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ABSTRACT

Abstract: The activities of pairs of mammalian motor neurons (MNs) receiving

varying degrees of common excitatory synaptic input were simulated to study the

relationship between nearly-coincident spiking and common excitatory drive. The

somatic membrane potential of each MN was modeled using a single compartment

model. Each MN was modeled to receive synaptic contacts from hundreds of pre-

synaptic fibers. The percentage of pre-synaptic fibers that diverged to supply both

MNs of a pair with common synaptic input could be varied from 0 (no common

inputs) to 100% (all common inputs). Spikes trains on separate pre-synaptic fibers

were independent of one another and were modeled as realizations of renewal pro-

cesses with mean firing rates (10 - 50 Hz) resembling that associated with supra-

spinal input. Maximum synaptic conductances and time constants were varied

across synapses to match experimentally observed somatic EPSPs. The number

of active pre-synaptic fibers to each MN was adjusted in order that the firing rates

of MNs were between 8 and 15 Hz. For each common input condition, 100 s of

concurrent spiking activity of the MNs was used to construct cross-correlation his-

tograms. The sizes of the central peaks in the histograms were quantified using

both the k (Ellaway and Murthy 1985) and CIS (Nordstrom et al. 1992) indices

of synchrony. Monotonically increasing linear relationships between the proportion

of common synaptic input and the magnitude of synchrony were observed for both

indices. For example, the model predicted that 10% common input would yield

a CIS value of 0.27 whereas 100% common input would yield a CIS value of 1.5.

These values are within the range of values observed experimentally. These results,

therefore, provide a means to translate measures of nearly-coincident spiking into

plausible renditions of synaptic connectivity.
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Chapter 1

Introduction

1.1 Introduction

Tasks like breathing, balancing, locomoting, and grasping are accomplished by the

coordinated contraction of teams of muscles. Each muscle, in turn, is comprised

of tens of thousands of muscle fibers. In normal conditions in vertebrates, each

fiber is innervated by one motor neuron (MN) and a single MN may innervate tens

to hundreds of muscle fibers. A MN together with the muscle fibers it supplies

constitute the output element of the nervous system and is referred to as a motor

unit. The few hundred motor units that comprise a single muscle is called a pool.

How the central nervous system coordinates the activities of motor units across a

wide range of behaviors is poorly understood and remains an area of intense research.

The main goal of this dissertation, therefore, was to create a theoretical framework

to enable accurate predictions of synaptic connectivity within and across pools of

motor neurons based on the spiking patterns of concurrently recorded motor units.

During the execution of many tasks, a subset of the recruited MNs fire a signifi-

cant number of nearly-coincident spikes (Dietz et al., 1976; Sears and Stagg, 1976).

That is, a fraction of the spikes from such neurons occurs within a few milliseconds

of one another and the number of nearly-coincident spikes is more than would be

predicted if the MNs fired independently (Sears and Stagg, 1976; Kirkwood, 1979;

Kirkwood et al., 1982a). Nearly-coincident spiking is measured in terms of the

relative timing of spikes from the two neurons by calculating the raw correlation

function of their spike trains. These correlation functions measure the relative fre-

quency with which the event of observing a spike from one of the neurons (called the

reference neuron) occurs h time units away from a spike in the second neuron (called

response neuron). In other words, these correlation functions yield counts of joint
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spiking. The graph of the correlation function is called correlogram (see Fig. 1.1 and

Methods). Significant nearly-coincident spiking occurs when there is a peak around

time-delay zero (Fig. 1.1A). The duration of nearly-coincident spiking is usually

regarded as the size of the time interval containing the peak. Pronounced peaks in

a correlogram suggest that the two spike trains are not independent whereas “flat”

correlograms are usually considered to indicate of independent spiking. The lack of

independence could be due to various factors including direct or indirect synaptic

coupling between the two neurons and/or correlated changes in the firing rates of

the two spike trains Brody (1999a); de la Rocha et al. (2007).

A. B.

Figure 1.1: Correlograms from two different spike trains. The red line shows the count
for perfectly coincident, hence synchronous spikes (up to resolution). The white horizontal
line shows a baseline that estimates the counts that would result if the two spike trains
were independent. The shaded regions mark the portions of the correlogram containing the
nearly-coincident spike counts delimited by finding the largest connected interval around
time-delay zero for which the counts are larger than a baseline. The insets show a schematic
representation of a possible scenario of presynaptic inputs that could explain the shape
of the correlogram. A. Correlogram suggesting a clear departure from independence in
the two spike trains. B. Correlogram indicative of independent spike trains. As expected,
the region of nearly-coincident spikes for the case in which there is a clear peak in the
correlogram (A) is wider than the case for the “flat” correlogram.

In their seminal report, Sears and Stagg (1976) advanced the hypothesis that

nearly-coincident spiking results from the joint occurrence of unitary post-synaptic

potentials from common stem presynaptic fibers (see inset Fig. 1.1A). A few years

later, Kirkwood et al. (1982a) elaborated further on this hypothesis and postu-

lated that if nearly-coincident spiking lasts less than 10 ms, then excitation likely
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originates from common stem presynaptic fibers, whereas if the duration of nearly-

coincident spiking is longer (ca. 20-30 ms), then excitatory drive likely arises from

separate axons exhibiting correlated firing.

The experimental evidence in support of the above hypothesis is indirect. Yet,

most researchers have adopted the interpretation that short-lasting (<10 ms) cen-

tral peaks in correlograms are indicative of common excitatory input (Fig. 1.1A).

Conversely, flat correlograms are usually taken to indicate lack of common input

(Fig. 1.1B). However, there are potential problems with these interpretations that

are largely related to the absence of a quantitative foundation upon which to eval-

uate the shape and size of a correlogram. For instance, a “flat” correlogram may

not necessarily mean that the two neurons under study receive no input in common.

Similarly, it is currently impossible to make quantitative inferences about the levels

of common excitatory input received by two neurons that exhibit a central peak

in their correlogram. To make matters more complicated, two neurons with rhyth-

mic output of similar frequencies (say, 10 Hz each) are likely to have a correlogram

containing periodic peaks of non-negligible amplitudes in spite of a lack of common

input at all.

Therefore, for this dissertation, I developed a model of simultaneously spiking

neurons in which the number of common excitatory inputs, their rates of spiking,

and their synaptic efficacy could be controlled. Such a model was used to iden-

tify sources of correlation in MN spiking and were related to possible connectivity

schemes (Brody, 1999b; Nykamp, 2003). In addition, the model was used to assess

the accuracy of the current analyses methods.

The work done for this dissertation had the following specific aims:

1. To assess the possibility that nearly-coincident spiking can be observed in pairs

of uncoupled MNs receiving common but otherwise uncorrelated, synaptic

excitatory input.

2. To characterize the strength of nearly-coincident spiking for different levels of

common excitatory input by measuring the size and width of central peaks
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in correlograms using the experimentally deployed indices k′ (Ellaway and

Murthy, 1985) and common input strength (CIS) (Nordstrom et al., 1992).

3. To characterize how the duration of nearly-coincident spiking varies, if at all,

as a function of the number of common excitatory inputs received by MNs.

This aim required the development of a novel analysis method to allow reliable

identification of small peaks in correlograms.

4. To characterize nearly-coincident spiking as a function of common excitatory

input in pairs of MNs (a) with different levels of excitability (i.e., as would

occur when recording from motor units of different recruitment thresholds);

(b) receiving different levels of excitatory drive.

The construction of a computationally efficient, yet physiologically relevant

model of spinal MNs receiving realistic synaptic input and which exhibited mem-

brane potential dynamics that resembled those observed experimentally was required

to address the specific issues mentioned above. As a consequence, a major under-

taking associated with this dissertation was the development and validation of such

a model.

The following chapters describe the background, approach, and outcome of sim-

ulations to address these aims. Chapter 2 provides a brief literature overview of

mammalian MNs, motor units, the general organization of synaptic input to MNs,

MN electrophysiology, and nearly-coincident spiking. Chapter 3 describes various

methods to analyze spike trains and chapter 4 presents different methods used to

model spiking activity in excitable cells leading to a full description of the model

used in this dissertation to simulate MN behavior. The model developed in chapter

4 is applied in chapter 5 to characterize the relationship between motor neurons

receiving common excitatory synaptic drive and nearly-coincident spiking under a

variety of conditions. A summary, discussion, and proposal for future directions of

this dissertation work are presented in chapter 6.
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Chapter 2

Literature review

Movement is the result of muscle contraction, which, in turn, is controlled by mo-

tor neurons (MNs). MNs that control facial muscles and the tongue are located

in the brain stem, whereas MNs supplying limb skeletal muscles are located in

logitudinally-oriented nuclei in the ventral horn of the spinal cord. Individual mus-

cles are composed of tens of thousands of muscle fibers. In normal conditions in

adult mammals, each muscle fiber is innervated by a single MN. In contrast, each

MN makes synaptic contact with tens to thousands of muscle fibers. A MN together

with the muscle fibers it innervates is called a motor unit. Each muscle, in turn, is

controlled by a team of a few hundred motor neurons, ofter referred to as the MN

pool for the muscle.

Neurons and skeletal muscle fibers are excitable, which means that their mem-

brane is equipped with proteins that mediate electrical signaling in the form of

all-or-none electrical pulses called action potentials (APs), or spikes. A very impor-

tant property of motor units is that APs from the commanding MN are followed

one-for-one by APs in all the muscle fibers in the unit. Therefore, it is possible to

track motor neuron activity by recording in the periphery.

The following paragraphs contain a brief overview of the properties of motor

neurons followed by a review of the synaptic inputs to MNs. The last sections

discuss possible links between the simultaneous spiking in MNs and the synaptic

organization of supraspinal inputs to MNs.

2.1 Spiking properties of motor neurons under current injection.

The typical behavior displayed by mammalian spinal MNs under current injection

is described in the following paragraphs (Calvin and Schwindt, 1972; Kernell, 2006)
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and illustrated in Figs. 2.1 and 2.2.

Figure 2.1: Typical firing behavior of mammalian MNs under current injection. A.
Responses to different levels of current injection in a spinal motor neuron from a cat
(Granit et al., 1963; Calvin and Schwindt, 1972). The subscripts on the left of each trace
indicate different pulses used to stimulate the MN. AD is the trace that results from a
short pulse of current sufficiently large to trigger one action potential. The numbers 0-5
indicate long pulses of increasing amplitudes, also noted in part C. B. Trajectories of the
membrane potential between spikes magnified from the records in B. Calibrations for A
and B: 40 mV, 80 ms in B; 10 mV. C. Current-frequency relationship displayed by a
spinal mammalian MNs. The minimum current amplitude required to trigger sustained
spiking is marked as “Ith”.

• MNs have a stable membrane potential in the absence of stimulation (Kernell,

1965a). The minimal current amplitude necessary to evoke an AP with a short

pulse (rheobase) normally is between 5 and 20 nA (Fig. 2.1A-B lower traces).

MNs do not have a “hard current threshold” in the sense that a single action

potential can be triggered at different current levels depending on the rate of

rise and duration of current injection (not shown).

• After firing a single spike, the membrane potential undergoes an after-

hyperpolarization that lasts between 80 and 150 ms with an amplitude be-

tween 5 and 10 mV (Kernell, 1965b). The return trajectory of the membrane
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Figure 2.2: Repetitive firing of mammalian MNs under current injection from Granit
et al. (1963). The spikes in the left column show the first discharges of the cell in response
to the stimulus pulse. The middle column shows the repetitive MN firing for different
levels of current amplitude. The numbers in the right column are the amplitudes (in
nA) of the stimulation pulses. Note the increase in firing frequency for larger current
amplitudes and the different amplitudes of APs in the last recorded trace.

potential to rest after the downstroke of a spike is often monotonic as shown

in the bottom traces in Fig. 2.1B-C.

• For square current pulses of long duration (> 200 ms) there is a threshold

current, Ith, at which MNs display sustained periodic firing, with an initial

frequency of sustained spiking that is not arbitrarily small (Granit et al.,

1963). If the injected current is large enough, the first few spikes occur in a

brief burst of two, three or perhaps more spikes. After this brief burst, the

firing rate of the neuron undergoes a slow adaptation toward periodic firing

(Bawa and Calancie, 1983) (Fig. 2.1B). In consequence, the current-frequency

relationship is discontinuous, displaying zero frequency for an interval of in-

jected currents and jumping to a nonzero frequency at the minimal current
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that elicits sustained firing (Fig. 2.1C). The ratio between the rheobase cur-

rent and the repetitive spiking threshold Ith/Irheo is about 1.5. Note also that

MN spikes can be of different sizes as can be seen in the last recorded trace of

Fig. 2.2.

2.2 Motor neurons and their presynaptic inputs

MNs receive synaptic input from sensory afferents, spinal interneurons, and from

descending axons that originate in the brainstem and cerebral cortex (Kernell, 2006).

While the relationship between the activities of sensory afferents and postsynaptic

responses in MNs has been studied extensively. Much less is known about the

synaptic organization of inputs to MNs from supraspinal and spinal neurons.

Somatosensory afferent axons carry information originating in muscles, tendons,

skin, and joints into the central nervous system. The cell bodies of peripheral affer-

ents for body regions below the neck are located in the dorsal root ganglia, adjacent

to the spinal cord. Axon collaterals from many of these sensory afferents make

synaptic connections with MNs and interneurons located within the same, as well

as adjacent spinal segments (Kernell, 2006). Two nomenclatures are used to classify

somatosensory axons based on the tissue from which they arise: a Roman numeral

system for muscle afferents and a combined Latin-Greek lettering system for skin

afferents. Within each system, axons are classified into groups depending on their

thickness and myelination. For example, types I-III are thicker than the unmyeli-

nated type IV muscle afferents. The two thickest types I and II carry information

related to muscle length and force and arise from muscle spindles and Golgi tendon

organs. An individual Ia axon arising from the primary ending of a muscle spindle

makes direct excitatory synaptic connections with virtually every MN innervating

their originating muscle (homonymous), as well as a large proportion of the MNs

innervating different muscles (heteronymous) with complementary or synergistic ac-

tions to the homonymous muscle (Mendell and Henneman, 1971). In addition to

exciting MNs controlling synergistic muscles, type Ia afferents also excite inhibitory
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interneurons that innervate MNs controlling antagonistic muscles (Jankowska and

Roberts, 1972). The thinner types III and IV muscle afferents carry more diverse

types of information, including nociceptive, mechanoceptive (e.g.,pressure-related

signals) and chemoceptive information (e.g.,metabolically-evoked changes in the ex-

tracellular environment of muscles and release of chemicals following tissue damage).

Such sensory afferents make excitatory connections with spinal local interneurons

which in turn make direct or indirect contacts with MNs.

Spinal interneurons integrate information from supraspinal, spinal and periph-

eral inputs (Baldissera et al., 1981; Jankowska, 1992) and transfer it to MNs. The

dendrites and axon collaterals of spinal interneurons may span more than one spinal

segment, as well as dorsal and ventral portions of the spinal cord. In addition, there

are a few spinal interneurons that extend neurites to communicate with contralat-

eral cells (Kandel et al., 2000). Synaptic input from spinal interneurons onto MNs

can be excitatory or inhibitory. Consequently, the spiking activity of interneurons

may have different effects on the activity of muscles through their influence on MN

activity (Perlmutter et al., 1998).

The sites of origin of descending tracts include premotor, primary and somatosen-

sory motor cortices, vestibular nuclei and other brainstem sources (Kandel et al.,

2000). Axons comprising these descending tracts target interneurons in the dorsal

horn and intermediate gray matter of the spinal cord. In addition, some descend-

ing axons, particularly those of cortical origin in primates, project to the ventral

horn of the spinal cord to make direct synaptic contacts with MNs innervating an

individual muscle and may also extend collaterals that contact MNs supplying dif-

ferent muscles (Asanuma et al., 1979; Shinoda et al., 1981; Lawrence et al., 1985).

Supraspinal inputs, therefore, constitute another source of common, branched input

to MNs. The corticospinal tracts in higher primates are of particular importance

because they are believed to be the main source of synaptic drive to spinal MNs

during voluntary motor behaviors (Penfield and Boldrey, 1937; Porter and Lemon,

1993; Romo and Salinas, 1999).

MNs respond to monosynaptic input from the same input axon with post-
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synaptic potentials of different amplitudes. Each input cell makes several synapses

onto its target MN, with each synapse having a different efficacy as suggested by

experiments stimulating peripheral neurons (Redman and Walmsley, 1983a), in-

hibitory interneurons (Jankowska and Roberts, 1972), rubrospinal cells (Shapavalov

et al., 1971) and corticospinal pyramidal neurons (Jankowska et al., 1975). For ex-

ample, there are anatomical and physiological data obtained from stimulation of

single Ia afferents in cats (Redman and Walmsley, 1983a) that show clearly that

a single Ia afferent makes multiple synapses onto a single MN, triggering somatic

excitatory postsynaptic potentials (EPSPs) of different amplitudes. The efficacy of

each of the synapses of Ia afferents onto MNs was studied by Walmsley et al. (1988)

who demonstrated that each synapse had its own probability of transmitter release,

as reflected in the distribution of amplitudes for the composite EPSPs recorded in

response to spikes from a single Ia afferent.

