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Abstract 

 

The optical properties of a concentric nanometer-sized spherical shell comprised of an 

(active) 3-level gain medium core and a surrounding plasmonic metal shell are 

investigated. Current research in optical metamaterials has demonstrated that including 

lossless plasmonic materials to achieve a negative permittivity in a nano-sized coated 

spherical particle can lead to novel optical properties such as resonant scattering as well 

as transparency or invisibility.   However, in practice, plasmonic materials have high 

losses at optical frequencies. It will be demonstrated that a properly designed passive 

optical spherical core impregnated with a gain medium and coated with a concentric 

spherical plasmonic nano-shell will have a “super resonant” (SR) lasing state. The 

operating characteristics of this coated nano-particle (CNP) laser have been obtained 

numerically for a variety of configurations and will be reported here. Once the optical 

properties of the isolated active CNP inclusion are established, several examples of 

optical metamaterials using them as inclusions will be presented and analyzed.  In 

particular, the effective material properties of these optical MTMs will be explored using 

effective medium theories that are applicable to a variety of inclusion configurations. 

Two-dimensional (2D) mono-layers of these active CNPs, which form metafilms; three-

dimensional (3D) periodic arrays of these active CNPs; and 3D random distributions of 

these active CNPs will be described.  The effective permittivities and refractive indexes 

of these optical MTMs will be compared and contrasted to those of their active CNP 

inclusions. In addition to the active MTMs, some examples of nano-photonic applications 
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enabled by the unique properties of these inclusions will also be presented. Specifically 

metamaterial pigments derived from exploiting the high absorption and low scattering 

properties of the passive CNP particle will be explored for possible use in color display 

technology as well as the use of the SR lasing state and localized plasmon resonance of 

the active CNP for nano-sensing applications. 
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INTRODUCTION 
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1.1 Optical Metamaterials 

 
The literal translation of “metamaterials” (MTMs) means beyond materials. This name 

has been given to a class of artificial materials that have electromagnetic responses which 

are beyond what nature provides, i.e., that have an effective electric permittivity and/or 

magnetic permeability which are specifically engineered. For decades researchers have 

acquired reasonable control over substances and materials and have engineered their 

intrinsic mechanical and thermal properties, such as with plastics. It is only recently that 

they have acquired the physical understanding to tailor the electromagnetic responses of 

materials, as well as the technological capabilities to fabricate them. In this dissertation a 

class of MTMs specifically focusing on their operation between 380nm to 700nm in the 

visible portion of the electromagnetic spectrum will be presented, i.e., optical MTMs.  

Materials may be classified from an electromagnetic perspective by the values of 

their permittivity and permeability. The terms “double positive” (DPS), “epsilon 

negative” (ENG), “double negative” (DNG), and “mu negative” (MNG) are designations 

frequently used now in the optics, physics, and engineering communities for the 

classification of materials based on the signs of their electric permittivity and magnetic 

permeability [1], [2]. It is also now well understood what the appropriate signs of the 

corresponding derived quantities: the index of refraction and the wave impedance, are[1], 

[2]. Figure 1.1 presents a brief depiction of the associated electromagnetic physics 

associated with each designation: DPS, ENG, DNG, MNG, and some types of materials 

that show these properties.  
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Fig 1.1. Permittivity and permeabilities for different materials. Shown is a 
brief description of the wave physics associated with each material 
designation. 
 
 
 
At microwave frequencies, MTMs have proven successful in accessing all four 

quadrants of the permittivity-permeability space, i.e., DPS, ENG, DNG, and MNG 

responses have been demonstrated at microwave frequencies. On the other hand, optical 

MTMs have proven to be more challenging, primarily due to material losses and difficult 

fabrication issues. Nonetheless, optical MTMs show significant potential for realizing 

new, interesting and useful optical phenomena and devices that can be designed to meet 

specific applications [1], [2].  

To realize some of the more interesting properties of optical MTMs, it is 

necessary for the electric permittivity or the magnetic permeability or even both of them 

to take on negative real values with very small imaginary values[3].  One of the 

0,  0ε µ> >0,  0ε µ< >

0,  0ε µ< < 0,  0ε µ> <

ENG: Plasmas 
Metals (UV-Optical) 
Evanescent waves 

DNG: Negative Index 
Artificial 

Metamaterials 
Propagating waves 

MNG: Natural 
occurring up to GHz. 

None at Optical. 
Evanescent waves 

DPS: Dielectrics 
Propagating waves 

µ

ε
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conveniences of nature is that there are naturally occurring materials exhibiting negative 

permittivities at optical frequencies, i.e., metals. Interesting and desirable optical 

properties from coated nano-particles (CNPs), which require these negative 

permittivities, have been demonstrated, including resonant source and scattering 

configurations [4], as well as transparency and invisibility [5], [6], [7], [8], [9]. On the 

other hand, one of the major obstacles in realizing metamaterials at optical frequencies is 

the lack of naturally occurring media exhibiting any magnetic response, i.e., the relative 

permeability is always essentially unity. It has been shown at microwave frequencies that 

a magnetic dipole moment can be induced and an overall magnetic response can be 

realized by imbedding in a non-magnetic host material, inclusions made from non-

magnetic materials of appropriate designs (parallel nano-wires, split ring resonators, etc). 

Many of these designs have been successfully scaled or generalized to optical frequencies 

[10], [11], [12].  It has also been demonstrated theoretically that by arranging nano-

spheres in a ring configuration to create an “optical nano-circuit” [13], a magnetic dipole 

moment can be realized at optical frequencies via the displacement current induced in the 

ring by the incident optical field. Many of the most notable successes to date in realizing 

optical MTMs include achieving negative index materials (NIMs). Several of the largest 

effective negative index values in MTMs near and at optical wavelengths have been 

experimentally demonstrated using two dimensional planar arrays of coupled plasmonic 

particles and strips.  For example, effective NIM behavior has been demonstrated with 

gold nano-rod configurations [14], gold layered fishnet geometries [15] and metallic split 

ring resonator arrays [16].  
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Obtaining the polarizabilities of the individual inclusions used to construct an 

artificial medium, one can then define the effective electric permittivities and magnetic 

permeabilities that govern the electromagnetic responses of waves interacting with it. 

Although effective material parameters of these configurations have been reported, it 

must be emphasized that strictly speaking a planar mono-layer array of these inclusions 

form a film and not a bulk material. Consequently, the claims that DNG or NIM optical 

MTMs have been achieved is a bit misleading. A better designation for these systems of 

inclusions would be a “metafilm”. In fact one of the major obstacles in achieving true 

optical MTMs is the alignment of multiple layers of these metafilms. Although there have 

been some very recent successes [17], i.e., it is technologically difficult to arrange 

nanometer sized inclusions in the well-defined three dimensional arrays as is needed to 

produce the desired large bulk MNG or DNG responses.  Another issue that plagues 

MTMs at optical frequencies is the large losses inherent in the materials, typically metals, 

used to achieve the resonant electrically small inclusions. In the work presented here, 

both metafilms and bulk three dimensional optical MTMs comprised of spherically 

shaped, electrically small (highly sub-wavelength), resonant inclusions will be reported. 

The introduction of a gain medium into these spherical inclusions will be investigated as 

a means to combat the high losses that plague many current optical MTM realizations.  

Recent work on resonant electrically small CNPs, formed as a set of concentric 

spherical shells [10], [11], [12], has demonstrated that they have highly tunable 

polarizabilities. The sizes of these CNPs at optical frequencies are on the order of tens of 

nano-meters, making them attractive candidates for use as inclusions in potential 
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realizations of optical MTMs. Current nano-fabrication capabilities encompass the 

successful synthesis of CNPs, and many of their optical properties have been verified 

experimentally [10]. To achieve resonant tuning of these spherical CNPs at optical 

frequencies, one must incorporate plasmonic materials, such as metals, into the shells. 

Unfortunately, the polarizabilities of these plasmonic-based structures remain dominated 

by high absorption losses at optical frequencies.  In this dissertation the optical properties 

of a highly resonant, nanometer-sized, active dielectric sphere that is coated with a silver 

plasmonic shell and their use as inclusions to realize optical MTMs will be reported.  

There have been a number of recent studies, both theoretical and experimental, that 

have considered the influence of active media on nano-sized plasmonic particles, for 

instance, to overcome the large losses associated with metals at optical frequencies in 

scattering applications. The gain media considered have been generally dyes [18], [19], 

[20], [21] and quantum dots [22], [23], [24]. The scattering configurations emphasized in 

these efforts have dealt with the partial or total immersion of the metallic nano-particles 

in the dyes or the placement of the metallic nano-particles in close proximity to the 

quantum dots.  Most have dealt with silver as the metal; while others have emphasized 

gold.  In order to realize a stand alone resonant and lossless inclusion, the use of rare-

earth doped silica will be emphasized in this dissertation because this active medium will 

be surrounded by a metallic shell and, as a consequence, it may be the most compatible 

with existing coated nano-particle fabrication techniques. 

Passive media models based on lossy dispersive materials have been used to match the 

demonstrated properties of successfully synthesized passive plasmonic CNPs.  Active 
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media models for several optical gain materials that have been successfully incorporated 

into these passive materials have also developed.  These optical gain media were then 

used to investigate their ability to overcome the losses associated with the spherical 

plasmonic nano-shells.  It will be demonstrated that a properly designed passive optical 

spherical core impregnated with a gain medium and coated with a concentric spherical 

plasmonic nano-shell will have a “super resonant” (SR) lasing state. The operating 

characteristics of this coated nano-particle (CNP) laser have been obtained numerically 

for a variety of configurations and will be reported here. Once the optical properties of 

the single active CNP inclusion are established in this dissertation, several examples of 

optical metamaterials using them as inclusions will be presented and analyzed. In 

particular, the effective material properties of these optical MTMs will be explored using 

effective medium theories that are applicable to a variety of inclusion configurations. 

Two-dimensional (2D) mono-layers of these active CNPs, which form metafilms; three-

dimensional (3D) periodic arrays of these active CNPs; and 3D random distributions of 

these active CNPs will be described.  The effective permittivities and refractive indexes 

of these optical MTMs will be compared and contrasted to those of their active CNP 

inclusions.  

 In addition to the active MTMs previously described, some examples of nano-

photonic applications enabled by the unique properties of these inclusions will also be 

presented. Specifically metamaterial pigments derived from exploiting the high 

absorption and low scattering properties of the passive CNP particle will be explored for 
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possible use in color display technology as well as the use of the SR lasing state and 

localized plasmon resonance of the active CNP for nano-sensing applications. 

 

 

1.2 Tunable Pigments  

 

The colors produced by plasmon resonances that result from embedding metal particles in 

a host dielectric have been known since ancient times as a means of producing colored 

glass. For instance, the addition of gold nano-particles to otherwise transparent glass 

produces a deep red color. In this dissertation the colors which result from embedding 

resonant plasmonic particles in a host medium of variable dielectric constant will be 

investigated as a means of realizing a tunable pigment.  The absorption properties 

resulting from the plasmon resonance in sliver particles are explored, and the resulting 

tunable range of colors this resonant absorption may produce is investigated as a means 

of realizing a tunable MTM pigment. This investigation will focus on the optical 

properties of both solid nano-particles (NPs) and tunable passive CNPs that have 

resonances at visible wavelengths and, therefore, are constructed using silver as the 

plasmonic material. In particular, when considering these Ag-based CNPs and NPs for 

realizing tunable pigments, it is of interest to explore the changes in their resonance 

characteristics as the dielectric function of the surrounding medium is varied.  

 This tunable pigment may have potential applications in devices where a change in 

color is desirable. Consider, for example, a typical liquid crystal display used in a laptop 
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or cellular phone; it requires an internal illumination to render a color image [25]. In most 

operating conditions the internal illumination that is required by these displays is in 

constant competition with the ambient lighting of the surrounding environment. Thus the 

already available light energy provided by these surroundings is thrown away, and the 

operation of these displays requires additional energy to overcome this ambient light. The 

focus of the efforts reported in this dissertation is to motivate the possibility of realizing a 

color display that operates with ambient illumination by exploiting tunable plasmonic 

resonances. The visual appearance of such a display might be like that of a traditional 

photograph, but with the capability to be able to render both still and moving images. 

Because ambient illumination is used to render these images, the power requirement of 

such a display could be dramatically less than a standard LCD display and, therefore, 

could reduce the power consumption when introduced into devices such as a cellular 

phone or laptop. On the other hand, in low ambient lighting conditions a back-light could 

be incorporated to provide sufficient lighting for this plasmon resonance-based ambient 

light display.  

 

 

 

1.3 Nano Sensors 

 

By exploiting the plasmonic resonances used to achieve the desired response of the 

electrically small CNPs, these inclusions show potential for use in other photonic 
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applications as nano-scale transducers, thus providing a means of sensing changes in the 

particle’s local environment. This localized sensing capability was investigated on the 

nanometer scale of the active CNP. Quantities of measurable interest for these nanometer 

scale sensing applications include the dimensions and refractive index of nano-objects. 

For example, the sizes and optical properties of the CNPs would have an immediate 

impact on identifying whether a set of biological cells was friendly or hostile to an 

organism.  It would be desirable for such nano-sensors to be able to resolve the distance 

and time scales involved and to have high sensitivities to minute changes in their local 

environments.   To investigate the use of the active CNP as a nano-sensor, the scattering 

properties of a single particle surrounded by a dielectric layer of some thickness and 

refractive index are investigated. The outer dielectric layer is used to simulate a 

functional layer that represents a single or a set of nano-sized objects that surrounds the 

active CNP.  It is sensed by its influence on the optical properties of the un-

functionalized, but active CNP. In this dissertation results from simulations that are used 

to investigate the optical properties of a functionalized active CNP when it is immersed in 

a medium representing an aqueous solution and having a refractive index of 1.33 similar 

to that of water will be presented.  Comparisons are made to its response in free space.  

The resulting optical signatures that may be applicable for nano-sensing applications will 

be highlighted. In particular, the case of an active CNP that has been functionalized by 

the hemoglobin found in human red blood cells is explored; and it is shown that the 

concentration of hemoglobin may be determined remotely from its scattering data. 
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Current plasmon-based sensors that are used in biosensing applications exploit 

surface plasmon waves (SPWs). In contrast, the proposed CNP-based sensor derives its 

characteristics from localized surface plasmons (LSPs). In contrast to SPWs, which are 

bound propagating waves, the LSPs are not propagating waves; they are localized 

coupled oscillations of the electrons in the plasmonic shell and the electric field exciting 

it. The SPW-based sensors are typically planar or waveguide devices which are many 

orders of magnitude larger than the compounds and molecules they are designed to sense. 

Moreover, due to the momentum difference between the SPW and the exciting optical 

field, a SPW sensor cannot be driven directly.  The SPWs can only be excited by 

introducing a prism, a waveguide or a more complicated planar grating structure to match 

the momentum of the optical field to theirs, i.e., they can only be driven if an evanescent 

wave coupling device is introduced [26]. These large scale SPW-based devices only 

provide for the detection of spatially integrated changes to the sensing environment. 

Thus, they are more suited to in vitro biosensing applications. On the other hand, in the 

proposed CNP-based sensors, the LSPs are confined to the surface of a spherical 

plasmonic shell.  Therefore, the physics associated with and the implementations of 

CNPs for sensing applications are different from those of the SPW-based sensors. It will 

be shown in this dissertation that the sensitivity of the active CNP sensor is comparable 

to the traditional SPW sensor and that the physics of active CNP sensors inherently 

provide unique advantages in contrast to those associated with traditional SPW sensors. 
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CHAPTER 2 

 

THE DESIGN AND SIMULATED PERFORMANCE OF A  

COATED NANO-PARTICLE LASER 
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2.1 Introduction 

 

In this chapter the optical properties of a nanometer sized active dielectric sphere 

coated with a plasmonic outer layer will be presented. The work presented in this chapter 

establishes the foundation for the remainder of this dissertation in which this nano 

particle is extensively investigated for use as the basic building block for optical 

metamaterial and nano-phonic applications. First, the theoretical foundation needed to 

analyze this active CNP will be discussed in detail. Next, a description of the material 

models used for its design and simulation will be given. The physics of the active CNP 

will then be explored and many of its optical properties will be presented.  

 

 

2.2 Electrically Small Resonant Scattering Structures 

 

2.2.1 Mie Theory  

 

The theory of plane wave scattering from an isotropic sphere was originally presented by 

Mie and extended to the more general case of concentric spherical shells by Aden [27] 

and others. For a linearly polarized plane wave incident on a concentrically layered 

spherical particle, the electric and magnetic fields in each region can be expanded into 

vector spherical harmonics. Enforcing the electromagnetic boundary conditions, i.e., the 



 31 

continuity of the tangential electric and magnetic fields at each interface, the scattered 

field coefficients are obtained.   

From the scattered field and incident field the scattering cross-section and absorption 

cross-section are defined via Poynting’s theorem. The scattering cross-section is defined 

as the total integrated power contained in the scattered field normalized by the irradiance 

of the incident field and the absorption cross-section is defined by the net flux through a 

surface surrounding the concentric shells normalized by the incident field irradiance, and 

is thus a measure of how much energy is absorbed by the concentric shell structure. The 

absorption and scattering cross-sections can be expressed via Poynting’s theorem through 

the scattered and absorbed powers, which are given, respectively, by the following 

expressions: 
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where S is a sphere that surrounds the particle and n̂  is the unit outward pointing normal 

to that surface. The incident, scattered, and total fields will be labeled by the subscripts 

inc, scat, and tot, respectively. The total scattering cross-section, absorption cross-section 

and extinction cross-section are thus defined from the ratio of the scattered or absorbed 

power to the incident irradiance I inc, and can be expressed in terms of the scattered field 

coefficients as: 
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 ext scat absσ σ σ= +  (1.5) 

 
 
where 2 /oβ π λ=  when the particle is embedded in free space, λ  being the wavelength of 

the source. The scattering and absorption efficiencies are then defined as the ratio of the 

corresponding cross-section to the geometric cross-section of the particle.  
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where 1r  and 2r  are, respectively, the inner and outer radii of the shell respectively.  

The scattered field coefficients can be determined by solving a system of equations 

derived from matching the tangential components of the electric and magnetic fields at 

the boundaries of the inner and outer surface of the spherical shell as in [27]. The 

resulting matrix equation takes the form: 

 

  [ ] [ ] [ ]0

0
TE TETE

TM TM TM
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where [ ]M  is the scattering matrix, which consists of combinations of the expansion 

functions and their derivatives evaluated at the boundaries; [ ]C  is a vector containing the 

coefficients of both the TE and TM field components in each region; and [ ]F  is the 

forcing vector defined by the incident plane wave at the outer boundary of the particle. 

As indicated, the scattering matrix can be expressed as a block diagonal matrix with sub-

matrices which individually describe the TE and TM fields.  Consequently, the TE and 

TM scattered field coefficients can be obtained independently. Applying Cramer’s rule, 

the scattered field coefficients can be expressed as the ratio of determinants: 

 

 

det[ ( )]

det[ ]

det[ ( )]

det[ ]

TE TE TE
n

TE

TM TM TM
n

TM

M f
a

M

M f
b

M

=

=

ɶ

ɶ

 (1.10) 



 34 

where ( )TE TEM fɶ and ( )TM TMM fɶ  are the TE and TM sub-matricies with the first column 

replaced by the sub-vectors TEf  and TMf , respectively.  The coefficients thus depend 

explicitly on the material functions ε  and µ  in each region; the inner and outer radii of 

the CNP shell: 1r  and 2r ;  and the wavelength. It is apparent that when the determinant in 

the denominator approaches a minimum, a resonance in the scattering parameters of these 

CNPs and, as a result, for example, their total cross-section can occur.  It has been shown 

[10], [11], [28] that the resonance condition depends on the ratio of the core radius to the 

total particle radius as well as on the properties of the core, shell and surrounding 

medium. Aside from their existence, a very attractive characteristic of these electrically-

small resonances is their explicit dependence on the shell radii. This property allows for 

the tunability of their frequencies by changing the geometry. Consequently, these tunable 

electrically-small resonances are of interest when considering these CNPs for 

applications, as well as for inclusions in optical metamaterials. The design of the CNPs 

described below was thus accomplished for a desired value of the resonance wavelength 

by determining the radii ratio for given core and shell materials. To illustrate the design 

and tunability of a CNP, Log plots (base10) of the absolute value of TE
na , TM

nb , det[ ]TEM   

and det[ ]TMM  are shown in Fig. 2.1 as functions of the ratio of 1r  and 2r  at 510nmλ =  

when 2r  is fixed at 2 30r nm=  for a silver nano-shell surrounding a silica nano-core, 

which has 02.05ε ε= . In the design of the CNPs, the dependence of the resonance on 

losses was also investigated. The determinant of the denominator for the shell material 

being modeled with both a lossy and lossless bulk silver dielectric function are compared 
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in the bottom right plot in  Fig. 2.1(d).  From this result one notes that there is a 

negligible, if any affect on the resonant geometry when losses are introduced into a CNP 

design.  

