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Abstra ct

An initial-v alueproblem is formulated for a three-dimensionalperturbation in a com-

pressibleboundary layer °ow. The problem is solved using a Laplacetransform with

respect to time and Fourier transforms with respect to the streamwiseand spanwise

coordinates. The solution can be presented as a sum of modesconsistingof continu-

ousand discretespectra of temporal stabilit y theory. Two discretemodes,known as

Mode S and Mode F, are of interest in high-speed°ows sincethey may be involved

in a laminar-turbulent transition scenario.The continuousand discretespectrum are

analyzednumerically for a hypersonic°ow. A comprehensivestudy of the spectrum is

performed,including Reynoldsnumber, Mach number and temperature factor e®ects.

A speci¯c disturbanceconsistingof an initial temperature spot is considered,and the

receptivity to this initial temperature spot is computedfor both the two-dimensional

and three-dimensionalcases.Using the analysisof the discreteand continuousspec-

trum, the inverseFourier transform is computed numerically. The two-dimensional

inverseFourier transform is calculatedfor Mode F and Mode S. The Mode S result is

comparedwith an asymptotic approximation of the Fourier integral, which is obtained

using a Gaussianmodel as well as the method of steepest descent. Additionally , the

three-dimensionalinverseFourier transform is found using an asymptotic approxi-

mation. Using the inverseFourier transform computations, the development of the
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wave packet is studied, including e®ectsdue to Reynoldsnumber, Mach number and

temperature factor.
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Chapter 1

Intr oduction

It is important to study the transition from laminar °ow to turbulent °ow in hyper-

sonicboundary layersdueto the role it will have in the development of future vehicles

operating at hypersonicspeeds.Aerodynamic heating on an aircraft changesdramat-

ically when the laminar °ow becomesturbulent. Sinceaerodynamic heating a®ects

the choice of materials usedfor protecting the vehicle - and therefore the weight of

the vehicle- the laminar-turbulent transition processmust be understood.

The transition processfrom laminar to turbulent °ow in hypersonic boundary

layershasbeenstudied for many years. However, becauseexperimental conditionsare

soseverein hypersonicwind tunnels,our understandingof this phenomenais still very

poor comparedwith the low speedcase.Becauseof high levelsof free-streamnoise,it

is di±cult to perform experiments with controlled disturbances.Unlike the low speed

case,it is di±cult to design perturbers that can generatehigh-frequencyarti¯cial

disturbancesof individual modes. Instead, wave trains and wave packets are usedin

the experiment. Therefore,interpretation of experimental data is not straightforward,

and this issueleadsto the needfor closecoordination betweentheoretical modeling

and experimental designand testing.
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Several methods for excitation of arti¯cial disturbancesin a hypersonicboundary

layer are available [1, 2, 3, 4]. These methods could be used to generateeither

two-dimensional(2D) or three-dimensional(3D) wave packets of a broad frequency

band. Additionally , dueto advancesin computational °uid dynamics,it is possibleto

perform reliabledirect numericalsimulations of laminar-turbulent transition to better

understandthe mechanismsleading to hypersonicboundary layer transition [5, 6, 7,

8, 9, 10, 11].

Accompanying these experiments, both wind tunnel and numerical, should be

theoretical modeling and studies of the development of perturbations in hypersonic

boundary layers.

With the classicalpipe °ow experiments of Reynolds [12] in 1883, the ¯eld of

hydrodynamicstabilit y cameinto its own. Throughout the late 1800sand early 1900s,

a number of contributions were made, including Rayleigh's theoretical analysis for

inviscid °ows [13, 14, 15], and Orr [16] and Sommerfeld's[17] independent theoretical

investigationsof viscous°ows.

The theoretical analysisof the stabilit y of °ows beginswith the governing Navier-

Stokesequations.As an example,for a 2D incompressible°ow with 2D perturbations,

the continuity and momentum equationsare given as

@u
@x

+
@v
@y

= 0; (1.1)
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¶
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+ v
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= ¡
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@p
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+ º
µ

@2v
@x2

+
@2v
@y2

¶
; (1.3)

wherex and y are respectively the streamwise and normal coordinates, u and v are

respectively the streamwise and normal velocities, p is the pressure,½is the density

and º is the kinematic viscosity.

In order to make Eqs. (1.1)-(1.3) non-dimensional,onecan scalethe spatial coor-

dinates x and y with a characteristic length scaleL ¤, the velocities u and v with a

characteristic velocity U¤, and the pressurecan be referencedto ½¤(U¤)2, where½¤ is

a characteristic density. With the useof thesescales,the non-dimensionalequations

are given as
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+
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= 0; (1.4)
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+
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¶
; (1.6)
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whereRe is the Reynoldsnumber and is given by Re = ½¤L¤U¤=¹ ¤, with ¹ ¤ a char-

acteristic viscosity.

Eqs.(1.4)-(1.6) arenon-linear. It is possibleto linearizethe equationsby assuming

that each °ow quantit y (u, v and p) can be expressedas a superposition of a mean

°ow quantit y and its disturbanceas follows:

u(x; y; t) = Us(x; y) + u0(x; y; t); v(x; y; t) = Vs(x; y) + v0(x; y; t);

p(x; y; t) = Ps(x; y) + p0(x; y; t); (1.7)

where the \s" subscripted quantities are mean °ow quantities and the \primed"

quantities are disturbances. By substituting these quantities into Eqs. (1.4)-(1.6),

subtracting the terms that satisfy the mean °ow equations, and eliminating terms

that contain products of perturbation quantities, the following linearizeddisturbance

equationsare found:

@u0

@x
+

@v0

@y
= 0; (1.8)
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¶
; (1.9)
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@v0

@t
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@v0

@x
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+ v0@Vs

@y
= ¡

@p0
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¶
: (1.10)

The linearized disturbanceequations[Eqs. (1.8)-(1.10)] can be further simpli¯ed

by employing a parallel °ow assumption. A parallel °ow (plane Couette °ow, channel

°ows, etc.) is onewherethe streamlinesof the mean°ow are always parallel to each

other and the surfacethat bounds the °ow. Therefore, the mean normal velocity

Vs vanishes,and since Us = Us(y), longitudinal derivatives of Us are omitted. A

boundary layer is not a truly parallel °ow. However, the growth of the boundary

layer is a slow function of the streamwise coordinate. Since the wavelength, l ¤, of

the disturbanceis much shorter than the characteristic length of the boundary layer

development (such as the distance from the leading edgeof a °at plate or the dis-

tance from a cone tip), the °ow will be approximately parallel on the scaleof the

disturbance.

Perturbations in a boundary layer °ow are now considered. The linearized, di-

mensionlessgoverning equations for the disturbanceswithin the quasi-parallel °ow

approximation are as follows:
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@x
+

@v0

@y
= 0; (1.11)
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¶
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¶
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Under theseconditions, the equationsadmit wave-like solutions with the form

q0(x; y; t) = q̂(y) exp(i (®x ¡ ! t)) : (1.14)

Substitution of the normal modesgiven by Eq. (1.14) into the systemof partial

di®erential equations(PDEs) givenby Eqs.(1.11)-(1.13)leadsto the following system

of ordinary di®erential equations(ODEs):

i®û +
dv̂
dy

= 0 (1.15)

(i®Us ¡ i! ) û +
dUs

dy
v̂ = ¡ i®p̂ +

1
Re

µ
d2û
dy2

¡ ®2û
¶

(1.16)

(i®Us ¡ i! ) v̂ = ¡
dp̂
dy

+
1

Re

µ
d2v̂
dy2

¡ ®2v̂
¶

: (1.17)

The systemof ODEs given by Eqs. (1.15)-(1.17)and the boundary conditions

y = 0 : û = v̂ = 0;

y ! 1 : û; v̂ ! 0 (1.18)
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represent an eigenvalue problem, and is equivalent to the classicalOrr-Sommerfeld

equationfor v̂(y), which now forms a fundamental basisfor the ¯eld of hydrodynamic

stabilit y:

(®Us ¡ ! )
µ

d2v̂
dy2

¡ ®2v̂
¶

¡ ®
d2Us

dy2
v̂ =

1
iRe

µ
d4v̂
dy4

¡ 2®2 d2v̂
dy2

+ ®4v̂
¶

; (1.19)

y = 0 : v̂ =
dv̂
dy

= 0;

y ! 1 : v̂;
dv̂
dy

! 0: (1.20)

Throughout the ¯rst third of the twentieth century, Heisenberg [18], Tollmien [19]

and Schlichting [20] continued to develop the linear stabilit y theory. Their theoretical

calculations were con¯rmed with the experiments of Schubauer and Skramstad [21]

in the 1940sand of Schubauer and Klebano®[22] in the 1950s.

The governing equationsfor compressible°ows are much more complicatedthan

thosefor the incompressiblecase.In addition to the continuity equationand momen-

tum equations, one must now include the energy equation. Further complications

arise from the fact that viscosity is now a function of temperature (i.e. ¹ = ¹ (T)).

Additionally , an equation of state is now neededto form a closedset of equations.

With the useof asymptotic methods, Leesand Lin [23], Dunn and Lin [24] and

Leesand Reshotko [25] investigatedthe stabilit y of viscous,compressible°ows. Later,
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Brown [26, 27] and Mack [28] developed numerical methods to directly compute the

eigenvaluesand eigenfunctionsfrom the di®erential equationsfor compressible°ows.

Throughout the last half of the 1900s,and continuing into the 21st century, there

have been many experimental, numerical and theoretical investigations in the ¯eld

of hydrodynamic stabilit y. Further historical background can be found in the mono-

graphsof Criminale, Jackson and Joslin [13], Drazin and Reid [14] and Schmid and

Henningson[15].

Regardlessof the type of °ow under consideration(inviscid, viscous,incompress-

ible, compressible,bounded, shear, etc.), it is expected that the dynamics of the

°ow transition depend on the instabilit y of small perturbations excited by external

sources.As mentioned above, whenoneinvestigatesthe stabilit y of °ows, the motion

is decomposedinto the basic °ow whosestabilit y is to be examined, and a super-

imposedperturbation. Linearization of the governing equationsleadsto a systemof

PDEs. With a parallel °ow approximation, Fourier and Laplace transforms can be

usedto transform thesePDEs into a systemof ODEs. This set of ODEs, along with

the associated boundary conditions, can be recastas an eigenvalue problem.

At this stage,the eigenmodescanbe analyzedwithin the scope of a spatial theory

or a temporal theory. For the spatial analysis, the frequencyof the perturbation is

prescribed to be real-valued, and onesolvesthe eigenvalue problem for the complex-

valued wave number. For the temporal analysis,one prescribesthe wave number to

be real-valued, and solves the eigenvalue problem for the complex-valued frequency.
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Considerationof the PDEs within the scope of the physical problem oneis interested

in will dictate the choice of temporal or spatial theory. The signaling problem [29]

is the physical problem associated with the spatial stabilit y theory. The initial-v alue

problem [30] is the physical problem associated with the temporal stabilit y theory, as

will be illustrated in the present work.

The inviscid, incompressibletwo-dimensionalinitial-v alueproblemwasconsidered

by Case[31, 32, 33] in the early 1960s,and he showed that by keepingthe physical

problem \rather strongly in mind" (Ref. [33], p. 32), onecould avoid ambiguities and

omissionsassociated with the traditional normal mode analysis. In particular, Case

showedhow using\the transform approach" could \prevent ... someglaring omissions

of continuousspectra" (Ref. [33], p. 28).

Later, in 1979, Gustavsson[30] formulated and solved the viscous, incompress-

ible two-dimensionalinitial-v alue problem. He solved the problem using Fourier and

Laplace transforms, and found that the disturbance consistsof continuous spectra

along with discrete spectra. In 1981, Salwen and Grosch [34] derived a biorthogo-

nality relation betweenthe solution of the Orr-Sommerfeldequation and its adjoint

within the framework of the temporal stabilit y theory. Additionally , they showed

that the set of eigenfunctionsformed a completeset, and therefore,a solution of the

initial-v alue problem for disturbancesin a boundary layer could be expandedas a

linear combination of thoseeigenfunctions.

In the early 2000s,Fedorov and Tumin [35] analyzeda 2D initial-v alue problem
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in a compressibleboundary layer with the use of Fourier and Laplace transforms.

However, they did not computethe inverseFourier transform for the wave packet. In

addition, the initial-v alue problem for 3D perturbations hasnot yet beenconsidered.

Mack [36, 37] used linear stabilit y theory to perform extensive studies of the

behavior of 2D and 3D instabilit y modesfor both the temporal and spatial problems.

In particular, he discovered that for compressible°ows, higher acoustic instabilit y

modesexist along with the ¯rst mode. However, even though the behavior of these

modesis understood, the mechanism by which the modesare generated(receptivity

problem) is still a subject of research.

During the 1970s,the important role of the receptivity problem in the laminar-

turbulent transition processwasclari¯ed by Morkovin [38] and Reshotko [39]. These

articles motivated the study of mechanismsthat are responsiblefor the excitation of

unstableTollmien-Schlichting waves.

Terent'ev [40, 41, 42] consideredan actuator located on the surfaceof a plate,

and obtained the ¯rst results on the generationof Tollmien-Schlichting wavesusing

asymptotic methods (triple-deck theory). Goldstein [43] usedasymptotic analysisto

study the excitation of Tollmien-Schlichting wavesby acousticwavesinteracting with

the leading edgeof a plate. Similar methods were usedby both Goldstein [44] and

Ruban [45, 46] to analyzethe generationof Tollmien-Schlichting waves by acoustic

waves that had been scattered by a roughnesselement. Kerschen, Choudhari and

Heinrich [47] examined the receptivity due to vortical freestreamdisturbances in-
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teracting with the leading edgeof a plate as well as receptivity due to 2D suction

strips. This theory was extendedby Choudhari and Kerschen [48] to 3D wall inho-

mogeneities. There is a vast bibliography on the receptivity process. Many of the

articles relevant to the asymptotic analysisof boundary layer receptivity canbe found

in reviewsby Kerschen [49], Choudhari [50], and Saric, Reedand Kerschen [51].

The use of asymptotic methods enablesone to gain a generalunderstanding of

°ow structure. However, the quantitativ e results may be invalid for ¯nite Reynolds

numbers. It is thereforeusefulto solve the receptivity problemwith methods suitable

for ¯nite Reynoldsnumbers. Gaster [52] considereda localizedperiodic-in-time forc-

ing on the wall, and obtained the ¯rst theoretical result regarding the excitation of

spatially growing Tollmien-Schlichting waves. In succeedingyears, the biorthogonal

eigenfunctionsystemwas introduced. The biorthogonal eigenfunctionsystemturned

out to be a powerful technique for solving receptivity problemsfor boundary layers

and internal °ows (seeRefs. [53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66]).

Tumin and Aizatulin [62] have shown that the receptivity solution based on the

biorthogonal eigenfunction expansionis equivalent to the solution found using the

method of Ashpis and Reshotko [67]. Additionally , Tumin [68] hasshown that in the

triple-deck limit, the method leadsto the results of Smith, Sykesand Brighton [69]

and Terent'ev [40].

Fedorov and colleagueshave discovered many results involving the receptivity of

high speed°ows(seeRef. [66]). Particularly, this spatial analysisof the 2D instabilit y
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modesin hypersonic°owsrevealedthe following: (1) in the regionof the leadingedge,

two discrete modes, Mode F and Mode S, are synchronized with the fast and slow

acousticmodesrespectively; (2) at a downstream location, Mode F is synchronized

with the entropy and vorticit y waves; (3) further downstream, Mode F and Mode S

could also becomesynchronized [70]. It is important to understand these features

due to the role they may have in the transition process. Later on, similar features

of Mode F and Mode S were seenin the 2D temporal problem [35]. Thesefeatures

have alsobeenseenin the direct numerical simulations of Zhongand Ma [5], Ma and

Zhong[6, 7, 9], Egorov, Fedorov and Nechaev[8], Egorov, Fedorov and Soudakov [10],

and Wang and Zhong [11].

Sincethe receptivity problem was not understood during the time of Mack's in-

vestigations,and sinceit hasnot yet beendone, it is worth revisiting the eigenmode

analysis. The objective of this dissertation is to formulate and solve the 3D initial-

valueproblemfor perturbations in a compressibleboundary layer °ow, and to provide

a comprehensive study of the spectrum.

Chapter 2 describesthe initial-v alueproblemfor three-dimensionalperturbations.

Section 2.1 contains the formulation of the problem, while section 2.2 contains the

problem solution. Section2.3 describes the application of an inverseLaplace trans-

form along with its relation to the discrete and continuous spectra. The inverse

Laplace transform may also be expressedas an expansionin a biorthogonal eigen-

function system,and this is explainedin section2.4.
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Chapter 3 contains an overview of a numerical study of the spectrum. Within

this chapter, referenceto appendicesD-H is maderegardingspeci¯c details of various

synchronism of discrete and continuous spectra along with the e®ectof Reynolds

number, Mach number and temperature factor.

Chapter 4 describes the numerical and asymptotical computation of 2D wave

packets. A speci¯c disturbanceconsistingof an initial temperaturespot is considered,

and section4.1 describesthe receptivity to this disturbance. Section4.2 contains the

numerical computation of the 2D inverseFourier transform along with two separate

asymptotic approximations of the Fourier integral for Mode F and Mode S. Reference

is madewithin this chapter to appendicesI-P regardingthe e®ectof Reynoldsnumber,

Mach number and temperature factor on the 2D Mode F and Mode S wave packets.

Chapter 5 describes the computation of 3D wave packets. Again, an initial dis-

turbance consistingof a temperature spot is considered,and section5.1 describesthe

receptivity to the temperature spot. Section5.2 contains the numerical computation

and asymptotic approximation of the 3D inverseFourier transform for a prescribed

value of the spanwise wave number for Mode S. Section5.3 describes the useof an

asymptotic approximation to ¯nd the full 3D inverse Fourier transform for Mode

S. Referenceis made within this chapter to appendicesQ-S regarding the e®ectof

Reynolds number, Mach number and temperature factor on the 3D Mode S wave

packet.
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Chapter 2

Initial-V alue Pr oblem f or Three-Dimensional

Per turba tions

2.1 Problem Form ulation

A 3D parallel boundary layer °ow of a calorically perfect gas is considered. At

the initial time, t = 0, a 3D localized disturbance is introduced into the °ow. The

problem is to describe the downstream evolution of the perturbation. The hydrody-

namic and thermodynamic characteristicsof the °ow areexpressedasa superposition

Qs(y) + q(x; y; z; t), whereQs is a mean-°ow quantit y and q is its disturbance. The

streamwise,normal and spanwisespatial coordinates, given respectively by x, y and

z, are nondimensionalizedusing a length scaleL ¤, and time is nondimensionalized

as L¤=U¤
e , where U¤

e is the streamwise mean velocity at the boundary layer edge.

The mean-°ow velocity components are referencedto U¤
e , while temperature, density

and viscosity are referencedto their respective quantities at the boundary layer edge.

Pressureis madenon-dimensionalusing the dynamic pressure,½¤
e(U¤

e )2. The stream-

wise,normal and spanwisevelocity disturbancesare denotedrespectively asu, v and
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w, while the temperature, pressure,density and viscosity disturbancesare given re-

spectively by µ, ¼, ½and ¹ . The linearized, dimensionless,governing equationsfor

the disturbancesare
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where Re is the Reynoldsnumber, Pr is the Prandtl number, and ° is the speci¯c

heat ratio. Additionally , r = 2(e + 2)=3 and m = 2(e ¡ 1)=3, where e = 3=2 of the

ratio of bulk viscosity to dynamic viscosity. In particular, e = 0 corresponds to the

Stokeshypothesis. Us(y), Ws(y), Ts(y) and ¹ s(y) are mean-°ow pro¯les.

Denoting

A = (u; @u=@y; v; ¼; µ; @µ=@y; w; @w=@y)T (2.8)

as the disturbancevector function, where \T" stands for transpose,it is possibleto

rewrite the systemof equations(2.1)-(2.6) in the following matrix operator form:
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L 0, H 10, H 11, H 2, H 3, H 4, H 5, H 6, H 7, and H 8 are 8£ 8 matriceswhosenon-zero
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elements are presented in Appendix A. At the initial time, t = 0, the disturbance

vector is denotedas

A (x; y; z; 0) = A 0 (x; y; z) : (2.10)

The boundary conditions are as follows:

y = 0 : u = v = w = µ = 0;

y ! 1 : jA j j ! 0 (j = 1; ¢¢¢; 8) : (2.11)

Theseboundary conditions correspond to the no-slip condition and zerotemperature

disturbanceon the wall, andall disturbancesdecaying to zerofar outsidethe boundary

layer.

2.2 Problem Solution

The three-dimensionality of both the boundary layer °ow and the disturbanceadds

complexity to the problem. However, the problem can be solved using a similar

approach to the oneusedin Ref. [35] for the 2D wave packet. The problem is solved

using a Fourier transform with respect to the streamwise coordinate, x, a Fourier

transform with respect to the spanwise coordinate, z, and a Laplacetransform with
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respect to time, t:

A p®¯ (y) =
1
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1Z

0
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1Z
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e¡ i®x

1Z
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e¡ i¯ zA (x; y; z; t) dzdx dt: (2.12)

By applying the transformsgiven by Eq. (2.12) to the problem [Eqs. (2.9)-(2.11)],

one arrives at a system of non-homogeneousordinary di®erential equations for the

amplitude vector A p®¯ :

d
dy

µ
L 0

dA p®¯

dy

¶
+

dA p®¯

dy
= H 10pA p®¯ ¡ H 10A 0®¯ + H 11A p®¯ + i®H 2A p®¯

+ i®H 3
dA p®¯

dy
¡ ®2H 4A p®¯ + i¯ H 5A p®¯

¡ ®¯ H 6A p®¯ + i¯ H 7A p®¯ ¡ ¯ 2H 8A p®¯ ; (2.13)

whereA 0®¯ (y) is the Fourier transform (with respect to both x and z) of A 0(x; y; z),

the initial disturbancevector. The solution of Eq. (2.13)satis¯esthe following bound-

ary conditions:

y = 0 : Ap®¯ 1 = Ap®¯ 3 = Ap®¯ 5 = Ap®¯ 7 = 0;

y ! 1 : jAp®¯ j j ! 0 (j = 1; ¢¢¢; 8) : (2.14)

The non-homogeneousterm in Eq. (2.13) is the term containing the Fourier trans-

form of the initial disturbance,A 0®¯ . The remainderof the terms form the homoge-
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neouspart of Eq. (2.13). This homogeneousequation can be recastas the following

systemof ordinary di®erential equations:

dA p®¯

dy
= H 0A p®¯ ; (2.15)

whereH 0 is an 8 £ 8 matrix whosenonzeroelements are presented in Appendix A.

There are eight fundamental solutions, z1; : : : ; z8, of the homogeneoussystemof

equationsgiven by Eq. (2.15). Outside the boundary layer (y ! 1 ), H 0 is a ma-

trix of constant coe±cients, and thus each fundamental solution has an exponential

asymptotic behavior, exp(¸ j y), where¸ 1; : : : ; ¸ 8 are determinedfrom the character-

istic equation

det (H 0 ¡ ¸ I ) = 0: (2.16)

For y ! 1 , Eq. (2.16) can be written as

¡
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¢£¡
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¢¡
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¢
¡ b23b32

¤
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where

b11 = H 21
0 ; b41 = H 87

0 = H 21
0 = b11; (2.18)
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b22 = H 42
0 H 24

0 + H 43
0 H 34

0 + H 46
0 H 64

0 + H 48
0 H 84

0 ; (2.19)

b23 = H 42
0 H 25

0 + H 43
0 H 35

0 + H 46
0 H 65

0 + H 48
0 H 85

0 ; (2.20)

b32 = H 64
0 ; b33 = H 65

0 ; (2.21)

with H ij denoting the (i; j ) element of matrix H .

