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ABSTRACT 
 
 

In normal tissues, blood supply is closely matched to tissue demand for wide 

ranges of oxygen demand and arterial pressure.  This suggests that multiple mechanisms 

regulate blood flow.  Theoretical models can be used to analyze these interacting 

mechanisms.  One proposed mechanism for metabolic flow regulation involves the 

saturation-dependent release of ATP by red blood cells, which triggers an upstream 

conducted response signal and arteriolar vasodilation.  To analyze this mechanism, 

oxygen and ATP levels are calculated along a flow pathway of seven representative 

segments, including two vasoactive arteriolar segments.  The conducted response signal 

is dependent on ATP concentration.  Arteriolar tone depends on the conducted response 

signal, local wall shear stress and wall tension.  Arteriolar diameters are calculated based 

on vascular smooth muscle mechanics.  The model can account for increases in perfusion 

consistent with experimental findings at low and moderate oxygen consumption rates 

despite the opposing effects of the myogenic and shear-dependent responses.  

Autoregulation, the maintenance of nearly constant blood flow as arterial pressure varies, 

is assessed in the presence or absence of the myogenic, shear-dependent and/or metabolic 

responses.  The model results indicate that the combined effects of myogenic and 

metabolic regulation overcome the vasodilatory effect of the shear-dependent response to 

generate autoregulatory behavior.  Capillary recruitment has been shown to increase the 

capacity for oxygen delivery during exercise.  In the model, capillary density is assumed 

to depend on small arteriole diameter.  The model predicts a significant increase in the 
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range over which perfusion can be regulated when recruitment is included.  Oscillations 

in diameter and tone are predicted under certain conditions, suggesting a novel 

mechanism for vasomotion.  The conditions that give rise to oscillations are analyzed.  It 

is shown that the appearance of oscillations depends in a complex way on a number of 

system parameters.  In summary, the theoretical model provides a quantitative assessment 

of the myogenic, shear-dependent and metabolic responses that affect blood flow 

regulation and identifies a role for capillary recruitment and vasomotion in the control of 

blood flow. 
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1.  INTRODUCTION 
 

The circulatory system is responsible for supplying every tissue in the body with 

sufficient oxygen and nutrients.  In normal tissues, blood supply is closely regulated to 

meet tissue needs, which vary over a wide range depending on the tissue and its level of 

activity.  Despite numerous experimental efforts, it is still not entirely understood how 

various mechanisms are combined to produce the observed control of blood flow.  For 

example, the ability of the body to supply certain tissues (e.g., skeletal muscle) with an 

amount of blood that varies with level of metabolic demand implies that there is a means 

of communication between tissue and the vasculature.  Theoretical models based on 

experimental data can be used to simulate the effects of various mechanisms on blood 

flow regulation and may provide insight into the multiple interactions governing the 

observed matching of blood supply to tissue demand. 

Blood must flow within a very short distance of each point in tissue since oxygen 

is delivered to cells via passive diffusion.  Thus, the structure of the microvasculature is 

dictated by the small distance (~50-250 μm) that oxygen can diffuse into tissue.  Blood is 

transported throughout the body via convection along a network of vessels before 

reaching the capillaries where the majority of diffusive oxygen exchange occurs.  The 

energy for convective transport is supplied by the contraction of the heart.  Oxygenated 

blood exits the heart and flows through arteries and arterioles, which are the vessels that 

accommodate the greatest drop in pressure and offer the most resistance to flow. 

 

Overview of blood flow regulation 
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Hemodynamics.  Blood flow, Q, is defined as pressure drop, ΔP, divided by flow 

resistance, R:  Q = ΔP/R.  A change in blood flow can be achieved by a change in flow 

resistance.  Poiseuille’s Law states that resistance is inversely proportional to the fourth 

power of the vessel diameter, D: 

 4D
L128R

π
μ

=  [1.1] 

where L is vessel length and μ is apparent viscosity, which is a function of diameter and 

hematocrit.  Therefore, there is a very sensitive dependence of flow resistance (and 

hence, of flow) on vessel diameter.  Blood vessel walls contain smooth muscle cells that 

constrict or relax.  This muscle action causes a change in the degree of vascular smooth 

muscle (VSM) tone, which is defined as the level of constriction of VSM cells.  The 

magnitude and distribution of blood is controlled mainly by coordinated changes in the 

tone and diameter of resistance vessels.  Such coordination relies on the transfer of 

information about tissue status across several levels of the vasculature (103).  Factors 

such as pressure, shear stress, hormones, vasomotor nerves and metabolism all affect 

vascular tone to varying degrees. 

Hemodynamic factors.  Hemodynamic stimuli, intravascular pressure and shear 

stress can cause changes in vessel diameter.  Vessels may constrict with increases in 

pressure, which is known as the myogenic response.  The dependence of diameter on 

pressure shows three phases.  At low pressures, arterioles distend passively with 

increasing pressure.  The arterioles then react to this distension by eliciting a sustained 

myogenic constriction as pressure increases from 20 to 120 mmHg.  At very high 

pressures, above 140 mmHg, VSM tone is nearly maximal, and any additional increase in 
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pressure causes passive dilation (51).  Changes in blood flow affect the shear stress that 

acts on the endothelium wall of a blood vessel.  Increased shear stress initiates 

endothelial release of vasodilator agents, including nitric oxide (NO), which leads to local 

vasodilation.  The dilatory response is abolished when the endothelium is denuded, 

demonstrating the role of the endothelium in this mechanism (87).  Extrinsic factors act 

together with local mechanisms to meet the needs of the entire body.  Hormones such as 

adrenaline, angiotensin II and vasopressin have important roles in supporting blood 

pressure.  The sympathetic nervous system raises vascular tone and works to stabilize 

blood pressure when local blood flow is increased, as in exercise, or when blood volume 

is reduced by hemorrhage. 

Metabolic factors.  If metabolic rate increases, blood flow to the active region 

increases in response to the increased demand for oxygen and nutrients.  This increase in 

flow is defined as functional (or metabolic) hyperemia and may result from several 

mechanisms of metabolic flow regulation.  Acidosis, hypoxia, adenosine and potassium 

ions all have vasodilator effects, although their individual contributions to hyperemia 

often vary with the location of the increased metabolic demand.  For example, acidosis 

results from the increased production of CO2 and lactic acid with increased metabolic rate 

and is shown to be an important regulator in cerebral blood flow (64).  Skeletal muscles 

become hypoxic as oxygen consumption increases, leading to the formation of vasoactive 

agents such as adenosine.  During early stages of muscle contraction, interstitial 

concentration of potassium ions increases and causes vasodilation.   
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Vasodilation can be initiated locally by these metabolites.  However, as depicted 

in Figure 1.1, dilation of feeding vessels (+) upstream of the site of increased demand (*) 

is observed during functional hyperemia in order to yield the significant increase in blood 

flow seen with exercise.  The figure illustrates the necessary communication of tissue 

metabolic status to upstream arterioles in order to provide increased perfusion to the 

region of demand.   

 

FIGURE 1.1.  Representation of metabolic regulation.  Depiction of upstream arteriole 
dilation in response to increased tissue demand.  (*) indicates a region of increased 
metabolic demand and (+) indicates the arterioles that must dilate to increase the blood 
supply to the region of demand.  

 

Several studies have shown ineffective matching of blood flow to metabolic demand if 

vessel dilation is in response to purely local conditions.  These studies show that feed 

artery dilation is necessary to supply adequate flow to downstream vessels (14; 104).  For 

example, in a study by Murrant and Sarelius (80), muscle fiber stimulation led to the 

dilation of arteries 1000 μm upstream of the stimulated muscle in addition to local 
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dilation of the arteriole supplying the muscle.  Since feed arteries are not exposed to local 

vasodilator substances, flow-mediated vasodilation and conducted vasodilation are two 

possible mechanisms assumed to generate the vasodilatory response.  In flow-mediated 

dilation, exercise may cause small resistance vessels within the muscle to dilate due to 

the release of local vasoactive substances.  This decrease in resistance causes increased 

blood flow and shear stress in the artery supplying the muscle.  The endothelial cells of 

the larger vessel respond to the increased blood flow and shear stress by releasing NO, 

which causes vasodilation.  Pohl et al. observed this in hamster cremaster muscle in 

which an increase in flow with decreased resistance led to increased shear stress in larger 

vessels and hence to increased NO production and increased conductance in the network 

(86).  Koller and Kaley determined that impairment of the endothelium with light-dye 

treatment (LDT) completely abolishes this flow-mediated mechanism (57).  McGahren et 

al. identified a role for the conducted response in flow regulation since vessels dilated 

even when the vessel branch was occluded (i.e., in the absence of shear stress) (72). 

Conducted response.  The ability of the vessel wall to propagate vasomotor 

responses between distal and proximal segments in a vascular network is known as a 

conducted response.  Many experiments have observed the spread of vasodilation from 

terminal arterioles to upstream feed arteries (107; 108; 124), although capillaries and 

venules have also been shown to participate in conducted responses (17; 26).  The 

conducted response is thought to be achieved by an electrotonic spread of changes in 

membrane potential (124) and involves communication across endothelial and smooth 

muscle cells (10).  Xia and Duling showed that once the conducted electrical response 
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exceeds a threshold membrane potential for a sufficient period of time, a vasomotor 

response is initiated (127).  In many studies, acetylcholine (ACh) is used to generate a 

vasodilatory response.  Budel et al. (10) observed an increase in local diameter and a 

rapid conduction of vasodilation upstream in response to the application of ACh to an 

arteriole.  LDT and NO synthase inhibition are used to determine the conduction 

pathway.  LDT to the endothelium does not abolish the vasodilation due to ACh.  

However, vasodilation does not conduct upstream if both endothelium and smooth 

muscle cells are disrupted.  In addition, the upstream conducted response triggered by 

ACh application is inhibited by 60% following smooth muscle cell disruption and NO 

inhibition.  These observations imply that the endothelium releases NO during the 

conducted response and that smooth muscle cells and endothelial cells may provide 

parallel pathways for communication of the vasodilatory signals.  Emerson and Segal 

(29) verified that endothelial cells and smooth muscle cells are coupled electrically in a 

study conducted in the feed arteries of hamster retractor muscle.  They also observed that 

vasodilation encompasses the entire vessel segment upstream of an electrical stimulus.   

Segal et al. (107) observed arteriolar dilation at the site of ACh application and at various 

distances upstream.  The vasodilation is bi-directional and decays with distance from the 

origin of the stimulus.  The study concluded that without this spread of dilation, the local 

change in resistance vessel diameter would likely be too small to produce the observed 

increase in tissue blood flow.   

Role of red blood cells in flow regulation.  Conducted responses have been 

observed to be initiated in venules and trigger vasodilation of upstream arterioles (17; 



 19

26).  These observations agree with Jackson’s conclusion in 1987 (49) that an oxygen 

sensor must exist downstream of arterioles or an oxygen-dependent mediator must be 

involved to initiate arteriolar vasodilation.  Ellsworth and colleagues (26; 50; 71) 

suggested that red blood cells (RBCs) play this predicted role of oxygen sensor.  The 

oxygen content of a RBC at any point along the vascular pathway is indicative of the 

oxygen level in tissue.  RBCs have been shown to release ATP in response to a decrease 

in hemoglobin oxygen saturation (7; 37).  Therefore, in the presence of decreased tissue 

oxygen levels, RBCs release an increased amount of ATP.  The released ATP is thought 

to bind to receptors on the vascular endothelium and evoke an upstream conducted 

response that causes arteriolar vasodilation, thereby improving blood supply to 

downstream regions of demand.  Ellsworth et al. (26; 28) provided convincing evidence 

of this series of events.  First, RBCs exposed to solutions with low PO2 released a 

significantly higher amount of ATP than those exposed to normoxic solutions, suggesting 

that RBCs will release ATP under conditions of high oxygen demand.  Next, intraluminal 

application of 1 μM ATP to arterioles caused a 14 ± 4% increase in vessel diameter at 

locations 780-1750 μm upstream of the ATP application site (71).  Collins et al. (17) 

applied 1 μM ATP to a collecting venule in hamster retractor muscle and observed a 10-

12% increase in terminal arteriole diameter.  This indicates that ATP is able to initiate a 

conducted response independent of vessel type so that information about tissue status 

downstream of the capillaries is communicated to upstream resistance vessels (26).  

Finally, in isolated cerebral arteriole studies (26), decreasing extraluminal PO2 induced 

an 8% increase in arteriolar diameter and a doubling of ATP concentration in venular 
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effluent.  By Poiseuille’s Law, this diameter increase would correspond to a 25% 

decrease in vascular resistance.  In a separate experiment, applying 1 μM ATP into a 

venule lumen resulted in an 8% increase in arteriolar diameter and a 2-3 mmHg increase 

in tissue PO2, supporting the basis for this hypothesized mechanism.  Gonzalez-Alonso et 

al. also observed a relationship between blood flow in exercising muscle and the 

oxygenation state of hemoglobin (37).  In the study, muscle blood flow and venous 

plasma ATP concentration increased significantly with increased exercise intensity.  

Similarly, Farias et al. reported increases in venous plasma ATP concentration and 

coronary blood flow during exercise (33).  These observations support the proposed role 

of a RBC as an oxygen sensor.  The combination of these intrinsic and extrinsic 

regulatory mechanisms demonstrates the multi-level system of blood flow control that 

works to match blood supply to tissue demand.   

 

Vessel wall mechanics 

Several different forces act on a vessel wall.  First, flowing blood creates pressure 

that distends the vessel.  The pressure from outside of the vessel due to surrounding 

fluids, organs and cytoskeletal structures tends to compress the vessel.  The difference 

between the internal and external pressure is known as transmural pressure.  At steady 

state, the circumferential tension that is developed within the vessel wall exactly counters 

the transmural pressure so that the diameter of the vessel is maintained.  Two components 

of vessel wall tension can be defined:  active tension and passive tension.  Active tension 

is generated from the contraction of the smooth muscle cells in the vessel wall, and 
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passive tension results from the remaining structural components of the vessel wall such 

as collagen and elastin fibrils.  Vasoconstriction occurs when smooth muscle cells 

contract, and vasodilation occurs when smooth muscle cells relax.     

Gonzalez-Fernandez and Ermentrout (38) considered the mechanics of VSM cells 

in order to describe and predict the occurrence of vasomotion in small arteries.  In their 

study, passive and active length-tension relationships of smooth muscle are defined.  

Passive tension is described by a nonlinear function that includes terms for stiff collagen, 

compliant elastin fibers and general vessel wall stiffness.  Maximally active tension is 

represented by a modified Gaussian function.  Active tension is assumed to be the 

product of the maximally active tension and a factor between zero and one determined by 

intracellular calcium levels.  Achakri et al. (2) proposed a similar mechanism for the 

appearance of vasomotion that is dependent on the active behavior of vascular smooth 

muscle.  Circumferential stress in the arterial wall is given by the sum of passive stress 

when the muscle is completely relaxed and active stress due to contraction of the muscle 

fibers.  The nonlinear passive term was determined according to experiments.  The active 

term reflects length-tension characteristics of muscle.  In addition, the contraction is 

assumed to depend on the degree of activation of the contractile proteins, which depends 

on the concentration of calcium ions in the intracellular space.  Therefore, the actual 

active tension is the product of the length-tension function and the activation function.  

The activation function, and thus rate of change of calcium, is assumed to depend on 

arterial pressure and on endothelial shear stress.  Models based on vessel wall mechanics 
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relate the physical components of a vessel wall to a description of how the body is able to 

control blood flow according to varied levels of demand or pressure.   

Similar mechanical definitions based on length-tension characteristics to those 

described in (2; 38) are used in a theoretical model of the myogenic response developed 

by Carlson et al. (12).  Wall tension is represented as the sum of a passive component, 

Tpass, and an active component.  The active component is expressed as the product of the 

maximal active tension that is generated at a given vessel circumference, Tact
max, and the 

degree of VSM activation (i.e., VSM tone), A.  Therefore the total tension in the vessel 

wall, Ttotal, is given by: 

 max
actpasstotal ATTT +=  [1.2] 

In (12), the passive tension is defined as a nonlinear function of diameter and is 

approximated by the following exponential relationship: 

 )]/(exp[ 1DDCCT 0passpasspass −′=  [1.3] 

where D0 is the passive vessel diameter at an intraluminal pressure of 100 mmHg and the 

values of Cpass and C'pass were estimated as functions of vessel diameter based on data 

from several experimental studies giving pressure-diameter curves for vessels with 

diameters ranging from 40 to 300 μm.  The exponential function represents nonlinear 

behavior with tension increasing rapidly as diameter increases.  As in (38), the maximal 

active tension generated by the VSM cells in the vessel wall is described by a Gaussian 

function: 
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Parameter values and estimation for these functions are given in (12).  The activation 

varies between 0 and 1 and is assumed to have a sigmoid dependence on a stimulus, Stone, 

that determines the level of VSM tone: 

 ( )tone
total S

A
−+

=
exp1

1  [1.5] 

The stimulus term depends on the various response mechanisms that are assumed to 

affect vascular tone in the model.  For example, to model the effects of the myogenic 

response, Carlson et al. (12) assumed that Stone was a function of wall tension, where 

tonemyotone CTCS −= .   Figure 1.2 gives a graphical representation of the functions defined 

in Eqs. 1.2-1.5.  The model was used to predict the effect of the myogenic response on 

vascular tone and diameter. 
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FIGURE 1.2.  Representation of tension and activation functions.  A.  Vessel wall tension 
as a function of normalized diameter.  Passive (Tpass), maximally active (Tact

max) and total 
(Ttotal) tension functions are labeled.  A = 1 is assumed.  Tension values for constant 
pressure (P = 82.5 mmHg) are also shown.  B.  Variation of activation with Stone. 
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 The model developed in the current study uses Eqs. 1.2-1.5.  The definition of 

Stone is modified to include the effects of the shear-dependent response.  Data of Sun et al. 