At 510nmλ = ,  it is seen that the denominator in the TM coefficients attains a 

minimum at the radii ratio, Rr = 0.8, which corresponds, respectively, to a core radius and 

outer radius of 24nm and 30nm. This minimum coincides with the maximum in the TM 

scattering coefficients TM
nb . This minimum is caused by the fact that the imaginary part of 

the determinant goes to zero at this radii ratio while there is no dramatic change in the 

real part.  Notice that the TE scattering coefficients, TE
na , do not exhibit a resonance, but 

they do have a maximally reduced resonance near the radii ratio of 0.97.   Similarly, TM
nb  

has a maximally reduced resonance near the radii ratio 0.95. Such non-scattering states 

have recently gained attention for use in metamaterials for achieving invisibility [5]. The 

wavelength tunability of the electrically small resonances associated with varying the 

radii ratio of the CNPs is demonstrated in Fig. 2.2, with the silver-silica CNP. Due to the 

losses inherent in silver, as will be discussed below, the designs favorable for active 

CNPs using silver shells fall near 510nmλ = .  Thus the radii ratio of Rr = 0.8 has been 

selected for all of the silver-based CNP simulations reported here.  
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Fig. 2.1. Dependence of the terms in the scattering coefficients as a 
function of the radii ratio for a Ag-SiO2 CNP,  a) TE coefficient, b) TM 
coefficient, c) TE coefficient denominator, and d) TM coefficient 
denominator.  In d) both lossless (red, solid curve) and lossy (blue, dashed 
curve) bulk Ag results are given.   
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Fig. 2.2. Wavelength tunability of the TM resonance of the Ag-SiO2 CNP 
by varying the radii ratio. 

 

 

2.2.2  Resonant Electrically Small Spheres  

 

In recent years there have been several investigations on the effects of multi-layered 

metamaterial spheres and their use for enhancing electromagnetic phenomena. At radio 

and microwave frequencies, it has been shown that large enhancements are attainable in 

the radiated power from a dipole antenna located arbitrarily near to or centrally within 

concentric spherical metamaterial shells [12], [29], [30], [31]. In addition to enhancing 

the radiated power it has also been found that there are situations where there is a drastic 

reduction in the radiated power from the dipole antenna, i.e., there exist not only 

enhanced radiating states but also non-radiating states [28], [32]. 

Analogous to the radiated power enhancements obtained with concentric spherical 

metamaterial shells, it has also been shown that there are reciprocal enhanced scattering 

states [30]. These resonant scattering states have been recognized previously [10], [28]. 
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Analogous to the non-radiating states associated with the radiating dipole antenna in the 

presence of a metamaterial shell, extremely low scattering states also exist. In fact a great 

deal of recent attention has been given very recently to the so-called “transparency” or 

“invisibility” effect [5], [6], [7], [8], [9], [11] .   

 

  

2.2.3  Optical Excitations  

 

Recent work has investigated the use of optically tunable resonant passive nano-spheres 

for biomedical and optical applications. Projected uses for these nano-shells range from 

exploiting their tunability for contrast agents in early cancer detection [33], [34] and for 

drug delivery, to creating near infrared, highly absorbing particles for use in a photo 

thermal ablation therapy for cancer treatment [34] . Optically tunable plasmonic nano-

shells have been successfully synthesized with spherical dielectric cores surrounded by 

thin metallic coatings for a number of years. Dielectric-core gold nano-shells have been 

successfully synthesized, and their optical tunability has been verified experimentally 

[10]. In these particles gold nano-shells with thicknesses as thin as 2nm surround a gold 

sulfide AuS2 core. Tunability from 550nm to 950nm was demonstrated using particle 

radii ranging from 4nm to 17nm, respectively.  Tunable gold nano-shells made with a 

silica core have also been successfully synthesized and their optical properties 

experimentally verified [34]. Tunability was demonstrated for larger spheres with a 60nm 

core size and shell thicknesses ranging from 5nm to 20nm to cover the wavelength range 
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from 750nm to 1000nm in which the resonance was observed to shift to longer 

wavelengths as the core to shell radius ratio increased.  In addition to gold-silica nano-

shells, silver coated silica nano-shells with core radii of 40-250nm and shell thicknesses 

of 10- 30nm have also been successfully synthesized and optical properties 

experimentally verified [35]. It was demonstrated that these silver-silica nano-shells 

exhibit tunable plasmon resonances at shorter wavelengths with a 10% larger 

enhancement than for gold-silica nano-shells and, therefore, can be used to cover a wider 

portion of the optical spectrum.  

 

 

 

2.2.4  Nano-Scatterers  

 

In this section the optical characteristics of nano-shells will be discussed in more detail. 

Optical nano-shells possess tunable resonances where the enhancements in the extinction 

cross-section are attributed to the optical field coupling to plasmon modes of the metal 

shell.  In the cases of lossless materials the extinction cross-section is dominated by light 

scattered by the particle and is equal to the scattering cross-section. Material absorption 

must be present for a finite absorption cross-section and only then will it contribute to the 

extinction cross-section of the particle.  When material absorption is present 

enhancements in the absorption cross-section of the particle can occur as well. The 

intrinsic properties dominate the extinction in the quasi-static regime,0 1aβ ≪ , where the 
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scattering cross-section and absorption cross-section are dominated by the dipole terms. 

Differences in the contributions to the extinction cross-section from scattering and 

absorption result from extrinsic and intrinsic optical properties of the nano-shells. 

Intrinsic effects dominate in the quasi-static regime and extrinsic effects become non-

negligible for nano-shells with dimensions larger than the quasi-static limit. Larger 

spheres that incorporate lossy materials tend to be dominated by scattering and less by 

absorption when compared to smaller nano-shells of similar structure. Nano-shells which 

fall into the quasi-static regime are mostly dominated by absorption due to predominant 

coupling to the lowest order dipole plasmon mode. For larger spheres, phase retardation 

effects are more significant and therefore optical fields can couple to higher order 

plasmon resonances, which correspond to higher order multipole fields. This increase in 

coupling between the optical field and plasmon modes of the nano-shell results in 

extinction cross-sections dominated by scattering rather than by absorption for larger 

particles [36], [37]. The extinction cross-section spectrum in these two size regimes is 

different as well. For smaller spheres only one plasmonic resonance is dominant.  On the 

other hand, for a larger particle not in the quasi-static regime, i.e., where 0 1aβ ≥ , higher 

order plasmon resonances corresponding to higher order multipoles can be excited in the 

scattered fields.  Consequently, multiple resonances can occur. Due to the increases in the 

scattering and phase retardation effects, the widths of the resonances are wider in larger 

particles than they are for smaller spheres [36], [37]. Such differences in absorption and 

scattering are important when considering lossy plasmonic nano-shells for optical regime 

applications. 
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In these investigations of active nano-shells surrounding an active core it was 

important to consider optical materials that not only have properties suitable for realizing 

resonant nano-shells, but that also have been shown to be realistically synthesized into 

nano-shells. As mentioned above nano-shells have been successfully created using 

combinations of gold and silver as materials for the metal shells and of gold sulfide and 

silica as the dielectric core material. For this reason silver, gold and silica have been used 

in these models. In modeling these nano-shells both the extrinsic and intrinsic optical 

properties of these nano-sized particles must be considered. 

 

 

 

2.3 Optical Material Properties 

 

2.3. 1 Passive media 

 

Due to the nano-scale dimensions of the particles under investigation, accurate modeling 

of the optical properties of the nano-shells requires that one takes into account the size 

dependence of the materials used in making these structures. The size dependence of the 

optical properties of nano-scale particles can be classified as either extrinsic, i.e., if the 

size effects arise predominantly from electro-dynamic effects, or intrinsic, i.e., if there is 

an actual change in the optical response of the materials that comprise the particle. In the 

layered nano-particles explored here the gold and silver plasmonic shells exhibit 
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significant intrinsic size dependencies. Empirically determined bulk values for the 

permittivity of gold and silver at optical wavelengths between 200nm to 1800nm [38], 

[39] were used. Following the approach in [37], the permittivity is decomposed into a 

size dependent Drude response and an interband transition response as follows:  

 

 ( , ) ( , ) ( )Drude IntBandR Rε ω ε ω χ ω= +  (1.11) 

 

where the term R is the thickness of the metal shell and the Drude permittivity is given by 

the expression, 
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where pω  amd Γ  are, respectively, the plasma and collision frequencies. 

The size dependence is treated as an effect which arises when the size of the material 

approaches the bulk mean free path length of the conduction electrons in the material. It 

is treated as an alteration in the mean free path which is then incorporated into the Drude 

model as a size dependent damping frequency.  In particular, the damping frequency is 

assumed to take the form, 
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where A is a constant term assumed to be approximately unity, i.e.,A ~1.  The term FV  is 

the Fermi velocity. The Drude parameters and the Fermi velocity values used in these 

simulations for silver and gold are given in Table 2.1, 

 

Table 2.1. Gold and Silver material model constants 

 * /m m 

Kg 

N  

28 310 m−  

pω  

16 110 s−  

∞Γ  

13 110 s−  

FV  

610 /m s 

A 

Gold 0.99 5.90 1.39863 3.30952 1.39 1 

Silver 0.96 5.85 1.39269 2.67308 1.39 1 

 

In addition to increasing the real part of the permittivity, the most significant size 

dependent effect of consequence for considering resonant nano-shells is the large 

increase in optical loss as the material size decreases to dimensions on the order of tens of 

nanometers. This is shown in Figs. 2.3 and 2.4, for both gold and silver. The blue line in 

each figure depicts the permittivity values for the bulk metal, and the black lines indicate 

increasing material dimensions ranging from 2-100nm.  The figures indicate that as the 

dimension decreases, the magnitude of the real and imaginary parts increase.  Due to the 

reduction of the mean free path of the Drude electrons in the thin nanometer thick shells, 

the collision frequency increases.  Therefore, more of the kinetic energy is dissipated as 

heat, which results in an increase in the optical loss. This increased optical loss must be 
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taken into account when one chooses an appropriate medium with sufficient gain to 

compensate for the losses of the size dependent plasmonic shells. 

The size dependence of the plasmonic metal shells alters the resonance characteristics 

of a passive nano-shell.  The most notable effect is a broadening of the resonance and a 

corresponding reduction in its strength. When a bulk dielectric function is used for the 

shell model, the position of the resonance in not significantly affected by the size 

dependent properties. Comparing the bulk and size dependent models of the shells, one 

finds that the resonance position of the complete model is shifted significantly when the 

interband transition contributions are neglected and only the Drude component of 

permittivity is considered. This property is shown in Figs. 2.5 and 2.6, where the 

absorption and scattering efficiencies for gold coated and silver coated silica passive 

nano-shells are shown.  The results for the Drude, bulk, and size dependent permittivity 

models are presented.  Because of the large amplitude differences in these cases, these 

efficiency values were also normalized to one.  These normalized values are also 

presented in these figures; they clearly show the locations of the resonances predicted 

with these models. The size dependent effects are seen in both the scattering and 

absorption cross-sections. For the Au-SiO2 case, the shell thickness is 2nm with 

1 22.5 nmr =  and 2 24.5 nmr = , while the shell thickness is 6nm for the Ag-SiO2 case 

with 1 24.0 nmr =  and 2 30.0 nmr = .  These results strongly emphasize that using only a 

size-independent Drude model to simulate the material properties of a CNP neglects 

important physical effects which significantly impact its scattering and absorption 

efficiencies. 



 45 

 

Fig. 2.3. Size dependence of the permittivity of gold. 

 

 

Fig. 2.4. Size dependence of the permittivity of silver. 
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Fig. 2.5. The effects that different Au models have on the efficiencies for 
the Au-SiO2 passive CNPs are compared. Drude, bulk, and size dependent 
models of the Au are shown. a) Comparison of the normalized efficiencies 
to show the location of the resonances, b) Comparison of the 
unnormalized efficiencies to show the dominance of the Drude results, and 
c) Comparison of the unnormalized bulk and size dependent efficiencies to 
show that the size dependent, i.e., the most physical nano-scale model, 
results produce the lowest level, largest bandwidth resonance. 
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Fig. 2.6. The effects that different Ag models have on the efficiencies for 
the Ag-SiO2 passive CNPs are compared. Drude, bulk, and size dependent 
models of the Ag are shown. a) Comparison of the normalized efficiencies 
to show the location of the resonances, b) Comparison of the 
unnormalized efficiencies to show the dominance of the Drude results, and 
c) Comparison of the unnormalized bulk and size dependent efficiencies to 
show that the size dependent, i.e., the most physical nano-scale model, 
results produce the lowest level, largest bandwidth resonance. 

 

 

In modeling active nano-shells both canonical gain models and models that resemble 

those which have been successfully incorporated into materials used in the synthesis of 
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passive optical nano-shells were considered. For these investigations of the core 

permittivity parameter space for the theoretical gain medium, a general permittivity 

model described in terms of the real part of the refractive index, n, and the imaginary part 

of the refractive index, k, which represents the optical loss/gain constant were used. The 

permittivity in this model is thus defined as: 

 

 2 2 2n k i knε = − +  (1.14) 

For the applications of this model below n is maintained at the silica, SiO2, index value of 

1.431. The values of k are varied over a range of values that represent the expected loss 

or gain in the core of the nano-shell. The results obtained by using such a model will be 

presented below where it will be shown that there exist resonance states of enormously 

enhanced radiated power for certain coordinates in the refractive index and optical gain 

parameter space.   

 

 

2.3.2  Active media 

 

Many rare-earth ions are known that can be used as dopants in a dielectric host material 

to achieve optical gain including, Pr3+, Ho3+, Er3+, Nd3+, Tm3+. These ions can provide 

gain over different wavelength regions spanning from the visible to the near infrared [40], 

[41]. In telecommunication technologies, for instance, doping silica with the rare-earth 

ion Erbium (Er3+) has been proven as an effective means of realizing gain in a silica host 
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material for some time. Many rare-earth ions in the presence of a dielectric host can be 

modeled as a three-level Stark-split atomic system. Following [42] gain was introduced 

by considering a susceptibility model suitable for representing such a three level system. 

Due to the complex permittivity values of gold, the passive CNPs constructed with gold 

shells are restricted to longer resonance wavelengths than those constructed with silver 

shells. At these longer wavelengths the optical losses for gold are larger than for silver. 

As will be demonstrated below with the canonical gain model, the required gain needed 

to overcome the losses in the structures consisting of silver shells is considerably less 

than for gold, i.e., 
Ag Au

k k< . As a result, these studies have focused on active silver 

CNPs to investigate the active doped glass parameters needed to realize the gain required 

in order to overcome the losses in active CNP structures. Moreover, to achieve 

electrically small active CNPs in the visible, the susceptibility of the rare-earth gain 

model considered below will be driven at 510nm, which falls within the region where the 

optical loss constant of silver is lowest and within the region where gain lines of several 

rare earth ions are available. 

The total complex optical susceptibility can expressed as a sum of the background 

susceptibility due to the host material and additional contributions due to the rare-earth 

ions via the total material polarization, TP , 

 

 

2
0 0

0

(1 )H H signal signal

ion ion signal

T H ion

P E n E

P E

P P P

ε χ ε
ε χ

= + ≡

=

= +

 (1.15) 
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where signalE  is the field interacting with the gain medium and the rare-earth ion and total 

susceptibilities are 

 

 ( ) ( ) ( )ion ion ioniχ λ χ λ χ λ′ ′′= −  (1.16) 

 ( ) ( ) ( )T H ionχ λ χ λ χ λ= +  (1.17) 

 

When the time scale of the atomic excitation is long compared to the time of the 

thermally assisted transitions for each of the Stark-split levels, the rare-earth ion-based 

contribution to the susceptibility can be expressed as a superposition of the atomic 

susceptibilities associated with each level in the stark manifold [42], [43]. The result is an 

expression for the susceptibility in terms of the absorption and emission cross-sections 

for the rare-earth ions. The real and imaginary parts of the susceptibility are related to the 

absorption and emission cross-sections via the expressions: 

 

 2 1( ) ( ) ( )
2ion e an N N
λχ λ σ λ σ λ
π

′ ′ ′ = −   (1.18) 

 2 1( ) ( ) ( )
2ion e an N N
λχ λ σ λ σ λ
π

′′ ′′ ′′ = − −   (1.19) 

 

 

where  

1 2    ,     
1 1

N NP
N N

P P
= =

+ +
   (1.20) 
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and ( )eσ λ′′  and ( )aσ λ′′  are, respectively, the emission and absorption cross-sections of the 

rare earth ion,  which can be obtained from absorption and fluorescence spectra; P is the 

ratio of the pump power to the threshold power of the rare-earth ion;  n is the real part of 

the host medium refractive index; and N  is the concentration of the rare-earth ions. The 

cross-sections, ( )eσ λ′ and ( )aσ λ′  used in determining the real part of the susceptibility, 

are determined through a Hilbert transform via the Kramers-Krönig relationships as, 

 

 

( )1
( ) . .  

( )1
( ) . .

e
e

a
a

PV d

PV d

σ ωσ λ ω
π ω ω

σ λσ λ ω
π ω ω

∞

−∞

∞

−∞

′′′ ′=
′ −

′′′ ′=
′ −

∫

∫

 (1.21) 

 

In the following calculations, the normalized emission and absorption cross-section 

spectra obtained from [43], which are representative of rare-earth-doped silica, were 

used. As can be seen from Eqs. (2.16)-(2.20), the magnitude of the total susceptibility at a 

given pump power ratio, P, is highly dependent on the product of the doping ion 

concentration, N, and the absorption, ( )aσ λ′′ , and emission, ( )eσ λ′′ , cross-sections. For 

example the optical susceptibility used for the active silver CNP in the following 

simulations was obtained with 4 15.8 10emN cmσ −= ×  and 4 15.3 10absN cmσ −= × . 

Susceptibility values for different pumping powers are shown in Fig. 2.7.  It is observed 

that as the pump power ratio varies, both the real and imaginary parts of the susceptibility 

are affected.  
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Fig. 2.7. The real and imaginary parts of the rare-earth ion doped silica 
susceptibility, with the parameters 4 15.8 10emN cmσ −= ×  and  

4 15.3 10absN cmσ −= ×  as the pump power ratio, P, is varied. 

 

 

 

2.4 Coated Nano-Particles 

 

2.4.1  Passive CNPs 

 

The optical properties of nano-shells comprised of gold and silver shells and active core 

materials modeled as rare-earth doped SiO2 have been investigated In the following 

sections the optical properties of these active CNPs will be presented and compared to the 

passive case of a pure silica core. For passive CNPs with lossy plasmonic shells, the 

extinction cross-section is dominated by absorption. This is true even for very thin shells, 

when the shell thickness is much less than the total particle radius. Examples of this are 

shown in Fig. 2.8, for the cases of an Au-SiO2 CNP with a shell thickness of 2nm, and for 
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an Ag-SiO2 CNP with a shell thickness of 6nm.  For these and all of the following results, 

the size dependence of the metal shells and its impact on the permittivity was taken into 

account. It will be shown that active materials can compensate for these losses and even 

overcome them so that the resulting extinction cross-section is dominated entirely by 

radiated power. In addition, it will be shown that in this regime where the extinction 

cross-section is dominated by the radiation, optical phenomena exist which are 

interpreted as the onset of lasing in an active CNP.  
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Fig. 2.8. Comparisons of the contributions of the scattering and absorption 
efficiencies demonstrate that the total efficiency in passive Au-SiO2 and 
Ag-SiO2 CNPs is dominated by the absorption. 

 

 

2.4.2 Active CNPs 

 

To model the active CNPs with the canonical active permittivity given by Eq. (2.14), the 

index of silica was taken to be n =1.431 and the optical gain constant, k, was varied in the 

interval:  -1 ≤ k ≤0.  These parameters provided coverage over the domain of the resonant 

passive CNPs and allowed exploration of the incremental changes in the scattering 

properties as the gain was varied. The scattering and absorption cross-sections were 
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calculated for both Au-SiO2 and Ag-SiO2 CNPs. The Au CNP had a core radius 

1 22.5 nmr = and a 2nm thick shell, and the Ag CNP had a core radius 1 24.0 nmr =  and a 

6nm shell. For the canonical gain model, the resulting scattering and absorption cross-

sections for the Au-SiO2 CNP are plotted in Figs. 2.9 and 2.10.  Similar behavior was 

observed in the Ag-SiO2 CNP case.  

As defined by Eqs. (2.2) and (2.4), the absorption cross-section absσ  is a measure of 

the net outward power flux scattered from the CNP, where a positive absσ  indicates 

power lost due to absorption within the CNP. Therefore, a negative absorption cross-

section is interpreted as a net power leaving the CNP, i.e., the CNP has become a nano-

radiator with a projected radiant exitance equal to the incident irradiance scaled by the 

extinction efficiency of the CNP. At the point where absσ  becomes zero, the losses 

associated with the passive CNP have been compensated by the gain.  As absσ  becomes 

more negative, the total amount of light leaving the region of the CNP increases, which 

means that the scattered radiation is now accompanied by power being radiated by the 

active CNP. In the following, data will be presented as the scattering and absorption 

efficiencies ( absQ and scatQ ), as defined by Eqs. (2.6), (2.7), and (2.8). 
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Fig. 2.9. Absorption efficiencies for the Au-SiO2 CNPs for several values 
of the loss/gain parameter k. 
 