The roots of Eq. (2.17) are

¸ 2
1;2 = b11 = ®2 + ¯ 2 + iRe(®+ ¯ Wse ¡ ip) ; (2.22)

¸ 2
3;4 = (b22 + b33) =2 +

1
2

q
(b22 ¡ b33)

2 + 4b23b32; (2.23)

¸ 2
5;6 = (b22 + b33) =2 ¡

1
2

q
(b22 ¡ b33)

2 + 4b23b32; (2.24)

¸ 2
7;8 = b41 = ®2 + ¯ 2 + iRe(®+ ¯ Wse ¡ ip) = b11 = ¸ 2

1;2; (2.25)

whereWse is the mean-°ow spanwise velocity at the boundary layer edge. The root

branches are chosento have Real(¸ 1; ¸ 3; ¸ 5; ¸ 7) < 0, and a matrix of fundamental
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solutions is de¯ned as

Z = jjz1; : : : ; z8jj : (2.26)

The non-homogeneoussystemgiven by Eq. (2.13) hasa solution expressedin the

form

A p®¯ = Z Q(y); (2.27)

where the vector of coe±cients Q(y) is found using the method of variation of pa-

rameters:

2L 0
dZ
dy

dQ
dy

+ L 0Z
d2Q
dy2

+
dL 0

dy
Z

dQ
dy

+ Z
dQ
dy

¡ i®H 3Z
dQ
dy

¡ i¯ H 7Z
dQ
dy

= F ; (2.28)

where F = ¡ (H 10A 0®¯ ). Since Z is the matrix of fundamental solutions of the

homogeneoussystem of equations, it follows that dZ =dy = H 0Z . Substitution of

this relationship into Eq. (2.28) yields the following systemof equations:

2L 0H 0Z
dQ
dy

+ L 0Z
d2Q
dy2

+
dL 0

dy
Z

dQ
dy

+ Z
dQ
dy

¡ i®H 3Z
dQ
dy

¡ i¯ H 7Z
dQ
dy

= F : (2.29)

It is possibleto considerthe individual equationsof Eq. (2.29). Denoting zij to

be the i th component of vector z j , Qj to be the j th component of vector Q, and Fj

to be the j th component of vector F , then the ¯rst, third, ¯fth, sixth and seventh

equationsof Eq. (2.29) are, respectively,
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z1j
dQj

dy
= 0; (2.30)

z3j
dQj

dy
= F3; (2.31)

z5j
dQj

dy
= 0; (2.32)

z6j
dQj

dy
= F6; (2.33)

z7j
dQj

dy
= 0: (2.34)

The secondand eighth equationsof Eq. (2.29) are, respectively,

z2j
dQj

dy
¡ i®H 23

3 z3j
dQj

dy
= F2; (2.35)

z8j
dQj

dy
¡ i¯ H 83

7 z3j
dQj

dy
= F8: (2.36)

Substitution of Eq. (2.31) into Eqs. (2.35) and (2.36) leadsto the following forms:
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z2j
dQj

dy
= F2 + i®H 23

3 F3; (2.37)

z8j
dQj

dy
= F8 + i¯ H 83

7 F3: (2.38)

The fourth equation of Eq. (2.29) is

2L43
0 H 3i

0 zij
dQj

dy
+ L43

0 z3j
d2Qj

dy2
+ z4j

dQj

dy
+

dL43
0

dy
z3j

dQj

dy
= F4: (2.39)

By consideringonly the nonzeroelements of H 3i
0 , Eq. (2.39) can be rewritten as

z4j
dQj

dy
=

F4 ¡ L43
0 H 33

0 F3 ¡
d(L 43

0 F3)
dy

1 + L 43
0 H 34

0
: (2.40)

Therefore,the non-homogeneoussystem(2.29) can be rewritten as

Z
dQ
dy

= Á; (2.41)

with

Á1 = 0; (2.42)

Á2 = ¡ (H 10A 0®¯ )2 ¡ i®H 23
3 (H 10A 0®¯ )3 ; (2.43)
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Á3 = ¡ (H 10A 0®¯ )3 ; (2.44)

Á4 =
1

1 + L 43
0 H 34

0

Ã

¡ (H 10A 0®¯ )4 + L43
0 H 33

0 (H 10A 0®¯ )3 +
d

£
L43

0 (H 10A 0®¯ )3

¤

dy

!

;

(2.45)

Á5 = 0; (2.46)

Á6 = ¡ (H 10A 0®¯ )6 ; (2.47)

Á7 = 0; (2.48)

Á8 = ¡ (H 10A 0®¯ )8 ¡ i¯ H 83
7 (H 10A 0®¯ )3 : (2.49)

The formal solution of Eq. (2.13) is expressedas

A p®¯ =
8X

j =1

0

B
@aj +

yZ

yj

dQj

dy
dy

1

C
A z j ; (2.50)

where dQj =dy are found from Eqs. (2.41)-(2.49), and the constants aj and yj are

determined using the boundary conditions given by Eq. (2.14). Using properties of
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determinants, the following solution is obtained:

A p®¯ =

0

@a1 +

yZ

0

dQ1

dy
dy

1

A z1 +

yZ

1

dQ2

dy
dyz2 +

0

@a3 +

yZ

0

dQ3

dy
dy

1

A z3 +

yZ

1

dQ4

dy
dyz4

+

0

@a5 +

yZ

0

dQ5

dy
dy

1

A z5 +

yZ

1

dQ6

dy
dyz6 +

0

@a7 +

yZ

0

dQ7

dy
dy

1

A z7 +

yZ

1

dQ8

dy
dyz8;

(2.51)

with

a1 =
c2E2357 + c4E4357 + c6E6357 + c8E8357

E1357
; (2.52)

a3 =
c2E1257 + c4E1457 + c6E1657 + c8E1857

E1357
; (2.53)

a5 =
c2E1327 + c4E1347 + c6E1367 + c8E1387

E1357
; (2.54)

a7 =
c2E1352 + c4E1354 + c6E1356 + c8E1358

E1357
; (2.55)
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where

cj =

1Z

0

dQj

dy
dy; (2.56)

and

E ij kl = det

2

6
6
6
6
6
6
6
6
6
6
4

z1i z1j z1k z1l

z3i z3j z3k z3l

z5i z5j z5k z5l

z7i z7j z7k z7l

3

7
7
7
7
7
7
7
7
7
7
5

y=0

: (2.57)

2.3 In verse Laplace Transform

The inverseLaplacetransform of Eq. (2.51) is

A ®¯ (y; t; ®; ¯ ) =
1

2¼i

p0+ i1Z

p0 ¡ i 1

A p®¯ (y; p;®; ¯ ) ept dp: (2.58)

The integral can be evaluated by closingthe path, integrating along the branch cuts,

and applying the residuetheorem. Figure 2.1showsa schematicof such an integration

contour for the inverseLaplace transform, which is determined by polesassociated

with the zerosof E1357 (relevant to the discretespectrum) and by branch cuts asso-

ciated with the branch points of ¸ j (relevant to the continuousspectrum).

By integrating along the contour shown in Fig. 2.1, Eq. (2.58) can be written asa
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pr

pi

Figure 2.1. Integration contour for the inverseLaplacetransform.

sum of integralsalong the sides,° + and ° ¡ , of each branch cut and a sum of residues

resulting from the polesof Eq. (2.51) given by the equation E1357(p) = 0, i.e.,

A ®¯ = ¡
1

2¼i

X

m

0

B
@

Z

° +
m

A p®¯ ept dp+
Z

° ¡
m

A p®¯ ept dp

1

C
A +

X

n

Resn
¡
A p®¯ ept

¢
: (2.59)

2.3.1 Discrete Spectrum

Modes of the discrete spectrum correspond to poles of Eq. (2.51), which are roots

of E1357 = 0, where E1357 is de¯ned by Eq. (2.57). Discrete modes arise from the
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situation when all the roots of Eqs. (2.22)-(2.25) have non-zeroreal parts and are

given by the poles' contribution to the inverseLaplace transform, i.e., the residues

shown in Eq. (2.59). Theseresidueshave the form

Resn
¡
A p®¯ ept

¢
= A n (y; pn ; ®; ¯ ) epn t ; (2.60)

with

A n = [â1z1 + â3z3 + â5z5 + â7z7]
µ

@E1357

@p
(pn )

¶ ¡ 1

(2.61)

whereâ1, â3, â5, and â7 aregivenby the numeratorsof Eqs.(2.52)-(2.55). If the eigen-

value pn = ¡ i! n belongsto the discretespectrum, then the associated eigenfunction

A n decays exponentially outside the boundary layer (y ! 1 ).

To illustrate featuresof the spectrum, a boundary layer over an adiabatic sharp

coneat zero angle of attack is considered. The length scaleis L ¤ =
p

(¹ ¤
ex¤=½¤

eU¤
e )

and the Reynoldsnumber is Re =
p

(½¤
eU¤

e x¤=¹ ¤
e). Using the Lees-Dorodnitsyn trans-

formation [71], the conical problem is solved with boundary layer pro¯les for a °at

plate. Accordingly, all conical results presented hereaftercan be adjusted to the °at

plate boundary layer by dividing the parametersRe, ®, ¯ , and ! by
p

3. Details on

the numerical methods usedfor the analysisof the discreteand continuousspectrum

can be found in Chapter 3 and in Appendix C.

To maintain consistencywith the 2D problem analyzedin Ref. [35], the following

parameter valuesare chosen: M = 5:6, Re = 1219:5, Pr = 0:7, ° = 1:4, e = 0 with
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Figure 2.2. Streamwise velocity disturbance (a), normal velocity disturbance (b),
spanwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance(e) of Mode F for M = 5:6, Re = 1219:5, ® = 0:2, ¯ = 0:14, with complex-
valued eigenvalue ! = 0:2056¡ i0:00661. The real part of each disturbance is given
by the solid lines,while the imaginary part of each disturbanceis given by the dashed
lines.

an adiabatic wall and stagnation temperature T0 = 470K.

Two discretemodesareof interest. Onediscretemodewill bereferredto as\Mo de

F," where\F" standsfor \fast"; this is the mode whosephasespeedapproachesthat

of the fast acousticmode as® ! 0 (2D case).Another discretemode will be referred

to as \Mo de S," where \S" stands for \slow"; this is the mode whosephasespeed

approaches that of the slow acoustic mode as ® ! 0 (2D case). Even though in

the 3D case,synchronism with the fast and slow acoustic modesas ® ! 0 may no

longer occur, the behavior of each mode curve (3D) is similar to the behavior of the
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Figure 2.3. Streamwise velocity disturbance (a), normal velocity disturbance (b),
spanwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance(e) of Mode S for M = 5:6, Re = 1219:5, ® = 0:2, ¯ = 0:14, with complex-
valued eigenvalue ! = 0:18291+ i3:95£ 10¡ 5 . The real part of each disturbance is
given by the solid lines, while the imaginary part of each disturbanceis given by the
dashedlines.

corresponding 2D mode curve. Thus, it should not be confusingto refer to the 3D

mode curvesas Mode F and Mode S.

As an example,Figs.2.2(a),2.2(b) and 2.2(c)show the distribution for the stream-

wise,normal and spanwisevelocity disturbancescorrespondingto ModeF for ® = 0:2,

¯ = 0:14,with complex-valuedeigenvalue! = 0:2056¡ i0:00661(this choiceof param-

eterscorrespondsto a disturbancepropagationangleof Ã ¼ 35±, wheretan Ã = ¯ =®).

Figures2.2(d) and2.2(e)show respectively the pressureand temperaturedisturbances

corresponding to Mode F.
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Additionally , Figs. 2.3(a), 2.3(b) and 2.3(c) show the distribution for the stream-

wise,normal and spanwisevelocity disturbancescorresponding to ModeSfor ® = 0:2,

¯ = 0:14, with complex-valued eigenvalue ! = 0:18291+ i3:95 £ 10¡ 5 (again, this

choiceof parameterscorrespondsto a disturbancepropagationangleof Ã ¼ 35±). Fig-

ures 2.3(d) and 2.3(e) show respectively the pressureand temperature disturbances

corresponding to Mode S.

For this choice of Mach number, the edgeof the boundary layer is located at

y ¼ 14.

2.3.2 Con tin uous Spectrum

Modesof the continuousspectrum correspond to branch cuts of Eq. (2.51). Solutions

of the continuousspectrum arisefrom the situation when a characteristic number ¸ j

given by Eqs. (2.22)-(2.25) is purely imaginary (¸ 2
j = ¡ k2, k > 0, j = 1; : : : ; 8). The

¯rst pure oscillatory solution corresponds to ¸ 2
1;2 = ¸ 2

7;8 = ¡ k2. This equation, along

with Eq. (2.22), leadsto the following relation:

pc;1 = pc;5 = ¡ i (®+ ¯ Wse) ¡
¡
k2 + ®2 + ¯ 2

¢
=Re: (2.62)

By inspecting the vectors corresponding to ¸ 1;2;7;8 as Re ! 1 , one can seethat

the pressureand temperature components are zero,while the velocity and the vortic-

it y components are non-zero. Therefore, thesesolutions are interpreted as vorticit y
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branches,wherethe vorticit y disturbancesare propagatingdownstreamwith a phase

speed of c = 1. Although there exist multiple roots of the characteristic equation,

the fundamental solutions are linearly independent. Therefore, the double roots are

associatedwith two di®erent vorticit y modes. The existenceof two vorticit y modesre-

°ects the three-dimensionality of the perturbations (there is only onevorticit y branch

in the 2D problem). The equation

£¡
b22 ¡ ¸ 2

¢¡
b33 ¡ ¸ 2

¢
¡ b23b32

¤
= 0 (2.63)

is a third degreepolynomial in p and has three roots at ¸ 2 = ¡ k2. Theseroots (pc;2,

pc;3, and pc;4) werecomputednumerically for the casewhenWse = 0 (2D mean°ow).

Figure 2.4 shows the results for ® = 0:2 and ¯ = 0:14.

The horizontal branch in Fig. 2.4 hasa ¯nite limiting point and is interpreted as

an entropy branch (pressureand velocity is zero,while temperature and entropy are

non-zero),wherethe entropy disturbancesare propagatingdownstreamwith a phase

speedof c = 1. The vorticit y branchesgivenby Eq. (2.62)overlap the entropy branch.

The upper and lower branchesin Fig. 2.4 are associated with fast and slow acoustic

modes(vorticit y and entropy are zero, while pressure,temperature and velocity are

non-zero). The branch points of the upper and lower branches represent fast and

slow acoustic modes that travel downstream with the respective phasespeedsc =

1 §
p

1 + ¯ 2=®2=M e.
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Figure 2.4. Branch cuts of the continuousspectrum in the complexplane,p = ¡ i! ,
for M = 5:6, Re = 1219:5, ® = 0:2 and ¯ = 0:14.

As in the 2D case,it is possibleto ¯nd compact forms for the solutions of the

various regionsof the continuous spectrum. Using a similar technique to that used

in Ref. [35], onesideof each branch cut is denotedas plus (+) and the other sideof

the branch cut as minus (-) in accordancewith the asymptotic behavior of the type

of disturbancebeing considered.By relating z+
j to z ¡

j and dQ+
j =dy to dQ¡

j =dy, the

integrals along the branch cut sides° + and ° ¡ can be written as one integral of the

di®erenceA +
p®¯ ¡ A ¡

p®¯ .

Solutions for the acousticwaves include ¯v e fundamental vector functions, three

of which decay outside the boundary layer, and two of which oscillate as e§ ik y. One

sideof the branch cut is denotedas+ and the other sideof the branch cut is denoted
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as - in accordancewith the following asymptotic behavior:

z+
1 » e¸ 1y; z ¡

1 » e¸ 1y; z+
2 » e¸ 2y; z ¡

2 » e¸ 2y;

z+
3 » eik y; z ¡

3 » e¡ ik y; z+
4 » e¡ ik y; z ¡

4 » eik y;

z+
5 » e¸ 5y; z ¡

5 » e¸ 5y; z+
6 » e¸ 6y; z ¡

6 » e¸ 6y;

z+
7 » e¸ 7y; z ¡

7 » e¸ 7y; z+
8 » e¸ 8y; z ¡

8 » e¸ 8y; (2.64)

where k is a real, positive parameter, and ¸ 1;2, ¸ 5;6, and ¸ 7;8 are given respectively

by Eqs. (2.22), (2.24) and (2.25). It is possibleto obtain the relations

z ¡
1 = z+

1 ; z ¡
2 = z+

2 ; z ¡
3 = z+

4 ; z ¡
4 = z+

3 ;

z ¡
5 = z+

5 ; z ¡
6 = z+

6 ; z ¡
7 = z+

7 ; z ¡
8 = z+

8 ; (2.65)
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dQ¡
1

dy
=

dQ+
1

dy
;

dQ¡
2

dy
=

dQ+
2

dy
;

dQ¡
3

dy
=

dQ+
4

dy
;

dQ¡
4

dy
=

dQ+
3

dy
;

dQ¡
5

dy
=

dQ+
5

dy
;

dQ¡
6

dy
=

dQ+
6

dy
;

dQ¡
7

dy
=

dQ+
7

dy
;

dQ¡
8

dy
=

dQ+
8

dy
: (2.66)

The integrals along the branch cut sides° + and ° ¡ can be written asoneintegral of

the di®erence

A +
p®¯ ¡ A ¡

p®¯ =

0

@a+
1 +

yZ

0

dQ+
1

dy
dy

1

A z+
1 +

yZ

1

dQ+
2

dy
dyz+

2 +

0

@a+
3 +

yZ

0

dQ+
3

dy
dy

1

A z+
3

+

yZ

1

dQ+
4

dy
dyz+

4 +

0

@a+
5 +

yZ

0

dQ+
5

dy
dy

1

A z+
5 +

yZ

1

dQ+
6

dy
dyz+

6

+

0

@a+
7 +

yZ

0

dQ+
7

dy
dy

1

A z+
7 +

yZ

1

dQ+
8

dy
dyz+

8

¡

0

@a¡
1 +

yZ

0

dQ¡
1

dy
dy

1

A z ¡
1 ¡

yZ

1

dQ¡
2

dy
dyz ¡

2 ¡

0

@a¡
3 +

yZ

0

dQ¡
3

dy
dy

1

A z ¡
3

¡

yZ

1

dQ¡
4

dy
dyz ¡

4 ¡

0

@a¡
5 +

yZ

0

dQ¡
5

dy
dy

1

A z ¡
5 ¡

yZ

1

dQ¡
6

dy
dyz ¡

6

¡

0

@a¡
7 +

yZ

0

dQ¡
7

dy
dy

1

A z ¡
7 ¡

yZ

1

dQ¡
8

dy
dyz ¡

8 : (2.67)

After substitution of the relations given in Eqs. (2.64)-(2.66),simpli¯cation leadsto
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the following expression:

A +
p®¯ ¡ A ¡

p®¯ = (a+
1 ¡ a¡

1 )z+
1 + (a+

3 + c+
3 )z+

3 ¡ (a¡
3 + c+

4 )z+
4

+ (a+
5 ¡ a¡

5 )z+
5 + (a+

7 ¡ a¡
7 )z+

7 : (2.68)

With the useof Eqs. (2.52)-(2.57),A +
p®¯ ¡ A ¡

p®¯ can be written solely in terms of the

functions on the + sideof the branch cut as

A +
p®¯ ¡ A ¡

p®¯ =
µ

c2E1275

E1753E1754
+

c3E1753

E1753E1754
+

c4E1754

E1753E1754
+

c6E1756

E1753E1754
+

c8E7185

E1753E1754

¶

£ (E5734z1 + E1754z3 + E7153z4 + E7134z5 + E1534z7) : (2.69)

Equation (2.69)canbeinterpretedasa coe±cient dependingon the initial disturbance

multiplied by a linear combination of fundamental solutions.

The horizontal branch cut in the 2D casehasa regionof overlappingvorticit y and

entropy disturbances. The remainder of the branch cut is a region of vorticit y dis-

turbances. In the 3D problem, the entire branch cut contains a regionof overlapping

vorticit y modes,and there is a regionof the branch cut that hasentropy disturbances

overlapping the two vorticit y modes.

In the region of overlapping vorticit y modes, there is an uncertainty. There are

six fundamental solutions(four oscillating and two decaying) in this region;however,

this number of fundamental solutionsis larger than is neededto satisfy the boundary
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conditions. This di±cult y is resolvedusingthe techniquedescribedabove in obtaining

Eq. (2.69). As before,onesideof the branch cut is denotedas+ and the other sideof

the branch cut is denotedas- in accordancewith the following (di®erent) asymptotic

behavior:

z+
1 » eik y; z ¡

1 » e¡ ik y; z+
2 » e¡ ik y; z ¡

2 » eik y;

z+
3 » e¸ 3y; z ¡

3 » e¸ 3y; z+
4 » e¸ 4y; z ¡

4 » e¸ 4y;

z+
5 » e¸ 5y; z ¡

5 » e¸ 5y; z+
6 » e¸ 6y; z ¡

6 » e¸ 6y;

z+
7 » eik y; z ¡

7 » e¡ ik y; z+
8 » e¡ ik y; z ¡

8 » eik y; (2.70)

where k is a real, positive parameter, and ¸ 3;4 and ¸ 5;6 are given respectively by

Eqs. (2.23) and (2.24). It is possibleto obtain the relations

z ¡
1 = z+

2 ; z ¡
2 = z+

1 ; z ¡
3 = z+

3 ; z ¡
4 = z+

4 ;

z ¡
5 = z+

5 ; z ¡
6 = z+

6 ; z ¡
7 = z+

8 ; z ¡
8 = z+

7 ; (2.71)
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dQ¡
1

dy
=

dQ+
2

dy
;

dQ¡
2

dy
=

dQ+
1

dy
;

dQ¡
3

dy
=

dQ+
3

dy
;

dQ¡
4

dy
=

dQ+
4

dy
;

dQ¡
5

dy
=

dQ+
5

dy
;

dQ¡
6

dy
=

dQ+
6

dy
;

dQ¡
7

dy
=

dQ+
8

dy
;

dQ¡
8

dy
=

dQ+
7

dy
: (2.72)

The integrals along the branch cut sides° + and ° ¡ can be written in the form given

by Eq. (2.67). After substitution of the relations given in Eqs. (2.70)-(2.72) into

Eq. (2.67), simpli¯cation leadsto the following expression:

A +
p®¯ ¡ A ¡

p®¯ =( a+
1 + c+

1 )z+
1 ¡ (a¡

1 + c+
2 )z+

2 + (a+
3 ¡ a¡

3 )z+
3

+ (a+
5 ¡ a¡

5 )z+
5 + (a+

7 + c+
7 )z+

7 ¡ (a¡
7 + c+

8 )z+
8 : (2.73)

With the use of Eqs. (2.52)-(2.57), the solution can be expressedas a sum of two

stand-alonevorticit y modesas follows:

A +
p®¯ ¡ A ¡

p®¯ = A c;1 + A c;5; (2.74)

where

A c;1 =
µ

c1E1753

E1753E2753
+

c2E2753

E1753E2753
+

c4E4753

E1753E2753
+

c6E6753

E1753E2753
+

c8E8753

E1753E2753

¶

£ (E2753z1 + E1753z2 + E1275z3 + E1723z5 + E1253z7) (2.75)
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and

A c;5 =
µ

c1E1253

E2753E2853
+

c4E5234

E2753E2853
+

c6E2563

E2753E2853
+

c7E7253

E2753E2853
+

c8E8253

E2753E2853

¶

£ (E7853z2 + E2785z3 ¡ E2783z5 ¡ E2853z7 + E2753z8) : (2.76)

Both Eqs. (2.75) and (2.76) satisfy the boundary conditions on the wall, and can be

interpreted asa coe±cient dependingon the initial disturbancemultiplied by a linear

combination of fundamental solutions.