(118) are used to develop the myogenic and shear-dependent response model, where Stone 

is defined by: 

 tonewallshearmyotone CτCTCS ′+−=  [1.6] 

Since Stone now depends on shear stress as well as wall tension, the active tension 

parameter values are slightly modified from their original values.  Four parameters 

defining the response of large arterioles to pressure and wall shear stress (C'act, C''act, 

Cshear and C'tone) are determined by minimizing the mean square deviation of predicted 

vessel diameters from the experimental data in Sun et al. (118) for a single vessel.  The 

data for the four flows observed by Sun et al. are fit simultaneously to yield the best fit to 

the entire group of data points.  The values of Cmyo and Cact are estimated from a linear 

regression of these parameters with vessel reference diameter (12).  The parameter values 

for Eqs. 1.2-1.6 are listed in Table 3.1 in Chapter 3.  In Figure 1.3, the model predictions 

are compared with experimental data (118) and show a good fit.  At pressures above 140 

mmHg, the model predicts that the vessel dilates to a diameter close to the passive value 

(not shown), resulting in a triphasic response (12).  Vessel diameter increases with 

increasing flow in the range of pressures over which the myogenic response is active.  

This reflects the vasodilatory effect of increasing wall shear stress.   
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FIGURE 1.3, Dependence of vessel diameter on pressure and flow.  Solid curves: model 
predictions, with flows as indicated and for passive case (A = 0).  Symbols:  
corresponding experimental results (118). 
 

Modeling blood flow regulation 

 Several theoretical models have investigated the roles of various mechanisms in 

blood flow regulation.  For example, Cornelissen et al. (18) introduced a model that 

examines the effects of metabolic factors, myogenic control and flow-induced dilation on 

resistance vessels.  However, the vessel units are not assumed to be affected 

simultaneously by all three control mechanisms; each unit exhibits either myogenic and 

flow-dependent properties or metabolic properties.  The model is based on passive and 

active tensions in a vessel wall as described above.  The ratio of active tension to 

maximal tension describes the amount of tone in the system and is always between zero 
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and one.  Experimental data from Liao and Kuo (65) were used to estimate the 

parameters that define the passive and active tension functions.  The model predicts the 

distribution of responses of the control mechanisms in terms of vessel diameter and tone 

and leads to the conclustion that flow regulation requires a balance between flow-

dependent mechanisms and metabolic mechanisms. 

 Borgstrom and Gestrelius (9) developed a model consisting of a proximal arterial, 

microvascular, and large vein compartment connected in series, with each compartment 

composed of parallel-coupled cylindrical tubes.  In the model, proximal arterial and 

microvascular regions are regulated by blood flow-dependent metabolic factors and 

force-sensitive myogenic mechanisms.  The large vein is assumed to have passive elastic 

properties.  The smooth muscle in the arterial and microvascular regions includes an 

active contractile component coupled in series with an external elastic component.  Both 

are coupled in parallel to another elastic component.  The model is used to simulate 

vascular resistance responses to myogenic and metabolic mechanisms as pressure 

increases.  The metabolic mechanism is assumed to modulate the excitation of vascular 

smooth muscle by affecting the calcium concentration in the system.  The results of the 

model are consistent with autoregulation experimental data.  Iida (48) introduced a 

mathematical model in which the vessel wall is assumed to have elastic properties and act 

as a linear spring, and the elastic modulus is assumed to depend on myogenic and 

metabolic mechanisms.  The elastic modulus depends strongly on metabolites at low 

arterial pressure and is more strongly controlled by myogenic responses as pressure is 

increased.  The model gives fairly good agreement with in vivo dynamic behavior of the 
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resistance vessel wall.  The model developed by Ursino et al. (121) is based on the 

biomechanical properties of arterioles and includes a network of five vascular segments 

that change according to myogenic and flow-dependent mechanisms.  Arteriolar diameter 

is determined by a force balance within the vessel wall, which includes elastic, muscular 

and viscous stresses.  The assumed values of dynamic gain and time constants associated 

with the myogenic or flow-dependent responses determine if steady state responses or 

vasomotion patterns are predicted.  While these models give some insight into the effects 

of various regulatory responses, none isolate and identify the relative contributions of the 

myogenic, shear-dependent and metabolic responses to flow regulation.   

 

Aims of the study 

• To develop a theoretical model for the regulation of blood flow in the 

microcirculation that include the myogenic response to changes in wall tension, 

the shear-dependent response to changes in wall shear stress and the metabolic 

response to changes in oxygen consumption.  The metabolic response is assumed 

to be mediated by red blood cells through saturation-dependent release of ATP 

and is communicated to upstream arterioles by conducted responses. 

• To use the model to simulate the dependence of blood flow on oxygen 

consumption rate, to assess the roles of the myogenic, shear-dependent and 

metabolic responses and to compare theoretical predictions with experimental 

data on metabolic regulation. 
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• To use the model to simulate the dependence of blood flow on arterial pressures, 

to assess the roles of myogenic, shear-dependent and metabolic responses and to 

compare theoretical predictions with experimental data on flow autoregulation. 

• To include effects of capillary recruitment in the model and show the role of 

recruitment in metabolic regulation 

• To examine the stability of the model equations and to predict the occurrence of 

spontaneous oscillations (vasomotion) in arteriolar diameter. 
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2.  ROLES OF ATP RELEASE BY RED BLOOD CELLS AND CONDUCTED 

RESPONSES IN METABOLIC BLOOD FLOW REGULATION 

 

Introduction 

Studies of blood flow regulation have shown the presence of control mechanisms 

that act both locally and remotely in microvascular networks.  Arterioles dilate or 

constrict in response to changing intravascular pressure (myogenic response) (51).  

Changes in luminal wall shear stress trigger endothelial release of nitric oxide (NO), 

which initiates coordinated dilation of local and feed arterioles (shear-dependent 

response) (86).  Stimuli acting at a particular location in a network can elicit remote 

responses via cell-to-cell communication along the vessel wall (conducted response).    

For example, application of acetylcholine to terminal arterioles in a tissue preparation 

leads to both local and ascending vasodilation of arterioles and feed arteries (23).  

Subsequent studies have shown that several different mechanisms are involved in 

conducted responses (10; 34; 119; 127), and that conducted responses are transmitted 

both upstream and downstream along vessel walls (5).  These and other observations 

indicate that myogenic responses, flow-dependent vasodilation, local metabolic effects 

and propagated effects all contribute to blood flow regulation. 

Primarily responsible for carrying oxygen in blood, RBCs may also act as oxygen 

sensors and thus play a role in communicating metabolic demand (26).  RBCs respond to 

oxygen level by releasing ATP at a rate that depends on their oxyhemoglobin saturation 

level (7).  This ATP release may initiate a conducted response that travels upstream and 
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triggers arteriolar vasodilation (71).  Ellsworth (26; 27) established three points that 

support this proposed role of the RBC.  First, RBCs released an increased amount of ATP 

when exposed to low PO2 (with pH and PCO2 held constant).  Second, ATP applied 

intraluminally to collecting venules resulted in an increase in vessel diameter of upstream 

arterioles (17).  Third, when arteriolar diameter and ATP levels from venule effluent 

were measured as PO2 was reduced, increases in diameter and ATP concentration 

occurred only in vessels containing RBCs.  The time course of this conducted response 

mechanism was shown to be sufficiently rapid (on the order of seconds), supporting the 

physiological relevance of this possible regulatory mechanism.  These observations imply 

that RBCs release ATP at higher rates when depleted of oxygen, initiating upstream 

conducted responses that increase flow (27). 

Several studies have examined the mechanisms for release of ATP from the RBC 

in response to lowered oxygen saturation (11; 50).  Jagger et al. quantified the ATP 

release at low O2 levels in the presence and absence of CO to demonstrate that the release 

of ATP from RBCs may be linked to the conformational change of the hemoglobin 

molecule from its relaxed state (R state, fully liganded) to its deoxygenated state (T state) 

(50).  Once released from the RBC, ATP binds to P2Y purinergic receptors on the luminal 

surface of the endothelium, initiating the conducted response (115).  Alternatively, ATP 

may be degraded into AMP or adenosine, which may bind to P1 receptors and initiate the 

vasodilatory response (25; 39).  Conducted responses initiated by either of these 

mechanisms may contribute to metabolic regulation of blood flow. 
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The goal of the present study is to gain insight into the roles of several 

mechanisms contributing to metabolic blood flow regulation.  A previous model for 

myogenic (12) and shear-dependent (Chapter 1) control of arteriolar diameter is extended 

to include effects of metabolic responses on blood flow as oxygen demand is varied.  The 

model is used to test the hypothesis that saturation-dependent ATP release by RBCs, 

triggering a conducted response and upstream vasodilation, provides a mechanism for 

metabolic flow regulation.  The effects of varying model parameters and input arterial 

pressure are assessed, and model predictions are compared with experimental data.   

 

Methods 

Representative segment model.  A flow pathway through the vascular system is 

represented by several compartments connected in series, each comprising a set of 

identical, parallel-arranged segments that are assumed to experience the same 

hemodynamic and metabolic conditions.  The number of compartments is chosen 

according to the level of detail desired in the model and the amount of experimental data 

available.  This model includes seven representative segments (Figure 2.1):  upstream 

artery (A), large arteriole (LA), small arteriole (SA), capillary (C), small venule (SV), large 

venule (LV) and downstream vein (V).  Arterioles are divided into two compartments (LA 

and SA) according to diameter to permit different reactions to changes in pressure and 

shear stress (20; 118).  Segments LA and SA are assumed to be vasoactive, while the 

remaining segments are considered fixed resistances.  In reality, diameters of capillaries 

and venules may vary with arterial pressure, but the contribution of these vessels to total 
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flow resistance is relatively small and their effects are neglected here.  Other models have 

also assumed constant resistance in capillaries and veins (18).  Including vessel types 

spanning the entire circulatory pathway allows simulation of conducted responses 

involving a signal originating in the capillaries or venules and upstream effector sites 

located in the arterioles. 

Geometric and hemodynamic parameters are defined for each compartment.  The 

subscript i denotes compartment type, where i = A, LA, SA, C, SV, LV or V.  Li is the 

length of segments, ni is the number of segments, τi is the shear stress, Di is the diameter 

of vessels and Qi is the flow in compartment i.  Since total blood flow must be the same 

in each compartment, the following relationships hold: 

 VVLVLVSVSVCCSASALALAAAtot QnQnQnQnQnQnQnQ =======  [2.1] 

where Qtot is the total flow.  The pathway is assumed symmetric with respect to the 

lengths and numbers of corresponding arterial and venous segments, i.e., nA = nV, LA = LV; 

nLA = nLV, LLA = LLV; and nSA = nSV, LSA = LSV.  For convenience, nLA = 1.  The flow 

resistance of each compartment is calculated using Poiseuille’s law:  Ri = 

(128Liμi)/(πniDi
4).  In the vasoactive compartments, resistance depends on the diameter 

changes that result from the various mechanisms of flow control.  Blood viscosity, µi, is 

assigned to each compartment according to an experimental in vivo relationship (93).  

The pressure drop across the entire pathway, ΔPtot, is held constant.  The total flow is Qtot 

= ΔPtot/Rtot, where Rtot = ΣRi, and the flow in an individual segment is Qi = Qtot/ni.  The 

wall shear stress and the pressure drop in each segment are τi = (32μiQi)/(πDi
3) and ΔPi = 

QtotRi, respectively. 
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FIGURE 2.1, Representative segment model.  The systemic vasculature is represented by 
seven regions connected in series.  The large and small arterioles are vasoactive, and the 
remaining segments are fixed resistances. 
 

 Oxygen saturation. The model assumes that oxygen is delivered to surrounding 

tissue by the upstream artery, large arterioles, small arterioles and capillaries.  Oxygen 

exchange by venules and veins is neglected.  A Krogh-type cylinder model is used in 

which each oxygen-delivering vessel runs along the axis of a cylinder representing a 

tissue region to which it is exclusively responsible for supplying oxygen.  The width of 

the tissue region, d, is assumed to be the same for each oxygen-delivering vessel, and so 

the radius of the tissue cylinder (rt,j) and the radius of the vessel (rj) satisfy rt,j – rj = d, 

where j = A, LA, SA and C.  The oxygen demand is assumed to be constant, M0. 

By conservation of mass, the decline in oxygen flux must equal the rate of oxygen 

consumption, giving the following equation for the change in oxygen saturation, S(x), 

with distance, x, along each segment: 

 [ ] qxSHQc
dx
d

D0 −=)(  [2.2] 

where Q is volume flow rate in an individual vessel, c0 is the RBC carrying capacity of 

oxygen at 100% saturation, HD is the discharge hematocrit and )( ,
2

j
2

jt0 rrπMq −=  is 
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oxygen consumption per vessel length.  Chapter 3 considers a non-constant function 

describing oxygen consumption rate that follows Michaelis-Menten kinetics.  Eq. 2.2 is 

solved to give 

 x
HQc

qSxS
D0

)0()( −=  [2.3] 

Saturation at the start of the vascular pathway, S(0), is assumed to be 0.97, corresponding 

to an initial blood PO2 of 100 mmHg.  The Hill equation S(Pb) = Pb
n/(P50

n + Pb
n) gives 

the relationship between saturation and blood PO2 (denoted Pb).  Values of the parameters 

are given in Table 2.1. 

ATP concentration.  The release rate of ATP from a RBC, R(x), is defined by a 

decreasing linear function of oxyhemoglobin saturation based on experimental data.  ATP 

release from human erythrocytes in response to normoxia and hypoxia was observed in in 

vitro experiments (7).  Erythrocyte suspensions were exposed to 50 seconds of hypoxia 

and then assayed for ATP.  The procedure was conducted also under control conditions 

(i.e., normoxia).  At a saturation of 0.33, 0.9853 nmol/s/cm3 of ATP was released.  Under 

normoxic conditions (saturation of 0.97), 0.1661 nmol/s/cm3 of ATP was released (7).  A 

linear fit of these experimental values defines the ATP release function of saturation: 

 ( ))(1)( 10 xSRRxR −=  [2.4] 

Values of the parameters, R0 and R1, are listed in Table 2.1.  Ectonucleotidases on the 

endothelial cell surface of the vessel wall degrade ATP (24; 75).  The rate of change in 

plasma ATP concentration, C(x), is given by the difference between the rates of ATP 

release and degradation: 
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 ( )[ ] )()(
4

)(1 2 xπDCkxRHDπxQCH
dx
d

dTD −=−  [2.5] 

where HT is tube hematocrit.  The degradation reaction at the endothelial surface is 

described by Michaelis-Menten kinetics with maximum rate Vmax = 22 nmol/min/106 cells 

and Michaelis constant Km = 249 µM for cultured porcine aortic endothelial cells (24).  

Here, ATP degradation is assumed first-order in plasma ATP concentration with rate 

constant kd.  The surface area of endothelial cells ranges from 400 to 900 µm2 (4), giving 

a rate constant between 1.63 × 10-4 cm/s and 3.68 × 10-4 cm/s.  Varying kd within this 

estimated range of values does not alter the results of the model significantly.  Here, kd is 

assumed to be 2 × 10-4 cm/s, yielding model predictions of venous ATP concentrations 

consistent with experimental data (37).   

Eq. 2.5 can be solved for ATP concentration: 

 ( ) ( )00
xx βxαCeβxαxC 0 −−++= −γ)(  [2.6] 

where α, β, and γ are functions of diameter, hematocrit, oxygen consumption, flow, 

degradation rate and initial conditions: 
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Eq. 2.5 is solved separately for each compartment to account for different diameters and 

flows.  Therefore, in Eq. 2.6, x0 denotes the initial position and C0 refers to the initial 

ATP concentration in the compartment being considered.   At the start of the vascular 

pathway (x0 = 0), C0 = 0.5 μM for consistency with measured arterial ATP levels (37). 
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Conducted response signal.  Metabolic control of LA and SA diameters is 

assumed to occur via an upstream conducted response that is generated throughout the 

vascular pathway and decays exponentially with distance traveled (127).  At each point in 

the network, a signal is generated at the vessel wall in proportion to the local 

concentration of ATP in the plasma.  This signal is summed from the end of the LV to the 

midpoints of the LA and SA in order to obtain the conducted response signal, SCR(x), that 

reaches the large and small arterioles, respectively.  The summation is represented by the 

integral of the ATP concentration along the vascular pathway, assuming exponential 

decay of the signal in the upstream direction with length constant L0: 

 

( )

∫
−−

=
end

mp,k

0

mp,kx

x

L
xy

mp,kCR dyyCexS )()(  [2.8] 

In Eq. 2.8, xmp,k is the midpoint of compartment k, for k = LA or SA, and xend is the 

endpoint of the large venule.  Parameter values are given in Table 2.1. 
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Table 2.1.  Parameter values describing oxygen transport and ATP release by red blood 
cells 
 

 

 

 

Description Parameter Value Unit Reference 
 
Oxygen demand M0 1 - 25 

cm3 O2/100 
cm3/min 

 

 
Oxygen capacity of RBCs c0 0.5 cm3 O2/cm3 

 
(73) 

 
Tube hematocrit HT 0.3  

 
(90) 

 
Discharge hematocrit HD 0.4  

 
(91) 

 
Maximal rate of ATP release R0 1.4 × 10-9 mol/s/cm3 

 
(7) 

 
Effect of S(x) on ATP release R1 0.891  

 
(7) 

 
Hill equation exponent n  2.7  

 
(73) 

 
Half-maximal Hb saturation P50 26 mmHg 

 
(73) 

 
Initial saturation S(0) 0.97  

 

 
Initial ATP concentration C(0) 0.5 μM 

 
(37) 

 
Rate of ATP degradation kd 2 × 10-4 cm/s 

 
(24) 

 
Time constant for diameter  τd 1 s    

 
(51) 

 
Time constant for activation  τa 60 s 

 
(32) 

 
Length constant for SCR 
 

L0 1 cm  

 
Upstream LA position for SCR  xmp,LA 0.90 cm 

 

 
Upstream SA position for SCR  xmp,SA 1.38 cm 

 

 
Downstream position for SCR xend 2.57 cm 
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Arteriolar activation and diameter.  Circumferential wall tension (T) is related to 

pressure and diameter by the law of Laplace, T = PD/2, assuming vessel wall thickness is 

much less than vessel diameter.  The theoretical model introduced in Chapter 1 and in 

(12) describes the vascular effects of the myogenic and shear-dependent responses based 

on active and passive length-tension characteristics of vascular smooth muscle and 

defines the total tension in a vessel wall by: 

 max
actpasstotal ATTT +=  [2.9] 

Tpass represents the passive tension in a vessel wall and is given by an exponential 

function of diameter.  The contractile tension generated by vascular smooth muscle cells 

is represented by the product of the maximal active tension, Tact
max, defined by a Gaussian 

function of diameter and a variable A, the activation, which describes the level of 

vascular smooth muscle tone and varies between 0 and 1.  Activation is given by the 

following sigmoid function: 

 ( )tone
total S

A
−+

=
exp1

1
 [2.10] 

Stone, the stimulus that dictates the level of VSM tone, is analogous to the previous 

definition (12), with additional terms for metabolic and shear signals: 

 toneCRmetawallshearmyotone CSCτCTCS ′′+−−=  [2.11] 

where Cmyo = 0.0101 cm/dyn (LA), 0.0359 cm/dyn (SA) and Cshear = 0.0258 cm2/dyn (LA 

and SA).  The estimation of these parameters is described in Chapter 1.  Cmeta is unknown 

and a range of values is considered.  In the model simulations presented here, Cmeta = 30 



 39

μM-1cm-1 in the LA and SA.  The calculation of C''tone = 10.11 (LA), 10.66 (SA) is 

described below (Control state).   

