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ABSTRACT 
 

Models used as part of quantitative studies of vadose zone processes are 

becoming increasingly complex.  However, even the most elaborate models can not 

capture the complex interactions between spatially distributed water, plant, and 

atmospheric components of the unsaturated flow system.  These processes will always 

need to be approximated by relatively simple mathematical expressions with limited 

parameterization.  Because of this, there is an ever increasing awareness among 

hydrologists of the need to describe and quantify these uncertainties to better understand 

the utility of model predictions and inform decisions concerning model development and 

data collection.  Significant developments in the most recent generation of parameter 

estimation codes have facilitated the estimation of parameters and quantification of the 

associated uncertainty in the parameter estimates and model structure; however, these 

codes are computationally expensive.  To facilitate the proposed analysis of more 

computationally efficient models are required. 

Computationally efficient models do not necessarily imply over simplified models 

In the appropriate context, simplifications are possible that reduce the complexity of the 

model but do not reduce the complexity of the system being represented by the model.  I 

investigate a series of approaches to reduce the computational load of models, facilitating 

inverse analysis with readily available computing facilities. 
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In light of the improvements to the methodology of parameter estimation, the 

success of the analysis still depends on the observed response to which the model is 

compared; the data and the information contained in the data.  Given limited resources 

(both cost and technology) it is important to identify those data that will provide the 

greatest information about a system.  To this end, the investigations presented here also 

investigate methods to identify informative data and to extract information from data 

effectively. 
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INTRODUCTION 
 

Research motivation 

Quantitative study of the vadose zone has been greatly enhanced by development 

of models that replicate the basic physical and chemical processes controlling water flow 

and solute transport in the unsaturated zone.  Modeling approaches range from analytical 

solutions that describe water flow and solute transport for simplified systems to 

simultaneous numerical solution of multiple non-linear processes [Simunek and Bradford, 

2007].  However, even the most elaborate model can not capture the complex interactions 

between spatially distributed water, plant, and atmospheric components of the 

unsaturated flow system.  These processes will always need to be approximated by 

relatively simple mathematical expressions with limited parameterization [Vrugt and 

Neuman, 2006].  Since models approximate the unsaturated flow system, the parameters, 

even those with an underlying physical meaning (e.g. hydraulic conductivity), are defined 

as effective parameters at the scale of the model [Kuhlman et al. 2008].  As such, they are 

generally difficult to evaluate directly and need to be estimated through inverse 

modeling.  Inverse modeling is of process of identifying the set of model parameters that 

result in a model (or models) that approximates as closely and consistently as possible the 

observed response of the system to a known input or stress (e.g. rainfall, infiltration, or 

pumping) [Vrugt et al., 2008]. 

Parameter estimates are inherently non-unique and prone to error.  Errors occur 

due to insufficient and noisy data, in adequate conceptualization of the system and 

underlying processes [Gupta et al., 2006].  There is an ever increasing awareness among 
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hydrologists of the need to describe and quantify these uncertainties to better understand 

the utility of model predictions and inform decisions concerning model development and 

data collection [Vrugt and Neuman, 2006, and Troldborg et al., 2007].  Significant 

developments in the most recent generation of parameter estimation codes have 

facilitated the estimation of parameters and quantification of the associated uncertainty in 

the parameter estimates and model structure [e.g. Vrugt et al., 2003, Vrugt et al., 2008, 

and Vrugt et al., 2009].  However, these Markov Chain Monte Carlo (MCMC) based 

global parameter estimation techniques generally require many (tens of thousands) model 

evaluations to converge to the posterior target probability density function (pdf).  

Derivative based inversion schemes (e.g. PEST and UCODE) which require the 

computation (usually approximated numerically) of the sensitivity of model parameters to 

model predictions also require a large number of model evaluations.  The sequential 

successive linear estimator (SSLE) [Zhu and Yeh 2005] reduces the number of model 

evaluations required for inverse problems with sparse observations by using the adjoint 

approach to estimate the parameter-observation sensitivities.  Using the adjoint approach, 

the effort to compute the model sensitivities is proportional to the number of observations 

rather than the number of parameters [Kuhlman et al. 2008].  Another significant 

advantage of SSLE is the use of a geostatistical frame work to constrain the spatial 

distribution of the estimated parameter values. 

For many applications related to the vadose zone the application of all of these 

methods is still limited by the available computational resources, as evidenced by the 

primary users of these methods are found primarily in the research institutions with 

access to super computers or parallel computing clusters.  In the face of computational 
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limits, there is a choice of using more computationally efficient inverse methods (e.g. 

require fewer model evaluations to converge to an estimated parameter set) or to use 

more computationally efficient models that allow the use of the advanced inverse 

methods.  Based on the working assumption that models inherently are approximations of 

the system of interest, I suggest spending available computational power on the use of the 

advanced parameter estimation methods that can characterize the uncertainty in the 

parameter estimates and help diagnose model structural error, at the cost of using more 

computationally efficient models to represent the physical system of interest.   

Computationally efficient models do not necessarily imply over simplified 

models.  Under appropriate conditions, simplifications are possible that reduce the 

complexity of the model but do not reduce the complexity of the system being 

represented by the model.  One very common example is the use of two dimensional axi-

symmetric numerical models to represent three dimensional flow systems with a radial 

axis of symmetry.  I investigate a series of approaches to reduce the computational load 

of models, facilitating inverse analysis with readily available computing facilities. 

In light of the improvements to the methodology of parameter estimation, the 

success of the analysis still depends on the observed response to which the model is 

compared; the data and the information contained in the data.  Given limited resources 

(both cost and technology) it is important to identify those data that will provide the 

greatest information about a system.  To this end, the investigations presented here also 

investigate methods to identify informative data and to extract information from data 

effectively. 
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Research objectives 

The objective of the research presented here is to investigate approaches to 

simplifying models to reduce the computational load and facilitate inverse analysis.  The 

simplification approaches necessarily depends on the context in which the model is used 

(i.e. what types of questions is the model being used to answer).  This context determines 

the rigor with which the simplification agrees with the complex model.  I propose four 

approaches: (1) using artificial neural networks to reproduce system behavior; (2) 

analytical relations to reduce the dimensionality of models; (3) optimum sensor location 

to reduce the required complexity of models by alleviating the need to model the 

measurement system; and, (4) coupling of observation and physical models. 

 

Dissertation structure  

The dissertation is primarily composed of four original research papers that have 

been published, accepted for publication, or have been submitted to refereed scientific 

journals.  An overview, and major conclusions of each manuscript are presented in the 

following section.  The manuscripts are presented in Appendices A, B, C, and D.  The 

bibliographic information for each of the manuscripts and status at the time of the 

dissertation defense is: 

Hinnell, A.C., N. Lazarovitch, M.Poulton, A. Furman, A.W. Warrick (2009), Neuro-

Drip: Estimation of subsurface wetting patterns for drip irrigation using neural 

networks, Irrigation Science, in preparation. 
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Hinnell, A.C., N. Lazarovitch, and A.W. Warrick (2009), Explicit infiltration function for 

boreholes under constant head conditions, Water Resources Research, 45, 

W10429, doi:10.1029/2008WR007685. 

Hinnell, A.C., and T.P.A. Ferré (2008), Consideration for measuring pressure head and 

water content in inclined boreholes, Water Resources Research, 44(12), W12444, 

doi:10.1029/2008WR007122. 

Hinnell, A.C., T.P.A. Ferré, J.A. Vrugt, J.A. Huisman, S. Moysey, J. Rings, and M.B. 

Kowalsky (2009), Improved extraction of hydrologic information from 

geophysical data through coupled hydrogeophysical inversion, Water Resources 

Research, in press doi:10.1029/2008WR007060. 
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PRESENT STUDY 

The methods, results, and conclusions of this study are presented in four original 

research papers appended to this dissertation. The following is a summary of the 

candidate’s contribution to the papers and the most important findings of the research 

papers. 

 

Statement of candidate’s contribution to manuscripts 

The research and writing of the first two manuscripts of the dissertation were 

primarily guided and reviewed by A.W. Warrick (professor emeritus, University of 

Arizona).  The ideas for the first two manuscripts were presented to the candidate by Dr. 

Warrick.  The modeling work, interpretation and analysis were the work of the candidate.  

These manuscripts were written by the candidate with editorial input from the co-authors 

on each manuscript.  In total the candidate was responsible for 80% of the work for the 

first manuscript and 85% of the work for the second manuscript. 

The research and writing of the second two manuscripts of the dissertation were 

guided and reviewed by the candidate’s primary academic advisor.  The concept for the 

third manuscript was developed in discussions between the candidate, candidate’s 

primary academic advisor, and A. Furman (Technion – Israel Institute of Technology) 

and further developed by the candidate.  The modeling work, interpretation and analysis 

were the work of the candidate.  . Writing of the third manuscript was the work of the 

candidate with major reviews and suggestions for changes contributed by the primary 

academic advisor.  The ideas for the fourth manuscript were developed by the candidate 

in discussions with the candidate’s primary academic advisor.  The modeling work, 
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interpretation and analysis were the work of the candidate with advice and assistance 

using DREAM provided by J. Vrugt (Center for Nonlinear Studies, Los Alamos).  

Preparation of the fourth manuscript was completed by the candidate with major reviews 

and suggestions for changes contributed by the primary academic advisor and manuscript 

co-authors.  In total the candidate was responsible for 90% of the work for the third 

manuscript and 80% of the work for the fourth manuscript. 

 

Summary of “Neuro-Drip: Estimation of subsurface wetting patterns for drip irrigation 

using neural networks” 

Design of efficient drip irrigation systems require information about the subsurface 

water distribution of added water during and after an infiltration event.  Although 

numerical models offer significant flexibility in representing natural flow systems, they 

require expertise to implement and can be computationally intensive, thus reducing the 

application of numerical models for irrigation system design and management decision 

making.  The goal of this study is to provide easily accessible, rapid illustrations of the 

spatial and temporal subsurface wetting patterns from surface drip emitters to facilitate 

optimization of drop irrigation systems by the system managers. 

 To this end, an artificial neural network is used, as an approximator of the 

numerical model, to represent the system behavior (e.g. distribution of added water) 

without explicitly representing the physical processes in the system.  The distribution of 

the water added during infiltration is described statistically by moment analysis.  Moment 

analysis provides a succinct description of the distribution of added water in the 

subsurface.  The ANN was trained to predict the moments of the added water given a set 
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of system inputs (e.g. soil properties, drip emitter discharge rate, time since the start of 

infiltration).  Training was completed using the results of numerical simulation for 1175 

sets of system inputs.  Once the ANN is trained it can predict the moments of the added 

water plume on a continuum within the parameter space used for training. 

The conclusions of this study are: 

1. The distribution of added water during drip irrigation was successfully simulated 

using an artificial neural network to predict the moments of the added water for a 

broad range of soils and discharge rates. 

2. The use of Neuro-Drip to solve irrigation scheduling problems was illustrated.  The 

inverse problem solved here was computationally very efficient compared to solving 

the same problem using a numerical model. 

Following are a some additional comments about how to progress the ideas beyond  

those presented in the manuscript.  Infiltration from a drip emitter is a well defined 

hydrologic scenario.  The water added during infiltration was well described using 

moment analysis.  The use of ANN would likely be less successful for less well defined 

hydrologic scenarios. 

The value of the estimates of the moments of the wetted area generated using 

Neuro-Drip would be improved if they included the uncertainty in the estimate associated 

with the ANN.  These uncertainty estimates could then be included in the solution of 

inverse problem to provide the uncertainty in the solution (e.g. the time, with uncertainty 

estimate, it takes for the center of mass to reach a desired depth).  Two approaches have 

been used to quantify the uncertainty in the ANN output: (1) boot strapping [e.g. Deng et 

al., 2009], and (2) Bayesian treatment of the ANN weights [e.g. Zhang et al., 2009]. 



 
 

17 
 

 

Summary of “Explicit infiltration function for boreholes under constant head 

conditions” 

 Soil hydraulic parameters (e.g. hydraulic conductivity) are important for 

describing water movement and chemical transport in soils.  In situ characterization of 

hydraulic parameters is often completed by analyzing infiltration data from permeameter 

tests within the unsaturated soil profile.  Predominantly, the field data are used to 

constrain parameters in analytical solutions to flow from a borehole, although some 

studies have also made use of numerical models.  Here, I investigated if an analytical 

expression linking the three dimensional cumulative infiltration to the one dimensional 

cumulative infiltration previously developed by Haverkamp et al. [1994] for disk 

infiltrometers, is applicable to borehole permeameters.  If it is applicable, then the 

through this relation, the observed three dimensional cumulative infiltration could be 

used to constrain a one dimensional flow model (either analytical or numerical). 

Haverkamp et al. [1994] express the three dimensional cumulative infiltration (I3D 

[L] is the flow volume per unit area) from a surface disc source under tension as the sum 

of the one dimensional infiltration (I1D [L]) and a second flow term accounting for 

multidirectional flow from the disc edges.  A more general form of this relation is 

presented in this manuscript: 

  3 1
1

D D edgeI I Q
L

= +   ( )n
edge

tSQ
θθ

γ
−

=
0

2
0

2
   

where t is time [T], r0 [L] the radius of the disc, γ a dimensionless constant, S0 [LT-0.5] the 

sorptivity, θ0 [-] the volumetric water content at the disc source and θn [-] the initial water 
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content of the profile. The length L is the ratio of area across which flow occurs divided 

by the corresponding perimeter of the infiltration area. 

Using one and three dimensional numerical models, the approach was validated 

for both cased and open boreholes for infiltration under positive head into a 

homogeneous soil profile with uniform initial conditions.  It was determined that the 

appropriate 1D infiltration boundary condition (pressure head) was the pressure head 

averaged over the area of the 3D infiltration surface. 

The conclusions of this study are: 

1. Cased boreholes are very similar to the discs studied by Haverkamp et al. [1994], 

however the effect of the edge of the infiltration area is greater and results in a larger 

value for the constant γ (1.06, compared to 0.75 for discs). 

2. For unlined boreholes, the results of the sensitivity analysis of γ with respect to soils, 

depth of ponded water in the borehole, and borehole radius showed there is a large 

range in the value of correction parameter (γ). 

3. This formulation permits great flexibility parameterising a 1D infiltration model 

(analytical or numerical) that can then be used in conjunction with a time series of 

cumulative infiltration in an inverse procedure to estimate soil parameters. 

 

Summary of “Considerations for measuring pressure head and water content in inclined 

boreholes” 

Inclined boreholes have been proposed to improve water content and pressure head 

monitoring in deep vadose zones by reducing the impact of the borehole on 

measurements by placing sensors below an undisturbed soil profile.  However, the 
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borehole casing distorts the flow field, which may impact measurements made with 

sensors placed on or in the borehole. 

A one dimensional sensitivity analysis was completed to define impact of the soil 

type, background flux, and casing radii and angle of inclination on the pressure head and 

water content at the soil / casing interface.  Based on these results, a large number of 

simulations were completed to generalize the location on the edge of the borehole that 

minimizes the influence of the borehole on observations of pressure head and water 

content.  Minimizing the influence of the borehole by locating sensors to measure 

conditions equivalent to undisturbed conditions facilitates the use of simpler models that 

do not need to simulate the measurement system within the model. 

Under some conditions, it may be possible to use the perturbation of the flow field 

due to the inclined borehole to estimate hydraulic parameter values.  This investigation 

examined the worth of pressure head and water content data in constraining parameter 

estimation for two models: (1) van Genuchten soil model (contains no flow physics) and 

(2) numerical model of flow around an inclined borehole (incorporates the physics of 

flow around a borehole of known dimensions). 

The conclusions of this study are: 

1. The comparison of perturbations to flow from all of the flow scenarios shows that the 

globally optimal measurement locations for pressure head and water content are 110o 

and 120o from the top of the borehole, respectively.  At these angles the influence of 

the borehole on the measured pressure head and water content is less than the 

uncertainty in the measurement method. 
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2. Under favorable condition (e.g. conditions known to generate a measureable 

perturbation to flow), use of a flow model to support inversion improved the accuracy 

and certainty of the inferred hydraulic parameter values.  However, even for these 

amenable conditions, water content measurements alone do not contain sufficient 

information to constrain interpretation of the soil moisture release curve, even if they 

are interpreted in the context of a flow model. 

 

Summary of “Improved extraction of hydrologic information from geophysical data 

through coupled hydrogeophysical inversion” 

The use of geophysical data in hydrologic applications has seen significant 

development over the past couple of decades.  Significant developments in measurement 

methodology and data analysis have occurred in the use of geophysical methods to 

characterize the geologic and hydrogeologic structure.  Far fewer developments have 

occurred in the use of geophysical methods to monitor hydrologic processes.  It is in the 

context of monitoring and characterizing hydrologic processes that the following research 

is presented. 

 In the mode of using geophysics to monitor and characterize hydrologic 

processes, a geophysical property that is sensitive to a hydrologic state variable is 

measured (e.g. electrical conductivity of the soil is a function of the water content).  It is 

common to then apply an independent geophysical analysis to derive the spatial 

distribution of the geophysical property (e.g. electrical conductivity).  The geophysical 

property is then converted to a hydrologic property (e.g. water content) through a 

petrophysical relation.  The inferred hydrologic property is then used either 
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independently or together with direct hydrologic observations to constrain a hydrologic 

inversion.  This uncoupled approach to integrating geophysical observation of hydrologic 

processes with hydrologic models is a natural extension of the application of geophysical 

methods already well developed for the oil and mineral exploration and production fields 

to a different application.  However, it may not be the most efficient means to approach 

the application of geophysics to characterizing and monitoring hydrologic processes. 

 An alternative approach is to directly couple the hydrologic and geophysical 

models, and condition the hydrologic and geophysical models to the geophysical 

observations simultaneously.  I compare the abilities of coupled and uncoupled inversion 

using a synthetic example where surface-based electrical conductivity surveys are used to 

monitor one-dimensional infiltration and redistribution. 

The conclusions of this study are: 

1. The synthetic example showed that the coupled approach can provide significant 

reductions in uncertainty for hydrologic properties and associated predictions if the 

underlying model is a faithful.  However, if the hydrologic model exhibits structural 

errors, the coupled inversion may not improve the hydrologic interpretation 

2. The use of simplified models can be problematic.  The analytical model was able to 

replicate the depth of the wetting front from infiltration through a heterogeneous soil.  

However, the inability of the analytical model to represent the details of the water 

content depth profile, resulted in a poor match between the synthetic observations and 

the model. 

3. The results of this study support the use of coupled hydrogeophysical inversion both 

for the direct benefits of reduced errors during inversion and due to the secondary 
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benefits that accrue due to the extensive communication and sharing of data necessary 

to produce a coupled model, which will likely lead to more thoughtful use of 

geophysical data in hydrologic studies. 

 

Conclusions 

The primary conclusions drawn from the results of the studies presented in this 

dissertation are summarized as follows in the context of the general research themes 

presented in Research Motivations: 

A. For appropriate hydrologic systems, a trained ANN can be a good approximator of a 

hydrologic model.  The much shorter computational times of the ANN readily 

facilitates its use in inverse problems. 

B. A linear approximation of the 3D infiltration as the sum of the 1D infiltration and a 

term that accounts for the edge effects is valid for infiltration from cased and open 

boreholes.  Using this approach, the soil parameters in 1D model (analytical or 

numerical) can be constrained using a time series of cumulative 3D infiltration 

measured from a borehole.  Similar to the use of ANN, this approach renders the 

parameter estimation problem more tractable. 

C. Alternatively, careful placement of sensors can reduce/remove the need for more 

complicated modeling.  For example, in inclined boreholes in a steady state flow field 

it is possible to measure the pressure head or water content equivalent to the 

undisturbed system by locating the sensors 110o and 120o from the top of the 

borehole.  In so doing, the model used to represent the system does not need to 

include the complication of the borehole. 
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D. The above approach is applicable for point measurements, however, for 

measurements with a large sample volume with variable sensitivity within the sample 

volume, coupling a model that represents the measurement system to the hydrologic 

model removes the need to develop complicated weighting scheme etc.  This 

approach showed significant advantages over independent analysis of the data 

because the coupled hydrologic model provided a frame work for the measurements.  

However, errors in the hydrologic model are also applied to the geophysical data, 

resulting in a little advantage. 
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APPENDIX A. NEURO-DRIP: ESTIMATION OF SUBSRUFACE WETTING 
PATTERNS FOR DRIP IRRIGATION USING NEURAL NETWORKS. 

