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ABSTRACT 

The essays presented in this dissertation strive to narrow the gap between 

Operations models and practice. They describe three models with seemingly paradoxical 

or counter-intuitive predictions and then test them in the controlled environment of the 

laboratory.  

Essay 1 studies the departure time decisions of commuters traversing a Y-shaped 

network with two bottlenecks, who wish to arrive at their common destination at a 

desired time. Imposed on the network are costs associated with arriving either too early 

or too late with respect to an exogenously determined arrival time as well as to the delay 

experienced due to the bottlenecks. The equilibrium solution implies that, for certain 

parameter values, expanding the capacity of the upstream bottlenecks while keeping the 

capacity of the other fixed may induce a shift in the endogenously-determined departure 

times so as to increase total travel costs. We report the results of a large-group 

experiment designed to test this counterintuitive hypothesis. Our experimental results are 

strongly supportive of this prediction. 

Essay 2 examines the Braess Paradox which is a counterintuitive discovery that 

removing a link from a network that is subject to congestion may decrease the 

equilibrium travel cost for each of its users. We demonstrate this phenomenon in a 

complex network and test it experimentally with large groups of players. Our main 

purpose is to compare two information conditions. In the PUBLIC condition every user is 

informed of the route choices and payoffs of all the users. In the PRIVATE condition, 
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each user is only informed of her own payoff. We show that under both information 

conditions, aggregate route choices converge to equilibrium. 

Essay 3 examines the impact of information on the routing decisions that drivers 

make in a congestible two route traffic network. We present a model and theoretical 

predictions of driver choices in such a network and compare outcomes under conditions 

of full and no-information regarding the capacities of each route. Under certain 

circumstances, the model predicts a paradox: aggregate travel delays increase with the 

provision of a priori information regarding stochastic travel conditions. We report 

evidence supporting this paradox in a laboratory experiment. 
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INTRODUCTION 

Operations Management (OM) focuses on the design, management, and 

improvement of operating systems and processes. This discipline employs multiple 

methodological approaches, such as mathematical modeling, computer simulations, and 

empirical research. It tends to be normative and is mainly interested in developing 

prescriptive models of how operating systems and processes should work optimally (that 

is, most efficiently and in the most effective way). Unfortunately, these models are often 

not very useful to those who are supposed to utilize them.  

In the vast majority of operations, people are a critical component to the 

functioning of the system. OM contexts are complex organizational settings in which, as 

established in psychological research, decision makers are affected by individual biases 

and use heuristics at different stages of the decision process. Yet, most formal analytical 

models in OM assume that the agents (decision-makers, workers, or customers) in the 

systems or processes are fully rational (i.e., can perfectly distinguish signal from noise, 

react to relevant information and discard irrelevant information, have consistent 

preferences, incorporate all relevant alternatives and variables, and maximize expected 

utility). The behavioral aspects have been either ignored or treated as a second-order 

effect in OM literature. Behavioral OM is intended to bridge this gap by acknowledging 

that behavioral biases and cognitive limits are not just noise, and that they systematically 

affectpeople‟sjudgmentanddecisions. 

 OM is closely related to many disciplines: applied mathematics, economics, 

computer science, engineering, and sociology. In recent years, the study of human 
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behavior has taken root in many of them. In economics, behavioral economics gained 

broad popularity (and a Nobel prize), accounting and finance increasingly incorporate 

experimentalmethods,andmarketingfocusesonthepsychologyofconsumers‟behavior.

Similar to OM, for many years, economists based their models on the assumption that 

individuals are fully rational. However, research by Simon, Tversky and Kahneman and 

others have clearly revealed that human beings do not always act rationally, and their 

bounded rationality has important implications for economic theory. Faced with this 

evidence, in the last 20 years, economists have begun to pay attention to the idea that 

psychologyplaysanimportantroleindescribingandexplainingpeople‟sbehavior. 

 In recent years, OM research too has started to pay attention to behavioral 

influences. A behavioral perspective on OM problems can be found in two streams of 

research. The first uses experiments to investigate causes of OM phenomena. Much of 

this research focuses on the bullwhip effect in supply chains and uses beer game 

simulation experiments. The second stream is aimed at testing OM theories and models 

when real agents are involved. The latter stream includes service provider choice 

experiments (in which experiments are aimed at evaluating the performance of different 

models consumer use when choosing among suppliers), the newsvendor problem 

(demonstrating suboptimal and biased inventory choices), the secretary problem, revenue 

management, and several traffic and queueing problems. These experiments allow 

exploring why behavior deviates from theories and produces results that are not optimal, 

and designing systems that may reduce those deviations. 
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 To summarize, the goal of behavioral OM is to explore the intersection of OM 

(which is focused on the systems‟ behavior) and behavioral decision research (which

focuses on human behavior). It contends that by taking these limitations and 

characteristics into account, it is possible to better design, manage, and improve operating 

systems and processes. The result should be increased explanatory power of OM theories 

and models. In line with this goal, this dissertation includes three studies. The first looks 

at behavioral aspects of a queueing problem, and the other two examine the effects of 

information provision in a network setting. All three essays have much in common both 

on the theoretical side as well as the methodological side. As a theoretical benchmark 

they all make use of equilibrium analysis. The ensuing predictions are then tested in the 

laboratory with a relatively large group of players who interact with one another in a 

network setting.  All three cases are especially intriguing since theory predicts behavior 

which is unintuitive (paradoxical). 
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1 DEPARTURE TIMES IN Y-SHAPED TRAFFIC 

NETWORKS WITH MULTIPLE BOTTLENECKS 

The economic analysis of congested traffic networks has a venerable history. 

Gaining prominence in the classic debate over social costs between Pigou and Knight 

(1924), and later on in the seminal article in the American Economic Review by Vickrey 

(1969), the problem continues to attract academic and public interest
1
. The research 

reportedinourpaperfollowsdirectlyfromVickrey‟smodelofthedecisionscommuters

make as to when to depart from a common origin and travel to a common destination 

alongasingleroad. InVickrey‟smodel, thereisasinglebottleneck on the road with a 

fixed and known capacity and a common desired arrival time at the common destination. 

If the arrival rate at the bottleneck exceeds the bottleneck capacity, as it is likely to occur 

if most commuters depart at a time that would otherwise get them to the destination at the 

desired arrival time, then a queue forms. Commuters then face a trade-off. A commuter 

may choose to depart early and pay the penalty of arriving at her destination too early 

(with respect to an exogenously determined desired arrival time), depart late and pay the 

(much heavier) penalty of arriving too late, or depart at the peak hour when longer queues 

form and delays are high
2
. InVickrey‟smodel, each commuter independently chooses

her departure time to minimize her travel costs, which are assumed to be linear functions 

                                                 
1
 For example, a New York Times article (February 11, 2007) discussing federal budget initiatives to stimulate 

the management of traffic delays on American  roadways heralded the near future as the „golden age of

congestionpricing‟. 
 
2
 Examples abound. In deciding when to leave for the airport for a designated flight, one may weigh the expected 

delays at checkpoints in counters and in security lines against the costs of arriving too early or too late for the 

flight. 
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of travel time and the time that she is either early or late in reaching the destination (these 

latter times are hereafter referred to as schedule delays). Departure times are in 

equilibrium when no commuter has an incentive to unilaterally alter her departure time 

decision, given those of the other commuters. 

Paradoxes in Traffic Networks.  Alternative formulations and extensions of Vickrey‟s

model have been developed by, among others, Hendrickson and Kocur (1981), Smith 

(1983), Daganzo (1985), Kuwahara (1990), Arnott, De Palma, and Lindsey (1990; 

1993(a); 1993(b); 1999), and Otsubo and Rapoport (2008). Of particular relevance to our 

paper is the model by Arnott, De Palma, and Lindsey (1993(a)) (hereafter ADL), who 

considered a Y-shaped traffic network comprised of two upstream bottlenecks with 

service capacities s1 and s2, and a single downstream bottleneck with service capacity sd. 

In their model, two groups of commuters travel along the Y-shaped corridor from home 

to work, one entering each arm and passing through the corresponding upstream 

bottleneck, as well as the downstream bottleneck that is common to both groups. 

Imposing linear travel and schedule delay costs, ADL then reported a remarkable and 

counterintuitive result, namely, that for certain combinations of bottleneck capacities, per 

unit schedule delay costs, and per unit travel time costs, expanding one of the upstream 

bottlenecks may induce the commuters to alter their departure times in such a way as to 

increase the sum of total traveling and schedule delay costs
3
. Our study reports the results 

of an experiment designed to study the implications of this theoretical result in the 

controlled environment of the laboratory. 

                                                 
3
 This result could be used as the theoretical justification for the practice of regulating the flow of traffic at 

freeway on-ramps(„metering‟). 
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The result reported by ADL seems paradoxical, as the usual remedy for combating 

congestion is to expand the road system (increase service capacity). Transportation 

researchers have identified additional paradoxes in which this remedy fails (Arnott & 

Small,  1994). The very well known Pigou-Knight-Downs (PKD) paradox concerns a 

simple network with a common origin and a common destination connected by two 

roads, a direct road containing a narrow bridge, and a wider, more circuitous, road. For 

certain parameter combinations (number of commuters, bridge capacity), expanding the 

bridge‟scapacityhasnoeffecton travel time.Asecond,moreperverse,paradox is the

Downs-Thompson paradox. It resembles the previous paradox except that the alternative 

to taking the congested road with the narrow bridge is replaced by a privately operated 

train line. Both paradoxes are illustrated numerically by Arnott and Small (1994). The 

third paradox, arguably the most well known to engineers and computer scientists, is due 

to Braess (1968). It consists of showing that, in equilibrium, adding one or more links to 

a traffic network, thereby allowing for more routes between a common origin and a 

common destination, may cause total travel time to increase. In all of these paradoxes, the 

commuters depart from the origin of the network simultaneously. In the Bottleneck 

Paradox of ADL, which is the subject of our first essay, the number of network users, 

origins, common destination, travel routes, and cost structures are all fixed, but departure 

times are endogenously determined.  

Previous Empirical and Experimental Research. All of these paradoxes occur in abstract 

networks with alternative routes or modes of transportation, on at least one of which un-

priced congestion occurs. The equilibrium solution (called user equilibrium in the context 



22 

 

of traffic networks) is inefficient because network users make their decisions selfishly 

without taking into account the negative externalities they impose on others. After 

reviewing and numerically illustrating some of these transportation paradoxes, Arnott and 

Small (1994, p. 451) raised the question: “Are these paradoxesmore than intellectual

curiosities?” Empirical data that either reject or support the paradox are very hard to

come by, as the assumptions underlying these models cannot exactly be met. As early as 

1970, Murchland noted with regard to the Braess paradox: “It seems to me that the

importance of the Braess‟ paradox for practical networks will only become apparent

when sufficiently accurate congested traffic assignment calculations become available 

and the phenomenon emerges, or fails to emerge, during systematic searches for optimal 

linkadditions”(Murchland,  1970, p. 393). Few of these systematic searches have been 

forthcoming. Perhaps the most frequently cited example is the one by Knödel (1969), 

who remarked that major road improvement in the center of Stuttgart failed to yield the 

benefits expected. They were only obtained when a cross street was subsequently 

withdrawn from traffic use. Intriguing as it may be, this is only anecdotal evidence that 

doesnotmeettherequirementfor“systematicsearchesforoptimallinkadditions.” 

An alternative approach that has emerged in economics is to test the implications of 

the equilibrium analyses of various traffic networks and compare user behavior with the 

equilibrium solution experimentally. This approach consists of simulating simple traffic 

networks in the controlled environment of the laboratory, having users choose routes in 

these simulated traffic networks before and after they are subjected to changes in the cost 

function or structure of the network, and searching for the emergence of systematic and 
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replicable patterns of behavior. If they emerge, then it is of significant interest to 

determine whether these behavioral patterns support equilibrium play and the paradoxical 

results it may imply. Experimental studies that subscribe to this approach have recently 

been reported by Avineri (2006), Iida, Akiyama, and Uchida (1992), Denant-Boèmont 

and Petiot (2003), Helbing (2004),  Helbing, Schönhof, and Kern (2002), Gabuthy, 

Neveu, and -Boèmont (2006), Selten et al. (2004; 2007), Schneider and Weimann (2004), 

Avineri and Prashker (2005), Rapoport et al. (2008; 2009), Morgan, Orzen, and Sefton 

(2009),  Rapoport, Mak, and Zwick (2006), and Ziegelmeyer et al. (2008).  

With the exception of the experiments by Gabuthy et al., Schneider and Weimann, 

and by Ziegelmeyer et al., all of these experiments have focused on route choice, not on 

departure time in networks that are not susceptible to structural changes. Departure times 

are considered in Gabuthy et al. but model parameters are chosen so that queues do not 

form in equilibrium. Schneider and Weimann tested a road-pricing model formulated by 

Arnott, De Palma, and Lindsey (1990). In their model, a fixed number of commuters have 

to travel from a common origin, O, to a common destination, D, on a single road and pass 

through a single bottleneck with a fixed capacity s. The Bottleneck Paradox of ADL does 

not arise in such a simple network. Ziegelmeyer et al. reported two laboratory 

experiments designed to study the impact of public information about past departure rates 

on travel costs and congestion levels. Their focus is on population size, relative cost of 

delay, and outcome information about previous congestion rates, not on the paradoxical 

results of ADL. Mahmassani, Chang, and Herman (1986) and Mahmassani and Chang 

(1987) conducted a series of laboratory studies of departure time choice behavior in a 
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simple congested network. They compared their results to a model in which commuters 

were assumed to be boundedly rational to the degree that they were „satisfied‟ with

arrival times in a band around their desired arrival time. However, their model and 

experimental methods differ substantially from those of our study. 

The rest of this essay is organized as follows. Section 1 presents our model of the Y-

shaped network with bottlenecks. It is similar to the ADL model with the following two 

major exceptions: 1) we allow for late arrivals (at high cost) to the common destination 

with respect to a common desired arrival time (as does Kuwahara, 1990) and 2) we 

assume that the number of agents is finite (the ADL and Kuwahara models assume a 

continuum of infinitesimally small agents). Section 2 begins with an exposition of the 

Nash equilibrium solution for the infinite-agent model of ADL. It then introduces the 

corresponding finite-agent model that we test later in our experiment. Section 3 presents 

the experimental method and results. Our contribution is threefold. First, and most 

importantly, we show experimentally that the Bottleneck Paradox is not just a theoretical 

curiosity. Using a between-subject design, we show that – for the cost structure in the 

present study - an increase in the capacity of the upstream bottleneck causes a significant 

shift in the departure time distribution and, consequently, a significant increase in the 

commuters‟ total travel cost. Second, we find that observed departure times on the

aggregate level are in close agreement with the equilibrium solution. Third, we show that 

experience in iteratively traversing the network matters. As the network users who have 

to pass through two bottlenecks gain more experience with the network, their mean 

payoff increases and the between-user variability in payoff decreases sharply. Finally, we 
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show that this systematic change in aggregate behavior over time can be accounted for by 

a simple reinforcement-learning model. Section IV concludes with a discussion regarding 

the significance and generality of our results. 

1.1 The Model 

We consider the Y-shaped traffic network that is illustrated in Figure 1.1. There are 

two groups of network users who commute daily from their neighborhoods of origin to a 

common destination. On their journey, they encounter bottlenecks that have the potential 

to introduce delay into their travel. The n1 users in group 1 pass through only a 

downstream bottleneck common to both groups whereas the n2 users in group 2 first must 

pass through an upstream bottleneck and then join the users from group 1 in traversing 

the downstream bottleneck.  

 

Figure 1.1. Traffic network with two groups and two bottlenecks. Group 1 passes through 

the downstream bottleneck with capacity sd, and group 2 passes through the upstream 

and downstream bottlenecks with respective capacities s2 and sd. Both groups wish to 

arrive at the common destination at 8:30 am. 

 

Group 1

n1 users.

Upstream 

Bottleneck

capacity = s2 
Group 2

n2 users.

Downstream 

Bottleneck

capacity = sd 

Destination

 

t* = 8:30 am 



26 

 

The upstream and downstream bottlenecks have non-stochastic capacities s2 and sd, 

respectively, where capacity is measured by the maximum number of network users who 

can pass through per unit time. If the arrival rate of commuters at either of the two 

bottlenecks exceeds its capacity, a queue forms behind this bottleneck. This is the only 

source of congestion on the network
4
. The decision variables in the model are the 

individual departure times, and these are independently and endogenously determined. 

There are two sources of cost that are common to the network users of groups 1 and 

2. There is the cost per unit of travel time, which we denote by . Without loss of 

generality, we assume that travel time is zero except for the delay experienced in the 

bottlenecks. There are also the costs of arriving either too early or too late with respect to 

a common, exogenously determined, desired arrival time, t*. The parameter  denotes the 

cost per unit time of early arrival, and the parameter   the cost per unit time of late 

arrival. Like ADL, we assume  > >.  This inequality generally holds in practice. 

Thus, each commuter is presented with a departure time choice problem that involves 

trading off delays in bottlenecks, which are clearly a function of the departure times of 

the other commuters, with desired arrival time at the common destination. 

Let )(tTg  be the total travel delay at bottlenecks for a member of group g who 

departs home at time t. Then, the corresponding travel cost of such a commuter from 

group g, who departs home at time t, can be written as 

(1) ]))((,0max[))]((,0max[)()( ** ttTttTtttTtC
gggg

  .  

                                                 
4
 The two bottlenecks are assumed to be sufficiently separated so that the physical length of a queue behind the 

downstream bottleneck does not interfere with the upstream bottleneck. 
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Section 2 presents equilibrium results for a case in which the Bottleneck Paradox 

emerges in this model. As the capacity of the upstream bottleneck is increased, commuter 

travel costs also increase.  

1.2 The Equilibrium Solution 

1.2.1 The infinite-agent model 

In this section, we present the Nash equilibrium distribution of departure times for the 

model of the Y-shaped network presented in Section 1. This equilibrium is similar to that 

in ADL with one significant change, namely, the cost of late arrivals,  , is no longer 

infinitely large. Consequently, it is optimal in our model for some commuters to arrive 

late at their common destination. The ADL model is a „flow‟ model in that the

commuters in each group are assumed to constitute an infinite set of infinitesimally small 

elements with n1 and n2 being measures of the size of the two groups. As a result, if a 

bottleneck has a capacity of s  commuters per hour then sn /1  hours would be required 

for all of the members of group 1 to pass through that bottleneck even though each 

commuter would only require an infinitesimally small amount of time to do so. This 

model is a useful approximation for traffic networks with large numbers of commuters. 

Later in this section we discuss the adjustments necessary to the equilibrium results for a 

model with a finite and relatively small number of agents (as required for laboratory 

testing with human participants) who take a finite amount of time to traverse a 

bottleneck.  
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Let )(tfg  represent the distribution of departure times for each group g (g =1, 2) of 

users. If g  is the set of times for which )(tfg  is greater than 0 (the set of times over 

which users in group g depart), then gg ndttf

g




)( . The distributions of departure times 

of the two groups, )(1 tf and )(2 tf , constitute a Nash Equilibrium if and only if the costs of 

departing at any time in the sets 1  and 2  are constant for each group and less than the 

costs of departing at all other times, 

(2)  1,2.  g       
for  

for  
)( 










gg

gg

g
tC

tC
tC




      

For the Y-shaped network, because group 1 users face no upstream bottleneck, 21 CC   . 

Graphs of the equilibrium cumulative distributions of departure times of the two 

groups of (infinitely many) network users are exhibited in Figures 1.2 (top and bottom 

panels) for the two sets of model parameters
5
 that will be used in the experiments. Figure 

1.2 (top) depicts results for the situation in which the upstream bottleneck has a relatively 

low capacity, and Figure 1.2 (bottom panel) depicts the same network with a higher 

upstream bottleneck capacity. In the present paper we confine ourselves to the insights, 

several of them are due to ADL, that drive the derivations. 

                                                 
5
 For comparability, we have chosen parameters which are proportional to the ones used in the numerical 

examples in ADL. The only changes are to multiply population measures and bottleneck capacities by 16 so as to 

correspond to the discrete quantities used in the experiments and to introduce the finite cost of being late. The 

relative sizes of the cost parameters are values commonly used in the transportation modeling literature. 
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Figure 1.2. Equilibrium distribution of cumulative departure times for LOW (upper 

panel) and HIGH (lower panel) upstream capacity for ADL flow model with late arrivals 

permitted (finite late cost). 
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We begin with an analysis of the low capacity situation as illustrated in Figure 1.2 

(top). We will later observe that the high capacity case illustrated in Figure 1.2 (bottom 

panel) is an extreme case and the same analysis will apply. The first thing to observe in 

Figure 1.2 (top panel) is that, in equilibrium, some network users arrive late (after t*) and 

that they are all from group 2. The reason for this will become clear below. Let o
gt and e

gt  

denote, respectively, the departure times of the first and last members of each group g. By 

equating (as the equilibrium solution requires) the travel cost of the first user from group 

2 to depart, who encounters no delay and only an early arrival cost, with the travel cost of 

the last user to depart from group 2, who also faces no delay but incurs a late arrival cost, 

it is relatively straightforward to show that the departure time of the last user to arrive at 

the destination, maxt , must satisfy the equation 

(3) 
  









 












d

e

s

nn
ttt

)( 21*
2max




, 

and also that the departure time of the first commuter to depart, 
ot2 , must be 

(4) d
o snntt /)( 21max2  . 

Between 
ot2  and tmax , group 2 users (Figure 1.2 (top panel)) depart at three different rates 

resulting in the following cumulative distribution of departure times (as shown in Figure 

1.2 (top panel)); 

(5) (a)
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  , is the time at which group 2 

commuters leaving the upstream bottleneck encounter the first group 1 commuter at the 

downstream bottleneck, and the second breakpoint, 
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, is the 

departure time of the first group 2 commuter who will arrive late at the destination. 

The initial rate specified in equation 5(a) is greater than the upstream bottleneck 

capacity for the parameters used in our model, and as a result a queue forms at the 

upstream bottleneck. This departure rate reflects the cost tradeoff between reduced early 

arrival times at the destination and increased time waiting in queues. The departure rate 

for group 2 falls to a rate that is equal to the capacity of the upstream queue, 2s , at 
bt and 

the upstream queue length stays then constant for the entire period that these users 

encounter group 1 users at the downstream bottleneck. This is clearly a necessary 

condition for equilibrium because the only difference between the two groups of users is 

the cost that group 2 users encounter in the upstream bottleneck
6
. 

Between ft and maxt , group 2 users depart at the much lower (assuming large  ) rate 

shown in equation 5(c). There are )( *
max ttsd  users in this last set of group 2 users, and 

                                                 
6
 In equilibrium C1(t) and C2(t) are both constant for all departure times in τ1 and τ2 respectively hence  C2(t) 

– C1(t) must be constant and this can only be achieved if the upstream queue delay is constant for all group 

2 users who arrive at the downstream bottleneck during the period when group 1 users are departing. 
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they arrive late at the destination at times between 
*t and maxt . Their rate of departure is 

determined by the tradeoff between the costs of waiting in line and of being late.  

As can be seen in Figure 1.2 (top panel), group 1 users depart at times in the mid-

range of the departure times for group 2 users. As discussed earlier, group 1 departures 

must take place while there is a queue at the upstream bottleneck. If not, group 1 and 

group 2 users departing at such a point in time would have the same cost (because of no 

delay cost at the upstream bottleneck) in violation of 21 CC  . In particular, the 

cumulative distribution of departure times for group 1 is given by 

(6) )()( 121

o

d ttsstF 
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eo ttt 11   ,
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upstream queue begins to empty, and the first departure in group 1 occurs at 
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so as to give all group 1 commuters a constant cost over 
1 . 

It is instructive to consider the experiences of a few of these commuters. For example, 

with the parameter set illustrated in Figure 1.2 (top panel), the first commuter in group 2 

departs at 6:38 am, faces no queues or delays at either bottleneck, and arrives at the 

destination very early. However, because the departure rate of this first cohort is much 

greater than the capacity of the upstream bottleneck, a commuter leaving just 16 minutes 

later at 6:54 am encounters a long queue and a delay of nearly 24 minutes at the first 
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bottleneck. Because the capacities of both bottlenecks are the same, the upstream 

bottleneck regulates flow such that there is no further delay at the downstream bottleneck. 

Any group 2 users who depart after 6:56 am encounter additional delays at the 

downstream bottleneck because by the time they get there, group 1 users will have started 

joining the flow and queues begin to build up. For example, a commuter in group 2 who 

leaves at 7:06 am spends 26 minutes in the upstream queue and then another 16 minutes 

in the downstream bottleneck – for a total delay of 42 minutes. For group 2 commuters 

leaving at the tail end of the rush period, the delays become shorter but they are always 

late. A commuter who leaves at 8:10 am, for example, faces no upstream delay but a 

delay of 25 minutes at the downstream queue and arrives at the destination 5 minutes late 

at 8:35 am. Group 1 commuters leave over a very compact segment of time in the middle 

of the commute period. The first group 1 person leaves at 7:23 am, faces no queue at the 

downstream bottleneck, and experiences no delay. Thereafter, the joint flow of 

commuters from both groups results in ever-longer queues at the downstream bottleneck. 

The final group 1 commuter departs at 7:50 am and is delayed 40 minutes at the 

downstream bottleneck, arriving at her destination exactly on time at 8:30 am. 

The departure times and distributions in equations (3) through (6) that are illustrated 

in Figure 1.2 (top panel) yield the following costs. All group 1 users have a commuting 

cost, in equilibrium, of 
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and for all group 2 users the commuting cost is 



34 

 

(8) 
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The resulting total system cost for all users in both groups is, therefore, 

(9) 2211 CnCnTC  . 

From the above expressions it is easy to verify that TC/s2>0 under the conditions of 

our model, 21 CC  , and dss 2 . This means that increasing the capacity of the upstream 

bottleneck, as is illustrated in Figure 1.2 (bottom panel), results in an increase of total 

network costs. This is the Bottleneck Paradox discussed by ADL. 