 
 

As absQ decreases, scatQ  increases.  However, scatQ  does not increase monotonically 

with a decrease inabsQ .  One finds that scatQ  begins to grow near the point where the 

value of absQ  goes through zero. In addition to the strength of absQ  and scatQ  being 

affected by gain present in the core, the widths of the scattering and absorption 

resonances change as well. As the gain increases to the point where absQ  becomes 

negative, the width of scatQ  also narrows. As the gain continues to increase, scatQ  

broadens out again. The narrowest scattering resonances coincide with the largest scatQ  

values. This narrowing and then broadening of scatQ  follows the non-monotonic nature of 
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the maximum values of scatQ  as the gain is increased past the point where the losses 

associated with the passive CNP are overcome. It is also found that by varying the gain in 

the core, the scattering and absorption efficiencies of the CNP can be adjusted.  

Consequently, it can be envisioned that by adjusting the pump level applied to the gain 

medium (for any given pumping scheme), the absorption of an active CNP and, hence, a 

metamaterial comprised of such active CNPs, could also be adjusted dynamically.  

For the Au-Silica CNP calculations, it was found that as the gain is increased, the 

absorption decreases until the value of k is in the neighborhood of -0.67.  In that 

neighborhood absQ  becomes negative while scatQ  increases dramatically. 
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Fig. 2.10. Scattering efficiency for the Au-SiO2 CNPs for several values of 
the loss/gain parameter k. 
 

 

Further investigation of the k values near to where scatQ  is maximized shows that the 

resonance of the CNP can become extremely large, i.e., the peak value is several orders 

of magnitude larger than for any other k values.  In fact both absQ and scatQ  attain extrema 

at those critical values of k. Particularly intriguing is the fact that absQ in this region is 

negative, indicating that a large amount of power is radiated from the CNP. Along with 

the large resonances, the widths of both scatQ  and absQ become extremely narrow, going 

from several hundred nanometers down to only a few tens of nanometers. These features 

are illustrated in Fig. 2.11. 
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Fig. 2.11. The absorption and scattering efficiencies for an Au-SiO2 CNP 
with k slightly beyond critical. The narrowing of the width of these 
efficiencies is immediately apparent. 

 

 

At k = -0.68, both scatQ  and absQ attain magnitudes on the order of 103, with a full-

width-at-half-maximum (FWHM) of about 10nm. As indicated by the definitions (2.5) 

and (2.8), a measure of the peak net power leaving the vicinity of the CNP is calculated 

as the difference between scatQ and absQ , i.e., the total efficiency.  The Log (base 10) of 

the absolute value of this total efficiency is plotted as a function of the gain parameter, k, 

for -1 < k < 0, in Fig. 12a. It is clear from this result that the active CNP resonance passes 

through a large enhancement over the region -0.8 < k < -0.6, with a large positive net 

power being radiated away from the CNP. The sharp inflection near the coordinate (-0.7, 

1) is due to the total efficiency crossing the zero point, i.e., the point for which the losses 

have just been overcome and absQ changes from positive to negative values, and the 

choice to plot the Log of the absolute value. The values to the right of this point for         

k > -0.7 represent a negative total efficiency and, therefore, a net absorption by the CNP. 

Similar results for the case of the active Ag-SiO2 CNP were found and are shown in    
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Fig. 2.12b. It is observed that the gain parameter k required to overcome the losses is less 

in the Ag case. In particular, the inflection point near (-0.15, 0) corresponds to the k value 

below which the losses are overcome and the absorption efficiency becomes negative.  

The critical value of k needed to achieve a super resonance with negative absorption 

efficiency for the Au case is nearly three times that of the Ag case, i.e., for the Ag case 

the super resonance occurs with k = -0.25 and for the Au case it occurs with k = -0.68.  

Thus, the optical gain coefficient  2 /kα π λ=  is 4 15.28 10cm−− ×  for Au at 809 nm, and 

is 4 13.08 10cm−− ×  for Ag at 510 nm.  

 

 

(a) 
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(b) 

 

Fig. 2.12. Comparison of the optical gain constant values of (a) Au, and 
(b) Ag, that are required to overcome the passive CNP losses and to 
achieve the super-resonant state. Shown is the Log (base 10) of the 
absolute value of the total efficiency as a function of the optical gain 
parameter k.  

 

 

In fact, exploring the n and k parameter space of the core permittivity model shows 

that there is a region where the losses are overcome and a unique region where the super 

resonance, which is accompanied by a negative absorption cross-section, is achieved. 

Figure 2.13 shows contour and surface plots of the absorption cross-section, scattering 

cross-section and total cross-section over the n-k parameter space for the resonance 

wavelength of 809nm.  The super resonance is achieved only for values of k 

corresponding to gain in the core, and for values of n corresponding to the permittivity 

value of SiO2: 2.05rε = , as well as the geometrical parameters needed for the resonances 

associated with the passive CNP.  
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Fig. 2.13. Contour and surface plots of the scattering efficiency and the 
absorption efficiency as functions of n and k. 

 

The extremely large increase in the radiated power and the drastic narrowing of the 

resonance peak at this super resonance suggests that the active CNP in this regime of the 

gain values has surpassed mere optical amplification of the incident beam and has 

become a CNP laser. However, from the exhibited behavior of the scattering and 

absorption efficiencies it is not clear whether the CNP is in fact acting like a laser 
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resonator.  In particular, is there energy being stored in the structure in the presence of the 

optical amplification? Thus, further investigations of the resonant characteristics in this 

super-resonance regime, such as the total amount of energy stored in the CNP, were 

made.  

The total energy of the CNP was calculated as the sum total of the energy stored in 

shell and core regions.  The electric and magnetic energy stored in each region was 

calculated with the relations: 

 

 ( )22 21
( )

2E R

V

W e E E E dVω θ φωε
  = ℜ ∂ + +    
∫∫∫�  (1.22) 

 ( )22 21
( )

2H R

V

W e H H H dVω θ φωµ
  = ℜ ∂ + +    
∫∫∫�  (1.23) 

 

to account for the dispersive nature of the media involved in the CNP. In the optical 

regime, where there is a negligible magnetic material response, the permeability was 

taken to be that of free space, 0µ µ=  in every region.  Assuming the general case in 

which both the shell and core regions are modeled with complex dispersive permittivities 

and permeabilities, one finds that Eqs. (2.22) and (2.23) take the following forms in terms 

of the field coefficients in each region. 
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where the terms 
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The functions u  and v  in these terms are set to one of the spherical Bessel functions of 

the first or second kind, ( )nj rβ , ( )ny rβ , as dictated by the subscripts on the  factors 

( )( )uv n rβΛ . The coefficients 1 1 1 1 2 2 3 3, , , , , , ,TECore TMCore TEShell TMShell TEShell TMShell TEShell TMShellA B A B A B A B  

are defined through the field expansion coefficients in each region, which can be 
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determined by solving the matrix equation (2.9) for the CNP system; and iε  and iµ , with 

1,2i = , are, respectively, the permittivity and permeability in the core and shell region and 

0 0i o i iβ β ε ε µ µ=  is the propagation constant in each region. 

The CNPs were designed to have their dipole scattering terms be resonant; thus 

keeping only the first four terms in the field expansions when evaluating expansion-based 

expressions such as Eqs. (2.24)-(2.27) is sufficient for accurate results.  The following 

plot of the energy stored in the Au-SiO2 CNP was obtained at the resonance wavelength 

of 809 nm.  

 

Fig. 2.14. Energy stored in the active Au-SiO2 CNP as a function of the 
gain parameter k. 

 

 

From these calculations it is clear that in comparison to the gain parameter values 

outside of the super resonance region, the stored energy within the CNP increases several 

orders of magnitude as the super resonance region is achieved.  Moreover, one finds that 

large amounts of energy are contained within the active core of the CNP as compared to 

the plasmonic shell region.  This can also be visualized with electric and magnetic field 
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plots showing the field in the core, shell, and surrounding regions of the CNP at and away 

from the super resonance region.   Electric and magnetic field plots for k values near to 

those that yield the super resonance are shown in Figs. 2.15 and 2.16 where the total field 

is plotted. Contour plots of the Eθ  and Hφ  components of the super resonance field are 

given in Fig. 2.16; they clearly demonstrate that the super resonance field is dominated 

by the dipole contributions, and that the fields within the plasmonic shell are considerably 

lower than in the core and near the outer surface of the CNP.  

 
 
Fig. 2.15. The total electric and magnetic field distributions in the near-
field region of the CNP with an active-SiO2 core and an Au nano-shell for 
several values of the optical gain parameter k. 
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Fig. 2.16. Plots of the near-field distribution of the field components Eθ  

and Hφ  for the CNP with an active-SiO2 core and an Au nano-shell show 

that the dipole contributions dominate their behavior. 
 

 

Similar to the scattering and absorption efficiency parameter space plots in Fig. 2.13, 

the total stored energy in the Au-SiO2 CNP is shown as a function of n and k in Fig. 2.17. 

It is observed, as in the efficiency plots, that there is a unique region where the stored 

energy is a maximum and that this maximum is several orders greater than the stored 

energy values determined in other regions of the parameter space.  This maximum-

stored-energy region coincides with those of the extrema in the scattering and absorption 

efficiencies.  Consequently, the active CNP is lasing in this portion of the parameter 

space. 
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Fig. 2.17. A plot of the total stored energy in the Au-SiO2 CNP as a 
function of n and k. 

 

Next the results obtained using a rare-earth doped silica core, which emphasize 

the rare-earth ions being active at 510nm and represented by the susceptibility gain model 

in Eqs. (2.16)-(2.20), are presented.  In exploring the use of such gain media, the products 

emNσ  and absNσ , which represent the concentration of the rare-earth ions and their 

emission and absorption cross-sections, were varied in order to achieve sufficient gain to 

overcome the losses of the passive CNP. It was determined for the Ag-SiO2 CNP that 

with an 4 15.8 10emN cmσ −= × and 4 15.3 10absN cmσ −= × , the needed pump power ratio 

value, P, for the population inversion of the doped silica was within reasonable limits, 

i.e., a few times the threshold value. The pump power was varied to achieve different 

gain values, the pump power ratio being constrained to the interval, 0 5P< < . The 

absorption and scattering cross-sections were then calculated as P was varied. The 
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absorption and scattering efficiencies for gold and silver CNPs that have rare-earth-doped 

silica cores are shown, respectively, in Figs. 2.18 and 2.19.  

 

 

 

 

 

Fig. 2.18. Scattering and absorption efficiencies for the CNP with the Au 
shell and the rare-earth-SiO2 core for the pump power ratio P = 100. 
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Fig. 2.19. Scattering and absorption efficiencies for the CNP with the Ag 
shell and the rare-earth-SiO2 core for various values of the pump power 
ratio P. 

 

 

From Fig. 2.18, one observes that the absorption efficiency remains positive and no 

significant loss compensation is achieved when the gold shell is used, even at P values of 

100. However, if a silver shell is used, one finds that the losses can be overcome for the 

same gain medium parameters, i.e., the lasing condition can be met, so that the super 
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resonance is observed when P = 4.6. Figure 2.20 shows the net power leaving the active 

CNP at the peak of the resonance when the values of P are varied. As was observed using 

the canonical gain model, it is clear that the rare-earth model shows a similar on/off 

feature of the lasing and the super resonance state.  

 

 
 
Fig. 2.20. The normalized total efficiency as a function of the pump power 
ratio P for the Ag-SiO2 CNP having a rare-earth core. 
 

 

The stored energy plot for the rare-earth core CNP are shown in Fig. 2.21. As in the 

canonical gain core case, the extremum in the total stored energy as a function of the 

power parameter coincides with the maximally negative value of the absorption 

efficiency when the super resonance values is attained. Due to anomalous dispersion in 

the rare earth gain model used in the core region, the stored energy attains negative 

values passing through zero at the inflection point at P = 1.6.  The energies are positive 

for P > 1.6. 
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Fig. 2.21. The total stored energy in the Ag-SiO2 CNP with the rare-earth 
core as a function of the pump power ratio. 
 
 
 
 
 
 
 
 

Field plots for the rare-earth core CNP are shown in Figs. 2.22 and 2.23. Again the 

radiation is dominated by the dipole field and the highest fields are located at the surface 

of the CNP and within the core region with low field values occurring in the silver shell. 
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Fig. 2.22. The total electric and magnetic field distributions in the near-
field region of the CNP with a rare-earth-SiO2 core and an Ag nano-shell 
for several values of the pump power ratio P. Super resonance occurs at P 
= 4.6. 
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Fig. 2.23. Plots of the near-field distribution of the field components 
Eθ and Hφ  for the CNP with a rare-earth-SiO2 core and an Ag nano-shell 

show that the dipole contributions dominate their behavior. 
 

 

 

2.5 Discussion 

 

The parameter space plots for the canonical gain model suggest that when gain is added 

to the core of a plasmonic CNP, its losses can be overcome. In addition to the 

enhancements of the scattering and absorption cross-sections associated with the plasmon 

modes of the passive CNP, there are values of the permittivity of the core for which light 

amplification is possible. With doping densities on the order of 20 -310  cm  and 

the 4 110N cmσ −
∼ product used in these rare-earth gain models, the cross-sections that 

would be needed in practice to realize the reported CNP laser conditions are on the order 
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of  16 210  cm− . Recent studies with erbium-doped silicon nano-crystals [44] have achieved 

cross-section values of this order. In considering other forms of gain media that might be 

used in place of rare-earth ions, such as organic dyes or quantum dots, the above results 

obtained with the canonical gain model suggest that their optical gain coefficients must 

on the order of  4 110 cmα −−∼ . Furthermore, there are core permittivity values where 

phenomena indicative of lasing ensue. Within the quasi-static regime the sub-wavelength 

dimension of these nano-shells, ( )~ 25/ 500 / 20a λ λ= , is well below the classical 

limiting dimension of / 2λ  for a laser resonator.  This behavior occurs because of the 

sub-wavelength resonances associated with an ENG coated sphere.  Having the active 

ions in the core region appears to have several advantages over other configurations. 

Further investigations of multi-layered nano-particles were also made to determine 

whether there are other advantages or not to having multiple regions of passive and active 

media interacting with one another in an electrically small resonant nano-particle.  

In classical laser operation the smallest cavity dimension defining the longitudinal 

laser modes is ~ / 2λℓ . As the pump power is increased past the threshold value needed 

for inverting the gain medium and overcoming the system losses in a classical laser 

below gain saturation, the laser output power increases monotonically. This behavior is 

due to the coherent oscillations of the resonant optical field in the laser cavity being 

amplified by the gain media. There is a one-to-one correspondence between the level of 

optical gain and the output optical power, but the feedback mechanism has no 

dependence on the optical gain inside the laser cavity.  On the other hand, the coupled 

photon-plasmon polariton modes of the shell-core system in the CNP are in resonance. 
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Therefore, if the plasmon modes are considered as a means for providing feedback for 

stimulated photons within the active core, the effects of the coherent oscillations of the 

electrons in the plasmonic shell on the core and shell permittivities must be considered. 

This implies that in an active CNP, an increase of the optical gain in the core does not 

necessarily lead to efficient coupling between the stimulated emission photons and the 

plasmon modes. Therefore as the gain is increased, the strength of the emission resonance 

may change.  In particular, neglecting gain saturation and clamping effects it may turn off 

the lasing state.  To clarify this behavior, a virtual mode analysis of the CNP was 

considered. 

In the presence of anharmonic material functions, the plasmon modes of the CNP 

system can be regarded as virtual modes with frequencies that in general take on values 

over the right half of the complex plane. With the interpretation that the imaginary 

frequencies associated with these virtual modes represent temporally growing or 

decaying states of the CNP, there is a connection between the material functions in the 

shell and core and the allowed virtual modes of the passive or active CNP.  These virtual 

modes are excited in the absorption dominated passive CNP or the emission dominated 

active CNP. In isolating the mechanism responsible for the on/off nature of the super 

resonant lasing state in the CNP, further investigating on the influence of the material 

functions in the core and shell on the virtual modes of the CNP system in light of either 

growing or decaying modes of the active or passive CNP might prove useful for 

understanding the influence of gain on these modes.   
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CHAPTER 3 

 

INVESTIGATING FUNCTIONALIZED ACTIVE COATED NANO-PARTICLES  

FOR USE IN NANO-SENSING APPLICATIONS 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 80 

3.1 Introduction 

 

Recent work has investigated the use of optically tunable, resonant passive 

plasmonic nano-shell particles for biomedical and optical applications. Projected uses for 

these nano particles range from exploiting their geometric tunability for contrast agents in 

early cancer detection [45], [46]; for drug delivery, and for the creation of near infrared, 

highly absorbing particles for use in a photo thermal ablation therapy for cancer treatment 

[45]. In this chapter the applicability of such plasmonic nano particles in biomedical 

applications is extended by exploiting some of the unique properties of active plasmonic 

nano particles. The active CNP that was presented in chapter 2 is explored here for use as 

a nano-sensor in to biomedical applications.  

The properties of the active CNPs described in chapter 2 suggest that when used 

in a sensing configuration they may provide many advantages over traditional surface 

plasmon wave (SPW) type biosensors. For instance, the LSP nature of a CNP sensor 

allows for direct coupling of the exciting field to the LSPs. Moreover, because of their 

localized geometry, the CNP sensors can also be designed with sizes ranging from tens of 

nanometers to a few hundred. This localized feature enables the CNP-based devices to 

have the capability of spatially resolving the sensing environment in which they have 

been dispersed. Consequently, it can be envisioned that the CNP-based sensors may be 

used to target specific regions of interest, particularly within or immediately near a living 

organism for in vivo biosensing applications. It is also noted that the SPW-based sensor 

requires a TM-polarized excitation field and, hence, it is restricted to applications that can 
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accommodate this polarization. In contrast, there is no polarization restriction on the 

exciting field for the proposed spherical CNP-based sensor. Finally, another desirable 

characteristic of the proposed CNP-based sensors is the field strength achievable with the 

associated super resonant lasing states [47], which are excited and monitored as their 

main signature. The super resonant state inherently provides optical amplification and 

thus the signal to noise ratio (SNR) in the CNP-based sensor has the potential to be made 

large. In contrast, the SNR is a major issue for SPW-based devices because of their 

inherent large evanescent-wave conversion inefficiencies and the large absorption losses 

associated with the SPWs as they propagate.    

To investigate the use of the active CNP as a nano-sensor, the scattering 

properties of a single particle surrounded by a dielectric layer of some thickness and 

refractive index are investigated. The outer dielectric layer is used to simulate a 

functional layer that represents a single or a set of nano-sized objects that surrounds the 

active CNP.  It is sensed by its influence on the optical properties of the un-

functionalized, but active CNP. Simulation results of the optical properties of an active 

CNP with a 24nm radius active silica core and 6nm thick plasmonic shell made of silver 

that has been functionalized by an additional spherical outer layer of varying thickness 

and refractive index are presented.  In particular, the effects of the functional-layer 

thickness and refractive index on the super-resonant (SR) state of the active CNP are 

presented. It is shown that the wavelength and optical gain required to excite the SR state 

may provide both a spectral and a power signature usable for nano-scale sensing and that 

these signatures may be used to identify the dimensions and optical properties of the 
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functional layer. These results are then applied to the case of a functional layer containing 

a solution of human hemoglobin. It is demonstrated that the concentration of hemoglobin 

may be remotely determined from these SR signatures.  

 

 

 
3.2 Blood model 

 

To simulate the response of the active CNP in the presence of a solution of oxygenated 

hemoglobin, the linear model developed in [48] is used for the real part of its complex 

refractive index. This refractive index model is dependent on the hemoglobin 

concentration. It describes the refractive index of a solution representative of the 

substances within a human red blood cell in the presence of oxygenated hemoglobin 

concentrations ranging from 0 to 29 g/dL. This model can be extrapolated with high 

accuracy to values within the normal human body range of 30 to 36 g/dL. The model for 

the real part of the refractive index takes the form, 

 

                                          
2

( , ) ( )[ ( ) 1]Hb Hb H O Hbn c n Cλ λ β λ= +                                       (3.1) 

 

where ( )β λ  is the specific refractive increment, HbC  is the concentration of hemoglobin 

and 
2

( )H On λ  is the refractive index of water. These parameter values were obtained over 

the simulation wavelength range of interest from [48] and [49] for the specific refractive 
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increment and the refractive index of water, respectively. The refractive index of water 

over the wavelengths of interest is shown in Fig. 3.1 and the index of the hemoglobin 

solution for various concentrations that are representative of those used in the following 

simulations is plotted in Fig. 3.2. 

 

 

 

 

Fig.3.1. The index of refraction of water over the wavelength range from 
250nm to 1100nm. 
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Fig. 3.2. The index of refraction of hemoglobin solution for different 
concentrations of hemoglobin, CHb, over the wavelength range from  
250nm to 1100nm. 

