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ũ2 EÒC�d?BAW_> R B 7 >T<?S
WMU�@5KL@*I P BA¼=@*giI X :mBT@ f P f @N< W_d f @N� dH:mWM> P <Ô¼ [eE ] Ð ¾ 687

ũi
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∂xi
= −p

∂ui

∂xi
− ∂

∂xi
[qi + Qi] + σij

∂ui

∂xj

¼ [eE Å Y ¾
»'U?@NK_@�K_>ASVU8WQU?:=<?g�I_>Ag?@�>AIQI¢WM>TBABj< P W X B P IL@*gæ»'>kWMU P deW�:=g�g?>AW_> P <H:mBÉ:mI_I_d f R W_> P <�I�W P f P g?@*BjWMU�@
�HBkWM@*KL@*g X P KLK_@NB�:mW_> P <?INE�¬yU�@��HBkWM@*KL@*g X P <8¼=@ X W_>A¼=@æU?@-:aWD�?deÀFK_@*� d?>AK_@NI(IL> f >TB�:mK¡WMKL@-:mW f @N<8W5W P
WMU�@�¼�>AI X P d?I'ILWMKL@*ILI�W_@*<?I P K�W_@*K f º

qi = −λ
∂T̃

∂xi
.

¼ [eE Å�e�¾
��@ X :m<�< P »©»'KL>AW_@�W_U?@5@*� dH:mW_> P < l¿P KyK_@NI P Bk¼V@Ng�I X :=BT@5@*<�@*K_S 7 º

ER

º 687 I_d f0f >A<?S­¼ [eE Å ä ¾
:=<?g\¼ [�E Å Y ¾Áº?:m<?g�KL@-:=KLKM:=<�SV>T<?S#>A<?g?> X @*INº
∂ER

∂t
+

∂ũiER

∂xi

= −p
∂ui

∂xi

− ∂

∂xi

[qi+Qi]+σij
∂ui

∂xj

+ũi
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Ĝ(κ)

>TI5g?@ R @N<?g?@*<8W P <
δ
ºÌI P W P�P >AI�W_U?@�>A<8WM@*S=KM:=B´>T<Z¼ ä E [�¾ÛE�¬ P K_@ X :=I¢W�WMU�>TI5>T<8WM@NSVKM:=B´>A<�: l¿P K f

>T<�g?@ R @*<?g�@*<8W P=l
δ
ºÒ»Q@ X :=</@ÁÀ R KL@*I_I#W_U?@�> f R BT> X >kW��HBAW_@*K¹:mI
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)(
uj − ûj
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)(
uj − ûj
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ṁ

ρ∞V cw
=

0.1518 kg/s

(1.185 kg/m3)(34.6 m/s)(0.42 m)(0.584 m)
= 1.509 × 10−3.

®ÌÀ�WMKM: RÉP BT:mWM>A<?S l K P f WMU�@ R B P W*ºeWMU�>TIyK_@N� d?>TKL@*I¡: 6 : X Ë R K_@NI_ILd?K_@ P=l

p

p∞
≈ 0.99.

h P K0W_U?>TI X :mI_@�W_U?@�¼=@*B P X >AW 7 R K P �HBT@NI=¼ß�HSVd?KL@�Å�E V \�¾
:=BAI P K_@w�?@ X W�:FB�:aWM@iK_@-:aW_W`: X U f @N<8W
K_@NB�:mW_>A¼=@�W P WMU?@p@ÛÀ R @*KL> f @*<8W`:mB f @*:=I_d?KL@ f @*<8WMINE�¬yU�@FI R @ X WMKLd f ¼¿�?SVd?K_@)Å�E V�V ¾�<�@-:=K�WMU�@



V [ ä

0 0.5 1 1.5
x/c

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

C
p

Exp
FSM

X�/U`

0 0.5 1 1.5
x/c

-0.002

0

0.002

0.004

0.006

0.008

c f

X)6P`

7 ÝßÞ:9 � á �"Q\]ÍE5¬y> f @#:-¼V@NKM:=SV@Ng R K_@NI_I_d�K_@ X P @w� X >A@*<8W0¼�:�¾�:=<?gpI_Ë >A<e½ l KL> X W_> P < X P @w� X >A@*<8W0¼ 6 ¾
¼V@NK_ILd?I;g P »'<?I¢WMK_@*: f g?>TI¢W`:=< X @ l¿P KyWMU?@�� P »©»'>AW_U�I¢WM@*:=g 7 I_d X WM> P <ÚEQ¬yU�@�gH:=ILU?@*g�BT>A<?@*I'>T<�g?>k½
X :aWM@�WMU?@�B P X :mWM> P <?I Pml WMU�@5I R @ X W_KM:
>T<æ�HSVd�K_@5Å�E V�V E

I_@ R :=K_:mWM> P < RÉP >T<8W�I_BA>TSVU8W_B 7 d?<?g?@NK¢½ R K_@Ng?> X WMI�WMU?@#>A<8WM@*<�I_>AW 7 P=l WMU?@ 6 : X Ë SVK P d�<?g)W_d?K 6 d?BT@N< X @mº
:=I�>T<�WMU�@(d?< l¿P K X @*g X :=I_@mE�¬yU?@NK_@�>AI'< P W¡:�I¢WMK P <?S R @-:mË�>T<�WMU?@�I R @ X WMKLd f ºÉ:=IyWMU�@*K_@�»Q:=I�>A<
WMU�@�d?< l¿P K X @Ng X :=I_@mEÒ¬yU?>AIÒ>TI�@ÁÀ R @ X W_@*g0I_>T< X @QW_U?@ 6 d 6�6 BT@�>AI f d X U
»�@-:mË=@*K´:mIÒ>TIÌW_U?@�>A< W_@*<?IL>AW 7



V [=]

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
x/c

0.00

0.05

0.10

0.15

0.20
y/

c

7 ÝßÞ:9 � á �"Qò1X*jE��ÆK P �HBT@NI P=l
u
½ ¼V@NB P X >AW 7 :mW;I_@N¼=@*<Fg P »'<?ILW_K_@-: f ILWM:mWM> P <?I l¿P K�WMU?@ � P »�»'>AW_U

ILW_@-:=g 7 ILd X W_> P <ø¼
x/c r \�E Å=Å�º�\�E�eeº�\�E�W�º V E \eº V E V º V E [eº�:m<?g V E Ð ¾ÁE^¼ − ¾rI_> f d?BT:mWM> P <?I�Ðq¼ • ¾r@ÛÀ R @NK¢½> f @*<8W_I*E

P=l WMU?@�ILU?@*g?g�>T<?S?E

Kª�¨I��¨d ¸ ¦¤¶�¯°±s±ò�	£��B¥�º óÓ±ò�*?0¯s ³ 
¶;I X >TBTBT:mW P K 7 l¿P K X >T<?Sp>AI#> f RÉP IL@*g 687 ¼m:=K 7 >A<?S�WMU?@�¼V@NB P X >kW 7 P ¼V@NK0W_U?@�I_B P W
I_>T< d?I P >Tg?:=BTB 7 >A<
WM> f @mE GJ<�WMU?@�@ÛÀ R @NK_> f @*<8W�WMU?@�g�>TK_@ X W_> P < P=l WMU�@�� P » WMU?K P d?SVU W_U?@�ILB P W�»'>TBAB¡:mBTI P ¼m:=K 7
R @*K_> P g�> X :mBTB 7�6 :=IL@*g P <FWMU�@�g 7 <H: f > X I P=l WMU�@0� P »�<?@*:=K(W_U?@0I_B P W¹:=<�g�>T<�I_>Tg�@
W_U?@�< P ×*×NBT@=E
­ P »�@N¼=@*K*ºÚ»�@#:=ILI_d f @�W_UH:mW�:=I;B P <?Sæ:=I�WMU?@(d?<?I¢WM@-:mg 7 l¿P K X >A<?S�@ÛÀ X >AW_@*I�W_U?@�d?<�ILW`: 6 BT@(I_U?@*:=K
B�: 7 @*K f P g?@*I´WMU�@¡KL@*I_d�BAWMI�I_U P d?BTg 6 @¡>T<?IL@*<?IL>AW_>A¼V@'W P WMU�@�g?@ÁW`:=>ABT@*g 6 @*UH:-¼�> P K P=l WMU?@À� P »Ö<?@-:mK
WMU�@�I_B P W-E=��@�U?:%¼=@ l¿P d?<?gªW_UH:mW#> l W_U?@ l¿P K X >T<�S�>TI¹>A<8WMK P g?d X @*g/< P K f :=B�W P WMU?@ 6 P d?<?g?:=K 7
B�: 7 @*K*ºvW_U?@*<�:mW5U?>TSVU�@*K�: f R BT>kWMd?g�@*I�W_U?@�d�<?ILW_@-:=g 7pf P f @*<8WMd f R @*<?@ÁWMKM:aWM@*I�WMU�@ 6 P d?<?g?:=K 7
B�: 7 @*K X P f R BT@ÁWM@*B 7 :=<?g°>AI�< P Wæ@ÁÈÊ@ X WM>k¼V@mE�h P K0W_U?>TI0K_@*:=I P <ÚºyWMU?@ l¿P K X >T<?S l¿P K0W_U?>TI X :=IL@�>AI
>T<8W_K P g?d X @Ng�:aW5:=<�:m<?SVBT@¹: R?R K P Àe> f :mW_@*B 7 X P K_K_@NI RÍP <?g?>A<?S�W P WMU�@0< P ×*×NBT@
@ÁÀe>AW(:=<�SVBT@ Pml WMU�@
@ÁÀ R @*KL> f @*<8W`:=B l¿P K X >T<?S
I_B P W-E

¬yU?@�:=S=K_@*@ f @N<8W¹>TI5SV@N<?@*K_:=BTB 7 ��d�>AWM@0S P�P gc¼¿�HS=d?K_@�Å�E V [H¼�:�¾æ¾ÁE�¬yU?@æg�>TI X K_@ R :=< X 7 >A<FWMU�@
U?@N>TSVU8W P=l WMU?@
I_d X WM> P < R @*:=Ë�>TI�BA>TË=@NB 7 g?d?@
W P 6 B P X Ëa:=SV@#@ÁÈÊ@ X W_I*ºÒ:mI5>A<�WMU?@
d?< l¿P K X @Ng X :=I_@mº
6 d�WQ< P @ÛÀ R @*KL> f @*<8W`:mBÍg?:mW`:�>AIQ:-¼m:=>AB�: 6 BA@ l¿P K´WMU?@ l¿P K X @*g X :mI_@¡»'>kWMU P d�W�W_U?@;@N<?ge½ R B�:mW_@*I*EÌ¬yU?@
P ¼V@NK¢½ R K_@*g�> X W_> P < P=l WMU?@iK_@*:mW_WM: X U f @*<8W0BT@N<?S=WMU£>AI0< P W0g?d?@�W P @ÁÀ X @NI_IL>A¼V@�gH: f R >T<?S Pml WMU�@



V [mÅ

7 ÝßÞ:9 � á �"Qò1	1 E6��:=BTB R K_@NI_ILd?K_@ �Hd X WMd?:mWM> P <#I R @ X WMKM: l¿P KDWMU?@�� P »�»'>kWMU#ILW_@-:=g 7 I_d X WM> P <ÚE�¬yU?@
B P X :aWM> P <?I P=l WMU?@�I R @ X WMK_:�:mK_@�>T<�g?> X :mWM@Ngi>A<��HSVd?KL@(ÅeE�W�¼¨:�¾ 687 WMU�@5g?:=I_U?@Ng�BA>T<?@NI*E

ILW_K_d X WMd?KL@*I 6 7 W_U?@�WMd?K 6 d?BT@N< X @ f P g?@NB º´I_>A< X @�WMU�@iKL@*ILd?BAW_I�:=KL@�>T<?IL@*<?IL>AWM>k¼V@�W P WMU�@�g?@NSVK_@N@
P=l f P g�@*B X P <8WMKL> 6 d�W_> P <c¼�:=I(»'>TBTB 6 @æg?>TI X d?ILI_@Ng�>A<ªI_@ X WM> P <£Å�E Ð ¾ÁE)¶;<?@ RÉP ILI_> 6 >TBA>AW 7 >TI5WMUH:aW
WMK_:=<?IL>AWM> P < l K P f WMU?@;� ^ ±;b�K_@NSV> P <�W P WMU?@�¸Z®rb�K_@NSV> P < P XNX d?KLI�I_BA>TSVU8W_B 7 W P�P BT:mWM@mE ^ < P WMU?@NK
RÍP I_IL> 6 >ABT>AW 7 >TI�WMUH:mW¹:=I�W_U?@ X P <8WMK_> 6 d�W_> P < l d?< X W_> P <Fg?@ X K_@*:=I_@NI
W_U?@*KL@�>AI¹:�B P I_I P=l f P g?@NBT@Ng
WMd�K 6 d?BA@*<8W�Ë >T<?@ÁWM> X @*<?@NK_S 7 »'>kWMU P deW�:=<�@ÁÀ R BT> X >kW f @ X UH:=<?>AI f W P WMKM:m<?I l @NK�WMUH:mW�@N<?@*KLS 7�6 : X Ë



V [ Y

0 0.5 1 1.5
x/c

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

C
p

Experiment
FSM

X�/U`

0 0.5 1 1.5
x/c

-0.002

0

0.002

0.004

0.006

0.008

c f

X)6P`

7 ÝßÞ:9 � á ��Qò1�(HEÆ¬y> f @;:%¼=@*K_:=SV@*g R KL@*I_ILd?K_@ X P @z� X >T@N< W½¼¨:�¾Q:=<?g�ILË�>A<e½ l KL> X WM> P < X P @w� X >A@*<8Wì¼ 6 ¾
¼V@NK_ILd?I#g P »'<?ILW_K_@*: f g�>TILWM:=< X @ l¿P K�WMU?@�� P »�»'>AWMU P I X >TBAB�:mW P K 7 l¿P K X >A<?S?E�¬yU?@�gH:=I_U�@*g/BT>A<?@*I
>T<�g?> X :mWM@�W_U?@�B P X :mW_> P <�I P=l WMU?@�I R @ X WMK_:0>A<��?SVd?K_@5Å�E V ]eE