 
Hinnell, A.C., N. Lazarovitch, M.Poulton, A. Furman, A.W. Warrick (2009), Neuro-
Drip: Estimation of subsurface wetting patterns for drip irrigation using neural networks, 
Irrigation Science, in preparation. 
 

 

ABSTRACT 

Design of efficient drip irrigation systems requires information about the subsurface 

water distribution of added water during and after infiltration.  Further, this information 

should be readily accessible to design engineers and practitioners.  Neuro-Drip combines 

an artificial neural network (ANN) with a statistical description of the added water from a 

single drip emitter to provide easily accessible, rapid illustrations of the spatial and 

temporal subsurface wetting patterns.  In this approach the ANN is an approximator of a 

flow system.  The ANN is trained using close to 1000 numerical simulations of 

infiltration.  Moment analysis is used to encapsulate the spatial distribution of water 

content.  In practice the user provides soil hydraulic properties and discharge rate.  The 

ANN is used to estimate the depth to the center of mass of the added water, and the 

vertical and radial spreading around the center of mass.  This statistical description of the 

added water is then used to visualize the fate of the added water.
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INTRODUCTION 

Effective design and management of drip irrigation systems lead to efficient delivery of 

water and nutrients to the root zone resulting in increased water use efficiency and 

improved agricultural yields [Sammis and Wu, 1985].  Many of the design and 

management decisions require understanding the wetted zone pattern around the emitter 

[Bresler, 1978; Lubana and Narda, 2001] and its relation to the root system.  

Mathematical models have proven very useful in predicting water and nutrient movement 

in the soil [Mmolawa and Or, 2000] enabling improved drip irrigation system design and 

management.  Both analytical and numerical models are used to predict water distribution 

under drip irrigation [e.g. Mmolawa and Or 2003; Ben- Gal et al., 2004; and Skaggs et 

al., 2004].  Steady state and transient analytical models are relatively easy to implement 

with rapid solution times, however they are generally restricted to simple homogeneous 

flow systems based on the linearization of Richards’ equation using the hydraulic 

conductivity function of Gardner [1958].  Numerical models are more flexible and can 

include complex systems: medium heterogeneity, variable initial conditions, non-constant 

boundary conditions, and irregular boundaries.  Numerical models can also account for 

more realistic hydraulic conductivity and retention curve functions such as van 

Genuchten – Mualem [Mualem, 1978; van Genuchten 1980].  Although numerical 

models offer superior flexibility to more realistically represent natural flow systems, they 

require expertise to implement and can be computationally intensive reducing the 

application of numerical models for irrigation system design and management decision 

making. This is especially the case when large numbers of model simulations are 

required.  For example when surface and subsurface flow models are coupled [e.g. 
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Zerihun et al., 2004; Furman, 2008] or for system/model sensitivity analyses and 

parameter estimation problems [Warrick and Lazarovitch, 2007].  There is a need for an 

easily implemented yet robust approach to visualizing the wetted pattern from drip 

irrigation systems to aide in system design and management. 

 

The goal of this study is to provide easily accessible, rapid illustrations of the spatial and 

temporal subsurface wetting patterns from surface drip emitters to facilitate optimization 

of drip irrigation systems by the system managers.  The resulting Excel based application 

is called Neuro-Drip. 

 

Neuro-Drip combines an artificial neural network (ANN) with a statistical description of 

the added water around a single drip emitter to provide easily accessible, rapid 

illustrations of the spatial and temporal subsurface wetting patterns.  Moment analysis of 

the water plume emanating from the emitter is a statistical representation of the added 

water in the subsurface [Lazarovitch et al. 2007]; the first moment is the center of mass 

of the added water and the second moments relate to the vertical and radial spreading of 

the added water about the center of mass.  Moment analysis reduces the evolving three 

dimensional distribution of water content in the soil to three time varying properties (one 

first moment and two second moments) enabling succinct description of the wetted zone.  

The graphical depiction of the moments provides an excellent approximation of the 

wetted zone [Lazarovitch et al., 2007].  The ANN is developed following the moment 

approach of Lazarovitch et al. [2009].  The internal structure of the ANN is defined by 

training the ANN to replicate the observed system responses associated with known 
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system inputs.  The databases are constructed from many numerical model simulations 

[e.g., Schmitz et al., 2002; and Lazarovitch et al., 2009].  Once trained the ANN estimates 

a set of outputs (e.g. the first and second moments of the wetting pattern due to 

infiltration from a surface drip emitter) based on a set of inputs (e.g. soil properties and 

infiltration source strength and time).  In this way, the ANN is an approximator of the 

numerical model describing infiltration from a drip emitter.  All of the numerical 

modeling is done a priori and the ANN is used to rapidly provide results to the 

practitioners. 

 

The following sections contains the development details for Neuro-Drip, however, it is 

not required for application of Neuro-Drip.  For direct application, the reader may 

proceed directly to the Examples and Discussion section for illustrative examples of 

using Neuro-Drip. 

 

DEVELOPMENT OF THE NEURO-DRIP ANN 

In Neuro-Drip an ANN is used to predict the spatial distribution of water added to the 

subsurface during drip irrigation.  The ANN is trained to replicate the system behavior 

using a set of inputs with known system responses.  Here we use a numerical model to 

develop these input and system response databases.  In this way, the ANN approximates 

the numerical model, interpolating between known points in the system response space to 

provide estimates of the spatial distribution of the added water for input values not 

present in the training database.  This is accomplished by (1) simulating infiltration using 

a numerical model for multiple boundary and parameter values, (2) training the ANN, (3) 
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testing the performance of the ANN using a second set of numerical simulations.  This 

final step is a blind test using boundary and parameter values not used in training the 

ANN.  

 

We consider a continuous surface point source infiltrating into a homogeneous soil with 

uniform initial pressure head.  This simplified flow system placed the focus on the 

development and testing of the ability of the ANN to approximate the flow system.  Other 

processes (e.g., evaporation, transpiration, or root water uptake) could be included in 

future developments. 

 

The evolving water content distribution in space and time was simulated by solving 

Richards’ equation [Richards, 1931] for vertical axisymmetric water flow 
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where h [L] is the pressure head, θ(h)  [-] is the volumetric water content, K(h) [LT-1] is 

the unsaturated hydraulic conductivity, r and z are spatial coordinates [L] in radial and 

vertical direction, respectively (z positive upward) and t is time [T].  Equation (1) was 

solved using the finite element method with HYDRUS-2D [Simunek et al., 1999].  

HYDRUS-2D has been previously used to successfully simulate water flow for drip 

irrigation systems [e.g. Skaggs et al., 2004; Lazarovitch et al., 2005; Gardenas et al., 

2005, Roberts et al., 2009].  The vertical symmetry boundary and the vertical boundary at 

r0 were prescribed zeros flux normal to the boundary.  The lower boundary was defined 

as a zero pressure head gradient boundary (free drainage).  The drip emitter source was 
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located on the ground surface coincident with the symmetry axis.  Size of the surface 

source was varied during simulations to account for surface ponding at the emitter 

[Gardenas et al., 2005].  The section of the ground surface boundary not included in the 

source was defined as a zero flux normal to the boundary.  The flow domain (2.0 m radius 

x 4 m depth) was sufficiently large to ensure the vertical and lower horizontal boundaries 

did not impact the flow from the source.  This implies that no interaction with adjacent 

emitters was considered.  The computational mesh was constructed of 9,920 nodes with 

greater density in the vicinity of the source. 

 

The van Genuchten - Mualem [Mualem, 1976; van Genuchten, 1980] soil hydraulic 

model was used to relate the unsaturated hydraulic conductivity and volumetric water 

content to the pressure head. 
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In (2a) and (2b), Θ [-] is the saturation, α [L-1] and n [-] are soil specific constants that 

control the shape of Θ(h), θs [-] and θr [-] are the saturated and residual volumetric water 

contents and are the limits of θ(h), KS [LT-1] is the saturated hydraulic conductivity. 
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Hydrologic simulations were completed using 222 sand and silt dominated soil textures 

(circles in Figure 1).  The soil hydraulic parameters {θr, θs, α, n, Ks} for each soil texture 

were estimated from the H2 pedotransfer function (inputs are sand, silt, clay percentages) 

in Rosetta [Schaap et al., 2001].  The selected soils provide a broad range of responses 

for the soil moisture release curves and unsaturated hydraulic conductivity curves.  Drip 

irrigation was simulated at five discharge rates, Q [L3 T-1]: 0.5, 1, 2, 4 and 8 L h-1.  

Numerical simulations were run out to 336 h (2 weeks) with observations recorded at t = 

{0.25, 0.5, 1.0, 2.0, 4.0, 8.0, 12, 16, 48, …336}.  Time was increased in 24 h increments 

between 48 h and 336 h.  Irrigation was simulated until 40 L of water was applied then 

water redistribution was simulated for the remainder of the simulation time.   

 

The performance of a trained ANN is commonly evaluated using the portion of the 

database reserved for testing.  However, when there are correlations between the training, 

validation, and testing subsets of the training database, this can be a weak test.  A more 

rigorous test of the ANN was completed by a blind test.  A blind test is completed by 

developing a new data base, referred to as the blind test data base.  This data base is 

similar to the training database in that it contains input values and expected outcomes.  

The blind test database was constructed using 24 soil textures (diamonds in Figure 1) 

with infiltration simulated at Q of 1.5, 6.0 Lh-1 for the same observations times used 

previously.  

 

To approximate the conditions at the start of an irrigation cycle, the uniform initial 

pressure head was selected as the pressure head when root water uptake first no longer 
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meets transpiration demand; referred to as the first occurrence of limiting hydraulic 

conditions by de Jong vam Leir et al. [2006].  De Jong van Leir et al. [2006] present an 

empirical linear relation between matric flux potential, Φlhc [cm2 h-1], at the first 

occurrence of limiting hydraulic conditions and the transpiration rate, Tp [mm d-1], for a 

high root density, independent of soil type 

 plhc T⋅=Φ
24

00106.0         (3) 

The matric flux potential is defined as the integral of the unsaturated hydraulic 

conductivity with respect to the pressure head 

         (4) ( )∫=Φ
h

h
dhhK

0

where h0 is set to the permanent wilting point (h0 = -15000 cm, after de Jong van Leir et 

al. [2006]).  For a specific soil and a given value of h, (4) is solved numerically using 

adaptive Simpson quadrature.  However, here we require the value of h associated with 

Φlhc computed from (3).  We estimate h using a simplex search to find the minimum of 

(Φlhc - Φ).  Following this approach, the initial pressure head values are determined for 

each soil using a transpiration rate of 6 mm d-1. 

 

The results of the hydrologic simulations were encapsulated using moment analysis 

which describes the spatial distribution of the added water by the depth to the center of 

mass and the vertical and radial spreading.  The advantage of the using moments to 

describe the distribution of added water is the compressed information expressed in the 

moments of the added water plume contains sufficient information to reconstruct a wetted 
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pattern very close to the true wetted pattern [Lazarovitch et al., 2007; Lazarovitch et al., 

2009].  The three-dimensional spatial moments, Mij, for the added water [Yeh et al., 

2005], are defined in cylindrical coordinates as 
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with θd=θ-θ0, where θ is the water content at a given location and time during irrigation, 

and θ0 is the water content at the same given location and time with no irrigation.  Here 

θ0 is typically small and, for most cases, is approximately the initial water content.  This 

approach is not suitable when significant drainage occurs in the soil as the governing 

equations for unsaturated flow are non-linear.  The total volume of water applied to the 

domain is given by the zeroth moment, M00.  The depth to the center of mass of the added 

water, zc, is given by the ratio of the first and zeroth moments, 
00

01

M
Mzc = .  The spread of 

the added water about the center of mass (located at r = 0 and z = zc) is described by the 

spatial variance in the radial and vertical directions, 
00

202

M
M

r =σ  (assuming rc is 0) and 

2

00

022
cz z

M
M

−=σ .  We refer the reader to Yeh et al. [2005] and Lazarovitch et al. [2007] for 

further details regarding the use of moments to describe the spatial distribution of added 

water in unsaturated soil. 
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The hydrologic simulations resulted in 275,280,000 vectors; one vector for each 

observation time (25 observation times between 0.25 h and 336 h) for each node of the 

finite element mesh (9,920 nodes) used for of each hydrologic simulation (1110 

hydrologic simulations – 5 emitter flow rates, 222 soil textures).  Each vector has ten 

elements, [θr, θs, α, n, KS, Q, t, r, z, θ].  Using moment analysis the wetting pattern 

evolution in time for the 1110 hydrologic simulations is reduced to 27,750 data vectors 

with ten elements [θr, θs, α, n, KS, Q, t, zc, σr, σz].  It is important to note that moment 

analysis of the wetted zone does not describe the actual distribution of water content but 

rather statistically describes the distribution of water mass in the soil.  In this way, using 

the moments it is possible to draw contours that contain a specified fraction of the total 

water infiltrated from the emitter, but not to specify the actual water content at a location 

in space.  The advantage of the using moments is two fold: (1) as shown by Lazarovitch 

et al. [2007] the wetted pattern derived from moment analysis is very close to the true 

wetted pattern; and, (2) the wetted pattern can be described succinctly by three values 

instead many spatially distributed values of water content. 

 

The ANN was constructed using a multi-layer perceptron (MLP) architecture. The MLP 

consists of an input layer with a node or processing element (PE) for each element of the 

input pattern vector. The input PEs are connected to PEs in the next layer, the hidden 

layer, by weights. Each PE in the hidden layer computes a weighted sum of the input data 

and the connection weights and passes that sum through a hyperbolic tangent activation 

function. The output of the activation function becomes the input to the next layer which 
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is either another hidden layer or the output layer.  The output layer PEs have linear 

activation functions.  The ANN in Neuro-Drip is designed to take an input vector, p = [θr, 

θs, α, n, KS, Q, Θn, t] and estimate an output vector, a = [zC, σr, σz]. 

 

Training the ANN is a process of comparing known/observed values (targets) with ANN 

outputs and iteratively adjusting the network parameter values (weights and biases) until 

the behavior of the ANN is a satisfactory representation of the system of interest.  The 

training procedure is improved by normalizing the input and target values [Poulton, 

2001].  Here we normalize the input vector, p, and target vector, s, to have a mean of zero 

and a standard deviation of one.  The normalized input and target vectors are then 

( )
pσ
pppn −

= , and ( )
sσ
sssn −

= , respectively.  Subsequent use of the trained ANN requires 

the predicted values, an, be converted back to the original units to get a, sana +⋅= sσ . 

 

Training the ANN was completed using the Levenberg-Marquardt back propagation 

technique [Hagan and Menhaj, 1994] to successively alter the connection weights with 

the goal of minimizing the mean square error, ∑ −= 2ansnMSE , using MATLAB 

Neural Network Toolbox (Mathworks, Nantik, MA).  The weights and biases were 

initialized using the Nguyen-Widrow method [Nguyen and Widrow, 1990].  The Nguyen-

Widrow method generates initial weights and bias values for a layer, so that the active 

regions of the layers neurons will be distributed approximately evenly over the input 

space [Demuth and Beale, 2004].  The ANN was trained using 50% of the database 
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(randomly selected); twenty five percent of the training set was withheld from training 

for validation; and, twenty five percent of the training set was withheld for testing after 

training.  Training was terminated when the MSE of the validation set increased, 

indicating divergence between the MSE of the training and validation sets.  Further 

training would lead to over training of the ANN. 

 

Rather than arbitrarily select the architecture of the ANN used for Neuro-Drip, the 

optimum architecture was determined experimentally. A set of ANNs were constructed 

and trained with between 4 and 35 PEs in a single hidden layer, and between 4 and 35 

PEs in each of two hidden layers.  Plotted in Figure 2 are is the mse for each trained 

ANN; the circles are the mse computed using all of the data in the training data base, and 

the diamonds are the mse computed from the blind test data base.  The selected 

architecture (circled in Figure 2) is the simplest fully connected architecture with low 

mse for both the training and blind test data bases.  The selected ANN is built with 7 

input PEs (same length as p), two hidden layers of 17 PEs each and an output layer of 3 

PEs (same length as a).  Presented in Figure 3 (A through C) are cross plots of an and sn 

for zc, σz, and σr, respectively.  The cross plots contain all of the data in the training 

database (data used for training, validation, and testing).  The trained ANN does an 

excellent job of predicting the output vector; the regression R-value is approximately 

unity for all of the training data sets.  The cross plots of an vs. sn for the blind test data 

presented in Figure 3 (D through F) show excellent match between the values derived 

from the numerical model (sn) and the values predicted by the ANN (an). 
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EXAMPLES AND DISCUSSION 

In this section we present the graphical user interface for Neuro-Drip and provide four 

examples to illustrate the application of Neuro-Drip.  Our goal here is to demonstrate 

how Neuro-Drip is capable of quantitatively capturing water flow patterns and 

distinguish in results between different scenarios.  The first example demonstrates the use 

of Neuro-Drip while comparing the results to the numerical simulation; the second 

example shows how results change as functions of time, and soil properties.  The final 

example demonstrates a simple optimization problem using Excel based tools to 

determine the time it takes for the center of mass to reach a desired depth. 

 

To maximize accessibility for practitioners a graphical user interface (GUI) for Neuro-

Drip is presented in Excel (Microsoft Inc, Redwood, WA).  The trained ANN was 

embedded in Excel  and linked to the GUI.  It requires user inputs of θr, θs, α, n, KS, Q, Se, 

t and then runs the ANN to estimate zC, σr, σz and plot the moment approximation of the 

wetting pattern from the drip irrigation (Figure 3).  The curves represent spheroids, which 

contain 25%, 50%, 75%, and 100% of the total added water.  The circle represents the 

center of the added water on the center axis at the depth zC.  The spreadsheet updates 

automatically after each user input and the result are immediately shown graphically in 

the chart and numerically in the output fields providing a rapid, easily accessible estimate 

of the wetted zones from drip emitters. 
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Example 1 

The intent of the first example is to demonstrate the use of Neuro-Drip and compare the 

wetted pattern to the true (numerical model) wetted pattern at 96 hours.  Here we use a 

loamy soil (hydraulic properties from Table 1), with an emitter discharge of 1,500 cm3 h-

1.  Note the values for the soil, time, emitter discharge and initial saturation were 

specifically chosen so they did not equal parameter values in the training set.  To run 

Neuro-Drip, the soil hydraulic model parameters (θr, θs, n, α, KS), emitter discharge (Q), 

and simulation time (Time) are entered under inputs (B8 through H8 as shown in Figure 

3).  Note that the Excel spreadsheet updates after every user input; once all the 

information has been entered the results are immediately available.  Figure 3 shows the 

example results.  The depth of the center of mass of the wetted area is zC = -32.5 cm, and 

the radial and vertical spread of σr = 28.1 cm and σz = 21.6 cm, respectively.  The 

maximum extent of the wetted area is 93.6 cm (vertical) by 75.8 cm (radial).  A total of 

40,000 cm3 of water are infiltrated and redistribution occurred for 82.7 hours after the end 

of the infiltration period.  Figure 4 shows a comparison of the true (numerical simulation) 

water content distribution (grey flood in Figure 4B) and the center of mass with the 25%, 

through 100% fractions of the mass of water (contours).  This figure shows how the 

statistical representation of the water content approximates the true water content 

distribution that develops in the vicinity of the drip irrigation emitter [after Lazarovitch et 

al., 2007].  Although the statistical representation does not represent the actual water 

content at a specific location in the subsurface, the shape of the 100% ellipsoid is a very 

good approximation of the full extent of the wetted area around the drip emitter. 
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Example 2 

The evolution of the wetted pattern of the soil in time is illustrated in Figure 5 for a 

loamy sand (first soil in Table 1) with an emitter discharge of 1,500 cm3 h-1.  The grey 

flood is the change in water content with and without infiltration, and the contour lines 

are cross sections of the wetted spheroids containing 25%, 50%, 75%, and 100% of the 

applied water about zC at 24 h (Panel A), 96 h (Panel B), and 240 h (Panel C).  A 

comparison of the true and estimated time series of zc, σr, and σz (Figure 6) shows good 

agreement with the Neuro-Drip slightly underestimating the values zc at later time. 

