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ũ2
>TIZ< P WDË < P »'<ÚE�G³W�>AIvWMU?@NK_@ l¿P K_@ R K_@ l @*K_: 6 BT@ÆW P X P <?ILW_K_d X W

WMU�@5� dH:m< W_>AW 7
ER

ºHKL@*I P BA¼=@*giI X :mBT@�@*<?@NK_S 7 º?»'U?> X Ui>TIyg�@N�H<?@Ng�:=I

ER = ρ

(
CvT̃ +

1

2
ũ2
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∂ũi

∂xi
+ p′

∂u′′

i

∂xi

) ¼ [eE Y \�¾

h P BTB P »'>T<?S�®ÆK_BA@ 6 : X U�@*KÒ@ÁW´:=B ER¼ V W�W8[�¾Ú»�@ X P < X BTd�g?@QWMU?:mWÌW_U?@�B�:mILWDWMU?KL@*@QW_@*K f IÌ>A< R :=KL@*<8WMU�@*I_>AI
:=KL@�<?@*SVBA>TSV> 6 BT@mE�¬yU?@��HKLILW�WJ» P W_@*K f I X P d?BTg 6 @ X :=B X d?BT:mWM@Ng°@ÁÀ R BA> X >AWMB 7 > l »Q@�Ë <?@Á»{WMU�@



Å8[

> f R BA> X >kWÒ�HBkWM@*KNº 6 d�WQW_U?@ 7 SV>A¼=@;: R d?K_@NB 7 �Hd X WMdH:mW_>T<?S X P f RÍP <?@*<8W*ºe»'U?> X U X :=< 6 @¡<?@*SVBA@ X WM@*gÊº
I_>A< X @�>kW#I_U P d?BTg£< P W X P <8W_K_> 6 d�WM@æW P W_U?@�@N¼ P BTdeWM> P < P=l WMU?@æ�HBkWM@NK_@*g/�H@NBTg?INEªÙ�:mI_@*g P </WMU�@
g?>AI X d�I_I_> P <ª>A<�I_@ X W_> P <ª[eE [�E [eºDWMU?>AI(>AI P <�B 7 @ÁÀ�: X WMB 7 W_K_d?@ l¿P K�: R K P � @ X WM> P < PVR @*K_:mW P KNE�¬yU?@
¼�>TI X P IL>AW 7 W_@*K f X :=< 6 @�U?:=<?g?BA@*giI_> f >TBT:=K_B 7 º

σij
∂ui

∂xj

+ ũi
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[−ũi(ER + p) − (qi + Qi) + ũj(σij − τij)] + τijS̃ij
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ρ̄ũw̃ − (σ̄xz − τxz)
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ûi ûj

〉
+
〈
ûi
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ûj

〉

=
〈
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τ (f, g) = fg − f g
¼ ^ E V ¾

τ (f, g, h) = fgh − fτ (g, h) − gτ (f, h) − hτ (fg) − f g h
¼ ^ E [�¾
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τ (f1 + af2, g) = (f1 + af2) g − (f1 + af2) g

= f1g − f1 g + a
(
f2g − f2 g

)

= τ (f1, g) + aτ (f2, g) ,
¼ ^ E Ð ¾

:=<?g�I_> f >AB�:=KLB 7 l¿P KÆWMU?@'WMU�>TK_g P KLg?@*K f P f @N< W_I*EÆ¸v>A<?@-:=KL>AW 7 :=BTI P > f R BA>T@NIÌWMU?@ R K P g?d X W�K_d?BA@ l¿P K
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∂τ (f, g)

∂x
=

∂

∂x

[
fg − f g

]

=
∂f

∂x
g − ∂f

∂x
g + f

∂g

∂x
− f

∂g

∂x

= τ

(
∂f

∂x
, g

)
+ τ

(
f,

∂g

∂x

)
,

¼ ^ E ä ¾
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∂τ (f, g, h)

∂x
=

∂

∂x

[
fgh − fτ (g, h) − gτ (f, h) − hτ (fg) − f g h

]

=
∂f

∂x
gh + f

∂g

∂x
h + fg

∂h

∂x

−∂f

∂x
τ (g, h) − fτ

(
∂g

∂x
, h

)
+ f

(
g,

∂h

∂x

)

−∂g

∂x
τ (f, h) − gτ

(
∂f

∂x
, h

)
− gτ

(
f,

∂h

∂x

)

−∂h

∂x
τ (f, g) − hτ

(
∂f

∂x
, g

)
− hτ

(
f,

∂g

∂x

)

−∂f

∂x
g h − f

∂g

∂x
h − f g

∂h

∂x

= τ

(
∂f

∂x
, g, h

)
+ τ

(
f,

∂g

∂x
, h

)
+ τ

(
f, g,

∂h

∂x

)
.