2.3 Nearly-coincident spiking in relation to synaptic input to MNs

An indirect way to extract information about synaptic connectivity within and

across MN pools is to record simultaneous spiking activity in motor units in search

for correlations. The one to one correspondence between APs in a MN and the

fibers in its motor unit allows the study of MN spiking in response to synaptic in-

put through extracellular recordings from easily accesible muscles. As mentioned

previously, an important behavior displayed by some MNs during the execution of

many motor tasks is that some of the recruited MNs display nearly-coincident spik-

ing (Dietz et al., 1976; Sears and Stagg, 1976). That is, some of the spikes from the

recruited neurons occur within a few milliseconds of one another more often than

would be predicted if their spike trains were independent.

Nearly-coincident spiking has been observed in several vertebrate species (e.g.

cats and primates including humans) in decerebrate (Connel et al., 1986), anes-

thetized and awake subjects (Sears and Stagg, 1976), during involuntary (Adams

et al., 1989) and voluntary contractions (Datta et al., 1991), in isometric (Brem-
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ner et al., 1991a; Datta and Stephens, 1990; Winges and Santello, 2004; Keen and

Fuglevand, 2004; Hockensmith et al., 2005; McIsaac and Fuglevand, 2007) and non-

isometric contractions (Semmler et al., 2002), as well as under different conditions

of propioception (Garland and Miles, 1997). Further, nearly-coincident spiking oc-

curs in MNs innervating different compartments within the same muscle (Datta and

Stephens, 1990; Datta et al., 1991; Keen and Fuglevand, 2004; McIsaac and Fugl-

evand, 2007) and between ipsilateral (Bremner et al., 1991b; Hockensmith et al.,

2005) muscles. In addition there are controversial, yet suggestive reports of near-

coincident spiking in contralateral muscles during the execution of postural tasks

(Gibbs et al., 1995) (but see (Mochizuki et al., 2005)). Importantly, physiological

roles for nearly-coincident spiking in MNs in motor control have yet to be estab-

lished. In fact, some theoretical (Yao et al., 2000), lesion, and functional studies

(Kirkwood et al., 1982a,b) have linked nearly-coincident spiking to tremor, lack of

dexterity, and arrhythmic contractions in muscles.

As mentioned earlier, Sears and Stagg (1976) advanced the hypothesis that

nearly-coincident spiking results from the joint occurrence of unitary post-synaptic

potentials from common stem presynaptic fibers. Indirect experimental evidence in-

dicating that common excitatory synaptic input increases the occurrence of nearly-

coincident spikes in MNs was first provided by Kirkwood and Sears (1978). In that

study, Kirkwood and Sears (1978) showed that if a pair of MNs displays nearly-

coincident spiking, transient depolarizations occur in the membrane potential of

one of the MNs at the time of discharge the other MN. Such depolarizations were

called average common excitation (ACE) and constitute the best evidence of the

relationship between nearly-coincident spiking and the common synaptic excitatory

drive to MNs. However, it has not been shown that ACE in two MNs recorded

simultaneously result from activation of previously identified common presynaptic

branches. A few years later, Kirkwood et al. (1982a) found that light anesthesia

or polysynaptic activation of spindle afferents promoted increases in the width of

central peaks in correlograms. If anesthesia levels were increased further (thus de-

creasing descending drive), the central peaks disappeared. However, if descending
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excitatory drive to the recorded MNs was increased in the presence of mild lev-

els of anesthesia, then the width of the central peaks decreased. Based on these

findings Kirkwood et al. postulated that if near-coincident spiking lasts up to 10

ms, then excitation likely originates from common stem presynaptic fibers, whereas

if nearly-coincident spiking is of longer duration (ca. 20-40 ms), then excitatory

drive probably comes from separate inputs which themselves possess correlated ac-

tivity. In view of the above findings, nearly-coincident spiking is regarded as a useful

fingerprint of the underlying organization of synaptic input to MNs.

2.3.1 Experimental evidence of nearly-coincident spiking in relation to common

input

Experimental work in vivo (Gilchrist and Mesche, 1997; Johnston et al., 1998) and in

vitro (Ali et al., 1998) has been done to assess the existence of common input to pairs

of cells. For instance, Gilchrist and Mesche and Johnston et al. have done intracellu-

lar pair recordings in the leech and in the moth, respectively, from neuromodulatory

cells that show coactivation, and identified presynaptic sources explaining the joint-

spiking observed in these cells. The experiments by Ali et al. (1998) involved slice

intracellular recordings from basket and bistratified interneurons in the CA1 region

of the hippocampus while simultaneously recording intracellularly from a pyramidal

cell. In this case the time course of the membrane potentials in the three simul-

taneously recorded neurons was used to deduce a common presynaptic influence of

pyramidal cells on the interneurons. The specific link between the input and output

correlations in two neurons has also been studied in slice preparations in vitro by

de la Rocha et al. (2007) and Markowitz et al. (2008). In these experiments, current

input signals were injected into a pair of cells. The current signals had common

and uncommon elements with respect to the cell pair. The correlations between the

spike trains were measured and related to the correlation in the input currents. Two

of the main conclusions of these experiments were that the correlation between the

spikes in two neurons receiving common input will increase with the level of input

correlation. The relationship between input and output correlation was quasi-linear.
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In both cases the input-output correlation increased exponentially only when the

input correlation values were larger than 0.8.

The level of common synaptic input in the motor system has only been investi-

gated during fictive locomotion (Nielsen et al., 2005). In this case fictive locomotion

patterns were induced in a decerebrate preparation. These experiments result in

very small levels of nearly-coincident spiking, which led Nielsen et al. to conclude

that the recorded MNs do not receive high levels of common input. The results

suggest that nearly-coincident spiking in lumbar MNs does not play an important

role in producing fictive locomotion and indirectly suggest that if any significant

nearly-coincident spiking is observable in the whole-animal, it most be of cortical

origin.

2.3.2 About the quantification and interpretation of nearly coincident spiking.

Sears and Stagg (1976) quantified nearly-coincident spiking using correlograms from

pairs of MNs. The presence of a pronounced, central peak in the joint spike count

plot reflects the occurrence of nearly-coincident spiking (Fig. 1.1). The current

methodology to quantify the duration of near-coincident spiking relies on finding

the width of the region of the central peak that lies above a baseline level (Fig. 1.1

shaded regions).

The most popular way to delimit the region of near-coincidence from joint spike

count plots is called the “cumulative-sum method” (Ellaway, 1978). The cumulative

sum method has been widely used in studies involving the spiking activity in motor

units (Ellaway and Murthy, 1985; Kirkwood et al., 1982a; Nordstrom et al., 1992;

Semmler et al., 2003; Keen and Fuglevand, 2004; Winges and Santello, 2004; McIsaac

and Fuglevand, 2007). In brief, the cumulative sum method estimates a baseline

count for the number of joint spikes by calculating the mean spike count outside the

central region, labeled M in Fig. 2.3. A cumulative sum of the joint-spike counts

after subtracting the baseline is then calculated as illustrated in Fig. 2.3. In those

cases where there is a prominent peak, this central cumulative sum is expected

to be flat before and after the peak, and increasing where the peak occurs. The
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Figure 2.3: Peak detection in correlogram
using Ellaway’s cumulative sum. A central
cumulative sum Ellaway (1978) is calculated
relative to the mean M . If a central peak
is present, the cumulative sum will display a
significant increase. From Nordstrom et al.
(1992).

peak is then delimited by the region where the cumulative sum undergoes a large

increase. This method is reliable for cases in which the central region contains a

prominent peak, but fails otherwise. In those cases where the peak is not prominent,

the central region is often defined to be between -5 and 5 ms (see Sect. 3.3.2 for

more details). Note that the cumulative sum method introduces two sources of error

in the quantification of nearly-coincident spikes. First, the baseline may not be a

good approximation for the correlation function that would be obtained if the trains

were independent. Second, the central region is not well defined when peaks are not

prominent.

Central peaks in correlograms may emerge for a pair of neurons for many reasons

including, but not limited to similar excitability in the neurons or similar latencies

in response to a common stimulus. Synaptic coupling, whether direct, indirect,

chemical or electrical, could also give rise to central peaks in correlograms obtained

from any pair of neurons. Uncommon, yet, correlated input to MNs could also

give rise to nearly-coincident spiking (Brody, 1999a,b). As noted above, correlation

functions are widely used to assess the occurrence, duration, and strength of nearly-

coincident spiking. Moreover, the duration of nearly-coincident spiking has been

used to make inferences about the synaptic organization of inputs to MNs. In view of

the above observations, it is of critical importance to identify the possible causes for

the emergence of nearly-coincident spiking and discard as many of those explanations

as possible, especially if estimations about synaptic connections to MNs are to be
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made based on joint spike counts. In addition, it is of crucial importance to have a

reliable method to estimate the width of the peak region. Some experimental results

that indicate possible sources of nearly-coincident spiking in MNs are reviewed next.

2.3.3 About the sources of nearly-coincident spiking

Several investigators (Kirkwood et al., 1982a,b; Baker et al., 1987) have reported

that nearly-coincident spiking occurs in MN networks in which peripheral afferent

input has been eliminated. In addition, Farmer et al. (1993) reported that nearly-

coincident spiking is present in motor units that control intrinsic hand muscles

in patients with lesions caudal but not rostral to the sections of the spinal cord

that contain the MNs that command the motor unit. One strong suggestion from

such results is that coupling between MNs through the spinal local network is not

sufficient to cause nearly-coincident spiking (but see Kirkwood et al. (1982a)). These

results are particularly important since they eliminate synaptic coupling (direct

or indirect, provided by the local and afferent inputs) between MNs as a possible

source of nearly-coincident spiking. As a consequence, correlated presynaptic inputs,

common inputs to MNs, and similar excitability remain as the most likely candidates

to explain the emergence of nearly-coincident spiking.

Two MNs with similar excitability may display similar firing rates under similar

synaptic drive (Brody, 1999a). In this regard, Datta and Stephens (1990) reported

that MN pairs with different recruitment thresholds display less nearly-coincident

spikes when compared to neurons having the same recruitment threshold. Notably,

MN pairs recruited at either low, or high range of forces, displayed stronger nearly-

coincident spiking than MN pairs recruited at middle-range force levels, indicating

that nearly-coincident spiking does not necessarily increase with excitability.

It is worth notice that others have not been able to corroborate these findings

(Nordstrom et al., 1992). In addition, Nordstrom et al. showed that when the same

pairs of units were made to fire at different rates, most of the commonly used indices

of synchrony exhibited higher values when the motor units fired at lower rates. This

interesting but counter-intuitive result directly contradicts theoretical predictions
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made by de la Rocha et al. (2007). Nordstrom et al. also argued that such firing-

rate dependence was an artifact of the method used to count nearly-coincident spikes

and did not reflect an actual change in the extent of common synaptic drive. As

such, Nordstrom et al. derived a new index of coincidence, called common input

strength (CIS), that was insensitive to the effects of firing rate in their experiments.

Nevertheless, the underlying relationship between firing rates of MNs and the degree

of common synaptic input remains unresolved and controversial.

2.4 Overview.

The existing anatomical and physiological data from MNs justifies the study of

nearly-coincident spiking in search for clues about the organization of synaptic in-

puts to spinal MNs. The technical difficulties that prevent the obtention of direct

evidence in support of the hypotheses that nearly-coincident spiking results from

common excitatory synaptic input calls for a theoretical approach to investigate

possible schemes of connectivity and interactions between MNs and their targets.

The existing models of nearly-coincident spiking are based on somewhat unrealistic

assumptions about synaptic input to MNs (Binder and Powers, 2001; Lowery and

Erim, 2005; Taylor and Enoka, 2004). For instance, Binder and Powers (2001) used

a threshold crossing model with a single K+ current that decayed exponentially to

model MN excitability and common synaptic input was simulated by injecting a

voltage-independent filtered signal (current) into model neurons. Lowery and Erim

(2005) also used current injection to simulate common input. As has been shown

by Kuhn et al. (2004), the firing frequency behaves differently when synaptic in-

put is assumed to be voltage-dependent. Taylor and Enoka (2004) simulated the

spiking activity of MNs, modeling the response to synaptic activation by assum-

ing that the combination of several independent Poisson spike trains results in a

Poisson spike train. One implication of this assumption was that the coefficient of

variation of the interspike intervals of the model neuron was too high (close to 1),

reflecting the statistic of the arrival times of the input spikes. The occurrence of
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nearly-coincident spiking can be greatly affected by the coefficients of variation of

the neurons involved.

Therefore, it is necessary to construct models of simultaneous spiking activity

in MNs grounded on well established anatomical and physiological data. Modeling

under these constrains provides physiologically relevant screening of several possible

schemes of correlated activity and produce testable hypotheses for experiments. The

theoretical work done for this dissertation enables the study of possible correlation

schemes for synaptic input to MNs and relates them to experimentally deployed

measures of nearly-coincident spiking. Theoretical results obtained with the models

constructed here facilitate the study of the organization of synaptic input to MNs

through their simultaneous spiking activity.
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Chapter 3

Analysis of spike trains in the time domain

The following chapter describes general methods for quantification of spike trains.

Spike rates, interspike intervals, and coefficients of variation are explained first, fol-

lowed by a general description of methods to quantify simultaneous spiking activity

in pairs of neurons. Particular emphasis is put on correlation functions and measures

derived from them. The reason to do so is that the main interest in this dissertation

is to quantify the occurrence of nearly-coincident spiking in pairs of motor units.

Two methods to assess the existence and size of significant fluctuations in correla-

tion functions will be described. The first method depends on the calculation of

a cumulative sum (Ellaway, 1978). The second method is based on the search for

the local extrema of the correlation function using a theoretical prediction of the

correlation function that would result if the spike trains were independent as a base-

line for separation. The calculations of the widely used indices of nearly-coincident

spiking k′ and CIS are explained in the last section. The results of these calcula-

tions are compared by using the cumulative sum method for peak detection and the

correction for independence mentioned in previous paragraphs.

3.1 Spike trains: Definitions and basic quantification.

Assume that a record of membrane potential is sampled at time steps of size δt in

the interval [0, T ]. Assume also that all time quantities are in units of milliseconds

(ms). The number of sample points in the recording is thus the integral part of

NT = T/δt. The occurrence of spikes can usually be detected by setting a large

enough threshold (Fig. 3.1). A sequence of spike times obtained this way is called

a spike train.
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Figure 3.1: The horizontal lines
show different thresholds that can
be used to detect APs. The crosses
mark times of where errors in de-
tecting an AP with a low threshold.

3.1.1 Counting spikes using pulsed functions.

It is convenient to describe spike trains by means of time-dependent delta-functions

defined as

δ(t) =

 1 if t = 0,

0 otherwise
(3.1)

Assume the spike times from a recording like the one shown in Fig. 3.1 were

t0, t1, ..., tN . Spike trains recorded from neurons behave like stochastic processes

(Perkel et al., 1967a,b). In other words, a spike train can be regarded as a sequence

of random variables {st : t = 0, δt, 2δt, ..., T} whose elements are labeled by the

recording times and such that st = 1 if there is a spike at time t and 0 otherwise.

Since time is discrete in this case (i.e., it is possible to label every time step and

count them), the stochastic process defined by the spike train is discrete as well.

The spike times can be used in combination with the delta function in (3.1) to write

the spike train as a function of time

st =
N∑
i=0

δ(t− ti), . (3.2)

The notation used in (3.2) is very useful because it provides with a framework for

quantification of spike trains. For instance, it is now possible to write a formula for

the number of spikes in the train within a time interval [a, b]:

C ([a, b]) =
N∑

t∈[a,b]

st. (3.3)

The probability of observing a spike in the interval [a, b] can be approximated
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by dividing the spike count from (3.3) by the length of the time interval:

R([a, b]) =
C([a, b])

b− a
. (3.4)

Notice that to obtain R in units of pulses per second (pps) it would be necessary to

multiply by 1000.

A spike train is called stationary if the probability of finding a spike in an

interval of length T is the same regardless of the location in the recording and of

the size of the interval T . In other words, the train is stationary if the neuron

from which the train was recorded can be expected to fire, on average, the same

number of action potentials within any two time-intervals of the same length. A

consequence of stationarity is that if N is the average number of spikes in T ms,

then R(0, T ) = N/T will converge to the true probability of spiking as T increases.