 

Sample results of wetting patterns and the spheroids for various fractions of the applied 

water about zC are presented in Figure 7 for sand and silt loam. The results are for t = 240 

h, and Q = 2,000 cm3 h-1. The shape of the spheroids varies with soil texture. While the 

spheroids in the loamy soil are prolate the spheroids in the sandy soil are oblate. In line 

with expectations, the contrast in texture leads to different retention capacities for the 

soils. The sand has the lowest retention capacity and hence the deepest final zC. 

 

Example 3 

Neuro-Drip can be used to answer design questions using inverse analysis.  For example, 

“How long does it take the center of mass to reach a desired depth and what is the wetted 

soil pattern at this time?”.  For this example, Neuro-Drip is implemented using the Goal 

Seek optimization tool in Excel to estimate the time when zC equals the desired value, 

assuming that the hydraulic properties of the soil in question are known, and the initial 

saturation has been measured.  The inverse problem has been implemented with an Excel 
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macro that is activated by pressing the “solve for time” button.  The misfit between the 

predicted and desired values of zC is shown in cell I25.  The estimated time for the center 

of mass to reach the desired depth is presented in cell E25.  Here we use the same loamy 

sand soil as in the previous example (Table 1) and search for the time when zC equals -25 

cm.  The discharge at the drip emitter is set to 1,500 cm3 h-1.  The center of mass reaches 

a depth of -25 cm at 35.1 h from the start of irrigation; this includes 8.4 h of 

redistribution.  At this time the maximum depth of the wetted area is -68.4 cm and the 

radius is 60.1 cm (Figure 8). 

 

The ANN that is the core of Neuro-Drip could be readily used in conjunction with more 

sophisticated inverse methods (likely using a different computational platform, e.g. 

MATLAB) to optimize emitter design; for example estimating the emitter discharge rates 

and infiltration times required to achieve the desired dimensions of the wetted zone rather 

than just the location of the center of mass as was done in this example.  The ANN has 

the advantage of very short computational load compared to using a two dimensional 

numerical model as the forward model in an inverse analysis. 

 

SUMMARY 

Neuro-Drip is an Excel based artificial neural network designed to provide rapid 

illustrations of soil wetting patterns from surface drip irrigation emitters.  Further it is 

designed to approximate results obtained from a multitude of numerical models with 

sufficient accuracy to facilitate decision making associated with irrigation system design 

and management without the direct use of numerical models.  In essence, we have run 
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numerical models for many different infiltration scenarios, these results have then been 

used to train the ANN, allowing the user the benefit of the numerical modeling without 

having to construct and run the numerical model themselves. 

 

This approach is very flexible, and while the current version was developed with some 

specific assumptions, (e.g. irrigation events apply 40,000 cm3 of water) it provides a good 

example of using an artificial neural network as an approximator of numerical models, 

thus providing rapid and easily attainable predictions to facilitate decision making.  

Further numerical simulations could be included to (e.g. simulations with irrigation 

events that apply other volumes of water) broaden the utility of this program. 

 

Neuro-Drip is a compact accessible tool (available for down load at 

http://bidr.bgu.ac.il/bidr/karusela/Neurodrip.mht) tool that can easily be integrated with 

other tools.  We showed an example of using Neuro-Drip with Goal Seek (Excel) to 

estimate the time it took for the center of mass to reach a desired depth.  It could also be 

connected with pedotransfer functions that estimate soil hydraulic model parameters from 

more readily available soil data like soil texture and bulk density [e.g., Schaap et al., 

1998]. This would allow the user to use soil texture as an input rather than the parameters 

of the van Genuchten soil. 
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TABLES 

Table 1: Soil properties1 used for examples. 

(a)  
Sand 
[%] 

Silt 
[%] 

Clay
[%] 

θr
[-] 

θs
[-] 

KS
[cm hr-1] 

α 

[cm-1] 
n 
[-] 

Ex1 loamy sand 84 10 6 0.045 0.38 5.79 0.037 1.90 
Ex 2 sand 96 2 2 0.052 0.38 35.40 0.033 3.57 
Ex2 silt loam 24 64 12 0.055 0.43 1.25 0.043 1.70 

1 van Genuchten – Mualem soil hydraulic model parameter values derived from Rosetta 
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FIGURES 

Figure 1:  Training and blind test soil textures used to train and test the ANN in Neuro-
Drip.  The grey scale flood is the m value for the soils derived from Rosetta. 
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Figure 2: MSE of the trained ANNs for both the training data base (circles) and the blind 

test data base (diamonds).  The dashed lines are the 1 layer ANNs and the solid lines are 

the 2 layer ANN.  The circled ANN (2 layers with 17 PEs) is the ANN selected for use in 

Neuro-Drip. 
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Figure 3: Training results for the ANN.  The upper row are the training results, and the 

lower row are the blind test results.  Panel A and D are the depth to the center of mass; 

Panel B and E are the vertical spreading and panel C and F are the radial spreading.  Note 

the crossplots are presented in the normalized output values (sn and an, true and 

predicted respectively). 
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Figure 4:  Neuro-Drip graphical user interface.  This example shows the wetted pattern 

for an emitter discharging at 1,500 cm3 h-1 infiltrating into a loamy sand soil at 96 hours 

after the start of irrigation.  The center of mass of the wetted zone is indicated by the grey 

circle.  Plotted contours show the regions within which the fraction of the added water 

resides. 
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Figure 5:  Wetted pattern for a loamy sand soil with an emitter discharge of 1,500 cm3 h-

1.  The grey shade is θd and the contours are the statistically derived mass fractions of the 

infiltrated water estimated using Neuro-Drip.  Panel A is 24 h after the start of 

infiltration; Panel B is 96 h; and, Panel C is 240 h. 
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Figure 6:  Time series of zc, σr, and σz estimated using Neuro-Drip for a loamy sand soil, 

with an emitter discharge of 1,500 cm-3 h-1 (solid lines with filled symbols).  For 

comparison, zc, σr, and σz computed from the Hydrus simulation and used for the training 

of the Neuro-Drip ANN is also plotted (dashed lines with open symbols). 
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Figure 7: Wetting pattern for three soils with an emitter discharge of 1,500 cm-3 h-1.  The 

left panel is a sand, the center panel is a sandy loam, and the right panel is a loam. 

 
silt loamsand 
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Figure 8:  Neuro-Drip graphical user interface altered to solve for the time it takes the 

center of mass to reach a desired depth (-25 cm in this case).  The time is estimated using 

the Goal Seek tool in Excel using a macro activated by the “solve for time” button and 

displayed in cell E25. 

 

 

 



 
 

56 
 

APPENDIX B. EXPLICIT INFILTRATION FUNCTION FOR BOREHOLES 
UNDER CONSTANT HEAD CONDITIONS. 

 
Hinnell, A.C., N. Lazarovitch, and A.W. Warrick (2009), Explicit infiltration function for 

boreholes under constant head conditions, Water Resources Research, 45, 
W10429, doi:10.1029/2008WR007685. 

 

 

ABSTRACT 

Infiltration per unit area of the source region from discs, strips and furrows has 

previously been shown to be the sum of the one dimensional infiltration and an edge 

effect term.  Here we apply the same approach to examine infiltration under a constant 

head from boreholes (both lined and unlined).  A critical empirical parameter (γ) in the 

edge effect term is related to the radius of the borehole, soil hydraulic properties, 

boundary and initial conditions.  For lined boreholes, γ  has a narrow range and for the 

examples investigated, a constant value of 1.06 introduces less than five percent error 

compared to using the case specific γ value.  For unlined boreholes, γ  is larger, ranging 

between 1.02 and 3.16 for the examples investigated, and should be estimated for specific 

conditions. 
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INTRODUCTION 

Soil hydraulic parameters (e.g. hydraulic conductivity) are important for describing water 

movement and chemical transport in soils.  In situ characterization of hydraulic 

parameters is frequently undertaken by analyzing infiltration data from permeameter test 

within the unsaturated soil profile.  Early analyses of flow from a borehole include those 

of R.E. Glover who presented an analytical steady state solution for “Flow from a test-

hole located above groundwater level” in Appendix B of Zangar [1953].  Some time 

later, Reynolds et al. [1983] present an analytical solution that explicitly includes 

unsaturated flow.  Philip [1985] and Reynolds et al., [1985], present refinements over 

these early analytical steady state solutions.  Still further analytical solutions have been 

proposed by Xiang [1994], and Cassiani [1998] among others.  Numerous studies 

compare the accuracy of the various approximate analytical solutions (e.g., Amoozegar 

[1989], Elrick and Reynolds [1992], Heinen and Raats [1990], Jabro and Evan [2006]).  

The results of these comparisons showed inconsistency between methods with strong 

dependency of the results on soil type and field conditions [Mohanty et al.,1994].  Early 

numerical analysis of infiltration from a borehole incorporating both saturated and 

unsaturated flow was completed by Stephens and Neuman [1982].  Current numerical 

flow models (e.g., Simunek et al., 1999) can be used to simulate variably saturated 

transient flow from a borehole for complex flow scenarios (e.g., heterogeneous soils etc.).  

However, they require skilled manpower, solution times can vary significantly depending 

on the level of detail required and several are proprietary. 
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)

A closely related problem to infiltration from a borehole is infiltration from a disc on the 

soil surface (e.g., a tension disc infiltrometer).  Haverkamp et al. [1994] express the three 

dimensional cumulative infiltration (I3D [L] is the flow volume per unit area) from a 

surface disc source as the sum of the one dimensional infiltration (I1D [L]) and a second 

flow term accounting for multidirectional flow from the disc edges: 

( n
DD r

tSII
θθ

γ
−

+=
00

2
0

13       (1) 

where t is time [T], r0 [L] the radius of the disc, γ a dimensionless constant, S0 [LT-0.5] the 

sorptivity, θ0 [-] the volumetric water content at the disc source and θn [-] the initial water 

content of the profile.  The value of γ for the disc infiltrometer as evaluated by 

Haverkamp et al. [1994] is bounded approximately by 0.6 < γ < 0.8. 

 

Warrick and Lazarovitch [2007] and Warrick et al. [2007] describe the last term in (1) as 

the cumulative inflow per unit length (Qedge) of the edge of the wetted soil divided by a 

characteristic length (L): 

  3 1
1

D D edgeI I Q
L

= +   ( )n
edge

tSQ
θθ

γ
−

=
0

2
0

2
   (2) 

The length L is the ratio of area across which flow occurs divided by the corresponding 

perimeter of the infiltration area.  For the disc source, flow occurs across a surface of πr0
2 

and the appropriate edge length is 2πr0 leading to ratio of L = r0/2 for which (2) 

corresponds to (1).  They found characteristic lengths for other geometries including two 

dimensional infiltration per unit length of a strip source and a furrow (expressions for L 

for different geometries are summarized in Table 1).  
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Warrick et al. [2007] present a form of (1) applied to a partially filled furrow with a 

constant depth of water: 

( )n
D

D

W
tS

I
W
Q

θθ
γ

−
+=

0

2
0

1*
2       (3) 

where Q2D is the cumulative inflow per unit length of the furrow [L2], W the wetted 

perimeter [L] of the furrow, W* is a fitting parameter referred to as the adjusted wetted 

area per unit length (e.g. of a furrow) giving W* units of length, and I1D is the equivalent 

one dimensional infiltration with a constant pressure head equal to the pressure head at 

the center of mass of the furrow.  In order to use (3), both γ and W* must be found or 

estimated. 

 

Following (2) and (3), we now propose a more general expression: 

( )n
D

iD

L
tSI

A
Q

θθ
γ

−
+−

0

2
0

1*       (4) 

where i is the dimension of the flow system under study.  For i = 2, Q2D is the flow 

volume per unit length of a two-dimensional system and A* is an adjusted surface area 

per unit length across which flow occurs (was W* in (3)). Similarly, for i = 3, Q3D is the 

flow volume of a three-dimensional system and A* is an adjusted surface area across 

which flow occurs.  As presented A* is a fitting parameter whose value is selected such 

that D
iD I

A
Q

1* −  is a linear function.  The values of γ and A* have been shown to be 

sensitive at varying degrees to the geometry of the infiltration area, soil properties, initial 
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saturation, and pressure head on the infiltration surface [Haverkamp et al., 1994; Touma 

et al., 2007; Warrick and Lazarovitch, 2007; Warrick et al., 2007]. 

 

The objective of this study is to determine if infiltration from boreholes can be described 

as the sum of the corresponding one dimensional infiltration and an “edge” effect as 

proposed in (4).  First we consider lined (cased) boreholes, where infiltration only occurs 

across the open end of the borehole, comparing simulated one and three dimensional 

cumulative inflow.  Second we consider unlined (open) boreholes also comparing 

simulated one and three dimensional cumulative inflow.  We evaluate the sensitivity of 

the constant γ to borehole radius, soil hydraulic properties, initial conditions and 

infiltration pressure head, identifying through numerical simulation the approximate 

expected range of γ.  Since the pressure head on the infiltration surface of unlined 

boreholes in not uniform, we examine possible formulations for the equivalent constant 

pressure head for one dimensional infiltration.  Finally we examine the uncertainty 

associated with three dimensional infiltration estimates derived by correcting predictions 

from an analytical one dimensional infiltration models, and demonstrate how (4) and a 

one dimensional flow model can be used to estimate soil hydraulic properties.. 

 

METHODOLOGY 

The system parameter, γ, has been shown to be a function of soil hydraulic properties, 

initial, and boundary conditions for discs [Haverkamp et al., 1994], strip sources 

[Warrick and Lazarovitch, 2007] and furrows [Warrick et al., 2007].  Here we extend 

these analyses to include lined and open boreholes.  To estimate γ, one and three 
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dimensional flows are simulated numerically, and the parameters estimated by 

minimizing the difference between the simulated Q3D and the simulated I1D corrected 

using the edge effect (last term of (4)). 

 

For lined boreholes we assume, based on similarity to surface discs, that A* equals the 

true infiltration area, A, and estimate γ  using (2).  For unlined boreholes we tested 

various formulations for the equivalent constant pressure head for one dimensional 

infiltration.  These included the maximum pressure head, half the maximum pressure 

head, the pressure head at the center of mass of the water in the borehole (after Warrick et 

al., [2007]) and the area weighted average pressure head on the infiltration surface.  The 

area weighted average pressure head ( )h  is defined as 

( )

∫

∫

Ω

Ω=
dA

dAAh
h         (5) 

where Ω is the infiltration surface.  For a borehole with a radius, r0 and depth of water, 

h0, h  is 

  
00

2
000

2hr
hhr

h
+
+

=         (6) 

For all of the unlined boreholes examined, using h  for the one dimensional infiltration 

simulations resulted in A* approximately equal to A and Q3D/A - I1D linear.  Based on 

these results we use h  for the one dimensional infiltration simulations and use (2) with 

the appropriate value of L for both lined and unlined boreholes and only estimate γ. 
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The one dimensional sensitivity of γ to soil hydraulic properties, borehole radius, height 

of water in the borehole and the initial saturation is investigated by changing one 

parameter at time.  Six soil classes (sand, loamy sand, sandy loam, loam, silt loam, and 

silty clay loam) were selected to represent a wide range of hydraulic responses.  Class 

average soil hydraulic model parameter values taken from Carsel and Parrish [1988] are 

listed in Table 2.  The borehole radius was varied from 1.25 cm to 15 cm.  The standing 

height of water in the lined borehole was varied from 0 cm to 50 cm.  The initial 

saturation was varied between, 0.05 and 0.4.  We select saturation rather than water 

content or pressure head to enable appropriate comparisons between soil classes. 

 

The inflow across the base of the lined borehole (Q3D) was simulated by solving 

Richards’ equation for vertical axi-symmetric water flow 

( ) ( ) ( ) ⎥⎦
⎤

⎢⎣
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∂
∂
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⎜
⎝
⎛ +

∂
∂

∂
∂

=
∂

∂
r
hhrK

rrz
hhK

zt
h 11θ    (7) 

where h [L] is the pressure head, θ(h)  [-] is the volumetric water content, K(h) [LT-1] is 

the unsaturated hydraulic conductivity, r and z are spatial coordinates [L] in radial and 

vertical direction, respectively (z positive upward) and t is time [T].  Equation (7) was 

solved using the finite element method with HYDRUS-2D [Simunek et al., 1999].  The 

model domain was constructed as shown in Figure 1.  The axis of rotation was located at 

the center of the borehole.  The rectangular computational domain was selected such that 

the outer boundaries did not affect the flow in the vicinity of the infiltration front (width 

of 100 cm; height of 200 cm).  The borehole with a radius, r0, and a depth, zbh, was cut 

out of the upper left corner of the domain.  The computational domain was discretised 
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into an unstructured finite element mesh of approximately 15,000 nodes (variation in the 

number of elements is due to the different values of r0) with significantly higher density 

of nodes in the vicinity of the borehole.  The vertical boundary at r = 100 cm and the 

ground surface (top boundary) were maintained at zero flux normal to the boundary; the 

lower horizontal boundary was maintained at a unit gradient normal to the boundary; and, 

the infiltration surface of the base of the borehole was maintained at a constant pressure 

head of h = h0.  For lined boreholes, the vertical edge of the borehole was zero flux 

normal to the boundary.  For open boreholes, we assume constant hydraulic head in the 

water column in the borehole and vary the pressure head on the vertical edge of the 

borehole linearly from the base of the borehole where h = h0 to a height of z = h0 where h 

= 0 cm.  For z greater than h0 the edge of the unlined borehole was a zero flux boundary.  

The cumulative one dimensional infiltration was simulated by solving the one 

dimensional formulation of Richards’ equation (Eq. 7  without the second term on the 

right hand side) using HYDRUS-1D [Simunek et al., 1998].  The model domain was 200 

cm in length which was sufficient so that the infiltration front was not impacted by the 

lower boundary.  The finite element mesh had 1001 nodes logarithmically spaced with 

the highest density at the top of model domain.  The upper boundary was a constant 

pressure head with hh = and the bottom boundary was a prescribed unit gradient 

boundary. 

 

For both models, simulations were completed over a two hour observation period 

recording the flow across the infiltration boundary every six minutes.  The van 

Genuchten - Mualem [Mualem, 1976; van Genuchten, 1980] soil hydraulic model was 
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used to relate the unsaturated hydraulic conductivity and volumetric water content to the 

pressure head. 

 ( ) ( ) ( )
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In (8a) and (8b), Θ [-] is the saturation, α [L-1] and n [-] are soil specific constants that 

control the shape of Θ(h), and θs [cm3 cm-3] and θr [cm3 cm-3] are the saturated and 

residual volumetric water contents and are the limits of θ(h).  The sorptivity required to 

solve (Eq. 1 through 4) was calculated following the Green and Ampt approximation for 

ponded infiltration [e.g. Haverkamp et al. 1988, Eq (14); Warrick 2003, Table 4-1]. 

( )( )fnss hhKS −−≈ 00 2 θθ       (9) 

where hf is the pressure head corresponding to the wetting front [L] defined following 

Neuman [1976] and Warrick [2003, p.165] as 

( )∫−=
01

nhs
f dhhK

K
h        (10) 

The pressure head hn [L]corresponds to the initial water content θn.  An alternative form 

is presented by Braud et al. [2005]. 

 

Estimates of γ  and the underlying posterior probability density function (pdf) were 

computed using Markov Chain Monte Carlo (MCMC) simulations.  Shuffled Complex 

Evolution Metropolis (SCEM-UA) [Vrugt et al., 2003] was used to sample the posterior 
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pdf.  This algorithm is an efficient Markov chain Monte Carlo simulation scheme that 

uses multiple Markov sequences to explore parameter space.  Algorithm efficiency is 

improved by periodic sharing of information between sequences. The sequences are 

initialized at different random starting points within a uniform prior distribution defined 

by the parameter ranges: 0.1 < γ < 10.  The posterior distribution of the model parameter, 

[ ]γ=x , is estimated by SCEM-UA assuming a noninformative prior distribution and 

normally distributed residuals.  Using classical Guassian likelihood distribution that 

measures the distance between observed (synthetic data), Di Qy 3ˆ = , and simulated, 
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In (11) N is the number of observation times.  The maximum likelihood (ML) parameter 

predictions and the 95% confidence ranges are then sampled from the posterior pdf, 

p(x|Q3D,I1D) derived from SCEM-UA. 

