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ABSTRACT 

 

Density functional theory of statistical mechanics in a square gradient 

approximation was used to study nucleation in confined systems such as a cylindrical 

pore and in-between two cylindrical disks. This approximation was further applied to 

study the evaporation and condensation in nanopores with finite lengths. Confinement 

effects induced nucleation phenomena that are not observed in more open systems. 

Density functional theory was also used to explore the solvation properties of a spherical 

solute immersed in a supercritical diatomic fluid.  The solute was modeled as a hard core 

Yukawa particle surrounded by a diatomic Lennard-Jones fluid represented by two fused 

tangent spheres using an interaction site approximation.  The results of this study indicate 

that local density augmentation and the solvation free energies are particularly sensitive 

to changes in solute and solvent particle geometry and solute/solvent anisotropic 

interactions.  Density functional theory allowed us to systematically study the effect of a 

variety of geometric and interaction parameters on the properties and behavior of all the 

systems. Although more sophisticated, but computationally more demanding, theoretical 

approaches can be used, our results provide fundamental physical insights into the 

behavior of real systems and create a solid basis for the development of more realistic 

models. 
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CHAPTER 1: INTODUCTION 

 

Much of the knowledge that we have of the properties and structural features of 

stable phases and interfaces can inherently be traced back to ideas formulated by Laplace 

and van der Waals.1,2  However, in the last few years new theoretical techniques of 

statistical mechanics have been developed to study a wide variety of inhomogeneous 

systems such as liquids near solid substrates or fluids confined between walls.2,5,6  

Inhomogeneities arise in these systems due to the presence of an external field generated 

by a solid substrate.  Current theories have been applied to the study of diverse systems 

such as simple fluids confined in nanopores, transportation of ions across channels, 

deposition of liquids on the walls of cylindrical pores, and supercritical solvation.5-12  In 

all these situations an external potential in the form of a solid substrate is introduced into 

systems where phenomena such as wetting and drying can occur.   

Some of the theoretical approaches used to study inhomogeneous systems are 

based on the development of functional expansions of the distribution functions.  These 

functionals satisfy variational principles and are at extrema when the distribution 

functions take their equilibrium values.  For example, density functional theory (DFT) 

expresses the free energy of the inhomogeneous fluid as a functional of the local single 

particle density, ρ(r) at every position r throughout the entire fluid.13,14  Thus, the free 

energy is a “functional” of the density.  The minimization of this functional yields all of 

the thermodynamic properties of the system, such as the coexistence lines and interfacial 

tensions.   
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Fluids confined in narrow pores or between two walls separated by a few 

molecular lengths are examples of inhomogeneous systems that have recently been the 

subject of many theoretical and experimental studies.5,6,15-22  Some of these investigations 

have focused on the dynamics of phase transitions, specifically the formation of a stable 

gas or liquid via the creation of droplets or bubbles.  The scientific interest in these types 

of systems is to understand how the nucleation process is affected by finite-size effects, 

varying dimensionality, and surface forces (solid-fluid interactions).   

Fundamental understanding of confinement effects is also necessary for many 

industrial operations.  Micro and meso-porous (pore widths of 2-50 nm) materials are 

commonly used in the chemical, oil and gas, and pharmaceutical industries for pollution 

control, mixture separation, and catalysis.  Confinement effects are also important in 

geology and geophysics for applications in lubrication and adhesion.  Materials with very 

regular pore sizes are currently being used to make nanomaterials (conducting polymers, 

opto-electronic devices, metal wires).  The nanopores in these applications are used as 

templates to manufacture metal wires, conducting polymers and so forth, which in many 

cases involves in situ chemical reactions and phase transitions.  Semi-confined systems 

such as nanocontacts influence the performance of scanning probe instruments and of 

magnetic hard-disk devices.23  From a biological perspective, semi-confined systems 

involving lyophobic surfaces or particles seem to govern protein folding.24-26  

Furthermore, understanding phase transitions in nanopores of microscopic size could be 

useful to better characterize the flow of molecules across lipid bilayers.  
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Phase transitions occur in fluids at pressures and temperatures below their critical 

point.   Beyond this point a single phase remains called a supercritical fluid.  Supercritical 

fluids have very interesting properties such as high compressibilities, high dissolving 

power, and enhanced mass-transfer rates.  It is these properties that have lead to the 

application of supercritical fluid to many industrial processes. For example, binary 

supercritical fluids have been examined recently as an alternate way to extract trace 

pesticides.27  Furthermore, the study of reactions carried out using supercritical fluids is 

an established field of research in the area of Green chemistry.28-30 In many cases solutes 

may be insoluble under normal conditions and solvation does not occur until the system 

is adjusted so that the solvent fluid becomes supercritical.  A fundamental understanding 

of how the different interactions and size effects of both the solvent and solute molecules 

affect supercritical solvation is necessary for various industrial applications. 

In this research study, we applied density functional theory (DFT) of statistical 

mechanics to analyze the phase behavior of simple fluids confined between walls with 

different geometries and adsorbed on spherical particles.  In particular, we used DFT in a 

square gradient approximation to examine the effects of confinement and semi-

confinement (systems in which edge effects or definite physical boundaries can play a 

central role) on the nucleation behavior of a monocomponent van der Waals fluid.  We 

first examined the nucleation behavior for a fluid confined to a cylindrical pore of infinite 

length and then considered nuclei forming on a single cylindrical disk and in-between 

two cylindrical disks.  Finally, our model in the square gradient approximation was 

extended to explore capillary evaporation and condensation in finite cylindrical pores or 
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nanochannels to shed light on the thermodynamic properties of the gating mechanism in 

such systems. 

In the last research project we used a density functional interaction site model in a 

weighted density approximation to explore the solvation of spherical particles immersed 

in a diatomic supercritical fluid. This model allowed us to analyze the structure of solvent 

density inhomogenities around a solute particle (density augmentation) and solvation 

energies at temperatures near and above the critical temperature of the diatomic fluid.  

Furthermore, different effects of anisotropic and isotropic interactions, and solute size 

and solvent particle geometry were explored for this process.   

To facilitate the description and the discussion of our results, this dissertation has 

been organized as follows. In chapter 2 we present an overview of some of the most 

relevant experimental and theoretical approaches to liquid-gas nucleation and phase 

phenomena.  Chapters 3 and 4 present the studies on nucleation in cylindrical pores of 

infinite length and on a single disk and in-between two disks, respectively.  Chapter 5 

presents the study for evaporation and condensation in a nanopore, while chapter 6 

describes the study for solvation of solute by a diatomic supercritical fluid.  Finally, 

chapter 7 presents some final conclusions related to our work.   
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CHAPTER 2: NUCLEATION AND PHASE PHENOMENA 

 

A. Introduction 

 The dynamic process of the formation of a new phase in pure fluids and multi-

component mixtures has become a growing area of interest in physical chemistry and 

engineering research.31,32  The dynamics of phase transitions plays a central role in 

atmospheric chemistry, chemical engineering, and material processes.  Most phase 

transitions observed in nature occur under non-equilibrium conditions.  For instance, a 

sample of distilled water can be held at –10 oC without freezing.  It can be held at even 

lower temperatures (-30 oC) after further purification and division into tiny droplets in 

capillary tubes.  Furthermore, emulsified droplets of gallium can be undercooled more 

than 150 oC below their normal freezing point.  Pure liquids can be superheated well 

above their boiling temperature by tens of hundreds of degrees and gases can be 

compressed to several times their equilibrium condensation pressure before liquid 

droplets appear and grow.  However, in all these cases a small perturbation such as a 

crack, vibration, or impurities can cause the formation of the stable phase.   

 One approach to explain the existence of metastable states that persist for a long 

period of time is to assume that the formation of the stable phase requires the 

surmounting of an energetic barrier via the formation of bubbles or droplets from which 

the new phase can grow.33  When a density fluctuation occurs in the system, a droplet 

(gas to liquid transition) or bubble (liquid to gas transition) is formed from which the new 

phase can either grow, if the fluctuation is large enough, or dissipate.  Small droplets will 
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tend to disappear because the high free energy cost of creating the gas liquid interface 

outweighs the larger energetic advantage of creating a volume of the more stable phase.  

A nucleus with a critical size has to form in order for the phase transition to occur and the 

time it takes for the phase to appear depends on the free energy cost of creating this 

critical nucleus; the larger the cost, the longer one has to wait for the phase transition to 

occur.  This process of metastable states evolving into stable states by the formation of 

critical droplets and bubbles is referred to as nucleation. 

 Nucleation of droplets in (supersaturated) vapors to form a liquid or nucleation of 

bubbles in (undersaturated) liquids to form a vapor involve the evolution of a metastable 

states to a stable states.  In both cases, the kinetics of the phase transition can be 

determined by the free energy that is needed to form a critical nucleus.  The work 

required, or “work of formation ∆Ω*, defines the free energy barrier that lies between the 

shrinking and growing sections of the stable phase. The magnitude of the free energy 

barrier strongly depends on temperature and pressure and, thus, different metastable 

states evolve at different rates.  In general, as one moves away from coexistence the 

barrier to nucleation decreases and eventually disappears at the spinodal where the energy 

cost goes to zero.  

Nucleation is an activated process that resembles chemical kinetics in that its rate 

depends exponentially on the work of formation of the critical nucleus 

 

J = K exp (-∆Ω* / kT ),             (2.1) 
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where ∆Ω* is the height of the nucleation barrier, T is the absolute temperature, k is the 

Boltzmann’s constant, and K is a kinetic factor.  The value of the nucleation rate is very 

sensitive to many factors such as the thermodynamic conditions, the intermolecular 

potentials between particles in the system, and the presence of impurities.  

 In order to better understand the conditions under which gas-to-liquid nucleation 

occurs, let us consider a typical pressure-temperature phase diagram for a pure substance.  

Such a diagram is presented in Fig. 2.1 where the lines ab, bc and bd represent the 

location of two-phase equilibrium.  Since we are interested in gas to liquid nucleation, 

line bc is most important since it defines the conditions for liquid-gas coexistence and 

ends at the critical point C.  Let us take a stable gas at a given temperature T and 

suddenly increase the pressure over its coexistence value Pe.  For this situation the gas 

phase can remain as a metastable state as long as the pressure does not exceed that of the 

limiting boundary defined by the gas spinodal.  Beyond the spinodal the gas phase is 

unstable and will spontaneously evolve to the liquid state.  Between the coexistence line 

and the spinodal the gas is “supersaturated” and its supersaturation S is defined as the 

ratio of the actual pressure P of the gas to the coexistence pressure Pe at that temperature 

T, i.e. S=P/Pe.  It is in this region where the dynamics of the phase transition is 

determined by the nucleation of droplets of the more stable phase. 
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Figure 2.1.  Pressure-temperature phase diagram for a pure substance.  The solid lines 

indicate regions of two-phase coexistence (solid-gas ab; solid-liquid, bd; liquid-gas, bc).  

Dashed lines represent the gas and liquid spinodals.34   

 

 Nucleation only occurs below the critical point C in Fig. 2.1.  For higher 

temperatures and pressures there is only one stable phase called a supercritical fluid.  

Supercritical fluids have interesting thermodynamic properties such as: high 

compressibility’s, enhanced mass transfer rates, and high dissolving properties.  It is 

these properties that have made them ideal candidates for new physical and chemical 

processes.   



 23

 One interesting property of supercritical fluids near the critical point is that 

external perturbations are felt throughout the whole fluid.  Under these conditions small 

changes in the pressure can cause dramatic changes in the density.  This effect is 

illustrated in Fig. 2.2 for supercritical CO2.  The energetic cost of density fluctuations in 

the vicinity of the critical point is much less than under normal conditions, which leads to 

lower solvation energies and much larger solvation spheres compared to those observed 

in solutes at conventional temperatures and pressures.  Comparatively, solvation energies 

can be twenty times lower and the solvation spheres can be three times as large.  All these 

effects are related to the divergence of the fluid’s compressibility at the critical point.   

 

 

 

Figure 2.2  Variation of carbon dioxide density with pressure and temperature in the 

vicinity of the critical point.. 
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 There is a large body of evidence that suggests that if a solvent has a large 

macroscopic compressibility this may affect solute solvation, dynamics, and reactivity.35  

Furthermore, it has also been recognized that the magnitude of the compressibility is 

directly related to the range over which microscopic density fluctuations in a fluid are 

correlated, and that the divergence in the compressibility corresponds to a similar 

divergence in the correlation length between particles in the system; the extent of these 

density fluctuations is on the macroscopic scale.36-37  In terms of solvation this divergence 

translates into an enhancement in the local density next to the solute that decreases very 

slowly over long distances.  This enhancement is referred to as the local density 

augmentation.  Both the local and long range effects of enhanced density fluctuations 

around a solute in a supercritical fluid can be probed experimentally and have been 

modeled using different theoretical approaches.   

 

B. Experiments 

 

Nucleation 

 Direct experimental measurements of nucleation rates for gas to liquid transitions 

have only become possible in the last few decades.38,39  These rates are expressed as the 

number of growing liquid nuclei per unit time per unit volume (rate of nucleation J) and 

are inversely related to the lifetime of a metastable state.  It is also common to determine 

the critical supersaturation Scr described as the supersaturation for which the rate of 

nucleation Jcr=1 cm-3 s-1. 
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Measurements of the nucleation rate as a function of supersaturation can be used 

to estimate the number of particles that comprise the critical nuclei.  These results take 

advantage of the so-called nucleation theorem31
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where ∆Ω* is the work of formation of the critical nucleus in a multi-component vapor, 

µgi is the gas-phase chemical potential of component i, and ∆ni
* is the excess number of 

molecules of component i in the critical nucleus.  It has been shown that the nucleation 

theorem is a general thermodynamic relationship that does not depend on any specific 

model assumptions and holds for even small nuclei.40-42   

 Diffusion chambers and expansion chambers are two successful techniques that 

have been used to measure nucleation rates and have generated reliable results.38,39  One 

of the most common diffusion chambers is the thermal diffusion chamber in which a 

temperature gradient is established between a warm bottom plate and the top of the 

chamber.  A liquid is placed on the bottom plate and is diffused upward by an inert gas 

carrier to avoid the formation of convection currents.  Experimental conditions are 

adjusted to make sure that the gas supersaturation is maximized at about ¾ of the 

chamber height where nucleation occurs.  Droplets grow and fall towards the bottom of 

the chamber where a laser beam is present, which detects and counts the number of 

falling droplets; from this information the nucleation rate can be determined.  This 
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method can be used to measure nucleation rates as a function of temperature and 

supersaturation.  This technique is useful under conditions that lead to nucleation rates in 

the range of 10-4 to 103 cm-3 s-1.43-45   

 The basic idea behind an expansion chamber is to induce nucleation by cooling 

the vapor by rapid expansion.  A mixture of the vapor and an inert gas used to dissipate 

the heat generated by the condensation of the liquid is expanded adiabatically to a lower 

temperature at which homogenous nucleation in the supersaturated vapor occurs.  After a 

short time the nucleation process is halted by a slight increase in the pressure.  This 

leaves the vapor supersatured and allows the droplets to grow to microscopic size so they 

can be counted by an optical technique.  Nucleation rates on the order of 102 to 1010 cm-3 

s-1 have been measured using this technique.46-51   

The aforementioned techniques have been used to measure the nucleation rates of 

pure water46,51, n-nonane44, toluene48, and n-alcohols43 and for binary and ternary 

mixtures containing water.50  Typical experimental results for the nucleation of water are 

presented in Fig. 2.3 where we can see that the nucleation rate increases very steeply as a 

function of the supersaturation at any given temperature.  The sizes of the associated 

critical nuclei are typically estimated by taking the derivative (∂kTln(J)/∂µ)T according to 

the nucleation theorem in Eq. (2.1).   
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Figure 2.3.  Experimental results for the nucleation rate J (in droplets per cubic 

centimeter per second) for the condensation of water as a function of supersaturation S at 

different temperatures (in kelvins). Data from ref 51. 

 

Local Density Augmentation 

 The presence of a solute in compressible fluids, such as a supercritical fluid, may 

alter the number of solvent molecules present within the range of the solute-solvent 

potential.  If the solute is an “attractive solute” (favorable solute-solvent interactions) the 

local solvent density will be enhanced relative to the bulk solvent density.  However, if it 

is an “unattractive solute” solvent depletion may occur.  The average solvent density 

inhomogeneity around a solute particle is directly induced by solute-solvent interactions 

and is considered a local effect.35 
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 This type of effect is traditionally measured through solvatochromatic shift 

experiments.52-54  These experiments detect changes in the solvation energy of a probe 

molecule as a result of the change in the local solvent density.  Experimentally these 

changes are related to spectroscopic shifts, which are sensitive to the local environment. 

 Figure 2.4 illustrates how the local solvent density around a solute changes with 

the bulk solvent density.   The nonlinear behavior near the critical density ρc corresponds 

to an enhancement in the local density (local density augmentation).  Such graphs can be 

obtained theoretically and compared to experimental results, since qualitatively similar 

data can be obtained from solvatochromatic shift experiments.   This is shown in Fig. 2.5 

where we present the emission peak position as a function of the bulk density for 

anthracene in supercritical CO2. 

 

 

 

Figure 2.4:  Typical behavior of the local density represented by a solid line and the bulk 

density represented by a dashed line on a near critical isotherm as a function of bulk 

density.12 
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Figure 2.5.  Florescence emission peak position as a function of bulk density for 

supercritical anthracene at Tr=1.01 (points) taken from reference 54.   