 Determination of steady-state diameters and activation levels.  If pressure is 

altered, a vessel shows a rapid passive change in diameter followed by an active smooth 

muscle contraction or dilation to a new equilibrium diameter.  This behavior can be 

represented by the system of equations: 

 

( )
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τdt
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−=

−=

1

1

 [2.12] 

Here, Dc and Tc are the values of diameter and tension in the control state (see below), 

Ttotal and Atotal are the calculated steady-state values of vessel wall tension and smooth 

muscle activation for given levels of pressure and oxygen demand, and τd and τa are time 

constants governing the rates of passive diameter and VSM activation change, 

respectively.  When arteriolar diameters were measured after step changes in arterial 

pressure in the range of 7.35-125 mmHg, the time to approach a new equilibrium was 

typically about one minute (32).  Therefore, τa = 60 s is used in this model.  The initial 

passive response to changes in intraluminal pressure occurs within seconds (51), and thus 

τd = 1 s is assumed.  Steady-state values of D and A are determined by integrating Eq. 

2.12 until equilibrium is reached.  The assumed values of τa and τd do not affect the 

eventual steady-state condition. 

 Simulation procedure.  For a given input arterial pressure and oxygen demand, the 

system in Eq. 2.12 is integrated with respect to time to obtain the equilibrium solution (D, 
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A) in the large and small arterioles (if it exists), given arbitrary initial conditions for 

diameter and activation.  At each time step, the terms on the right-hand-side of Eq. 2.12 

are calculated using the following procedure: 

• Solve for total flow, Qtot, through the network by applying Poiseuille’s law:  

∑
Δ

=

i ii

ii

tot
tot

nD
L

P
Q

4

128
π

μ
, where ∑Δ=Δ

i
itot PP .  Flow, Qi, in each segment is found 

using Eq. 2.1. 

• Compute midpoint pressures in each segment as the average of the pressures at 

the endpoints of the segments  

• Solve for S(x) in each segment from Eq. 2.3 

• Solve for C(x) in each segment using Eq. 2.6 

• Solve for SCR(x) in each segment in Eq. 2.8 by numerically integrating C(x) using 

the trapezoid method 

• Calculate wall shear stress, 3

32
D

Q
wall π

μτ = , in the LA and SA  

• Calculate wall tension, 
2

PDT = , in the LA and SA 

• Given these values of T, τwall and SCR, solve for Stone in Eq. 2.11 for the LA and 

SA 

• Solve for Atotal in Eq. 2.10 for the LA and SA 

• Solve for Ttotal in Eq 2. 9 for the LA and SA 
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An ODE solver in MATLAB is used to integrate the system.  With the equilibrium values 

obtained, the above procedure is used to calculate the equilibrium values of flow, 

pressure, tension, and wall shear stress in all segments.  Perfusion is equal to the total 

flow divided by the total tissue volume.  The oxygen consumption rate is calculated as 

the product of oxygen demand and the ratio of the tissue volume that is supplied by 

oxygen-delivering vessels to the total tissue volume.  This procedure is repeated for 

multiple values of oxygen demand that range between 1 and 25 cm3 O2/100 cm3/min.   

 Control state.  A control (or reference) state is defined to represent conditions in 

skeletal muscle at a level of oxygen consumption corresponding to moderate exercise.  

Several experiments show that wall shear stress is approximately uniform in the arteriolar 

tree but has lower values in the venous circulation (41; 70; 90).  In this study, control 

values of τA = τLA = τSA = τC = 55 dyn/cm2 and τV = τLV = τSV = 10 dyn/cm2 are assumed, 

consistent with experimental data (90).  In addition, an input arterial pressure of 100 

mmHg is assumed.  Pressure drops of 10 mmHg, 15 mmHg, 40 mmHg and 15 mmHg are 

chosen in A, LA, SA and C so that the midpoint control pressures of LA and SA, 82.5 

mmHg and 55 mmHg, lie in the middle of the ranges of pressures observed in those 

vessel types (90).  It is assumed that the level of activation of LA and SA in the control 

state is 50%, i.e., ALA = 0.5 and ASA = 0.5.  Then, from Eq. 2.10, Stone = 0 in both 

segments. 

From these assumptions and the symmetry of the vascular pathway, the remaining 

values of vessel diameter, flow, length, pressure drop and number are calculated.  Control 

diameters of the large and small arterioles, DLA = 65.2 µm and DSA = 14.8 µm, are 
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obtained by solving Eq. 2.12 for its steady state.  Capillary diameter is set to DC = 6 µm, 

consistent with experimental values from rat skeletal muscle (54).  DA and DV are not 

specified, and these segments are considered to act as fixed resistances.  DLV is computed 

from DLA: 

 LA
LVLA

LALV
LV D

τ
τ

D
3
1
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⎛
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μ

 [2.13] 

and similarly for DSV.  Given the control diameters, the control values of flow in each 

segment are calculated.  Vessel lengths are deduced from the assumed pressure drops 

using Poiseuille’s Law.  Substituting these values into the length symmetry condition (LA 

= LV , LLA = LLV and LSA = LSV) gives an equation for the remaining pressure drops along 

the pathway: 
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and similarly for ΔPSV and ΔPV.  Since nLA = 1, the number of vessels in each 

compartment is ni = QLA/Qi.  The capillary density, N, is 
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π

  [2.15] 

where  rt,i = ri + d in arterial vessels and capillaries, and rt,i = ri in venous vessels.  A 

constant value of N = 500 capillaries/mm2 is chosen because it is the typical capillary 

density of human skeletal muscle (74).  This choice for N corresponds to a tissue region 

of width d = 18.8 μm around each arteriole and capillary. 
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Perfusion depends on the total flow through the pathway and the volume of the 

tissue   
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  [2.16] 

and is 70.9 cm3 O2/100 cm3/min in the control state.  The control state oxygen 

consumption rate, M0 = 8.28 cm3 O2/100 cm3/min, is estimated by linear interpolation of 

experimental data (37).  This value is within the 6.3-8.3 cm3 O2/100 cm3/min range of 

oxygen consumption rates in rat cortex (101).  Analysis using this level of oxygen 

demand is appropriate since the model results are compared with experimental data also 

from cerebral tissue in Chapter 3 (21; 67).  Control values of segment diameter, length, 

shear stress, pressure drop, resistance, number, velocity, transit time, viscosity and 

volume fraction are listed in Table 2.2.  C"tone is chosen to satisfy the condition that Stone 

= 0 in the control state. 
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Table 2.2, Control state values for representative segments.  Values in bold are specified, 
and the remaining values are calculated. 
 

Description Artery Large 
arteriole 

Small 
arteriole Capillary Small 

venule 
Large 
venule Vein 

Diameter, D (μm)  65.2 14.8 6   23.5 119.1  

Wall shear stress, τ  (dyn/cm2) 55 55 55 55 10 10 10 

Pressure drop, ΔP (mmHg) 10 15 40 15 4.60 1.49 1.00 

Segment resistance, R  

(× 108 mmHg·s/cm3) 
1.88 2.81 7.50 2.81 0.86 0.28 0.19 

Number of segments, n  1.00 143 5515 143 1.00  

Segment length, L (cm) 0.61 0.59 0.36 0.05 0.36 0.59 0.61 

Velocity, V (cm/s)  2.13 0.29 0.05 0.11 0.64  

Transit time, Tt (s)  0.28 1.25 1.20 3.14 0.93  

Viscosity, μ (cP) 2.26 2.11 3.55 9.05 2.56 2.34 2.50 

Vascular volume (% of tissue) 0.24 0.33 1.48 1.41 3.70 1.10 0.78 

 

Results 

Conducted response signal.  Figure 2.2 shows the changes in saturation, ATP 

concentration and conducted response signal with distance along the vascular pathway 

for three levels of oxygen demand:  1, 8.28 and 20 cm3 O2/100 cm3/min, representing 

rest, moderate exercise and heavy exercise, respectively.  Perfusion is held fixed at its 

control level.  In each case, the greatest drop in oxygen saturation occurs across the 

capillaries.  Saturation remains constant in the SV, LV and V since oxygen exchange by 

these segments is neglected.  ATP concentration declines slightly in the resistance 

vessels, where saturation is high and ATP degradation exceeds ATP release.  The greatest 
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ATP concentration occurs in the venules and veins, which are characterized by low 

oxygen saturation, decreased blood velocity and long blood transit times.  At rest, only 

slight changes in oxygen saturation and ATP concentration are predicted.  Increasing 

oxygen demand to 20 cm3 O2/100 cm3/min at this perfusion level results in complete 

extraction of oxygen from the capillaries.  ATP levels approach 2 μM at the venous end, 

resulting in the generation of a stronger vasodilatory conducted response signal.  ATP 

levels return to lower levels in arterial blood after traveling through the lungs where a 

significant amount of ATP is taken up (35).  In Figure 2.2C, the conducted response 

signal is plotted as a function of distance along the vascular pathway.  The majority of the 

signal originates in the venules.  Arrows at the midpoints of the small and large arteriole 

indicate the locations at which the conducted response signal is evaluated in Eq. 2.8. 
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FIGURE 2.2, Model predictions along flow pathway for three levels of exercise (in 
cm3O2/100 min/cm3) at fixed perfusion:  M0 = 1 (rest), M0 = 8.28 (control, moderate 
exercise) and M0 = 20 (heavy exercise).  A.  Saturation.  B.  ATP concentration.  C.  
Conducted response signal (SCR).  Dots indicate ends of segments.  A:  upstream artery.  
LA:  large arteriole.  SA: small arteriole.  C:  capillary.  SV:  small venule.  LV:  large 
venule.  V:  downstream vein. 

 

Metabolic regulation of flow.  Figure 2.3 shows model results for levels of oxygen 

demand ranging from 1 to 25 cm3 O2/100 cm3/min, with the various regulatory 
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mechanisms activated or deactivated.  The predicted tissue perfusion and oxygen 

extraction are plotted as functions of oxygen consumption rate, which may be lower than 

demand.  With all mechanisms activated, the model predicts a strong increase in 

perfusion with increasing consumption (Figure 2.3A, heavy line).  Myogenic and shear 

stress responses are deactivated by holding values of wall tension and shear stress, 

respectively, constant at control levels for the purpose of calculating Stone.  For low and 

moderate levels of oxygen consumption (0 – 10 cm3 O2/100 cm3/min), deactivation of the 

myogenic or shear stress responses has little effect on the predicted perfusion.  At higher 

rates of oxygen consumption, deactivating the myogenic and/or shear-dependent 

responses leads to increased perfusion, implying that these responses tend to weaken 

metabolic regulation.  The upper horizontal line in this plot shows the maximum supply 

of blood available when both arterioles are fully dilated.  Figure 2.3B gives the predicted 

oxygen extraction under corresponding conditions.  In the presence of all three 

mechanisms, extraction varies from about 25% under resting conditions to 90% under 

heavy exercise. 
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FIGURE 2.3, Relative contributions of flow regulation mechanisms.  A.  Model 
predictions of perfusion as a function of oxygen consumption rate at an input arterial 
pressure of 100 mmHg.  Effects of deactivating myogenic (myo), shear-dependent (shear) 
and metabolic (meta) response mechanisms are shown.  Data from canine studies (▲ (46), 
■ (114), ●(79)) are included.  The maximum perfusion possible in this model, with 
arterioles fully dilated, is shown (A = 0).  The horizontal line (A = 0.5) indicates no 
metabolic response active and corresponds to the control state.  The diagonal dashed line 
indicates the perfusion corresponding to 100% oxygen extraction.  B. Oxygen extraction 
as a function of oxygen consumption rate in the presence or absence of the three 
regulatory mechanisms. 
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Figures 2.4A and 2.4B show the dependence of activation and diameter of the 

large and small arterioles on oxygen consumption rate when all three responses are 

activated.  Diameters increase with increasing consumption.  Figures 2.4C and 2.4D show 

the dependence of the components of Stone on oxygen consumption rate.  The metabolic 

term (CmetaSCR) increases with consumption, causing vasodilation.  The myogenic term 

(CmyoT) increases with consumption, because wall tension increases with diameter.  The 

resulting myogenic constriction tends to oppose the metabolic dilation.  The shear-

dependent response term (Cshearτ) increases very slightly in the large arteriole and 

decreases in the small arteriole.  Thus, the shear-dependent response also tends to oppose 

the dilation induced by the metabolic response.  

The effects on perfusion of the assumed conducted response length constant, L0, 

and metabolic sensitivity parameter, Cmeta, are examined in Figure 2.5.  With Cmeta = 30 

μM-1cm-1, a length constant of 1 cm yields an increase in perfusion for low to moderate 

exercise levels consistent with experiment (Figure 2.5A).  Increasing L0 above 1 cm has 

little effect on perfusion.  Decreasing L0 to 0.2 cm or 0.5 cm reduces the amount of 

perfusion attained for M0 = 25 cm3 O2/100 cm3/min.  This effect can be reversed by 

increasing Cmeta to much larger values (data not shown).  In this case, only the SA would 

participate significantly in flow regulation since very little metabolic signal would reach 

the LA.  If a smaller value of Cmeta is assumed, perfusion is decreased for a given value of 

L0 (Figure 2.5B).  In this case, large increases in L0 yield only slight changes in perfusion.  

The available data do not uniquely determine the values of Cmeta and L0.  In the following, 

it is assumed that L0 = 1 cm and Cmeta = 30 μM-1cm-1. 



 50

Large Arteriole

0 5 10 15 20 25
D

iam
eter ( μm

)
40

50

60

70

80

90
Ac

tiv
at

io
n

0.0

0.2

0.4

0.6

0.8

1.0

0 5 10 15 20 25

C
om

po
ne

nt
s 

of
 S

to
ne

 

0

2

4

6

8

10

12

14

16

CmyoT (+)

Cshearτ (−)

CmetaSCR (−)

Consumption (cm3 O2/100 cm3/min)

0 5 10 15 20 25

C
om

po
ne

nt
s 

of
 S

to
ne

0

2

4

6

8

10

12

14

16

Consumption (cm3 O2/100 cm3/min)

Small Arteriole

0 5 10 15 20 25

D
iam

eter ( μm
)

5

10

15

20

25

Ac
tiv

at
io

n

0.0

0.2

0.4

0.6

0.8

1.0
A B

C D

Diameter

Activation

Diameter

Activation

CmetaSCR (−)

CmyoT (+)

Cshearτ (−)

 

 
FIGURE 2.4, Change in vascular tone with oxygen consumption rate.  Upper panels: 
Dependence of activation and diameter on oxygen consumption rate with all regulatory 
responses present.  A.  Large arteriole.  B.  Small arteriole.  Lower panels:  Dependence 
of components of Stone (wall tension, wall shear stress and conducted response signal) on 
oxygen consumption rate.  C.  Large arteriole.  D.  Small arteriole.  (+) and (-) refer to 
positive and negative contributions to Stone. 
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FIGURE 2.5, Effect of length constant and metabolic sensitivity on perfusion.  Predicted 
perfusion as a function of oxygen consumption rate for multiple conducted response 
signal length constants (L0).  See text for discussion.  Data from canine studies as in 
Figure 2.3.  Two different metabolic sensitivity parameter values (Cmeta) are considered.  
A. Cmeta = 30 μM-1cm-1.  B. Cmeta = 10 μM-1cm-1. 
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In Figure 2.6, the effect of varying input arterial pressure (70 mmHg, 100 mmHg 

and 130 mmHg) on model predictions of perfusion is examined.  The assumed 

mechanism of metabolic flow regulation operates effectively at all three pressure levels, 

but the maximum consumption rate that can be achieved decreases with decreasing 

pressure.  Higher perfusion values are obtained as input arterial pressure increases.  The 

effect of the myogenic response is evident in that perfusion does not increase linearly 

with pressure. 
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FIGURE 2.6, Effect of input arterial pressure on perfusion.  Predicted perfusion as a 
function of oxygen consumption rate for input arterial pressures of 70 mmHg, 100 mmHg 
and 130 mmHg.  Data from canine studies as in Figure 2.3. 
 
