 (2D case).Another discretemode will be referred
to as\Mo de S," where\S" standsfor \slow"; this is the mode whosephasespeed
approadesthat of the slov acousticmode as® ! 0 (2D case). Even though in
the 3D case,syndironism with the fast and slov acousticmodesas®! 0 may no

longer occur, the behavior of each mode curve (3D) is similar to the behavior of the
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Figure 2.3. Streamwise velocity disturbance (a), normal velocity disturbance (b),
sparwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance (e) of Mode S for M = 5:6, Re= 12195, ® = 0:2, = 0:14, with complex-
valued eigervalue! = 0:18291+ i3:95£ 10 ° . The real part of eact disturbanceis
given by the solid lines, while the imaginary part of ead disturbanceis given by the
dashedlines.

correspnding 2D mode curve. Thus, it should not be confusingto refer to the 3D
mode curvesas Mode F and Mode S.

As anexample,Figs.2.2(a), 2.2(b) and 2.2(c) shaw the distribution for the stream-
wise,normal and sparwisevelocity disturbancescorrespndingto ModeF for ® = 0:2,
~ = 0:14,with complex-aluedeigervalue! = 0:2056 i0:00661(this choiceof param-
eterscorrespndsto a disturbancepropagationangleof A ¥ 35, wheretan A = ~=@®).
Figures2.2(d) and 2.2(e)shaw respectively the pressureand temperature disturbances

correspnding to Mode F.
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Additionally, Figs. 2.3(a), 2.3(b) and 2.3(c) show the distribution for the stream-
wise,normal and sparwisevelocity disturbancescorrespndingto Mode Sfor ® = 0:2,
~ = 0:14, with complex-walued eigervalue ! = 0:18291+ i3:95£ 10 ° (again, this
choiceof parameterscorresmndsto a disturbancepropagationangleof A ¥4 35%). Fig-
ures 2.3(d) and 2.3(e) shav respectively the pressureand temperature disturbances
correspnding to Mode S.

For this choice of Mach number, the edge of the boundary layer is located at

y Y214,

2.3.2 Contin uous Spectrum

Modesof the cortinuousspectrum correspnd to branch cuts of Eg. (2.51). Solutions
of the cortinuous spectrum arise from the situation when a characteristic number | ;
given by Egs. (2.22)-(2.25)is purely imaginary (, JZ =ik’ k>0,j=1;:::;8). The
“rst pure oscillatory solution correspndsto , 2, = , 25 = j k?. This equation, along

with Eq. (2.22), leadsto the following relation:
: - i _,¢
Pei= Pes= i 1 (®F Wse)j K+ &+ 72 =Re (2.62)

By inspecting the vectors correspnding to , 1278 asRe! 1 , one can seethat
the pressureand temperature componerts are zero, while the velocity and the vortic-

ity componerts are non-zero. Therefore, these solutions are interpreted as vorticity
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branches,wherethe vorticity disturbancesare propagating downstreamwith a phase
speedof c = 1. Although there exist multiple roots of the characteristic equation,
the fundamertal solutions are linearly independen. Therefore,the double roots are
asseiatedwith two di®erer vorticity modes. The existenceof two vorticity modesre-
°ects the three-dimensionality of the perturbations (there is only onevorticity branch

in the 2D problem). The equation
£j 2¢i 2¢ o
booi ,° bai ,° i bwsbs =0 (2.63)

is a third degreepolynomial in p and hasthree roots at , 2 = j k2. Theseroots (p.:2,
Pc:3, and pe.4) were computed numerically for the casewhen W, = 0 (2D mean°ow).
Figure 2.4 showns the resultsfor ® = 0:2and = 0:14.

The horizontal branch in Fig. 2.4 hasa nite limiting point and is interpreted as
an ertropy branch (pressureand velocity is zero, while temperature and entropy are
non-zero),wherethe enropy disturbancesare propagating downstreamwith a phase
speedof c = 1. The vorticity branchesgivenby Eq. (2.62) overlap the ertropy branch.
The upper and lower branchesin Fig. 2.4 are assaiated with fast and slow acoustic
modes (vorticity and ertropy are zero, while pressure,temperature and velocity are
non-zero). The branch points of the upper and lower branches represen fast and
slow acoustic modesthat travel downstream with the respective phasespeedsc =

18 P 1+ 2=@M..
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Figure 2.4. Branch cuts of the cortinuousspectrum in the complexplane,p=j i! ,
for M = 5.6, Re= 12195, ®= 0:2and = 0:14.

As in the 2D case,it is possibleto nd compact forms for the solutions of the
various regionsof the cortinuous spectrum. Using a similar technique to that used
in Ref. [35], one side of eat branch cut is denotedas plus (+) and the other side of
the brandh cut as minus (-) in accordancewith the asymptotic behavior of the type
of disturbance being considered. By relating z;" to z! and dQ =dy to dQ =dy, the
integrals along the branch cut sides®* and °i can be written asoneintegral of the
di®erenceA Jo-i Al

Solutions for the acousticwavesinclude v e fundamertal vector functions, three
of which deca outside the boundary layer, and two of which oscillate ase®**Y. One

sideof the brandh cut is denotedas+ and the other side of the branch cut is denoted



58

as- in accordancewith the following asymptotic behavior:

z; » elV; zi » eV, z; » e?; zh » e?;
z3 » kv, zh » ¢ ky. z, » € ky. zh » gky:
z: » e¥,; zl » e zg » e, zk » e
z7 » e™,; zh » e, zg » e?; zh » e®; (2.64)

wherek is a real, positive parameter,and , 1.5, , 56, and , 7.g are given respectively

by Egs. (2.22), (2.24) and (2.25). It is possibleto obtain the relations

i = + . i = + . i — + . i — .
ZI5 = Zg, Zé = Zg, Zl7 =27, ZI8 = Zg, (265)
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dQy _ dQ; ~ dQ, _dQ;  dQ _dQ;  dQ, _ dQ;

dy dy dy dy '’ dy dy dy dy

dQj _ dQy. ~ dQy _ dQp. dQ; _ dQ; = dQj _ dQg. (2.66)
dy dy ’ dy dy '’ dy dy dy dy - '

The integrals along the branch cut sides®” and °i can be written asoneintegral of

the di®erence

0 2y . 1 2y . 0 2y . 1
Alei Alg = @a] + dyl dyA z7 + 2 dyzi + @a} + d; dyA z}
0 0
0 1
Zy Zy Zy
dQ+ + + dQ+ + dQ+ +
+ dy4 dyz; + @af + d—ysdyA Z5 + dy6 dyzg
1 0 1
0 1
2z
+ dQ+ + dQ+ +
+ @a + d—y7dyA z7 + d; dyzg
0
o o T, o o o 1
i @al + —dyl dyA z} d—yzdyzi2 i @al + d—y3dyA z}
0 1 0
0 1
- dQ; i i dQ: i dQe i
i d—y4 dyzj i @aj + d—y5 dyA z§ | d—y6dy26
1 0
0 1
2y . .
. dQ! . dQ: .
i @al + d&;dyA A d&; dyz (2.67)

After substitution of the relations given in Egs. (2.64)-(2.66), simpli cation leadsto
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the following expression:

A;®‘i AL@‘:(aI i a)zy + (a3 +G)zzi (& + ¢z

+(ai j al)z: + (a7 i al)z7: (2.68)

With the useof Egs. (2.52)-(2.57),A ;®7 i A fo@* can be written solelyin terms of the

functions on the + side of the branch cut as

M 1

CE1275 N CE 1753 N C1E 1754 N CsE 1756 N CsE 7185
Ei1753E1754  E1753E1754  Ei1753E1754  E1753E1754  E1753E 1754

A;®‘i A:n®‘=

£ (Es734Z1 + E175423 + E7153Z4 + E7134Z5 + E153427) : (2.69)

Equation (2.69) canbeinterpreted asa coexcient dependingonthe initial disturbance
multiplied by a linear combination of fundamertal solutions.

The horizontal branch cut in the 2D casehasa region of overlapping vorticity and
entropy disturbances. The remainder of the branch cut is a region of vorticity dis-
turbances. In the 3D problem, the ertire branch cut cortains a region of overlapping
vorticity modes,and there is a region of the branch cut that hasentropy disturbances
overlapping the two vorticity modes.

In the region of overlapping vorticity modes, there is an uncertainty. There are
six fundamertal solutions (four oscillating and two decaying) in this region; however,

this number of fundamertal solutionsis larger than is neededto satisfy the boundary
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conditions. This dixcult y is resolvedusingthe technique descrilked above in obtaining
Eq. (2.69). As before,onesideof the branch cut is denotedas+ and the other side of
the branch cut is denotedas- in accordancewith the following (di®eren) asymptotic

behavior:

z7 » gky: zi » ¢ ky- z, » € Ky zh » gky:

z; » e, zh » e?¥, z, » e, zy » e

zi» e, zi»e®, zi»e®, zi»e®,

+ iky. i i iky. + i iky. i iKy.

z7 » €Y zi » e "; zg » €'Y, zh » &, (2.70)

where k is a real, positive parameter, and , 34 and | 5.5 are given respectively by

Egs. (2.23) and (2.24). It is possibleto obtain the relations

i = +. [—— + . [T + . [— .
zt =z, zfk=1zg, 7V =1zg5;, z§ =1z7; (2.71)



dQi _ dQ; .  dQ, _ dQs _ dQj .
dy dy dy dy dy
dQi _ dQs . dQj _ dQ; _ dQg .
dy dy dy dy dy '
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dQ) _ dQ;
dy dy
dQi _ dQ; .
o " ay (2.72)

The integrals along the branch cut sides®* and °i can be written in the form given

by Eqg. (2.67). After substitution of the relations given in Egs. (2.70)-(2.72) into

Eq. (2.67), simpli cation leadsto the following expression:

Apei Ape=(a1 + )z i () + G)Z; + (a3 1 85)z3

+ (a5 i ab)zg + (a7 + ¢7)z7 i (&) + Cg)Zg: (2.73)

With the use of Eqs. (2.52)-(2.57), the solution can be expressedas a sum of two

stand-alonevorticity modesas follows:

where
u |l
Aoy = GE1753 CsE 4753 CsEe6753 + CsEg7s3
& E1753E2753  E17s3E2753  E1753E27s3  E1753E2753 E1753E2753

£ (Ea75321 + E17s3Z2 + E1275Z3 + E1723Z5 + E125327) (2.75)
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and
H 1
A= C1E1253 + CsEs234 + CsE 2563 + CrE 7253 + CsEg2s3
c5 —
Eo7ssEoess  Eo7ssEosss  Eo7s3Eozsss Eo7ssEogss  EozssEosss
£ (Evgs53Z2 + Eo7ssZ3 i E27s3Zs i Eossazz + Ersazs): (2.76)

Both Egs. (2.75) and (2.76) satisfy the boundary conditions on the wall, and can be
interpreted asa coexcient dependingon the initial disturbancemultiplied by alinear
combination of fundamertal solutions.

In the region of three overlapping modes (two vorticity and ertropy), there also
existsan uncertainty. There are seven fundamenal solutionsin this region (six oscil-
lating and onedecaing). Again, this number of fundamenal solutionsis larger than
is neededto satisfy the boundary conditions. As before, this ditcult y is resolhed
using the technique usedto obtain Eqg. (2.69). In this overlapping region, one side of
the branch cut is denotedas+ and the other sideof the branch cut as- in accordance

with the following asymptotic behavior:

zy » €Yzl » e zi @Yz » €N,

+

Z; » e.Sy, ZI3 » e.3y, Z4 » e.4y, Z‘I1 » e.4y’
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Zg » elkly, ZI5 » ei Ikly, Zg » ei Ikly' Zé » elkly,

+

73 » ¥, zi » @ *y; zg » &Y, zi » ey, (2.77)

wherek and k; are real, positive parameters,and , 34 are given by Eq. (2.23). It is

possibleto obtain the relations

i = + . [—— + . [T + . [— .
Z5 = Zg, 2§ =125, Zv =17g, Z§ = 1Zg, (2.78)

dQi _ dQ; dQ, _dQr,  dQi _dQ;  dQ, _ dQ;.

dy dy ’ dy dy ’ dy dy dy dy

dQs _ dQs dQ _dQs. dQ, _dQz = dQ _ d

dy dy dy dy '’ dy dy dy dy

: (2.79)

Onceagain, the integrals along the branch cut sides®* and °! canbe written in the

form givenby Eq. (2.67). After substitution of the relationsgivenin Eqgs.(2.77)-(2.79)
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Figure 2.5. Streamwise velocity disturbance (a), normal velocity disturbance (b),
sparwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance(e) of the fast acousticmode for M = 5:6, Re= 12195,®= 0:2and = 0:14.
The real part of ead disturbanceis given by the solid lines, while the imaginary part
of ead disturbanceis given by the dashedlines.

into Eq. (2.67), simpli cation leadsto the following expression:

Apei Ale-=(a; +c)zg i (8 +G)z; + (a3 i ah)zg + (a5 + &)2s

i (8 +G)zg + (a7 +¢7)z7 i (&) + Cg)zg: (2.80)
Equation (2.80) can be expressedn the compactform

Apei Abe-= Acat Acat Acs; (2.81)
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Figure 2.6. Streamwise velocity disturbance (a), normal velocity disturbance (b),
sparwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance(e) of the slow acousticmode for M = 5:6, Re= 12195,®= 0:2and = 0:14.
The real part of ead disturbanceis given by the solid lines, while the imaginary part
of ead disturbanceis given by the dashedlines.

whereA; and A .5 are given by Egs. (2.75) and (2.76) and with

1
CE1283 | C4E2s34 + CsE 2853 + CsE2s63 | CrE27s3

i i
EogssEoses  E2sssEosss  EosssEzses  Eo2sssEoses  E2sszEosss

Aco =

£ (Esgse3z2 + EogseZ3 + E2seaZs i EozssaZe i Ezseazs): (2.82)

Each term in Eq. (2.81) satis esthe boundary conditions on the wall and can be
interpreted as a stand-alonemode. Eqg. (2.82) can be interpreted as a coexcient de-
pendingon the initial disturbancemultiplied by a linear conbination of fundamerntal

solutions.
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As an example,Figs. 2.5(a), 2.5(b) and 2.5(c) shav the distribution for the stream-
wise, normal and sparwise velocity disturbancescorrespnding to the fast acoustic
mode for ® = 0:2 and = 0:14. Figures 2.5(d) and 2.5(e) shaw respectively the
pressureand temperature disturbancescorrespnding to the fast acousticmode.

Additionally, Figs. 2.6(a), 2.6(b) and 2.6(c) show the distribution for the stream-
wise, normal and sparwise velocity disturbancescorrespnding to the slowv acoustic
mode for ® = 0:2 and = 0:14. Figures 2.6(d) and 2.6(e) shaw respectively the
pressureand temperature disturbancescorrespnding to the slow acousticmode.

One can seethat the acousticmodese®ectiely penetrate the boundary layer. In
particular, the streanwise and sparwise velocity perturbations and the temperature

perturbation are signi cantly larger within the boundary layer.

2.3.3 Summary

It is now possibleto expressthe inverselLaplacetransform given by Eq. (2.59) as

L % 2 dp,
Ao (GL@T) =i 5r  Acm (k@) £ e (= Tk
m=1 ,
X —_—
+ An (P ® ) e (2.83)

n

wherem = 1 correspndsto onevorticity mode, with p..; andA ¢.; givenby EQgs.(2.62)

and (2.75) respectively; m = 2 correspnds to the erntropy mode, with p., and
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A given by Egs. (2.63) and (2.82) respectively; m = 3;4 correspnd to slov and
fast acoustic modes, with pc34 and A 34 given by Egs. (2.63) and (2.69) respec-
tively; m = 5 correspndsto the secondvorticity mode, with p.s and A ¢.5 given by
Egs. (2.62) and (2.76) respectively; p, is a root of E1357(p) = 0, and A, is given by

Eqg. (2.61).

2.4 Biorthogonal System of Eigenfunctions

Following Ref. [34], it is possibleto expressa solution of the initial-v alue problem
[Eg. (2.83)] asan expansionin the biorthogonal eigenfunctionsystemfA, ;B, g. The

vector A, is a solution of the direct problem

1 T
dA, dA, . . . dA,
dy Lod—y + d_y =i i! H10A1 + H]_]_A! + i®H 2A! + I®H Sd_y

i ®@H4A, +i HsA, i ® HgA,

_ . dA,  _
+i H7d—y'; 2HgA | ; (2.84)

y=0: A1=A3z3=As=A ;=0

y! 1 : jAj<1 (= 1,¢¢,;8): (2.85)



The vector B, is a solution of the adjoint problem

SO

dy °dy | dy

i ®H3B, i i HEB, | ® H{B,
— ndB! — o
+ H7d—y| ’HgB. ;

y=0: Bi2=Bi4s=Big=Big=0;

y! 1 : jBij<1 (j = 1¢¢¢,;8):

= irH%B, + HYB, | iI®HB, + i®H}
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dB.
dy

(2.86)

(2.87)

The asterisk in Eq. (2.86) denotesa Hermitian matrix, and the over-bar denotes

complex conjugate. The direct problem given by Eqgs. (2.84) and (2.85) can be ex-

pressedin the standard form given by Eq. (2.15). The adjoint problem given by

Egs. (2.86) and (2.87) can be expressedn a similar fashionas

dy
s = HUY.
| dy 0 1]

y! 1 : jY;j<1  (j =15¢¢;8):

(2.88)

(2.89)
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A correspndencecan be found betweenB, and Y . Theserelationshipsare given in
Appendix B.