 

 A nonlocal or indirect way in which solutes may “induce” average solvent density 

inhomogeneties throughout the system results from the solvent-solvent density 

correlations present in the highly compressible supercritical fluid.35  Specifically, the 

perturbations caused by the solvent-solute interactions can induce an average solvent 

density enhancement out to distances of the order of the correlation length of the solvent.  

These indirect induced solvent density inhomogeneities are referred to as long-range 

effects.  A classical experiment used to probe long-range effects involves measurements 

of partial molar volumes.55-64 This technique is used to determine and examine the change 

in the volume of a solution upon addition of a solute, which is affected by changes in the 

average solvent density over long distances.   
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C. Theoretical Approaches 

 The dynamics of phase transitions and supercritical phenomena have also been 

the subject of a variety of theoretical and computer simulations studies.  In this section 

we describe the most relevant approaches in these areas.      

 

Classical Theory of Nucleation 

 A variety of theoretical methods have been developed to study the dynamics of 

phase transitions.  Some approaches such as classical nucleation theory predict the 

properties of the system based on macroscopic quantities.  Classical nucleation theory 

(CNT) assumes that the fluid inside the critical nucleus behaves like the stable bulk phase 

and that the surface free energy corresponds to that of an infinite planar surface.33,65  The 

free energy cost of formation for a droplet in CNT is given by the sum of two terms.  The 

first term is associated with the cost of creating a liquid-gas interface of area A, while the 

second term is related to the decrease in free energy associated with the formation of a 

volume V of the thermodynamically stable phase:   

 

∆Ω = Aγ -  V∆P,             (2.3) 

 

where γ is the surface free energy per unit area and ∆P=Pl-Pv is the difference between 

the pressure within the liquid droplet Pl and the pressure in the vapor phase Pv.  If one 

considers the simple case of homogenous nucleation of a spherical droplet of radius R 

forming in a metastable vapor at a given temperature T, Eq. (2.3) can be rewritten as33,34   
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∆Ω (R) = 4 π R2 γ - (4/3) π R3 ∆P           (2.4) 

  

The variation of the free energy ∆Ω as a function of R is depicted in the following figure:  

 

 

 

Figure 2.6.  The variation of the free energy ∆Ω required to create a droplet of radius R 

according to classical nucleation theory.  The critical nucleus corresponds to the droplet 

with radius R* and a maximum work of formation ∆Ω*.34 

 

As shown in Fig. 2.6, the function ∆Ω passes through a maximum at R = R*, so 

by taking  (d∆Ω/dR)  = 0, we obtain 

 

R* = 2γ/∆P.              (2.5) 
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The substitution of this relationship into Eq. (2.4) results in     

 

∆Ω* = 16 π γ3 / (3 ∆P)2            (2.6) 

 

for the height of the barrier to nucleation.  In accordance with Fig. 2.6, nuclei with a 

radius smaller than R* will shrink while those with a radius larger than R* will tend to 

grow.  At coexistence ∆P=0, both the size R* and the work of formation ∆Ω* of the 

critical nucleus diverge and the lifetime of the corresponding metastable state becomes 

infinitely long.   

 Nucleation rates depend on exp(-∆Ω*/kT), as indicated in Eq. (2.1), and are 

extraordinarily sensitive to the actual values of ∆Ω*.  Thus, small changes in the surface 

tension γ can lead to nucleation rates that differ by several orders of magnitude.  

Surprisingly, this simple CNT has lead to reasonable predictions for the critical 

supersaturation for several nonpolar fluids.  However, the actual values of the nucleation 

rate J obtained from this theory deviate strongly from the experimental results for a wide 

range of temperatures.  In general, CNT predicts too high a rate at high temperatures and 

too low a rate at low temperatures.31,32  

 Classical nucleation theory is an oversimplified approach since it assumes the 

properties of the critical nuclei to be independent of size and identical to those of a 

macroscopic liquid droplet in equilibrium with its vapor.  These assumptions are 

questionable for critical nuclei that typically consist of 20-50 molecules as revealed by 

nucleation experiments on common liquids.  A theory that derives the properties of the 
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critical nucleus from its microscopic structure, such as density functional theory, can then 

be expected to be a better approach to describe the nucleation process.   

 

DFT Approach 

 Density functional theory starts by defining a microscopic model for the system of 

interest.  For instance, a fluid can be assumed to be composed of hard spherical particles 

of diameter σ that interact with each other via an attractive potential Vatt(rij), whose 

strength depends on the distance rij between particle i and j. If the density of particles 

changes from point to point in the fluid, the free energy F or grand potential Ω of this 

inhomogeneous system depends on the value of the local density of the particles ρ(r) at 

every position r; hence, Ω[ρ(r)] is a “functional” of the density.  In general, density 

functionals for simple and complex fluids take into account entropic and energetic 

contributions.   

Given a free energy functional, all the relevant thermodynamic properties of a 

system may be derived by using techniques of calculus of variation. In particular, in open 

systems at constant temperature T and chemical potential µ the grand potential Ω[ρ(r)] 

satisfies the following conditions13,14,66 

 

δ Ωv[ρ(r)] / δ ρ(r) = 0    at  ρ(r)=ρeq(r),          (2.7) 

 

and 

 



 34

Ωv[ρeq(r)] = -PV,         (2.8) 

 

where ρeq(r) is the equilibrium average density, P is the pressure, and V is the volume of 

the system.  The Euler-Lagrange equation in Eq. (2.7) determines the equilibrium density 

profile ρeq(r).  A typical example of the structure of this function for a spherical critical 

droplet is presented in Fig. 2.7.  The equilibrium density profile describes the average 

distribution of particles in the system and can be used to calculate from surface tensions 

to the work of formation of the critical nucleus.13,14,66   

 

 

 

Figure 2.7.  Density profile ρeq(r) for a critical nucleus in a pure fluid.  The density ρ and 

the distance r are expressed in reduced units of the molecular diameter σ of the particles 

in the model system.34   
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Given the difficulties in deriving the exact free energy functional of many systems 

of interest, a variety of approximate functionals have been developed.  Two common 

approximations are the so-called square gradient approximation and the weighted-density 

approximation. In the first of these approaches, the grand potential functional is 

expressed as a truncated expansion in gradients of the density around its local value at 

each point r in the system13,14,66  

 

∫∫ ∫ −∇+=Ω )()]([)]([)]([ 2 rrrrrrr ρµρρρ ddKfd ,      (2.9) 

 

where f[ρ(r)] is the local Helmhotz free energy density of a reference system. For 

example, for the van der Waals fluid this quantity can be expressed as2 

 

fvan[ρ(r)] = kT ρ(r)[ln( ρ(r))-1-ln(1-bρ(r))] -  ½ aρ(r)2      (2.10) 

 

where a and b are chosen to include the effect of the long-range attractive forces between 

particles and the molecular size, respectively. The square gradient term in Eq. (2.9) 

accounts for the free energy costs of density inhomogeneities in the system.   

The equilibrium density profiles can be determined by taking the functional 

derivative of Eq. (2.9)14,66
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which results in a differential equation that can be solved by standard numerical methods 

for a given set of boundary conditions.   

 In general, the square-gradient approximation is reasonable for situations where 

density variations in the system take place over scales that are large in comparison with 

the molecular size.13,14  However, it produces reasonable results even in systems where 

large and rapid density variations are expected; it has also been very useful in describing 

and analyzing adsorption and wetting phenomena at fluid-fluid interfaces.2,13  The 

shortcomings of this approximation have been addressed with the introduction of non-

local functionals based on perturbation theory in fluids.   

 A simple way to think of the interactions between molecules in a fluid is to 

consider a sum of a harsh repulsive part (modeled with hard spheres) and an attractive tail 

φatt(r).  The free energy functional in a simple perturbation approach can be expressed 

as13  

 

∫∫ ∫ −−+=Ω )()'()(/)'(/'
2
1)]([)]([ rrrrrrrrrrr ρµρρφρρ dddfd h      (2.12) 

 

In this case, the functional derivative of this equation, which determines the equilibrium 

density profiles, results in the integral equation 13 

 

∫ −−= /)'(/)'('))(( rrrrr attd ϕρµρµ ,        (2.13) 

 



 37

where µ(ρ(r))=d fh(ρ )/d ρ is the hard-sphere chemical potential.  This approach adopts 

the philosophy of van der Waals in which the attractive potential can be thought of as a 

non-local perturbation to the local free energy of a fluid of hard spheres.   

Further approximations involving smoothed or weighted densities address the 

shortcomings of assuming local contributions to the free energy from short-range 

interactions. In a weighted density approximation, the free energy is separated into two 

parts: a hard-sphere reference part Fhs [ρ] and an attractive long-range part Fatt [ρ] that 

can be treated in a mean-field fashion.  

 

F[ρ] = Fhs [ρ] + Fatt [ρ].          (2.14) 

 

The first term in this relationship is then separated into two terms corresponding to ideal 

Fid [ρ] and excess Fex [ρ] contributions to the free energy 

 

Fhs [ρ] = Fid [ρ] + Fex [ρ].          (2.15) 

 

The excess free energy Fex [ρ] is then approximated as a local function of a weighted 

average of the true local density   )(r
−

ρ
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where ))(( r
−

ρψ ex  represents the excess free energy density and the weighted density 

 is given by.   )(r
−

ρ

 

∫ −=
−

)'(/)'(/')( rrrrr ρρ wd .          (2.17) 

 

The quantity w(|r-r’|) is the weight function or smoothing function. In a simple 

approximation this quantity is assumed to be independent of the local density and to 

smooth the profile uniformly over a local region of the size of the excluded volume of a 

single particle.  In this case, the weight function takes the form67

 

)(
4

3
30 rw −Θ= σ

πσ
,           (2.18) 

 

where Θ  is the Heaviside step function . This function assures that  reduces to the 

homogenous density ρ for a uniform fluid.   

)(r
−

ρ

The weighted density approximation provides realistic descriptions for a variety 

of phenomena, from drying transitions at solid interfaces to the presence of density 

oscillations at fluid-fluid interfaces in highly immiscible liquids.68-70  In general, the 

different approximations mentioned above can be used to evaluate the properties of both 

stable and metastable phases at a given pressure and temperature.  However, there are a 

wide variety of challenging problems waiting to be solved.  For instance, the nucleation 
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behavior of strongly polar fluids is still poorly understood;  the nucleation barrier for such 

systems is considerably higher than predicted by current theoretical methods.71,72  An 

attractive alternative to study more complex systems is computer simulations. 

 

Simulations 

 Monte Carlo and molecular dynamic techniques are microscopic approaches that 

have been successfully used to study the nucleation processes and supercritical 

phenomena.31,73 These methods offer the possibility of directly determining the position 

of the particles during a process.  Essentially they provide more precise microscopic 

information about the model under study.  Simulations provide a pathway to compare 

direct experimental results with theoretical results to a good degree of accuracy and make 

available accurate results when direct experiments are difficult. 

In a molecular dynamic simulation, a large number of particles are distributed in a 

certain volume and the dynamics of the system are determined by Newton’s equations of 

motion.  For example, in simulations of the nucleation of a liquid, a large number of 

particles can be homogenously distributed into a given volume to generate a 

supersaturated gas. Then, the particles can be set in motion to follow the dynamics of the 

phase transition.  However, a problem with this technique is that current computer 

simulations can only consider small volumes (10-17
 cm3) and short simulation times (10-8 

s), which correspond to rates on the order of 1025 cm-3 s-1.  These rates are 15 orders of 

magnitude larger than the highest rates obtained experimentally.  To simulate more 

realistic rates the simulation times would have to be increased by a factor of 1020.   
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 Another way to study the dynamics of phase transitions is Monte Carlo 

simulations. In this case, given an initial configuration of the particles in a system, atoms 

or molecules are moved using Boltzmann’s probability function to make decisions about 

whether to accept or reject the change.  If the value obtained from the Boltzmann 

function is above a certain threshold the move is accepted, if not it is rejected.  Monte 

Carlo simulations of nucleation have been carried out with the aid of umbrella sampling 

techniques, which assign a greater statistical weight to configurations of the system that 

lie between the vapor and liquid.74  In these simulations the vapor is forced to nucleate 

instead of waiting for a critical nuclei to spontaneous appear.  This technique has also 

been applied to simulate the nucleation behavior of strongly polar fluids.75  A major 

problem with this technique is the difficulty associated with identifying those particles 

that belong to the cluster at a given time.76   Furthermore, it is difficult to keep the cluster 

intact over multiple configurations and be able to determine its average properties.   
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CHAPTER 3: NUCLEATION IN A CYLINDRICAL PORE 

 

A. Introduction 

 The processes of capillary condensation and cavitation in porous materials have 

attracted the attention of scientists for more than one hundred years.2  However, recent 

developments in physics and chemistry of nanostructured materials have reshaped the 

nature of the experimental and theoretical work in this area.5,16  Investigations of the 

properties of such systems have provided valuable insights into the physical and chemical 

effects of varying dimensionality and confinement.  They have also been crucial in the 

development and application of microporous and mesoporous materials that are widely 

used for pollution control, mixture separation, and catalysis in the chemical industry.  

Confinement effects are also important in lubrication and adhesion processes, as well as 

in controlling the flow, diffusion and selective absorption of aqueous solutions, 

pollutants, and oil in soil and porous rocks. 

 A wide variety of theoretical techniques have been developed to analyze the 

thermodynamic properties of equilibrium phases in pores with diverse geometries.  Fewer 

studies have focused on the dynamics of phase transitions under confinement.15,18-22  

However, these types of investigations are necessary to understand important aspect of 

capillary condensation and cavitation that depend on fluid dynamics or pore topology. 

The initial work developed in this area has been focused on the behavior of confined 

fluids in slit pores. More recent studies have started to explore the condensation and 
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evaporation pathways of fluids in cylindrical pores using macroscopic and mesoscopic 

theories,77-79 and Monte Carlo simulations.80 

In this chapter, density functional theory is used to study the thermodynamic 

properties of critical nuclei formed in cylindrical capillaries. For this purpose, we apply a 

local density functional based on a square gradient approximation. A similar model has 

been previously used to explore heterogeneous nucleation in slit pores.22  We analyze the 

essential features of the morphological transition between critical clusters with annular 

and lens like symmetry, and investigate the effect of pore size and solid-fluid interactions 

on the properties of the system.  Additionally, we compare the results of DFT with 

predictions derived from a classical capillarity theory. 

The following sections of this chapter present the basic features of the proposed 

density functional theory for an inhomogeneous van der Waals fluid in a cylindrical pore.  

In Sec. C the equilibrium phase behavior of the system is described.  The central results 

of this work are presented in Sec. D, where the properties of critical nuclei are analyzed.  

Section E introduces the classical capillarity theory and compares its predictions for the 

work of formation of critical nuclei with those derived from density functional theory.  

Finally, Sec. F presents the conclusions. 

  

B. Density Functional Theory 

We analyze the properties of a system composed of a cylindrical pore of radius R 

and infinite length filled with a simple van der Waals fluid.  In this case, density profiles 

ρ(r,z) are expected to have cylindrical symmetry and to depend only on the radial r and 
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axial z coordinates. The thermodynamic properties of this inhomogeneous system can be 

derived by minimizing the grand potential ΩΩ

]

[ρ(r,z)] at a given temperature T and 

chemical potential µ. In a square gradient approximation, the grand potential of the 

system can be expressed as81,82  
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sA
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               (3.1) 

 

where f [ρ(r,z)] is the local Helmholtz free energy and the square gradient term describes 

the excess free energy associated with the inhomogeneity of the system.  The local 

Helmholtz free energy for a van der Waals fluid is given by2 

 

[ ] [ ] 2)1ln(1ln ρρρρρ abkTf −−−−= ,          (3.2)                         

 

where a and b account for the effective long-range attractive forces between particles and 

the molecular size of the van der Waals fluid, respectively. The last term in Eq. (3.1) 

models the fluid-solid interactions in the system, which are assumed to be short ranged 

and to depend only on the value of the fluid densities at contact with the solid substrate of 

total area As:82 
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where Sρ represents the contact density, h is the surface field and g is the possible 

enhancement of molecular interactions on the substrate surface. 

The square gradient term in Eq. (3.1) describes the excess free energy associated 

with any inhomogeneities in the system.  This expression is a reasonable approximation 

for the description of systems with density distributions that vary slowly over the range of 

molecular correlations.3,13 For systems in which the density changes are too large or too 

abrupt, such as fluid-solid interfaces or fluid-fluid interfaces in highly immiscible 

mixtures, non-local density functional approaches provide a more realistic 

representation.69,70,113 However, despite its limitations, the square gradient approximation 

has proven to be surprisingly useful in the qualitative analysis of the interfacial properties 

of a variety of systems, from polymer melts114 to proteins in solution.115 Thus, although 

we cannot expect our approach to accurately predict all of the structural features of the 

interfaces of interest (such as density oscillations), it allows us to gain considerable 

physical insight into the behavior of the system. 