 

RESULTS 

Lined Boreholes 

The infiltration surface of lined boreholes is very similar to a disc on the surface.  Using 

(1) after Haverkamp et al. [1994] the “edge effect” ( )DD II 13 −  is shown to be a linear 

function of time in Figure 2 (squares) for a lined borehole with a radius of 5 cm in loam 

soil with an initial saturation of 0.15 and a ponding depth of water in the borehole of 10 
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cm.  For comparison, the one dimensional (diamonds) and three dimensional cumulative 

infiltration per unit area (triangles) are also shown in Figure 2.  Both cumulative 

infiltration curves are nonlinear (especially at early time).  The predicted linearity is 

clearly evident for all six simulated soil textures (Figure 3). 

 

The sensitivity of γ for a lined borehole to soil texture, borehole radius, depth of ponded 

water on the infiltration surface, and initial saturation are presented in Figure 4.  In each 

panel the maximum likelihood values of γ for the lined borehole are plotted using square 

symbols.  Each plot was constructed starting with a borehole in sandy loam with r0 = 5 

cm, h0 = 10 cm, and Θn = 0.15 and then varying the relevant property.  The value of γ for 

the six soils between 1.05 ± 0.001 for loam to 1.10 ± 0.002 for sand (Figure 4A).  As 

shown in Figure 4B the estimated value of γ increases from 1.01 ± 0.002 for r0 = 1.25 cm 

to 1.13 ± 0.004 for r0 = 15 cm.  Increasing the depth of the ponded water (Figure 4C) 

from h0 = 0 cm to h0 = 50 cm produces an initial increase in γ followed by a gradual 

reduction in γ.  The range of γ values observed while varying h0 was 1.02 ± 0.007 to 1.06 

± 0.001.  Finally, increasing the initial saturation of the sandy loam from 0.05 to 0.4 

results in a decrease in γ (Figure 4D) from 1.07 ± 0.001 to 1.03 ± 0.002.  The precision of 

the estimated γ values is high; plotting the corresponding error bars in Figure 4 would 

result in the error bars hidden by the symbols.  We therefore do not present the estimate 

uncertainty in the figure. 
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Although, infiltration from lined boreholes and discs is typically measured under 

different pressure regimes (h0 > 0 cm for borehole and h0 < 0 cm for discs), we provide a 

comparison of the estimated γ for discs with h0 > 0 cm.  (This accomplished by 

maintaining the “no flow” condition over the soil surface for r > r0 as  in Figure 2 for the 

disc.)  The values of γ for the lined borehole (squares in Figure 4) are consistently higher 

than the values estimated for a disc (diamonds in Figure 4).  Both data series generally 

show the same trends when property values are changed one property at a time.  These 

trends are also similar to the trends observed by Warrick and Lazarovitch [2007] for strip 

sources.  The lined borehole is analogous to the surface disc, however the flow at the 

edge of the infiltration surface is more complex for the lined borehole due to the upwards 

capillary uptake into the surrounding soil.  This may account for the larger values of γ for 

the lined borehole compared to the disc.  Note that for many of the flow scenarios the γ 

values computed for the disc are greater than the range proposed by Haverkamp et al. 

[1994].  The flow scenarios presented here use h0 > 0 cm rather than water under tension, 

h0 < 0 cm, as in Haverkamp et al. [1994]. 

 

The sensitivity analysis shows only a small variation in γ (1.01 < γ < 1.13) for a lined 

borehole under strongly varying homogeneous flow scenarios.  The sensitivity analysis 

suggests assuming a single constant value of γ may be appropriate for lined boreholes.  

With this in mind, we computed the three dimensional cumulative infiltration by 

correcting the numerically simulated I1D using (1) with the average value of γ from the 

sensitivity analysis ( )06.1=γ .  Comparison of the cumulative infiltration after 2 h of 
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infiltration shows that using the average value of γ produces estimates of the cumulative 

infiltration within 5 % of the simulated three dimensional cumulative infiltration.  In 

comparison using the estimated values of γ rather than the average produces estimates of 

the cumulative infiltration within 1 % of the simulated three dimensional cumulative 

infiltration.  For many applications that it may be appropriate to use a constant value of γ 

= 1.06 for the lined boreholes.  This approach is common for the application of (1) to 

infiltration through discs on the surface.  For example Alleto et al. [2006] and Braud et 

al. [2003] assume γ is constant and equal to 0.70 while Bagarello et al. [2004], Minasny 

and McBratney [2007] and Jacques et al. [2002] assume γ is constant and equal to 0.75. 

 

Open Boreholes 

As discussed in Methods, infiltration under constant head conditions into a three 

dimensional surface (e.g. lined borehole) does not occur at a single constant pressure 

head, rather the pressure head varies across the infiltration surface.  To apply (4) to 

unlined boreholes and estimate values for γ and A*, an equivalent constant pressure head 

is required for the one dimensional infiltration simulations.  Our tests have shown that 

using the area weighted pressure head [defined in (5)] results in a linear relation between 

I3D - I1D and time where I3D = Q3D/A with A the true infiltration area of the borehole.  An 

example for infiltration into a borehole in loam soil with r0 = 5 cm, h0 = 10 cm and Θn = 

0.15 is presented in Figure 5.  Additionally, the one dimensional (diamonds) and three 

dimensional infiltration (triangles) are also shown in Figure 5.  These results imply that 

the relation between the difference of the three dimensional and one dimensional 
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infiltration versus time for boreholes (both lined and unlined) can be described (4) using 

the real A rather than A*.  In this case (4) reduces to (2) and only γ is required.  The 

subsequent sensitivity analysis is based on (2) and we examine the sensitivity of γ for 

unlined boreholes. 

 

The sensitivity of γ to variable soil texture, radius, depth of water in the borehole and 

initial saturation is explored.  The results of the sensitivity analysis for the open borehole 

are presented in Figure 6 in Panels A through D.  We compute the 95% uncertainty 

bounds for each estimate of γ however the bounds are small and therefore not shown in 

Figure 6.  For soils with larger m values (m > 0.5), the value of γ is insensitive to soil 

texture (it is approximately 1.5, but increases sharply for soils with smaller m values (e.g. 

for silty clay loam and silty loam. m = 0.18 and 0.29 respectively).  The estimated values 

of γ for a borehole in sandy loam soil with h0 = 10 cm and Θn = 0.15 decrease from 3.16 

to 1.12 for increasing radius (Figure 6, Panel B).  For large r0, γ values for the unlined 

borehole approach those of the lined borehole.  Under these conditions flow through the 

base of the borehole dominates.  The value of r0 where γ for the lined and unlined 

boreholes are equal will depend on h0.  When the depth of ponded water is varied from 0 

cm to 50 cm, the estimated value of γ increased from approximately 1.02 to 3.03.  Finally 

the initial saturation was varied between 0.05 and 0.4 for the sandy loam soil resulting in 

a small decrease in the estimated γ value from 1.58 to 1.45.  The γ values estimated for 

the unlined borehole approach the values for the lined borehole when the radius (r0) is 

much larger than the depth of the water (h0).  Further γ values for the unlined and lined 
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borehole are identical for h0 = 0 cm.  The uncertainty in the estimate of γ is consistently 

small and equal on average to ± 0.02 which is an indication that the proposed linear 

model for I3D-I1D is appropriate. 

 

To use (2) to relate I1D and I3D, γ must be estimated or known a priori.  The values of γ 

estimated for the unlined borehole cover a significantly larger range than either the lined 

borehole or the disc, thus it is inappropriate to use a single average value.  However, the 

value of γ is most sensitive to the borehole radius and the depth of ponded water in the 

borehole, both values that are easily constrained.  With the radius and the depth of 

ponded water known it should be possible to reduce the range of probable values of γ. 

 

DISCUSSION AND EXAMPLE CALCULATIONS 

If γ is known, (2) along with a one dimensional model can provide a rapid method to 

compute the three dimensional cumulative infiltration from either a lined or unlined 

borehole.  In this example the three dimensional cumulative infiltration, I3D from an 

unlined borehole into a sandy loam soil was computed using two different approaches to 

demonstrate the application of the linear edge effect to estimate I3D.  The first approach 

uses HYDRUS-2D (with axial-symmetry) as described in the methods section 

(considered the correct I3D).  The second approach uses the Green and Ampt one 

dimensional solution and then applies the 1D to 3D correction using the previously 

estimated value of γ.  The implicit form of the Green and Ampt infiltration model given 

in Warrick [2003] Eq 5-9 was solved for infiltration at prescribed observation times.  The 
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pressure head at the wetting front (hf) was calculated using (10) with the Mualem – van 

Genuchten soil hydraulic models.  The hydraulic conductivity and water content at the 

soil surface are assumed to be Ks and θs respectively.  Time series of the cumulative 

infiltration are presented in Figure 7.  The circles are the cumulative infiltration computed 

using the numerical solution of the Richards equation with axial symmetry, the solid line 

is the one dimensional solution to the Richards equation corrected using (4) with A* equal 

to the infiltration area and γ as previously estimated, the dashed line is the one 

dimensional infiltration computed using the Green and Ampt infiltration model corrected 

using (4) with A* equal to the infiltration area and γ equal to the previously estimated 

value of γ, and the dashed-dot lined is the uncorrected one dimensional infiltration 

computed using the Green and Ampt infiltration model.  The excellent match between the 

three dimensional solution to Richards' equation and the corrected one dimensional 

solution to Richards' equation provides an example of using a one dimensional model and 

(4) in the place of a three dimensional model.  These results are trivial since the correct 

(previously estimated) value of γ is used.  The corrected Green and Ampt model 

overestimated the cumulative infiltration after 2 h by 1.9 % (Figure 7).  Similar results 

were achieved for sand, where the corrected Green and Ampt model over estimated the 

cumulative infiltration after 2 h by 0.3 %.  In both cases once γ has been estimated, using 

the Green and Ampt model with the correction provides a rapid and sufficiently accurate 

means to calculate the cumulative infiltration from an unlined borehole.  Note that for 

lined boreholes this approach could be used without a prior estimate of the γ by using the 

median value reported previously. 
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The linear relation between the three and one dimensional infiltration presented in (1) 

through (4) provides an explicit link between the three dimensional infiltration and 

parameters of any one dimensional infiltration model.  For example, linking (4) with the 

cumulative one dimensional infiltration of Philip [1957] ( )taKtSI wP += 2/1
0  for the 

three dimensional flow from an unlined borehole results in (assuming Kw = Ks for 

infiltration under ponded conditions): 

( )
( ) t

L
S

aKtS
A

tQ

n
s

D
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

++=
θθ

γ

0

2
02/1

0
3      (12) 

Eq. (12) relates the three dimensional inflow for a borehole to the sorptivity, the 

hydraulic conductivity at field saturation (assuming infiltration under ponded conditions), 

the field saturated volumetric water content (assuming infiltration under ponded 

conditions), the initial water content of the soil, the infiltration surface geometric factor, 

L, and the dimensionless constant γ.  Note that a in (12) is often taken to be 0.5 [Warrick, 

2003].  This is the same approach presented by Touma et al. [2007] for their examination 

of ring infiltrometers.   

 

Common methods for estimating soil hydraulic properties (e.g. Glover in [Zangar ,1953], 

Reynolds et al. [1983], Philip [1985] and Reynolds et al., [1985]), measure the steady 

state rate of inflow into the soil.  As presented using the linear relation between the three 

and one dimensional inflow, (12) is a function of time from the beginning of infiltration.  

Steady state inflow is not required, rather a time series of early time data are utilized to 

estimate soil hydraulic properties.  Further, there is flexibility in the formulation since 
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]

different one dimensional flow models can be introduced for I1D allowing different 

parameterization.  The disadvantage of this approach is that it requires an additional 

parameter, γ.  For lined boreholes, we have shown that a value of 1.06 is a reasonable 

approximation, however, for unlined boreholes estimating γ is more problematic. 

 

For the example of a sandy loam used previously, we first show that correcting the one 

dimensional infiltration computed using the Philip infiltration model with the known γ 

results in a reasonable approximation of the three dimensional infiltration (Figure 8, grey 

lines).  Next we estimate the values of Kw and S0 using synthetic measurements of the 

three dimensional inflow, Q , and equation (12).  Defining the parameter vector 

 we use SCEM to numerically approximate the posterior pdf, replacing x 

with p and y with Q in (11): 

ˆ

[ wKS0=w

( ) 2

1

2

3
ˆ,,

N
N

i
iid QQLQp

−

=
⎥
⎦

⎤
⎢
⎣

⎡
−∝ ∑γw      (13) 

The parameter estimation is summarized in Table 3.  The prior feasible ranges were 

chosen to cover two orders of magnitude centered on the true value.  The ML estimated 

value of S0 and Ks are 5.0 cm h-½ and 12.0 cm h-1, respectively.  The estimates parameter 

result in a better fit to the three dimensional inflow than the corrected true parameter 

values. (Figure 8, compare the dashed and dotted lines).  This is not surprising as using 

the Philip model introduces some model error, and the estimated parameter values also 

account for this error. 
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CONCLUSIONS 

Following Haverkamp el al. [1994], Warrick et al. [2007], and Warrick and Lazarovitch 

[2007], we proposed a general linear relation between the three dimensional inflow and 

the equivalent one dimensional inflow.  The correction for the edge effect is proportional 

to a characteristic length of the infiltration surface.  This length is the ratio of the wetted 

area and the wetted perimeter of the infiltration surface.  This relation is then tested for 

lined and unlined boreholes under constant head infiltration conditions. 

 

The difference between the three and one dimensional infiltration was shown to be a 

linear function of time for lined boreholes.  Based on the similarity to discs, the adjusted 

wetted area is assumed to equal the true infiltration area.  The value of the critical 

dimensionless parameter γ varied between 1.01 and 1.13.  These values are higher than 

the values reported for discs.  Based on our sensitivity analysis it is appropriate to use a 

constant value of γ = 1.06.  A similar linear trend is observed between the three and one 

dimensional infiltration for unlined boreholes when the one dimensional pressure head is 

equal to the area weighted average of the three dimensional pressure head.  For unlined 

boreholes the value of γ demonstrates a greater sensitivity to soil texture, borehole radius, 

and depth of ponded water, and covers a larger range and is generally higher than for the 

lined borehole (1.03 < γ < 3.03 for the simulations run here). 

 

Further we have demonstrated how given an estimates of γ, a simple one dimensional 

infiltration model can be used to accurately predict the three dimensional cumulative 
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infiltration by adding the edge effect term from (2).  Not only are the calculations much 

less computationally intense but infiltration amounts can easily be computed 

independently for any time considered without running a full numerical simulation.  A 

possible draw back of this approach, as with other analytical methods, is that the 

subsurface water distribution is not known.  Further, as shown in the sensitivity analysis 

the values of γ for unlined boreholes can show significant variability.  Field information 

(e.g. borehole radius, depth of ponded water and soil textural information) could provide 

estimates of γ to apply the correction of the observed three dimensional infiltration.  

Although beyond the scope of this study, one plausible approach is to train an artificial 

neural network to predict gamma values based on known values of the borehole radius, 

and height of water in the borehole, and an estimate of the soil texture.
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TABLES 

Table 1: Characteristic length for different infiltration surfaces  
Infiltration Surface L [L] 

Disc  
2
0r  

Strip 0x  

Furrow 
2

W  

Borehole (lined) 
2
0r  

Borehole (unlined) 0
0

2
h

r
+  

(r0 is a radius, x0 a strip semi-width, W a wetted perimeter and h0 a ponding depth) 
 
 
Table 2: Mualem – van Genuchten soil hydraulic model parameter values1

Soil θr [-] θs [-] α [cm-1] n [-] m [-] KS [cm hr-1]
Sand 0.045 0.43 0.145 2.68 0.627 29.7 
Loamy sand 0.057 0.41 0.124 2.28 0.561 14.6 
Sandy loam 0.065 0.41 0.075 1.89 0.471 4.42 
Loam 0.078 0.43 0.036 1.56 0.359 1.04 
Silt loam 0.067 0.45 0.020 1.41 0.291 0.45 
Silty clay loam 0.089 0.43 0.010 1.23 0.187 0.07 

1 texture class average values from Carsel and Parrish [1988]. 
 
 
Table 3: Estimation of soil properties using Philip infiltration 
Parameter True Feasible range ML 95% Confidence Limits 
S0  [cm hr-½] 6.23 0.6 – 60 5.02 4.96 – 5.08 
KS  [cm hr-1] 4.42 0.4 – 40 11.99 11.63 – 12.31 
γ  [-] 1 1.56 --- --- --- 
θn [cm3 cm-3] 1 0.12 --- --- --- 
θ0 [cm3 cm-3] 1 0.41 --- --- --- 
A  [cm2] 1 392.7 --- --- --- 
L  [cm] 1 12.5 --- --- --- 

1 not estimated. 
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FIGURES 

 

 

Figure 1: Three dimensional flow domain for lined borehole and axially symmetric finite 

element mesh. 
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Figure 2:  One dimensional infiltration ( )DI1  and normalized three dimensional 

infiltration  (left axis) for a lined borehole (loam, r( DI3 )

)

0 = 5 cm, h0 = 10 cm, Θn = 0.15).  

The difference ( of the infiltration is plotted using the right vertical axis. DD III 13 −=Δ
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Figure 3.   for lined boreholes as a function of time for six representative soils 

(r

DD II 13 −

0 = 5 cm, h0 = 10 cm, Θn = 0.15). 



 
 

85 
 

 

Figure 4.  Sensitivity of γ for lined boreholes (squares) and discs (diamonds) with respect 

to soil texture, radius, ponded water depth and initial saturation for a lined borehole.  

Panel A  γ as a function of m for six representative soils (r0 = 5 cm, h0 = 10 cm, Θn = 

0.15). Panel B  γ as a function of r for sandy loam  (h0 = 10 cm, Θn = 0.15).  Panel C  γ as 

a function of h0 for sandy loam  (r0 = 5 cm, Θn = 0.15).  Panel D  γ as a function of Θn for 

sandy loam (r0 = 5 cm, h0 = 10 cm). 
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Figure 5:  One and three dimensional infiltration (I1D, I3D)  (left axis) for an open 

borehole (loam, r0 = 5 cm, h0 = 10 cm, Θn = 0.15).  The difference of the infiltration 

(ΔI=I3D-I1D) is plotted using the right vertical axis. 
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Figure 6:  Sensitivity of γ for unlined boreholes (triangles), lined boreholes (squares) and 

surface discs (diamonds) with respect to soil texture, radius, ponded water depth and 

initial saturation for an open borehole (triangles).  Values from Figure 4 have been 

repeated here for comparison.  Note Figure 4 and 6 are plotted at different scales.  Panel 

A  γ as a function of m for six representative soils (r0 = 5 cm, h0 = 10 cm, Θn = 0.15). 

Panel B  γ as a function of r for sandy loam  (h0 = 10 cm, Θn = 0.15).  Panel C  γ as a 
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function of h0 for sandy loam  (r0 = 5 cm, Θn = 0.15).  Panel D  γ as a function of Θn for 

sandy loam (r0 = 5 cm, h0 = 10 cm). 
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Figure 7:  Comparison of corrected one dimensional infiltration for an unlined borehole 

in sandy loam with r0 = 5 cm, h0 = 10 cm and Θn = 0.15.  The circles are the three 

dimensional inflow from the borehole divided by the infiltration area, the solid line is the 

one dimensional infiltration computed by numerically solving Richards’ equation 

corrected using (2), the dashed lined is the one dimensional infiltration computed using 

the Green-Ampt model corrected using (2), and the dashed dot line (lowest curve) is the 

uncorrected Green-Ampt infiltration. 



 
 

90 
 

 

Figure 8:  Comparison of predicted infiltration from inverse analysis using Philip 

infiltration model, corrected Philip infiltration, Philip infiltration with the 3D Richards’ 

infiltration.  The example was generated for an unlined borehole in sandy loam with r0 = 

5 cm, h0 = 10 cm and Θn = 0.15.  The circles are the three dimensional inflow from the 

borehole divided by the infiltration area, the solid line is the one dimensional infiltration 

predicted from the results of the parameter estimation, the dashed lined is the one 

dimensional infiltration computed using the Philip infiltration model computed using the 

true parameters and corrected using (2), and the dashed dot line is the uncorrected Philip 

infiltration using the true parameters. 

 

 

 



 
 

91 
 

APPENDIX C. CONSIDERATIONS FOR MEASURING PRESSURE HEAD 
AND WATER CONTENT IN INCLINED BOREHOLES. 