In the region of three overlapping modes(two vorticit y and entropy), there also

existsan uncertainty. There are seven fundamental solutions in this region (six oscil-

lating and onedecaying). Again, this number of fundamental solutions is larger than

is neededto satisfy the boundary conditions. As before, this di±cult y is resolved

using the technique usedto obtain Eq. (2.69). In this overlapping region, onesideof

the branch cut is denotedas+ and the other sideof the branch cut as- in accordance

with the following asymptotic behavior:

z+
1 » eik y; z ¡

1 » e¡ ik y; z+
2 » e¡ ik y; z ¡

2 » eik y;

z+
3 » e¸ 3y; z ¡

3 » e¸ 3y; z+
4 » e¸ 4y; z ¡

4 » e¸ 4y;
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z+
5 » eik 1y; z ¡

5 » e¡ ik 1y; z+
6 » e¡ ik 1y; z ¡

6 » eik 1y;

z+
7 » eik y; z ¡

7 » e¡ ik y; z+
8 » e¡ ik y; z ¡

8 » eik y; (2.77)

wherek and k1 are real, positive parameters,and ¸ 3;4 are given by Eq. (2.23). It is

possibleto obtain the relations

z ¡
1 = z+

2 ; z ¡
2 = z+

1 ; z ¡
3 = z+

3 ; z ¡
4 = z+

4 ;

z ¡
5 = z+

6 ; z ¡
6 = z+

5 ; z ¡
7 = z+

8 ; z ¡
8 = z+

8 ; (2.78)

dQ¡
1

dy
=

dQ+
2

dy
;

dQ¡
2

dy
=

dQ+
1

dy
;

dQ¡
3

dy
=

dQ+
3

dy
;

dQ¡
4

dy
=

dQ+
4

dy
;

dQ¡
5

dy
=

dQ+
6

dy
;

dQ¡
6

dy
=

dQ+
5

dy
;

dQ¡
7

dy
=

dQ+
8

dy
;

dQ¡
8

dy
=

dQ+
7

dy
: (2.79)

Onceagain, the integralsalong the branch cut sides° + and ° ¡ can be written in the

form givenby Eq. (2.67). After substitution of the relationsgivenin Eqs.(2.77)-(2.79)
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Figure 2.5. Streamwise velocity disturbance (a), normal velocity disturbance (b),
spanwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance(e) of the fast acousticmode for M = 5:6, Re = 1219:5, ® = 0:2 and ¯ = 0:14.
The real part of each disturbanceis given by the solid lines, while the imaginary part
of each disturbanceis given by the dashedlines.

into Eq. (2.67), simpli¯cation leadsto the following expression:

A +
p®¯ ¡ A ¡

p®¯ =( a+
1 + c+

1 )z+
1 ¡ (a¡

1 + c+
2 )z+

2 + (a+
3 ¡ a¡

3 )z+
3 + (a+

5 + c+
5 )z+

5

¡ (a¡
5 + c+

6 )z+
6 + (a+

7 + c+
7 )z+

7 ¡ (a¡
7 + c+

8 )z+
8 : (2.80)

Equation (2.80) can be expressedin the compact form

A +
p®¯ ¡ A ¡

p®¯ = A c;1 + A c;2 + A c;5; (2.81)
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Figure 2.6. Streamwise velocity disturbance (a), normal velocity disturbance (b),
spanwise velocity disturbance (c), pressuredisturbance (d) and temperature distur-
bance(e) of the slow acousticmode for M = 5:6, Re = 1219:5, ® = 0:2 and ¯ = 0:14.
The real part of each disturbanceis given by the solid lines, while the imaginary part
of each disturbanceis given by the dashedlines.

whereA c;1 and A c;5 are given by Eqs. (2.75) and (2.76) and with

A c;2 =
µ

c1E1283

E2853E2863
¡

c4E2834

E2853E2863
+

c5E2853

E2853E2863
+

c6E2863

E2853E2863
¡

c7E2783

E2853E2863

¶

£ (E8563z2 + E2856z3 + E2863z5 ¡ E2853z6 ¡ E2563z8) : (2.82)

Each term in Eq. (2.81) satis¯es the boundary conditions on the wall and can be

interpreted as a stand-alonemode. Eq. (2.82) can be interpreted as a coe±cient de-

pendingon the initial disturbancemultiplied by a linear combination of fundamental

solutions.
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As an example,Figs.2.5(a),2.5(b) and 2.5(c)show the distribution for the stream-

wise, normal and spanwise velocity disturbancescorresponding to the fast acoustic

mode for ® = 0:2 and ¯ = 0:14. Figures 2.5(d) and 2.5(e) show respectively the

pressureand temperature disturbancescorresponding to the fast acousticmode.

Additionally , Figs. 2.6(a), 2.6(b) and 2.6(c) show the distribution for the stream-

wise, normal and spanwise velocity disturbancescorresponding to the slow acoustic

mode for ® = 0:2 and ¯ = 0:14. Figures 2.6(d) and 2.6(e) show respectively the

pressureand temperature disturbancescorresponding to the slow acousticmode.

One can seethat the acousticmodese®ectively penetrate the boundary layer. In

particular, the streamwiseand spanwisevelocity perturbations and the temperature

perturbation are signi¯cantly larger within the boundary layer.

2.3.3 Summary

It is now possibleto expressthe inverseLaplacetransform given by Eq. (2.59) as

A ®¯ (y; t; ®; ¯ ) = ¡
1

2¼i

5X

m=1

1Z

0

A c;m (y; k; ®; ¯ ) £ epc;m (k)t dpc;m

dk
dk

+
X

n

A n (y; pn ; ®; ¯ ) epn t ; (2.83)

wherem = 1 correspondsto onevorticit y mode,with pc;1 andA c;1 givenby Eqs.(2.62)

and (2.75) respectively; m = 2 corresponds to the entropy mode, with pc;2 and
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A c;2 given by Eqs. (2.63) and (2.82) respectively; m = 3; 4 correspond to slow and

fast acoustic modes, with pc;3;4 and A c;3;4 given by Eqs. (2.63) and (2.69) respec-

tiv ely; m = 5 corresponds to the secondvorticit y mode, with pc;5 and A c;5 given by

Eqs. (2.62) and (2.76) respectively; pn is a root of E1357(p) = 0, and A n is given by

Eq. (2.61).

2.4 Biorthogonal System of Eigenfunctions

Following Ref. [34], it is possibleto expressa solution of the initial-v alue problem

[Eq. (2.83)] asan expansionin the biorthogonal eigenfunctionsystemf A ! ; B ! g. The

vector A ! is a solution of the direct problem

d
dy

µ
L 0

dA !

dy

¶
+

dA !

dy
= ¡ i! H 10A ! + H 11A ! + i®H 2A ! + i®H 3

dA !

dy

¡ ®2H 4A ! + i¯ H 5A ! ¡ ®¯ H 6A !

+ i¯ H 7
dA !

dy
¡ ¯ 2H 8A ! ; (2.84)

y = 0 : A ! 1 = A ! 3 = A ! 5 = A ! 7 = 0;

y ! 1 : jA ! j j < 1 (j = 1; ¢¢¢; 8) : (2.85)
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The vector B ! is a solution of the adjoint problem

d
dy

µ
L ¤

0
dB !

dy

¶
¡

dB !

dy
= i ! H ¤

10B ! + H ¤
11B ! ¡ i®H ¤

2B ! + i®H ¤
3
dB !

dy

¡ ®2H ¤
4B ! ¡ i¯ H ¤

5B ! ¡ ®¯ H ¤
6B !

+ i¯ H ¤
7
dB !

dy
¡ ¯ 2H ¤

8B ! ; (2.86)

y = 0 : B ! 2 = B ! 4 = B ! 6 = B ! 8 = 0;

y ! 1 : jB ! j j < 1 (j = 1; ¢¢¢; 8) : (2.87)

The asterisk in Eq. (2.86) denotesa Hermitian matrix, and the over-bar denotes

complex conjugate. The direct problem given by Eqs. (2.84) and (2.85) can be ex-

pressedin the standard form given by Eq. (2.15). The adjoint problem given by

Eqs. (2.86) and (2.87) can be expressedin a similar fashionas

¡
dY
dy

= H ¤
0Y ; (2.88)

y = 0 : Y 2 = Y 4 = Y 6 = Y 8 = 0;

y ! 1 : jY j j < 1 (j = 1; ¢¢¢; 8) : (2.89)
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A correspondencecan be found betweenB ! and Y . Theserelationshipsare given in

Appendix B.

The fundamental solutions, z j , of Eq. (2.15) have an asymptotic behavior z j =

z0
j exp(̧ j y) (j = 1: : : 8), where z0

j are given in Appendix C, and ¸ j are given by

Eqs. (2.22)-(2.25). The fundamental solutions of Eq. (2.88), »j (j = 1: : : 8), can be

found as cofactorsof the elements of the j th column of the matrix of fundamental

solutions,Z , divided by the Wronskian of Z [72]. The asymptoticsof »j are given as

follows:

»1 = »0
1e¸ 2y; »2 = »0

2e¸ 1y; »3 = »0
3e¸ 4y; »4 = »0

4e¸ 3y;

»5 = »0
5e¸ 6y; »6 = »0

6e¸ 5y; »7 = »0
7e¸ 8y; »8 = »0

8e¸ 7y; (2.90)

»0
1 = (1; ¸ 1=H12

0 ; 0; 0; »0
51; ¡ »0

51=¸ 1; »0
71; ¡ »0

71=¸ 1)T

»0
2 = (1; ¸ 2=H12

0 ; 0; 0; »0
52; ¡ »0

52=¸ 2; »0
72; ¡ »0

72=¸ 2)T

»0
3 = (0; H 24

0 =¸ 3; »0
33; 1; »0

53; »0
63; 0; H 84

0 =¸ 3)T

»0
4 = (0; H 24

0 =¸ 4; »0
34; 1; »0

54; »0
64; 0; H 84

0 =¸ 4)T

»0
5 = (0; H 24

0 =¸ 5; »0
35; 1; »0

55; »0
65; 0; H 84

0 =¸ 5)T

»0
6 = (0; H 24

0 =¸ 6; »0
36; 1; »0

56; »0
66; 0; H 84

0 =¸ 6)T
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»0
7 = (0; H 24

0 =¸ 7; ¸ 7H 24
0 =H13

0 ; 1; »0
57; (H 64

0 ¡ »0
57)=¸ 7; »0

77; (H 84
0 ¡ »0

77)=¸ 7)T

»0
8 = (0; H 24

0 =¸ 8; ¸ 8H 24
0 =H13

0 ; 1; »0
58; (H 64

0 ¡ »0
58)=¸ 8; »0

78; (H 84
0 ¡ »0

78)=¸ 8)T ; (2.91)

where»0
5j and »0

7j are given for j = 1; 2 by

»0
5j = (H 42

0 H 58
0 ¡ H 52

0 H 48
0 )=(H 48

0 (H 56
0 + ¸ 2

j ) ¡ H 46
0 H 58

0 )

»0
7j = (H 46

0 H 52
0 ¡ H 42

0 (H 56
0 + ¸ 2

j ))=(H 48
0 (H 56

0 + ¸ 2
j ) ¡ H 46

0 H 58
0 ); (2.92)

»0
3j , »0

5j and z0
6j are given for j = 3; 4; 5; 6 by

»0
3j = H 12

0 H 24
0 =(¡ ¸ j H 13

0 )

»0
5j = H 46

0 (c22 ¡ ¸ 2
j )

»0
6j = (H 64

0 ¡ (c22 ¡ ¸ 2
j )=H46

0 )=¸ j ; (2.93)

and »0
5j and »0

7j are given for j = 7; 8 by

»0
5j = H 58

0 (c22 ¡ ¸ 2
j ) ¡ H 48

0 c23

»0
7j = ((c22 ¡ ¸ 2

j )(¡ H 56
0 ¡ ¸ 2

j ) ¡ c23H 46
0 )=(H 58

0 H 46
0 ¡ H 48

0 (H 56
0 ¡ ¸ 2

j )) ; (2.94)
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with c22 and c23 given as

c22 = H 42
0 H 24

0 + H 43
0 H 34

0 + H 46
0 H 64

0 + H 48
0 H 84

0

c23 = H 24
0 H 52

0 + H 34
0 H 53

0 + H 64
0 H 56

0 + H 84
0 H 58

0 : (2.95)

The eigenfunction system f A ! ; B ! g has an orthogonality relation. It can be

found by consideringa dot product betweenthe direct problem [Eq. (2.84)] and B ! 0.

Integration of this dot product for 0 · y · 1 leadsto

¿
d
dy

µ
L 0

dA !

dy

¶
; B ! 0

À
+

¿
dA !

dy
; B ! 0

À
= h¡ i! H 10A ! ; B ! 0i + hH 11A ! ; B ! 0i

+ hi®H 2A ! ; B ! 0i +
¿

i®H 3
dA !

dy
; B ! 0

À
+

­
¡ ®2H 4A ! ; B ! 0

®
+ hi¯ H 5A ! ; B ! 0i

+ h¡ ®¯ H 6A ! ; B ! 0i +
¿

i¯ H 7
dA !

dy
; B ! 0

À
+

­
¡ ¯ 2H 8A ! ; B ! 0

®
; (2.96)

where

hA ! ; B ! 0i ´

1Z

0

(A ! ; B ! 0) dy: (2.97)

For discretemodes, the left hand side of Eq. (2.96) can be integrated by parts and

leadsto the following form:

¿
A ! ;

d
dy

µ
L ¤

0
dB ! 0

dy

¶
¡

dB ! 0

dy

À
; (2.98)
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which can be rewritten using the adjoint problem [Eq. (2.86)]. At this stage,most of

the terms canceland one is left with the following orthogonality relation:

(i! 0¡ i! ) hH 10A ! ; B ! 0i = 0: (2.99)

For the continuousspectrum, the orthogonality relation is the same,but the integra-

tion by parts usedin its derivation must be performed in the senseof distributions.

The relation given by Eq. (2.99) may alsobe expressedas

hH 10A ! ; B ! 0i ´

1Z

0

(H 10A ! ; B ! 0) dy = ¡¢ ! ;! 0; (2.100)

where ¡ is an arbitrary normalization constant. One can show that ¢ ! ;! 0 is a Kro-

necker delta if either ! or ! 0 belong to the discrete spectrum, and that ¢ ! ;! 0 =

±(! ¡ ! 0) is a Dirac delta function if both ! and ! 0 belong to the continuous spec-

trum.

Solutions of the direct and adjoint problemsgiven by Eqs. (2.84), (2.85), (2.86)

and (2.87) belongto the discreteand continuousspectrum. Equations (2.60), (2.69),

(2.75), (2.76) and (2.82) are modes that satisfy the direct problem with weights

(coe±cients) that depend on the Fourier transform of the initial disturbance,A 0®¯ .

Using the theoremof Ref. [72], it is possibleto determinethe form of the adjoint

eigenvectors using the direct problem. For the continuous spectrum, the adjoint
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eigenvectors,B c;i (i = 1: : : 5), are found to be

B c;1 = »1E1753 + »2E2753 + »4E4753 + »6E6753 + »8E8753;

B c;2 = »1E1283 ¡ »4E2834 + »5E2853 + »6E2863 ¡ »7E2783;

B c;3;4 = »2E1275 + »3E1753 + »4E1754 + »6E1756 + »8E7185;

B c;5 = »1E1253 + »4E5234 + »6E2563 + »7E7253 + »8E8253: (2.101)

For the discretespectrum, Eqs. (2.60) and (2.61) can be rewritten as

Resn
¡
A p®¯ ept

¢
= epn t (c2E1257 + c4E1457 + c6E1765 + c8E1578)³

@E1357
@p

´
E1457

£ (E4357z1 + E1457z3 + E1347z5 + E1354z7) : (2.102)

It is then possibleto ¯nd the adjoint eigenvector for the discretemodes. It is given

by

B = »2E1257 + »4E1457 + »6E1765 + »8E1578: (2.103)

It is possible to check that Eqs. (2.101) and (2.103) are solutions to the adjoint

problem and satisfy the boundary conditions.
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The coe±cients in Eqs. (2.69), (2.75), (2.76), (2.82) and (2.102) depend on the

initial disturbance,and are associated with the adjoint eigenvectors[Eqs. (2.101)and

(2.103)] in the following respective manner:

c2E1275 + c3E1753 + c4E1754 + c6E1756 + c8E7185 » hH 10A 0®¯ ; B c;3;4i ;

c1E1753 + c2E2753 + c4E4753 + c6E6753 + c8E8753 » hH 10A 0®¯ ; B c;1i ;

c1E1253 + c4E5234 + c6E2563 + c7E7253 + c8E8253 » hH 10A 0®¯ ; B c;5i ;

c1E1283 ¡ c4E2834 + c5E2853 + c6E2863 ¡ c7E2783 » hH 10A 0®¯ ; B c;2i ;

c2E1257 + c4E1457 + c6E1765 + c8E1578 » hH 10A 0®¯ ; B i : (2.104)

It is now possibleto show (Ref. [34]) that the inverseLaplace transform can be

expressedas an expansionin the biorthogonal eigenfunctionsystem

A ®¯ (y; t) =
X

º

cº A ®¯ ! º (y) e¡ i! º t +
X

j

1Z

0

cj (k) A ®¯ ! j (y) e¡ i! j (k)tdk; (2.105)

where
P

º denotesa summation over the discretespectrum and
P

j denotesa sum-

mation over the continuous spectrum. Using the Fourier transform of the initial

disturbance, A 0®¯ , as well as the orthogonality relation [Eq. (2.100)], one can ¯nd

the coe±cients cº and cj .
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Chapter 3

Numerical Stud y of the Spectr um

The standard form for the direct problem given by Eq. (2.15) was usedfor the nu-

merical evaluations. The numerical schemeperformsthe integration of Eq. (2.15) for

four fundamental solutions(discretespectrum) or for ¯v e fundamental solutions(con-

tinuous spectrum). A fourth order Runge-Kutta integration method with constant

step wasusedto integrate from outside the boundary layer toward the wall using the

Gram-Schmidt orthonormalization procedure.

When analyzingthe continuousspectrum, k is a parameter,and the frequency! is

calculatedusing ¸ 2
j = ¡ k2, where¸ j are given by Eqs. (2.22)-(2.25). When analyzing

the discretespectrum, ! is calculatedusingNewton's iteration method. This iteration

method dependson the initial approach to ! . A single domain Chebyshev spectral

collocation method [73] was usedto determine the initial approach. Further details

about the numerical methods can be found in Appendix C.

The spectrum is initially studied for the mean °ow consideredin the 2D prob-

lem [35]. This set of parameterscan be found on pages52 and 53 of the present work

and will be referredto asCase1. In the casesthat follow (Case2 - Case5), the e®ect

of Reynoldsnumber, Mach number and two temperature factorson the spectrum will
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be studied.

3.1 Spectrum Overview

There are three types of synchronism that will be discussed. These features will

be illustrated using the 2D spectrum. Figure 3.1 shows numerical results for the

eigenvalues of Mode F and Mode S for Ã = 0±. Included in Fig. 3.1 are lines of
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Figure 3.1. Eigenvaluesfor Mode F (bold solid line) and Mode S (bold dashedline)
for Ã = 0± for M = 5:6 and Re = 1219:5. The dashed-dottedline corresponds to the
line of phasespeedc = 1. The upper dashedline is associated with the Ã = 0± FA
mode, while the lower dashedline is associated with the Ã = 0± SA mode.

constant phasespeed. One of theseis a line of phasespeedc = 1, the speedat which

entropy and vorticit y disturbancestravel. The other lines are associated with the 2D

fast acousticmode (FA mode) and slow acousticmode (SA mode). The 2D fast and

slow acousticmodestravel with phasespeedc = 1§ 1=M e (as mentioned in Chapter
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2, thesephasespeedsare relevant at the branch points).

The ¯rst feature involves the synchronism of Mode F and Mode S respectively

with the fast and slow acousticmodes. As seenin Fig. 3.1, thesesynchronism occur

for a wavenumber ® ! 0. Details regarding thesesynchronism for 3D disturbances

for Case1 may be found in subsectionD.1 of Appendix D.

The secondfeature is the synchronism of Mode F with the entropy and vorticit y

modesof the phasespeedc = 1. Figure 3.1 shows that this synchronism occurs at

® ¼ 0:2. One can also seein Fig. 3.1 that there is a jump in ! i associated with this

synchronism. Details regarding the presenceof the jump discontinuity along with

details of this synchronism for 3D disturbancesfor Case1 may be found in subsection

D.2 of Appendix D.

The third synchronism is that of Mode F with Mode S. As canbe seenin Fig. 3.1,

this synchronism occursat ® ¼ 0:23. One can alsoseethat for this choiceof param-

eters,Mode S becomesmore unstablewhile Mode F becomesmore stable. Details of

this mode branching along with details of the Mode F - Mode S synchronism for 3D

disturbancesfor Case1 may be found in subsectionD.3 of Appendix D.

The e®ectof Reynoldsnumber, Mach number and the two temperature factors

on the spectrum can be found respectively in AppendicesE-H.

One can seefrom AppendicesE-H that the parameter changesdo not a®ectthe

fundamental features of the spectrum (the three types of synchronism). However,

signi¯cant di®erencescan be found for the various cases. In particular, there is an
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interesting change in topology associated with the Mode F - Mode S synchronism

whenthe temperature factor, Tf = Tw=Tad, whereTw is the wall temperature and Tad

is the adiabatic wall temperature, is changedfrom Tf = 1:0 (Case1) to Tf = 0:25

(Case5). Details regarding the sensitivity of the topological structure to parameter

changescan be found in Appendix H.

3.2 Discussion

In order to avoid confusion, it is appropriate to discussMack's [36, 37] results and

how they relate to Mode S and Mode F. Mack ¯rst consideredinviscid perturbations

and computed eigenvalue curvesor families for various choicesof parameters. Each

of thesefamiliescontains an unstableregioncorresponding to oneof the higher Mack

modes(¯rst mode, secondmode, third mode, etc.), and each ampli¯cation rate curve

represents a distinct discrete mode. Using asymptotic analysis, Gushchin and Fe-

dorov [74] alsocaptured the feature that each ampli¯ed ¯rst mode, secondmode, etc.

represents a separatesolution.