 

 

3.3 Scattering problem 

 

The optical properties of the active CNP are determined by calculating the scattered field 

that results from an incident linearly polarized monochromatic plane wave. The scattering 

geometry is depicted in Fig. 3.3. All of the materials are assumed to be homogeneous, 

isotropic and non-magnetic, i.e., 1iµ =  for 1,...,4i = . The incident plane wave travels in 

a medium that is described by the permittivity4ε  and permeability 4µ  and that surrounds 

the CNP. The basic CNP is covered with an additional material layer defined by the radii 

R2 and R3 of its inner and outer boundaries, respectively. This layer is the one to be 

detected for the proposed sensor applications; it is described by the permittivity 3ε  and 
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permeability 3µ . The active CNP is represented by the layered sphere bounded by R2.  

The latter is defined by a core whose outer radius is R1 and by the permittivity 1ε  and 

permeability 1µ . It is surrounded with a plasmonic shell defined by the permittivity 2ε  

and permeability 2µ  and by the radii R1 and R2 of its inner and outer boundaries, 

respectively. The core permittivity in the absence of gain takes on the value for silica, 

SiO2, which is 1 02.05ε ε= . In this investigation the simulations were performed 

assuming that the dimensions of the active CNP were R1=24nm and R2=30nm and, thus, 

that the plasmonic shell had a thickness equal to 6nm.  

  

 

Fig. 3.3. Plane wave scattering from a multilayered sphere: For the active CNP 
the core region, defined by 1 1,ε µ , is an active material and the second layer, 

defined by 2 2,ε µ , is a plasmonic material. The outer third layer, defined by 

3 3,ε µ , is the functional layer. The particle is immersed in a host medium, defined 

by 4 4,ε µ . 
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As was done for the single layered CNP described in chapter 2, the scattering properties 

of a multi-layered CNP can be analytically described by extending the approach used in 

Chapter 2 for the single layered CNP. For a linearly polarized plane wave incident on a 

concentrically multi-layered spherical particle, the electric and magnetic fields in each 

region can be expanded into transverse electric (TE) and transverse magnetic (TM) vector 

spherical harmonics denoted, respectively, as ( , , )m ρ θ φ	
 and ( , , )n ρ θ φ	

 [50], [27].  The 

scattered electric and magnetic field in each region, for instance, can then be written in 

the form  

             (3) (3)
1 1

1

2 1
( ) [ ( , , ) ( , , )]

( 1)
n

scat o n o n n e n
n

n
E E i a m ib n

n n
ρ θ φ ρ θ φ

∞

=

+= − +
+∑

	 	 	
 (3.2) 

 

 (3) (3)
4 4 1 1

1

2 1
( ) [ ( , , ) ( , , )]

( 1)
n

scat o n e n n o n
n

n
H E i b m ia n

n n
ε µ ρ θ φ ρ θ φ

∞

=

+= − − −
+∑

	 	 	
 (3.3) 

 

Enforcing the electromagnetic boundary conditions, i.e., the continuity of the tangential 

electric and magnetic fields at each interface between each material region, defined by 

the different layers in the multi-layered CNP a matrix system of equations for the 

scattered TE and TM field coefficients, respectively, na  and  nb , is obtained and solved.   

The scattering cross-section and absorption cross-section for this multi-layered CNP 

are defined in the same way as was done for the single layer CNP in terms of the incident 

and scattered field coefficients via Poynting’s vector. The scattering, absorption, and total 

cross-sections are defined as in equations (2.3)-(2.5) and the corresponding efficiencies 
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as in (2.6)-(2.8). However, the free space source wavelength that was assumed in these 

expressions for the cross-sections in chapter 2 must be replaced by the wavelength 

incident on the multilayered CNP as it is defined in the surrounding medium, thus λ  is 

replaced by / nλ , where n µ ε= . 

 As was shown in chapter 2 and [47], the extinction cross section of the passive 

CNPs is dominated by absorption in the size regime of the particles studied here. It was 

also shown that for the nanometer dimensions of the plasmonic shell under consideration, 

any neglect of the size dependence of the permittivity by using either a bulk material 

model or a simple Drude model leads to erroneous results.  In particular, these simplistic 

models ignore significant effects such as size dependent broadening and diminished 

resonance strength. Consequently, the size dependencies of the plasmonic shell material 

were included in the models used in the following simulations. This was done in the same 

manner as in chapter 2 where the dielectric function of the plasmonic material is 

separated into contributions arising for a Drude component and an interband component 

as shown in expression (2.11). The size dependence was introduced through 

appropriately modifying the Drude component of the dielectric function of the plasmonic 

material by imposing the mean free path effect which is done by introducing a size 

dependent damping frequency as in equation (2.12)-(2.13).  

In chapter 2 and in [47] it was shown that when gain is introduced into the core of 

the passive CNP, the losses associated with the plasmonic shell could be overcome.  It 

was also demonstrated that new and enhanced resonance characteristics could be realized 

which differ from those associated with the passive CNP. In particular it was shown that 
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with the addition of gain in the core, the absorption efficiency may become negative 

while narrowing from hundreds of nanometers to a few nanometers.  This behavior was 

shown to be indicative of light amplification over an extremely narrow frequency range; 

it demonstrated the presence of a super resonance (SR) lasing state for the active CNP. 

For convenience a comparison of the scattering and absorption resonances of the un-

functionalized passive and active CNP near the SR is shown again in Fig.  3.4. 

 

 
Fig. 3.4. (a) Super resonant scattering from an active CNP, (b) Super resonant 
emission from an active CNP, (c) Absorption dominated scattering in a passive 
CNP.  

 

 

 In the following, the use of the SR state is explored as a highly emissive signature 

for use in sensing applications on the nano scale. To realize an active CNP in the 

a) b) 

c) 
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following simulations, gain was introduced into the core material through the permittivity 

via a complex refractive index which incorporates a canonical gain model, 

 

                                                        
2 2 2core n k i knε = − +  (3.4) 

 

where n and k are, respectively, the real and imaginary parts of the refractive index. For 

optical gain the imaginary part of the refractive index k takes on negative values, i.e., 

optical gain occurs when 0k < .  

In Figs. 3.4(a) and 3.4(b) the scattering and absorption resonances for the active 

silver CNP are shown near the SR where the gain term approaches k = -0.245. The 

scattering, absorption, and total efficiencies associated with this passive resonance are 

shown in Fig. 3.4(c). It is obvious that in the passive case the resonance is absorption 

dominated and broad with a width of approximately 100nm. In the active case the 

resonance is enhanced several orders of magnitude having a width of only a few 

nanometers accompanied by negative absorption efficiency values, which indicates 

emission of radiation and signifies a lasing state.  
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3.4 Simulations of functionalized CNPs 

 

The simulations presented below investigate the change in optical properties of the SR 

state as was described in detail in chapter 2 and in [47], when an active CNP is 

functionalized by an outer layer of some material having a thickness which is on the 

order of tens of nanometers. The scattering from this functionalized CNP is investigated 

for two kinds of parameter variations in this outer layer. These variations are the 

refractive index and the thickness of this layer.  As these parameters are varied, the SR 

state is monitored for any characteristics that differ from those identified for the un-

functionalized active CNP. In particular, it will be shown that in the presence of the 

functional layer, the resonance wavelength and the amount of optical gain required to 

excite the SR are functions of both its index and thickness. The SR state was chosen as an 

optical signature for nano-scale sensing because 1) it is highly emissive, i.e. a non-

absorbing high output signature; 2) it is extremely narrow; and 3) it is spectrally and gain 

tunable depending on changes in the local environment. 

The following numerical experiments investigate the tunability of the SR state of 

an active CNP consisting of a 24nm radius spherical active silica core encased in a 6nm 

thick plasmonic shell of silver and surrounded by a layer of lossless dielectric of variable 

thickness. In practical situations this functional layer may represent a molecule or some 

other nano-scaled object having a similar dimension and real refractive index. The 

thickness of the outer dielectric layer was varied from 2nm to 10nm in 2nm increments; 

its real refractive index, 3n , was varied independently from 1.0 to 2.0 in increments of 
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0.2. While the index was varied, the thickness was held constant at a value of 10t nm= . 

When the thickness was varied, the outer layer index was held fixed at a value of 

3 1.7n = . For each set of thickness and index values the scattering coefficients were 

calculated across the wavelength range of 300nm to 1000nm in 1nm increments. The 

optical gain coefficient in the active silica core was varied for the cases when the particle 

was in either an air environment or a water environment. The optical gain was varied 

over a range suitable to observe scattering in both the resonant absorption and emission 

regimes of the active CNP.  For each thickness and index value the gain required to 

achieve the SR state, as well as the wavelength at which it occurs, was then determined. 

This process is visualized in Fig. 3.5 for the specific case of an active CNP functionalized 

by a 10nm thick layer of index 1.7 and immersed in lossless water of index 1.33. As 

shown in Fig. 3.5(a), the SR state is defined by the peak in the gain spectrum of the 

absorption efficiency, ( , )absQ k λ . The corresponding wavelengths of the maxima of 

( , )absQ k λ  as a function of the gain are plotted in Fig. 3.5(b). These plots are generated 

by determining first the peak value of ( , )absQ k λ  across the simulation wavelength range 

for a set of gain parameter values, k , and then plotting the maximum efficiency 

magnitude and the corresponding resonance wavelength  against the gain value used to 

obtain that maximum value. These results show that the resonance peak moves to shorter 

wavelengths as the magnitude of the gain is increased.   The reader should keep in mind 

that the values of the absorption efficiencies plotted in Fig. 3.5(a) may represent either an 

absorption state, when 0absQ > , or an emission state, when 0absQ < , and that the SR 
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state strictly occurs when the absorption efficiency is negative. The SR state corresponds 

to the largest value of absQ  and occurs at only one wavelength. The change in 

wavelength is 27.76nm as the gain is varied by one unit. The stair-stepping appearance of 

Fig. 3.5(b) is due to the 1nm wavelength simulation resolution; therefore, a change in 

wavelength is apparent when a shift of more than 1nm occurs. However, the resonance 

peak corresponds to the lossless SR state at only one particular wavelength, 639nmλ = , 

for which the gain reaches, 0.58k = − , the value needed to excite the SR state in this 

configuration. The{ , }k λ -coordinates of the SR are depicted by the blue crossing lines in 

Fig 3.5(b).  

 

Fig. 3.5. Determining (a) the gain and (b) wavelength required to excite 
the super resonant state in the active CNP. 

a) 

b) 
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Figure 3.6 shows the resulting ( , )absQ k λ  spectrum obtained from varying the index or 

the thickness of the functional layer of the active CNP when it is immersed in water. The 

SR peak is identified to show explicitly the trend in the change of gain that is required to 

excite the SR as the index or thickness is varied. In the first column of subplots the index 

of the functional layer is varied from n = 1.0 to 2.0; and in the second column the 

thickness of the functional layer is varied from t = 2.0nm to 10.0nm.  As the index or the 

thickness of the functional layer is varied, the SR state is observed to shift in the amount 

of gain required to excite it. This property of the SR state is investigated more 

quantitatively below. Therefore, in a practical application, the amount of pump power 

required to achieve the appropriate amount of gain in the core of the active CNP that is 

needed to excite the SR state is a function of the index and the thickness of the functional 

layer. This indicates that the active CNP may provide a means for sensing nano-scale 

objects based on a pump power signature. It is possible to envision monitoring the pump 

power applied to a sample containing functionalized active CNPs while measuring the 

output power near the SR wavelength. As the pump power is varied, the strength of the 

output power near the SR wavelength would abruptly increase near the SR state. Any 

changes in the thickness and or the index of the functional layer, which may result from 

chemical or nano-scale interactions in the sample that would affect the optical properties 

or the thickness of the functional layer, could then be remotely detected by monitoring 

the changes in the pumping power required to excite the SR state.  
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More quantitatively, the trend in the amount of gain required to excite the SR is explored 

in detail in Figs. 3.7-3.10, where the gain is plotted, respectively, against the thickness 

and the index of the functional layer for different background media.  These plots show 

the position of the SR peak in the gain space over the range of values used in the 

simulations for the index and thickness of the functional layer, keeping the core and the 

plasmonic layer the same.  Results for both the active CNP immersed in air and in water 

are given. In particular, the gain for the SR as the thickness of the functional layer was 

varied from 2nm to 10nm in increments of 2nm, for a fixed index 3 1.7n = , is given in 

Figs. 3.7 and 3.8, respectively, when the active CNP is surrounded by air and water. 

Similarly, the gain for the SR as the index was varied from 1n =  to 2n = , for a fixed 

thickness 10t nm= , is given in Figs. 3.9 and 3.10, respectively, when the active CNP is 

surrounded by air and water.  As before, the peak corresponding to the SR moves to 

larger gain magnitudes as either the index or the thickness is increased.  
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Fig. 3.6. Trend of gain required to excite the super resonance as the index (left 
column) and thickness (right column) of the functional layer is varied.  

 

 

As the thickness of the functional layer is varied over the range 2 10nm t nm≤ ≤ , 

the gain value required to excite the SR state increases in magnitude nearly in a linear 

fashion. The approximate slopes of this linear relationship are -0.011 for the air 

environment and -0.0105 for the water environment.  Although the slopes are similar 

between the two cases, the starting gain value in the data set needed to excite the SR state 

at t = 2nm is greater by -0.21 for the CNP in a water environment as compared to when it 

n3=1.0 

n3=1.4 

n3=1.8 

n3=2.0 

t=2.0nm 

t=6.0nm 

t=8.0nm 

t=10.0nm 
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is in an air environment. Therefore, the pumping power that would be required to produce 

the gain needed to excite the SR is larger for an active functionalized CNP in water than 

one in air.  

 

 

Fig. 3.7. The gain required to excite the super resonance state for a given 
functional layer thickness, t, in nanometers and index n = 1.7, with the particle in 
air. The gain and thickness values associated with the super resonance state are 
given for the peaks of the (a) scattering and (b) absorption efficiencies.  

 

 

 

Fig. 3.8. The gain required to excite the super resonance state for a given 
functional layer thickness, t, in nanometers and index n = 1.7, with the particle in 
water. The gain and thickness values associated with the super resonance state are 
given for the peaks of the (a) scattering and (b) absorption efficiencies. 

 

 

a) b) 

a) b) 
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For a finite thickness, 10t nm= , functional layer, the gain value required to excite 

the SR state increases in magnitude in a nearly linear fashion as the index of the outer 

functional layer is varied. These results are shown in Figs. 3.9 and 3.10. The approximate 

slopes of this linear relationship are -0.157 for the air environment and -0.293 for the 

water environment. This slope behavior is noticeably different from the thickness 

variation cases. The presence of water surrounding the functionalized CNP changes the 

slopes by 0.136, which is a significantly larger change then for the case when the 

thickness of the functional layer was changed. Similarly, the starting gain value at 1n =  

that is required to excite the SR is larger when the functionalized CNP is in water than in 

air. The starting value at 1n =  when the particle is in an air environment is -0.25 in 

contrast to -0.33 when it is in a water environment.  

 

 

 

Fig. 3.9. The gain required to excite the super resonance state for a given 
functional layer index, n, and thickness, t=10nm, with the particle in air. The gain 
and index values associated with the super resonance state are given for the peaks 
of the (a) scattering and (b) absorption efficiencies. 
 

 

a) b) 
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Fig. 3.10. The gain required to excite the super resonance state for a given 
functional layer index, n, and thickness, t = 10nm, with the particle in water. The 
gain and index values associated with the super resonance state are given for the 
peaks of the (a) scattering and (b) absorption efficiencies 

 

 

 

In addition to sensing nanometer-sized structures, using the active CNP for 

sensing the global environment may also be desirable. Therefore, the limiting case when 

the thickness of the functional layer approaches infinity, so that it actually becomes the 

surrounding medium of the active CNP, was also investigated. In Fig. 3.11 the gain 

required to excite the SR state is plotted as a function of the Log (base 10) of the 

thickness of the functional layer, t, in nanometers with 3 1.7n = , when the background 

medium was water. Near the point where the thickness increased passed 100nm, there is a 

departure from the near linear behavior that was observed in Fig. 3.8 for small thickness 

layers. As the thickness t → ∞ , the gain asymptotically approaches the value 0.81k = − . 

This can be attributed to the fact that for small thicknesses the functional layer has a 

strong affect on the resonance characteristics of the active CNP. However, as the 

b) a) 
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thickness becomes much larger than the CNP, the functional layer appears as the 

background medium; and, therefore, changes in the thickness of the functional layer have 

less and less influence on the resonance characteristics of the CNP.  In such a 

configuration the only influence on the SR state will be due to changes in the surrounding 

medium index.   

 

 

Fig. 3.11. The gain required to excite the super resonance state for a given 
functional layer thickness in nanometers, t, and index n = 1.7, as t → ∞  with the 
particle in water. The gain and thickness values associated with the super 
resonance state are given for the peaks of the (a) scattering and (b) absorption 
efficiencies. 
 
 
 
 
 

  For the case when the functional layer thickness approaches infinity, the gain 

required to excite the SR as the index is varied is shown in Fig. 3.12.  In this case the 

starting gain value at 1n =  is -0.25 as was the case for the functionalized particle in air. 

The final value shown at 2n =  is -1.14. 

 

a) b) 
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Fig. 3.12. The gain required to excite the super resonance state for a given 
functional layer index, n, and infinite thickness with the particle in water. The 
gain and index values associated with the super resonance state are given for the 
peaks of the (a) scattering and (b) absorption efficiencies. 

 

 

Changes in the optical characteristics of the particle as the index or thickness of 

the functional layer is varied can be investigated by determining the SR resonance 

wavelength from each of the spectra, ( , )absQ k λ , as described above and shown in Fig. 6.  

The resulting values are shown in Figs. 3.13-3.16. Figures 3.13 and 3.14 and Figs. 3.15 

and 3.16 show, respectively, the wavelength variation of the SR as the index and 

thickness of the functional layer are varied. Figure 3.13 includes the cases for a functional 

layer with 10t nm=  and for t = ∞ . In Fig. 3.13 it is observed that when the surrounding 

medium is air, an index variation in the functional layer with 3 1n∆ =  increments, shifts 

the SR wavelength linearly from 502nm to 608nm. Similarly, when the surrounding 

medium is water, the SR wavelength shifts from 528nm to 664nm. Moreover, note that 

these two curves are displaced.  In particular, for the same functional layer index, the 

resonance is shifted to longer wavelengths when the active CNP is in water than when it 

a) b) 
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is in air. This is due to the effective wavelength in the surrounding medium being smaller 

than the free space wavelength by the inverse of the index of the surrounding medium, 

i.e., because /eff o nλ λ= . As shown in Fig. 3.13, when t = ∞ , the SR wavelength changes 

linearly but with a larger slope, with the wavelength varying from a value of  502nm to 

754nm over the index change, 3 1n∆ = . 

 

 

Fig. 3.13. Super resonance wavelength as the index of the functional layer is 
varied for thickness values of t = 10nm for a particle in air (black) and in water 
(red), and for t → ∞  (green). 

 

 

Figure 14 shows the gain required to excite the SR state for the cases 

corresponding to the resonance wavelengths given in Fig. 3.13.  It is observed that for a 

finite thickness of 10t nm= , when the index of the functional layer is varied, the SR may 

occur at the same wavelength for more than one gain value and, thus, for more than one 

pumping configuration. Therefore, parts of the spectral range covered by ( , )absQ k λ  can 

be accessed, whether the particle is in air or in water, as the index of the functional layer 
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is varied. For an infinite thickness functional layer, the gain values range from those of 

the functionalized CNP in air to beyond those of the functionalized CNP in water. 

Consequently, all wavelengths for the finite thickness cases may be accessed in addition 

to longer wavelengths not accessible when the functional layer has a finite thickness.  

 

 

Fig. 3.14. The gain required to excite the super resonance as the index of the 
functional layer is varied for thickness values of t = 10nm for a particle in air 
(black) and in water (red), and for t → ∞  (green). 

 

 

Upon investigating the spectral dependence of the SR state on the thickness of the 

functional layer, it is observed in Fig. 3.15 that when this thickness is varied over a finite 

amount, the resonance wavelength is tuned to longer wavelengths. In Fig. 3.15 it is 

observed that when the surrounding medium is air, variations of the thickness of the 

functional layer from 2nm to 10nm shifts the SR wavelength linearly from 521nm to 

576nm; and when the surrounding medium is water, they shift the SR wavelength 

linearly from 528nm to 664nm. Moreover, note that these two curves are displaced so 
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that for the same functional layer index, the resonance is shifted to longer wavelengths 

when the particle is in water than when it is in air. As mentioned earlier, this is due to the 

effective wavelength in the surrounding medium being smaller than the free space 

wavelength.  

 

 

Fig. 3.15. Super resonance wavelength as the thickness of the functional layer is 
varied for an index values of 3 1.7n =  for a particle in air (black) and in water 
(red). 