For this study we consider pores with an infinite length in contact with a reservoir 

of fluid that determines the systems temperature T and chemical potential µ.  Phase 

coexistence for this fluid occurs at temperatures lower than the critical temperature kTc = 

8a /27b.  The equilibrium states of the system can be found by minimization of the grand 

potential [ ),( zr ]ρΩ  in equation Eq. (3.1) at constant T and µ. This process leads to the 

Euler-Lagrange equation13
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which can be solved by standard iteration techniques to obtain the density profiles 

),( zrρ  for the liquid-vapor interface. The corresponding surface tension γ for an 

interface of area A is then given by 

 

[ ] )(),( ρργ uzrA Ω−Ω= ,             (3.5) 

 

where satu PV =Ω− /)(ρ  is the bulk saturation pressure in a system with volume V. This 

relationship can be used to evaluate the surface tensions  γlv, γsl, and γsv for the planar 

liquid-vapor, solid-liquid, and solid-vapor interfaces, respectively. These quantities, 

together with Young’s equation  olvslsv θγγγ cos=−   ,,  determine the value of the bulk 

contact angle θo at a single planar wall for any given values of h, g, and T. 

We have explored the properties of critical nuclei for vapor-to-liquid and liquid-

to-vapor phase transitions inside a cylindrical capillary.  In the density functional 

approach critical nuclei correspond to saddle points of  [ ]),( zrρΩ  in an open system, but 

become minima of the Helmhotz free energy µρ+Ω=F  for a system with a fixed 

number of particles, 

 

∫∫= rdrdzzrN ),(2 ρπ ..                        (3.6)  
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In this latter case, the system can be envisioned as a fluid confined by cylindrical solid 

walls of radius R, and perfectly nonwetting-nondrying upper and lower flat caps 

separated by a distance L much larger than the axial size of the nucleus.    Using Eq. (3.6), 

together with Eq. (3.4), the Euler-Lagrange equation for a closed system with N particles 

can then be expressed as83
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Density profiles for critical nuclei can be obtained by solving this integro-differential 

equation using a nonlinear multi-grid method for given values of N and T.84 For nuclei 

with cylindrical symmetry, these solutions should satisfy the following boundary 

conditions: 

 

0)/),(( 0 ==rdrzrdK ρ ,          (3.8a) 

)()/),(( zghdrzrdK RRr ρρ ++== ,         (3.8b) 

0)/),(( 2/ ==LzdzzrdK ρ           (3.8c) 

 

where  ρR(z) is the contact density on the curved surface of the cylindrical pore and the 

center of the critical nucleus is assumed to be located at r=0, z=L/2.  Once the density 
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profile ρ(r,z) for a critical nucleus is generated, the corresponding work of formation can 

be calculated by using the following equation 

 

[ ] )]([),(* rzr αρρ Ω−Ω=∆Ω             (3.9) 

 

where Ω[ ρα ] is the grand potential of the surrounding metastable phase with density 

ρα(r) inside the capillary.  At fixed T, the thermodynamic properties of this phase are 

determined by the value of the chemical potential of the system µ  given by Eq.  3.7. 

 

C. Phase Behavior 

The condensation and evaporation of a fluid in a cylindrical capillary are greatly 

influenced by the pore's size and the field strength of the confining walls.  The location of 

the liquid-vapor phase transition in the confined fluid is determined by the equality of the 

excess free energy in Eq. (3.5) for the coexisting phases at a given temperature and 

chemical potential. In a first approximation, we can use classical capillarity theory to 

estimate the location of the transition.  In this approach, the energy cost of confining a 

vapor (∆Ωv) or a liquid (∆Ωl) in a cylindrical pore of radius R and length L immersed in a 

gas at pressure P can be expressed as85 

 

∆Ωv = γsv 2 π R L         (3.10a)  

∆Ωl = -(Pl - P) π R2 L + γsl 2 π R L       (3.10b) 
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where Pl is the pressure of the confined liquid. At coexistence,  ∆Ωl = ∆Ωv and thus 

 

Pl - P= - (γsv - γsl )/ R = - γvl oθcos /R,       (3.11) 

 

where we have used Young's equation. Assuming that the liquid is incompressible and 

the gas is ideal, this last expression can be reduced to the well-known Kelvin equation for 

the pressure at which condensation occurs inside the pore 

 

ρl k T ln(S) =  - 2 γlv oθcos /R,          (3.12) 

 

where ρl is the density of the liquid phase and S=P / Psat is the bulk supersaturation. The 

Kelvin equation predicts the occurrence of condensation inside the pore at 

supersaturations S ≤ 1 for fluids with small contact angles (0  ≤ oθ  ≤ π/2 ), and in 

supersaturated vapors (S > 1) for systems with oθ > π/2.  In general, Eq. (3.12) provides 

an accurate description of the phase behavior of fluids confined in large pores but fails to 

model the behavior of smaller systems. 

We have explored the phase behavior of fluids confined in cylindrical pores as a 

function of the radius R and surface field h using density functional theory (DFT).  To 

simplify the analysis, we have set the dimensionless constant K /(kTc_b 5/3 )= 4.0 and the 

surface enhancement field g = - K/b in all our calculations; these values lead to 

qualitatively realistic surface properties for the van der Waals fluid under various 
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conditions.86  All the numerical results presented in this paper are expressed in reduced 

units, with b 1/3 as the unit of length and kTc  =8a/27b as the unit of energy (h*=h/kTc, 

R*=R/b1/3).  

As predicted by several previous studies,5,16 the phase behavior of the confined 

fluid is characterized by the continuous shift of the liquid-vapor critical point to lower 

temperatures than the bulk value as the radius of the pore is decreased or the surface field 

is increased. The reduction of the pore's width at a fixed temperature leads to the 

disappearance of the liquid-vapor transition below a critical radius Rc as can be seen in 

Fig. 3.1, where we show results for systems at a constant reduced temperature Tr =T / Tc 

=0.5 and surface field h* = 2.0 (corresponding to a bulk contact angle θo= 74.9o).  For 

this set of systems, the location of the liquid-vapor transition (capillary binodal line) 

shifts to lower supersaturations ∆P = Pl – P ≈ ρl k T ln(S) < 0 because solid-fluid 

interactions favor the condensation of the liquid. Eventually, the reduction in the net 

amount of fluid-fluid interactions as R is decreased leads to the appearance of a critical 

point. This behavior certainly deviates from the predictions of the classical capillary 

approach, which are only accurate for the larger pores (solid line in Fig. 3.1).  
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Figure 3.1. Phase diagram in the (∆P-1/R) plane for cylindrical pores with a surface field 

h*=2.0 at a reduced temperature Tr =T/Tc =0.5. Predictions from the Kelvin equation are 

represented with a solid line (θo=74.9o).  The metastability region is delimited by the 

capillary spinodals (dotted lines). 

 

The two coexisting phases for the set of systems represented in Fig. 3.1 are best 

described as an adsorbed gaslike phase and a desorbed liquidlike phase. Analogous to 

bulk fluids, the limit of metastability of each of these phases is determined by the location 

of the liquid and vapor capillary spinodals depicted by dotted lines in Fig. 3.1. These 

spinodal lines correspond to states of diverging compressibility ( d2 ∆Ω / d < ρ >2 ) = 0, 

where < ρ > is the average density inside the pore,85,87 and delimit the regions where the 

dynamics of phase transitions are determined by nucleation processes.   
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D. Nucleation of Bumps, Lenses, and Droplets 

The properties of cylindrically symmetric critical nuclei as a function of 

supersaturation S are summarized in Figs. 3.2 and 3.3. All these results correspond to the 

case of a vapor-to-liquid transition in a cylindrical pore of radius R*=8.0 and surface field 

h*=2.0, at a reduced temperature Tr=0.5.  At high supersaturations, critical droplets in 

these types of systems correspond to annular density bumps that extend along the wall 

over the perimeter of the pore as shown in Fig. 3.2(a). The work of formation ∆Ω* and 

the size of these nuclei, as measured by the excess number of particles, 

 

                     (3.13) rdrdzzrie )),((2 ∫∫ −= αρρπ

 

decrease continuously as we approach the capillary spinodal, where ∆Ω* vanishes [see 

Figs. 3.3(a) and 3.3(b)]. The size and energy cost of the critical annular bumps increase 

as S decreases; the density in the center of the capillary also increases during this process.  
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Figure 3.2. Density profiles ρ(r,z) for critical liquid nuclei in a cylindrical pore with 

R*=8.0 and h*=2.0 at Tr=0.5.  a) Annular Bump: S=1.13, ∆Ω*/kT= 235.8, ie = 779.0; b) 

Lens: S=0.882, ∆Ω*/kT = 430.5, ie= 1078. (r*=r/b1/3, z=z/b1/3 ). 
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Figure 3.3. a) Work of formation ∆Ω* and b) excess number of particles ie of critical 

clusters in a cylindrical pore: R*=8.0, h*=2.0, Tr =0.5, as a function of supersaturation S. 

We indicate the location of the capillary binodal and label states of zero compressibility 

as Sa and S1. 
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Critical nuclei have an annular bump structure between the spinodal and a well-

defined supersaturation S=Sa.  Below this value, there is range of supersaturations in 

which no local minima of the Helmholtz free energy corresponding to critical nuclei exist 

[gap in Figs. 3.3(a) and 3.3(b)]. A different type of critical cluster can be found at lower 

supersaturations, between a supersaturation S1 and the capillary binodal; these nuclei 

have a disk or lens like structure in which the liquid fills the cross section of the capillary 

[Fig. 3.2(b)]. The excess number of particles in these liquid lenses increases rapidly with 

decreasing supersaturation [Fig. 3.3(b)], and diverges at the binodal.  However, the 

associated work of formation reaches a finite constant value determined mostly by the 

liquid-vapor interfacial free energy of the growing column of liquid. This result implies 

that the phase transition inside the cylindrical capillary should proceed at a final rate even 

under conditions of phase coexistence. 

The critical clusters at the supersaturations Sa and S1 have different structures and 

sizes, but the same average density <ρ>. They correspond to thermodynamic states in a 

closed system for which  | d µ / d <ρ>|, and thus |(d2 F/d<ρ>2 )|, diverge; any slight 

variation in the density induces a sudden change in the cluster's structure under such 

conditions. Neimark and Vishnyakov have given the name of “superspinodals'' to these 

states with zero compressibility.80,88  The clusters at the superspinodals do not necessarily 

play a role in the nucleation process in an open system. Figure 2.4 depicts the barrier to 

nucleation for a cylindrical pore at a supersaturation So > Sa. To calculate this barrier we 

have assumed that the free energy cost ∆Ωo  of creating a given cluster of size ie at a 

vapor supersaturation So , determined by the chemical potential µo, can be estimated from 
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the corresponding work of formation ∆Ω* for the same cluster in equilibrium with its 

surrounding vapor with a chemical potential µ*. In particular we take 

 

∆Ωo = ∆Ω* + ie (µ* - µo).          (3.14) 

 

The critical nucleus at the top of the barrier in Fig. 3.4 corresponds to an annular bump. 

Once formed, this cluster may grow and spontaneously transform into a liquid bridge at a 

certain critical size, determined by the intersection of the two independent branches in 

Fig. 3.4, before reaching the stability limit. The morphological transition from bump like 

to lens like states in the condensation and evaporation of confined fluids in cylindrical 

pores has been previously described by Everett and Haynes77 using a classical capillary 

approach, and by Kornev  et al.  based on a mesoscopic theory that introduces the 

interfacial effects of the disjoining pressure.78  Recent Monte Carlo simulations of a 

Lennard-Jones fluid have confirmed this scenario.80  In these simulations, the authors also 

report a spontaneous transition from bump like configurations to uniform films at high 

supersaturations. However, this type of behavior is not observed in our model for which 

annular bump solutions can be found up to the capillary spinodal. Similar results to ours 

are described by Kornev, Shingareva, and Neimark.78  
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Figure 3.4. Free energy barrier  ∆Ωo for the formation of axisymmetric liquid nuclei in a 

cylindrical pore with R*=8.0 and h*=2.0 at fixed Tr =0.5 and supersaturation So=1.343. 

 

We have also studied the properties of critical nuclei inside pores of different 

widths as a function of the supersaturation S. Figures 3.5a and 3.5b illustrate, 

respectively, the variation of the work of formation ∆Ω* and excess number of particles 

ie for pores of different radii (surface field h*=2.0). The energy cost and critical cluster 

size is always larger for the wider pores at any given supersaturation. The supersaturation 

gap associated with unstable states becomes smaller as the value of R increases and the 

transition between bump like and lens like structures is less pronounced. 
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Figure 3.5. a) Work of formation ∆Ω* and b) excess number of particles ie of critical 

clusters as a function of the supersaturation S for cylindrical pores of various radii R*; 

(h*=2.0, Tr=0.5). 
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Figure 3.6 illustrates the effect of the surface field h* on the work of formation of 

critical clusters in a pore with a fixed radius R*=8. In this case, the system evolves from a 

condition of partial wetting at h*=2.0 (θo=74.9o) to a state of partial drying at h*=0.5 

(θo=132.3o).  A decrease in the value of the surface field shifts the locations of the 

binodal and vapor spinodal to higher supersaturations; the energy cost for the formation 

of critical clusters inside the capillary increases at any given supersaturation during this 

process. Note that the barrier to nucleation near capillary coexistence passes through a 

maximum for values of h* leading to a bulk contact angle of 90o ; this result is 

independent of the size of the pore. As solid-fluid interactions become less favorable, the 

critical nuclei start detaching from the wall and the instability gap disappears. Under 

these circumstances, the density profiles for critical clusters have a maximum at the 

center of the pore and nuclei resemble convex lenses at all supersaturations. 

Critical droplets that do not have cylindrical symmetry can also form on the 

internal wall of the capillary. The analysis of their properties is computationally more 

demanding as the density profiles depend on the three spatial coordinates. We have 

explored the properties of such droplets at high supersaturations where the critical 

clusters are small compared to the radial cross section of the capillary. Our results 

indicate that under such conditions the work of formation of these asymmetric droplets is 

always smaller than the energy cost of creating an annular bump at the same 

supersaturation. Thus, one can expect the asymmetric clusters to determine the dynamics 

of the phase transition at high values of S, particularly for wider pores. Similar results 

have been recently described by Lefevre et al using a classical capillarity approach and 
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surface energy minimization techniques.79  In this work, the authors indicate that the 

asymmetric droplets eventually become unstable as their volume increases and a sudden 

transition to lens like solutions occurs. We can expect a similar transition in the van der 

Waals fluid as the supersaturation, and thus the average density inside the pore, increases. 

Additional calculations are needed to confirm this scenario. 

 

 

 

Figure 3.6. Work of formation ∆Ω* of critical clusters as a function of the supersaturation 

S for cylindrical pores with different surface fields: h*=3.0, θo= 32.8o ; h*=2.0, θo= 74.9o ; 

h*=1.6, θo = 89.8o ; h*=1.2, θo= 132.3o. R*=8.0 and  Tr=0.5 for this system. 
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The properties of critical bubbles formed in metastable liquids inside cylindrical 

pores are analogous to those just described for the vapor-to-liquid transition. The 

behavior of critical gaseous bumps, lenses, and bubbles for values of the surface field h* 

that favor partial drying of the capillary wall is qualitatively identical to that of liquid-like 

nuclei under partial wetting conditions. 

 

E. Classical Capillarity Theory 

Results from DFT for the work of formation of critical nuclei inside a cylindrical 

pore can be compared with predictions from the classical capillarity theory (CCT). In this 

approach, all nucleating clusters are treated as macroscopic droplets with bulk surface 

tensions. Let us consider a liquid droplet inside a capillary of radius R. The energy cost of 

creating this droplet maybe written as89

 

∆Ω = V∆P  + Alv γlv + Asl (γsl - γsv) + τ Lslv           (3.15) 

 

where ∆P=Pl - P is the pressure difference between the liquid in the droplet and the 

surrounding vapor; V is the volume of the droplet; Alv and Asl are the areas of condensed 

phase in contact with the vapor and the cylinder wall, respectively; and τ is the line 

tension of the three-phase contact line of length Lslv.  

For symmetrical droplets such as annular bumps and liquid lenses, the work of 

formation ∆Ω can be expressed in terms of the position of the liquid-vapor interface z(r) 

as defined in Fig. 3.7:79
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where z' (r) = d z(r)/ dr. The shape of the critical nucleus is generated by solving the 

Euler-Lagrange equation δ ∆Ω / δ z(r) = 0 that can be expressed as 
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The solutions to this equation should satisfy appropriate boundary conditions, in 

particular Young's equation at the wall of the container, 

 

lv

slsv

Rz
Rz

γ
γγ

θ
−

==
+

)cos(
)('1

)('
02

         (3.18) 

 

and 

 

∞== crrdrrdz ]/)([ ,      (Annular Bump)      (3.19a) 

[dz(r) / dr]r=0=0 (Lens)                   (3.19b) 

 

where rc defines the position of the annular tip of the bump. 
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Figure 3.7. Schematic diagram of a classical nucleus in a cylindrical pore of radius R.  

The function z(r) determines the location of the interface; r is the radial coordinate and θo 

is the contact angle. 

 

The second order differential Eq. (3.17) can be integrated from an arbitrary point 

r to the maximum radius R using Eq. (3.18). The result yields 

 

2)(1
)()('
rg

rgrz
−

=            (3.20) 

 

with 

 

⎥
⎦

⎤
⎢
⎣

⎡
−

∆
+= )(

2
)cos(1)( 22 rRPR

r
rg

lv
o γ

θ         (3.21) 



 63

Capillary coexistence is determined by the Kelvin relationship in Eq. (3.11).  For 

all supersaturated vapors ∆P >-2 γlv cos(θo)/R, and thus it is always possible to find a 

value of 0< r = rc < R for which g(rc)=1. Hence, CCT predicts that the critical nuclei for 

metastable vapors confined in cylindrical pores have an annular shape that can be 

determined by numerically integrating Eq. (3.20). The solution may then be used to 

calculate the corresponding work of formation ∆Ω* using Eq. (3.16). The lens like 

solution becomes available only in the limit of capillary coexistence, where g(r)=r∆P / 2 

γlv. The resulting shape corresponds to that of a spherical cap. These results imply that in 

the classical theory the bump-to-lens transition is confined to the capillary binodal for all 

values of the contact angle. 