Consequently, if a spike train is stationary, the count in (3.3) only depends on the

length of the interval and R(0, T ) can be regarded as the average spike frequency in

an interval of length T , provided T is long enough(see Fig. 3.2).

Now let τ be a random variable representing the waiting times between spikes,

or interspike intervals from a spike train. Then, for the spike train t0, ..., tN , τ takes

values τi = ti − ti−1 for i = 1, ..., N . A count of the interspike intervals can be

calculated using delta functions:

D(τ) =
N∑
i=1

δ{τi = τ} (3.5)

A plot of D for each value of τ is the histogram of interspike intervals. The variability

of interspike intervals is usually assessed by calculating the coefficient of variation

of the interspike intervals, ντ , defined as the quotient between the mean and the

standard deviation of the interspike intervals, sτ/τ̄ .

The multiplicative inverses of the interspike intervals form a sequence f1 =

1/τ1, ..., fN = 1/τN called the instantaneous firing rates. To express the rates in

units of pulses per second (pps), the instantaneous firing rate of the train can be

obtained by multiplying each of the elements of the sequence f1, ..., fN by 1000.
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Figure 3.2: Comparison between
calculations of rate. In this exam-
ple the spike train had an average
of 9.98 pulses per second. The solid
lines show, respectively, the calcula-
tion of the average of all instanta-
neous firing rates, f̄ (top) and the
inverse of the average interspike in-
terval, 1/τ̄ (bottom), both calcu-
lated as functions of time. The
dashed line illustrates the relative
frequency of spiking obtained using
(3.4).

The average firing frequency of the neuron can be approximated by calculating

the multiplicative inverse of the average interspike interval, 1/τ̄ . It can be demon-

strated assuming that spike trains are stochastic point processes that the inverse

of the average interspike interval 1/τ̄ converges to the true spiking rate for large

enough T . Another approximation that is accurate only in a limited number of

cases can be obtained by calculating the average of the instantaneous firing rates, f̄ .

Note these two quantities are not the same. In fact, as shown in Fig. 3.2, τ̄−1 ≤ f̄ .

3.2 Quantification of pairwise spiking activity.

The following paragraphs explain how to calculate correlation functions from a pair

of spike trains and detect significant fluctuations indicative of correlated activity.

3.2.1 Correlation functions.

Now assume we have two spike trains recorded simultaneously. Let two spike trains

be represented by the sequences t
(1)
i and t

(2)
j , where i = 1, ..., N1 and j = 1, ..., N2.

Without loss of generality, assume train 1 has less than or equal spikes than train

2. Train 1 will be referred to as the reference train and train 2 will be referred to

as the response train. Following the notation introduced above, let the spike trains

from two different neurons be represented by pulse functions, this time indexed
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s1(t) and s2(t) for n = 1, 2. One way to assess if the two spike trains s1 and s2

are independent is to calculate their correlation function. In a continuous setting,

correlation functions are just convolutions of two time dependent functions. In a

discrete space like the time sample described here, the correlation function between

two spike trains is written as

C1,2(h) =

NT∑
t=1

s1(t) · s2(t+ h). (3.6)

where h is a time difference or delay between a spike in the response train and a

spike in the reference train. The values for h are typically chosen to be within a

relevant time scale for the phenomenon under study. For instance, in situations

where nearly coincident spiking is studied, the typical interval for h is [−100, 100]

ms. The count is then repeated for different values of h, thus obtaining a function

that depends on the time-delays between spikes from the two trains. This function

is often called cross-correlation function if the two trains are different and auto-

correlation function if the same train is used as response and as reference. Note

that C1,2(h) = C2,1(−h), so it is not necessary to do another calculation to obtain

C2,1(h).

The correlation function (3.6) counts the number of spikes from neuron 2 that

occur h units of time apart from a spike from neuron 1. In other words, the function

C1,2 counts the number of joint spikes between neurons 1 and 2 at different time

delays (Fig. 1.1 and 3.3). The graph of a correlation function (3.6) as a function

of the time-delay h is called is called correlogram. Such a graph is often called

cross-correlogram if the two spike trains are different. Similarly, if the reference and

response trains are the same then the graph is also called auto-correlogram.

3.2.2 Independence between spike trains.

If the spike trains s1 and s2 are stationary and C1,2 is divided by the number of spikes

in the reference neuron, the result can be used to approximate the probability that
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Figure 3.3: Correlogram between
two independent spike trains. The
horizontal line is the theoretical
prediction for the delayed-spike
counts that would result if the
two spike trains were independent,
which equals the expected number
of spikes from the response cell.

spikes in train 2 occur at a delay of t+ h given a spike in train 1 occurred at time t

R1,2(h) =
C1,2(h)

C2

. (3.7)

≈ P [s2(t+ h)|s1(t)] . (3.8)

The two spike trains are independent if

P [s2(t+ h)|s1(t)] = P [s2(t+ h)] (3.9)

If ȳ2 is the mean interspike interval of neuron 2, and the two spike trains are regarded

as independent point processes, it can be shown rigorously that, the conditional

probability that a spike from from neuron 2 occurs h time units apart from a spike

in neuron 1 equals 1/ȳ2 Cox (1962); Perkel et al. (1967b)

3.3 Detection and quantification of significant fluctuations in correlation functions.

Large deflections in correlation functions may indicate a departure from indepen-

dence in a pair of spike trains. The following two sections describe two methods for

the detection of significant fluctuations in correlation functions. The two methods

are applicable for any region of in the domain of a correlation function. The de-

scriptions provided here are confined to peaks located in the central region around

time-delay zero.

The first method is based on correcting the correlation function by subtracting

a theoretical prediction of the correlation function that that would result if the
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response train was independent from the reference train (see subsec. 3.3.1). The

second method is a widely-adopted analysis technique (Keen and Fuglevand, 2004;

Winges and Santello, 2004) in the field of motor control and it is based on finding a

significant departure from an baseline count obtained outside an interval around the

zero time-delay (see subsec. 3.3.2). The baseline count is in this case the average of

the correlation function outside the time-delay interval [−40, 40].

3.3.1 Peak detection using the correction for independence.

One way to quantify the level of dependence between two spike trains is to calculate

a modified correlation function by subtracting the expected number of spikes in the

response train that would occur if the two trains were independent Cox (1962):

Ĉ1,2(h) = C1,2(h)− C2. (3.10)

The values of h at which the function is positive are the counts beyond what would

result if the two spike trains were independent. Any peak around h = 0 can then

be found by looking for a positive local maximum in Ĉ1,2 in a neighborhood of

time-delay zero. Once found, the limits of the peak can be determined by simply

looking for the closest values of h around the peak where Ĉ1,2 crosses zero, or, in

other words, the closest values of h to the right and left from the peak at which the

correlation function crosses the prediction for independence (solid, red line in Fig.

3.4A).

The significance of any value of Ĉ1,2 can be determined by using quantiles de-

pending on the problem. It will be assumed in the rest of this document that any

positive regions in the graph of Ĉ1,2 indicate the occurrence of nearly-coincident

spikes.

3.3.2 Peak detection using Ellaway’s cumulative sum.

A central cumulative sum Ellaway (1978) can be used to approximate the limits of

a central peak. In brief, the mean of the counts outside a central region, usually the
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A. B.

Figure 3.4: The outside mean Mout is shown as a dashed line in both plots for comparison.
A. Peak detection using the correction for independence. The solid (red) line represents
the predicted counts if the two spike trains were independent. B. Peak detection in
correlograms using Ellaway’s cumulative sum. From Nordstrom et al. (1992).

interval [-40,40], is calculated,

Mout =
1

120

∑
h/∈[−40,40]

C1,2(h) (3.11)

and used to approximate the average count that would result if the spike trains were

independent. Then a cumulative sum of all the differences between the values of the

correlation function and the outside mean Mout is determined by

SM(h) =
h∑

m=−100

(C1,2(m)−Mout) (3.12)

=
h∑

m=−100

C1,2(m)− (h− 100 + 1)Mout

An increase in SM near time 0 is used to delineate the central peak in the correlo-

gram. The boundaries of the peak are defined as the values of h corresponding to

10 and 90% of the maximum SM values (Schmied et al., 1993; Keen and Fuglevand,

2004). If there is a central peak, SM is expected to be relatively flat outside the peak

and to increase for h around the peak region (Fig. 3.4B). If SM does not increasing

significantly around zero, then the interval between -5 and 5 ms is used to delimit

the peak region (Semmler and Nordstrom, 1995).
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3.3.3 Indices to quantify the size of the peaks.

Note that in both methods described above, detection of the peak depends on finding

a significant increase from a baseline count around the time-delay h = 0. In the

independence-correction method, the baseline is the number of spikes in the response

train C2, whereas in the cumulative sum method, the base line is Mout.

A. B.

Figure 3.5: Peak detection from a correlogram count by using two methods and the
calculation of the coincidence index CIS. Both plots show the correction using indepen-
dence and the cumulative-sum method. The solid vertical lines are boundaries determined
using the correction for independence, dashed vertical lines are boundaries determined by
cumulative-sum method. The solid horizontal lines represent the base-line counts where
Ĉ1,2 = 0 using the correction for independence (the expected spike count in the response
cell) and the dashed horizontal lines represent the baseline obtained by calculating the
average count outside the central region, Mout. A. Example from a pair of spike trains
with a very prominent peak around time-delay. B. Example from two spike trains for
which the peak is not prominent.

To quantify the relative size of the peak with respect to the baseline, let P and

C, respectively, be the regions of the peak above and below the baseline (Fig. 3.4).

Two indices of coincidence widely used experimentally are calculated to quantify

the size of the central peak. Both indices are quotients involving the total counts

in regions P and C (Fig. 3.4). The first index will be called k equal to the index
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k′ used by Ellaway and Murthy (1985). In short, k is the ratio between the total

number of spikes in the peak divided by the spike count from region C minus 1.

The second index, referred to as common input strength, CIS (Nordstrom et al.

(1992)), is the number of spikes in the peak after substracting the control spikes

from region C, divided by the total time of the recording. Note CIS is in units of

pps and can be regarded as the average rate of nearly coincident spiking observed

from two spike trains.

Two examples of the calculation of the index CIS are shown in Fig. 3.5. The

boundaries for the peak and the baseline counts are shown by vertical and horizontal

lines, respectively. Fig. 3.5 also shows a comparison between the indices when

calculated using the theoretical prediction for independent counts and when using

the cumulative sum. The two methods agree in the case where the correlogram has

a very clear peak (Fig. 3.5A). The error introduced by the approximations used in

cumulative sum method when the peak in the correlogram is not clear are shown in

Fig. 3.5B.

3.4 Overview.

The methods described in this chapter will be used in chapters 4 and 5 to analyze

spike trains from spiking models of MNs.
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Chapter 4

Models of spiking activity in neurons

4.1 Introduction

Every model of a natural phenomenon involves a compromise between the level of

detail, mathematical tractability, and the computational cost of the numerical simu-

lations of the model. This chapter provides a general overview of various approaches

to modeling the dynamics of spiking activity in nerve cells. The different modeling

approaches described in the first sections of this chapter will be used in chapter 5

to construct a model of simultaneous activity in spinal motor neurons that links

spiking activity to different schemes of synaptic organization in the supraspinal in-

puts to MNs. Results from simulations aimed to answer specific questions about

the relationship between nearly coincident spiking and different schemes of common

synaptic input will be presented in chapter 5.

4.2 Excitability and modeling of spiking activity.

Excitable cells often display large, pulsed oscillations in their membrane potential

called spikes or action potentials (APs). Each spike can be thought of as one event

in a sequence of biophysical processes that occur within the cell which, in turn, may

depend on the activity of other cells. Spikes, in turn, trigger different responses

within their cells of origin as well as in other cells.

The physiological state of the membrane in an excitable cell can be described by

a dynamical system. That is, a collection of variables linked in their time evolution.

The system may be deterministic, or stochastic, meaning, respectively, that the

relationships between the variables remain fixed from the outset, or change according

to a probability distribution.
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The model of choice will restrict the investigation and the interpretation of the

results in different ways. For instance, the model can be biophysical, meaning

that every expression in the model can be linked to a biophysical process (Hodgkin

and Huxley, 1952; Morris and Lecar, 1981; Endresen et al., 2000; Herrera-Valdez

and Lega, 2008a). Alternatively, equations could provide a phenomenological de-

scription that facilitates the mathematical analysis of the model at the expense of

biophysical relevance (Fitz-Hugh, 1961; Izhikevich, 2003). In general the compu-

tational efficiency of a model will increase at the expense of explicit biophysical

representation.

Sect. 4.3 reviews two methods for modeling spiking activity taking a stochastic

approach following the approach taken by Perkel et al. (1967a), and Heeger (2000).

Sect. 4.4 provides a general overview of dynamical systems theory and modeling of

cellular excitability. A model of simultaneous spiking activity in MNs in response

to common excitatory synaptic drive will be constructed using the concepts drawn

from secs. 4.3-4.4

4.3 Spike trains as realizations of stochastic processes

Spike trains in vivo display a great deal of variability. The spike times of a neuron

can be regarded as the realization of a stochastic process that follows certain rules.

In principle, the randomness of the process may depend on factors like the firing

rate of a neuron and the occurrence of previous spikes. The paragraphs below

describe two simple but powerful ways to simulate the spiking activity of neurons

using assumptions about the randomness in the spike times.

4.3.1 Spike trains as Poisson processes

A simple but very illustrative way to construct spike trains is based on the following

assumptions:

P1. Spikes are sampled during a time interval (0, t) with a time step δt small enough

so that only one spike can occur within δt units of time. Time is assumed to
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Figure 4.1: Poisson spike count.

be in milliseconds. The number of sample points n is then [t/δt] (the integer

part of t δt).

P2. The firing rate is almost constant within a time step. Note then that the

probability that a spike occurs within δt seconds is p ≈ rδt.

P3. Spikes occur independently in non-overlapping intervals of length δt.

Sampling can then be thought of as a sequence of independent but identical

Bernoulli trials in which the probability that a spike occurs is p = rδt (like tossing a

coin at each time step to determine if a spike occurred or not). In consequence, the

number of spikes in the interval (0, t) behaves like as a binomial random variable

with n trials, each having a probability of success p. An approximation to the

probability of having k spikes before t milliseconds can be calculated explicitly in

terms of the firing rate and the sampling interval using the binomial formula:

P (k spikes before T ) ≈
(
n

k

)
pk(1− p)n−k, (4.1)

=

(
n

k

)
(rδt)

k (1− rδt)n−k , (4.2)

=

(
n

k

)(
rt

n

)k (
1− rt

n

)n−k
. (4.3)

An exact expression for the probability that k spikes occur before T can then be

obtained by letting the number of subintervals n increase to infinity in Eqn. (4.1)
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to obtain

P (k spikes before T ) =
(rt)k

k!
exp (−rt) , (4.4)

which has the form of a Poisson probability density function (see Fig. 4.1 and

appendix 4.6 for the calculation). In other words, the spike count constructed using

assumptions P1-P3 is a Poisson random variable.

Poisson processes in which the firing rate r is constant are called homogeneous. It

is possible to construct non-homogeneous Poisson processes using the same hypothe-

ses as above as long as r remains almost constant in the subintervals determined by

δt.

Following the notation used in previous sections, let τ represent the waiting

time between any two spikes. There are two statistics of interspike intervals that

are widely used in neurophysiology to quantify the variability in spike trains. The

first statistic is called the Fano factor and is defined as the variance divided by the

mean, Fτ = σ2
τ/µτ . The second quantity, created from the Fano factor is called the

coefficient of variation, ντ , equal to the ratio between the standard deviation and

the mean. That is, Fτ = στντ . It can be shown using Eqn. (4.4), that the mean and

variance of the spike count in an interval (0, t) are both equal to rt. That is, the

Fano factor is always 1 in a Poisson process. The converse is not necessarily true;

i.e. if the mean and standard deviation of a stochastic process are the same it does

not follow that the stochastic process is Poisson.

Interspike intervals from a Poisson spike train. The distribution of interspike

intervals from a Poisson spike train is readily obtained by using Eqn. (4.4). The

probability that no spikes occur before a time t can be found by letting k = 0 in

Eqn. (4.4):

P (no spike before t) = exp(−rt). (4.5)

The probability of observing a spike any time before t ms have passed is

P (spike before t) = 1− exp(−rt). (4.6)
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The expression (4.6) gives the probability distribution function for the waiting times

in a Poisson process. Since the Poisson process in this case is the spike count, (4.6)

represents the distribution function for the interspike intervals in a train with rate r.

The expression in (4.6) indicates that the likelihood of not observing a spike before

τ is exponentially smaller as τ increases. The probability that an interspike interval

is exactly τ can be obtained by differentiating the distribution function (4.6)

dP

dt
=

d

dt
[1− exp(−rτ)]

= r · exp(−rτ). (4.7)

Equation (4.7) gives the probability density function of τ , and indicates that the

interspike intervals from a Poisson spike train are exponentially distributed ((see

Fig. 4.2)B). It can be shown using (4.7) that the mean and standard deviation of

the interspike intervals from a Poisson spike train are both equal to 1/r. That is,

the coefficient of variation of the interspike intervals obtained from a Poisson spike

train equals 1.