 

Figure 2.7 compares the model predictions with data collected from both canine 

and human studies (3; 37; 46; 56; 79; 85; 94-96; 98; 114) over a wide range of exercise 
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levels.  With the current assumptions and parameter values, the model does not predict 

the very high rates of oxygen consumption and perfusion observed in some human 

studies.  This apparent discrepancy is discussed below. 
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FIGURE 2.7.  Comparison of model predictions and experimental data.  Predicted and 
observed perfusion as a function of oxygen consumption rate.  Data from canine studies 
(46; 79; 114) as in Figure 2.3 and from human studies (3; 37; 56; 85; 94-96; 98).  
Horizontal line:  maximum possible perfusion with assumed constant capillary density, N 
= 500/mm2. 
 

Discussion 

Model predictions.  The results of this model support the concept that the 

saturation-dependent ATP release by RBCs can act as a mechanism for metabolic flow 

regulation by triggering a conducted response and upstream vasodilation.  In Figure 2.2, 

the effects of increasing M0 are examined in the absence of flow regulation, i.e., at 
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constant blood flow.  With increasing M0, venous saturation declines and ATP 

concentration increases significantly in the venules but not in the arterioles or capillaries.  

The ATP levels predicted by the model lie within a physiologically realistic range and are 

obtained from independent data on ATP degradation and release rates (7; 24).  Ellsworth 

et al. (17; 26; 71) showed that these ATP levels are sufficient to cause arteriolar 

vasodilation.  The model assumes that the conducted response signal is generated along 

the vascular pathway in proportion to ATP concentration.  For a conducted response with 

L0 = 1 cm, the signal reaching large and small arterioles varies significantly with M0 

(Figure 2.2C).  Together, these model predictions confirm the potential of this 

mechanism to provide metabolic flow regulation. 

As shown in Figure 2.3A, the model predicts an increase in flow consistent with 

experimental observations (46; 79; 114) as oxygen demand increases from low to 

moderate levels in the presence of the metabolic, myogenic and shear-dependent response 

mechanisms.  The shear-dependent response has been considered an important 

contributor to flow regulation (86) since it provides a potential mechanism for vessel 

diameters to increase in response to increased flow rate through a vascular network (103).  

However, the present model predicts that the shear-dependent response has limited effect 

on metabolic flow regulation.  Moreover, the shear-dependent response is predicted to act 

in opposition to the metabolic mechanism, contrary to previous concepts.  This 

unexpected behavior can be explained as follows.  With increasing oxygen consumption 

rate, the metabolic response triggers vasodilation of the small and large arterioles, such 

that wall shear stress decreases despite the increase in flow (Figure 2.4D).  This decrease 
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in wall shear stress reduces the overall vasodilatory stimulus.  The myogenic response 

causes vasoconstriction due to increased wall tension as vessels dilate (Figures 2.4C and 

2.4D).  This increase in wall tension also reduces the vasodilatory stimulus.  According to 

this model, both the myogenic and shear-dependent mechanisms cause a reduction in 

perfusion from the levels that would be attained at high consumption rates with only the 

metabolic response active. 

These effects are shown schematically in Figure 2.8, with the primary effect in the 

system highlighted by bold lines and arrows.  Increased metabolic demand yields an 

increased metabolic signal, which decreases vascular tone (pathway a).  This decrease in 

tone, resulting in increased diameter, is represented schematically by (-).   The increase in 

diameter causes both decreased shear stress and increased wall tension, yielding an 

increase in vascular tone, represented by (+), according to the shear-dependent and 

myogenic responses (pathways b and c).  Thus, myogenic and shear-dependent responses 

act in opposition to metabolic flow regulation. 
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FIGURE 2.8, Schematic of interactions between blood flow regulation factors.  Blunt-
ended arrows denote negative effects. Heavy lines and arrows show the primary effects in 
the system.  Vertical arrows show the effects of increasing metabolic demand on the 
indicated quantities in the presence of the metabolic, shear-dependent and myogenic 
responses.  Pathway a shows the vasodilatory effect of the metabolic response in the 
presence of increased metabolic demand.  Pathway b shows the resulting increase in tone 
due to decreased shear stress in the system.  Pathway c shows the vasoconstriction caused 
by increased diameter and vessel wall tension.  (+) and (-) indicate the increase or 
decrease in tone, respectively, generated by each mechanism as a result of increased 
metabolic demand. 
 

Figure 2.5 shows the effect of the conducted response length constant on 

predicted perfusion levels.  These results imply that a length constant of 1 cm is required 

to trigger arteriolar vasodilation consistent with experimental values.  The distance 

between the midpoint of the large venule and the midpoint of the small arteriole is about 

1 cm.  Increasing L0 above this value does not lead to a significant increase in perfusion.  
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Some studies have suggested that conducted responses travel only 0.5-2 mm (17; 71), 

although these values may be more indicative of limitations on the field of view in 

intravital microscopy than of actual conduction lengths (6).  More importantly, 

experimental studies have shown that applying ATP to venules leads to a significant 

increase in diameter of upstream arterioles (27).  In (30), segments were observed to 

dilate when ACh was applied 750 μm downstream, and the conduction through the 

segment was not attenuated.  Pries et al. (89) used a length constant of 1.73 cm in a 

model that simulates structural diameter changes in response to shear stress, intravascular 

pressure, and a conducted metabolic response.  The conducted response is assumed to 

decay in the upstream direction with a single L0.  As mentioned earlier, multiple 

mechanisms may contribute to the conducted response.  The assumed length constant 

represents an effective decay rate taking into account the combined effects of the 

mechanisms involved.   

The model predicts that metabolic flow regulation is achieved over a range of 

pressures.  An approximately four-fold range of perfusion is predicted at each pressure 

level considered (Figure 2.6).  The predictions of the model with regard to autoregulation 

of blood flow are considered in Chapter 3.   

 Other regulatory mechanisms.  In the present model, the metabolic signal is 

assumed to result only from ATP release by red blood cells, which occurs mainly in the 

venules.  The effects of ATP from other sources, such as nerves and muscles, and of 

substances, such as adenosine, NO and potassium that are produced in response to muscle 

contraction, are not included in the model.  These substances may diffuse into and relax 
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the smooth muscle cells of arterioles, leading to local vasodilation.  Stamler et al. (116) 

describe a mechanism that involves the binding of NO to hemoglobin and the release of 

NO from S-Nitrosohemoglobin after a change in oxygenation state.  It was hypothesized 

that the released NO may then act on the endothelium to cause vasodilation.  However, 

theoretical models (66) show that strictly local responses of arterioles in skeletal muscle 

provide poor matching of blood supply with local demand.  At high perfusion rates, the 

extraction from arterioles is small, and therefore arteriolar oxygen level does not provide 

a sensitive indication of tissue oxygen levels.  Mechanisms based on local responses do 

not appear capable of accounting for local metabolic regulation of blood flow over a wide 

range of consumption rates. 

Diffusion of vasoactive substances between paired venules and arterioles can 

cause arteriolar vasodilation (44).  Known as the countercurrent exchange of metabolites 

or venular-arteriolar communication, this diffusion typically occurs between larger 

arterioles and venules since vessels of these sizes often exist in close alignment (in pairs) 

in vivo.  Increased venular levels of ATP were found to cause an endothelium-dependent 

dilation of adjacent arterioles that could be blocked by disrupting the venular 

endothelium (44). 

The effects of the autonomic nervous system should also be considered when 

modeling the control of blood flow.  Increased muscle activity is accompanied by 

recruitment of motor units and vasodilation.  Simultaneously, the sympathetic nervous 

system is stimulated and causes smooth muscle contraction primarily through the release 

of norepinephrine (120).  However, blood flow increases with exercise despite activation 
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of sympathetic nerve activity (123).  Several explanations for the decreased sensitivity of 

active muscles to nerve activity as compared with inactive muscles have been offered and 

may play a role in blood flow regulation (120).  These regulatory mechanisms could in 

principle be integrated into the current model by including additional terms in Stone. 

Limitations of the model.  The present model includes several simplifications.  

Oxygen and ATP concentration levels are estimated in a flow pathway consisting of 

seven representative segments.  This highly simplified network system excludes some 

characteristics of real networks.  For example, it neglects the role of diffusive exchange 

between capillaries and arterioles in oxygen delivery (100), the effects of heterogeneity in 

pathway length and transit time (92) and the effects of arcading structures of arterioles 

(31).  A Krogh-type model is used to simulate oxygen transport from vessels to tissue, 

leading to the possibility of 100% extraction of oxygen from blood.  In reality, oxygen 

extraction is restricted by several factors including diffusive and convective limitations of 

oxygen transport, as evidenced by substantial oxygen saturation (15-30%) remaining in 

venous blood (73).  The present approach could be extended to overcome these 

limitations by introducing dependence of oxygen consumption on the partial pressure of 

oxygen with Michaelis-Menten kinetics, and, further, by introducing detailed three-

dimensional simulations of the oxygen field (102). 

   As shown in Figure 2.7, perfusion levels attained in some studies on humans (3; 

37; 56; 85; 94-96; 98) exceed the maximum level that this model can predict.  The 

current model assumes a constant capillary density, 500 capillaries/mm2, although actual 

capillary density has been shown to be higher (74).  Increased exercise rates have been 
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shown to be accompanied by capillary recruitment (45; 60), and this is considered in 

Chapter 4.  Capillary recruitment may occur independently of arteriolar dilation (15).  

The present results support the established concept that capillary recruitment, working in 

conjunction with arteriolar dilation, is necessary to generate the very wide range of 

perfusion levels observed in such human studies between rest and maximal exercise. 

In the current model, parameter values and comparisons with experimental data 

are based on observations of skeletal muscle.  The model could in principle be applied to 

other tissues in which ATP release by RBCs is a major mechanism of metabolic flow 

regulation.   For example, Farias et al. (33) have provided evidence for a role of plasma 

ATP in regulation of cardiac blood flow.   

Conclusion.  This study supports the concept that upstream conducted responses 

stimulated by ATP release from RBCs can account for increases in perfusion observed 

for moderate increases in oxygen consumption rates.  It provides a quantitative 

assessment of the roles of myogenic, shear-dependent and metabolic responses in flow 

regulation, and confirms that the metabolic response is the primary mechanism 

contributing to the increase in perfusion with increasing demand, overcoming the 

opposing effects of the myogenic and shear-dependent responses. 
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3.  ROLES OF MYOGENIC, SHEAR-DEPENDENT AND METABOLIC RESPONSES 

IN BLOOD FLOW AUTOREGULATION 

 

Introduction 

The ability of vascular beds to maintain a relatively constant blood flow over a 

large range of arterial pressures is known as vascular autoregulation.  With increasing 

arterial pressure, the degree of vascular smooth muscle activation, vascular smooth 

muscle (VSM) tone, increases in arterioles, resulting in decreased vessel diameter and 

increased flow resistance.  Several mechanisms contribute to changes in vascular tone, 

including responses to intraluminal pressure (myogenic response), shear stress on the 

endothelial lining of vessels (shear-dependent response), metabolite concentrations in 

vessels/tissue (metabolic response) and neural stimuli.  The cerebral and renal vasculature 

show the most stable flow over a wide range of arterial pressures (8; 81), while in other 

beds, such as those in the mesentery, autoregulation is less effective.  

Several theoretical models for autoregulation of blood flow have been developed 

using a multi-compartmental approach, in which blood is considered to flow through a 

number of compartments connected in series representing different types and sizes of 

vessels.  Gao et al. (36) developed a model for the cerebral circulation with four vascular 

regions, where the vessel size and response in each region were described by empirical 

equations based on in vivo experimental data (58).  While the model implicitly included 

all mechanisms acting in vivo, such as myogenic, shear-dependent and metabolic 

responses, it did not allow analysis of the relative contributions of these mechanisms to 
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autoregulation.  In the model of Cornelissen et al. (19) for the coronary circulation, the 

myogenic response was included by assuming pressure-diameter relationships in 

vasoactive segments based on experimental observations on isolated segments.  Liao and 

Kuo (65) considered the effects of only myogenic and shear-dependent responses in an 

empirically based model.  Ursino and Lodi (122) and Cornelissen (18) employed 

pressure-, flow- and metabolic-dependent responses in their respective models of cerebral 

and skeletal muscle tissues; however, these three responses were not present in all of the 

resistance vessels.  For example, in the latter model, vascular segments responded either 

to pressure and shear stress or to metabolic state depending on their position in the 

vascular tree.  None of these studies compared the individual effects of the different 

responses on autoregulation. 

The objective of this study is to analyze the contributions of myogenic, shear-

dependent and metabolic responses to the autoregulation of blood flow.  Although several 

mechanisms of metabolic response contribute to VSM tone, the present model is based on 

the mechanism introduced in Chapter 2 in which low oxyhemoglobin saturation causes 

RBCs to release ATP, inducing an upstream conducted vasodilatory response (28; 127).  

Changes in diameter of any vascular segment affect flow and therefore levels of shear 

stress, pressure and oxyhemoglobin saturation in upstream and downstream segments.  

To take such interactions into account, a multi-compartment representative segment 

model is used (defined in Chapter 2), in which seven compartments, representing 

different classes of vessels, are connected in series.  Each compartment represents the 

flow resistance of multiple branched vessels with a range of diameters and consists of a 
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parallel arrangement of segments with identical size, length and response characteristics.  

The active responses of arteriolar segments are described by a previously developed 

model for the myogenic response (12), modified here to include the shear-dependent and 

metabolic responses.  These three responses were separately activated or deactivated to 

test their effects on predicted pressure-flow relationships. 

 

Methods 

  Model for myogenic, shear-dependent and metabolic responses.  In this study, the 

model for the myogenic and shear-dependent responses introduced in Chapter 1 is 

extended to determine the contribution of metabolic responses to VSM tone.  As defined 

previously, tension in the vessel wall is represented as the sum of a passive component, 

Tpass, and an active component, where the active component is expressed as the product 

of the maximal active tension (Tact
max) and the degree of VSM activation (A).  Therefore, 

the total tension in the vessel wall, Ttotal, is given by max
actpasstotal ATTT +=  where Tpass is 

an exponential function of vessel diameter and Tact
max is a Gaussian function of diameter.  

Activation varies between 0 and 1 and is assumed to be a sigmoid function of the 

stimulus dictating VSM tone, Stone:  ( )-11 )exp( tonetotal SA −+= .  Experimental evidence 

suggests that RBCs release ATP in response to oxygen saturation level and that the ATP 

initiates an upstream conducted response signal that triggers arteriolar vasodilation (27).  

The signal is therefore related to downstream concentrations of ATP and is assumed to 

decay exponentially upstream (127).  The theoretical model introduced in Chapter 2 

simulates the variation of oxyhemoglobin saturation and ATP concentration along the 
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length of a vascular pathway and defines the magnitude of the conducted response signal, 

SCR, at a given point in a vessel as the summation of the ATP concentrations at each 

downstream position reduced by the exponential of the distance from the given point.  

This signal is multiplied by a sensitivity factor, Cmeta, to account for its effect on VSM 

activation with respect to the myogenic and shear-dependent responses.  As in Chapter 2, 

the resulting expression for Stone is toneCRmetawallsheartotalmyotone CSCτCTCS ′′+−−= .  All 

parameter values and units for Stone, Tpass and Tact
max are listed in Table 3.1.     

 

Table 3.1.  Parameter values defining arteriolar activation and diameter 

Parameter value Large arteriole Small arteriole 

Cmyo (cm/dyn) 0.0101 0.0359 

Cshear (cm2/dyn) 0.0258 0.0258 

Cmeta (1/μM/cm) 30 30 

C'tone -2.22 -0.53 

C''tone  10.11 10.66 

Cpass (dyn/cm) 1042.99 259.90 

C'pass 8.293 11.467 

Cact (dyn/cm) 1596.3 274.193 

C'act 0.6804 0.750 

C''act 0.2905 0.384 

D0 (μm) 156.49 38.99 
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Simulation procedure.  Effects of changes in vascular tone on blood flow are 

estimated using a representative segment model with seven compartments (defined in 

Chapter 2).  The large arteriole and small arteriole regions react actively to changes in 

pressure, shear stress and metabolism.  The control (reference) state for the system is 

based on vascular network geometry, hemodynamic conditions and model parameters 

determined from experiments (90) and is identical to the control state defined in Chapter 

2.  To predict pressure-flow relationships under the assumptions of the model, mean 

arterial pressure (MAP) is varied from 20 to 200 mmHg, and the corresponding flow 

through the large arteriole is computed and expressed relative to its value under control 

conditions, 70.9 cm3 O2/100 cm3/min (MAP = 100 mmHg).  A dynamic representation of 

the vessel response to diameter and VSM activation changes is used to approach the 

steady-state conditions of both the large and small arteriole segments (see Chapter 2 for 

details).  Several cases are considered in which regulatory responses are activated or 

deactivated to investigate their relative contributions to autoregulation.  The myogenic 

response is deactivated by holding tension constant at its control state value.  The shear-

dependent response is deactivated by holding shear stress constant at its control state 

value.  The metabolic response is deactivated by setting SCR constant at its control state 

value.  The effect of varying oxygen demand in the presence of all three regulatory 

mechanisms is also examined. 