DFT can be used to calculate the different interfacial tensions, γlv,  γsl,  γsv, and the 

line tension τ for the van der Waals fluid.2,90  These results then can be used to estimate 

the work of formation ∆Ω* as predicted by CCT for this system. In Fig. 3.8 we compare 

the predictions of DFT and CCT for  the work of formation of critical droplets inside a 

cylindrical pore with R*=8.0 and h*=2.0 at Tr=0.5. In the case of CCT, we also include 

results that show the effect of neglecting the free energy contributions from the line 

tension. As can be seen in this figure, the predictions of the classical approach follow 

closely those of DFT when the line tension is taken into account, even for the branch of 

lens like nuclei. For the systems investigated in this work the line tension is negative  (τ* 

= τb1/3 / kT=0.605 for h*=2.0 and g*=-4), but qualitatively similar results are seen in 

other cases. Without the line tension term, CCT overestimates the height of the barrier to 

nucleation at all supersaturations. These results are in agreement with recent work by 
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Lefevre  et al who used CCT to analyze their experimental results on intrusion-extrusion 

cycles of water in hydrophobic mesopores.79 In this work, inclusion of a negative line 

tension as an adjustable parameter results in excellent agreement between theory and 

experiment for the extrusion processes. In general, the classical approach becomes less 

accurate as the supersaturation is increased towards the capillary spinodals and for all 

critical clusters in the smaller pores. However, CCT and DFT results compare reasonably 

well even in these cases.  

 

Figure 3.8. Comparison of the work of formation ∆Ω* of critical clusters as predicted by 

the Density Functional Theory (DFT) and the Classical Capillarity Theory (CCT) in a 

cylindrical pore with R*=8.0 at different supersaturations S.  The line tension 

τ*=τb1/3/kTc=0.605 for a liquid-vapor-solid interface with a surface field h*=2.0 at Tr 

=0.5.  Results for the case when the line tension contribution to the free energy is 

neglected (τ=0) are also shown in this figure. 
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F. Conclusions 

DFT is a powerful tool to explore the thermodynamic properties of 

inhomogeneous fluids. In particular, in this work we have used a local DFT in the square 

gradient approximation to investigate the thermodynamic properties of critical nuclei for 

the liquid-vapor transition of van der Waals fluids confined in cylindrical pores. The 

proposed model has allowed us to describe the effect of pore size, surface field, and 

supersaturation on the behavior of the system. 

Our calculations predict the existence of at least three different pathways for the 

nucleation of droplets and bubbles in partially wet/dry cylindrical capillaries. Nucleation 

at high supersaturations occurs in the form of asymmetric droplets or bubbles in contact 

with the wall or as symmetric annular bumps that span the internal perimeter of the pore.  

As the supersaturation increases, these solutions become suddenly unstable and lens like 

droplets or bubbles develop. This morphological transition is driven by the existence of 

states of zero compressibility in the capillary. These states enclose a region of instability 

where no local minima of the Helmholtz free energy exist. Previous theoretical works by 

Everett and Haynes,77 based on CCT, and Kornev et al, based on a Dejarguin model,78 

discuss this morphological transition between axisymmetric nuclei in wet capillaries. 

Recent Monte Carlo simulations for a Lennard-Jones fluid confirm this scenario.80  

In this work, we have taken advantage of DFT to study the nucleation process in 

cylindrical capillaries under a wide variety of conditions. Our results show that the size 

and work of formation of all types of liquid nuclei increase as the supersaturation 

decreases. In particular, the size of lens-like clusters diverge at the binodal while the 
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corresponding work of formation reaches a finite value at coexistence. The height of the 

barrier to nucleation is smaller for the smaller pores and decreases with increasing values 

of the surface field (smaller contact angles). Analogous results are found in the nucleation 

of bubbles in metastable liquids. 

We have shown that the classical capillarity theory provides surprisingly accurate 

predictions of the work of formation of critical nuclei in the van der Walls fluid, but only 

when the contributions of the line tension are incorporated. The crucial effect of the line 

tension on the classical results has been consistently demonstrated by previous theoretical 

studies on the heterogeneous nucleation of fluids.22,90,91  It has also been confirmed by 

studies based on experimental results for the extrusion of water from hydrophobic 

mesopores.79 

Simple models based on DFT have allowed us to develop a reasonably good 

understanding of the dynamics of phase transitions of monocomponent fluids in pores 

with simple geometries.  However, there is a need to develop models to study more 

complex systems that include the effects of chemical and geometrical heterogeneity. 

Simple local models, such as the one discussed in this chapter, can also be applied to 

explore phase separation processes of fluid mixtures in porous media. 
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CHAPTER 4: NUCLEATION ON A SINGLE DISK AND IN-BETWEEN TWO 

DISKS 

 

A. Introduction 

In the last few years, there has been renewed interest in the heterogeneous 

nucleation of droplets and bubbles between solid surfaces or large particles.  On the one 

hand, the formation of microscopic liquid bridges between lyophilic (liquid attracting) 

surfaces plays a central role in lubrication processes, particle interaction in granular 

matter, friction, and corrosion.  Moisture condensation at nanocontacts influences the 

performance of scanning probe instruments and of magnetic hard-disk devices.23  On the 

other hand, interactions between lyophobic (liquid repelling) particles seems to drive 

amphiphile aggregation in micelles and membranes and govern protein folding.24-26  In all 

these cases, strong forces between surfaces or particles brought into contact seem to 

result from the metastability of the semiconfined fluid. 

Recent studies of nucleation of droplets on chemically patterned surfaces indicate 

that the presence of domain boundaries seems to induce interesting nucleation 

phenomena that alter the dynamics of the liquid-vapor phase transition. For example, 

nucleation of droplets on a lyophobic surface with a circular lyophilic domain proceeds 

through a double free energy barrier at intermediate supersaturations.92,93 Researchers are 

also starting to explore the effects that confinement between two patterned surfaces has 

on the behavior of the system.94
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Many of the aforementioned systems involve surfaces or particles with well 

defined physical boundaries where the effects of surface size and edge may be 

significant. Thus, in this chapter we extend our work in density functional theory to study 

the effect of physical boundaries on the heterogeneous nucleation of droplets and 

bubbles. In particular, we consider the case of nuclei formed on a single cylindrical plate 

or between two such disks immersed in a metastable fluid. Most related studies in this 

area have focused on the equilibrium and stability features of liquid bridges between flat 

or curved surfaces in nonvolatile fluids. A classical capillarity approximation is normally 

used to derive the shape of the meniscus and estimate the adhesion forces.95-99 A variety 

of computer simulations have also been performed in recent years to study solvation and 

the mean force between nanoparticles immersed in a stable fluid.100-105 Many of our 

results have strong relevance for these types of systems. 

In the present study, we focus our attention on the properties of nuclei formed on 

cylindrical plates with partially wet surfaces. For this purpose, we use a local density 

functional theory in the square gradient approximation that has proven to be very useful 

in analyzing heterogeneous nucleation on solid substrates. This approach allows us to 

study the thermodynamic properties of different aggregates, and investigate the effect of 

disk size, disk separation, and solid-fluid interactions on the dynamics of liquid-vapor 

phase transitions. 

The chapter is organized as follows: In Sec. B we describe the basic features of 

the density functional that are different from the previous chapter, which were used to 

derive the bulk and interfacial properties of the system, and the density profiles and work 



 69

of formation of critical nuclei at any given supersaturation. The properties of nucleating 

aggregates on a single disk and between two coaxial disks are presented in Sec. C, where 

we discuss the corresponding results in two subsections. Finally, in Sec. D we present our 

conclusions. 

 

B. Density Functional Theory 

We analyze the properties of a system composed of one or two cylindrical plates 

of radius R and width W surrounded by a simple van der Waals fluid.  For simplicity, we 

assume that the disks are coaxial and parallel to each other, with their symmetry axis in 

the z-direction (Fig. 4.1). Thus, density profiles ρ(r,z) are expected to have cylindrical 

symmetry and to depend only on the radial r and axial z coordinates. The thermodynamic 

properties of this inhomogeneous system can be derived by minimizing the grand 

potential ΩΩ[ρ(r,z)] in Eq. (3.1) at a given temperature T and chemical potential µ.  

Density profiles for critical nuclei can be obtained by solving the integro-differential 

Euler-Lagrange equation in Eq. (3.7) using a nonlinear multi-grid method for given 

values of N and T.84 For heterogeneous nucleation on a single disk, these solutions should 

satisfy the boundary conditions  

 

)()/),(( zghdrzrdK RRr ρρ −−== ,   2/|| Wz ≤      (4.1a) 

)()/),(( 2/2/|| rghdrzrdK WWz ρρ −−== ,  Rr ≤                  (4.1b) 

0)/),(( 0 ==rdrzrdK ρ ,                     (4.1c) 
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where  ρR(z) and ρW/2(r) are the contact densities on the curved and planar surfaces of the 

cylindrical plate, respectively, and where the center of the disk is assumed to be located 

at r=0, z=0. In the case of two identical coaxial disks separated by a distance L, it is 

convenient to take advantage of the symmetry of the system and place the center of the 

disks at r=0 and |z|=L/2. Calculations can then be simplified by introducing the 

symmetry property ρ (r,z) =ρ (r,-z).  Once the density profile for a critical nucleus is 

generated, the corresponding work of formation can be calculated using Eq. (3.9). 

 

 

Figure 4.1. Schematic representation of a) a cylindrical single plate of radius R and b) 

two parallel cylindrical plates separated a distance L. 

 

C. Critical Nuclei 

We have explored the properties of critical nuclei formed both on a single disk of 

radius R and width W and between two identical coaxial disks separated by a distance L 
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(Fig. 4.1). To simplify our analysis, we have set the dimensionless constant 

and the surface enhancement field 0.4)/( 3/5 =bkTK c bKg /−= in all our calculations.86 

The numerical results presented below are expressed in reduced units, with b1/3 as the unit 

of length,  kTc = 8a/27b as the unit of energy, and Tr = T/Tc as the reduced temperature 

(h* = h/kTc, R* = R/b1/3, W*=W/ b1/3, L*=L/b1/3). We have set Tr=0.5 in all cases. Our 

description focuses on the properties of nucleating liquid droplets from a metastable 

vapor. However, we have also analyzed the formation of bubbles in liquid-to-vapor 

transitions, which exhibit a very similar qualitative behavior. Fluid-solid interactions are 

chosen such that the fluid always partially wets ( 2/0 πθ ≤< o ) or partially dries 

( πθπ << o2/ ) the surface of the disks. 

 

Single Disk 

The geometry of critical droplets formed on the surface of a cylindrical plate with 

a given radius R*, width W*, and surface field h* depends on the supersaturation S=P/Psat, 

where P is the pressure of the surrounding metastable vapor. At high values of S, small 

clusters form preferentially on one of the flat sides of the disk (asymmetric bump) as 

shown in Fig. 3.2(a). In this figure, we present the density profiles ρ(r,z) for a droplet 

formed on a disk with R*=3.0, W*=3.0, and h*=2.0 (corresponding to a bulk contact 

angle on a planar substrate (θo=74.9o). As the supersaturation decreases, critical nuclei 

become larger and a new type of cluster develops for values of S lower than Sβ. These 

types of droplets completely surround or engulf the disk as shown in Fig. 4.2(b). For a 
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small range of supersaturations Sα<S<Sβ, the two types of clusters may coexist in the 

system, but the asymmetric bump becomes unstable at values of S<Sα. 
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Figure 4.2.  Density profiles ρ(r,z) for critical liquid nuclei on a single disk with R*=3.0, 

W*=2.0, and h* = 2.0 at Tr = 0.5. a) Annular bump at S =  1.9794; b) Engulfing cluster at 

S=1.5954.   r* = r/b1/3 and z* = z/b1/3 in this figure. 

The size of all critical nuclei, as measured by the excess number of particles (Eq. 

3.13) and the associated work of formation *∆Ω decreases as the supersaturation 

increases, as illustrated in Figs. 4.3(a) and 4.3(b), respectively. These figures show that 

asymmetric bumps and engulfing droplets define two distinct nucleation pathways, both 

of which may be available for a limited range of supersaturations (Sα<S<Sβ). Under these 

particular conditions, the barrier to nucleation via engulfing clusters is always higher than 

that corresponding to the asymmetric bumps, even though these types of clusters are 

larger at these supersaturations. Our results indicate that nucleation on a single cylindrical 

plate likely proceeds via the formation of a small asymmetric droplet condensed on one 

side of the disk, which engulfs the disk in a sharp transition when reaching a critical size. 

A similar behavior is observed in the nucleation of bubbles from a metastable liquid in 

contact with a lyophobic (liquid repelling) disk. 

The location of the transition region between the two types of critical clusters 

changes as the surface field h* is varied. For more lyophilic (liquid attracting) surfaces, 

the height of the barrier to nucleation decreases and the transition occurs at higher 

supersaturations (see Fig. 4.4). The more attractive solid-fluid interactions favor the 

collapse of the asymmetric bumps into a fluid layer that covers the disk for clusters with a 

smaller number of particles. The transition between asymmetric bumps and engulfing 

nuclei becomes less sharp as h* increases, until it eventually turns into a continuous 
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process for larger values of the surface field. The location of the surface spinodal, at 

which the work of formation ∆Ω* of the critical nucleus goes to zero, also shifts to lower 

values of S as the solid-fluid interactions are favored. 

 

Figure 4.3.  a) Work of formation ∆Ω* of critical nuclei as a function of the 

supersaturation S for a single disk with R*=3.0, W*=2.0, and h* = 2 .0 (θo = 74.9o) at Tr 
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= 0.5. Sα indicates the supersaturation below which annular bumps are no longer stable; 

Sβ  bounds the region where engulfing critical nuclei can be found.  b) Excess number of 

particles ie of the corresponding critical nuclei as a function of the supersaturation. 

 

Figure 4.4. Work of formation ∆Ω* of critical nuclei as a function of the supersaturation S 

for a single disk with R*=3.0, and W*=2.0 at Tr = 0.5, and different values of the surface 

field: h*=2.0 (θo = 74.9o); h*=2.5 (θo = 56.0o). 

 

The location and nature of the transition between different types of nuclei also 

depends on the width W* and radius R* of the disk. In general, the transition becomes 

sharper and shifts to lower supersaturations (and thus, larger cluster sizes and higher 
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energies) as the disk width and radius increase. In contrast, the transition becomes 

continuous for the smaller systems. Varying the values of W* and R* has little effect on 

the size of the critical nuclei at any given supersaturation. 

Two Coaxial Disks 

Critical nuclei formed between two coaxial disks immersed in a metastable fluid 

are expected to have cylindrical symmetry. For large separations L*, small nuclei have 

properties similar to those described in the previous section for clusters deposited on a 

single plate. Thus, in this section we focus our attention on the properties of aggregates 

that span the distance between the two plates. In particular, we explore the behavior of 

systems in which the distance between disks L* is of the same order of magnitude as the 

disk radii R*. Typical density profiles ρ(r,z) for these types of clusters are depicted in 

Figs. 4.5(a) and 4.5(b). 

Nucleation of liquid bridges between cylindrical plates of radius R* is 

characterized by the presence of a double free energy barrier for a finite range of 

supersaturations between the binodal and the vapor spinodal. In this region, it is possible 

to find three types of clusters corresponding to minima of the Helmholtz free energy 

)],([ zrF ρ  with different numbers of particles at the same supersaturation. This is 

illustrated in Figs. 4.6(a) and 4.6(b) where we show the behavior of the work of 

formation ∆Ω* and the excess number of particles ie as a function of supersaturation S for 

critical clusters in a system with W*=3.0, R*=5.0, L*=8.0, and h*=1.5 (bulk contact angle 

θo= 93.5o). As demonstrated below, aggregates on branches AB and CD in these figures 

correspond to maxima of the grand potential in an open system and thus can be identified 
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as critical nuclei. Clusters along the BC branch are local minima of )],([ zrρΩ under such 

conditions and can be characterized as metastable droplets. 
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Figure 4.5.  Density profiles ρ(r,z) for liquid bridges in between two disks with R*=5.0, 

W*=3.0,  L* = 8.0, and h*= 1.5 at Tr = 0.5. a) Liquid bridge at S =  1.7450 (ie=264.); b) 

Liquid bridge at S=1.8131 (ie=686.).  r* = r/b1/3 and z* = z/b1/3 in this figure. 
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Figure 4.6.  a) Work of formation ∆Ω* of liquid bridges as a function of the 

supersaturation S for two coaxial disks with R*=5.0, W*=3.0,  L* = 8.0, and h*= 1.5 (θo = 

93.5 )at Tr = 0.5. b) Excess number of particles ie of the corresponding clusters as a 

function of the supersaturation. 