>T<8W P d?<?I¢WM@-:mg 7 K_@NI P Bk¼V@Ng)I f :mBTBk½³I X :=BT@ f P WM> P <?I*E�¬yU?>TI f @-:m<?I�WMU?:mW;WMU�@¹>T<?>kWM>T:=Bvg?>TI¢WMd?K 6 :=< X @
BT@Á¼V@NB�@ÛÀ R @*KL>T@N< X @Ng 687 W_U?@�ILU?@-:mK¡BT: 7 @*K�>TI�I_BA>TSVU8WMB 7 W PeP B P »�E�¬yU?>AI f : 7 X :=d?IL@¹:0< P WM> X @*: 6 BT@
B�:mS#>T<�WMU?@5: f R BA>AWMd�g?@;:mWLW`:=>A<?@*g 687 WMU�@5g�>TILW_d?K 6 :=< X @�»Q:-¼V@*I�>T<�W_U?@�I_U?@*:=K'B�: 7 @NK*E

¬yU?@
u
½³¼=@*B P X >kW 7 R K P �?BT@*I(I_U P » :�I P f @N»'U?:mW¹»�@-:=Ëm@*K 6 : X Ë�� P »�WMUH:=< P 6 I_@NKL¼V@Ng�>A<�WMU�@

@ÁÀ R @*KL> f @*<8WMINE ^ I0>T</W_U?@�d�< l¿P K X @*g X :=IL@=ºQW_U?@�g?@N¼=@*B P=R f @N<8W P=l WMU?@i<?@*:=K#»�:=BAB R K P �HBT@�>AI
g?@NB�: 7 @Ng X P K_KL@*I RÍP <?g�>T<?S�W P W_U?@�B�:mW_@*K¹KL@-:mWLW`: X U f @N< W*Eª¬yU?@i: X WM> P < P=l WMU?@ l¿P K X >T<�S�>T</WMU�@



V [�e

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
x/c

0.00

0.05

0.10

0.15

0.20
y/

c

7 ÝßÞ:9 � á �"Qò1X/jE��ÆK P �HBT@NI P=l
u
½ ¼V@NB P X >AW 7 :mW;I_@N¼=@*<Fg P »'<?ILW_K_@-: f ILWM:mWM> P <?I l¿P K�WMU?@ � P »�»'>AW_U

P I X >TBAB�:mW P K 7 l¿P K X >T<?S�¼
x/c r \�E ÅVÅ�ºÒ\eE�e�ºÒ\�E�Weº V E \�º V E V º V E [�ºÆ:=<?g V E Ð ¾ÛE ¼ − ¾�I_> f d?B�:mW_> P <�I�Ð^¼ • ¾@ÁÀ R @*KL> f @*<8WMINE

¼�> X >T<?>kW 7 Pml WMU?@;ILB P W X :=< 6 @�IL@*@N<i>A<��HSVd�K_@�Å�E V ä E ^ W
φ = 0

º�»'U?> X U�>AI 6 @NWJ»�@*@N<iW_U?@;I_d X WM> P <
:=<?g�W_U?@ 6 B P »'>T<?S R UH:=I_@mºÚWMU?@�I_U?@*:=K�B�: 7 @NK;>TI X B P I_@�W P WMU�@¹»�:=BABÌ:m<?g�WMU?@#IL@ R :mKM:mW_> P < RÍP >A< W
>TI�I P f @N»'UH:aW l :=K;g P »'<?I¢WMKL@-: f E�9¡d?K_>A<?S�WMU�@ 6 B P »'>T<�S X 7 X BA@=ºÚ»'U?> X U R @*:=Ë I5:mW

φ = 90
W_U?@

I_U�@-:=K;BT: 7 @*K�>TI�g�@w�H@ X WM@Ng�:-»Q: 7 l K P f W_U?@�»Q:=BTB�:=<?g�W_U?@¹IL@ R :=K_:mWM> P < RÍP >T<8W f P ¼V@NI;d R X B P IL@
W P WMU�@(g?>AILW_d?K 6 :m< X @5I_B P W-E ^ I'WMU?@ 6 B P »'>A<?S R UH:=IL@ X P < X BTd?g?@NI*ºjWMU?@�� P »�KL@ f :=>T<?IyIL@ R :mKM:mW_@*g
<?@*:=K#WMU?@iI_B P W-ºrd?<8WM>AB�WMU?@iI_d X WM> P < R UH:=I_@mº�»'U?> X U R @-:=Ë I�:mW

φ = 270
º�g�d?K_>A<?S)»'U�> X U�W_U?@

� P » 6 @*S=>T<?I�W P WMd?KL< X B P IL@;W P WMU?@�ILd?K l : X @5:=S8:=>A<Úº?:m<?g�WMU?@�I_@ R :=K_:mWM> P < RÉP >T<8Wy>TI R d?I_U?@Ng l :=K
g P »'<?I¢WMK_@*: f E

¬yU?@æI R @ X WMK_: l¿P K(W_U?@�»Q:=BTB R KL@*ILI_d?KL@)�Hd X W_dH:mW_> P <?I(I_U P »�S P�P g�:=SVK_@N@ f @*<8W l¿P K(WMU�@ X P ½
U?@NK_@*<8W�I_>TS=<H:=BÚKL@ R KL@*I_@N<8WM@*g 687 WMU�@(ILUH:=K R�R @*:=Ë I¡>A<i�?SVd?K_@(Å�E V ]eEr¬yU?@�@ÛÀ R @NK_> f @*<8WM:=B R @*:=Ë I
:=KL@¡UH:mK_g�W P I_@N@=ºeI_>T< X @¡W_U?@ 7 BT>A@'K_>TS=U W P <�WMU?@�< d f @NK_> X :=BjgH:mWM:�EÆh P K´WMU?@¡@ÁÀ R @*K_> f @N<8W`:=BjgH:mWM:
WMU�@i@Á¼V@N< UH:=K f P <?> X I P=l W_U?@ l d?<?gH: f @N< WM:=B l¿P K X >A<?S l K_@*� d?@N< X 7 @ÛÀeU?> 6 >kW0:�B P »Q@NK
@*<8¼V@NB PVR @
WMU?:=<FW_U?@ P g?g f P g?@*INºÌ: l @-:aWMd?KL@0»'U?> X Uª>TI�< P W�KL@ R K P g?d X @*g 6 7 W_U?@ X :=B X d?B�:aWM> P <?I*E�¶�WMU?@NK
WMU?:=< WMU?:mW-º�W_U?@�I_> f d?BT:mWM> P <£K_@ R K P g?d X @NI�WMU�@�K_@NI RÍP <?I_@�W P W_U?@ l¿P K X >T<�S�� d?>AW_@�»�@*BAB EØ¬yU?@
6 : X Ë SVK P d?<?gæW_d?K 6 d?BT@N< X @¡BT@N¼=@*BÍ>TIrI P f @N»'U?:mW�d?<�g?@*K�½ R KL@*g?> X WM@Ng�:mWrWMU?@��HK_I¢W�B P X :mWM> P <Úº :=S8:m>T<Úº
R K P 6 : 6 B 7�6 @ X :=d?IL@�»Q@�:=KL@�ILW_>TBTB W P�P X B P IL@QW P W_U?@'� ^ ±;b�KL@*SV> P <ÚE ^ BTI P º8:mWÒW_U?>TI��HK_I¢WÆB P X :mW_> P <
WMU�@ V%Ð e�E ]
­¡× R @*:=Ë�>T<�WMU�@�@ÁÀ R @*KL> f @*<8W`:=BvI R @ X W_K_d f >TI'I_BA>TSVU8W_B 7æ6 K P :=g�@*K'WMUH:=<�I_@N@*<�>A<�WMU�@
I_> f d?BT:mWM> P <ÚºÍ:=BAW_U P d?S=U 687

x/c = 0.8
WMU�@¹I R @ X WMK_d f l K P f W_U?@¹IL> f d?BT:mWM> P <iUH:=I 6 K P :=g?@N<?@*g



V [�W

Xê/^`
φ = 0

Xê6P`
φ = 90

X�KL`
φ = 180

X$s?`
φ = 270

7 ÝßÞ:9 � á �"Qò1�xÍEr�´U?:=I_@5:-¼V@NKM:=SV@Ng�¼ P KLW_> X >kW 7 :=<�gi¼=@*B P X >kW 7 ¼=@ X W P K_I�<?@*:=KyWMU?@�I_B P W

I_d X U�WMU?:mWyWMU?@�ILUH: R @ Pml W_UH:mW R @*:=Ëæ>AIy<?@-:=KLB 7 >Tg?@N< W_> X :=BÊW P W_U?@�@ÁÀ R @NK_> f @N< WM:=BvgH:mWM:�E
b P f @N»'UH:aW l :=KLW_U?@*K¹g P »'<�ILWMKL@-: f º´>T<ªW_U?@�K_@ X >TK X d?BT:mWM> P <�× P <?@8¼ßWMU?@ f >Tg?g�BT@ R B P W�¾ÁºÒWMU�@

U?>ASVU?@*K f P g?@NI�UH:-¼=@ 6 @NSVd?<�W P g?@ X : 7 ºÊ:=I�>A<�WMU?@(@ÁÀ R @*K_> f @N<8W-ºj»'U?>TBA@5W_U?@ 6 : X Ë SVK P d?<?g�WMd?K�½
6 d?BA@*< X @æBT@Á¼V@NB�UH:=I¹KL>TIL@*<�W P f :mW X U�WMU�@æ@ÁÀ R @*K_> f @N<8W`:=Br¼=:mBTd?@NI*E ^ ILBT>ASVU8W¹K_@ f <?:=<8W P=l WMU�@
U?>ASVU?@*K5UH:=K f P <?> X I(>AI R KL@*IL@*<8W#>T<)WMU?@�I_> f d?B�:mW_> P <�KL@*ILd?BAW_I*ºÆ:=BkWMU P d?SVU�< P B P <�SV@*K�¼�>TIL> 6 BA@�>A<
WMU�@#@ÁÀ R @NK_> f @N< W*E�hj:=K�g P »'<?ILW_K_@-: f WMU?@#I R @ X W_K_d f >AI�¼V@NK 7 IL> f >TBT:=KyW P WMU�@#d?< l¿P K X @*g X :=I_@mº
@ÁÀ X @ R W5WMUH:aW5W_U?@ 6 : X Ë SVK P d?<?gpWMd?K 6 d?BA@*< X @�BA@N¼V@NB P=l WMU?@
@ÁÀ R @*KL> f @*<8W5>TI�< P W P ¼=@*K R K_@*g�> X W_@*g
� d?>AW_@5:=I f d X UÚE



V%Ð \

7 ÝßÞ:9 � á ��Qò1�~HE`��:=BAB R KL@*I_ILd?K_@��Hd X WMd?:mWM> P <�I R @ X W_KM: l¿P KQW_U?@�� P » »'>kWMU P I X >TBAB�:mW P K 7 l¿P K X >A<?S?E
¬yU?@�B P X :aWM> P <?I P=l WMU?@�I R @ X WMK_:�:mK_@�>T<?g�> X :aWM@*g�>A<��HSVd?KL@(ÅeE�W�¼¨:�¾ 687 WMU�@5g?:=I_U?@Ng�BA>T<?@NI*E

aÀôBo ����� ú��t7�ú$÷	û0�:÷�j qk
���ú

¶�¼V@NKM:=BABDW_U?@¹K_@NI_d?BkWMI l¿P K�WMU?@(WMU?KL@*@ X :=I_@NI�¼ 6 :=IL@*BA>T<?@mºÊILW_@-:=g 7 I_d X WM> P <ÚºÊ:=<?g P I X >TBAB�:mW P K 7 ¾y:=KL@
� dH:=BA>AW`:aWM>A¼=@*B 7 S PeP gÚº 6 d�WvW_U?@´BT@N<?S=WMU Pml W_U?@ÆI_@ R :=KM:aWM@*g5K_@NSV> P <�>TI X P <?I_>AILWM@N<8WMB 7 P ¼V@*K R K_@Ng?> X WM@NgÚE
­ P »�@N¼=@*K*ºÍWMU?@ f P g�@*Bvg P @*I R KL@*g?> X W¡:0IL>TSV<�>A� X :=<8W¡KL@*g?d X WM> P <i>T<�WMU?@5I_>A×*@ P=l WMU?@5I_@ R :=KM:aWM> P <



V%ÐRV

00.01

0.015

0.02

0.025

0.03
C

D
p

1 10
δ

Coarse
Medium
Fine

∞

7 ÝßÞ:9 � á �"Qò1X�jE´�´KL@*ILI_d?KL@(g?K_:=S
:=I': l d?< X WM> P < P=l �HBkWM@*K�»'>Tg�W_U l¿P KQ¼m:=K_> P d?IQ¼m:=BAd?@*I P=l
β
E´h P K

K_@ l @*KL@*< X @'W_U?@�¼m:=BTd�@*I´:mWÒW_U?@
β = 0

:=<?g
β → ∞ BT> f >kWMI�:=K_@yILU P »'<0I X U?@ f :mW_> X :mBTB 7 P <#@N>AWMU�@*K