 

 

Figure 3.16 shows the gain required to excite the SR state corresponding to the resonance 

wavelengths given in Fig. 3.15.  It is observed that as the thickness of the functional layer 

is varied, then up to t = 10nm, the SR state is separated when the particle is in air or in 

water so that the associated wavelengths for the peaks in the spectrum, ( , )absQ k λ , do not 

over lap and are separated. This behavior is different from that of the index variation 

shown in Fig. 3.14, where the SR state may occur at the same wavelength for more than 

one gain value. 
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Fig. 3.16. The gain required to excite the super resonance as the index of the 
functional layer is varied for an index value of 3 1.7n =  for a particle in air 
(black) and in water (red). 

 

 

To quantify the performance of the CNP sensor, its sensitivity may be calculated 

for the cases presented above in Figs. 3.7, 3.8, 3.9, 3.10, 3.13, and 3.15. The sensitivity 

can be defined as the derivative of the measured quantity, i.e., the wavelength or gain k, 

with respect to the quantity of interest, i.e., the refractive index or thickness. The term 

refractive index unit (RIU) taken to mean one unit of change in the refractive index, and 

the gain unit (GU) taken to mean one unit of change in the gain, k, will be used to specify 

the sensitivity in the following. From the curves shown in Fig. 3.13, the sensitivity 

associated with the SR wavelength dependence on the index n3 for each curve takes on 

values of 106.17, 135.22, and 249.24 nm/RIU. These values correspond to the cases 

when the index of the functional layer is, respectively, 1.0, 1.33, and n3 = n4. The 

sensitivity is therefore highest when the CNP is immersed in the medium to be sensed, 
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i.e., when the thickness of the functional layer approaches infinity. From the curves 

shown in Fig. 3.15, the sensitivity associated with the thickness of the functional layer in 

the limit of small layer thickness, i.e., when 3t R≪ , takes on values of  6.8 nm/nm and 

4.4 nm/nm (although these are unit-less quantities, the units are explicitly shown as 

nm/nm to remind the reader that this is a ratio of wavelength [nm] to thickness [nm]) for 

the cases of n3 = 1.0 and n3 = 1.33, respectively. Therefore, when the wavelength is 

measured, the sensitivity to thickness changes is two orders of magnitude smaller than 

when the index of the functional layer is investigated.   

If instead the gain is the measured quantity, the sensitivity associated with the 

gain dependence on the functional layer refractive index and thickness can also be 

calculated. For the curves in Figs. 3.7 and 3.8, which show the gain dependence on the 

functional layer thickness, the sensitivity is -0.011 GU/nm and -0.0105 GU/nm when the 

particle is, respectively, in air and water. For the curves in Figs. 3.9 and 3.10, which show 

the gain dependence on the functional layer index, the sensitivity is -0.157 GU/RIU and   

-0.293 GU/RIU when the particle is in air and water, respectively. Therefore, it appears 

that the sensitivity associated with measuring the SR wavelength is three orders of 

magnitude larger then its value associated with measuring the gain. However, it must be 

kept in mind that this is not a direct comparison. In practice, the gain value would not be 

measured directly, but rather the pump power required to excite the active core of the 

CNP sensor into the SR state would be measured. Consequently, the derivative of the 

gain with respect to pump power must be considered in specifying the gain sensitivity of 

the CNP sensor.  Using the three level rare-earth ion gain model that was developed in 
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chapter 2 and [47] for the active core of the CNP, the gain sensitivity in terms of the 

pump power ratio P (where P is defined as the ratio of the applied pump power to the 

gain medium threshold pump power), i.e., the sensitivity of the active CNP-based sensor 

when the pump power is used to interrogate either the index or thickness of the functional 

layer, may be calculated. The derivative with respect to the gain coefficient when the 

pump power ratio has the typical value P = 10 is / 146P k∂ ∂ = − . Therefore, the gain 

sensitivity to the thickness of the functional layer at this pump power is 

/ ( / )( / ) 1.66 /P t P k k t nm∂ ∂ = ∂ ∂ ∂ ∂ ≈  for the CNP immersed in air and 1.53/nm for it 

immersed in water. The gain sensitivity to the refractive index at this pump power is 

approximately  / ( / )( / ) 22.92 /P n P k k n RIU∂ ∂ = ∂ ∂ ∂ ∂ ≈  for the CNP immersed in air and 

42.78/RIU for it immerse in water. Consequently, when the pump power is used for 

interrogation, the sensitivity to the refractive index of the functional layer is an order of 

magnitude higher than when the pump power is used to interrogate the thickness of the 

functional layer. Based on these quantities, the subsequent actual pump power sensitivity 

will depend on the gain medium pump power, p, not the pump power ratio P. Hence, the 

pump power sensitivities, defined as / ( / )thp n P P n∂ ∂ = ∂ ∂ and as / ( / )thp t P P t∂ ∂ = ∂ ∂ , will 

depend on the threshold pump power, Pth, of the gain medium used in the core of the 

active CNP sensor.  

Comparing these values to a typical prism or grating coupled SPW sensor near the 

operating wavelength of 630nm that uses silver for the plasmonic material, and where the 

index dependence on wavelength is measured, one finds that the sensitivity of the CNP 

sensor is comparable. When measuring the SR wavelength, the CNP sensor attains 
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sensitivities of at most approximately 249nm/RIU uniformly over operating wavelengths 

in the range of 500nm to 750nm. In contrast, the prism coupled SPW sensor only does 

slightly better, attaining sensitivities of approximately 970 nm/RIU [51].  Moreover, the 

grating coupled SPW sensitivity is even closer to the CNP sensor; it has a sensitivity 

value of approximately 309nm/RIU [51].  Therefore, there is no drastic loss in sensitivity 

between the CNP sensor and more traditional SPW-based sensors when the wavelength 

of the SR state is used in a sensing scheme in order to interrogate the refractive index of a 

finite or infinite functional layer.  

In summary, compared to traditional prism and grating coupled SPW sensors, the 

active CNP-based sensor has several advantages. It provides a means of realizing a sensor 

that uses a direct coupling scheme without the need for evanescent wave coupling in a 

nano-meter size.  It also allows for highly localized sensing and bio-sensing applications 

and thus provides a means for in vivo sensing.  In addition to the wavelength signature, 

the pump power required to excite the SR state can be used as a signature, thus providing 

an additional means of interrogating the refractive index or dimensions of the local 

environment surrounding the CNP. The active CNP-based sensor is capable of sensing 

with high spatial resolution of index changes within an organism or a biological sample 

of interest along with high signal strength, both of which lead to a significant increase in 

the detectability of the characteristics of interest.   
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3.5 Analysis of the variations in hemoglobin concentration 

 

Using the model described above and expressed by Eq. (3.1), the index of the 

hemoglobin solution can be calculated for different concentrations of hemoglobin (Hb), 

labeled by CHb. The dispersive index profile for the Hb solution for different CHb is 

shown in Fig. 3.2.  As the CHb is varied, the index at a particular wavelength is shifted to 

larger values. Although the dispersion across the wavelength values is non-linear, the 

index at each wavelength changes linearly as the CHb is varied, according to (3.1). 

Therefore the changes associated with the SR state are affected linearly by changes in the 

CHb.  

To better understand the potential of using active CNPs for remote detection of 

changes in the CHb, the effects of the CHb on the wavelength and gain characteristics of 

the absorption spectrum ( , )absQ k λ  were investigated. For these simulations the optical 

properties were investigated for an active CNP functionalized by a 10nm thick layer of 

Hb solution embedded in a water background as well as for an active CNP imbedded in 

an infinite medium of Hb solution.  The influence from changes in the CHb on the SR 

wavelength is shown in Fig. 3.17 for both of these cases. As the CHb is increased, the 

resonance wavelength, SRλ , is shifted to larger values in both cases. This behavior is in 

agreement with the behavior shown in Fig. 3.13 when the index, 3n , was increased. 

However for a particular Hb concentration, the SR wavelength is shorter for the case 

when the finite thickness functionalized layer surrounds the active CNP. Note that there 

is a one-to-one correspondence between the hemoglobin concentration CHb and the SR 
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wavelength, SRλ . Exploiting this one-to-one relationship could provide a means for 

determining the CHb remotely, i.e., by merely measuring the narrow emission of a sample 

that contains functionalized active CNPs or has been imbedded with active CNPs .  

 

 

Fig. 3.17. Super resonance wavelength as the concentration of hemoglobin, CHb, 
of the functional layer is varied for thickness values of t = 10nm for a particle in 
water (red), and for t → ∞  (green). 

 

 

The effects on the gain required to excite the SR were also investigated as the CHb was 

varied. These results are shown in Fig. 3.18. As the CHb is increased, the amount of gain 

required to excite the SR increases. This behavior is due to the dependence of the SR 

wavelength SRλ  and gain k on the index, 3n , as was demonstrated above and shown in 

Figs. 3.13 and 3.14. As mentioned before, the linear dependence of the index of the 

hemoglobin solution on the CHb is responsible for the linear characteristics associated 

with the SR excitation gain and wavelength variations.  
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Fig. 3.18. The gain required to excite the super resonance as the concentration of 
hemoglobin, CHb, of the functional layer is varied for thickness values of t = 10nm 
for a particle in water (red), and for t → ∞ (green). 

 

 

As was shown for the relationship between the SRλ  and CHb, there also exists a 

one-to-one relationship between the gain k needed to excite the SR and the hemoglobin 

concentration CHb. This behavior is also illustrated in Fig. 3.18 where the magnitude of 

gain required for the case with t=10nm is less than for the case when t → ∞ . It indicates 

that in addition to using the emission wavelength of the SR state, the pumping power 

required to achieve the gain needed to excite the SR may also be exploited to remotely 

detect the concentration of hemoglobin in the outer layer of the functionalized active 

CNP particle. Therefore, the measurement of the excitation wavelength and/or of the 

pump power required to excite the SR provides a direct way to determine the hemoglobin 

concentration CHb remotely.   
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CHAPTER 4 

 

COLORS GENERATED BY TUNABLE PLASMON RESONANCES AND  

THEIR POTENTIAL APPLICATION TO AMBIENTLY ILLUMINATED 

COLOR DISPLAYS 
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4.1 Introduction 

 

In this chapter the plasmonic resonances of coated nano-particles are explored as a 

means for realizing tunable pigments. These pigments are investigated for their potential 

applicability to color display technologies. The colorimetric properties of these pigments 

are derived from the optical scattering spectra of the CNPs. Several configurations of 

these pigments are investigated for their utility in realizing an ambiently illuminated color 

display. Their operation is contrasted to current color liquid crystal displays, which use 

color filters and polarization dependent effects and require internal illumination to render 

colors. Simulated performance characteristics of such displays are presented. 

 The scattering properties of the passive CNP were presented in chapter 2 where the 

optical characteristics which result from absorption due to the localized surface plasmon 

excitation were described in detail. Here, the focus will be on the visual perception of the 

spectrum produced by these resonant nano-particles (NPs) when they are interacting with 

a white light source. Solid gold (Au) and silver (Ag) nano-particles have existed for some 

time. More recently, spherical shell plasmonic nano-particles, which consist of a 

dielectric core and metal shell and which exhibit a geometric tunability have been 

synthesized and experimentally verified [10].  In contrast to gold, it was shown in chapter 

2 that for the Ag-coated NPs the dielectric function of silver allows their geometric 

resonances to be tunable over the visible part of the spectrum. This tunability of these 

CNP resonances is a desirable characteristic for realizing an ambient light display. 

Consequently, the focus here will be on the optical properties of both solid NPs and 



 113 

tunable passive CNPs which are constructed using silver as the plasmonic material. In 

particular, when considering these Ag-based CNPs for realizing tunable pigments, it is of 

interest to explore the changes in their resonance characteristics as the dielectric function 

of the surrounding medium is varied.  

The absorption spectrum of an individual NP or CNP can be calculated from its 

scattering properties.  The presence of many resonant NPs or CNPs in the composition of 

a material then leads to combinations of these spectra which in turn give rise to its 

perceived color. In the following simulations the NPs are assumed to be non-interacting. 

Experimentally determined values of the dielectric function of silver are used [38], [39]. 

The size dependence of the silver dielectric function has been taken into account by 

invoking the mean free path effect with a proper modification of the damping frequency 

in the Drude component of the dielectric function as shown in (2.11)-(2.13).    

 

 

4.2 Comparison of Transmissive TFT LCD displays and Plasmonic Displays 

 

Thin-film transistor (TFT) based transmissive liquid crystal displays (LCDs) operate by 

modulating the intensities of individual pixels imbued with single fixed colors. The 

resulting colors are perceived in an image rendered by such a display; they result by 

grouping pixels in specific combinations, where each group contains the basis colors that 

have been selected to define the gamut desired for the display device. In a typical display 

the basis is chosen to correspond to the visually perceived colors: red, green and blue. 
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Any color in the gamut may then be rendered by using different intensities of those three 

basis colors. The intensity modulation of each colored pixel in a TFT-based LCD display 

is achieved by constructing each pixel from a liquid crystal layer sandwiched between 

two polarizers. The incident polarizer defines the input polarization state of the liquid 

crystal layer. As the liquid crystal molecule orientations are rotated, this input 

polarization state is changed, which in turn changes the polarization state of the field 

exiting the liquid crystal layer. As this exiting light interacts with the second polarizer, 

only the component which is projected onto the transmitted eigenstate of that polarizer 

passes through it. Since a liquid crystal is non-emissive, a backlight is required to 

illuminate this display [52]. In addition, in a practical ambient lighting situation with 

purely un-polarized illumination and polarizers having orthogonal eigenstates, at least 

50% of the incident light will be extinguished by the polarizers for a pixel that is in an 

“on” configuration and, hence, can transmit the maximum intensity. Therefore, there is an 

intrinsic high optical loss mechanism in such a polarization-based system. Consequently, 

in order to achieve a usable contrast level between the ambient lighting environment and 

the image rendered by the display, an auxiliary light source must be used. The optical 

power available from the ambient environment is not used and, hence, is wasted.   

 In contrast to such a TFT LCD-based display, proposed here is a system that 

would rely on tunable pigments which are based on plasmon resonances to render the 

colors in a display. Below it is shown that the colors produced by a pixel containing 

plasmonic particles may be changed dynamically. By combining the effects of a set of 

plasmonic particles, it is demonstrated that the spectral transmittance of a single pixel 
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may be changed in such a manner that it can produce any color contained within the 

gamut defined by the plasmonic particle’s absorption spectra and the pixel configuration. 

A pixel in this type of display is constructed by cascading different numbers of layers, 

each of which contains plasmonic particles that produce the various portions of the color 

gamut and that can be tailored to span a desired portion of the chromaticity space. In 

contrast to the TFT LCD display, polarization effects are not needed to change the color 

of a pixel. Moreover, because the pixel colors are derived from the absorption of portions 

of an incident white light spectrum, a backlight is not required to provide the needed 

contrast between the pixel colors and the ambient environment. Of course, for the cases 

where there is no ambient power available or where the ambient power is very low and 

below comfortable viewing, as it would be for reading a newspaper in a dark room, a 

backlight of some type would then be needed.  

 

 

4.3 Plasmonic Resonances of Metal Nano-particles 

 

When using particles as the basis for pigments, it is desirable for their scattering 

properties to be dominated by absorption.  As has been demonstrated [36], [37], [47], the 

absorption-dominated scattering properties of a spherical particle occur when it is 

electrically small, i.e., when the radius of the particle, a, is much smaller than the free 

space wavelength 0λ  so that ( )02 1oa aβ π λ= << . The electrically-small NPs considered 

here have radii on the order of 20nm-30nm. Both the geometric and environmental 
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tunability of the plasmon resonances for both the solid NPs and the CNPs will be 

compared below in this quasi-static limit. 

The resonance wavelengths of both the solid NPs and the CNPs can be influenced 

by varying the dielectric constant of the medium surrounding them. This is shown in Fig. 

4.2. The maximum radius of the particles in both cases is 30nm, the inner radius of the 

CNP being 15nm. Although both particles exhibit this environmental tunability, the 

strength of the resonance is in general larger for the CNP, i.e. the absorption cross section 

of the CNP is larger than that of the solid NP.  From Fig. 4.2 it is observed that the 

plasmon resonances can be tuned across the entire visible range from 380nm to 800nm 

with a change in the refractive index of approximately unity. Notice that the slope of the 

index dispersion of both the CNP and solid NP are nearly identical even though their 

wavelength intercepts are different.  

 

Fig. 4.2. Absorption cross section as a function of the wavelength and the 
index of refraction of the medium surrounding (a) solid Ag NPs and (b) 
Ag-based CNPs. 

 

a) b) 
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In addition, for a given set of dielectric functions that describe the material 

properties in each of the regions of the CNP, including the surrounding medium, the CNP 

resonance can be further tuned by varying the ratio of the inner and outer radii [10], [11]. 

This geometric tunability has the effect of moving the CNP resonance to longer 

wavelengths for a given set of material functions in each region. In contrast, the position 

of the resonance of the solid NP is not influenced by changing the size of the particle. 

The geometric tunability of the CNP and the lack of geometric tunability for the solid NP 

are illustrated in Fig. 4.3. The absorption cross sections of three different plasmonic 

particle designs that exploit the properties of silver are presented. Figure 4.3a shows the 

geometric tunability of the resonance of an Ag-based CNP in free space with a 15nm 

silica (SiO2) core, which has a refractive index of 1.4318, as the thickness of its shell is 

varied from 1nm to 15nm. Notice that with a shell thickness of 15nm the CNP resonance 

produces large absorption near 380nm; this wavelength corresponds to the short-

wavelength boundary of visual perception. Moreover, the absorption cross-section of the 

Ag-based CNP changes significantly with very small variations in the outer radius of the 

Ag shell. For these reasons the CNP design with a 15nm core radius and 15nm shell 

thickness was chosen to explore the colors produced by a CNP particle. Figure 4.3b 

shows the geometric tunability of a CNP in free space with a 24nm silica (SiO2) core as 

the thickness of its shell is varied from 1 to 11nm. The scattering and absorption 

characteristics of the 6nm thick shell version of this particular design were explored in 

detail in [47]. While this larger 24nm-core CNP has more tunability across the visible 

regime and larger absorption cross sections in free space, the smaller 15nm-core CNP 
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exhibits these characteristics in the presence of an external medium.  It will be the 

preferred choice for the proposed ambient color display.  Figure 4.3c shows the lack of 

geometric tunability of the absorption cross section of the solid silver NP when it is 

located in free space. The radius of the NP is varied from 15 to 40 nm.  This poor 

tunability property persists in the presence of an external medium. 
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Fig. 4.3. Absorption cross section as a function of the wavelength and (a) 
of the shell thickness for an Ag-based CNP with a 15nm radius core, (b) of 
the shell thickness for an Ag-based CNP with a 24nm radius core, and (c) 
of the outer radius of a solid Ag NP. 

 

 

 

a) b) 

c) 
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The spectral transmittance of a material that is composed of these particles can be 

determined from their absorption cross sections. Consider a plane wave with a white 

power spectrum, 
2 2( ) ( ) W/mo o oE I Iλ λ  =  ∼ , that is incident on a pixel of cross 

sectional area A, containing N particles. The spectral transmittance of this pixel can be 

expressed as, 

 

 ( ) 1 ( ) ( )scat abs

N N
T

A A
λ σ λ σ λ= − −    (4.1) 

 

Neglecting the scattering effects of the particles, the spectral transmittance then takes the 

form, 

 

( ) 1 ( )abs

N
T

A
λ σ λ−≃     (4.2) 

 

This approximation follows from the assumption that multiple scattering events take 

place within a pixel containing these particles. Since the extinction cross section of the 

electrically-small particle is dominated by its absorption cross section, as was 

demonstrated in chapter 2  and [47], the amount of extinction attributed to scattered light 

is assumed to be negligible in comparison to the amount absorbed by the particle. In 

addition, any scattered light is assumed to be absorbed eventually by the surrounding 

particles in the pixel and is thus incorporated in the net flux entering the particle. 

Therefore, each pixel is treated strictly as an absorber. The expression (4.2) is then useful 
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in determining the spectral characteristics of a pixel that contains these particles. In the 

following simulations the number of particles, N, is chosen so that at the resonance 

wavelength the transmittance reaches zero, i.e., no light is transmitted at the resonance 

wavelength.  The color as perceived by an observer can then be determined from the 

spectral transmittance (4.2).  