The fundamertal solutions, z;, of Eq. (2.15) have an asymptotic behavior z; =
z%exp(,jy) (i = 1:::8), wherez? are given in Appendix C, and , ; are given by
Egs. (2.22)-(2.25). The fundamertal solutions of Eq. (2.88), »; (j = 1:::8), canbe
found as cofactors of the elemerts of the jth column of the matrix of fundamertal
solutions, Z , divided by the Wronskianof Z [72. The asymptoticsof »; are givenas

follows:
» = >><1Je’ 2y~ »y = »ge 1y »3 = »ge 4y »y = »ge 3y~
»5 = »ge 6y »g = »ge 5y »7 = »99 8y- »g = »ge . (2_90)
» = (1, 17Hg% 0, 0o i %5y=, 159701 9=, 1)
» = (1, 27Hg" 0,090 | 5,7, 209751 1 %75=,2)"
»3 = (05 H o =, 3935 15 75 75; 0 Hg =, 5)
»9 = (0;H2%=, 4,90 190 90, O HE = )T

»g = (0;HE'=, 5, %35 1; »05; %96 O, HE*=, 6)

»6 - (O HO - 61»361 1 »561»661 0 H84:> 6)T



»7 = (0; Ho =T 7H04_H3371 »571(H i »57)— 7’»77'(H i »(7)7):,7)T

»8 = (0; I"o =,8;,8H 24_Hc}371 »581(H i »58) ,8’»781(H i »(7)8)=,8)T;

where»} and »9 aregivenfor j = 1;2 by

= (HEHF | HPHEHHEHS + D)1 HEHS)

— (H 46H i H42(H 56+ . 2))_(H48(H 56+ 2) i HSGHSS),

5

»3, ») and zg aregivenforj = 3;4;5;6 by

HEZHE'( . H3)

= Ho¥(ca i ,jz)

Fo
|

(Ho*i (czi , )=H3®=,;;

N
oY
1

and »3 and ») aregivenforj = 7,8 by

»gsz (szl ,J)I I"o C23

= (G2 DG HT T LD CaHEHEHE | HEHS T );
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(2.91)

(2.92)

(2.93)

(2.94)
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with c,, and c,3 given as

Co2 = Hg?HE* + H®HS  + HG®HS + HGPHE!

Cos = HG'HG? + HF'HG® + HEMHG® + HE*HG®: (2.95)

The eigenfunction system fA, ;B, g has an orthogonality relation. It can be
found by consideringa dot product betweenthe direct problem [Eg. (2.84)]and B, o.

Integration of this dot product for 0- y- 1 leadsto

; A ¢ A
CduLdA’ﬂ-B +CdA’-B = hji! HA ;Bd + MH A ;B
—_— r— 10 I 10— : 1, 10 1, 10
dy Ody ’ ! dy ! | 10\ ! ! 117\ !
¢ A
. . . AI - ® — .
+h®H2A!;BgO|+ |®H3dd—y;B!O + i®2H4A!;B!O + h HsA, ;B o
; A
+h|® H6A!;B!O|+ | H7d—y;B!0 + HgA!;Bgo; (296)
where
A
PA, ;B d ~ (A, ;B o)dy: (2.97)

0

For discrete modes, the left hand side of Eq. (2.96) can be integrated by parts and

leadsto the following form:

A
u udB!Oﬂ . dB!O

'y Sody ! dy

(2.98)
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which can be rewritten using the adjoint problem [Eg. (2.86)]. At this stage,most of

the terms canceland oneis left with the following orthogonality relation:

(it %5 it YhH 10A ;B o = 0 (2.99)

For the cortinuous spectrum, the orthogonality relation is the same,but the integra-
tion by parts usedin its derivation must be performedin the senseof distributions.

The relation given by Eq. (2.99) may alsobe expresseds

A
H'l]_oA!;B!Oi, (HloA!;B!O)dy:iq: 110, (2100)

wherej is an arbitrary normalization constart. One can shaw that ¢, . 0 is a Kro-
neder delta if either ! or ! © belongto the discrete spectrum, and that ¢, .0 =
+(!1 i 19 is a Dirac delta function if both ! and! ° belongto the cortinuous spec-
trum.

Solutions of the direct and adjoint problemsgiven by Eqgs. (2.84), (2.85), (2.86)
and (2.87) belongto the discreteand cortinuous spectrum. Equations (2.60), (2.69),
(2.75), (2.76) and (2.82) are modes that satisfy the direct problem with weighs
(coexcients) that depend on the Fourier transform of the initial disturbance, A ge.

Using the theoremof Ref. [72], it is possibleto determinethe form of the adjoint

eigervectors using the direct problem. For the cortinuous spectrum, the adjoint
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eigervectors,B; (i = 1:::5), arefound to be

B 1 = »E17s3+ »Eo753+ »Ea753 + »sEg753 + »gEg7s3;

vy}
Q
N

|

= »E12831 »E2g3a+ »sEogs3+ »Eogezi »7E27s3;

B34 = »E1275 + »3E1753+ »4E 1754 + »sE 1756 + »gE 7185,

vy
o
o

|

= » Eqo53+ »Es234 + »E 563 + »7E 7253 + »gEgos3: (2.101)

For the discrete spectrum, Egs. (2.60) and (2.61) can be rewritten as

_ gt (C2E 1257 + Caff1457 + CoE 1765 + CsE1578)

@E 1357
@ E 1457

i ¢
Res, Ape e

£ (Es357Z1 + E1ss723 + E1347Z5 + E135427) : (2.102)

It is then possibleto nd the adjoint eigervector for the discrete modes. It is given

by

B = »mE1257 + »E 1457 + »6E 1765 + »gE1578! (2.103)

It is possibleto ched that Eqgs. (2.101) and (2.103) are solutions to the adjoint

problem and satisfy the boundary conditions.
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The coexcients in Egs. (2.69), (2.75), (2.76), (2.82) and (2.102) depend on the
initial disturbance,and are assa@iated with the adjoint eigervectors[Egs.(2.101)and

(2.103)]in the following respective manner:

CoE1275 + C3E1753 + C4E 1754 + CsE 1756 + CeE7185 » MH 10A 0o B ¢34l ;
C1E1753+ C2E2753 + C4E 4753+ CsEg753 + CgEgrsz » H 10A 0o B il ;
C1E 1253+ C4Es5234 + CsE o563 + C7E 7253+ CgEgasz » H 10A 0o B o5l ;
C1E1283] C4E2834+ CsE2ss3+ CGsEogeai C7E2783» MH 10A e B el ;

CE 1257+ CiE 1457+ CsE1765+ CsE1578 » MH 10A ;B : (2.104)

It is now possibleto shav (Ref. [34]) that the inverselLaplace transform can be

expressedas an expansionin the biorthogonal eigenfunctionsystem

2
X _ X .
Ao (Y;t) = GAg. ()€ T+ G (K)Ae, (y)e"i®Midk;  (2.105)
o J 0
P . : P
where . denotesa summation over the discretespectrum and ; denotesa sum-
mation over the cortinuous spectrum. Using the Fourier transform of the initial

disturbance, A o&—, as well as the orthogonality relation [Eq. (2.100)], one can nd

the coexcients ¢ and .
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Chapter 3

Numerical Stud y of the Spectr um

The standard form for the direct problem given by Eq. (2.15) was usedfor the nu-
merical evaluations. The numerical shemeperformsthe integration of Eg. (2.15) for
four fundamenal solutions(discretespectrum) or for v e fundamertal solutions(con-
tinuous spectrum). A fourth order Runge-Kutta integration method with constart
stepwas usedto integrate from outside the boundary layer toward the wall usingthe
Gram-Sdamidt orthonormalization procedure.

When analyzingthe cortinuousspectrum, k is a parameter,and the frequency! is
calculatedusing, i = j k2, where, ; aregivenby Egs. (2.22)-(2.25). When analyzing
the discretespectrum, ! is calculatedusingNewton'siteration method. This iteration
method dependson the initial approad to ! . A single domain Chebyshev spectral
collocation method [73] was usedto determinethe initial approad. Further details
about the numerical methods can be found in Appendix C.

The spectrum is initially studied for the mean °ow consideredin the 2D prob-
lem [35. This setof parameterscan be found on pages52 and 53 of the presert work
and will bereferredto asCasel. In the caseghat follow (Case2 - Caseb), the e®ect

of Reynoldsnumber, Mach number and two temperature factors on the spectrum will
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be studied.

3.1 Spectrum Overview

There are three types of syncironism that will be discussed. These features will
be illustrated using the 2D spectrum. Figure 3.1 shavs numerical results for the

eigervalues of Mode F and Mode S for A = 0. Included in Fig. 3.1 are lines of

Figure 3.1. Eigenvaluesfor Mode F (bold solid line) and Mode S (bold dashedline)
for A= 0* for M = 5:6 and Re= 12195. The dashed-dottedline corresmndsto the
line of phasespeedc = 1. The upper dashedline is ass@iated with the A = 0* FA
mode, while the lower dashedline is ass@iated with the A = 0* SA mode.

constart phasespeed. One of theseis a line of phasespeedc = 1, the speedat which
ertropy and vorticity disturbancestravel. The other lines are assaiated with the 2D

fast acousticmode (FA mode) and slow acousticmode (SA mode). The 2D fast and

slow acousticmodestravel with phasespeedc= 18 1-M. (as mertioned in Chapter
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2, thesephasespeedsare relevant at the branch points).

The rst feature involves the syndironism of Mode F and Mode S respectively
with the fast and slow acousticmodes. As seenin Fig. 3.1, thesesyndronism occur
for a waverumber ® ! 0. Details regarding these syncironism for 3D disturbances
for Casel may be found in subsectionD.1 of Appendix D.

The secondfeature is the syndironism of Mode F with the ertropy and vorticity
modes of the phasespeedc = 1. Figure 3.1 shaws that this syndironism occurs at
® Y, 0:2. One can alsoseein Fig. 3.1that thereis a jump in ! ; assaiated with this
syndironism. Details regarding the presenceof the jump discortinuity along with
details of this syndronismfor 3D disturbancesfor Casel may be found in subsection
D.2 of Appendix D.

The third syndronismis that of Mode F with Mode S. As canbe seenin Fig. 3.1,
this syndironism occursat ® %42 0:23. One can also seethat for this choice of param-
eters,Mode S becomeanore unstable while Mode F becomesmore stable. Details of
this mode branching along with details of the Mode F - Mode S syndronism for 3D
disturbancesfor Casel may be found in subsectionD.3 of Appendix D.

The e®ectof Reynolds number, Mach number and the two temperature factors
on the spectrum can be found respectively in AppendicesE-H.

One can seefrom AppendicesE-H that the parameter changesdo not a®ectthe
fundamenal features of the spectrum (the three types of syndironism). Howeer,

signi cant di®erencesan be found for the various cases. In particular, there is an
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interesting change in topology assaiated with the Mode F - Mode S syndironism
whenthe temperature factor, T; = T,,=T.q, WwhereT,, is the wall temperature and T,gq
is the adiabatic wall temperature, is changedfrom T; = 1.0 (Casel) to Ty = 0:25
(Caseb). Details regarding the sensitivity of the topological structure to parameter

changescan be found in Appendix H.

3.2 Discussion

In order to avoid confusion,it is appropriate to discussMack's [36, 37] results and
how they relate to Mode S and Mode F. Mack rst consideredinviscid perturbations
and computed eigervalue curves or families for various choicesof parameters. Each
of thesefamilies cortains an unstableregion correspnding to one of the higher Mack
modes( rst mode, secondmode, third mode, etc.), and ead ampli cation rate curve
represems a distinct discrete mode. Using asymptotic analysis, Gushdin and Fe-
dorov [74] alsocaptured the featurethat ead ampli ed rst mode, secondmode, etc.
represems a separatesolution.

Mack then consideredviscousperturbations and computedfamilies of eigervalues
for nite Reynolds numbers and comparedthe eigervalue curves with the inviscid
ones. For one of Mack's choicesof parameters,there were two \separate ::: inviscid
ampli cation rate curvesfor the rst and secondmodes"(Ref. [36], p. 12-24) (i.e.,

two inviscid normal modes), but \only a singleampli cation rate curve at the nite
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Reynoldsnumber shovn"(Ref. [36], p. 12-24) (i.e., one viscousnormal mode). This
oneviscoussolution is assaiated with both the rst mode and the secondmode. This
viscousfamily is analogousto the Mode S mertioned in prior sections. Mode S in
our analysisis a singlediscretemode that correspndsto a singlepolein the complex
p plane. Furthermore, Mode S is assaiated with Mack's ampli ed rst, secondand
possibly higher modes.

Additionally, Mack explainedhow \the inviscid solutionsareto bethe Re! 1
limit of the viscoussolutions" (Ref. [36], p. 12-25)through \the existenceof multiple
viscoussolutions" (Ref. [36], p. 12-25). For the Reynoldsnumber of his example,this
additional viscoussolution is damped, and it is analogousto the Mode F mentioned
in prior sections. It should be pointed out that Ma and Zhong [6, 7, 9] and Zhong
and Ma [5] refer to Mode F as Mode | and refer to Mode S, not as a single family,
but rather to the parts assaiated with the family (Mack's rst mode, secondmode,
etc.).

Mack useda nomenclaturefor theseviscousfamiliesthat wasbasedon his inviscid
nomenclature. Howewer, at the time, the receptivity problem was not understood,
and the decomposition of the solutions of the linearized Navier-Stokesequationshad
not beendeweloped. Therefore, it is suggestedthat the terminology correspnding
to the normal mode analysisis kept. The normal modes, Mode S and Mode F, are
represeted by separatepolesin the complex plane, and they may be syndironized

with slow and fast acousticwavesat a wave number ® ! 0.
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Chapter 4

Tw o-Dimensional Wave Packets

4.1 Receptivit y to a Temperature Spot

As an example of a speci ¢ initial disturbance, a temperature spot localized at a
distanceY, from the wall is considered.For the 3D initial-v alue problem, this distur-

bancewill have the form

X y;z) = HX)Hy | Yo)H(z) at t=0: (4.1)

The orthogonality condition given by Eq. (2.100) allows one to determine the
weights of the modesgeneratedby the temperature spot. For Mode F and Mode S,

the weight is given by

hH 10Age;B i1
hH 10A,;Byi '

c(® )= (4.2)

where! (®, ) correspndsto the eigervalue for the mode of interest. For a temper-

ature spot of the form given by Eq. (4.1), it is possibleto usethe de nition of H i
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to obtain from Eg. (4.2) the expression

H3% (Yo) B1s(Yo) + HEG (Yo) B!G(Yo):

«(® )= hH oA, ;B

(4.3)

The coezcient c(®; ) dependson the normalization of the eigenfunction A, .
Howe\wer, the product c(®; ) A, is independen of the choice of normalization. Two
choicesof normalization are usedin the following analysis. When the inverseFourier
transform of the streamwisevelocity disturbance,u, is consideredthe eigenfunctionis
normalizedsothat the maximum value of u is 1. When the inverseFourier transform
of the temperature disturbanceis consideredthe eigenfunctionis normalizedsothat
the maximum value of pis 1. Howe\er, for the choice of parametersbeing used,there
are two local maxima of the eigenfunction. Therefore, a choice has been made to
normalize the eigenfunctionso that the value of the inner maximum is 1 [i.e. A, is
normalized as Unax = inner maximum of u(y) = 1 (or A, is normalized as pmax =
inner maximum of u(y) = 1)]. The normalized value of the outer maximum may
be greaterthan 1. With thesenormalizations, c is the amplitude of the maximum
streamwisevelocity disturbanceunay (or the amplitude of the maximum temperature
disturbance pmax) asseiated with the appropriate mode.

As a limiting case,as ! 0, one obtains the receptivity coetcient assaiated
with the 2D initial-v alue problem [35]. It is this 2D coexcient that will be used

throughout this chapter.
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4.2 Inverse Fourier Transform - 2D

The 2D inverseFourier transform is given by

!
c(®) A (®y)®i '@ qg (4.4)

Two examples,the streamwise velocity componert, u, as well as the temperature
componert, W, of the disturbance vector, A, are considered. For the rst example

(streamwise velocity component, u), the transform is therefore given as

A
c(®) u(®y)e®i!' @Y qg (4.5)

where the coexcient c(®) is the amplitude of the maximum streamwise velocity
componert umax. For the secondexample(temperature componert, ), the transform
is given as
A
c(® u(@y) ™ O dg (4.6)

il
wherethe coezcient c(®) is the amplitude of the maximum streamwise temperature
componen Hma-
Equation (4.5) can be transformed using a symmetry argumert. Using the direct
and complex conjugate matrix operator equations,when ® is replacedby | ®, i.e.,

when®! j ®, it canbeshavnthat! ! 1, c! ¢ andu! U, wherethe over-bar
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standsfor complex conjugate. Therefore, Eq. (4.5) can be rewritten as

2 2 ° a
c@u(®y)e® '@ dep=2 Real c(®u(®y)e®™ ' @) da (4.7)

i1 0
In a similar manner, Eq. (4.6) can be transformed and rewritten as

2 2
. © ) a
c@Ou@®yY) e®™ '@ de=2 Real c(®)u@y)®>i'@®Y da  (4.8)

il 0

In both the u and p inverseFourier transform computations, the factor of 2 hasbeen
ignored. For the purpose of analysis, the Mode F and Mode S wave padets are

consideredseparately

421 ModeF
Case 1

Figure 4.1(a) shonvs the imaginary part of the eigervalue! ; for Mode F. Figure 4.1(b)
shows the maximum streanwise velocity amplitude, unmax, for Mode F, which is gen-
erated by ® componerts of the temperature spot located at varying normal distances
Y, from the wall.

The integral given by Eq. (4.7) is numerically computedfrom ®= 0:1to ®= 0:5.
It wasnot possibleto calculatethe Mode F eigervaluesbelov ® %2 0:08 (Fig. 4.1(a)).