Generating Poisson spike trains numerically. In view of (4.7), the simplest way to

generate a Poisson process is to generate a sample of interspike intervals u1, ..., uN

from an exponential distribution and reconstruct the spike train by successively

adding the intervals to a first spike time t0 (which could be zero). The first spike

time would be t1 = t0 + u1, the second time would be t2 = t0 + u1 + u2, and so on

until tn = t0 + u1 + ...+ un.

If a sample generator for exponential distributions is not available, a Poisson

spike train can be generated by an iteration process. Recall that the probability that

one spike occurs at time t is p(t) = r(t) · δt. Note p(t) is not necessarily constant.

For each time step, choose a random number a between 0 and 1. If a < p(t), then a

spike is generated at this time (Fig. 4.2A). The resulting exponential distribution of

the interspike intervals characteristic of Poisson spike trains is shown in Fig. 4.2B.

After the occurrence of a spike in a real neuron there is an absolute refractory

period during which no more spikes can occur. This means that a neuron cannot

have arbitrarily small interspike intervals. Instead, the smallest intervals must be



44

A. B.

C. D.

Figure 4.2: Spike trains as realizations of stochastic processes. A. Poisson process. B.
Interspike interval histogram from a Poisson train. C. Renewal process. D. Interspike
interval histogram from a train generated using a renewal process. The red line indicates
the zero interspike interval. Both examples of spike trains were generated with r = 50
pps, δ = 1 ms, and a total time of 100 s. The renewal spike train was generated using a
refractory period ρ = 2 ms.

at least as long as the absolute refractory period. In cases where this consideration

is crucial, it is no longer suitable to use Poisson processes to describe the spiking

of a neuron. The following paragraphs describe a modeling approach that accounts

for refractory periods by shaping the randomness of the process with an the extra

requirement of a minimum waiting time between spikes.

4.3.2 Spike trains as renewal processes

The Poisson model described in the previous section can be modified to incorporate

the existence of an absolute refractory period. As with the Poisson process, there

are at least two ways to do this.

To generate the spike trains with refractory periods using an iteration process,
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it is necessary to modify the assumption about independent spiking from the con-

struction of the Poisson spike train so that spike generation now depends on the

occurence of the last spike. Stochastic processes with this characteristic are called

renewal processes. First, an integer k representing the renewal time that corresponds

to the refractory period is found by setting k = [ρ/δ]. A process similar to that used

for the Poisson trains is carried out by generating a random number a between 0

and 1 at each time step. If a < k · p(t), then t is a candidate spike time (Fig.

4.2C). Note the number of candidate spike times found this way is k-times larger

than it would be in a Poisson process since the integer k increases the chance that

a produces a candidate time. The spike train is determined by keeping only every

kth candidate spike time. For instance, if the refractory period is ρ = 2 ms, then

the expected number of candidate spike times is twice as many as in a Poisson train

with the same rate and sample step. However, keeping every second spike results,

on average, in a number of spikes that corresponds to the desired firing rate.

The probability density function for the interspike intervals obtained from the

train generated as a renewal process is described by a gamma function with param-

eters k and r:

p(τ ;α, r) =
rkτ k−1

(k − 1)!
exp(−rτ) (4.8)

= γ(τ ; k, r).

Gamma functions with k > 1 have a slower rise to peak in comparison to when

k = 1 (Fig. 4.3). The particular case k = 1 is an exponential function

γ(τ ; 1, r) = rexp(−rτ), which has exactly the same functional form as (4.7), the

probability density function for the interspike intervals from a Poisson train. In-

deed, the iteration process just described to obtain spike trains with a refractory

period is the same as for the Poisson trains if k = 1.

Hence, another way to generate spike trains with refractory periods is to gen-

eralize the density function for the interspike intervals originally derived from the

Poisson train and use gamma functions. Therefore, a spike train with a refractory

period can be generated by adding intervals sampled from a gamma distribution as
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Figure 4.3: Probability den-
sity functions of interspike intervals
from renewal spike trains with re-
fractory periods ρ = 1, 2, 3, and 4
ms.

explained above for Poisson trains.

The mean of the interspike interval in renewal trains is the same as for the Poisson

process (µτ = 1/r). However, the variance of the gamma-interspike intervals is 1/rk.

In consequence, if τ has a gamma distribution, then Fτ = 1/k and ντ = 1/
√
k. For

instance, if the refractory period is 2 milliseconds, then the coefficient of variation

of the input trains is ντ ≈ 0.7.

It is widely believed that cortical interspike intervals have coefficients of variation

close to 1. This belief has been widely used in the literature to justify stochastic

modeling of cortical spike trains using Poisson processes. However interspike interval

distributions of cortical cells are highly variable (Softky and Koch, 1993). The

coefficients of variation obtained from interspike intervals recorded in many cortical

areas range between 0.4 to 1.2 with a mean around 0.8, which corresponds well

to the theoretical prediction obtained from a gamma distribution with a refractory

period of 2 ms. In addition, the distributions of interspike intervals in cortical cells

have shapes that agree more with the profile of gamma distributions.

The following section describes a deterministic approach to modeling spike trains.



47

4.4 Spike trains as events in a deterministic dynamical system

The membrane dynamics of an excitable cell can be modeled with a dynamical

system written in generic form as a system of ordinary differential equations

dv

dt
= f(v, w, x), (4.9)

dw

dt
= g(v, w, x), (4.10)

dx

dt
= εh(v, w, x), (4.11)

where the variable v represents the membrane potential, w is a recovery variable,

and x is an adaptation variable typically slower than v and w. The functions f , g

and h are assumed to have no explicit dependence on time (Av-Ron et al., 1993).

The system (4.9)-(4.11) is called biophysical if every variable or process can be

associated with a biophysical mechanism (Hodgkin and Huxley, 1952; Morris and

Lecar, 1981; Endresen et al., 2000; Herrera-Valdez and Lega, 2008b). Spikes can

be extracted from the dynamics of v by recording the times at which v crosses a

predetermined threshold, selected to minimize the probability of erroneous detection

of action potentials (Fig. 3.1).

The parameter ε controls the rate of change of x. If ε is sufficiently small, it can

be assumed that dx/dt = 0, so x becomes a constant parameter (hence no longer a

dynamical variable) thereby reducing the system to two equations (4.12)-(4.13). The

remaining equations are called the fast subsystem since they include the two faster

variables from the original system. One instance in which such a reduction is reason-

able can be found in biophysical systems intended to model cellular excitability in

which spike frequency adaptation or bursting are not relevant behaviors. Note, how-

ever, that it is possible to artificially obtain bursting and spike frequency adaptation

from phenomenological models using only two equations (Izhikevich, 2004).

The following sections contain an overview of biophysical systems (subsec. 4.4.1),

followed by a minimal review of concepts from dynamical systems theory (subsec.

4.4.2), and a survey of phenomenological systems (subsec. 4.4.3) to point out that

phase plane analysis and bifurcation theory can be used to construct phenomeno-
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logical systems with the same qualitative behavior as biophysical systems.

4.4.1 Overview of Biophysical models

Biophysical models of membrane excitability are such that f and g from (4.9)-

(4.11) are explicitly written in terms of the membrane capacitance, rate of change

in membrane potential, and the different ion fluxes mediated by membrane proteins.

For instance, a basic biophysical system that can be used to reproduce all the

electrophysiological properties of MNs mentioned in subsect. 2.1 can be written

as

Cm
dv

dt
= I − Iion(v, w, x) (4.12)

dw

dt
=

w∞(v)− w
τw(v)

(4.13)

dx

dt
= ε (−ICa − rxx) (4.14)

where Cm is the membrane capacitance (µF/cm2), I is a parameter representing

external current injection from an electrode. All currents are in units of (nA/cm2).

Since under current injection MNs display spike-frequency adaptation and burst-like

behaviors in the form of doublets, triplets or more spikes, it is necessary to have

a third, slower adaptation variable x in the model. It has been demonstrated in

neurons and pancreatic cells that one biophysical mechanism underlying adaptation

and bursting involves a change in the total potassium conductance that depends on

slow dynamics of the calcium concentration beneath the membrane. To include this

in the model, x is assumed to be the calcium concentration beneath the membrane,

with a parameter ε controlling the rate at which [Ca]i increases as a function of the

total Ca2+-current ICa, and rx represents the removal rate of Ca2+. The parameter

ε is inversely proportional to the product of Faraday’s constant (F = 96.649C/mM)

times the volume of the cell, so that εICa is in units of concentration per unit time.

The adaptation variable x = [Ca]i is necessary for the model to display behav-

iors like spike frequency adaptation and the initial “burst-like” behavior of MNs

in response of current stimuli of large amplitudes. There are several physiological
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mechanisms that can give rise to burst-like behaviors. One typical example in which

bursting occurs is when the total conductance for K+ changes depending on a slow

increase in the submembrane Ca2+-concentration. The parameter rx primarily af-

fects the interval between sustained spiking episodes whereas ε primarily affects the

duration of repetitive spiking.

Existing experimental evidence indicates that the MNs modeled in this disser-

tation only display burst-like spiking (in doublets or triplets) and spike frequency

adaptation in response to current injection but these behaviors are not commonly

observed in the intact animal. Therefore, the biophysical systems used in this dis-

sertation to model MNs will be two-dimensional and will not include adaptation

variables (i.e., dx/dt = 0).

The term Iion(v, w, x) in (4.12) represents the total ionic current and equals the

sum of currents mediated by ion channels and transporters. The expressions for the

membrane currents and the gating variable w depend on the assumptions used to

construct the system.

The biophysical models used here were originally used by Hodgkin and Huxley

(1952) to describe the dynamics of membrane potential in the squid giant axon.

Such models assume that the cell membrane is an electrical circuit where the lipid

bilayer is represented by a capacitor and membrane spanning proteins that mediate

ion flux are resistors arranged in parallel. In this case all the currents are expressed

as products of a conductance times a difference between the membrane potential

and a reversal potential that depends on the ion(s) permeable through the channels.

4.4.2 Overview of dynamical systems theory.

A brief review of concepts from the theory of dynamical systems is presented within

the scope of 2D-systems of the form (4.9)-(4.10).

The state of membrane is described at any point in time by the (w(t), v(t)). For

instance, if a cell is represented by the biophysical system (4.12)-(4.13) then the

electrophysiological behavior of the cell is assumed to be described by its membrane

potential and the probability of opening of its K+ channels. The two-dimensional
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(2D) space where the states of the system “live” is called phase space, or in this

case, phase plane because there are only two variables in the system. The trajectory

described by the time evolution of the system from a starting point (w, v) is called

the orbit of (w, v) and can be represented graphically as a curve in the phase plane.

A graphical representation of the orbits of the system for a particular choice of

parameters is called a phase portrait. Different parameter choices may change the

phase portrait, possibly implying global qualitative changes in the time-evolution of

the system.

The concepts discussed in the rest of this section will be illustrated with examples

extracted from a 2D-biophysical system of the form

Cm
dv

dt
= I − Iion(v, w, x), (4.15)

dw

dt
=

w∞(v)− w
τw

, (4.16)

with

Iion = INa + IK + IL

= gNam
lm
∞ (v)(v − vNa) + gKw

lw(v − vK) + gL(v − vL), (4.17)

and

p∞ = [1 + exp (−aw(v − vw))]−1 , p ∈ {m,w}, (4.18)

where I represents the amplitude of an externally applied current, gNa, gK , gL,

the specific Na+-, K+-, and leak conductances in mS/cm2, p∞ is the steady state

proportion of open K channels, aw controls the slope of the steady state opening of

K-channels (mV −1) and the time constant of K activation τw in ms−1. The steady

Different choices of the parameters gNa, gK , gL, vNa, vK , vL, vm, vw, am and aw were

made to demonstrate how the behavior of the system can be modified and predicted

using a geometrical analysis of the equations.

An initial set of definitions will be presented and illustrated with a model using

a set of parameters that turns the system into a pacemaker that displays periodic
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spiking. These first definitions will be illustrated with Figs.Fig. 4.4-4.6. The con-

cepts of bistability and bifurcation will be defined and illustrated with Figs. 4.6-4.7

by choosing parameters that change the behavior of the system.

Figure 4.4: General phase portrait of dy-
namical system (4.15)-(4.18). The parame-
ters were such that the system displays sus-
tained spiking. The system has a unique, un-
stable fixed point and a globally stable limit
cycle shown as a closed dotted curve (red).
All trajectories starting near the fixed point
are repelled by it and converge to the limit
cycle (orbit starting at (w1, v1)). Likewise,
orbits starting outside the limit cycle eventu-
ally converge to it (orbit starting at (w2, v2)).
In fact, if the parameters of the system are
such that the fixed point is unique and lo-
cated in the shaded region and the angles
between the nullclines are similar, then there
will be a globally stable limit cycle. The in-
set shows an action potential. The numbers
label different stages of the action potential
and their corresponding portions within the
limit cycle. Modified from Herrera-Valdez
and Lega (2008b).

A phase portrait for the model (4.15)-(4.18) in a case where self-sustained action

potentials occur is shown in Fig. 4.4. The inset in the figure shows the time course

of an action potential with different phases. The closed curve in dots illustrates

the orbit described by the spikes. Note that time is not represented in the phase

plane. Since neither f nor g depend explicitly on t, the evolution of the system from

any initial condition does not depend on the starting time. This kind of system is

called autonomous. The tangent to an orbit passing through any point (w, v) has

a unique slope dv/dw = f(v, w)/g(v, w) provided g(v, w) 6= 0. The trajectories of

the system can then be unambiguously determined without solving the system by

simply evaluating f and g at different points in the phase plane. An arrow can be

placed at any (w, v) pointing in the direction determined by the signs of f and g.
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For instance, if f(v, w) < 0 and g(v, w) > 0, then both v and w decrease (dv/dt < 0

and dw/dt > 0) at the point (w, v), and the arrow should point down and to the

left (Fig. 4.4 point (w1, v1)). A flow chart of the trajectories can be constructed this

way by placing arrows over the phase plane.

Nullclines and fixed points. Characterizing the behavior of the system depends

on finding transitions at which the variables switch from increasing to decreasing

and viceversa. These transitions occur at points where the time-derivative of v and

w is zero. The conditions dv/dt = 0 and dw/dt = 0 are satisfied by sets of points in

the phase plane that form curves called respectively, the v- and w-nullclines (Fig.

4.4). Note then that a nullcline is a set of points for which one of the variables of the

system stays constant; i.e. its time derivative is zero. For instance, in the system

(4.12)-(4.13) the v-nullcline is a curve containing points at which dv/dt = 0 (Fig. 4.4

solid line). Similarly, the w-nullcline is a curve formed by points where dw/dt = 0

(Fig. 4.4 dashed line). As a consequence, the system evolves in the direction of w

at any point in the v-nullcline. Analogously, the system evolves in the direction of

v along the w-nullcline. This behavior can be found at states that correspond to

turning points in action potentials, where the trajectory intersects the v-nullcline

at the maximum and minimum values of v. For instance, at the peak of the action

potential, dv/dt = 0 but dw/dt > 0, meaning that the membrane potential is not

changing while the proportion of open potassium channels increases (illustrated by

an arrow in Fig. 4.4 at the top of the loop).

When expressed as functions of v, the typical shapes of the v- and w-nullclines

in biophysical systems are, respectively, cubic and sigmoidal. The points where the

nullclines intersect are called fixed points. By definition, the system does not change

at fixed points since the nullclines intersect when dv/dt = 0 and dw/dt = 0. In

consequence, orbits starting at fixed points consist of only one point. The fact that

the system is autonomous guarantees that except for fixed points, every other point

in the phase plane is part of an orbit and no two orbits pass through the same point.
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Local and global stability. A fixed point is locally stable if it attracts nearby

trajectories. For instance, the fixed point shown as a solid dot in Fig. 4.5 is locally

stable. This means that if the system is slightly perturbed and moved away from a

locally stable fixed point, the trajectory from the perturbation will go back to the

fixed point. For instance, the membrane potential of many neurons usually tends to

return to rest after small perturbations caused by synaptic noise or oscillations in

the local field potential surrounding a neuron. If a fixed point attracts arbitrarily

distant trajectories it is called globally stable (Fig. 4.6).

Alternatively, fixed points that repel nearby orbits are called unstable. As already

pointed out, the orbit of an unstable fixed point consists of one point. The fixed

point shown as an open dot in Figs. 4.4 and 4.6B is unstable. Interestingly, locally

stable and unstable fixed points can coexist. In other words, it is possible to select

the parameters of the system so that it has more than one fixed point (Fig. 4.7).