I_>Ag?@=E

6 d 6�6 BT@5g?d?@�W P0l¿P K X >T<?S?E�GJ< P KLg?@*K'W P
l d?K¢WMU?@NK¡>A< ¼=@*I¢WM>TSV:mWM@�WMU?@ R @*K l¿P K f :=< X @ P=l WMU?@ f P g?@NB º
:=<?g�>T< R :mKLWM> X d?BT:=K*ºZW P :=I_IL@*I_I¹W_U?@æ@ÁÈÊ@ X WM>k¼V@N<?@*ILI Pml WMU?@�U 7�6 KL>Tg f @NW_U P g P B P S 7 º�:=g?g?>kWM> P <H:=B
I_> f d?BT:mWM> P <?I�»�@*KL@(KLd?< l¿P K�WMU?@ P I X >ABTB�:aW P K 7 X :=I_@�d?IL>T<?S
¼m:=K 7 >A<?S#SVK_>Ag?I':=<?g��HBkWM@*K�»'>Ag�WMU�I*E

Kª�¨d��°A ²ì¥o¢+¦¤¦ ´ ¥o¢vuÒ¥§�	 
hÌ>ASVd?K_@�Å�E V ÅªI_U P »'I�WMU?@�¼m:=KL>�:mW_> P <°>A<°WMU?@ R KL@*ILI_d?KL@Fg?K_:=Sª»'>AW_UYWMU?@ f P g�@*B��HBkWM@NK�»'>Tg�W_U
δ
E�be>A< X @

δ
>TI¹:�I R :mW_>�:=BAB 7 ¼=:mK 7 >T<?S�� dH:=<8WM>kW 7 ºÒWMU�@�¼m:=BTd�@�>AI�< P K f :mBT>T×N@*g)I_d X UªW_UH:mW

δ = 1
X P K_K_@NI RÍP <?g?IDW P WMU?@´�H<?@�SVK_>Ag5»'>kWMU

β = 1
ED¬yUH:mW�>TINºmWM:=Ë >T<?S

δ = β∆
ºV:m<?g�IL@NW_W_>T<?S

∆ S0â\æ = 1
E

¬yU?@�¼=:mBTd?@NI l¿P K´W_U?@�BT> f >AW_>T<?S X :=IL@*I P=l
β = 0

:m<?g
β → ∞ :=K_@�I_U P »'< P <0W_U?@�BT@ l W�:=<�g�K_>ASVU8W



V%Ð [

0 0.5 1 1.5
x/c

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

C
p

Experiment
No Model
δ=4
δ=8
URANS

7 ÝßÞ:9 � á �"Qò1 , EÖ¬y> f @�:-¼V@NKM:=S=@*g R KL@*I_ILd?K_@ X P @w� X >A@*<8W�¼=@*K_ILd?I�g P »'<?I¢WMK_@*: f g?>TI¢W`:=< X @ l¿P K
I_@Á¼V@NKM:=B f P g?@NBÊ�HBkWM@*K�»'>Ag�WMU�I*E

I_>Ag?@ P=l W_U?@ R B P W*ºHK_@NI R @ X W_>A¼=@*B 7 E'be@Á¼V@*K_:=B RÉP >A<8WMI�:=K_@�> f RÍP KLWM:=<8WyW P < P W_@(: 6 P deW�W_U?>TI'�HSVd�K_@=E
hÌ>AK_ILW*ºÍ»'U�>TBT@�WMU�@ X P :=K_IL@¹SVK_>Ag�>AI X BA@-:=KLB 7 < P W¡»�@*BAB X P < ¼=@*KLSV@*gÚºÉWMU?@¹KL@*ILd?BAW_I P <�W_U?@ f @*g?>Ad f
SVKL>Tg�: R?R @-:=K´W P 6 @¡K_@*BT:mWM>k¼V@NB 7 S P�P gÚEÆbe@ X P <�gÚº�>kW�>AI X BT@*:=KrW_UH:mWrWMU?@�K_@NI P BAd�WM> P <0K_@*� d?>AK_@ f @N< W_I
g P < P W�I X :=BT@¡»'>AWMUæW_U?@��HBkWM@NK�»'>TgeWMU$Ð�WMU?@ X P :=K_IL@;SVKL>TgæKL@*I_d�BAWMIQK_@ f :=>A< RÍPeP K�@N¼=@*< l¿P K�:(¼=@*K 7
X P :=K_IL@0�HBkWM@NK*E
¬yU?>TI�ILd?SVSV@NILWMI5WMUH:aW5W_U?@
SVK_>AgpK_@*� d?>AK_@ f @N< W_I�:mK_@ R K_> f :mK_>TB 7 g?@NW_@*K f >T<�@*g 6 7
WMU�@�<?@*@Ng�W P#R K P=R @NK_B 7 K_@NI P Bk¼V@�@N>AWMU�@*KQW_U?@ f @*:=<)� P » P KQW_U?@�B�:=KLSV@*I¢W�WMd�K 6 d?BA@*<8WyI¢WMK_d X WMd�K_@*INE

Kª�¨d��¨I ³»´ ¥8ò ��¶�¢=²D¥§¢+¦¤¦ ´ ¥o¢wu|¯°¦w£�¥§¯ ·6´ £o¯ò�� 
¬yU?@�@ÁÀ R @NK_> f @N< WM:=BTB 7�f @-:=ILd?K_@Ng R KL@*ILI_d?KL@æg?KM:mS X P @w� X >T@*<8W P=l

CDp, æBx K ≈ 0.036
>TI5d?<?g?@NK¢½

R KL@*g?> X WM@Ng 6 7 :=BTBrWMU?@�I_> f d?BT:mWM> P <?I*EF¶ 6 IL@*KL¼�>A<?S�WMU?@�WMKL@*<?g£>A<ª�HSVd?KL@�ÅeE V Å P <?@ f >ASVU8W 6 @
WM@ f R WM@*g�W P X P < X BAd?g?@�WMUH:aWyWMU?@ 6 @*ILW¡K_@NI_d?BkWMI�:=KL@ P 6 W`:=>A<?@*g l¿P K

δ → 0
Er­ P »�@N¼=@*K*ºÍ@ÁÀ�: f >T<�½

>T<�S¹WMU?@
Cp

R K P �HBA@*ID¼¿�?SVd?K_@�ÅeE VoY ¾�ILW_K P <?S=B 7 I_d?SVS=@*ILW_IyWMUH:mWQWMU?>AI�>TI�< P W�WMU�@ X :=IL@=E´GJ<?ILW_@-:=gi>AW
» P d?BTg�: R?R @-:=K´WMU?:mW´WMU?@ 6 @NILW�K_@*ILd?BAW_I�¼¨:mWrBT@-:mILWQ:=I l :mK f :mW X U?>T<?S�WMU�@�I_U?: R @ P=l W_U?@ R K_@NI_I_d�K_@
R BT:mWM@*:=dp>T<�WMU?@ 6 d 6�6 BT@¤¾�>AI l¿P K;WMU�@ X :=I_@ P=l

δ = 4
E
¬yU?@�KL@*ILd?BAW_I(>A<p�?SVd?K_@0Å�E V Å X :m<)W_U?@*<

6 @�d?<?g�@*K_I¢W P�P g�:=I¡W_U?@�KL@*ILd?BAW_I P=l WJ» P g?>AILW_>T< X W f P g?@*BA>T<?S
@*KLK P KLI*E�¬yU?@(�?K_ILW�>TI'WMU?@ P ¼V@*K_:=BTB



V%Ð=Ð

BT@N<?S=W_U?@*<?>A<?S P=l WMU�@ 6 d 6?6 BA@¹g?d?@¹W P WMU?@#ILB P »�SVK P »yWMU P=l W_U?@¹�H<?@#I X :=BA@#ILWMKLd X W_d?K_@NI�>T<�WMU�@
� ^ ±;b	Õ=¸Z®�b�W_KM:=<�I_>AW_> P <�K_@NSV> P <ÊE�¬yU?>AI;g?>TI X KL@ R :=< X 7 >AI�KL@*B�:aWM>A¼=@*B 7 >T<?IL@*<?IL>AWM>k¼V@5W P WMU�@�¼m:=BTd?@
P=l

δ
E´¬yU?@�IL@ X P <?g�@NK_K P K¡: X*X P d?<8WMI l¿P KyWMU?@�W_K_@*<�g�>A<��?SVd?K_@5Å�E V Å�EÆGJ<�WMU�>TI X :mI_@�WMU?@�g?>AI X K_>AW_>k½

×-:aWM> P <�@NK_K P K;:=<?giWMU?@ f P g?@NBD@NK_K P K f : 7�6 @ P=lÒP=R?RÉP I_>AW_@(IL>TSV<i»'>AW_U�WMU�@ PVR W_> f :=B 6 @*UH:-¼�> P K
>T<�W_U?@�KM:=<?S=@ P=l

δ ∼ 4
E

Kª�¨d��¨d �)¢�º& .�q±°®?¦ ³ £�¥o¢+¦¤¦�¢+¦
¬ P 6 @ÁW_WM@NK�d?<?g�@*K_I¢W`:=<�g�W_U?@;g 7 <H: f > X I P=l W_U?@�hÆb�CFº?:=<�g�>T< R :mKLWM> X d?BT:=K*º8W_U?@;K_@*:=I P < l¿P KQWMU�@
g?@NB�: 7 @Ng(KL@-:mWLW`: X U f @*<8W*ºa>kWv>TIÊU?@*B R�l d?B=W P @ÁÀ�: f >T<?@ÌW_U?@Ò¼m:=K_> P d?Iv�'@ 7 < P BTg?IvI¢WMK_@NI_IZWM@NK f I l¿P KÚWMU�@
g?>kÈÊ@NK_@*<8W´IL> f d?BT:mWM> P <?INE�¬yU?@��'@ 7 < P BAg?IÆILW_K_@NI_I X P f RÉP <?@*<8WMIr:=KL@yI_U P »'<0>T<#�HSVd�K_@*IrÅ�E V ea½JÅ�E [ V º
»'>AW_U�WMU�@æW P WM:=BrW_d?K 6 d?BT@N< W¹ILWMKL@*ILI*º´»'U?> X U/>A< X BAd?g?@*I P=l 6 P WMU£:�KL@*I P BA¼V@Ng£I X :mBT@ X P f RÍP <?@N<8W
:=<?g£: f P g?@*BA@*g X P f RÍP <?@N<8W-ºÆ>T<�g?> X :mWM@Ng 687 WMU�@æI P BA>Tg X d?K¢¼V@*I­¼¿I_@*@�@N� dH:mWM> P < ä E [ Ð ¾ÛE�¬yU?@
f P g?@NBT@Ng RÉP K¢WM> P < P=l W_U?@�ILW_K_@NI_I�>AIy>T<?g�> X :aWM@*g 687 W_U?@�gH:=I_U�@*g X d?K¢¼V@*INE

v;dH:=BT>kW`:mW_>A¼=@*B 7 ºHWMU?@#:mSVK_@N@ f @*<8W;>AI�K_@*:=I P <H: 6 B 7 S P�P g P ¼V@NKM:=BAB E�b�@N¼V@NKM:=BÌSV@*<?@NKM:=B l @-:mW_d?K_@NI
I_U P d?BTg 6 @0< P WM@NgÚE OQP <�I_>TI¢WM@N< W5»'>AW_U)W_U?@ P 6 I_@NKL¼m:mW_> P <?I�>A<)IL@ X WM> P <ªÅ�E [eºvWMU?@
g?@NB�: 7 @NgªK_@*:mWL½
W`: X U f @N<8W�IL@*@ f I�W P 6 @�:=I_I P X >�:mW_@*gp»'>AW_U)W_U?@0W_KM:=<�I_>AW_> P < l K P f � ^ ±;b�W P ¸Z®�bÍE�±�@-:=K�WMU�@
I_@ R :=K_:mWM> P <FB P X :mWM> P <f¼

x/c = 0.66
¾�WMU?@_� P »�>TI�I¢WM>ABTBÒ@NI_I_@N<8WM>�:mBTB 7 ILWM@*:=g 7 @ÁÀ X @ R W�>T<):iW_U?>T<

B�: 7 @*K�> f0f @Ng?>�:mW_@*B 7 :=g � : X @*<8W�W P WMU?@(I_B P W-E ^ W�W_U?>TI RÍP >T<8W'WMU?@�hÆb?C >TI�ILWM>ABTB l d?< X WM> P <?>A<?S�:mI
:�� ^ ±;b�:=<�g�WMU?@NK_@ l¿P K_@¹WMU�@*K_@#>AI;< P IL>TSV<?>k� X :m< W;g?@ R @*<?g�@*< X @ Pml W_U?@#K_@NI_d?BkWMI P <�W_U?@¹�HBkWM@*K
»'>TgeWMUÚE ^ W

x/c = 0.8
WMU�@ f P g?@NB´>TI�I¢WM>ABTBÒWMK_:=<?IL>AWM> P <?>A<?S l K P f � ^ ±;bpW P ¸Z®rb 6 @*UH:-¼�> P KNº