Mack then consideredviscousperturbations and computedfamilies of eigenvalues

for ¯nite Reynolds numbers and comparedthe eigenvalue curves with the inviscid

ones.For oneof Mack's choicesof parameters,there were two \separate : : : inviscid

ampli¯cation rate curves for the ¯rst and secondmodes"(Ref. [36], p. 12-24) (i.e.,

two inviscid normal modes), but \only a singleampli¯cation rate curve at the ¯nite
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Reynoldsnumber shown"(Ref. [36], p. 12-24) (i.e., one viscousnormal mode). This

oneviscoussolution is associated with both the ¯rst modeand the secondmode. This

viscousfamily is analogousto the Mode S mentioned in prior sections. Mode S in

our analysisis a singlediscretemode that correspondsto a singlepole in the complex

p plane. Furthermore, Mode S is associated with Mack's ampli¯ed ¯rst, secondand

possiblyhigher modes.

Additionally , Mack explainedhow \the inviscid solutions are to be the Re ! 1

limit of the viscoussolutions" (Ref. [36], p. 12-25)through \the existenceof multiple

viscoussolutions" (Ref. [36], p. 12-25). For the Reynoldsnumber of his example,this

additional viscoussolution is damped, and it is analogousto the Mode F mentioned

in prior sections. It should be pointed out that Ma and Zhong [6, 7, 9] and Zhong

and Ma [5] refer to Mode F as Mode I and refer to Mode S, not as a single family,

but rather to the parts associated with the family (Mack's ¯rst mode, secondmode,

etc.).

Mack useda nomenclaturefor theseviscousfamiliesthat wasbasedon his inviscid

nomenclature. However, at the time, the receptivity problem was not understood,

and the decomposition of the solutionsof the linearizedNavier-Stokesequationshad

not been developed. Therefore, it is suggestedthat the terminology corresponding

to the normal mode analysis is kept. The normal modes,Mode S and Mode F, are

represented by separatepoles in the complex plane, and they may be synchronized

with slow and fast acousticwavesat a wave number ® ! 0.
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Chapter 4

Tw o-Dimensional Wave Packets

4.1 Receptivit y to a Temp erature Spot

As an example of a speci¯c initial disturbance, a temperature spot localized at a

distanceY0 from the wall is considered.For the 3D initial-v alue problem, this distur-

bancewill have the form

µ(x; y; z) = ±(x)±(y ¡ Y0)±(z) at t = 0: (4.1)

The orthogonality condition given by Eq. (2.100) allows one to determine the

weights of the modesgeneratedby the temperature spot. For Mode F and Mode S,

the weight is given by

c(®; ¯ ) =
hH 10A 0®¯ ; B ! i
hH 10A ! ; B ! i

; (4.2)

where! (®; ¯ ) corresponds to the eigenvalue for the mode of interest. For a temper-

ature spot of the form given by Eq. (4.1), it is possibleto usethe de¯nition of H 10
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to obtain from Eq. (4.2) the expression

c(®; ¯ ) =
H 35

10 (Y0) B ! 3 (Y0) + H 65
10 (Y0) B ! 6 (Y0)

hH 10A ! ; B ! i
: (4.3)

The coe±cient c(®; ¯ ) depends on the normalization of the eigenfunction A ! .

However, the product c(®; ¯ ) A ! is independent of the choiceof normalization. Two

choicesof normalization are usedin the following analysis. When the inverseFourier

transform of the streamwisevelocity disturbance,u, is considered,the eigenfunctionis

normalizedsothat the maximum valueof u is 1. When the inverseFourier transform

of the temperature disturbanceis considered,the eigenfunctionis normalizedso that

the maximum valueof µ is 1. However, for the choiceof parametersbeingused,there

are two local maxima of the eigenfunction. Therefore, a choice has been made to

normalize the eigenfunctionso that the value of the inner maximum is 1 [i.e. A ! is

normalized as umax = inner maximum of u(y) = 1 (or A ! is normalized as µmax =

inner maximum of µ(y) = 1)]. The normalized value of the outer maximum may

be greater than 1. With thesenormalizations, c is the amplitude of the maximum

streamwisevelocity disturbanceumax (or the amplitude of the maximum temperature

disturbanceµmax ) associated with the appropriate mode.

As a limiting case,as ¯ ! 0, one obtains the receptivity coe±cient associated

with the 2D initial-v alue problem [35]. It is this 2D coe±cient that will be used

throughout this chapter.
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4.2 In verse Fourier Transform - 2D

The 2D inverseFourier transform is given by

1Z

¡1

c(®) A (®; y) ei (®x¡ ! (®)t ) d®: (4.4)

Two examples,the streamwise velocity component, u, as well as the temperature

component, µ, of the disturbance vector, A , are considered. For the ¯rst example

(streamwisevelocity component, u), the transform is thereforegiven as

1Z

¡1

c(®) u (®; y) ei (®x¡ ! (®)t ) d®; (4.5)

where the coe±cient c(®) is the amplitude of the maximum streamwise velocity

component umax . For the secondexample(temperature component, µ), the transform

is given as
1Z

¡1

c(®) µ(®; y) ei (®x¡ ! (®)t ) d®; (4.6)

wherethe coe±cient c(®) is the amplitude of the maximum streamwisetemperature

component µmax .

Equation (4.5) can be transformedusing a symmetry argument. Using the direct

and complex conjugate matrix operator equations,when ® is replacedby ¡ ®, i.e.,

when ® ! ¡ ®, it can be shown that ! ! ¡ ! , c ! c, and u ! u, wherethe over-bar
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standsfor complexconjugate. Therefore,Eq. (4.5) can be rewritten as

1Z

¡1

c(®) u (®; y) ei (®x¡ ! (®)t ) d®= 2

1Z

0

Real
©

c(®) u (®; y) ei (®x¡ ! (®)t )
ª

d®: (4.7)

In a similar manner,Eq. (4.6) can be transformedand rewritten as

1Z

¡1

c(®) µ(®; y) ei (®x¡ ! (®)t ) d®= 2

1Z

0

Real
©

c(®) µ(®; y) ei (®x¡ ! (®)t )
ª

d®: (4.8)

In both the u and µ inverseFourier transform computations, the factor of 2 hasbeen

ignored. For the purpose of analysis, the Mode F and Mode S wave packets are

consideredseparately.

4.2.1 Mo de F

Case 1

Figure 4.1(a) shows the imaginary part of the eigenvalue ! i for ModeF. Figure 4.1(b)

shows the maximum streamwisevelocity amplitude, umax , for Mode F, which is gen-

eratedby ® components of the temperature spot locatedat varying normal distances

Y0 from the wall.

The integral given by Eq. (4.7) is numerically computedfrom ® = 0:1 to ® = 0:5.

It wasnot possibleto calculatethe Mode F eigenvaluesbelow ® ¼ 0:08 (Fig. 4.1(a)).

However, for a ¯nite time, the input into the integral for ® = 0:0 to ® = 0:1 is
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Figure 4.1. Imaginary part of the eigenvalue for Mode F (a) and contours of umax

generatedby ® components of the temperature spot located at Y0 (b). The contour
levels in (b) rangefrom 0:0026to 0:0156in increments of 0:0026.

not signi¯cant sincethe receptivity coe±cient, umax , is closeto 0 for this rangeof ®

(Fig. 4.1(b)). Beyond this ¯nite time, the main input into the integral will comefrom

the pieceof Mode F with the largest valuesof ! i (as ® ! 0), and this range of ®

should be considered.

Figure 4.1(b) alsoshows that the largestvaluesof umax occur near® ¼ 0:27. This

fact, coupledwith the fact that Mode F is everywheredecaying, suggeststhat there

will not be much input into the integral for ® > 0:5 if a su±ciently large time, t, is

chosen.

There is a synchronism betweenMode F and the entropy and vorticit y modes. As

mentioned previously, whenthe discretemodecoalesceswith the continuousspectrum

from onesideof the branch cut, it reappearson the other sideat another point. This

leadsto the jump in ! i seenin Fig. 4.1(a).
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Figure 4.2 shows contours of ! i in the complex ® plane. One can seethe jumps

in ! i along a nearly vertical line. Sincethesejumps are associated with a branch cut

located in the complex p plane, as Eq. (4.7) is integrated from ® = 0:1 to ® = 0:5,

it is convenient to analytically continue the path of integration into the complex ®

plane in order to avoid the discontinuities associated with the coalescenceof Mode F

and the continuousspectrum. Figure 4.3 is a schematic of an appropriate integration

path. Due to the analyticit y of the function being integrated, the result should be

independent of the path of integration.
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Figure 4.2. Contours of ! i in the complex ® plane. The contours range from
¡ 0:0298at the bottom of the ¯gure to 0:0028at the top of the ¯gure in increments
of 0:0015.

Using Y0 = 8:9, t = 50 and the integration path, Path 1, Eq. (4.7) is integrated.

Using the letters found in Fig. 4.3, Path 1 is given explicitly as the following: at
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BA

C D

E F

Figure 4.3. Schematic of an integration path around the line of discontinuities in
the complex® plane.
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Figure 4.4. Contours of u in the x¡ y plane(a) and streamwisevelocity disturbance,
u, at y = 2:02 (b) for t = 50. The contour levels in (a) are spacedin increments of
0:0001. The solid contours are positive; the dashedcontours are negative; the bold
contours are 0.
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point A, ® = 0:1; at point B, ® = 0:17; at point C, ® = 0:17¡ 0:015i ; at point D,

® = 0:2 ¡ 0:015i ; at point E, ® = 0:2; and at point F, ® = 0:5.

The result is shown in Fig. 4.4(a) as contours of u in the x ¡ y plane. To better

illustrate the Mode F wave packet, Fig. 4.4(b) shows a slice of Fig. 4.4(a) taken at

y = 2:02.

To illustrate the decay of the wave packet in time, Eq. (4.7) is integrated again

using Path 1 and Y0 = 8:9 for t = 200. Figure 4.5 shows the result taken at the slice

y = 2:02. When Fig. 4.5 is comparedto Fig. 4.4(b), one seesthat u is an order of

magnitude smaller for t = 200 than for t = 50. Additionally , the wave packet is seen

to have moved downstreamwith the increasein time.
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Figure 4.5. Streamwisevelocity disturbance,u, at y = 2:02 for t = 200.

For the two times considered,the main input into the integral is expectedto come
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from the receptivity coe±cient. Figure 4.6 shows the amplitude spectrum for Mode

F for both t = 50 and t = 200. This ¯gure shows that the main input for both t = 50

and t = 200occursat an ®valuethat correspondsfavorably with the maximum values

of umax for a temperature spot located at Y0 = 8:9 (Fig. 4.1(b)). As time increases,

the main input to the integral will no longer comefrom the receptivity coe±cient,

but rather from the e¡ i! (®)t component of the integrand at low ®. Therefore, the

amplitude peak is expected to be located at low values of ® for large times. For

t = 200,Fig. 4.6 shows that the amplitude peak has begunthis shift to lower values

of ®. Also, Fig. 4.6 clearly shows the decay of Mode F in time. To ensurethat
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Figure 4.6. Amplitude spectrum of Mode F for t = 50 (solid line) and t = 200
(dashedline).

theseresults are independent of the choice of path of integration, the results shown
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Figure 4.7. Streamwise velocity disturbance,u, at y = 2:02 for t = 50 for 4 paths
of integration. The Path 1 result is denotedwith \cross" markers; the Path 2 result
with \square" markers; the Path 3 result with \circle" markers; the Path 4 result
with \triangle" markers.

for Y0 = 8:9 at t = 50 usingPath 1 are comparedwith results found using three other

paths of integration. Using the letters found in Fig. 4.3, Paths 2,3 and 4 are given as

follows:

Path 2 - at point A, ® = 0:1; at point B, ® = 0:15; at point C, ® = 0:15¡ 0:015i ; at

point D, ® = 0:2 ¡ 0:015i ; at point E, ® = 0:2; and at point F, ® = 0:5.

Path 3 - at point A, ® = 0:1; at point B, ® = 0:15; at point C, ® = 0:15¡ 0:015i ; at

point D, ® = 0:21¡ 0:015i ; at point E, ® = 0:21; and at point F, ® = 0:5.

Path 4 - at point A, ® = 0:1; at point B, ® = 0:17; at point C, ® = 0:17¡ 0:031i ; at

point D, ® = 0:2 ¡ 0:031i ; at point E, ® = 0:2; and at point F, ® = 0:5.
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To comparethe results, Fig. 4.7 shows the wave packet at the slicey = 2:02 for each

choiceof integration path.

There is good agreement between the results obtained using the four di®erent

integration paths. A portion of each path of integration passesthrough a region of

the complex ® plane where ®i < 0. This leads to numerical error associated with

growth from the ei®x term in the integrand. Since Path 3 has a longer portion of

its path in the negative complex® plane, this phenomenonexplainswhy the Path 3

result di®ersfrom the other three results.
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Figure 4.8. Contours of µmax generatedby ® components of the temperature spot
located at Y0. The contour levels rangefrom 0:02 to 0:1 in increments of 0:02.

Figure 4.8 shows the maximum temperature amplitude, µmax , for Mode F, which

is generatedby ® components of the temperature spot located at varying normal
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Figure 4.9. Contours of µ in the x ¡ y plane for t = 50 (a) and t = 200 (b). The
contour levels in (a) are spacedin increments of 0:001,while the contours in (b) are
spacedin increments of 0:0001. The solid contours are positive; the dashedcontours
are negative; the bold contours are 0.
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distancesY0 from the wall. Just as u was found by computing the integral given

by Eq. (4.7), µ may be found by integrating Eq. (4.8). Using Y0 = 8:9 and Path 1,

Eq. (4.8) is numerically integrated from ® = 0:1 to ® = 0:5 for both t = 50 and

t = 200. The results are shown in Figs. 4.9(a) (t = 50) and 4.9(b) (t = 200) as

contours of µ in the x ¡ y plane. To better illustrate the wave packet, Figs. 4.10(a)

(t = 50) and 4.10(b) (t = 200) show slicestaken at y = 8:03.

Additionally , the inverseFourier transform hasbeencomputedfor the streamwise

velocity disturbanceand the temperature disturbancefor Cases2-5. The results can

be found in AppendixesI-L respectively.

4.2.2 Mo de S

Case 1

Figure 4.11(a) shows the imaginary part of the eigenvalue ! i for Mode S. Figure

4.11(b) shows the maximum streamwisevelocity amplitude, umax , for Mode S, which

is generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.

The integral given by Eq. (4.7) is numerically computedfrom ® = 0:1 to ® = 0:5.

The greatestinput into the integral will be from the region of ® ¼ 0:2 to ® ¼ 0:3. It

is in this region that the receptivity coe±cient, umax , is the highest, and it is also in

this region where ! i attains its largest value. Beyond ® = 0:5, Mode S is decaying,
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Figure 4.11. Imaginary part of the eigenvalue for Mode S (a) and contours of umax

generatedby ® components of the temperature spot located at Y0 (b). The contour
levels in (b) rangefrom 0:0005to 0:0025in increments of 0:0005.
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sothat for su±ciently large times, there will not be signi¯cant input into the integral

for ® > 0:5.

Unlike the Mode F case,there is no need to deform the path of integration to

compute the Mode S inverseFourier transform. The result for Y0 = 8:9 at t = 500

is shown in Fig. 4.12(a) as contours of u in the x ¡ y plane. To better illustrate the

Mode S wave packet, Fig. 4.12(b) shows a sliceof Fig. 4.12(a) taken at y = 2:02.

It is expected that the main input into the integral will comefrom the Gaussian

shaped portion of the Mode S eigenvalue plot (Fig. 4.11(a)). Figure 4.13 shows the

amplitude spectrum of Mode S for t = 500. This ¯gure shows that the main input

occursat an ® value that comparesfavorably with the location of the Gaussianpeak.
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Figure 4.13. Amplitude spectrum of Mode S for t = 500.
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Asymptotic Approximation with Taylor SeriesExpansion of ! (®)

Becausethe eigenvalue plot for Mode S contains a region where ! i > 0, the Mode S

wave packet, unlike the Mode F wave packet, will grow in time (and downstream).

It is useful to compare the Mode S computed inverse Fourier transform with an

asymptotic approximation of the Fourier integral.

The development of 2D and 3D wave packets comprisedof spatially growing dis-

crete modesfor boundary layer °ows (parallel and non-parallel) hasbeenconsidered

previously by Gaster [75, 76, 77]. In particular, Gaster used the method of steep-

est descent to ¯nd the asymptotic representation of integrals of the form given by

Eq. (4.5). Starting with Eq. (4.5), the following is obtained:

1Z

¡1

c(®) u (®; y) ei (®x¡ ! (®)t ) d®=

1Z

¡1

c(®) u (®; y) eit (®x
t ¡ ! (®)) d®: (4.9)

Assumingthat the saddlepoint lies near the point ®max , onecan approximate ! (®)

as

! (®) ¼ ! max + (®¡ ®max )
µ

@!
@®

¶

max

+
1
2

(®¡ ®max )2
µ

@2!
@®2

¶

max

; (4.10)

where
¡

@!
@®

¢
max

is real valued. To ¯nd the saddlepoint, ®¤, at a prescribed x=t, let
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Á(®) = ®x=t ¡ ! (®) and derive the following:

µ
@Á
@®

¶ ¤

=
x
t

¡
µ

@!
@®

¶

max

¡ (®¤ ¡ ®max )
µ

@2!
@®2

¶

max

= 0: (4.11)

Solving for ®¤, oneobtains

®¤ = ®max +
x
t ¡

¡
@!
@®

¢
max¡

@2 !
@®2

¢
max

: (4.12)

Equation (4.12) can be rewritten as

®¤ = ®max +
x ¡ xmax

t
¡

@2 !
@®2

¢
max

; (4.13)

wherexmax = t
¡

@!
@®

¢
max

.

Equation (4.9) can now be rewritten as

c(®max ) u (®max ; y)
Z

L

eit (Á(®¤ )+ 1
2 (®¡ ®max )2Á00(®¤ ))d®=

c(®max ) u (®max ; y)

s

¡
2¼

itÁ00(®¤)
eitÁ (®¤ ) =

c(®max ) u (®max ; y)

s
2¼

it
¡

@2 !
@®2

¢
max

eitÁ (®¤ ) ; (4.14)
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where L is the contour of integration that has been deformedto passthrough the

saddlepoint.

After substitution of ®¤ into Eq. (4.14), the asymptotic representation of the

original Fourier integral is given as:

c(®max ) u (®max ; y)

s
2¼

it
¡

@2 !
@®2

¢
max

£ exp

Ã

i®maxx +
i (x ¡ xmax )2

2t
¡

@2 !
@®2

¢
max

¡ i! max t

!

: (4.15)

Actually, the useof a 2nd order Taylor seriesexpansionof ! (®) within the framework

of the method of steepest descent is equivalent to Gaster's [76, 77] Gaussianmodel

for a Fourier integral.

Using numerical results, the various quantities found in Eq. (4.15) can be deter-

mined. The quantities ®max and ! max are found directly from the computation of

the eigenvalue curve. The Gaussianpeak seenin Fig. 4.11(a) is approximated by a

quadratic polynomial, and the
¡

@!
@®

¢
max

and
³

@2 !
@®2

´

max
derivativesare found from the

polynomial approximation. The quantit y valuesare

®max = 0:254; ! max = 0:2342+ 0:0039i

¡
@!
@®

¢
max

= 0:86;
³

@2 !
@®2

´

max
= ¡ 0:2034¡ 3:6431i:

Additionally , c(®max ) u (®max ; y), the receptivity coe±cient multiplied by the eigen-
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Figure 4.14. Comparison of computed integral (solid line) with the asymptotic
approximation (using 2nd order Taylor seriesexpansionof ! (®)) (dashedline) for
the streamwisevelocity disturbance,u, at y = 2:02 for t = 500(a), t = 1000(b) and
t = 1500(c).
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function at ®max for the slicey = 2:02 is 0:00174¡ 0:0011i .

These values can be used to compare the computed inverse Fourier transform

with the asymptotic approximation of the transform. BecauseEq. (4.7) has been

usedwithout the factor of 2 to compute the inverseFourier transform, the computa-

tional result is comparedwith the Real part of the asymptotic approximation given

by Eq. (4.15). Though good agreement betweenthe two methods is expected,espe-

cially for large times, there may be somedi®erencesbetweenthe \exact" result found

numerically and the \approximate" result found with the method of steepest descent.

Figure 4.14(a) comparesthe wave packet found for Y0 = 8:9 and t = 500 at the

slice y = 2:02 with the asymptotic approximation at t = 500 given by Eq. (4.15)

using the valuesgiven above. Figures 4.14(b) and 4.14(c) show similar comparisons

for t = 1000and t = 1500respectively. One can seethat as the time increases,the

wave packet spreadsout as it movesdownstream. Furthermore, the amplitude of the

perturbation increaseswith time.

Overall, the asymptotic representation providesa good approximation to the com-

puted wave packet. However, the \tails" of the two wave packets do not agreevery

well. This is particularly true for the front edgeof the wave packet, whosebehavior

is dictated by low valuesof the wave number ®.
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Asymptotic Approximation with Numerical Computation of the Saddle Point

In an attempt to improve the asymptotic approximation of the wave packet at the

\tails" of the wave packet, the location of the saddlepoint in the complex® plane is

numerically computed. To ¯nd the saddlepoint, ®¤, at a prescribed x=t, let Á(®) =

®x=t ¡ ! (®) and derive the following:

µ
@Á
@®

¶ ¤

=
x
t

¡
@!
@®

= 0: (4.16)

Therefore,the following relationshipsmust be satis¯ed at ®¤:

x
t

=
@! r

@®
and 0 =

@! i

@®
: (4.17)

Using the method of steepestdescent, the asymptotic representation of the inverse

Fourier transform is given as:

c(®¤) u (®¤; y)

s
2¼

it
¡

@2 !
@®2

¢¤ £ exp(i®¤x ¡ i! ¤t) (4.18)

(Note that Eq. (4.18) is the sameas Eq. (4.15) with x = xmax and all of the \max"-

valuesreplacedby \saddle point (*)"-v alues).

The quantit y
¡

@!
@®

¢
canbe found using the eigenfunctionsof the direct and adjoint

problems. Taking the derivative with respect to ® of the direct problem, dA
dy = H 0A ,
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Figure 4.15. Comparison of computed integral (solid line) with the asymptotic
approximation (using numerically computed saddle point values) (dashed line) for
the streamwisevelocity disturbance,u, at y = 2:02 for t = 500(a), t = 1000(b) and
t = 1500(c).



103

leadsto the following:

d
dy

@A
@®

=
@H 0

@®
A +

@H 0

@!
@!
@®

A + H 0
@A
@®

: (4.19)

Using the solvabilit y condition of the inhomogeneousproblem, it is possibleto show

that

@!
@®

= ¡

­
@H 0
@® A ; B

®

­
@H 0
@! A ; B

®: (4.20)

Using Eqs. (4.17) and (4.20), ®¤, ! ¤ and
¡

@!
@®

¢¤
are calculated with Newton's

iteration method. Finite di®erencesare then used to ¯nd
³

@2 !
@®2

´ ¤
. Figure 4.15(a)

comparesthe computed wave packet found for Y0 = 8:9 and t = 500 at the slice

y = 2:02 with the asymptotic approximation at t = 500 given by Eq. (4.18) using

the saddle point values. Figures 4.15(b) and 4.15(c) show similar comparisonsfor

t = 1000 and t = 1500 respectively. There is now excellent agreement acrossthe

entire wave packet for all three choicesof time.