Howewer, for a nite time, the input into the integral for ® = 0:0to ® = 0:1 is
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Figure 4.1. Imaginary part of the eigervalue for Mode F (a) and cortours of Unayx
generatedby ® componerts of the temperature spot located at Yy (b). The cortour
levelsin (b) rangefrom 0:0026to 0:0156in incremerts of 0:0026.

not signi cant sincethe receptivity coezcient, Unmay, is closeto O for this range of ®
(Fig. 4.1(b)). Beyond this nite time, the main input into the integral will comefrom
the piece of Mode F with the largestvaluesof !'; (as® ! 0), and this range of ®
should be considered.

Figure 4.1(b) alsoshavs that the largestvaluesof uyax occur near® ¥4 0:27. This
fact, coupledwith the fact that Mode F is everywheredeca/ing, suggestshat there
will not be much input into the integral for ® > 0:5 if a suxciently largetime, t, is
chosen.

Thereis a syndhronism betweenMode F and the entropy and vorticity modes. As
mertioned previously, whenthe discretemode coalescesvith the cortin uousspectrum
from onesideof the branch cut, it reappearson the other sideat another point. This

leadsto the jump in ! ; seenin Fig. 4.1(a).
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Figure 4.2 shows cortours of ! ; in the complex® plane. One can seethe jumps
in !; alonga nearly vertical line. Sincethesejumps are assa@iated with a branch cut
located in the complexp plane, as Eq. (4.7) is integrated from ® = 0:1 to ® = 0:5,
it is corveniert to analytically cortinue the path of integration into the complex®
planein order to avoid the discortinuities assaiated with the coalescencef Mode F
and the cortinuousspectrum. Figure 4.3is a sdhematic of an appropriate integration
path. Due to the analyticity of the function being integrated, the result should be

independen of the path of integration.

2)

\ ]

Figure 4.2. Contours of !'; in the complex ® plane. The cortours range from
i 0:0298at the bottom of the gure to 0:0028at the top of the gure in incremerts
of 0:0015.

Using Yo = 8.9, t = 50 and the integration path, Path 1, Eq. (4.7) is integrated.

Using the letters found in Fig. 4.3, Path 1 is given explicitly as the following: at
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C D

Figure 4.3. Sdematic of an integration path around the line of discortinuities in
the complex® plane.

Lo

==t~

Figure 4.4. Contours ofuin the xj y plane(a) and streanmwisevelocity disturbance,
u, at y = 2:02 (b) for t = 50. The corntour levelsin (a) are spacedin incremeris of
0:0001. The solid cortours are positive; the dashedcortours are negative; the bold

cortours are 0.
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point A, ® = 0:1; at point B, ® = 0:17; at point C, ® = 0:17j 0:015; at point D,
®= 0:2j 0:015; at point E, ®= 0:2; and at point F, ®= 0.5.

The result is shavn in Fig. 4.4(a) as cortours of u in the x | y plane. To better
illustrate the Mode F wave padet, Fig. 4.4(b) shows a slice of Fig. 4.4(a) taken at
y = 2:.02.

To illustrate the decgy of the wave padet in time, Eq. (4.7) is integrated again
using Path 1 and Yy = 8:9 for t = 200. Figure 4.5 shows the result taken at the slice
y = 2:.02. When Fig. 4.5is comparedto Fig. 4.4(b), one seesthat u is an order of
magnitude smaller for t = 200than for t = 50. Additionally, the wave padet is seen

to have moved downstreamwith the increasein time.

Figure 4.5. Streamwise velocity disturbance,u, at y = 2:02 for t = 200.

For the two times consideredthe main input into the integral is expectedto come
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from the receptivity coexcient. Figure 4.6 shavs the amplitude spectrum for Mode
F for both t = 50andt = 200. This gure shawsthat the main input for both t = 50
andt = 200occursat an ® valuethat correspndsfavorably with the maximum values
of umax for a temperature spot located at Yo = 8:9 (Fig. 4.1(b)). As time increases,
the main input to the integral will no longer comefrom the receptivity coetcient,
but rather from the e " (®' componen of the integrand at low ®. Therefore, the
amplitude peak is expected to be located at low values of ® for large times. For
t = 200, Fig. 4.6 shows that the amplitude peak hasbegunthis shift to lower values

of ®. Also, Fig. 4.6 clearly shaws the decyy of Mode F in time. To ensurethat

Figure 4.6. Amplitude spectrum of Mode F for t = 50 (solid line) and t = 200
(dashedline).

theseresults are independen of the choice of path of integration, the results shovn
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Figure 4.7. Streamwise velocity disturbance,u, at y = 2:02 for t = 50 for 4 paths
of integration. The Path 1 result is denotedwith \cross" markers;the Path 2 result
with \square" markers; the Path 3 result with \circle" markers; the Path 4 result
with \triangle" markers.

for Yo = 89 att = 50usingPath 1 are comparedwith resultsfound usingthree other
paths of integration. Using the letters found in Fig. 4.3, Paths 2,3 and 4 are given as
follows:

Path 2 - at point A, ®= 0:1; at point B, ®= 0:15; at point C, ®= 0:15] 0:015; at
point D, ®= 0:2j 0:015; at point E, ®= 0:2; and at point F, ® = 0:5.

Path 3 - at point A, ®= 0:1; at point B, ®= 0:15; at point C, ®= 0:15; 0:015; at
point D, ®= 0:21; 0:015; at point E, ®= 0:21; and at point F, ®= 0:5.

Path 4 - at point A, ®= 0:1; at point B, ®= 0:17; at point C, ®= 0:17; 0:031; at

point D, ®= 0:2j 0:031; at point E, ®= 0:2; and at point F, ®= 0:5.
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To comparethe results, Fig. 4.7 showvs the wave padket at the slicey = 2:02 for eah
choice of integration path.

There is good agreemeh between the results obtained using the four di®eren
integration paths. A portion of ead path of integration passeshrough a region of
the complex ® plane where ® < 0. This leadsto numerical error assaiated with
growth from the €® term in the integrand. Since Path 3 has a longer portion of
its path in the negative complex® plane, this phenomenonexplainswhy the Path 3

result di®ersfrom the other three results.

Figure 4.8. Contours of pmax generatedby ® componerts of the temperature spot
located at Yy. The cortour levelsrangefrom 0:02to 0:1 in incremerts of 0:02.

Figure 4.8 shavs the maximum temperature amplitude, pnax, for Mode F, which

is generatedby ® componerts of the temperature spot located at varying normal
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Figure 4.9. Contours of nin the x j y planefort = 50 (a) andt = 200 (b). The
contour levelsin (a) are spacedin incremerts of 0:001, while the cortours in (b) are
spacedin incremerts of 0:0001. The solid corntours are positive; the dashedcortours
are negative; the bold cortours are 0.

Figure 4.10. Temperature disturbance, 4, at y = 803 fort = 50 (a) andt = 200
(b).
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distancesY, from the wall. Just as u was found by computing the integral given
by Eq. (4.7), un may be found by integrating Eq. (4.8). Using Y, = 8:9 and Path 1,
Eg. (4.8) is numerically integrated from ® = 0:1 to ® = 0:5 for both t = 50 and
t = 200. The results are showvn in Figs. 4.9(a) (t = 50) and 4.9(b) (t = 200) as
contours of pin the x j y plane. To better illustrate the wave padet, Figs. 4.10(a)
(t = 50) and 4.10(b) (t = 200) shaw slicestakenat y = 8:03.

Additionally, the inverseFourier transform hasbeencomputedfor the streamwise
velocity disturbance and the temperature disturbancefor Cases2-5. The results can

be found in Appendixesl-L respectively.

422 Mode S

Case 1

Figure 4.11(a) shows the imaginary part of the eigervalue ! ; for Mode S. Figure
4.11(b) shavs the maximum streanmwise velocity amplitude, upmax, for Mode S, which
is generatedby ® componerts of the temperature spot located at varying normal
distancesYy from the wall.

The integral given by Eq. (4.7) is numerically computedfrom ®= 0:1 to ® = 0:5.
The greatestinput into the integral will be from the regionof ® %, 0:2 to ® ¥4 0:3. It
is in this regionthat the receptivity coexcient, Unmax, IS the highest,and it is alsoin

this regionwhere! ; attains its largest value. Beyond ® = 0.5, Mode S is decaing,
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Figure 4.11. Imaginary part of the eigervalue for Mode S (a) and cortours of Unax
generatedby ® componerts of the temperature spot located at Yy (b). The cortour
levelsin (b) rangefrom 0:0005to 0:0025in incremerts of 0:0005.

T i
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Figure 4.12. Contours of u in the x j y plane (a) and streamwise velocity dis-
turbance, u, at y = 2:02 (b) for t = 500. The cortour levels in (a) are spaced
in incremerts of 0:0001. The solid contours are positive; the dashedcortours are
negative; the bold contours are 0.
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sothat for suzciently largetimes, there will not be signi cant input into the integral
for ®> 0:5.

Unlike the Mode F case,there is no needto deform the path of integration to
compute the Mode S inverseFourier transform. The result for Yo = 89 at t = 500
is shown in Fig. 4.12(a) as cortours of u in the x j y plane. To better illustrate the
Mode S wave padet, Fig. 4.12(b) shows a slice of Fig. 4.12(a)takenat y = 2:02.

It is expectedthat the main input into the integral will comefrom the Gaussian
shaped portion of the Mode S eigervalue plot (Fig. 4.11(a)). Figure 4.13 shaws the
amplitude spectrum of Mode S for t = 500. This gure shows that the main input

occursat an ® value that comparesfavorably with the location of the Gaussianpeak.

Figure 4.13. Amplitude spectrum of Mode S for t = 500.
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Asymptotic Approximation with Taylor SeriesExpansion of ! (®)

Becausethe eigervalue plot for Mode S cortains a regionwhere! ; > 0, the Mode S
wave padet, unlike the Mode F wave padet, will grow in time (and downstream).
It is useful to comparethe Mode S computed inverse Fourier transform with an
asymptotic appraximation of the Fourier integral.

The dewelopmert of 2D and 3D wave padkets comprisedof spatially growing dis-
crete modesfor boundary layer °ows (parallel and non-parallel) has beenconsidered
previously by Gaster [75, 76, 77]. In particular, Gaster usedthe method of steep-
est desceh to nd the asymptotic represetation of integrals of the form given by

Eqg. (4.5). Starting with Eq. (4.5), the following is obtained:

2 2
c@u@Y) @i '@ ge= (@) u(@y)e (@ ®)d@ (4.9)

il i1

Assumingthat the saddlepoint lies nearthe point ®;, One can approximate ! (®)

as
SRR | oo
@ 1 , @
| 1, : A TR :
F(®) Ya! max + (®f ®max) @ . + 5 (®] ®mnax) @ maX, (4.10)
ig® _ : .
where % nax 1S real valued. To nd the saddlepoint, ®, at a prescribed x=t, let



A(®) = &=t ! (®) and derive the following:

no 1 T

o Ta
X !
% =1 % i (& ®nax) % =0
Solving for ®, one obtains
x. ia®
®u = ®max + —|ﬂ—t 'I@! max .
@? max

Equation (4.12) can be rewritten as

_.ig?
WhereXmax - t @ maX.

Equation (4.9) can now be rewritten as

z
C(@nax) U (B y) € (A" 2(0 B AN g =

L

S

C(@noe) U (B’ ) CANC

| tA%@)

S

e
C(®nax) U (e yY)  —Fb—B

@
It @2 max
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(4.11)

(4.12)

(4.13)

(4.14)
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where L is the cortour of integration that has beendeformedto passthrough the
saddlepoint.
After substitution of ® into Eq. (4.14), the asymptotic represetation of the

original Fourier integral is given as:

A [

s__
2Y, . (X0 Xmax)®
C(®hax) U (Bhax; Y) ﬂ@L£ exp i®maxX + L,'@T@ﬂ| il maxt : (4.15)
It @ max 2t @ max

Actually, the useof a 2nd order Taylor seriesexpansionof! (®) within the framework
of the method of steepest desceh is equivalert to Gaster's[76, 77] Gaussianmodel
for a Fourier integral.

Using numerical results, the various quartities found in Eq. (4.15) can be deter-
mined. The quartities ®y.x and ! nax are found directly from the computation of
the eigervalue curve. The Gaussianpeak seenin Fig. 4.11(a) is appraximated by a

3

quadratic polynomial, andthe "z~ and & - derivativesare found from the

polynomial approximation. The quartity valuesare

®max = 0:254 I nax = 0:2342+ 0:0039

= j 0:2034; 3:6431:

'a @
@ max @ ax

Additionally, c(®mnax) U (®max;Y), the receptivity coexcient multiplied by the eigen-
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Figure 4.14. Comparisonof computed integral (solid line) with the asymptotic
approximation (using 2nd order Taylor seriesexpansionof ! (®)) (dashedline) for
the streamwise velocity disturbance,u, at y = 2:02 for t = 500(a), t = 1000(b) and

t = 1500(c).
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function at ®,« for the slicey = 2:02is 0:00174; 0:0011.

These values can be used to comparethe computed inverse Fourier transform
with the asymptotic approximation of the transform. BecauseEq. (4.7) has been
usedwithout the factor of 2 to compute the inverseFourier transform, the computa-
tional result is comparedwith the Real part of the asymptotic appraximation given
by Eg. (4.15). Though good agreemeh betweenthe two methods is expected, espe-
cially for largetimes, there may be somedi®erencebetweenthe \exact" result found
numerically and the \approximate" result found with the method of steepestdesceh

Figure 4.14(a) comparesthe wave padket found for Y, = 8:9 andt = 500 at the
slicey = 2:02 with the asymptotic approximation at t = 500 given by Eq. (4.15)
using the valuesgiven above. Figures4.14(b) and 4.14(c) shov similar comparisons
for t = 1000and t = 1500respectively. One can seethat asthe time increasesthe
wave padet spreadsout asit movesdownstream. Furthermore, the amplitude of the
perturbation increaseswith time.

Overall, the asymptotic represemation providesa good appraximation to the com-
puted wave padket. Howeer, the \tails" of the two wave padkets do not agreevery
well. This is particularly true for the front edgeof the wave padet, whosebehavior

is dictated by low valuesof the wave number ®.
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Asymptotic Approximation with Numerical Computation of the Sadde Point

In an attempt to improve the asymptotic approximation of the wave padet at the
\tails" of the wave padket, the location of the saddlepoint in the complex® planeis
numerically computed. To nd the saddlepoint, ®, at a prescribed x=t, let A(®) =

®=tj ! (® and derive the following:

=0 (416)

Therefore, the following relationshipsmust be satis ed at ®:

?:@r and 0= (4.17)

@
2.

S

Using the method of steepestdescel the asymptotic represemation of the inverse

Fourier transform is given as:

s
c(®)u(®"y) ?%%E exp(i®°x i il °t) (4.18)
I =
@?

(Note that Eq. (4.18) is the sameas Eq. (4.15) with X = Xmax and all of the \max'-
valuesreplacedby \saddle point (*)"-v alues).
i ¢
The quartity 'a can be found using the eigenfunctionsof the direct and adjoint

@

problems. Taking the derivative with respect to ® of the direct problem, ‘fj—’; = HoA,
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Figure 4.15. Comparisonof computed integral (solid line) with the asymptotic
approximation (using numerically computed saddle point values) (dashedline) for
the streamwise velocity disturbance,u, at y = 2:02 for t = 500(a), t = 1000(b) and

t = 1500(c).
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leadsto the following:

d
dy

@ _ @, @@ @
o o’ s e (4.19)

Using the sohability condition of the inhomogeneougproblem, it is possibleto show

that
“aop g
@ _. _o”By (4.20)
@ a A:B

B

Using Egs. (4.17) and (4.20), @, ! ® and i%¢° are calculated with Newton's
s -

iteration method. Finite di®erencesare then usedto nd % n. Figure 4.15(a)
comparesthe computed wave padet found for Yo = 89 and t = 500 at the slice
y = 2:02 with the asymptotic approximation at t = 500 given by Eg. (4.18) using
the saddle point values. Figures 4.15(b) and 4.15(c) showv similar comparisonsfor
t = 1000and t = 1500respectively. There is now excellett agreemeh acrossthe
ertire wave padet for all three choicesof time.

Figure 4.16 shaws the maximum temperature amplitude, pmax, for Mode S, which
is generatedby ® componerts of the temperature spot located at varying normal
distancesY, from the wall. Just as u was found by computing the integral given
by Eq. (4.7), p may be found by integrating Eq. (4.8). Using Yy = 8.9, Eq. (4.8) is
numerically integrated from ® = 0:1to ® = 0:5 for t = 500,t = 1000and t = 1500.

The resultsfor t = 500are shown in Fig. 4.17(a) ascontours of pin the x | y plane.

Figure 4.17(b) shovs a comparisonof the computed integral with the asymptotic
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Figure 4.16. Contours of pnax generatedby ® componerts of the temperature spot
located at Yy. The cortour levelsin rangefrom 0:002to 0:16 in incremerts of 0:002.

Figure 4.17. Contours of pin the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the tem-
perature disturbance, i, at y = 8:03 (b) for t = 500. The contour levelsin (a) are
spacedin incremerns of 0:003. The solid contours are positive; the dashedcorntours
are negative; the bold cortours are 0.
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Figure 4.18. Comparisonof the computedintegral (solid line) with the asymptotic
approximation (dashedline) for the temperature disturbance, y, at y = 8:03 for
t = 1000(a) andt = 1500(b).

approximation at y = 8:03 for t = 500. Figures 4.18(a) and 4.18(b) show similar
comparisonsrespectively for t = 1000and t = 1500.