:=<?gFWMU?@Ñ�?d X W_dH:mWM> P <?I�:=K_@�d?<?g?@NK R KL@*g?> X WM@NgÚE ^ I5WMU?@��HBAW_@*K�»'>Tg�W_Uª>TI(>T< X K_@-:mI_@*gÊºÆI P >AI(WMU�@
f P g?@NB X P <8WMKL> 6 deWM> P <ÚE¡¬yU�>TI�ILd R?R KL@*ILI_@*I�W_U?@�SVK P »yWMU P=l W_U?@�KL@*I P BA¼=@*g�ILW_K_d X WMd?KL@*INE ^ I�:0K_@Û½
I_d�BAW-º8>A<
I R >kWM@ P=l WMU?@yBT:=K_S=@*K f P g�@*B X P <8WMK_> 6 d�W_> P <ÚºmWMU?@yW P W`:=BH�'@ 7 < P BTg?IÆI¢WMK_@NI_Ir>TIÆI f :=BABT@NILW l¿P K
WMU�@#¯�� ^ ±�bp:m<?g�>T< X K_@*:=I_@NI;»'>AWMU�g?@ X K_@-:mI_>T<�S��?BAWM@NK¡»'>Ag�WMUÚE5hj:=K¢WMU?@NK;g P »'<?ILW_K_@*: f ºÊ>T<�WMU�@
6 d 6�6 BT@mº W_U?@ P ¼=@*K_:=BTBHBA@N¼V@NBj>TI X B P I_@NK´W P W_U?@�@ÁÀ R @NK_> f @N< WM:=BTB 7 P 6 I_@*K¢¼V@Ng�¼m:=BTd?@NI*E ^ g�g?>AW_> P <H:mBTB 7 º
WMU�@æILW_K_@*<�S=WMU P=l W_U?@Ñ�Hd X WMd?:mWM> P <?I X @-:=IL@æW P 6 @ X P K_K_@NB�:mW_@*g�»'>kWMU�W_U?@��HBkWM@NK(»'>TgeWMUÚºÌ»'U�> X U
>TI¡:=<�>T<?g?> X :mW_> P <�W_UH:mW�WMU?@�� ^ ±;b�W P ¸Z®rbiWMK_:=<?IL>AWM> P < R K P X @NI_I;U?:=I¡I_:mWMd�KM:mW_@*gÚE�hÌ>A<H:=BTB 7 ºH:aW



V%Ð ä

0

0.1

0.2
y/

c

x/c=0.66 x/c=0.80 x/c=0.90

0 0.02 0.04 0.06 0.08 0.1
Rxx

0

0.1

0.2

y/
c

x/c=1.00

0 0.02 0.04 0.06 0.08 0.1
Rxx

x/c=1.10

0 0.02 0.04 0.06 0.08 0.1
Rxx

x/c=1.20

7 ÝßÞ:9 � á �"Qò1o[ÍE
Rxx

R K P �HBT@NI l¿P K'IL@N¼V@NKM:=B�g P »'<?ILW_K_@*: f B P X :mW_> P <?INE�®ÌÀ R @NK_> f @N< WM:=BZgH:mWM:�¼ • ¾:=<?g�hÆb?C,»'>AWMU
β r \Ñ¼ � ¾Ûº?[0¼ � ¾Ûº ä ¼ M ¾Ûº	e0¼ / ¾Ûº V Å)¼ O ¾Ûºe:m<?g ∞ ¼

.
¾ÛEÆ9;:=ILU?@*g�BT>T<�@*I´>T<?g�> X :aWM@

WMU�@ f P g?@*BÚI¢WMKL@*I_INºÍ:=<?giI P BA>Tg�BT>A<?@*I�WMU?@�W P W`:=B«¼ f P g?@NBT@*g R BAd?IyK_@NI P Bk¼V@NgB¾�ILWMKL@*ILI*E

x/c = 1.2
ºj»'U?> X U�>TI�<?@-:=K�WMU?@�K_@-:aW_W`: X U f @N<8W RÍP >T<8W l¿P K�W_U?@�IL> f d�B�:mW_> P <?INºHWMU?@(ILWMKL@*<?SmWMU P=l

WMU�@À�?d X W_dH:mWM> P <?I´>TI P ¼V@NK R KL@*g?> X W_@*gÚE´¬yU?>AIr>AI X P <�I_>TI¢WM@N< Wr»'>AW_U0W_U?@ l : X W´W_UH:mW�:mW´WMU?>AIÆB P X :mW_> P <
WMU�@æ@ÁÀ R @*K_> f @N<8W`:=B«� P »3UH:=I¹:mBTK_@*:=g 7 K_@*:mW_WM: X U?@Ng£:=<?g�W_U?@æU?>ASVU?@*I¢W¹BA@N¼V@NBTI P=l �Hd X WMdH:mW_> P <�I
:=KL@5S=@*<?@NKM:=BAB 7 I_@*@N< � d?I¢W�d R ILW_K_@*: f P=l K_@*:mW_WM: X U f @*<8W-E

¬yU?@�K_@NI_d?BkWMI l¿P K
δ = 4

IL@*@ f W P 6 @ P ¼=@*KM:mBTB´WMU?@ 6 @*I¢W f :mW X U�»'>kWMU�W_U?@æ@ÛÀ R @*KL> f @*<8WMINE
GJ<8WM@NK_@*I¢WM>A<?SVB 7 »'U?>TBA@�WMU�@

Rxx

:m<?g
Rxy

I¢WMK_@NI_I X P f RÍP <?@*<8W_I':=K_@�SV@N<?@*K_:=BTB 7 d?<�g?@*K R K_@Ng?> X WM@*gÊº
WMU�@

Ryy
X P f RÉP <?@*<8W�>AI P ¼V@*K R K_@Ng?> X WM@NgÚºD:mW�BT@*:=ILW l¿P K

δ . 4
EÑ¼�± P @ÁÀ R @*K_> f @N<8W`:=BÒg?:mW`:�»Q:=I

:-¼m:=>TBT: 6 BT@ l¿P K
Rzz

E�¾



V%Ð ]

0

0.1

0.2
y/

c

x/c=0.66 x/c=0.80 x/c=0.90

0 0.02 0.04 0.06 0.08 0.1
Ryy

0

0.1

0.2

y/
c

x/c=1.00

0 0.02 0.04 0.06 0.08 0.1
Ryy

x/c=1.10

0 0.02 0.04 0.06 0.08 0.1
Ryy

x/c=1.20

7 ÝßÞ:9 � á �"Qò1o]ÍE
Ryy

R K P �HBA@*I l¿P K�I_@N¼=@*K_:=BÌg P »'<?I¢WMKL@-: f B P X :mW_> P <�I*E�®ÌÀ R @*K_> f @N<8W`:=BZgH:mWM:i¼ • ¾:=<?g�hÆb?C,»'>AWMU
β r \Ñ¼ � ¾Ûº?[0¼ � ¾Ûº ä ¼ M ¾Ûº	e0¼ / ¾Ûº V Å)¼ O ¾Ûºe:m<?g ∞ ¼

.
¾ÛEÆ9;:=ILU?@*g�BT>T<�@*I´>T<?g�> X :aWM@

WMU�@ f P g?@*BÚI¢WMKL@*I_INºÍ:=<?giI P BA>Tg�BT>A<?@*I�WMU?@�W P W`:=B«¼ f P g?@NBT@*g R BAd?IyK_@NI P Bk¼V@NgB¾�ILWMKL@*ILI*E

Kª�¨d�� � ² Ã ��¦�¢ ¹�� ¢+¥o�! B¢+® ³ £�¥ ´ ¶X£ ´ ¥o¢+¦
^ < P WMU?@NK�»Q: 7 W P @ÛÀ?: f >A<?@rW_U?@rg 7 <H: f > X I P=l W_U?@�� P »£>AI 6 7 X P <?I_>Ag?@*KL>T<?S'WMU?@ R UH:=IL@�:-¼V@NKM:=S=@*g
ILW_K_d X WMd?KL@*I¿¼¨I_@ X W_> P < ä E Ð E [�¾ÛEÆhÌ>ASVd?K_@'ÅeE [V[�I_U P »'I�WMU?@ X P B P K X P < W P d?KLI P=l WMU?@ R UH:=IL@;:-¼V@NKM:=S=@*g
¼ P KLWM> X >kW 7 :mW�I_>öÀ�g?>AÈÉ@*KL@*<8W R UH:=IL@*INE�¼¨¬yU?@ R UH:mI_@�>AIyg?@N�?<?@*g�ILd X U�W_UH:mW

φ = 90
X P KLK_@NI RÍP <?g?I

W P W_U?@ R @*:=Ë P=l WMU?@ 6 B P »'>T<?S R U?:=I_@mº X P <?I_>AILWM@N<8W�»'>kWMU/WMU?@�< P f @N< X BT:mWMd?KL@ P=l ¤�KL@*@N< 6 B�:mWLW
@NW;:=B EkºÍ[=\V\ ä ¾ÁE'¬Z» Pæl @*:mWMd?KL@*I�W P < P WM> X @(:=K_@5WMU?@(KM: R >Ag�g?@ X : 7 P=l WMU�@�ILW_K_d X WMd?KL@*I_¼¨:=BAW_U P d?S=U
< P WÒ��d�>AWM@Q:=IÒK_: R >Tg�B 7 :=IÒ>AI P 6 IL@*K¢¼V@*g
>A<�WMU?@Q@ÁÀ R @NK_> f @N< WM:=B�g?:mW`:�¾D:=<?g¹W_UH:mWÌW_U?@ 7 :=K_@Q��d�> X Ë B 7
IL»�@ R W�W P »Q:=K_g�I�»'U�@*K_@
WMU�@ 7 g?>AI_I_> R :mW_@�:aW5:iB P X :mWM> P <�»'U?> X U X P K_K_@NI RÍP <?g?I5K P d?SVU?B 7 W P WMU�@
f @-:=<�K_@*:mW_WM: X U f @*<8W RÉP >T<8W-E



V%Ð Å

0

0.1

0.2
y/

c

x/c=0.66 x/c=0.80 x/c=0.90

0 0.02 0.04 0.06 0.08 0.1
Rzz

0

0.1

0.2

y/
c

x/c=1.00

0 0.02 0.04 0.06 0.08 0.1
Rzz

x/c=1.10

0 0.02 0.04 0.06 0.08 0.1
Rzz

x/c=1.20

7 ÝßÞ:9 � á �"Q¨(+*jE
Rzz

R K P �HBA@*I l¿P K¡IL@N¼=@*KM:mBÒg P »'<?ILW_K_@*: f B P X :mWM> P <?I*E'hÒb?C »'>AW_U
β r \i¼ � ¾Ûºv[¼ � ¾Áº ä ¼ M ¾ÛºGeÑ¼ / ¾Áº V Å0¼ O ¾Ûº :=<?g ∞ ¼

.
¾ÁEÆ9�:=I_U?@Ng�BA>T<?@NIr>A<?g?> X :mW_@�WMU?@ f P g?@NBHILW_K_@*ILI*ºe:=<?g0I P BA>Tg

BT>A<?@*I�W_U?@�W P WM:=B«¼ f P g?@*BA@*g R BAd?IyK_@NI P Bk¼V@NgB¾'I¢WMKL@*I_INE

^ < P WMU?@NK f P K_@�� dH:m< W_>AWM:mWM>k¼V@ X P f R :=KL>TI P <�>TI(I_U P »'<£>T<)�HSVd?KL@�Å�E [ Ð E�¬yU?@�»Q:=BTB R UH:=IL@
:-¼V@NKM:=SV@Ng R K_@NI_I_d�K_@0:mW;W_U?@�»Q:=BTB�>TI�ILU P »'< l¿P K l¿P d?K�g?>AÈÉ@*KL@*<8W R UH:mI_@*INE(¬yU�@ X >TK X BA@*I�:=KL@�WMU�@
@ÁÀ R @*KL> f @*<8W`:=BÍgH:mWM:�ºe:=<?g�W_U?@�g?>kÈÊ@NK_@N< W X d?K¢¼V@NI X P KLK_@*I RÉP <?gæW P g�>AÈÉ@*K_@N<8WQ�HBkWM@*K´»'>TgeWMU?INEÆ¬yU?@
I_> f d?BT:mWM> P <?I X : R W_d?K_@�W_U?@�@N¼ P BTd�W_> P < Pml�R K_@*ILI_d?KL@(g�>TILW_d?K 6 :=< X @NI'��d�>AWM@;»�@*BAB ºe@*I R @ X >�:=BAB 7 <?@-:mK
WMU�@�I_B P W¤Ð l :=K¢WMU?@NK�g P »'<?I¢WMK_@*: f WMU?@(ILWMKLd X W_d?K_@NI;>T<iWMU?@(I_> f d?B�:aWM> P <iI¢W`:=K¢W�W P B�:mS0W_U?@¹@ÁÀ R @*K�½
> f @*<8WM:=BÌKL@*I_d�BAWMI�I P f @N»'UH:mW*Eì�ÖUH:aW�>TI;ILd?K R KL>TIL>T<?S�>AI;WMUH:mW�WMU?@#I¢WMK_@N<?S=W_U P=l W_U?@#ILW_K_d X WMd?KL@*I
¼�:aW�BT@*:=ILW�:mI l :=K�:=I;W_U?@ R K_@NI_ILd?K_@#�H@NBTg�>TI X P < X @*K_<�@*gB¾;>TI;:=B f P ILW X P f R BA@NW_@*B 7 >T<�g?@ R @*<?g�@*<8W
P=l WMU?@;�?BAWM@NK�»'>Tg�W_UÚº?>A<�I R >kWM@ P=l WMU�@ l : X WyWMU?:mWyWMU?@�Ë >A<?@NW_> X @N<?@*KLS 7 g P @*Iy¼m:=K 7 I_>ASV<?>A� X :=<8WMB 7 º
R :=K¢WM> X d?BT:=K_B 7 l¿P KÒWMU?@�¯�� ^ ±�b X :=I_@½¼�:mI X :=< 6 @'IL@*@*< l K P f WMU?@'g?>T:=S P <?:=BH�'@ 7 < P BAg?IÆILW_K_@*ILI_@NI*º