 

 

4.4 The Color of a Plasmon-Colorimetry 

 

The perceived color of the plasmon resonance of a solid NP or a CNP excited by a white 

light source can be determined by projecting its spectral transmittance function, which is 

defined by Eq. (4.2), onto the basis of color matching functions that represent the 

response of the human visual system to an electromagnetic stimulus of arbitrary spectral 

content. As defined by the CIE 1931-XYZ standard observer [53], [54], the space of all 

colors lies in a space spanned by the chromaticity coordinates x, y, z. In a general 

mathematical sense, each chromaticity coordinate defines a “color” that is not necessarily 

perceivable by a human observer. This (x,y,z) space is defined by the perception of the 

human eye to the fictitious stimuli of the basis colors {X,Y,Z}. The space of perceivable 

colors is defined as a subspace of the space spanned by {X,Y,Z}; it is bounded by 

coordinates in the x-y plane that correspond to all of the wavelengths that can be 

perceived by a “standard” human observer. The boundary of the subspace of all 

perceivable colors is known as the spectral locus [53], [54]. Other bases exist that use real 
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colors. For example, the familiar CIE 1931-RGB, i.e., the red, green, and blue (RGB) 

basis, is based on the response of the human eye to the pure colors: red green and blue, 

which are defined, respectively, by the monochromatic wavelengths: 700.0nm, 546.1nm 

and 435.8 nm. However because the RGB primary colors lie well within the boundaries 

of the spectral locus, linear combinations of only the colors: red, green, and blue, cannot 

generate all perceivable colors. The fictitious colors {X,Y,Z}, which are created to lie 

outside the space of perceivable colors and, therefore, to span the entire subspace 

bounded by the spectral locus, thus provide a means of representing all of the colors 

perceivable by a human observer. With an appropriate linear combination of the fictitious 

colors {X,Y,Z},  all colors can be assigned a unique set of coordinates. In determining 

the perceived color of a given optical stimulus, the tristimulus values: X,Y,Z are first 

determined through a projection of the stimulus onto the {X,Y,Z}  basis via the relations: 

 

0

( ) ( )X x P dλ λ λ
∞

= ∫ ,    
0

( ) ( )Y y P dλ λ λ
∞

= ∫ ,    
0

( ) ( )Z z P dλ λ λ
∞

= ∫   (4.3) 

 

where ( )x λ , ( )y λ , and ( )z λ  are the CIE1931-XYZ color matching functions, which 

represent the eye response in the {X,Y,Z} basis. The stimulus ( )P λ  represents the 

spectral distribution of the source, which can be any radiometric quantity such as power, 

irradiance, etc. The chromaticity coordinates x, y, z (not to be confused with the 

tristimulus values X,Y,Z) then represent the color perceived by the eye from the 

stimulus ( )P λ ; they are defined through the following normalizations [53], [54]: 
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X
x

X Y Z
=

+ +
,    

Y
y

X Y Z
=

+ +
,     

Z
z

X Y Z
=

+ +
   (4.4) 

 

To allow the reader the ability to visualize the colors that result from the( )P λ  introduced 

in this dissertation, it is useful to represent the colors in a basis of real perceivable colors, 

in particular the RGB basis. This can be accomplished with a direct projection onto the 

RGB basis using the CIE1931-RGB color matching functions defined in the RGB basis: 

( )r λ , ( )g λ , and ( )b λ , and the relations [53], [54] 

 

0

( ) ( )R r P dλ λ λ
∞

= ∫ ,    
0

( ) ( )G g P dλ λ λ
∞

= ∫ ,   
0

( ) ( )B b P dλ λ λ
∞

= ∫   (4.5) 

 

 

R
r

R G B
=

+ +
,   

G
g

R G B
=

+ +
,   

B
b

R G B
=

+ +
   (4.6) 

 

Alternately, because the RGB space is a subspace of XYZ, the following linear 

transformation may be performed to convert between the XYZ color matching functions, 

( )x λ , ( )y λ , ( )z λ  and the RGB color matching functions ( )r λ , ( )g λ , ( )b λ , [53]. 

 

( ) 0.41846 0.15860 0.08283 ( )

( ) 0.09117 0.25243 0.01571 ( )

( ) 0.00092 0.00255 0.17860 ( )

r x

g y

b z

λ λ
λ λ
λ λ

− −     
     = −     
     −     

  (4.7) 
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Figure 4.4 shows plots of the CIE1931-RGB color matching functions in the 

RGB basis.  Note that in using the RGB basis the tristimulus values can become negative 

and are thus interpreted as being out of the range of the gamut spanned by the RGB 

primary colors, i.e., these colors cannot be properly rendered using only the red, green 

and blue primaries. Because the XYZ basis spans all perceivable colors, all x, y, z 

tristimulus values are positive. In this dissertation the figures showing the colors 

produced by the spectral transmittance that results from the absorption by the plasmon 

resonances of the solid NPs or CNPs were generated using expressions (4.5) and (4.6).  

These colors are represented in the RGB basis so the resulting figures can be rendered on 

a reader’s computer screen and perceived as they actually would be. Transmittances that 

result in colors with negative RGB tristimulus values have been interpolated to the 

nearest colors perceivable and producible using red, green and blue so that they may be 

rendered here.  

 

 

Fig. 4.4. RGB color matching functions  
 

The colors produced by a single pixel consisting of one population type of solid 

NPs or CNPs, when the refractive index of the medium surrounding them is varied, were 

investigated. The requirements for obtaining transmittance functions that produce 
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chromaticity coordinates that cover the entire RGB space were also investigated.  The 

solid NPs used in these investigations had a 30nm radius and were composed entirely of 

silver.  The Ag-based CNPs were composed of a 15nm radius SiO2 core and a 15nm thick 

silver shell, giving a total particle radius also equal to 30nm. In both cases the dispersive 

size dependence of the metal region was taken into account using (2.11-2.13). In the 

following simulations the permittivity of the surrounding medium was scanned from the 

free space value of unity to a value of 4.9, corresponding to an index variation of 

4.9 1 1.2136− ≈ . As can be seen from Fig. 4.2, the general behavior of the solid NP and 

CNP based pixels is quite similar. However, due to the additional geometric tunability of 

the CNP particles, and in the interest of brevity, only the simulation results for the CNP 

particle will be presented below. They are sufficient to illustrate the salient features 

obtained from the absorption spectra of these particles. The perceived colors shown 

below in Figs 4.5, 4.7, and 4.9 were generated by determining the {r,g,b} chromaticity 

coordinates for each pixel configuration. The programming language Mathematica was 

then used to generate each color based on the {r,g,b} values. The perceived color for each 

pixel configuration is therefore appropriately generated on a standard computer monitor 

that is based on the RGB basis so that the reader may perceive the colors determined by 

the plasmon resonance accurately when reading/viewing this dissertation.   

The first configuration considered here is a single pixel layer consisting of a 

single population of CNP particles with the design parameters specified above. The 

resulting spectral transmittance functions and the corresponding perceived colors of this 

pixel were derived from the absorption cross sections previously shown in Fig. 4.2 by 
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applying expression (4.2).  The perceived colors of the pixel for a given index of 

refraction of the surrounding medium result from the corresponding transmittance 

function; they were determined by applying the color matching functions in the RGB 

basis using Eqs. (4.5) and (4.6). The results are shown below in Fig. 4.5 as the index of 

refraction of the surrounding medium is varied.  In each subplot both the spectral 

transmittance function and the perceived color are shown simultaneously. The 

permittivity and index start, respectively, at 1ε =  and 1n =  in the upper left subplot, and 

change by 0.1ε∆ = , from left to right and down, to a value of 4.9ε =  and 

2.21359 n = in the bottom right subplot. 

 

 

Fig. 4.5. One layer pixel spectral transmittance functions and the corresponding perceived 
colors that result from tuning the index of refraction of the surrounding medium for a 
single population of CNPs. 
 
 
 

The transmittance curves, shown in black in each of the sub-plots, result from the 

absorption obtained from taking a cut along the wavelength axis at a particular 
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surrounding index in Fig. 4.2. Thus, Fig. 4.5 represents the transmittance obtained from 

the absorption resonance corresponding to a given surrounding index with a profile that 

goes as ~1 ( ) /abs Maxσ λ σ− . From Fig. 4.5 it is observed that the spectral filtering, which 

results from the presence of the resonant CNPs in the surrounding medium, produces 

either low-pass, high-pass, or notch-filter characteristics. The XYZ and RGB 

chromaticity coordinates corresponding to each transmittance curve color in the subplots 

of Fig. 4.5 are given, respectively, in Tables 4.2 and 4.3, where each subset of three 

numbers specifies the [r,g,b] or [x,y,z] coordinate for the corresponding subplot in       

Fig. 4.5. The location in the grid of coordinates in Tables 4.2 and 4.3 match one-to-one 

with the positions of the subplots in Fig. 4.5. The order of the values for each [r,g,b] and 

[x,y,z] set in Tables 4.2 and 4.3 are listed in order of r, g, b and x, y, z from top to bottom. 

Notice that in Table 4.2 several of the red chromaticity coordinates, r , are negative, 

whereas in Table 4.3 the corresponding chromaticity coordinates are all positive values. 

The colors resulting from each transmittance curve may also be represented in the 3D 

RGB space by assigning the coordinates of each color as a point that lies in the unit cube 

bounded by the RGB unit vectors ˆ [1,0,0]r = , ˆ [0,1,0]g = , ˆ [0,1,0]b = . The RGB 

representation of the perceived colors of the pixel consisting of a single population CNP 

is shown in Fig. 4.6.  In this RGB space the unit plane, defined by the unit vectors, r̂ , ĝ , 

b̂ , is shown in black. 
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Table 4.2. RGB chromaticity coordinates for the transmittances and colors shown in Fig. 
4.5. 

 

 

 

 

 

Table 4.3. XYZ chromaticity coordinates for the transmittances and colors shown in Fig. 
4.5. 

 

 

x 0.3377 0.3404 0.3447 0.3513 0.3609 0.3738 0.3887 0.4023
y 0.3403 0.3448 0.3521 0.3633 0.3792 0.3995 0.4213 0.4377
z 0.322 0.3148 0.3032 0.2854 0.2599 0.2267 0.19 0.1599

0.4124 0.4178 0.4192 0.4178 0.4152 0.412 0.4082 0.4038
0.4449 0.4414 0.4292 0.4113 0.3902 0.3674 0.3437 0.3197
0.1427 0.1408 0.1516 0.1708 0.1945 0.2206 0.2481 0.2765

0.3987 0.3921 0.3836 0.3725 0.3592 0.3439 0.3268 0.3082
0.296 0.2732 0.2518 0.2333 0.2183 0.2063 0.1975 0.1915
0.3053 0.3348 0.3647 0.3942 0.4226 0.4498 0.4757 0.5003

0.2878 0.2665 0.2452 0.2254 0.2098 0.2008 0.196 0.1947
0.1863 0.184 0.1851 0.1898 0.199 0.2124 0.2261 0.2391
0.5259 0.5495 0.5697 0.5848 0.5912 0.5868 0.5779 0.5662

0.1962 0.1999 0.2044 0.2097 0.2158 0.2224 0.2292 0.236
0.251 0.2616 0.2703 0.2778 0.2841 0.2896 0.2942 0.2982
0.5528 0.5386 0.5253 0.5126 0.5001 0.488 0.4766 0.4658

r 0.3413 0.346 0.3534 0.3648 0.3811 0.4028 0.4279 0.4514
g 0.3384 0.3418 0.3474 0.3558 0.3674 0.3814 0.3947 0.402
b 0.3203 0.3122 0.2992 0.2794 0.2515 0.2159 0.1774 0.1465

0.4702 0.4825 0.4894 0.4928 0.4946 0.4957 0.4961 0.4953
0.401 0.3911 0.3744 0.3532 0.3291 0.3034 0.2769 0.2505

0.1289 0.1263 0.1361 0.1541 0.1763 0.2009 0.227 0.2541

0.4929 0.4872 0.4769 0.4599 0.4363 0.4064 0.3702 0.3277
0.225 0.2014 0.181 0.166 0.1568 0.1529 0.1544 0.1611

0.2821 0.3114 0.3421 0.3741 0.4069 0.4407 0.4754 0.5112

0.2783 0.2223 0.1619 0.1009 0.04761 0.01153 -0.01158 -0.02267
0.1708 0.186 0.2072 0.2335 0.264 0.2955 0.3233 0.3461
0.5509 0.5916 0.6309 0.6656 0.6884 0.693 0.6883 0.6765

-0.02353 -0.01642 -0.005808 0.008139 0.02502 0.04361 0.06294 0.08226
0.3637 0.3763 0.3849 0.3903 0.3928 0.3933 0.3921 0.39
0.6598 0.6401 0.6209 0.6016 0.5822 0.5631 0.5449 0.5278
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Fig. 4.6. The chromaticity coordinates in the RGB space for the single 
pixel layer configuration. 

 

 

The low-pass, high-pass and notch spectral filtering characteristics associated 

with the single CNP population-based pixel are evident from the spectral transmittances 

shown in the Fig. 4.5. The lack of band-pass transmittance characteristics when using a 

single CNP particle population results in the absence of green colors in those figures.  

The isolation of the spectral content into the range: 500-550nm, is required to see green 

colors. 

 By cascading two pixels, which consist of the same particle population but have 

different surrounding media and, hence, have a different index of refraction, band-pass 

type filtering may be obtained. If the transmittances of the first and second layer pixel 

are, respectively, ( )1T λ , and ( )2T λ , then the total transmittances of the two layer 
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configuration is ( ) ( )1 2T Tλ λ . With this additional band-pass filtering, colors with larger 

green components may be produced. The spectral transmittance and the corresponding 

colors were obtained from tuning the first pixel layer with a surrounding medium whose 

index increases from 1n =  to 2.21359 n = and tuning the second pixel layer with a 

surrounding medium whose index decreases from 2.21359 n = to 1n = . In both pixel 

layers the permittivity was changed in discrete increments equal to 0.1ε∆ = .  The results 

are shown in Fig. 4.7. As in Fig. 4.5, the transmittance curves are shown in black in each 

subplot along with the corresponding perceived color. The index change starts in the 

upper left subplot, which represents the pixel pair with the first pixel having 1n =  and the 

second sequential pixel having 2.21359 n = .  It increments as indicated in the lower 

right subplot, which represents the pixel pair with the first pixel having 2.21359 n =  and 

the second sequential pixel having 1n = . Using this two layer pixel arrangement, where 

each pixel has identical CNP populations, produces a symmetric matrix of colors since 

the CNPs populations in the two pixel layers are identical. Notice the appearance of a 

second dip in the transmittance curves when they are compared to those in Fig. 4.5. This 

is due to the additional absorption resonance that results from the presence of the CNPs 

in the second pixel layer which has a different resonance wavelength than the CNPs in 

the first pixel layer because of the different surrounding index in each pixel layer. The 

presence of this second dip in the transmittance functions is responsible for isolating the 

wavelengths that produce green contributions and thus greener hues result. The 

chromaticity coordinates of each color obtained with this two layer configuration are 

represented in the RGB space as shown in Fig. 4.8. 



 131 

 

Fig. 4.7. Two layer pixel spectral transmittance functions and the corresponding 
perceived colors that result from tuning the index of refraction of the surrounding 
medium for the first pixel layer from 1n =  to 2.21359 n = and the second pixel layer 
from 2.21359 n =  to 1n =  with the permittivity changing in discrete increments 

0.1ε∆ = . 
 

 

 

 

Fig. 4.8. The chromaticity coordinates in the RGB space for the two pixel 
layer configuration. 
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Colors that cover the additional regions of the RGB space may be obtained by cascading 

three pixel layers. The resulting spectral transmittance, when the third pixel layer is tuned 

to a fixed index of refraction of 1.022 to cause absorption near 380nm, while the first and 

second pixel layers are tuned as in the two pixel case above, is shown in Fig. 4.9. Deeper 

reds and greens are obtained with this 3 layer configuration as shown in Fig. 4.9.  The 

chromaticity coordinates obtained with this three layer configuration can also be 

represented in the RGB space as shown in Fig. 4.9. Although the transmittance plots 

shown in Figs. 4.7 and 4.9 appear similar, they are not identical. The most notable 

difference is their transmittance values between 380nm to 400nm. The transmittance for 

the three layer configuration shown in Fig 4.9 in the 380nm-400nm interval is always less 

than its value for the two layer configuration represented in Fig. 4.7. This difference in 

the transmittances near 380nm results in different perceived colors, i.e., a decrease in the 

transmittance in this wavelength interval reduces the presence of the blue component.  
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Fig. 4.9. Three layer pixel spectral transmittance functions and the corresponding 
perceived colors that result from tuning the index of refraction of the surrounding 
medium for the first pixel from 1n =  to 2.21359 n = and the second pixel from 

2.21359 n =  to 1n =  with the permittivity changing in discrete increments 0.1ε∆ =  
with the index of the third pixel fixed at 1.022n =  to produce an absorption resonance 
near 380nm. 
 

 

 

  

Fig. 4.10. The chromaticity coordinates in the RGB space for the three 
pixel layer configuration. 
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The set of chromaticity coordinates produced by the one, two and three layer 

cascaded pixel configurations are compared in Fig. 4.11.  From these simulations it is 

clear that the colors spanning the entire RGB basis can be obtained by cascading at least 

three pixel layers with each pixel containing the same particle population. By tuning each 

layer identically, the net effect is that of a single layer and results in the color coordinates 

as shown in Fig. 4.11a. By tuning two pixels identically, and the third differently, color 

coordinates like that of the two layer case can be generated as shown in Fig. 4.11b.  

Tuning the first, second and third pixel layers differently results in color coordinates like 

those generated in the three layer case as shown in Fig. 4.11c. Figure 4.11d shows the 

combined colors obtainable with three pixel layers when the layers are tuned to operate 

together like the one, two, and three layer configurations. Additional configurations may 

be envisioned where adjacent pixels are multiplexed as in a conventional color CRT 

display to additively produce a set of colors within the gamut of colors defined by any 

arbitrary set of primaries other than those of the RGB basis. 
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Fig. 4.11. The chromaticity coordinates in the RGB space for the (a) one, (b) two, and (c) 
three layer configurations. (d) The combined color coordinates obtainable with three 
layers of pixels configured to operate as the one, two, or three pixel layer cases presented 
in (a)-(c).  

 

 

In the same manner that the {r,g,b} chromaticity coordinates were plotted above, 

the x-y chromaticity coordinates can also be plotted. The x-y chromaticity coordinates 

corresponding to the RGB coordinates that were shown in Figs. 4.6, 4.8, and 4.10, 

respectively, for the one, two, and three layer pixel configurations, are shown on the x-y 

chromaticity diagram given in Fig. 4.12. The red boundary shown in this figure defines 

the spectral locus, i.e., the area contained within this curve represents the subspace 

containing all perceivable colors. The chromaticity coordinates corresponding to the 

colors resulting from the plasmon resonances and the corresponding pixel configurations 

are shown as blue and black data points. For comparison, the NTSC gamut [55] is shown 

as the green boundary.  It is observed that with only one or two layers of particles, parts 

of the perceptible color space will not be present in the final display. With the addition of 

the third layer of active CNPs, it can be seen once again that a major portion of the x-y 

a) b) c) d) 
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chromaticity space can be accessed with a three layer pixel configuration and that this 

region is comparable in size with the NTSC gamut.  

 

 

Fig. 4.12. The plasmon colors are represented in an X-Y chromaticy 
diagram and are compared to the NTSC gamut. 
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CHAPTER 5 

 

CNP OPTICAL METAMATERIALS 
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5.1 Introduction 

 

In this chapter simulation results for optical metamaterials (MTMs) derived from 

active CNP inclusions for operation in the visible range of the spectrum between 400nm 

and 700nm will be presented. Several examples of optical MTMs designed with these 

active CNP inclusions will be presented, and their behaviors will be characterized. In 

particular, the effective material properties of these optical MTMs will be explored using 

effective medium theories that are applicable to a variety of inclusion configurations. 

Two-dimensional (2D) mono-layers of these active CNPs, which form metafilms; three-

dimensional (3D) periodic arrays of these active CNPs; and 3D random distributions of 

these active CNPs will be described.  The effective permittivities and refractive indexes 

of these optical MTMs will be compared and contrasted to those of their active CNP 

inclusions. 

 

 

5.2 Optical properties of CNP Inclusions 

 

The same approach developed in chapter 2 for determining the optical properties of the 

active CNP by calculating the scattered fields that result from an incident linearly 

polarized monochromatic plane wave is also used here. However it should be noted that 

the design of the CNP that was presented in chapter 2 has been modified here to work 

within the constraints of the effective medium theories that will be applied for 
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investigating the various optical MTMs presented in this chapter. The now familiar 

scattering geometry is depicted in Fig. 5.1; it consists of three concentric spherical 

regions. All of the materials are assumed to be homogeneous, isotropic and non-

magnetic, i.e., 1iµ =  for 1,2,3i = . The plane wave is incident on the CNP from region 3. 

The active CNP is represented by the layered sphere bounded by R2.  Its core is defined 

by the outer radius R1 and by the permittivity 1ε  and permeability1µ . The plasmonic 

shell surrounds the core and is defined by the permittivity 2ε  and permeability 2µ  and by 

the radii R1 and R2 of its inner and outer boundaries, respectively. The core permittivity in 

the absence of gain takes on the value for silica, SiO2, which is 1 02.05ε ε= . In our 

investigation the simulations were performed assuming that the dimensions of the active 

CNP were R1 = 8nm and R2 = 10nm with a resonance peak positioned at the free space 

wavelength: 491.2res nmλ = .   
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Fig. 5.1. Plane wave scattering from a CNP. The core, which is defined by 1 1,ε µ , 

is assumed to be silica. The coating, i.e., the second layer, is a plasmonic material 
defined by 2 2,ε µ . The CNP is surrounded by free space. For an active CNP, the 

core region includes an active material. 
 