Since a liquid bridge can be thought of as a relatively isolated group of molecules, 

its free energy should depend mainly on the interactions among its molecules, but not on 

the surrounding vapor pressure. Thus, in a first approximation, given the work of 

formation ∆Ω* for a cluster of size ie in equilibrium with its surrounding vapor at a 

chemical potential µ, the energy cost of creating the same aggregate at a different 

chemical potential µ can be approximated by 

 

)( ** µµ −+∆Ω=∆Ω ei .            (4.2) 

 

Given a set of values for ∆Ω* and ie, for critical nuclei formed at different 

supersaturations S* (or chemical potentials µ*), this relationship can then be used to 

estimate the shape and height of the free energy barrier to nucleation at a particular 

supersaturation S (µ) and to analyze the stability of the different clusters under such 

conditions. 

Figure 4.7 illustrates the results of applying the transformation in Eq. (4.2) to 

those clusters whose properties are depicted in Figs. 4.6(a) and 4.6(b). In Fig. 4.7, we 

show the free energy barrier to nucleation ∆Ω as a function of the excess number of 
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particles ie for the set of supersaturations highlighted by the small arrows on the S axis in 

Fig. 4.6(a). Nucleation at supersaturations lower than SB, such as S1 in Fig. 4.6(a), 

proceeds through a barrier with a single maximum, as is the case for conventional 

systems. The critical nucleus under these conditions corresponds to a cluster on branch 

CD in Fig 4.6(a). However, at SB, the free energy barrier has an inflection point from 

which a maximum and a minimum develop for higher supersaturations. The new 

maximum in the free energy at supersaturations SB<S2<SC in Fig. 4.7 represents the 

energy barrier to formation of a metastable droplet, and corresponds to an aggregate on 

branch AB [Fig. 4.6(a)]. The local minimum in the curve represents a metastable 

aggregate whose properties are given by those of a cluster on branch BC. The work of 

formation of these metastable droplets decreases with increasing supersaturation, but 

their size increases in the process as illustrated in Figs. 4.6(a) and 4.6(b). These droplets, 

and the associated critical nuclei, tend to be liquid bridges that have a thinner middle 

section [see Fig. 4.5(a)]. 
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Figure 4.7.  Free energy barrier ∆Ω for the formation of liquid bridges between two disks 

with R*=5.0, W*=3.0,  L* = 8.0, and h*= 1.5 at Tr = 0.5. Different curves depict the 

barrier to nucleation at those supersaturations highlighted in Fig. 3.6(a). 

Nucleation of the stable phase occurs through a double barrier for 

supersaturations SB<S<SC. First, an activation barrier needs to be overcome to form the 

metastable droplet from which the new phase may develop if enough energy is available 

to go over the second free energy peak. This second process should determine the rate of 

nucleation at low values of S>SB, but become less dominant at higher supersaturations. 

Eventually, at SC, the possibility of finding a metastable cluster disappears and the second 

barrier to nucleation vanishes. At higher supersaturations (S4>SC in Fig. 4.7), the 

dynamics of the phase transition is again determined by a single free energy barrier with 

a height that vanishes at the surface spinodal. 
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Nucleation through a double barrier has also been predicted for the case of a 

metastable vapor in contact with a planar lyophobic substrate patterned with a circular 

lyophilic domain.92,93 In this case, the double maxima appear because of the 

nonmonotonic variation in the radius of curvature of the vapor-liquid interface with the 

volume of the critical droplet. In general, one expects the radius of curvature to increase 

with the volume of the aggregate. However, the presence of a domain boundary at which 

the contact angle with the substrate changes, causes the radius of curvature to first 

decrease and then increase again for bigger critical droplets. The free energy cost of 

creating the nuclei passes through a minimum in this process. Our results suggest that the 

presence of a morphological boundary, the perimeter of the disks in our case, is capable 

of inducing a similar phenomenon. In our system, the mean curvature of the liquid-vapor 

interface for the liquid bridge is expected to increase as the supersaturation increases. 

Thus, according to Fig. 4.6(b), the mean curvature passes through a maximum as the 

cluster size ie increases (point C). The work of formation of the aggregates ∆Ω* reaches a 

local minimum at this point [Fig. 4.6(a)], which corresponds to the highest 

supersaturation SC  at which metastable droplets may form. 

Favoring solid-fluid interactions between the disks and the surrounding fluid 

widens the range of supersaturations in which nucleation through a double barrier may be 

observed, as shown in Fig. 4.8. For these more lyophilic surfaces, metastable liquid 

bridges may be formed at lower supersaturations and at a smaller free energy cost (BC 

branch). Attractive interactions favor the condensation of the fluid between the plates and 

reduce the barrier to nucleation. Increasing the surface field h* may result in negative 
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values for the work of formation ∆Ω*  of the liquid bridges, which become stable with 

respect to the metastable surrounding fluid. In contrast, the double barrier, and the 

associated free energy minimum, disappear below a critical lower value of h*, where only 

conventional nucleation is observed.  

 

Figure 4.8.  Work of formation ∆Ω* of liquid bridges as a function of supersaturation S 

for two coaxial disks with R*=5.0, W*=3.0, and L* = 8.0 at Tr = 0.5, and different values 

of the surface field: h*=1.0 (θo = 112.3o); h*=1.25 (θo = 102.6o); h*=1.5 (θo = 93.5o) 

 

A similar behavior to that observed by favoring fluid-solid interactions may be 

induced by increasing the disk radii R*, and thus the contact area with the vapor [Fig. 

4.9(a)]. Condensation occurs at lower supersaturations as R* increases, and the free 
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energy barrier to nucleation at a given supersaturation decreases in the process. The 

greater the size of the disks, the larger the liquid bridges that can be stabilized. For a 

given value of the disk separation L*, metastable liquid bridges can form only between 

plates larger than a critical size. However, we should expect that nucleation through a 

double barrier, and the associated formation of metastable or stable liquid bridges, will 

eventually disappear for large values of R*>>L* where the dynamics of phase transition 

should be similar to that of a metastable fluid confined in a slit pore. The stability of 

condensed aggregates can also be increased by reducing the distance between the disks L* 

at any given surface field h* [Fig. 4.9(b)]. In this case, however, nucleation through a 

double barrier tends to occur at higher supersaturations. Decreasing the value of L*, 

reduces the activation barrier for the formation of metastable clusters, but increases the 

actual free energy barrier for the formation of the liquid phase at a given supersaturation. 

Stable liquid bridges cannot be found beyond a certain disk separation for a fixed disk 

size. As can be expected, changes in the disks’ width produce only slight changes in the 

behavior of the system, which rapidly become negligible as W* increases. 

Formation of bubbles in between lyophobic disks immersed in a metastable liquid 

exhibits a behavior qualitatively similar to that just described for the vapor-to-liquid 

transition. In this case, however, metastable bubbles that span the distance between plates 

form more easily as the fluid-solid interactions become weaker, which shifts the stability 

region to larger supersaturations. 

 

 



 85

 

 

 

 

 



 86

 

Figure 4.9. Work of formation ∆Ω* of liquid bridges as a function of supersaturation S 

for two coaxial disks with h*=1.5 and W*=3.0 at Tr = 0.5. a) L*=8 and different values of 

the radius R*; b) R*=8 and different values of the disk separation L*.  
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D. Conclusions 

We have used density functional theory in a square gradient approximation to 

explore the properties of critical nuclei formed on cylindrical plates immersed in a 

metastable vapor or liquid. This approach allows us to investigate the effects of disk size, 

disk separation, and surface forces on the dynamics of liquid-vapor phase transitions in 

simple fluids. Our results indicate that the nucleation process is strongly influenced by 

the values of these different parameters. The finite size of the single or coaxial disk 

surfaces induces nucleation phenomena that are not observed in the limit 

corresponding to either a planar wall or a slit pore. ∞→*R

Heterogeneous nucleation on a single disk is characterized by the existence of two 

distinct types of critical nuclei that control the phase transition dynamics at different 

supersaturations. Asymmetric droplets or bubbles formed on one side of the disk are the 

preferred nucleation path at high values of S. However, these types of aggregates become 

unstable close to the binodal, where they abruptly collapse into nuclei that engulf the 

cylindrical plates. Both types of clusters may coexist in a narrow range of 

supersaturations between the binodal and the spinodal, but the height of the free energy 

barrier to nucleation is always lower for the asymmetric bumps. The sharp transition 

between these two possible types of nuclei becomes more gradual as the size of the disks 

decreases or as the fluid-solid interactions are either favored, in the case of droplets, or 

disfavored, for nucleating bubbles. 

Droplet or bubble nucleation between two disks may occur through a free energy 

barrier with one or two maxima depending on the value of the system parameters and the 
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supersaturation. In particular, barriers with two maxima occur at intermediate values of S 

for which metastable or stable droplets (bubbles) that bridge the two disks may form in 

the system. The stability of these aggregates is enhanced by favoring, in the case of 

droplets, or disfavoring, in the case of bubbles, the solid-fluid interactions or by 

decreasing the distance between plates. The existence of a double barrier to nucleation is 

associated with the nonmonotonic behavior of the mean curvature of the liquid-vapor 

interface of the critical nuclei as their size increase. The same type of behavior has 

recently been predicted for the nucleation of droplets on chemically patterned surfaces 

using a classical capillarity approximation.92,93 The presence of well-defined chemical or 

physical boundaries on the solid substrate seems to be a necessary condition to induce 

this type of phenomenon. 

In this work, our analysis has focused on the behavior of systems in which solid-

fluid interactions induce nucleation processes in a metastable phase. However, we can 

expect that as the surface field h* is increased to promote wetting, or the separation 

between disks is reduced to values considerably smaller than their radii, the region in 

which metastable or stable droplets may form will shift to lower supersaturations 

eventually including the undersaturated vapor. Similarly, bubbles may nucleate between 

drying plates immersed in a stable liquid. These types of wetting or drying transitions 

have been observed experimentally in systems in which two surfaces or two large 

particles are brought into contact. Moisture condensation at nanocontacts1 and the 

dewetting-induced collapse of hydrophobic particles100-102 are two good examples of such 

phenomena.  Although the particular geometry of the lyophilic surfaces or the lyophobic 
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particles may have an influence on the dynamics of the wetting/drying transitions, 

nucleation of nanodroplets or nanobubbles in these types of systems can be expected to 

proceed via a mechanism similar to that described in this chapter for coaxial disks 

immersed in a metastable fluid. Recent molecular dynamics simulations for nanometer-

sized hydrophobic square plates immersed in water seem to confirm this scenario.104 

Stable nanobubbles are observed forming between two plates only after density 

fluctuations in the system achieve a critical size. The size of the bubbles and their 

stability follow patterns similar to those described in the previous section as the plates’ 

size and separation are varied. In particular, long-lasting bubbles are only observed when 

the hydrophobic plates are larger than a critical size, and their formation shows the 

hysteretic behavior characteristic of activated processes. These types of studies are 

beginning to shed light on the role of hydrophobic interactions in the thermal stability of 

proteins.106
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CHAPTER 5: GATING MECHANISM IN NANOPORES 

 

A. Introduction 

Nanopores permeated by fluids are characteristic structures in systems as diverse 

as zeolites7 and cellular membranes.8,9 In this latter case, nanopores act as channels for 

molecules to move through the lipid bilayer.  However, these channels are usually 

“gated” and can interrupt the flow of molecules from one side to the other. Recent 

atomistic simulations107-111 and theoretical112 studies suggest that a phenomenon similar 

to capillary evaporation in nanopores may play a central role in the gating mechanism.

Molecular dynamics simulations of water-like fluids confined in a nanochannel 

connecting two reservoirs have revealed the existence of striking oscillations in the 

density of the confined fluid on a nanosecond time scale.107-111 The intermittent 

permeation of the channel seems to be sensitive to the physical properties of the pore and 

to the nature of the confined fluid. Allen and coworkers,111 for example, observed 

fluctuations between empty and filled states in nanopores immersed in water but not in a 

Lennard-Jones reference fluid. These results have sparked interest in determining 

whether the observed empty-full transition is a generic fluid phenomenon or specific to 

polar or hydrogen bonding fluids.112   

Several authors have suggested that the oscillating behavior of fluids confined in 

nanopores can be explained as alternating capillary evaporation and condensation driven 

by pressure fluctuations in the surrounding fluid.110,111 Their analysis of the free energy 

surface in these types of systems reveals the existence of two possible states, 
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corresponding to an “empty” and a “full” pore, with relative free energies that vary 

depending on the size of the pore and the thermodynamic conditions. Oscillations are 

then explained as fluctuation-driven transitions between these two configurations. 

Most of our current understanding of the properties and behavior of fluids 

confined in nanochannels has been revealed by computer simulations of model 

systems.107-111 Only a few theoretical studies have been developed to provide additional 

physical insight.112  Thus, in this work we apply density functional theory in a gradient 

square approximation to explore capillary evaporation and condensation in nanochannels. 

In particular, we consider systems composed of a single cylindrical pore of finite length 

connecting two large reservoirs of a stable van der Waals liquid. Our model allows us to 

systematically explore the effect of the pore’s length, width and surface fields on the 

location of the transition between “empty” (vapor-filled)  and “full” (liquid-filled) states. 

We also compare our predictions with those of a phenomenological model based on the 

capillarity approximation for the same types of systems. 

This chapter is organized as follows. Our model for the nanochannel and the 

corresponding density functional approach are described in Section B. The details of the 

associated capillary approximation are introduced in Section C. The central results of our 

work are presented and discussed in Section D, while Section E presents our conclusions. 

 

B. Density Functional Theory 

In our model, a membrane with a single channel or pore is represented by a rigid 

flat wall with a cylindrical hole of length L, equal to the membrane’s width, and radius R 
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(see Fig. 5.1a). At both ends, the pore opens to reservoirs filled with a van der Waals 

fluid at temperature T and chemical potential µ. Given this geometry, density profiles are 

expected to have cylindrical symmetry and depend only on the radial r and axial z 

coordinates.  In a density functional approach, the thermodynamic properties of stable 

configurations of this open system can be derived by minimizing the grand potential Ω 

Eq. (3.1) at fixed T and µ.84    
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Figure 5.1. a) Schematic representation of a pore of radius R and length L.  b) Schematic 

representation of a bubble trapped inside a cylindrical pore or radius R and length L in the 

capillary approximation. θo is the bulk contact angle and R’ is the radius of the cap.  

 

For this study we assumed that the surface fields h and g in Eq. (3.3) can take 

different values in regions inside and outside the pore and the membrane is assumed to 

have an infinite area.  If we assume that the center of the pore is located at r = 0, z = 0, 

the structure of the density profiles for stable and metastable states of the fluid in contact 
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with the membrane depend on the boundary conditions inside and outside the pore. For 

the fluid outside the pore we consider that 

 

0)/()/( == ∞→±∞→ rz dzdKdzdK ρρ ,           (5.1) 

 

which assures that the fluid density reaches bulk values at large distances from the 

channel, and 

 

)2/,()/( ,2/ LrghdzdK ooRrLz ±−−=>±= ρρ ,          (5.2) 

 

where ho and go represent the surface fields associated with the flat rigid membrane. On 

the other hand, the fluid inside the pore satisfies the boundary condition 

 

),()/( 2/||, zRghdzdK iiLzRr ρρ −−=≤=           (5.3) 

 

with hi and gi as the relevant surface potential parameters in this region. In all cases, the 

symmetry of the system requires that ρ(r,z)= ρ(r,-z) and .0)/( 0 ==rdzdK ρ  

 

Equilibrium density profiles ρ(r,z) for the pore immersed in a fluid reservoir can 

be calculated using Eq. (3.4), together with the outlined boundary conditions. All possible 

solutions at a given temperature T and chemical potential µ are local minima of the grand 
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potential Ω[ρ(r,z)] in Eq. (3.1). Structural transitions in the system can be identified by 

monitoring the grand potential of these equilibrium states as a function of the model’s 

parameters.  For a more detailed explanation and description of the theoretical framework 

used in this study the reader should refer back to Section 3B.. 

 

C. Capillary Approximation 

Condensation and evaporation in confined systems such as a cylindrical channel 

can occur at values of the external pressure that are higher or lower than the saturation 

pressure Psat for the fluid of interest. This effect depends on the nature and strength of the 

interactions of the fluid particles within the confining walls. In either case, these 

interactions can stabilize an otherwise metastable phase inside the pore, which differs 

from the stable phase in the surrounding reservoir. The conditions at which this transition 

occurs can be estimated using a capillary approximation. If we consider a cylindrical 

channel of radius R and length L in a rigid membrane immersed in a liquid reservoir of 

volume V at pressure P, the grand potential of the liquid-filled pore in a capillary 

approximation  (CA) can be expressed as85 

 

slL RLVLRP γππ 2)( 2 ++−=Ω ,         (5.4) 

 

where γls is the surface tension for the liquid-solid interface inside the pore. Let us now 

imagine that a gas bubble confined by two spherical caps of volume Vc and area Ac (see 

Fig. 5.1b) is formed inside the pore. The grand potential for this pore is given by  
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svlvcccVV RLAVVPVLRP γπγπ 22)2()2( 2 ++−±−=Ω m ,      (5.5) 

 

where γlv is the liquid-vapor interfacial tension and the volume of the spherical caps Vc is 

added or subtracted from the volume of the pore depending on whether the bulk contact 

angle θο < π/2 or θο > π/2, respectively. We have neglected the effect of the line tension 

in this expression.  