¼ ^ E ]X¾
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∇2τ (f, g) =
∂

∂xi

[
∂τ (f, g)

∂xi

]

=
∂

∂xi

[
τ

(
∂f

∂xi
, g

)
+ τ

(
f,

∂g

∂xi

)]

= τ
(
∇2f, g

)
+ 2τ

(
∂f

∂xi

,
∂g

∂xi

)
+ τ

(
f,∇2g

)
.
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τ(fg, h) = fgh − fg h

= fgh − fg h + f g h − f g h

= fgh − τ(f, g)h − f g h.
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τ(f, g, h) = fgh − fτ(g, h) − gτ(f, h) − hτ(f, g) − f g h

= τ(fg, h) − fτ(g, h) − gτ(f, h),
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τ(fg, h) = τ(f, g, h) + fτ(g, h) − gτ(f, h).
¼ ^ E Y ¾
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N [ui] = 0
¼ ^ E�e�¾
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τ (ui,N [uj]) + τ (uj,N [ui]) = 0.
¼ ^ E�W�¾

®ÌÀ R :=<?g?>A<?S?º?»�@ P 6 W`:m>T<

τ

(
ui,

∂uj

∂t

)
+ τ

(
uj,

∂ui

∂t

)
+ τ

(
ui, uk

∂uj

∂xk

)
+ τ

(
uj, uk

∂ui

∂xk

)

= −1

ρ

[
τ

(
ui,

∂p

∂xj

)
+ τ

(
uj,

∂p

∂xi

)]
+ ντ

(
ui,∇2uj

)
+ ντ

(
uj,∇2ui

)

∂τ(ui, uj)

∂x
+ τ

(
ui, uk

∂uj

∂xk

)
+ τ

(
uj, uk

∂ui

∂xk

)

= −1

ρ

[
τ

(
ui,

∂p

∂xj

)
+ τ

(
uj,

∂p

∂xi

)]
+ ν∇2τ (ui, uj) − 2ντ

(
∂ui

∂xk
,
∂uj

∂xk

)
,
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τ

(
ui, uk

∂uj

∂xk

)
+ τ

(
uj, uk

∂ui

∂xk

)

= τ

(
ui, uk,

∂uj

∂xk

)
+ ukτ

(
ui,

∂uj

∂xk

)
+

∂uj

∂xk

τ (ui, uk)

+ τ

(
uj, uk,

∂ui

∂xk

)
+ ukτ

(
uj,

∂ui

∂xk

)
+

∂ui

∂xk
τ (uj, uk)

=
∂τ (ui, uj, uk)

∂xk
+ uk

∂τ (ui, uj)

∂xk
+

∂uj

∂xk
τ (ui, uk) +

∂ui

∂xk
τ (uj, uk)
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τ

(
ui,

∂p

∂xj

)
=

∂

∂xj
[τ (ui, p)] −

[
τ

(
p,

∂ui

∂xj

)]
.

¬yU?@�@N¼ P BTdeWM> P <i@N� dH:mWM> P <?I l¿P K�W_U?@�I_d 6 �?BAWM@NK'ILWMKL@*ILI�W_@*<?I P K X :=<�WMU?@NK_@ l¿P K_@ 6 @�@ÁÀ R K_@NI_IL@*gp:=I

∂τ (ui, uj)

∂x
+ uk

∂τ (ui, uj)

∂xk
= ν∇2τ (ui, uj) + Πij + Dij + Pij − εij,

¼ ^ E V \�¾
»'U?@NK_@

Πij = −1

ρ

[
τ

(
p,

∂ui

∂xj

)
+ τ

(
p,

∂uj

∂xi

)]

Dij = −1

ρ

∂

∂xj

[τ (ui, p)] − 1

ρ

∂

∂xi

τ (uj, p) − ∂τ (ui, uj, uk)

∂xk

Pij = − ∂ui

∂xk

τ (uj, uk) −
∂uj

∂xk

τ (ui, uk)

εij = 2ν τ

(
∂ui

∂xk

,
∂uj

∂xk

)
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2ν

[
τ

(
∂ui

∂xk
,
∂N [uj]

∂xk

)
+ τ

(
∂uj

∂xk
,
∂N [ui]

∂xk

)]
= 0.