As the capacity of the upstream bottleneck increases (from s2=12 to s2=19.25) it 

becomes less of a constraint on the behavior of the group 2 commuters. Equations 5(a, b, 

c) still describe the cumulative distribution of departures but 
bt  approaches 

ot2  and 5(a) 

applies over an increasingly short period. Equation 6 also still applies to the group 1 

commuters but their initial departure time, 
ot1 , moves closer to that of the group 2 

commuters. Eventually the capacity of the upstream bottleneck ceases to be a binding 

constraint and the network behaves as if only the downstream bottleneck existed. Figure 

1.2 (bottom panel) depicts the equilibrium behavior of the flow model for a situation that 

is just incrementally shy of this point.
7
 

                                                 
7
 Specifically, when    )())( 21122 nnnnss d  it ceases to be a binding 

constraint. 
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1.2.2 The finite-agent model 

Because a laboratory experiment necessitates a finite and relatively small set of 

commuters, we next shift our focus from the infinite-agent flow model to a corresponding 

finite-agent model. The parameters for our experiments have been chosen to be 

proportional to those used in ADL. In particular, we chose 

hrchrchrctsnn d /8.49,/60.3,/6,30:8,12,16,8 *

21  
 
with 122 s  

in the case of low upstream capacity (later called the LOW condition in our experiments) 

and 202 s  representing high upstream capacity (the HIGH condition)
8
. These values 

result in a finite-agent model (n=24) in which the set of agents in each district require the 

sametotaltimetotraversethebottlenecksasinADL‟sflowmodel. 

Figure 1.3 (top panel) is a bar graph illustrating a distribution of departure times, and 

the composition of each trip, for 24 commuters in the discrete-agent model in the LOW 

condition (corresponding to the flow model results in Figure 1.2 (top panel)). The 

departure time distributions shown in Figure 1.3 were computed using a mathematical 

programming optimization algorithm to find the set of departure times which minimize 

total commuting costs while keeping the costs of commuters within each group the same. 

Beginning at the left of each bar we see the departure time of the agent followed by the 

times that that agent arrives at the upstream and downstream bottlenecks and finally at 

the destination. Overlaid on the bar graphs of the 16 members of Group 2 are 

corresponding graphs for the 8 members of Group 1 (who start roughly 1 hour later). As 

                                                 
8
 In the model the costs are expressed in c/hr, where c is a unit cost. However, in the experiment the 

correspondingunitspresented to subjectswere“points”where1c = 100 points. In the finite agent model, the 

parameters chosen for the HIGH condition still represent a situation in which the upstream bottleneck is a 

binding constraint. 
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can be seen, the departure distributions in Figures 1.2 and 1.3 are very similar with the 

main difference being the finite processing time required in the bottlenecks in the finite-

agent case depicted in Figure 1.3. This adds a fixed amount of time to the total 

distribution of commuting times. The discrete distribution exhibited in Figure 1.3 (top 

panel) is not a pure-strategy Nash Equilibrium (despite giving all commuters equal costs) 

because any commuter could depart incrementally later (up to the time of the next 

departing commuter) and reduce his or her cost. This will be true of any discrete set of 

departure times which results in equal cost for all players. Nash stability with equal cost 

will only occur in this finite-agent, continuous time model when the agents use mixed 

strategies
9
. 

                                                 
9
 In general, pure-strategy equilibria only exist in discrete models in which the number of potential 

departure times is small relative to the population size and even then depend on the cost parameters and the 

bottleneck capacities. Ziegelmeyer et al. (2008) contains an instructive analysis of such situations in a 

single bottleneck network including a nice two-person, two-time-slot example.  
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Figure 1.3. Discrete and mix-strategy departure and queueing times – LOW (upper panel) 

and HIGH (lower panel) upstream capacity. Bar graphs show composition of trip for each 

Group 2 commuter (1-16). Starting later and overlaid are trips for Group 1 commuters (1-

8) 
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The solid curves in Figure 1.3 (top panel) display departure time distributions 

obtained using simulation of symmetric mixed strategies to find least-cost departure 

distributions which are Nash stable (result in equal expected costs for all commuters 

departing at times in the distribution and higher costs for all times outside the 

distribution)
 
. The similarities of the two distributions in Figure 1.3 (top panel) (and in 

Figure 1.3 (bottom panel) for the case of HIGH upstream capacity) render it relatively 

immaterial for the Bottleneck Paradox as to which is chosen as the theoretical benchmark 

for comparison to the experimental results. We will use the symmetric mixed-strategy 

model but note later in this essay that actual individual play suggests that many players 

appear to use strategies that are similar to the (non-equilibrium) discrete model.    

 The upper panel of Table 1.1 compares the departure times for the ADL model 

described earlier in this section and illustrated in Figure 1.2 (top panel) and both of the 

mixed-strategy and finite-agent models shown in Figure 1.3 (top panel). Total commuting 

costs per agent are also shown for each of the three models. The lower panel of Table 1.1 

provides the same information for the case of higher upstream capacity ( 202 s ). 
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Table 1.1. Equilibrium departure times and costs (c/hr) for continuous and discrete 

models 

LOW Upstream Capacity 

(s2=12, n1=8, n2=16) 

ADL Flow 

Model 

Discrete 

Programming 

Model 

Mixed-Strategy 

Simulation 

Start Time Group 2 (
ot2 ) 6.63 6.55 6.47 

Start Time Group 1 (
ot1 ) 7.39 7.33 7.31 

Start Late Arrivals (
ft ) 7.38 7.26 7.17 

Last Departure Group 1 (
e

t1 ) 7.83 7.70 7.75 

End Time Group 2 ( maxt ) 8.63 8.63 8.64
a
 

Group 1 Cost/Person ( 1C ) 4.00 4.52 4.49 

Group 2 Cost/Person ( 2C ) 6.71 7.42 7.64 

Total System Cost: 139.36 154.88 158.16 

 

HIGH Upstream Capacity 

(s2=20, n1=8, n2=16) 

ADL Flow 

Model 

Discrete 

Programming 

Model 

Mixed-Strategy 

Simulation 

Start Time Group 2 (
ot2 ) 6.63 6.53 6.48 

Start Time Group 1 (
ot1 ) 6.63 6.85 6.69 

Start Late Arrivals (
ft ) 7.38 7.25 7.17 

Last Departure Group 1 (
e

t1 ) 7.38
b
 7.38 7.49 

End Time Group 2 ( maxt ) 8.63 8.58 8.64
a
 

Group 1 Cost/Person ( 1C ) 6.71 6.71 6.85 

Group 2 Cost/Person ( 2C ) 6.71 7.41 7.55 

Total System Cost: 161.04 172.24 175.60 
a
 Last arrival is random in this model. The table reports the expected value. 

b
 At HIGH capacity, a small fraction of group 1 commuters depart after this time and are 

late. 

 

Comparison of the two panels in Table 1.1 shows that each of the three theoretical 

models yields a strong paradoxical effect. As the capacity of the upstream bottleneck is 
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increased, total commuting costs also increase (compare the Group 1 cost/person: 1C  = 

4.00 for the LOW Condition vs. 6.71 for the HIGH Condition for the ADL model, 4.52 

vs. 6.71 for the discrete programming model, and 4.49 vs. 6.85 for the symmetric mixed-

strategy simulation). The experiment outlined in the next section is designed to test 

whether this paradox is realized in the laboratory. 

1.3   The Experiment 

1.3.1  Method 

Participants. Two hundred and forty subjects, in approximately equal proportions of men 

and women, participated in the experiment. The subjects were primarily business 

administration undergraduate students who volunteered to participate in a group decision-

making experiment with payoff contingent on performance. They were recruited using 

class announcements and electronic bulletin board postings. The subjects were divided 

into 10 equal-size groups of 24 members each (5 groups in each of 2 conditions). Each 

group participated in a single session consisting of 55 trials (trials 1-5 were for practice 

only) that lasted about 95 minutes, including 25 minutes of instruction time and practice. 

Procedure. The experiment used a between-subject design with two experimental 

conditions and five groups in each condition (total of ten sessions). We refer to these two 

treatments as Conditions HIGH (s2=20/hr resulting in 3 minutes per user) and LOW 

(s2=12/hr resulting in 5 minutes per user) in accordance with the capacity of the upstream 

bottleneck. The experiment was conducted at the Economic Science Laboratory (ESL) at 

the University of Arizona. The ESL includes multiple networked PC terminals separated 
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from one another by partitions. Upon arrival to the lab, each subject (player) chose a 

poker chip from a bag containing 24 chips to determine his or her seating. Any form of 

communication between players was strictly forbidden. Once randomly seated in their 

cubicles, the players proceeded to read the instructions (see Appendix A for the 

instructions for Condition LOW) at their own pace. Questions asked during this period 

were privately answered by the experimenter.  

The parameters for the two experimental conditions were chosen to correspond to the 

two cases (LOW and HIGH) for which model results were presented in sections 1 and 2. 

Two transformations of those values were necessary. First, the monetary values for the 

travel costs were expressedintermsof„points‟whenpresentedtotheplayers (and then 

converted into money at the end of the experiment at the rate $1=750 points). Second, on 

each trial the players were given a reward of 1000 points for reaching their destination so 

as to generally (but not always) allow them to make profitable departure time decisions. 

Thus, the parameters in Condition HIGH assumed the values n1 = 8, n2 = 16, sd =12/hr 

(5 min. per user), s2 =20/hr (3 min. per user), α = 10 pts/min, β = 6 pts/min, γ = 83 

pts/min, and t* = 8:30 am. Condition LOW used the same parameter values with the only 

exception that s2 =12/hr (5 min. per user). In order to approximate continuous time, 

departure times for the players were restricted to the nearest full second over the time 

interval 4:00 am to 8:30 am – a total of 16,200 possible decisions (see the decision screen 

in the instructions in Appendix A).  

Players were promised $5 for their participation in the experiment. At the end of the 

session, the cumulative earnings across all the 50 trials were added to the initial 
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participation fee to determine the payoff for the session. Of the 240 players, 226 

completed the session with positive cumulative earnings. Only 14 players (5.6 percent) 

completed the session with negative cumulative earnings. The mean earning of these 14 

players was -401 points (-$0.53). As the experiment turned out be longer than anticipated 

the minimum participation fee was ultimately raised to $10.00. All the players departed 

the laboratory with positive earnings that exceeded $5.00. Mean payoff for all the players 

was $24.86.  

Each trial was structured in the same way. Once the trial commenced, each player 

was asked to independently choose and submit her departure time. Departure time 

decisions were made anonymously with no time pressure. In this particular environment, 

in order not to provide any cues for coordinating behavior, the player‟s station 

identification number--a number between 1 and 24--was never revealed. Once all the 24 

group members submitted their departure time decisions, a central computer server 

calculated the delays, arrival times, and travel costs which were consequently presented 

to the players. In both Conditions HIGH and LOW, each player was provided with the 

following information: 

 the number of players ahead of her in each bottleneck that she 

encountered; 

 the delays and costs incurred at each phase of their trip; 

 the departure time, arrival time, delays at each bottleneck, and net profit 

for each user. 
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This was accomplished by presenting a "Results" screen (see the Screen in Appendix A) 

that consisted of a 24×5 table with rows corresponding to the 24 players (but with no 

identification as to the station number of the player) ordered in terms of their departure 

times and colored (blue = group 1; green = group 2) according to the player's group, and 

5 columns designating the  

 departure times,  

 delays at the upstream bottleneck, called Delay A,  

 delays at downstream bottleneck, called Delay B, 

 arrival times,  

 individual payoffs for the trial.  

As the purpose of our study was to examine population behavior, given the game 

theoretic prediction of the Bottleneck Paradox, we provided the players with complete 

information regarding the travel of other participants. With the development of 

increasingly sophisticated ATIS (Advanced Traveler Information Systems) real roadway 

systems are approaching this situation.   

The instructions also included detailed examples of the profit calculations resulting 

from hypothetical departure times and bottleneck conditions (see Appendix A). The 

subjects played five practice trials for no payment to familiarize themselves with the 

mechanics of the game, and then played fifty additional trials with payment contingent on 

their performance. 
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1.3.2 Results 

The statistical analyses presented in this section are organized as follows. First, we 

present means and standard deviations of the individual payoffs and use them to test the 

major implication of the Bottleneck Paradox. Next, we present the aggregate departure 

times, and for each group separately compare them to the equilibrium results. Finally, 

analyses of individual behavior and learning are presented in the last sub-sections. 

Payoffs. Table 1.2 (columns 2-5) presents the means and standard deviations (in c units) 

of the payoffs across all 50 trials. The results are presented for group 1 (“Blue”, n=8, 

columns 2 and 3) and group 2 (“Green”, n=16, columns 4 and 5) and are aggregated 

across sessions. Within each group, they are shown separately for each of the two 

conditions LOW and HIGH. The right part of Table 1.2 (columns 6-9) displays the same 

statistics for the last ten trials, namely, trials 41-50. In equilibrium (see bottom row of 

Table 1.2), expansion of the upstream bottleneck results in a substantial increase in the 

travel cost of group 1, but only a very small decrease in the travel cost of group 2. 

Consequently, there is a large increase in the total system cost as capacity is increased 

confirming the Bottleneck Paradox. As shown in Table 1.1 (right-hand column), the 

theoretical (mixed-strategy) equilibrium costs for group 1 are 1C =4.49 in Condition LOW 

and 1C =6.85 in Condition HIGH. When subtracted from the 10c (1000 points) 

endowment for each trial, this results in equilibrium payoffs of 5.51 and 3.15 per trial for 

group 1 members in Conditions LOW and HIGH, respectively (bottom row of Table 1.2). 

In contrast, equilibrium payoffs for group 2, whose members encounter the upstream and 
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downstream bottlenecks, are relatively small in both conditions, 2.36 (10.00-7.64) in 

Condition LOW and 2.45 (10.00-7.55) in Condition HIGH (bottom row of Table 1.2). 

 

Table 1.2. Means and standard deviations of payoffs
c
 by condition, and group 

 Trials 1-50                      Trials 41-50 

 Group 1 Group 2 Group 1 Group 2 

 “Blue”group “Green”group “Blue”group “Green”group 

Condition HIGH LOW HIGH LOW  HIGH LOW HIGH LOW 

Mean 

SD 

3.42 

(0.44) 

5.59 

(0.36) 

1.65 

(1.02) 

1.52 

(1.30) 

3.45 

(0.58) 

5.65 

(0.41) 

2.22 

(0.95) 

2.15 

(1.04) 

Equilibrium 3.15 5.51 2.45 2.36 3.15 5.51 2.45 2.36 
c experimental payoffs are expressed in units of c = 100 points. 

 

The observed mean payoffs in Table 1.2 provide strong evidence in support of the 

equilibrium predictions. A comparison of the mean payoffs in group 1 (columns 2 and 3) 

shows that the players in Condition LOW earned, on average, 63.5 percent more than the 

players in Condition HIGH (compare 5.59 to 3.42). The corresponding change under the 

mixed-strategy simulation results is 74.9 percent. Using the session as the unit of 

analysis, the null hypothesis that the five sessions in Condition HIGH and the five 

sessions in Condition LOW are drawn from the same population was rejected by the 

Mann-Whitney U test (U=0, p<0.01, one-tailed test).  

A comparison of the mean payoffs in group 2 (columns 4 and 5) shows that the 

players in Condition LOW earned, on average, 7.9 percent less than the players in 

Condition HIGH (compare 1.65 to 1.52). Using the session as the unit of analysis, the 

null hypothesis that the five sessions in Condition HIGH and the five sessions in 

Condition LOW are drawn from the same population could not be rejected by the Mann-

Whitney U test (p>0.1). This result is consistent with the model predictions that changing 
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the capacity of the upstream bottleneck has little (discrete model) or no (flow model) 

impact on group 2 commuting costs. 

Table 1.3 and Figure 1.4 display the means and standard deviations of the individual 

payoffs by group (1 or 2), condition (LOW or HIGH), and blocks of ten trials. The results 

are collapsed across the five sessions. Inspection of the two top rows of Table 1.3 shows 

that, under each condition, mean payoffs for group 1 maintain approximately the same 

value for all five blocks: mean payoffs of the players who only had to pass through the 

downstream bottleneck are remarkably stable over the 50 trials. In contrast, the 

variability between the players, measured by the standard deviation, is seen to decline 

sharply across blocks from 1.55 in block 1 to 0.56 in block 5 of Condition HIGH, and 

from 1.34 in block 1 to 0.43 in block 5 of Condition LOW. In contrast to the stability of 

group 1 payoffs, mean payoffs in group 2 (rows 3 and 4) increase steadily across blocks 

in both conditions, with the major change occurring between blocks 1 and 2. Similarly to 

group 1, but even more dramatically, the standard deviations of the individual payoffs 

decrease steadily across blocks from 2.50 in block 1 to 0.96 in block 5 of Condition 

HIGH and from 3.25 in block 1 to 1.05 in block 5 of Condition LOW.  
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Table 1.3. Means and standard deviations of payoffs across sessions by group, condition, 

and block 

Group Condition  Block 

1 

Block 

2 

Block 

3 

Block 

4 

Block 

5 

Total Theory 

1 

n=40 

HIGH Mean 

SD 

3.34 

(1.55) 

3.55 

(1.02) 

3.40 

(0.81) 

3.34 

(0.83) 

3.45 

(0.56) 

3.42 

(1.00) 
3.15 

1 

n=40 

LOW Mean 

SD 

5.37 

(1.34) 

5.67 

(0.36) 

5.62 

(0.37) 

5.64 

(0.39) 

5.65 

(0.43) 

5.59 

(0.67) 
5.51 

2 

n=80 

HIGH Mean 

SD 

0.47 

(2.50) 

1.82 

(1.74) 

1.78 

(1.27) 

1.97 

(1.29) 

2.22 

(0.96) 

1.65 

(1.74) 

2.45 

2 

n=80 

LOW Mean 

SD 

0.13 

(3.25) 

1.62 

(1.61) 

1.80 

(1.23) 

1.92 

(1.37) 

2.15 

(1.05) 

1.52 

(2.00) 

2.36 

 

Next, we tested whether payoffs change over time and whether this change varies 

from group to group. As before, the session was used as our unit of analysis. First, for 

each session, we calculated theKendall rank correlation (τb) between the mean group 

payoff and the round (1-50). A correlation of zero suggests no change in payoff over 

time, a positive correlation suggests an increase in payoff, whereas a negative correlation 

suggests a decrease in payoff. This calculation resulted in five correlations in Condition 

LOW and five correlations in Condition HIGH, one for each session. A Wilcoxon test 

reveals that the mean correlation of group 1 was not significantly different from zero in 

condition LOW (mean = 0.069, z = -0.944, p = 0.345) or in condition HIGH (mean = - 

0.014, z = -0.405, p = 0.686). Therefore, we conclude that there was no significant 

change in payoff over time. In order to test whether an interaction exists between 

condition and time we conducted a Mann-Whitney test between the two sets of condition 

correlations. The test showed that the two did not differ significantly from each other (U 

= 9, p = 0.465). We then repeated the process for Group 2. A (two-sided) Wilcoxon test 

of condition LOW showed that the mean correlation was significantly higher than zero 
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(mean = 0.292, z = -2.02, p<0.05). The same was true for condition HIGH (mean = 0.229, 

z = -2.02, p<0.05). This significant increase in payoff is also clearly visible in Figure 1.4. 

Comparison of the two conditions using a Mann-Whitney test revealed that they were not 

significantly different from each other (U = 8.5, p = 0.402) suggesting that the payoff in 

both groups increases at the same rate.  

Taken together, these results are consistent with our previous observation (see Table 

1.3) that the mean payoffs of the players in group 1 hardly changed with experience. 

Moreover, they are accounted for rather well by the equilibrium solution. Mean payoffs 

of the players in group 2 (rows 3 and 4 in Table 1.3) steadily increased with experience in 

the direction of the equilibrium payoffs but stayed slightly below them. Importantly, the 

sharp and systematic decrease in the standard deviations of payoffs in both conditions 

and in both groups is in agreement with the equilibrium solution that considers all the 

players within each group as homogenous (all players within the same group earn the 

same). 
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Figure 1.4. Mean and predicted payoff (upper panel) and payoff standard deviation 

(lower panel) across blocks 

 

Aggregate Departure Times. Figure 1.5 exhibits the predicted and observed cumulative 

frequency distributions of departure time aggregated across all players and sessions 

(individual sessions are depicted as dashed lines). The results are presented separately for 

Condition LOW (Figure 1.5 (top panel)) and Condition HIGH (Figure 1.5 (bottom 
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panel)). Because of the evidence for learning in the first two blocks of group 2 (see Table 

1.3), the departure times are computed across trials 26-50. The only noticeable deviation 

from the equilibrium solutions is that the players in group 1 (who had to pass through a 

single bottleneck) departed home later than predicted; the observed cumulative frequency 

distributions are mostly shifted to the right of the equilibrium predicted linear line.  

Comparing Figures 1.5 (top panel) and 1.5 (bottom panel) with the results displayed 

in Figures 1.3 and 1.4 shows that the major effect of expanding the capacity of the 

upstream bottleneck is, as the theory predicts, to shift the equilibrium departure time 

distributions for group 1 earlier: 0

1t 6:44 and et1 7:40 in condition HIGH compared to 

0

1t 7:18 and et1 7:47 in condition LOW. The observed mean departure times of group 

1 were 7:17  and 7:37 in Conditions HIGH and LOW, respectively, and this twenty 

minute difference was shown to be significant by a Mann-Whitney test (U = 0 p<0.05). 

At the same time, as predicted, the departure time distribution of group 2 is essentially 

unchanged. 
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Figure 1.5. Predicted and observed departure distributions for both groups in condition 

LOW (upper panel) and HIGH (lower panel). Solid lines represent aggregated results, 

dashed are individual sessions and gray is Nash. 
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Individual Behavior: While the focus of this essay has been on testing the correspondence 

between theoretical predictions and actual behavior at the system or aggregate level, it is 

informative to examine the individual behavioral patterns that generate these results. 

Casual observation immediately casts doubt on the hypothesis that individuals, in contrast 

to the group in aggregate, adhere to mixed strategy equilibrium play. Figure 1.6 (top 

panel) exhibits the cumulative distribution functions across all 50 trials for each of group 

2 players for one representative set of data (condition HIGH, session 1). Also shown on 

the graph is the mixed-strategy equilibrium. While many players chose a distribution of 

departure times that bear similarity to the equilibrium distribution (for example players 

12 and 14), several clearly did not (for example players 22 and 23). Several commuters in 

this session chose departure times that varied little from trial to trial. 



53 

 

 

 

Figure 1.6. Upper panel: Distribution of individual departure times for Group 2 players in 

condition HIGH (shown for all 16 subjects in session 1; also shown is distribution of 

mixed strategy equilibrium). Lower panel: Departure times by trial for Group 2 subjects 

highlighted in top panel – condition HIGH (session1) 
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Casting even stronger doubt on the individual use of mixed strategies is Figure 1.6 

(bottom panel). It shows the trial-by-trial departure choices made by the four 

representative group 2 commuters highlighted in Figure 1.6 (top panel). In each plot we 

draw two horizontal lines that correspond to the equilibrium starting time, ot2 , and the last 

departure time that results in the player not being late, ft2  (at equilibrium less than 10% 

of departures should occur after this time). Player 12 has a distribution of departure times 

which appears to be close to the equilibrium in Figure 1.6 (top panel). However 1.6 

(bottom panel) shows that this player makes only small adjustments from trial to trial 

gradually exploring the support of the equilibrium distribution. On the other hand, players 

22 and 23 do only modest exploring and then settle on a departure time and more or less 

stick to it. Player 14 is the only one of those illustrated who is a possible candidate for 

playing a truly mixed strategy; however, she departs after ft2  more frequently than the 

model predicts.  

Learning. Because our experiment was mainly designed to test the correspondence 

between theory and behavior at the aggregate level, there is a limit as to the degree that 

this study can discriminate between various models of individual learning behavior. 

However, we did compare the experimental results with the output of a simple 

reinforcement learning model. This model generated both individual and aggregate 

results that corresponded very closely to the experimental results under both the LOW 

and HIGH conditions. 

With a couple of exceptions, our learning model is a member of the EWA family 

of models (Ho, Camerer, & Chong, 2007) and is also a close derivative of the 
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reinforcement models developed by. Roth and Erev (1998;  1995)
 10

. As in most models 

of this type, the payoffs and choices made in any round of a game are used to update the 

attractiveness („attractions‟) of the different departure times on the next round. These 

attractions are then transformed into probabilities that govern the choice that a player 

next makes. 

Specifically, for commuter i, let  ))(),(( tstsR iii   denote the profit made on trial t 

where )(tsi  and )(ts i are called the strategies (departure times) taken by commuter i and 

by all others, respectively. Then, the reinforcement that i attaches to strategy j is 

Tgo

iiii

j

i etRtstsRt


  )]())(),(([)(
 

where )(tRo

i
 is a reference point profit for 

commuter i on trial t and T  is the difference between strategy j and )(tsi , the strategy 

actually taken by commuter i on trial t. This definition incorporates two enhancements 

that Erev and Roth (1998) added to their original model; the reinforcement an agent 

receives is measured relative to some benchmark or expectation and that reinforcement 

„spillsover‟tostrategies„near‟thechosenone(„generalization‟).Thelattermodification

is particularly important as the number of strategies is very large (16,200 departure times) 

and most of them are never chosen in the 50-trial experiment. The parameter g controls 

                                                 
10

 Using the notation of Ho, Camerer, and Chong (2007), we set N(t) = 1, κ = 1, Φ = 1 and δ = 0 and used 

only a single parameter, λ to fit the data. Such a model is very similar to the reinforcement models of Erev 

and Roth (1998,  1995). Agents update their propensities to choose an action on any trial based on their 

own relative profit from the choice they made on the previous trial. Propensities do not depend on the 

profitability of choices not taken. 
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the exponentially-declining impact on departure times adjacent to the time actually 

chosen
11

. 

For commuter i, the attraction, )(tA j

i
, of choosing his j th strategy after updating at 

trial t is )()1()( ttAtA j

i

j

i

j

i  .Acommuter‟sstochasticchoiceofdeparturetimeon

trial t+1 is then governed by probabilities determined by the logistic response function, 

)()(
)1(

tA

k

tAj

i

k
i

j
i eetp





, where  is the response sensitivity (and the main parameter 

in the model – the higher the value of , the more the model tends to select the best 

response). 

Initial attractions in model simulations were set so as to correspond to the distribution 

of choices made by the human participants in the five-trial practice rounds which 

preceded each experiment. The performance of the learning model over the last 25 trials 

of a 50 trial simulation proved to be robust with respect to this initial distribution. 

Likewise, the model was relatively insensitive as to whether the reference profits, )(tRo

i , 

were set equal to a constant value, that in turn, is equal to the average profits made by 

players in the practice trials of the actual experiment (and hence independent of t) or 

whether they were set equal to the average profit of the group in the previous trial (and 

hence implicitly assumed the public availability of the payoffs of all commuters as in the 

experiments).  