V%Ð�Y

0

0.1

0.2
y/

c

x/c=0.66 x/c=0.80 x/c=0.90

0 0.02 0.04
-Rxy

0

0.1

0.2

y/
c

x/c=1.00

0 0.02 0.04
-Rxy

x/c=1.10

0 0.02 0.04
-Rxy

x/c=1.20

7 ÝßÞ:9 � á �"Q¨(B1�E
Rxy

R K P �HBA@*I l¿P K¡IL@N¼=@*KM:mBÌg P »'<?I¢WMK_@*: f B P X :mW_> P <�I*Ey®ÌÀ R @NK_> f @N< WM:=BZgH:mWM:�¼ • ¾:=<?g�hÆb?C,»'>AWMU
β r \Ñ¼ � ¾Ûº?[0¼ � ¾Ûº ä ¼ M ¾Ûº	e0¼ / ¾Ûº V Å)¼ O ¾Ûºe:m<?g ∞ ¼

.
¾ÛEÆ9;:=ILU?@*g�BT>T<�@*I´>T<?g�> X :aWM@

WMU�@ f P g?@*BÚI¢WMKL@*I_INºÍ:=<?giI P BA>Tg�BT>A<?@*I�WMU?@�W P W`:=B«¼ f P g?@NBT@*g R BAd?IyK_@NI P Bk¼V@NgB¾�ILWMKL@*ILI*E

�HSVd�K_@5Å�E V ea½�ÅeE [=\�¾ÁE
¬ P 6 @NWLWM@NK X P f R KL@*U?@N<?g�WMU?@#: X WM> P < P=l W_U?@#hÆb?C)ºÊ>AW�>TI¡U?@*B R�l d?B�W P�l d?K¢WMU?@NK�g?@ X P f RÍP IL@

WMU�@�K_@NI P Bk¼V@Ng�I X :mBT@ f P W_> P <?I'>A< W P : X P U?@NK_@*<8W�¼ R UH:=IL@¹:-¼V@NKM:=S=@*gB¾�:m<?g�:=<�>A< X P U?@*KL@*<8W R :mKLW-E
hÌ>ASVd?K_@�Å�E [ ä I_U P »'IrWMU?@���@ 7 < P BTg?IrILW_K_@NI_IQg�@ X P f RÍP I_@Ng�>A< W P W_U?@ X P U?@NK_@*<8W*º�>T< X P U?@NK_@N< W*º�:m<?g
f P g?@NBT@Ng R :=KLW_I*E°¬yU?@ X P BTd f <?I0:=K_@�g?>kÈÊ@NK_@N< W

x
I¢W`:mW_> P <?INº�»'U?>ABT@æW_U?@�K P »'I�:=KL@�g�>AÈÉ@*K_@N<8W

�HBkWM@*K(»'>Tg�W_U?I*E ^ I#@ÁÀ R @ X WM@*gÊº�:mW¹W_U?@æ�HKLILW
ILWM:mWM> P <Úº
x/c = 0.8

ºÒWMU?@�>A< X P U?@*KL@*<8W f P W_> P <�I
:=KL@¹� d?>AW_@�I f :=BAB�:m<?g�WMU?@�ILWMKL@*ILI�>TI�g P f >A<H:mW_@*g 687 WMU?@ X P U?@NK_@*<8W f P WM> P <?I'»'U?@*<�W_U?@��HBkWM@*K
»'>TgeWMUi>TI'I f :=BTB�ºe»'>kWMU�WMU?@ f P g?@NB 6 @ X P f >T<�S#I_>TS=<?>A� X :=<8W l¿P K�WMU?@ X P :=K_IL@*K'�HBAW_@*K X :mI_@*INE�¬yU?>AI
>TI X P <?I_>AILWM@N<8W�»'>kWMU�W_U?@�d�<?g?@*KLILWM:=<?g?>A<?S(W_UH:mWQ:mW´WMU?>AI�I¢W`:mW_> P <
WMU?@¡� ^ ±;b
W P ¸D®rb0W_KM:=<�I_>AW_> P <



V%Ð e

X�/U`
φ = 36

X)6P`
φ = 90

XêKL`
φ = 144

XFs?`
φ = 216

X)9d`
φ = 270

X\yS`
φ = 324

7 ÝßÞ:9 � á �"Q¨(	(?Er�´U?:=I_@(:-¼V@*K_:=SV@Ngi¼ P KLW_> X >kW 7

UH:=I'< P W��?<?>TILU?@*gÚEQÙ 7
x/c = 0.9

ºHU P »Q@Á¼V@NK*ºÉW_U?@�>T< X P U?@NK_@*<8W R :=K¢W R B�: 7 I¡:
I_>ASV<?>k� X :=<8W'K P BT@mº
:=<?g 687

x/c = 1.1
º�WMU�@5>A< X P U?@*KL@*<8W R :=KLW'g P f >A<H:mW_@*I�WMU�@�� P »�E

G³WQ>AIr:=BTI P >A<8WM@*KL@*I¢WM>T<�S5W P < P WM@yWMUH:aWrW_U?@ X P <8WMKL> 6 deWM> P < Pml WMU�@ X P U?@*KL@*<8W R :=KLWr>AIrS=@*<?@NKM:=BAB 7
RÍP I_>kWM>A¼=@=º :=BkWMU P d?SVU#WMU?@yW P W`:=B?��@ 7 < P BTg?I´I¢WMK_@NI_I�K_@ f :=>A<?IÆ<?@*SV:mWM>k¼V@=EÌ¬yU?>TI RÍP I_>kWM>A¼=@'��@ 7 < P BTg�I
ILW_K_@NI_I�>TI X P <?IL>TI¢WM@*<8W;»'>kWMU�W_U?@ X P U?@*KL@*<8W5��@ 7 < P BTg�I;ILW_K_@*ILI R K_@Ng?> X WM@Ng l¿P K¡WMU�@ f >öÀe>T<?S�B�: 7 @NK
687 �'@-:=d0:=<?g
¬Dd f >T<�¼ [m\V\8[ 6 ¾ÛEÌ¬yU?@'@ÛÀ R @*KL> f @*<8W`:mB f @-:=ILd?K_@ f @N< W_I l¿P KÒWMU?@ R UH:=I_@�:-¼V@NKM:=S=@*g
�'@ 7 < P BAg?I;ILW_K_@NI_I�@ÁÀeU?> 6 >AW_@*g�ILW_K P <�S RÉP IL>AW_>A¼V@(K_@NSV> P <�I;>T<�W_U?@¹I¢WMK_d X WMd�K_@*INºD:=BAW_U P d?SVU l¿P K�WMU�@
X P U?@*KL@*<8W;�'@ 7 < P BTg?I�ILW_K_@*ILI�>kWMI_@NB l WMU�@*I_@(K_@NSV> P <�I¡:-¼=@*KM:mSV@*g P d�W¡:=<?gi< P I_>TS=<?>A� X :=<8W RÉP IL>AW_>A¼V@
�'@ 7 < P BAg?I'ILWMKL@*ILI�»Q:=I P 6 IL@*KL¼=@*gÚE

Ù�:=IL@*g P <pWMU�@*I_@ P 6 IL@*K¢¼=:aWM> P <?I�: f d X U X BA@-:=KL@*K R > X WMd?KL@ P=l W_U?@ 6 @*U?:%¼�> P K P=l W_U?@�hÒb?C
@ f @*KLSV@*INEÆ¬yU?@ R K_>T< X > R :=B PVR @*KM:aWM> P < Pml WMU?@�hÆb?C >T<
WMU?@�¸D®rb
K_@*S=> P <0>TI´W P(R :=KLW_>AW_> P <?>A<?S;WMU�@
@*<�@*K_S 7 P=l W_U?@�>A< X P U?@*KL@*<8W f P W_> P <?I 6 @NWJ»�@*@N<¹WMU?@ f P g?@NB :=<?g�WMU?@r>T< X P U?@NK_@N< W�K_@NI P Bk¼V@Ng�ILW_K_@NI_I



V%Ð W

-0.2

-0.1

0

0.1

0.2
C

p
θ=0°

-0.2

-0.1

0

0.1

0.2

C
p

θ=90°

-0.2

-0.1

0

0.1

0.2

C
p

θ=180°

0.6 0.8 1 1.2 1.4
x/c

-0.2

-0.1

0

0.1

0.2

C
p

θ=270°

7 ÝßÞ:9 � á ��Q¨(+/ÍE´�ÆUH:mI_@(:%¼=@*K_:=SV@*g R K_@NI_ILd?K_@mE



V ä \

0

0.1

0.2
y/

c
x/c=0.80 x/c=0.90 x/c=1.10

δ=
2

0

0.1

0.2

y/
c

δ=
4

0

0.1

0.2

y/
c

δ=
8

-0.04 -0.02 0
Rxy

0

0.1

0.2

y/
c

-0.04 -0.02 0
Rxy

-0.04 -0.02 0
Rxy

U
R

A
N

S

7 ÝßÞ:9 � á �"Q¨(GxÍE(�'@ 7 < P BTg?I;I¢WMKL@*I_I�W_@*K f I l¿P K¡I_@Á¼V@*K_:=BÒ�HBkWM@*K¡»'>Tg�W_U?I�:=<?g�g P »'<�ILWMKL@-: f B P X :a½
WM> P <?INEª¬ P W`:=B�I¢WMKL@*I_I­¼Nz�¾Áº X P U?@*KL@*<8W�ILWMKL@*ILI�¼�½�½�½ ¾Ûºr>A< X P U?@*KL@*<8W
ILW_K_@*ILIi¼ · · · ¾Ûº�:m<?g f P g?@*BILW_K_@NI_I½¼ · − ·− ¾



V ä V

WM@NK f I*ºî»'>AW_U5W_U?@ X P U?@NK_@*<8W f P W_> P <�IÚK_@ f :=>A<?>T<�SyB�:=KLSV@*B 7 d?<H:aÈÊ@ X WM@NgÚEÒ¬yU?>AIZ>TI X P <�I_>TI¢WM@N< WD»'>AW_U
WMU�@'W_K_> R BT@�g�@ X P f RÍP I_>kWM> P <#: R?R K P : X U P=l ��@*:=d�:=<?g
¬�d f >A<�¼�[=\V\8[ 6 ¾zÐ8>A<
»'U�> X U
WMU?@ X P U?@*KL@*<8W
ILW_K_d X WMd?KL@¡>A<8WM@*K_: X W_IÒ»'>AW_U0>kWMIL@*B l >A<�:�g?@ÁWM@NK f >T<?>AILWM> X »Q: 7
6 d�W´>T<8W_@*KM: X WMIÆ»'>kWMU#WMU?@y>A< X P U?@*KL@*<8W
WMd�K 6 d?BA@*< X @;>T<æ:�ILWM:mWM>AILWM> X :=BH»Q: 7 E´GJ<�WMU�>TI f P g?@*B�º W_U?@;@N<?@*KLS 7 P=l WMU?@ X P U?@NK_@*<8W R :mKLW X :=<?< P W
6 @ R :=K¢WM>T:=BTB 7 W_KM:=<?I l @*KL@*g�W P WMU?@ f P g?@NBvWM@*K f INºÉIL>T< X @(»'UH:aW¡» P d?BAg�K_@ f :=>A<�>A<iW_U?@�KL@*I P BA¼=@*g
�H@NBTg�» P d?BAg 6 @�¾ R :mKLWLÂ Pml :�ILW_K_d X WMd?KL@=Ã'I_d X UF:0g?@ X P f RÉP IL>AW_> P < X P d�BTg�< P W 6 @¹@ÁÀ R @ X WM@*g�W P
R K PVR @NK_B 7 X : R WMd?KL@�WMU?@�@*ILI_@N< W_>�:=B R U 7 I_> X I P=l WMU?@�g P f >T<?:=<8W X P U�@*K_@N<8W�I¢WMK_d X WMd�K_@=E

^ I5WMU?@�hÆb?C �HBkWM@NK5»'>Ag�WMUF>TI f :=g�@�BT:=K_SV@NK*º�:mW(I P f @ RÍP >A< W
δ/L ∼ 1

:=<�g�WMU?@ f P g?@NB
»'>TBABÌ¼V@NK 7 � d?> X Ë B 7p6 @*S=>T<pW P 6 @NUH:-¼V@�:=I(:i¯�� ^ ±;bÍEÌh P K�WMU�@ X d?K_KL@*<8W¹IL> f d?BT:mWM> P <?INº

δ = 8
K_@ f :m>T<?I�:=<�¸D®rbÉº 6 deW 687

δ = 16
W_U?@�KL@*ILd?BAW_I�:=KL@�:mB f P ILW'>Ag?@*<8WM> X :=BÚW P W_U?@�¯¡� ^ ±;b X :=IL@=E

�Ö>AW_U�WMU�>TI X U?:=<?SV@mº´W_U?@æg 7 <H: f > X I P=l W_U?@ f P g�@*BT>A<?S�:=K_@ X P f R BT@ÁWM@*B 7 IL»'>AW X U?@*gÊE)GJ<�ILWM@*:=g
P=l 6 @*>T<�S�g P f >T<H:mW_@*g 687 W_U?@#>T< X P U?@NK_@*<8W�KL@*I P BA¼V@Ng f P W_> P <?INºÉW_U?@ f P g?@NBÌWM@NK f I�W`:=Ëm@ P ¼=@*KNE
±¡@Á¼V@NKLWMU�@*BT@NI_INº P ¼V@*K�WMU?@5@*<8W_>TK_@5KM:m<?SV@ P=l �HBkWM@NK'»'>Ag�WMU�I*ºjWMU?@5ILW_K_@*<�S=WMU Pml WMU�@ R KL@*I_ILd?K_@5�H@*BAg
:=ILI P X >�:aWM@*g0»'>AW_U0W_U?@¡BT:=K_S=@ X P U?@NK_@*<8WQILWMKLd X W_d?K_@NI*ºH:aW�BA@-:=I¢W�:mI�KL@ X P K_g?@Ng 687 WMU?@ l¿PeP W R K_>A<8W P <
WMU�@¡»Q:=BTB�º�>AI P <�B 7 ¼V@NK 7 »Q@*:=Ë B 7 @NÈÉ@ X WM@*gÊº f :mË�>A<?S�WMU?@ X P U?@NK_@N< WQ»�:=BAB R K_@*ILI_d?KL@�WMK_: X @�: RÍPeP K
g?>T:=SV< P I¢WM> X E

hÌ>T<?:=BTB 7 º%>AWZ>AIZ> f RÉP K¢W`:=<8WÚW P < P WM@ÆWMU?:mWZWMU?@r: R?R :=K_@N< W_B 7 I f :=BABVI_>A×*@ P=l f P g?@*B X P <8WMKL> 6 deWM> P <
l¿P K f P I¢W;hÒb?C I_> f d?B�:aWM> P <?I'>TI�I P f @N»'UH:aW f >AI_BA@-:=g?>A<?S
>T<�W_UH:mW�@N¼V@N<):�¼V@NK 7 I f :=BTB X UH:=<�SV@
>T< f P g�@*B X P <8WMK_> 6 d�W_> P < X :=< 7 >A@*BTgi:#B�:mK_SV@ X U?:=<?SV@5>T<æW_U?@ P WMU?@NK X P f RÉP <?@*<8WMINE