Additionally, the inverseFourier transform hasbeencomputedfor the streanwise
velocity disturbance and the temperature disturbance for Cases2-5. The results can
be found in AppendixesM-P respectively.

When using the method of steepest descen it is not enoughto simply compute
the location of the saddlepoint. One must alsodemonstratethat the original cortour
path of integration can be deformedto passthrough the saddlepoint. Figure 4.19
shaws cortours of the Reaf A(®)g (solid lines) and the Imagf A(®)g (dashed lines)
in the complex ® plane, where A®) = @=t ! (®). Inspection of Fig. 4.19 showvs
that as oneintegratesalong the real axis (® = 0), it is possibleto rst deform the

path onto a level curve of the Reaf A(®)g (wherethe phaseis constart), then to pass
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Figure 4.19. Cortours of the Reaf A(®)g (solid lines) and the Imagf A(®)g (dashed
lines) in the complex® plane.

through the saddlepoint alongthe lines of steeest descety and nally to return to

the real axis along a level curve of the Reaf A(®)g.
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Chapter 5

Three-Dimensional Wave Packets

5.1 Receptivit y to a Temperature Spot

The 3D receptivity coexcient ¢(®, ) was derived in Chapter 4, and is given by
Eq. (4.3). Howewer, all the computational results descriked in Chapter 4 usedthe
2D receptivity coexcient (the limiting case,as ! 0, of the coetcient given by
Eqg. (4.3)). In this chapter (3D), Eq. (4.3) will be usedasit is written to determine

o®; ).

5.2 Inverse Fourier Transform - 3D for a xed

Case 1

For the streamwise velocity disturbance,u, the 3D inverseFourier transform is given

by
A A

c@®)u(® ;y)d®* # @I ged (5.1)
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Integration with respectto ® for a prescribed  leadsto

2
€7 (@ )u(® ;y)e®i @I ge (5.2)
il
As for the 2D case,the integral of Eq. (5.2) can be transformed using a symmetry

argumert to an integral over the positive ® half-plane. As before,for the purposeof

computation, we ignore the factor of 2.

\'\
<)

-

Figure 5.1. Imaginary part of the eigervalue for Mode S for ~ = 0:1001(a) and
cortours of c(®; )u aty = 2:02generatedby ® and componerts of a temperature
spot located at Yo = 89 (b). The corntour levelsin (b) increasein incremerts of
0:0002, beginning with 0:0004 0on the left side of the gure and 0:0006 on the right

side of the gure. The dashedcortour is 0:0022,the bold dashedcortour is 0:0024
and the bold solid cortour is 0:0026.

Figure 5.1(a) shows the imaginary part of the eigervalue! ; for Mode S for =
0:1001. Figure 5.1(b) shavs for Mode S the maximum streanwisevelocity amplitude,
Umax, Multiplied by the value of the eigenfunctionat y = 2:02, which is generatedby

® and componerts of the temperature spot located at the distance Yo = 8:9 from
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the wall.

The inverseFourier transform (Eq. (5.2)) is numerically computedfrom ® = 0:1to
®= 0:5with = 0:1001and z = 0. Eventhough!; > 0 for ® < 0:1, the receptivity
coexcient (Fig. 5.1(b)) is near O in this region. The greatestinput into the integral
will be from the regionof ® %, 0:2 to ®Y4 0:3. It is in this regionthat the receptivity
coexcient, Unmay, IS the largest,and it is alsoin this regionwhere! ; attains its largest
value. Beyond ® = 0:5, Mode S is decging, sothat for suzciently largetimes, there
will not be signi cant input into the integral for ® > 0:5.

Using the method of steepest descely the asymptotic approximation of the 3D

inverseFourier transform for a prescribed sparwise wave number  is given as

s_
c(®; ) u(®;;y) Ti%% £ exp(i z) exp(i®°xj i! °t): (5.3)
U &

By numerically computing the saddlepoint quartities ® and! ® using Newton's

s -
iteration method, computing % ) with “nite di®erencesand using the fact that
c(®; ) u(®"; ;y), the receptivity coe+cient multiplied by the eigenfunctionat the
saddlepoint for the slicey = 2:02is 0:00159 0:00126, onecanuseEg. (5.3) to nd
the asymptotic represemation of the Fourier integral (as with the 2D case,the Real
part of Eq. (5.3) is taken for the purposeof comparisonwith the computed result).

Figure 5.2 comparesthe u wave padcket computedfor = 0:1001,z = 0, Yy = 8:9 and

t = 1000at the slicey = 2:02 with the asymptotic appraximation at t = 1000given
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Figure 5.2. Comparisonof computedintegral (solid line) with the asymptotic ap-
proximation (using numerically computed saddlepoint values) (dashedline) for the
streamwise velocity disturbance,u, for = 0:1001,y = 2:02,z= 0andt = 1000.

v | I

]

Figure 5.3. Contoursof c(®; )uaty = 8:03generatedoy ®and componerts of a
temperature spot locatedat Y, = 8:9 (a) and a comparisonof computedintegral (solid
line) with the asymptotic appraximation (using numerically computed saddle point
values) (dashedline) for the temperature disturbance, y, for — = 0:1001,y = 2:02,
z = 0Oandt = 1000. The cortour levels in (a) increasein incremeris of 0:005,
beginning with 0:015 on the left side of the gure. The bold solid cortour is 0:025,
and the bold dashedcortour is 0:035.
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by Eq. (5.3). There is good agreemen acrossthe ertire wave padket.

Figure 5.3(a) shaws for Mode S the maximum temperature amplitude, pmax, mul-
tiplied by the value of the eigenfunctionat y = 8:03, which is generatedby ® and
componerts of the temperature spot located at the distance Y, = 8:9 from the wall.
Figure 5.3(b) comparesthe p wave padket computedfor = 0:1001,z= 0, Yo = 89
andt = 1000at the slicey = 8:03 with the asymptotic approximation at t = 1000.

Again, the agreemen is excellen.

5.3 Inverse Fourier Transform - 3D

Case 1

It wasshown in Chapter 4 that it wasnecessaryto deformthe path of integration of
the 2D inverseFourier transform for Mode F, but not for Mode S. Eadch inversion of
the Fourier integral must be accompaniedby an analysisof the spectrum to nd a
suitable integration path. In orderto performthe doubleintegration of the 3D inverse
Fourier transform, it is againnecessaryo understandthe featuresof the spectrum so
that an appropriate path of integration is used. Due to the complexities asseiated
with the 3D spectrum, an asymptotic approximation of the Fourier integral will be
usedto computethe 3D wave padets.

For the streamwise velocity disturbance, u, the 3D inverse Fourier transform is

givenby Eq. (5.1). Asin the 2D case,Eq. (5.1) canbe transformedusing a symmetry
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argumert. Using the direct and complexconjugate matrix operator equations,when

®is replacedby | ®, i.e. when®! | ®, it canbe shovnthat !  ,! ! 1,

c! T andu! U, wherethe over-bar stands for complex conjugate. Therefore,

EqQ. (5.1) can be rewritten as:

A A
c(® u(® ;y)e®r zi @I ged =
il il
A4 © . B a
2  Real c(® )u(® ;y)® 2z @) ged™
0 O
A A © ' B a
+ 2 Real c(® )u(® ;y)e®i zit@® I ged : (5.4)
0 0

As before, the factor of 2 will be ignored.

At a rst glanceof Eq. (5.4), it is tempting to think that there are two saddle

points. The rst saddlepoint, assaiated with the rst double integral, must satisfy

the following relations:

x_ @:(®) _@i(®).
T and O ;
zZ_0.(®) _ @i (® ),
T @ and O —a (5.5)
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The secondsaddlepoint, asseiated with the seconddoubleintegral, must satisfy the

following relations:

X_ @ (®i ) _@i(® ),
e and O T X
z_ @ (®i ) _@i@®i ).
f_ _— and O= T (56)

Using the symmetry transformations along with properties of complex conjugation,

it can be shavn that Eq. (5.6) can be rewritten as

%: i @rg; ) and 0= @Ig );
z_@:(®) _ @i (® ).
" @ and O a (5.7)

Howewer, it canbe shovn numerically that no saddlepoint satis esthe relations given
in Eqg. (5.7), unlessx = 0 and z = 0. Therefore,there is only one saddlepoint, and
it is assaiated with the rst doubleintegral of Eq. (5.4).
One can follow Gaster [75]to nd the asymptotic represemation of the integral
given by Eqg. (5.1). For a xed , Eq. (5.1) becomes
A A

gz @i E)dad (5.8)

il il
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The asymptotic represemation of the inner integral in Eq. (5.8) is known from the

2D case,and substitution of this represetation leadsto the following:

r _ _ -
1,2 (@O L@ (O)D)
- g d:

| - [ —
il t%(@; )

If onelets
3

A@ =i FO T+ T L@

and expandsA about ~® sothat

! #

— 2
A@: ) vi A@: )+ MAOO(@’;—“) ;

2

then Eq. (5.8) can be written as:

@

r T~ s (e} —ao.. Pt — _n 3 ’
2s @t &+ T2 L@ 1 (0 @y @ (@), @ (@)?

£ g 2z @2 “@me @

g
It ! PR o ]
% ((@J’ ) il

21, eit (®"x+""zj 1 (®; 7))
N «d .
it = H 3 e

[ @!
I @@

9
P

(5.9)

(5.10)

(5.11)

(5.12)

The asymptotic represetation of the inverseFourier transform givenby Eq. (5.12)

can be derived more generally using a transformation of variables[78, 79]. Starting

with Eq. (5.1) with AgivenasA(® ) = &+ zj ! (® )t, Amay be approximated
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as:

. 2 — . —m?2
s vk O g v @ @)1 A Lo T a9

wherethe ® and  subscriptsreferto rst and secondpartial derivatives.

Using the changeof variables

g= (®i &); h=(C1i 7);

»= g+ 2Zh; = h; (5.14)

Eq. (5.1) is transformedto the following:

22 (hooi—i 45) .,

A 2
= A
5 »+ o)

e dnd” (5.15)

The integral given in Eq. (5.15) is an iterated integral where ead integral is
Gaussian. Evaluation of the iterated integral resultsin the asymptotic represemation
of the Fourier integral given by Eq. (5.12).

The saddlepoint (®°; ) and the various derivativesat the saddlepoint usedin
Eqg. (5.12) are numerically computed. Using the asymptotic approximation of the 3D
inverse Fourier transform, the Mode S wave padket is calculated for various times.

Figure 5.4(a) is a surfaceplot of the streamwise velocity disturbance,u, taken at the
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Figure 5.4. Surface(view 1) (a), surface(view 2) (b) and cortours (c) of u for
y = 2.02,Y, = 89, andt = 500. The cortour levelsin (c) are spacedin incremens
of 0:000025. The solid cortours are positive; the dashedcortours are negative; the

bold cortours are 0.
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Figure 5.5. Surface(view 1) (a), surface(view 2) (b) and cortours (c) of u for
y = 2.02,Yy = 89, andt = 1000. The cortour levelsin (c) are spacedin incremens
of 0:0001. The solid cortours are positive; the dashedcortours are negative; the bold
cortours are 0.
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slicey = 2:02 for Yo = 89 and t = 500. Figure 5.4(b) is a rotation of Fig. 5.4(a)
in order to seethe underside of the wave padket. To have a clearer senseof the
amplitude values,Fig. 5.4(c) shows contours of u for y = 2:02, Yy = 8.9, andt = 500.

1000. It is clear

Figures 5.5(a), 5.5(b) and 5.5(c) show similar comparisonsfor t
from these gures that the wave padet is moving downstreamin time. The wave
padket is alsospreadingout in both the streamwise and sparwise directions, and the
amplitude is increasingwith the increasein time. Figures5.4(a) and 5.5(a) alsoshow
that the wave padket for thesetwo choicesof time is essetially 2D.

Similar results can be seenin Figs. 5.6(a)- 5.6(c) and 5.7(a)- 5.7(c) for the tem-
perature disturbance, j, taken at the slicey = 8:03 for Yy, = 8:9 and the respective
timest = 500and t = 1000.

Additionally, the inverseFourier transform hasbeencomputedfor the streamwise
velocity disturbanceand the temperature disturbancefor Cases2-4. The results can

be found in AppendicesQ-S respectively.
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Figure 5.6. Surface(view 1) (a), surface(view 2) (b) and cortours (c) of u for
y = 8:03,Y, = 89, andt = 500. The contour levelsin (c) are spacedin incremens of
0:00075. The solid cortours are positive; the dashedcortours are negative; the bold
cortours are 0.
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Figure 5.7. Surface(view 1) (a), surface(view 2) (b) and cortours (c) of u for
y = 8:03,Yy = 89, andt = 1000. The cortour levelsin (c) are spacedin incremens
of 0:002. The solid cortours are positive; the dashedconours are negative; the bold

cortours are 0.
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Chapter 6

Conclusions

6.1 Conclusions

In this dissertation the 3D initial-v alue problem for disturbancespropagating in a
compressibleboundary layer in the parallel “ow approximation is solved. After re-
solvingthe issuewith overlappingbranch cuts, it wasshown that the solution canalso
be expressedas an expansionin a biorthogonal eigenfunctionsystem. A numerical
examplethat is usedto investigate the spectrum of 3D disturbancesin a 2D high
speedboundary layer °ow leadsto the following conclusions:

(1) Mode S and Mode F are eigervalue curvesthat correspnd to separatesolutions.
Mathematically, eat curve is the trajectory of a single pole in the complexp plane.
(2) Mode S cortains regionsof Mack rst and secondmodes. The results are con-
sistert with Mack's [36, 37] in sofar asthe Mode S region asseiated with Mack's
secondmode is most unstableto 2D disturbances,and the Mode S region assaiated
with Mack's rst mode is most unstableto a 3D disturbance.

(3) The discrete spectrum can change dramatically depending on the angle of the

disturbance propagation.
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(4) Eigervalue plots for choicesof xed sparwise wave number, —, shav that the
syndironism of Mode S with the slov acousticmode is primarily two-dimensional.
(5) At a suzxciently high angle of disturbance propagation, Mode F ceasedo syn-
chronize with the erntropy and vorticity modes.

(6) At a suzxciently high angleof disturbance propagation, the syndironism of Mode
S and Mode F is no longer accompaniedby a Mode S instability. At ewven higher
angles,there is no syndironism betweenMode S and Mode F.

Using the speci ¢ disturbance of an initial temperature spot, the 2D inverse
Fourier transform for both Mode F and Mode S was computed. Additionally the
3D inverseFourier transform was computedfor a xed value of sparwise wave num-
ber . Sinceit is possiblefor various modesto be syndronized, it is therefore cru-
cial to fully understandthe behavior of the spectrum before computing the inverse
Fourier transform. For the 2D case,due to the syndironism between Mode F and
ertropy/v orticity modes, the path of integration is deformedaround the branch cut
assaiated with this syncironism. Sincethe integrand is analytic, the choice of the
integration path should not a®ectthe result, and in fact, the numerical results for
four choicesof integration path agreevery well.

For the 2D and 3D (xed ) cases.the results for Mode S were comparedwith
an asymptotic approximation of the Fourier integral. The rst approximation useda
Taylor seriesexpansionof ! . Generally this appraximation comparedfavorably with

the computedresults. Howewer, there is a signi cant discrepancyat the wave padet
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\tails". The asymptotic approximation was improved using numerically computed
saddlepoint values. From a computational point of view, it is much fasterto compute
the wave padket using the asymptotic appraximation with numerically computed
saddlepoint valuesthan it is to compute the inverseFourier transform.

Furthermore, the full 3D inverseFourier transform wasfound. Sincethe 3D spec-
trum is socomplex,rather than computethe inverseFourier transform, an asymptotic
approximation of the Fourier integral hasbeenused,with numerically computedsad-
dle point values. A key feature of the 3D wave padet is its 2D nature. As previously
discussedMode S is a single discrete mode that correspndsto a single polein the
complexp plane. This singlemode is ass@iated with Mack's rst and secondmodes,
and for this set of parameters,the most unstable section of Mode S is assaiated
with Mack's secondmode, whosemaximum growth rate is assaiated with 2D distur-
bances.Thus, it is not surprising that for sutciently largetime, the 3D wave padcket
will have a 2D appearance.

In addition, a comprehensie study of the spectrum is performed. This study
includesthe e®ectof Reynoldsnumber, Mach number and temperature factor. Wave

padets have beencomputedfor all of theseparameterregimes.
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6.2 Future Work

The syndironism obsened in the examplesmean that the phasevelocities of the
modes are the same. Howewer, their complex eigervalues are di®eren. When the
parallel °ow assumptionis used, as it has beenfor this analysis,the normal modes
are orthogonal to one another and therefore do not interact with ead other. How-
ewer, this analysismay be extendedto the caseof non-parallel °ow through the use
of multiple scalemethods. There will be a slov and a fast scale. At the level of the
fast scale,the analysisshavn here for parallel °ow will be valid. At the level of the
slow scale,the normal modeswill interact and hence,onemode may be generatedby
another mode at the point of syndironism. Analysis of a non-parallel boundary layer
°ow was performed by Fedoros and Khokhlov [7Q] for the spatial stability problem.
They showved that Mode F may be generatedby the vorticit y/entropy modes. This
decagiing Mode F may then e®ectiely generatean unstable Mode S. Additionally,
this behavior has been seenin numerical studies for the spatial stability problem.
Therefore, the featuresof the 3D spectrum found in our analysisof the initial-v alue
problem might have a signi cant impact on the transition scenarioin high-speed
boundary layers. All the featuresdiscussedmust be taken into accourt when de-
signing transition experimens in hypersonic °ows. One should note that articles
by Nayfeh [80], Balsa[81, 82] and Itoh [83 may provide useful information for the

extensionof this work to the caseof a non-parallel boundary layer °ow.