®ÌÀ R :=<?g?>A<?S?º?»�@�UH:-¼V@

∂

∂t

[
τ

(
∂ui

∂xk

,
∂uj

∂xk

)]
+ τ

(
∂ui

∂xk

,
∂

∂xk

[
ul

∂uj

∂xl

])
+ τ

(
∂uj

∂xk

,
∂

∂xk

[
ul

∂ui

∂xl

])

= −1

ρ

[
τ

(
∂ui

∂xk
,

∂

∂xk

[
∂p

∂xj

])
+ τ

(
∂uj

∂xk
,

∂

∂xk

[
∂p

∂xi

])]

+ ν∇2

[
τ

(
∂ui

∂xk

,
∂uj

∂xk

)]
− 2ντ

(
∂2ui

∂xk∂xl

,
∂2uj

∂xk∂xl

)
.
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τ

(
∂ui

∂xk
,

∂

∂xk

[
ul

∂uj

∂xl

])
+ τ

(
∂uj

∂xk
,

∂

∂xk

[
ul

∂ui

∂xl

])

= τ

(
∂ui

∂xk
,
∂ul

∂xk

∂uj

∂xl

)
+τ

(
∂ui

∂xk
, ul

∂2uj

∂xk∂xl

)
+τ

(
∂uj

∂xk
,
∂ul

∂xk

∂ui

∂xl

)
+τ

(
∂uj

∂xk
, ul

∂2ui

∂xk∂xl

)
.
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τ

(
∂ui

∂xk

,
∂ul

∂xk

∂uj

∂xl

)
+ τ

(
∂uj

∂xk

,
∂ul

∂xk

∂ui

∂xl

)

= τ

(
∂ui

∂xk
,
∂ul

∂xk
,
∂uj

∂xl

)
+

∂ul

∂xk
τ

(
∂ui

∂xk
,
∂uj

∂xl

)
+

∂uj

∂xl
τ

(
∂ui

∂xk
,
∂ul

∂xk

)

+ τ

(
∂uj

∂xk
,
∂ul

∂xk
,
∂ui

∂xl

)
+

∂ul

∂xk
τ

(
∂uj

∂xk
,
∂ui

∂xl

)
+

∂ui

∂xl
τ

(
∂uj

∂xk
,
∂ul

∂xk

)
.
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τ

(
∂ui

∂xk

, ul
∂2uj

∂xk∂xl

)
+ τ

(
∂uj

∂xk

, ul
∂2ui

∂xk∂xl

)

= τ

(
∂ui

∂xk

, ul
∂2uj

∂xl∂xk

)
+ τ

(
∂uj

∂xk

, ul
∂2ui

∂xl∂xk

)

= τ

(
∂ui

∂xk
, ul,

∂2uj

∂xl∂xk

)
+ ulτ

(
∂ui

∂xk
,

∂2uj

∂xl∂xk

)
+

∂2uj

∂xl∂xk
τ

(
∂ui

∂xk
, ul

)

+τ

(
∂uj

∂xk
, ul,

∂2ui

∂xl∂xk

)
+ ulτ

(
∂uj

∂xk
,

∂2ui

∂xl∂xk

)
+

∂2ui

∂xl∂xk
τ

(
∂uj

∂xk
, ul

)

= ul
∂

∂xl

[
τ

(
∂ui

∂xk

,
∂uj

∂xk

)]

+
∂

∂xl

[
τ

(
ul,

∂ui

∂xk
,
∂uj

∂xk

)]

+
∂2ui

∂xl∂xk
τ

(
∂uj

∂xk
, ul

)
+

∂2uj

∂xl∂xk
τ

(
∂ui

∂xk
, ul

)
.
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τ

(
∂ui

∂xk
,

∂

∂xk

[
∂p

∂xj

])
= τ

(
∂ui

∂xk
,

∂

∂xj

[
∂p

∂xk

])