Kª�¨d��¨� ³$µ ¢+¶X£�¥o�
¬yU?@¡@NÈÉ@ X W P=l

β
X :=<�:=BTI P 6 @�I_@*@N<æ>T<
WMU�@¡I R @ X WMK_:Ò¼¿�?SVd?K_@¡Å�E [V]�¾ÛEÌ¬yU?@ 6 K P :mg R @-:=Ë0:mWQ]=\=­¡×=º

»'U?> X U�KL@w�H@ X WMI´WMU�@�<?:mWMd?K_:=BHI_U�@*g?g?>A<?S l K_@*� d?@N< X 7 º�:mI´»�@*BABj:=IÆWMU?@'ILUH:=K R0R @-:=Ë#:aWÆWMU?@ l¿P K X >T<�S
l K_@N� d?@*< X 7 ¼ V%Ð e�E ]m­¡×�¾¹:m<?g£>AWMI#U?:=K f P <?> X I#:=KL@�B�:=KLSV@*B 7 d�<H:mÈÉ@ X W_@*g 6 7 WMU?@ f :=SV<?>kWMd?g�@ P=l
WMU�@ f P g?@*B X P <8WMKL> 6 deWM> P <ÚE ^ I#W_U?@ f P g?@*B X P <8WMKL> 6 deWM> P </>TI#>T< X K_@*:=I_@NgcW_U?@ 6 K P :=g?@NK 6 :=I_@Û½
BT>A<?@;I R @ X WMK_:�º?»'U?> X UiKL@ R KL@*IL@*<8WMI�WMU?@ 6 : X Ë�S=K P d?<�giW_d?K 6 d�BT@*< X @=ºH>AIyI_d R�R K_@NI_I_@Ng�@NI R @ X >T:=BTB 7 :aW
U?>ASVU?@*K l K_@N��d�@*< X >T@*INE;¬yU?@¹U�>TSVU?@NK¡U?:=K f P <?> X I P=l WMU?@ l¿P K X >T<?S l K_@N��d�@*< X 7 ºvU P »�@N¼V@NK*ºZ:=KL@�< P W



V ä [

7 ÝßÞ:9 � á �"Q¨(R~HE ��:=BTB R KL@*ILI_d?KL@½�Hd X WMdH:mW_> P <iI R @ X WMK_: l¿P K'WMU?@�� P »�»'>AW_U P I X >ABTB�:aW P K 7 l¿P K X >T<�S
:mW

x/c = 0.8
EÆ¬yU?@5:=KLK P »©>A<?g?> X :mWM@NI�WMU?@�W_K_@*<�g l¿P Ky>A< X KL@-:=IL>T<?S

β
E

< P W_> X @-: 6 B 7 :aÈÊ@ X WM@NgÚE´¬yU?@*IL@(g�>TI X K_@ÁWM@ l K_@N� d?@*< X >T@NI¡KL@ R KL@*I_@N<8W¡W_U?@ R @NK_> P g?> X R :=K¢W P=l WMU?@�IL>TSm½
<H:=B�»'>AW_U R @NK_> P g¹>Ag?@*<8WM> X :=B�W P W_U?@ l¿P K X >T<?S R @NK_> P gÚED¬yU?>TIÆILd?SVSV@NILW_IÒWMUH:mWÌWMU?@yBT:=K_SV@�ILW_K_d X WMd?KL@*I
WMKL>TSVS=@*K_@Ng 6 7 WMU?@ l¿P K X >T<�S�:mK_@�< P W�IL>TSV<?>k� X :m< W_B 7 g?>TI¢W P K¢WM@Ng 687 W_U?@ f P g?@*B�E

Kª�¨d��¨K ¬� .¦w£��� q£��� &¢+� ´ ¦
^ g?g?>kWM> P <H:=B R U 7 I_> X :=B�>T<?IL>TSVU8W P <�WMU�@¹@NÈÉ@ X W P=l

β
X :=< 6 @ P 6 W`:m>T<?@Ng 687 P 6 I_@*K¢¼�>T<?SæW_U?@ì� P »

ILW_K_d X WMd?KL@*I�:mW�: R :mKLWM> X d?BT:=KQ>A<?ILWM:=<8W'>T<æW_> f @Ó¼¿�?SVd?K_@5Å�E [=Å�¾ÛEÆ­¡@NK_@�WMU�@�ILWMKLd X W_d?K_@NI'>Tg?@N< W_>A�H@Ng
687 WMU�@

λ2

¼ P KLWM@ÛÀ/>Ag?@*<8WM>k� X :aWM> P < X KL>AWM@NK_> P <P¼ Ä=@ P <?Sp:=<?gc­�d?I_I_:=>T<Úº V W�W8]�¾(:=K_@ R B P WLWM@*g l¿P K
g?>kÈÊ@NK_@*<8W�¼=:mBTd?@NI P=l

β
EÖ¬yU?@�IM: f @�BA@N¼=@*B P=l

λ2

>TI0d?I_@Ng°W P SV@*<?@NKM:mW_@�:=BAByWMU?@ R B P W_I*ºy:m<?g
WMU�@ 7 :=K_@�W`:mË=@*<p:aW¡W_U?@(>Ag?@*<8W_> X :mB R U 7 IL> X :mBDW_> f @ Pml WMU?@5I_> f d?BT:mWM> P <ÚE�h P K�:=BABÚ¼m:=BTd?@NI P=l

β
:

ILW_K P <�S�WJ» P ½Jg?> f @N<?I_> P <H:=B�¾�K P BTBA@*K�Â'>T<�W_U?@�ILU?@-:mKyB�: 7 @NK X :m< 6 @¡I_@*@N< � d?ILWyg P »'<�ILWMKL@-: f P=l WMU�@
I_@ R :=K_:mWM> P <�B P X :mWM> P <ÚEi­ P »�@N¼V@NK*ºÆWMU�@æg?@*S=K_@*@ P=l WMU�K_@*@Û½Jg?> f @N<?I_> P <H:=B f P g�d?B�:mW_> P < P=l W_U?@*IL@



V ä Ð

X�/U`
β = 4.0

X)6P`
β = 2.0

XêK\`
β = 1.0

XFs?`
β = 0.0

7 ÝßÞ:9 � á �"Q¨(+�jEÆGJI P ILd?K l : X @*I P=l
λ2
¼ P KLW_@ÁÀ�>Ag?@*<8W_>A� X :mWM> P < X KL>AW_@*K_>T: l¿P Kr¼=:mK_> P d?IQ¼m:=BTd�@*I P=l WMU�@

X P < W_K_> 6 d�WM> P < X P <?ILWM:=<8W
β
E

K P BTBT@NK_IÌ¼m:=KL>T@NIÌ»'>AW_U
β
EÌhÍ:mKLWMU�@*KÆg P »'<?I¢WMK_@*: f : 6 KL@-:=Ë g P »'< Pml W_U?@'K P BABT@NK_I X :=< 6 @ P 6 I_@*K¢¼V@Ng$Ð

WMU�@5K_:=<?SV@ Pml I X :=BT@NI'K_@*I P BA¼=@*g X BA@-:=KLB 7 >T< X K_@-:mI_@*I¡:=IyWMU�@ f P g?@*B X P <8WMKL> 6 deWM> P <i>AIyK_@Ng?d X @NgÚE



V ä=ä

Â½Ã � µ £�¢G¥­}
. ����������+�"*�ª��+

^ W_W_@ f R WMIÒW P X P f¹6 >T<?@y� ^ ±�b#:=<?g0¸Z®�b�W_@ X U?<?>A� d?@*IrUH:-¼V@'B�:mK_SV@NB 7 l¿P d?<?g�@*K_@Ng 6 @ X :=d?IL@'W_U?@ 7
WMKL@-:mW�� ^ ±;bi:=<?g�¸D®rb�:mI X P f R BT@NW_@*B 7 I_@ R :=KM:aWM@(: R?R K P : X U?@NI�»'U?> X U f d?I¢W 6 @ R :aW X U?@Ng�W P ½
SV@ÁWMU?@NK0>A<�I P f @ f :=<�<?@*KNE�¬yU?@ X d�K_K_@N<8Wæ: R�R K P : X U�d?IL@*I0WMU?@ l¿P K f :=BQI_> f >TBT:=K_>kW 7p6 @ÁWJ»Q@N@*<
WMU�@�¸D®rb�:=<?g�� ^ ±�bæ@*� dH:mW_> P <?ID¼¨:=BTI P X :mBTBT@NgæWMU?@;:%¼=@*K_:=SV>T<�S0>A<8¼=:mK_>�:m< X @¤¾´W P d�<?> l 7 WMU?@;WJ» P
: R?R K P : X U�@*I*E�¬yU?>TI R K P ¼�>Tg?@NI�:�S=@*<?@NKM:=B l KM: f @N» P K_Ë l¿P K�g?@Á¼V@*B PVR >A<?Sæ<?@Á» X B�:=ILI_@NI P=l W_d?K 6 d�½
BT@N< X @ f P g�@*BTINº X :mBTBT@Ng 6 K_>Ag?SV>A<?S f P g?@NBTI*E´h P K�W_U?@ X d?KLK_@N< W�» P K_ËjºHWMU?@5hÆb�C >AI R K_@NI_@*<8W_@*g�>A<
WMU�@ X P <8WM@ÛÀ�W Pml W_U?>TI;g�@N¼V@NB PVR f @N< W*E¹GJ<�WMU?>AI;BT>ASVU8W�W_U?@0hÆb?C X :=< 6 @#d?<?g?@NK_I¢W P�P gp< P W�:=I�:
WMK_:=g?>kWM> P <H:=BÍU 7�6 KL>Tg f P g?@NB º 6 d�W¡:=IyWMU?@��HKLILW'WMKLd?@ 6 K_>Ag?SV>A<?S f P g?@NB E

^ BkWMU P d�SVU0W_U?@¡hÆb?C�»�:=I�>T<8WMK P g�d X @Ng�@NI_I_@N<8WM>�:mBTB 7 :=IQ:�U 7�6 K_>Ag f P g�@*B ºVW_UH:mWr>TINº�:=IQ:�»Q: 7
W P 6 KL>Tg?S=@QWMU?@'g?>k¼�>Tg?@ 6 @NWJ»�@*@N<æ� ^ ±�b0:=<�g�¸Z®rbÉº=W_U?@ X d?KLK_@N< WrKL@*I_d�BAWMI´ILU P » WMU?:mW P <?@ P=l WMU�@
R KL> f :=K 7 ILW_K_@N<?S=WMU�I Pml W_U?@
hÆb?C : X WMdH:=BAB 7 BT>A@*I;>A<�>AW_I;@ÁÀ X @NBTBA@*<8W R @NK l¿P K f :m< X @
:=I�:�²;¸Z®�bÍE
G³W': R�R @*:=K_IQW_UH:mW 6 7 >T<8WM@NSVKM:aWM>T<�S¹:�I¢W`:mW_@ P=l WMU�@�:=KLWy� ^ ±;b f P g?@NBÉ>A<8W P W_U?@ f @NWMU P gæ>A<�WMU�@
¸Z®rb�KL@*SV> f @�WMU?@ f P g?@*BÉK_@ f :=>A<?IQK P 6 d?I¢W'@N¼=@*< l¿P KQ¼=@*K 7 X P :=KLI_@��?BAWM@NK_I�»'U?@NK_@ X P <8¼V@*<8W_> P <H:mB
¸Z®rb�W_@ X U?<?>A� d?@*I'W 7 R > X :=BTB 7 R @*K l¿P K f � d?>kWM@ RÍPeP KLB 7 E