Figure 4.16shows the maximum temperature amplitude, µmax , for Mode S, which

is generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall. Just as u was found by computing the integral given

by Eq. (4.7), µ may be found by integrating Eq. (4.8). Using Y0 = 8:9, Eq. (4.8) is

numerically integrated from ® = 0:1 to ® = 0:5 for t = 500, t = 1000and t = 1500.

The results for t = 500are shown in Fig. 4.17(a) as contours of µ in the x ¡ y plane.

Figure 4.17(b) shows a comparisonof the computed integral with the asymptotic
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Figure 4.16. Contours of µmax generatedby ® components of the temperature spot
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approximation at y = 8:03 for t = 500. Figures 4.18(a) and 4.18(b) show similar

comparisonsrespectively for t = 1000and t = 1500.

Additionally , the inverseFourier transform hasbeencomputedfor the streamwise

velocity disturbanceand the temperature disturbancefor Cases2-5. The results can

be found in AppendixesM-P respectively.

When using the method of steepest descent, it is not enoughto simply compute

the location of the saddlepoint. Onemust alsodemonstratethat the original contour

path of integration can be deformedto passthrough the saddlepoint. Figure 4.19

shows contours of the Realf Á(®)g (solid lines) and the Imagf Á(®)g (dashed lines)

in the complex ® plane, where Á(®) = ®x=t ¡ ! (®). Inspection of Fig. 4.19 shows

that as one integratesalong the real axis (®i = 0), it is possibleto ¯rst deform the

path onto a level curve of the Realf Á(®)g (where the phaseis constant), then to pass
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Figure 4.19. Contours of the Realf Á(®)g (solid lines) and the Imagf Á(®)g (dashed
lines) in the complex® plane.

through the saddlepoint along the lines of steepest descent, and ¯nally to return to

the real axis along a level curve of the Realf Á(®)g.
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Chapter 5

Three-Dimensional Wave Packets

5.1 Receptivit y to a Temp erature Spot

The 3D receptivity coe±cient c(®; ¯ ) was derived in Chapter 4, and is given by

Eq. (4.3). However, all the computational results described in Chapter 4 used the

2D receptivity coe±cient (the limiting case,as ¯ ! 0, of the coe±cient given by

Eq. (4.3)). In this chapter (3D), Eq. (4.3) will be usedas it is written to determine

c(®; ¯ ).

5.2 In verse Fourier Transform - 3D for a ¯xed ¯

Case 1

For the streamwisevelocity disturbance,u, the 3D inverseFourier transform is given

by
1Z

¡1

1Z

¡1

c(®; ¯ ) u (®; ¯ ; y) ei (®x+ ¯ z¡ ! (®;¯ )t ) d®d¯ : (5.1)
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Integration with respect to ® for a prescribed ¯ leadsto

ei¯ z

1Z

¡1

c(®; ¯ ) u (®; ¯ ; y) ei (®x¡ ! (®;¯ )t ) d®: (5.2)

As for the 2D case,the integral of Eq. (5.2) can be transformed using a symmetry

argument to an integral over the positive ® half-plane. As before,for the purposeof

computation, we ignore the factor of 2.
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Figure 5.1. Imaginary part of the eigenvalue for Mode S for ¯ = 0:1001(a) and
contours of c(®; ¯ ) u at y = 2:02 generatedby ® and ¯ components of a temperature
spot located at Y0 = 8:9 (b). The contour levels in (b) increasein increments of
0:0002,beginning with 0:0004on the left side of the ¯gure and 0:0006on the right
side of the ¯gure. The dashedcontour is 0:0022, the bold dashedcontour is 0:0024
and the bold solid contour is 0:0026.

Figure 5.1(a) shows the imaginary part of the eigenvalue ! i for Mode S for ¯ =

0:1001. Figure 5.1(b) shows for ModeS the maximum streamwisevelocity amplitude,

umax , multiplied by the value of the eigenfunctionat y = 2:02, which is generatedby

® and ¯ components of the temperature spot located at the distanceY0 = 8:9 from
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the wall.

The inverseFourier transform (Eq. (5.2)) is numerically computedfrom ® = 0:1 to

® = 0:5 with ¯ = 0:1001and z = 0. Even though ! i > 0 for ® < 0:1, the receptivity

coe±cient (Fig. 5.1(b)) is near 0 in this region. The greatest input into the integral

will be from the region of ® ¼ 0:2 to ® ¼ 0:3. It is in this region that the receptivity

coe±cient, umax , is the largest,and it is alsoin this regionwhere! i attains its largest

value. Beyond ® = 0:5, Mode S is decaying, so that for su±ciently large times, there

will not be signi¯cant input into the integral for ® > 0:5.

Using the method of steepest descent, the asymptotic approximation of the 3D

inverseFourier transform for a prescribed spanwisewave number ¯ is given as

c(®¤; ¯ ) u (®¤; ¯ ; y)

s
2¼

it
¡

@2 !
@®2

¢¤ £ exp(i¯ z) exp(i®¤x ¡ i! ¤t) : (5.3)

By numerically computing the saddlepoint quantities ®¤ and ! ¤ using Newton's

iteration method, computing
³

@2 !
@®2

´ ¤
with ¯nite di®erences,and using the fact that

c(®¤; ¯ ) u (®¤; ¯ ; y), the receptivity coe±cient multiplied by the eigenfunctionat the

saddlepoint for the slicey = 2:02 is 0:00159¡ 0:00126i , onecan useEq. (5.3) to ¯nd

the asymptotic representation of the Fourier integral (as with the 2D case,the Real

part of Eq. (5.3) is taken for the purposeof comparisonwith the computed result).

Figure 5.2 comparesthe u wave packet computedfor ¯ = 0:1001,z = 0, Y0 = 8:9 and

t = 1000at the slice y = 2:02 with the asymptotic approximation at t = 1000given
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Figure 5.2. Comparisonof computed integral (solid line) with the asymptotic ap-
proximation (using numerically computed saddlepoint values) (dashedline) for the
streamwisevelocity disturbance,u, for ¯ = 0:1001,y = 2:02, z = 0 and t = 1000.
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by Eq. (5.3). There is good agreement acrossthe entire wave packet.

Figure 5.3(a) shows for Mode S the maximum temperature amplitude, µmax , mul-

tiplied by the value of the eigenfunctionat y = 8:03, which is generatedby ® and ¯

components of the temperature spot located at the distanceY0 = 8:9 from the wall.

Figure 5.3(b) comparesthe µ wave packet computed for ¯ = 0:1001,z = 0, Y0 = 8:9

and t = 1000at the slice y = 8:03 with the asymptotic approximation at t = 1000.

Again, the agreement is excellent.

5.3 In verse Fourier Transform - 3D

Case 1

It wasshown in Chapter 4 that it wasnecessaryto deform the path of integration of

the 2D inverseFourier transform for Mode F, but not for Mode S. Each inversionof

the Fourier integral must be accompaniedby an analysisof the spectrum to ¯nd a

suitable integration path. In order to perform the doubleintegration of the 3D inverse

Fourier transform, it is againnecessaryto understandthe featuresof the spectrum so

that an appropriate path of integration is used. Due to the complexitiesassociated

with the 3D spectrum, an asymptotic approximation of the Fourier integral will be

usedto compute the 3D wave packets.

For the streamwise velocity disturbance, u, the 3D inverseFourier transform is

given by Eq. (5.1). As in the 2D case,Eq. (5.1) canbe transformedusinga symmetry
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argument. Using the direct and complexconjugatematrix operator equations,when

® is replacedby ¡ ®, i.e. when ® ! ¡ ®, it can be shown that ¯ ! ¡ ¯ , ! ! ¡ ! ,

c ! c, and u ! u, where the over-bar stands for complex conjugate. Therefore,

Eq. (5.1) can be rewritten as:

1Z

¡1

1Z

¡1

c(®; ¯ ) u (®; ¯ ; y) ei (®x+ ¯ z¡ ! (®;¯ )t ) d®d¯ =

2

1Z

0

1Z

0

Real
©

c(®; ¯ ) u (®; ¯ ; y) ei (®x+ ¯ z¡ ! (®;¯ )t )
ª

d®d¯

+ 2

1Z

0

1Z

0

Real
©

c(®; ¡ ¯ ) u (®; ¡ ¯ ; y) ei (®x¡ ¯ z¡ ! (®;¡ ¯ )t )
ª

d®d¯ : (5.4)

As before,the factor of 2 will be ignored.

At a ¯rst glanceof Eq. (5.4), it is tempting to think that there are two saddle

points. The ¯rst saddlepoint, associated with the ¯rst double integral, must satisfy

the following relations:

x
t

=
@! r (®; ¯ )

@®
and 0 =

@! i (®; ¯ )
@®

;

z
t

=
@! r (®; ¯ )

@̄
and 0 =

@! i (®; ¯ )
@̄

: (5.5)
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The secondsaddlepoint, associated with the seconddouble integral, must satisfy the

following relations:

x
t

=
@! r (®; ¡ ¯ )

@®
and 0 =

@! i (®; ¡ ¯ )
@®

;

z
t

=
@! r (®; ¡ ¯ )

@̄
and 0 =

@! i (®; ¡ ¯ )
@̄

: (5.6)

Using the symmetry transformations along with properties of complex conjugation,

it can be shown that Eq. (5.6) can be rewritten as

x
t

= ¡
@! r (®; ¯ )

@®
and 0 =

@! i (®; ¯ )
@®

;

z
t

=
@! r (®; ¯ )

@̄
and 0 =

@! i (®; ¯ )
@̄

: (5.7)

However, it canbeshown numerically that no saddlepoint satis¯esthe relationsgiven

in Eq. (5.7), unlessx = 0 and z = 0. Therefore, there is only one saddlepoint, and

it is associated with the ¯rst double integral of Eq. (5.4).

One can follow Gaster [75] to ¯nd the asymptotic representation of the integral

given by Eq. (5.1). For a ¯xed ¯ , Eq. (5.1) becomes

1Z

¡1

ei¯ z

1Z

¡1

eit (®x
t ¡ ! (®;¯ )) d®d¯ : (5.8)
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The asymptotic representation of the inner integral in Eq. (5.8) is known from the

2D case,and substitution of this representation leadsto the following:

r
2¼
i

1Z

¡1

eit (®¤ (¯ ) x
t + ¯ z

t ¡ ! (®¤ (¯ );¯ ))
q

t @2 !
@®2 (®¤; ¯ )

d¯ : (5.9)

If one lets

Á(®¤; ¯ ) = i
³

®¤ (¯ )
x
t

+ ¯
z
t

¡ ! (®¤ (¯ ) ; ¯ )
´

; (5.10)

and expandsÁ about ¯ ¤ so that

Á(®¤; ¯ ) ¼ i

"

Á(®¤; ¯ ¤) +
(¯ ¡ ¯ ¤)2

2
Á00(®¤; ¯ ¤)

#

; (5.11)

then Eq. (5.8) can be written as:

r
2¼
it

eit (®¤ x+ ¯ ¤ z¡ ! (®¤ ;¯ ¤ ))

q
@2 !
@®2 (®¤; ¯ ¤)

£

1Z

¡1

eit ( ¯ ¡ ¯ ¤ )2

2

³
@2 !
@̄ 2 +2 @2 !

@®@̄ ( @®
@̄ )+ @2!

@®2 ( @®
@̄ )2 ´ ¤

=

2¼
it

eit (®¤ x+ ¯ ¤ z¡ ! (®¤ ;¯ ¤ ))

s µ
@2 !
@®2

@2 !
@̄ 2 ¡

³
@2 !

@®@̄

´ 2
¶ ¤

: (5.12)

The asymptotic representation of the inverseFourier transform givenby Eq. (5.12)

can be derived more generallyusing a transformation of variables [78, 79]. Starting

with Eq. (5.1) with Á given asÁ(®; ¯ ) = ®x + ¯ z¡ ! (®; ¯ ) t, Á may be approximated
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as:

Á(®; ¯ ) ¼ Á¤ +
(®¡ ®¤)2

2
Á¤

®® + (®¡ ®¤) (¯ ¡ ¯ ¤) Á¤
®¯ +

(¯ ¡ ¯ ¤)2

2
Á¤

¯ ¯ ; (5.13)

wherethe ® and ¯ subscriptsrefer to ¯rst and secondpartial derivatives.

Using the changeof variables

g = (®¡ ®¤) ; h = (¯ ¡ ¯ ¤) ;

» = g + Á®¯

Á®®
h; ´ = h; (5.14)

Eq. (5.1) is transformed to the following:

1Z

¡1

1Z

¡1

e
t
2

Ã

Á®® »2+
(Á®® Á¯ ¯ ¡ Á2

®¯ )
Á®®

´ 2

!

d»d´ : (5.15)

The integral given in Eq. (5.15) is an iterated integral where each integral is

Gaussian.Evaluation of the iterated integral results in the asymptotic representation

of the Fourier integral given by Eq. (5.12).

The saddlepoint (®¤; ¯ ¤) and the various derivativesat the saddlepoint usedin

Eq. (5.12) are numerically computed. Using the asymptotic approximation of the 3D

inverseFourier transform, the Mode S wave packet is calculated for various times.

Figure 5.4(a) is a surfaceplot of the streamwisevelocity disturbance,u, taken at the
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Figure 5.4. Surface(view 1) (a), surface(view 2) (b) and contours (c) of u for
y = 2:02, Y0 = 8:9, and t = 500. The contour levels in (c) are spacedin increments
of 0:000025. The solid contours are positive; the dashedcontours are negative; the
bold contours are 0.
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Figure 5.5. Surface(view 1) (a), surface(view 2) (b) and contours (c) of u for
y = 2:02, Y0 = 8:9, and t = 1000. The contour levels in (c) are spacedin increments
of 0:0001. The solid contours are positive; the dashedcontours are negative; the bold
contours are 0.
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slice y = 2:02 for Y0 = 8:9 and t = 500. Figure 5.4(b) is a rotation of Fig. 5.4(a)

in order to seethe underside of the wave packet. To have a clearer senseof the

amplitude values,Fig. 5.4(c) shows contours of u for y = 2:02, Y0 = 8:9, and t = 500.

Figures 5.5(a), 5.5(b) and 5.5(c) show similar comparisonsfor t = 1000. It is clear

from these ¯gures that the wave packet is moving downstream in time. The wave

packet is alsospreadingout in both the streamwiseand spanwisedirections, and the

amplitude is increasingwith the increasein time. Figures5.4(a) and 5.5(a) alsoshow

that the wave packet for thesetwo choicesof time is essentially 2D.

Similar results can be seenin Figs. 5.6(a)- 5.6(c) and 5.7(a)- 5.7(c) for the tem-

perature disturbance, µ, taken at the slice y = 8:03 for Y0 = 8:9 and the respective

times t = 500and t = 1000.

Additionally , the inverseFourier transform hasbeencomputedfor the streamwise

velocity disturbanceand the temperature disturbancefor Cases2-4. The results can

be found in AppendicesQ-S respectively.
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y = 8:03, Y0 = 8:9, and t = 500. The contour levels in (c) are spacedin increments of
0:00075.The solid contours are positive; the dashedcontours are negative; the bold
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Chapter 6

Conclusions

6.1 Conclusions

In this dissertation the 3D initial-v alue problem for disturbancespropagating in a

compressibleboundary layer in the parallel °ow approximation is solved. After re-

solvingthe issuewith overlappingbranch cuts, it wasshown that the solution canalso

be expressedas an expansionin a biorthogonal eigenfunctionsystem. A numerical

example that is used to investigate the spectrum of 3D disturbancesin a 2D high

speedboundary layer °ow leadsto the following conclusions:

(1) Mode S and Mode F are eigenvalue curvesthat correspond to separatesolutions.

Mathematically, each curve is the tra jectory of a singlepole in the complexp plane.

(2) Mode S contains regionsof Mack ¯rst and secondmodes. The results are con-

sistent with Mack's [36, 37] in so far as the Mode S region associated with Mack's

secondmode is most unstable to 2D disturbances,and the Mode S region associated

with Mack's ¯rst mode is most unstable to a 3D disturbance.

(3) The discrete spectrum can change dramatically depending on the angle of the

disturbancepropagation.
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(4) Eigenvalue plots for choicesof ¯xed spanwise wave number, ¯ , show that the

synchronism of Mode S with the slow acousticmode is primarily two-dimensional.

(5) At a su±ciently high angle of disturbance propagation, Mode F ceasesto syn-

chronize with the entropy and vorticit y modes.

(6) At a su±ciently high angleof disturbancepropagation, the synchronism of Mode

S and Mode F is no longer accompaniedby a Mode S instabilit y. At even higher

angles,there is no synchronism betweenMode S and Mode F.

Using the speci¯c disturbance of an initial temperature spot, the 2D inverse

Fourier transform for both Mode F and Mode S was computed. Additionally the

3D inverseFourier transform was computed for a ¯xed value of spanwisewave num-

ber ¯ . Sinceit is possiblefor various modesto be synchronized, it is thereforecru-

cial to fully understand the behavior of the spectrum before computing the inverse

Fourier transform. For the 2D case,due to the synchronism between Mode F and

entropy/v orticit y modes, the path of integration is deformedaround the branch cut

associated with this synchronism. Sincethe integrand is analytic, the choice of the

integration path should not a®ectthe result, and in fact, the numerical results for

four choicesof integration path agreevery well.

For the 2D and 3D (¯xed ¯ ) cases,the results for Mode S were comparedwith

an asymptotic approximation of the Fourier integral. The ¯rst approximation useda

Taylor seriesexpansionof ! . Generally, this approximation comparedfavorably with

the computedresults. However, there is a signi¯cant discrepancyat the wave packet
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\tails". The asymptotic approximation was improved using numerically computed

saddlepoint values. From a computational point of view, it is much faster to compute

the wave packet using the asymptotic approximation with numerically computed

saddlepoint valuesthan it is to compute the inverseFourier transform.

Furthermore, the full 3D inverseFourier transform wasfound. Sincethe 3D spec-

trum is socomplex,rather than computethe inverseFourier transform, an asymptotic

approximation of the Fourier integral hasbeenused,with numerically computedsad-

dle point values. A key feature of the 3D wave packet is its 2D nature. As previously

discussed,Mode S is a singlediscretemode that corresponds to a singlepole in the

complexp plane. This singlemode is associated with Mack's ¯rst and secondmodes,

and for this set of parameters, the most unstable section of Mode S is associated

with Mack's secondmode, whosemaximum growth rate is associated with 2D distur-

bances.Thus, it is not surprising that for su±ciently large time, the 3D wave packet

will have a 2D appearance.

In addition, a comprehensive study of the spectrum is performed. This study

includesthe e®ectof Reynoldsnumber, Mach number and temperature factor. Wave

packets have beencomputed for all of theseparameter regimes.
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6.2 Future Work

The synchronism observed in the examplesmean that the phasevelocities of the

modes are the same. However, their complex eigenvalues are di®erent. When the

parallel °ow assumptionis used,as it has beenfor this analysis, the normal modes

are orthogonal to one another and therefore do not interact with each other. How-

ever, this analysismay be extendedto the caseof non-parallel °ow through the use

of multiple scalemethods. There will be a slow and a fast scale. At the level of the

fast scale,the analysisshown here for parallel °ow will be valid. At the level of the

slow scale,the normal modeswill interact and hence,onemode may be generatedby

another mode at the point of synchronism. Analysis of a non-parallelboundary layer

°ow was performedby Fedorov and Khokhlov [70] for the spatial stabilit y problem.

They showed that Mode F may be generatedby the vorticit y/entropy modes. This

decaying Mode F may then e®ectively generatean unstable Mode S. Additionally ,

this behavior has been seenin numerical studies for the spatial stabilit y problem.

Therefore, the featuresof the 3D spectrum found in our analysisof the initial-v alue

problem might have a signi¯cant impact on the transition scenario in high-speed

boundary layers. All the features discussedmust be taken into account when de-

signing transition experiments in hypersonic °ows. One should note that articles

by Nayfeh [80], Balsa [81, 82] and Itoh [83] may provide useful information for the

extensionof this work to the caseof a non-parallel boundary layer °ow.
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Appendix A: Non-Zer o Elements of the

Ma trices in Eqs. (2.9) and (2.15)

The following notation is usedto expressthe matrix elements:

D = d
dy , ¹ 0

s = d¹ s=dTs, and H ij is the (i; j ) element of matrix H .