Attractors. The local and global stability of fixed points can be used to find re-

gions in phase space called attractors because nearby and possibly distant orbits

converge toward them. For instance, many neurons have a resting membrane po-

tential toward which they come back after the occurrence of a spike. In this case

the system goes back to a single point in the phase space. This kind of attractor is

a stable fixed point.

There is another kind of attractor called limit cycle. For instance, pacemaker

cells display sustained periodic spiking as in Fig. 4.4 and 4.5. In this case the system

is trapped into a loop that describes the trajectory of the pacemaker oscillations in

phase space. Limit cycles typically exist around fixed points.

As with fixed points, limit cycles can be locally or globally stable. The pacemaker

oscillations in Fig. 4.4 are globally stable limit cycles around a locally unstable

fixed point. A basin of attraction is defined as the set of the states whose orbit

eventually gets trapped into an attractor. An attractor is globally stable if its basin

of attraction is the entire phase space. Systems with only one attractor are called

monostable. For instance, the basin of attraction for the limit cycle in Fig. 4.4 is
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Figure 4.5: Phase portrait of 4.15)-
(4.16) near a subcritical Andronov-Hopf
bifurcation. The shaded region repre-
sents the basin of attaction of the fixed
point. The system is bistable, with
a locally stable fixed point and a lo-
cally stable limit cycle shown as a closed
curve. All trajectories starting within
the shaded region will go back to the
resting point and trajectories starting
outside the shaded region converge to
the limit cycle. The closed curve de-
scribes the evolution of the system as
periodic action potentials occur in re-
sponse to a brief pulse of current injec-
tion that takes the state of the mem-
brane into the basin of attraction of the
limit cycle. Modified from Av-Ron et al.
(1993). Parameters: lm = 3, lw = 4,
gNa = 120, gK = 36 and gL = 0.3
all in mS/cm2; vNa = 55, vK = −72,
vL = −50, vm = −31 and vw = −46 all
in mV; am = 0.065, aw = 0.055, r = 0.04
ms−1,Cm = 1 nF/cm2 and I = 0. Ex-
ample from Av-Ron et al. (1993)

the whole phase plane. The convergence of trajectories toward the limit cycle are

shown by two orbits starting at points inside and outside the limit cycle. Similarly,

the basin of attraction for both of the fixed points shown in Fig. 4.6A and C is

again the entire (w, v)-plane.

If the basin of attraction is only a subset of the phase space then the attractor

is locally stable. The example shown in Fig. 4.5 is such that a locally stable fixed

point coexist with locally stable limit cycle. The basin of attraction of a locally

stable fixed point is shown by a shaded area. The rest of the phase plane is the

basin of attraction for the limit cycle. This is an example where the system has

more than one attractor, in which case the system is called bistable.
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Bifurcations. It is important to notice that if the parameters of the system

change, then the local shape and location of the nullclines will change, potentially

affecting the existence and stability of the fixed points (Fig. 4.6).

Figure 4.6: Convergence of the sys-
tem (4.15)-(4.18) to globally stable
attractors. The evolution of the sys-
tem as spikes takes place starting
from a starting initial condition la-
beled “1” is illustrated in each of
the phase planes. The insets illus-
trate the corresponding time course
of the membrane potential. The pa-
rameter gNa was increased resulting
in different v-nullclines and a unique
fixed point in each case. The loca-
tion and stability of the fixed point
were different for different values of
gNa. A and C show examples where
the fixed point is globally stable.
Note the convergence of the trajec-
tories to the fixed point both cases.
B. Unstable fixed point with a glob-
ally stable limit cycle. The system
displays sustained spiking behavior
as also shown in Fig. 4.4. Note the
convergence of the system into the
limit cycle. Example from (Herrera-
Valdez and Lega, 2008a).

A dynamical system is said to undergo a bifurcation if the stability or the num-

ber of fixed points changes for different values of a parameter. The parameter is

called bifurcation parameter and the values at which bifurcations occur are called

bifurcation values.

Figure 4.6 shows three examples where the parameter gNa is increased resulting

in different v-nullclines, always with a unique fixed point, and such that the location

and stability of the fixed point changes. The fixed point is globally stable for lower

values of gNa (Fig. 4.6A) but becomes unstable as it moves along the the middle

portion of the v-nullcline (Fig. 4.6B). The phase portrait of the system for a choice
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of parameters where the system has an unstable fixed point is shown in Fig. 4.6B.

In this case the system has a globally stable limit cycle (the system displays periodic

oscillations). The fixed point becomes stable again as gNa is further increased (Fig.

4.6C). The location at which the fixed point becomes stable again is near the turning

point of the v-nullcline. In the absence of no other changes in parameters, the system

would cease to spike as soon as the fixed point becomes stable. The sytem would

only respond with a spike only when the state of the cell is perturbed sufficiently,

as it would be the case when the membrane potential is depolarized under a large

pulse of current injection. Regardless, the membrane returns to the resting state as

soon as the spike is over. The highly depolarized resting state shown in Fig. 4.6C

is an example of a phenomenon called depolarization block which can be thought of

as a pathological depolarized state of the cell. This is an example of a supercritical

Andronov-Hopf bifurcation.

There are several kinds of bifurcations but only four of them are needed to classify

the behavior of excitable cells. Fig. 4.7A shows an example of a bistable system

near a bifurcation called saddle-node characterized by the loss of stability of a fixed

point as it merges with an unstable fixed point and they both eventually dissapear.

In this case, the bifurcation is demonstrated by increasing the value of the current

parameter I. In fact, the two fixed points merge and then dissappear. This happens

because the increase in the injected current causes the v-nullcline to shift toward

larger values of w, eventually bringing the two fixed points located at lower v-values

closer together. The two merged fixed points dissappear as the injected current is

further increased. Fig 4.7B shows a bifurcation diagram for I.

The behavior of the system at the bifurcation from single spiking to sustained

firing defines the excitability of the cell. There are two classes of excitable cells. Class

I cells are such that their initial frequency of sustained firing can be arbitrarily small.

That is, their current-frequency relationship is continuous. Class II cells cannot have

an arbitrarily slow firing frequency during sustained spiking. In other words, their

current-firing frequency relationship is not continuous.

According to the classification proposed by Izhikevich (2007), bistable dynamical
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A. B.

Figure 4.7: Bistable system (4.12)-(4.13) near a saddle-node bifurcation. A. Phase
portrait showing the vector field and fixed points of the system. The solid dot is a stable
fixed point and the empty dots are unstable fixed points. If current is injected into
the system, the v-nullcline will shift toward larger values of w (right), bringing the two
fixed points with lower v values closer together. B. Bifurcation diagram of the system
portrayed in A with I as the bifurcation parameter. The dots represent the location of
the fixed points for each current level. Thick dots represent stable fixed points and thin
dots represent unstable fixed points. A saddle-node bifurcation occurs at approximately
I = 4.51. At this current level, the two fixed points in the lower portion of the phase plane
in part A blend together and dissapear for larger I, leaving only one fixed point. This
means that for current amplitudes slightly larger than the 4.51, the system will enter into
a loop of sustained, periodic oscillations as shown in the insert. Parameters: lm = 1 = lw,
gNa = 20, gK = 10 and gL = 8 all in mS/cm2, vNa = 60, vK = −90, vL = −80, vm = −20
and vw = −45 all in mV, am = 0.066, aw = 0.2, τw = 1 ms, Cm = 1 µF/cm2 and I = 0.
Example from Izhikevich (2007).

systems have excitability of class II. Bistable systems, in turn, can be classified in

two groups, integrators and resonators, depending on their bifurcation properties.

One kind of bistability is observed in systems called integrators because they

are more likely to respond with spikes if the frequency of input increases. Action

potentials from these systems are roughly all of the same size. A system becomes

an integrator when near to a saddle-node bifurcation (Fig. 4.7B), which happens as

fixed points are created or dissapear. In this case, a stable fixed point moves closer

to an unstable fixed point until they coincide at the bifurcation (one fixed point

disapears). The new fixed point is unstable since nearby trajectories start being
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repelled along one of the nullclines but not the other, thus forming a saddle-like

pattern around the fixed point. The merged fixed point eventually vanishes as I

continues to increase. An example of a bistable integrator can be constructed using

the same the Hodgkin-Huxley system (4.15)-(4.18) as for the resonator case.

Resonator systems are called like that because their spiking behavior may be re-

stricted to a range of input frequencies, i.e., they can resonate. If the input frequency

to the cell is too large or too small, the cell may slow down its rate or completely

stop firing. The action potentials from these cells may be of different sizes and it is

possible that the membrane potential displays subtreshold oscillations in response

to brief stimulation. Resonators may also respond to the release of inhibition. This

kind of bistability occurs when the system is near a subcritical Andronov-Hopf bi-

furcation, which occurs when a stable fixed point looses its stability as trajectories

converging to it in the form of spirals become cycles that do not reach the fixed

point anymore. Another example of the phase portrait of a resonator was shown in

Fig. 4.5. The bistability of the system is illustrated by the coexistence of a stable

fixed point at v = −75 mV and w = 0.15 and a stable limit cycle. The basins of

attraction for each of the stable states are illustrated, respectively, by the shaded

region and the rest of the plane.

4.4.3 Phenomenological models of excitability.

Two systems are topologically equivalent if their phase spaces, along with their fixed

points and their stability can be transformed into one-another by means of a con-

tinous deformation that includes every state in the phase space. In other words,

topological equivalence means that there is a one-to-one continuous map with con-

tinuous inverse from the phase space of one of the models to the other.

Simplifications of the typical cubic and sigmoidal nullclines from systems like

(4.12)-(4.13) can be made so that the system is computationally simpler, or more

mathematically tractable. These simplifications amount to constructing topologi-

cally equivalent versions of biophysical systems with simpler mathematical expres-

sions. For instance, the w-nullcline can be approximated by a line and the v-nullcline
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by a cubic polynomial in v and linear in u. Fitz-Hugh (1961) used this approach

to derive the first phenomenological reduction of a Hodgkin-Huxley system. The

resulting equations have the form:

dv

dt
= −v(1− v)(v − a)− w + I (4.19)

dw

dt
= ε(v − γw) (4.20)

where a, I and ε are parameters. The right hand side of (4.19) is indeed a cubic

polynomial in v and (4.20) is a linear polynomial in v that approximates the straight

part of the sigmoidal w-nullcline. The variable v is scaled so that the equilibrium

point is zero, as can be seen from solving for dv/dt = 0 = dw/dt. The Fitz-Hugh

system has a very small number of parameters and allows a complete characteriza-

tion of the qualitative aspects related to the generation of action potentials, firing

rates, etc.

A less trivial simplification can be made by replacing the v-nullcline by an

concave-up parabola (viewed as a function of v) and setting a manual reset for the

membrane potential to substitute the portion of the v- nullcline that corresponds to

the lower values of v, which in the original model is responsible for starting the down-

stroke of the membrane potential. One notable instance of this simplification process

is the model by Izhikevich (2003), which was derived using a Hodgkin-Huxley system

as a starting point and then making the simplifications to the nullclines as described

in previous paragraphs. This phenomenological model combines the biological plau-

sibility of biophysical systems with the computational efficiency of integrate-and-fire

neurons, enabling the simulation of tens of thousands of spiking neurons in real time

(1 ms resolution) using a desktop PC. The resulting expressions for f and g are,

respectively, a quadratic polynomial in v and linear in w, and a linear polynomial

in both v and w:

dv

dt
= Av2 +Bv + C − w + I (4.21)

dw

dt
= a(bv − w) (4.22)

with an auxiliary resetting after the occurrence of a spike: if v ≥ θ then v ← c
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and w ← w + d, with θ representing a threshold beyond which it is assumed that

a spike occurred. The variables v and u (and all the parameters by extension) are

nondimensional, so all the terms in the equation merely represent physical quantities

by their magnitude, but do not have any units. It can be demostrated by using

bifurcation analysis as illustrated above that the case where b > a corresponds to a

Andronov-Hopf bifurcation of the resting state (Izhikevich, 2003).

4.5 Models of membrane potential in motor neurons

The concepts illustrated in previous sections are now applied to construct two models

of the somatic membrane potential of MNs, one biophysical and one phenomenolog-

ical. The behavior of the models was shaped first by combining the theory outlined

above to with intracellularly recorded properties of MNs (Kernell, 2006).

The list of behaviors in page 16 suggest that MNs are bistable. The bistability

comes from the fact that the MN membrane can be attracted to at least two states:

rest with no spikes or oscillatory with periodic spiking (see Fig. 4.7). MNs have a

well defined current threshold for sustained spiking and may display spikes of differ-

ent amplitudes while firing repetitively. Taken together, these observations suggest

that any dynamical system modeling MN excitability should be near a subcritical

Andronov-Hopf bifurcation. Therefore, mammalian motor neurons can be regarded

as bistable resonators.

4.5.1 MN models.

Two dynamical systems were constructed and constrained by the well known be-

haviors of MNs listed in subsec. 2.1. The rationale in constructing the models is

outlined first, followed by a description of each of the models.

One of the systems was biophysical (Av-Ron et al., 1993) and the other was

phenomenological Izhikevich (2003). The biophysical model was created to enable

specific questions to be formulated in terms of biophysical properties of the mem-

brane. The phenomenological model was similar to the one described by Izhikevich
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(2003) to simulate the membrane potential of mixed-mode or intrinsically bursting

cells in cortex. The phenomenological model was chosen to optimize processing

time during simulations in which only the input-output properties of the system

were relevant. The parameter spaces for each of the models were found using phase

plane analysis and bifurcation theory as discussed in Subsec. 4.4.2. Simulations of

the dynamics from the two models will be presented showing electrophysiological

properties resembling those described in subsec. 2.1.

4.5.2 Biophysical MN models.

Figure 4.8: Rheobase and afterhyper-
polarization of the membrane potential
after a spike using the model (4.23)-
(4.24). The dashed line shows a current
pulse of 4.75 nA in amplitude that fails
to trigger an action potential. A. Single
action potential in response to a short
pulse of current. B. Amplitude and time
course of the after-hyperpolarization in
the action potential from A. Model pa-
rameters: gNa = 37.5, gK = 45.0, gCa =
0.5, gL = 2.25, gK,Ca = 2.0, gS = 30,
in mS/cm2, vNa = 55, vCa = 80, vK =
−70, vL = −55, vE = 0, vm = −25.75,
vn = −32, vs = −39, vq = −42 mV,
I = 5 nA, Idur = 0.2 ms.

The first biophysical model was a three-dimensional system that includes Eqns.

(4.12)-(4.13) in addition to a third slow adaptation variable x representing calcium

concentration:

Cm
dv

dt
= I − Iion(v, w, x) (4.23)

dw

dt
=

w∞(v)− w
τw(v)

(4.24)

dx

dt
= ε (−ICaL − rxx) (4.25)
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The term Iion(v, w, x) in this case was the sum of a fast Na+-current (INa), a non-

inactivating K+-current (IK), a Ca2+-dependent K+-current (IK,Ca), a persistent

Ca2+-current (ICa), a leak-current (IL) and a synaptic current Is:

Iion = INa + IK + IK,Ca + ICa + IL + Is (4.26)

defined by

INa = gNam
3
∞(v)(1− w)(v − vNa), (4.27)

IK = gKw
4(v − vK), (4.28)

IK,Ca = gK,Ca

(
x

kd + x

)
(v − vK), (4.29)

ICa = gCas
3
∞(v − vK), (4.30)

IL = gL(v − vL), (4.31)

with steady state gating functions

p∞ = [1 + exp (−ap(v − vp))]−1 , (4.32)

for p ∈ {m, s, w}. The parameters gCa and kd are, respectively, the conductance

for the Ca2+ current ICa and the rate of removal of Ca2+. The phase portrait of

the (fast) subsystem (4.23)-(4.24) was shown in Fig. 4.5. The bistability of the

system is illustrated by the coexistence of a stable fixed point at v = −75 mV and

w = 0.15 and a stable limit cycle. The basins of attraction for each of the stable

states. are illustrated, respectively, by the shaded region and its complement in the

(w, v)-plane.

Since the behavior of the MNs innervating limb muscles in primates does not

show burst-like behaviors under physiological conditions, a 2D reduction of the

model (4.23)-(4.32) was made by neglecting currents that make small contributions

to the membrane potential and assuming that variables that are faster than v were

in quasi steady state (Herrera-Valdez and Lega, 2008b). Importantly, the absence of

bursting in physiological conditions could be explained by a small, if not negligible

contribution of all the persistent Ca2+ currents and their K+ counterparts.
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The resulting 2D system is written only in terms of the Na+-, K+- and leak

currents. The reduced system was defined by (4.23)-(4.24) with Iion replaced by

Iion = INa + IK + IL + Is. (4.33)

An example of a simulation using the reduced system is shown in Fig. 4.8. The

parameters were tuned so that the rheobase current and afterhyperpolarization were

as described in subsec. 2.1 . The parameter ranges were found using phase plane

analysis and bifurcation theory so that the system was a bistable resonator (i.e.

close to a subcritical Andronov-Hopf bifurcation). The final choice of parameters

was made by trial and error.