C P g?> l 7 >T<�S�I_BT>ASVU8WMB 7 W_U?@�WMK_:=g?>AW_> P <?:=Beg�@N�H<?>kWM> P < P=l ²�¸Z®rb#W P : f P g�@*B?>A<¹»'U?> X U P <?B 7 WMU�@
B�:mK_SV@NILW X P U�@*K_@N<8WyILW_K_d X WMd?KL@*I�:mK_@�K_@*I P BA¼=@*gÚºe>AW 6 @ X P f @NI X BT@-:mKrW_UH:mWrWMU?@NK_@�>TIrBT>AWLWMBA@�g?>AÈÉ@*KL@*< X @
6 @NWJ»�@*@*<c:�²;¸Z®�bF:=<?g£: 6 K_>Tg�SV>T<?S�: R?R K P : X UÚE�9�@ R @*<�g?>T<?S P <ªU P » X P U�@*K_@N<8W#ILW_K_d X WMd?KL@*I
:=KL@æg?@N�?<?@*gÚº l¿P K(@ÁÀ�: f R BT@mº´: 6 P d�<?gH:=K 7 BT: 7 @*K f : 7 U?:%¼=@�< P B�:=KLSV@ X P U?@NK_@*<8W
I¢WMK_d X WMd�K_@*INE
O @*K¢W`:=>A<?B 7 >kW�U?:=I�< P g P f >T<H:=<8W5ILW_K_d X WMd?KL@*I#>A<FWMU�@ R UH:mI_@�:-¼V@NKM:=S=@*g/I_@N<?I_@mEpb P »'>kWMU)WMU?>AI
g?@Á�H<?>AW_> P <�:#²�¸Z®rb P=l 6 P d?<�gH:=K 7 B�: 7 @NK�» P d�BTgiK_@*g�d X @�W P :
� ^ ±;bÉE

b P U P »ªg P @NIDW_U?@�hÆb?C R @NK l¿P K f :=ID: 6 KL>Tg?S=>T<?S f P g?@NB�{�v;dH:=BA>AWM:mWM>k¼V@*B 7 W_U?@rhÆb?C�>TIZ� d?>AW_@
R K P f >AI_>A<?S?º 6 deW�>kWvILW_>TBAB=I_deÈÊ@NK_I l K P f I P f @ P=l WMU?@´g?>Á� X d?BkWM>T@NI X P f�f P <;W P :mBTBVU 7�6 K_>Ag f P g?@*BAI*E
¬yU?@��HK_I¢W�:=<�g f P ILW�IL>TSV<?>k� X :m< W P=l WMU?@NI_@(>TIyWMU?@(:=K¢WM>A� X >�:mBÊWMK_:=<?I_>kWM> P <æ»'U?> X U P XNX d?KLI�:=I'WMU�@



V ä ]

f P g?@NB�I¢»'>AW X U�@*I l K P f � ^ ±;b�W P ¸Z®rbÉE8GJ<
I_d X U�K_@NSV> P <�IÌWMU?@'>A< X P f >T<�S � P »°>AIÆg?@N¼ P >Tg P=l WMU�@
I f :=BABVI X :=BT@r>T< X P U?@NK_@*<8W f P WM> P <?IÚWMUH:aWDW_U?@ f P g?@*B8KL@*� d?>AK_@*IZW P K_@ R B�: X @´WMU?@rI_d 6 �HBAW_@*KZILW_K_@*ILI_@NI*E
¬yU?@ P <?B 7ªf @ X UH:=<�>TI f l¿P K#SV@*<�@*KM:aWM>T<�S)ILd X U I¢WMKLd X W_d?K_@NI�:=KL@�U 7 g?K P g 7 <?: f > X >T<?I¢W`: 6 >TBT>kWM>A@*I
»'U?> X U l¿P BAB P » :�K P d�W_@#»'U?> X U)B P�P Ë I�ILW_K_>TË >A<?SVB 7 BT>AË=@�W_KM:=<?IL>AW_> P <�W P W_d?K 6 d�BT@*< X @=º 6 d�W�»'U�> X U
>TI P X*X d�K_K_>A<?S0>T<�:0K_@NSV> P <�»'U?@NK_@(W_U?@�KL@-:=B»� P »�>AI�:=BAK_@*:=g 7 l d?BAB 7 W_d?K 6 d�BT@*<8W*EyG³W;>TI'< P W X BA@-:=K
W P »'UH:aW�@ÛÀ�WM@*<8W*º�> l :=< 7 ºrWMU?>AI
:=KLW_>A� X >�:=BrWMKM:m<?I_>kWM> P < X P KLK_@*I RÉP <?g?I
W P :=< 7 : X WMdH:=B R U 7 IL> X :mB
R K P X @*I_I R KL@*I_@N<8W�>A<�W_U?@�� P »�E

G³W5>TI5:=BTI P d?< X BA@-:=K�U P » WMU?@
SVK P »yW_U P=l WMU�@0BT:=K_S=@ X P U?@NK_@N< W5»Q:%¼=@*I l :mK_@*I�>A<pW_U?>TI�W_KM:=<e½
I_>kWM> P <H:=B�K_@*S=> P <ÚEcGJ<£WMU?@�� ^ ±;b/K_@NSV> f @æWMU?@NI_@�»�:-¼=@*Iæ:mK_@ R K P 6 : 6 B 7 P ¼V@*KLgH: f R @NgÚº�IL>T< X @
WMK_:=g?>kWM> P <H:=BÉ� ^ ±;b f P g?@*BAI':=K_@�< P W�g?@*IL>TSV<?@NgiW P >T< X BTd?g?@�d�<?ILW_@-:=g 7 W_d?K 6 d?BT@N< W�I¢WMK_d X WMd�K_@*INE
G³W�KL@ f :=>T<�I´W P 6 @�IL@*@*<æ»'U�@NWMU�@*K l d?K¢WMU?@NK�@ÛÀ�WM@*<�g?>T<?S(WMU?@ 6 K_>Ag?SV>T<�S f P g�@*B X P < X @ R W X :m<æU?@*B R
W P @NBT> f >T<?:mWM@�WMU?>AI R K P 6 BT@ f E

�ÖUH:mW#W_U?@�hÆb?C g P @*I¹¼=@*K 7 »Q@NBTBQ>AI#>T< 6 :=B�:=< X >T<�S�WMU?@�: X WM> P < P=l WMU�@ f P g?@*BQ:=<?g/WMU�@
>T< X P U?@NK_@N< W�K_@NI P Bk¼V@*g f P WM> P <?I*ºHI P WMU?:mW�>kW R K P ¼�>Tg?@NI�KL@*B�:aWM>A¼=@*B 7 K P 6 d?ILW�K_@NI_d?BkWMI P ¼=@*K�:0»'>Tg�@
KM:m<?SV@ P=l �?BAWM@NK;»'>Tg�W_U?I*E ^ BkWMU P d�SVU�WMU?@
W P WM:=B´�'@ 7 < P BAg?I�ILWMKL@*ILI�>T<�W_U?@�¸Z®rb�K_@*S=> P <p>TI�< P W
X P f R BA@NW_@*B 7 >A<?g?@ R @*<�g?@*<8W P=l �HBkWM@*K¡»'>Tg�W_UÚºÚ>AW�>TI P <?B 7 »Q@*:=Ë B 7 g?@ R @*<?g�@*<8W-E ^ <?g�@N¼=@*<pWMUH:aW
»�@-:=Ë°g�@ R @*<?g?@N< X @)>TI�BT>TËm@*B 7 g?d�@�W P WMU�@F:mge½JU P X <H:aWMd?KL@ P=l WMU?@ X P <8WMK_> 6 d�W_> P < l d�< X W_> P <ÚE
^ BkWMU P d?SVUFW_U?@ X P <8WMK_> 6 d�W_> P < l d?< X W_> P <F>T<8WMK P g�d X @Ngª>T<�W_U?@ X d?K_KL@*<8W¹» P K_Ë)UH:=I(WMU?@ X P KLK_@ X W
� dH:=BA>AW`:aWM>A¼=@ 6 @*UH:-¼�> P K*º%WMU?@´: X WMd?:=BVI X :=BT>A<?S�>AI 6 :=I_@Ng P <5:

k−5/3 I R @ X W_K_d f ºa»'U�> X U�>TI R K P 6 : 6 B 7
d?<?KL@-:=BA>TI¢WM> X l¿P K5WMU?>AIì� P »�E ^ BTI P ºÒ@N¼=@*</WMU?@��H<?@æSVKL>TgF>TI�I¢WM>ABTB X P :mK_I_@�@*< P d�SVU�WMU?:mW P <�B 7 :
¼V@NK 7 I f :=BTBHK_:=<?SV@ P=l �?BAWM@NKr»'>Ag�WMU�I X :m< 6 @ R K PVR @NK_B 7 KL@*I P BA¼=@*gæ< d f @*KL> X :mBTB 7 º :=IQg�>TI X d?I_IL@*g�>A<
I_@ X W_> P < ä E V E [�E

hHK P f WMU?@¡» P KLË P=l ÙQ: X U f :=<8¼ [=\=\ V ¾Æ>AWQ»Q:=I':=BAK_@*:=g 7 X BA@-:=KQW_UH:mW�hÆb?CÔ>TI�BT@*:=ILWyILd X*X @*ILI¢½
l d?B´»'U?@*</W_U?@��HBkWM@NK(»'>TgeWMUª>AI � d?I¢W#I_BA>TSVU8WMB 7 I f :=BABT@*K�W_UH:=</>T<8W_@*SVK_:=B´BT@*<�S=WMUªI X :=BA@=E�GJ<FWMU?>AI
K_@NSV> f @�WMU�@ f P g?@*B X P <8WMKL> 6 d�W_> P <
>AIr< P W´B�:=KLSV@y@*< P d?SVU
W P K_@ R B�: X @yWMU?@'B�:mK_SV@yI¢WMK_d X WMd�K_@*INº 6 deW
>TI�B�:=KLSV@�@N< P d?SVU/W P gH: f RªP d�W
:m< 7 B�:=KLSV@�I X :=BA@�ILW_K_d X WMd?KL@*I
>T<�W_U?@�K_@NI P Bk¼V@Ng£�?@*BTg�I*E)¬yU?@
X d�K_K_@N<8W�» P K_Ë�I_U�@*g?I l d?KLW_U?@*K¡BT>TS=U W P <�WMU�@*I_@(g 7 <H: f > X I*E�G³W¡>TI X BA@-:=KyWMU?:mW¡W_U?@(hÆb?C�ILU P d?BAg
< P W 6 @�d?<?g?@NK_ILW PeP gæ>A<�WM@NK f I P=l :(W_KM:=g�>AWM> P <H:=B�g?@ X P f RÍP IL>AWM> P <�>A<8W P KL@*I P BA¼=@*g�:=<?g�ILd 6 �HBkWM@NK



V ä Å

R :=K¢WMINº�»'>kWMU
WMU?@ X P <8W_K_> 6 d�WM> P < l d?< X W_> P <0g?@ÁWM@*K f >A<?>T<�S�W_U?@ R :=KLW_>AW_> P <?>A<?S 6 @NWJ»�@*@*<�WMU?@ f EÒGJ<�½
ILW_@-:=gÊº�: 6 @ÁW_WM@NK X P < X @ R WMd?:=B f P g?@*BH>AIQ:�WMKL> R BA@�g�@ X P f RÍP I_>kWM> P <ÚºV»'>AW_U0W_U?@�KL@*I P BA¼=@*g f P WM> P <?I
6 @*>T<�S l d?K¢WMU?@NK�g?@ X P f RÉP I_@*g�>A<8W P X P U?@NK_@*<8W f P W_> P <?INºH»'U?> X U f d�ILW 6 @�KL@*I P BA¼=@*gÚºÊ:=<?g�>A< X P ½
U?@NK_@*<8W f P W_> P <?INºD»'U P I_@�: X WM> P <�>AI f :=>T<�B 7 I¢W`:mW_>TILW_> X :=B E�GJ<�W_U?>TI f P g?@NB ºZWMU?@ X P <8WMKL> 6 deWM> P <
l d?< X WM> P <æI_@NKL¼=@*I f :m>T<?B 7 W P¹R :=KLW_>AWM> P <
WMU?@;@N<?@*KLS 7�6 @ÁWJ»Q@N@*<�WMU?@ f P g?@*BÉ:=<?gæW_U?@�>A< X P U?@*KL@*<8W
K_@NI P Bk¼V@Ng R :=KLW*ºÒ»'>AWMUªW_U?@ X P U?@*KL@*<8W0K_@NI P Bk¼V@*g R :mKLW¹KL@ f :=>T<�>T<?S?º�>Tg?@*:=BTB 7 ºÒd�<H:mÈÉ@ X W_@*gÚE)¬yU?>AI
R > X WMd�K_@=ºe»'U?> X Ui>T<�I P f @;»Q: 7 I�>TI X B P IL@*K�W P ²;¸Z®�bÍº RÉP >A<8WMI�W P W_U?@ RÉP W_@*<8WM>T:=B l¿P Ky> f R K P ¼�>T<?S
WMU�@ f @ÁWMU P g P B P S 7 W P�R @NK l¿P K f »�@*BABÌ@N¼=@*<p<?@*:=K�WMU�@
� ^ ±;b�BT> f >kW-º 687 l d�KLWMU�@*K;KL@N�H<?>A<?SæWMU�@
X P < W_K_> 6 d�WM> P < l d?< X WM> P <i:=<?g�:=g � d?I¢W f @*<8WMIyW P W_U?@�d?<?g?@NK_B 7 >A<?S0� ^ ±;b f P g?@*B�E