=
∂

∂xj

[
τ

(
∂ui

∂xk
,

∂p

∂xk

)]
− τ

(
∂p

∂xk
,

∂

∂xj

[
∂ui

∂xk

])
.
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2ν
:=<?gid?IL>T<?S#WMU�@5g�@N�H<?>kWM> P < P=l

εij

»'U?@*KL@�: R�R K PVR K_>�:aWM@;»�@ P 6 W`:=>A<ÚÃ

∂εij

∂t
+ uk

∂εij

∂xk

= −Pε
ij − Φε

ij + Πε
ij + Dε

ij + ν∇2εij,
¼ ^ E V�V ¾
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Πε
ij =

2ν

ρ

[
τ

(
∂p

∂xk
,

∂

∂xk

[
∂ui

∂xj

])]
+

2ν

ρ

[
τ

(
∂p

∂xk
,

∂

∂xk

[
∂uj

∂xi

])]

Dε
ij = −2ν

ρ

[
∂

∂xj

[
τ

(
∂ui

∂xk
,

∂p

∂xk

)]]
− 2ν

ρ

[
∂

∂xi

[
τ

(
∂uj

∂xk
,

∂p

∂xk

)]]

−2ν
∂

∂xl

[
τ

(
ul,

∂ui

∂xk
,
∂uj

∂xk

)]

Pε
ij =

∂uj

∂xl
εil +

∂ui

∂xl
εjl

+2ν
∂ul

∂xk
τ

(
∂ui

∂xk
,
∂uj

∂xl

)
+ 2ν

∂ul

∂xk
τ

(
∂uj

∂xk
,
∂ui

∂xl

)

+2ν
∂2ui

∂xl∂xk
τ

(
∂uj

∂xk
, ul

)
+ 2ν

∂2uj

∂xl∂xk
τ

(
∂ui

∂xk
, ul

)

+2ντ

(
∂ui

∂xk

,
∂ul

∂xk

,
∂uj

∂xl

)
+ 2ντ

(
∂uj

∂xk

,
∂ul

∂xk

,
∂ui

∂xl

)

Φε
ij = 4ν2τ

(
∂2ui

∂xk∂xl
,

∂2uj

∂xk∂xl

)
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k =
1

2
τ (ui, ui)
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∂k

∂x
+ uk

∂k

∂xk
= ν∇2k + D + P − ε,

¼ ^ E V [�¾
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D = −1

ρ

∂

∂xi
[τ (ui, p)] − 1

2

∂τ (ui, ui, uk)

∂xk

P = − ∂ui

∂xk

τ (ui, uk)

ε =
1

2
εii = ντ

(
∂ui

∂xk

,
∂ui

∂xk

)

be> f >AB�:=KLB 7 ºmWMU?@;I X :=BT:=K�g?>AI_IL> R :mW_> P <�KM:mW_@;@*� dH:aWM> P < X :=< 6 @ P 6 W`:=>A<?@*g 687 WM:=Ë >T<?S P <?@;UH:mB l WMU�@
WMK_: X @ P=l ¼ ^ E VXV ¾ÁÃ

∂ε

∂t
+ ul

∂ε

∂xl

= Pε − Φε + Dε + ν∇2ε,
¼ ^ E V%Ð ¾

»'U?@NK_@

Dε = −ν

ρ

[
∂

∂xi

[
τ

(
∂ui

∂xk
,

∂p

∂xk

)]]
− ν

∂

∂xl

[
τ

(
ul,

∂ui

∂xk
,
∂ui

∂xk

)]

Pε = −∂ui

∂xl
εil − 2ν

∂ul

∂xk
τ

(
∂ui

∂xk
,
∂ui

∂xl

)

−2ν
∂2ui

∂xl∂xk

τ

(
∂ui

∂xk

, ul

)
− 2ντ

(
∂ui

∂xk

,
∂ul

∂xk

,
∂ui

∂xl

)

Φε = 2ν2τ

(
∂2ui

∂xk∂xl

,
∂2ui

∂xk∂xl

)