After parameterizing the model
12

, one hundred 50-trial simulations were conducted 

under each of the two conditions of the experiment. Figures 1.7 (top panel) and 1.8 (top 

                                                 
11

 The generalization constant was set such that departure times 10 minutes from the chosen departure time 

received approximately 45% of the reinforcement of the chosen time. 
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panel) compare the cumulative distributions of departure times generated by the model 

under each condition over trials 26 to 50 aggregated over all 100 simulations. Also 

displayed on these graphs are the mixed-strategy equilibrium and the distributions of first 

trial choices. Figures 1.7 (bottom panel) and 8 (bottom panel) show the cumulative 

departure time distributions for each of the first 50 of these simulations. These two 

graphs indicate that the learning model is very consistent. For almost all of the one 

hundred simulations under each condition, the model moved quickly from the initial 

distributions to aggregate departure distributions that were strikingly consistent with both 

the theoretical equilibrium and the experimental distributions. 

 

 

                                                                                                                                                 
12

 Using a grid search to minimize the sum of squared deviations between the distribution of departure 

times of the learning model and the experimental results over trials 26 to 50, model fit was optimized with 

λ = 1.95 for group 2 players and  λ = 1 for group 1 players in the LOW condition and  λ = 2.85 for both 

groups in the HIGH condition. 
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Figure 1.7. Upper panel: Learning model average cumulative departure time distributions 

– condition LOW. Dark solid lines are averages of trials 26 – 50 over 100 learning model 

simulations relative to Nash equilibrium (dotted) and trial 1 propensities (gray). Lower 

panel: Learning model cumulative departure times by group – condition LOW. Shown 

are the departure distributions by group on trials 26-50 for each of 50 separate 

simulations 
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Figure 1.8. Upper panel: Learning model cumulative departure time distributions – 

condition HIGH. Dark solid lines are averages of trials 26 – 50 over 100 learning model 

simulations relative to Nash (dotted) and trial 1 propensities (gray). Lower panel: 

Learning model cumulative departure times by group – condition HIGH. Shown are the 

departure distributions by group on trials 26-50 for each of 50 separate simulations 
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The plots of the trial-by-trial departure times of the simulated players (not shown) 

exhibit the same variety of individual strategies as shown in the experimental data in 

Figure 1.6. Many simulation agents in the learning model select a departure time and vary 

little from trial to trial. Other agents exhibit considerable fluctuation in choices, but few 

strategies correspond closely to the mixed-strategy equilibrium despite the remarkably 

close correspondence as a group. 

Attempts to improve the fit of the learning model by allowing attractions to be 

dependent on the profits and choices of other agents on the previous trial
13

 yielded 

insignificant gains. As can be seen in Figures 1.7 and 1.8, the simple reinforcement 

model leaves little room for improvement in predicting the group departure times. While 

our search for the best fitting model was limited, it is evident that a simple reinforcement 

learning model in which agents respond only to their own relative payoffs captures many 

ofthepatternsofindividualbehaviorand,mostimportantlyforourstudy,the„magic‟
14

 

of group coordination in a multi-agent game. The learning model suggests, but clearly 

does not prove, that the remarkable ability of our players to quickly move, as a group, to 

a distribution of departure times that is in close correspondence with the theoretical 

equilibrium is not dependent on having full information about the outcomes of others. 

This observation is in line with the findings of other studies
15

 and will be discussed 

                                                 
13

 Such a model is closely related to „belief-based‟ learning models in which players consider the

profitability of strategies not played in addition to the profits of the strategy chosen on the previous trial. 

 
14

 The term „magic‟wasoriginallyusedbyKahneman (1988), to describe the ability of large groups to 

tacitly coordinate behavior with no communication and achieve near-equilibrium outcomes. 
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further in the concluding section of the paper. A more refined study of individual 

behavior is clearly an important item for future research. 

1.4 Discussion 

As Arnott and Small (1994) have shown in their expository paper, several 

paradoxical results have been known to be present in transportation research, all of them 

resulting from selfish behavior of network users who ignore the negative externalities 

they impose on others. Experimental evidence has been reported in the last few years in 

an attempt to answer the question whether these transportation paradoxes are only of 

theoretical interest with no practical application or they are manifested in actual 

behavior. Morgan, Orzen and Sefton (2009) have reported experimental evidence in 

support of the implications of the PKD Paradox. Even more striking is the experimental 

evidence that strongly supports the implications of the Braess Paradox (e.g., Rapoport et 

al., 2009; Morgan et al., 2009; Rapoport, Mak, & Zwick, 2006). All of these studies 

have focused on changes in behavior resulting from exogenous changes in the cost 

structure imposed on the network (the PKD Paradox) or from adding or deleting one or 

more links in the traffic network (the Braess Paradox). Our study extends previous 

investigation of paradoxes in transportation networks from choice of routes when 

departure times are fixed to choice of departure times when the structure of the network 

is fixed but capacities vary. In this more challenging environment involving the 

coordination of departure times, behavior again supports theory and the predicted 

                                                                                                                                                 
15

 For example Zieglemeyer et. al., (2008) found an insignificant impact on choices, congestion and costs in 

a transportation network with a bottleneck when subjects had information about the historical distribution 

of departure times of others. 
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paradox emerges. As capacity of the upstream bottleneck is increased, social cost may 

rise.  

Behavioral regularities observed in our study at the aggregate level are broadly 

consistent with mixed-strategy equilibrium play. With more experience in playing the 

iterated bottleneck game, mean payoffs approach the theoretical predictions, between-

subject variability in mean payoff declines sharply, and departure time distributions are 

well approximated by the symmetric mixed-strategy equilibrium distributions. The only 

exception is the tendency of the players in group 1, whose members have to pass 

through a single bottleneck only, to depart from their origin modestly later than 

predicted. Formulating and testing explanations for this phenomenon is left for further 

research. Nevertheless, as predicted by the theoretical model, an attempt to improve the 

network by increasing the capacity of the upstream bottleneck through which only 

group 2 members pass results in little change in their behavior and travel costs. At the 

same time, this capacity expansion causes group 1 members to depart earlier and incur 

significantly higher costs. Overall, the investment in network capacity (increased 

service rate) results in network degradation. The Bottleneck Paradox in confirmed by 

laboratory behavior. 

On the individual level, the behavioral patterns are heterogeneous with some players 

changing their departure time quite often and others changing them hardly at all. We 

find no evidence that the patterns of choice made by most players are consistent with 

individual play of mixed strategy. As players gain experience with the bottleneck game, 

the variance in payoff decreases dramatically and approaches the equilibrium 
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prediction. This low payoff variance may be viewed as a manifestation of the notion of 

equilibrium in which no one group member can do significantly better than the others in 

her group. An investigation of the dynamics of play by which players reach this state, 

using a reinforcement-based learning model, has yielded encouraging results. While this 

model suggests that the coordination achieved by commuters may not be a function of 

the information each has about the departure times of others, much work remains to be 

done on this important topic. Related future research should also look more closely at 

strategic models of commuter behavior, particularly as a function of the size of the 

commuter population, in an attempt to better explain the heterogeneity of individual 

behavior. 

Aggregated group behavior in our traffic network is accounted for very closely by 

the symmetric mixed-strategy equilibrium of a departure time model. This suggests that 

whilewe cannot predict well any particular person‟s behavior, theNash equilibrium

accurately predicts the population choices. For many policy issues, this is what is 

important. Our study suggests that transportation planners should carefully consider the 

predictions of such models since, given the right conditions, human behavior in traffic 

networks can lead to capacity expansion paradoxes. 
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2 DEGRADING NETWORK CAPACITY MAY IMPROVE 

PERFORMANCE: INFORMATION EFFECTS IN THE 

BRAESS PARADOX 

2.1.1 The Braess Paradox 

The Braess Paradox (1968), already mentioned briefly in essay 1, is a major finding 

in the equilibrium analysis of routing decentralized traffic in directed networks that are 

susceptible to congestion. This counterintuitive and well-known discovery demonstrates 

that removing one or more links from a network that is subject to congestion may under 

certain circumstances decrease the cost of travel for all its users. The Braess Paradox 

(BP) may be illustrated in networks modeled as non-atomic games (Roughgarden, 2007) 

where the number of commuters is very large and, as a consequence, each commuter only 

controls a negligible fraction of the overall traffic. Alternatively, as in the present study, 

it may be illustrated in networks modeled as atomic selfish routing games, where each 

commuter has a non-negligible effect on the travel costs of all the other commuters. The 

present essay focuses on directed traffic networks with a common origin and common 

destination in which each commuter imposes the same amount of traffic. 

Figure 2.1 illustrates the BP. The parameter values (number of players, cost 

functions) are the same as in Rapoport et al. (2009, Exp. 1). Assume that n commuters 

(n=18 in their study) travel from vertex (node) O (for origin) to vertex D (for destination), 

with each network user choosing a route (path) OD independently and selfishly to 

minimize her cost of travel. Each link is assigned a cost function cij(fij) (also called 
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“latencyfunction”),whichdescribesthecostoftravelincurredbyacommutertraversing

link ij as a function of the number of commuters, fij, who travel on the same link. For 

example, the cost of travel on the route segment OB in Fig. 2.1b is fixed at 

cOB(fOB)=210; it is not affected by congestion. In contrast, the cost of traveling on link 

BD is cBD(fBD)=10×fBD which does depend on congestion. The four cost functions in 

Fig. 2.1b are instances of a linear cost function of the form cij=a×fij+b, where a, b>0. For 

two of the links in Fig. 2.1b, a=0 and b=210, and for the other two links a=10 and b=0. 

 

Figure 2.1. Basic (Fig. 1b) and augmented (Fig. 1a) networks with two alternative routes 

 

Consider next the three-route network in Fig. 2.1a, referred to as the augmented 

network, and assume as before that n=18. This network has five links, and travel on the 

new link AB is costless: cAB(fAB)=0. There is a unique equilibrium in pure strategies 

where all the n commuters independently choose the route OABD (see Rapoport 

et al., 2009). The associated cost of travel in this equilibrium is cOA(18)+cBD(18) =360. 

Next, remove the link AB to construct the two-route network in Fig. 2.1b, referred to as 

the basic network. In the ensuing pure-strategy equilibrium for the basic network, n/2=9 

commuters choose to travel on route OAD and n/2=9 other commuters on route 
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OBD. The equilibrium cost of travel in this structurally degraded basic network 

deceases from 360 to 300. Thus, paradoxically, degrading a network by removing one of 

its links may, in fact, improve its performance under equilibrium flow of selfish agents 

(Valiant & Roughgarden, 2006). 

The BP may be compared to other and considerably better-known paradoxes in non-

cooperativegametheory,namely,thePrisoner‟sDilemmaandCentipede(e.g.,Aumann,

1992; 1995; 1998) games. Considered jointly, these paradoxes deepen our understanding 

of the possible counterintuitive implications of the equilibrium concept and the 

assumptionsneededtosustainit.WhenthePrisoner‟sDilemmagameisplayedonlyonce

the analysis simply shows that the equilibrium solution is inefficient. Although some may 

find this result disturbing, there is nothing paradoxical about it; Nash equilibria may not 

necessarily maximize social welfare. The paradoxical result emerges when this game is 

played repeatedly a finite and commonly known number of times and mutual defection 

on each round is derived by backward induction (e.g., Luce & Raiffa, 1957). The 

paradoxical result of exiting on step 1 of the Centipede game is also derived by backward 

induction. In contrast to these two games, the counterintuitive outcome of the BP results 

from a structural change in the architecture of the network rather than the controversial 

process of backward induction. 

The discovery of the BP has generated a large body of research, almost all of it 

theoretical, in communication, transportation, and computer science. Researchers have 

proposed classification of networks in which the addition of one or more links could 

degrade performance (Frank, 1981; Steinberg & Zangwill, 1983), discovered new 
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paradoxes (Arnott et al., 1993; Cohen & Kelly, 1990; Dafermos & Nagurney, 1984; Pas 

& Principio, 1997; Smith, 1978; Steinberg & Stone, 1988), proved that detecting the BP 

in networks is algorithmically hard (Roughgarden, 2006), and quantified the degree of 

degradation in network performance from unregulated traffic (Koutsoupias & 

Papadimitriu, 1999; Roughgarden & Tardos, 2002). Almost all the existing theoretical 

work on the problem of detecting and illustrating the BP has considered the four-node, 

two-route basic network of Fig. 2.1b, other special networks, or focused on the special 

case where only a single link is added to the basic network. A notable exception is a class 

of Braess graphs studied by Roughgarden (2005). 

2.1.2  Is It a Mere Theoretical Curiosity? 

As early as twenty years ago arguments were raised not against the counterintuitive 

finding of Braess but, rather, against its relevance to real life situations. The argument 

goes that these are highly abstract networks and their seemingly paradoxical implications 

arise from the many aspects in which they differ from reality rather than from these 

aspects that they share with it (Cohen, 1988). Valiant and Roughgarden have expressed a 

similar sentiment in writing “However, remarkably little is known about whether the

Braess Paradox is a common real-world phenomenon, or amere theoretical curiosity”

(2006, p.2). If the BP is a rare event in selfish routing networks, restricted to judiciously 

chosen combinations of parameter values and very simple networks, then interest in it 

should clearly be limited. After all, there are many theories in the social and physical 

sciences that yield curious results when applied to “pathological” cases. But if a

substantial fraction of networks in communication and transportation are susceptible to 
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the BP, then the problem of adding links to the basic network or, alternatively, removing 

links from the augmented network gains practical significance and should, therefore, be 

approached with considerable care. 

2.1.3 Previous Research 

Theoretical. The question whether the BP is either an academic curiosity or a pervasive 

phenomenon has been examined from theoretical, empirical, and experimental 

perspectives. On the theoretical side, several studies have proposed analytical conditions 

that partially characterize whether removing a given route would improve the equilibrium 

flow in the network. Steinberg and Zangwill (1983) and Taguchi (1982) provided the 

earliest results along those lines that were later generalized by Dafermos and Nagurney 

(1984). On the basis of their investigation, Steinberg and Zangwill concluded that the BP 

is a common rather than rare event. In a more recent paper, Valiant and Roughgarden 

(2006) considered a class of large random networks with links that have random linear 

cost functions, a single origin, and a single destination. They proved that as the number of 

vertices in the random network becomes very large, the probability of detecting routes 

whose removal decrease travel time approaches one. 

Empirical.  On the empirical (i.e., field data) side, there has been mostly anecdotal 

evidence suggesting that the BP might actually have occurred in certain road networks. In 

a postscript to his exposition of the BP about forty years ago, Murchand (1970) remarked 

that Knödel had noted that, in agreement with the BP, major road improvements in the 

center of the city of Stuttgart had failed to yield the benefits expected. In an article 

published with the provocative title “What if they closed 42
nd

 street and nobody 
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noticed?” (Kolata, 1990), The New York Times also hinted at the counterintuitive 

consequences of road closures. Fisk and Pallotino (1981) provided examples that 

occurred on a modeled network of the city of Winnipeg and supported the BP. The 

strongest empirical evidence has been reported in a recent article by Youn, Jeong, and 

Gastner (2008), who analyzed a large portion of the Boston road network with 246 

directed links. Youn et al. compared the equilibrium cost of travel on the original network 

with those on networks where one of the 246 road segments was closed to traffic. 

Although in most cases travel cost increased, they identified six links that if removed 

from the network one at a time would have decreased travel time. They claim that similar 

results were found for the cities of London and New York leading these investigators to 

concludethatthe“Braess‟sparadoxismorethanacademiccuriosity”(2008, p. 4). 

Examination of the behavioral relevance of equilibrium analysis in real-world 

network environments is notoriously difficult (Morgan, Orzen, & Sefton, 2009). 

Empirical evidence on the occurrence of the BP must invoke assumptions about origin 

and destination, population size and the parameter values of the cost functions. It must 

also assume equilibrium routing choice before and after the network is degraded. The 

evidence is approximate at best because the size of the commuter population on each road 

segment and the delays on the road depend on multiple factors (e.g., weather, time of day, 

traffic accidents) that vary from day to day and are not incorporated into the equilibrium 

analysis.AsnotedbyMorganetal.,thereisscanthopeoffinding“naturalexperiments”

that convincingly test the applicability of equilibrium predictions to route choice in actual 

networks.  
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Experimental. An alternative, complementary, approach is to simulate traffic networks 

that are susceptible to the BP (e.g., Figs. 2.1a and 2.1b) in the laboratory, have 

participants independently choose routes on these networks before and after one or more 

links are added to the basic network or removed from the augmented network, and find 

out whether systematic and replicable patterns of behavior emerge and if they do, 

whether they support equilibrium play. If replicable patterns of behavior do emerge, it is 

of significant interest to determine whether they support the argument that the BP is a 

significant phenomenon of real value or, alternatively, that it is devoid of practical 

interest. A major advantage of this approach is that the assumptions underlying the BP 

about the constant population size, parameters of the cost functions, and information 

structure can be implemented with precision. Another advantage is that it allows the 

study of choice patterns and learning from experience by iterating the traffic game with 

the same population of players while keeping the cost functions and information structure 

fixed over iterations. 

Experiments designed to study the occurrence of the BP include Aoki et al. (2007), 

Morgan et al. (2009), and Rapoport et al. (2006; 2008; 2009). Rapoport et al. (2009, 

Experiment. 1) studied the basic and augmented networks in Figs. 2.1b and 2.1a. 

Members of each group (n=18) were asked to independently choose routes in the basic 

and augmented networks and were fully informed of the choices and payoffs of all group 

members at the end of each round. To enhance the effect of the BP, travel costs were 

subtracted from a fixed endowment of e=400, so that in equilibrium players earned 400-

300=100 payoff units in each round of the basic network and only 400-360=40 payoff 
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units (40%) in each round of the augmented network. Consequently, realization of the BP 

in the laboratory resulted in a dramatic reduction in equilibrium payoff (by a factor of 

2.5). In one condition, players first chose routes in 40 iterations of the basic network and 

then, given a fresh set of instructions, 40 additional iterations of the augmented network. 

In a second condition, the order of presentation of the basic and augmented networks was 

reversed. Rapoport et al. (2009) reported four major findings. First, the order of 

presentation of the two conditions had no effect on mean route choice. Second, the 

equilibrium solution accounted very well for the mean aggregate route choices in the 

basic network. Third, an important determinant of performance in the experiment was 

persistent variability in traffic flow that decreased very slowly with experience. Fourth, 

and most importantly, mean route choices in the augmented network slowly converged 

with experience to the pure-strategy equilibrium solution where every player chooses 

route OABD. Keeping the cost functions fixed but systematically varying the 

population size (n=10, 20, 40 in three different conditions), Rapoport et al. (2006) 

reported additional evidence in strong support of the BP. Statistically significant, but 

weaker support for the BP was reported by Aoki et al., Morgan et al., and Rapoport et al. 

(2008; 2009 Exp. 2). 

2.1.4 Limitations of the Previous Designs.  

Two main features of the design of these studies potentially limit the generalizability 

of their findings. First, with the exception of Rapoport et al. (2009, Exp. 2), all of these 

experiments have focused on the simple case of a basic network with only two alternative 

routes. There is a large gap between the very simple networks studied in the laboratory 
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and the considerably richer networks examined empirically by, for example, Youn et al. 

The second feature has to do with the outcome information provided to the agents at the 

end of each round when the network game is played repeatedly. In real-world traffic 

networks commuters typically learn the traffic flow only on the route segments that they 

actually traverse and not on the ones that they have not chosen. But in the experiments 

reported above (with the exception of Morgan et al.), at the end of each round each player 

was informed of the routes chosen and the associated costs of travel of all group 

members. More importantly, even if this information were withheld, it could be deduced. 

To illustrate, consider the basic network in Fig. 2.1b. If only informed of her own cost of 

travel, a player who chooses route OAD could deduce the number of players 

choosing route OBD by subtraction (n-fOA). In Fig. 2.1a, a subject choosing the route 

OAD is informed of the values of fOA and fAD. He could deduce that fAB = fOA–fAD, that 

fOB=n-fOA, and that fBD=n–fAD. If fully informed of the parameters of the cost functions, the 

astute player could deduce the number of commuters choosing each of the two alternative 

routes, namely, OAD and OABD and the corresponding cost of each of these 

routes. Therefore, if complete information about the population size and cost structure is 

provided, then the networks in Figs. 2.1a and 2.1b are not suitable for manipulating the 

outcome information at the end of each round.  

The present study has been designed to overcome these two design shortcomings. We 

examine patterns of route choice and test equilibrium solutions in a basic network with 

four (rather than two) alternative routes from a common origin to a common destination 

and then add to it two (rather than one) directed route segments resulting in an augmented 
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network with six (rather than three) alternative routes. As in the previous experiments of 

Rapoport et al. and Morgan et al., we use a within-group design with the same players 

independently choosing routes in both networks. Outcome information at the end of each 

round is manipulated in a between-subject design, with two conditions. In one condition 

of public information each subject is fully informed at the end of each round of the route 

choices and payoffs of all group members. In the second condition of private 

information, each subject is only informed of the number of users on her own route. 

Comparison of these two conditions to each other should reveal if and how the 

presence/absence of outcome information at the end of each round affects route choice. If 

shown to manifest itself in a more complex network and under more stringent 

information conditions then the Braess Paradox would gain vital support of its possible 

practical importance to network design.  

The rest of the paper is organized as follows. Section 2 describes the experimental 

method and presents the equilibrium solutions. Section 3 reports the results, and Section 

4 discusses them. Appendix B collects the proofs, and Appendix C presents the subject 

instructions. 

2.2 Method 

2.2.1 Network Games and Equilibrium Solutions 

Figure 2.2 displays the two traffic networks that were presented to our players in the 

experiment. Figure 2.2b exhibits the basic network that includes four routes with no cross 

roads connecting them, namely, routes OAD, OED, OFD, and OBD. 
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The cost functions associated with the segments of these routes are of three kinds: the 

constant cost function cij(fij)=130, which is not susceptible to congestion; the cost 

function cij(fij)=10fij, which is moderately susceptible to congestion, and the cost 

function cij(fij)=20fij, which is more heavily affected by congestion. Routes OAD 

and OED have the same total cost functions on road segments that are arranged in 

opposite way. The same holds for routes OFD and OBD. 

 

Figure 2.2. Basic (Fig. 2b) and augmented (Fig. 2a) networks with four alternative routes 

 

The basic network game has multiple pure-strategy equilibria in which routes 

OAD, OED, OFD, and OBD are independently chosen by 3, 3, 6, and 

6 commuters, respectively. The multiple equilibria differ in the identity of the players 

choosing each route but have the same distribution of users over the four routes. The 

equilibria are Pareto unrankable. For each route, the individual cost of travel is C=190. 

There is also a symmetric mixed-strategy equilibrium in which these four routes are 

chosen with probability 0.157, 0.157, 0.343, and 0.343, respectively. Under mixed-

strategy equilibrium play, the expected cost of travel increases from 190 to 203.33. The 
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upper panel of Table 2.1 summarizes the equilibrium solutions for the basic network. 

Proofs are presented in Appendix B. 

 

Table 2.1. Summary of the equilibrium predictions for the basic and augmented networks 

in Fig. 2.2* 

Routes OAD OED OFD OBD OEAD OBFD Equilibrium 

Cost 
Basic Network (Game 2b) 

Pure St. 
Equilibrium  

3 3 6 6 NA NA 190 

Sym. mixed 

St. Equilib. 
0.157 0.157 0.343 0.343 NA NA 203.33 

Augmented Network (Game 2a) 
Pure St. 
Equilibrium 

0 0 0 0 6 12 240 

Sym mixed 

St. Equilib. 
0 0 0 0 0.314 0.686 253.33 

* In both networks, each session includes n=18 players. 

 

To construct the augmented network, two directed links were jointly added to the 

basic network in Fig. 2.2b, namely, links AE and BF, both of them costless (see Fig. 

2.2a). Link AE connects the heavily affected by congestion road segments of routes 

OAD and OED, and link BF connects the two moderately susceptible to 

congestion road segments of routes OBD and OFD. There are multiple pure-

strategy equilibria in which the original four routes of the basic network are no longer 

chosen, and the two new routes OAED and OBFD are chosen by 6 and 12 

commuters, respectively. The individual equilibrium cost of travel on each of these three-

segment routes in this expanded network increases from C=190 to C=240, an increase of 

26.3%. There is also a symmetric mixed-strategy equilibrium in which the two routes 
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OAED and OBFD are chosen with respective probability of 0.314 and 

0.686 (lower panel of Table 2.1). The expected cost of travel under symmetric mixed-

strategy equilibrium play is 253.33. 

2.2.2 Participants 

One hundred and eighty undergraduate and graduate students at the University of 

Arizona volunteered to participate in a computer-controlled decision making experiment 

for payoff contingent on performance. Male and female students participated in almost 

equal proportions. The participants were divided into ten groups (sessions) of n=18 

members each. Five groups participated in the Public Information (PUBLIC) condition in 

which participants were fully informed at the end of each round of the number of 

travelers on all the links and their costs of travel. Five other groups participated in the 

Private Information (PRIVATE) condition in which each participant was only informed 

of the number of network users traveling on the same road segments that she chose and 

the cost of travel on this route. Each session lasted about 100 minutes. Excluding a $5 

show-up bonus, the mean payoff across all the sessions was $15.57. 

2.2.3 Procedure 

The experimental sessions were conducted in a computerized laboratory with multiple 

terminals located in separate cubicles. After entering the laboratory, each participant 

drew a chip that determined her seating. Players were handed Part I of the instructions 

(see Appendix C for the instructions of Condition PRIVATE) that they read at their own 

pace. Questions about the procedure were answered individually by the experimenter. 
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Each session was divided into Parts I and II. Written instructions were handed at the 

beginning of each part. The instructions for Part I presented and explained the network 

game in Fig. 2.2a and the procedure for choosing one of the six routes. The instructions 

for Part II did the same for the network game in Fig. 2.2b. The instructions for Conditions 

PUBLIC and PRIVATE only differed from each other in the description of the outcome 

information at the end of each round. In Part I the players in all ten sessions chose routes 

in the augmented network that was repeated for 60 identical rounds. After completing 

Part I, they were handed instructions for Part II and asked to choose routes in the basic 

network for 60 additional rounds. Each set of instructions exhibited the network, 

explained the cost functions, illustrated the computation of the travel cost, and described 

the procedure for choosing a route. To choose a route, the player had to click on all the 

links comprising it. After all the 18 members of each group chose their routes, a new 

screen was displayed with full information (Condition PUBLIC) presented in tabular 

form about the number of participants choosing each of the routes and their payoff for the 

round. In addition, the number of travelers on each link was exhibited on the network 

diagram. In Condition PRIVATE, only information about the route chosen by the player 

and her payoff for the round was presented. On average, the players completed each 

round in about 45 seconds. 