A transition from a liquid-like to a vapor-like configuration in the system will 

occur when the condition ΩL = ΩV is satisfied or, equivalently, when 

 

04)(22)2( 2 =+−++±∆=Ω−Ω=∆Ω τπγγπγπ RRLAVLRP slsvlvccLV ,    (5.6) 

 

where ∆P = P - PV. For a bubble with spherical caps, which is the geometry that 

minimizes the free energy of a system with cylindrical symmetry, we have113

 

)'cos1('2 2 θπ −= RAc ,          (5.7) 
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where R’ and |2/|' oθπθ −= are geometrical parameters defined in Fig. 5.1b, and 
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Using these relationships, together with Young’s equation olvslsv θγγγ cos=− , we can 

rewrite the condition for the transition in Eq. (5.6) as 
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If we further assume that the liquid is incompressible and the gas is ideal, the pressure 

difference ∆P can be expressed in terms of the supersaturation S = P/Psat in the system as 

∆P = ρlkTln (S), where ρl is the density of the bulk liquid in the reservoir. For a pore of 

infinite length, ,  Eq. (5.11) reduces to the well-known Kelvin equation ∞→L

RSkT ol /cos2)ln( lg θγρ −= .85  The capillary approximation predicts that the 

configuration corresponding to a vapor-filled pore immersed in a liquid reservoir (∆P > 

0; S > 1) will become stable below a certain value of ∆P in systems with bulk contact 

angles θ0 > π/2 (lyophobic pores). However, the actual thermodynamic conditions at 

which the transition will occur depend on the radius R and length L of the channel. 
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D. Results 

We used density functional theory to explore the influence of the pore’s radius R, 

length L, and internal surface field hi on the location of the transition from liquid-filled to 

vapor-filled as described in the previous section. As described in previous chapters, we 

set the dimensionless constant K/(kTcb5/3) = 4.0 and the internal surface field 

enhancement gi  = -K/b in all our calculations.82 Additionally, we assumed both surface 

fields in the flat regions of the membrane in contact with the reservoir’s liquid to be zero 

(ho = go = 0), which in our model corresponds to a bulk contact angle θo = 90o for these 

surfaces. As in previous chapters, all the numerical results are expressed in reduced units, 

with b1/3 as the unit of length and kTc = 8a/27b as the unit of energy. Calculations were 

always performed at a constant reduced temperature T* = 0.5 and we only analyzed the 

behavior of lyophobic pores (θο > π/2). 

Figures 5.2a and 5.2b show constant density contours on the (r*, z*) plane for, 

respectively, a liquid-filled pore and a vapor-filled pore at the same temperature T and 

chemical potential µ; given the symmetry of the channels only half profiles are depicted. 

These two profiles correspond to a pore where R* = 2.5, L* = 6.0 and hi
* = 0.5, with a 

bulk contact angle θo = 132.25o; this latter quantity was obtained by using Young’s 

equation together with the liquid-vapor, solid-vapor, and solid-liquid interfacial tensions 

calculated self-consistently for our model fluid. For these values of the internal surface 

fields, the density of the fluid in contact with the wall in a liquid-filled pore is lower than 

the bulk density in the reservoir. The competing thermodynamic state is characterized by 

vapor-like densities across the pore (Fig. 5.2b); this trapped bubble is somewhat 
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constrained to the volume of the pore for small values of R but extends beyond the pore’s 

boundaries as the radius increases (compare Figs. 5.2b and 5.2c). 
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Figure 5.2. Constant density contours on the (r*, z*) plane for a) a liquid-filled pore and b) 

a vapor- filled pore where R* = 2.5, L* = 6 and h* =0.50 (θo = 132.25o) at T* = 0.5 and 

b∆P/kTc = .1390. The density profile in c) corresponds to a vapor-filled pore with a larger 

radius R* = 5.0 at b∆P/kTc = 0.0448.  
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We used the equilibrium density profiles to calculate the grand potential in Eq. 

(3.1) of liquid-like, ΩL, and vapor–like, ΩV, solutions in pores of equal length but 

different radius R at different supersaturations ∆P. This quantity is always larger than 

zero for stable reservoir liquids (∆P = 0 at coexistence between unconfined liquid and 

vapor phases). Figure 5.3a depicts the values of ∆P at which the two solutions are 

expected to “coexist” (ΩL= ΩV) as a function of 1/R for pores with three different lengths 

and h* =0.5. The case of an infinitely long pore ( ∞→L ) is shown as a reference. For 

lyophobic channels, reducing the value of R stabilizes the confined vapor phase (stable at 

low ∆P) and shifts the location of the transition to higher pressures. In all cases, the 

transition is eventually hindered at a critical radius Rc (last point on each line in Fig. 5.3a 

below which the low density phase is always stable. This effect is the result of the 

reduction in the net amount of fluid-fluid interactions, combined with the stronger effect 

of the solid-fluid interactions.  

 

 

 

 

 

 

 

 

 



 100

 

a  

 

 

 

 

 

 

 

b  

 

 

 

 

 

 

 

Figure 5.3.  a) Location of the vapor-filled to liquid-filled transition in the (∆P-1/R) plane 

in lyophobic pores (h* =0.50, θo = 132.25o) with three different lengths L. b) Effect of 

varying the surface field h on the location of the transition for a pore of length L* = 6.0. 

The last point on each line corresponds to the critical point.  Predictions from the 

capillary approximation (CA) are represented with solid lines. 
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Reducing the length of the pore narrows considerably the range of pore widths for 

which the transition can be observed. As shown in Fig. 5.3a, the transition line shifts to 

lower supersaturations with decreasing L and the critical point occurs at a larger R. Thus, 

there is a limited range of radii for which capillary condensation or evaporation can be 

observed in channels of finite length immersed in stable liquids. At any given L, the 

transition to a vapor-like phase in the wider pores only occurs if the liquid is metastable, 

while the formation of a liquid-like phase is hindered by the dominant solid-fluid 

interactions in the narrower pores. The results in Fig. 5.3a also imply that decreasing the 

length of the pore eventually shifts the critical point below ∆P = 0. Thus, for the shorter 

channels the transition to a vapor-filled pore only occurs if the surrounding fluid is 

metastable. 

The stability of the vapor phase inside the pore is also sensitive to the value of the 

surface field h and decreases with increasing attractive interactions between the solid and 

the fluid particles. This is illustrated in Fig. 5.3b where we show the location of the 

transition as a function of 1/R in two pores with similar length (L* = 6) and two different 

surface fields: h* = 0.5 (θo = 132.25o) and h* = 1.0 (θo = 112.29o). Increasing the strength 

of the surface field stabilizes the liquid phase inside the pore and shifts the transition to 

lower pressures. Although this effect is more pronounced in narrower pores, it has little 

impact on the value of the critical radius Rc. 

Figures 5.3a and 5.3b also show the comparison between the predictions of the 

capillary approximation (CA) described in section II and our results based on density 

functional theory (DFT). The solid lines included in these figures were calculated using 
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Eq. (5.11) assuming constant values for the bulk contact angle θo and the liquid-vapor 

surface tension b2/3γlv/kTc = 0.7037. In general, CA predictions tend to be fairly similar to 

DFT in a narrow range of intermediate values of R. However, larger deviations in the 

results of these two approaches are observed in very narrow and very wide pores. For 

narrow pores, deviations may be expected due to CA’s reliance on macroscopic 

properties, such as the bulk surface tension and contact angle, to describe the behavior of 

microscopic systems. Additionally, the CA approach fails to predict the existence of a 

critical point in the narrower pores. The failure of CA to predict the location of the 

transition in the narrower pores is more evident in Fig. 5.4 where we show the pressure at 

the transition ∆P as a function of 1/L for three different values of the pore’s radius in a 

system with h* = 0.5. This figure also highlights the existence of a critical length Lc 

below which no transition can be found for pores with a given radius. 
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Figure 5.4.  Location of the vapor-filled to liquid-filled transition in the (∆P-1/L) plane in 

lyophobic pores (h* =0.50, θo = 132.25o) with three different radii R. The last point on the 

R* =2 .0 line corresponds to the critical point. Predictions from the capillary 

approximation (CA) are represented with solid lines. 

 

For the wider pores, deviations between CA and DFT predictions may be 

attributed to CA’s failure to capture the actual evolution of the shape and size of the 

“trapped” bubble as the radius of the pore increases. As shown in Figs. 5.2b and 5.2c, the 

extension of the droplet outside the pore increases considerably as R increases and its 

shape does not correspond to that expected from the CA for a system with θo > π/2 (see 

Fig. 5.1b. In fact, the qualitative variation of ∆P as a function of 1/R as predicted by DFT 

(Figs. 5.3a and 5.3b) is better described by assuming that θo < π/2  in Eq. (5.12). There 
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are boundary effects at the pore’s mouths and rims that the proposed CA does not 

capture. The simple inclusion of a constant line tension effect in Eq. (5.12) would not 

help to improve the corresponding predictions since it would not change the dependence 

of ∆P on either the radius or the length of the pore. 

As mentioned before, solutions to Eq. (3.4) at fixed T and µ are true minima of 

the grand potential Ω in Eq. (3.1). At the conditions for the transition between the liquid-

like and the vapor-like solutions, the value of Ω for each configuration is the same. At 

higher pressures the liquid-like solution should become the global minimum; at lower 

pressures the vapor-like phase should be more stable. We can use DFT to build the 

approximate shape of the free energy surface as a function of the actual number of 

particles excluded from the pore defined as 

 

]),([2 lVte zrrdrdzi ρρπ −= ∫ ,          (5.12) 

 

where Vt is the total volume of the system. We can then study its evolution with changing 

pressure (chemical potential) or pore size at any temperature. 

To build the free energy surface at a given T and µo, we need to estimate the 

energy cost of configurations with different numbers of excluded particles ie under such 

conditions. To accomplish this task we can calculate the work of formation ∆Ω* of 

several equilibrium configurations at different chemical potentials µ*, and estimate their 

energy costs in a fluid with a different chemical potential µo. If we assume that the actual 
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internal structure of each configuration does not change considerably when changing the 

properties of the surrounding liquid, their work of formation in the reference fluid ∆Ωo 

may be approximated by 

 

)( **
oeo i µµ −+∆Ω=∆Ω           (5.13) 

 

We have used this relationship to build the approximate structure of the free energy 

surface for a cylindrical pore with length L* = 10, radius R* = 3.0, and a surface field h* 

= 0.5 immersed in liquids at different ∆P. Figure 5.5a illustrates the results for a system 

with b∆P/KTc = 0.209 corresponding to point A in Fig. 5.3a. As expected, the free energy 

surface exhibits two minima with similar grand potentials under these conditions, 

signaling the proximity to the transition line between a liquid-filled pore (fewer number 

of excluded particles ie; stable) and a vapor-filled pore (larger number of excluded 

particles ie; metastable). Increasing the pressure stabilizes the liquid-like phase and 

destabilizes the vapor-like phase as shown in Fig. 5.5b. In fact, this latter type of 

configuration eventually becomes unstable for pressures larger than with b∆P/KTc = 

0.301; at this point, the minimum in the free energy surface for the vapor-filled pore 

disappears (“vapor spinodal”). An equivalent behavior is observed by decreasing the 

pressure to regions where the vapor-like phase is the stable configuration inside the pore. 

In this case, the liquid-like solution disappears at a “liquid” spinodal as shown in Fig. 

5.4c for b∆P/KTc = 0.102.  
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Figure 5.5.  Grand potential profiles ∆Ω(ie)/kT as a function of the number of excluded 

particles ie in channels where R* = 3.0, L*=10.0 and h* = 0.50 (θo = 132.25o) at three 

different pressures: a) near coexistence b∆P/ kTc = 0.209; b) stable liquid-filled 

configuration  b∆P/kTc = 0.217 ;  c) liquid spinodal b∆P/kTc = 0.102. 
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Very similar results are obtained when building the free energy surface for pores 

with different radii at a fixed pressure ∆P. In this case, liquid-like configurations are 

stable in the larger pores while stable vapor-like configurations are found in the smaller 

channels. This type of behavior has been previously described in the analysis of 

molecular simulations of similar model systems.107-111 Intermittency in the fluid density 

inside the channel is expected only for those geometries and thermodynamic conditions 

that keep the system between the liquid and vapor spinodals, and close to the transition 

line. According to Fig. 5.3a, a transition between a liquid-filled and vapor-filled pore may 

be induced by either pressure fluctuations in the surrounding fluid or small variations in 

the radius of the pore in the more flexible channels. Given the existence of an energetic 

barrier between the stable and the metastable configurations, the transition may be 

expected to proceed through the formation of critical nuclei of the more stable phase 

(activated process). Allen and co-workers have suggested the formation of a chain of 

hydrogen-bonded molecules spanning the whole pore as the critical “percolating cluster” 

needed to induce the filling of the pore in water-like fluids.111 On the other hand, 

Maibaum and Chandler indicate that the appearance of density fluctuations at the pore’s 

mouth is necessary to empty the filled channel.112  

 

E. Conclusions 

We have used density functional theory of statistical mechanics to investigate 

capillary condensation and evaporation in cylindrical channels of finite lengths. Our 

model allowed us to systematically explore the effect of pore size and surface field, as 
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well as the thermodynamic conditions on the behavior of the system. In general, our 

results indicate that decreasing the length of the channel drastically reduces the range of 

pore widths where a transition between liquid-like and vapor-like configurations may be 

observed in channels connecting two reservoirs of a stable liquid. For wider pores, the 

transition occurs at very low pressures where the liquid is no longer stable while for the 

narrower pores, the transition is hindered by the solid-fluid interactions that favor the 

vapor phase in lyophobic pores. Thus, there is only a limited range of sizes where the 

transition from a liquid-filled to a vapor-filled pore can occur. 

Comparisons between our DFT results with those generated using a 

phenomenological model based on the capillary approximation indicate that this 

simplified approach yields fairly good predictions for medium size pores. However, the 

capillary approach fails to properly describe the properties of the very small and very 

large pores. In the former case, the phenomenological theory fails by assuming that the 

interfacial properties of the confined fluid are independent of pore size, while in the latter 

it does not correctly capture the evolution of the shape and size of the confined phases. 

Our density functional approach also allowed us to build the free energy surfaces 

for the confined fluid as a function of the number of excluded particles from the pore. 

Our results confirm the existence of two competing minima in the vicinity of the full-to-

empty transition. Given the simplicity of our model, one should expect this to be a 

generic liquid-state phenomenon for lyophobic nanochannels immersed in a stable liquid. 

However, the particular nature of the interactions between particles in the fluid and 

between these particles and those comprising the wall may have a strong impact on the 
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dynamics of the transition between the two available states. These interactions will 

determine the height of the energetic barrier separating the two configurations and the 

energy cost of creating the critical nuclei upon which any of the phases could grow. 

These effects may certainly favor or hinder the appearance of density oscillations as 

observed in molecular simulations of confined water-like molecules, but not in simple 

Lennard-Jones fluids.107-111 

To better understand liquid-vapor oscillations in nanochannels it is thus necessary 

to further explore the properties of the critical nuclei that control the kinetics of the 

transition in different types of systems. Our previous study of nucleation in infinitely long 

cylindrical pores suggests that in simple fluids such as the one investigated in this work, 

the vapor-like phase may grow from small bubbles that resemble annular bumps or 

lenses, depending on how far the system is from the point where the two competing states 

have the same free energy.  The formation of the liquid-like phase is likely to be 

controlled by the appearance of small droplets detached from the lyophobic surface of the 

pore. However, layering effects at the walls of the small channels or the association of 

particles in hydrogen-bonding fluids may completely alter the nature of the critical nuclei 

and the associated work of formation. Further studies in this area are needed to better 

understand what factors determine the kinetics of intermittent permeation in 

nanochannels. 
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CHAPTER 6: SUPERCRITICAL SOLVATION 

 
 
A.  Introduction 

Supercritical fluids have attracted a lot of attention in the past few years due to 

their high compressibility, high dissolving power, and enhanced mass-transfer rates. The 

large density fluctuations of near-critical solvents facilitate the tuning of density dependent 

properties by applying small pressure changes.114,115 These properties provide an attractive 

alternative to conventional liquid solvents for a variety of chemical applications such as 

extraction, separation, and reaction processes.  Recently, the extraction of pesticides using 

binary supercritical fluid mixtures has been examined to improve the selectivity of 

extracting trace pesticides.27 Reactions in supercritical fluids have become an established 

field of research in the area of Green chemistry.28-30   

Experimental and theoretical studies of dilute supercritical solutions have 

explored the effect of solute size and interaction strength on the properties of the system.  

These studies indicate that the local environment around the solute can differ 

dramatically from that in the pure solvent in both density and composition.11,12,35,54,116-135 

Experimentally, the inhomogeneous structure of supercritical fluids is manifested in the 

nonlinear density dependence of various static and dynamic properties such as 

solvatochromatic shifts and vibrational relaxation rates.12,35,54,116-127  Theoretical studies 

have rationalized the behaviors of these properties in terms of a nonlinear (convex) 

density dependence of the solute local coordination number.11,90,128-134 This quantity is a 
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measure of the local solvent density around a solute particle and greatly exceeds its bulk 

value in the vicinity of the critical point (local density augmentation) 

Experimental results for a variety of systems reveal that the local density 

augmentation is rather insensitive to the nature of the species involved. Recent studies of 

four substituted anthracenes in three supercritical solvents showed few dissimilarities in 

the apparent density augmentation obtained from electronic shifts.123 Similar results have 

been obtained for supercritical benzene compared to supercritical CO2, CHF3, and C2H4. 