H 21
10 = Re=¹ sTs, H 34

10 = ¡ ° M 2
e , H 35

10 = 1=Ts, H 43
10 = ¡ 1=Ts,

H 64
10 = ¡ (RePr=¹ s)(° ¡ 1)M 2

e , H 65
10 = RePr=Ts¹ s, H 87

10 = Re=Ts¹ s,

H 12
11 = 1, H 22

11 = ¡ D(ln ¹ s), H 23
11 = (Re=Ts¹ s)DUs,

H 25
11 = ¡ D(¹ 0

sDUs)=¹ s, H 26
11 = ¡ (¹ 0

s=¹ s)DUs, H 33
11 = DTs=Ts,

H 56
11 = 1, H 62

11 = ¡ 2DUsPr(° ¡ 1)M 2
e , H 63

11 = (RePr=Ts¹ s)DTs,

H 65
11 = ¡ (Pr( ° ¡ 1)M 2

e =¹ s)¹ 0
s(DUs)2 ¡ D(¹ 0

sDTs)=¹ s ¡ (Pr(° ¡ 1)M 2
e =¹ s)¹ 0

s(DWs)2,

H 66
11 = ¡ 2¹ 0

sDTs=¹ s, H 68
11 = ¡ 2PrDWs(° ¡ 1)M 2

e ,

H 78
11 = 1, H 83

11 = (Re=Ts¹ s)DWs, H 85
11 = ¡ D(¹ 0

sDWs)=¹ s,

H 86
11 = ¡ (¹ 0

s=¹ s)DWs, H 88
11 = ¡ D(ln ¹ s), H 21

2 = ReUs=Ts¹ s,

H 23
2 = ¡ D(ln ¹ s), H 24

2 = Re=¹ s, H 31
2 = ¡ 1, H 34

2 = ¡ ° M 2
e Us,

H 35
2 = Us=Ts, H 41

2 = mD ¹ s=Re, H 42
2 = (m + 1)¹ s=Re,

H 43
2 = ¡ Us=Ts, H 45

2 = ¹ 0
sDUs=Re, H 63

2 = ¡ 2PrDUs(° ¡ 1)M 2
e ,

H 64
2 = ¡ (RePr=¹ s)(° ¡ 1)M 2

e Us, H 65
2 = (RePr=Ts¹ s)Us,
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H 87
2 = ReUs=Ts¹ s, H 23

3 = ¡ (m + 1), H 21
4 = ¡ r , H 43

4 = ¹ s=Re,

H 65
4 = ¡ 1, H 87

4 = ¡ 1, L 43
0 = ¡ r ¹ s=Re, H 21

5 = ReWs=Ts¹ s,

H 34
5 = ¡ ° M 2

e Ws, H 35
5 = Ws=Ts, H 37

5 = ¡ 1, H 43
5 = ¡ Ws=Ts,

H 45
5 = ¹ 0

sDWs=Re, H 47
5 = mD ¹ s=Re, H 48

5 = (m + 1)¹ s=Re,

H 63
5 = ¡ 2PrDWs(° ¡ 1)M 2

e , H 64
5 = ¡ (RePr=¹ s)(° ¡ 1)M 2

e Ws,

H 65
5 = (RePr=Ts¹ s)Ws, H 83

5 = ¡ D(ln ¹ s), H 84
5 = Re=¹ s,

H 87
5 = ReWs=Ts¹ s, H 27

6 = ¡ (m + 1), H 81
6 = ¡ (m + 1),

H 83
7 = ¡ (m + 1), H 21

8 = ¡ 1, H 65
8 = ¡ 1, H 87

8 = ¡ r , H 43
8 = ¹ s=Re,

H 12
0 = 1, H 21

0 = ®2 + ¯ 2 + i (®Us + ¯ Ws ¡ ip)Re=¹ sTs,

H 22
0 = ¡ D¹ s=¹ s, H 23

0 = ¡ i®(m + 1)DTs=Ts ¡ i®D¹ s=¹ s + ReDUs=¹ sTs,

H 24
0 = i®Re=¹ s ¡ (m + 1)° M 2

e ®(®Us + ¯ Ws ¡ ip),

H 25
0 = ®(m + 1)(®Us + ¯ Ws ¡ ip)=Ts ¡ D(¹ 0

sDUs)=¹ s,

H 26
0 = ¡ ¹ 0

sDUs=¹ s, H 31
0 = ¡ i®, H 33

0 = DTs=Ts,

H 34
0 = ¡ i° M 2

e (®Us + ¯ Ws ¡ ip), H 35
0 = i (®Us + ¯ Ws ¡ ip)=Ts,

H 37
0 = ¡ i¯ , Â = [Re=¹ s + ir ° M 2

e (®Us + ¯ Ws ¡ ip)]¡ 1,

H 41
0 = ¡ i®Â(rDTs=Ts + 2D¹ s=¹ s), H 42

0 = ¡ iÂ®,

H 43
0 = Â[¡ ®2 ¡ ¯ 2 ¡ i (®Us + ¯ Ws ¡ ip)Re=¹ sTs + rD 2Ts=Ts + rD¹ sDTs=¹ sTs],

H 44
0 = ¡ iÂr ° M 2

e [®DUs + ¯ DWs + (®Us + ¯ Ws ¡ ip)(DTs=Ts + D¹ s=¹ s)],

H 45
0 = iÂ [(®DUs + ¯ DWs)(r=Ts + ¹ 0

s=¹ s) + r (®Us + ¯ Ws ¡ ip)D¹ s=¹ sTs],

H 46
0 = ir Â(®Us + ¯ Ws ¡ ip)=Ts, H 47

0 = ¡ i¯ Â(rDTs=Ts + 2D¹ s=¹ s),

H 48
0 = ¡ i¯ Â, H 56

0 = 1, H 62
0 = ¡ 2(° ¡ 1)M 2

e PrDUs,
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H 63
0 = ¡ 2i (° ¡ 1)M 2

e Pr(®DUs + ¯ DWs) + RePrDTs=¹ sTs,

H 64
0 = ¡ iRePr(° ¡ 1)M 2

e (®Us + ¯ Ws ¡ ip)=¹ s,

H 65
0 = ®2 + ¯ 2 + iRePr(®Us + ¯ Ws ¡ ip)=¹ sTs

¡ (° ¡ 1)M 2
e Pr¹ 0

s [(DUs)2 + (DWs)2] =¹ s ¡ D 2¹ s=¹ s,

H 66
0 = ¡ 2D¹ s=¹ s, H 68

0 = ¡ 2(° ¡ 1)M 2
e PrDWs, H 78

0 = 1,

H 83
0 = ¡ i (m + 1)¯ DTs=Ts ¡ i¯ D¹ s=¹ s + ReDWs=¹ sTs,

H 84
0 = ¡ (m + 1)° M 2

e ¯ (®Us + ¯ Ws ¡ ip) + i¯ Re=¹ s,

H 85
0 = (m + 1)¯ (®Us + ¯ Ws ¡ ip)=Ts ¡ D(¹ 0

sDWs)=¹ s,

H 86
0 = ¡ ¹ 0

sDWs=¹ s, H 87
0 = ®2 + ¯ 2 + iRe(®Us + ¯ Ws ¡ ip)=¹ sTs,

H 88
0 = ¡ D¹ s=¹ s.
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Appendix B: Correspondence Between B ! and Y

The following notation is usedto expressthe relationshipsbetweenB ! and Y :

D = d
dy with the over-bar denoting complexconjugate.

B1 = Y1 + i®r Y4
[Re=¹ s ¡ ir ° M 2

e (®Us + ¯ Ws ¡ ! )] ,

B2 = Y2,

B3 = i®(m + 1)Y2 + Y3 + r D Ts
Ts

Y4
[Re=¹ s ¡ ir ° M 2

e (®Us + ¯ Ws ¡ ! )] + i¯ (m + 1)Y8

¡ r ¹ s
Re

d
dy

³
Y4

[1¡ ir ° M 2
e (¹ s =Re)( ®Us + ¯ Ws ¡ ! )]

´
,

B4 = Y4
[1¡ ir ° M 2

e (¹ s =Re)(®Us + ¯ Ws ¡ ! )] ,

B5 = Y5 ¡ ir (®Us + ¯ Ws ¡ ! )
Ts

£ Y4
[Re=¹ s ¡ ir ° M 2

e (®Us + ¯ Ws ¡ ! )] ,

B6 = Y6,

B7 = Y7 + i¯ r Y4
[Re=¹ s ¡ ir ° M 2

e (®Us + ¯ Ws ¡ ! )] ,

B8 = Y8.
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Appendix C: Numerical Method

Several independent, numerical codes were used throughout this dissertation. The

¯rst codeusesa singledomainChebyshevspectral collocation method [73]. A solution

of the linearized,compressibleNavier-Stokesequationsis represented in the wave-like

form

(u; v; w; ¼; µ) = (û(y); v̂(y); ŵ(y); ¼̂(y); µ̂(y))ei (®x+ ¯ z¡ ! t ) : (C.1)

By introducing the vector

© = (û; v̂; ŵ; ¼̂; µ̂); (C.2)

it is possibleto write the systemof ODEs for the amplitude functions in the matrix

operator form

(A 1D 2 + A 2D + A 3)© = 0; (C.3)

where D = d=dy, and A 1, A 2 and A 3 are 5 £ 5 matrices. Homogeneousboundary

conditions for Eq. (C.3) are given at y = 0 and at y = ymax as

y = 0 and y ! 1 : ©j = 0; (j = 1; : : : ; 5): (C.4)

An algebraicstretching is usedto map the interval 0 · y · ymax onto the Cheby-
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shevinterval ¡ 1 · » · 1. This stretching is accomplishedwith the transformation

y = d
1 + »
b¡ »

; (C.5)

where b = 1 + 2d=ymax and d = yi ymax=(ymax ¡ 2yi ). The parameter yi is chosenso

that half of the grid points are located in the interval 0 · y · yi . The N th order

Chebyshevpolynomials TN are used,with the collocation points »j given as:

»j = cos(¼j =N ): (C.6)

The amplitude functions are presented at the collocation points, yj , as a linear

combination of the Chebyshevpolynomials, Tn , with unknown coe±cients an :

Q(yj ) =
NX

n=0

anTn (yj ): (C.7)

As a result of the discretization, onearrivesat the generalizedeigenvalue problem

A ~a = ! B ~a; (C.8)

whereA and B are5(N + 1)£ 5(N + 1) matrices,and ~a is a vectorof 5(N + 1) unknown

coe±cients. The generalizedeigenvalue problem wassolved using a standard routine

(DGVCCG) from the IMSL FORTRAN library.
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This spectral collocation method provided an initial guessfor the eigenvalues

which, as mentioned in Chapter 3, are found more preciselythrough Newton's itera-

tion method. The numerical code was run with N = 200,yi = 5 and ymax = 100.

The secondcode employs a Runge-Kutta integration scheme. The fundamen-

tal solutions of Eqs. (2.15) and (2.88) were found through numerical integration of

the equationsfrom ymax to y = 0 using the known analytical asymptotic solutions,

z0
j exp(̧ j y). The asymptotic vectorsz0

j can be found from Eq. (2.15) as y ! 1 and

are given as the following:

z0
1 = (1; ¸ 1; H 31

0 =¸ 1; 0; 0; 0; 0; 0)T

z0
2 = (1; ¸ 2; H 31

0 =¸ 2; 0; 0; 0; 0; 0)T

z0
3 = (1; ¸ 3; z0

33; z0
43; z0

53; ¸ 3z0
53; z0

73; ¸ 3z0
73)

T

z0
4 = (1; ¸ 4; z0

34; z0
44; z0

54; ¸ 4z0
54; z0

74; ¸ 4z0
74)

T

z0
5 = (1; ¸ 5; z0

35; z0
45; z0

55; ¸ 5z0
55; z0

75; ¸ 5z0
75)

T

z0
6 = (1; ¸ 6; z0

36; z0
46; z0

56; ¸ 6z0
56; z0

76; ¸ 6z0
76)

T

z0
7 = (0; 0; H 37

0 =¸ 7; 0; 0; 0; 1; ¸ 7)T

z0
8 = (0; 0; H 37

0 =¸ 8; 0; 0; 0; 1; ¸ 8)T ; (C.9)
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wherez0
3j , z0

4j , z0
5j and z0

7j are given for j = 3; 4; 5; 6 by

z0
3j = (H 31

0 + H 34
0 z0

4j + H 35
0 z0

5j + H 37
0 z0

7j )=¸ j

z0
4j = (¸ 2

j ¡ H 21
0 )b23=b12

z0
5j = ¡ (b22 ¡ ¸ 2

j )(¸ 2
j ¡ H 21

0 )=b21

z0
7j = (H 84

0 z0
4j + H 85

0 z0
5j )=(¸ 2

j ¡ H 87
0 ); (C.10)

with b12 = H 24
0 b23 ¡ H 25

0 (b22 ¡ ¸ 2
j ), and b22 and b23 given respectively by Eqs. (2.19)

and (2.20).

A Gram-Schmidt orthonormalization procedurewasusedduring the computation

of the fundamental solutionsz j from ymax , locatedoutsidethe boundary layer, to the

wall. After the fundamental solutions are found, the eigenfunctionsare obtained as

a sum of the fundamental solutions with coe±cients that are determined using the

boundary conditions at y = 0.

For continuous spectra, the eigenfunctionsare comprisedof ¯v e fundamental so-

lutions. The coe±cients are found using the boundary conditions at y = 0 (û = v̂ =

ŵ = µ̂ = 0) along with the normalization condition dû=dy(0) = 1. For a given choice

of wave numbers® and ¯ , the frequency! is found using the relation ¸ 2
j = ¡ k2. For

discretespectra, the eigenfunctionsarecomprisedof four fundamental solutions. The
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coe±cients are found using the boundary conditions û(0) = v̂(0) = ŵ(0) = 0 along

with the normalization condition dû=dy(0) = 1. For a given choiceof ® and ¯ , ! was

found as a solution of the equation µ(0) = 0 using Newton's iteration method.

The third code computesthe inverseFourier transform directly. It is comprised

of the secondcode (used to compute the eigenfunctionsfor the direct and adjoint

problems) and an extra block that computes the receptivity coe±cients and then

calculates the inverse Fourier transform. Once the eigenfunctionsare found, the

receptivity coe±cient is computed using Eq. (4.3). The inverseFourier transform is

found with the help of two standard routines (DQDAWO, DQDAG) from the IMSL

FORTRAN library.

The fourth code computesthe saddlepoint values that are used in the asymp-

totic approximation of the inverseFourier transform. Again, the secondcode is used

here to compute the eigenfunctionsfor the direct and adjoint problems. Theseare

usedto calculate the receptivity coe±cient aswell as@! =@® (2D), which is given by

Eq. (4.20), and @! =@® and @! =@̄ (3D). The saddle point values ®¤ (2D) and ®¤

and ¯ ¤ (3D) must satisfy Eqs. (4.17) (2D) and (5.5) (3D), and are computed using

Newton's iteration method.



134

Appendix D: Parameters Considered in the

2D Pr oblem - Case 1

D.1 Synchronism of Mo de F and Mo de S with Acoustic Mo des

In the 2D problem, Mode F and Mode S are synchronized respectively with the fast

and slow acoustic modes for a wave number ® ! 0. Figure D.1 shows numerical
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Figure D.1 . Eigenvaluesfor ModeF for ¯ = 0:0001(bold solid line) and ¯ = 0:1601
(bold dashedline) for M = 5:6 and Re = 1219:5. The dashed-dottedline corresponds
to the line of phase speed c = 1. The upper dotted line is associated with the
¯ = 0:1601FA mode, while the lower dotted line is associated with the ¯ = 0:1601
SA mode. The upper dashedline is associated with the ¯ = 0:0001FA mode, while
the lower dashedline is associated with the ¯ = 0:0001SA mode.
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Figure D.2 . Eigenvaluesfor ModeF for ¯ = 0:0001(bold solid line) and ¯ = 0:1601
(bold dashedline) for M = 5:6 and Re = 1219:5. The dotted line is associated with
the ¯ = 0:1601FA mode, while the dashedline is associated with the ¯ = 0:0001FA
mode.

results for eigenvalues! r of Mode F for a ¯xed choice of spanwise wave number ¯ .

Included in Fig. D.1 are lines of constant phasespeed. One of these is a line of

phasespeedc = 1, the speedat which the entropy and vorticit y disturbancestravel.

The other lines are associated with fast acousticmode (FA mode) and slow acoustic

mode (SA mode) for ¯ = 0:0001(2D) and ¯ = 0:1601. The fast and slow acoustic

modestravel with phasespeedc = 1 §
p

1 + ¯ 2=®2=M e (as mentioned in Chapter 2,

thesephasespeedsare relevant at the branch points). Figure D.1 shows that Mode

F for both ¯ = 0:0001and ¯ = 0:1601is a subsonicdisturbance relative to the free

stream for ® < 0:37 and is a supersonicdisturbance relative to the free stream for
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Figure D.3 . Eigenvaluesfor Mode S for ¯ = 0:0001(bold solid line with \circle"
markers) and ¯ = 0:1601(bold dashedline with \square" markers) for M = 5:6 and
Re = 1219:5. The dashed-dottedline corresponds to the line of phasespeedc = 1.
The upper dotted line is associated with the ¯ = 0:1601FA mode, while the lower
dotted line is associated with the ¯ = 0:1601SA mode. The upper dashedline is
associated with the ¯ = 0:0001FA mode, while the lower dashedline is associated
with the ¯ = 0:0001SA mode.

® > 0:37. Furthermore, although it is not shown in any ¯gure, thesedisturbancesare

everywheredecaying (! i < 0). To obtain a clearerpicture of what is occurring at the

lower wave numbers,Fig. D.2 shows a sectionof Fig. D.1.

As can be seenin Fig. D.2, just as Mode F at ¯ = 0:0001is synchronized with

the ¯ = 0:0001fast acousticmode at a wave number ® < 0:1, Mode F at ¯ = 0:1601

is synchronizedwith the ¯ = 0:1601fast acousticmode at a wave number ® < 0:1.

Figure D.3 shows numerical results for eigenvalues! r of Mode S for a ¯xed choice

of spanwisewave number. Also included in Fig. D.3 are lines of constant phasespeed
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Figure D.4 . Eigenvaluesfor Mode S for ¯ = 0:0001(bold solid line with \circle"
markers) and ¯ = 0:1601(bold dashedline with \square" markers) for M = 5:6 and
Re = 1219:5. The dotted line is associated with the ¯ = 0:1601SA mode, while the
dashedline is associated with the ¯ = 0:0001SA mode.

for the FA Mode and SA Mode for ¯ = 0:0001and ¯ = 0:1601. The two Mode S

curvesare virtually overlapping. In order to gain a clearerview of what is occurring

at the lower wave numbers,Fig. D.4 shows a sectionof Fig. D.3.

In contrast to Mode F, Fig. D.4 clearly shows that Mode S for both choicesof ¯

is asymptotically approaching the SA Mode for ¯ = 0:0001. This behavior has been

observed for all choicesof ¯ that have beenchecked. Even though Mode S for various

choicesof ¯ (3D) approachesthe SA Mode for ¯ = 0:0001,there is no synchronism

betweenthe two. The primary synchronismof ModeSwith acousticwavesfor ® < 0:1

is two-dimensional(2D Mode S with the 2D SA Mode).
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D.2 Synchronism of Mo de F with Entrop y and Vorticit y Mo des

Figure D.5 showseigenvaluesof ModeF for Ã = 0± and Ã = 60±. Onecanseethat for

�

� �

��� ���� ���� 	��� 
������

��� ���

�




��� ���




��� ��





��� ��	




��� ���

�

���

��� ���� ���� ���� �������

��� �

��� �

��� �

��� �

�����

�

Figure D.5 . Eigenvaluesfor Mode F for Ã = 0± (bold solid line) and Ã = 60± (bold
dashedline) for M = 5:6 and Re = 1219:5. The dashed-dottedline corresponds to
the line of phasespeed c = 1. The dashedline is associated with the Ã = 0± SA
mode.

Ã = 0±, Mode F is subsonicrelative to the freestream for ® < 0:35 and is supersonic

relative to the free stream for ® > 0:35. However, for Ã = 60±, Mode F is subsonic

relative to the freestreamfor this entire rangeof ®. It can alsobe seenthat Mode F

for both anglesof disturbancepropagation is everywheredecaying.

Furthermore, Fig. D.5 shows the synchronism between the 2D Mode F and the

entropy and vorticit y modesof the phasespeedc = 1. In the 2D case,as the discrete

mode coalesceswith the continuous spectrum from one side of the branch cut, it

reappears on the other side at another point. Mathematically, the pole associated

with Mode F approachesone side of the branch cut on the complexp plane. At the
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Figure D.6 . Contours of ! i in the ® ¡ ¯ plane for Mode F for M = 5:6 and
Re = 1219:5. The contours are increasing in increments of 0:002 beginning with
¡ 0:036on the right sideof the ¯gure.

sametime, another pole, locatedon the lower Riemannsheet,approachesthe branch

cut from the opposite side. As the pole on the plane coalesceswith the branch cut,

it movesto the upper Riemannsheet,while simultaneously, the pole that wason the

lower Riemannsheetmovesinto the complexp planeat anotherpoint [35]. This leads

to a jump in ! i .

From the previous discussion,one can seethat Mode F consistsof two separate

discrete modes. One mode \v anishes" on the branch of the continuous spectrum,

while the secondmode\separates" from the branch of the continuousspectrum on the

oppositeside. Eventhough ModeF consistsof two discretemodeswith the jump in ! i

signifying the demarcationof the two modes,researchershave historically considered
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Mode F as onemode. This convention will be usedthroughout this dissertation.

As the angle increases,the synchronism continues, but the jump-size decreases,

until it is seen(Fig. D.5) that for Ã = 60±, there is neither a synchronism, nor a jump

in ! i , at least for this interval of wave number ®.

Figure D.6 shows contours of ! i in the ® ¡ ¯ wave number plane. One can see

the jump location for choicesof ® and ¯ . Also plotted in the ¯gure is a small region

denotedby the dashedlines. This regioncorrespondsto a regionbounding the branch

cut in the complexp plane. This small regionhasbeenplotted in lieu of plotting the

curve associated with the branch cut, sincethis curve obscuresthe jumps in ! i . It is

clear that the discontinuity of ! i is associated with the synchronism of Mode F and

the entropy and vorticit y waves. For large valuesof ¯ , it appears that no jump is

seenin Fig. D.6 at the location of the branch cut. A jump doesin fact exist, but the

sizeof the jump is small enoughso that it cannot be seenon the scaleof this ¯gure.

By plotting lines of constant angle, it is seenthat the synchronism betweenMode F

and the entropy and vorticit y wavesvanishesfor large enoughangles.

D.3 Synchronism of Mo de F with Mo de S

Mack [36, 37] showed that a boundary layer at supersonicfreestreamMach numbers

hasmultiple solutions. Each of thesesolutionswasreferredto asa mode (¯rst mode,

secondmode, etc.). Mack alsoshowed how to keeptrack of a changefrom onemode

to another using the pressuredisturbance. The number of zeros in the pressure
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Figure D.7 . Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 30± for M = 5:6 and Re = 1219:5. The dashed-dottedline corresponds
to the line of phasespeedc = 1. The upper dotted line is associated with the Ã = 30±

FA mode, while the lower dotted line is associated with the Ã = 30± SA mode.

distribution is one lessthan the mode number (e.g. the secondmode has one zero).

The ModeF and ModeSdescribedthroughout this dissertationareeigenvaluecurves.

The curvesareassociated with Mack's modes,and the Mack mode identi¯cation may

changealong the eigenvalue curve.

Figure D.7 shows the eigenvalue curvesfor Mode F and Mode S for Ã = 30±. The

Mode S curve given by the imaginary part of the eigenvalue ! i contains two regions

of instabilit y. The unstable region located at ® = 0:12 is associated with Mack's

¯rst mode. The unstableregion locatedat ® = 0:26 is associated with Mack's second

mode. Further details regardingthe relation betweenModeF and ModeSand Mack's

acousticmodescan be found in Chapter 3. The rangeof ® is extendedto ® = 0:5 in

order to show the decaying behavior of both Mode S and Mode F for larger valuesof
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Figure D.8 . Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 45± for M = 5:6 and Re = 1219:5. The dashed-dottedline corresponds
to the line of phasespeedc = 1. The upper dotted line is associated with the Ã = 45±

FA mode, while the lower dotted line is associated with the Ã = 45± SA mode.

®.

In the 2D case,Mode F is synchronizedwith Mode S. This synchronism is indica-

tiv e of the fact that the discretespectrum hasa branch point at ®¤ in the complex®

plane. True synchronism (Mode F and Mode S have the samevalue of ! i as well as

the samevalue of ! r ) occursat ®¤, which may have a di®erent real part from where

Mode F's value of ! r is equal to Mode S's value of ! r . A model usedby Fedorov and

Khokhlov [70] illustrates that at valuesof ® > ®¤
r , the disturbancespectrum branches

out. For theseparameters,Mode S becomesunstable while Mode F becomesmore

stable. However, the topological pattern may be sensitive to the mean °ow param-

eters, such as Mach number, Prandtl number and temperature factor. There is an

examplein Ref. [70] which shows Mode F becomingunstablewhile Mode S becomes
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Figure D.9 . Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 60± for M = 5:6 and Re = 1219:5. The dashed-dottedline corresponds
to the line of phasespeedc = 1. The upper dotted line is associated with the Ã = 60±

FA mode, while the lower dotted line is associated with the Ã = 60± SA mode.

more stable. Further details can be found in Ref. [70].

As seenin Fig. D.7, this ModeSinstabilit y continuesfor a disturbancepropagating

at Ã = 30± (near ® ¼ 0:23). For larger angles,however, even though there is still

synchronismbetweenModeF and ModeS, the synchronism is no longeraccompanied

by a Mode S instabilit y. This behavior can be seenfor a disturbancepropagating at

Ã = 45± in Fig. D.8. Even though it cannot be seenin Fig. D.8, plots of the pressure

disturbance indicate that there is a switch from the Mack ¯rst mode to the Mack

secondmode. However, for this disturbancepropagation angle, there is no ampli¯ed

Mack secondmode.