Appendix A: Non-Zer o Elements of the

Matrices in Egs. (2.9) and (2.15)

The following notation is usedto expressthe matrix elemerts:

21 —
HlO_
64 —
HlO_

12 —
Hll_

25
H 11

56
H 11

65
H 11

66
H 11

78
H 11

86
H 11

T
NN
w

1

43 _
H3® =

64 —
H>* =

W!

19= g1,=dT;, and HY is the (i;j) elemen of matrix H .
Re=1,Ts, Hfg= i °M2 Hf(?: 1=Tj, Hf03= i 1=Ts,

i (RePr=1y)(° i 1)M2, HE = RePr=Td;, H¥ = Re=T,
1, H1212 =iD(nty), lef = (Re=Ts! s)D Us,

i D(*DUs)=%s, HP =i (1=)DUs, HP = DTT;,

1, HP=j2DUsPr(°j 1)M2, H = (RePr=T,)DTs,

125

i (Pr(° i YMZ=15)13(DUs)? i D(*DT)=rsi (Pr(® i 1ME=1) YD Ws)?,

i 229D Ts=1, HS% =i 2PIDWs(° i 1)M2,

1, Hf13: (Re=T4! 5)D W, Hff: i D(* gDWS):ls,

i (12=1s)DWs, H¥ =i D(ny), HZ' = ReUs=Tg!

i D(Intg), H2*=Re=l;, H3MN=j1 H¥*=j°M2U,,
Us=Ts, H3' = mD1s=Re, H3?>= (m+ 1)!=Re,

i Us=Ts, H3° = 1IDU=Re, H$ =i 2PDUs(° | 1)MZ,

i (RePr=1)(° i 1)MZUs, HZ® = (RePr=Tst )Us,
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ReUs=Tg! ¢, Hg?’ =j(m+1), Hfl =jr, Hf?’ = 14=Re,

il HF=i1 LE=jrts=Re, H2'=ReW=T,

i °M92W5, H§’5= W=Ts, HS7= i1, H§3: i We=T;,
1IDWs=Re, HZ' =mD!s=Re, H2®=(m+ 1)!;=Re,

i 2PIDWs(° i 1)M2,  H& =i (RePr=ty)(° i 1)M2W;,
(RePr=Ts! 5)Wq, H§3 =i D(nty), H584 = Re=tg,

ReWs=Tsls, HZ=j(m+1), HE=j(m+1),

i(m+1), H3=i1 HP=i1 HEF=ir, HF=1Re
1, H=@&+ 2+i(®Us+ Wsj ip)Re=1Ts,

i D=1, H§3 = ji®m+ 1)DTs=Tsj I®D! =15+ ReDUs=1Tj,
i®Re=1si (M+ 1)°M2®®Us + W5 ip),

®m+ 1)(®Us + W5 ip)=Tsi D(DUs)=1,

i 19DU=1,, H3 =i i®, H3 = DTs=T;,

i 1°MZ(®Us + "Ws i ip), HEFP=i(®Us+ Wsj ip)=Ts,

i, A=[Resls+ir°M2(@Us+ Wsi ip)]' "

i IRA(rDTs=Ts+ 2D1s=1;), HF?= | iA®,

A[i ®j “?i i(RBUs+ Ws ip)Re=14Ts+ rD?Ts=Ts+ rD1 ;D T=1,Ts],
i IAr°M2[®DUs + DWg+ (®Us+  Ws i ip)(DTs=Ts + D1 ¢=1)],
IA[(®@DUs+ DWg)(r=Ts+ 12=1) + r(®Us + ~Ws ip)Dts=1,T¢],
irA(@Us + Wsi ip)=Ts, H§" =i ArDTs=Ts+ 2D1=1y),

i A HE®=1, HS®=i20°i 1)M2PrDUs,
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H& =i 2(°i 1)M2Pr(®@®DUs+ DWs) + RePrDT=1Ts,
H§*= i iRePr(° i 1)MZ(@Us+ "Wsi ip)=ts,
H® = &+ "2+ iRePr(®Us+ Ws i ip)=1sTs

i (° 1 YMEPri[(DUs)? + (DWs)’]=tsi D=1,

HE = j 2D14=ts, HE =i 2 i MZPDW,, H{®= 1,

Hg3 =ji(m+1) DTs=Tsj i Ds=ts+ ReDWs=1sTs,
H§* =i (m+ 1)°MZ (®Us + “Ws i ip) + i Re=lg,
H8 = (m+ 1) (®Us+ Wsi ip)=Tsi D(*IDWs)=ts,

Hg6 — | 18DWS:157 Hg7 = (@2 + -2 + |Re(®Js + _WS | ip):1STS1

88 — . -



Appendix B: Correspondence Between B, and

The following notation is usedto expressthe relationshipsbetweenB, and Y :

D= % with the over-bar denoting complexconjugate.

+ i®r Ya
[Re=tsj ir °MZ(®Us+ Wsi M)’

Blz Yl

B2= Y2,
— rDTs Y. i
B; = |®(m + 1)Y2 + Y3+ Ty [Re=lsi ir°|\/|ez(4®Us+7Wsi ™ + 1 (m + 1)Y8
3 ,
. rtg d Ya

I Redy [1j ir 'MZ(*s=Re)(®Us+ Wsj 1)]

_ Y
Bs= 1 ir°M§(15:Re‘)1(®uS+*wS; DI

— . ir(®Us+ Wsj ) Ya
Bs= Y5 i Ts £ [Re=tsj ir °M2(®Us+~ Wsj N]’
Be = Ye,

- i Yy
Brz=Y7+1 r[Rezlsi ir°MZ2(®Us+ Wsj 1]’

Bg = Yg.
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Appendix C: Numerical Method

Seeral independer, numerical codes were used throughout this dissertation. The
‘rst code usesa singledomain Chehyshevspectral collocation method [73]. A solution
of the linearized, compressibleéNavier-Stokesequationsis represeied in the wave-like

form

(u;v;w; Y51 = (0Cy); 0(y); W(y); 24y); (ity)) €@+ 2t Y: (C.1)

By introducing the vector

© = (0;0;W; %% {); (C.2)

it is possibleto write the systemof ODEs for the amplitude functions in the matrix
operator form

(A.D?+ A,D+ A3)© = 0; (C.3)

whereD = d=dy, and A;, A, and Az are 5£ 5 matrices. Homogeneou$oundary

conditions for Eq. (C.3) aregivenat y = Oand at y = yax as

y=0 and y! 1: © =0 (j =2:::;5) (C.4)

An algebraicstretching is usedto map the interval 0+ y - ymax 0onto the Cheby-
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shevinterval j 1- »- 1. This stretching is accomplishedwith the transformation

1+ »
bj »

y=d (C.5)

whereb= 1+ 2d=ynax and d = Vi¥max=(Ymax i 2VYi)- The parametery; is chosenso
that half of the grid points are located in the interval O - y - y;. The Nth order

Chelyshevpolynomials Ty are used,with the collocation points » given as:

» = cos(¥j=N): (C.6)

The amplitude functions are presenied at the collocation points, y;, as a linear

combination of the Chebyshev polynomials, T, with unknown coexcients a:

X
Qy;)) =  anTa(y)): (C.7)

n=0

As a result of the discretization, one arrivesat the generalizedeigervalue problem

Aa="!Ba; (C.8)

whereA andB are5(N + 1)£ 5(N + 1) matrices,and & is a vector of 5(N + 1) unknown
coexcients. The generalizedeigervalue problem was solved using a standard routine

(DGVCCQG) from the IMSL FORTRAN library.
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This spectral collocation method provided an initial guessfor the eigervalues
which, as mertioned in Chapter 3, are found more preciselythrough Newton's itera-
tion method. The numerical code wasrun with N = 200,y; = 5 and ymax = 100.

The secondcode employs a Runge-Kutta integration scheme. The fundamen-
tal solutions of Egs. (2.15) and (2.88) were found through numerical integration of
the equationsfrom ynax to y = 0 using the known analytical asymptotic solutions,
zjoexp(, i¥). The asymptotic vectors zjO can be found from Eq. (2.15)asy! 1 and

are given asthe following:

29= (1, 1;H&=,1,0,0,0,0,0)"
29= (1, 2H&=,,0,0,0,0,0)"
23 = (L1;, 3: 295 203; 285, , 3285, Zys; , 3293) |
20 = (L;, 412841 204, 2845 , 42843 Zoss , 4Z94)
23 = (1, 5: Z95; Z4s; 285, , 5285, Zys; , 5275) |
Zg =1, e dei 24(1)6; de; . Gde; 296; s 6296)T
29= (0;0H3"'=,,,0,0,0,1;, 7)"

zg= (0;0,H3"=,5,0,0,0;1;, 5)"; (C.9)
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wherezg , zJ, z2 and z), aregivenforj = 3;4;5;6 by

0 _ (g31 340 35,0 370 \—
zy = (Hy + Hy'zg + Hy"zg + Hy'z7)=,;

. O
|

= (,fi H§"bxs=ho

23 =i (b2i LA 21 HEY=hy

2% = (HY'2) + HEZ)=( 71 HE; (C.10)
with b, = Hi*ps i HE®(b2 i , ), and by, and bys given respectively by Egs. (2.19)
and (2.20).

A Gram-Sdimidt orthonormalization procedurewas usedduring the computation
of the fundamertal solutionsz; from ynax, located outside the boundary layer, to the
wall. After the fundamertal solutions are found, the eigenfunctionsare obtained as
a sum of the fundamenal solutions with coexcients that are determined using the
boundary conditionsat y = 0.

For cortinuous spectra, the eigenfunctionsare comprisedof v e fundamenal so-
lutions. The coezcients are found using the boundary conditionsaty = 0 (0 = ¢ =
W = {i= 0) alongwith the normalization condition dd=dy(0) = 1. For a given choice
of wave numbers® and , the frequency! is found usingthe relation | 12 = i k2. For

discretespectra, the eigenfunctionsare comprisedof four fundamertal solutions. The
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coexcients are found using the boundary conditions 0(0) = ¥(0) = W(0) = 0 along
with the normalization condition dd=dy(0) = 1. For a given choiceof ®and ,! was
found as a solution of the equation u(0) = 0 using Newton's iteration method.

The third code computesthe inverseFourier transform directly. It is comprised
of the secondcode (usedto compute the eigenfunctionsfor the direct and adjoint
problems) and an extra block that computesthe receptivity coexcients and then
calculates the inverse Fourier transform. Once the eigenfunctionsare found, the
receptivity coexcient is computed using Eq. (4.3). The inverseFourier transform is
found with the help of two standard routines (DQDAWO, DQDAG) from the IMSL
FORTRAN library.

The fourth code computesthe saddle point valuesthat are usedin the asymp-
totic approximation of the inverseFourier transform. Again, the secondcode is used
hereto compute the eigenfunctionsfor the direct and adjoint problems. Theseare
usedto calculate the receptivity coexcient aswell as @ =@ (2D), which is given by
Eq. (4.20), and @ =@ and @ =@ (3D). The saddle point values®" (2D) and ®"
and ° (3D) must satisfy Egs. (4.17) (2D) and (5.5) (3D), and are computed using

Newton's iteration method.
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Appendix D: Parameters Considered in the

2D Pr oblem - Case 1

D.1 Synchronism of Mo de F and Mo de S with Acoustic Mo des

In the 2D problem, Mode F and Mode S are syndironized respectively with the fast

and slow acoustic modesfor a wave number ® ! 0. Figure D.1 shonvs numerical

Figure D.1. Eigervaluesfor ModeF for = 0:0001(bold solidline) and = 0:1601
(bold dashedline) for M = 5:6 and Re= 12195. The dashed-dottedline correspnds
to the line of phasespeedc = 1. The upper dotted line is assaiated with the
~ = 0:1601FA mode, while the lower dotted line is ass@iated with the = 0:1601
SA mode. The upper dashedline is ass@iated with the = 0:0001FA mode, while
the lower dashedline is asseiated with the = 0:0001SA mode.
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Figure D.2. Eigenvaluesfor ModeF for = 0:0001(bold solidline) and = 0:1601
(bold dashedline) for M = 5:6 and Re= 12195. The dotted line is assaiated with
the = 0:1601FA mode, while the dashedline is assa@iated with the = 0:0001FA
mode.

results for eigervalues! ; of Mode F for a xed choice of sparwise wave number .
Included in Fig. D.1 are lines of constart phasespeed. One of theseis a line of
phasespeedc = 1, the speedat which the entropy and vorticity disturbancestravel.
The other lines are ass@iated with fast acousticmode (FA mode) and slow acoustic
mode (SA mode) for = 0:0001(2D) and = 0:1601. The fast and slov acoustic
modestravel with phasespeedc= 18§ P 1+ 2=@&=M, (as mertioned in Chapter 2,
thesephasespeedsare relevant at the branch points). Figure D.1 shows that Mode

F for both = 0:0001and = 0:1601is a subsonicdisturbancerelative to the free

stream for ® < 0:37 and is a supersonicdisturbance relative to the free stream for
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Figure D.3. Eigervaluesfor Mode S for = 0:0001 (bold solid line with \circle"
markers)and = 0:1601(bold dashedline with \square" markers) for M = 5:6 and
Re = 12195. The dashed-dottedline correspndsto the line of phasespeedc = 1.
The upper dotted line is ass@iated with the = 0:1601FA mode, while the lower
dotted line is ass@iated with the = = 0:1601 SA mode. The upper dashedline is
assaiated with the = = 0:0001FA mode, while the lower dashedline is ass&iated
with the = 0:0001SA mode.

®> 0:37. Furthermore, although it is not showvn in any gure, thesedisturbancesare
everywheredecaing (! ; < 0). To obtain a clearerpicture of what is occurring at the
lower wave numbers, Fig. D.2 shows a sectionof Fig. D.1.

As can be seenin Fig. D.2, just asMode F at = 0:0001is syndronized with
the = 0:0001fast acousticmode at a wave number ®< 0:1, Mode F at = 0:1601
is syndhronizedwith the = 0:1601fast acousticmode at a wave number ® < 0:1.

Figure D.3 shownvs numerical results for eigervalues! , of Mode Sfor a xed choice

of sparwisewave number. Also includedin Fig. D.3 are lines of constart phasespeed
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Figure D.4. Eigervaluesfor Mode S for = 0:0001 (bold solid line with \circle"
markers)and = 0:1601(bold dashedline with \square" markers) for M = 5:6 and
Re= 12195. The dotted line is asseiated with the = 0:1601SA mode, while the
dashedline is ass@iated with the = 0:0001SA mode.

for the FA Mode and SA Mode for = 0:0001land = 0:1601. The two Mode S
curvesare virtually overlapping. In order to gain a clearerview of what is occurring
at the lower wave numbers, Fig. D.4 shaws a sectionof Fig. D.3.

In cortrast to Mode F, Fig. D.4 clearly showvs that Mode S for both choicesof
is asymptotically approading the SA Mode for = 0:0001. This behavior has been
obsenedfor all choicesof  that have beenchedked. Eventhough Mode S for various
choicesof  (3D) approahesthe SA Mode for = 0:0001,there is no synchronism
betweenthe two. The primary syndironism of Mode Swith acousticwavesfor ® < 0:1

is two-dimensional(2D Mode S with the 2D SA Mode).
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D.2 Synchronism of Mo de F with Entrop y and Vorticit y Mo des

Figure D.5 shows eigervaluesof Mode F for A = 0* and A = 60*. One canseethat for

Figure D.5. Eigenvaluesfor Mode F for A = 0* (bold solid line) and A = 60* (bold
dashedline) for M = 5:6 and Re = 12195. The dashed-dottedline correspnds to
the line of phasespeedc = 1. The dashedline is asseiated with the A = 0* SA
mode.

A = 0%, Mode F is subsonicrelative to the free streamfor ® < 0:35 and is supersonic
relative to the free stream for ® > 0:35. However, for A = 60, Mode F is subsonic
relative to the free streamfor this ertire rangeof ®. It canalsobe seenthat Mode F
for both anglesof disturbance propagation is everywheredecging.

Furthermore, Fig. D.5 shaws the syndironism betweenthe 2D Mode F and the
ertropy and vorticity modesof the phasespeedc = 1. In the 2D case,asthe discrete
mode coalesceswith the cortinuous spectrum from one side of the branch cut, it
reappearson the other side at another point. Mathematically, the pole asseiated

with Mode F approatesone side of the branch cut on the complexp plane. At the
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Figure D.6. Contours of !'; in the ® ~ plane for Mode F for M = 5:6 and
Re = 12195. The cortours are increasingin incremers of 0:002 beginning with
i 0:0360n the right side of the gure.

sametime, another pole, located on the lower Riemann sheet,approadesthe branch
cut from the opposite side. As the pole on the plane coalescesvith the branch cut,
it movesto the upper Riemann sheet,while simultaneously the pole that wason the
lower Riemannsheetmovesinto the complexp plane at another point [35]. This leads
toajumpin!;.

From the previous discussion,one can seethat Mode F consistsof two separate
discrete modes. One mode \v anishes" on the brandch of the cortinuous spectrum,
while the secondmode \separates" from the branch of the cortin uousspectrum on the
oppositeside. Eventhough Mode F consistsof two discretemodeswith the jump in ! ;

signifying the demarcationof the two modes, researters have historically considered



140

Mode F asonemode. This corvertion will be usedthroughout this dissertation.

As the angle increasesthe syndironism continues, but the jump-size decreases,
until it is seen(Fig. D.5) that for A = 60*, there is neither a syncronism, nor a jump
in 1, at least for this interval of wave number ®.