On each round in both Parts I and II, each participant was provided with a reward 

(endowment) of R=290 payoff units. Individual payoff for the round was calculated by 

subtracting the travel cost from the reward. The value of R was chosen carefully so that, 

in equilibrium, a player wins 290-190=100 payoff units in Part II and only 290-240=50 
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units in Part I. Consequently, individual payoff in the basic network was set to be twice 

as large as the payoff in the augmented network, thereby considerably enhancing the 

effect of the BP. With the value of the reward set at R=290, on any particular round 

participants could either gain or lose money. For example, if the group were split with 9 

subjects choosing route OAED and nine others choosing route OBFD in 

the augmented network (Fig. 2.2a), then 9 participants would have lost 70 units each and 

9 others would have gained 110 units.  

After Part II was completed, the participants were paid their earnings in 6 randomly 

chosen rounds from the 60 rounds in Part I and 6 additional randomly drawn rounds from 

the 60 rounds in Part II, a total of 12 payoff rounds. Payoffs were accumulated across 

these 12 rounds and converted to money at the rate of 60 units=$1.00. Participants were 

paid their earnings individually and dismissed from the laboratory. Overall, each 

participant in all sessions ended up with a positive gain, so that the problem of overall 

negative earnings was not encountered.  

Four features of the design warrant brief discussion. First, as in previous studies of 

the BP, communication between the players was not possible. In accordance with the 

assumptions underlying the BP, the group size n was commonly known. With the same 

people playing the stage game repeatedly, sequential effects are possible. In Section 3 we 

test for these effects. Second, we opted for a within-subject rather than between-subject 

design in playing the basic and augmented network games. This feature renders it more 

difficult to generate evidence in support of the BP. If the effect of the BP is realized 

under a within-subject design with the same players participating in both network games, 
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then the effect should prove much more convincing. Third, as mentioned earlier, the same 

reward of R=290 was assigned to each subject on each round in both parts of the session. 

In general when only costs are involved and the cost functions are all linear, then adding 

a link may increase travel cost by at most 1/3 (Roughgarden & Tardos, 2002). In our 

design, where costs are subtracted from a constant reward, thereby doubling the payoff, 

the effect of the BP is almost three times stronger
16

. Fourth, in order to prevent any 

anchoring in Part II of the experiment, we had the players experience the augmented 

network first. Consequently, once presented with the basic network (in Part II) and 

deprived of the option of choosing routes OAED or OBFD the players had 

to redistribute themselves among the four remaining routes.
17

 

2.3 Results 

The results are organized in five separate sections. Section 3.1 reports statistics and 

results of hypothesis testing of choice behavior in Games 2a and 2b. Section 3.2 presents 

analyses of the mean payoff by condition and across the 60 rounds of play. Section 3.3 

presents analyses of the frequency of switches between routes on successive rounds in 

both networks. Section 3.4 focuses on the switching and individual differences. The 

analyses reported in Sections 3.1, 3.2, and 3.3 provide strong evidence of learning: mean 

                                                 
16

 When expressed in terms of cost of travel, the move from the augmented network in Part I to the basic 

network in Part II reduces the cost from 240 to 190 or by 21%. However, by subtracting the cost of travel 

from a fixed reward the same change increases the profit from 50 to 100 or by 100%. 

 
17

 In an alternative within-subject design, participants first play the iterated basic network game in Part I 

and then the iterated augmented game in Part II. This alternative design examines the effect of adding links 

to the basic network rather than deleting the same links from the augmented network. Rapoport et al. 

(2009) compared the two designs to each other in Games 1a and 1b and reported no significant differences 

between them. 
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frequencies of choice in the augmented network slowly converge with experience to 

equilibrium play as do the payoffs. To account for these patterns of behavior and the 

effects of experience on the distributions of route choice in both information conditions, 

propose a simple, reinforcement-based learning model in Section 3.5 and test its 

implications. 

 When group members repeatedly interact with one another over multiple iterations of 

the stage game, the statistical unit of analysis is the group, not the individual player. 

Consequently, we conduct non-parametric tests on group statistics to compare the two 

information conditions to each other. Because the number of groups in each condition is 

relatively small, these tests are not particularly powerful. Therefore, in a few cases we 

relax the assumption of subject independence and conduct more powerful tests assuming 

that players within group are mutually independent. In justification of this assumption, 

we note that because the groups are relatively large with 18 members in each group and 

reputation building is not possible, the effect of each particular player on the decisions of 

the other group members is negligible. 

2.3.1 Route Choice 

Table 2.2 presents the mean frequency of route choices. The upper panel presents the 

results for the augmented network, and the lower panel the results for the basic network. 

In each panel, the mean frequencies of choice are shown separately for Conditions 

PUBLIC and PRIVATE, and within each condition they are displayed separately by 

session. For each session and each route, the mean frequencies of route choice are 

computed across all the 60 iterations of the stage game. Overall means across sessions are 
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presented in boldface. The bottom three rows of each panel display the pure-strategy 

equilibrium solution, the W statistic of the Wilcoxon two-sided rank-sum test that we 

conducted to compare to each other the two information conditions, and the significance 

level p associated with this test. 
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Table 2.2. Mean frequency of route choice by condition (PUBLIC or PRIVATE), session 

(1-5), network type (Games 2a and 2b), and route of travel across rounds 1- 60. 

Augmented Network (Game 2a) 
Condition Session Route  

OAD 

Route  

OED 

Route  

OFD 

Route 

OBD 

Route  

OAED 

Route 

OBFD  

PUBLIC 

 

1 0.883 0.733 1.300 0.817 5.083 9.183 

2 1.083 1.350 1.433 1.033 4.033 9.067 

3 0.633 0.900 0.833 0.733 4.733 10.167 

4 0.883 1.267 1.133 0.850 4.317 9.550 

5 0.683 0.817 1.367 1.067 4.800 9.267 

Overall 0.833 1.013 1.213 0.900 4.593 9.447 

PRIVATE 1 0.683 1.000 1.550 1.233 4.217 9.317 

2 0.867 1.267 1.700 1.350 3.900 8.917 

3 1.250 1.233 1.400 1.217 3.617 9.283 

4 1.033 0.950 1.350 1.350 4.167 9.150 

5 0.833 1.017 1.633 1.583 4.300 8.633 

Overall 0.933 1.093 1.527 1.347 4.040 9.060 

Equilib.  0 0 0 0 6 12 

W  25.5 24.5 18.0 15.0 37.0 33.0 
p  NS NS NS 0.008 NS NS 

 

Basic Network (Game 2b) 
Condition Session Route  

OAD 

Route  

OED 

Route  

OFD 

Route  

OBD 

Route 

OAED 
Route 

OBFD 

PUBLIC 1 3.183 2.967 5.833 6.017 - - 
2 3.217 3.183 5.900 5.700 - - 
3 3.133 2.967 5.567 6.333 - - 
4 2.850 3.150 5.467 6.533 - - 
5 3.050 3.133 5.867 5.950 - - 

Overall 3.087 3.080 5.727 6.107 - - 

PRIVATE 1 2.700 3.150 6.000 6.150 - - 
2 3.133 3.183 5.983 5.700 - - 
3 3.133 2.967 5.883 6.017 - - 
4 3.117 3.050 5.800 6.033 - - 
5 2.983 3.083 5.350 6.583 - - 

Overall 3.013 3.087 5.803 6.097 - - 

Equilib.  3 3 6 6 - - 
W  32.0 27.0 24.0 26.0   
p  NS NS NS NS   

 Wilcoxon two-sided signed-rank sum test 
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Inspection of the overall mean frequency of route choice across the five sessions in 

the upper panel of Table 2.2 suggests no systematic differences between the two 

information conditions in the augmented network. In fact, of the six statistical tests only 

one resulted in a significant difference, with players in Condition PRIVATE choosing, on 

average, route OBD more often (1.347) than the players in Condition FI (0.900). 

Inspection of the overall mean frequency of route choice across the five sessions in the 

lower panel of Table 2.2 yields the same conclusion for the basic network. For each of 

the four routes, the two session means for the two conditions are almost identical. All 

four tests for Game 2b resulted in non-significant differences between the two 

information conditions. Considered jointly, the results of the ten tests cannot reject the 

null hypothesis of equality of mean route choice in Conditions PUBLIC and PRIVATE. 

We turn next to an investigation of the dynamics of route choice and tests of the 

equilibrium solutions for Games 2a and 2b. Figure 2.3 exhibits the mean frequency of 

route choice for each route separately and each round of play in Condition PUBLIC. 

Mean frequencies computed across the five sessions of Game 2a are displayed in the 

upper panel of Fig. 2.3, and mean frequencies for Game 2b in the lower panel. Recall that 

in the equilibrium solution for Game 2b (lower panel) routes OAD and OED are 

each chosen by three players and routes OFD and OBD are each chosen by six 

players. The results in Table 2.2 (lower panel) support this prediction (mean frequency 

equals 5.727 and 6.107 for routes OFD and OBD and 3.087 and 3.080 for 

routes OAD and OED). The lower panel of Fig. 2.3 exhibits no evidence for 

learning in Part II. This is supported by the non-significant correlations between mean 
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frequency of route choice and round number. They assume the values r=0.050 (p=0.704), 

r=-0.003 (p=0.983), r=0.160 (p=0.222), and r=-0.169 (p=0.198), for routes OAD, 

OED, OFD, and OBD, respectively. 

 

 

Figure 2.3. Mean observed route choice across session by network type (Games 2a and 

2b) and round of play: Condition PUBLIC 



85 

 

In contrast, the mean frequencies of route choice in Game 2a (upper panel) exhibit 

strong evidence of population learning. The mean frequencies for the “original” four

routes of the basic network (OAD, OED, OFD, and OBD) decrease 

from 2.15 on round 1 to 0.60 on round 60. The mean frequency of route OAED 

increases from 6.4 on round 1 to 10.6 on round 60 and slowly converges to the pure-

strategy equilibrium solution. Similarly, the mean frequency of route OBFD 

increases from 3 on round 1 to 5 on round 60. 

Additional evidence for equilibrium play in Condition PUBLIC comes from an 

analysis of individual, rather than aggregate, route choice on the last ten rounds. For each 

subject separately, we counted the number of times she chose route OAED 

(fOAED), route  OBFD (fOBDF), and any of the four original routes of the basic 

network (fother), where fOAED+ fOBDF+ fother=10. Our results show that fother =0 for 43 of the 

90 subjects and fother ≤2 for 17 additional players. These results jointly taken imply that 

the non-zero frequencies of choice of the four routes in the last block of Game 2a are 

mostly due to a minority of the players who might have persisted in choosing these routes 

in order to influence the other group members to mimic their choices and thereby 

substantially increase their payoff. In support of equilibrium play, the majority of the 

players abandonedthefour”original”routesanddividedtheirchoicesbetweenthetwo

“new”routesOAED and OBFD in approximately the 1:2 predicted ratio of 

the equilibrium solution. 

Arguably the most significant finding of the present study is exhibited in Fig. 2.4 that 

displays the same information as Fig. 2.3 but for Condition PRIVATE. A comparison of 
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Figs. 2.3 and 2.4 suggests no discernible differences due to outcome information. The 

only difference is that convergence to equilibrium play is slower in Condition PRIVATE 

than in Condition PUBLIC. However, the two conditions do not significantly differ from 

each other in the last block of ten rounds. Table 2.3 presents the mean frequency of route 

choice for rounds 51-60. The effects of learning may be observed by comparing Tables 

2.2 and 2.3. With a single exception (route OFD), all the non-parametric tests that 

compare the two information conditions to each other in the last block of rounds (for both 

Games 2a and 2b) do not reject the null hypothesis of equality of means. 
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Figure 2.4. Mean observed route choice across session by network type (Games 2a and 

2b) and round of play: Condition PRIVATE 
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Table 2.3. Mean frequency of route choice by condition (PUBLIC or PRIVATE), session 

(1-5), network type (Games 2a and 2b), and route of travel across rounds 51- 60. 

Augmented Network (Game 2a) 

Condition Session Route  

OAD 

Route  

OED 

Route  

OFD 

Route 

OBD 

Route  

OAED 

Route 

OBFD  

PUBLIC 1 0.20 0.50 0.60 0.70 5.80 10.20 

2 0.50 1.00 0.60 0.70 4.60 10.60 

3 0.20 0.70 0.50 0.50 5.20 10.90 

4 0.20 1.10 0.60 0.60 5.10 10.40 

5 0.40 0.60 0.40 0.40 5.60 10.60 

Overall 0.30 0.78 0.54 0.58 5.26 10.54 

PRIVATE 1 0.10 0.70 1.30 0.90 5.20 9.80 

2 0.20 0.80 0.80 0.80 4.70 10.70 

3 2.00 0.20 1.00 0.60 4.10 10.10 

4 0.40 0.70 0.90 0.80 5.20 10.00 

5 0.20 0.60 1.20 1.40 5.80 8.80 

Overall 0.58 0.6 1.04 0.90 5.00 9.88 

Equilib.  0 0 0 0 6 12 

W  28.50 30.50 15 17.50 29.50 36 

p  NS NS 0.008 0.048 NS NS 

 

Basic Network (Game 2b) 

Condition Session Route  

OAD 

Route  

OED 

Route  

OFD 

Route  

OBD 

Route 

OAED 

Route 

OBFD 

PUBLIC 1 3.10 3.30 5.40 6.20 - - 

2 3.70 3.60 5.70 5.00 - - 

3 3.30 2.80 5.90 6.00 - - 

4 2.80 3.00 5.30 6.90 - - 

5 3.10 3.60 6.40 4.90 - - 

Overall 3.20 3.26 5.74 5.80 - - 

PRIVATE 1 2.60 3.50 5.80 6.10 - - 

2 3.60 2.80 5.60 6.00 - - 

3 3.10 3.10 5.90 5.90 - - 

4 3.40 3.00 5.40 6.20 - - 

5 3.60 2.70 5.40 6.30 - - 

Overall 3.26 3.02 5.62 6.10 - - 

Equilib.  3 3 6 6 - - 

W  26 33 28.5 25   

p  NS NS NS NS   

 Wilcoxon two-sided signed-rank sum test 
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2.3.2 Payoffs 

Outcome information in our experiment is clearly detrimental; on average, the players 

in Condition PRIVATE earned 11.3 percent more than the players in Condition PUBLIC 

in Game 2a and 2.8 percent more in Game 2b. This occurred not only in Game 2a where, 

as shown in the previous section, players in Condition PRIVATE exhibited a slower rate 

of learning than players in Condition PUBLIC, but also in Game 2b where equilibrium 

was already reached on the first few rounds of play in both information conditions. Table 

2.4 presents the evidence. It displays the mean payoff across the five sessions for Games 

2a (upper panel) and 2b (lower panel). In each panel, mean payoffs are presented for 

blocks of ten rounds (i.e., rounds 1-10, 11-20,…,51-60). The bottom two rows of each 

panel present the Wilcoxon test statistic W and the associated level of significance, p. In 

each panel and each block in Table 2.4, the mean payoff in Condition PRIVATE is 

higher than the mean payoff in Condition PUBLIC. In each panel, three of the six tests 

yielded significant differences between the two means. Analysis of the overall individual 

payoffs supports this conclusion. For each game type separately, we compared the overall 

individual payoffs (90 in each condition) between conditions by the Wilcoxon-Mann-

Whitney test. The null hypothesis that the two groups of players are drawn from the same 

population was rejected in Game 2a (z = -4.553, p<0.001) and Game 2b (z = -2.970, 

p<0.01).  
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Table 2.4. Mean payoff across sessions by network type (Games 2a and 2b), condition 

(PUBLIC and PRIVATE), and blocks of ten rounds 

Augmented Network (Game 2a) 

Condition Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Overall Eq. 

PUBLIC 62.456 59.678 57.200 54.811 50.833 54.356 56.556 50 

PRIVATE 66.956 70.256 64.900 63.767 56.333 55.389 62.933 50 

W 91.0 68.0 77.0 69.5 90.5 103.0 2886.5 - 

p NS 0.006 0.038 0.008 NS NS <0.001 - 

 Wilcoxon two-sided signed-rank sum test 

Basic Network (Game 2b) 

Condition Block 1 Block 2 Block 3 Block 4 Block 5 Block 6 Overall Eq. 

PUBLIC 89.067 90.533 92.611 92.100 90.900 90.611 90.970 100 

PRIVATE 90.878 92.589 93.644 94.300 94.344 95.178 93.489 100 

W 87.0 80.0 94.5 78.0 72.5 61.5 2715.0 - 

p NS NS NS 0.045 0.015 0.001 <0.001 - 

 Wilcoxon two-sided signed-rank sum test 

Figure 2.5 exhibits the mean payoff across the five sessions by round of play. The top 

panel displays the results for Condition PUBLIC and the bottom panel for Condition 

PRIVATE. The payoffs associated with equilibrium play (100 and 50 for Games 2b and 

2a, respectively) are portrayed as straight horizontal lines. Both panels show that the 

mean payoffs in Game 2b approach 100 from below and the mean payoffs in Game 2a 

approach it from above.
18

 For each condition and game type separately, we computed the 

Spearman correlation between the mean payoff over the five sessions and the round 

number. The correlations for Game 2a were negative and significant: r=-0.354 (p<0.01) 

and r=-0.629 (p<0.001) for Conditions PUBLIC and PRIVATE, respectively. The 

                                                 
18

 Individual payoff in the basic network (Game 2b) ranges from -200 (290-490 when all the 18 group 

members choose either route OAD or OED) to 150 (290-140 when only a single person chooses 

either route OFD or OBD). However, the mean payoff in Game 2b cannot exceed the equilibrium 

payoff of 100. Individual payoff in the augmented network (Game 2a) ranges between -200 (when all the 

18 group members choose either route OAD or OED) to 270 (290-20) when only a single person 

chooses the route segments OB, BF, and FD. The mean payoff may be higher or smaller than the 

equilibrium payoff of 50. 
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correlations for Game 2b were positive and significant for Condition PRIVATE (r=0.441, 

p<0.001) but non-significant for Condition PUBLIC. We repeated the same correlation 

analysis for each session separately and obtained essentially the same pattern of 

correlations in each of the ten sessions.
19

 We conclude that with experience in repeatedly 

playing the basic game players learn to better distribute themselves over the four routes 

and thereby increase their payoffs. However, repeated selfish play in the augmented 

network resulted in players falling in the BP trap and thereby reducing their payoffs. 

  

                                                 
19

 The five correlations for Sessions 1, 2, 3, 4, and 5 in Game 2a of Condition PUBLIC were all negative 

and assumed the values  -0.461 (p<0.001), -0.305 (p<0.05), -0.394 (p<0.01), -0.071 (NS), and -0.302 

(p<0.05). The five correlations in Game 2b assumed the values -0.010 (NS), -0.039 (NS), 0.213 (NS), 0.129 

(NS), and -0.068 (NS). The corresponding correlations for Condition PRIVATE were -0.423 (p<0.001), -

0.494 (p<0.001), -0.304 (p<0.05), -0.320 (p<0.05), and -0.428 (p<0.001) for Game 2a (all negative), and 

0.336 (p<0.01), 0.247 (NS), 0.231 (NS), 0.238 (NS), and 0.009 (NS) for Game 2b (all positive).  
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Figure 2.5. Mean payoff by network type (Games 2a and 2b) condition (Top Panel: 

Condition PUBLIC, Bottom panel: Condition PRIVATE) 
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2.3.3 Switching Between Routes 

A player is said to switch routes between rounds t and t+1 if she chooses to traverse 

route j on round t and route j‟ ( jj‟) on round t+1. Switching between routes on 

successive rounds in both the basic and augmented networks was reported by Rapoport et 

al. (2008; 2009) in their previous study of the BP. It was also reported by Selten et al. 

(2004) in an experiment that they conducted about route choice in a simple network with 

two parallel routes not unlike the one displayed in Fig. 2.1b, and the one conducted by 

Morgan et al. Figure 2.6 displays the mean number of switches computed over the 

sessions for Conditions PUBLIC (top panel) and PRIVATE (bottom panel). Each panel 

displays two graphs, one for each of the 59 possible switching rounds in Game 2a (solid 

line) and the other for each of the 59 rounds in Game 2b (broken line). Three major 

findings immediately suggest themselves. First, in both the upper and lower panels the 

players switched routes, on average, more often in the augmented than the basic network. 

Second, in both panels the mean frequency of switching for the augmented network 

decreases with experience (by approximately 50 percent). In Condition PUBLIC, the 

mean frequency of switching decreases from 12.4 on round 2 to 6.2 on round 60. The 

corresponding values for Condition PRIVATE are 11.6 and 6.2. We observe no such 

decline in frequency of switching in the basic network; after about 20 rounds, the 

frequencies stabilize at 8.2 in Condition PUBLIC and at 6.2 in Condition PRIVATE. The 

third main finding is a small but consistently higher frequency of switching in Condition 

PUBLIC than Condition PRIVATE in each of the two networks. 
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Figure 2.6. Mean frequency of switches by condition (Top Panel: Condition PUBLIC, 

Bottom Panel: Condition PRIVATE) 
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Results presented in the next section show considerable differences in the individual 

number of switches in each of the two conditions with some players never switching over 

the 60-round session and others switching on almost every round. This is the case for 

both the basic and augmented networks. The heterogeneity of the players provides strong 

evidence against the explanatory power of the symmetric mixed-strategy equilibrium 

solution on the individual level. Players often switch their routes, but they do not mix 

them with the probabilities specified by the symmetric mixed-strategy equilibrium 

solution. These findings raise two questions. The first is whether switching pays off. The 

second is whether the tendency to switch is a relatively stable individual propensity 

manifested in both the basic and augmented networks. 

To answer the first question, we computed the correlation between the individual 

number of switches (range: 0-59) and the player‟spayoff for the session. The correlations 

were computed separately for each type of network and each information condition. The 

two correlations for the basic and augmented networks in Condition PUBLIC assumed 

the values -0.773 and -0.664. The corresponding correlations for Condition PRIVATE 

were -0.645 and -0.733. Each of these four correlations is highly significant (p<0.001). 

We repeated the same analysis on the session level and found no significant differences 

between the two conditions in either the basic or augmented network. Thus, switching did 

not pay off in both conditions: individual payoff decreased as the player chose to switch 

routes more often. To assess the magnitude of the loss in payoff associated with 

switching, we computed for each player two means. The first is the mean payoff 

computed across all the rounds that were preceded by a switch, denoted by pays, and the 
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second is the mean payoff computed across all the rounds that were not preceded by a 

switch, denoted by payns. Players who switched less than 6 (10%) times during the entire 

session were precluded from this analysis. In the basic network, pays>payns for only 23 of 

the 71 players who were included in this analysis in Condition PUBLIC, and only 18 of 

the 80 players in Condition PRIVATE. Both results reject the null hypothesis of equality 

of mean payoffs (sign test, p<0.001).Followingaswitch,theplayer‟smeanpayoffinthe

basic network decreased on average by 3.03 payoff units in Condition PUBLIC and 5.41 

payoff units in Condition PRIVATE. Similarly, in the augmented network, mean pays is 

larger than the mean payns for only 21 of the 87 players who were included in this 

analysis in Condition PUBLIC, and only 12 of the 87 players in Condition PRIVATE. 

Once again both results are significant by a sign test (p<0.001). On average, the player‟s

mean payoff in the augmented network decreased by 8.64 payoff units in Condition 

PUBLIC and 12.72 payoff units in Condition PRIVATE.  

To answer the second question, we computed for each condition separately the 

correlation between the individual number of switches in the basic and augmented 

networks. The correlations (n=90 in each case) assumed the values of 0.595 and 0.514 for 

Conditions PUBLIC and PRIVATE, respectively (p<0.001 in each case). Regardless to 

which information condition they were assigned, players who tended to switch routes 

more often in the basic network exhibited the same tendency to switch more often in the 

augmented network. 

Why do some network users switch their routes very frequently and others hardly at 

all when asked to perform the same route choice task repeatedly? One explanation for 
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networks with only two alternative routes is in terms of different types of players. Selten 

et al. identified two types of players called myopic and contrarians. Both of them base 

their decision on the route choices on round t, not on the outcomes of earlier rounds. 

Myopic players switch from route j to route j’ if the payoff associated with traveling on 

route j’ on round t exceeds the payoff associated with traveling on route j on the same 

round. Contrarian players do not switch because they believe that the number of myopic 

subjects is sufficiently large that staying on the same route j on round t+1 is their best 

response. More generally, one may account for switching/not switching of routes in terms 

of a cognitive hierarchy model (e.g., Camerer, Ho, & Chong, 2004) where level 0 players 

are myopic, and players using K>1 steps of reasoning anticipate the decisions of lower-

step thinkers and best-respond to the mixture of their decisions. Our results do not 

support such explanations because we report similar correlations between individual 

payoff and frequency of switches in both conditions despite the fact that anticipatory 

behavior in Condition PRIVATE is not possible. They seem to be consistent with 

explanationsbasedonacomparisonofone‟spayoffonroundt and some function of her 

payoffs on previous rounds rather than the payoffs of the other group members on the 

same round. 

2.3.4 Heterogeneous Individual Profiles 

Figure 2.7 exhibits the individual profiles of the 18 players who participated in 

Session 4 of Condition PUBLIC. This session is representative of the individual profiles 

of route choice in the other sessions in both conditions. The horizontal axis displays the 

round number and the vertical axis the six actual routes. Each sub-graph exhibits the 60 
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route choices in the basic and augmented networks. Inspection of the individual profiles 

reveals considerable individual differences. For example, Player 18 never switched her 

route across all the sixty rounds in the basic game (always choosing route OBD) and 

all the sixty rounds in the augmented game (always choosing route OBFD). In 

contrast, Players 1, 4, 9, and 10 switched their routes on almost every round in both 

networks. Players 6, 7, and 15 switched their routes in the augmented network much 

more often than in the basic network. Individual profiles of route choice defy simple 

classification. It is then even more surprising that this particular combination of 

heterogeneous profiles, or similar combinations in the other sessions, converged to 

equilibrium play in both the basic and augmented networks. 
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Figure 2.7. Individual profiles of route choice of the subjects in Session 4 of Condition 

PUBLIC 

 

Yet another way to display the individual differences is to disregard the routes that 

were actually chosen and only record the frequency of switches. Figure 2.8 exhibits the 

relative frequency distributions of the number of switches in the augmented (upper panel) 

and basic (lower panel) networks. The difference between the two panels is that the 
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number of switches in the two conditions in the upper panel is distributed approximately 

normally whereas the two frequency distributions in the lower panel are skewed to the 

left. A Kolmogorov-Smirnov test rejects the null hypothesis that the two augmented 

networks in the two information conditions come from the same distribution (KS=0.211, 

p=0.031), while it fails to reject it in the basic networks (KS=0.190, p=0.071). 