 
Hinnell, A.C., and T.P.A. Ferré (2008), Consideration for measuring pressure head and 

water content in inclined boreholes, Water Resources Research, 44(12), W12444, 
doi:10.1029/2008WR007122. 

 

 

ABSTRACT 

Angled boreholes have been proposed to improve water content and pressure head 

monitoring in deep vadose zones by reducing the impact of the borehole on 

measurements by placing sensors below undisturbed soil.  However, the borehole casing 

distorts the flow field, which may impact measurements made with sensors placed on or 

in the boreholes.  We examined a wide range of soil types, background fluxes, and casing 

radii and angles of inclination to predict the error in water content and pressure head 

measurements that arise due to this flow disruption under unit gradient flow.  We found 

that placing pressure head and water content sensors 110o and 120o from the top of the 

borehole, respectively, minimizes the effects of flow perturbation.  Under some 

conditions, it may be possible to use the perturbation of the flow field caused by the 

casing to estimate hydraulic parameter values. 
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INTRODUCTION 

Vadose zone monitoring is of interest for characterizing flow and transport processes and 

for estimating soil hydraulic and transport parameters [e.g., Abbasi et al., 2003, and 

Coquet et al., 2005].  Methods for collecting in situ measurements in support of these 

investigations are well established at shallow depths.  For example, time domain 

reflectometry and tensiometers have been developed to measure water content and 

pressure head, respectively, with high spatial and temporal resolution [e.g. Topp et al., 

1980, Wierenga et al., 1991, and Faybishenko, 2000].  Monitoring deeper regions of the 

vadose zone with these instruments is more challenging. 

 

One approach to using TDR, tensiometers, and other sensors at depth is to place these 

sensors on or within cased boreholes; communication cables placed inside the casings 

connect the buried sensors with an instrument and/or recording device at the ground 

surface [e.g., Hubbell and Sisson, 1996 and Murdoch et al., 2000].  Boreholes are often 

drilled vertically to make use of commonly available drilling methods.  However, there 

are concerns that sensors placed on vertical cased boreholes will be unduly influenced by 

preferential flow along the casing.  Placing instruments on casings in inclined boreholes 

may reduce the impacts of preferential flow [Rimon et al., 2007].  For example, Dahan et 

al. [2003] installed a purpose-built downhole TDR instrument in inclined boreholes to 

monitor infiltration.  Dahan et al. [2007], Rimon et al. [2007], and Dahan et al. [2008] 

used this system to monitor natural and anthropogenic infiltration events and estimate 

recharge to groundwater.  Inclined boreholes have also been used to access otherwise 

inaccessible regions of the subsurface; for example, below ponds and landfills where 



 
 

93 
 

vertical drilling is either impractical or undesirable [e.g., Levitt et al., 2005 and Mclin et 

al., 2005]. 

 

Although inclined boreholes are intended to yield more representative observations by 

placing the sensors below undisturbed soil, the presence of the impermeable casing alters 

flow in the vicinity of the sensors.  To quantify the effects of an inclined cased borehole, 

Philip et al. [1989] developed a two-dimensional analytical solution describing the 

pressure head distribution around an infinitely long horizontal impermeable cylinder 

placed in a homogeneous soil of infinite extent subjected to a unit gradient flow field.  

The impermeable cylinder causes divergent flow around the up gradient edge of the 

casing (the top, for gravity driven flow) and convergent flow on the down gradient edge 

(the bottom, for gravity driven flow) [Philip et al., 1989].  Under variably saturated 

conditions, there will be associated increases of the pressure head and water content on 

the up gradient edge of the casing, and reductions on the down gradient edge of the 

casing (Figure 1).  As a result, the water content or pressure head measured on an 

inclined casing may differ from the values that would be measured in an undisturbed 

medium.  Specifically, the observed water content or pressure head depends on the water 

content or pressure head distribution and the sampled volume of the instrument.  While 

careful consideration of the design of instruments can limit this source of measurement 

error, it cannot be eliminated easily (e.g. Murdoch et al., 2000).  Assuming that the 

purpose of the measurement is to characterize the hydrologic state in the undisturbed 

medium, this difference due to flow disruption caused by the casing represents a 

measurement error.  The goals of this paper are: to quantify the expected values of these 
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measurement errors; to propose approaches to minimize these errors; and to determine 

whether these perturbations could be used to infer the soil hydraulic properties. 

 

METHODOLOGY 

Water flow in the vadose zone is characterized by relatively rapid increases in water 

content with time associated with the advance of a wetting front followed by slower 

redistribution through evaporation and drainage.  These variations may be frequent and 

significant near the ground surface.  But with increasing depth, these variations are likely 

to become less pronounced.  In particular, deeper regions of the vadose zone experience 

long periods of nearly unit gradient flow during drainage [McElroy and Hubbell, 2004].  

To simplify discussions of the physical causes of flow disruptions and their related 

impacts on hydrologic monitoring, we have limited our investigation to unit gradient flow 

around a cased borehole in a homogeneous medium.  This is representative of drainage at 

measurement points below the shallow subsurface, but it does not represent conditions 

during the advance of a wetting front past an observation location or very near the ground 

surface.  In addition, we assume that all sensors are located far enough from the ground 

surface and the end of the casing that these proximal boundaries do not impact the flow 

field.  With these assumptions, we follow the approach of Phillip et al. [1989] and 

calculate the steady-state pressure head and water content distributions around a cased 

borehole under unit gradient flow as functions of the casing radius and angle of incline, 

the soil hydraulic properties, and the background water flux.  Then, we identify 

measurement locations and methods of analysis that reduce the impacts of these 
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variations.  Finally, we examine whether it may be possible to use the perturbations in the 

flow field caused by the casing to estimate soil hydraulic parameters. 

 

The analytical solution of Philip et al. [1989] was developed using the Gardner [1958] 

soil model to linearize Richards’ equation.  As a result, it is limited to pressure heads 

equal to or less than atmospheric pressure throughout the domain.  Furthermore, because 

this solution relies on the Gardner soil model, which has no associated pressure head 

versus water content relation, it cannot be used to describe the water content distribution.  

Because our interests include the impacts of a casing on both pressure head and water 

content measurements under a range of flow conditions, we chose to solve Richards’ 

equation numerically using the Mualem [1976] and van Genuchten [1980] models to 

relate pressure head, hydraulic conductivity, and volumetric water content. 

 

Philip [1989] showed that the effects of an angled impermeable infinitely long cylinder 

with radius r inclined from the horizontal at angle γ could be represented by an equivalent 

horizontal casing with a radius equal to rcosγ.  That is, the pressure head as a function of 

the angle from the top of the casing is identical for a vertical cross section through the 

actual casing and for a vertical cross section through a horizontal casing with the 

transformed radius. We modeled steady state flow around horizontal casings, using a 

two-dimensional, vertical finite element model with a circular impermeable inclusion to 

represent the casing. Taking advantage of the radius transformation of Philip [1989], we 

could calculate the responses for cased boreholes inclined at any angle other than 

horizontal based on these results. 
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Water flow was simulated by solving the steady state Richards’ equation for variably 

saturated porous media: 
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The numerical model was constructed in the COMSOL MULTIPHYSICS finite element 

modeling environment (Comsol Inc., Los Angeles, CA).  The pressure head dependent 

hydraulic conductivity (K(ψ)) in (1) is defined using the van Genuchten – Mualem soil 

model [Mualem, 1976 and van Genuchten, 1980] 
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In (2a) and (2b), K(ψ) [LT-1] is the hydraulic conductivity, Θ(ψ) [-] is the saturation, Ks 

[LT-1] is the saturated hydraulic conductivity, α [L-1] and n [-] are soil specific constants 

that control the shape of Θ(ψ), and θr [-] and θs [-] are the residual and saturated 

volumetric water contents. 

 

In the numerical model, the casing was represented as an impermeable circular inclusion 

of radius r centered at (0,0) in the vertical two-dimensional model.  The domain was 

square with side length of 20*r, also centered at (0,0), which was found to be sufficiently 
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large to eliminate boundary impacts on the pressure head and water content near the 

casing.  To reduce the computational effort, we took advantage of the symmetry along x 

= 0 and only simulated flow through the right half of the model domain with a zero 

horizontal flux boundary at x = 0.  The background unit gradient flow conditions were 

defined by setting the pressure head on the top and bottom boundaries equal to a common 

constant value; the vertical side boundaries were zero flux.  The finite element mesh was 

generated using the automated generator provided with COMSOL MULTIPHYSICS.  

The mesh was very fine on the edge of the borehole with a maximum element edge 

length of 0.01m and the elements increased in size away from the borehole.  The average 

number of elements used for the models generated for this study was 65,000; the exact 

number of elements depended on the size of the borehole.  The numerical model was also 

implemented with the Gardner [1958] soil model for validation with the analytical 

solution of Philip et al. [1989]. 

 

For the homogeneous medium considered, the pressure head and water content would be 

constant throughout the domain under unit gradient flow conditions if there were no 

casing present.  This simplified the definition of the impacts of the casing on the flow 

field.  Specifically, the pressure head and water content perturbations, βψΔ and βθΔ , 

were defined as functions of the angle, β, from the top of the casing in the vertical plane 

(Figure 1): 

  ( ) oψβψψ β −=Δ        (3) 

and   ( ) oθβθθβ −=Δ        (4) 
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where ψ(β) and θ(β) are the pressure head and water content at the observation angle β, 

and ψo and θo are the unit gradient pressure head and water content values that would 

exist through the medium if there were no casing present. 

 

Sensitivity analysis and sensor location 

The flow disruption caused by a cased borehole depends on the flux, soil properties, and 

casing radius and inclination.  We present two sensitivity analyses; first for each of three 

soils (sand, loam, and silt) we vary the background flux by applying unit gradient flow 

conditions for pressure heads between -10 m and 1 m, for a borehole with an effective 

radius of 0.075m.  Second we vary the effective radius between 0.01 m and 0.3 m for a 

sand with ψo = -0.076m.  Sensitivity analyses were completed to determine the sensitivity 

of the pressure head and water content perturbations at β = 0o (top) and β = 180o (bottom) 

to each of these properties.  The van Genuchten soil model parameters used are the class 

average values reported by Carsel and Parrish [1988]. 

 

To determine a generally optimal location for sensor placement, the pressure head and 

water content perturbations around the casing were simulated for 19680 parameter 

combinations.  We considered 12 soils (class average parameters from Carsel and 

Parrish [1988]), 20 borehole effective radii between 0.01m and 0.2m, and 82 background 

fluxes defined as uniform background pressure heads logarithmically distributed between 

-100m and 1m. 

 

Hydraulic soil model parameter estimation 
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The results of the sensitivity analysis can be used directly to identify measurement 

locations at which the pressure or water content measurement errors due to flow 

disruption will be minimized.  In addition, we examined ways in which the effect of the 

cased borehole on the flow system could be used to infer the soil hydraulic properties.  

Specifically, we considered pressure head and water content measurements collected 

simultaneously at multiple locations around a casing.  For a given casing radius, flux, and 

soil parameter values, we used the numerical model to generate synthetic observation of 

water content and pressure head at multiple measurement locations.  We then corrupted 

these values with normally distributed, zero-mean, random, uncorrelated, homoscedastic 

measurement errors to create synthetic measurements.  We assumed that water content 

measurements were made with time domain reflectometry (TDR), which has a 

measurement uncertainty of ±0.01 cm3/cm3 under conditions of low electrical 

conductivity and constant temperature [Topp et al., 1980].  We were unable to find a 

published study of the measurement uncertainty of a tensiometer.  Therefore, we set the 

uncertainty of the tensiometer equal to twice the resolution of a typical pressure 

transducer (±0.02m, Soilmoisture Equipment Corp, Santa Barbara, CA) or ±0.04m.  This 

likely underestimates the pressure measurement errors.  Assuming that these 

measurement errors correspond to two standard deviations of the measurement 

uncertainty, standard deviations of 0.02 m and 0.005 cm3/cm3 were used to produce 

Gaussian pressure head and water content measurement errors, respectively. Our previous 

work has shown that the distributed sensitivity of sensors can impact their responses (e.g. 

Nissen et al., 2003; Hinnell et al., 2006).  We have also shown that these effects can be 

minimized by coupled instrument response and physical process modeling (Ferré et al., 
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2002). However, in this examination we assume that all measurements represent point 

measurements on the casing.  It is likely that the distributed spatial sensitivity of the 

instruments would smooth the measured variation in pressure or water content around a 

casing. 

 

Estimates of the soil model parameters and the underlying posterior probability density 

function (pdf) were computed using Markov Chain Monte Carlo (MCMC) simulation.  

The posterior pdf defines the uncertainty associated with the soil model parameters in a 

Bayesian framework.  The posterior pdf is estimated by using the Shuffled Complex 

Evolution Metropolis (SCEM-UA) algorithm developed by Vrugt et al. (2003).  SCEM-

UA is an efficient MCMC simulation scheme that uses multiple different Markov 

sequences to explore parameter space.  The sequences are initialized at different starting 

points within a multidimensional hypercube and grouped into complexes.  The sequences 

are evolved in parallel by generating new parameter sets using an adaptive multinormal 

proposal distribution with a mean equal to the current value of the sequence and a 

covariance matrix corresponding to the structure of the complex within which the 

sequence resides.  Convergence to the posterior pdf is enhanced by periodically shuffling 

the squences among complexes allowing sharing of information.  In our application, we 

used a random sample of 100 parameter sets and 10 complexes for shuffling.  SCEM-UA 

was run for 15,000 model evaluations for each inverse problem to ensure convergence to 

the posterior pdf.  Convergence was tested using Gelman-Ruben convergence 

diagnostics.  Please refer to Vrugt et al. [2003] for further details on SCEM-UA. 
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The posterior distribution of the soil model parameters, ],,,,[ rsnKs θθα=x , is estimated 

by SCEM-UA using a classical Gaussian likelihood distribution that measures the 

distance between observed, , and simulated, , water content or pressure head values. iŷ iy
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In (5), c is a normalizing constant, p(x) is the prior distribution of the parameters, σi is the 

measurement uncertainty and n is the total number of observations (either pressure head 

or water content or a combination of both).  The value of n can exceed the number of 

observation locations if both pressure head and water content observations are collected 

at the same location.  Note that p(x) is chosen to be non-informative with a uniform 

distribution within the parameter ranges listed in Table 1.  The maximum likelihood 

(ML) parameter predictions and 95% confidence ranges are then sampled from the 

posterior pdf, p(x|ψ,θ), derived from SCEM-UA. 

 

We chose to compare the model predicted soil characteristic curves with the known 

curves rather than comparing the parameter values.  This comparison offers a single, 

integrated measure of the accuracy of the recovered soil hydraulic property relations that 

reflects the impacts of parameter correlation and differing parameter sensitivities. The 

95% confidence ranges for the model predictions are derived from one thousand 

parameter sets sampled from the posterior pdf by SCEM-UA.  Each parameter set is used 

to compute water content values associated with a series of logarithmically distributed 

pressure heads (10-2.25m < ψ < 10-0.25m) resulting in one thousand predictions of water 
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content at each pressure head value.  At each pressure head, the 2.5 and 97.5 percentile 

water content values are determined to give the 95% confidence range in the model 

predictions. The ML model prediction is calculated using the ML parameter set. 

 

RESULTS AND DISCUSSION 

Results are presented in three sections.  First, we show the results of the sensitivity 

analysis to describe the dependence of the water content and pressure head measurement 

errors on the flux, soil type, casing radius and incline angle.  Second, based on these 

results, we discuss optimal measurement locations to reduce the effects of cased borehole 

flow disruption.  Third, we examine whether it may be possible to use measurements 

made around a casing to constrain the estimation of soil hydraulic parameter values. 

 

Sensitivity analysis 

The pressure head and water content perturbations show different sensitivities to flux, 

soil type, and casing radius (Figure 2).  Perturbations calculated for β = 0o (solid lines in 

Figure 2) are positive due to the increase in pressure head and water content above the 

cased borehole.  They are negative for β = 180o (dashed lines in Figure 2) due to the 

pressure head and water content deficit below the casing (Figure 1).   

 

Figure 2A presents the pressure head perturbation as a function of the background 

pressure head for three soils (sand, loam, and silt).  Under fully saturated flow conditions 

(ψo > 0.06 m on Figure 2A), the pressure head perturbation is constant and insensitive to 

the soil class.  Under these conditions, the magnitude of the pressure head perturbation is 
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primarily sensitive to the effective radius of the casing.  Reducing ψo until the system 

desaturates results in a rapid decrease in the magnitude of the pressure head perturbation 

(Figure 2A, ψo between 0.06m and -0.05m).  This decrease is largest for the coarsest soil.  

Under increasingly dry conditions, the pressure head perturbations asymptotically 

approach the perturbation value under fully saturated conditions.  Note that it is the effect 

of the borehole that causes local desaturation below the borehole (β = 180o) for ψo > 0 m. 

 

The water content perturbation is zero under fully saturated conditions (ψo>0.06 m in 

Figure 2B).  In theory, for small positive values of ψo the top of the casing would remain 

saturated, while the soil below the casing would desaturate.  This is predicted to occur 

even though the background pressure head is positive.  However, actual desaturation 

would require a pathway to allow air to enter the water saturated system. Further 

reduction of the background pressure head produces a rapid increase in the magnitude of 

the water content perturbation at both the top and the bottom of the casing.  For dry 

conditions, the water content perturbation asymptotically approaches zero.  The water 

content perturbation is more sensitive to soil class than is the pressure head perturbation.  

The coarser soil classes have greater maximum magnitude of the perturbation and the 

perturbation decreases more sharply as a function of the background pressure head in 

coarse soils than in finer soils. 

 

The perturbations caused by a cased borehole increase with the casing diameter (Figure 

2C). For smaller radii, the pressure head perturbation increases rapidly with increasing 
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radius.  It then approaches a constant rate of increase with increasing casing radius.  The 

water content perturbation also increases rapidly with increasing radius for small casing 

radii.  However, for large casing radii, the top of the casing saturates and the bottom of 

the casing reaches the residual water content, resulting in constant values of Δθ0 and 

Δθ180. 

 

Minimizing the influence of the cased borehole on measurements 

The pressure head and water content vary continuously around the casing from greater 

than to less than the undisturbed (background) state.  Therefore, the pressure head and 

water content each must equal the undisturbed (background) state at some location on the 

casing. We refer to the angle at which βψΔ and βθΔ  equal zero as βo.  Placing the 

sensors at this location will eliminate the impact of the casing on measurements made 

under unit gradient conditions.  For flow conditions that lead to full saturation throughout 

the domain, there is zero water content perturbation at all points on the casing and the 

pressure head perturbations are symmetric with respect to β = 90o.  For this condition, βo 

= 90o.  As the background flux decreases, the medium beneath the cased borehole 

desaturates and βo increases to a maximum value.  For example, the maximum value of 

βo that we observed was 121o for a casing with an effective radius of 0.075m in sand.  

The value of βo then asymptotically approaches 90o as the flux decreases to zero. 

 

As stated above, the value of βo depends on the soil properties and background flux.  If 

these values were known prior to the placement of the sensors, a flow model could be 
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used to identify βo.  If the sensors were placed accordingly, they would measure the 

background water content and pressure head directly.  However, this information is rarely 

known a priori; in fact, determining these values is often the objective of the 

measurements.  Therefore, we examined whether a single location could be identified that 

reduced the flow disruption effects for a wide range of conditions. 

 

For any individual parameter set, βo is the same for pressure head and water content.  

However, because of the differences in ranges of pressure head (infinite) and water 

content (limited to θr to θs) and the differences in sensitivities to these parameters, the 

angular location that gives the lowest error across a range of conditions is not the same 

for both measurement types.  The maximum absolute value of the pressure head and 

water content perturbations were identified for each observation angle on the borehole 

among all parameter sets to form maximum perturbation envelopes (Figure 3).  The 

minima of these curves give β(Δψ min) ~ 100o and β(Δθ min) ~ 120o.  For all parameter 

combinations simulated, placing a pressure sensor at 100o or a water content sensor at 

120o resulted in smaller flow disruption effects than placing the sensor at the top or 

bottom of the casing.  For water content measurements made at 120o, the maximum 

perturbation was always less than the expected TDR measurement error.  The maximum 

error in pressure head at 100o was always larger than twice the expected measurement 

error due to transducer measurement uncertainties. 