V ] ä

¹)µ?µ ¢+ .®?¯Ø²hó
� �ª����ç�ª	1� � ����
	 !¹�ª���c�
	�+

¬yU?@ X P f R d�WM:mWM> P <H:=B X P I¢W P=l I P Bk¼e>A<?S�WMU?@ l d?BAB´±�:-¼�>T@*K�½¢b�W P Ë=@NI(@N� dH:mWM> P <?I5<?@ X @*ILI_>AWM:mWM@NI#:=<e½
P W_U?@*K f @ÁWMU P g l¿P K�g?@Á¼V@NB PVR >A<?S R K P �HBA@*I l¿P Krd?I_@�:mI�>A<	� P » X P <?g?>AW_> P <�IQ:=<�g�>T<�>AWM>T:=B?gH:aW`:�EÆh P K
WMU�>TIQ» P K_Ë�I P BAd�WM> P <?I P=l WMU?@�: R?R K P=R K_>T:mWM@ 6 P d�<?gH:=K 7 BT: 7 @*K�@N� dH:mWM> P <?I R K P ¼e>Ag?@�W_U?@�K_@N��d�>TK_@Ng
gH:mWM:�EDGJ<¹WMU?@ X :=IL@ P=l BT: f >A<H:=K$� P »c:�IL> f >TBT:=K_>kW 7 I P BTd�W_> P <5>TI�d?I_@NgÚº=»'U?@NK_@*:=IÒ>T<(WMU?@rWMd?K 6 d?BT@N<8W
X :mI_@'WMU?@ 6 P d?<?gH:mK 7 BT: 7 @*K´@*� dH:aWM> P <?I l¿P KÒWMU?@À� P » ¼m:=KL>�: 6 BT@*INºV>T< X BTd�g?>T<?S

k
:=<�g

ε
º�:=K_@yI P BA¼=@*g

g?>AK_@ X WMB 7 E#GJ<pWMU?@ l¿P BTB P »'>T<?S R K_@*IL@*<8W`:aWM> P <Úº R K_> f :=K 7 l¿P X d�I�»'>ABTB 6 @ P <):=K_@*:=I�>T<�»'U?> X UFWMU�@
I P BTd�W_> P <æW_@ X U?<?>A� d?@*I�g?>AÈÉ@*K l K P f W_U P I_@�>A<�W_U?@�BT>kWM@NKM:mW_d?K_@mE

öZô ó ¾¿�ÞjÀ¥ ÷Hú»þ+þRùb��� ú ô�qsjñù��q:÷cö¿�s�����q«÷���ô�q³�«ú$÷

^ IL> f >TBT:=K_>kW 7 :=<H:mB 7 I_>AI P=l WMU?@æ>A< X P f R KL@*ILI_> 6 BT@0±�:-¼�>T@NK¢½¢b W P Ëm@*I¹@N��d?:mWM> P <?I l¿P K¹: 6 P d?<?g?:=K 7
B�: 7 @*KvK_@NI_d?BkWMIv>A<�W_U?@ X BT:=I_IL> X :=BVhj:=BAË�<�@*K¢½�beËa:=< l : f >TB 7 PmleR K P �HBA@*I�¼¿>T< X BTd?g?>A<?SQW_U?@Æ×*@NK P ½ R K_@NI_I_d�K_@
SVK_:=g?>T@N<8W�Ù�B�:=IL>Td?I R K P �HBT@¤¾ÁEy�'@*g�d X >A<?S0W_U?@ X P f R K_@NI_IL> 6 BA@(@N��d?:mWM> P <?I'W P :�I_@NB l ½³I_> f >TBT:=K l¿P K f
K_@N� d?>TKL@*I�:)< d f¹6 @*K P=l :=g?g?>kWM> P <H:=B�:mI_I_d f R W_> P <�I P <cW_U?@iW_U?@*K f P g 7 <H: f > X ¼m:=KL>�: 6 BT@*I
:m<?g
f :mWM@NK_>�:mB R K P=R @NKLWM>A@*I P=l WMU?@«�Hd?>AgÚE�¬yU�@*K_@Q:=K_@rI_@Á¼V@NKM:=B WMK_:=<?I l¿P K f :mWM> P <;»'U?> X U X :=< 6 @rd?IL@*g(W P
P 6 WM:=>T<¹:;I_@*B l ½JIL> f >TB�:mK l¿P K f P=l WMU�@�@*� dH:mW_> P <�I*EÆ�@*K_@�»Q@ l¿P BAB P »/WMU�@y: R?R K P : X U P=l GJBABT>T<�S=» P KLWMU
¼ V W8]=\�¾ÛEÒGJ<8WMK P g?d X >T<?S
WMU�@5IL> f >TBT:=K_>kW 7 ¼=:mK_>�: 6 BT@NI (