� ^ ±;b f P g?@*BA>T<?S�UH:=I 6 @N@*<�:mK P d?<�g l¿P K': 6 P deW¡@N>TSVU8W 7æ7 @-:=KLI*ºÉ:=<?g�¸Z®�b l¿P K�: 6 P d�W'UH:=B l
WMU?:mWvWM> f @mEDGJ< X P f R :mK_>TI P <Úº-W_U?@ X P < X @ R W P=l : 6 K_>Ag?SV>T<�S f P g?@NBV>TIvI¢WM>TBAB=>A<5>kWMIv>A< l :=< X 7 EZGJ< l : X W-º
I_d X U�>Ag?@-:=I':mIyU 7�6 KL>Tg f P g?@NBT>A<?S?º8²�¸Z®rbÉºH:=<�g�¯¡� ^ ±;bæg?@ f P <�ILWMK_:mWM@;W_UH:mW�W_U?@;WMd�K 6 d?BA@*< X @
f P g?@NBT>A<?S X P f�f d?<?>AW 7 UH:=I#I¢WM>ABTBr< P W#KL@-: X U?@Ng : X P <?I_@N<?I_d�I P <ªW_U?@ 6 @*ILW0g?>AK_@ X WM> P <�W P S P
l¿P K¢»�:=KLgÚE½�ÖUH:aW�>TI X BA@-:=K�>AI�WMU?:mW�»Q@
<?@N@*g)I P f @ l¿P K f P=l 6 K_>Ag?SV>A<?S f P g?@NB E��ÖU?@NW_U?@*K�WMU�@
hÆb?C >AW_I_@NB l »'>TBTB 6 @�WMUH:aW f P g?@*B�º P Ky»'U?@NW_U?@*K P W_U?@*K¡: R?R K P : X U?@NI�»'>ABTB 6 @5g?@N¼=@*B P=R @Ng�>T<�WMU�@
l d�W_d?K_@mºÚWMU?@#hÒb?C X P <8W_>T< d?@*I�W P g?@ f P <?I¢WMK_:mWM@¹W_U?@ RÍP »�@*K Pml W_U?@#I 7 <?@NK_S 7 P=l 6 K_>Ag?SV>A<?S�WMU�@
� ^ ±;b	Õ=¸Z®�b�g?>k¼e>Ag?@=E



V ä Y

¹)µ.µ ¢R .®.¯Z² ¹
���p� 23�0�p�
	æ
ª��"}|��
ç { �/$4�
�� xzyª��
� p"*����+

õ ô ó 7i÷	�l¥½ú$÷+ÿ	ùíú»þ �«û0ÿ�·Nú t ú�
Nú$÷	qk� ùQ~�ú��¶���sjñú�
�ÿRþ

¬yU?@�SV@N<?@*K_:=BT>A×*@*g�IL@ X P <?g�:=<�giW_U?>TKLg P K_g?@NK f P f @*<8W_I':=K_@�g?@Á�H<?@*g�:=Iì¼ ¤�@*K f :=< P º V WXW8[�¾ÁÃ

τ (f, g) = fg − f g
¼ ^ E V ¾

τ (f, g, h) = fgh − fτ (g, h) − gτ (f, h) − hτ (fg) − f g h
¼ ^ E [�¾
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τ (f1 + af2, g) = (f1 + af2) g − (f1 + af2) g

= f1g − f1 g + a
(
f2g − f2 g

)

= τ (f1, g) + aτ (f2, g) ,
¼ ^ E Ð ¾
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∂τ (f, g)

∂x
=

∂

∂x

[
fg − f g

]

=
∂f

∂x
g − ∂f

∂x
g + f

∂g

∂x
− f

∂g

∂x

= τ

(
∂f

∂x
, g

)
+ τ

(
f,

∂g

∂x

)
,
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∂τ (f, g, h)

∂x
=

∂

∂x

[
fgh − fτ (g, h) − gτ (f, h) − hτ (fg) − f g h

]

=
∂f

∂x
gh + f

∂g

∂x
h + fg

∂h

∂x

−∂f

∂x
τ (g, h) − fτ

(
∂g

∂x
, h

)
+ f

(
g,

∂h

∂x

)

−∂g

∂x
τ (f, h) − gτ

(
∂f

∂x
, h

)
− gτ

(
f,

∂h

∂x

)

−∂h

∂x
τ (f, g) − hτ

(
∂f

∂x
, g

)
− hτ

(
f,

∂g

∂x

)

−∂f

∂x
g h − f

∂g

∂x
h − f g

∂h

∂x

= τ

(
∂f

∂x
, g, h

)
+ τ

(
f,

∂g

∂x
, h

)
+ τ

(
f, g,

∂h

∂x

)
.
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∇2τ (f, g) =
∂

∂xi

[
∂τ (f, g)

∂xi

]

=
∂

∂xi

[
τ

(
∂f

∂xi
, g

)
+ τ

(
f,

∂g

∂xi

)]

= τ
(
∇2f, g

)
+ 2τ

(
∂f

∂xi

,
∂g

∂xi

)
+ τ

(
f,∇2g

)
.
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τ(fg, h) = fgh − fg h

= fgh − fg h + f g h − f g h

= fgh − τ(f, g)h − f g h.
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τ(f, g, h) = fgh − fτ(g, h) − gτ(f, h) − hτ(f, g) − f g h

= τ(fg, h) − fτ(g, h) − gτ(f, h),
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τ(fg, h) = τ(f, g, h) + fτ(g, h) − gτ(f, h).
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N [ui] = 0
¼ ^ E�e�¾
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τ (ui,N [uj]) + τ (uj,N [ui]) = 0.
¼ ^ E�W�¾
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τ

(
ui,

∂uj

∂t

)
+ τ

(
uj,

∂ui

∂t

)
+ τ

(
ui, uk

∂uj

∂xk

)
+ τ

(
uj, uk

∂ui

∂xk

)

= −1

ρ

[
τ

(
ui,

∂p

∂xj

)
+ τ

(
uj,

∂p

∂xi

)]
+ ντ

(
ui,∇2uj

)
+ ντ

(
uj,∇2ui

)

∂τ(ui, uj)

∂x
+ τ

(
ui, uk

∂uj

∂xk

)
+ τ

(
uj, uk

∂ui

∂xk

)

= −1

ρ

[
τ

(
ui,

∂p

∂xj

)
+ τ

(
uj,

∂p

∂xi

)]
+ ν∇2τ (ui, uj) − 2ντ

(
∂ui

∂xk
,
∂uj

∂xk

)
,
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τ

(
ui, uk

∂uj

∂xk

)
+ τ

(
uj, uk

∂ui

∂xk

)

= τ

(
ui, uk,

∂uj

∂xk

)
+ ukτ

(
ui,

∂uj

∂xk

)
+

∂uj

∂xk

τ (ui, uk)

+ τ

(
uj, uk,

∂ui

∂xk

)
+ ukτ

(
uj,

∂ui

∂xk

)
+

∂ui

∂xk
τ (uj, uk)

=
∂τ (ui, uj, uk)

∂xk
+ uk

∂τ (ui, uj)

∂xk
+

∂uj

∂xk
τ (ui, uk) +

∂ui

∂xk
τ (uj, uk)
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τ

(
ui,

∂p

∂xj

)
=

∂

∂xj
[τ (ui, p)] −

[
τ

(
p,

∂ui

∂xj

)]
.
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∂τ (ui, uj)

∂x
+ uk

∂τ (ui, uj)

∂xk
= ν∇2τ (ui, uj) + Πij + Dij + Pij − εij,

¼ ^ E V \�¾
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Πij = −1

ρ

[
τ

(
p,

∂ui

∂xj

)
+ τ

(
p,

∂uj

∂xi

)]

Dij = −1

ρ

∂

∂xj

[τ (ui, p)] − 1

ρ

∂

∂xi

τ (uj, p) − ∂τ (ui, uj, uk)

∂xk

Pij = − ∂ui

∂xk

τ (uj, uk) −
∂uj

∂xk

τ (ui, uk)

εij = 2ν τ

(
∂ui

∂xk

,
∂uj

∂xk

)
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2ν

[
τ

(
∂ui

∂xk
,
∂N [uj]

∂xk

)
+ τ

(
∂uj

∂xk
,
∂N [ui]

∂xk

)]
= 0.
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∂

∂t

[
τ

(
∂ui

∂xk

,
∂uj

∂xk

)]
+ τ

(
∂ui

∂xk

,
∂

∂xk

[
ul

∂uj

∂xl

])
+ τ

(
∂uj

∂xk

,
∂

∂xk

[
ul

∂ui

∂xl

])

= −1

ρ

[
τ

(
∂ui

∂xk
,

∂

∂xk

[
∂p

∂xj

])
+ τ

(
∂uj

∂xk
,

∂

∂xk

[
∂p

∂xi

])]

+ ν∇2

[
τ

(
∂ui

∂xk

,
∂uj

∂xk

)]
− 2ντ

(
∂2ui

∂xk∂xl

,
∂2uj

∂xk∂xl

)
.
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τ

(
∂ui

∂xk
,

∂

∂xk

[
ul

∂uj

∂xl

])
+ τ

(
∂uj

∂xk
,

∂

∂xk

[
ul

∂ui

∂xl

])

= τ

(
∂ui

∂xk
,
∂ul

∂xk

∂uj

∂xl

)
+τ

(
∂ui

∂xk
, ul

∂2uj

∂xk∂xl

)
+τ

(
∂uj

∂xk
,
∂ul

∂xk

∂ui

∂xl

)
+τ

(
∂uj

∂xk
, ul

∂2ui

∂xk∂xl

)
.
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τ

(
∂ui

∂xk

,
∂ul

∂xk

∂uj

∂xl

)
+ τ

(
∂uj

∂xk

,
∂ul

∂xk

∂ui

∂xl

)

= τ

(
∂ui

∂xk
,
∂ul

∂xk
,
∂uj

∂xl

)
+

∂ul

∂xk
τ

(
∂ui

∂xk
,
∂uj

∂xl

)
+

∂uj

∂xl
τ

(
∂ui

∂xk
,
∂ul

∂xk

)

+ τ

(
∂uj

∂xk
,
∂ul

∂xk
,
∂ui

∂xl

)
+

∂ul

∂xk
τ

(
∂uj

∂xk
,
∂ui

∂xl

)
+

∂ui

∂xl
τ

(
∂uj

∂xk
,
∂ul

∂xk

)
.
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τ

(
∂ui

∂xk

, ul
∂2uj

∂xk∂xl

)
+ τ

(
∂uj

∂xk

, ul
∂2ui

∂xk∂xl

)

= τ

(
∂ui

∂xk

, ul
∂2uj

∂xl∂xk

)
+ τ

(
∂uj

∂xk

, ul
∂2ui

∂xl∂xk

)

= τ

(
∂ui

∂xk
, ul,

∂2uj

∂xl∂xk

)
+ ulτ

(
∂ui

∂xk
,

∂2uj

∂xl∂xk

)
+

∂2uj

∂xl∂xk
τ

(
∂ui

∂xk
, ul

)

+τ

(
∂uj

∂xk
, ul,

∂2ui

∂xl∂xk

)
+ ulτ

(
∂uj

∂xk
,

∂2ui

∂xl∂xk

)
+

∂2ui

∂xl∂xk
τ

(
∂uj

∂xk
, ul

)

= ul
∂

∂xl

[
τ

(
∂ui

∂xk

,
∂uj

∂xk

)]

+
∂

∂xl

[
τ

(
ul,

∂ui

∂xk
,
∂uj

∂xk

)]

+
∂2ui

∂xl∂xk
τ

(
∂uj

∂xk
, ul

)
+

∂2uj

∂xl∂xk
τ

(
∂ui

∂xk
, ul

)
.
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τ

(
∂ui

∂xk
,

∂

∂xk

[
∂p

∂xj

])
= τ

(
∂ui

∂xk
,

∂

∂xj

[
∂p

∂xk

])

=
∂

∂xj

[
τ

(
∂ui

∂xk
,

∂p

∂xk

)]
− τ

(
∂p

∂xk
,

∂

∂xj

[
∂ui

∂xk

])
.
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2ν
:=<?gid?IL>T<?S#WMU�@5g�@N�H<?>kWM> P < P=l

εij
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∂εij

∂t
+ uk

∂εij

∂xk

= −Pε
ij − Φε

ij + Πε
ij + Dε

ij + ν∇2εij,
¼ ^ E V�V ¾
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Πε
ij =

2ν

ρ

[
τ

(
∂p

∂xk
,

∂

∂xk

[
∂ui

∂xj

])]
+

2ν

ρ

[
τ

(
∂p

∂xk
,

∂

∂xk

[
∂uj

∂xi

])]

Dε
ij = −2ν

ρ

[
∂

∂xj

[
τ

(
∂ui

∂xk
,

∂p

∂xk

)]]
− 2ν

ρ

[
∂

∂xi

[
τ

(
∂uj

∂xk
,

∂p

∂xk

)]]

−2ν
∂

∂xl

[
τ

(
ul,

∂ui

∂xk
,
∂uj

∂xk

)]

Pε
ij =

∂uj

∂xl
εil +

∂ui

∂xl
εjl

+2ν
∂ul

∂xk
τ

(
∂ui

∂xk
,
∂uj

∂xl

)
+ 2ν

∂ul

∂xk
τ

(
∂uj

∂xk
,
∂ui

∂xl

)

+2ν
∂2ui

∂xl∂xk
τ

(
∂uj

∂xk
, ul

)
+ 2ν

∂2uj

∂xl∂xk
τ

(
∂ui

∂xk
, ul

)

+2ντ

(
∂ui

∂xk

,
∂ul

∂xk

,
∂uj

∂xl

)
+ 2ντ

(
∂uj

∂xk

,
∂ul

∂xk

,
∂ui

∂xl

)

Φε
ij = 4ν2τ

(
∂2ui

∂xk∂xl
,

∂2uj

∂xk∂xl

)
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k =
1

2
τ (ui, ui)
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∂k

∂x
+ uk

∂k

∂xk
= ν∇2k + D + P − ε,

¼ ^ E V [�¾
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D = −1

ρ

∂

∂xi
[τ (ui, p)] − 1

2

∂τ (ui, ui, uk)

∂xk

P = − ∂ui

∂xk

τ (ui, uk)

ε =
1

2
εii = ντ

(
∂ui

∂xk

,
∂ui

∂xk

)
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∂ε
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∂T

∂y
= (1 − γ)

C�: 2ũdpe
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ρũ
∂k

∂x
+ ρṽ
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∆x
+
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