 

Figure 3 can be used to estimate uncertainty bounds for measurements made at different 

angles or to assess the likely errors of placing probes at angles other than the globally 
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optimal locations.  For example, a water content measurement made at an angle of 30o 

will have an error due to flow disruption ranging from 0 to 0.15 cm3/cm3 across the full 

range of conditions examined.  Application-specific maximum perturbation envelopes 

could be constructed using additional information.  This would eliminate some parameter 

sets or conditions from consideration, leading to better estimates of the expected range of 

likely measurement errors due to flow disruption. In some cases, this analysis may show 

that the expected measurement errors due to flow disruption should be insignificant. 

 

Hydraulic parameter estimation 

The preceding discussion has shown how measurement locations can be chosen to 

minimize the impacts of an inclined cased borehole on water content and pressure 

measurements.  We found that the effect of the casing can be significant. For example, 

measurements of water content at the top of a cased borehole can produce a water content 

perturbation of 0.25 cm3/cm3
 (not shown on Figure 2); which is far higher than the 

precision of TDR [Topp et al., 1980]. 

 

While the disruption in the flow field can be a source of error, it could also provide an 

opportunity.  Specifically, if the cased borehole causes large changes in the flow regime, 

it may be possible to make use of this perturbation to estimate the soil hydraulic 

parameters from measurements made on the casing under unit gradient flow conditions. 

In this investigation, we have intentionally chosen relatively wet conditions, which are 

likely to lead to larger measurement perturbations and, therefore, improved likelihood of 

successful parameter estimation.  We have also ignored other potential complications that 
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could make parameter estimation less successful, including local heterogeneity, 

temperature, and other effects that could increase measurement uncertainty.  Therefore, 

our analysis should be seen as a preliminary investigation of whether the idea of using 

flow disruption for parameter estimation has merit.  

 

We compare the performance of three approaches to using observations of pressure head 

and/or water content made around an inclined cased borehole. First, we consider 

parameter estimation based on fitting the van Genuchten soil model to paired pressure 

head and water content observations.  Second, we consider paired pressure head and 

water content observations considered in the context of a flow model that explicitly 

considers flow around the cased borehole.  Finally, we consider using only water content 

observations to constrain a flow model that explicitly considers flow around the cased 

borehole.  We compare the results of these parameter estimation approaches with a 

laboratory-type analysis, which consists of fitting the van Genuchten soil model to an 

extensive set of synthetic paired water content and pressure head measurements. 

 

The synthetic laboratory data sets are comprised of twenty-one paired observations of 

pressure head and water content.  To form these data sets, we assume that the pressure 

head was measured at values distributed logarithmically between -100.25 m and -10-2.25 m.  

We then calculate the corresponding water contents using the van Genuchten soil model 

with parameter values for sand from Carsel and Parrish [1988]: Ks = 8.25*10-5m, α = 

14.5 m-1, n = 2.68, θr = 0.045, θs = 0.45.  Finally, we corrupt the measurements with zero 

mean, homoscedastic error with the measurement error variances described above for 



 
 

108 
 

TDR and tensiometers.  The corrupted paired pressure head and water content 

observations for a single error realization are plotted as circles on Figure 4A. 

 

In contrast to measurements made under laboratory conditions, only a small number of 

measurements can be made on a casing because there is typically only enough room to 

place a few sensors around the casing. We consider four observation locations at β=0o, 

60o, 120o, and 180o.  For a casing with an effective radius of 0.075m (equivalent to a 

casing with a diameter of 20 cm inclined at 45o) the sensors would be 8cm apart. The 

pressure head and water content observations around a borehole in sand with a 

background flux of 0.1 Ks for a single error realization are plotted as circles on Figures 

5A, C, and D. 

 

The ML model response conditioned on the laboratory data (solid dark gray line, Figure 

4A) shows a good match to the true model (dash-dot black line, Figure 4A).  The 95% 

confidence region in the model prediction (region bounded by the solid light gray lines in 

Figure 4A) encompasses all but three of the observations.  For reference, the dashed gray 

lines show the limits of the feasible range of the soil moisture release curves based on the 

feasible parameter space of the four estimated parameters (α, n, θr, and θs) in Table 1.  

The ML responses and 95% confidence region limits calculated for each of the 100 error 

realizations are shown on Figure 4B. These results demonstrate how well the parameters 

of the van Genuchten soil model could be identified using an extensive laboratory data 

set spanning a wide range of pressures and water contents. 

 



 
 

109 
 

The simplest approach to analyzing measurements made around a casing is to adopt the 

procedure used for the laboratory analysis. That is, the van Genuchten soil model is fitted 

to the four paired pressure head and water content observations.  The predicted soil 

moisture release curve for a single error realization using this approach achieves an 

excellent fit to the observations, but gives a poor estimation of the true model (Figure 

5A).  The 95% confidence region of the predicted model includes the true model and 

observations, but it spans approximately one quarter of the feasible model space. Figure 

5B shows the ML predictions (gray solid lines) and the 95% confidence regions (light 

gray lines) for each of the 100 error realizations.  On average, the ML predictions 

underestimate the water content in the wet and dry ranges and the transition is generally 

sharper than the true model (black dashed line).  The superimposed 95% confidence 

intervals for all 100 of the error realizations cover most of the feasible model range for 

wet conditions. 

 

The preceding analysis considered each pair of pressure and water content measurements 

independently.  This approach may be appropriate for laboratory measurements, where 

each measurement may be made under different conditions.  But, the borehole 

measurements are made simultaneously in a flow field that has a common disturbance 

(the casing).  Knowledge of the characteristics of this disturbance (e.g. casing diameter 

and inclination) represents additional information that may be useful for interpretation.  

Therefore, we examined an alternative analysis that considers all of the borehole 

measurements in the context of the cased borehole.  Specifically, we use the same data 

sets that were previously fitted with the van Genuchten soil model, but we used them to 
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constrain inversion of a flow model that explicitly considers flow around the casing. This 

approach requires that two additional parameters be estimated (Ks and ψo).  The resulting 

model fits (Figure 5C and 5D) give a better match to the true model with significantly 

reduced uncertainty.  

 

For our analyses, we set a priori ranges for the background pressure head and the 

saturated hydraulic conductivity of -5 m to 5 m and 10-10 ms-1 to 10-1 ms-1, respectively.  

The background pressure head is well constrained for each of the 100 error realizations.  

The estimated values ranged between -0.055 and -0.09m (true value was -0.07m ), the 

lower bound of the 95% confidence region ranged from -0.06m to -0.12m and the upper 

bound of the 95% confidence region ranged from -0.04m to -0.07m.  The pressure head 

and water content perturbation on the borehole predicted by the flow model is less 

sensitive to the saturated hydraulic conductivity.  As a result, the 100 ML saturated 

hydraulic conductivity values ranged over five orders of magnitude (3.6*10-8 ms-1 to 

1.1*10-3 ms-1) as did the 100 sets of confidence limits (lower bound: 1.0*10-10 ms-1 to 

8.8*10-7 ms-1, upper bound: 2.5*10-6 ms-1 to 9.8*10-2 ms-1).   

 

In many cases, it is simpler to collect automated water content measurements than 

automated pressure head measurements around a casing.  So, we repeated the preceding 

analysis using only the water content data.  As shown in Figure 5E (single error 

realization) and Figure 5F (100 error realizations), four water content measurements 

made around the casing do not contain sufficient information to constrain parameter 
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estimation with any degree of certainty. The 95% confidence regions derived from the 

100 error realizations cover approximately three quarters of the feasible model space. 

 

To provide a more quantitative comparison of the laboratory analysis and the three 

inverse approaches applied to the borehole data, we calculated a single measure of the 

misfit of the one hundred ML soil moisture release curves to the true model.  The misfit 

is defined as the root mean square of the distance between the true model and the 100 ML 

soil moisture release curves evaluated in the direction normal to the true model. To 

remove any dependence on the units of measure, the water content and pressure head 

axes were normalized from θr to θs and from -10-2.25 to -100.25, respectively.  The misfit of 

the laboratory analysis (Figure 6, lab(ψ, θ) series) is equally low throughout the 

simulated pressure range. All three analyses of the borehole data show a significant 

decrease in the spread within the pressure range that was sampled as a result of the 

perturbations around the borehole (Figure 6, shaded region); the uncertainty increases 

toward full saturation and residual saturation because this requires extrapolation beyond 

the measured data range.  Within the data range, the most accurate results are achieved by 

interpreting paired measurements of water content and pressure head using the flow 

model (Figure 6, bh(ψ, θ) series).  In fact, the accuracy of these fits is essentially 

equivalent to that of the laboratory-based analysis.  The fits based on paired water content 

and pressure head measurements interpreted with the van Genuchten model (Figure 6, 

vG(ψ, θ) series) show only minor degradation within the measured range.  But, the van 

Genuchten fits are much worse than those determined using the cased borehole model 

outside of the sampled range.  This demonstrates that the additional information provided 
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by the flow model improves the interpretation, even beyond the sampled region.  The 

predictions based on water content measurements alone are the poorest within the 

measured range and for wet conditions (Figure 6, bh(θ) series). 

 

The results presented in Figure 6 demonstrate that the hydraulic properties are only well 

defined within the range of sampled conditions.  It could be argued that this is the range 

of conditions that exist in the vicinity of the borehole and, therefore, should be of greatest 

interest.  But, if there is interest in extending the applicable range of the parameter 

estimates, measurements must be made over a wider range of states.  This can be 

achieved under unit gradient flow conditions by increasing the size of the borehole; 

however, in most cases the size of the borehole required to achieve a wide range of 

conditions will be impractical.  This increased coverage can also be achieved by making 

a series of measurements during drainage.  Based on the results of this study, we expect 

that the interpretation of single or multiple measurements on a casing made during 

drainage will be improved if the measurements are interpreted in the context of a flow 

model.  Measurements made during the advance of a wetting front could be used as well, 

but, this would violate the unit gradient assumption.  As a result, the radius transform 

approach used for the steady state analysis is not applicable and a three-dimensional 

numerical model would have to be used to interpret the responses. 

 

CONCLUSIONS 

Monitoring the pressure head and/or water content in the deep vadose zone remains 

challenging. Angled boreholes have been proposed as a way to limit the impact of the 
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borehole on the observations by placing the sensors below undisturbed soil.  While this 

offers advantages over installation in vertical boreholes, the subvertical casing will distort 

the flow field in the vicinity of the sensor, which can lead to systematic measurement 

errors. Fortunately, because these effects are due to a well understood process, they can 

be quantified, minimize, and possibly even used to good advantage.  In this study, we 

examine the effects of this flow disruption for a wide range of unit gradient flow 

scenarios to represent the conditions that would occur during drainage below the shallow 

subsurface.   

 

We found that inclined cased boreholes can have significant effects on water content and 

pressure head measured on the casing.  The magnitude of the effect depends on soil type, 

flux, borehole radius and inclination.  Comparing the flow perturbations from all of the 

flow scenarios shows that the globally optimal measurement locations for pressure head 

and water content are 110o and 120o from the top of the borehole, respectively.  For the 

worst case among the conditions examined, measurement errors due to flow disruption at 

these locations will be comparable to the likely measurement error of TDR or 

tensiometers.  Therefore, we recommend that these measurement locations be adopted 

generally without the need for application-specific analysis.  Of course, optimal sensor 

placement does not reduce errors due to disruption of the soil due to instrument 

installation or uncertainties due to local variations in hydraulic properties, which can 

further degrade measurement quality.  
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Although the perturbation of the flow field caused by the borehole can lead to 

measurement errors, it is also possible that it could be used to extract more information 

about the subsurface. In this investigation, we examined whether this perturbation 

contained enough information to improve hydraulic parameter estimation under relatively 

favorable conditions (i.e. a 0.2m (8 inch) diameter casing inclined at 45o with a 

background pressure head of -0.076 m). Specifically, we considered four pairs of 

collocated water content and pressure head measurements, collected around the casing 

during steady state flow.  We then interpreted these paired measurements either 

independently, by fitting the van Genuchten retention curve, or in the context of a flow 

model that explicitly considered flow around the cased borehole. While our results 

suggest that it may be possible to make use of the flow disruption caused by angled 

boreholes, our results are not intended to promote this approach too optimistically.  

Rather, we examined the conditions that lead to the largest perturbations (coarse soil with 

large diameter casings experiencing a background flux associated with an intermediate 

water content) and, therefore, the greatest likelihood of successful parameter estimation, 

just to determine whether this approach has any merit. For these favorable conditions, use 

of a flow model to support inversion improved the accuracy and certainty of the inferred 

hydraulic parameter values.  However, even for these amenable conditions, water content 

measurements alone do not contain sufficient information to constrain interpretation of 

the soil moisture release curve, even if they are interpreted in the context of a flow model.   
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TABLES 

Table 1.  Parameter values used to generate the error free synthetic data and their prior 
uncertainty ranges used in the SCEM-UA inversion 

 
Parameter range Parameter Synthetic 

model value Minimum Maximum 
Ks [m s-1] 8.25*10-5 10-10 10-1

α [m-1] 14.5 5 25 
n [-] 2.68 1.5 4.5 
θi [-] 0.045 0.0 0.2 
θs [-] 0.43 0.21 0.6 
ψo [m] -0.076 -5 5 
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FIGURES 

Figure 1: Water content in a vertical section through a borehole with a radius of 0.1 m 

inclined at 45o (after Philip et al., 1989).  The observation location angle (β) is measured 

from the top of the borehole. 
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Figure 2: Sensitivity of pressure head (A) and water content (B) perturbations to the 

background pressure head for sand, loam and silt, and sensitivity of pressure head and 

water content perturbations to the effective radius (C) for sand with a background 

pressure head of -0.076m. 
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Figure 3: Maximum of the absolute value of the pressure head (solid black line) and 

water content (dashed black line) perturbations as a function of angle (β) from the top of 

the casing. The measurement uncertainties of the pressure head (twice the uncertainty of 

the pressure transducers) (solid grey line) and of the water content (uncertainty of TDR) 

(dashed grey line) are shown for comparison. 
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Figure 4: Predicted soil moisture release curves for sand using 21 measurements at 

uniformly distributed log(-ψ).  A) one realization of corrupted data (σψ = 0.02m, σθ = 

0.005). B) maximum likelihood soil moisture release curves (SMRC) estimated from fits 

to 100 realizations of measurements corrupted with measurement error. 
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Figure 5: A and B) Soil moisture release curves (SMRC) estimated by fitting the van 

Genuchten soil model to the water content and pressure head data measured on the 

casing.  C and D) SMRC estimated by fitting the borehole flow model to the pressure 

head and water content data.  E and F) SMRC estimated by fitting the borehole flow 

model to the water content data only. Panels A, C, and E show the results for a single 

error realization and Panels B, D, and F show the estimated models and the 95% 

confidence bounds for 100 error realizations. 
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Figure 6: Root mean square error of the water content for 100 error realizations evaluated 

at discrete pressure heads: (lab(ψ,θ)), “lab” represents simulated laboratory 

measurements; (vG(ψ,θ)) represents paired water content and pressure measurements 

made on a casing and evaluated using the van Genuchten soil model; (bh(ψ,θ)) represents 

paired water content and pressure head measurements interpreted with the borehole flow 

model; and (bh(θ)) represents water content measurements interpreted with the borehole 

flow model. 
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APPENDIX D. IMPROVED EXTRACTION OF HYDROLOGIC 
INFORMATION FROM GEOPHYSICAL DATA THROUGH COUPLED 

HYDROGEOPHYSICAL INVERSION. 
 
Hinnell, A.C., T.P.A. Ferré, J.A. Vrugt, J.A. Huisman, S. Moysey, J. Rings, and M.B. 

Kowalsky (2009), Improved extraction of hydrologic information from 
geophysical data through coupled hydrogeophysical inversion, Water Resources 
Research, in press doi:10.1029/2008WR007060. 

 

 

ABSTRACT 

There is increasing interest in the use of multiple measurement types, including indirect 

(geophysical) methods, to constrain hydrologic interpretations.  To date, most examples 

integrating geophysical measurements in hydrology have followed a three-step, 

uncoupled inverse approach.  This approach begins with independent geophysical 

inversion to infer the spatial and/or temporal distribution of a geophysical property (e.g. 

electrical conductivity).  The geophysical property is then converted to a hydrologic 

property (e.g. water content) through a petrophysical relation.  The inferred hydrologic 

property is then used either independently or together with direct hydrologic observations 

to constrain a hydrologic inversion.  We present an alternative approach, coupled 

inversion, which relies on direct coupling of hydrologic models and geophysical models 

during inversion. We compare the abilities of coupled and uncoupled inversion using a 

synthetic example where surface-based electrical conductivity surveys are used to 

monitor one-dimensional infiltration and redistribution.  Through this illustrative 

example, we show that the coupled approach can provide significant reductions in 

uncertainty for hydrologic properties and associated predictions if the underlying model 
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is a faithful representation of the hydrologic processes.  However, if the hydrologic 

model exhibits structural errors, the coupled inversion may not improve the hydrologic 

interpretation.  Despite this limitation, our results support the use of coupled 

hydrogeophysical inversion both for the direct benefits of reduced errors during inversion 

and due to the secondary benefits that accrue due to the extensive communication and 

sharing of data necessary to produce a coupled model, which will likely lead to more 

thoughtful use of geophysical data in hydrologic studies. 
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INTRODUCTION 

Quantitative subsurface hydrologic analysis is based on the conceptualization, 

development, and testing of hydrologic models [Neuman et al., 2003].  Model 

conceptualization is the process of observing a system and proposing a simplified 

representation of the system that incorporates the features deemed important to the 

processes under observation (e.g. water flow or solute transport).  Model development 

translates the proposed conceptual model (or models) to a mathematical or numerical 

model(s) that can be used to test a hydrologic hypothesis.  Model testing is an analytical 

process, wherein the predictions of the model(s) are compared quantitatively with the 

available data.  The goals of model testing are: to find the values of the adjustable 

parameters in a model that result in the best fit of the model predictions to the data 

(calibration) [e.g. Kim et al., 1999; Poeter and Hill, 1999, Vrugt et al., 2009b]; to 

quantify the goodness of fit and assess parameter non-uniqueness for the calibrated model 

[e.g. Vrugt et al., 2003; Mugunthan and Shoemaker, 2006]; and, increasingly, to compare 

the goodness of fit of multiple models to the data [Neuman, 2003; Ye et al., 2004; 

Troldborg et al., 2007, Vrugt and Robinson, 2007]. The results of model testing can be 

used to revise model conceptualization and/or development as well as to guide the design 

of future data collection activities.  In short, the three phases of model-based hydrologic 

analysis can be described as: 1) hypothesizing which subsurface structures and processes 

are significant; 2) translating this hypothesis into mathematical expressions and 

parameterizations; and 3) testing the hydrologic models against observations.  
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To test multiple conceptual or mathematical models effectively, the inverse approach 

used for parameter calibration must be efficient in extracting relevant information from 

the observed data.  The efficiency of parameter calibration depends on both the inverse 

algorithm selected and the way in which the inverse problem is posed.  Inverse analysis is 

common to most scientific disciplines.  Hydrologic science has adopted and developed 

many inverse approaches.  But, until recently, there have been few studies regarding the 

formulation of efficient inversion strategies that incorporate multiple measurement types, 

including indirect measurements.  The development of such inversion strategies for 

hydrologic problems is critical as the use of geophysical methods becomes increasingly 

common for monitoring subsurface flow and transport. 

 

Geophysics is a mature discipline that has made fundamental contributions to a range of 

scientific disciplines [e.g. National Academy of Sciences, 2000]. Many of these 

contributions stem from the ability of geophysical methods to provide unparalleled views 

into the earth.  As a result, geophysics is a cornerstone of oil and mineral exploration and 

production.  Increasingly, geophysical imaging of the subsurface is also being used to 

conceptualize and develop hydrologic models through mapping subsurface structures and 

improving estimates of the spatial distribution of hydrologic properties [e.g. Hubbard and 

Rubin, 2000; Vereecken et al., 2004].  Advanced joint inversion methods have been 

developed to use multiple geophysical methods to reduce the non-uniqueness of the 

estimated structural models [e.g. Vozoff and Jupp, 1975; Gallardo and Meju, 2003 and 

2004; Linde et al., 2006a].  In addition, geostatistical methods have been developed to 

estimate hydrologic property distributions based on statistical correlations present in 
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geophysical images [e.g. Cassiani et al., 1998; Hubbard et al., 1999; Yeh et al., 2002; 

Chen et al., 2004].  Finally, hydrologic structure and parameter distributions have been 

estimated simultaneously using geophysical and hydrologic data [e.g. Hyndman et al., 

1994; Hyndman and Gorelick, 1996; Chen et al., 2006, Linde et al. 2006b].  In general, 

there is wide and growing recognition of the value of geophysics for subsurface imaging 

to aid in the conceptualization of hydrologic models. 