Figure D.6 shows cortours of ! ; in the ®  wave number plane. One can see
the jump location for choicesof ® and . Also plotted in the gure is a small region
denotedby the dashedlines. This regioncorrespndsto aregionboundingthe branch
cut in the complexp plane. This small regionhasbeenplotted in lieu of plotting the
curve asseiated with the branch cut, sincethis curve obscureshe jumpsin ! ;. It is
clear that the discortinuity of ! ; is assaiated with the syncronism of Mode F and
the ertropy and vorticity waves. For large valuesof , it appearsthat no jump is
seenin Fig. D.6 at the location of the branch cut. A jump doesin fact exist, but the
sizeof the jump is small enoughsothat it cannot be seenon the scaleof this gure.
By plotting lines of constart angle, it is seenthat the syndironism betweenMode F

and the ertropy and vorticity wavesvanishesfor large enoughangles.

D.3 Synchronism of Mo de F with Mo de S

Mack [36, 37] shoved that a boundary layer at supersonicfree stream Mach numbers
hasmultiple solutions. Each of thesesolutionswasreferredto asa mode ('rst mode,
secondmode, etc.). Mack alsoshoved how to keeptrack of a changefrom one mode

to another using the pressuredisturbance. The number of zerosin the pressure
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Figure D.7. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 30" for M = 5:6 and Re= 12195. The dashed-dottedline correspnds
to the line of phasespeedc = 1. The upper dotted line is ass@iated with the A = 30*
FA mode, while the lower dotted line is ass@iated with the A = 30* SA mode.

distribution is onelessthan the mode number (e.g. the secondmode has one zero).
The Mode F and Mode S describedthroughout this dissertationare eigervalue curves.
The curvesare assaiated with Mack's modes,and the Mack mode identi cation may
changealong the eigervalue curve.

Figure D.7 shaws the eigervalue curvesfor Mode F and Mode S for A = 30t. The
Mode S curve given by the imaginary part of the eigervalue ! ; cortains two regions
of instability. The unstable region located at ® = 0:12 is ass@iated with Mack's
‘rst mode. The unstableregionlocatedat ® = 0:26 is assaiated with Mack's second
mode. Further detailsregardingthe relation betweenMode F and Mode S and Mack's
acousticmodescan be found in Chapter 3. The rangeof ® is extendedto ®= 0.5 in

order to show the decaing behavior of both Mode S and Mode F for larger valuesof
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Figure D.8. Eigernvaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 45" for M = 5:6 and Re = 12195. The dashed-dottedline correspnds
to the line of phasespeedc = 1. The upper dotted line is ass@iated with the A = 45
FA mode, while the lower dotted line is ass@iated with the A = 45* SA mode.

®.

In the 2D case,Mode F is syndironizedwith Mode S. This syndironismis indica-
tive of the fact that the discretespectrum hasa branch point at ® in the complex®
plane. True syndironism (Mode F and Mode S have the samevalue of ! ; aswell as
the samevalue of ! ;) occursat ®, which may have a di®eren real part from where
Mode F's value of ! ; is equalto Mode S'svalue of ! ;. A model usedby Fedoros and
Khokhlov [70] illustrates that at valuesof ® > @', the disturbancespectrum branches
out. For these parameters,Mode S becomesunstable while Mode F becomesmore
stable. Howeer, the topological pattern may be sensitive to the mean °ow param-
eters, such as Mach number, Prandtl number and temperature factor. There is an

examplein Ref. [70] which shovs Mode F becomingunstable while Mode S becomes
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Figure D.9. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 60" for M = 5:6 and Re = 12195. The dashed-dottedline correspnds
to the line of phasespeedc = 1. The upper dotted line is ass@iated with the A = 60*
FA mode, while the lower dotted line is ass@iated with the A = 60* SA mode.

more stable. Further details can be found in Ref. [70].

As seenin Fig. D.7, this Mode Sinstability cortinuesfor a disturbancepropagating
at A = 30f (near ® ¥4 0:23). For larger angles,however, even though there is still
syndironism betweenMode F and Mode S, the syncironismis no longeraccompanied
by a Mode S instability. This behavior can be seenfor a disturbance propagating at
A = 45 in Fig. D.8. Eventhough it cannot be seenin Fig. D.8, plots of the pressure
disturbance indicate that there is a switch from the Mack rst mode to the Mack
secondmode. Howe\er, for this disturbance propagation angle,there is no ampli ed
Mack secondmode.

In Fig. D.9, one can seethat at ewven higher anglesof disturbance propagation,

there is no syndironism between Mode F and Mode S. Additionally, at this angle,
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the Mode S curve is assaiated only with the Mack rst mode.



145

Appendix E: Effect of Reynolds

Number - Case 2

The e®ectof Reynoldsnumber on the spectrum is studied by changingthe Reynolds
number to Re = 3660(in Casel, Re = 12195). All other parametersretain their
valuesusedin Casel.

FiguresE.1 and E.2 shaw the eigervaluesfor both Mode F and Mode S for both

Figure E.1. Eigervaluesfor Mode F and Mode S for A = 0* for Re = 12195 and
Re= 366Q The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is ass@iated with the A = 0* FA mode, while the lower dotted line is
assaiated with the A = 0* SA mode. The solid line with \circle" markerscorrespnds
to Mode F (Re = 12195), the solid line with \triangle" markers correspnds to
Mode S (Re = 12195), the dashedline with \square" markers correspndsto Mode
F (Re = 3660) and the dashedline with \plus" markers correspnds to Mode S
(Re = 3660).
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Figure E.2. Eigervaluesfor Mode F and Mode S for A = 45 for Re= 12195 and
Re= 366Q The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is asseiated with the A = 45 FA mode, while the lower dotted
line is asswiated with the A = 45t SA mode. The solid line with \circle" markers
correspndsto Mode F (Re = 12195), the solid line with \triangle” markers corre-
spondsto Mode S (Re = 12195), the dashedline with \square" markerscorrespnds
to Mode F (Re = 3660)and the dashedline with \plus" markerscorrespndsto Mode
S (Re = 3660).

Re = 12195 and Re = 3660for A = 0* and A = 45 respectively. As can be seenin
Figs. E.1 and E.2, the changein Reynoldsnumber doesnot signi cantly a®ectthe
spectrum. Although they are not shown, the spectrum for A = 30f and A = 60* is
alsovery similar for the two choicesof Reynoldsnumber.

Figure E.3(a) shows the eigervalues! ; of Mode F for a xed choice of sparwise
wave number  at low wave number ®. It can be seenin Fig. E.3(a) that, just as
in Casel, Mode F is syndronized with its respective fast acousticmode at a wave
number ® < 0:1. Figure E.3(b) shows the eigervalues! , of Mode S for a xed choice

of sparwise wave number ~ at low wave number ®. Figure E.3(b) shows that Mode
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Figure E.3. Eigervaluesfor Mode F (a) and for Mode S (b) for = 0:0001and
~ = 0:1601for Re = 3660. The dotted line is ass@iated with the = 0:1601FA
mode (a) and the = 0:1601SA mode (b), while the dashedline is assaiated with
the = 0.0001FA mode (a) and the = 0:0001SA mode (b). The bold solid line
(a) and the bold solid line with \circle" markers(b) correspnd respectively to Mode
F (a) and Mode S (b) for = 0:0001,while the bold dashedline (a) and the bold
dashedline with \square" markers (b) correspnd respectively to Mode F (a) and
Mode S (b) for = 0:1601.

S for both choicesof ~ is asymptotically approading the SA Mode for = 0:0001,
which is the samebehavior seenin Casel. As in Casel, the primary syndronism
of Mode S with acousticwavesfor ® < 0:1 is two-dimensional.

Figure E.4 shows eigervaluesof Mode F for A = 0* and A = 60*. As in Casel,
Fig. E.4 shaws there is a syndironism betweenthe 2D Mode F and the ertropy and
vorticity modes. Howeer, the sizeof the jump in ! ; is noticeably smaller (Fig. E.1).
In a mannersimilar to that of Casel, asthe angleincreasesthe syndironism cortin-
ues,but the jump sizedecreasesyntil it canbe seenthat for A = 60* there is neither

a syndironism, nor ajump in ! ; (at leastfor this range of ®).
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Figure E.4. Eigervaluesfor Mode F for A = 0* (bold solid line) and A = 60* (bold
dashedline) for Re = 3660. The dashed-dottedline correspndsto the line of phase
speedc = 1. The dashedline is ass@iated with the A = 0* SA mode.

Figure E.5. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashedline)
for A = 30* for Re = 3660. The dashed-dottedline corresmpndsto the line of phase
speedc = 1. The upper dotted line is ass@iated with the A = 30* FA mode, while
the lower dotted line is assaiated with the A = 30 SA mode.
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Figure E.6. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashedline)
for A = 45 for Re = 3660. The dashed-dottedline correspndsto the line of phase
speedc = 1. The upper dotted line is ass@iated with the A = 45 FA mode, while
the lower dotted line is assaiated with the A = 45 SA mode.

FiguresE.5 and E.6 shaw the eigervalue curvesfor Mode F and Mode Sfor A = 30*
and A = 45* respectively. As in Casel, there is a syndironism betweenMode F and
Mode S for A = 0. In addition, the topological pattern is of the sametype (Mode
S becomesunstable, while Mode F becomesmore stable). As seenin Fig. E.5, this
Mode S instability cortinuesfor a disturbancewith a propagation angle of A = 30¢.
Figure E.6 shows that the syndironism betweenMode F and Mode S still existsfor a
disturbancepropagatingat A = 45t. Howeer, there is no longera Mode S instability
accomparying the syndcronism. At ewven higher anglesof disturbance propagation
(not shawn), there is no longer a syncironism between Mode F and Mode S. This

behavior is very similar to the behavior found for Casel.



150

Appendix F:. Effect of Mach Number - Case 3

The e®ectof Mach number on the spectrum is studied by changingthe Mach number
to M = 80 (in Casel, M = 5:6). All other parametersretain their valuesusedin
Casel.

FiguresF.1 and F.2 show the eigervaluesfor both Mode F and Mode S for both
M = 5:6andM = 80for A = 0t andA = 45* respectively. As canbeseenin Figs.F.1

and F.2, the changein Mach number doesnot a®ectthe fundamertal featuresof the

Figure F.1. Eigervaluesfor Mode F and Mode S for A = 0* for M = 5:6 and
M = 8:0. The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is asswiated with the A = 0* FA mode, while the lower dotted
line is ass@iated with the A = 0* SA mode. The solid line with \circle" markers
corresppndsto Mode F (M = 5:6), the solid line with \triangle"” markerscorrespnds
to Mode S (M = 5:6), the dashedline with \square" markerscorrespndsto Mode F
(M = 8:0) andthe dashedline with \plus" markerscorrespndsto ModeS(M = 8:0).
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Figure F.2. Eigervaluesfor Mode F and Mode S for A = 45 for M = 5:6 and
M = 8:0. The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is asseiated with the A = 45 FA mode, while the lower dotted
line is asswiated with the A = 45t SA mode. The solid line with \circle" markers
correspndsto Mode F (M = 5:6), the solid line with \triangle” markerscorrespnds
to Mode S (M = 5:6), the dashedline with \square" markerscorrespndsto Mode F
(M = 8:0) andthe dashedline with \plus" markerscorrespndsto ModeS(M = 8:0).

spectrum (the varioussyndironism). Howewer, it canbe clearly seenthat the location
of both the syndironism betweenMode F and the ertropy/v orticity modesand the
syndironism betweenMode F and Mode S hasshifted to lower wavernumber ® for the
M = 8:0 case.

Figure F.3(a) shows the eigervalues! ; of Mode F for a xed choice of sparwise
wave number — at low wave number ®. Since Mode S vanishesat lower anglesof
disturbance propagationfor M = 8.0, = 0:1001wasused(instead of = 0:1601).
To be consisten, this choiceof hasbeenusedfor Mode F aswell. As canbe seenin
Fig. F.3(a), the syndironism of Mode F and its respective FA mode occursat much

lower wave number ® than it doesfor Casel. This syndironism (albeit at lower ®) is
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Figure F.3. Eigervaluesfor Mode F (a) and for Mode S (b) for = 0:0001and
~ = 0:1001for M = 8:0. The dotted line is assaiated with the = 0:1001FA mode
(@) and the = 0:1001 SA mode (b), while the dashedline is assaiated with the
~ = 0:0001FA mode (a) andthe = 0:0001SA mode (b). The bold solid line (a) and
the bold solid line with \circle" markers (b) correspnd respectively to Mode F (a)
and Mode S (b) for = 0:0001,while the bold dashedline (a) and the bold dashed
line with \square" markers (b) correspnd respectively to Mode F (a) and Mode S
(b) for = 0:1001.

Figure F.4. Eigervaluesfor Mode F for A = 0* (bold solid line) and A = 60* (bold
dashedline) for M = 8:0. The dashed-dottedline correspndsto the line of phase
speedc = 1. The dashedline is ass@iated with the A = 0* SA mode.
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Figure F.5. Eigernvaluesfor Mode F (bold solid line) and Mode S (bold dashedline)
for A = 30t for M = 8:0. The dashed-dottedline correspndsto the line of phase
speedc = 1. The upper dotted line is ass@iated with the A = 30* FA mode, while
the lower dotted line is assaiated with the A = 30 SA mode.

similar to that obsened for Casel. Figure F.3(b) shows the eigervalues! ; of Mode
Sfor a xed choiceof sparwisewave number — at low wave number ®. Figure F.3(b)
shavs that Mode S for both choicesof — is asymptotically approading the SA Mode
for = 0:0001,ashappenedin Casel. As with ModeF for this case the syndironism
is occurring at lower wave numbersthan what was seenfor Casel.

Figure F.4 shows eigervaluesof Mode F for A = 0* and A = 60*. As in Casel,
Fig. F.4 shaws there is a syncironism betweenthe 2D Mode F and the ertropy and
vorticity modes. Howewer, the sizeof the jump in ! ; is largerfor M = 8:0 (Fig. F.1).
Figure F.4 shaw that, in cortrast to Casel, the syndironism betweenMode F and
the ertropy/v orticity modescorntinuesto higher anglesof disturbance propagation.

Figures F.5 and F.6 show the eigervalue curves for Mode F and Mode S for
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Figure F.6. Eigernvaluesfor Mode F (bold solid line) and Mode S (bold dashedline)
for A = 45t for M = 8:0. The dashed-dottedline correspndsto the line of phase
speedc = 1. The upper dotted line is ass@iated with the A = 45 FA mode, while
the lower dotted line is assaiated with the A = 45 SA mode.

A = 30* and A = 45* respectively. As in Casel, there is a syndronism between
the 2D Mode F and Mode S. In addition, the topological pattern is of the same
type (Mode S becomesunstable, while Mode F becomesmore stable). Howe\er,
the syndironism occurs at much lower waverumber ® for M = 8:0. As seenin
Fig. F.5, this Mode Sinstability cortinuesfor a disturbancewith a propagationangle
of A = 30" (but again, it occursat much lower ®). For the parameter values used
in Casel, it was seenthat the syndironism betweenMode F and Mode S cortinued
to occur at higher angle of disturbance propagation, but with no Mode S instability
accomparying the syndironism. For even higher angles,the syncronism ceased.For
this case,a similar behavior is seen but at lower disturbanceangles.Figure F.6 showvs

that the syndironism betweenMode F and Mode S no longer exists for a disturbance
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propagatingat A = 45
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Appendix G: Effect of Tempera ture

Factor - Case 4

The e®ectof a cold wall on the spectrum is studied by changing the temperature
factor to Ty = 0:5 (in Casel, Ty = 1:0). All other parametersretain their values
usedin Casel.

Figures G.1 and G.2 show the eigervalues for both Mode F and Mode S for
both T; = 1.0and T; = 05 for A = 0* and A = 45 respectively. As can be
seenin Figs. G.1 and G.2, the change in temperature factor does not a®ectthe
fundamenal features of the spectrum (the various syndironism). Howeer, there
are somesigni cant di®erences. Both the syndironism between Mode F and the
ertropy/v orticity modes as well as the syndironism between Mode F and Mode S
occur at a higher wave number ®. Furthermore, the T; = 0.5 Mode S eigervalue
curves can be extendedto ® = 0:5 for higher values of disturbance propagation
angle. Also, the Mode F and Mode S syndironism at Ty = 0:5 leadsto a much more
pronouncedbranching.  Figure G.3(a) shows the eigervalues! ; of Mode F for a
“xed choice of sparwise wave number ~ at low wave number ®. As can be seenin
Fig. G.3(a), Mode F is syndironized with its respective FA mode. This behavior is

similar to that obsened for Casel. Figure G.3(b) shaws the eigervalues! , of Mode
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Figure G.1. Eigervaluesfor Mode F and Mode S for A = 0* for T; = 1:0 and
T = 0:5. The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is asseiated with the A = 0* FA mode, while the lower dotted
line is ass@iated with the A = 0* SA mode. The solid line with \circle" markers
correspndsto Mode F (T; = 1:0), the solid line with \triangle” markerscorrespnds
to Mode S (Ty = 1:0), the dashedline with \square" markerscorrespndsto Mode F
(Tf = 0:5) andthe dashedline with \plus" markerscorrespndsto Mode S(Ts = 0:5).

Sfor a xed choiceof sparwisewave number  at low wave number ®. Figure G.3(b)
shavs that Mode S for both choicesof — is asymptotically approading the SA Mode
for = 0:0001,as happenedin Casel.

Figure G.4 shows eigervaluesof Mode F for A = 0* and A = 60". As in Casel,
Fig. G.4 shaws there is a syndironism betweenthe 2D Mode F and the entropy and
vorticity modes. However, in cortrast to Casel, the syndhronism betweenMode F
and the entropy/v orticity modescortinuesto higher anglesof disturbance propaga-
tion.