  

Figure 2.8. Frequency distributions of individual number of switches (upper panel: 

augmented network, lower panel: basic network) 

2.3.5 Learning 
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base their choice of route on their own payoff experience, a reinforcement-based learning 

model seemed to be the most natural choice. We have chosen the Experience-Weighted 

Attractions (EWA) model of Camerer and Ho (1999) because of its generality, simplicity, 

and predictive success. In the EWA model, the attraction of each strategy is updated on 

every round of play by the payoff gained from choosing it. These attractions are then 

translated into probabilities of choosing each strategy. 

For player i, let πi
j
(si(t),s-i(t)) denote the payoff earned by player i on trial t for 

choosing strategy j, where si(t) is the strategy chosen by player i and s-i(t) are the 

strategies chosen by all other players. The reinforcement that player i attaches to strategy 

j is denoted by  

Ri
j
(t)=[δ+(1-δ)•I(si

j
,si(t))]•[πi

j
(si(t),s-i(t))-π0],  

where δ is a weight given to the strategies not chosen
20

, I(x,y) is an indicator (or bias) 

function which equals 1 if x=y (i.e., strategy actually chosen by the player) and 0 

otherwise, and  π0  is an aspiration level
21

. This reinforcement is then used to update 

strategy j‟sattractionby 

Ai
j
(t)=Ai

j
(t-1)+ Ri

j
(t).  

On round t+1, player i stochastically determines her route choice using a logistic response 

function pi
j
(t+1)=e

λ•Aij(t)
/Σte

λ•Aij(t)
, where λ is an attraction sensitivity estimator. We chose 

                                                 
20

 In thePRIVATEconditionwhereplayerswere informedonlyabout theirownpayoff,δ=0 for all the 

routes not chosen.  

 
21

 The original EWA model does not incorporate an aspiration level. However, Borgers and Sarin (2000) 

among others have suggested including it in learning models.We set this aspiration level π0 to be the 

equilibrium payoff of 100 in the basic network and 50 in the augmented network. 
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the initial attraction to be the same for all routes and equal to the reward (290) provided 

to each players on each round. 

Using a grid search, we looked for a parameter combination that best describes the 

observed route choice in the two conditions and two networks
22

. Figures 2.9 and 2.10 

exhibit the aggregate route choice for both types of game and both information 

conditions. The theoretical mean route choice functions in Figs. 2.9 and 2.10 closely 

resemble the observed mean route choice functions in Figs. 2.3 and 2.4. They illustrate 

that a simple and parsimonious reinforcement-based learning model may account for the 

major findings of this study regarding route choice. These include 

1. Convergence to equilibrium behavior in the two basic networks that is reached 

within a very few trials. 

2. Mean route choices across the 60 rounds that approach, although never reach, 

equilibrium behavior in the two augmented networks. 

3. No discernible differences in mean route choice between the two information 

conditions except for quicker convergence to equilibrium play in the 

augmented network in Condition PUBLIC. 

The learning functions in Figs. 2.9 and 2.10 are considerably smoother that the ones 

in Figs. 2.3 and 2.4, and therefore do not fully capture the trial-to-trial variability in the 

observed choices. We could have introduced an error parameter that would have 

                                                 
22

  We set the initial attractions at Ai
j
(t=1)=(3/18)290N1, where 290 is the size of the reward 

(endowment) and N1 is the mean number of players who chose route j on round 1. We also set =0.5 and 

=0.005 for all the subjects in each session. 
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increased variability but we opted not to do so in order to keep the number of parameters 

at a minimum. 

 

Figure 2.9. Predicted mean route choice in Condition PUBLIC by the EWA learning 

model 

 

Figure 2.10. Predicted mean route choice in Condition PRIVATE by the EWA learning 

model 
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2.4 Discussion 

Our study is concerned with atomic selfish routing in directed networks where each 

player controls a non-negligible amount of traffic. It makes two contributions of potential 

practical importance to network design with regard to the prevalence and significance of 

the counterintuitive discovery of Braess that network improvement may degrade network 

performance. First, we provide experimental evidence that degrading a fairly complex 

network by simultaneously removing two of its links decreases the equilibrium cost of 

traversing this network for all of its users. Support for equilibrium behavior on the 

aggregate, but not individual, level is obtained in a within-subject experimental design 

where the same players are asked to choose routes in the original and degraded networks. 

Moreover, it is obtained under a cost structure in which the equilibrium payoff doubles 

when the network is so degraded. This evidence is to be contrasted with experimental 

studies of two other major paradoxes in non-cooperative game theory, namely, the two-

person iterated Prisoner‟s Dilemma game and the two-player Centipede game (e.g., 

McKelvey & Palfrey, 1992), which provide no support for equilibrium play. We attribute 

this difference in results in part to the fact that altruism, reciprocity, and punishment that 

play a major role in dyadic interaction have no effect on route choice with multiple 

players as in our study. 

The second contribution concerns the effect of the information structure. We report 

very similar patterns of route choice in the original network and in the degraded network 

when players are fully informed of the choices and payoffs of the population of the 

network users or when they are only informed of the fraction of the population that 
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chooses the same route as they do. These patterns appear in each of the sessions. The 

only exception is slower rate of convergence to equilibrium play under incomplete 

information in the original network that results in a lower cost of travel. Our study shows 

that a parsimonious reinforcement-based learning model is sufficient to account for the 

general patterns of the findings in both the original and degraded networks and in both 

information conditions. It does not account for the heterogeneity of the player population 

and sequential dependencies between iterations that result in more “noisy” dynamics.

Future studies could examine more closely the factors influencing individual choice.  
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3 AN INFORMATION PARADOX IN TRAFFIC NETWORKS 

3.1 Introduction 

Congestion is a prominent cause of increased cost and reduced service levels in 

networks, and as such it is a major concern to network designers and administrators. In 

traffic networks, congestion cost is comprised of delay cost, extra fuel consumption, 

vehicle wear costs, crash risk, pollution, and user stress resulting from the interaction 

between vehicles in the traffic flow. The Texas Transportation Institute estimates in its 

2009 Annual Urban Mobility Report
23

 that the cost of congestion in 2007 in the 439 

major urban areas in the US was over $87 billion. With such high costs involved, it is of 

no surprise that congestion is a major research topic in the fields of economics, 

engineering, transportation, computer science, and communication. A common belief is 

that traffic congestion can be reduced by informing drivers about expected traffic 

conditions thus allowing them to make more informed decisions regarding departure time 

and route choice. One of the most comprehensive attempts at providing this information 

is the 511 service by which many transportation authorities throughout the US offer 

current traffic information by phone or through the Internet. Other well known 

information distribution methods include radio news breaks, television captions, GPS, 

and other mobile devices. These systems are commonly known as Advanced Traveler 

Information Systems or ATIS
24

. 

                                                 
23 http://mobility.tamu.edu/ums/ 
24 For a detailed state of the practice for real-time traveler information delivery refer to the National Cooperative Highway Research 

(2009), NCHRP Program Synthesis 399, Real-Time Traveler Information Systems, Transportation Research Board, Washington, DC 
http://onlinepubs.trb.org/onlinepubs/nchrp/nchrp_syn_399.pdf 

http://onlinepubs.trb.org/onlinepubs/nchrp/nchrp_syn_399.pdf


107 

 

It is natural to assume that providing travelers with traffic information reduces 

congestion and improves network performance, resulting in economic benefit. However, 

since the performance of a network depends heavily on human decision makers, 

predicting the benefit of these information systems before implementation is difficult. 

Simulation is commonly used in engineering to forecast  human behavior. Another 

approach is to compute a system equilibrium. This approach is supported by the fact that 

drivers are independent agents who make travel decisions in an attempt to minimize their 

individual travel costs (e.g., time, fuel expenses, etc.) while interacting with other users in 

a game-like scenario. However, solving for an equilibrium on a large road network when 

drivers are imperfectly informed about traffic conditions can be computationally difficult 

or impractical. Therefore, economic studies using this approach focus on relatively small 

sections of the entire network, hoping to gain insights regarding the overall network 

design.  

3.2 Related work 

There is wide-ranging literature on the effects of information on congestion. In static 

models featuring route choice, congestion is usually expressed in terms of  link travel 

times or latencies. In dynamic models that feature departure times as well, link delays are 

measured by queues or flow congestion. There are several perspectives to tackle 

congestion. Part of the literature conducts theoretical investigation of transportation 

networks by proposing game theoretic models of driver interaction in a congested 

network. Such papers provide theoretical predictions of how agents (selfishly acting in 

their own interest and ignoring the external congestion costs they impose on other users) 
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choose routes in a complex network (e.g., Emmerink et al. 1998; Fernandez at al. 2009; 

Verhoef et al. 1996), or when they should depart in routes with bottlenecks  (e.g., Arnott, 

de Palma & Lindsey; 1991; 1999).  

Another body of literature combines a prescriptive theory with an attempt to validate 

the predictions through simulations where programmed agents with some type of 

behavior adjustment mechanism play the role of decision makers (e.g., Mahmassani and 

Chang  1986; Mahmassani & Jayakrishnan, 1991). Others take validation a step further 

by conducting experiments in the laboratory. Gisches and Rapoport (2009), Iida et al. 

(1992), Mahmassani and Chang (1986),  Mahmassani and Liu (1999), and Selten et al. 

(2004) investigate route selection problems, whereas Denant-Boemont
 
and Petiot (2003) 

Ramadurai and Ukkusuri (2007), and Ziegelmeyer et al. (2008) examine queueing 

scenarios. In all these papers, the only information manipulations are with respect to 

driver knowledge of the past decisions and outcomes of other travelers. This essay 

focuses on the effects of information pertaining to current route conditions. 

A third class of studies approaches the problem from an exploratory perspective, 

looking at how human agents behave in complex networks that usually resemble an urban 

road map (e.g., Bonsall 1992; Koutsopoulus et al. 1994). While these studies lack a clear 

mathematical or theoretical benchmark, they allow the investigator to examine how 

decision makers react in real time to information provided to them by ATIS-like systems.  

Finally, there are several papers that look for the emergence of unexpected and 

paradoxical theoretical predictions in the laboratory. Typically these papers do not pay 

specific attention to the information provided to the players. Such papers look at the 
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Braess paradox (e.g., essay 2 of this thesis; Rapoport et al. 2006; 2008; 2009), the Pigou-

Knight-Downs paradox (e.g., Morgan et al. 2009), and queueing paradoxes (e.g. Daniel et 

al., forthcoming). 

Essay 3 focuses on several aspects that appear in the above studies. In particular, we 

are interested in demonstrating that despite common belief, providing drivers with full 

information about future travel conditions does not necessarily improve network 

performance. We do so by proposing a model which paradoxically predicts adverse 

information effects under certain conditions. We then test this prediction in the 

laboratory. Specifically, we study route choice under two different information regimes. 

The first assumes that drivers do not have access to ATIS and therefore have only prior 

probabilistic knowledge of conditions on each route. The second assumes that drivers can 

access travel information and are perfectly informed about network conditions. 

Our contribution is twofold. First, we propose a parameterized model of two routes in 

parallel with stochastic capacity that demonstrates negative information effects in a 

discrete network game. Second, we show that this theoretical prediction is manifested in 

the laboratory with real decision makers who are financially motivated. 

3.3 The Model 

Our model concerns a simple two-route network with a common origin  and common 

destination (see Figure 3.1) similar to the one used by Emmerink et al. (1998), Fernandez 

at al. (2009), and Verhoef et al. (1996). We incorporate a few critical adjustments in 

ordertoenhancethemodel‟srealism and render it testable in the laboratory. First, we use 

a discrete number of users. Games with a discrete number of players (atomic games) do 
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not necessarily have the same solutions as (non-atomic) games with a continuum of 

players (see, e.g., Otsubo & Rapoport, 2008). Second, we replace the linear cost function 

with a quadratic function. As a result, the travel cost of each route is of the form 

Ci=ais+bisNis
d
, i=1,2; s = G,P as described in Figure 3.1. We assume that this cost   i iC N  is 

an increasing function of 
iN , 1,2i  . The cost function has two components: a constant 

cost ai which corresponds to travel cost under free-flow conditions, and a variable cost 

biNi
d
 which depends on the number of users traversing the route and reflects congestion. 

In addition and most importantly, we assume that travel cost depends on route conditions. 

In any given period, route conditions may be either Good or Poor (as a result of poor 

weather, large events, accidents etc.) with probabilities pg and pp, respectively. When 

conditions are good, road capacity is high and users can traverse the route quickly with 

low associated cost. Conversely, when conditions are poor road capacity is low and user 

cost is high. The conditions on the two routes are either perfectly correlated and are the 

same on both routes (e.g., due to poor weather or large events), or are uncorrelated and 

therefore may be different (e.g., due to road accidents). 

 

Figure 3.1. Network with two routes and associated costs 

Route 1 

Route 2 
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We also consider two cases of information that may be available to the network users. 

At one extreme, users have no access to real-time information regarding route conditions 

and only possess knowledge about prior probabilities of conditions; i.e., pg (Good) or pp 

(Poor). Alternatively, users may have access to updated information (e.g., by means of 

ATIS) and know the exact route conditions before making their route choice. We name 

these regimes as no-information and full-information, respectively. 

In the analysis of this network game we search for pure-strategy and symmetric 

mixed-strategy equilibria for the route-choice problem with a finite number of players 

denoted by N. Under the assumption that congestion costs are strictly increasing with 

traffic flow on at least one route and non-decreasing on both routes, we prove the 

following three propositions; 

Proposition 1: The route-choice game with finite players has at least one pure-strategy 

equilibrium. 

Proposition 2: The route-choice game has at most two pure-strategies equilibria. 

Proposition 3: In any equilibrium of a route-choice game, all the players who adopt 

mixed strategies use the same mixed strategy. 

Therefore, the resulting game has at least ten equilibria: four pure-strategy equilibria 

with full-information: one for each of the capacity states; [Good, Good], [Poor, Poor], 

[Good, Poor], [Poor, Good]; four symmetric mixed-strategy equilibria: one for each of 

the capacity states; one pure-strategy equilibrium with no-information, and one 

symmetric mixed-strategy equilibrium with no-information. The equilibrium solution 
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describes the number of players who should take each route. In equilibrium, no player 

can unilaterally change her choice of route to reduce her cost, and consequently she has 

no incentive to do so. 

All the ten equilibria are unique. However, in general, depending on the parameter 

values, it is possible to have two (weak) pure-strategy equilibria (Proposition 2). In 

addition to the symmetric mixed-strategy equilibrium (which is guaranteed to exist and 

be unique), there may be asymmetric mixed-strategy equilibria. Appendix D presents 

these results. Interestingly, in some cases providing players with full-information (i.e., 

informing them of route conditions before they have to make their choice of route) 

produces an equilibrium solution that results in higher expected cost than when this 

information is not offered and only prior probabilities are known. 

We conducted a grid search to find parameter values that would both produce an 

adverse information effect and have high discrepancy in payoffs between the two 

information regimes so as to be discernible in the laboratory.  The parameter values that 

we chose also produce unique equilibria. They are: N=20, pg=0.75, pp=0.25, a1G= a1P=0, 

b1G=0.01, b1P=0.09, a2G= a2P=3, b2G=0, b2P=0.1225, d=2. The resulting network is 

depicted in Figure 3.2. 
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Figure 3.2. Network with routes and costs as used in experiment 

 

Route 1 may be viewed as a back road that is always subject to congestion, and Route 

2 as a freeway that is free flowing but has a usage toll. However, the freeway is affected 

much more adversely by poor conditions be it weather due to its location (e.g., proximity 

to mountain snow and ice, fog along the coastline) or public events such as a marathon or 

a large bicycle race which block several lanes and restrict traffic flow. Similarly, 

accidents may create much more congestion on a freeway where access to side streets is 

limited. 

Using these parameter values, we compute the ten equilibria of the game. For the no-

information case, the four pure-strategy equilibria and the four symmetric mixed-

strategies equilibria are presented in Table 3.1. Each cell describes the number of users 

taking each route when route conditions are either perfectly correlated or uncorrelated 

with each other. The cost of travel for each player is indicated in brackets. The frequency 

of choice and associated costs under mixed strategies are also shown. The single pure-

strategy equilibrium with full-information and the single symmetric mixed-strategy 

Route 1 

Route 2 
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equilibrium with full-information are presented in Table 3.2. The expected costs are 

higher for the mixed-strategy equilibrium than for the pure-strategy equilibrium. As is 

shown in Table 3.3, when route conditions are uncorrelated and players are given full-

information regarding route conditions, their expected travel cost decreases from 4.58 to 

3.51 (by 23.25%), but when route conditions are perfectly correlated, their expected cost 

increases by 12.13% from 4.58 to 5.13. 

Table 3.1. Discrete pure and mixed-strategy equilibria under no-information (cost in 

brackets) 

 Correlated Uncorrelated 

Route 1 Pure 

Strategy 

12 

[4.32] 

12 

[4.32] 

Mixed 

Strategy 

0.63 

[4.71] 

0.63 

[4.71] 

Route 2 Pure 

Strategy 

8 

[4.96] 

8 

[4.96] 

Mixed 

Strategy 

0.37 

[4.71] 

0.37 

[4.71] 
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Table 3.2. Discrete pure and mixed-strategy equilibria under full information (cost in 

brackets) 

 Route 1,Route 2 GOOD POOR 

GOOD Pure 

Strategy 

17,3 

[2.89,3] 

18,2 

[3.24,3.49] 

Mixed 

Strategy 

0.866,0.134 

[3] 

0.915,0.085 

[3.35] 

POOR Pure 

Strategy 

5,15 

[2.25,3] 

11,9 

[10.89,12.92] 

Mixed 

Strategy 

0.288,0.712 

[3] 

0.574,0.426 

[11.88] 

 

Table 3.3. Expected cost per player under the pure-strategy equilibrium: discrete case 

 Correlated Uncorrelated 

No-Information 4.58 4.58 

Full-Information 5.13 3.51 

Increase (decrease) 12.13% -23.25% 

 

It is also instructive to compare the above results for the case of discrete number of 

players to the results obtained for a continuum number of players. If we normalize this 

continuum to N=20 (for ease of comparison) we obtain the equilibria described in Tables 

3.4 (no-information) and 3.5 (full-information) below. Similarly to Table 3.3 for the 

discrete case, Table 3.6 presents the corresponding costs per user for the continuous case 

in each condition. 
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Table 3.4. Continuous pure strategy equilibria under no-information (cost in brackets) 

 Correlated Uncorrelated 

Route 1 12.53 

[4.71] 

12.53 

[4.71] 

Route 2 7.47 

[4.71] 

7.47 

[4.71] 

 

Table 3.5. Continuous pure-strategy equilibria under full-information (cost in brackets) 

 Route 1, Route 2 GOOD POOR 

GOOD 17.32, 2.68 

[3] 

18.31, 1.69 

[3.35] 

POOR 5.77, 14.23 

[3] 

11.49, 8.51 

[11.88] 

 

Table 3.6. Expected cost per player: continuous case 

 Correlated Uncorrelated 

No-Information 4.71 4.71 

Full-Information 5.22 3.62 

Increase (decrease) 10.83% -23.13% 

 

 In all cases, the equilibrium values of N1 and N2 differ between the continuous and 

discrete cases by less than a single user. Expected costs tend to be higher for the finite-

player mixed-strategy equilibria than for the finite-player pure-strategy equilibria or the 

continuous case equilibria. This is attributable to a lack of coordination in route choices. 

The exceptions are the two full-information equilibria in which Route 2 is congestion-

free (i.e., the [Good, Good] and [Poor, Good] states). In these two cases, the equilibrium 

expected cost is equal to 3 which is the congestion-free cost of using Route 2. 
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The question that we pose is whether the paradoxical negative effect of information is 

a mere theoretical curiosity or it is a result of real concern. Two experimental regimes are 

proposed to answer this question: one in which the paradox is expected, and another in 

which it is not. In the first, capacities are perfectly correlated and in the other they are 

independent. All other features are identical. 

3.4 Method 

3.4.1 Payoffs and equilibria 

The experiment tests the model presented above with 20 players that have to choose 

one of two routes. The routes‟ conditions vary fromday to day. The discretemodel‟s

prediction serves as a baseline for evaluating the decision makers‟ performance. It is

worth noting that despite the fact that there is only a single equilibrium prediction 

(distribution of player over the two routes) for any combination of road conditions there 

are multiple pure-strategy equilibria in which, for example, if conditions are good on both 

routes, route 1 is chosen by 17 players and route 2 by the other 3 players. In fact, there 

are 20!/(17!3!)= 1140 equilibria which only differ from each other in the identities of the 

players choosing each route but are identical in the overall distribution of players over the 

two routes. This results in a difficult coordination problem for the 20 players. In addition, 

there are symmetric mixed-strategy equilibria (Tables 3.1 and 3.2). 

In the model description, the equilibrium predictions are expressed in terms of cost. 

However, it is clearly impossible to charge players for their participation in the 

experiment. Therefore, in order to give the players a high probability of earning positive 
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payoffs, they are awarded 8 payoff units for reaching their destination. Their travel cost is 

then subtracted from this reward (it is still possible to end a round with a negative payoff 

if many players happen to choose the same route). Tables 3.7 to 3.9 present the discrete 

pure-strategy equilibrium payoffs associated with this payoff scheme. 

 

Table 3.7. Pure-strategy equilibria under no-information (payoff in brackets) 

 Correlated Uncorrelated 

Route 1 12 

[3.68] 

12 

[3.68] 

Route 2 8 

[3.04] 

8 

[3.04] 

 

Table 3.8. Pure-strategy equilibria under full-information (payoffs in brackets) 

 Route 1,Route 2 GOOD POOR 

GOOD 17,3 

[5.11, 5] 

18,2 

[4.76, 4.51] 

POOR 5,15 

[5.75, 5] 

11,9 

[-2.89, -4.92] 

 

Table 3.9. Expected payoff per player: Discrete case 

 Correlated Uncorrelated 

No-Information 3.42 3.42 

Full-Information 2.87 4.49 

Increase (decrease) -16.21% +31.07% 

 

Anoticeableandimportantdifferenceisthatbysubtractingtheplayer‟scostfromthe

fixed reward the adverse effect of information in the correlated case is increased 
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considerably from 12.13 to 16.21% as is the predicted positive effect of information in 

the uncorrelated case from 23.25% to 31.07%.   

3.4.2 Design and Participants 

Two hundred male and female students at the University of Arizona volunteered to 

participate in a computer-controlled experiment for payoff contingent on performance. 

The students were divided into ten groups (sessions) of N =20 members each. Five 

groups participated in the Correlated regime in which conditions were always the same 

on routes 1 and 2. Five other groups participated in the Uncorrelated regime in which 

route conditions were independent. In both regimes, the probability of good conditions on 

each route was fixed at 0.75 and the probability for poor conditions was fixed at 0.25. 

Each session lasted about 90 minutes. 

3.4.3 Procedure 

The experimental sessions were conducted in a computerized laboratory with multiple 

terminals located in separate cubicles. After entering the laboratory, the players were 

handed the first set of instructions that they read at their own pace. See Appendix E for 

instructions for the Uncorrelated treatment. 

Each session was divided into Part I and Part II. The instructions for Part I (No-

information) presented and explained the route-choice game in Figure 3.2 and the 

procedure for choosing one of the two routes. The instructions then explained the 

different probabilities for route conditions (i.e., 0.75 for Good and 0.25 for Poor), 

whether route conditions are correlated or not, and that players would not be informed 
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about the conditions before making their choices. After completing Part I, the players 

were handed a new set of instructions for Part II (Full-information). The instructions for 

Part II were similar to Part I with the following exception: the players were informed that 

they would be told of the route conditions before making their choices. Each set of 

instructions exhibited the network, explained the cost functions, illustrated the 

computation of the travel cost with numerical examples, and described the procedure for 

choosing a route. In each of the two parts, the players had to make 80 decisions for a total 

of 160 rounds.  

At the end of each round, the players were informed of the number of drivers, the 

travel conditions, and the payoffs for both routes. As explained above, on each round 

each player was provided with a reward (endowment) of R = 8 payoff units. Individual 

payoff for the round was computed by subtracting the travel cost incurred from the value 

of the reward. After Part II was completed, the players were paid their earnings in 8 

randomly chosen rounds from the 80 rounds in Part I, and 8 additional randomly chosen 

rounds from the 80 rounds in Part II, for a total of 16 payoff rounds. Payoff units were 

accumulated across these 16 rounds and converted to money at the rate of 3 payoff 

units=$1. Overall, the players earned an average pay of $14.06 in the Correlated 

treatment and $19.58 in the Uncorrelated treatment. In addition, all the players received a 

$5 show up bonus. No player ended up with an overall negative payoff.  

Two features of the design warrant discussion. First, communication between the 

players was not allowed. In accordance with the assumptions underlying the model, the 

group size N was commonly known. Second, we opted for a within-subject rather than a 
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between-subject design in playing the two information treatments. In the no-information 

case, the social optimal (11, 9) and Nash equilibrium (12, 8) distributions are close to 

each other, whereas in the full-information case (pure-strategy under Good conditions) 

the Nash equilibrium  is far from the social optimal and requires 17 or 18 players to 

choose route 1. Therefore, experiencing the no-information regime first might inform the 

players the social optimal distribution and thereby impede the predicted information 

effects. This feature renders it more difficult to find evidence for the adverse information 

effect. Correspondingly, however, if the paradoxical information effect is realized under a 

within-subject design with the same players participating in both games in the specified 

sequence of information conditions, then the finding is much more convincing. 

3.5 Results 

When group members repeatedly interact with one another over multiple iterations of 

the stage game, the statistical unit of analysis is the group, rather than the individual 

player. Consequently, as in essay 2, we conducted non-parametric tests on group statistics 

to compare the two information regimes and the two correlation treatments to each other. 

Due to the relatively small number of groups in each treatment these tests are not 

powerful. Therefore, in a few cases we relax the assumption of subject independence and 

conduct more powerful parametric tests implicitly assuming that members of each group 

are mutually independent. In justification of this decision it may be claimed that since 

groups were relatively large, it is reasonably safe to assume that the influence of each 

player on the group outcome is negligible. 
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 Three models were presented in Section 3.3, namely, discrete pure-strategy, discrete 

mixed-strategy, and continuous equilibria. In order to analyze the observed behavior, we 

had to choose one as a benchmark. As all three models produce very similar predications, 

this choice is qualitatively immaterial. Therefore, we chose the discrete pure-strategy 

equilibrium, arguably the most realistic of the three models, and refer to it as the model 

prediction in the following presentation. 