ξ(x) =

∫ x

0

ρe(x
′)µe(x

′)Ue(x
′) dx′

¼¨Ù�E V ¾

η(x, y) = Ue(x)

√ �'@

2ξ(x)

∫ y

0

ρ(x, y′) dy′,
¼¨Ù�E [X¾

*,IªA89k/}ses#1 RS14TU<?/73iyê/UKbRST2O�T�y √ W�9l1:@Hs��89HRBTERSA89l<8T2<���s#1��E9�<?@B1:T2<?/2341��L/7RB1:T2<Na



V ]=]

C
�ÆK C�:

γV E \ \�E YRV \�E [V] V E ä

<�>?%"@ á�� Q°1 E´�Ì:=K_: f @NWM@NK_I l¿P K�W_U?@�I_> f >TBT:=K_>kW 7 I P BAd�WM> P < l¿P K�W_U?@�B�: f >T<H:mK 6 P d?<?gH:mK 7 BT: 7 @*KNE

»'U?@NK_@#WMU?@
ILd 6 I X K_> R W
e
KL@ R KL@*I_@N<8WMI�WMU?@#@ÛÀeW_@*KL<H:=B`� P » ¼ P d�W_I_>Tg�@¹WMU?@ 6 P d?<?g?:=K 7 BT: 7 @*K�¾ÁºÚ»�@

»'>TILUiW P �H<?giI_> f >TBT:=K_>kW 7 I P BAd�WM> P <?I Pml W_U?@ l¿P K f

u(ξ, η) = Ue(ξ)f
′(η)

¼¨Ù�E Ð ¾

h(ξ, η) = he(ξ)g(η).
¼�Ù�E ä ¾

G l »�@�:=ILI_d f @5: R @NK l @ X W�S8:=I�»�@(UH:-¼=@5W_U?@ l¿P BTB P »'>A<?S¹KL@*B�:aWM> P <?I_U?> R�l¿P K
ρ
Ã

ρe

ρ
=

T

Te
≈ h

he
= g(η).

¼�Ù�E ]�¾

C�:=Ë >A<?S�WMU�@¹:=g?g�>AWM> P <H:=BZ:mI_I_d f R W_> P <�I P=l X P <?ILWM:=<8W;I R @ X >A� X U?@-:aWMI�:=<�g
Ue =

X P <?I¢W%º
He =

X P <?ILW�¼ X P KLK_@NI RÍP <?g?>A<?S�W P :�×*@NK P ½ R K_@NI_ILd?K_@#SVK_:=g?>A@*<8W �H:mWL½ R B�:mW_@�¾�»Q@ X :=<�ILd 6 I¢WM>AW_d�WM@Ò¼�Ù�E V ¾J½
¼�Ù¡E ä ¾�>T<8W P W_U?@ X P f R KL@*I_IL> 6 BA@ 6 P d?<?gH:mK 7 BT: 7 @*K�@N� dH:mWM> P <?I;W P�P 6 W`:m>T<�WMU�@#I_> f >TBT:=K_>kW 7 @*� dH:î½
WM> P <?ID¼h�ÖU?>AW_@=º V WXW V º?@N��INE Y ½ Ð [=:eº 6 º R E�]=\ Y ¾ÛÃ

(Cf ′′)
′

+ ff ′′ = 0
¼¨Ù�E Å�¾

(Cg′)
′

+
�´K

fg′ = − �ÆK C (γ − 1)
C�: 2f ′′

2

,
¼¨Ù�E Y ¾

»'U?@NK_@

C =
ρµ

ρeµe
.

¼¨Ù�E�e�¾
��@ l d?K¢WMU?@NK(:mI_I_d f @

C = 1
»'U?> X UF> f R BA>T@NI¡WMU?:mW�WMU?@#¼�>TI X P IL>AW 7 ¼m:=KL>T@NI�BT>T<�@-:=KLB 7 »'>AW_U)W_U?@

WM@ f R @*K_:mWMd�K_@=E
¬yU?@*IL@�@*� dH:mW_> P <�I X :=< 6 @�I P BA¼=@*g 687 :(I_U P�P WM>A<?S f @NW_U P gø¼¨>A<�WMU?>AI�» P K_Ë
WMU�@;> f R BT@ f @N<e½