However, larger variations were observed when H2O was considered.124

These experimental results contrast with some theoretical predictions for the 

effect of the strength and range of the interaction potentials between particles in the 

system. For example, calculations by Egorov on simple Lennard-Jones fluids using 

integral equation theory and simulation methods indicate that the relative strength of 

solute-solvent versus solvent-solvent interactions plays a central role in determining the 

extend of the local density augmentation.11,128-132  Work by Aurelien Perera using a 

Yukawa model for the solute-solvent interactions suggests that variations in the range, 

rather than in the strength, of these interactions have a more dramatic effect on solvation 

by supercritical fluids.133  This model could be used to explain the fairly large differences 

in the solubilities in supercritical carbon dioxide of three xanthines with very similar 

structures but slightly different polarities.116   

The theoretical work on supercritical solvation has been dominated by the 

application of integral equation theory to the analysis of the properties of monatomic 

solvents. Only recently have methods of density functional theory (DFT) of statistical 
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mechanics been used to investigate the properties of these kinds of systems.134  In this 

chapter, we extend the application of DFT to the study of supercritical fluids by 

considering a system with a hard core Yukawa solute particle surrounded by a diatomic 

Lennard-Jones fluid. In particular, we apply an interaction site approach in which solvent 

particles are modeled as two fused tangent spheres of equal or different sizes.135 Our 

model takes into account free energy contributions from repulsions between hard-sphere 

particles in a weighted density approximation (low density limit)68 and from long range 

attractive interactions in a mean-field approach. Given the well-known scope and 

shortcomings of these types of approximations,70 we expect our results to 

semiquantitatively reproduce the behavior of our model system. However, our main goal 

in this work is to apply a DFT approach that allows us to thoroughly explore the effects 

of the various model parameters on the properties of supercritical molecular fluids. More 

sophisticated, but computationally more demanding, approximations to the free energy 

contributions from interactions between particles can be straightforwardly incorporated 

within a similar DFT approach to generate more accurate predictions.136,137

The chapter is organized as follows: in Section 6B we describe our model system 

and the basic features of the density functional used to derive the properties of a 

supercritical diatomic fluid surrounding a spherical solute molecule.  In Section 6C we 

present the main results of this work, with particular emphasis on analyzing the effect of 

the variation of the model parameters on density profiles, local coordination numbers, 

and solvation free energies. Finally in Section 6D we present our conclusions.   
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B. Density Functional Approach 

In this study we consider a binary mixture in which one of the components (the 

solute) is present at infinite dilution. The solvent is modeled as a fluid of diatomic 

molecules composed of two tangent spheres (atomic sites). A single solute molecule is 

assumed to be fixed at the center of the system. The interactions between the solute 

particle and the different atomic sites α in the molecules of the surrounding fluid are 

treated as spherically symmetric Yukawa potentials of the form)(rVext
α 133 
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where εαs is the well-depth for the interaction of the solute with site α, σαs represents the 

effective diameter of the solute-solvent (αsite) contact interaction, and κ is a measure of 

the interaction range.  The two atomic sites in the solvent particles are modeled as hard 

spheres of diameters σ11 and σ22, with centers located at a fixed bond 

length )(
2
1

2211 σσ +=L . In a weighted density approximation the grand potential of the 

fluid may then be expressed as138-140
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with β0=1/kT, where k is Boltzmann’s constant, T is the absolute temperature, and µα is 

the chemical potential of atomic sites of type α.  The grand potential of the system 

Ω[ρα(r) ] is a functional of ρα(r), the local average density of atomic sites α in the 

presence of the solute’s potential . In Eq. (6.2), ρ)(rα
extV s(r) represents the local mean 

density taken to be 

 

),(1)( rr α
α

α ρρ ∑= v
vm

s             (6.3) 

 

where  is the molecular volume, and  is the volume associated with site α. ,∑=
α

αvvm αv

The first four terms on the right-hand side of Eq. (6.2) contribute to the grand 

potential of the solution in different ways. The first term is a measure of the ideal free 

energy of a binary mixture of isolated atoms. The decrease in the entropy due to chemical 

bonding between two atoms to form a bond is represented by the second term in this 

functional, where  are “fictitious”  atomic site activities and s(|r-r’|) is the 

intermolecular correlation function for a rigid molecule with bond length L

)(rαf

138   
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s(r)=(4π L2)-1 δ(r-L).             (6.4) 

 

The contributions from hard-sphere repulsive interactions are introduced through the 

third term in a weighted density approximation.68  The excess free energy per particle of 

the hard-body reference system )]([ rηΨ  is assumed to be local in the weighted densities 

 

)'(|)'(|')( rrrr ααα ρρ −= ∫ wdr                                                   (6.5a) 

)()( rr α
α

α ρη ∑= v  .                (6.5b) 

 

In the simplest approximation, the (low density limit) weighting function of Tarazona68
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where H(r) is the Heaviside step function, is used to evaluate the weighted densities.  

This weighting function has given reasonable results for the density of monoatomic68 and 

diatomic fused spheres139 near a hard wall and for nucleation in molecular and dipolar 

fluids.135 Once the weighted densities are evaluated, the excess free energy per particle of 

the reference hard-body system )(ηΨ  can be estimated using the Carnahan-Starling 

expression for a hard-sphere fluid141 
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More accurate expressions for the free energy contribution from repulsions between hard 

spheres can be generated using fundamental measure theory.70,142 This type of approach 

has been successfully applied in the DFT study of the bulk and interfacial properties of 

rigid and flexible chainlike (polymeric) fluids.136,137

The long-range contributions of the site interaction potential to the free energy are 

added as a perturbative function in a classical mean approximation via the fourth term in 

Eq. (6.2). In our approach, interactions between atomic sites in the solvent are modeled 

via a Lennard-Jones potential in a Barker-Henderson approximation.143 The perturbative 

part of the interaction potential is then given by 
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The cross Lennard-Jones parameters σαβ and εαβ are assumed to satisfy the combination 

rules 
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The thermodynamic and equilibrium properties of the non-uniform fluid can be obtained 

by minimizing Eq. (6.2) with respect to ρα(r) and the site activities fα(r) at constant 

temperature T, volume V, and chemical potentials µα.  The resulting Euler-Lagrange 

equations have the form 
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and 
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Eqs. (6.11)-(6.13) together with Eq. (6.2) can be used to derive the equilibrium 

properties of homogenous ( and inhomogeneous fluids. In particular, for 

homogenous equilibrium states with site densities ρ

)0)( =rVext
α

1= ρ2 = ρm one can demonstrate that  
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with a chemical potential of the system ∑=
α αµµ  given by  
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In this limit, the grand potential of the system in Eq. (6.2) reduces to 
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where P is the system’s pressure, ηm = vmρm,  and  
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C. Results 

Our model solvent exhibits liquid-vapor phase coexistence below a critical 

temperature Tc for systems with α > 0.  The coexistence bulk densities ρm
l and ρm

v at a 

chemical potential µ, temperature T, and pressure P are determined by the following 

conditions 

 

µv(ρm
v, T) = µl(ρm

l , T)        (6.18a) 

Pv(ρm
v, T) = Pl(ρm

l , T).        (6.18b) 

 

The phase behavior for our fluid of diatomic molecules composed of two tangent 

spheres is uniquely determined by the values of the dimensionless 

parameters  and , where ε1122
*
22 / εεε = 1122

*
22 /σσσ = ij and εij are the Lennard-Jones 

parameters in Eq. (6.9). The location of the liquid-vapor critical point can be derived 

from Eq. (6.16) for the pressure in the homogeneous fluid and the critical conditions 
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The critical temperature and pressure of the model increase with increasing values of the 

interaction parameter , and with decreasing values of the relative atomic size . *
22ε *

22σ

In this study, we analyze the properties of stable configurations of the solvent 

molecules surrounding a solute particle with effective interaction 
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parameters , , and  at reduced temperatures T11
* / εεε αα ss = 11

* /σσσ αα ss = 11
* κσκ = r = 

T/Tc ≥ 1 and reduced pressures Pr = P/Pc near the critical point. The corresponding 

density profiles for the site densities ρα(r) of the diatomic molecules were derived by 

solving Eq. (6.11)-(6.13) at a given chemical potential µ and temperature T using 

standard iterative techniques. We assumed spherical symmetry for the distribution of 

particles in all our calculations. 

 

Reference System 

In this work, we used the symmetric dumbbell system with 00.1*
22 =ε  and 

00.1*
22 =σ , surrounding a spherical solute with , , and 

, as a template to analyze the effects of solute size, solute-

00.2*
2

*
1 == ss εε 00.1*

2
*
1 == ss σσ

00.1* =κ solvent interaction 

strength and range, and solvent-solvent interaction strength and anisotropy on 

supercritical solvation. The corresponding phase diagram for the solvent is shown in Fig. 

6.1(a), where we also compare our model predictions with results from Monte Carlo 

simulations for a fluid of diatomic dumbbells.144 This comparison highlights the expected 

semiquantitative nature of the results described in the present study. 
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Figure 6.1. a) Phase diagram for a solvent of diatomic dumbbells with  00.1*
22 =ε  and 

00.1*
22 =σ . Results from our density functional theory (DFT) and Monte Carlo 

simulations (MC)147 are compared in this figure. b) Site density profiles 

 at a reduced temperature T)()()( **
2

*
1 rrr

α
ρρρ == r =1.02 and two different reduced 

pressures Pr = P/Pc for the reference diatomic solvent with 00.1*
22 =ε  and 00.1*

22 =σ  

surrounding a spherical solute with , , and . 00.2*
2

*
1 == ss εε 00.1*

2
*
1 == ss σσ 00.1* =κ
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Figure 6.1(b) illustrates the typical structure of the site density profiles 

 for our reference mixture at a reduced temperature T3
11

*
2

*
1 )()()( σρρρ α rrr == r =1.02 

(with 2.012/ 11 =εckT for the pure solvent) and two different reduced pressures Pr. Given 

the symmetry of the system, the site density profiles  and are identical and 

show the local density augmentation induced by the presence of the solute particle, this 

effect being more pronounced at higher pressures. Density profiles in the vicinity of the 

critical point decay very slowly with distance from the solute, reflecting the divergence of 

the solvent’s correlation length as one approaches the critical conditions. 

)(*
1 rρ )(*

2 rρ

In our density functional approach, the total excess number of particles Ne and the 

local coordination number for the α-site Nαc around a solute particle can be derived from 

the site density profiles using the following relationships: 
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where the integration extends over the volume V of the system in the first integral, and 

over the first shell of particles surrounding the solute in the second expression. In this 

latter case, the integration is traditionally carried out up to the first minimum in the 

density profile (or associated radial distribution function). The excess number of particles 

Ne depends on long-range inhomogeneities in the system and its behavior correlates with 
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that of experimentally accessible physical properties such as the partial molar volume of 

the solution. The local coordination number Nαc is a measure of short-range structure 

around the solute which can be probed with experimental techniques sensitive to local 

effects such as solvatochromic shift experiments;12 the local solvent density augmentation 

is normally taken to be proportional to Nαc.35,128 

We show in Fig. 6.2(a) the evolution of the excess number of particles Ne for the 

symmetric dumbbell at different reduced pressures Pr = P/Pc and reduced temperatures Tr 

at and above the critical point. The value of Ne  diverges at the critical pressure and 

temperature due to the infinitely slow decay of the site density profiles under such 

conditions (diverging correlation length). The excess number of particles quickly 

decreases as the temperature increases, with the maximum shifting to higher pressures 

during this process (the maximum occurs for densities of the bulk solvent close to the 

critical value = 0.1246 for this system). The behavior of the corresponding local 

coordination numbers N

cρσ 3

1c =  N2c is illustrated in Fig. 6.2(b) where we can see that our 

results follow trends similar to those reported for monatomic fluids using inhomogeneous 

integral equation theory11 or a density functional approach.134 In general,  the local 

coordinate number Nαc around the solute is larger than in the bulk solvent for reduced 

densities of ρ/ρc ~ 1.  Nαc decreases with increasing temperatures above the critical point 

and its dependence on the density becomes more linear. 
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Figure 6.2. a) Excess number of particles Ne for our reference system at different reduced 

pressures Pr and reduced temperatures Tr at and above the critical point. b) Local 

coordination numbers N1c =  N2c as a function of the bulk density ρ at different reduced 

temperatures. 
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The solvation energy of the solute in our model is given by the grand potential 

difference 

 

][)]([*
mr ρρα Ω−Ω=∆Ω           (6.21) 

 

where Ω[ρm] = -PV is the grand potential of the homogenous fluid with density ρm. This 

quantity represents the free energy cost of immersing a solute particle in the solvent at 

infinite dilution and determines the solute’s solubility. The variations in the solvation 

energy ∆Ω* as a function of the chemical potential µ of the solvent are directly related to 

the excess number of particles Ne through the so-called nucleation theorem31  
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For our reference system, the absolute value of the solvation free energy ∆Ω* is a 

decreasing function of the pressure (or density) for any given temperature as shown in 

Fig. 6.3(a). The slope of ∆Ω* as a function of P diverges at P = Pc and T = Tc as a result 

of the divergence in excess number of particles surrounding the solute at the critical 

point; this result is a consequence of the nucleation theorem in Eq. (6.22). However, the 

solvation energy is much less sensitive to variations in the density than to variations in 

the pressure as illustrated in Fig. 6.3(b). As shown in this figure the absolute value of the 
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solvation free energy of the reference system decreases with increasing temperature at an 

given density although the temperature dependence of ∆Ω* is fairly weak. 

 

 

Figure 6.3. a) Solvation free energy ∆Ω* for our reference system as a function of 

reduced pressure Pr at different reduced temperatures Tr. b) Variation of ∆Ω* with the 

reduced bulk density ρ/ρc for the same set of temperatures. 
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 The almost linear dependence of the solvation energy (and associated solute 

solubility) on density has been reported by previous authors145,146 and seems to be related 

to the biased nature of the sampling of solvation states inherent in the calculation of ∆Ω*. 

This bias greatly reduces the effect of the local density augmentation on the free energy 

of the system.146 (see Ref 145 for a more detailed discussion).  In the vicinity of the 

critical point, the density and the solvation energy are extremely sensitive to variations in 

the pressure, and their functional dependence on this variable is rather similar (at the 

critical conditions, the slope of both quantities as a function of pressure diverges)  

However ∆Ω* depends almost linearly on ρ and large variations in the local coordination 

number Nαc in the vicinity of the critical density (ρ/ρc ~ 1) have rather small effect on the 

solvation free energy.   

 

Effect of Solute Size and Solute-Solvent Interaction Strength and Range 

Figure 6.4(a) shows the effect of changing the effective diameter of the solute-

solvent contact interaction σαs on the local coordination numbers Nαe in our model 

system at a reduced temperature Tr =1 .02. Our results indicate that increasing the value 

of σαs leads to solvent depletion due to enhanced exclusion factors. The local solvent 

density around the solute decreases with increasing σαs as illustrated in Fig. 6.4(b) where 

we show the density profiles for a fluid in contact with solute particles of different sizes. 

The depletion of solvent molecules near larger solutes has also been observed in the study 

of supercritical fluids of monatomic particles via integral equations and Monte Carlo 

simulations.146  
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Figure 6.4. a) Local coordination numbers Nαe at a reduced temperature Tr =1 .02 for 

systems with different values of the effective diameter of the solute-solvent contact 

interaction σαs ( 00.1*
22 =ε , 00.1*

22 =σ , , and  in this case). b) 

Density profiles for a fluid with a reduced bulk density ρ/ρ

00.2*
2

*
1 == ss εε 00.1* =κ

c=0.7507 in contact with 

solutes of different sizes.  
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Increasing solute size has also a significant impact on the value of the solvation 

energy: the absolute value of ∆Ω * decreases and may become a non-monotonous function 

of the density as illustrated in Fig. 6.5(a). In particular, there is a range of solute sizes for 

which ∆Ω* passes through a minimum as the density of the solvent increases. The 

location of the minimum shifts to lower densities as the solute size increases until 

eventually exclusion effects dominate at all densities.  As shown in Fig. 6.5(a), small 

changes in solute size can have a large impact on the value of the solvation free energy 

and, thus, on the solute’s solubility.  The existence of a minimum in the solvation energy 

for high solvent densities at T > Tc has been recently reported by  Su and Maroncelli in 

their computer simulations of various solutes in supercritical Lennard-Jones and hard-

sphere fluids.147  
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Figure 6.5. a) Solvation free energies ∆Ω  as a function of reduced density for systems 

with different values of the effective diameter of the solute-solvent contact interaction σαs 

( 00.1*
22 =ε , 00.1*

22 =σ

00.1*
22 =σ

, ,  , and T00.2*
2

*
1 == ss εε 00.1* =κ r =1 .02 in this case). b) 

Effect of increasing solute-solvent interactions on the solvation energy of a 

system with σ

*
2

*
1 ss εε =

αs =1.45 ( 00.1*
22 =ε , ,  , and T00.1* =κ r =1 .02 in this case). 
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The local coordination number Nαe increases with increasing strength of the 

solute-solvent interactions sαε for any given value of the solute-solvent contact interaction 

σαs. In general, the local coordination number increases and its dependence on the density 

becomes less linear with increasing sαε , while the absolute value of the solvation energy 

becomes larger and more sensitive to pressure variations. ∆Ω * becomes an almost linear 

decreasing function of the density for stronger solute-solvent interactions [See Fig. 