The two main predictions of our model are concerned with system variables, namely, 

the number of players choosing each route and the mean payoff under the different 

information regimes. We test these predictions and report their results in Section 3.5.1. 

Subsection 3.5.1.1 presents the aggregate route choice behavior. Subsection 3.5.1.2 

presents the mean payoff across the 80 rounds of play and the subsequent total system 

payoff. Section 3.5.2 presents an analysis of individual behavior. 

3.5.1 System Behavior 

3.5.1.1 Aggregate Route Choice 

Table 3.10 presents the mean number of players choosing Route 1 in the Correlated 

and Uncorrelated treatments. In both treatments, under the No-information regime 

(rounds 1-80) the mean is about one player above the prediction. A Wilcoxon-Mann-

Whitney test shows that, as the model predicts, the two means are not statistically 

different (U=29, n.s.). Under the Full-information regime (rounds 81-160), when the 

conditions are Good on both routes the mean is slightly below the equilibrium. Here, too, 

a Wilcoxon-Mann-Whitney test shows no significant difference between the two 
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treatments (U=34, n.s.). When conditions are Poor on both roads the means are slightly 

above the prediction of 11 and more so when the conditions are uncorrelated. However, 

this may attributed to the fact that this combination is much less frequent (i.e., we 

obtained a small number of observations when conditions are uncorrelated). There is also 

a small difference between the observed results and the equilibrium in the other two cases 

where conditions are Good on one route and Poor on the other. 

 

Table 3.10. Mean choice of Route 1 

Route 1 Rounds 1-80 Rounds 81-160 

Unknown Good (Good) Good (Poor) Poor (Good) Poor (Poor) 

Obs. Pred

. 

Obs. Pred. Obs. Pred

. 

Obs. Pred

. 

Obs. Pred

. Correlated 13.13 12 16.52 17 - - - - 11.18 11 

Uncorrelate

d 

13.09 12 16.32 17 17.35 18 5.70 5 11.9 11 

U 29 - 34 - - - - - 15 - 

p NS - NS - - - - - <0.01 - 

* Two-sided Wilcoxon-Mann-Whitney test 

 

Figure 3.3 (top panel) exhibits the mean number of players choosing Route 1 across 

the five sessions. The left half presents the results for the first eighty rounds of play with 

no-information. The solid horizontal line describes the model prediction (12 players 

taking Route 1 under no-information regime), and the broken lines present the theoretical 

minimum (when conditions are Poor only 11 players take Route 1) and maximum (17 

players when conditions are Good). The right half of the figure describes the mean route 

choice in the full-information regime. The circles depict the mean number of players 

taking Route 1 when conditions are Good, and the squares show the mean number of 
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players taking Route 1 when conditions are Poor. Note the lower density of points on the 

latter line due to the lower probability (0.25) of Poor conditions. Also note that the 

resulting plot is more jagged as in most cases the value represented by every dot is the 

mean of only one observation as opposed to a or mean of three or four observations when 

conditions are Good. 

Figure 3.3 (lower panel) displays the data for the Uncorrelated treatment. The four 

lines in rounds 81 to 160 represent the four possible condition combination outcomes. As 

in the Fig 3.3a, circles show aggregate route choice when conditions are Good on both 

routes, and squares when conditions are Poor on both routes. The plus symbols represent 

the mean number of players choosing Route 1 when conditions are Good on route 1 but 

Poor on route 2, and the asterisks show the choices when the conditions are Poor on route 

1 but Good on 2. Solid lines again show the model equilibria. 
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Figure 3.3. Users on Route 1 in Correlated treatment (top) and Uncorrelated treatment 

(bottom) 
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Inspection of Figure 3.3 suggests two main findings. The first is that the number of 

players choosing Route 1 (and consequently Route 2) is very close to the equilibrium 

prediction. The second is that there is little evidence of learning. The mean number of 

players choosing Route 1 converges to the equilibrium prediction from the early stages of 

the game and fluctuates around it thereafter. 

3.5.1.2 Mean Payoff 

Our model sets the probabilities for Good and Poor conditions on each route at 0.75 

and 0.25, respectively. In the experiments we had a random number generator drawing 

the route conditions accordingly. However, by doing this we could not control the actual 

proportion in which the two different conditions appeared
25

. Alternatively, we could have 

opted for a predetermined sequence that guarantees the right proportion of route 

conditions. This method has three major shortcomings; first, it violates the randomness 

assumptions of the model; second, it limits the generalizability of the findings to a 

specific sequence; and third, it allows the sophisticated player to accurately predict future 

conditions, especially toward the end of each part. In light of these shortcomings, we 

opted for a truly randomized sequencing of conditions. In order to compare the actual 

payoff earned by our players to the model predictions we had to normalize it. 

Normalizing comprised of calculating the mean payoff on each combination of 

conditions and assigning it the proportion assumed in the model (e.g., in session #1 of the 

Correlated treatment Good-Good conditions appeared on 61 rounds. We therefore had to 

                                                 
25 The model calls for Good conditions in 60 out of 80 rounds under each regime. In the Correlated treatment the Good condition 
appeared at 61,67,54,58 and 60 rounds  under no-information and 62,61,63,63 and 64 rounds under full-information. Similarly, in the 

Uncorrelated treatment, out of 80 rounds Good-Good, Good-Poor, Poor-Good and Poor-Poor conditions should be realized on 

45,15,15 and 5 rounds  respectively. In the five experimental sessions they appeared with the following frequencies: 50,17,12,1; 
47,9,17,7; 38,23,17,2; 49,17,8,6 and 37,21,20,2. 
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reduce the weight of the mean payoff on these rounds by 60/61). Table 3.11 presents the 

mean normalized payoff across sessions in both treatments (columns) and under both 

information regimes (rows). The model predictions are also shown.  

Table 3.11. Mean normalized payoff across sessions 

 Correlated Uncorrelated  

Obs. Pred. Obs. Pred. 

No-information 2.55 3.42 2.71 3.42 U=24   NS** 

Full-Information 2.24 2.87 4.32 4.49 U=15  

p=0.004* Increase 

(decrease) 

-12.16% -16.08% +59.41% +31.29  

U 35 - 15 - 

p 0.075* - 0.004* - 

*One-sided Wilcoxon-Mann-Whitney test    ** Two-sided Wilcoxon-Mann-Whitney test 

 

In both treatments and under both information regimes the mean payoff was lower 

than the model prediction. This is mainly due to the high (quadratic) cost of coordination 

failure. As predicted, the Wilcoxon-Mann-Whitney test shows no significant difference 

between the two treatments in the no-information regime; however, in both treatments 

players earned about 25% less than predicted. Of primary interest is the impact of 

information across treatments. When route conditions are Uncorrelated, providing the 

players with information increased their earnings by a staggering 59% percent, almost 

twice the predicted effect. The Wilcoxon-Mann-Whitney test clearly shows this 

difference to be highly significant. In contrast, when information was provided to the 

players in the Correlated network their mean payoff decreased by more than 12%. While 

this effect is slightly smaller than predicted, it is significant by a Wilcoxon-Mann-

Whitney test.  This result is especially intriguing since under no-information coordination 
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failure resulted in payoffs much lower than predicted. As a result, the opportunity for 

information provision to prove beneficial was much greater. Payoffs under full-

information could have potentially surpassed those under no-information while still 

staying below the full-information prediction. 

Figure 3.4 presents the mean normalized payoff across the five experimental sessions 

in blocks of 20 rounds. Again, the payoff is normalized using the frequencies predicted 

by the model. Because the blocks represent only twenty rounds, in the Uncorrelated 

treatment we had a few cases in which some conditions combination (e.g., Poor-Poor) 

were not realized. In these few cases we used the session mean for that combination.   
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Figure 3.4. Mean normalized payoff by block Correlated treatment (top) and 

Uncorrelated treatment (bottom) 
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We calculated a Spearman correlation between block and payoff in order to test 

whether there is a change in payoff over time. In the Correlated treatment only under the 

Full-information regime did there prove to be a significant increase (r=1, p=0). No 

correlation was found significant in the Uncorrelated treatment.  

Taken together with the observations in the previous section about route choice, we 

conclude that there is evidence that the players learned the game rather quickly.   

3.5.2 Individual Behavior 

Equilibrium analysis in our model is used to derive predictions regarding route 

choice. This analysis presumes that the individual player can perform all the necessary 

reasoning inregardtoothers‟choicesto ultimately arrive at the equilibrium distribution. 

Furthermore, it is a static concept that cannot account for the dynamics of play. 

Nevertheless, it is of interest to examine individuals‟ behavior since it is these that once 

aggregated result in the model‟sprediction.As was mentioned in the beginning of this 

section, the correct statistical unit of analysis in our study is the group rather than the 

individual player. However, in the following analysis we violate this assumption. In 

justification of this, we note (as we did in the previous essays) that because the groups are 

quite large, with twenty members in each, reputation building in not plausible and the 

effect of each particular player on the decisions of the other group members is 

sufficiently small to be safely neglected. 

Figure 3.5 presents the route choices of the 20 players in session 4 of the 

Uncorrelated treatment. Rounds 1-80 were played under the No-information regime and 

rounds 81-160 were played under the Full-information regime. Inspecting this figure, we 
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can characterize several patterns of behavior. Some players never change routes (player 

#6), some change routes very few times (players #8, #16), some change routes more 

frequently in the first part than in the second part (players #13, #19), and other change 

routes on almost every round (players #1, #15).  

 

Figure 3.5. Individual route choice. Uncorrelated treatment, session 4 
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Examining Figure 3.5, it is not possible to decipher what rules guide the players‟

choices. Moreover, even a seemingly erratic behavior on the individual level may, once 

aggregated, look like the population as a whole is playing the pure-strategy equilibrium 

prediction. Players who switch routes from round to round may be claimed to be applying 

some pre-determined mixed-strategy and randomly choosing each route according to this 

strategy. The frequency of their choices of each route under each condition should 

eventually reveal their preferred mix.  In contrast, switching under pure-strategy is harder 

to justify since the static equilibrium is silent with regard to what the individual player 

should be doing. For example, under the No-information regime, the aggregated pure-

strategy distribution may emerge if all players stick to one route for the entire duration of 

the game. It may also emerge with numerous players switching on every round as long 

as, as a group, they maintaining the same distribution over the two routes. Under Full-

information, at least some players must switch routes when conditions change, but again 

it is unclear if all or only some should do so.  

In the following section we ascertain whether individual choice patterns can be 

described by our model. Subsection 3.5.2.1 searches for evidence of pure-strategy play 

and subsection 3.5.2.2 presents analyses of mixed-strategy equilibria. Subsection 3.5.2.3 

investigates the players‟ route switching behavior and Subsection 3.5.2.4 proposes a 

learning model intended to account for the observed behavior patterns. 
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3.5.2.1 Pure Strategy 

In a repeated-trial experiment players typically do not stick to one strategy for the 

entire duration of the session. Reasons for this behavior may include exploration of 

alternative strategies and errors. A player may be said to pursue a pure-strategy if she 

maintains her choice over a clear majority of the rounds of play. Somewhat arbitrarily, 

we consider a player as adhering to pure-strategy play if she repeats the same choice over 

80% of the rounds. When the mixed-strategy also calls for high frequency of choice of 

one of the routes we raise the threshold to 90%. Table 3.12 presents our findings. Under 

the No-information regime, about a third of the players may be viewed as applying a 

pure-strategy.  This number drops sharply under Full-information mainly due to the very 

few rounds on which poor conditions appeared on both routes, giving the players little 

experience to settle on a pure strategy.  

Table 3.12. Number of players applying pure-strategy 

  No-information* Full-information 

Correlated Good-Good*  

36 

68 

Poor-Poor** 21 

All 18 

Uncorrelated Good-Good*  

 

31 

60 

Poor-Poor** 26 

Good-Poor* 67 

Poor-Good*** 34 

All 9 

* More than 90% on Route 1 or less than 20%              

** More than 80% on Route 1 or less than 20% 

*** More than 80% on Route 1 or less than 10% 
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3.5.2.2 Mixed Strategy 

Referring back to Table 3.1, the mixed-strategy equilibrium under the No-information 

treatment prescribes that a player should choose Route 1 with frequency of 0.63. 

However, frequency of choice is necessary but not sufficient for random mixing. In order 

to assume that a player adheres to mix-strategy play, both the proportion of route choice 

and the number of switches between the two routes should fall within a desire confidence 

interval for a random choice given the theoretical probabilities. 

As noted above, if a player adheres to the mixed-equilibrium strategy under the No-

information regime she has to choose Route 1 with probability 0.63. To reject the null 

hypothesis that she is using this strategy with an alpha of 5%, the number of times she 

chooses Route 1 should fall between 42 and 59 times. Only 36 of the 100 players in the 

Correlated treatment and 39 of the 100 players in the Uncorrelated treatment fall within 

this range. To test for sequential dependencies, we conducted a runs-test for these 

players. The presence of sequential dependencies could not be rejected for 17 of the 36 

players in the Correlated treatment and for 20 of the 39 in the Uncorrelated treatment. 

Therefore, we conclude that for only about a fifth of our players we cannot reject the null 

hypothesis mixed-strategy play under the No-information regime. 

Performing this test for the Full-information regime is less informative because the 

number of observations in every cell is much smaller and therefore rejection is more 

difficult. The results are presented in Table 3.13.  
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Table 3.13. Binomial test of choices of Route 1 

  No-information Full-information 

  Within 95% 

conf. int. of 

binomial 

Randomness 

could not be 

rejected 

Within 95% 

conf. int. of 

binomial 

Randomness 

could not be 

rejected 

Correlated Good-Good  

36 

 

 

17 

27  

17 

Poor-Poor 76  

73 

Uncorrelated Good-Good  

 

 

39 

 

 

 

 

20 

36  

31 

Poor-Poor 98  

98 

Good-Poor 82  

82 

Poor-Good 64  

61 

 

Taken together, subsections 3.5.2.1 and 3.5.2.2 suggest that less than half of our 

players can be accounted for by the pure-strategy or mixed-strategy equilibria. Other 

players are alternating between the two routes with different frequencies. In the next 

section we study moredeeply this switching behavior.   

3.5.2.3 Switching 

Denote players‟ j choice on round t as Rjt. A player j is said to switch routes from 

round t to round t+1 if Rjt+1≠Rjt. Switching between routes on successive rounds in two-

route networks was reported by Selten et al. (2004) in an experiment conducted about 

route choice in a simple two-route network with linear congestion cost. It was also 

reported by Rapoport et al. (2008, 2009) in a study of the Braess Paradox, as well as by 

Morgan et al that studied both the Braess Paradox and the Pigou-Knight-Downs paradox. 

Figure 3.6 displays a CDF of the number of switches in our experiment for both 

treatments and under the two information regimes. The more the CDF is skewed to the 
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left the fewer switches were observed. Also plotted is the CDF of number of switches 

generated by simulating agents playing the mixed-strategy equilibria
26

. The most obvious 

result is that under No-information there are fewer switches than predicted, both in the 

Correlated treatment (broken dark grey, KS=0.36, p<0.001) and the Uncorrelated 

treatment (broken light grey, KS=0.36, p<0.001). Recall that under the No-information 

regime the model predicts identical behavior in both the Correlated and Uncorrelated 

treatments. However, our players switched less when route conditions were correlated. A 

Kolmogorov-Smirnov test rejects the null hypothesis that the two come from the same 

distributions (KS=0.25, p<.05). Less surprising perhaps is the fact that once information 

was provided, we observe fewer switches when conditions are correlated (solid dark 

grey) than uncorrelated (solid light grey) (KS=0.15, n.s.). While switches are still less 

frequent than predicted in the Correlated case (KS=0.2, p=0.07) they are more frequent 

than predicted in the Uncorrelated treatment (KS=0.26, p<.01). Players switched more 

often once information was provided in the Uncorrelated treatment (KS=0.15, n.s.) and 

less in the Correlated treatment (KS=0.30, p<.01). The model predicted a substantial 

decrease in both. 

 

 

                                                 
26 We only simulated the mixed-strategy equilibria play since, as was described in the previous section, switching under pure-strategy 
is not clearly defined. 
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Figure 3.6. Cumulative distribution frequency of switches 
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information has different effects in the two treatments. In the Correlated treatment 

players switched more often under No-information than under Full-information 

(Wilcoxon sign-rank test z=-3.89, p<0.001) while in the Uncorrelated treatment the effect 

was reversed (z=-6.69, p<0.001). Second, in both panels the mean frequency of switching 

under No-information decreases with experience. In the Correlated treatment, the mean 

frequency of switching decreases from about 6 on round 2 to 3.5 on round 74 (Spearman 

ρ=-.91, p<0.001). The corresponding values for the Uncorrelated treatment are 6.8 and 

4.8(Spearmanρ=-.83, p<0.001). We observe a similar decline under Full-information in 

the Correlated treatment (5.5 to 3.9, Spearman ρ= -.57, p<0.001) but not in the 

Uncorrelated treatment where themean hovers around 7 (6.4 to 8, Spearman ρ= -.02, 

n.s.). The third main finding is a small but consistently higher frequency of switching in 

the Uncorrelated treatment than in the Correlated treatment under No-information and 

Full-information regimes (Wilcoxon rank-sum test, z= -3.79, p<0.001 and z= -9.34, 

p<0.001). 
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Figure 3.7. Mean number of switches 
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Figure 3.5 shows that there are considerable individual differences in the number of 

switches with some players never switching over the 160 round session and others 

switching on almost every round. The heterogeneity of the players, as well as the analysis 

presented earlier regarding pure and mixed-strategy equilibria, provide strong evidence 

against the explanatory power of the equilibrium solution on the individual level. Most 

players switch their routes often, but do not mix them with the probabilities specified by 

the symmetric mixed-strategy equilibrium solution. These findings raise two questions. 

The first is whether switching pays off. The second is whether the tendency to switch is a 

relatively stable individual propensity manifested under both information regimes. 

To answer the first question, we computed the Spearman correlation between the 

individual number of switches (range: 0-79) and the player‟s payoff for the session. The 

correlations were computed separately for each type of treatment and each information 

regime. The correlations for  the  Correlated  treatment  assumed  the  values -0.164 

(p=0.1) under No-information and -0.286 (p<0.005) under Full-information. The 

corresponding values for the Uncorrelated treatments were -0.148 (n.s.) and -0.183 

(p=0.07). We repeated the same analysis on the session level and found only the 

correlations in the Full-information regime to be significant and both were negative. 

Thus, switching did not pay off in both treatments: individual payoff decreased as the 

player chose to switch routes more often.  

To assess the magnitude of the loss in payoff associated with switching, we computed 

two means for each player. The first is the mean payoff computed across all the rounds 

that were preceded by a switch, denoted by pays, and the second is the mean payoff 
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computed across all the rounds that were not preceded by a switch, denoted by payns. We 

did so for both information regimes. Players who switched less than 8 (10%) times under 

each regime were precluded from this analysis. In the Correlated treatment, pays>payns 

for only 3 of the 89 players in the Full-information regime and only 33 of the 76 players 

in the No-information regime. Only for the Full-information regime could we reject the 

null hypothesis of equality of mean payoffs (Wilcoxon sign-test, sign=3, p<0.001). If a 

player kept to her route and did not switch, her mean payoff was higher by 0.23 units 

under the No-information regime and by 3.64 units under the Full-information regime. 

Similarly, in the Uncorrelated treatment, mean pays was larger than the mean payns for 44 

of the 80 players who were included in this analysis in No-information regime, and only 

25 of the 94 players in the Full-information regime. Again, only under Full-information 

could we reject the null hypothesis of equality of mean payoffs (sign-test, sign=25, 

p<0.001). If a player stayed on her route and did not switch, then her mean payoff was 

lower by 0.02 units under the No-information regime but higher by 0.42 units under the 

Full-information regime 

To answer the second question about stability of switching behavior, we computed 

for each treatment separately the Spearman correlation between the individual number of 

switches under both information regimes: No-information and Full-information. The 

correlations (n=100 in each case) assumed the values of 0.435 and 0.396 for the 

Correlated and Uncorrelated treatments, respectively (p<0.001 in each case). Regardless 

to which treatment they were assigned, players who tended to switch routes more often in 
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the No-information regime exhibited the same tendency to switch more often in the Full-

information regime. 

3.5.2.4 Learning 

The goal of the present study is to test the paradoxical predictions of the discrete 

pure-strategy and mixed-strategy equilibria solutions. Consequently, most of our analysis 

was performed on the aggregate rather than the individual level data with the single 

exception in the previous section. Nevertheless, because decisions are made by individual 

players, it is instructive to understand the processes experienced by the players in order to 

get a better grasp of the group dynamics. However, in our experiment, we have no way of 

knowing what information was actually used by the players or what guided their decision. 

A different approach would be to simulate the game and see if it is possible to replicate 

the behavior patterns observed. Therefore, in an attempt to account for the observed route 

choices exhibited in Figs. 3.3a and 3.3b, we have searched for a parsimonious learning 

model that simultaneously accounts for the aggregate route choice in both correlation 

treatments and both information regimes. The Experience-Weighted Attractions (EWA) 

model of Camerer and Ho (1999) proved to be a good choice due to its generality, 

simplicity, and predictive success. In the previous essay, we showed that it can replicate 

route choice behavior in a complicated game under different information conditions.  

In the EWA model, the attractiveness (termed attraction) of each strategy is updated 

on every round of play by the payoff gained from choosing it. These attractions are then 

translated into probabilities of choosing each strategy. 
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For player i, let πi
j
(si(t),s-i(t)) denote the payoff earned by player i on trial t for 

choosing strategy j, where si(t) is the strategy chosen by player i and s-i(t) are the 

strategies chosen by all other players. The reinforcement that player i attaches to strategy 

j is denoted by  

Ri
j
(t)=[δ+(1-δ)•I(si

j
,si(t))]•[πi

j
(si(t),s-i(t))],  

where δ is a weight given to the strategies not chosen
27

, I(x,y) is an indicator (or bias) 

function which equals 1 if x=y (i.e., strategy actually chosen by the player) and 0, 

otherwise. This reinforcement is then used to update strategy j‟sattractionby 

Ai
j
(t)=Ai

j
(t-1)+ Ri

j
(t).  

On round t+1, player i stochastically determines her route choice using a logistic response 

function pi
j
(t+1)=e

λ•Aij(t)
/Σte

λ•Aij(t)
, where λ is an attraction sensitivity estimator.  

Using a grid search, we looked for a parameter combination that best describes the 

observed route choice in the two treatments and under both information regimes
28

. Figure 

3.8 exhibits the mean aggregate route choice for both treatments and under both 

information regimes using 100 simulated games. The mean route choice displayed in Fig. 

3.8 closely resembles the observed mean route choice patterns in Figs. 3.3a and 3.3b. In 

both figures, the mean number of players choosing Route 1 under No-information is 

slightly above the prediction of 12. Under Full-information both figures present stronger 

oscillations around the equilibrium, especially in the less frequent condition combinations 

(e.g., Poor-Poor under Full-information) where the players had fewer opportunities to 

                                                 
27 Inourexperimentplayerswerefullyinformedoftheoutcomeonallroutes.Forparsimonywethereforesetδ=0,i.e.,allroute are of 
equal weight.  

 
28  We set the initial attractions at Ai

1(t=1)=2 Ai
2(t=1)=28, where 8 is the size of the reward (endowment). We also set λ=0.1 for all 

the players in each session. 
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learn. This illustrates that a simple and parsimonious reinforcement-based learning model 

can account for our major findings regarding route choice. These include: 

1. Convergence to equilibrium behavior in the two correlation treatments is reached 

within very few trials. 

2. With Full-information convergence is slower, with more fluctuations around the 

equilibrium (mainly due to fewer observations in each round).  

3. With Full-information payoff decreases in the Correlated treatment and increases 

in the Uncorrelated treatment. 

The learning model does not account well for the actual number of switches observed 

and prescribes higher values. It also results in different (and lower) mean payoffs with a 

decrease from about 1.7 to 1.1 in the Correlated treatment and an increase from about 1.1 

to 3.7 in the Uncorrelated treatment once a-priori information regarding route conditions 

is provided. Conceivably, we could have divided the population into different types of 

players with different parameters but we opted not to do so. The strength of this model is 

its ability to replicate the main findings, namely, convergence to equilibrium route 

distribution and information paradox while requiring a minimal number of parameters. 
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Figure 3.8. Simulated route choice using EWA Learning model 
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3.6 Concluding remarks 

This essay proposes a parameterized model of a discrete network game with two 

routes in parallel with stochastic capacity that implies negative information effects. It also 

presents experimental results showing that the theoretical predictions are manifested with 

real decision makers who are financially motivated. 

The common assumption, driven by intuition, that providing information about travel 

conditions to drivers always improves their net welfare has been called into question by 

both the theoretical and experimental results presented. These results add to the growing 

body of research on network paradoxes.  

In light of current practical concerns relating to the costs of congestion in traffic 

networks and the emerging technical possibilities for enhanced information provision to 

drivers, these results have potentially important implications, especially when the costly 

implementation of new ATIS is under consideration. Because of the divergence between 

individual and group welfare in such systems, policy design is particularly complex. 

At the more general level of group decision making, the experiment described in this 

paper is another example of the remarkable coordination that can be achieved by 

independent agents in a rather complex environment, and the close correspondence of the 

experimental results with the equilibrium outcomes. Further work in this research line 

should attempt to better characterize the individual processes that underlie this somewhat 

„magical‟groupcoordination. 
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4 DISCUSSION 

Operations Management (OM) and Operation Research (OR) focus on developing 

prescriptive models of how systems and processes should work. In many of these models 

people are a critical component. They are assumed to be fully rational while behavioral 

aspects are either ignored or treated as second-order effects. As such, the models‟ 

usefulness to practitioners and system designers is unclear in many cases, especially 

when the predictions are paradoxical or counter-intuitive and are readily dismissed as 

theoretical curiosities. The goal of this dissertation is to narrow the gap between theory 

and practice. It borrows the experimental methodology commonly used in other 

disciplines, such as psychology and experimental economics, and investigates models 

within the OM paradigm in the controlled environment of the laboratory with financially 

motivated subjects. If theoretical, and paradoxical in this case, predictions are indeed 

realized, then their relevance to real-world system design is supported. 