4.5.3 Phenomenological MN model.

The phenomenological model of MNs was very similar to the one already described

by Eqs. (4.21)-(4.22).

dv

dt
= Av2 +Bv + C − w − Is + I (4.34)

dw

dt
= a(bv − w) (4.35)

with an extra term Is representing the contribution of synaptic current to the mem-

brane potential. The system (4.34)-(4.35) is very convenient for simulations where

the input-output properties of the system are a priority.

The parameters A,B,C, a, b, c and d can be set to match firing properties of

different neuronal classes (Izhikevich, 2004). For instance, the sought MN behavior

for our nearly coincident spiking model is displayed by choosing A = 0.04, B =

4.1, C = 108, a = 0.01, b = −0.2, c = −55.0 and d = 10.0. These parameters

are very similar to those proposed by Izhikevich to reproduce intrinsically bursting

behavior (Izhikevich, 2004).

The behavior of the model MNs in response to a short pulse of current injection

is shown in Figs. 4.9. Note that the phenomenological model (4.34)-(4.35) actually

responds with doublets and tripplets for large pulses of current injection as shown

in Fig. 4.10.
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Figure 4.9: Rheobase and afterhyper-
polarization of the membrane potential
after a spike using the model by Izhike-
vich (2003). A. Single action poten-
tial in response to a short pulse of cur-
rent. B. Amplitude and time course
of the after-hyperpolarization in the ac-
tion potential from A. Model parame-
ters: A = 0.04,B = 4.1, C = 108,
a = 0.01, b = −0.2, c = −55.0, d = 10.0,
I = 10, Idur = 18 ms. Noise was injected
as direct current with a maximum ampli-
tude of 0.5 nA.

4.5.4 Modeling synaptic input to MNs

Experimental data obtained from intracellular recordings in MNs responding to the

stimulation of single presynaptic axons indicates that any given presynaptic spike

triggers EPSPs of different amplitudes from spike to spike (Burke, 1967; Shapavalov

et al., 1971; Jankowska et al., 1975; Redman and Walmsley, 1983b). The range of

amplitudes across different types of synaptic inputs (e.g., corticospinal, rubrospinal,

Ia afferent) is approximately 0.025 to 1.2 mV. One factor contributing to this phe-

nomenon is that each input axon makes multiple synapses onto the target MNs

(Redman and Walmsley, 1983b). Also see Jankowska et al. (1975) and contrast

with Asanuma et al. (1979). In turn, the arrival of one presynaptic spike activates

each of the synapses made by the input cell depending on a probability of activation,

as it is the case for the Ia-afferents (Walmsley et al., 1988). The peak conductance

amplitude for the nth synapse, an, can thus be assumed to behave as a Bernoulli ran-

dom variable taking a nonzero value with probability pn and zero with probability

1− pn. The somatic EPSPs triggered by input spikes were modeled assuming that

each input axon makes several synapses with a target MN. Following an input spike,

activation of the nth synapse occured after a conduction delay δn with a probability

pn. After each input spike, the EPSPs triggered at the activated synapses were

integrated, resulting in composite EPSPs of different amplitudes. The composite
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Figure 4.10: MN model response to current injection. Note the appearance of doublets
when the applied current Iapp is increased Bawa and Calancie (1983). Importantly, note
that repetitive firing is not evoked until the external current has reached about 4 nA. The
range of firing frequencies corresponds to experimentally observed values (Kernell, 1965c,
2006, Ch 6). The system used in this simulation was (4.21)-(4.22) with parameters as in
4.9: I ∈ [0, 20], Idur = 1000 ms.

EPSP triggered by an input spike will have the maximum possible amplitude only

if all the synapses made by the carrying axon are activated.

In more detail, the time course of the conductance amplitude at the nth synapse

was defined by an alpha-function as described by Kuhn et al. (2004):

An(s) = anI{xt<pn}
s

τn
exp

(
1− s

τn

)
H(s), (4.36)

where s is the time of activation of the synapse, an is the peak synaptic conductance,

IX is an indicator function, equal to 1 if X occurs and 0 otherwise, τn is the time

constant of the conductance transient and H(s) is the heaviside function, equal to

1 if s > 0 and 0 otherwise (Fig. 4.11).

Synaptic activation was simulated by choosing a random number x between 0

and 1 each time a spike arrived at the nth presynaptic terminal. If x < pn, where

pn is the probability of synaptic activation, then an takes a nonzero value (Redman
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Figure 4.11: Alpha function representing
the synaptic conductance relative to a spike
time t0 with parameters an = 0.003, τn = 0.5
ms, δn = 0.58 ms.

and Walmsley, 1983a; Walmsley et al., 1988). For instance, if an input spike is

generated at time t0 and the spike arrives to the presynaptic terminal n after some

conduction delay δn, then the amplitude of the postsynaptic conductance transient

is An(t− t0− δn). Note that An will be zero for t < δn + t0 and positive after δn + t0

with an exponential decay at a rate τn after t = δn + t0 + τ .

The conductance observed at a single synapse at time t as the sum of all the

conductance transients triggered at times t1, ..., tM :

Gn(t) =
M∑
m=1

An(t− tm − δn), (4.37)

where (t−tm−δn) is the time lapsed from the occurence of the mth input spike after

some delay δn (Fig. 4.12). The delay δn accounts for the conduction delay within the

presynaptic axon to the sth synaptic terminal. The delay accounts for conduction

velocities within the the grey matter ranging between 1 and 4 m/s (Asanuma et al.,

1979), assuming a maximum dendritic distance of 1.5 mm (Segev et al., 1990).

A simplification supported by the data collected by Redman and Walmsley

(1983a), was made by assuming that all the synapses made by a single input cell

onto a MN are independently activated and that the parameters pn, δn, τn and an

for all the synapses made by an input axon have the same values, respectively, ps,

δs, τs and as. The common value for each of the parameters was set as the av-

erage calculated for all synapses from the same axon. This assumption allows a
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I. II.

Figure 4.12: Integration of postsynaptic conductance responses. I. Schematic represen-
tation showing two excitatory synapses onto a target MN. II. Temporal summation of
somatic conductance transients calculated from Eqn. (4.36). The conductance trainsients
are triggered by spikes occurring at times t1 and t2 after conduction delays δ1 and δ2 re-
spectively. (a) If the delay t2 +δ2−(t1 +δ1) between the trigger spikes is short enough, the
resulting conductance transients will add up. (b) If the trigger spikes are very distant in
time, the conductance transients will not have an influence on one another. The multiple
EPSP amplitudes observed in MNs in response to the stimulation of the same presynaptic
axon (Shapavalov et al., 1971; Jankowska et al., 1975; Redman and Walmsley, 1983a) is
likely to result from integration of synaptic inputs as shown in (a) and are assumed to
occur this way in the model. In this case, the presynaptic terminals schematized in I
would belong to the same axon.

great reduction in simulation time, and yields composite EPSPs resembling those

experimentally observed; simulations were done before and after this simplification,

yielding no apparent differences in the overall qualitative behavior of the system

with respect to firing rates, coefficients of variation in ISIs, etc. One consequence of

this simplification is that, for each input axon, the simulation of several Bernoulli

processes (one for each synapse), is replaced by a simulation of an equivalent bino-

mial process in which the peak conductance for the composite EPSP is obtained. In

this simplified scheme, a random number representing the newly activated synapses

is drawn after each input spike and multiplied by the common peak conductance.

For instance, if an input spike occurs at time t0, activating N synapses, then the

composite conductance amplitude will have a peak value of N ·as (Fig. 4.13A). The

time course of the composite conductance in response to an input spike is:

Ān(t̃) = Nas
t̃

τn
exp

(
1− t̃

τn

)
H(t), (4.38)
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where t̃ = t + t0 + δs is the time relative to the occurrence of the input spike t0

after the common conduction delay δs. An equivalent circuit justification for this

approximation can be made by observing that the total conductance resulting from

an array of parallel conductors is the sum of the individual conductances.

Figure 4.13: Synaptic integration in the MN
model. The insets show a schematic MN with
three different synapses in each case. Differ-
ent amplitudes of single-synapse EPSPs trig-
gered in a model MN in response to input
spikes from different axons. The smaller EP-
SPs represent the minimum EPSP amplitude
triggered in the MN in response to the acti-
vation of one synapse.

To get maximum postsynaptic responses equivalent to 1.4 mV, the maximum

number of synapses per axon was set to 12, the peak synaptic conductance, as =

0.003, and the conductance time constants τs were sampled uniformly from the

interval [0.1, 0.5] ms. These values guaranteed that the single-synapse EPSPs were

not larger than 100 µV but no smaller than 25 µV (Fig. 4.13A). Sampling the

probability of synaptic activation per axon ps uniformly from the interval [0.1, 0.75],

the composite EPSPs had a maximum peak amplitude of about 1.4 mV and a

minimum peak amplitude ∼ 25µV, (Fig. 4.13B).

Taken the above definitions into consideration, the right hand side of the equation

for v will include a term Is representing synaptic current:

Is = Gsyn(t)(v − vsyn). (4.39)

where vsyn is the excitatory reversal potential and Gsyn(t) is the total synaptic

conductance. The total synaptic conductance is the sum of all the single synapse

conductances, Ān(t), for n = 1, ..., Na where Na is the number of input axons making

synapses onto the MN. Experimental data from Jack et al. (1981) are shown in Fig.

4.14A. Examples of the distributions of composite EPSP amplitudes corresponding

to single input axons are shown in Fig. 4.14B.
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A.

B.

Figure 4.14: A. Distribution of peak EPSP amplitudes from a single presynaptic axon
obtained experimentally by Jack et al. (1981). B. Sample of simulated somatic EPSP
amplitudes. Each distribution corresponds to the EPSP amplitudes triggered by spikes
from the one presynaptic axon.



70

4.5.5 Spike trains from input neurons

The input spikes to MNs were generated as realizations of renewal stochastic pro-

cesses as explained in subsec. 4.3 and illustrated in Fig. 4.2C-D. The sampling time

step was 1 ms and the refractory period 2 ms. The firing rates were adjusted to

simulate high frequency synaptic drive and obtain a preliminary idea of the output

responses of the model MNs.

4.5.6 Predictions from the construction of the model.

The average conductance amplitude underlying a composite EPSP triggered by an

input axon can then be approximated by noticing that the expected number of active

synapses after each spike is the product of the maximum number of synapses, Ns

and the common probability of synaptic activation ps. Then, conductance transient

following an input spike Āin can be approximated by the average:

Āin(t) = (Nsps) · A(t). (4.40)

where A is the conductance amplitude given by equation (4.36). In this simplified

scheme, the average conductance transient for each input axon replaces the different

conductance transients that result after each input spike. This prediction was used

to estimate the number of inputs supplying the MNs required to drive the MNs

to spike at frequencies similar to those observed in experiments (7-18 Hz). Full

simulations done later confirmed that the estimates were correct (see Fig. 4.15).

The range of the number of input axons, Na, was found by running simulations

with increasing values of Na, until the firing rates of the model MNs were physio-

logically realistic. Fig. 4.15 illustrates simulations where the discharge frequencies

were within the range 7-18 Hz as observed in primate motor units controlling distal

upper limb muscles Nordstrom et al. (1992). The model predicts that Na must be

between 250 and about 450 with a firing rates between 10 and 50 Hz, in order that

upper limb MNs fire between 7 and 18 Hz. This range is very similar to estimations

about synaptic input to MNs made by Segev et al. (1990) and Kernell (2006).
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Figure 4.15: Range for the number of inputs required to drive the model MNs to have
average instantaneous frequencies between 7 and 15 Hz, a range similar to the experimen-
tally observed in recordings of hand and forearm motor units (Nordstrom et al., 1992).
A. Membrane potential dynamics for an increasing number of input axons. B. Firing
rate vs the coefficient of variation of interspike intervals νisi. C. Firing rate vs the input
frequency ω̄in (Hz). D. Firing rate vs mean postsynaptic conductance Ḡsyn. E. Firing
rate vs single synapse EPSP amplitude (µV).
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In simulations when the MN fired between 7 and 17 Hz with ps in the interval

[0.1, 0.75], the coefficient of variation of the MN interspike intervals, ν, was between

0.1 and 0.35, in agreement with experimentally observed values (Fig. 4.15B). Fur-

thermore, ν was seen to increase with low rates of spiking as is seen experimentally

(Person and Kudina, 1972; Piotrkiewicz, 1999; Powers and Binder, 2000). To assess

the behavior ν in terms of synaptic activation, simulations were carried out where

the ranges for the probability of synaptic activation, ps were 0-0.25, 0.25-0.4, 0.4-

0.6 and 0.6-0.75, while other synapse-related parameters were kept constant (not

shown). The effect of increasing the probability of synaptic activation was to shift

the distributions from Fig. 4.14B to the right, causing larger EPSPs per input

axon. ν increased from the range 0-1 to ranges approximately 0.1-0.175, 0.125-0.2

and 0.15-0.25, respectively. In addition, these ranges for ps will be used to study

nearly coincident spiking in MN pairs with possibly different recruitment thresh-

olds; the rationale being that EPSP amplitudes in neurons with lower recruitment

thresholds should be, on average, larger than EPSP amplitudes in MNs with higher

recruitment thresholds, due to differences in input resistance.

As expected, the mean input frequency ω̄in and the time-averaged total synaptic

conductance Ḡsyn increased with Na (Fig. 4.15C-D). The average firing rate of the

MN was monotonically increasing with respect to Na. Similarly, if the maximum

number of synapses per input axon increased while all other variables remained

the same, then the firing frequency of the MN increased, at least within the limits

described here. As predicted for the present model, the average (all axons) EPSP

amplitude in MNs showed no systematic change with increased synaptic drive (Fig.

4.15E).

4.6 Overview.

The information provided up to this point is sufficient to construct a comprehen-

sive, yet, basic model of simultaneous spiking activity in motor neurons that includes

synaptic input. Chapter 5 describes the construction of a model in which motor neu-
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rons receive common, yet uncorrelated excitatory synaptic input that links different

schemes of common excitatory synaptic drive to simultaneous spiking activity in

motor neurons.

Appendix: From Binomials to Poisson. Notation:(
n

k

)
=

n!

(n− k)!k!
(4.41)

Asumptions:

1. The neuron has an average firing rate r, so that the probability of a single spike

to occur in a small interval of length δt is approximately equal to p = rδt. That

is P [single spike within δt seconds] = rδt + o(δt).

2. The probability of more than one spike in a small time interval of length δt is

negligible when compared to the probability of just one spike in the same time

interval. That is P [Two or more spikes in an interval of length δt] = o(δt).

3. Any two spikes will occur independently in nonoverlapping intervals; just as

if at each sampling time, a spike occurred depending on the toss a coin.

The term o(δt) is read “some function of smaller order than δt” denotes an unespi-

cified function which satisfies limδt→0o(δt)/δt = 0.

P (k spikes before T ) ≈ n!

(n− k)!k!
pk(1− p)n−k

=
pk

k!
· n!

(n− k)!
(1− p)n−k

=
(rT )k

k!
· n!

nk(n− k)!

(
1− rT

n

)n−k
(4.42)

If we let n tend to infinity,

n!

nk(n− k)!
=

n(n− 1) · · · 2 · 1
nk(n− k)(n− k − 1) · · · 2 · 1

→ 1 (4.43)

(4.44)
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and

(1− p)n =

(
1− rT

n

)n(
1− rT

n

)−k
→ exp (−rT ) (4.45)

In consequence,

n!

nk(n− k)!
(1− p)n−k → exp (−rT ) . (4.46)

and therefore

P (k spikes before T ) → (rT )k

k!
exp (−rT ) (4.47)

as n→∞.
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Chapter 5

Relationship between common excitatory input and nearly coincident siking in

spinal motor neurons receiving common excitatory synaptic input.

5.1 Introduction

The information provided in previous chapters is sufficient to construct a physio-

logically tractable model of spiking motor neurons that enables an investigation of

the link between common synaptic excitatory drive and nearly-coincident spiking.