 

The use of geophysical data for testing hydrologic models also has a long history.  For 

example, many studies have used electrical [e.g. Daily, 1992; Park, 1998; Kemna et al., 

2002; Sandberg et al., 2002; French and Binley, 2004; Halihan et al., 2005; 

Vanderborght et al., 2005; Cassiani et al., 2006; Chambers et al., 2006] and/or 

electromagnetic [e.g. Binley et al., 2001; Day-Lewis et al., 2003; Cassiani et al., 2004; 

Lambot et al., 2004; Turesson, 2006; Deiana et al., 2008; Looms et al., 2008b] methods 

to monitor changes in water content or solute concentration with time. Despite the 

differences in hydrologic targets and geophysical methods used in these studies, they 

have all followed the sequential approach to using the geophysical data to test a 

hydrologic model outlined in Figure 1A, which we refer to as uncoupled 

hydrogeophysical inversion. Uncoupled hydrogeophysical inversion follows three 

independent steps: 

(i) geophysical survey data are inverted to estimate the spatial distribution of 

a geophysical property throughout the subsurface region of interest 

(Figure 1A, geophysical inversion); 
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(ii) a petrophysical relation [e.g. Archie, 1942; Topp et al., 1980; Binley et al., 

2005] is used to convert the geophysical property map[s] to hydrologic 

state distributions at each measurement time (Figure 1A, dashed line 

linking geophysical inversion to hydrologic inversion); and  

(iii) the inferred hydrologic states are used either independently or together 

with directly measured hydrologic states to test hydrologic models (Figure 

1A, hydrologic inversion).   

The gray process boxes in Figure 1A are present to illustrate how multiple data streams 

could be included in the uncoupled analysis.  In the examples presented here, only one 

data stream (electrical conductivity data) is used.  This approach, using a single data 

stream, is illustrated by the black process boxes. 

 

Uncoupled inversion propagates measurement errors and uncertainties related to 

parameter resolution and uniqueness that arise during the independent inversion of the 

geophysical data to the hydrologic analysis through the petrophysical relation. A 

particular issue stems from the fact that geophysical imaging typically requires a large 

number of parameters to retain the flexibility necessary to capture arbitrary, complex 

distributions of properties in the subsurface (e.g. the electrical conductivity distribution 

associated with a contaminant plume).  As a result, geophysical inverse procedures 

commonly require the use of prior information (e.g. a smoothness constraint) to stabilize 

under-constrained problems [e.g. Menke, 1984]. It has been recognized that this 

regularization may not reflect the hydrologic conditions and can limit the value of 
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hydraulic property estimates derived from geophysical observations [Day-Lewis et al., 

2005; Chen et al., 2006, and Slater, 2007]. 

 

There have been several alternatives proposed to improve the uncoupled inversion 

approach.  The petrophysical conversion can be improved using apparent calibration 

relationships that vary with location to compensate for the impacts of the spatially 

variable sensitivity of measurement methods and associated inversion artifacts [e.g. 

Moysey et al., 2005; Singha and Moysey, 2006]. In addition, temporal relaxation 

techniques can be used in the geophysical inversion to interpret multiple time slices 

simultaneously, thereby effectively reducing the number of free parameters to be 

estimated [Day-Lewis et al., 2002].  Finally, some joint inversion approaches allow for 

simultaneous determination of geophysical property distributions and petrophysical 

relations [e.g. Hyndman et al., 1994; Hyndman and Gorelick, 1996; Chen et al., 2006; 

Linde et al., 2006b].  However, all of these proposed advances still rely on an 

independent geophysical inversion step to infer hydrologic states. 

 

We examine an alternative approach to uncoupled hydrogeophysical inversion for model 

testing.  The approach, hereafter referred to as coupled hydrogeophysical inversion 

[Ferré et al, 2009], is based on the premise that the goal of model testing is to determine 

the degree of consistency between a proposed hydrologic model and associated 

observations, thereby assessing the likely validity of a proposed hydrologic model.  From 

this basis, it seems most reasonable that the geophysical data should be interpreted in the 

context of the proposed hydrologic model.  This differs from the joint inversion 
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approaches outlined previously.  In the joint approaches, a relationship between 

hydrologic and geophysical (or between two geophysical) properties is assumed, but the 

hydrologic model is not used to guide the geophysical interpretation [Ferré et al, 2009]. 

 

The workflow of coupled inversion, shown in Figure 1B, is similar to that used by 

Rucker and Ferré (2004) and Kowalski et al. (2005), which was summarized by Ferré et 

al. (2009).  It is typical of non-linear optimization problems where an initial parameter set 

is proposed, used to simulate observed measurements, and then updated based on misfit 

between the simulated and observed data values.  The distinguishing factor in the coupled 

inversion strategy is that, for any observed geophysical dataset, we couple a hydrologic 

and geophysical model to represent the forward model in the optimization.  In practice, 

this is achieved through a straightforward and flexible process where an initial set of 

hydraulic parameters is proposed and a forward hydrologic model (e.g. flow and reactive 

transport) is run using these parameter values.  The model-predicted hydrologic states 

(e.g. water content) are converted to geophysical properties using petrophysical relations.  

The resulting geophysical property distributions are used to predict the response for each 

measurement method at each observation time and location using geophysical (forward) 

models.  During inversion, the hydraulic properties and the petrophysical model 

parameter values are optimized to minimize the difference between predicted and 

measured geophysical observations.  In Figure 1-B, the gray process boxes illustrate how 

the coupled inversion approach could use multiple data streams.  In the examples 

presented here, only one data stream (electrical conductivity) is used as illustrated by the 

black process boxes. 
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The coupled and uncoupled approaches to inversion have several distinct, yet important 

differences that can impact both the computational effort and the uniqueness of the 

interpretations.  Coupled inversion does not require a geophysical imaging step, thereby 

avoiding geophysical resolution problems related to the estimation of a large number of 

poorly constrained parameters.  This alleviates the need to construct point-specific 

apparent calibration relationships to account for the effects of the spatially variable 

measurement sensitivity [Moysey et al., 2006].  This is especially important when the 

spatial sensitivity of the geophysical method depends on the spatial distribution of the 

hydrologic state of interest [Klenke and Flint, 1991; Ferré et al., 1996; and Furman et al., 

2003].  Another advantage is that explicit assumptions regarding the spatial continuity of 

geophysical properties (e.g. smoothness) are no longer required to stabilize the 

geophysical component of the inverse problem because the hydrologic model defines the 

spatial arrangement of geophysical properties using physically-based predictions of the 

hydrologic properties.  Temporal regularization methods are also no longer required 

because the temporal dynamics are also enforced by physics underlying the hydrologic 

model.  Furthermore, because the underlying hydraulic properties are estimated directly, 

there is no need to consider joint inverse techniques explicitly.  Rather, all of the data are 

considered in a single inversion and any of the correlations among measurement types 

that form the basis of joint inversion techniques (e.g. cross gradients in Gallardo and 

Meju, 2004) arise naturally by coupling the process model (i.e. the hydrologic model) and 

the geophysical models.  In summary, because coupled inversion interprets the 
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geophysical data in the context of the proposed hydrologic model, it provides a better test 

of the consistency of the proposed hydrologic model with the geophysical observations. 

 

Despite the potential advantages of coupled inversion, relatively few contributions have 

used this method to constrain hydrologic models with geophysical data [Rucker and 

Ferré, 2004; Kowalsky et al., 2004, 2005, 2009; Sicilia and Moysey, 2007; Finsterle et 

al., 2008; Looms et al., 2008a; Lehikoinen et al., 2009].  None of these investigations has 

directly compared coupled and uncoupled approaches for model testing.   

 

In this study, we demonstrate the advantages and limitations of coupled hydrogeophysical 

inversion using an illustrative example of infiltration into the unsaturated zone monitored 

by electrical conductivity surveys.  We use a synthetic example with known hydrologic 

and petrophysical properties to allow for a quantitative comparison of the accuracy of 

uncoupled and coupled hydrogeophysical inversion approaches.  This relatively simple 

example allows us to isolate the effects of coupled and uncoupled inversion from 

complications arising from soil and petrophysical parameter heterogeneity, boundary 

condition uncertainty, and model structural error.  In particular, we examine the impacts 

of structural errors in the model on hydrogeophysical inversion by comparing inversions 

performed with two different data sets.  The first data set is based on the analytically 

tractable Philip (1957) infiltration model, which assumes a homogeneous soil.  The 

second data set is generated using a numerical model for unsaturated flow in a 

heterogeneous medium (HYDRUS 1D; Simunek et al., 1999).  The homogeneous model 

is used for the inversion of both data sets, thereby introducing model structural errors for 
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the case where the subsurface is actually heterogeneous.  This latter analysis is intended 

to represent the common practice of applying hydrologic models and parameter 

distributions that are considerably simpler than reality to make numerical inversion 

tractable.  

 

PROBLEM STATEMENT  

Our objective is to compare the performance of coupled and uncoupled hydrogeophysical 

inversion.  We examine the ability of each approach to constrain soil properties during an 

infiltration event in a homogeneous soil.  In addition, we present an example to assess 

whether the inversion results are affected by the introduction of model structural errors. 

 

The specific problem we consider is the use of electrical conductivity to monitor the 

advance of a wetting front during one-dimensional infiltration under a zero-ponding-

depth boundary condition at the ground surface into a porous medium with uniform 

initial pressure head.  After five days of infiltration, the monitoring of water 

redistribution with electrical conductivity continues for an additional 15 days with a zero-

flux boundary condition maintained at the ground surface.  The geophysical data 

consisted of a time series of measurements made with multiple electrical conductivity 

arrays located at the ground surface. The arrays have a common midpoint that is centered 

in the infiltration area.  We use these arrays to monitor one-dimensional water flow with 

the assumption that flow is predominantly vertical and that the infiltration area is large 

compared to the maximum electrode separation. For the maximum current electrode 

separation considered (45 m), the synthetic system could represent an artificial recharge 
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facility or an ephemeral stream or a lake.  However, the entire system (depth of wetting 

front, electrode separations, scale of lateral heterogeneity, and measurement time 

interval) could be scaled down or scaled up without loss of generality.  

 

In the work presented herein, we consider two flow systems with differing levels of 

complexity.  We first examine infiltration into a homogeneous soil profile, followed by a 

case study considering infiltration into a heterogeneous soil profile comprised of different 

horizontal layers.  Two approaches to modeling these different flow systems are 

considered: (1) analytical models of water and electrical flow in homogeneous soils; and, 

(2) numerical models capable of accurately representing water and electrical flow in 

heterogeneous soils.  These coupled hydrologic and geophysical models are hereafter 

referred to as the analytical and numerical models, respectively.  The analytical models 

provide a somewhat crude approximation of the actual flow processes occurring in a 

heterogeneous material, yet have the advantage of being computationally efficient. This 

of course is a significant benefit, and we therefore explore whether the use of models that 

fail to consider the detail of the hydrologic system (e.g. heterogeneity) can provide 

accurate results using coupled hydrogeophysical inversion.  

 

SOLUTION OF THE FORWARD PROBLEM USING A NUMERICAL MODEL 

The coupled hydrogeophysical inverse problem requires three different forward models: a 

hydrologic model, a geophysical model (electrical conductivity for a given electrode 

array), and a petrophysical relation. The hydrologic model enables the simulation of 

water content with depth and time based on a numerical solution of Richards’ equation.  
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The geophysical model simulates electrical conductivities that would be measured for 

each electrode array.  This is achieved through a numerical solution for electrical flow 

with the electrical conductivity distribution (which depend on the water content profile 

calculated with the hydrologic model) at given measurement time.  To form realistic 

electrical conductivity measurements in the case studies considered herein, we added 

synthetic measurement error to the error-free electrical conductivities simulated with the 

geophysical model. The procedure for solving the hydrogeophysical problem with a 

highly accurate numerical solution is described in this section. In a subsequent section, a 

simplified, and hence computationally superior hydrogeophysical approach is given using 

an analytical model. 

 

Hydrologic model  

The hydrologic problem that we consider is infiltration and drainage in a vertically 

heterogeneous soil profile.  One dimensional water flow is described by Richards’ 

equation 
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In Eq. (1), ψ [L] is the pressure head, θ [-] is the volumetric water content, K(ψ) [LT-1] is 

the hydraulic conductivity (which is a function of the pressure head), z [L] is the vertical 

space coordinate (positive upwards) and t [T] is time.  Eq. (1) is solved numerically using 

a Picard iteration scheme subject to the following boundary and initial conditions. 
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where zmin is the depth in the soil profile (zmin = 15m) and ψn is the initial pressure head 

(ψn = -3.05m, a value proposed for field capacity in Hillel [1998]).  The hydraulic 

conductivity is defined using the van Genuchten – Mualem model [Mualem, 1976; van 

Genuchten, 1980] 
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In Eqs. (3a) and (3b), Θ(ψ) [-] is the water saturation, Ks [LT-1] denotes the saturated 

hydraulic conductivity, α [L-1] and n [-] are soil-specific parameters that control the 

shape of the soil moisture retention function, Θ(ψ), and θr [-] and θs [-] are the residual 

and saturated volumetric water contents, respectively. 

 

The hydrologic simulations are completed using HYDRUS 1D [Simunek et al., 1999].  

The model domain is 15 m deep and is composted of 1001 nodes.  Heterogeneity is 

simulated by a random distribution of saturated hydraulic conductivity (Figure 2-A) 
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generated with a mean logKs of -0.5 [m hr-1], variance of 1 and associated correlation 

length of 0.1 m.  The water retention curve parameters (van Genuchten α and n) and the 

residual and saturated water content (θr and θs) are assumed uniform throughout the soil 

profile.  Parameter values correspond to a loam soil (α = 3.6 m−1, n = 1.56, θr = 0.078 

and, θs = 0.43) [Carsel and Parrish, 1988].  At the uniform initial pressure head of 3.05 

the initial water content, θi, is 0.17 cm3/cm3 and uniform throughout the soil profile. 

 

The water content profile during 5 days of infiltration and 15 days of redistribution are 

presented in Figure 2-B.  Black lines show the water content profile at select times during 

infiltration (t = {0, 6, 24, 48, 96, 120} hours) and grey lines show the water content 

profile at select times during redistribution (t = {144, 192, 240, 336, 480} hours).  The 

depth to the wetting front as a function of time is presented in Figure 3 (diamonds with 

dashed line). 

 

Electrical conductivity model  

We numerically simulate three-dimensional electrical current flow between a dipole in a 

heterogeneous half space. Taking advantage of symmetry and the principle of 

superposition, we solve Poisson’s equation for the distribution of electrical potential (V) 

in cylindrical coordinates (where r is the radial direction and z represents the vertical 

direction) with a vertical variation in the electrical conductivity (σ,  [Sm-1]) associated 

with the changing water content with depth at an observation time. 
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We use the following boundary conditions 

 ( ) 0,max =
∂
∂ zr

r
V  ( ) 00, =

∂
∂ r

z
V    

( ) 0, max =
∂
∂ zr

z
V  ( ) cIq =0,0       (5) 

In Eqs. (4) and (5) q denotes the source (current electrode) with a corresponding strength 

of Ic. 

 

The numerical electrical flow model was constructed using Comsol Multiphysics 

(Comsol, Inc, Los Angeles).  The 2D axisymmetric model solves a domain of 150 m by 

150 m and is composed of 107529 elements.  The size of the model domain and density 

of finite elements was dictated by minimizing the influence of the boundary conditions 

on the simulated voltage in the vicinity of the current electrode (~ 30 m radius from the 

electrode). 

 

Petrophysical relation 

The hydrologic and electrical conductivity models are linked by the dependence of the 

soil electrical conductivity on the soil water content. A simple power-law relation is used 

to relate volumetric soil water content and electrical conductivity[Archie, 1942], . 

( ) ( )btzatz ,, θσ =         (6) 

where a [Sm-1] and b [-] are empirical shape factors that need to be determined through 

calibration 
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In solving the coupled hydrogeophysical inversion, the electrical conductivity model 

needs to be computed for every observation time using the corresponding water content 

profile (and petrophysical relation). Unfortunately, even for the relatively simple 

conditions considered herein, running times are significant. For instance, a single forward 

simulation using the coupled numerical models described above is on the order of ten 

minutes on a desk top computer (dual core 2.66GHz processor with 4GB memory). This 

poses problems for Monte Carlo based sampling methods that generally require many 

thousands of forward runs to find good parameter solutions.  Therefore, we examine 

whether the approach can be used successfully with a computationally more efficient 

approximate solution for the hydrologic model. Another possibility is to use high 

performance computing with multiple computers running in parallel [Huisman et al., 

2009]. Yet, such approach limits widespread application and use of the hydrogeophysical 

inversion framework proposed herein.  

 

SOLUTION OF THE FORWARD PROBLEM USING THE ANALYTICAL MODEL 

To develop a simplified model of unsaturated flow amenable to Monte Carlo analysis we 

follow the three phases of a hydrologic analysis that we described earlier, i.e., (i) 

hypothesis of a conceptual model capturing relevant processes, (ii) development of a 

mathematical model, and (iii) testing of the model against observed data.  First, we 

hypothesize that the change in mean moisture content across the wetting front is more 

significant for affecting the advance of the front than the local fluctuations caused by 

layered heterogeneity. Specifically, we consider an analytical solution that quantifies the 

depth of a step wetting front as a function of time. Finally, we test whether the simplified 
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model can be calibrated to reproduce the depth of the wetting front over time obtained 

from the numerical simulations for the heterogeneous medium. 

 

Infiltration is represented by the Philip [1957] two-term infiltration model and 

redistribution by a rectangular drainage model [e.g. Jury and Horton, 2004].  The Philip 

model approximates an advancing wetting front in homogeneous soil as piston flow with 

a constant volumetric water content, θwf [L3/L3], above the wetting front, and a uniform 

initial volumetric water content, θi [L3/L3].  The depth of the wetting front, zwf(t) [L], as a 

function of the cumulative infiltration, I(t) [L] at time t is: 

 ( ) ( )
iwf

wf
tItz

θθ −
=         (7) 

The cumulative infiltration is defined as: 

 ( ) tKSttI s+= 2
1

        (8) 

where the sorptivity, S [L/T1.5], describes the capillarity of the soil. 

 

The rectangular drainage model simulates the advance of a wetting front during drainage 

as a function of elapsed time after infiltration ceases (t > td) assuming a uniform water 

content with depth above the wetting front, θwf(t), and a constant length of water (L) in 

the soil profile. 
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The model further assumes that the instantaneous drainage rate at the wetting front is 

equal to the gravity flux, K(θwf).  We assumed a power law relation between hydraulic 
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conductivity and saturation [after Jury and Horton, 2004] and allow for nonzero initial 

water content: 
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where N [-] is the power law exponent.  The water content of the draining layer as a 

function of time is: 
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θwf(t) is used to compute zwf with (9).  Using these models, the infiltration and drainage 

processes are described by five different parameters (Ks, S, N, θs, and θi).  These are the 

parameters we consider in the coupled and uncoupled hydrogeophysical inversion 

example. 

 

The utility of this analytical model for representing the movement of the wetting front 

during flow in a heterogeneous system was tested by calibrating the model to the 

observed wetting front depths simulated by the numerical model (Figure 3, diamonds 

with dashed line).  We used the DREAM [Vrugt et al., 2008, 2009a] parameter estimation 

algorithm to select values of Ks, S, and N (Table 1) by minimizing the sum of squared 

residuals between the depth to the wetting front predicted by the analytical model versus 

those obtained from the numerical model, which explicitly includes heterogeneity.  

(Further details of the use of DREAM are provided in the methods section.)  The initial 

and saturated water content were set equal to those used in the heterogeneous numerical 

model (Table 1) to provide consistent change in water content across the wetting front.  
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As illustrated in Figure 3, the analytical model (solid line, no symbols) was able to 

replicate the depth of the wetting front observed in the heterogeneous soil very well.  