W`:aWM> P <�>AIrW_UH:mW Pml �ÆK_@*ILI�@NW�:=B Ekº V W�e=Å�¾ÁEÒ¬�: 6 BA@�Ù¡E V BT>TI¢WMI´WMU?@ R :=K_: f @ÁWM@NK_IQd�I_@*g�>T<�I P BA¼�>A<?S l¿P K
WMU�@(IL> f >TB�:mK_>AW 7 I P BTdeWM> P < l¿P K'W_U?@�×*@NK P�R K_@*ILI_d?KL@�SVK_:=g?>A@*<8WÀ�j:mW R B�:aWM@ 6 P d?<?gH:mK 7 B�: 7 @*K'd?<?g?@NK
>T<8¼=@*ILW_>TS8:aWM> P <ÚEi¯¡<?BA>TË=@
WMU�@æ>T< X P f R K_@NI_I_> 6 BT@ X :=I_@mº´: X B P I_@Ng l¿P K f I P BTdeWM> P < l¿P K

v
K_@N� d?>TKL@*I



V ]mÅ

WMU�@�I P BAd�WM> P < P=l :=<�>A< W_@*SVK_:=BÊ@N� dH:mWM> P <�>T<
g(η)

EÒ¬ P :%¼ P >TgæW_U?>TINº�WMU�@ l¿P BTB P »'>T<?S R K P X @Ng?d?KL@�>TI
:=g P=R WM@NgÚEr®´� dH:aWM> P <�Ù¡E [¹>TI'>A< ¼=@*K¢WM@*g�W P
P 6 W`:=>A<

y(η)
º

∂η

∂y
= Ue

√ ��@

2ξ
ρ = ρeUe

√ �'@

2ξ

ρ

ρe

∂y

∂η
=

1

ρeUe

√
2ξ�'@ g(η)

y =
1

ρeUe

√
2ξ�'@
∫ η

0

g(η) dη.
¼�Ù�E�W�¾

^ Wy@*: X U
x
ILW`:aWM> P <Úº�W_U?>TIQ@ÁÀ R K_@NI_IL> P <�>AIQd?IL@*g�W P¹P 6 W`:=>A<

y(η)
EÌ¸v>T<?@*:=KQ>A< W_@*K RÉP BT:mWM> P <0>TIQd�I_@*g

W P�P 6 W`:=>A<¹WMU?@�¼m:=KL>�: 6 BT@
ρ
º
u
ºV:=<?g

h
l K P f W_U?@yI_> f >AB�:=KL>AW 7 I P BTd�W_> P <ÊE�h�>T<H:=BAB 7 º P < X @�WMU?@y@N<8WM>TKL@

� P »~�?@*BTg�UH:mI 6 @*@N< P 6 W`:=>A<?@*gÚº
v
X :m< 6 @ X P f R d�W_@*g l K P f WMU?@ X P <8WM>A<�d�>AW 7 @N��d?:mWM> P <ÚE

öZôSi ��� ÷	�����íú��ÿcö �k�����q:÷	� ô�q³�«ú$÷

¬yU?@ 6 P d�<?gH:=K 7 BT: 7 @*K�@*� dH:mW_> P <�I l¿P K�:5W_d?K 6 d�BT@*<8W X P f R K_@NI_IL> 6 BA@��Hd�>TgÚº�>T< X BTd?g�>T<?S�WMU�@¡WMK_:=<?I�½
RÍP KLWÆ@N� dH:mWM> P <?I l¿P K

k
:=<?g

ε
X :m< 6 @ l¿P d�<?g
>T<�¼m:=K 7 >A<?S l¿P K f I�>T<¹WMU�@�BT>kWM@*K_:mWMd�K_@=E�h P KÌW_U?@�B P »

C�: X U�< d f¹6 @*K�� P »'Iyd?<?g?@NK X P <?IL>Tg?@NKM:mW_> P <�WMU?@ R K_> f >AW_>A¼=@�¼m:=KL>�: 6 BA@ l¿P K f d?BT:mWM> P <0>TI X U P I_@N<ÚE
¬yU?@�@*� dH:aWM> P <?I�:=K_@mÃ

∂ρũ
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∂ũ

∂y
= −dpe

dx
+

∂

∂y

[(
1�'@ + µT

)
∂ũ
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