The essays in this dissertation present three models with seemingly paradoxical or 

counter-intuitive predictions. The first looks at a system with two groups of commuters 

who wish to arrive at a common destination at a certain time. On their way to the 

destination, commuters from both groups have to pass through a bottleneck. However, 

one of the groups has an additional upstream second bottleneck to get through before 

that. Given these delays, the commuters have to choose their departure times. We present 

a model suggesting that, under certain conditions, increasing the capacity of the upstream 

bottleneck may not reduce travel cost for the group members who have to traverse it. In 

addition, this capacity change may increase the travel cost of the other group member. 
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We find that aggregate behavior in the laboratory can well be described by the mixed-

strategy equilibrium prediction. The only exception is the tendency of the players in the 

group whose members have to pass through a single bottleneck to depart from their origin 

later than predicted.  

This aforementioned tendency of players in the advantaged group to depart later than 

predicted (which resulted in them gaining higher payoffs at the expense of the 

disadvantaged group) remains unexplained. One possible explanation is that it is an 

artifact of the complete feedback information that the players received. The members of 

the group that had to traverse only one bottleneck might have used the other group‟s

departure time as a lower bound for their departure time, or vice versa. This phenomenon 

may disappear if players receive feedback pertaining only to themselves or possibly their 

own group.  Future extensions of this study may manipulate the nature of the information 

provided to the players.  

The second essay looks at a fairly complex network that is susceptible to the Braess 

Paradox (BP). It attempts to extend previous behavioral research of the Braess Paradox in 

two ways. First, it presents a considerably richer network with six routes and two 

connecting road segments that can be degraded simultaneously. In the resulting four-

route network equilibrium travel cost is decreased. Second, it investigates the effect of 

feedback information about route choices on behavior. We report support for equilibrium 

behavior and the Braess Paradox on the aggregate level. We also find very similar 

patterns of route choice in the original network and in the degraded network when players 

are fully informed of the choices of all network users or when they are only informed of 
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the fraction of the population that chooses the same route as they do.  The general result 

seems robust to the information structure. The only exception is slower rate of 

convergence to equilibrium play under incomplete information in the full network, which 

results in a slightly lower cost to players under this information regime.  

The Braees Paradox has only recently left the theoretical realm and been subjected to 

rigorous empirical study. It may be extended in many ways. One possibility is to change 

the network by manipulating the nodes structure instead of the number of edges. For 

example, it is possible to create the BP in networks with multiple origins and multiple 

destinations. Another possibility is to manipulate the amount of congestion controlled by 

each agent. In the network used in essay 2 this can be achieved by, instead of having 18 

players each controlling one unit, having 3 players each controlling 6 units. In this new 

scenario the theoretical predictions remain unchanged. Yet another possibility is to 

change the decision structure. In our model all players make their decision 

simultaneously before departure. A different approach would be to have players make a 

decision on every node (which would change the prediction). Alternatively, the game 

could be transformed into a real-time game where players are present on the route and 

can choose to switch at any moment. It is also possible to transform the network into one 

where costs are associated with nodes (e.g., cities) and routes are cost-free (e.g, freeways) 

while maintaining the BP.  It would be of value to learn whether this different framing of 

the problem affects the results. Finally, it may be claimed that real-world drivers have no 

way of knowing the cost structure of the roads they use. In line with this assumption it is 

possible to conceal the cost structure and have the players figure it out relying on 
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experience only (similar to Morgan et al., 2009). All of these proposed extensions are 

designed to test the robustness of the BP. The more variations it can withstand the higher 

its practical importance.   

Cohen and Kelly (1990) presented a model of a two-route network connect by a 

single link similar to the one used by Rapoport et al. (2009). In their model, congestion is 

due to bottlenecks. They show that this network may also be susceptible to the BP. This 

model incorporates elements from the first two essays of this dissertation. It would be 

interesting to see if empirical results can validate this theoretical model.        

The third essay extends the investigation of possible paradoxical negative effects of 

information provision to network commuters. We present a model and theoretical 

predictions of route choice in a two-route network under conditions of full and 

incomplete information regarding the capacities of each route. Under certain 

circumstances, the model predicts that aggregate travel delays increase with the provision 

of a priori information regarding the stochastic travel conditions. We find that aggregate 

route choice can well be accounted for by the pure-strategy equilibrium prediction. We 

also find that, as the model predicts, when route conditions are fully correlated, once full 

information is provided to the players their cost is higher than when no such information 

is provided. However, the negative effect of information is smaller than the model 

suggests. 

The network used in this study is very basic. Extending this paradigm to much richer 

topologies is of great interest. In real life, some people refer to traffic information before 

departing on their way while others choose not to. It is of value to propose a model which 
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considers these two types of players (i.e., informed an uninformed) and see when, or if, 

information may have adverse effects.   

The three essays have much in common on both theoretical and empirical levels. On 

the theoretical side, they all consider network problems with a relatively large group of 

users and propose a model that employs equilibrium analysis to derive a behavioral 

prediction. The interesting feature common to all three models is the paradoxical 

predictions they provide as a result of what is usually considered a natural improvement. 

On the behavioral side, the three experiments find that observed aggregate behavior can 

well be described by the equilibrium predictions, either the discrete pure strategy (essays 

1, 2 and 3) or mixed-strategy (essays 1 and 2). In all three experiments, the paradoxical 

negative cost effect is realized although to a slightly lesser degree than predicted. We also 

find that a simple reinforcement learning model (of the EWA family) can be used to 

account for the aggregate convergence to the equilibria distributions but not the 

individual choices.  

The convergence to the equilibrium predictions should not be taken lightly as the 

models analyze problems that are hard to solve. Our players would be hard pressed to 

provide a solution to them. However, by playing the games repeatedly they almost 

alwaysconvergetothe“correct”solution.Thisgivessupporttothe equilibrium solution 

as a descriptive model of behavior in network settings, even though the individual agents 

do not have the mental capacity to perform all the calculations they are required to make. 

It seems that eventually, and rather quickly, they end up where game theory prescribes. 
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It should also be emphasized that the paradoxes actually emerge. It is especially 

captivating in essays 2 and 3 where a within-subjects design is employed. Players could 

have conceivably coordinated their decisions by simply not changing their decisions from 

the first half, and end up with higher payoffs to all (Pareto improvement). Therefore, it is 

quite likely that if the right conditions manifest themselves in real-world situation, 

paradoxes similar to the ones described in the three essays will occur. Moreover, because 

the data suggest that behavior does not follow predictions to the letter it is possible that 

negative effects may happen if conditions are favorable enough (but not exactly as 

prescribed).  

  The studies presented in this dissertation have been designed to test predictions on 

the aggregate level. As such, they manage to identify clear and replicable behavior 

patterns. However, ultimately, decisions are made by individual decision makers. The 

intriguing question that remains unanswered is what guides players in making their 

decisions over time. Answering this may allow system designers to provide decision 

makers with better and more relevant information. So far we can only point out that essay 

2 suggests that not much information is needed. One possible way to gain further 

understanding into this question would be to let players actively choose among several 

information options. Another would be to charge players for information and see how 

much they are willing to pay for. 

 As mentioned earlier, demonstrating the significance of these models in the 

laboratory is only the first step. Future extensions should attempt to investigate whether 

they indeed occur in the real world. So far, real world evidence is anecdotal. For 
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example, road improvement in Stuttgart did not yield the expected benefits. In 

Manhattan, Portland, San Francisco, and Seoul, road closures had no visible effects. 

However, somemajor difficulties with themodels‟ assumptions have to be addressed

before rigorous empirical examination can begin. The main assumptions concern fixed 

population size and common origin and destination.  Moreover, estimation of real costs 

of travel should be obtained. 

Finally, it should be noted that all three models use a very unique set of parameters to 

generate the paradoxes. As was mentioned in essay 2, Valiant and Roughgarden (2006) 

show that, under certain conditions, the probability of detecting routes in random 

networks whose removal decrease travel time approaches one. However, it appears that 

usually this is not the case. Taken together with the players‟ tendency to converge to 

equilibrium, it is probably better to assume that in many cases the effects of network 

improvement or information provision will be beneficial (e.g., the Uncorrelated case in 

Essay 3). 
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APPENDIX A: INSTRUCTIONS TO SUBJECTS, ESSAY 1  

 

DEPARTURE TIME EXPERIMENT – INSTRUCTIONS TO 

PARTICIPANTS 

Introduction 

Welcome to an experiment on the choice of departure times. During this experiment you 

will be asked to make a large number of decisions and so will the other participants. Your 

decisions, as well as the decisions of the other participants, will determine your monetary 

payoff according to the rules that will be explained shortly. The money that you earn 

during the experiment will be paid to you in cash at the end of the session. 

Please read the instructions carefully. If you have any questions, please raise your hand 

and someone will come to assist you. 

From now on communication between the participants is prohibited. If the participants 

communicate with one another by any shape or form, the experiment will be terminated.  

The Departure Time Task 

This experiment attempts to simulate the basic features of departure time decisions that 

people traveling to a common destination face every day. It is fully computerized. You 

will be making your decisions by clicking on the appropriate buttons on the screen. A 

total of 24 persons are participating in this experiment (i.e., 23 participants in addition to 

you). During the experiment, you will participate in a series of 50 identical rounds. In 

each round, each participant will be asked to choose a time to depart for a common 

destination (for example, the time you leave for work every morning, a school class, a 

movie, or an airplane flight) knowing that waiting line delays may occur along the way. 

As in real life, there will be a value associated with reaching your destination on time and 

costs associated with waiting in line along the way and for either arriving too early (all 

participants wish to arrive by a common time; namely, 8:30 am) or arriving too late (after 

8:30 am). These costs will be explained to you in the next section. On each trial, the 

participants will be paid a set amount for reaching the destination, and the costs they 

incur in getting there will be subtracted from their earnings. It is possible to lose money 

on any one trial if those costs are high. 
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Description of the Network 

Please consult Figure A1 at the end of the instructions. Figure A1 displays a picture of 

the computer screen on yourPCthatwillbepresented toyouoneach trial.We‟llnow

explain it. The diagram at the top of the screen illustrates the routes that the participants 

travel to reach their common destination in each round of the experiment. There are two 

groups of participants(called„Blue’ and„Green’). The line on the screen just below the 

diagram tells you which group you belong to for all 50 rounds of the experiment. The 

participantillustratedinFigureA1isamemberofthe„Green’ group. 

 

In traveling to their destination, members of the Blue group (8 participants) face only a 

single delay or bottleneck (drawn as a square on the diagram and labeled “Delay B”),

whereas members of the Green group (16 participants) face an additional bottleneck 

(drawn as a square and labeled “Delay A”) prior to reaching bottleneck “B” that is

common to both groups. (You may think of real examples of such bottlenecks such as 

sections of construction on roadways, ticket booths at the movie theatre, or baggage 

check-in and security stations at airports).  
 

Bottlenecks slow down traffic and may cause queues to form. Participants in this 

experiment face a fixed service time to get through each bottleneck: 

 5 minutes at bottleneck A  

 and 5 minutes at bottleneck B. 

 

In addition, they may also have to wait in line before being served, if other network users 

arrived there before them and are still being served or waiting in line. For example, if two 

persons arrive at bottleneck B only seconds apart, then the first person to arrive will 

encounter a delay of 5 minutes at B (assuming no one was there before her), and the 

second person will encounter a delay of nearly 10 minutes (the time waiting in line for 

the first person to be served plus her own service time). We assume in this experiment 

that it takes no time to travel between delay points or between the final delay point and 

the destination. 

 

The reward and costs associated with the travel are also shown in Figure A1. They 

include: 

●thedelaycostsateachbottleneck- 10 points per minute for each of bottlenecks A and 

B,  

●thecostofarrivingearly- 6 points per minute,  

●thecostofarrivinglate- 83 points per minute,  

●thevalueassociatedwithreachingthedestination- 1000 points.  

 

In addition, summary information on the participant's earnings to date is shown at the top 

right corner. 
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Procedure 

Once you decide on a departure time for the current round, you will enter your chosen 

time using the keypad on the screen (see Figure A1 again). Note that all decisions are 

made with the mouse; you will not need the keyboard. To enter the hour of departure, 

click the number desired on the keypad on the screen. Similarly, to enter minutes and 

seconds,clickthecorrespondingcellseither„min‟or„sec‟(thecellwillturn yellow), and 

thenclick thedesirednumberson thekeypad.Errorscanbeerasedbyclicking the„C‟

buttononthekeypad.Clickingthe„confirm‟buttonindicatesthatyouaresatisfiedwith

the chosen time. A confirmation text box will then appear on the screen to allow you a 

final opportunity to change your departure time. 

Interpreting the Results 

After all the participants have made their departure time choices, a results screen will 

appear. Figure 2 at the end of the instructions shows an example of this screen. 

 

A summary of the delays experienced by a participant and the resulting costs and payoff 

are shown in the left-hand panel of the results screen (see Figure A2). The table on the 

right-hand panel shows the departure times and payoffs for all 24 participants. As seen in 

the left panel in the example shown in Figure A2, the participant departed at 7:20:00 and, 

as a member of the Green group, she had to pass through both bottlenecks. She 

encountered 4 persons ahead of her at delay A (the other 5 have already been served and 

moved on) and waited 20 minutes and 39 seconds (including her own 5 minute service 

time).  
 

This delay cost her 206.5 points (10 points per minute). 

At delay B, she encountered 5 people ahead of her and waited 30 minutes.  

 

This delay cost her 300 points.  

She then arrived at destination at 8:10:39 (again, note that it takes no time to travel 

between delay points or between the final delay point and the destination), which was 

about 20 minutes early.    

 

This early arrival cost her 116.1 points (6 points per minute). 

As a result, at the end of this round this participant was left with a payoff of 377.4 points 

after all costs were subtracted from the 1000 point payoff for getting to the destination. 

 

Payoff = 1000 – 206.5 – 300 – 116.1 = 377.4 points.  
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In the table for all participants on the right-hand side of the screen, this participant's times 

are highlighted in yellow as they will be during the experiment. Checking this table, you 

can find out the departure times of the other participants and the payoffs associated with 

each departure time (note that the times are color coded to identify participants in the 

Green and Blue groups). For example, a participant in the Green group departed at 

7:22:27 and had a delay at bottleneck A of about 33 minutes and another at B of 40 

minutes and hence arrived over 5 minutes late at 8:35:39. His total payoff was a loss of 

over 200 points for this round largely because of the high cost of being late (83 points per 

minute). 
 

You may find it helpful to think of the current experiment in terms of two groups of 

people choosing when to leave for an event, such as a concert, where one group already 

has tickets (Blue group) and will face only delays in getting through the security line-up 

at the gate to the stadium. The other group (Green group) has to line up to buy a ticket 

first, and then go through the same security gate. All the participants of both groups want 

to minimize time spent waiting in line and idle time spent by arriving too early. However, 

they also do not want to be late for the concert as this has a much higher cost for them. 

 

End of Experiment 

After completing all 50 rounds, a summary screen will display the total points you have 

accumulated and the corresponding earnings in dollars. (Points will be converted to 

money at the rate 750 points=$1.00). During the experiment, the cumulative number of 

points and dollar payoff that you have earned will be displayed on each of the individual 

screens. Please remain at your desk until asked to come forward and receive payment for 

the experiment.  

 

Please place the instructions on the table in front of you to indicate that you have 

completed reading them. The experiment will begin shortly. Initially five (5) unpaid 

practice rounds will be conducted to familiarize you with the process, and then the 50 

paid rounds will follow. Please remember that no communication is allowed during the 

experiment. If you encounter any difficulties please raise your hand and you will be 

responded to by the experimenter. 
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Figure A1: Decision Screen 

 

 

Figure A2: Results Screen
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APPENDIX B: PROOFS, ESSAY 2 

Assertion 1. At every pure-strategy equilibrium of the basic game in Fig. 2b, 3 

players choose route OAD, 3 players choose route OED, 6 players choose 

route OFD, and 6 players choose route OBD. 

Proof. Each of the 18 players has four strategies k=1,2,3,4, that stand for choosing 

routes OAD, OED, OFD, and OBD, respectively. For any k, denote 

by fk the number of players choosing the pure strategy k and by ck the cost of that 

strategy. Similarly, for every edge xy denote by fxy the number of players traversing 

this edge and by cxy its cost. 

The proof includes two steps in which equations (a) and (b) below are established in 

order. 

(a) f1= f2=3 

(b) f3=f4=6 

(i). We first establish that (a) holds. To do so, we assume (a1) and (a7), derive 

conditions (a2) through (a6), and conditions (a8) through (a11), and then conclude that 

(a1) and (a7) cannot be part of a pure-strategy equilibrium. 

(a1) f1≤2 

(a2)   f2≥f1-1 

(a3)   f3≥2f1-1 

(a4)   f4≥2f1-1 

(a5)   f1+ f2+f3+f4=18 
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(a6)   f1≥4.167 

Because (a1) is an equilibrium strategy, we must have 130+20(f2+1)≥130+20f1; 

otherwise, a player choosing strategy 1 can switch to strategy 2. Therefore, f2≥f1-1 (a2). 

The same logic holds for route 3 and therefore f3≥2f1-1 (a3) as well as f4≥2f1-1 (a4). The 

total number of travelers is 18 (a5). Expressing all flow values in terms of f1 yields f1≥

4.167 (a6). However, this contradicts (a1) which therefore cannot hold in equilibrium. 

(a7) f1≥4 

(a8)   f2≥3 

(a9)   f3≥9 

(a10)  f4≥9 

(a11)  f1+ f2+f3+f4≥25 

Because (a7) is an equilibrium strategy we must have (a2), (a3), and (a4) which yields 

f2≥3 (a8), f3≥ 9 (a9), and f4≥ 9 (a10).  The resulting total number of travelers is

f1+f2+f3+f4≥25 (a11) which is larger than 18 and therefore (a7) cannot hold in

equilibrium. 

(ii). We next establish that (b) holds. To do so, we assume (b1) and (b7), derive 

conditions (b2) through (b6), and conditions (b8) through (b11), and then conclude that 

(b1) and (b7) cannot be part of a pure-strategy equilibrium. 

(b1)   f3≤5 

(b2)   f4≥f3-1 

(b3)   f1≥½f3-1 

(b4)   f2≥½f3-1 
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(b5)   f1+ f2+f3+f4=18 

(b6)   f3≥7 

Because (b1) is an equilibrium strategy, we must have 130+20(f4+1)≥130+20f3; 

otherwise, a player choosing strategy 3 can switch to strategy 4. Therefore, f4≥f3-1 (b2). 

The same logic holds for route 1 and therefore f1≥½f3-1 (b3) as well as f2≥½f3-1 (b4). 

The total number of travelers is 18 (a5). Expressing all flow values in terms of f3 yields 

f3≥7(b6).However,thiscontradicts(b1)whichthereforecannothold in equilibrium. 

(b7)   f3≥7 

(b8)   f4≥6 

(b9)   f1≥3 

(b10)  f2≥3 

(b11)  f1+ f2+f3+f4≥19 

Because (b7) is an equilibrium strategy we must have (b2), (b3), and (b4) which 

yields f4≥6(b8),f1≥3(b9),andf2≥3(b10).Theresultingtotalnumberoftravelers is f1+ 

f2+f3+f4≥19(b11)whichislargerthan18andtherefore(b7)cannotholdinequilibrium. 

Assertion 2.  At every pure-strategy equilibrium of the augmented game in Fig. 2a, 6 

players choose route OAED and 12 players choose route OBFD. 

Proof. Each of the 18 players has six pure strategies k=1,2,3…,6, that stand for

choosing routes OAD, OED, OFD, OBD, OAED, and 

OBFD, respectively. For any k, denote by fk the number of players choosing 

strategy k and by ck the cost of that strategy. Similarly, for every edge xy denote by fxy 

the number of players traversing this edge and by cxy its cost. 
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The proof includes 6 steps in which equations (a), (b), (c), (d), (e), and (f) below are 

established in order. 

(a)  f1=0 

(b)  f2=0 

(c) f3=0 

(d) f4=0 

(e) f5=6 

(f) f6=12 

(i). We first establish that (a) holds. To do so, we assume (a1), derive conditions (a2) 

through (a9), and then conclude that (a1) cannot be part of a pure-strategy equilibrium. 

(a1)  f1≥1 

(a2)  fED≥6 

(a3)  fOA≤6 

(a4)  fOE≥1 

(a5)  c2≥250 

(a6)  f3+f4+f6≤11 

(a7)  fOB≤11 

(a8)  fFD≤11 

(a9)  c6≤220 

Because (a1) is an equilibrium strategy, we must have 20(fED+1)≥130;otherwise, a

player choosing strategy 1 can switch to strategy 5. Therefore, fED≥6 (a2). Since

20fAO≤130, fAD≤6 (a3); otherwise, a player could be better off traversing edge OE 
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instead of edge AD. As at least 7 players reach D via edges AD and ED and no 

more than 6 take edge OA, fOE≥1 (a4)andc2≥250 (a5).This yields f3+f4+f6≤11 (a6).

Since 1011<130, all the players take route 6 and hence (a7) and (a8) whose cost is 

c6≤220(a9).However,aplayertakingroute2hastheincentivetoswitchtoroute6and

reduce her cost. Therefore (a1) cannot hold in equilibrium. 

(ii). We establish that (b) holds. To do so, we assume (b1), derive conditions (b2) 

through (b9), and then conclude that (b1) cannot be part of a pure-strategy equilibrium. 

(b1)  f2≥1 

(b2)  fOA≥6 

(b3)  fED≤6 

(b4)  fAD≥1 

(b5)  c1≥250 

(b6)  f3+f4+f6≤11 

(b7)  fOB≤11 

(b8)  fFD≤11 

(b9)  c6≤220 

Because (b1) is an equilibrium strategy, we must have 20(fOA+1)≥130;otherwise, a

player choosing strategy 2 can switch to strategy 5. Therefore, fOA≥6 (b2). Since

20fED≤130, fED≤6 (a3); otherwise, a player could be better off traversing edge ED 

instead of edge AD. As at least 7 players reach D via edges AD and ED and no 

more than 6 take edge ED, fAD≥1 (b4)andc1≥250 (a5).Thisyields f3+f4+f6≤11 (b6).

Since 1011<130, all players take route 6 and hence (b7) and (b8) whose cost is c6≤220
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(b9). However, a player taking route 1 has the incentive to switch to route 6 and reduce 

her cost. Therefore, (b1) cannot hold in equilibrium. 

(iii). We establish that (c) holds. To do so, we assume (c1), derive conditions (c2) 

through (c9), and then conclude that (c1) cannot be part of a pure-strategy equilibrium. 

(c1)  f3≥1 

(c2)  fOB≥12 

(c3)  fFD≤13 

(c4)  fFD≥12 

(c5)  fBD≥0 

(c6)  c3≥140 

(c7)  f1+f2+f5≤5 

(c8)  fAD≤5 

(c9)  fED≤5 

(c10)  c5≤200 

Because (c1) is an equilibrium strategy, we must have 10(fOB+1)≥130;otherwise, a

player choosing strategy 3 can switch to strategy 6. Therefore, fOB≥12 (c2). Since 

10fFD≤130,fFD≤13(c3);otherwise,aplayercouldbebetterofftakingroute4insteadof

route 3. Also, 10(fFD+1)≥130;otherwise,aplayerchoosingedge BD is better off taking 

edge FD and therefore fFD≥12(c4).Asatleast13playersreachD via edges BD and 

FD and no more than 13 take edge FD, fBD≥0 (c5) and c3≥250 (c6). This yields 

f1+f2+f5≤5 (c7). Since 205<130, all the players take route 5 and hence (c8) and (c9) 
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whose cost is c5≤200 (c10). However, a player taking route 3 has the incentive to switch 

to route 5 and reduce her cost. Therefore, (c1) cannot hold in equilibrium. 

(iv). We establish that (d) holds. To do so, we assume (d1), derive conditions (d2) 

through (d9), and then conclude that (d1) cannot be part of a pure-strategy equilibrium. 

(d1)  f4≥1 

(d2)  fFD≥12 

(d3)  fOB≤13 

(d4)  fOB≥12 

(d5)  c4≥250 

(d6)  f1+f2+f5≤5 

(d7)  fAD≤5 

(d8)  fED≤5 

(d9)  c5≤200 

Because (d1) is an equilibrium strategy, we must have 10(fFD+1)≥130;otherwise, a

player choosing strategy 4 can switch to strategy 6. Therefore, fFD≥12 (d2). Since

10fOB≤130,fOB≤13(d3);otherwise,aplayercouldbebetterofftaking route 3 instead of 

route 4. Also 10(fOB+1)≥130orelseanyplayertakingedge OF is better off taking edge 

OB and therefore fOB≥12 (d4) and c4≥250 (d5). Given (d1) and (d2) at least 13 players 

reach D via edges FD and BD. This yields f1+f2+f5≤5(d6).Since205<130, all the 

players take route 5 and hence (d7) and (d8) whose cost is c5≤200 (c9). However, a 

player taking route 4 has the incentive to switch to route 5 and reduce her cost. Therefore, 

(d1) cannot hold in equilibrium. 
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(v). We establish that (e) holds. To do so, we assume (e1), and later (e11), derive 

conditions (e2) through (e10) and conditions (e12) through (e13), and then conclude that 

(e1) or (e11) cannot be part of a pure-strategy equilibrium. 

(e1)  f5≤5 

(e2)  fOA≤5 

(e3)  fOE=0 

(e4)  c5≤200 

(e5)  f3+f4+f6≥13 

(e6)  fOB≤13 

(e7)  fOB≥12 

(e8)  fFD≤13 

(e9)  fFD≥12 

(e10)  c6≥240 

Because (e1) is an equilibrium strategy, fOA≤5 (e2) and fOE=0 (e3). Otherwise, a 

player could switch from edge OE to edge OA and incur a lower cost. This yields 

c5≤200(e4)aswellasf1+f2+f5≥13(e5).10fOB≤130;otherwise,aplayerisbetterofftaking

edge OF rather than edge OB and therefore fOB≤13(e6).However,10(fOB+1)≥130;

otherwise, a player taking edge OF is better off switching  to edge OB, and fOB≥12 

(e7). The same logic holds for edge FD and therefore fFD≤13(e8)and fFD≥12 (e9). As a 

result c6≥240 (e10) and a player taking route 6 is better off switching to route 5. 

Therefore, (e1) cannot hold in equilibrium.  

(e11)  f5≥7 
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(e12)  fOA≥7 

(e13)  cOA≥140 

If (e11) is an equilibrium strategy, then fOA≥7(e12) and cOA≥140(e13) and any player 

taking edge OA is better off taking edge OE thereby reducing travel cost. Therefore, 

(e10) cannot hold in equilibrium.  

(vi). We establish that (f) holds. To do so, we assume (f1), and later (f7), derive 

conditions (f2) through (f6), and conditions (f8) through (f9), and then conclude that (f1) 

or (f7) cannot be part of a pure-strategy equilibrium. 