(The dashed lines are the 95% confidence interval for the prediction based on the 

simplified homogeneous model.)  However, as is widely recognized, good calibration 

statistics do not guarantee that the model is a faithful representation of the system.  For 

example, the calibrated analytical model may not make accurate predictions under 

different initial or boundary conditions.  Furthermore, even for the conditions for which 

calibration was performed the analytical model was not able to replicate the water content 

behind the wetting front (compare Figure 2-B and 2-C).  Of particular importance for 

electrical conductivity interpretation, the analytical model misrepresents the water 

content near the ground surface during drainage. 

 

The sharp wetting front and uniform water content above and below the wetting front 

simulated by the analytical water flow model results in a two-layer electrical conductivity 

distribution within the soil profile throughout infiltration and redistribution.  The upper 

layer has an electrical conductivity associated with the water content above the wetting 

front, σwf, and extends from the ground surface to zwf.  The lower layer has an electrical 

conductivity associated with the initial water content, σi, and extends to infinite depth.  

This electrical conductivity structure allows the use of an analytical solution for the 

apparent conductivity measured with surface electrical conductivity over a horizontal 

layer [Telford et al., 1990]: 
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where a is the electrode spacing, z is the layer depth (equivalent to zwf in this study), and 

iwf

iwfh
σσ
σσ

+

−
= .  The first fifty terms of the summation in (12) are evaluated.  Using this 

analytical solution and the computationally less demanding analytical hydrologic model, 

the run time for the coupled analytical models was reduced to approximately two seconds 

on a desktop computer (dual core 2.66GHz processor with 4GB memory), a time 

reduction of 1:3000 compared to the numerical model.  It can be argued that similar 

computational conveniences often influence the selection of models for hydrologic 

interpretations. 

 

GENERATING SYNTHETIC ERT DATA 

The synthetic experiment consisted of monitoring five days of infiltration followed by 15 

days of redistribution.  The true hydrologic and petrophysical model parameter values for 

each model are listed in Table 1.  Synthetic data were simulated for 10 Wenner arrays 

(electrode spacings of 0.5, 1.0, 1.5, 2.0, 3.0, 4.0, 6.0, 8.0, 12, and 15 m).  To generate the 

synthetic data sets, we calculated the water content profile at each measurement time (t = 

{2, 6, 12, 24, 36, 48, 72, 96, 120, 132, 144, 168, 192, 216, 240, 288, 336, 384, 480} 

hours) using the hydrologic models with the correct soil hydraulic parameters.  We then 

converted the local water content values to electrical conductivities using the 

petrophysical relation and used these electrical conductivity profiles to calculate the 

apparent electrical conductivity values that would be measured with each electrode array 
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at each measurement time.  Finally, we added the same realization of uncorrelated, 

normally distributed, random noise with a mean of zero and a standard deviation of 2 

mS/m to each set of error-free apparent electrical conductivity values to mimic 

moderately noisy field data.  Other options exist for corrupting the synthetic data, such as 

adding errors to the measured voltage; this topic will be considered in more detail in 

future investigations,  

 

One advantage of a synthetic experiment is that we can also produce ERT data that would 

have been measured if the simplified hydrologic model had been a true representation of 

the system.  By using these data for inversion and comparing the results with inversions 

based on the “true” data described above, we can define the contributions of 

measurement error and model structural error to the inverse processes.  Figure 4 shows 

the synthetic data sets with and without measurement errors for three of the ERT arrays 

(electrode spacing of 0.5, 2, and 8 m).  The solid lines are the error free values and the 

symbols are the noisy synthetic data.  The gray lines and symbols are the apparent 

conductivity values derived from the numerical hydrologic and electrical conductivity 

model with explicit consideration of heterogeneity.  The black lines and symbols are 

simulated using the analytical hydrologic and electrical conductivity model. These results 

suggest that even when the wetting front depths as a function of time match well with 

both the numerical and analytical models (Figure 2-B and 2-C) the corresponding 

electrical conductivity predictions can be significantly different due to the nonlinear 

sensitivity of electrical conductivity to changes in water content with depth.  This 

suggests that model structural error is likely to be significant for our synthetic 
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experiment.  In practice, it would take considerable experience in hydrology and 

geophysics to predict the likely impacts of this model error on the hydrogeophysical 

inversion.  But, by conducting a simple synthetic study, such as that shown here, a 

hydrologist and a geophysicist working together to build a coupled analysis framework 

could identify this shortcoming and design experiments and analyses appropriately.  

 

METHODS  

For each of the following examinations, we use synthetic electrical conductivity data to 

infer the hydrologic parameter values of the calibrated analytical hydrologic model.  We 

then use the predicted sets of parameter values to predict the wetting front depth through 

time.  Finally, we characterize the maximum likelihood, (ML), prediction and its 95% 

confidence intervals using the DREAM inferred joint posterior probability density 

function of the parameters. In every case, we used the same inverse tools and settings for 

the coupled and uncoupled approaches and we provided the same information to both 

procedures. 

 

Parameter estimation algorithm  

For all of our analyses, we use the recently developed DiffeRential Evolution Adaptive 

Metropolis (DREAM) algorithm to sample the posterior pdf (Vrugt et al., 2008, 2009a). 

This method runs multiple Markov chains simultaneously for global exploration of the 

parameter space, and automatically tunes the scale and orientation of the proposal 

distribution en route to the posterior target pdf.  The various chains are initialized at 

different starting points within the multidimensional hypercube defined in Table 1 
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(feasible parameter ranges), and learn from each other through a process of 

recombination and crossover.  Standard convergence diagnostics of multiple chains are 

used to check whether the sampler has converged to the posterior distribution after 

50,000 model evaluations.  The DREAM sampling scheme is an extension of the SCEM-

UA optimization algorithm (Vrugt et al. 2003), but has the advantage of maintaining 

detailed balance and ergodicity and therefore provides an exact estimate of the posterior 

pdf. 

 

Uncoupled hydraulic parameter estimation  

We used DREAM to drive each of the three steps of an uncoupled inversion.  In the first 

step, we used the DREAM algorithm to obtain sample realizations from the posterior 

distribution of the geophysical parameter estimates.  The posterior distribution p(x|σa) is 

the probability that the parameter set x could occur given that the apparent conductivity 

values σa have been observed, where x = […σwf(ti),σi(ti),z(ti) …] such that σwf(ti) and 

σi(ti) are the conductivities above and below the wetting front located at depth z at time ti 

and σa=[ σ1,1 σ1,2 … σi,j …σnt,ns] such that σi,j is the apparent conductivity measured at 

array number j at time ti.  The total numbers of electrode arrays and observation times are 

given by ns and nt, respectively.  Using Bayes’ theorem, this probability is a function of a 

prior pdf, p(x), for x and the likelihood p(σa |x), p(x|σa) = c p(σa |x) p(x), where c is a 

normalizing constant.  Because our geophysical model allows for simulation of σa(ti) 

from x(ti) at any time ti, i.e., ( ) ( )( )ii tft xσa =ˆ ,  the likelihood describes the probability of 

misfit between simulated  and observed ( aσ̂ ) ( )aσ  apparent conductivity values as a result 
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of measurement or model errors.  We use a classical Gaussian likelihood distribution that 

measures the distance between observed ( )ji,σ̂  and simulated apparent conductivity 

values, ( )ji,σ . 
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Here, η2
i,j is the variance of the measurement error used to corrupt the synthetic data (η is 

used to denote variance to avoid confusion since standard nomenclature for both 

electrical conductivity and variance is σ).  Note that p(x) is chosen as being a non-

informative prior using a uniform hypercube.  It therefore cancels out of Eq. (13), and the 

posterior distribution is solely based on the misfit between measured and simulated 

apparent electrical conductivity values.  The geophysical parameter ranges are listed in 

Table 1.  

 

In the second step of the uncoupled approach, geophysical parameter estimates are 

converted to hydrologic property estimates.  The conductivity of the layers for each 

sample of x drawn from ( σxp )  in the first step are converted to water content using a 

petrophysical relation such that the vectors θwf, θi, and zwf are the water content above and 

below the wetting front and the depth of the wetting front is zwf as functions of time. 

 

In the third step of the uncoupled inversion, we use the hydrologic observations derived 

from geophysical measurements to constrain the hydrologic model parameters m = [Ks, S, 

N, θs, θi].  We again use DREAM to sample the posterior distribution of the model 
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parameters, but the data constraint is now provided by the inferred hydrologic data, 

which are obtained by assembling the maximum likelihood (ML) estimates of θwf, θi and 

zwf into a single measurement vector y = [θwf, θi, zwf] of length 3nsnt.  We define the 

measurement uncertainty for the elements of θwt, θi, and zwf, i.e., at each observation time, 

based on the standard deviation of the posterior pdfs estimated during the geophysical 

inversion step described above.  We collect these uncertainties within a single vector ν. 

We use the following classical density function 

( ) ( ) ( )23
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    (14) 

where, ν2
i is the variance of each measurement error used to corrupt the synthetic data.  

The DREAM algorithm is then used to draw samples of ( | )p m y  starting with uniform 

prior ranges for each of the parameters as listed in Table 1.  Note that Equation (14) is 

identical to (13) with ji,σ  replaced by yi and x replaced by m.  That is, we are treating the 

results of the geophysical inversion as if they were hydrologic observations.  Uncertainty 

for each of the inferred hydrologic observations (θwf, θi and zwf) was defined as the width 

of the posterior pdf carried over from the geophysical inversion for each measurement 

time.  This “measurement” uncertainty is a combination of the impacts of the electrical 

conductivity measurement error and the errors contributed by geophysical inversion.  In 

contrast, if one of these properties were measured directly, (e.g. θwf with the gravimetric 

method), we could assign a measurement uncertainty based on the characteristics of the 

measurement method. 

 



 
 

153 
 

Coupled hydraulic parameter estimation  

For the coupled approach, we did not determine the electrical conductivity structure at 

each observation time. Rather, we estimated the hydraulic model parameters m = [Ks, S, 

N, θs, θi] directly from the apparent conductivity data ( )aσ . We used the same density 

function as previously defined in Equation (13) after replacing x with m, and DREAM 

was used to draw samples from the posterior pdf.  Although not shown in this example, 

the coupled approach allows for simple inclusion of multiple measurement types because 

the misfit of each measurement can be weighted in the objective function based on the 

measurement uncertainty of that method.  In other words, the objective function is 

defined in the measurement units and normalized by the measurement uncertainty for 

each measurement type. 

 

RESULTS  

Our numerical experiments were aimed at assessing the performance of coupled and 

uncoupled inversion for increasingly complicated model calibration scenarios.  First, we 

compare the results of the two inversion strategies when measurement error is introduced, 

but no model structural error exists.  Then, we evaluate the impact of model structural 

errors by calibrating a model for a homogeneous soil using data generated by a spatially 

heterogeneous medium.  

 

Measurement error only, no model structural inadequacies  

First, we conduct a hydrogeophysical inversion to assess the impacts of measurement 

error on the model calibration results.  To do this, we use synthetic observations collected 
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during infiltration that are based on the analytical hydrologic model with added 

measurement error. In this manner, the coupled and uncoupled inverse approaches use 

exactly the same hydrologic model and the underlying physical model correctly 

represents the hydrologic system under consideration. For these conditions, the 

uncoupled approach was able to simultaneously constrain the parameters Ks, S, θi, and θs 

with moderate uncertainty (Table 2). Yet, these parameter uncertainties propagate to 

large prediction errors (solid lines) and uncertainties (dashed lines) when compared to the 

true wetting front depth as a function of time (symbols) (Figure 5-A). In contrast, the 

coupled approach recovers all of the parameters with very little uncertainty (Table 2). 

This results in predicted depths of the wetting front through time with relatively low error 

and low uncertainty (Figure 5-B). 

 

Measurement error and model structural inadequacies  

The uncoupled and coupled analyses were repeated using synthetic data generated for the 

heterogeneous soil with the numerical hydrologic and geophysical models and added 

measurement error. In this case, however, the analytical models for a homogenous soil 

were used to interpret the results for both the coupled and uncoupled inversion schemes. 

Under these conditions, neither the coupled nor the uncoupled approach was able to 

produce predictions with low error and uncertainty (Figure 5-C and 5-D). In particular, 

both inversion approaches show large errors and/or uncertainties during redistribution.  

These errors arise due to the low water content region near the ground surface (Figure 

2B) that is not captured in the analytical hydrologic model predictions (Figure 2C). This 

low water content, and therefore low electrical conductivity, region is located in a zone of 
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high sensitivity of the electrical conductivity method [e.g. Furman et al., 2003].  As a 

result, the analytical model has to reduce the water content behind the wetting front 

substantially to match the low apparent electrical conductivity that is caused by this 

shallow low water content region (Table 3). 

 

DISCUSSION AND CONCLUSIONS 

We have presented a simple comparison of coupled and uncoupled hydrogeophysical 

inversion.  The underlying premise of the coupled approach is that the interpretation of 

the geophysical measurements will be improved by using the hydrologic model to 

provide a context for interpretation.  This advantage is demonstrated clearly by the 

improved accuracy and reduced uncertainty of the predictions of depth of the wetting 

front through time based on electrical conductivity measurements with measurement 

error when the hydrologic model was a good representation of the underlying physical 

system. 

 

There is, however, one caveat: regardless of the inverse approach used, if the hydrologic 

model does not represent the system adequately, then the interpretation will inherently be 

flawed.  For the uncoupled approach, this hydrologic model error does not affect the 

geophysical interpretation.  But, the hydrologic model error leads to errors when the 

geophysical results are used for calibration.  For the coupled approach, the hydrologic 

model error provides a misleading context for interpreting the geophysical measurements.  

In general, it is likely that the value of coupled approach varies with the degree of 

hydrologic model conceptual error, although this has not been examined completely here.  
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In some cases, such as shown here, the shortcomings of the hydrologic model may not 

impact the ability to make the hydrologic predictions of interest; but, they may impact the 

interpretation of the geophysical data using either the coupled or uncoupled approach.  

For example, in our case, the simplified hydrologic model could reproduce the prediction 

of interest well (the wetting front depth through time).  But, the simplified model 

produced incorrect water content profiles at each time, which has a profound effect on the 

predicted electrical conductivity.  In the end, our findings suggest that using a coupled 

hydrogeophysical inversion approach can greatly improve the value of geophysical 

measurements given an appropriate hydrologic model.  But, the coupled approach cannot 

overcome fundamental limitations due to poor data, paucity of data, or model structural 

error.  

 

In addition to the direct advantages of coupled inversion for improved parameter 

estimation, we contend that the coupled approach has an additional, subtle advantage if a 

study involves a collaborative effort between a hydrologist and a geophysicist.  Namely, 

because the coupled approach requires that the hydrologic and geophysical models be 

merged, it forces the hydrologist and the geophysicist to formulate a consistent 

framework for inference and solution. This is likely to support more complete sharing of 

supporting data and more extensive communication regarding the value of geophysical 

and other data as part of an integrating hydrogeophysical investigation. Yet, this may also 

be the primary limit to the routine implementation of coupled inversion. The formulation 

of common solution grids, time steps, and simulation accuracies requires an uncommon 

level of collaboration during scientific analysis. 
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To us, the important general finding of this study is that there is a need for hydrologic 

insight and understanding when completing a hydrogeophysical study: no amount of 

additional geophysical data or improvements in joint or coupled inversion will overcome 

the limitations of a poor hydrologic conceptualization.  On the other hand, this may also 

point to a role for uncoupled hydrogeophysical analysis: specifically, in many cases it 

may be worthwhile to conduct an independent geophysical survey as an initial step 

toward constructing a hydrologic conceptual model.  This independent interpretation of 

the geophysical data may point out unexpected subsurface features that could alert a 

hydrologist to limitations in their conceptualization of the hydrologic processes.  
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TABLES 

 
Table 1.  Parameter values used to generate the error free synthetic data and their prior 

uncertainty ranges used in the DREAM inversion 
Parameter range Parameter Synthetic 

model value Minimum Maximum 
Ks [m hr-1] 0.0101 0.001 0.1 
S [m hr-0.5] 0.0752 0.01 1 
N [-] 3.57 1.1 10 
θi [-] 0.1694 0.01 0.5 
θs [-] 0.43 0.01 0.5 
b [S] 0.2704 ---1 ---1

n [-] 2 ---1 ---1

κi [S m-1] ---2 0.0001 0.1 
κwf  [S m-1] ---2 0.0001 0.1 
zwf [m] ---2 0 100 

1 parameters not estimated. 
2 synthetic values computed from the hydrologic model output using the petrophysical 
relation 
 
 
Table 2.  Maximum likelihood (ML) estimates and 95% confidence intervals of the 
hydrologic parameter values using the uncoupled and coupled approaches. (Measurement 
error only – no model error). 

Uncoupled Analyses Coupled Analyses 
95% Confidence 95% Confidence Parameter 

Synthetic 
model 
value ML Lower Upper ML Lower Upper 

Ks [m hr-1] 0.0101 0.0100 0.0074 0.0129 0.0097 0.0091 0.0104 
S [m hr-0.5] 0.075 0.061 0.057 0.125 0.078 0.067 0.083 
N [-] 3.75 2.8 1.20 5.36 3.37 3.13 3.75 
θi [-] 0.169 0.181 0.130 0.200 0.171 0.167 0.177 
θs [-] 0.43 0.418 0.406 0.472 0.430 0.427 0.431 

 
 
Table 3.  Maximum likelihood (ML) estimates and 95% confidence intervals of the 
hydrologic parameter values using the uncoupled and coupled approaches. (Measurement 
and model error). 

Uncoupled Analyses Coupled Analyses 
95% Confidence 95% Confidence Parameter ML Lower Upper ML Lower Upper 

Ks [m hr-1] 0.0038 0.0030 0.0077 0.0072 0.0055 0.0082 
S [m hr-0.5] 0.055 0.042 0.093 0.145 0.085 0.148 
N [-] 1.69 1.11 2.73 1.48 1.11 1.95 
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θi [-] 0.162 0.123 0.200 0.149 0.136 0.172 
θs [-] 0.349 0.321 0.426 0.383 0.377 0.389 
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FIGURES 

Figure 1:  Analysis flowcharts for uncoupled (A) and coupled (B) integration of 

geophysical data in hydrologic analysis.  Grey boxes in the flowcharts show how 

additional data sources that could be included, but are not used in our example.  Note that 

each sequence of petrophysical relation, instrument response model, and geophysical data 

(simulated) in the coupled and uncoupled approaches represents a different measurement 

type. 
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Figure 2: Comparison of two hydrologic models: (1) numerical model (solution to 

Richards equation for a heterogeneous soil profile); (2) analytical model (Philip 

infiltration and Jury/Horton rectangular drainage) for a homogeneous soil profile.  The 

parameters in the analytical model were estimated using DREAM to get a depth to 

wetting front behavior similar to the heterogeneous numerical model.  Panel A: 

Heterogeneous layered saturated hydraulic conductivity.  Panel B: Water content profile 

with depth for the numerical model at a subset of observation times.  Black lines are 

infiltration phase (t = 0, 6, 48, 120 h), and gray lines are redistribution phase (t = 144, 

240, 480 h).  Panel C:  Water content profile with depth for the analytical model at a 

subset of observation times.  Black lines are infiltration phase (t = 0, 6, 48, 120 h), and 

gray lines are redistribution phase (t = 144, 240, 480 h). 
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Figure 3: Comparison of the depths of wetting front as a function of time. Depth to 

wetting front for the numerical (heterogeneous) model are the diamonds. Depth to 

wetting front for the analytical model is the solid line, and the associated 95% prediction 

limits of the analytical model are defined by the dashed lines. 
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Figure 4:  Subset of the synthetic apparent conductivity observations.  Electrode spacings 

shown are 0.5, 2, and 8m.  The solid lines from the numerical (heterogeneous) model and 

the dashed lines are from the analytical (homogeneous) model. 
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Figure 5:  Predicted depth to wetting front for infiltration and redistribution.  Panel A. 

Corrupted synthetic data generated using the analytical model.  Uncoupled inversion 

completed with no model error (analytical model used in inversion).  Panel B: Corrupted 

synthetic data generated using the analytical model.  Coupled inversion completed with 

no model error (analytical model used in inversion).  Panel C: Corrupted synthetic data 

generated using numerical (heterogeneous) model.  Uncoupled inversion completed with 

the analytical model (model error).  Panel D: Corrupted synthetic data generated using 

numerical (heterogeneous) model.  Coupled inversion completed with the analytical 

model (model and measurement error).  
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