 

Results 
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Myogenic, shear-dependent and metabolic responses in autoregulation.  In Figure 

3.1, the normalized flow as a function of arterial pressure is shown for several different 

cases.  Table 3.2 gives the factors by which flow increases with changes in pressure of 80 

to 130 mmHg and 50 to 150 mmHg.  With no responses active and A = 0.5, an increase 

in MAP from 80 to 130 mmHg causes an increase in flow by a factor of 5.29.  Flow 

increases at a slightly faster than linear rate with pressure because increasing pressure 

causes passive dilation of the large and small arterioles, resulting in decreased flow 

resistance.  When only the myogenic response is active (Figure 3.1A, dash-dotted), very 

weak autoregulation is predicted and flow increases by a factor of 1.66 for an increase in 

pressure from 80 to 130 mmHg.  This decreased factor reflects the constriction induced 

by the myogenic response over this pressure range.  When the shear-dependent response 

is combined with the myogenic response (Figure 3.1A, long dash), autoregulation is 

abolished.  The shear-dependent response counteracts the autoregulatory effect of the 

myogenic response, leading to an increase in flow by a factor of 2.43.  When all three 

responses are present (Figure 3.1A, thick solid), the autoregulatory response is restored 

with flow increasing by a factor of 1.18.  Additionally, if only the metabolic response is 

active, strong autoregulation occurs (1.18; Figure 3.1A, dashed double dot); the addition 

of the shear-dependent response to the metabolic response weakens autoregulation (1.28; 

Figure 3.1A, short dash).  Combining the myogenic and metabolic responses produces 

the strongest autoregulation (1.09; Figure 3.1A, thin solid).  Figure 3.1B indicates how 

autoregulation is achieved by a strong increase in activation for pressures above 40 

mmHg. 
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Table 3.2.  Factors by which blood flow increases with pressure changes 

Pressure Ratio 
(mmHg:mmHg) 

Control 
(A = 0.5) 

Myo 
 

Myo & 
shear 

Myo, shear 
& meta 

 
Meta 

 

 
Meta & 
shear 

 

 
Meta & 

myo 

130:80 (1.625) 5.29 1.66 2.43 1.18 1.18 1.28 1.09 

150:50 (3.00) 122.99 3.55 12.24 1.44 1.43 1.66 1.23 
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FIGURE 3.1, Predicted dependence of perfusion on arterial pressure.  Perfusion is 
expressed relative to its value when MAP = 100 mmHg.  A.  Passive results and results 
including active responses as indicated.  B.  Results for constant activation levels, A = 0, 
0.25, 0.5, 0.75 and 1.  The predicted curve in the presence of all three regulatory 
mechanisms (heavy line) is also shown. 
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Figures 3.2A and 3.2B show activation and diameter as functions of mean arterial 

pressure in the large and small arterioles with all three responses present.  The increases 

in activation lead to strong decreases in vessel diameter with increasing pressure.  Figures 

3.2C and 3.2D show the contributions of the three response mechanisms to the increases 

in vascular tone.  The vasodilator effects of increases in shear stress are countered by the 

vasoconstrictor effects of increasing wall tension and decreasing metabolic signal.   
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FIGURE 3.2, Change in vascular tone with mean arterial pressure.  Upper panels:  
Predicted dependence of activation and diameter on mean arterial pressure with all 
regulatory responses activated.  A.  Large arteriole.  B.  Small arteriole.  Lower panels:  
Predicted dependence of the components of Stone (wall tension, wall shear stress and 
conducted response signal) on mean arterial pressure.  C.  Large arteriole.  D.  Small 
arteriole.  (+) and (-) refer to positive and negative contributions to Stone. 
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Comparison with experimental data.  In Figure 3.3, model predictions are 

compared with several sets of experimental data (21; 43; 67; 68).  When all three 

mechanisms are included, the autoregulation predicted by the model is consistent with 

that seen experimentally.  If only the myogenic and shear-dependent responses are 

present, autoregulation is absent and the predicted curve deviates significantly from 

experimental observations. 

Mean arterial pressure (mmHg)
0 50 100 150 200

N
or

m
al

iz
ed

 p
er

fu
si

on

0.0

0.5

1.0

1.5

2.0

2.5

3.0
Dirnagle et al. 1990
MacKenzie et al. 1979
MacKenzie et al. 1976 
Harper et al.1984 

Myo + shear

Myo

Myo, shear 
+ meta

 

FIGURE 3.3, Comparison of model predictions with experimental data.  Dependence of 
perfusion on arterial pressure shown.  Curves: model predictions (as in Figure 3.1A).  
Symbols: experimental data (21; 43; 67; 68).   

 

Varying oxygen consumption rate.  Figure 3.4 shows the effects of oxygen 

demand on autoregulatory behavior.  As oxygen demand increases, flow increases for a 

given pressure.  The general shape of the autoregulation curve is preserved at low to 

moderate oxygen demand.  At very high demand, autoregulatory behavior is lost. 
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FIGURE 3.4, Predicted effect of oxygen demand (M0, in cm3 O2/100 cm3/min) on 
autoregulation. 
 

Discussion 

The present study extends a previously developed theoretical model for the 

myogenic response (12) to include shear-dependent and metabolic responses.  Terms 

proportional to wall shear stress and the conducted response signal are included in the 

quantity Stone (Eq. 3.1).  The contributions of the three mechanisms to autoregulation are 

quantitatively analyzed using a mechanistic model that predicts pressure-flow curves 

when the various responses act alone or in combination with each other.  The model 

supports the concept that information about metabolic tissue status is communicated to 

upstream vessels by conducted responses, and that this plays an important role in the 

autoregulation of flow.   
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Comparison with previous model studies.  Two previous modeling studies have 

considered the contributions of both myogenic and shear-dependent responses to 

autoregulation (18; 65).  In both models, inclusion of shear-dependent responses led to 

substantially weaker autoregulation than would be the case with no shear-dependent 

response.  The assumptions of these models differed from those of the present model.  

Both previous studies used experimental data (63) in which maximal shear-dependent 

dilation was observed at a shear stress of 4 dyn/cm2.  Arteriolar wall shear stress is 

usually greater than 4 dyn/cm2 (90).  Cornelissen et al. (18) introduced an ‘attenuation 

factor’ that effectively shifted the assumed response into a more physiological range of 

shear stress.  The present study is based on data (118) in which maximal sensitivity to 

wall shear stress occurs in the physiologically relevant range of 10 to 50 dyn/cm2.  A 

second difference is that both previous models expressed the myogenic response as a 

function of intravascular pressure.  Liao and Kuo (65) expressed vessel diameter as an 

explicit function of pressure, while Cornelissen et al. (18) expressed the myogenic tone as 

a sigmoidal function of pressure.  In the present study, myogenic tone is assumed to 

depend on wall tension and not directly on pressure.  This assumption is preferable 

because the dominant stress in the vessel wall is circumferential tension, not pressure.  

Any shear-dependent vasodilation results in increased wall tension according to the law 

of Laplace and thereby generates a myogenic response.  Finally, neither of the two 

previous studies (18; 65) considered the myogenic and shear-dependent responses in 

conjunction with a metabolic response.  The main finding of the present study, that the 

combined action of the metabolic and myogenic responses is required to overcome the 
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effect of the shear-dependent response and achieve autoregulation of flow with increasing 

arterial pressure, depends on the analysis of the simultaneous effects of all three 

mechanisms. 

  Limitations of present model.  The present model involves several simplifications.  

The three mechanisms included in this model do not represent all known mechanisms of 

flow regulation.  In Chapter 2, other possible regulatory mechanisms that could be added 

to the current model were discussed.  The model is limited by the available experimental 

data on simultaneous vascular responses to pressure and wall shear stress.  For the 

myogenic response, data for a wide range of vessel diameters were incorporated in the 

model (12).  However, the response to wall shear stress was based on one study (118), 

giving information corresponding to the large arteriole in the present model.  The effects 

of flow and pressure on vessel diameter were examined in two other studies (61; 82).   In 

one (61), the shear-dependent vasodilatory response was fully saturated at a level of wall 

shear stress below typical physiological levels, while in the other (82), the variation in 

diameter was recorded as a function of flow for only one intraluminal pressure.  

Therefore, data from these studies could not readily be incorporated into the present 

model. 

  The parameter governing shear-dependent sensitivity was assumed to be equal in 

both arteriolar segments.  It has been observed that the shear-dependent response is 

greater in small arteries and large arterioles than in small arterioles (62; 112), and thus 

this model may overestimate the shear-dependent response in small arterioles.  Nitric 

oxide scavenging by RBCs is not considered in the model, causing a possibly greater 
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overestimation of the shear stress contribution to autoregulation.  The present model is 

not tissue-specific and does not incorporate mechanisms such as tubuloglomerular 

feedback in the kidneys or variation in intracerebral pressure in the cerebral vasculature, 

which are factors that likely play important roles in autoregulation in those specific 

organs.  Metabolic demand varies with tissue type, and this may affect the contributions 

of the considered response mechanisms to autoregulation.  The results presented here are 

for steady-state conditions in skeletal muscle, although the model could also be used to 

simulate dynamic responses to changes in arterial pressure.   

Effect of myogenic response on autoregulation.  The myogenic response is 

generally considered to play a dominant role in autoregulation (52; 76).  In many vascular 

beds, resistance vessels exhibit a sustained constriction in response to maintained 

pressure elevation.  This is represented in the model by the increase in activation with 

pressure in Figures 3.2A and 3.2B.  The present results show that the myogenic response 

substantially reduces the increase in blood flow when arterial pressure is increased from 

80 to 130 mmHg (Figure 3.1A, Table 3.2).  Despite the resulting sustained 

vasoconstriction, the myogenic response acting alone only yields a mild degree of 

autoregulation. 

Effect of shear-dependent response on autoregulation.  The model for myogenic 

and shear-dependent responses is based on in vitro observations (118) of vascular 

responses to intraluminal pressure and flow (described in Chapter 1).  A linear 

relationship between shear stress and Stone is assumed.  A more complicated relationship 

might be justified if more data were available on the variation of diameter with pressure 
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and flow.  If MAP is increased without changes in vascular tone, then pressures and 

pressure gradients are increased in all segments, causing passive dilation.  Wall shear 

stress, which is proportional to the product of diameter and pressure gradient, is therefore 

increased.  As a result, vessels with a shear-dependent response tend to dilate, 

counteracting the myogenic constriction in response to increased pressure.  As seen in 

Figure 3.1A, the shear-dependent response reverses myogenic autoregulation, with flow 

rate increasing more rapidly than pressure.  The present results are in agreement with 

findings of previous models (18; 65), in which autoregulation was substantially weaker 

when shear-dependent responses were included. 

 Effect of metabolic response on autoregulation.  The metabolic response is 

simulated using the model introduced in Chapter 2 based on ATP release by RBCs and an 

upstream conducted response.  The contribution of the metabolic response to 

autoregulation has not been previously evaluated.  Including the metabolic response with 

both the myogenic and shear dependent responses returns the level of autoregulation 

close to that which is observed in cerebral (21; 43; 67), mesenteric (53) and renal (109; 

110) tissue.  The current model shows that the combined effects of the myogenic and 

metabolic responses are necessary and sufficient to generate autoregulatory behavior, 

despite the contrary effect of the shear-dependent response. 

In the presence of only the metabolic response, flow increases by a factor of 1.18 

as pressure increases from 80 to 130 mmHg, indicating that the conducted metabolic 

response acting alone is sufficient for the development of strong autoregulation, and that 

the metabolic response contributes more strongly to autoregulation than the myogenic 
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response.  If the conducted metabolic response is combined with the shear-dependent 

response, the degree of autoregulation is reduced.  These results show that both the 

myogenic and conducted metabolic responses are required to produce strong 

autoregulation in the presence of a shear-dependent dilator response.  In this model, the 

metabolic regulation is considered to be achieved purely by the ATP-dependent 

mechanism as already described.  In reality, multiple mechanisms may contribute, 

including tissue buildup and washout of metabolites such as adenosine.  Such metabolites 

may also act through conducted response pathways (80; 105). 

 An increase in the oxygen demand is accompanied by an increase in flow for a 

given arterial pressure (Figure 3.4).  For low to moderate levels of demand, blood flow 

shows autoregulation at a level that depends on the demand.  As oxygen demand 

increases, autoregulatory behavior is eventually lost, because the flow at pressures under 

100 mmHg is insufficient to meet metabolic demand even at maximal dilation. 

Interactions among regulatory responses.  Figure 3.5 summarizes the 

contributions of these three regulatory mechanisms to blood flow autoregulation.  

Pathway a indicates the increase in wall tension and vascular tone that results from 

increased arterial pressure.  The increase in tone is denoted by (+).  The resulting 

vasoconstriction leads to increased shear stress, which decreases vascular tone (-) as 

described by pathway b.  Increased arterial pressure increases the flow and therefore 

decreases the metabolic signal.  The decreased metabolic response results in increased 

tone (+) and vasoconstriction, defined by pathway c.   
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FIGURE 3.5, Schematic of interactions between blood flow autoregulation factors.  
Heavy lines and arrows show the primary effects in the system.  Blunt-ended arrows 
denote negative effects. Vertical arrows indicate effects of increasing arterial pressure in 
the presence of the myogenic, shear stress and metabolic responses.  Pathway a shows the 
vasoconstriction caused by increased wall tension.  Pathway b shows the decrease in tone 
resulting from increased shear stress in the system.  Pathway c shows the vasoconstrictor 
effect of the metabolic response in the presence of increased pressure and flow.  (+) and 
(-) indicate the increase or decrease in tone, respectively, generated by each mechanism 
as a result of increased arterial pressure. 

 

In summary, the model predicts that autoregulation of blood flow over a wide 

range of pressures as observed experimentally results from the combined effects of the 

myogenic and metabolic responses, which when acting together are sufficient to 

overcome the competing effect of the shear-dependent response. 
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4.  ROLE OF CAPILLARY RECRUITMENT IN METABOLIC BLOOD FLOW 

REGULATION 

 

Introduction 

 The coordination of vascular supply and tissue demand relies on several different 

regulatory mechanisms.  In Chapters 2 and 3, several of the factors that contribute to 

arteriolar dilation and blood flow control were investigated, but capillary recruitment, the 

increase in the number of perfused capillaries during exercise, was not considered.  An 

increase in capillary density reduces the diffusion distance within tissue, thereby 

improving the ability of the microcirculation to supply oxygen to working muscle.  In 

addition, the cross-sectional area of the capillaries increases, causing a decrease in blood 

velocity and an increase in time for oxygen exchange between capillaries and tissue.  The 

heterogeneity of capillary density in resting muscle is also reduced as a result of capillary 

recruitment.  These factors may promote oxygen delivery during exercise and contribute 

to the metabolic regulation of blood flow.     

 Experimental evidence.  Several experimental studies have observed capillary 

recruitment with exercise.  August Krogh provided one of the first quantitative 

descriptions of this phenomenon in 1919.  He counted the number of capillaries in 

sections of striated muscle taken from multiple species and concluded that capillary 

density increased with the intensity of metabolism (59).  Similarly, Martin et al. (69) 

observed that the number of open capillaries during exercise was nearly double that at 

rest.  From observations in a separate study (60), Krogh concluded that in resting muscle, 
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only a small number of capillaries located at regular distances from one another allowed 

blood to flow whereas in exercising muscle, a larger number of capillaries opened, 

thereby decreasing the distance required for oxygen to travel into tissue.  Measurements 

in frog muscle showed that the spacing between capillaries decreased from 200-500 μm 

at rest to 60-70 μm during stimulation (60).  Honig et al. (45) obtained similar findings 

when estimating the number of capillaries per region of freeze-clamped dog gracilis 

muscle.  An increase in capillary density was shown to occur within five seconds of the 

onset of exercise and was not due to a lack of oxygen or an oxygen-linked metabolite.  

Klitzman et al. (55) investigated the relationship between capillary recruitment, tissue 

PO2 and vascular tone.  Since changes in suffusion solution oxygen and norepinephrine 

yielded a similar capillary recruitment response, Klitzman et al. concluded that the 

microvascular responses are dependent on vascular tone, not tissue oxygenation.  In the 

study, a preliminary model was suggested in which capillary perfusion and density are 

treated as functions of arteriolar diameter (55).  Nearly all capillaries are assumed to be 

perfused for maximally dilated arterioles.  A sigmoid function of diameter is used to 

describe the reduction in the number of perfused capillaries as arterioles constrict.  Once 

an arteriole is completely constricted, no capillaries are perfused at all.    

 Despite this experimental evidence, the role for capillary recruitment in active 

skeletal muscle during exercise is still debated.  Clark et al. (13) outlined five different 

experiments that provide evidence of capillary recruitment while Poole et al. (88) argued 

against the concept and countered the experimental observations.  The experimental 

technique, the muscle type being considered and the use of anesthesia raise questions 
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about the extent of capillary recruitment.  For example, intravital light microscopy (88) 

shows that 80% of capillaries support flow under resting conditions whereas a 

noninvasive, contrast-enhanced ultrasound imaging of muscle (13) predicts a 200% 

increase in capillary flow from rest.  Flow behavior observed in thin muscle easily 

exposed near the surface may not be indicative of behavior in cylindrical load-bearing 

muscle.  The use of anesthesia in experiments makes it difficult to obtain the actual basal 

level of perfusion at rest.  While many studies use the presence of RBCs in a capillary as 

an indicator of flow (and hence recruitment) in capillaries, Poole et al. listed numerous 

reasons that RBCs may not flow in capillaries and thus negated the use of this criterion.  

Duling recognized the potential for capillary recruitment in contracting skeletal muscle, 

but admitted it may be precluded by experimental circumstance or measurement 

technique (22).  Since recruitment cannot be directly measured in an intact working 

muscle, the differing views cannot be fully reconciled.           

 Current model.  With an increase in exercise, venous oxygen saturation falls due 

to an increased gradient for oxygen diffusion from surrounding capillaries.  The current 

study assumes that increased capillary perfusion will augment oxygen extraction and that 

perfusion increases as arterioles dilate.  Studies have shown that heterogeneity of 

capillary perfusion in resting muscle can be caused by terminal arteriolar vasomotion, 

which is defined as rhythmic oscillations in vessel diameter (106).  Vasomotion is a 

sensitive phenomenon that develops or disappears with slight perturbations in the system.  