One of the motivations to construct such a model is to test hypotheses advanced

by Sears, Stagg and Kirkwood regarding common synaptic input and nearly coin-

cident spiking (see chapter 2, on page 13). The relationship between the correlated

excitatory input and the spike timing of their targets has been extensively stud-

ied in simplified models of cortical networks (Ermentrout and Kopell, 1998; Kopell

et al., 2000; Kumar et al., 2008) and more recently, by combining experimental and

theoretical approaches (de la Rocha et al., 2007; Markowitz et al., 2008). However,

in spite of the common interpretation of central peaks in correlograms from motor

units as indicative of common presynaptic inputs to the underlying motor neurons,

the question of how the correlation function between two spike trains is influenced

by the degree of common synaptic excitatory drive to the underlying neurons, re-

gardless of any correlation in the input spikes, has not been thoroughly investigated

in vertebrate systems (Nielsen et al., 2005) (but see Gilchrist and Mesche, 1997;

Johnston et al., 1998), or has been approached in theoretical studies that have cer-

tain limitations (Binder and Powers, 2001; Taylor and Enoka, 2004). In particular,

realistic synaptic input has not been part of the construction in any of the above

models.

Therefore, a feed-forward excitatory network model was developed that was com-

posed of two layers of neurons: one layer representing corticospinal neurons provid-
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Figure 5.1: Schematic diagram illustrating the overall
organization of the model. A total of N excitatory (E)
sources provide common (green) or isolated (black)
synaptic inputs to two MNs. The activity of the input
sources are themselves uncorrelated.

ing distributed excitatory inputs to the second layer, representing MNs. The model

was designed to be physiologically realistic while also computationally tractable.

5.2 Methods

Construction of the model. The model consists of two layers of neurons. The first

layer constitutes the input of the system and can be thought of as a bundle of

corticospinal axons that make excitatory synapses onto a pair of motor neurons

that comprise the second layer. A simple scheme illustrating the general setup of

the model is shown in Fig. 5.1.

The input layer had hundreds of cells spiking simultaneously but independently.

Their pattern of activity was selected to mimic corticospinal input to MNs. The

synaptic drive from the input layer was assumed to be uncorrelated and there was

no synaptic coupling between neurons within any of the layers. Consequently, the

only correlations displayed by the spikes in the motor neurons were those resulting

from common input. Cells within the same layer were not synaptically coupled.

Both MNs received excitatory synaptic input from Na cells in the input layer. In

each simulation, a subset of cells in the input layer made synaptic contact with
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both MNs (Asanuma et al., 1979; Shinoda et al., 1981; Lawrence et al., 1985). The

proportion of common excitatory input, pc, was defined as the ratio Nc/Na.

Each input axon was assumed to make up to 12 synapses onto its target MN

to match the maximum EPSP amplitudes reported by Shapavalov et al. (1971),

Jankowska et al. (1975), and Redman and Walmsley (1983b). As such, somatic

single-synapse EPSPs ranged between 25 and 100 µV , for a maximum of composite

EPSP of ≈ 1.4 mV. Each synapse had its own delay, probability of activation, peak

conductance, and time constant. Therefore, each input spike from a single axon

triggered conductance transients in a random number of synapses, thereby causing

the total synaptic conductance of the cell to increase by different amounts (Burke,

1967; Shapavalov et al., 1971; Jankowska et al., 1975; Redman and Walmsley, 1983b).

The total synaptic conductance was obtained by adding the conductances from all

synapses.

Spike trains from input neurons. The synaptic drive to MNs was composed of

hundreds of spike trains generated as realizations of renewal processes as explained

in subsec. 4.3 and illustrated in Fig. 4.2C-D. The sampling time step was δ = 1 ms,

the refractory period ρ = 2 ms, and the average firing rate r was between 10 and 50

pps, as observed in corticospinal neurons during sustained voluntary contractions

Cheney and Fetz (1980).

Spiking activity in the input layer triggered the occurrence of excitatory post-

synaptic potentials (EPSPs) in the MNs. The integrated response of the MN to

synaptic drive caused, in turn, the occurrence of spikes in the MNs.

In the interest of minimizing the computational cost of the simulations, the

results presented in this chapter only include simulations obtained using the phe-

nomenological model (4.21)-(4.22). Simulations were performed using C. The code

is available upon written request to Marco A. Herrera-Valdez and Andrew J. Fugl-

evand.

The model MNs were constrained to simulate the properties of mammalian MNs

(see chapter 4). That is, the model was bistable and near a subcritical Andronov-

Hopf bifurcation. The parameters from the resulting dynamical system were further
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constrained by trial and error to have specific responses in amplitude and spike

frequency in agreement with a number of well established properties observed from

intracellular recordings of MNs as described in chapter 4.

The membrane dynamics of the model MNs were given by:

dv

dt
= Av2 +Bv + C − w − Is(v) + I, (5.1)

dw

dt
= a(bv − w), (5.2)

with an auxiliary resetting after the occurrence of a spike: if v ≥ θ then v ← c and

w ← w+d, with θ representing a threshold beyond which it is assumed that a spike

occurred. The variables v and u (and all the parameters by extension) are non-

dimensional, so all the terms in the equations merely represent physical quantities

by their magnitude, but do not have any units. The parameter I represents the

current applied though an electrode. The term Is represents the total synaptic

current as defined earlier. For simplicity, most variables and parameters from the

model will be referred to as ”potentials”, ”conductances”, ”currents”, etc. The

parameters A,B,C, a, b, c, and d can be set to match firing properties of different

neuronal classes (Izhikevich, 2004), making it very convenient for simulations where

the input-output properties of the neurons are a priority. For instance, the sought

MN behavior for our nearly-coincident spiking model is displayed almost from the

outset by choosing A = 0.04, B = 4.1, C = 108, a = 0.01, b = 0.2, c = −55.0, and

d = 4.0 (Figs. 4.9 and 4.10). These parameters are very similar to those proposed

by Izhikevich to reproduce intrinsically bursting or multi-mode behavior (Izhikevich,

2003).

Simultaneous spiking activity of the MNs was quantified by calculating the raw

correlation function of their spike trains, i.e., by counting the number of spikes oc-

curring in one MN at different delays from spikes in the other MN. The presence of

central peaks in the corresponding correlograms was assessed and quantified with

the experimentally deployed indices of coincidence CIS and k (see Ch. 3). The rela-

tionship between common synaptic input and the indices CIS and k was quantified

as the proportion of common inputs to both cells, pc was systematically increased.
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In addition to assessing the behavior of CIS and k assuming that the MNs were

receiving inputs with the same distribution of firing rates and had statistically similar

probabilities of synaptic activation in their synapses, two specific manipulations were

carried out to investigate the behavior of the indices CIS and k when either the

input, or the output properties of the MNs changed. The first manipulation involved

altering the range for the probability of synaptic activation, and the second involved

varying the range for the firing rates of the input neurons.

More specifically, the following simulations were carried out:

1. First, the relationship between the likelihood that two MNs respond to exci-

tatory synaptic input and the coincidence indices CIS and k was studied by

assuming that both the input and the output properties of the two MNs were

statistically the same (subsec. 5.3.1).

2. Next, simulations were carried out assuming that the EPSP amplitudes of one

MN were statistically larger than those of the other MN. The firing rates of

the inputs were the same for both MNs. The data from these simulations

can be thought of as recordings obtained from pairs of MNs with different

recruitment thresholds (subsec. 5.3.2).

3. The influence of the input frequency on the joint-spiking of MNs was studied

in simulations where the number of input neurons, Na, was systematically

increased. The firing rates of the inputs to both MNs and the amplitudes

of the resulting composite EPSPs were statistically indistinguishable for both

neurons. The output firing frequency of the MNs was thus increased due to

the increased number of input axons (subsec. 5.3.4).

5.3 Results

Figure 5.2 shows example response properties of the model. Sample raster plots of

the input spike trains are shown in Fig. 5.2A. Examples of somatic EPSPs in a

single MN in response to input from a single pre-synaptic axon are shown in Fig.
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5.2B. The resulting membrane potential dynamics in the two MNs in response to

the synaptic input shown in Fig. 5.2A are shown in Fig. 5.2C.

Figure 5.2: Spiking characteristics of the
cells in the model. A. Sample raster plot
with input spike trains. The dashed line
separates common and the uncommon input
spikes. In this example, the firing rates of
the inputs were between 10 and 50 Hz. B.
Sample of somatic EPSPs in a single MN in
response to the spikes from a single input cell.
The maximum amplitude is ≈ 1.2 mV. The
time to peak varied between 0.5 and 1.5 ms.
C. Sample of the membrane potential dy-
namics from the two model MNs in response
to the inputs shown in B.

5.3.1 Nearly-coincident spiking between MNs with statistically similar EPSP am-

plitudes

Every simulation presented in this section was carried assuming that all the param-

eters were uniformly sampled from the same intervals for both neurons (Na = 250,

0 ≤ pc ≤ 1, r ∈ [10, 50] pps). Thence, the synaptic drive to the MNs was expected

to be equivalent from simulation to simulation. Different statistics from the MN

spike trains were calculated to check that the simulations were robust and that the

results reported here depend only on the manipulation of the common excitatory

input. Fig. 5.3 illustrates the resulting coefficients of variation and average firing

rates (Fig. 5.3B) as a function of common input for 215 simulations. The coefficients

of variation (Fig. 5.3A) and the average firing rates of the MNs were approximately

constant with average values 0.21 ±0.01 and 12 ± 2 pps respectively, in agreement

with values reported in the literature.
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Figure 5.3: Different quantifications of the spiking displayed by the model MNs for
different levels of common excitatory input. The reference MN in each pair is shown in
solid dots, and the response neuron in open circles. A. Coefficient of variation of the
interspike intervals. B. Mean firing rate in the model MNs in function of pc. In all
simulations shown Na = 250, ρ ∈ [10, 50] pps, ps ∈ [0.1, 0.75], τs ∈ [0.075, 0.5], as = 0.003.

Fig. 5.4 shows the results from 269 simulations where pc, the proportion of

common input, was increased from 0 to 1. Each panel shows the correlograms from

approximately 20 simulations in which pc was constant. The duration of each trial

was 100 seconds. Each of the correlograms is represented by a trace of different

color. The average correlogram from all the simulation is plotted in black. The top

inset in each panel shows a normalized version of the central cumulative sum used

to detect the limits of central peaks. The color traces of cumulative sum correspond

to the correlograms shown below and the black line is the average of all cumulative

sums for each condition. The bars highlighting the region around time-delay zero

delimit the average peak region. In general, the height and to a lesser degree the

width of the central peaks increased with pc. Simulations for pc < 0.2 did not show

any prominent central peaks. On the other hand, for pc > 0.2 central peaks became

noticeable and very large as pc was closer to 1.

Secondary peaks in the correlogram emerged in simulations where the firing rates

of the two neurons were similar, as is the case in the simulations presented so far.

Interestingly, when common input was increased the secondary peaks (at a time

shift of about 80 ms) became more prominent. The time lag to these secondary
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Figure 5.4: Four examples of correlograms obtained from simulations where pc ∈
{0, 0.3, 0.6, 0.9}. The simulations for each value of pc are shown in parts A-D. The color
traces in the lower portion of each panel represent joint spike counts for 20 different trials,
with the overlaid black line showing the average of the correlograms. The top insets in
each panel show normalized central cumulative sums. The interval containing the aver-
age peak is illustrated by a (green) vertical band. In all simulations shown Na = 250,
ρ ∈ [10, 50] pps, ps ∈ [0.1, 0.75], τs ∈ [0.075, 0.5], as = 0.003.

peaks is similar to the average interspike intervals of the trains

Central peaks were quantified by means of the coincidence indices CIS and k.

Each index was calculated using two different methods to detect the region in the

correlograms where nearly-coincident spiking occurred. There was a remarkable

similarity between the simulated and the experimentally reported values for both

CIS and k (see Table 5.1). For instance, CIS values for pairs of motor units have

been reported to span the range between 0 and 2.5 (Nordstrom et al., 1992; Semmler
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Figure 5.5: The strength of NCS measured using two indices, CIS and k. Central
peaks were found using the central cumulative sum Ellaway (1978). The dashed lines and
open circles show the results obtained using the cumulative sum method to detect the
central peak. The solid lines and dots represent values based on using the correction for
independence to detect the central peak. A. CIS as a function of pc. B. k as a function of
pc. From the simulations shown in Fig. 5.4. In all simulations shown Na = 250, r ∈ [10, 50]
pps, ps ∈ [0.1, 0.75], τs ∈ [0.075, 0.5], as = 0.003. See Table 5.1 for experimental values.

et al., 2003; Keen and Fuglevand, 2004; McIsaac and Fuglevand, 2007). The scatter

plots in Fig. 5.5 show results of these analyses.

Fig. 5.5A and B show, respectively, CIS and k calculated from a set of sim-

ulations that included those shown in Fig. 5.4, done for different proportions of

common input between 0 and 1. The results using the widely adopted cumulative

sum method (Ellaway, 1978, defined on page 36) are illustrated by open circles and

linear regression best fit is shown with dashed lines. The results obtained using

the correction for independence (see 3.10) are shown with dots and solid linear re-

gression lines. Both indices, CIS and k increased linearly as functions of pc. CIS

values were in the interval (-0.05,2.45) when calculated with the cumulative sum

method and in (0.025,2.35) when calculated with the correction for independence.

The variability increased in both indices for larger values of pc, suggesting that the

relative amplitudes of the central correlogram peaks with respect to the baselines
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Table 5.1: CIS and k values obtained experimentally from different human hand muscles.
Abbreviations: FDP flexor digitorum profundus, FDS flexor digitorum superficialis, DI
Dorsal interoseous, ED extensor digitorum.

Source Approximate range Mean ± std

Semmler et al. (2003)
First DI CIS
Young subjects 0.13-1.169 0.68 ± 0.42
Old subjects 0.01-2.47 0.76 ± 0.52
Keen and Fuglevand (2004)
ED CIS
Same compartment 0-1.6 0.7±0.3
Different compartments 0-1.04 0.4±0.22
Winges and Santello (2004)
FDP CIS
Different compartments 0-0.98 0.36±0.21
McIsaac and Fuglevand (2007)
FDS CIS
Same compartment 0-1.35 0.45± 0.3
Different compartments 0-0.8 0.23± 0.19
k
Same compartment 0-1.5 0.63±0.29
Different compartmen 0-1.2 0.42±0.26
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for both methods were more widely distributed as pc increased. For instance, in

simulations with pc around 0.1 the CIS range was 0.05 to 0.65. On the other hand,

simulations of pc was 0.9 resulted in CIS values in the range 0.9 to 2.05 for the

cumulative sum method, and 0.7 to 2.2 for the independence method. The slope of

the linear fit using the independence method for peak detection was larger than the

slope using the cumulative sum method, however, the linear fit using the indepen-

dence method was always above the fit for the cumulative sum method, especially

for smaller values of pc. This tendency can be explained, in part, by the fact that

the cumulative sum method introduces an error in the width of the peak as pc gets

closer to 0, thereby allowing more counts to be admitted in the calculation of the

index. In all batches of simulations the linear models for the two indices converged

toward a common value as pc was closer to 1.

Fig. 5.5B shows all the k values obtained from the simulations shown in part A.

The overall behavior of k as a function of common input was similar to that displayed

by CIS. k also showed a linear, increasing tendency as a function of pc with a wider

range of values as pc increased. The range of k values was between 0.85 and 2.4

(k ∈ [−0.15, 1.4]). When the k values were compared using different methods for

peak detection, the slopes of the linear fit were very similar but the values predicted

by the linear model were consistently larger when using the independence method.

This could be explained in part because the peak sizes that result from using the

correction for independence never involve values that are below the baseline count, as

opposed to the cumulative sum method, which occasionally defines peaks containing

counts below the base line. The duration of the peaks calculated using the correction

for independence are shown in Fig. 5.6 to illustrate the relationship between peak

duration and common input. Peak duration as a function of pc was best described by

a linear relationship with positive slope. The number of MN pairs with correlogram

peaks lasting less than 10 ms was counted and divided by the total number of

simulations. The proportion of pairs with peaks lasting 10 ms or less was 0.55 but

importantly, the duration of the peaks increased beyond 10 ms as the proportion of

common input increased. The linear prediction from these simulations is that the
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Figure 5.6: Peak duration as a function of
pc using correction for independence.

peak duration will be longer than 10 ms at when the proportion of common inputs

is approximately 0.6 or larger.

5.3.2 Nearly-coincident spiking when EPSP amplitudes are different

To assess the how the relationship between the coincidence indices CIS and k and pc

changes with synaptic efficacy, sets of simulations similar to those in subsec. 5.3.1

where the probability of synaptic activation ps for each input axon contacting a

MN was uniformly sampled from the intervals [0.25, 0.4], [0.4, 0.6], and [0.6, 0.75]

while keeping other parameters of the model constant (Na = 250, r ∈ [10, 50], and

0 ≤ pc ≤ 1). That is, three sets of simulations similar to the ones shown in previous

paragraphs were performed, the coincidence indices were calculated, and the results

were fit using a general polynomial model (Fig. 5.7). In all cases the best fit was

linear. The overall tendencies described in the previous section were also displayed

for each of the different intervals of ps considered in this part of the study.