Figures G.5 and G.6 show the eigervalue curves for Mode F and Mode S for

A = 30t and A = 45 respectively. As in Casel, there is a syncronism betweenthe
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Figure G.2. Eigervaluesfor Mode F and Mode S for A = 45 for T; = 1:0 and
T = 0:5. The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is asseiated with the A = 45 FA mode, while the lower dotted
line is asswiated with the A = 45 SA mode. The solid line with \circle" markers
correspndsto Mode F (T; = 1:0), the solid line with \triangle” markerscorrespnds
to Mode S (Ty = 1:0), the dashedline with \square" markerscorrespndsto Mode F
(Tf = 0:5) andthe dashedline with \plus" markerscorrespndsto Mode S(Ts = 0:5).

2D ModeF and Mode S. In addition, the topologicalpattern is of the sametype (Mode
S becomesunstable, while Mode F becomesamore stable). As seenin Fig. G.5, this
Mode S instability cortinuesfor a disturbancewith a propagation angleof A = 30¢.
For the parametervaluesusedin Casel, it was seenthat the syndironism between
Mode F and Mode S cortinued to occur at higher anglesof disturbance propagation,
but without a Mode S instability accomparying the syndironism. For even higher
angles,the syndronism ceased. There is a slightly di®eren behavior for Ts = 0:5.
Figure G.6 shaws that, aswith Casel, the syncironism betweenMode F and Mode
S exists for a disturbance propagating at A = 45*. Howewer, in cortrast to Casel,

Mode S becomesmore unstable (although it is not unstable). At higher anglesof
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Figure G.3. Eigervaluesfor Mode F (a) and for Mode S (b) for = 0:0001and
~ = 0:1601for T = 0:5. The dotted line is assaiated with the = 0:1601FA mode
(@) and the = 0:1601 SA mode (b), while the dashedline is assaiated with the
~ = 0:0001FA mode (a) andthe = 0:0001SA maode (b). The bold solid line (a) and
the bold solid line with \circle" markers (b) correspnd respectively to Mode F (a)
and Mode S (b) for = 0:0001,while the bold dashedline (a) and the bold dashed
line with \square" markers (b) correspnd respectively to Mode F (a) and Mode S
(b) for = 0:1601.

Figure G.4. Eigervaluesfor Mode F for A = 0* (bold solid line) and A = 60* (bold
dashedline) for T; = 0:5. The dashed-dottedline correspndsto the line of phase
speedc = 1. The dashedline is ass@iated with the A = 0* SA mode.
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Figure G.5. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 30" for T; = 0:5. The dashed-dottedline correspnds to the line of
phasespeedc = 1. The upper dotted line is assaiated with the A = 30t FA mode,
while the lower dotted line is ass@iated with the A = 30* SA mode.

disturbance propagation, there is no syndironism betweenMode F and Mode S (as

in Casel).
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Figure G.6. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 45" for T; = 0:5. The dashed-dottedline correspnds to the line of
phasespeedc = 1. The upper dotted line is assaiated with the A = 45 FA mode,
while the lower dotted line is ass@iated with the A = 45t SA mode.
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Appendix H: Effect of Tempera ture

Factor - Case 5

The e®ectof a cold wall on the spectrum is studied by changing the temperature
factor to T; = 0:25 (in Casel, Ty = 1:0). All other parametersretain their values
usedin Casel.

FiguresH.1 and H.2 shaw the eigervaluesfor both Mode F and Mode S for both

T = 1:0and Ty = 0:25for A = 0* and A = 45* respectively. As can be seenin

Figure H.1. Eigervaluesfor Mode F and Mode S for A = 0* for T; = 1:0 and
T = 0:25. The dashed-dottedline correspndsto the line of phasespeedc = 1. The
upper dotted line is ass@iated with the A = 0* FA mode, while the lower dotted line is
asseiatedwith the A = 0* SAmode. The solid line with \circle" markerscorrespnds
to Mode F (T; = 1.0), the solid line with \triangle" markers correspndsto Mode S
(Tf = 1:0), the dashedline with \square" markerscorrespndsto ModeF (T; = 0:25)
and the dashedline with \plus" markerscorrespndsto Mode S (T; = 0:25).
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Figure H.2. Eigervaluesfor Mode F and Mode S for A = 45 for T; = 1:0 and
T¢ = 0:25. The dashed-dottedline correspndsto the line of phasespeedc= 1. The
upper dotted line is asseiated with the A = 45 FA mode, while the lower dotted
line is asswiated with the A = 45t SA mode. The solid line with \circle" markers
correspndsto Mode F (T; = 1:0), the solid line with \triangle” markerscorrespnds
to Mode S (T; = 1:0), the dashedline with \square" markers correspndsto Mode
F (Tf = 0:25) and the dashedline with \plus" markers correspnds to Mode S
(T; = 0:25).

Figs. H.1 and H.2, the changein temperature factor doesnot a®ectthe fundameral
featuresof the spectrum (the various syncronism).

Howeer, there are somesigni cant di®erencesThere is a changein the branch-
ing topological structure that is dependen upon the disturbance propagation angle.
Both the syndironism between Mode F and the entropy/v orticity modes as well as
the syndronism between Mode F and Mode S occur at a higher wave number ®.
Furthermore, the T; = 0:25 Mode S eigervalue curves can be extendedto ® = 0:5
for higher values of disturbance propagation angle. Also, the Mode F and Mode S

syncironismat T; = 0:25leadsto a much more pronouncedbranching.
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Figure H.3. Eigervaluesfor Mode F (a) and for Mode S (b) for = 0:0001and
~ = 0:1601for Ty = 0:25. The dotted line is assaiated with the = 0:1601FA mode
(a) and the = 0:1601 SA mode (b), while the dashedline is assaiated with the
~ = 0:.0001FA mode (a) and the = 0:0001SA mode (b). The bold solid line (a)
and the bold solid line with \circle" markers (b) correspnd respectively to Mode F
(@) and Mode S (b) for = 0:0001,while the bold dashedline and the bold dashed
line with \square" markers (b) correspnd respectively to Mode F (a) and Mode S
(b) for = 0:1601.

Figure H.3(a) shaws the eigervalues! , of Mode F for a xed choice of sparwise
wave number  at low waverumber ®. As can be seenin Fig. H.3(a), Mode F is
syndronized with its respective FA mode. This behavior is similar to that obsened
for Casel. Figure H.3(b) shows the eigervalues! , of Mode S for a xed choice of
sparwise wave number  at low waverumber ®. Figure H.3(b) shows that Mode S
for both choicesof  is asymptotically approading the SA Mode for = 0:0001,as
happenedin Casel.

Figure H.4 shaws eigervaluesof Mode F for A = 0* and A = 60*. As in Casel,

Fig. H.4 shaws there is a syndronism betweenthe 2D Mode F and the entropy and
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Figure H.4. Eigervaluesfor Mode F for A = 0* (bold solid line) and A = 60* (bold
dashedline) for Ty = 0:25. The dashed-dottedline correspndsto the line of phase
speedc = 1. The dashedline is ass@iated with the A = 0* SA mode.

Figure H.5. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 30* for T; = 0:25. The dashed-dottedline correspndsto the line of
phasespeedc = 1. The upper dotted line is assaiated with the A = 30t FA mode,
while the lower dotted line is ass@iated with the A = 30* SA mode.
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Figure H.6. Eigervaluesfor Mode F (bold solid line) and Mode S (bold dashed
line) for A = 45" for T; = 0:25. The dashed-dottedline correspndsto the line of
phasespeedc = 1. The upper dotted line is assaiated with the A = 45 FA mode,
while the lower dotted line is ass@iated with the A = 45t SA mode.

vorticity modes. However, in cortrast to Casel, the syndhronism betweenMode F
and the entropy/v orticity modescortinuesto higher anglesof disturbance propaga-
tion.

Figures H.5 and H.6 showv the eigervalue curves for Mode F and Mode S for
A = 30f and A = 45 respectively. As in Casel, there is a synchronism betweenthe
2D Mode F and Mode S. For Casel, the real part of the eigervalue curves follow
what Mack referredto asPattern A, one of two standard patterns (Ref. [36, 37], pp.
11-22- 11-23,pp. 12-26- 12-27). Howewer, onecanseein Fig. H.1 that for T; = 0:25
the pattern has changedto Pattern B. As with Casel though, the syndirosnismis
assaiated with Mode S becomingmore unstable and Mode F becomingmore stable.

As seenin Fig. H.5, Pattern B with the asseiated Mode S instability cortinuesfor
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a disturbance with a propagation angle of A = 30*. For the parameter valuesused
in Casel, it was seenthat the syndcironism betweenMode F and Mode S corntinued
to occur at higher angle of disturbance propagation, but with no Mode S instability
accomparing the syndironism. For ewven higher angles, the syncronism ceased.
Thereis a much di®eren behavior for Ty = 0:25. Figure H.6 showvs that, aswith Case
1, the syndhronism betweenMode F and Mode S existsfor a disturbance propagating
at A = 45, Howewer, in cortrast to Casel, Mode F becomesnore unstable (although
it is not unstable), while Mode S becomesnore stable. Furthermore, one can seethat
the pattern hasreturned to Pattern A. At higher anglesof disturbance propagation,

there is no syndironism betweenMode F and Mode S (asin Casel).
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2D Mode F Wave Packet
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- Case 2

Figure 1.1 shaws the imaginary part of the eigervalue! ; for Mode F for Case2. Fig-

uresl.2(a) and 1.2(b) show respectively the maximum streanwisevelocity amplitude,

Umax, and the maximum temperature amplitude, pnax, for Mode F, which are gener-

ated by ® componerts of the temperature spot located at varying normal distances

Y, from the wall.

Figure

[.1. Imaginary part of the eigervalue for Mode F.

Using Yy = 8:9, the inverseFourier transform of the streanmwise velocity distur-

bance, u, is computed. Using the letters found in Fig. 4.3, the integration path is
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Figure 1.2. Contours of unax generatedby ® componerts of the temperature spot
locatedat Yy (a) and cortours of pmax generatedby ® componerts of the temperature
spot located at Yy (b). The cortour levelsin (a) rangefrom 0:004to 0:024in incre-
merts of 0:004, while the cortour levelsin (b) rangefrom 0:02to 0:22in incremens
of 0:04.

given explicitly asthe following: at point A, ® = 0:1; at point B, ® = 0:19; at point
C, ®= 0:19; 0.008; at point D, ® = 0:21; 0:008; at point E, ® = 0:21; and at
point F, ®= 0:5. The result is shavn for t = 50in Fig. 1.3(a) ascortours of u in the
X i y plane. To better illustrate the Mode F wave padet, Fig. 1.3(b) shaws a slice of
Fig. 1.3(a) takenat y = 2:02.

Additionally, the inverseFourier transform of the temperature disturbance, |, is
computed using the samevalue of Y, and the sameintegration path that was used
for u. The resultis shovn for t = 50in Fig. I.4(a) ascortours of pin the xj y plane.
To better illustrate the Mode F wave padket, Fig. 1.4(b) shows a slice of Fig. 1.4(a)

takenat y = 8:03.
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Figure 1.3. Contours ofu in the xj y plane(a) and streanwisevelocity disturbance,
u, aty = 202fort = 50 (b). The cortour levelsin (a) are spacedin incremeris of
0:0002. The solid cortours are positive; the dashedconours are negative; the bold
cortours are 0.

Figure [.4. Contours of pin the xj y plane (a) and temperature disturbance, j, at
y = 803fort = 50(b). The contour levelsin (a) are spacedin incremers of 0:005.
The solid cortours are positive; the dashedcorntours are negative; the bold contours

are 0.
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Figures|1.5(a) and I.5(b) shaw respectively the streamwise velocity disturbance,

u, at y = 2:02 and the temperature disturbance, i, at y = 8:03 for t = 200.

Figure 1.5. Streamwise velocity disturbance, u, at y = 2:02 (a) and temperature
disturbance,, at y = 8:03 (b) for t = 200.
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Appendix J: 2D Mode F Wave Packet - Case 3

Figure J.1 shows the imaginary part of the eigervalue ! ; for Mode F for Case 3.
Figures J.2(a) and J.2(b) show respectively the maximum streamwise velocity am-
plitude, umax, and the maximum temperature amplitude, pmax, for Mode F, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

Figure J.1. Imaginary part of the eigervalue for Mode F.

Using Yo = 1852, the inverse Fourier transform of the streamwise velocity dis-

turbance, u, is computed. Using the letters found in Fig. 4.3, the integration path
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Figure J.2. Contours of unax generatedby ® componerts of the temperature spot
locatedat Yy (a) and cortours of pmax generatedby ® componerts of the temperature
spot located at Yy (b). The cortour levelsin (a) rangefrom 0:002to 0:012in incre-
merts of 0:002, while the cortour levelsin (b) rangefrom 0:02to 0:12in incremens
of 0:02.

is given explicitly asthe following: at point A, ® = 0:066; at point B, ® = 0:098; at
point C, ® = 0:098; 0:012; at point D, ® = 0:104; 0:014; at point E, ® = 0:104;
and at point F, ® = 0:24. The result is shovn for t = 50in Fig. J.3(a) as cortours of
uin the x j y plane. To better illustrate the Mode F wave padket, Fig. J.3(b) shows
a sliceof Fig. J.3(a) takenat y = 5:08.

Additionally, the inverseFourier transform of the temperature disturbance, |, is
computed using the samevalue of Y, and the sameintegration path that was used
for u. The resultis shavn for t = 50in Fig. J.4(a) ascortours of pin the xj y plane.
To better illustrate the Mode F wave padet, Fig. J.4(b) shaws a slice of Fig. J.4(a)

takenat y = 1249.
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Figure J.3. Contours ofu in the xj y plane(a) and streamwisevelocity disturbance,
u, at y = 5:08fort = 50 (b). The cortour levelsin (a) are spacedin incremeris of
0:00002. The solid cortours are positive; the dashedcortours are negative; the bold
cortours are 0.
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Figure J.4. Contours of pin the x j y plane (a) and temperature disturbance, ,
aty = 1249 for t = 50 (b). The contour levelsin (a) are spacedin incremeris of
0:0002. The solid cortours are positive; the dashedcortours are negative; the bold
cortours are 0.
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Appendix K: 2D Mode F Wave Packet - Case 4

Figure K.1 shows the imaginary part of the eigervalue ! ; for Mode F for Case4.
FiguresK.2(a) and K.2(b) show respectively the maximum streamwise velocity am-
plitude, umax, and the maximum temperature amplitude, pmax, for Mode F, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

Figure K.1. Imaginary part of the eigervalue for Mode F.

Using Yy = 5:67, the inverseFourier transform of the streamwise velocity distur-

bance, u, is computed. Using the letters found in Fig. 4.3, the integration path is
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Figure K.2. Contours of unax generatedby ® componerts of the temperature spot
locatedat Yy (a) and cortours of pmax generatedby ® componerts of the temperature
spot located at Yy (b). The cortour levelsin (a) rangefrom 0:002to 0:028in incre-
merts of 0:004, while the cortour levelsin (b) rangefrom 0:02to 0:16 in incremens
of 0:02.

given explicitly asthe following: at point A, ® = 0:122; at point B, ® = 0:227; at
point C, ® = 0:227; 0:014; at point D, ® = 0:231; 0:014; at point E, ® = 0:231;
and at point F, ®= 0:5. The result is shovn for t = 50in Fig. K.3(a) ascortours of
uin the xj y plane. To better illustrate the Mode F wave padet, Fig. K.3(b) shows
a sliceof Fig. K.3(a) takenat y = 2:02.

Additionally, the inverseFourier transform of the temperature disturbance, |, is
computedusing the samevalue of Y, and the sameintegration path that wasusedfor
u. The resultis shovn for t = 50in Fig. K.4(a) ascortours of pin the x j y plane.
To better illustrate the Mode F wave padet, Fig. K.4(b) shaws a slice of Fig. K.4(a)

takenat y = 5:97.
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Figure K.3. Contoursofuinthe xj y plane(a) and streanwisevelocity disturbance,
u, aty = 202fort = 50 (b). The cortour levelsin (a) are spacedin incremeris of
0:0002. The solid cortours are positive; the dashedcorntours are negative; the bold
cortours are 0.

Figure K.4. Contours of pin the xj y plane(a) and temperature disturbance, 4, at
y = 5:97fort = 50 (b). The contour levelsin (a) are spacedin incremens of 0:002.
The solid cortours are positive; the dashedcortours are negative; the bold contours

are 0.
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FiguresK.5(a) and K.5(b) show respectively the streamwise velocity disturbance,

u, at y = 2:02 and the temperature disturbance, i, at y = 5:97 for t = 200.

Figure K.5. Streamwise velocity disturbance,u, at y = 2:02 (a) and temperature
disturbance,, at y = 5:97 (b) for t = 200.
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Appendix L: 2D Mode F Wave Packet - Case 5

Figure L.1 shaws the imaginary part of the eigervalue ! ; for Mode F for Caseb5.
FiguresL.2(a) and L.2(b) shov respectively the maximum streamwise velocity am-
plitude, umax, and the maximum temperature amplitude, pmax, for Mode F, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

Figure L.1. Imaginary part of the eigervalue for Mode F.