In Fig. D.9, one can seethat at even higher anglesof disturbance propagation,

there is no synchronism between Mode F and Mode S. Additionally , at this angle,
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the Mode S curve is associated only with the Mack ¯rst mode.
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Appendix E: Effect of Reynolds

Number - Case 2

The e®ectof Reynoldsnumber on the spectrum is studied by changing the Reynolds

number to Re = 3660(in Case1, Re = 1219:5). All other parametersretain their

valuesusedin Case1.

Figures E.1 and E.2 show the eigenvaluesfor both Mode F and Mode S for both

�

� �

��� ���� ���� 	��� 
������

��� ���

��� �
���

�

�

��� �
���

�

��� ���

�

��� �����

�

��� ��


�

��� ��
��

�

��� ��	

�

���

��� ���� ���� ���� �������

��� �

��� �

��� �

��� �

�����

�

Figure E.1. Eigenvaluesfor Mode F and Mode S for Ã = 0± for Re = 1219:5 and
Re = 3660. The dashed-dottedline correspondsto the line of phasespeedc = 1. The
upper dotted line is associatedwith the Ã = 0± FA mode,while the lower dotted line is
associatedwith the Ã = 0± SA mode. The solid line with \circle" markerscorresponds
to Mode F (Re = 1219:5), the solid line with \triangle" markers corresponds to
Mode S (Re = 1219:5), the dashedline with \square" markers corresponds to Mode
F (Re = 3660) and the dashed line with \plus" markers corresponds to Mode S
(Re = 3660).
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Figure E.2. Eigenvaluesfor Mode F and Mode S for Ã = 45± for Re = 1219:5 and
Re = 3660. The dashed-dottedline correspondsto the line of phasespeedc = 1. The
upper dotted line is associated with the Ã = 45± FA mode, while the lower dotted
line is associated with the Ã = 45± SA mode. The solid line with \circle" markers
corresponds to Mode F (Re = 1219:5), the solid line with \triangle" markers corre-
spondsto Mode S (Re = 1219:5), the dashedline with \square" markerscorresponds
to ModeF (Re = 3660)and the dashedline with \plus" markerscorrespondsto Mode
S (Re = 3660).

Re = 1219:5 and Re = 3660for Ã = 0± and Ã = 45± respectively. As can be seenin

Figs. E.1 and E.2, the changein Reynoldsnumber does not signi¯cantly a®ectthe

spectrum. Although they are not shown, the spectrum for Ã = 30± and Ã = 60± is

alsovery similar for the two choicesof Reynoldsnumber.

Figure E.3(a) shows the eigenvalues! r of Mode F for a ¯xed choice of spanwise

wave number ¯ at low wave number ®. It can be seenin Fig. E.3(a) that, just as

in Case1, Mode F is synchronized with its respective fast acousticmode at a wave

number ® < 0:1. Figure E.3(b) shows the eigenvalues! r of Mode S for a ¯xed choice

of spanwise wave number ¯ at low wave number ®. Figure E.3(b) shows that Mode
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Figure E.3. Eigenvalues for Mode F (a) and for Mode S (b) for ¯ = 0:0001and
¯ = 0:1601 for Re = 3660. The dotted line is associated with the ¯ = 0:1601FA
mode (a) and the ¯ = 0:1601SA mode (b), while the dashedline is associated with
the ¯ = 0:0001FA mode (a) and the ¯ = 0:0001SA mode (b). The bold solid line
(a) and the bold solid line with \circle" markers(b) correspond respectively to Mode
F (a) and Mode S (b) for ¯ = 0:0001,while the bold dashedline (a) and the bold
dashedline with \square" markers (b) correspond respectively to Mode F (a) and
Mode S (b) for ¯ = 0:1601.

S for both choicesof ¯ is asymptotically approaching the SA Mode for ¯ = 0:0001,

which is the samebehavior seenin Case1. As in Case1, the primary synchronism

of Mode S with acousticwavesfor ® < 0:1 is two-dimensional.

Figure E.4 shows eigenvaluesof Mode F for Ã = 0± and Ã = 60±. As in Case1,

Fig. E.4 shows there is a synchronism betweenthe 2D Mode F and the entropy and

vorticit y modes. However, the sizeof the jump in ! i is noticeably smaller (Fig. E.1).

In a mannersimilar to that of Case1, asthe angleincreases,the synchronism contin-

ues,but the jump sizedecreases,until it can be seenthat for Ã = 60± there is neither

a synchronism, nor a jump in ! i (at least for this rangeof ®).
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Figure E.4. Eigenvaluesfor Mode F for Ã = 0± (bold solid line) and Ã = 60± (bold
dashedline) for Re = 3660. The dashed-dottedline corresponds to the line of phase
speedc = 1. The dashedline is associated with the Ã = 0± SA mode.

�

�  

!�" #!�" $!�" %!�" &!�"�'!

!�" !
!
$

!�" !
!�&

!

(

!�" !
!�&

(

!�" !
!
$

(

!�" !
!�)

(

!�" !
!�*

(

!�" !�'

(

!�" !�'�&

(

!�" !�'+$

,

-�.

/�0 1/�0 2/�0 3/�0 4/�0�5/

/�0 1

/�0 2

/�0 3

/�0 4

/�0�5

/

Figure E.5. Eigenvaluesfor ModeF (bold solid line) and ModeS (bold dashedline)
for Ã = 30± for Re = 3660. The dashed-dottedline corresponds to the line of phase
speedc = 1. The upper dotted line is associated with the Ã = 30± FA mode, while
the lower dotted line is associated with the Ã = 30± SA mode.
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Figure E.6. Eigenvaluesfor ModeF (bold solid line) and ModeS (bold dashedline)
for Ã = 45± for Re = 3660. The dashed-dottedline corresponds to the line of phase
speedc = 1. The upper dotted line is associated with the Ã = 45± FA mode, while
the lower dotted line is associated with the Ã = 45± SA mode.

FiguresE.5 andE.6 show the eigenvaluecurvesfor ModeF andModeSfor Ã = 30±

and Ã = 45± respectively. As in Case1, there is a synchronism betweenMode F and

Mode S for Ã = 0±. In addition, the topological pattern is of the sametype (Mode

S becomesunstable, while Mode F becomesmore stable). As seenin Fig. E.5, this

Mode S instabilit y continuesfor a disturbancewith a propagation angleof Ã = 30±.

Figure E.6 shows that the synchronism betweenMode F and Mode S still exists for a

disturbancepropagatingat Ã = 45±. However, there is no longera Mode S instabilit y

accompanying the synchronism. At even higher anglesof disturbance propagation

(not shown), there is no longer a synchronism between Mode F and Mode S. This

behavior is very similar to the behavior found for Case1.
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Appendix F: Effect of Ma ch Number - Case 3

The e®ectof Mach number on the spectrum is studied by changingthe Mach number

to M = 8:0 (in Case1, M = 5:6). All other parametersretain their valuesusedin

Case1.

Figures F.1 and F.2 show the eigenvaluesfor both Mode F and Mode S for both

M = 5:6 and M = 8:0 for Ã = 0± and Ã = 45± respectively. As canbeseenin Figs.F.1

and F.2, the changein Mach number doesnot a®ectthe fundamental featuresof the
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Figure F.1 . Eigenvalues for Mode F and Mode S for Ã = 0± for M = 5:6 and
M = 8:0. The dashed-dottedline corresponds to the line of phasespeedc = 1. The
upper dotted line is associated with the Ã = 0± FA mode, while the lower dotted
line is associated with the Ã = 0± SA mode. The solid line with \circle" markers
correspondsto Mode F (M = 5:6), the solid line with \triangle" markerscorresponds
to Mode S (M = 5:6), the dashedline with \square" markerscorrespondsto Mode F
(M = 8:0) and the dashedline with \plus" markerscorrespondsto ModeS(M = 8:0).
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Figure F.2 . Eigenvalues for Mode F and Mode S for Ã = 45± for M = 5:6 and
M = 8:0. The dashed-dottedline corresponds to the line of phasespeedc = 1. The
upper dotted line is associated with the Ã = 45± FA mode, while the lower dotted
line is associated with the Ã = 45± SA mode. The solid line with \circle" markers
correspondsto Mode F (M = 5:6), the solid line with \triangle" markerscorresponds
to Mode S (M = 5:6), the dashedline with \square" markerscorrespondsto Mode F
(M = 8:0) and the dashedline with \plus" markerscorrespondsto ModeS(M = 8:0).

spectrum (the varioussynchronism). However, it canbe clearly seenthat the location

of both the synchronism betweenMode F and the entropy/v orticit y modesand the

synchronism betweenMode F and Mode S hasshifted to lower wavenumber ® for the

M = 8:0 case.

Figure F.3(a) shows the eigenvalues! r of Mode F for a ¯xed choice of spanwise

wave number ¯ at low wave number ®. Since Mode S vanishesat lower anglesof

disturbancepropagation for M = 8:0, ¯ = 0:1001was used(instead of ¯ = 0:1601).

To be consistent, this choiceof ¯ hasbeenusedfor Mode F aswell. As canbe seenin

Fig. F.3(a), the synchronism of Mode F and its respective FA mode occursat much

lower wave number ® than it doesfor Case1. This synchronism (albeit at lower ®) is



152

����������

�

���

	�
 �	

����	

��	

 	��	

	

 �

	

����

	

��

	

 	��

	

����������

�

���

��� ��
���� �
����
� �� �

�
� �

�
���� 

�
���

�
� �� 

�

Figure F.3 . Eigenvalues for Mode F (a) and for Mode S (b) for ¯ = 0:0001and
¯ = 0:1001for M = 8:0. The dotted line is associated with the ¯ = 0:1001FA mode
(a) and the ¯ = 0:1001SA mode (b), while the dashedline is associated with the
¯ = 0:0001FA mode(a) and the ¯ = 0:0001SA mode(b). The bold solid line (a) and
the bold solid line with \circle" markers (b) correspond respectively to Mode F (a)
and Mode S (b) for ¯ = 0:0001,while the bold dashedline (a) and the bold dashed
line with \square" markers (b) correspond respectively to Mode F (a) and Mode S
(b) for ¯ = 0:1001.
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Figure F.4 . Eigenvaluesfor Mode F for Ã = 0± (bold solid line) and Ã = 60± (bold
dashedline) for M = 8:0. The dashed-dottedline corresponds to the line of phase
speedc = 1. The dashedline is associated with the Ã = 0± SA mode.
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Figure F.5 . Eigenvaluesfor ModeF (bold solid line) and ModeS (bold dashedline)
for Ã = 30± for M = 8:0. The dashed-dottedline corresponds to the line of phase
speedc = 1. The upper dotted line is associated with the Ã = 30± FA mode, while
the lower dotted line is associated with the Ã = 30± SA mode.

similar to that observed for Case1. Figure F.3(b) shows the eigenvalues! r of Mode

S for a ¯xed choiceof spanwisewave number ¯ at low wave number ®. Figure F.3(b)

shows that Mode S for both choicesof ¯ is asymptotically approaching the SA Mode

for ¯ = 0:0001,ashappenedin Case1. As with ModeF for this case,the synchronism

is occurring at lower wave numbers than what was seenfor Case1.

Figure F.4 shows eigenvaluesof Mode F for Ã = 0± and Ã = 60±. As in Case1,

Fig. F.4 shows there is a synchronism betweenthe 2D Mode F and the entropy and

vorticit y modes. However, the sizeof the jump in ! i is larger for M = 8:0 (Fig. F.1).

Figure F.4 show that, in contrast to Case1, the synchronism betweenMode F and

the entropy/v orticit y modescontinuesto higher anglesof disturbancepropagation.

Figures F.5 and F.6 show the eigenvalue curves for Mode F and Mode S for
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Figure F.6 . Eigenvaluesfor ModeF (bold solid line) and ModeS (bold dashedline)
for Ã = 45± for M = 8:0. The dashed-dottedline corresponds to the line of phase
speedc = 1. The upper dotted line is associated with the Ã = 45± FA mode, while
the lower dotted line is associated with the Ã = 45± SA mode.

Ã = 30± and Ã = 45± respectively. As in Case1, there is a synchronism between

the 2D Mode F and Mode S. In addition, the topological pattern is of the same

type (Mode S becomesunstable, while Mode F becomesmore stable). However,

the synchronism occurs at much lower wavenumber ® for M = 8:0. As seenin

Fig. F.5, this Mode S instabilit y continuesfor a disturbancewith a propagationangle

of Ã = 30± (but again, it occurs at much lower ®). For the parameter valuesused

in Case1, it was seenthat the synchronism betweenMode F and Mode S continued

to occur at higher angleof disturbancepropagation, but with no Mode S instabilit y

accompanying the synchronism. For even higher angles,the synchronism ceased.For

this case,a similar behavior is seen,but at lower disturbanceangles.Figure F.6 shows

that the synchronism betweenMode F and Mode S no longerexists for a disturbance
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propagating at Ã = 45±.



156

Appendix G: Effect of Tempera ture

Factor - Case 4

The e®ectof a cold wall on the spectrum is studied by changing the temperature

factor to Tf = 0:5 (in Case1, Tf = 1:0). All other parametersretain their values

usedin Case1.

Figures G.1 and G.2 show the eigenvalues for both Mode F and Mode S for

both Tf = 1:0 and Tf = 0:5 for Ã = 0± and Ã = 45± respectively. As can be

seenin Figs. G.1 and G.2, the change in temperature factor does not a®ect the

fundamental features of the spectrum (the various synchronism). However, there

are some signi¯cant di®erences. Both the synchronism between Mode F and the

entropy/v orticit y modes as well as the synchronism between Mode F and Mode S

occur at a higher wave number ®. Furthermore, the Tf = 0:5 Mode S eigenvalue

curves can be extended to ® = 0:5 for higher values of disturbance propagation

angle. Also, the Mode F and Mode S synchronism at Tf = 0:5 leadsto a much more

pronouncedbranching. Figure G.3(a) shows the eigenvalues ! r of Mode F for a

¯xed choice of spanwise wave number ¯ at low wave number ®. As can be seenin

Fig. G.3(a), Mode F is synchronized with its respective FA mode. This behavior is

similar to that observed for Case1. Figure G.3(b) shows the eigenvalues! r of Mode
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Figure G.1. Eigenvalues for Mode F and Mode S for Ã = 0± for Tf = 1:0 and
Tf = 0:5. The dashed-dottedline corresponds to the line of phasespeedc = 1. The
upper dotted line is associated with the Ã = 0± FA mode, while the lower dotted
line is associated with the Ã = 0± SA mode. The solid line with \circle" markers
correspondsto Mode F (Tf = 1:0), the solid line with \triangle" markerscorresponds
to Mode S (Tf = 1:0), the dashedline with \square" markerscorrespondsto Mode F
(Tf = 0:5) and the dashedline with \plus" markerscorrespondsto ModeS(Tf = 0:5).

S for a ¯xed choiceof spanwisewave number ¯ at low wave number ®. Figure G.3(b)

shows that Mode S for both choicesof ¯ is asymptotically approaching the SA Mode

for ¯ = 0:0001,as happenedin Case1.

Figure G.4 shows eigenvaluesof Mode F for Ã = 0± and Ã = 60±. As in Case1,

Fig. G.4 shows there is a synchronism betweenthe 2D Mode F and the entropy and

vorticit y modes. However, in contrast to Case1, the synchronism betweenMode F

and the entropy/v orticit y modescontinuesto higher anglesof disturbancepropaga-

tion.

Figures G.5 and G.6 show the eigenvalue curves for Mode F and Mode S for

Ã = 30± and Ã = 45± respectively. As in Case1, there is a synchronism betweenthe
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Figure G.2. Eigenvalues for Mode F and Mode S for Ã = 45± for Tf = 1:0 and
Tf = 0:5. The dashed-dottedline corresponds to the line of phasespeedc = 1. The
upper dotted line is associated with the Ã = 45± FA mode, while the lower dotted
line is associated with the Ã = 45± SA mode. The solid line with \circle" markers
correspondsto Mode F (Tf = 1:0), the solid line with \triangle" markerscorresponds
to Mode S (Tf = 1:0), the dashedline with \square" markerscorrespondsto Mode F
(Tf = 0:5) and the dashedline with \plus" markerscorrespondsto ModeS(Tf = 0:5).

2D ModeF andModeS.In addition, the topologicalpattern is of the sametype(Mode

S becomesunstable, while Mode F becomesmore stable). As seenin Fig. G.5, this

Mode S instabilit y continuesfor a disturbancewith a propagation angleof Ã = 30±.

For the parameter valuesusedin Case1, it was seenthat the synchronism between

Mode F and Mode S continued to occur at higher anglesof disturbancepropagation,

but without a Mode S instabilit y accompanying the synchronism. For even higher

angles,the synchronism ceased.There is a slightly di®erent behavior for Tf = 0:5.

Figure G.6 shows that, as with Case1, the synchronism betweenMode F and Mode

S exists for a disturbance propagating at Ã = 45±. However, in contrast to Case1,

Mode S becomesmore unstable (although it is not unstable). At higher anglesof



159

����������

�

���

	�
 �	

����	

��	

 	��	

	

 �

	

����

	

��

	

 	��

	

����������

�

���

��� ��
���� �
����
� �� �

�
� �

�
���� 

�
���

�
� �� 

�

Figure G.3. Eigenvalues for Mode F (a) and for Mode S (b) for ¯ = 0:0001and
¯ = 0:1601for Tf = 0:5. The dotted line is associated with the ¯ = 0:1601FA mode
(a) and the ¯ = 0:1601SA mode (b), while the dashedline is associated with the
¯ = 0:0001FA mode(a) and the ¯ = 0:0001SA mode(b). The bold solid line (a) and
the bold solid line with \circle" markers (b) correspond respectively to Mode F (a)
and Mode S (b) for ¯ = 0:0001,while the bold dashedline (a) and the bold dashed
line with \square" markers (b) correspond respectively to Mode F (a) and Mode S
(b) for ¯ = 0:1601.
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Figure G.4. Eigenvaluesfor Mode F for Ã = 0± (bold solid line) and Ã = 60± (bold
dashedline) for Tf = 0:5. The dashed-dottedline corresponds to the line of phase
speedc = 1. The dashedline is associated with the Ã = 0± SA mode.
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Figure G.5. Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 30± for Tf = 0:5. The dashed-dottedline corresponds to the line of
phasespeedc = 1. The upper dotted line is associated with the Ã = 30± FA mode,
while the lower dotted line is associated with the Ã = 30± SA mode.

disturbance propagation, there is no synchronism betweenMode F and Mode S (as

in Case1).
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Figure G.6. Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 45± for Tf = 0:5. The dashed-dottedline corresponds to the line of
phasespeedc = 1. The upper dotted line is associated with the Ã = 45± FA mode,
while the lower dotted line is associated with the Ã = 45± SA mode.
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Appendix H: Effect of Tempera ture

Factor - Case 5

The e®ectof a cold wall on the spectrum is studied by changing the temperature

factor to Tf = 0:25 (in Case1, Tf = 1:0). All other parametersretain their values

usedin Case1.

FiguresH.1 and H.2 show the eigenvaluesfor both Mode F and Mode S for both

Tf = 1:0 and Tf = 0:25 for Ã = 0± and Ã = 45± respectively. As can be seenin
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Figure H.1 . Eigenvalues for Mode F and Mode S for Ã = 0± for Tf = 1:0 and
Tf = 0:25. The dashed-dottedline correspondsto the line of phasespeedc = 1. The
upper dotted line is associatedwith the Ã = 0± FA mode,while the lower dotted line is
associatedwith the Ã = 0± SA mode. The solid line with \circle" markerscorresponds
to Mode F (Tf = 1:0), the solid line with \triangle" markers corresponds to Mode S
(Tf = 1:0), the dashedline with \square" markerscorrespondsto ModeF (Tf = 0:25)
and the dashedline with \plus" markerscorresponds to Mode S (Tf = 0:25).
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Figure H.2 . Eigenvalues for Mode F and Mode S for Ã = 45± for Tf = 1:0 and
Tf = 0:25. The dashed-dottedline correspondsto the line of phasespeedc = 1. The
upper dotted line is associated with the Ã = 45± FA mode, while the lower dotted
line is associated with the Ã = 45± SA mode. The solid line with \circle" markers
correspondsto Mode F (Tf = 1:0), the solid line with \triangle" markerscorresponds
to Mode S (Tf = 1:0), the dashedline with \square" markers corresponds to Mode
F (Tf = 0:25) and the dashed line with \plus" markers corresponds to Mode S
(Tf = 0:25).

Figs. H.1 and H.2, the changein temperature factor doesnot a®ectthe fundamental

featuresof the spectrum (the various synchronism).

However, there are somesigni¯cant di®erences.There is a changein the branch-

ing topological structure that is dependent upon the disturbancepropagation angle.

Both the synchronism betweenMode F and the entropy/v orticit y modesas well as

the synchronism between Mode F and Mode S occur at a higher wave number ®.

Furthermore, the Tf = 0:25 Mode S eigenvalue curves can be extendedto ® = 0:5

for higher valuesof disturbance propagation angle. Also, the Mode F and Mode S

synchronism at Tf = 0:25 leadsto a much more pronouncedbranching.
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Figure H.3 . Eigenvalues for Mode F (a) and for Mode S (b) for ¯ = 0:0001and
¯ = 0:1601for Tf = 0:25. The dotted line is associated with the ¯ = 0:1601FA mode
(a) and the ¯ = 0:1601SA mode (b), while the dashedline is associated with the
¯ = 0:0001FA mode (a) and the ¯ = 0:0001SA mode (b). The bold solid line (a)
and the bold solid line with \circle" markers (b) correspond respectively to Mode F
(a) and Mode S (b) for ¯ = 0:0001,while the bold dashedline and the bold dashed
line with \square" markers (b) correspond respectively to Mode F (a) and Mode S
(b) for ¯ = 0:1601.

Figure H.3(a) shows the eigenvalues! r of Mode F for a ¯xed choiceof spanwise

wave number ¯ at low wavenumber ®. As can be seenin Fig. H.3(a), Mode F is

synchronized with its respective FA mode. This behavior is similar to that observed

for Case1. Figure H.3(b) shows the eigenvalues! r of Mode S for a ¯xed choice of

spanwise wave number ¯ at low wavenumber ®. Figure H.3(b) shows that Mode S

for both choicesof ¯ is asymptotically approaching the SA Mode for ¯ = 0:0001,as

happenedin Case1.