The general tendency for CIS was to increase monotonically with the synaptic

efficacy of the inputs for all values of pc. The difference between CIS values obtained

from adjacent synaptic activation intervals (e.g. ps ∈ [0.25, 0.4] vs ps ∈ [0.4, 0.6]) was

always positive and became larger as pc increased. On the other hand, k showed

the opposite trend for each value of pc, in this case the k values decreased with

larger synaptic efficacy. The reason for this increase is that the increases in synaptic
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Figure 5.7: Relationship between the indices CIS and k, and synaptic efficacy. The
probability of synaptic activation for each input was sampled from the intervals [0.25, 0.4],
[0.4, 0.6] and [0.6, 0.75] resulting in average MN firing rates approximately within the
intervals [6, 10], [8, 17] and [12, 22] pps. The peak detection was done using Ellaway’s
cumulative sum method. A. CIS. B. k.

efficacy resulted in larger peak regions but also in higher baseline counts so that, in

general, the baseline count increased slightly more than the peak counts beyond the

baseline. The absolute differences between indices for ps in adjacent intervals were

still always larger than zero, and increased for larger values of pc.

Because k was little affected by changes in the size of composite EPSPs, it is

concluded that k is a more robust indicator of common input than CIS with respect

to synaptic efficacy.
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5.3.3 Nearly-coincident spiking in neurons with statistically different EPSP ampli-

tudes

To investigate the behavior of the two indices CIS and k for cell pairs in which the

synaptic efficacy of the inputs was different, simulations were carried out by setting

the probabilities of synaptic activation for the reference cell to range between 0.1

and 0.75, and between 0.4 and 0.75 for the response cell (Na = 250, r ∈ [10, 50], and

0 ≤ pc ≤ 1, N = 203). This manipulation of the probability of synaptic activation

can be thought of as simulating MNs with different recruitment thresholds (Fig.

5.8). The resulting firing rate ranges for the two cells were 4.18 to 13.75 pps for the

reference cell, and 13.75 to 19.92 pps for the response cell. The values for both indices

of coincidence were lower compared to any of the previous conditions explored so

far, with a maximum value of 1.6 for CIS and 1.95 for k (max(k) = 0.95).

A. B.

Figure 5.8: Indices of near-coincidence for cell pairs in which the EPSP amplitudes were
statistically different. A. CIS. B. k. The dashed line represents the case in which both
neurons had ps in [0.1,0.75] from Fig. 5.5.

Interestingly, the duration of the nearly-coincident episodes were also smaller

(Fig. 5.9). The range of values for the peak duration were 0.13 to 12.93 ms with
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mean ± std equal to 4.68 ±3.46 ms, compared to 9 ± 2.9 ms in the case where

ps ∈ [0.1, 0.75].

Figure 5.9: Duration of nearly-
coincident spiking for pairs of cells in
which the probabilities of synaptic ac-
tivation are statistically different (e.g.,
EPSP amplitudes are statistically differ-
ent. The dashed line is the linear fit to
the simulations in which both neurons
had ps in [0.1,0.75] from Fig. 5.5.

5.3.4 Nearly-coincident spiking for increasing levels of synaptic drive

The relationship between the indices CIS and k, and pc was also quantified as the

number of input axons increased between 250 and 290, yielding increasingly higher

firing rates in the MNs between 8, and 15 approximately, while keeping all other

parameters the same ( ps ∈ [0.1, 0.75], Na = 250, and 0 ≤ pc ≤ 1).

As in previous sections, the tendency for both indices was to increase with pc

regardless of the number of input axons driving the MNs (Fig. 5.10). The general

tendency showed by the indices was to display an increase in CIS and a decrease

in k for increasing values of Na for pc > 0.4. There was some crossover between the

predicted values of the indices when pc decreased below 0.4. This crossover effect

could be possibly explained by the error introduced in the peak detection for lower

values of pc. In general, the ranges of values taken by the two indices were very

similar to those observed in the general case, perhaps with a larger spread in the

range of each index for larger pc.
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Figure 5.10: Relationship between coincident spiking and the number of input axons.
Simulations were done increasing the number of input axons from 250 to 290 resulting in
firing rates between 8 and 15 Hz. A. CIS B. k.

5.4 Simplified model.

Recall that the number of synapses activated by a single axon is different for each

input spike. The number of active synapses for an input axon having probability of

single synaptic activation ps can be replaced by its average, Nsps, where Ns is the

maximum number of synapses per axon. The result of making such a substitution

is that the size of the EPSPs triggered by input spikes from the same axon will be

the same and approximately equal to the average of the composite EPSPs triggered

by spikes from the same axon. This simplification decreases the simulation time

and importantly, neither the sensitivity of the model to the number of inputs, nor

the variability in the spiking of the MNs was affected 5.11. An example showing

simulation results using the simplified model is shown in Figure 5.12.
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A. B.

Figure 5.11: Spiking properties of the MNs resulting from simulations assuming that
the number of synapses activated by a single axon equals the average number of active
synapses in response to input spike from that axon. The average number of synapses for
an input axon with probability of single-synapse activation ps is Nsps where Ns is the
maximum number of synapses made by an input axon. A. Average firing rates of the
neuron pairs simulated. B. Coefficient of variation of the interspike intervals.

5.5 Discussion.

Taken together, these simulation results suggest that it is possible to observe signif-

icant nearly-coincident spiking in uncoupled MNs in response to possibly common,

but otherwise uncorrelated excitatory synaptic input. The close agreement between

the values of CIS and k obtained from the model and those reported experimentally

suggest that the model can be used to generate translations from the experimentally

obtained indices of nearly-coincident spiking, and percentages of common presynap-

tic inputs to the motor units under observation. For illustration, a prediction from

the model based on the report by Keen and Fuglevand (2004) is that the percent-

age of common excitatory input to any two MNs supplying the ED muscle ranges

between 20% and 70%.

A common observation from all the simulation results obtained thus far is that

if the firing rate of the two MNs increases and it is similar, then the duration of the

peak and the baseline will increase. The spike counts above the base line increase,

but such an increase will be less than the corresponding increase in the baseline

counts. As a consequence, then the corresponding indices of nearly-coincident spik-
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A. B.

Figure 5.12: Nearly-coincident spiking measured by the indices CIS (A) and k (B) as
a function of the probability of common input pc for simulations produced by simplified
model. See also Figure 5.11

ing will be higher in the case of CIS, and lower for k, as shown by the simulations

in which pn and Na were systematically increased (Figs. 5.7 and 5.10). In contrast,

if the firing rates of the two neurons were not similar, the two indices CIS and k

decreased for all the levels of common input (Fig. 5.8) in simulations where pn and

Na were varied. The reasons underlying this result are currently being investigated.

The statistics of the interspike intervals might play an important role in shaping

the relationship between the firing rates and the nearly-coincident spiking of two

neurons.

The results obtained with our simulations are different from those of other in-

vestigators (Binder and Powers, 2001; Taylor and Enoka, 2004; Lowery and Erim,

2005) in two fundamental ways. First, the values for the CIS and k indices were in

agreement with experimentally reported values for all conditions tested here from

the outset and without furter exploration of the parameter space. Other inves-

tigators have reported index values that agree with experimental data only for a
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restricted set from several initial conditions explored. The reasons for the agree-

ment with experimental data reported here might include the fact that the MN

models were constructed without including any parameters that had not been ex-

perimentally measured (e.g., dendritic length, distribution of active properties in

dendrites, equivalent cylinder reductions of dendritic trees). Instead, the MN mod-

els constructed here focused on controlling different schemes of connectivity based

on well characterized responses recorded at the soma of MNs and the output prop-

erties of the cells were calibrated using results obtained from recordings of motor

units controlling upper limb muscles. One major difference between the model pre-

sented here and others is that synaptic input is simulated using EPSPs triggered by

separate input neurons, assuming that each input axon makes multiple synaptic con-

tacts, each with a certain probability of releasing neurotransmitter. The composite

EPSPs resulting from such assumptions can have peak amplitudes of up to 1.4 mV,

which is larger than one order of magnitude in comparison to the single-synapse

somatic EPSPs, reaching peak amplitudes of approximately 150 µV. This feature

turned out to be crucial in the implementation of the model and in the output spik-

ing of the MN simulations, as indicated by the behavior of the firing rates and the

coefficients of variation of the interspike intervals. One of the reasons is that larger

composite EPSP sizes increase the standard deviation of the membrane potential,

eventually decreasing the standard deviation of the interspike intervals. If the firing

rate is kept constant by making appropiate changes in the number of inputs or their

firing rates, the coefficient of variation of interspike intervals will decrease for larger

EPSP amplitudes.

The relationship between the indices of coincidence and the proportion of com-

mon input was best fit by a linear model in our simulations, as opposed to an ex-

ponential, if not sigmoidal fits reported in other models (Binder and Powers, 2001;

Taylor and Enoka, 2004). None of the previous studies have incorporated realistic

synaptic input in the form of single EPSPs triggered at high frequency from different

sources. Instead, other researchers have simulated the common inputs either by in-

jecting filtered current signals that mimmic synaptic noise to neurons, independently
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of the membrane potential (Binder and Powers, 2001; Lowery and Erim, 2005), or

by triggering EPSPs at high frequency using a single Poisson process to represent

all the input spikes instead of several independent sources (Taylor and Enoka, 2004)

(which yields completely different distributions for the input spike counts).

The high degree of variability in CIS or k values at any given level of common

input, specially for the largest values of pc (Fig. 5.5) highlights the importance of

obtaining many samples of CIS or k in order to obtain a reasonable estimate of

common input. Note that although the indices CIS and k have different metrics,

the difference between mean values of CIS for pc = 0 and pc = 1.0 was larger than

for the corresponding k values in each of the conditions tested here. The variability

of the values for k was also smaller than for CIS. It is worthwhile to keep in mind

that the probability of error in selecting a level of common input given an index value

using the regression lines showed in Figs. 5.5-5.10 decreases if the index is itself less

variable. On the basis of the simulations presented here, the smaller variability of

the index k compared to CIS suggests that k is a more robust index to quantify

nearly-coincident spiking than CIS.

In addition, the modification to the method of peak detection introduced here

now allows the quantification of the duration of nearly-coincident spiking episodes.

It is worth notice, however, that the way peaks are being detected induces a positive

bias in both indices near pc = 0 since only positive deflections from the predicted

count of independent spikes are taken into account to calculate the peak. The

positive bias could wrongly be interpreted as presence of common input when there

is actually none. Two possible ways in which the current methodology of assessing

nearly-coincident spiking could improve to deduce levels of common input involve

(1) introducing a measure of significance for deflections above the base-line predicted

by independent spiking in the method used here, and (2) counting cross- interspike

intervals by measuring the delays between spikes in the response cell that occur

after spikes in the reference cell only if there were no other spikes in between. These

possibilities are being currently assessed and tested for their future implementation.
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Chapter 6

Summary and conclusions.

6.1 Summary

Experimental evidence about the behavior of motor neurons from the cellular to the

systems perspective was combined with stochastic and deterministic mathematics

to produce a spiking model of spinal MNs receiving realistic excitatory synaptic

input. The model was constructed taking care to use only well established evidence

and parameter ranges for biophysical variables. The rules governing the dynamics

of the membrane potential were derived using dynamical systems theory taking into

account the behavior of MNs observed in experimental conditions both in vitro and

in vivo. The model parameters were adjusted to describe, as faithfully as possible,

the biophysical processes that lead to spike generation in real neurons. The result

of this process was a tractable, realistic model that allows the study of joint spiking

in MNs.

The primary findings and predictions of this work are summarized in the follow-

ing paragraphs.

The MN model constructed here reproduce previously documented properties of

MNs. The model predicts that the minimum number of active excitatory inputs

necessary to drive the MN firing to rates similar to those observed experimentally

is between 200 and 450 depending on the distribution of somatic, composite EPSP

amplitudes (e.g., different input resistances). The interspike interval variation of

the model MNs agrees with in vivo observations from motor unit recordings. Re-

alistic common excitatory synaptic input into MNs is sufficient to produce nearly-

coincident spiking for very low proportions of common excitatory input.

One of the most important findings of this work is that, in simulations of si-

multaneous MN activity receiving different levels of excitatory common synaptic
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input, the values for the indices CIS and k of nearly-coincident spiking overlap

with experimentally measured values. The simulations produced here allow us to

go back to previously recorded motor units and reinterpret the results in terms of

common synaptic input, enabling the estimation of potential schemes of presynaptic

connectivity into different kinds of MNs.

The indices of nearly-coincident spiking CIS and k increase as a function of

common excitatory input (Fig. 5.5).

For a given level of common excitatory input, if the firing rates of the two neurons

are similar, CIS is expected to increase, and k is expected to decrease in response

to an increase in firing rate in the pair of motor neurons. This point is illustrated

in Figs. 5.7 and 5.10.

In contrast, if the firing rates of the two neurons are different, the model predicts

smaller values for both indices, at any given level of common input. Simulations

were MNs pairs where one of the MNs was more likely to spike were performed to

illustrate this point (Fig. 5.8).

The simulations highlight the importance of taking samples of simultaneous mo-

tor unit activity to calculate the indices of near-coincidence. The simulations show

that there is a bias toward positive values in the calculation of the CIS and k indices

for proportions of common input close to 0. These observations suggest that motor

unit data containing positive, but low CIS and k values obtained experimentally

that were previously interpreted as indicative of common presynaptic input to motor

units should be review and reinterpreted.

The construction of the model included only independent excitatory input to

uncoupled MNs allowed the study of nearly-coincident spiking as a result of common

synaptic input only. However, such assumptions may also constitute a limitation of

the modeling approach taken here since MNs receive other sources of synaptic input

that include inhibitory synaptic input. In addition, polysynaptic coupling of the

MNs and their sources may also influence the joint spiking activity in MNs. A future

direction of the work started in this dissertation is a systematic expansion of the

model presented here so that different sources of synaptic input and connectivity are
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taken into account. The anatomical and physiological data available to date partially

justifies the approach taken here (see Chapter 2) and the input-output properties of

the motor neurons are in good agreement with experimental data. Taken together,

these last two observations validate the results presented here. Future studies that

include more complex networks of MNs and their inputs can be constructed based

on this first approach, designed to be a footstep in a series of theoretical studies

relating motor unit behavior to the network connectivity in the motor system.

The model enables its user to test different hypotheses about synaptic efficacy,

synaptic innervation, firing characteristics of cells presynaptic to MNs, and intrinsic

properties of the MN membranes, by varying pre- and postsynaptic parameters like

the probability of single synapse activation, the number of synapses per axon, the

total number of inputs to MNs and the firing rates of the input cells. One important

prediction from the model that agrees with previous estimates is that the number of

axons necessary to drive a MN to fire at rates comparable to those experimentally

observed in motor units recorded from intact animals is approximately between 220

and 450 (Kernell, 2006). Importantly, this prediction relies on another estimate that

also agrees with predictions based on anatomical and physiological observations,

that the number of synapses made by an input axon onto a MN is between 10 and

12 (Kernell, 2006). Using these ranges, the other parameters of the model can be

adjusted to match the output produced by experimentally recorded MNs and make

inferences about the percentage of common excitatory input they receive.

The model can also be useful to interpret existing data recorded from motor

neurons, or units, innervating the same or different muscles, for different conditions

such as during development (see Semmler et al. (2003)) or training (Semmler et al.,

2004), and generate hypotheses to explain putative differences in the joint activity

of motor unit pairs on the basis of their presynaptic innervation. For example, the

data comparing motor units from young and older subjects from Semmler et al.

(2003) suggests that the percentage of common inputs to MNs belonging to the

young individuals could be up to 20% less than for the older subjects. In another

example, this time regarding data from human motor units, the model predicts that
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the maximum common excitatory input to pairs innervating the same compartment

of extensor digitorum can be, depending on the firing rates of the recorded units,

between 20 and 30% larger than the common excitatory input to units innervating

the same compartment of flexor digitorum superficialis (resp. Keen and Fuglevand,

2004; McIsaac and Fuglevand, 2007). The model can also be used to establish an a

priori functional comparison of connectivity schemes of presynaptic input to MNs

across different species, in particular for different primates (see Nakajima et al.,

2000). Similarly, the model could be implemented in the clinical setting to evaluate

the recovery of patients with partial spinal cord lesions based on the simultaneous

motor unit activity recorded from muscles innervated by motor units below and

above the lesion locations (Farmer et al., 1993).

In sum, the model allows the manipulation of variables related synaptic connec-

tivity and to simulate output behavior that can be analyzed in the conventional

approach taken in experimental work. In consequence, one of the important out-

comes of this modeling effort is a quantitative means to link measures of nearly

coincident spiking with plausible representations of synaptic connectivity. Specifi-

cally, the remarkable similarity of the index values obtained from simulations with

experimental data allows an a priori estimation of the number of last order branched

inputs to motor units recorded in vivo.
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