6.5(b)]. Very similar effects are observed in systems with asymmetrical solute-solvent 

interactions ss 21 εε ≠ whenever one of these two parameters is increased. However, the 

introduction of anisotropic interactions between the solute and the atomic sites of the 

diatomic dumbbell has a strong effect on the structure of the site density profiles 

and and corresponding local coordination numbers N)(*
1 rρ )(*

2 rρ 1c and N2c as shown in 

Figs. 6.6(a) and 6.6(b). As can be expected, anisotropic solute-solvent interactions favor 

molecular configurations in which solvent molecules align with their more attractive site 

pointing towards the solute [site 2 in Fig. 6.6(a)]; the local density augmentation of the 

less attractive site increases in the second solvation sphere.  In consequence, the local 

coordination number for the more attractive site N2c is enhanced, while that of the other 

site is depleted [see Fig. 6.6(b)].   
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Figure 6.6. a) Site density profiles and for a diatomic solvent with solute-

solvent interaction parameters and (

)(*
1 rρ )(*

2 rρ

00.2*
1 =sε 00.4*

2 =sε 00.1*
22 =ε , 00.1*

22 =σ , 

σαs=1.00, and ) at a reduced temperature T00.1* =κ r =1 .02. b) Corresponding local 

coordination numbers N1c and N2c at different values of the reduced bulk density ρ/ρc. 

The local coordination number for our reference system ( ) is included for 

comparison purposes. 

00.2*
2

*
1 == ss εε
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Using a Yukawa potential to describe the interactions of the solute with the 

solvent allows us not only to explore the relative importance of solute-solvent interaction 

strength in the solvation process, but also to examine the importance of the solute-solvent 

interaction range. As reported by previous authors,11,133,134 our results indicate that 

decreasing the range of this interaction [increasing values of κ in Eq. (6.1)] reduces the 

local coordination numbers as shown in Fig. 6.7(a). The absolute value of the solvation 

energy ∆Ω* also decreases in this process [Fig. 6.7(b)]. In agreement with the work of 

Egorov using an inhomogeneous integral equation theory for supercritical monatomic 

fluids,11 we found that equivalent changes in the interaction range and strength of the 

solute-solvent interaction produce comparable effects on the local density augmentation 

(and solvation energy in our case). Our results support the conclusion that the dramatic 

increase in the adsorbed number of particles around a solute observed by Perera133 after a 

modest increase in the solute-solvent interaction range is an artifact of his homogeneous 

integral equation approach. 
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Figure 6.7. a) Local coordination numbers Nαc at a reduced temperature Tr =1 .02 for 

systems with two different values of the solute-solvent interaction range κ* ( 00.1*
22 =ε , 

00.1*
22 =σ , σαs=1.00, and  in this case). b) Corresponding solvation free 

energies ∆Ω

00.2*
2

*
1 == ss εε

* as a function of reduced pressure Pr. 
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Effect of Solvent-Solvent Interaction Anisotropy   

We explored the effects of introducing anisotropic interactions between solvent 

particles in our supercritical model fluid by changing the value of the interaction strength 

between different atomic sites ( ) or by varying their relative size ( ). 

Changes to these interaction parameters alter the nature of the solvent and thus shift the 

location of the critical point.  Figure 6.8(a) depicts the local coordination numbers for 

both atomic sites N

1*
22 ≠ε 1*

22 ≠σ

1c and N2c in a solvent in which the relative strength of the interactions 

between one of the sites in the dumbbell has been considerably enhanced 

( , 1). The stronger interactions between solvent particles reduce the local 

density augmentation due to the higher free energy cost of rearranging solvent particles 

around the solute. The absolute value of the solvation energy is thus also smaller (lower 

solute solubility). The introduction of this type of anisotropy does not have a strong effect 

on the structure of the site density profiles around the solute at low densities [see Fig. 

6.8(b)], and the local coordination numbers for both atomic sites in the dumbbell remain 

very similar. Larger differences are observed at higher pressures due to enhanced 

adsorption on the solute particle. 

4*
22 =ε *

22 =σ
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Figure 6.8. a) Local coordination numbers N1c and N2c as a function of the reduced bulk 

density ρ/ρc for a diatomic solvent with anisotropic solvent-solvent interaction 

parameters   ( ,σ00.4*
22 =ε 00.1*

22 =σ αs=1.00, , and ) at a 

reduced temperature T

00.2*
2

*
1 == ss εε 00.1* =κ

r =1 .02. The local coordination number for our reference system 

( 0 ) is included for comparison purposes. b) Structure of typical site density 

profiles and  for these types of systems. 

0.1*
22 =ε

)(*
1 rρ )(*

2 rρ



 137

Changing the relative size of the atomic sites in the dumbbell ( ) has a 

much larger effect on the solvation properties of our model supercritical fluid. In this 

case, both site densities exhibit peaks at contact with the solute [see Figs. 6.9(a) and 

6.9(b) for a system with ], but the local coordination number is significantly 

different for each of the atomic sites [see Fig. 5.10(a)]. N

1*
22 ≠σ

80.0*
22 =σ

αc is larger for the larger site at 

the lower densities (or pressures), but this trend reverses at higher densities where 

packing effects dominate. The analysis of the local coordination numbers Nαc together 

with the structure of the corresponding density profiles [Figs. 6.9(a) and 6.9(b)] suggest 

that the dominant arrangements of the dumbbells near the solute are either one in which 

both sites are in contact with the solute or one in which the molecular axis is aligned in 

the radial direction. In this latter case, the dumbbells arrange themselves with their larger 

site closer to the solute at low solvent densities and assume the opposite orientation at 

higher pressures. Similar results have been reported for heteronuclear diatomic fluids in 

contact with a hard wall,147 although in that case only the low density regime was 

investigated.  
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Figure 6.9. Site density profiles and for a diatomic fluid with atomic sites of 

different sizes  ( 0 ,σ

)(*
1 rρ )(*

2 rρ

80.0*
22 =σ 0.1*

22 =ε αs=1.00, , and  in this 

case) at a reduced temperature T

00.2*
2

*
1 == ss εε 00.1* =κ

r =1 .02. a) Density profiles for ρ/ρc = 0.7071. b) Density 

profiles for ρ/ρc = 2.005. 
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Figure 6.10. a) Local coordination numbers Nαc for sites α= 1 and α = 2 as a function of 

ρ/ρc in a system with . b) Solvation free energies ∆Ω*80.0*
22 =σ  as a function of Pr for 

the systems with  and . The corresponding values for our reference 

system ( ) are included for comparison purposes. 

80.0*
22 =σ 20.1*

22 =σ

00.1*
22 =σ
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In general, reducing the effective size of the solvent molecules increases the 

solubility of the solute as shown in Fig. 6.10(b). In this figure we compare the behavior 

of ∆Ω* for dumbbells in which one of their atomic sites is smaller ( ) or larger 

( 2 ) than that of the homonuclear reference fluid ( ). The smaller solvent 

molecules exhibit larger local coordination numbers, favoring the dissolution of the 

solute for attractive solute-solvent interaction potentials. The crossover between graphs in 

Fig. 6.10(b) is due to the shift in the location of the critical point to higher pressures for 

the fluids with the smaller molecules. 

80.0*
22 =σ

0.1*
22 =σ 1*

22 =σ

The interaction site model introduced in this paper allowed us to examine the 

solvation properties of a spherical solute immersed in a supercritical diatomic fluid. In 

particular, we analyzed the structure of solvent density inhomogeneites around a solute 

particle and the behavior of the solvation free energy as a function of solvent density and 

pressure at temperatures close to but above the critical point. Our density functional 

approach resulted particularly suitable for thoroughly exploring the effect of different 

interaction parameters, such as solute-solvent interaction strength and range, solvent-

solvent long-range interactions, and particle size, on the properties of the system. The 

nature of the model also allowed us to analyze the impact of molecular anisotropy on 

solvent local structure and solute solubility in infinitely dilute solutions. 

 

D. Conclusions 

The interaction site model introduced in this chapter allowed us to examine the 

solvation properties of a spherical solute immersed in a supercritical diatomic fluid. In 
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particular, we analyzed the structure of solvent density inhomogeneites around a solute 

particle and the behavior of the solvation free energy as a function of solvent density and 

pressure at temperatures close to but above the critical point. Our density functional 

approach resulted particularly suitable for thoroughly exploring the effect of different 

interaction parameters, such as solute-solvent interaction strength and range, solvent-

solvent long-range interactions, and particle size, on the properties of the system. The 

nature of the model also allowed us to analyze the impact of molecular anisotropy on 

solvent local structure and solute solubility in infinitely dilute solutions. 

 Our results indicate that the variations in the local coordination number (or related 

local density augmentation) with regards to density, pressure, and temperature in 

homonuclear diatomic fluids follow similar trends to those reported in previous studies 

for monatomic fluids using inhomogeneous integral equation theory11 and density 

functional theory.134 The local density augmentation is particularly sensitive to changes in 

solute particle size, and is affected to a lesser degree by variations in the solute-solvent 

interaction strength and range. Similar changes in the latter parameters have comparable 

effects on the local structure of the solvent around the solute. Thus, our results support 

Egorov’s suggestion11 that the extreme sensitivity of the local coordination number to 

variations in the solute-solvent interaction range as reported by Perera133 is an artifact of 

this author’s homogeneous integral equation theory.   

In our density functional approach, solvation free energies can be 

straightforwardly derived from the grand potential of the system and the equilibrium 

density profiles. For small or very attractive solutes, our model predicts that the solvation 
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energy decreases (becomes more negative) as the density of the fluid increases, thus 

increasing solute solubility. For larger or more repulsive solutes the free energy of 

solvation can become a non-monotonous function of the pressure, passing through a 

minimum as the density of the solvent increases. In all cases, solute solubility is a 

decreasing function of solute size. Our calculations also show that the solvation free 

energy is highly sensitive to pressure changes in the vicinity of the critical point due to 

the divergence of the correlation length under such conditions. In general, sharp 

variations in the solvation free energy with pressure are associated with maxima in the 

total excess number of solvent molecules adsorbed onto a solute particle. On the other 

hand, the response of the solvation free energy to changes in the bulk density is less 

dramatic and the influence of the local density augmentation on ∆Ω* is rather small. 

In general, strong solvent-solvent interactions reduce the local density 

augmentation and the solute’s solubility (higher solvation free energies) for fixed values 

of the solute-solvent interaction parameters. The introduction of anisotropic long-range 

attractive interactions between atomic sites in the solvent molecules has little effect on 

the solvation properties of the supercritical fluid. On the other hand, the local solvent 

structure and corresponding site density augmentation are rather sensitive to anisotropies 

due to either different interaction strengths between solute particles and atomic sites in 

the dumbbells, or to differences in the size of the solvent interaction sites. In this latter 

case, the system favors molecular arrangements in which the larger sites are closer to the 

solute at low solvent densities, and assume the opposite orientation at higher pressures 

where exclusion effects dominate. 
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Our results suggest that solute size and solute-solvent interaction anisotropies 

(due to differences in the long and short-range components of the interaction potential 

between solute particles and the interaction sites in the solvent) have a major influence 

both on the nature and extent of local solvent density inhomogeneities as well as on the 

value of the solvation free energies in supercritical solutions of heteronuclear molecules. 

However, more realistic models and approximations are needed to reproduce the actual 

quantitative behavior of real or simulated systems. The interaction site density functional 

theory described in this chapter provides a solid base from which these more accurate 

approaches may be developed. 



 144

CHAPTER 7: OVERALL CONCLUSIONS 

  

We have used density functional theory to explore the thermodynamic properties 

and phase behavior for a variety of systems. Our approach has proven to be successful in 

depicting the thermodynamic properties of critical nuclei for simple fluids confined in 

cylindrical pores and in-between two cylindrical disks.  It has also been applied to 

analyze the dynamics of evaporation and condensation of fluids trapped in nanochannels.  

In all these studies, the square gradient approximation allowed us to systematically 

investigate the effect of varying geometric and interaction parameters on the dynamics of 

phase transitions.  The first two investigations effectively showed that the geometry of 

the cylindrical plates (semi-confined system) and the cylindrical pore (confined system) 

induce nucleation phenomena that are not observed either on planar surfaces or inside slit 

pores.  The third study demonstrated that the filling and emptying of nanopores is 

ultimately driven by the equivalent to a phase transition in a semi-confined system.   

For cylindrical pores of infinite length two different pathways for the nucleation 

of droplets in lyophilic pores were identified.  At high supersaturations the critical nuclei 

are best described as annular bumps that span the internal perimeter of the pore, while at 

low supersaturations the nuclei exhibit a lense-like geometry. The morphological 

transition between these types of nuclei is driven by the existence of states of zero 

compressibility in the capillary; these states enclose a region of instability where no local 

critical nuclei can be found (no minima of the Helmholtz free energy exist).  Similar 
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conclusions have been recently confirmed by Monte Carlo simulations.80 This type of 

behavior is not observed in the nucleation of droplets or bubbles in a slit pore.    

In the case of nucleation on a single cylindrical disk, the critical nuclei are best 

described as asymmetric bumps at high supersaturations and engulfing droplets at low 

supersaturations.  These two types of nuclei can exist simultaneously in a small range of 

supersaturations, although the free energy of the asymmetric bumps is always lower. For 

two similar disks separated by a fixed distance, the critical nuclei correspond to liquid 

bridges that span the distance between the two disks.  In this case, it is possible to find 

metastable liquid bridges formed in between the two disks depending on the temperature, 

the surface interaction, the distance between the disks, and their radius.  The stability of 

this metastable bridge is enhanced by favoring, in the case of droplets, or disfavoring, in 

the case of bubbles, the solid-fluid interactions or by decreasing the distance between the 

disks.  The existence of a double barrier to nucleation is associated with the 

nonmonotonic behavior of the mean curvature of the liquid-vapor interface of the critical 

nuclei as their size increase. A similar phenomenon has been observed in the nucleation 

of droplets on chemically patterned surfaces using a classical capillarity 

approximation.92,93    

Our third study showed that the filling and emptying of finite length nanopores is 

ultimately driven by phase transitions in a semi-confined system.  Our results indicate 

that two competing minima exist in the vicinity of the full-to-empty transition, although 

there is only a limited range of sizes and surface interactions where the transition from a 

liquid-filled to a vapor-filled pore can occur.   These results are valid for generic 
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lyophobic nanochannels immersed in a stable liquid. However, the dynamics of the 

transition between the two available states may be strongly dependent on the particular 

nature of the interactions between particles in the fluid and between these particles and 

those comprising the wall. These molecular interactions may certainly favor the 

appearance of density oscillations as observed in molecular simulations of confined 

water-like molecules, but also hinder such effects in simple Lennard-Jones fluids.107-111 

The analysis of the structural and energetic properties of the critical nuclei that control 

the kinetics of the phase transitions in lyophobic nanochannels is an area that deserves 

further study. 

Finally, we also applied density functional theory in an interaction site formalism 

to study the solvation properties of spherical solutes immersed in supercritical diatomic 

fluids.  This model allowed us to analyze the structure of solvent density inhomogeneities 

around a solute particle (density augmentation) and the solvation energy at temperatures 

near and above the critical temperature for different types of interactions and particle 

sizes.  The results of this study suggest that the local density augmentation and solvation 

energy are particularly sensitive to changes in solute particle size, and affected to a lesser 

degree by variations in the solute-solvent interaction strength and range. Furthermore, 

equivalent changes in the interaction range and strength of the solute-solvent interactions 

produce comparable effects.   The results of this study further support   Egorov’s 

suggestion11 that the extreme sensitivity of the local coordination number to variations in 

the solute-solvent interaction range as reported by Perera136 are an artifact of this author’s 

homogeneous integral equation theory.  Furthermore, our results suggest that solute size 
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and solute-solvent interaction anisotropies (due to differences in the long and short-range 

components of the interaction potential between solute particles and the interaction sites 

in the solvent) greatly influence both the nature and extent of local solvent density 

inhomogeneities as well as the value of the solvation free energies in supercritical 

solutions of heteronuclear molecules.    These results provide a solid base from which 

more accurate approaches may be developed. 

Although simple density functional approaches allowed us to develop a good 

understanding of the effects of confinement and heterogeneity on phase behavior, there is 

a need to develop more sophisticated models to study more complex systems. For 

example, many systems are better described in terms of “soft” interactions as opposed to 

“hard” interactions or completely impenetrable hard spherical particles.149,150  Also, 

particles interacting via an orientation-dependent pair potential, such as dipolar 

molecules, represent a higher level of complexity that is not well described by radial 

symmetric functions.150  These systems can not be accurately described by neither the 

square gradient approximation nor the interaction site model used in this work.   

 The square gradient approximation is mainly restricted to problems in which long 

wave fluctuations do not play a central role.13,14  This local density approximation is most 

useful for systems with long-range correlations and for problems where density 

oscillations do not occur. A step up from this approach is to use a weighted density 

approximation (WDA) like the one applied in our study of supercritical fluids. However, 

more sophisticated versions of the WDA can be derived in which the weighted density 

can be represented as a power expansion of the local density.151 More sophisticated 



 148

models based on the geometrical properties of the particles (fundamental measure theory) 

may be developed to better describe fluids whose interactions are best represented by 

orientation-dependent pair potentials, such as polymeric or amphiphilic systems.149,150   
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