Figure H.4 shows eigenvaluesof Mode F for Ã = 0± and Ã = 60±. As in Case1,

Fig. H.4 shows there is a synchronism betweenthe 2D Mode F and the entropy and



165

�

� �

��� ���� ���� 	��� 
������

��� �
���

�

�

��� �
���

�

��� ���

�

��� �����

�

��� ��


�

��� ��
��

�

���

��� ���� ���� ���� �������

��� �

��� �

��� �

��� �

�����

�

Figure H.4 . Eigenvaluesfor Mode F for Ã = 0± (bold solid line) and Ã = 60± (bold
dashedline) for Tf = 0:25. The dashed-dottedline corresponds to the line of phase
speedc = 1. The dashedline is associated with the Ã = 0± SA mode.
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Figure H.5 . Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 30± for Tf = 0:25. The dashed-dottedline corresponds to the line of
phasespeedc = 1. The upper dotted line is associated with the Ã = 30± FA mode,
while the lower dotted line is associated with the Ã = 30± SA mode.
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Figure H.6 . Eigenvalues for Mode F (bold solid line) and Mode S (bold dashed
line) for Ã = 45± for Tf = 0:25. The dashed-dottedline corresponds to the line of
phasespeedc = 1. The upper dotted line is associated with the Ã = 45± FA mode,
while the lower dotted line is associated with the Ã = 45± SA mode.

vorticit y modes. However, in contrast to Case1, the synchronism betweenMode F

and the entropy/v orticit y modescontinuesto higher anglesof disturbancepropaga-

tion.

Figures H.5 and H.6 show the eigenvalue curves for Mode F and Mode S for

Ã = 30± and Ã = 45± respectively. As in Case1, there is a synchronism betweenthe

2D Mode F and Mode S. For Case1, the real part of the eigenvalue curves follow

what Mack referredto as Pattern A, oneof two standard patterns (Ref. [36, 37], pp.

11-22- 11-23,pp. 12-26- 12-27). However, onecan seein Fig. H.1 that for Tf = 0:25

the pattern has changedto Pattern B. As with Case1 though, the synchrosnism is

associated with Mode S becomingmore unstableand Mode F becomingmore stable.

As seenin Fig. H.5, Pattern B with the associated Mode S instabilit y continuesfor
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a disturbance with a propagation angle of Ã = 30±. For the parameter valuesused

in Case1, it was seenthat the synchronism betweenMode F and Mode S continued

to occur at higher angleof disturbancepropagation, but with no Mode S instabilit y

accompanying the synchronism. For even higher angles, the synchronism ceased.

There is a much di®erent behavior for Tf = 0:25. Figure H.6 shows that, aswith Case

1, the synchronism betweenMode F and Mode S existsfor a disturbancepropagating

at Ã = 45±. However, in contrast to Case1, ModeF becomesmoreunstable(although

it is not unstable),while ModeS becomesmorestable. Furthermore, onecanseethat

the pattern has returned to Pattern A. At higher anglesof disturbancepropagation,

there is no synchronism betweenMode F and Mode S (as in Case1).
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Appendix I: 2D Mode F Wave Packet - Case 2

Figure I.1 shows the imaginary part of the eigenvalue ! i for Mode F for Case2. Fig-

uresI.2(a) and I.2(b) show respectively the maximum streamwisevelocity amplitude,

umax , and the maximum temperature amplitude, µmax , for Mode F, which are gener-

ated by ® components of the temperature spot located at varying normal distances

Y0 from the wall.
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Figure I.1 . Imaginary part of the eigenvalue for Mode F.

Using Y0 = 8:9, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. Using the letters found in Fig. 4.3, the integration path is



169

�����

��� ���
	

��� ����	

�����

��� ���
	

��� ����	

�

��


��� ���� 	����� 	��� ������ ���� ������ �������������

��	

���

���

�

�

	

�

�����

�� ��!

�� ��!

�����

�� ��!

�� ��!

"

#�$

�� %�� &�%�� &�� '�%�� '�� !�%�� !�� �(�%�� �(

(�&

(�!

(��

)

*

&

!

Figure I.2 . Contours of umax generatedby ® components of the temperature spot
locatedat Y0 (a) and contours of µmax generatedby ® components of the temperature
spot located at Y0 (b). The contour levels in (a) range from 0:004 to 0:024 in incre-
ments of 0:004,while the contour levels in (b) rangefrom 0:02 to 0:22 in increments
of 0:04.

given explicitly as the following: at point A, ® = 0:1; at point B, ® = 0:19; at point

C, ® = 0:19 ¡ 0:008i ; at point D, ® = 0:21 ¡ 0:008i ; at point E, ® = 0:21; and at

point F, ® = 0:5. The result is shown for t = 50 in Fig. I.3(a) ascontours of u in the

x ¡ y plane. To better illustrate the Mode F wave packet, Fig. I.3(b) shows a sliceof

Fig. I.3(a) taken at y = 2:02.

Additionally , the inverseFourier transform of the temperature disturbance, µ, is

computed using the samevalue of Y0 and the sameintegration path that was used

for u. The result is shown for t = 50 in Fig. I.4(a) ascontours of µ in the x ¡ y plane.

To better illustrate the Mode F wave packet, Fig. I.4(b) shows a slice of Fig. I.4(a)

taken at y = 8:03.
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Figure I.3 . Contours of u in the x¡ y plane(a) and streamwisevelocity disturbance,
u, at y = 2:02 for t = 50 (b). The contour levels in (a) are spacedin increments of
0:0002. The solid contours are positive; the dashedcontours are negative; the bold
contours are 0.
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are 0.
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Figures I.5(a) and I.5(b) show respectively the streamwise velocity disturbance,

u, at y = 2:02 and the temperature disturbance,µ, at y = 8:03 for t = 200.

����������

�

�

�	�	
���	���
�
��
�����	
���	���
�
��
�����	


��� �	�����

��� �	�����

��� �	���	�

���������

�

����� �	�����

����� �	���	�

����� �	�����

����� �	�����

����������

�

 

!�"�"#	$�"#�"�"%&$�"

"�' "�"�(

"�' "�"�#

"

)

"�' "�"�#

)

"�' "�"�(

Figure I.5 . Streamwise velocity disturbance, u, at y = 2:02 (a) and temperature
disturbance,µ, at y = 8:03 (b) for t = 200.
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Appendix J: 2D Mode F Wave Packet - Case 3

Figure J.1 shows the imaginary part of the eigenvalue ! i for Mode F for Case3.

Figures J.2(a) and J.2(b) show respectively the maximum streamwise velocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode F, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure J.1. Imaginary part of the eigenvalue for Mode F.

Using Y0 = 18:52, the inverseFourier transform of the streamwise velocity dis-

turbance, u, is computed. Using the letters found in Fig. 4.3, the integration path
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Figure J.2. Contours of umax generatedby ® components of the temperature spot
locatedat Y0 (a) and contours of µmax generatedby ® components of the temperature
spot located at Y0 (b). The contour levels in (a) range from 0:002 to 0:012 in incre-
ments of 0:002,while the contour levels in (b) rangefrom 0:02 to 0:12 in increments
of 0:02.

is given explicitly as the following: at point A, ® = 0:066; at point B, ® = 0:098; at

point C, ® = 0:098¡ 0:012i ; at point D, ® = 0:104¡ 0:012i ; at point E, ® = 0:104;

and at point F, ® = 0:24. The result is shown for t = 50 in Fig. J.3(a) ascontours of

u in the x ¡ y plane. To better illustrate the Mode F wave packet, Fig. J.3(b) shows

a sliceof Fig. J.3(a) taken at y = 5:08.

Additionally , the inverseFourier transform of the temperature disturbance, µ, is

computed using the samevalue of Y0 and the sameintegration path that was used

for u. The result is shown for t = 50 in Fig. J.4(a) ascontours of µ in the x ¡ y plane.

To better illustrate the Mode F wave packet, Fig. J.4(b) shows a slice of Fig. J.4(a)

taken at y = 12:49.
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Figure J.3. Contours of u in the x¡ y plane(a) and streamwisevelocity disturbance,
u, at y = 5:08 for t = 50 (b). The contour levels in (a) are spacedin increments of
0:00002.The solid contours are positive; the dashedcontours are negative; the bold
contours are 0.
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Figure J.4. Contours of µ in the x ¡ y plane (a) and temperature disturbance, µ,
at y = 12:49 for t = 50 (b). The contour levels in (a) are spacedin increments of
0:0002. The solid contours are positive; the dashedcontours are negative; the bold
contours are 0.
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Appendix K: 2D Mode F Wave Packet - Case 4

Figure K.1 shows the imaginary part of the eigenvalue ! i for Mode F for Case4.

Figures K.2(a) and K.2(b) show respectively the maximum streamwise velocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode F, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure K.1 . Imaginary part of the eigenvalue for Mode F.

Using Y0 = 5:67, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. Using the letters found in Fig. 4.3, the integration path is
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Figure K.2 . Contours of umax generatedby ® components of the temperature spot
locatedat Y0 (a) and contours of µmax generatedby ® components of the temperature
spot located at Y0 (b). The contour levels in (a) range from 0:002 to 0:028 in incre-
ments of 0:004,while the contour levels in (b) rangefrom 0:02 to 0:16 in increments
of 0:02.

given explicitly as the following: at point A, ® = 0:122; at point B, ® = 0:227; at

point C, ® = 0:227¡ 0:014i ; at point D, ® = 0:231¡ 0:014i ; at point E, ® = 0:231;

and at point F, ® = 0:5. The result is shown for t = 50 in Fig. K.3(a) as contours of

u in the x ¡ y plane. To better illustrate the Mode F wave packet, Fig. K.3(b) shows

a sliceof Fig. K.3(a) taken at y = 2:02.

Additionally , the inverseFourier transform of the temperature disturbance, µ, is

computedusing the samevalueof Y0 and the sameintegration path that wasusedfor

u. The result is shown for t = 50 in Fig. K.4(a) as contours of µ in the x ¡ y plane.

To better illustrate the Mode F wave packet, Fig. K.4(b) shows a sliceof Fig. K.4(a)

taken at y = 5:97.
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Figure K.3 . Contours of u in the x¡ y plane(a) andstreamwisevelocity disturbance,
u, at y = 2:02 for t = 50 (b). The contour levels in (a) are spacedin increments of
0:0002. The solid contours are positive; the dashedcontours are negative; the bold
contours are 0. !�"�#!�"�#
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FiguresK.5(a) and K.5(b) show respectively the streamwisevelocity disturbance,

u, at y = 2:02 and the temperature disturbance,µ, at y = 5:97 for t = 200.
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Figure K.5 . Streamwise velocity disturbance, u, at y = 2:02 (a) and temperature
disturbance,µ, at y = 5:97 (b) for t = 200.



179

Appendix L: 2D Mode F Wave Packet - Case 5

Figure L.1 shows the imaginary part of the eigenvalue ! i for Mode F for Case5.

Figures L.2(a) and L.2(b) show respectively the maximum streamwise velocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode F, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure L.1 . Imaginary part of the eigenvalue for Mode F.

Using Y0 = 4:22, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. Using the letters found in Fig. 4.3, the integration path is
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Figure L.2 . Contours of umax generatedby ® components of the temperature spot
locatedat Y0 (a) and contours of µmax generatedby ® components of the temperature
spot located at Y0 (b). The contour levels in (a) range from 0:01 to 0:0475in incre-
ments of 0:0075,while the contour levels in (b) rangefrom 0:02 to 0:22 in increments
of 0:04.

given explicitly as the following: at point A, ® = 0:165; at point B, ® = 0:276; at

point C, ® = 0:276¡ 0:013i ; at point D, ® = 0:280¡ 0:013i ; at point E, ® = 0:280;

and at point F, ® = 0:5. The result is shown for t = 50 in Fig. L.3(a) as contours of

u in the x ¡ y plane. To better illustrate the Mode F wave packet, Fig. L.3(b) shows

a sliceof Fig. L.3(a) taken at y = 1:01.

Additionally , the inverseFourier transform of the temperature disturbance, µ, is

computedusing the samevalueof Y0 and the sameintegration path that wasusedfor

u. The result is shown for t = 50 in Fig. L.4(a) as contours of µ in the x ¡ y plane.

To better illustrate the Mode F wave packet, Fig. L.4(b) shows a sliceof Fig. L.4(a)

taken at y = 4:52.
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Figure L.3 . Contours of u in the x¡ y plane(a) and streamwisevelocity disturbance,
u, at y = 1:01 for t = 50 (b). The contour levels in (a) are spacedin increments of
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Figures L.5(a) and L.5(b) show respectively the streamwisevelocity disturbance,

u, at y = 1:01 and the temperature disturbance,µ, at y = 4:52 for t = 200.
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Figure L.5 . Streamwise velocity disturbance, u, at y = 1:01 (a) and temperature
disturbance,µ, at y = 4:52 (b) for t = 200.
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Appendix M: 2D Mode S Wave Packet - Case 2

Figure M.1 shows the imaginary part of the eigenvalue ! i for Mode S for Case2.

FiguresM.2(a) and M.2(b) show respectively the maximum streamwisevelocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode S, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure M.1 . Imaginary part of the eigenvalue for Mode S.

Using Y0 = 8:9, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. The result is shown for t = 500in Fig. M.3(a) ascontours of u
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Figure M.2 . Contours of umax (a) and contours of µmax (b) generatedby ® com-
ponents of the temperature spot located at Y0. The contour levels in (a) rangefrom
0:0005 to 0:003 in increments of 0:0005, while the contour levels in (b) range from
0:005 to 0:03 in increments of 0:005.

in the x ¡ y plane. Figure M.3(b) shows a comparisonof the computedintegral with

the asymptotic approximation at y = 2:02. Similar results for t = 1000and t = 1500

can be seenrespectively in Figs. M.4(a) and M.4(b).

In addition, the inverseFourier transform of the temperature disturbance, µ, is

computed for Y0 = 8:9 and t = 500. The result is shown in Fig. M.5(a) as contours

of µ in the x ¡ y plane. Figure M.5(b) shows a comparisonof the computed integral

with the asymptotic approximation at y = 8:03. Similar results for t = 1000 and

t = 1500can be seenrespectively in Figs. M.6(a) and M.6(b).
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Figure M.3 . Contours of u in the x ¡ y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the stream-
wisevelocity disturbance,u, at y = 2:02 for t = 500(b). The contour levelsin (a) are
spacedin increments of 0:0003. The solid contours are positive; the dashedcontours
are negative; the bold contours are 0.
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Figure M.5 . Contours of µ in the x ¡ y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashed line) for the tem-
perature disturbance, µ, at y = 8:03 for t = 500 (b). The contour levels in (a) are
spacedin increments of 0:0075. The solid contours are positive; the dashedcontours
are negative; the bold contours are 0.
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Appendix N: 2D Mode S Wave Packet - Case 3

Figure N.1 shows the imaginary part of the eigenvalue ! i for Mode S for Case3.

Figures N.2(a) and N.2(b) show respectively the maximum streamwise velocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode S, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure N.1 . Imaginary part of the eigenvalue for Mode S.

Using Y0 = 15:62, the inverseFourier transform of the streamwisevelocity distur-

bance,u, is computed. The result is shown for t = 500in Fig. N.3(a) ascontours of u
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Figure N.2 . Contours of umax (a) and contours of µmax (b) generatedby ® compo-
nents of the temperature spot located at Y0. The contour levels in (a) range from
0:0002to 0:0008in increments of 0:0002,while the contour levels in (b) range from
0:003 to 0:008 in increments of 0:001.

in the x ¡ y plane. Figure N.3(b) shows a comparisonof the computed integral with

the asymptotic approximation at y = 2:96. Similar results for t = 1000and t = 1500

can be seenrespectively in Figs. N.4(a) and N.4(b).

In addition, the inverseFourier transform of the temperature disturbance, µ, is

computedfor Y0 = 15:62 and t = 500. The result is shown in Fig. N.5(a) ascontours

of µ in the x ¡ y plane. Figure N.5(b) shows a comparisonof the computed integral

with the asymptotic approximation at y = 15:88. Similar results for t = 1000and

t = 1500can be seenrespectively in Figs. N.6(a) and N.6(b).
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Appendix O: 2D Mode S Wave Packet - Case 4

Figure O.1 shows the imaginary part of the eigenvalue ! i for Mode S for Case4.

Figures O.2(a) and O.2(b) show respectively the maximum streamwise velocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode S, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure O.1. Imaginary part of the eigenvalue for Mode S.

Using Y0 = 6:12, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. The result is shown for t = 500in Fig. O.3(a) ascontours of u
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in the x ¡ y plane. Figure O.3(b) shows a comparisonof the computed integral with

the asymptotic approximation at y = 2:02. Similar results for t = 1000and t = 1500

can be seenrespectively in Figs. O.4(a) and O.4(b).

In addition, the inverseFourier transform of the temperature disturbance, µ, is

computed for Y0 = 6:12 and t = 500. The result is shown in Fig. O.5(a) as contours

of µ in the x ¡ y plane. Figure O.5(b) shows a comparisonof the computed integral

with the asymptotic approximation at y = 5:73. Similar results for t = 1000 and

t = 1500can be seenrespectively in Figs. O.6(a) and O.6(b).
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Figure O.3. Contours of u in the x ¡ y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the stream-
wisevelocity disturbance,u, at y = 2:02 for t = 500(b). The contour levelsin (a) are
spacedin increments of 0:0075. The solid contours are positive; the dashedcontours
are negative; the bold contours are 0.
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Appendix P: 2D Mode S Wave Packet - Case 5

Figure P.1 shows the imaginary part of the eigenvalue ! i for Mode S for Case5.

Figures P.2(a) and P.2(b) show respectively the maximum streamwise velocity am-

plitude, umax , and the maximum temperature amplitude, µmax , for Mode S, which

are generatedby ® components of the temperature spot located at varying normal

distancesY0 from the wall.
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Figure P.1. Imaginary part of the eigenvalue for Mode S.

Using Y0 = 3:92, the inverseFourier transform of the streamwise velocity distur-

bance,u, is computed. The result is shown for t = 500in Fig. P.3(a) ascontours of u



196

�����

��� ���
	

��� ���
	

�����

��� ���
	

��� ���
	

�

��


��� ���� ������ ���� �
���� ���� 	
���� 	

���

�

�

�

�

�

�

�

	

�

�����

�� ��!

�� ��!

�����

�� ��!

�� ��!

"

#�$

�� %�� &�%�� &�� '
%�� '�� (
%�� (

!��

)

*

+

,

%

&

'

(

!

Figure P.2. Contours of umax (a) and contours of µmax (b) generatedby ® compo-
nents of the temperature spot located at Y0. The contour levels in (a) range from
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in the x ¡ y plane. Figure P.3(b) shows a comparisonof the computed integral with

the asymptotic approximation at y = 1:01. Similar results for t = 1000and t = 1500

can be seenrespectively in Figs. P.4(a) and P.4(b).

In addition, the inverseFourier transform of the temperature disturbance, µ, is

computedfor Y0 = 3:92 and t = 500. The result is shown in Fig. P.5(a) ascontours of

µ in the x ¡ y plane. Figure P.5(b) shows a comparisonof the computedintegral with

the asymptotic approximation at y = 4:23. Similar results for t = 1000and t = 1500

can be seenrespectively in Figs. P.6(a) and P.6(b).
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Figure P.3. Contours of u in the x ¡ y plane (a) and comparisonof the computed
integral (solid line) with the asymptotic approximation (dashedline) for the stream-
wisevelocity disturbance,u, at y = 1:01 for t = 500(b). The contour levelsin (a) are
spacedin increments of 0:002. The solid contours are positive; the dashedcontours
are negative; the bold contours are 0.
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Appendix Q: 3D Mode S Wave Packet - Case 2

Using the asymptotic approximation of the 3D inverseFourier transform, the Mode

S wave packet is calculated for both the streamwise velocity disturbance and the

temperature disturbancefor t = 500and t = 1000. Figure Q.1(a) is a surfaceplot of

the streamwise velocity disturbance, u, taken at the slice y = 2:02 for Y0 = 8:9 and

t = 500. Figure Q.1(b) is a rotation of Fig. Q.1(a) in order to seethe undersideof

the wave packet. To have a clearersenseof the amplitude values,Fig. Q.1(c) shows

contours of u for y = 2:02, Y0 = 8:9, and t = 500. FiguresQ.2(a), Q.2(b) and Q.2(c)

show the Mode S wave packet for the streamwisevelocity disturbancefor t = 1000.

Similar results can be seenin Figs. Q.3(a)-Q.3(c) and Q.4(a)-Q.4(c) for the tem-

perature disturbance, µ, taken at the slice y = 8:03 for Y0 = 8:9 and the respective

times t = 500and t = 1000.
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y = 2:02, Y0 = 8:9, and t = 500. The contour levels in (c) are spacedin increments
of 0:000075. The solid contours are positive; the dashedcontours are negative; the
bold contours are 0.
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Figure Q.3. Surface(view 1) (a), surface(view 2) (b) and contours (c) of µ for
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contours are 0.
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Appendix R: 3D Mode S Wave Packet - Case 3

Using the asymptotic approximation of the 3D inverseFourier transform, the Mode

S wave packet is calculated for both the streamwise velocity disturbance and the

temperature disturbancefor t = 500and t = 1000. Figure R.1(a) is a surfaceplot of

the streamwisevelocity disturbance,u, taken at the slicey = 2:96 for Y0 = 15:62 and

t = 500. Figure R.1(b) is a rotation of Fig. R.1(a) in order to seethe undersideof

the wave packet. To have a clearersenseof the amplitude values,Fig. R.1(c) shows

contours of u for y = 2:96,Y0 = 15:62,and t = 500. FiguresR.2(a), R.2(b) and R.2(c)

show the Mode S wave packet for the streamwisevelocity disturbancefor t = 1000.

Similar results can be seenin Figs. R.3(a)-R.3(c) and R.4(a)-R.4(c) for the tem-

perature disturbance,µ, takenat the slicey = 15:88 for Y0 = 15:62and the respective

times t = 500and t = 1000.
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of 0:000005. The solid contours are positive; the dashedcontours are negative; the
bold contours are 0.
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of 0:000005. The solid contours are positive; the dashedcontours are negative; the
bold contours are 0.
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Figure R.3. Surface(view 1) (a), surface(view 2) (b) and contours (c) of µ for
y = 15:88,Y0 = 15:62,and t = 500. The contour levelsin (c) arespacedin increments
of 0:0001. The solid contours are positive; the dashedcontours are negative; the bold
contours are 0.
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Appendix S: 3D Mode S Wave Packet - Case 4

Using the asymptotic approximation of the 3D inverseFourier transform, the Mode

S wave packet is calculated for both the streamwise velocity disturbance and the

temperature disturbancefor t = 500and t = 1000. Figure S.1(a) is a surfaceplot of

the streamwisevelocity disturbance,u, taken at the slicey = 2:02 for Y0 = 6:12 and

t = 500. Figure S.1(b) is a rotation of Fig. S.1(a) in order to seethe undersideof

the wave packet. To have a clearersenseof the amplitude values,Fig. S.1(c) shows

contours of u for y = 2:02, Y0 = 6:12, and t = 500. Figures S.2(a), S.2(b) and S.2(c)

show the Mode S wave packet for the streamwisevelocity disturbancefor t = 1000.

A discontinuity can clearly be seenin both the surfaceplots and contour plots.

The discontinuity is associated with a jump from Mode S to another mode. This

mode switch continues to occur for very small choice of the numerical step size.

This discontinuousbehavior was alsoobserved for the temperature disturbance,and

therefore, ¯gures of the Mode S wave packet for the temperature disturbance have

not beenincluded. Additionally , becauseof this mode switching, ¯gures of the Mode

S wave packet associated with Case5 are not included.
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Figure S.1. Surface(view 1) (a), surface(view 2) (b) and contours (c) of u for
y = 2:02, Y0 = 6:12, and t = 500. The contour levels in (c) are spacedin increments
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