Therefore, vasomotion may explain discrepancies in the measurements of flowing 

capillaries in resting muscle since the dilation or constriction of terminal arterioles greatly 
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affects observed capillary perfusion.  The conditions that give rise to vasomotion are 

investigated in Chapter 5.  Here, the representative segment model introduced in Chapter 

2 is extended to allow for capillary recruitment, and a more realistic variation of oxygen 

consumption rate with oxygen level is assumed.  The effects of varying the number of 

perfused small arterioles and small venules in parallel with the number of perfused 

capillaries are examined.   

 

Methods 

 The model developed in Chapter 2 is modified to include the role of capillary 

recruitment in metabolic flow regulation.  In the model, oxygen saturation, ATP 

concentration and the conducted response signal are calculated along a flow pathway of 

seven compartments, and the effects of the myogenic, shear-dependent and metabolic 

responses on vessel tone and diameter are predicted (for details, see Chapter 2).  

Previously, the rate of oxygen consumption was assumed independent of the tissue partial 

pressure of oxygen (PO2).  Here, the oxygen consumption rate in tissue is defined by 

Michaelis-Menten kinetics. 

 Oxygen consumption rate.  As in Chapter 2, a Krogh-type cylinder model is 

assumed in which vessels are responsible for delivering oxygen to a cylindrical region of 

surrounding tissue.  Only the arterial and capillary compartments are assumed to deliver 

oxygen to tissue by diffusion, and the width of tissue that they supply is assumed to be 

equal for these vessels.  Diffusion in the axial direction is neglected.  From conservation 

of mass in the tissue, 
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where P(x,r) is the PO2 at a radial distance r within the tissue cylinder, K = 9.4 ×10-10 

(cm2/s)(cm3 O2/cm3/mmHg) is the Krogh diffusion coefficient and M(P) is the rate of 

oxygen consumption per volume of tissue and is assumed to follow Michaelis-Menten 

kinetics in the capillary compartment: 
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M0 is the consumption rate at which the oxygen supply is not limited (i.e., the oxygen 

demand) and P0 is the PO2 at which consumption is half of the demand.  In the three 

arterial compartments, the oxygen level is generally much higher than P0, so M(P) ≈  M0 

is assumed.  The boundary conditions are as in (73), with no flux across the outer 

boundary of the tissue cylinder,  0=
∂
∂

r
P  at r = Rt, and continuous flux at the blood-tissue 

interface, including effects of intravascular resistance (73), 
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∂
∂π at r = Rc.  Rt is the radius of the tissue cylinder, Rc is the 

radius of the capillary, Mt is a mass transfer coefficient and Pb is the average PO2 within 

the blood.  As in Chapter 2, conservation of mass requires that the decline in oxygen flux 

equals the rate of oxygen consumption:  
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where Q is volume flow rate in an individual vessel, c0 is the oxygen carrying capacity of 

RBCs at 100% saturation and HD is the discharge hematocrit.  The total oxygen 
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consumption rate per unit length, q(x), is found by integrating the consumption per unit 

volume over the cross section of the tissue cylinder: 
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t

c

R

R

rdrPMxq π2)()(  [4.4] 

Oxygen content in the arterial compartments can be calculated analytically since the 

oxygen consumption rate is assumed constant, M(P) = M0.  However, in the capillary 

region Eqs. 4.1 and 4.2 cannot be solved analytically and so a numerical boundary-value 

problem must be solved.  The capillary is divided into 20 points along its length.  Using 

the final PO2 from the arterial compartments as the initial condition in the capillary, Eq. 

4.1 is solved at each point for the radial profile of PO2, P(x,r), so that q(x) can be 

calculated using Eq. 4.4.  Then Eq. 4.3 is solved for the oxygen saturation at the next 

point, and the corresponding PO2 is determined from the Hill equation.  This procedure is 

repeated along the length of the capillary. 

 Capillary density function.  As in Chapter 2, the capillary density, N, is defined as 

the total length of capillaries (ncLc) divided by the total volume of the tissue, V.  The total 

volume of the tissue remains constant.  Therefore, if the capillary density increases or 

decreases, the number of capillaries (nc) changes in proportion with N, that is nc = VN/Lc.  

To simulate recruitment, the capillary density is assumed to be a sigmoid function of 

relative diameter of the small arteriole, Drel, as suggested in (55): 
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Drel is defined as the ratio of the calculated small arteriole diameter to the passive 

diameter at P = 100 mmHg.  The constants k1 - k4 are determined from a least squares fit 

to four points, which are chosen to ensure that the function passes through the control 

state and allows for a maximum of a three-fold increase in capillary density over the 

control state.  A new tissue width is calculated according to the new values of N and nc.  

As expected, tissue width decreases as N increases, and a smaller tissue region is supplied 

per vessel.  Increased capillary density is believed to be controlled by the dilation of 

terminal arterioles.  Since the current model does not include a separate compartment for 

terminal arterioles, the number of small arterioles is assumed to increase in proportion to 

the number of capillaries to account for terminal arteriole dilation.  This assumption leads 

to an upper estimate of the increase in perfusion that occurs with capillary recruitment 

since the small arteriole compartment represents larger and more numerous vessels than 

terminal arterioles.  To maintain symmetry in the model, the number of perfused small 

venules is allowed to increase in the same proportion as the small arterioles.  A lower 

estimate of perfusion is obtained by assuming no increase in the number of small 

arterioles and venules. 

 

Results 

 Figure 4.1 shows the dependence of perfusion on oxygen consumption rate in the 

presence of capillary recruitment.  Model predictions are compared with experimental 

data from human (3; 37; 56; 85; 94-96; 98) and canine (46; 79; 114) skeletal muscle.  The 

dashed curve shows the predicted increase in perfusion if only the number of capillaries 
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is increased.  The thick curve shows the predicted increase in perfusion if the number of 

perfused small arterioles and small venules increase in proportion with the number of 

capillaries.  These curves give a lower and upper estimate, respectively, of the predicted 

effect of recruitment on perfusion.  The level of perfusion predicted in the absence of 

recruitment (thin curve) is included for comparison. 
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FIGURE 4.1.  Dependence of perfusion on consumption, with recruitment.  Dashed:  
Number of perfused capillaries is assumed to increase (lower estimate).  Thick:  Number 
of small arterioles and small venules is assumed to increase in proportion to the number 
of capillaries (upper estimate).  Thin:  No recruitment with an assumed constant capillary 
density of 500/mm2.  Data from canine studies (46; 79; 114) and human studies (3; 37; 
56; 85; 94-96; 98).  The solid diagonal line indicates the perfusion corresponding to 
100% oxygen extraction. 
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 Figure 4.2 shows the dependence of perfusion on oxygen consumption rate in the 

presence of recruitment when the metabolic, myogenic and shear-dependent mechanisms 

are activated and deactivated.  Qualitatively, the results are similar to those obtained in 

Chapter 2, supporting the conclusions that have been drawn about the relative 

contributions of the various mechanisms to blood flow regulation.  The myogenic and 

shear-dependent responses are shown to limit metabolic regulation of flow.  Perfusion 

values greater than 310 cm3 O2/100 cm3/min are not predicted by this model, as indicated 

by the horizontal maximum perfusion line in Figure 4.2.   
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FIGURE 4.2, Contributions of flow regulation mechanisms, with recruitment.  
Predictions of perfusion as a function of oxygen consumption rate at an input arterial 
pressure of 100 mmHg.  Effects of deactivating myogenic (myo), shear-dependent (shear) 
and metabolic (meta) response mechanisms are shown.  Number of perfused small 
arterioles and venules is assumed to vary in proportion to the number of capillaries.  
Maximum perfusion predicted by this model is included (horizontal line).  Data and 
100% extraction line as in Figure 4.1. 
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 In Figure 4.3, the value of the length constant (L0) for the conducted response 

signal (see Chapter 2 for details) is varied to test the hypothesis that in the presence of 

capillary recruitment a smaller length constant allows for an increase in perfusion nearly 

equal to that predicted with a greater length constant and no recruitment.  The perfusion 

obtained for the length constant assumed in Chapter 2 (L0 = 1 cm) with no recruitment is 

compared with the perfusion predicted for a length constant of L0 = 0.5 cm in the 

presence of recruitment.  Halving the length constant while allowing either the number of 

capillaries to increase, indicated by (C) on the figure, or the number of capillaries and 

small arterioles to increase, indicated by (C, SA), gives a level of perfusion that is similar 

to (or greater than) the level of perfusion with no recruitment and L0 = 1 cm. 
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FIGURE 4.3, Effect of length constant on perfusion, with recruitment.  Predicted 
perfusion as a function of oxygen consumption rate for L0 = 0.5 with recruitment of 
capillaries (C) or recruitment of capillaries and small arterioles (C, SA) and L0 = 1 cm 
with no recruitment (none).  Model prediction for L0 = 1 cm with recruitment is also 
shown for comparison.  Data and 100% extraction line as in Figure 4.1.  
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Figure 4.4A shows the effect of varying input arterial pressure (P = 70, 100, 130 mmHg) 

on perfusion in the presence of capillary and small arteriole recruitment with L0 = 1 cm.  

Higher perfusion values are reached with increases in pressure.  The overlap of the curves 

for these three pressure values indicates a strong autoregulatory response in the presence 

of capillary recruitment.  Autoregulation curves for three rates of oxygen demand (M0 = 

8.78, 25 and 50 cm3 O2/100 cm3/min) are shown in Figure 4.4B.           
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FIGURE 4.4, Effect of input pressure on perfusion, with recruitment.  A.  Predicted 
perfusion as a function of oxygen consumption rate for input arterial pressures of 70 
mmHg (thick), 100 mmHg (thin) and 130 mmHg (dashed).  Data and 100% extraction 
line as in Figure 4.1.  B.  Autoregulation curves depicting normalized flow as a function 
of mean arterial pressure for three values of oxygen demand, M0, in cm3 O2/100 cm3/min. 
   

 Figure 4.5 depicts how capillary density and perfusion change for variable oxygen 

consumption (1-50 cm3 O2/100 cm3/min).  At the control value of oxygen consumption 

(8.78 cm3 O2/100 cm3/min), capillary density is 500/mm2.  As consumption approaches 

M0 = 50 cm3 O2/100 cm3/min, a maximum capillary density of 1500/mm2 is nearly 
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attained.  At low to moderate consumption rates (< 10 cm3 O2/100 cm3/min), the variation 

in perfusion is achieved mainly by vasodilation with a small change in capillary density.  

As consumption increases further, the increase in flow is increasingly achieved by 

recruitment.   
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FIGURE 4.5, Relationship between capillary density and perfusion for variable oxygen 
consumption.  The model assumes a maximum of 1500/mm2 can be perfused at maximal 
exercise.  In the control state, one third of the capillaries are assumed to be perfused.   
 

Discussion 

 In this study, the model introduced in Chapter 2 is extended to examine the role of 

capillary recruitment in blood flow regulation.  The model shows that increases in blood 

flow above the levels predicted by the original model can be achieved by recruitment of 

small arterioles and capillaries.  If only capillary density increases, the perfusion is not 
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significantly greater than that predicted with a constant capillary density of 500/mm2 

(Figure 4.1).  Increased capillary number generates a conducted response signal that is 

less than the signal generated for a constant capillary density since there is a greater 

vasodilatory contribution from shear stress.  As a result, additional ATP is not released 

with the recruitment of only capillaries, and the conducted response signal and upstream 

vasodilation are not significantly amplified.  If the numbers of small arterioles and small 

venules increase in proportion with the increase in capillary number, there is a greater 

transit time in the venules and an enhanced conducted response signal.  Therefore, the 

perfusion predicted in this case is substantially increased.  As already pointed out, shear 

stress decreases with increasing oxygen consumption rate regardless of the vessel types 

recruited.  This reduces the effect of the conducted response, and while the model 

predicts a significant increase in perfusion that matches experimental results for oxygen 

consumption rates up to 45-50 cm3 O2/100 cm3/min, the model is not able to predict the 

very high values of perfusion seen experimentally at the most intense exercise levels.   

 The functional dependence of oxygen consumption rate on PO2 is modified in this 

chapter so that oxygen saturation does not approach zero in the capillaries even at high 

rates of oxygen demand.  This is more realistic than assuming a fixed consumption rate, 

and it is evident from the perfusion-consumption plot in Figure 4.1 since the predicted 

curve no longer reaches the 100% extraction line.  In experimental studies, saturation is 

not observed to fall below 15-30% in the venous circulation (73). 

The use of a sigmoid function of capillary density that depends on the relative 

diameter of small arterioles is motivated by the relationship between capillary perfusion 
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and arteriolar diameter hypothesized in the Klitzman study in 1982 (55).  In the study, it 

was observed that as the diameter of a parent vessel increases (e.g., terminal arteriole), 

the diameter of the daughter vessel (e.g., capillary) increases nonlinearly.  This also 

implies a dependence of capillary perfusion on arteriolar diameter.  For example, when 

the arteriole is completely dilated, red blood cells can enter capillaries with very little 

deformation, and capillary perfusion should be near 100%.  At some level of constriction, 

few to no red cells will be able to enter the capillaries and the number of perfused 

capillaries will be greatly reduced (55).  The current model predicts that the diameters of 

the vasoactive segments change significantly even in ranges of oxygen consumption rate 

in which vessel tone does not change greatly.  Therefore, the dependence of capillary 

density on diameter is appropriate since it communicates the degree of vessel dilation to 

the capillary recruitment mechanism. 

 Figure 4.3 illustrates a trade-off between capillary recruitment and the conducted 

response signal.  In the absence of capillary recruitment, metabolic regulation is primarily 

dependent on the conducted response signal to trigger an increase in perfusion as oxygen 

consumption rate increases.  This requires a significantly large length constant so that a 

strong signal reaches the vasoactive segments.  In the presence of capillary recruitment, 

however, the model predicts that a smaller length constant is sufficient since the 

conducted response is aided by an increased number of vessels supplying the tissue with 

oxygen.   

 The model predicts metabolic flow regulation for a large range of pressures.  In 

addition, the relatively constant values of perfusion despite increases in pressure, 
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depicted in Figure 4.4, suggest that an increase in the number of perfused capillaries and 

small arterioles leads to stronger autoregulation.   

 This model assumes that a maximum of a three-fold increase in capillary density 

from the value in the control state can occur with recruitment.  This is higher than the 

two-fold increase in capillary density often observed experimentally, and most measured 

values of capillary density are lower than 1000/mm2.  Thus, the current study 

overestimates capillary recruitment in two ways in order to test the predictive capability 

of the theoretical model.  Despite the overestimation of both capillary density and the 

number of vessels recruited, the highest observed levels of perfusion at maximal exercise 

cannot be predicted by this model. 

 In summary, the existence of capillary recruitment is still actively debated (13; 

88).  The present model is used to demonstrate the potential role of recruitment in 

metabolic blood flow regulation.  As pointed out by Rowell (97), increasing flow through 

the vessels perfused at rest without recruiting additional ones would not supply sufficient 

oxygen during exercise.  This supports the existence of recruitment and suggests that 

combining regulatory mechanisms such as the conducted response with capillary 

recruitment may help to explain the process by which the vascular supply matches tissue 

demand.   
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5.  ANALYSIS OF DIAMETER OSCILLATIONS IN BLOOD VESSELS 

 

Introduction  

 Spontaneous, rhythmic oscillations in vessel tone and diameter are known as 

vasomotion and occur primarily in small arteries and arterioles (16; 78).  Vasomotion has 

been observed both in vivo and in vitro, but its occurrence and intensity are often 

unpredictable.  While the mechanisms responsible for vasomotion and the biological 

relevance of vasomotion are not completely understood (83), several studies provide 

insight into these questions.   

With regard to the mechanism of vasomotion, most studies agree that the 

coordinated activity of smooth muscle cells in the vessel wall is achieved through 

electrical communication and changes in membrane potential (83).  The exact cause of 

the change in membrane potential is unknown, although Ca2+ or K+ flux through voltage-

gated channels is a likely contributor.  In addition, oscillations in ATP may lead to 

oscillations in Na+ pump activity, causing oscillations in membrane potential (83).  Some 

studies have established a role for the sarcoplasmic reticulum Ca2+ pump in which waves 

of released Ca2+ cause a rhythmic depolarization, leading to synchronized contraction of 

vessel wall smooth muscle cells (83).  Nitric oxide may also play a role in enhancing 

vasomotion.   

Several physiological effects of vasomotion can be identified, although the exact 

purpose of the phenomenon is unclear (99).  Arteriolar vasomotion causes fluctuation in 

the amount of blood flow that reaches capillaries.  As mentioned in Chapter 4, 
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vasomotion may ensure that regional hypoxia does not occur in resting muscle (13; 106).  

Studies have shown that vasomotion improves blood flow and oxygenation to tissues 

adjacent to muscle (83).  In small arteries and arterioles, vasomotion enhances filtration 

through the vessel wall and lymphatic drainage (84; 117).  Vasomotion may also be 

important in pathological states such as hemorrhagic shock since it can cause a 

substantial increase in conductance. 

Experimental evidence.  Vasomotion has been well documented experimentally.  

In 1966, Wiedeman noted spontaneous contractility in the arterioles of a bat wing (125).  