Using Yy = 4:22, the inverseFourier transform of the streamwise velocity distur-

bance, u, is computed. Using the letters found in Fig. 4.3, the integration path is
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Figure L.2. Contours of unax generatedby ® componerts of the temperature spot
locatedat Yy (a) and cortours of pmax generatedby ® componerts of the temperature
spot located at Yy (b). The cortour levelsin (a) rangefrom 0:01 to 0:0475in incre-
merts of 0:0075,while the cortour levelsin (b) rangefrom 0:02to 0:22in incremens
of 0:04.

given explicitly asthe following: at point A, ® = 0:165; at point B, ® = 0:276; at
point C, ® = 0:276j 0:013; at point D, ® = 0:280; 0:013; at point E, ® = 0:280;
and at point F, ®= 0:5. The result is shavn for t = 50in Fig. L.3(a) ascortours of
uin the xj y plane. To better illustrate the Mode F wave padket, Fig. L.3(b) shows
a sliceof Fig. L.3(a) takenat y = 1:.01.

Additionally, the inverseFourier transform of the temperature disturbance, |, is
computedusing the samevalue of Y, and the sameintegration path that wasusedfor
u. The result is shavn for t = 50in Fig. L.4(a) as cortours of pin the x j y plane.
To better illustrate the Mode F wave padet, Fig. L.4(b) shows a slice of Fig. L.4(a)

takenat y = 4:52.
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Figure L.3. Contoursofuinthe xj y plane(a) and streamwisevelocity disturbance,
u,aty = 1:01fort = 50(b). The cortour levelsin (a) are spacedin incremeris of
0:0004. The solid cortours are positive; the dashedcorntours are negative; the bold
cortours are 0.

Figure L.4. Contours of pin the xj y plane (a) and temperature disturbance, |, at
y = 4:52for t = 50 (b). The contour levelsin (a) are spacedin incremerns of 0:005.
The solid cortours are positive; the dashedcortours are negative; the bold contours
are 0.



182

FiguresL.5(a) and L.5(b) show respectively the streamwise velocity disturbance,

u, at y = 1:.01 and the temperature disturbance, ., at y = 4:52 for t = 200.

Figure L.5. Streanwise velocity disturbance,u, at y = 1:01 (a) and temperature
disturbance,, at y = 4:52 (b) for t = 200.
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Appendix M: 2D Mode S Wave Packet - Case 2

Figure M.1 shaws the imaginary part of the eigervalue ! ; for Mode S for Case?2.
FiguresM.2(a) and M.2(b) shaw respectively the maximum streanwise velocity am-
plitude, uUmax, and the maximum temperature amplitude, pmax, for Mode S, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

Figure M.1. Imaginary part of the eigervalue for Mode S.

Using Yy = 8:9, the inverseFourier transform of the streanmwise velocity distur-

bance,u, is computed. The result is shovn for t = 500in Fig. M.3(a) ascornours of u
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Figure M.2. Contours of unax (@) and contours of pnax (b) generatedby ® com-
ponerts of the temperature spot located at Y,. The cortour levelsin (a) rangefrom
0:0005to 0:003in incremerts of 0:0005, while the cortour levelsin (b) range from
0:005to 0:03in incremeris of 0:005.

in the x j y plane. Figure M.3(b) showns a comparisonof the computedintegral with
the asymptotic approximation at y = 2:02. Similar resultsfor t = 1000and t = 1500
can be seenrespectively in Figs. M.4(a) and M.4(b).

In addition, the inverseFourier transform of the temperature disturbance, 4, is
computedfor Yo = 8:9 andt = 500. The result is shovn in Fig. M.5(a) as cortours
of win the x j y plane. Figure M.5(b) showvs a comparisonof the computed integral
with the asymptotic approximation at y = 8:03. Similar results for t = 1000and

t = 1500can be seenrespectively in Figs. M.6(a) and M.6(b).
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Figure M.3. Contours of u in the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic appraximation (dashedline) for the stream-
wisevelocity disturbance,u, at y = 2:02fort = 500(b). The contour levelsin (a) are
spacedin incremerts of 0:0003. The solid corntours are positive; the dashedcontours
are negative; the bold cortours are 0.

Figure M.4. Comparisonof the computedintegral (solid line) with the asymptotic
appraximation (dashedline) for the streamwise velocity disturbance,u, at y = 2:02
for t = 1000(a) andt = 1500(b).
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Figure M.5. Contours of pin the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the tem-
perature disturbance, i, at y = 8:03 for t = 500 (b). The corntour levelsin (a) are
spacedin incremerts of 0:0075. The solid corntours are positive; the dashedcortours

are negative; the bold cortours are 0.

Figure M.6. Comparisonof the computedintegral (solid line) with the asymptotic
approximation (dashedline) for the temperature disturbance, y, at y = 8:03 for

t = 1000(a) and t = 1500(b).
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Appendix N: 2D Mode S Wave Packet - Case 3

Figure N.1 shows the imaginary part of the eigervalue ! ; for Mode S for Case 3.
FiguresN.2(a) and N.2(b) show respectively the maximum streanmwise velocity am-
plitude, umax, and the maximum temperature amplitude, pmax, for Mode S, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

Figure N.1. Imaginary part of the eigervalue for Mode S.

Using Yy = 1562, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. The result is shavn for t = 500in Fig. N.3(a) ascortours of u
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Figure N.2. Contours of umax (2) and cortours of pnax (b) generatedby ® compo-
nerts of the temperature spot located at Y,. The cortour levelsin (a) range from
0:0002to 0:0008in incremeris of 0:0002,while the cortour levelsin (b) range from
0:003to 0:008in incremeris of 0:001.

in the x j y plane. Figure N.3(b) shows a comparisonof the computedintegral with
the asymptotic approximation at y = 2:96. Similar resultsfor t = 1000and t = 1500
can be seenrespectively in Figs. N.4(a) and N.4(b).

In addition, the inverseFourier transform of the temperature disturbance, |, is
computedfor Yo = 1562 andt = 500. The result is shovn in Fig. N.5(a) as cortours
of win the x j y plane. Figure N.5(b) shavs a comparisonof the computed integral
with the asymptotic approximation at y = 15:88. Similar results for t = 1000and

t = 1500can be seenrespectively in Figs. N.6(a) and N.6(b).



189

Figure N.3. Contours of u in the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic appraximation (dashedline) for the stream-
wisevelocity disturbance,u, aty = 2:96fort = 500(b). The cortour levelsin (a) are
spacedin incremerts of 0:00002. The solid cortours are positive; the dashedcortours
are negative; the bold cortours are 0.

Figure N.4. Comparisonof the computedintegral (solid line) with the asymptotic
appraximation (dashedline) for the streamwise velocity disturbance,u, at y = 2:96
for t = 1000(a) andt = 1500(b).
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Figure N.5. Contours of pin the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the temper-
ature disturbance, i, at y = 1588 for t = 500 (b). The cortour levelsin (a) are
spacedin incremerts of 0:002. The solid corntours are positive; the dashedcorntours

are negative; the bold cortours are 0.

Figure N.6. Comparisonof the computedintegral (solid line) with the asymptotic
appraximation (dashedline) for the temperature disturbance, p, at y = 15.88 for

t = 1000(a) and t = 1500(b).
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Appendix O: 2D Mode S Wave Packet - Case 4

Figure O.1 shaws the imaginary part of the eigervalue ! ; for Mode S for Case4.
Figures O.2(a) and O.2(b) shawv respectively the maximum streanmwise velocity am-
plitude, umax, and the maximum temperature amplitude, pmax, for Mode S, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

l l 1 l
| | l |

Figure O.1. Imaginary part of the eigervalue for Mode S.

Using Yy = 6:12, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. The result is shovn for t = 500in Fig. O.3(a) ascortours of u
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|

Figure 0.2. Contours of unax (a) and corntours of pmax (b) generatedby ® compo-
nerts of the temperature spot located at Y,. The cortour levelsin (a) range from
0:0005to 0:0085in incremerts of 0:001, while the cortour levelsin (b) range from
0:01to 0:05in incremerts of 0:005.

in the x j y plane. Figure O.3(b) shavs a comparisonof the computedintegral with
the asymptotic approximation at y = 2:02. Similar resultsfor t = 1000and t = 1500
can be seenrespectively in Figs. O.4(a) and O.4(b).

In addition, the inverseFourier transform of the temperature disturbance, 4, is
computedfor Yy = 6:12and t = 500. The result is showvn in Fig. O.5(a) as cortours
of pin the x j y plane. Figure O.5(b) shavs a comparisonof the computed integral
with the asymptotic approximation at y = 5:73. Similar results for t = 1000and

t = 1500can be seenrespectively in Figs. O.6(a) and O.6(b).
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Figure 0.3. Contours of u in the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic appraximation (dashedline) for the stream-
wisevelocity disturbance,u, at y = 2:02fort = 500(b). The cortour levelsin (a) are
spacedin incremerts of 0:0075. The solid corntours are positive; the dashedcorntours

are negative; the bold cortours are 0.

Figure 0.4. Comparisonof the computedintegral (solid line) with the asymptotic
appraximation (dashedline) for the streamwise velocity disturbance,u, at y = 2:02

for t = 1000(a) andt = 1500(b).
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Figure 0.5. Contours of pin the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the tem-
perature disturbance, i, at y = 5:73 for t = 500 (b). The corntour levelsin (a) are
spacedin incremerts of 0:0075. The solid corntours are positive; the dashedcortours
are negative; the bold cortours are 0.

Figure 0.6. Comparisonof the computedintegral (solid line) with the asymptotic
approximation (dashedline) for the temperature disturbance, y, at y = 5:73 for
t = 1000(a) and t = 1500(b).
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Appendix P: 2D Mode S Wave Packet - Case 5

Figure P.1 shows the imaginary part of the eigervalue ! ; for Mode S for Caseb.
Figures P.2(a) and P.2(b) show respectively the maximum streamwise velocity am-
plitude, uUmax, and the maximum temperature amplitude, pmax, for Mode S, which
are generatedby ® componerts of the temperature spot located at varying normal

distancesYy from the wall.

Figure P.1. Imaginary part of the eigervalue for Mode S.

Using Yy = 3:92, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. The result is shovn for t = 500in Fig. P.3(a) ascortours of u
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Figure P.2. Contours of unax (@) and cortours of pnax (b) generatedby ® compo-
nerts of the temperature spot located at Y,. The cortour levelsin (a) range from
0:002to 0:032in incremerts of 0:006, while the cortour levelsin (b) rangefrom 0:01
to 0:11in incremerts of 0:025.

in the x j y plane. Figure P.3(b) shavs a comparisonof the computed integral with
the asymptotic approximation at y = 1:01. Similar resultsfor t = 1000and t = 1500
can be seenrespectively in Figs. P.4(a) and P.4(b).

In addition, the inverseFourier transform of the temperature disturbance, 4, is
computedfor Yo = 3:92andt = 500. The resultis shown in Fig. P.5(a) ascortours of
pin the xj y plane. Figure P.5(b) shovs a comparisonof the computedintegral with
the asymptotic approximation at y = 4:23. Similar resultsfor t = 1000and t = 1500

can be seenrespectively in Figs. P.6(a) and P.6(b).
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Figure P.3. Contours of u in the x j y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic appraximation (dashedline) for the stream-
wisevelocity disturbance,u, at y = 1:01fort = 500(b). The cortour levelsin (a) are
spacedin incremerts of 0:002. The solid corntours are positive; the dashedcorntours
are negative; the bold cortours are 0.

Figure P.4. Comparisonof the computedintegral (solid line) with the asymptotic
appraximation (dashedline) for the streamwise velocity disturbance,u, at y = 1.01
for t = 1000(a) andt = 1500(b).
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Figure P.5. Contours of pin the x i y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the tem-
perature disturbance, , at y = 4:23 for t = 500 (b). The cortour levelsin (a) are
spacedin incremens of 0:01. The solid corntours are positive; the dashedcortours
are negative; the bold cortours are 0.

Figure P.6. Comparisonof the computedintegral (solid line) with the asymptotic
approximation (dashedline) for the temperature disturbance, y, at y = 4:23 for
t = 1000(a) and t = 1500(b).
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Appendix Q: 3D Mode S Wave Packet - Case 2

Using the asymptotic approximation of the 3D inverseFourier transform, the Mode
S wave padket is calculated for both the streamwise velocity disturbance and the
temperature disturbancefor t = 500and t = 1000. Figure Q.1(a) is a surfaceplot of
the streamwise velocity disturbance, u, taken at the slicey = 2:02 for Yo = 8:9 and
t = 500. Figure Q.1(b) is a rotation of Fig. Q.1(a) in order to seethe undersideof
the wave padet. To have a clearersenseof the amplitude values, Fig. Q.1(c) shavs
contours of u for y = 2:02, Yo = 8:9, and t = 500. Figures Q.2(a), Q.2(b) and Q.2(c)
showv the Mode S wave padet for the streamwise velocity disturbancefor t = 1000.
Similar results can be seenin Figs. Q.3(a)-Q.3(c) and Q.4(a)-Q.4(c) for the tem-
perature disturbance, |, taken at the slicey = 8:03 for Yy = 8.9 and the respective

timest = 500andt = 1000.
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Figure Q.1. Surface(view 1) (a), surface(view 2) (b) and cortours (c) of u for
y = 2.02,Y, = 89, andt = 500. The cortour levelsin (c) are spacedin incremens
of 0:000075. The solid cortours are positive; the dashedcortours are negative; the
bold cortours are 0.
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Figure Q.2. Surface(view 1) (a), surface(view 2) (b) and cortours (c) of u for
y = 2.02,Yy = 89, andt = 1000. The cortour levelsin (c) are spacedin incremens
of 0:0005. The solid cortours are positive; the dashedcortours are negative; the bold

cortours are 0.
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Figure Q.3. Surface(view 1) (a), surface(view 2) (b) and contours (c) of p for
y = 803,Y, = 89, andt = 500. The cortour levelsin (c) are spacedin incremens

of 0:001. The solid cortours are positive; the dashedconours are negative; the bold
cortours are 0.
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Figure Q.4. Surface(view 1) (a), surface(view 2) (b) and contours (c) of p for
y = 8:03,Yy = 89, andt = 1000. The cortour levelsin (c) are spacedin incremens
of 0:01. The solid cortours are positive; the dashedcortours are negative; the bold
cortours are 0.
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Appendix R: 3D Mode S Wave Packet - Case 3

Using the asymptotic approximation of the 3D inverseFourier transform, the Mode
S wave padket is calculated for both the streamwise velocity disturbance and the
temperature disturbancefor t = 500and t = 1000. Figure R.1(a) is a surfaceplot of
the streamwisevelocity disturbance,u, taken at the slicey = 2:96 for Y, = 1562 and
t = 500. Figure R.1(b) is a rotation of Fig. R.1(a) in order to seethe undersideof
the wave padet. To have a clearersenseof the amplitude values, Fig. R.1(c) showvs
contours of u fory = 2:96, Y, = 1562,andt = 500. FiguresR.2(a), R.2(b) and R.2(c)
showv the Mode S wave padet for the streamwise velocity disturbancefor t = 1000.
Similar results can be seenin Figs. R.3(a)-R.3(c) and R.4(a)-R.4(c) for the tem-
perature disturbance, y, taken at the slicey = 15:88for Yy = 1562 and the respective

timest = 500andt = 1000.
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Figure R.1. Surface(view 1) (a), surface(view 2) (b) and corntours (c) of u for
y = 2:96, Y, = 1562,andt = 500. The corntour levelsin (c) are spacedin incremens
of 0:000005. The solid cortours are positive; the dashedcortours are negative; the
bold cortours are 0.
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Figure R.2. Surface(view 1) (a), surface(view 2) (b) and corntours (c) of u for
y = 2:96,Yp, = 1562,andt = 1000. The cortour levelsin (c) are spacedn incremens

of 0:000005. The solid cortours are positive; the dashedcortours are negative; the

bold cortours are 0.
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Figure R.3. Surface(view 1) (a), surface(view 2) (b) and contours (c) of u for
y = 1588,Y, = 1562,andt = 500. The cortour levelsin (c) are spacedn incremens
of 0:0001. The solid cortours are positive; the dashedcortours are negative; the bold
cortours are 0.
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Appendix S: 3D Mode S Wave Packet - Case 4

Using the asymptotic approximation of the 3D inverseFourier transform, the Mode
S wave padket is calculated for both the streamwise velocity disturbance and the
temperature disturbancefor t = 500andt = 1000. Figure S.1(a) is a surfaceplot of
the streamwise velocity disturbance, u, taken at the slicey = 2:02 for Yo = 6:12 and
t = 500. Figure S.1(b) is a rotation of Fig. S.1(a) in order to seethe underside of
the wave padket. To have a clearersenseof the amplitude values, Fig. S.1(c) shavs
contours of u for y = 2:02, Yo = 6:12,and t = 500. Figures S.2(a), S.2(b) and S.2(c)
showv the Mode S wave padet for the streamwise velocity disturbancefor t = 1000.
A discortinuity can clearly be seenin both the surfaceplots and cortour plots.
The discontinuity is assaiated with a jump from Mode S to another mode. This
mode switch cortinues to occur for very small choice of the numerical step size.
This discortinuous behavior was also obsened for the temperature disturbance, and
therefore, gures of the Mode S wave padet for the temperature disturbance have
not beenincluded. Additionally, becauseof this mode switching, gures of the Mode

S wave padket assaiated with Case5 are not included.



e
S
a

S
N

S
S N X
]
M N :1 '.
N R T
NN
NRNRIRA
R RRARENY
R =
R X
SRk

210

Figure S.1. Surface(view 1) (a), surface(view 2) (b) and contours (c) of u for
y = 2.02,Yy = 6:12,and t = 500. The cortour levelsin (c) are spacedin incremens
of 0:0002. The solid cortours are positive; the dashedcortours are negative; the bold

cortours are 0.
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Figure S.2. Surface(view 1) (a), surface(view 2) (b) and contours (c) of u for
y = 2.02,Yy, = 6:12,andt = 1000. The cornour levelsin (c) are spacedin incremens
of 0:002. The solid cortours are positive; the dashedconours are negative; the bold

cortours are 0.
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