 

The scattering cross-section and absorption cross-section for the active CNP are 

defined in terms of the incident and scattered field coefficients via Poynting’s vector. The 

scattering, absorption, and total cross-sections which are derived from the scattered field 

coefficients are defined as in equations (2.3)-(2.5) and the corresponding efficiencies as 

in (2.6)-(2.8). As was shown in chapter 2 and [47], the extinction cross section of the 

passive CNPs is dominated by absorption in the size regime of the particles studied here. 

It was also shown that for the nanometer dimensions of the plasmonic shell under 

consideration, any neglect of the size dependence of the permittivity by using either a 

bulk material model or a simple Drude model leads to erroneous results.  In particular, 

these simplistic models ignore significant effects such as size dependent broadening and 

3R
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diminished resonance strength. Consequently, the size dependencies of the plasmonic 

shell material were included in the models used in the following simulations. This was 

done in the same manner as in chapter 2 where the dielectric function of the plasmonic 

material is separated into contributions arising for a Drude component and interband 

component as shown in expression (2.11). The size dependence was introduced through 

appropriately modifying the Drude component of the dielectric function of the plasmonic 

material by imposing the mean free path effect which is done by introducing a size 

dependent damping frequency as in equation (2.12)-(2.13).  

In chapter 2 and in [47] it was shown that when gain is introduced into the core of 

the passive CNP, the losses associated with the plasmonic shell could be overcome.  It 

was also demonstrated that new and enhanced resonance characteristics could be realized 

which differ from those associated with the passive CNP. In particular it was shown that 

with the addition of gain in the core, the absorption efficiency may become negative 

while narrowing from hundreds of nanometers to a few nanometers.  This behavior was 

shown to be indicative of light amplification over an extremely narrow frequency range; 

it demonstrated the presence of a super resonance (SR) lasing state for the active CNP. 

The focus of this chapter is to explore the properties of optical MTMs that use the active 

CNP inclusions operating near this SR lasing state. For convenience a comparison of the 

scattering and absorption resonances of the active CNP of the design specified for the 

optical MTMs simulations presented in this chapter used near SR is shown again in Fig.  

5.2. 
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As was done for the active CNP used in the nano-sensor application, in the 

following simulations, gain was introduced into the core material through the permittivity 

via a canonical complex refractive index model: 

 

 2 2 2core n k i knε = − +  (5.1) 

 

where n and k are, respectively, the real and imaginary parts of the refractive index. For 

optical gain the imaginary part of the refractive index k takes on negative values, i.e., 

optical gain occurs when 0k < .  

In Figs. 5.2(a) and 5.2(b) the scattering and absorption resonances for the 10nm 

active silver CNP are shown near the SR wavelength, 491.2res nmλ = , where the gain 

term approaches its SR value: k = -0.453. The scattering, absorption, and total 

efficiencies associated with the CNP’s passive resonance are shown in Fig. 5.2(c). It is 

obvious that in the passive case the resonance is absorption dominated and broad with a 

width of approximately 100nm. In the active case the responses of the resonance are 

enhanced several orders of magnitude and they have widths of only a few nanometers. 

The active SR state is accompanied by negative absorption efficiency values, which 

indicates emission of radiation and signifies a lasing state. The optical MTMs presented 

here will be investigated near the conditions needed to excite this CNP SR state. The 

resulting SR state effects will be compared to those associated with the passive lossy 

CNP.   
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Fig. 5.2. Results for a CNP with R1 = 8nm and R2 = 10nm and with its resonance 
peak at 491.2res nmλ = . (a) Super resonant scattering cross-section when the 

CNP is active; (b) Super resonant emission cross-section when the CNP is active; 
and (c) Absorption dominated scattering when the CNP is passive. 

  

 

 

In determining the effective material properties of 2D metafilms and 3D MTMs, it is 

necessary to determine the polarization response of the inclusions to an applied field. 

Because of the electrically small size of the CNPs, their designs inherently suppress 

higher order multipole fields leaving only the dipole field response.  Therefore, the CNPs 

a) b) 

c) 
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may be considered as dipole scatters and, with out loss of accuracy, the interaction of the 

incident excitation field with the CNPs may be described solely by the electric and 

magnetic dipole moments of the CNP. By equating the fields scattered from a CNP with 

those generated by an electric or magnetic dipole, the effective electric and magnetic 

dipole moments are determined. The corresponding electric and magnetic polarizabilities 

can then be expressed in terms of the TE and TM Mie coefficients of the scattered field, 

na  and  nb , respectively. Because of the spherical symmetry of the CNP, the scattering 

response is isotropic. Consequently, the electric and magnetic polarizabilities, Eα  and 

Mα , of the CNP can be expressed as scalar quantities. The effective electric and magnetic 

dipole moments, p
�

 and m
�

, of the CNP are then defined in terms of the corresponding 

polarizabilities and the corresponding local electric and magnetic fields, locE
�

and locH
�

, 

which are acting on it, as: 

 

 E locp Eα=
��

    ,     M locm Hα= −
��

 (5.2) 

 

In determining the polarizabilities of an individual CNP, the local electric and magnetic 

field values are calculated at the origin of the CNP and are determined from those of the 

incident plane wave. After equating the fields scattered from the CNP with those radiated 

by the corresponding effective electric and magnetic dipoles, the electric and magnetic 

polarizabilities are then obtained as: 
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These definitions will be used exclusively in the subsequent calculations of the effective 

parameters for the optical MTMs discussed below.  

 

 

5.3 Two Dimensional CNP metafilms 

 

In this section a metafilm consisting of a single layer array of active CNP inclusions will 

be described. The optical properties of this metafilm will be derived following the 

generalized sheet transition conditions (GSTCs) proposed in [56]. In the GSTCs approach 

the boundary conditions at the metafilm are determined by replacing the discrete 

polarization distribution of scatterers by continuous effective electric and magnetic 

polarization surface densities. This is achieved by determining the boundary conditions 

for the macroscopic fields that are discontinuous across the metafilm. The macroscopic 

field is defined as the sum of the incident field and the spatially averaged field of the 

film; this choice removes the variations in the field due to the discrete nature of the 

scatterers. By spatially averaging the field across the metafilm, the average sheet electric 

and magnetic polarization densities in the plane of the film are defined in terms of the 

electric and magnetic dipole moments of the individual scatterers. To determine the 

electric and magnetic dipole moments of the scatterers in the metafilm, the local field that 

is acting on each scatterer in the film must be calculated. To clarify, since each CNP 
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inclusion is now located in the proximity of several other CNPs in the film, the local field 

is no longer equal to the incident plane wave value that was used for the local field in the 

polarizability calculation. The locally acting field is now defined as the sum of the 

incident field and the field scattered from the thin film,  excluding the contributions from 

a small circular disc of radius, 0.6956R d≃ , where, assuming a square periodic array, d 

is the distance of separation between the centers of the CNP inclusions in the plane of  

the metafilm. By subtracting out the contributions of the fields associated with this 

circular disc region, one removes any self-interaction terms in the formulation of the local 

field acting on the CNP of interest. After determining the macroscopic field for an array 

of inclusions embedded in free space, the GSTCs take the form,  
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With the electric and magnetic polarization density dyadics defined as 

 

  xx yy zz
ES ES x x ES y y ES z za a a a a aα α α α= + +� � � � � � �

 (5.8) 

 

 xx yy zz
MS MS x x MS y y MS z za a a a a aα α α α= + +� � � � � � �

 (5.9) 

 

where   ,   ,  x y za a a
� � �

 are unit vectors, and the effective electric sheet polarizabilities per 

unit area, ij
ESα , are expressed in terms of the averaged particle polarizabilities, ,E ijα , as 
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 where N  is the number of inclusions per unit area in the film. Similarly the effective 

sheet magnetic polarizabilities, ijMSα , can be expressed in terms of the average particle 

magnetic polarizabilities, ,M ijα , as 

 

 
,

,1
4

M xxxx
MS

M xx

N

N

R

α
α

α
=

+
 (5.13) 

 

 
,

,
1

4

M yyyy
MS

M yy

N

N

R

α
α

α
=

+

 (5.14) 

 

 
,

,1
2

M zzzz
MS

M zz

N

N

R

α
α

α
=

−
 (5.15) 

 

 

3. 1 Scattering from a CNP metafilm    

 

The scattering of a normally incident plane-wave from a metafilm consisting of an array 

of regularly spaced active CNP inclusions was first investigated. Applying the GSTCs at 

the plane of the metafilm, one can calculate the resulting transmission and reflection 
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coefficients [57] using the individual CNP inclusion polarizabilities defined in Eqs. (5.3). 

This scattering geometry is illustrated in Fig. 5.3. 

 

 

Figure 5.3. Normally incident plane wave scattering from the CNP-based 
metafilm 

 

 

Upon applying the GSTCs at the plane of the film, the transmission, T , and reflection, Γ , 

coefficients take the form: 
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The irradiances of the transmitted and reflected beams are then proportional, respectively, 

to the square amplitude of (5.5) and (5.6), i.e., they can be expressed as: 

  

 
2 2

trans incE t E∼  (5.18) 

 
2 2

refl incE r E∼  (5.19) 

 

where the transmittance, 
2

t T= , and the reflectance, 
2

r = Γ . Thus the amount of energy 

absorbed by the metafilm can be quantified by defining the absorptance as, 

 

 1a t r= − −  (5.20) 

 
Results were obtained for the changes in the reflection, transmission and absorption 

coefficients as the gain in the core of the active CNPs, as well as the spacing, d, between 

the CNPs in the square periodic metafilm, were varied. The 2D density plots in Figs 5.4, 

5.5 and 5.6 depict these gain variation results. The gain values were varied from the 

passive scenario: 0k =  to 0.353k = − , the latter being a significant value yet still below 

the SR value, through the SR value at 0.453k = − , to just above the SR value at 

0.463k = − . The spacing values were varied over a range of 100nm, from 30 nm to 

130nm. 
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Figure 5.4. Transmittance of  metafilm for varying gain values in the core 
of the active CNP inclusions. 

 

 

 

Figure 5.5. Reflectance of  metafilm for varying gain values in the core of 
the active CNP inclusions. 
 

 

 

Figure 5.6. Absorptance of  metafilm for varying gain values in the core of 
the active CNP inclusions. 
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For the passive case little change is observed in the reflectance as the spacing is 

varied. The main feature that is apparent in Figs. 5.4, 5.5 and 5.6 occurs when the spacing 

becomes smaller, i.e. when the density of the passive CNPs becomes larger. One 

observes that the transmittance is reduced by as much as 30% near 491.2res nmλ ≃ , and 

the absorption increases. This increase in absorption can be attributed to the higher 

surface density of inclusions, each of which is inherently highly absorbing. As the CNPs 

are more densely packed in the passive metafilm, a larger fraction of the incident field is 

interacting with the inclusions. This increases the amount of energy that is removed from 

the incident field; and, consequently, the transmission is reduced and the absorption is 

increased.  

The corresponding transmittance and reflectance results for the active metafilm 

show significant changes as the gain and spacing are varied. As observed for the passive 

cases, there is little change in the relative transmittance and reflectance values as the 

separation distance is varied when the gain values are very small. However, as the gain is 

increased, a significant departure from the passive case behavior is observed. For 

particular values of the gain and the spacing between the inclusions, the transmittance 

decreases to zero near the CNP’s resonance wavelength resλ .  On the other hand, the 

corresponding reflectance may attain values larger than those for the passive case and can 

even become larger than unity in some instances.  

An example of an active metafilm that shows properties which are significantly 

different than the corresponding passive case occurs when the spacing 51d nm≃ , and the 

gain value 0.463k = − . In this configuration the transmittance is reduced completely to 
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zero at 495nmλ = , while the reflectance becomes unity. This behavior occurs just 

slightly past the CNP’s resonance wavelength. In Fig. 5.7 this behavior is compared 

explicitly to the passive case whose cross sections have been taken from the data 

presented in Figs. 5.4 and 5.5 for the separation distance 51d nm≃ . In this configuration 

the metafilm is essentially acting like a narrowband mirror, reflecting all incident 

radiation just slightly above the CNP’s resonance wavelength 491.2res nmλ ≃ . The active 

metafilm under these operating conditions can be thought of as acting like a plasmonic 

material with a plasma wavelength value that can be specifically designed via the 

geometry. In particular, the geometry of the CNP can be tuned to achieve localized 

plasmon resonances having different resonant wavelengths by selecting the appropriate 

inner and outer radii values of the CNP. 

 

 

 

 

 

 

 
Figure 5.7. Comparison of active and passive metafilm for the operating 
parameters, 0.463k = − , 51d nm= . Under these conditions the active 
metafilm takes on characteristics of a plasmonic material with a plasma 
wavelength of 491res nmλ ≃ . 
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When gain is present at values at, or above the SR gain values, compensation for 

the losses due to the electron scattering and interband absorption in the thin silver outer 

layer occurs. Under these operating conditions the coupling efficiency of the incident 

field to the localized plasmon of the CNP particle is maximized at resλ . In this wavelength 

region the metafilm behaves like a lossless plasmonic material and therefore takes on 

characteristics reminiscent of a lossless Drude material. In such a material the reflectance 

quickly approaches unity for operation above the bulk plasmon wavelength.  From this 

point of view, the CNP resonance defines the “plasma wavelength” for the entire 

metafilm. When the plasmon oscillations of each CNP are excited coherently throughout 

the metafilm, the reflectance is maximized. Coupling between the particles moves the 

metafilm’s resonant wavelength to a value slightly larger than the individual CNP’s 

resonance wavelength resλ . Farther away fromresλ , the field no longer strongly couples to 

the CNP plasmon modes; and, therefore, the characteristics of the metafilm no longer 

appear similar to a lossless plasmonic material but rather take on characteristics that can 

be attributed to the intrinsic permittivity of the silver used in the outer layer of the CNP 

and of its dielectric core.  

As can been seen from Fig. 5.6, the metafilm exhibits a net gain, 0a < , for 

wavelengths below resλ  and a net loss, 0a > , for wavelengths aboveresλ  when the gain 

values are at, or above the SR gain value, i.e. when the metafilm acts like a lossless 

plasmonic material. resλ . This is shown explicitly in Fig. 5.8 at the SR gain value as, d,  is 

varied from 40nm to 70nm. At resλ  the net loss and gain is zero, 0a = ; however,  there is 
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a net gain above and net loss below this wavelength . These features mimic the gain and 

loss behaviors of the individual active CNP inclusions at wavelengths above and below 

resλ  [47]. It is interesting to notice that the skin depth of silver 25.7nmAgδ ≃  near  resλ   

is more than an order of magnitude larger than the 2nm thickness of the layer of  silver 

used in the outer coating of the CNP. Consequently, it was unexpected that the metafilm 

would act as a highly efficient mirror given that such a small amount of silver is used in 

the metafilm compared to a silver slab of the equivalent thickness 60filmt nm= .  

 

 

Figure 5.8. Absorptance, showing net gain, 0a < ,  for resλ λ< and net loss 

0a > , for resλ λ>  in the CNP metafilm operating at the SR gain value 

0.453k = −  as the spacing d is varied over the range of 40nm to 70nm. 
 

 

For the active cases having gain values at or above the value needed to excite the 

SR, the reflectance and transmittance properties of the metafilm are impacted by the 

couplings between the individual active CNPs. For small distances between the CNPs, 

the resonance of the metafilm is broader than for an isolated CNP due to the strong 

couplings between the inclusions. As the inclusions are moved further apart, the 

couplings decrease and the metafilm begins to demonstrate attributes that resemble those 

of a narrowband mirror due to the coherent plasma oscillations of the individual 
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inclusions making up the metafilm. Beyond a critical spacing, which in the case when 

0.463k = −  is near 80d nm≈ , the scattering characteristics begin to resemble those of the 

individual inclusions, where the reflectance and transmittance profiles narrow to a few 

nanometers about resλ  and attain values greater than unity. This strong enhancement can 

be explained by the fact that for large separation distances the evanescent coupling 

between the inclusions is extremely weak and the individual inclusions interact with the 

incident field as though they were isolated. The response to the incident field at resλ , 

therefore, approaches that of the individual CNP. Consequently, the metafilm radiates 

energy into the primary directions defined by the dipole radiation pattern lobes of the 

active CNP, thereby generating wave fronts (in accordance with Huygens principle) 

which are forward and counter propagating relative to the direction of propagation of the 

incident plane wave [47]. Moreover, as characterized by the negative net absorption of 

the metafilm shown in Fig. 5.6 for larger values of d, when the source is operating at the 

resonance wavelength, resλ , this configuration acts as a beam splitter which, in contrast to 

a traditional beam splitter that produces two beams whose individual amplitudes are less 

than that of the incident field, would create two beams whose amplitudes are larger than 

that of the incident field.    
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5.4 Three Dimensional Arrays of CNPs - CNP Crystals 

 

The effective medium properties of a three dimensional array of CNP inclusions were 

also studied. The same inclusions used in section 3 for the two dimensional CNP 

metafilm were used to achieve these three dimensional arrays of CNPs. As discussed 

above, bulk quantities, such as the effective permittivity and permeability, are not valid 

descriptions of the electromagnetic properties of the metafilm since its thickness is not 

uniquely defined. Therefore, the metafilm’s optical properties had to be established 

through the interface conditions in terms of the uniquely definable electric and magnetic 

polarization surface densities. These quantities were related directly to the electric and 

magnetic polarizabilities of the inclusions themselves, as given by the expressions (5.8)-

(5.15). Following this GTSC approach led to accurately derived optical properties. In 

contrast, bulk effective material quantities can be meaningfully defined in the case of a 

three dimensional array of inclusions.  

The approach taken here to determine the effective permittivity of a three 

dimensional square lattice of active CNP particles followed that proposed in [58]. In 

applying this approach the lattice was assumed to be square periodic so that the period 

was the same in all three Cartesian directions, {x, y, z} and the embedding medium was 

assumed to be free space. The lattice period,d , as well as the size of the inclusions, r ,  

was restricted to be much smaller than the excitation wavelength so that 1dβ ≪  and 

1rβ ≪ . The incident plane wave was assumed to propagate along the positive z-axis. 

With these assumptions the complex effective permittivity of the lattice takes the form,  
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lattice lat latiε ε ε= +  (5.22) 

 

where n is the number density of the inclusions with units of 3[ ]m−  and Eα is the electric 

polarizability of the inclusion as defined above in (5.3). Expression (5.21) is similar to 

the familiar Clausius-Mossotti form of the effective permittivity of a random distribution 

of scatterers, but has been modified by the term, 3
0/(6 )iβ πε , added to the inclusion 

polarizability in the denominator. This extra term results from the periodicity of the 

inclusions in the lattice. It takes into account the coherent scattering interactions between 

inclusions, effectively canceling any losses arising from incoherent scattering effects that 

would otherwise arise in a random distribution of inclusions.  

 

 

5.4.1 Effective Permittivity of the CNP Crystal 

 

The effective permittivity of the CNP crystal was calculated for several lattice periods 

and gain values. As with the CNP metafilm studies, the gain values for the CNP crystal 

were varied from the passive scenario: 0k =  to 0.353k = − , through the SR value at 

0.453k = − , to just above the SR value at 0.463k = − . The lattice spacing, d, was varied 
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over a range from 25 nm to 50nm, which maintained spacing values within the limits 

consistent for the validity of expression (5.21), i.e., to maintain 1dβ < . The volume 

fraction of inclusions in the crystal is defined as 3/f V d= , where 34 / 3V rπ=  is the 

volume of the CNP inclusion used.  These values of d correspond to a volume fraction 

range: 0.03 0.26f< < . 

 

 
Figure 5.9.  Real part of the effective permittivity of the CNP crystal.  
 
 
 
 

 
Figure 5.10. Imaginary part of the effective permittivity of the CNP 
crystal.  
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The real and imaginary parts of the effective permittivity of the CNP crystal, 

which were obtained with the expressions (5.21), are shown, respectively, in Figs. 5.9 

and 10. The effective permittivity exhibits a resonance that is near the resonance 

wavelength of the CNP inclusions, resλ . This resonance wavelength coincides with the 

peak value of "
latε  and will be denoted aslatticeλ ; it signifies a resonance associated with 

the entire volume of the crystal lattice. As can be seen from Figs. 5.9 and 5.10, the lattice 

resonance wavelength,latticeλ , exhibits tunability with the lattice spacing. It shifts to longer 

wavelengths as the lattice period is decreased and approaches the CNP resonance value, 

resλ , as the lattice spacing is increased. For the cases where the gain is below the SR gain 

value, '
latε  takes on mostly positive values, but exhibits some negative values for lattice 

periods around 25nm as seen in Fig 5.11. When the gain in the core of the CNP 

inclusions is increased above the SR gain value, '
latε  takes on negative values for source 

wavelengths belowlatticeλ , and remains positive for those abovelatticeλ . These observations 

are consistent with those discussed above for the metafilms. In particular, the coupling 

efficiency of the incident field to the localized plasmon of the CNP particle is maximized 

when the gain reaches the SR value at which point the absorption efficiency of this 

inclusion becomes negative. The collective response of the inclusions then produces 

behavior indicative of a plasmonic material, i.e., the effective permittivity becomes 

negative. These features are emphasized in the more detailed cross sectional plots 

extracted from Figs. 5.8 and 5.9 at the lattice spacing of 25nm, 35nm, and 45nm given in 

Figs 5.11, 5.12, and 5.13.  
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Figure 5.11. Real and imaginary part of the effective permittivity as the 
lattice spacing is varied. The gain in the CNP was set to 0.463k = − ,  
above the SR gain value. 