The oscillations varied in frequency and duration and appeared independent of other 

vessels.  Meyer et al. (78) examined transverse arterioles that branched into terminal 

arterioles in rabbit tenuissimus muscle.  In the study, the oscillations of the parent 

transverse arterioles were synchronized with oscillations in the terminal arterioles, 

suggesting that coordinated spontaneous diameter oscillations occur in arterioles located 

in close proximity of one another.  The effect of reducing pressure on vasomotion was 

also considered in transverse and terminal arterioles (77).  Reducing perfusion pressure to 

30-50 mmHg eliminated vasomotion in both arteriolar regions.  Regular vasomotion was 

restored in these vessels once pressure was increased and stabilized at 75 mmHg.  In 

some studies, the disappearance of vasomotion with reduced pressure was associated with 

the corresponding increase in diameter (121).  Colantuoni et al. (16) observed rhythmic 

diameter oscillations in a hamster skin fold window preparation.  Four sizes of vessels 

were examined, and the fundamental frequency and amplitude of the oscillations were 

shown to be proportional to vessel size.  For example, the arteries with the greatest 
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diameter exhibited the lowest frequency of vasomotion and the largest peak-to-peak 

amplitude.  Ursino et al. (121) predicted that the regulatory capability of the 

microcirculation may be affected by the occurrence of vasomotion; some experiments 

showed that vascular resistance was smaller in an oscillating vessel than in a non-

oscillating vessel.  These multiple experimental observations suggest that the effects of 

vasomotion on diameter and perfusion should be considered when analyzing the 

mechanisms that regulate blood flow in the microcirculation.    

Previous models.  Theoretical models have been used to predict the conditions 

under which oscillations may develop in a system and to investigate the proposed 

mechanisms of vasomotion.  Parthimos et al. (84) studied vasomotion at the cellular level 

by defining the ion transport systems that regulate vascular tone.  In particular, the 

nonlinear interaction of intracellular and membrane oscillators that depend on the cyclic 

release of Ca2+ and the cyclic influx of Ca2+ was modeled, and irregular rhythmic 

behavior was predicted.  Colantuoni et al. (16) provided a quantitative study of 

vasomotion in several different vessel types, and time-dependent features of observed 

oscillations were shown to be specific to the different parts of the microvasculature.  

Using the fast Fourier transform method, it was concluded that the observed vasomotion 

does not have a unique frequency but is characterized by a distribution of frequencies 

around a fundamental frequency.  In addition, vessels within the same branching order do 

not exhibit the same amplitude or fundamental frequency, suggesting that vasomotion is 

not controlled by the nervous system.  In a model developed by Achakri et al. (2), arterial 

oscillations were assumed to result from the mechanisms governing vascular smooth 
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muscle behavior.  The model equations define changes in the arterial circumferential 

stretch ratio and the concentration of Ca2+ ions within smooth muscle cells.  Ca2+ 

concentration depends on the arterial pressure and shear stress acting on the endothelium.  

According to the model and dynamical systems theory, diameter oscillations are 

predicted if the slope of the steady state pressure-diameter nullcline is negative.  More 

specifically, inflow, resistance and artery length must fall within a range of critical values 

for oscillations to develop.  Ursino et al. (121) used a mathematical model to show that 

diameter oscillations are sensitive to pressure variations and blood flow changes.  The 

study concluded that autoregulation is weaker in the presence of vasomotion than in the 

absence of vasomotion.  In the model, the frequency of diameter oscillations depends on 

gain and time constant values for the various regulatory mechanisms.  For example, if the 

responses to pressure and flow occur fast enough, the vessels become unstable and their 

diameters oscillate.  Overall, the model predicts that vasomotion varies with the 

mechanisms, delays and time constants in the system, resulting in significant differences 

in perfusion and autoregulation.  Gonzalez-Fernandez and Ermentrout (38) included ionic 

transport, cell-membrane potential, muscle contraction of vascular smooth muscle cells 

and mechanics of the vessel wall in a model for vasomotion.  The model predicts that the 

interaction of Ca2+ and K+ mediated by voltage-gated channels in addition to changes in 

transmural pressure can lead to oscillatory behavior.       

Current model.  Experimental observations suggest that vasomotion results from 

cellular and tissue level processes and that it affects vessel diameter and tone in the 

microcirculation.  This implies a role for vasomotion in the control of blood flow.  The 
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current study investigates the conditions of pressure and shear stress under which 

vasomotion arises in a single isolated vessel.  Vasomotion has been observed in isolated 

vessels (38; 121) and its occurrence is therefore not dependent on interactions among 

multiple vessels.  The model for vasomotion in an isolated single vessel provides a basis 

for analyzing the phenomenon in vascular networks.  Unlike many previous models, the 

current model does not include a detailed representation of the intracellular dynamics of 

smooth muscle cell activation.  It is based on two dynamic equations, one describing 

diameter changes in terms of vessel wall mechanics and the other describing the variation 

of vascular tone in response to changes in wall tension and shear stress.  Conditions that 

give rise to oscillations are predicted, and the sensitivity of oscillations to model 

parameters is examined.  The occurrence of diameter oscillations in a simple vascular 

network is also discussed.        

 

Methods 

 Stability analysis.  The following system of ordinary differential equations 

describes the vasoactive dynamics of a single vessel according to myogenic and shear-

dependent responses for a prescribed pressure, P: 

 ( )),(),(21
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where D is vessel diameter, A is vascular smooth muscle tone (activation) with 0 < A < 1 

and τ is shear stress, which is the parameter chosen to be varied in the system.  F1, F2, and 

G are given by: 
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and all parameter values and descriptions are provided in Chapters 1-3.  A steady state 

diameter, D*, is reached if the generated wall tension, which is given by the sum of the 

passive and active tension in the vessel wall according to length-tension characteristics, is 

equivalent to the actual wall tension, which is defined by the law of Laplace.  Similarly, a 

steady state level of activation, A*, is attained if the actual activation equals the generated 

activation (given in G), which is defined by a sigmoid function that includes the effects of 

the myogenic and shear-dependent responses.  Diameter and activation are assumed to 

change on different time scales, represented by τd and τa, respectively.  Experiments 

indicate that the activation time constant is greater than the diameter time constant (32).  

A change in pressure first elicits a passive (fast) vessel dilation followed by a steady 

(slow) constriction of the vascular smooth muscle before reaching the steady state vessel 

diameter.   The different time scales contribute to the predicted oscillatory dynamics in 

both a single vessel and a network of vessels. 
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 The local stability of a steady-state solution of Eqs. 5.1 and 5.2 is determined by 

analyzing the linearized system.   The Jacobian matrix is calculated and evaluated at the 

steady state, D = D* and A = A*.  Stability of the fixed point requires that the real part of 

both eigenvalues be negative.  The necessary and sufficient condition for stability is a 

negative trace and positive determinant of the Jacobian when evaluated at the steady 

state.  The stability of a steady-state solution depends on the values of parameters 

including pressure and shear stress.  The value of a parameter at which a change in 

stability occurs is a bifurcation point.  When the real part of the eigenvalues switches 

from negative to positive, the solution becomes unstable, and small perturbations of the 

solution are amplified and diverge from the steady state.  The orbit structure near the 

steady state while varying a bifurcation parameter value (here, τ) is analyzed using 

methods outlined by Guckenheimer et al. (40) and Wiggins (126).   

 The behavior of the solution of a generic bifurcation problem with an equilibrium 

with purely imaginary eigenvalues ωi± can be analyzed once the system is transformed 

into normal form.  To complete this transformation, the system in Eqs. 5.1 and 5.2 is first 

centered at the origin by a change of coordinates: x = D-D*, y = A-A*.  The resulting 

system is separated into linear and nonlinear parts: 
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where M  is the Jacobian at the equilibrium point corresponding to Re(λ) = 0, and τ  is 

the value of shear stress at the bifurcation.  A further linear transformation of coordinates 

is then made.  A matrix Q is chosen such that  
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where ω is the imaginary part of the eigenvalue and Q is defined as the product of the 
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Given Eq 5.8, with p(0) =  q(0) = 0 and p′(0) = q′(0) = 0, the normal form can be 

calculated and then the Poincare-Andronov-Hopf Bifurcation theorem can be applied to 

the system and the amplitude of the limit cycle can be calculated (40).   

 The normal form of a general nonlinear system of ODES with parameter μ can be 

expressed in polar coordinates and is given by (126): 
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where higher ordered terms are neglected.  Eq. 5.9 may have solutions in which r > 0 

0 and ,0 ≠= θ&&r , giving a periodic orbit: ( ) ⎟⎟
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The existence of the orbit depends on the sign of μ.  There are four different possibilities 

for the stability of such an orbit that depend on the signs of a and d. If a < 0, periodic 

orbits exist for μ < 0 and d < 0 or for μ > 0 and d > 0, and the orbit is asymptotically 

stable.  The sign of a indicates the stability of the orbits.  If a < 0, the orbit is stable and 
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corresponds to a supercritical bifurcation.  If a > 0, periodic orbits can exist, but they are 

unstable, and this corresponds to a subcritical bifurcation.  The Poincare-Andronov-Hopf 

Bifurcation theorem states that this local stability analysis also holds when Eq. 5.9 

contains higher order terms if μ is sufficiently small (126).  To apply the theorem to a 

particular system, the values of a and d must be determined.  For a system in normal 

form, the value of a is given by (40): 

[ ] [ ]vvvvuuuuvvuuuvvvuuuvvvvuuvuvvuuu gfgfgggfffggffa +−+−+++++= )()(
16

1
16
1

ω
  [5.10] 

and the value of d is: 

  ( ) 0d
dd == μμλ
μ

)(Re  [5.11]  

From these values, the amplitude of the limit cycle is 
a
dr μ−

= and the stability can be 

determined.  For the system in Eq. 5.8, the theoretical amplitude of the limit cycle in the 

u-v plane is given by 
a

dr )( ττ −−
= .   

 The normal form in Eq. 5.8 is a third order approximation to the system.  As the 

value of shear stress is increased or decreased beyond the Hopf bifurcation point, the 

theoretical analysis may not be valid.  In this study, a combination of theoretical and 

numerical results is used to create a bifurcation diagram showing the appearance and 

disappearance of limit cycles as shear stress is varied over a large range.  The amplitude 

of the limit cycle, defined in this study as the difference between the maximum and 

minimum of the oscillation, is obtained numerically from the last full period of the 
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calculated time series solution.  The current study investigates the effect of different 

values of shear stress on vasomotion in the system.  The effects of additional bifurcation 

parameters, such as blood flow, could also be examined using the model. 

 Geometric stability condition.  Stability of the system can also be determined 

from the slope of the nullclines in the A-D plane.  First, a condition on the system 

parameters such that the real part of the eigenvalues of the linearized system changes sign 

(i.e., Re(λ) = 0) is found.  Then, the derivative of the D nullcline with respect to diameter 

is calculated and compared with the condition generated from Re(λ) = 0 to give a 

condition on the slope of the D nullcline for a change in stability of the system.  The time 

constants governing the rates of change of diameter and activation are difficult to 

estimate from experimental data.  Therefore, the effect on the occurrence of vasomotion 

of varying the time constants from the assumed values, τD = 1 s and τA = 60 s, is 

examined.  

 Network behavior.  In the analysis of the dynamics of a single vessel, wall shear 

stress is assumed to be fixed.  However, for a vessel in a network, shear stress is 

dependent on diameter.  Therefore, a simple network is considered in which a vasoactive 

vessel segment is connected in series to a fixed upstream resistance vessel (Ru) and a 

fixed downstream resistance vessel (Rd), depicted in Figure 5.1.  The diameter of the 

active vessel segment changes according to the myogenic and shear-dependent responses, 

and oscillations in the active segment are predicted.  The conditions under which these 

oscillations arise are examined and related to the input arterial pressure (Pa).  In the 

reference state, the active segment diameter is 100 μm, shear stress is 100 dyn/cm2, 
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midpoint pressure is 100 mmHg and length is 0.6 cm.  In addition, the pressure at the end 

of the network is assumed to be Pv = 13 mmHg.  Flow is calculated in the system, and 

input arterial pressure is varied over a range of 50-300 mmHg.  Oscillations are also 

predicted in the seven-compartment vascular network defined in Chapter 2 for particular 

values of input arterial pressure and oxygen demand.   

 

FIGURE 5.1, Simple network model.  Vasoactive segment is connected in series to an 
upstream and downstream fixed resistance, Ru and Rd, respectively.  Input arterial 
pressure (Pa) is varied, and downstream pressure is fixed:  Pv = 13 mmHg. 
 

Results 

 Stability analysis.  The time evolution of the system in Eqs. 5.1 and 5.2 is 

depicted by the nullclines in the activation-diameter phase plane.  Flow on the D nullcline 

(dD/dt = 0) is in the direction of ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

A&
0

and is denoted by vertical arrows on the nullcline.  

Similarly, vector field arrows on the A nullcline (dA/dt = 0) are horizontal.  The 

intersection of the nullclines is the steady-state of the system, given by 

0== A*)(D*,A*)(D*, |dA/dt|dD/dt .  The nullcline equations for Eqs. 5.1 and 5.2 are given by A 

= F1/F2 and A = G and are labeled in Figures 5.2 and 5.3.  For P = 90 mmHg, two values 

of shear stress are chosen to demonstrate the change in stability that occurs as shear stress 

is varied.  These examples illustrate the dynamics of the system and motivate the 

subsequent Hopf bifurcation analysis.  For τ = 30 dyn/cm2, steady state diameter and 

Ru RdPa Pv 

vasoactive 
segment 
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activation values are D* = 90.2 μm and A* = 0.36.  Evaluating the Jacobian at this steady 

state yields eigenvalues of λ1 = -0.128 and λ2 = -0.555.  A negative trace and positive 

determinant indicate this steady state is a stable node (Figure 5.2). 

Time (s)
0 50 100 150 200

D
ia

m
et

er
 (μ

m
)

60

80

100

120

140

160
A

Diameter (μm)
20 40 60 80 100 120 140 160 180 200

Ac
tiv

at
io

n

0.0

0.2

0.4

0.6

0.8

1.0
C

A nullclineD nullcline

Diameter (μm)
20 40 60 80 100 120 140 160 180 200

Te
ns

io
n 

(d
yn

/c
m

)

0

500

1000

1500

2000
B

A = 1

A = 0

P = 90 mmHg

T = Ttotal

fast

slow

Diameter (μm)
70 80 90 100

Ac
tiv

at
io

n

0.35

0.40

0.45

0.50

0.55 D
A nullclineD nullcline

fast

slow

 

FIGURE 5.2, Stability analysis of D and A differential equations for τ = 30 dyn/cm2, P = 
90 mmHg.  A.  Time dynamics for vessel diameter.  Solution approaches a stable steady-
state.  B.  Tension-diameter phase plane.  Constant pressure curve is shown (linear, P = 
90 mmHg).  Tension for multiple values of activation, A = 0 to 1, are included (thin).  
Solution curve approaching stable steady-state is given (thick).  Generated tension curve 
is also labeled (T = Ttotal).  C.  Activation-diameter phase plane.  The D nullcline and A 
nullcline (labeled) are depicted.  Solution approaching steady-state is also shown (thick).  
D.  Activation-diameter phase plane, enlarged region near steady-state.    
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For P = 90 mmHg and τ = 60 dyn/cm2, the steady state D* = 102.1 μm and A* = 0.35 

corresponds to eigenvalues λ1,2 = 0.041 ± 0.25i and an unstable limit cycle, as shown in 

Figure 5.3.  Stability is reestablished for very large shear stress values, (e.g., τ = 150 

dyn/cm2; time series and phase plane not shown). 
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FIGURE 5.3.  Stability analysis of D and A differential equations for τ = 60 dyn/cm2, P = 
90 mmHg.  A.  Time dynamics for vessel diameter.  Limit cycle oscillations are shown.  
B.  Tension-diameter phase plane.  Constant pressure curve is shown (linear, P = 90 
mmHg).  Tension for multiple values of activation, A = 0 to 1, are included (thin).  Limit 
cycle solution is shown (thick).  Generated tension curve is also labeled (T = Ttotal).  C.  
Activation-diameter phase plane.  The D nullcline and A nullcline (labeled) are depicted.  
Limit cycle solution is also shown (thick).  D.  Activation-diameter phase plane, enlarged 
region near steady-state. 
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Figures 5.2 and 5.3 show the time series data for vessel diameter (panel A), the tension-

diameter phase plane (panel B) and activation-diameter phase planes (panels C and D) for 

a stable and unstable system, respectively.  The time series is shown for 200 s, and Figure 

5.3A gives an example of the large amplitude and short period characteristic of predicted 

oscillations.  The model predictions of amplitude and period tend to be greater than 

measured values (16; 78).  For example, experimental data from hamster skin fold and 

rabbit tenuissimus muscle preparations showed that oscillation amplitudes ranged from 

10-20 μm with a period of 30 s.  However, oscillation amplitude and period tend to vary 

with different experimental preparations (121).  In panel B, T = PD/2 (law of Laplace) is 

plotted for P = 90 mmHg.  Theoretical tension curves (thin lines) are shown for multiple 

activation levels, A = 0 to 1.  In addition, the theoretical tension (labeled Ttotal) is plotted 

for each steady-state activation level as D is varied.  In panel C, the nullclines and arrows 

indicate the direction of flow in the system.  The region near the steady-state solution is 

enlarged in panel D to show the slight deviation between the nullcline (dashed line) and 

trajectory (solid line). 

 The above results show that a change from stable to unstable states, giving rise to 

limit cycle oscillations, occurs between τ = 30 dyn/cm2 and τ = 60 dyn/cm2 for P = 90 

mmHg.  A Hopf bifurcation is defined as a bifurcation of a fixed point to a limit cycle 

and is identified in the current model when the real part of the eigenvalues is zero.  Eq. 

5.10 is used to calculate the amplitude of the limit cycle near the Hopf bifurcation points.  

The stability of the system is analyzed for a variety of pressure and shear stress values.  