(f1)  f6≥13 

(f2)  c6≥260 

(f3)  f1+f2+f5≤5 

(f4)  fOA≤100 

(f5)  fED≤100 

(f6)  f5≤200 

Because (f1) is an equilibrium strategy, c6≥260(f2)andf1+f2+f5≤5(f3).From(f3)we

get that fOA≤100 (f4) and fED≤100 (f5) which yields f5≤200 (f6). However, any player

taking route 6 can switch to route 5 and incur a lower cost and therefore (f1) cannot hold 

in equilibrium.  

(f7)  f6≤11 

(f8)  fOB≤11 

(f9)  cOB≤110 
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If (f7) is an equilibrium strategy, then fOB≤11 (f8) and cOB≤110 (f9) and any player 

taking edge OB is better off taking edge OF thereby reducing travel cost. Therefore, 

(f7) cannot hold in equilibrium.  

 

This completes the six steps to prove assertion2. 
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APPENDIX C: INSTRUCTIONS TO SUBJECTS, ESSAY 2 

Introduction 

Welcome to an experiment on route selection in traffic networks. During this 

experiment you will be asked to make a large number of decisions and so will the other 

participants. Your decisions, as well as the decisions of the other participants, will 

determine your monetary payoff according to the rules that will be explained shortly. 

Please read carefully the instructions below. If you have any questions, raise your 

hand and one of the experimenters will come to assist you. 

Note that hereafter communication between the participants is prohibited. If the 

participants communicate with one another in any shape or form, the experiment will be 

terminated.  

The Route Selection Task 

The experiment is fully computerized. You will make your decisions by clicking on 

the appropriate buttons. A total of 18 persons participate in this experiment (i.e., 17 

participants in addition to you). During the experiment, you will be assigned the role of 

drivers who choose a route through two traffic networks that are described below. The 

two networks differ from one another. You will first receive the instructions for part 1 

(the first traffic network). After completing part 1, you will receive the new instructions 

for part 2. You will participate in 60 identical rounds in each part. 

Description of Part 1 

Consider the very simple traffic network exhibited in a diagram form below. Each 

driver is required to choose one of six routes in order to travel from the starting point, 

denoted by O, to the final destination, denoted by D. The six alternative routes are 

denoted in the diagram by [O-A-D], [O-E-D], [O-F-D], [O-B-D], [O-A-E-D], [O-B-F-D].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Travel is always costly in terms of the time needed to complete a segment of the road, 

gas, tolls, etc. The travel costs are indicated near each segment of the route you may 

choose. For example, if you choose route [O-A-D], you will be charged a total travel cost 

of (20×oa)+(130)where „oa‟ indicates thenumber of participants who choose segment 
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[O-A]. Similarly, if you choose route [O-A-E-D], you will be charged a total travel cost 

of (20×oa)+(0)+(20×ed) where „oa‟ and „ed‟ indicate the number of participants who 

choose to travel on road segments [O-A] and [E-D], respectively. A similar cost structure 

applies to routes [O-E-D], [O-F-D], [O-B-D] and [O-B-F-D]. Note that the costs charged 

for traveling segments [O-A], [E-D], [F-D] and [O-B] increase as the number of drivers 

choosing them increases. All the 18 drivers make their route choices independently of 

one another, leave point O together, and travel at the same time.  

 

Examples: 

Supposing that 7 drivers choose route [O-A-D],      

3 drivers choose route [O-E-D],       

2 drivers choose route [O-F-D]     

1 driver chooses route [O-B-D].     

2 drivers choose route [O-A-E-D].     

3 drivers choose route [O-B-F-D].     

 

Then, the travel cost from point O to point D will be: 

 

For [O-A-D]: 20×(7+2) + 130   = 180 + 130   =  310 points 

 

For [O-E-D]: 130 + 20×(3+2)   = 130 + 100   =  230 points 

 

For [O-F-D]: 130+10×(2+3)   = 130 + 50   =  180 points 

 

For [O-B-D]: 10×(1+3) + 130   =  40+130   =  170 points 

 

For [O-A-E-D]: 20×(2+7) + (0) + 20×(2+3)  = 180 + 0 + 100  =  280 points 

 

For [O-B-F-D]: 10×(3+1)+(0)+10×(3+2) = 40 + 0 + 50   =    90 points 

 

At the beginning of each round, you will receive a reward of 290 points for reaching 

your destination. Your payoff for each round will be determined by subtracting your 

travel cost for the round from your reward.  
 

To continue the example, the payoffs for the different drivers are: 

Drivers that chose [O-A-D]: 290-310  = -20 points, 

Drivers that chose [O-E-D]: 290-230  =  60 points, 

Drivers that chose [O-F-D]: 290-180  = 110 points, 
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Drivers that chose [O-B-D]: 290-170  = 120 points, 

Drivers that chose [O-A-E-D]: 290-280  =   10 points 

Drivers that chose [O-B-F-D]: 290-90  =  200 points 
 

Notice that it is possible for drivers to end up with a negative payoff for a certain 

round as is the case for drivers who chose route [O-A-D] in the example above.  

At the end of each round you will be informed of the number of drivers who chose 

your route and of your payoff for that round. All 60 rounds in Part I have exactly the 

same structure. 

 

Procedure 

At the beginning of each round the computer will display a diagram with six routes: 

[O-A-D], [O-E-D], [O-F-D], [O-B-D], [O-A-E-D] and [O-B-F-D]. You will then be 

asked to choose which of the six routes you wish to travel. To choose a route, simply 

click on all the segments of that route. For example, if you choose route [O-F-D], then 

click once on segment [O-F] and once again on segment [F-D]. The color of the segments 

that you click on will change to indicate your choice. If you decide to change your route, 

click on all the segments of the other route. Once you have chosen your route, press the 

"Confirm" button. You will be asked to verify your choice.  

 

After all 18 participants have confirmed their choice of route you will receive the 

following information: 

 

- The route you have chosen. 

- The number of drivers that chose your route. 

- The number of drivers that used each segment of your route. 

- Your payoff for this round. 

 

After completing all 60 rounds of Part I, you will receive a new set of instructions for 

Part II. 

 

Payments 

At the end of the experiment, you will be paid for 6 rounds that will be randomly 

selected from the 60 rounds of Part I. The payment rounds will be selected publicly by 

drawing 6 balls from a Bingo cage. You will be paid in cash for your earnings in those 

six rounds with an exchange rate of $1=60 points (i.e., payoff = total points divided by 

60).  

In addition, you will receive a show up fee of $5 (for attending the experiment). This 

amount will be paid independently of the payments for the randomly selected rounds. 

Once you are certain that you understand the task please place the instructions on the 

table in front of you to indicate that you have completed reading them. If you have any 

questions, please raise your hand and one of the experimenters will come to assist you. 

 

Part I will begin shortly. Thank you for your participation. 
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Part II 

 

Part II is identical to part I except that two road segments [A-E] and [B-F] are deleted 

from the network. Similar to Part I, you will have to choose a single travel route. The 

traffic network for Part II is displayed below.  

 

 

 

 

 

 

 

 

 

 

 

 

Travel costs are computed exactly as in Part I. For example, if you choose route [O-

A-D], youwill be charged a total travel cost of (20×oa)+130where „oa‟ indicates the

number of participants who choose segments [O-A-D]. Similarly, if you choose route [O-

E-D],thenyouwillbechargedatotaltravelcostof(130)+(20×ed)where„ed‟indicates

the number of participants who choose segment [E-D]. A similar cost structure applies to 

routes [O-F-D] and [O-B-D]. 

Exactly as in Part I, at the beginning of each round you will receive a reward of 290 

points for reaching your destination. As before, your payoff for each round will be 

determined by subtracting your total travel cost from your reward for that round.  

 

The information you receive at the end of each round will be the same as in Part I and 

will include: 

- The route you have chosen. 

- The number of drivers that chose your route. 

- The number of drivers that used each segment of your route. 

- Your payoff for this round. 

Payoffs will be determined exactly as in Part I, that is, 6 payment rounds randomly 

drawn out of 60, and you will be paid for your earnings in those six rounds with an 

exchange rate of $1=60 points (i.e. payoff = total points divided by 60). Therefore, across 

Parts I and II you will be paid according to your total earnings in 12 randomly chosen 

rounds. 
 

  Once you are certain you understand the task please place the instructions on the 

table in front of you to indicate that you have completed reading them. If you have any 

questions, please raise your hand and one of the experimenters will come to assist you. 

 

Part II will begin shortly. Thank you for your participation. 

E 

F 

A 

B 

D O 
130 10*fd 

130 

10*ob 

130 20*oa

xx 

130 

20*ed 
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APPENDIX D: PROOFS, ESSAY 3 

(by Robin C. Lindsey) 

This appendix establishes some general properties of pure–strategy equilibria and mixed-

strategy equilibria for the route-choice game.  

There are N players (or users) of whom iN  choose Route i,  with 1 2N N N  .  

Assumption A1:  i iC N  is an increasing function of iN , 1,2i  .  i iC N  is strictly 

increasing on at least one of the two routes. 

Remark: The numerical example satisfies Assumption A1 because Route 1 is always 

congestible. 

Pure–strategy equilibria for finite-player games 

In this section we prove two results: 

a) At least one pure–strategy equilibrium exists. 

b) At most two pure–strategies equilibria exist, and if there are two equilibria they 

are both weak. 

Existence of pure–strategies equilibrium 

Proposition 1: Given Assumption A1, the route-choice game with finite players has at 

least one pure-strategies equilibrium. 
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Proof of Proposition 1 

There are 1N   candidate equilibria, listed in the following table: 

 N1 C1
 

C2
 

N2 

0  1 0C   2C N  N 

1  1 1C   2 1C N   N-1 

2  1 2C   2 2C N   N-2 

3  1 3C   2 3C N   N-3 

 

 

  

 

 

N-2  1 2C N    2 2C  2 

N-1  1 1C N    2 1C  1 

N  1C N   2 0C  0 

 

The proof proceeds by elimination: 

1. If    1 21C C N  then  1 2,N N = (0, N) is an equilibrium. 

2. If    1 21C C N and    1 22 1C C N   then (1, N-1) is an equilibrium. 

3. If    1 22 1C C N   and    1 23 2C C N   then (2, N-2) is an equilibrium. 

4. If    1 21 2C N C   and    1 2 1C N C  then (N-1, 1) is an equilibrium. 

5. If    1 2 1C N C  then (N, 0) is an equilibrium. 

Existence of at most two pure–strategies equilibria 
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Proposition 2: Given Assumption A1, the route-choice game has at most two pure-

strategies equilibria. 

Proof of Proposition 2 

Suppose that  1 2,N N  is an equilibrium. (In the following it is assumed that 1 0N   and 

2 0N  . The proof is easily modified to include corner solutions.) 

For users of route 1 to be in equilibrium: 

   1 1 2 2 1C N C N  .                                                (1) 

For users of route 2 to be in equilibrium: 

   2 2 1 1 1C N C N  .                                                (2) 

Remark 1: Given Assumption A1, Conditions (1) and (2) cannot both hold as equalities. 

 1 21, 1N N   as a candidate second equilibrium  

For users of route 1 to be in equilibrium: 

   1 1 2 21 2C N C N   .                                                (3) 

For users of route 2 to be in equilibrium: 

   2 2 1 11C N C N  .                                                (4) 

Condition (3) holds as a strict inequality since 

 
 

   
 

 1 1 1 1 2 2 2 2

By eqn. (1)

1     1   2
a b

C N C N C N C N      , 

with at least one of (a) and (b) holding as a strict inequality by Assumption A1. 
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Condition (4) holds (as in equality) if and only if Condition (1) holds as an equality. 

Thus, it is possible for  1 21, 1N N  to be a second (weak) equilibrium. If so, 

Conditions (3) and (4) hold as  

   1 1 2 21 2C N C N   .                                                  (3a) 

   2 2 1 11C N C N  .                                                     (4a) 

 1 22, 2N N   as a candidate third equilibrium 

For users of route 1 to be in equilibrium: 

   1 1 2 22 3C N C N   .                                                    (5) 

For users of route 2 to be in equilibrium: 

   2 2 1 12 1C N C N   .                                                    (6) 

Given Assumption A1, Condition (6) contradicts condition (4a). Hence  1 22, 2N N   

cannot be a third equilibrium. The same logic rules out equilibria with fewer than 1 2N   

users on route 1. 

Remark 2: The remainder of the proof considers candidate equilibria with larger numbers 

of users on route 2. The logic is similar to the foregoing. 

 1 21, 1N N   as a candidate second equilibrium 

For users of route 1 to be in equilibrium: 

   1 1 2 21C N C N  .                                                       (7) 

For users of route 2 to be in equilibrium: 

   2 2 1 11 2C N C N   .                                                    (8) 
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Condition (8) holds as a strict inequality since 

 
 

   
 

 2 2 2 2 1 1 1 1

By eqn. (2)

1     1   2
c d

C N C N C N C N      , 

with at least one of (c) and (d) holding as a strict inequality by Assumption A1. 

Condition (7) holds (as in equality) if and only if Condition (2) holds as an equality. 

Thus, it is possible for  1 21, 1N N  to be a second (weak) equilibrium. If so, 

Conditions (7) and (8) hold as  

   1 1 2 21C N C N  .                                                      (7a) 

   2 2 1 11 2C N C N   .                                                   (8a) 

We have now established that: 

 Condition (3) holds if and only if Condition (1) holds as an equality 

 Condition (7) holds  if and only if Condition (2) holds as an equality 

By Remark 1 above, Conditions (1) and (2) cannot both hold as equalities. Hence 

 1 21, 1N N   and  1 21, 1N N   cannot both be equilibria. 

 1 22, 2N N   as a candidate third equilibrium 

For users of route 1 to be in equilibrium: 

   1 1 2 22 1C N C N   .                                                   (9) 

For users of route 2 to be in equilibrium: 

   2 2 1 12 3C N C N   .                                                 (10) 
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Given Assumption A1, Condition (9) contradicts condition (7a). Hence  1 22, 2N N   

cannot be a third equilibrium. The same logic rules out equilibria with more than 1 2N   

users on route 1.  

Mixed-strategies equilibria with finite players 

Computation of symmetric mixed-strategies equilibria  

Let p denote the probability that a player selects Route 1. The equilibrium value of p is 

such that expected travel costs are the same on the two routes. The expected cost of using 

a route depends on the probability distribution of the number of other players selecting 

that route. The probability that 1N  of the other 1N   players chooses Route 1 is 

  11
1

1

1
1

N NN
N

p p
N

  
 

 
. 

The expected cost of taking Route 1 is therefore 

    11

1

1 1

1 1 1 10
1

1
1 1

N d N NN

N

N
E C a b N p p

N

  



 
       

 
 .                            (11) 

The travel cost function is evaluated at 1 1N   because it is used by 1N  other players plus 

the designated player if the designated player selects it. 

The expected cost of taking Route 2 is 

    22

2

1 1

2 2 2 20
2

1
1 1

N d NN N

N

N
E C a b N p p

N

  



 
       

 
 .                (12a) 

Using the identity 2 11N N N   , Eqn. (12a) can be written 
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    11

1

1 1

2 2 2 10
1

1
1

N d N NN

N

N
E C a b N N p p

N

  



 
       

 
 .              (12b) 

Setting 1E C  in Eqn. (11) equal to 2E C  in Eqn. (12b) one obtains an implicit equation 

for p:  

      11

1

1 1

1 1 2 1 2 10
1

1
1 1

N d d N NN

N

N
b N b N N p p a a

N

  



 
        

 
 .             (13) 

 

Asymmetric mixed-strategies equilibria 

The finite-player game has a unique symmetric mixed-strategies equilibrium. Depending 

on parameter values, there may also exist asymmetric equilibria in which some players 

use pure strategies and others use mixed strategies. In any such equilibrium, all mixed 

strategies are identical. This property is formalized in: 

Proposition 3: In any equilibrium of a finite-player game, all players who adopt mixed 

strategies adopt the same mixed strategy. 

Proof of Proposition 3 

The proof entails showing that any two players who randomize between Route 1 and 

Route 2 must use the same probabilities. Suppose player j randomizes with probability 

jp , and player k with probability kp , where 0 1jp  , 0 1kp   and 
j kp p . Let p  

be the list of probabilities used by the other 2N   players. Player j then faces a set of 

1N   other players using probabilities ,kp p , while Player k faces 1N   players using 

probabilities ,jp p . (Note that the order in which the probabilities are listed is 

immaterial.) Both players are willing to randomize only if their expected travel costs are 
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equal. We show that this is impossible by showing that the difference between routes in 

expected travel costs is a strictly monotonic function of the probability used by each of 

the other 1N   players. 

Remark: The proof is complicated by the fact that all players do not select Route 1 with 

the same probability so that the probability distribution of 1N  is not binomial. 

Withoutlossofgeneralitythe“designated”playeristakentobeplayerN,andthe“other”

playersareindexed1,…,N-1. 1N  is now defined to be the number of other players who 

take route 1, and 2N  is the number of other players who take route 2. The following 

additional notation is employed: 

p :  1 2 1, ,..., Np p p   

jp
 :  1 2 1 1 1, ,..., , ,...,j j Np p p p p  

 

 1,F N p  : the cumulative distribution function of 1N  given p  

 1,f N p  : the probability density function of 1N  given p  

S  : the set of other players  1,..., 1N   

nS  : the set of all subsets of S that have n members, 1,..., 1n N   

njS  : sets in nS  that include player j 

\n jS  : sets in nS  that exclude player j.  (Note that nS = 
\nj n jS S .) 

The formulas for  ,f n p  and  1,F N p  are 

   
\

, 1
n

k l

S k l S

f n p p p
    

   ,                                            (14) 
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   1

1 0
, ,

N

n
F N p f n p


 .                                                   (15) 

If the designated player is willing to randomize between route 1 and route 2 the expected 

travel costs must be equal. 

      
1

1

1 2 1 1 1 2 10
, 1 0

N

N
C E C E C f N p C N C N N




          .                         

Given Assumption A1,    1 1 2 11C N C N N    is a strictly increasing function of 1N . 

To prove Proposition 3 it therefore suffices to prove the following lemma: 

Lemma 1: Assume 
j jp p   for some j S . Then  , ,j jF n p p

  first-order 

stochastically dominates  , ,j jF n p p
, 0,..., 1n N  .  

Proof of Lemma 1 

To prove Lemma we use induction to prove: 

 
 

\ \

, ,
1 0

n j

j j

k l

S k l S jj

F n p p
p p

p   



  


   


   .                                      (16) 

To economize on notation,  , ,j jF n p p
 will henceforth be written  F n . 

 n=0 

From Eq. (14) and Eq. (15) 

   0 1 l

l S

F p


  ,  

and 

 
 

\

0
1 0l

l S jj

F
p

p 


   


 .                                                   (17) 

Eq. (16) reduces to Eq. (17) with n=0. 
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 n=1 

From Eq. (14), 

   
\

1 1k l

k S l S k

f p p
 

   . 

 
   

\\ \

1
1 1l k l

k S jl S k l S kjj

f
p p p

p  


   


  .                                   (18) 

Hence by Eq. (17) and Eq. (18): 

     
 

\ \

1 0 1
1k l

k S j l S kjj j j

F F f
p p

p p p  

  
    

  
  .                            (19) 

Eq. (16) reduces to Eq. (19) with n=1. 

The final step is to assume that (16) is true for n, and prove it is true for n+1. Given Eq. 

(14) 

   
1 \

1 1
n

k l

S k l S

f n p p
    

         
1, 1\\ \

1 1
n j n j

k l k l

S Sk l S k l S

p p p p
         

         

   
\ 1\\ \

1 1
n j n j

j k l k l

S Sk l S j k l S

p p p p p
        

         

 
   

\ 1\\ \

1
1 1

n j n j

k l k l

S Sk l S j k l S jj

f n
p p p p

p         

 
   


     .                   (20) 

Hence by Eq. (16) and Eq. (20): 

     
 

1\ \

1 1
1

n j

k l

S k l S jj j j

F n F n f n
p p

p p p     

    
    

  
  

.      
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APPENDIX E: INSTRUCTIONS TO SUBJECTS, ESSAY 3 

Route Choice Experiment 

 
Introduction 

Welcome to an experiment on route selection in traffic networks. During this 

experiment you will be asked to make a large number of decisions and so will the other 

participants. Your decisions, as well as the decisions of the other participants, will 

determine your monetary payoff according to the rules that will be explained shortly. 

Please read carefully the instructions below. If you have any questions, raise your 

hand and one of the experimenters will come to assist you. 

Note that hereafter communication between the participants is prohibited. If the participants 

communicate with one another in any way, the experiment will be terminated.  

 

The Route Selection Task 

The experiment is fully computerized. You will make your decisions by clicking on 

the appropriate buttons or areas of the computer screen. A total of 20 persons participate 

in this experiment (i.e., 19 participants in addition to you). During the experiment, you 

will be assigned the role of a driver who chooses a route through a traffic network that is 

described on the next page. The experiment will consist of two parts. You will first 

receive the instructions for part 1. After completing part 1, you will receive new 

instructions for part 2. You will participate in 80 identical rounds in each part. In each of 

these rounds all 20 participants will simultaneously make route choice decisions that, 

together, will determine the payoffs for all participants.  

 

Description of Part 1 of the Experiment 

Consider the very simple traffic network exhibited in a diagram form below. Each 

driver is required to choose one of two routes in order to travel from the starting point, 

denoted by S, to the final destination, denoted by T. These two routes are designated in 

the diagram as route 1 and route 2. 
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Travel is always costly in terms of the time needed to complete a trip from S to T but those 

costs vary depending on; 

 

- the route selected (road width, traffic lights etc) 

- the number of other travelers taking that same route (how busy it is)  

- current travel conditions (weather, construction, accidents etc).  

 

The travel costs (measured in „points‟) are indicated on the diagram near the

corresponding route. For example, if you choose route 1 and if conditions are good, you 

will be charged a total travel cost of (0.01*n1
2
) points where„n1‟indicatesthenumberof 

participants (including yourself) who choose route 1. Note that costs go up at an 

increasing rate as a route becomes more congested. If n1 is 5 then the cost is 0.25 points 

(=0.01*5
2
). However if traffic on route 1 doubles so that n1 is now 10 then the cost 

quadruples to 1 point (=0.01*10
2
). Similarly, if you choose route 2 and the conditions are 

poor, you will be charged a total travel cost of (3 + 0.1225*n2
2)

. For example, if you are 

the only one taking route 2, then your cost would be (3 + 0.1225*1
2
) = 3.1225 points. If 

nine other persons also choose route 2 then your cost would be (3 + 0.1225*10
2
) = 15.25 

points. In all trials of the experiment, all 20 drivers make their route choices 

independently of one another, leave point S together, and travel at the same time.  

In each round, you will receive a reward of 8 points for reaching your destination. 

Your net payoff for each round will be determined by subtracting your travel cost for the 

round from your reward. Hence in the first example above, your net payoff for selecting 

route 1 (along with 9 others) under good conditions would have been 8 – 1 = 7 points. 

Notice that it is possible for drivers to end up with a negative payoff for any particular 

round as would be the case above in which 10 drivers chose route 2 and the conditions 

were poor. The travel cost would be 15.25 points, producing a loss of 7.25 (i.e. 8 -15.25 = 

-7.25) points for those 10 drivers on that round.  

Travel conditions will vary from round to round and will be generated randomly with 

no predictable pattern. They will be either good or poor. The probability of good 

conditions will be 75% and the probability of poor conditions will be 25% on each route. 

S T

Route 1

Route 2

poor conditions if   09.00

good conditions if   01.00

2

1

2

1

nCost

nCost





poor conditions if   1225.03

good conditions if                          3

2

2nCost

Cost





1n

2n
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On any round, conditions may be different on the two routes and will be unknown to all 

participants until after they make route selections. 

At the end of each round you will be informed of the number of drivers who chose 

each route, the travel conditions and your payoff for that round. All 80 rounds have 

exactly the same structure. 

 

Procedure 

At the beginning of each round the computer will display a diagram with the two 

routes and the cost functions. You will then be asked to choose which of the routes you 

wish to travel. To choose a route, simply click on that route. The color of the route that 

you click on will change to indicate your choice. If you decide to change your route, click 

on the other route. Once you have chosen your route, press the "Confirm" button. You 

will be asked to verify your choice.  

After all 20 participants confirm their choices, you will receive the following 

information: 

- The route you have chosen and the subsequent route condition. 

- The number of drivers (including you) that chose that route and your payoff. 

- The number of drivers that chose the other route, their payoff and route conditions. 

 

Payments 

At the end of the experiment, you will be paid for 8 rounds that will be randomly 

selected from the 80 rounds in part 1. The payment rounds will be selected publicly by 

the toss of a die. You will be paid in cash for your earnings in those eight rounds with an 

exchange rate of $1 = 3 points (i.e. payoff in dollars = total points in the 8 selected 

rounds divided by 3).  

In addition, you will receive a show up fee of $5 (for attending the experiment). This 

amount will be paid independently of the payments for the randomly selected rounds. 

Once you are certain that you understand the task please place the instructions on the 

table in front of you to indicate that you have completed reading them. If you have any 

questions, please raise your hand and one of the supervisors will come to assist you. 

 

Part 1 of the experiment will begin shortly. Thank you for your participation. 
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Part 2 

 

Part 2 is identical to part 1 except for the information that participants have regarding 

travel conditions. As in part 1, travel conditions will be generated randomly and vary 

from round to round. The probabilities also remain unchanged with the probability of 

good conditions being 75% and the probability of poor conditions equal to 25%. 

However in part 2, participants will be told the travel conditions for each trial prior to 

making their route selections. All travel costs and payments remain unchanged. 

 

Procedure 

At the beginning of each round the computer will display the diagram with the two 

routes. Also displayed on the screen will be the travel conditions for this round – either 

„good‟ or„poor‟ on each route and the corresponding cost function will be shown. You 

will then be asked to choose which of the routes you wish to travel. After all 20 

participants confirm their choices, you will receive the same information as in part 1. 

Payoffs will be determined exactly as in part 1, that is, 8 payment rounds will be 

randomly drawn out of the 80 rounds played, and you will be paid for your earnings in 

those eight rounds with an exchange rate of $1 = 3 points (i.e. payoff = total points on the 

8 selected rounds divided by 3). Therefore, across parts 1 and 2 together, you will be paid 

according to your total earnings in 16 randomly chosen rounds. 

Once you are certain you understand the task please place the instructions on the table 

in front of you to indicate that you have completed reading them. If you have any 

questions, please raise your hand and one of the supervisors will come to assist you. 

 

Part 2 will begin shortly. Thank you for your participation. 
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