 

 
Figure 5.12. Real and imaginary part of the effective permittivity as the 
lattice spacing is varied. The gain in the CNP was set to 0.353k = − , 
below the SR gain value. 

 

 
Figure 5.13. Real and imaginary part of the effective permittivity as the 
lattice spacing is varied. There was no gain included, i.e., 0k = so that the 
CNP inclusions were passive. 
 

 

When gain is present in the core of the inclusions, "
latε  may cross through zero and 

become negative in the region belowlatticeλ . The wavelength for which " 0latε =  depends 

on both the gain value in the CNP as well as the lattice period of the crystal. In the case 

with the gain value 0.353k = −  and lattice spacing 35d nm= , this wavelength is 

455.5nmλ ≃ . At this zero crossing the effective permittivity is purely real; i.e., 

'
lattice latε ε= . Although only one zero crossing is observed for "

latε , the real part of the 
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permittivity becomes zero at two wavelengths. One zero occurs at latticeλ , where '
latε  

transitions from positive values above latticeλ  to negative values just below latticeλ . The 

second occurs at a wavelength that is below latticeλ , where '
latε  changes sign again, 

transitioning from negative values to positive values as it re-passes through zero. At these 

two zero crossings the effective permittivity becomes purely imaginary; i.e., "
lattice latiε ε= . 

The wavelength below latticeλ  for which ' 0latε =  similarly depends on both the gain value 

in the CNP core as well as the lattice period of the crystal. For example, in the case with 

the gain value 0.353k = −  and the lattice spacing 35d nm= ,  this wavelength is 

470.7nmλ ≃ . As can be seen from these examples, the wavelengths where the complex 

permittivity becomes either purely real or purely imaginary in general do not coincide. 

These zero crossings have implications for wave propagation in the crystal lattice, as 

discussed next.  

 

 

5.4.2 Effective Index of the CNP Crystal 

 

In characterizing the properties of the CNP crystal, not only is the effective permittivity 

important, but so to is the index of refraction. The latter controls the propagation 

properties of electromagnetic waves in the CNP crystal. Therefore, the behavior of the 

effective complex refractive index of the CNP crystal lattice was also explored. Because 
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of the electrically small size of the CNPs, the magnetic response is negligible, so that 

0effµ µ= . The effective complex refractive index of the lattice can then be defined as 

 

 lattice lattice lat latN n ikε= = +  (5.23) 

 
where latn  and latk  are, respectively, the real and imaginary parts of the effective complex 

index. The real part describes the effective phase velocity of a wave traveling through the 

CNP lattice; the imaginary part describes the decay or growth of a wave propagating 

through the CNP lattice. The real and imaginary parts of the effective complex index 

corresponding to the results shown in Figs. 5.11-5.13 are shown, respectively, in Figs. 

5.14 and 5.15. 

 
Figure 5.14. Real part of the effective index of the CNP crystal.  

 

 
Figure 5.15. Imaginary part of the effective index of the CNP crystal.  
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 From Fig. 5.15 it is obvious that when gain is present in the core of the inclusions, 

the lattice may exhibit both effective gain, 0latk <  and, loss 0latk > .  The transition 

between gain or loss occurs at the wavelength, 0nλ = , where the real part of the refractive 

index is identically zero, i.e., where 0latn = , and, consequently, the imaginary part of the 

effective permittivity is also zero, " 0latε = .  It is important not to confuse the wavelength, 

0nλ = , where the complex index is zero with the lattice resonance wavelengthlatticeλ .  

Therefore at 0nλ = , only evanescent waves having uniform phase throughout the crystal 

may exist.  

A surprising feature is also apparent in Fig. 5.15. The effective gain of the CNP 

crystal can attain values greater than those present in the core of the individual CNP 

inclusions. Just below the zero-index wavelength, 0nλ = , the gain of the crystal approaches 

1latk −≃  while the gains in the core of the CNP inclusions in all cases presented in Fig. 

5.14 all satisfy 0.5k > − . In addition, for small lattice spacings in the range 25nm-30nm, 

an effective gain in the lattice is observed even when the gain in the core of the CNP 

inclusions is well below the SR value, i.e., when the individual CNP inclusions exhibit 

net absorption and their absorption efficiency is positive. This can be attributed to an 

enhancement in the plasmon resonance that was similarly responsible for the ' 0latε <  

values mentioned above when the gain in the core of the inclusions was below the SR 

value and the lattice spacing was near 25nm. To observe these features more closely, 

more detailed cross sectional plots taken from Figs. 5.14 and 5.15 at lattice spacings 



 165 

equal to 25nm, 35nm, and 45nm are presented in Figs 5.16, 5.17, and 5.18 showing these 

features more closely.  

 

 
Figure 5.16. Real and imaginary part of the effective refractive index as 
the lattice spacing is varied. The gain in the CNP is set equal to 

0.463k = − , above the SR value. 
 

 

 
Figure 5.17. Real and imaginary part of the effective refractive index  as 
the lattice spacing is varied. The gain in the CNP is set equal to 

0.353k = − , below the SR value. 
 

 

 
Figure 5.18. Real and imaginary part of the effective refractive index as 
the lattice spacing is varied. The CNP inclusions are passive, i.e., 0k = . 

 

 

The real part of the effective index transitions from being less than unity for 

latticeλ λ<  , to greater than unity for latticeλ λ> . The losses present in the crystal near latticeλ  
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are the largest when the lattice spacing is small enough to ensure significant coupling 

between the inclusions. When the wavelength exceeds latticeλ , the losses drop off 

considerably. For large lattice spacings and, hence, the coupling between inclusions is 

weak, behaviors resembling the CNP inclusions themselves ensue. For example, the 

imaginary part of the index, latk , becomes very narrow and negative, and the crystal 

exhibits only gain. From these observations it is apparent that the strength and width of 

the absorption/gain resonance may be tuned by varying the lattice spacing, d, as is 

demonstrated in Figs. 5.15 and 5.16.  

 

 

 

5.5 Random Distribution of CNP Inclusions 

 

The effective permittivity and index of a random distribution of active CNP inclusions 

were also investigated. The same gain values considered in the core of the CNP 

inclusions for the metafilm and the 3D periodic array were again used for this study. 

Recall that these gain values were: {0,  0.353,  0.453,  0.463}k = − − − . The Clausius 

Mossotti formula [59] was used to determine the effective permittivity of the volume of 

the random CNP inclusions. With this approach the effective permittivity takes the form, 
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 ' "
rand rand randiε ε ε= +  (5.25) 

 

where n remains the number density of the inclusions with units of 3[ ]m−  and Eα  remains 

the electric polarizability of the inclusion as defined above in (5.3). This expression is a 

valid representation of the effective permittivity given that the size of the scatterers 

satisfies the quasi-static approximation, and the distance between the scatterers is large 

enough apart to make any close range coupling negligible. These conditions require that 

1rβ ≪  and that the volume fraction of the particles, f, satisfy the constraint: 1f ≪ . 

Therefore, the volume fractions used in the following simulations was limited to the 

range: 0.01f ≤ . Because the system of inclusions was randomly distributed, the volume 

fraction was used instead of the lattice period, d, to parameterize the volume density of 

scatterers. Therefore, the number density that appears in expression (5.24) was defined in 

terms of the volume fraction, f, and the volume of the inclusions, V,  as /n f V= . The 

random nature of this metamaterial essentially removes the coherent scattering effects 

that are present in the periodic case. Consequently, the term 3
0/(6 )iβ πε , which was 

present in the expression (5.21) for the periodic array of inclusions and was responsible 

for canceling the scattering losses from the individual inclusions, is absent in expression 

(5.24).   
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5.5.1 Effective Permittivity of the Random CNP Medium  

 

The results obtained from applying (5.24) are shown in Fig 5.19 and 5.20. Immediately 

apparent is the lack of tunability with the volume density of inclusions; this property can 

be seen from the near vertical profile of '
randε , and "

randε  as the volume fraction is varied. 

In the periodic lattice it was observed that changing the lattice period and, therefore, the 

volume density had a noticeable affect on the position of the resonance. For the random 

CNP medium, there appears to be no such dependence on the resonance wavelength as 

the volume fraction is varied within the simulation range depicted in the Figs. 5.19 and 

5.20, i.e., in the range 0.001 0.01f< < . Also, as can be observed in Figs 5.21 and 5.22, 

there is little effect on the width of the resonance for both '
randε  and "

randε  as f  is varied. 

Note that in Figs. 5.21 and 5.22 the profiles of '
randε  and "

randε  have been normalized to 

the range [-1,+1] to allow better observation of the relative width of the resonances. On 

the other hand, an enhancement in the strength of the resonances is observed as the 

volume fraction is increased, as was shown in Figs. 5.19 and 5.20.  
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Figure 5.19. Real part of the effective permittivity of the random CNP 
medium. 

 

 

 
Figure 5.20. Imaginary part of the effective permittivity of the random 
CNP medium. 

 

 

The main influence on the width of the resonance appears to be from the amount 

of gain present in the core of the CNP inclusions. This is apparent in Figs 5.21 and 5.22. 

For small gain values below the SR gain values, wider resonances are observed. On the 

other hand, when the gain in the core of the CNP inclusions is at or above the SR gain 

value, the resonances narrow to only a few nanometers. It is worth noting that the sign of 

"
randε  near the resonance may be affected by the volume fraction when the gain in the 

core of the inclusions is at the SR gain value, 0.453k = − . In particular, for very small 
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volume fractions, 0.001f < , the imaginary part of the permittivity is negative, i.e., 

" 0randε < , near the resonance, whereas for 0.001f >  it becomes positive, i.e., 

" 0randε > . For gain values in the core of the inclusions above the SR gain value, 

0.453k = − ,  the imaginary part of the permittivity becomes strictly positive, i.e., 

" 0randε > , for all of the simulated volume fractions.  

 

 
Figure 5.21. Normalized real part of the effective permittivity of the 
random CNP medium. 
 
 
 

 

Figure 5.22. Normalized imaginary part of the effective permittivity of the 
random CNP medium. 
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5.2 Effective Index of the Random CNP Medium  

 

As was done for the CNP crystal, the effective complex refractive index for the random 

CNP medium was also explored in order to characterize its wave propagation properties. 

Again, assuming a negligible magnetic response, i.e., 0effµ µ= , the effective complex 

refractive index of the random CNP medium is defined as 

 

 rand rand rand randN n ikε= = +  (5.26) 

 

where randn  is the real part of the effective complex index and randk  is its imaginary part. 

Figures 5.23 and 5.24 show, respectively, the real and imaginary parts of the complex 

effective index for the same random CNP media used in the permittivity studies. 

 

 
Figure 5.23. Real part of the complex effective index of the random CNP 
medium. 

 

 

 



 172 

 
Figure 5.24. Imaginary part of the complex effective index of the random 
CNP medium. 

 

 

 

  As with the effective permittivity results, there is no effect on the resonance 

wavelength as the volume fraction is varied. However, again the strength of the 

resonance is enhanced as the volume fraction is increased. An enhancement in the 

effective gain, similar to that observed for the CNP crystal, is also found in the random 

medium case. Figures 5.25-5.28 show cross sectional plots taken from the data in Fig. 

5.24 at the volume fraction values: 3 3 3 3{4 10  ,6 10  ,8 10  ,1 10 }f − − − −= × × × × . This allows 

the trend in the enhancement of the effective gain with the volume fraction,  f , as well as 

with the gain value in the core of the CNP inclusions, k , to be more easily seen.  
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Figure 5.25. Imaginary part of the complex effective index of the random 
CNP medium, gain in CNP core above SR value, with a value of 

0.463k = − . 
 

 
Figure 5.26.  Imaginary part of the complex effective index of the random 
CNP medium when the gain in the CNP core is at the SR value, with 

0.453k = − . 
 

 
Figure 5.27.  Imaginary part of the complex effective index of the random 
CNP medium when the gain in the CNP core is below the SR value, with 

0.353k = − . 
 

 
Figure 5.28. Imaginary part of the complex effective index of the random 
CNP medium when the core is passive, i.e., when the gain in CNP core is 
zero ( 0k = ). 
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It was found that as the gain in the core of the inclusions is increased, the imaginary part 

of the refractive index, randk ,  goes from positive values when k  is below the SR value, to 

negative values when  k  is at or above the SR value.  This behavior is shown in          

Figs 5.25-5.28. It is interesting to note that the effective loss is enhanced compared to the 

passive case when there is gain present in the cores of the CNP inclusions and its value is 

below the SR value. This effect can be seen by comparing Fig 5.27 to Fig 5.28. 

Therefore, these results indicate that the random CNP medium exhibits either enhanced 

effective loss or gain in comparison to the passive case, depending on the amount of gain 

in the core of the inclusions.  
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CHAPTER 6 

 

CONCLUSIONS 
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    Once the optical properties of the single active CNP inclusion were established in this 

dissertation, several examples of optical metamaterials, which were constructed using 

them as inclusions, were presented and analyzed. In particular, the effective material 

properties of these optical MTMs were explored using effective medium theories that are 

applicable to a variety of inclusion configurations. Two-dimensional (2D) mono-layers of 

these active CNPs, which form metafilms; three-dimensional (3D) periodic arrays of 

these active CNPs; and 3D random distributions of these active CNPs were described.  

The effective permittivities and refractive indexes of these optical MTMs were compared 

and contrasted to those of their active CNP inclusions. In addition to providing the 

descriptions and performance characteristics of the active MTMs, some examples of 

nano-photonic applications enabled by the unique properties of the active CNP inclusions 

were also presented. Specifically metamaterial pigments derived from exploiting the high 

absorption and low scattering properties of the passive CNP particle were explored for 

possible use in color displays technology, as well as the use of the SR lasing state and 

localized plasmon resonance of the active CNP for nano-sensing applications. 

In this dissertation the design and simulation of both passive and active plasmonic 

coated spherical nano-particles (CNP) were presented.  The sizes of these CNPs were 

selected to be on the order of 10-30 nm to make them applicable to realizing optical 

metamaterials, as well as to investigate the possibility of realizing highly subwavelength 

resonant optical scatterers. The role of loss in the passive CNPs due to the optical 

properties of the plasmonic materials was considered, and the use of active materials in 

the design of CNPs was investigated to compensate for and to even overcome this loss. In 
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these simulations the size dependence of the plasmonic shells was taken into 

consideration and both canonical gain models, as well as gain models representative of 

rare earth doped glass were used. From these active CNP investigations, new phenomena 

were uncovered that, aside from the geometric tunability of the passive CNPs, show a 

super resonant lasing state.  This super resonant state of the CNP was shown to achieve a 

negative absorption efficiency that is 310  greater than the value obtained for a passive 

CNP, and a total efficiency that is more than 410  greater.  This increase in the total 

efficiency indicates the possible realization of a sub-wavelength laser whose size is on 

the order of ~ / 20a λ . In the parameter space of the core and shell permittivities it was 

observed that there exists a well-defined region where the super resonance state exists.  

Next photonic applications using both the passive and active CNPs were reported that 

further illustrated the physics and novelty of these nano particles. First, the use of active 

CNPs for nano-sensing applications was investigated. Simulation results of the optical 

properties of an active CNP with a 24nm radius active silica core and 6nm thick silver 

shell that were functionalized by an additional spherical outer layer of varying thickness 

and refractive index were presented.  The effects of the functionalized layer thickness and 

index on the super-resonant (SR) state of the active CNP were presented. It was shown 

that the wavelength and amount of optical gain required to excite the SR state provides 

both a spectral and a power signature which may be used to identify the dimensions and 

optical properties of the functionalized layer. The performance of the CNP sensor was 

compared to more traditional large planar prism and grating plasmonic sensors based on 

surface plasmon waves. It was shown that the active CNP-based sensor provides 
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approximately the same level of sensitivity when the wavelength is used for 

interrogation. It was also shown that the signature associated with varying the pump 

power required to excite the gain medium to achieve the SR state in the CNP sensor 

provides an additional means for interrogation with modest sensitivity.  Thus, given its 

localized nature and its direct excitation mechanism, the active CNP-based sensor has 

some distinct advantages over more traditional SWP-based sensor systems. Finally these 

results were applied to the case of a functionalized layer containing a solution of human 

hemoglobin. It was shown that by determining the wavelength and gain required to excite 

the super resonance state of the CNP in the presence of the hemoglobin solution, the 

concentration of hemoglobin may be determined. 

The passive CNP was then explored for use in color display technology applications. 

The absorption resonance of both solid silver nano particles (NPs) and passive CNPs 

were investigated and compared for use as constituents for realizing a tunable color 

pigment. It was demonstrated that plasmonic structures have resonances which are 

tunable via variations of the surrounding media functions. In particular, it was shown that 

the absorption resonances of solid silver NPs and silver-based CNPs, which exist within 

the visible region of the electromagnetic spectrum, can be tuned by changing the 

surrounding refractive index. These absorption spectra were shown to lead to perceived 

colors that span the RGB space. This color tunability may have applications for realizing 

ambient light color displays and other devices where tunable absorption is desired. 

Furthermore, in addition to the environmental tunability of the solid plasmonic shell, the 

geometric tunability of the CNPs offer an additional degree of freedom in that the 
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resonance associated with the free space environment can be tuned by changing the ratio 

of the core and outer particle radius. Several pixel configurations were explored to 

investigate the colors accessible using these plasmon resonances. Results for pixel 

configurations using one, two, and three layers of pixels containing identical CNP 

particles were presented.  

 Finally the optical properties of metamaterials operating in the range of 400nm to 

700nm using the active CNP as an inclusion were investigated. These optical 

metamaterials were based on active CNP inclusions, consisting of an 8nm radius active 

dielectric core surrounded by a 2nm thick silver layer. The effective material properties 

of these optical MTMs were explored using effective medium theories applicable to a 

variety of inclusion configurations. Two-dimensional (2D) mono-layer metafilms; three-

dimensional (3D) square periodic array crystals; and 3D random distributions of these 

active CNPs were investigated. The influences of the gain value in the core of the active 

CNP inclusions and of the density of the inclusions were used as parameters to 

investigate the tunability of these MTMs. The transmittance, reflectance, and absortance 

of the active CNP metafilm were investigated. It was found that under certain operating 

conditions the active metafilm can be thought of as acting like a plasmonic material with 

a plasma wavelength that can be specifically designed by selecting the appropriate inner 

and outer radii values of the CNP, i.e., by geometrically tuning the localized plasmon 

resonance. It was shown that for certain configurations the metafilm may take on 

characteristics of a mirror, beam splitter or amplifier depending on the value of the two 

dimensional array spacing and gain in the core of the active CNP inclusion.  
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In the three dimensional square periodic array crystal, the effective permittivity, 

as well as the effective complex index, were investigated. The 3D periodic array was 

found to have a resonance near the localized plasmon resonance wavelength of the CNPs. 

This lattice resonance was shown to have tunability with the lattice spacing. It was found 

that the effective permittivity can be engineered to take on either ENG or DPS properties 

by selecting appropriately the lattice period and the gain value in the core of the CNP. 

Consequently, the effective complex index was shown to take on values where the real 

part may be less than unity and may even become zero. The imaginary part was shown to 

take on both positive and negative values representing effective loss or gain, respectively. 

In particular, effective losses were observed despite the inclusions having no intrinsic 

losses, and effective gain values of the crystal beyond the gain values used in the core of 

the active CNP inclusions were observed. These gain enhanced properties were attributed 

to an enhancement in the plasmon coupling to the incident field due to the periodic 

arrangement of resonant inclusions, as well as to strong couplings between the inclusions 

themselves.  

Similarly, it was shown for the 3D random distributions of active CNPs that a 

resonance exists in the effective permittivity. However, it was found that neither the gain 

in the core of the CNPs, nor the volume density of the CNP inclusions had any effect on 

the resonance wavelength. The only noticeable effect resulting from variations in the 

volume fraction or the values of the gain in the core of the CNP inclusions was on the 

strength of the resonance for the effective permittivity and effective index. It was shown 

that generally a larger volume fraction of inclusions translates into larger resonance 
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strengths.  The effective permittivity was also shown to take on both ENG and DPS 

characteristics similar to the 3D periodic array configuration. An enhancement in the 

effective gain, similar to that observed for the CNP crystal, was also found in the random 

medium case. Effective gain values of the crystal beyond the gain values used in the core 

of the active CNP inclusions were observed. As in the 3D periodic case, effective losses 

were also observed despite the inclusions having no intrinsic losses themselves. In 

contrast to the 3D periodic case, there were no zero index characteristics observed. 
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