Figure 5.4A shows the change in amplitude of the diameter oscillations for P = 90 mmHg 
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when τ is varied.  Oscillations arise at the first bifurcation point 1τ  = 57.13 dyn/cm2 and 

continue until the second bifurcation point at 2τ  = 126.3 dyn/cm2.  The regions around 

these points are enlarged on the figure.  Good agreement between the numerical results 

and the Hopf bifurcation theory is seen near the critical values of τ.  However, the abrupt 

jumps in amplitude cannot be captured by the theoretical analysis.   Figure 5.4B shows 

the steady-state diameter values (solid line) and the maximum and minimum values of 

the diameter oscillation (dashed line).  Figure 5.5A shows the regions in the pressure-

shear stress plane where oscillations develop, and Figure 5.5B indicates the amplitude of 

these oscillations.  Under the assumed conditions, no oscillations occur at any shear stress 

value if P < 55 mmHg.  This is consistent with experimental findings (38) in which 

oscillatory behavior disappeared for small values of pressure.  In this model, the sign of d 

is positive for all values of shear stress, but the sign of a changes from negative to 

positive at P = 96 mmHg.  This corresponds to the appearance of a subcritical bifurcation 

for pressures above this value.  Figure 5.6 gives an example of this behavior for P = 100 

mmHg.  As seen in the figure, the bifurcation curve emanates from the bifurcation point 

to the left, further identifying the bifurcation as subcritical. 
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FIGURE 5.4, Amplitude of oscillation and diameters for P = 90 mmHg.  A.  Amplitude 
of oscillation for varying shear stress.  Insets give enlarged portion of graph near Hopf 
bifurcations.  B.  Steady-state diameter (solid) and minimum and maximum diameter 
(dashed) of oscillation for varying shear stress.    
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FIGURE 5.5, Regions of oscillations.  A.  Shear stress-pressure plane.  B.  Amplitude-
shear stress-pressure plane.  
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FIGURE 5.6, Subcritical bifurcation at P = 100 mmHg.   Values of amplitude given for 
different shear stress values near the Hopf bifurcation point.  Dots:  Numerical values of 
amplitude.  Line:  Approximate amplitude obtained from Hopf bifurcation analysis.   
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Geometric stability condition.  A further insight into the conditions leading to 

oscillations and the dependence on the assumed time constants can be obtained by 

considering the variation in the slope of the D nullcline.  Linearizing Eqs. 5.1 and 5.2 

about the steady state (D*, A*) gives 

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

−

⎥
⎥
⎥
⎥

⎦

⎤

−

−

⎢
⎢
⎢
⎢

⎣

⎡ −

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

−
*

*22
*

1

*

*

1

2

'1

)''(2

AA
DD

           

F
P

      

G

FAF
P

AA
DD

dt
d

A

CD

A

CD

τ

τ

τ

τ
 [5.12] 

where the prime denotes the derivative with respect to diameter, and the derivatives are 

evaluated at (D*, A*).  A change in stability occurs when the trace of the Jacobian matrix 

in Eq. 5.12 is zero.  The condition for a stable solution is given by (Trace < 0): 
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To determine the stability condition based on the slope of the nullclines, the derivative of 

the D nullcline with respect to diameter is calculated (Eq. 5.14) and compared with Eq. 

5.13.   
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The D nullcline is investigated because the slope of the A nullcline with respect to 

diameter is always positive.  The resulting stability condition on the derivative of the D 

nullcline is: 
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This condition identifies the sensitivity of oscillations to the time constants.  The 

thickened region on the D nullcline in Figure 5.7 indicates the region along the D 

nullcline in which the geometric condition in Eq. 5.15 is not met for P = 90 mmHg, 

resulting in diameter oscillations.  The figure also includes the A nullclines corresponding 

to the two values of shear stress ( 1τ  = 57.13 dyn/cm2 and 2τ  = 126.3 dyn/cm2) at which 

stability changes for the system.  Figure 5.8 shows the values of shear stress at which 

oscillations arise for different ratios of time constants for P = 90 mmHg.  Values of τD 

less than or equal to τA are considered.   
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FIGURE 5.7, Geometric stability condition.  Thick region indicates values of diameter 
and shear stress for which oscillations occur at P = 90 mmHg.  Solid lines (labeled) 
indicate the D nullcline and the A nullclines corresponding to the shear stress values at 
the two Hopf bifurcations. 
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FIGURE 5.8, Dependence of oscillations on ratio of time constants.  Range of shear 
stress values for which oscillations occur for a given ratio of the diameter to activation 
time constants, where τD < τA.   
    
 
 Network behavior.  The simplified network is used to study the effects of 

upstream and downstream resistances on a single vasoactive vessel exhibiting oscillations 

(Figure 5.1).  The upstream resistance changes as input arterial pressure is varied, and the 

conditions under which oscillations arise are determined.  The downstream resistance is 

held constant at 2.4×108 mmHg·s/cm3, and Pv is held fixed at 13 mmHg.  Figure 5.9 

shows the oscillations in diameter, flow and shear stress for Pa = 187 mmHg and Ru = Rd 

= 2.4×108 mmHg·s/cm3.  The period of the diameter oscillation is 51.7 s and the 

amplitude is 80.1 μm.  In this example, the midpoint pressure in the vasoactive segment 

of the simplified network is constant and equals 100 mmHg.  Given the same midpoint 

pressure in an isolated vessel, the period of oscillation is 59.8 s and the amplitude is 79.8 
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μm.  This comparison shows that the model predicts similar values of the period and 

amplitude of oscillations in the simplified network of vessels (variable shear stress) and 

in an isolated vessel (fixed shear stress).  In addition, the periods of oscillations in 

diameter, flow and shear stress are equal.  This example shows that the proposed 

mechanism of vasomotion can occur in microvascular networks and not only in isolated 

segments. 
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Figure 5.9.  Predicted oscillations in a simple network.  A.  Diameter.  B.  Flow.  C.  
Shear stress.  All oscillations exhibit the same frequency.  A 200 s sample of the portion 
of the time series during which the oscillation has become regular is shown. 
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 In the seven-compartment model introduced in Chapter 2, oscillations in vessel 

diameter and activation occur in both vasoactive segments at particular values of pressure 

and oxygen demand.  Figure 5.10 gives an example of the presence of oscillations for M0 

= 50 cm3 O2/100 cm3/min at P = 80 mmHg in the large arteriole.  The model predicts that 

oscillations occur only for limited ranges of parameter values, consistent with 

observations that the occurrence of vasomotion is highly dependent on experimental 

conditions.   
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Figure 5.10.  Oscillations in the seven-compartment network model (see Chapter 2 for 
details), with P = 80 mmHg and M0 = 50 cm3 O2/100 cm3/min.  A.  Diameter oscillations 
in time.  B.  Activation oscillations in time.   
 

Discussion 

Previous models of vasomotion have considered that oscillations are intrinsic to 

the intracellular dynamics of smooth muscle activation (2; 38).  In the present model, the 
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dynamics of activation are governed by a simple first order equation (Eq. 5.2) that has no 

intrinsic oscillatory behavior.  The oscillations arise through the interaction between this 

simplified model of smooth muscle cell dynamics and the mechanics of the vessel wall.  

In reality, the dynamics of smooth muscle cell activation are more complex than assumed 

here.  Nonetheless, the present results indicate a prominent role for vessel wall mechanics 

in the origins of spontaneous oscillatory behavior.  

Stability analysis.  The model predicts oscillations in both a single vessel and a 

network of vessels given certain parameter values and assumptions.  As depicted on the 

activation-diameter phase planes in Figures 5.2C and 5.3C, the short diameter time 

constant corresponds to a rapid change in diameter and the long activation time constant 

corresponds to a slower change in activation as the orbit traces the D nullcline.  If a limit 

cycle emerges, these fast and slow behaviors alternate (Figures 5.2 and 5.3).   

In a single vessel, the sensitivity of oscillations to changes in shear stress is 

analyzed using Hopf bifurcation analysis.  As pressure decreases, the range and values of 

shear stress for which oscillations occur decrease.  Once pressure is reduced to a certain 

value, oscillations disappear for all values of shear stress (Figure 5.5).  The occurrence of 

vasomotion with changes in pressure was investigated by Slaaf et al. (111), and a similar 

conclusion to that predicted by our model was reached.  That is, reduction in arterial 

pressure consistently resulted in abrupt disappearance of vasomotion.  In the model, as 

pressure increases, oscillations are predicted over a larger range of shear stress values, 

but occur at significantly high shear stress levels.  For example, if P = 110 mmHg, 

oscillations only arise for shear stress values above 92.5 dyn/cm2.  Results from Hopf 
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bifurcation theory match numerical prediction of the amplitude of the oscillations for 

values of shear stress near the bifurcation point.  This theoretical analysis of the 

amplitude showed the existence of a subcritical bifurcation for P > 96 mmHg.  A 

numerical investigation alone did not easily show this, since small increases in wall shear 

stress only indicated an abrupt change from a stable steady state to a large amplitude 

oscillation.  However, the Hopf analysis showed a change in the sign of a from negative 

to positive, indicating the existence of a subcritical bifurcation.  The theoretical analysis 

is used to prove the existence of limit cycles for certain parameter values.  The change in 

behavior for certain pressures and in narrow ranges of shear stresses predicted by the 

model agrees with experimental observations that vasomotion can be initiated or 

inhibited abruptly with a change in hemodynamic conditions.  

Geometric stability condition.  The condition in Eq. 5.15 indicates that the ratio of 

the diameter and activation time constants is a factor in determining when oscillations 

arise.  If τA is very large, the right hand side of Eq. 5.15 approaches zero, implying that 

stability would occur only when the slope of the D nullcline is negative.  In this case, the 

condition for stability could be estimated directly from the phase plane.  In general, as the 

ratio of the diameter to activation time constants approaches one, the range of shear stress 

values for which oscillations occur decreases.    

Network behavior.  Oscillations are shown to occur in a simplified network of 

vessels, which is characterized by more complicated vascular dynamics and non-constant 

shear stress.  In the presence of fixed resistances upstream and downstream of a 

vasoactive segment, diameter and activation oscillations of the vasoactive segment are 



 116

predicted by the model for several values of input arterial pressure.  The oscillation in 

diameter causes parallel oscillations in flow and shear stress.  Since diameter and flow 

are directly related, the maximum diameter gives the maximum flow in the system.  The 

minimum shear stress is achieved at the maximum diameter.  The dynamics of a network 

of seven compartments of vessels are considerably more complicated and only a brief 

numerical investigation of oscillations is conducted.  The possibility of oscillations at 

high levels of oxygen demand was shown.   

Conclusion.  The present model demonstrates a new potential mechanism of the 

oscillations associated with vasomotion involving the interaction between a first-order 

model for the variation of smooth muscle tone and the nonlinear mechanical properties of 

the vessel wall.  Such oscillations are shown to be sensitive to hemodynamic conditions 

and other parameters.  Vasomotion can have a significant impact on tissue perfusion and 

function and should be considered when analyzing the regulation of blood flow. 
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6.  CONCLUSIONS 

 

Through the action of multiple regulatory mechanisms, blood flow to tissue is 

varied over a wide range in response to changes in metabolic demand, yet is held almost 

constant for wide variation in arterial pressure.  Experimental studies have provided 

details of these mechanisms but have not revealed how the mechanisms are integrated to 

achieve flow regulation.  Theoretical models provide a means of analyzing the roles of 

the mechanisms in generating the observed relationships between blood flow and other 

system parameters.  Several existing theoretical models have considered the response of 

vessels to changes in pressure and wall shear stress, but few have examined these factors 

in combination with a metabolic response.  The model developed in this study assesses 

the roles of metabolic stimuli, pressure and wall shear stress in blood flow regulation and 

provides answers to the following questions regarding flow control: 

 

Can a model based on upstream conducted responses triggered by the saturation-

dependent release of ATP by red blood cells account for observed metabolic flow 

regulation behavior? 

  The model is used to calculate the oxygen saturation, ATP concentration and 

conducted response signal along a vascular pathway for varying rates of oxygen demand.  

The ATP levels predicted by the model are consistent with ATP levels that have been 

observed to cause arteriolar vasodilation in experimental studies (17; 26; 71).  The data 

used to estimate the parameters for the change in ATP concentration were independent of 
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data used to validate the model, demonstrating the physiological relevance of the model.  

The conducted response signal is generated along the vascular pathway in proportion to 

plasma ATP levels and decays exponentially in the upstream direction.  The amount of 

signal reaching the vasoactive segments varies significantly with oxygen demand and 

contributes to the vasodilation of the small and large arterioles as oxygen consumption 

increases.  The predicted increase in flow is consistent with experimental observations as 

oxygen consumption increases from low to moderate levels, confirming the potential of 

the conducted response mechanism to provide metabolic flow regulation.   

 

What are the contributions of the myogenic, shear-dependent and metabolic 

responses to metabolic regulation of blood flow? 

 Terms for the myogenic, shear-dependent and metabolic responses are included in 

a model based on the active and passive length-tension characteristics of vascular smooth 

muscle in order to calculate the steady state vessel diameter and smooth muscle tone 

according to these three regulatory mechanisms as oxygen consumption is increased from 

a resting state to a state of maximal exercise.  An increase in metabolic demand triggers 

an increased metabolic signal, which leads to an increase in vessel diameter.  The 

vasodilation of arterioles with increasing oxygen consumption rate causes increased wall 

tension, and the myogenic response therefore tends to oppose metabolic vasodilation.  

Arteriolar vasodilation leads to a decrease in arteriolar wall shear stress despite the 

increase in flow.  Inclusion of the shear-dependent response therefore also tends to 
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counteract the metabolic vasodilation.  Therefore, the model predicts that the myogenic 

and shear-dependent responses oppose metabolic flow regulation. 

 

What are the roles of the myogenic, shear-dependent and metabolic responses in 

autoregulation of blood flow? 

 The contributions of the myogenic, shear-dependent and metabolic responses to 

autoregulation are analyzed using a model that predicts pressure-flow curves when the 

various responses act alone or in combination with each other.  The increase in pressure 

results in increased wall tension and thus a sustained vasoconstriction due to the 

myogenic response.  This generates a weak degree of autoregulation in the absence of 

other mechanisms.  The shear-dependent response causes vessels to dilate with increasing 

arterial pressure and hence opposes autoregulation.  The combination of the shear-

dependent response with the myogenic response abolishes autoregulatory behavior.  

Increases in flow with increasing arterial pressure leads to a reduction in the metabolic 

stimulus and hence vasoconstriction, which contributes significantly to the autoregulation 

of blood flow both alone and in the presence of the other mechanisms.  The model 

predicts that a combination of the myogenic and metabolic responses is necessary to 

produce strong autoregulation in the presence of a shear-dependent response.   

 

What is the effect of capillary recruitment on metabolic blood flow regulation?   

 The model allows for a three-fold increase in capillary density during exercise and 

assumes that the number of small arterioles increases in the same proportion as the 
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number of capillaries.  Since flow in the capillary network is thought to be controlled by 

changes in arteriolar diameter, the model uses a sigmoid function to describe the 

dependence of the number of perfused capillaries on arteriolar diameter.  The predicted 

perfusion is substantially greater in the presence of recruitment than in the absence of 

recruitment, demonstrating a potential role for capillary recruitment in metabolic blood 

flow regulation.   

 

Can the model provide an explanation for arteriolar vasomotion? 

The model predicts arteriolar diameter oscillations in a single vessel and a simple 

network of vessels for certain values of wall shear stress, arterial pressure or oxygen 

consumption rate.  The assumptions of the model suggest that vasomotion is strongly 

related to the mechanics of the vessel wall and the dynamics governing smooth muscle 

cell activation.  The model equations possess an equilibrium solution with purely 

imaginary eigenvalues and predict limit cycle oscillations with an amplitude that depends 

on wall shear stress and pressure values.  Model predictions agree with experimental 

observations (111) that show vasomotion to occur abruptly with changing physiological 

conditions such as pressure.  Since vasomotion may significantly affect tissue perfusion, 

the analysis in this chapter suggests that the effects of vasomotion should be included in 

models of blood flow regulation.         

 

What are possible further developments of this modeling approach?    
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 Additional sources of blood flow regulation could be added to the model, such as 

the effects of the sympathetic nervous system or counter-current diffusion of vasoactive 

substances.  Sympathetic nerve activity is effective in restricting blood flow in proximal 

arteries, but is impaired during muscle contractions in distal arteries (123).  The effect of 

the sympathetic nervous system on different-sized vessels could be examined by the 

current compartmental model.  The hypoxia-induced ATP release from RBCs may trigger 

the diffusion of vasoactive substances from venules to paired arterioles in addition to 

causing conducted vasodilation (44).  Implementing the current model with a more 

realistic network geometry would allow for the inclusion of the effects of this regulatory 

mechanism.  Modeling metabolic flow regulation within a three-dimensional network 

geometry (47) could also yield more realistic predictions of the distributions of vessel 

diameter, smooth muscle tone, and oxygen levels in microvascular networks.  This model 

could be adapted to answer questions involving systemic control of blood flow (1), 

coronary blood flow (113) and pathological states that affect blood flow.  For example, 

Hall et al. (42) concluded that hemorrhage-induced constriction in arteries and veins 

resulted primarily from active smooth muscle contraction.  Introducing large pressure 

drops and allowing for variable resistance in the venous compartments could allow the 

current model to give predictions for a diseased state such as hemorrhage.  Shear-

dependent vasodilation has been observed in venules and this may significantly 

contribute to the increase in blood flow in exercise (57).  Such an effect also could 

readily be incorporated in the model by allowing for variable venular resistance.  Since 

RBCs differ in diabetic patients and may not release ATP at the same rate as in healthy 
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patients, modifying the parameters and assumptions defining the hematocrit and release 

rates of ATP could allow this model to be applied to cases of diabetes or anemia.  

Ultimately, a theoretical model provides a means of understanding and interpreting 

experimental data while quantitatively describing the overall behavior of a system. 
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