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ABSTRACT 

Numerical model for simulating sediment transport in unsteady flow is 

incomplete in several aspects: first of all, the numerical schemes have been proved 

suitable for the simulation of flow over rigid bed needs to be reevaluated for unsteady 

flow over mobile bed; secondly, existing non-equilibrium sediment transport models are 

empirically developed and therefore lack of consistency regarding the evaluation of the 

non-equilibrium parameters; thirdly, the sediment transport in various applications have 

unique features which needs to be considered in the models. Sediment transport in 

unsteady flows was studied using analytical and numerical methods. A one dimensional 

(1D) finite volume method (FVM) model was developed. Five popular numerical 

schemes were implemented into the model and their performances were evaluated under 

highly unsteady flow condition. A novel physically-based non-equilibrium sediment 

transport model was established to describe the non-equilibrium sediment transport 

process. Infiltration effects on flow and sediment transport was included to make the 

model applicable to simulate irrigation induced soil erosion in furrows. The Laursen 

(1958) formula was adopted and modified to calculate the erodibility of fine-grain sized 

soil, and then verified by laboratory and field datasets. The numerical model was applied 

to a series of simulations of sediment transport in highly unsteady flow including the dam 

break erosional flow, flash flood in natural rivers and irrigation flows and proved to be 

applicable in various applications. The first order schemes were able to produce smooth 

and reasonably accurate results, and spurious oscillations were observed in the simulated 

results produced by second order schemes. The proposed non-equilibrium sediment 
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transport model yielded better results than several other models in the literatures. The 

modified Laursen (1958) formula adopted was applicable in calculating the erodibility of 

the soil in irrigation. Additionally, it was indicated that the effect of the jet erosion and 

the structural failure of the discontinuous bed topography cannot be properly accounted 

for due to the limitation of 1D model. The comparison between the simulated and 

measured sediment discharge hydrographs indicated a potential process associated to the 

transport of the fine-grain sized soil in the irrigation furrows.  
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CHAPTER 1: INTRODUCTION 

1.1. Statement of the Problem 

Sediment transport process is of great concern in many engineering fields. In 

natural rivers, sediment transport is often associated with erosion/deposition and channel 

geomorphic change, and potentially threatens the safety of in-stream hydraulic structures. 

Soil erosion is important to the agricultural and environmental engineers, where soil 

serves as a media for the migration of many chemicals, and to the hydrologist, where 

sedimentation changes land surface. Up to date, numerical models have replaced the 

scaled physical models, and become the most cost-effective tool to study sediment 

transport and support engineering designs. In the past decade with the availability of 

high-capacity computers, enormous efforts have been made to accurately modeling 

sediment transport process in natural environments (e.g. waterways, watershed).    

Sediment transport is an extremely complex physical process. The movement of 

sediment particles results from a combination of several forces including the gravity force, 

the drag force, the lift force, and the extra friction forces due to collision between moving 

particles. The drag and lift forces are dependent on turbulent properties of fluid flow, 

which require the knowledge of delicate flow turbulence structures. The collisions 

between particles are also a highly random process that is impossible to measure and 

monitor. On the other hand, moving particles on the bottom boundary can alter flow 

turbulence structure, and in turn change the drag and lift forces acting on the particles. At 

present, the interaction between flow and sediment particles cannot be quantified 
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analytically, which is under further investigations (Kulick et al. 1994; Kaftori et al. 1995a, 

b; Nino and Garcia 1996; Yamamoto et al. 2001). Advanced numerical models, such as 

large eddy simulation (LES) and direct numerical simulation (DNS), can be a useful tool 

for simulating the discrete particle transport in turbulence flows. 

However, such models are not suitable for engineering applications. It is 

extremely difficult, and not necessary, to establish a computational model that tract the 

movement of each fluid parcel and solid particle. Certain simplifications can be made to 

both the flow field and the sediment particles for establishing a numerical model for 

practical engineering applications. For example, the St. Venant equation and the sediment 

transport equation instead of the Navier-Stokes equation and the equation of particle 

motion are usually adopted as the governing equation of the numerical models of the 

sediment transport in free surface flow. In such models, time-averaged and space-

averaged quantities are used instead of the instantaneous ones, and thus flow and 

sediment motion are quantified in a statistically average sense. The sediment transport 

capacity is usually calculated from the bed shear stress and the representative size of 

sediment particles, which represent the average property of flow and sediment particles, 

respectively. Nonetheless, these governing equations are generally written in differential 

forms, and do not yield analytical solutions. Therefore, numerical methods, such as finite 

element, finite difference, and finite volume methods, need to be employed to obtain 

numerical solutions to the governing equations. Highly accurate and stable numerical 

schemes are required to discretize the partial differential equations. Different numerical 

schemes should be adopted for different flow conditions. Sediment transport over mobile 
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beds in unsteady flows is usually characterized by strong advection and rapidly changing 

surface gradient, which requires special numerical schemes to discretize the governing 

equation. Because of this, the first part of this study aims to evaluate numerical schemes 

that are stable and accurate for discretizing the governing equations of sediment transport 

over mobile bed in unsteady flow. 

The simulation of non-equilibrium sediment transport process in unsteady flows is 

also an interesting and important topic for scientists and engineers. The concept of non-

equilibrium sediment transport process is originated from the idea that, sediment 

transport is not able to immediately response to the change of flow field, thus there is 

always a lag between flow and sediment transport. The sediment mass exchange between 

the immobile bed layer and the mobile sediment layer needs to be quantified for 

simulating the non-equilibrium transport process. Conventionally, this mass exchange is 

determined empirically, and those methods lack consistency in literatures. Recently, 

modern experimental techniques were used to investigate the internal structure of mobile 

sediment layers. Although progresses have been made towards the grain scaled structure 

of mobile sediment layer, a conceptual model that describes the mechanism of sediment 

layer under non-equilibrium transport state is not available. Therefore, the second part of 

this study is to establish a physically based non-equilibrium sediment transport model to 

complement the simulation of unsteady flow and sediment transport. This physically 

based model aims to explain the mechanism of non-equilibrium sediment transport 

process and facilitate the parameterization of the conventional non-equilibrium model. 
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Simulating irrigation induced erosion in furrows is an application of unsteady 

flow and sediment transport models, and is of fundamental importance to agricultural 

engineering. Fertilizer and nutrient essential to crops are attached to the soil surface and 

transported along the furrows by irrigation flows. Predictions of flow advancing 

processes, infiltration, and sediment transport are essential for furrow operational design. 

Two distinctive features of flow and sediment transport process in irrigation furrows are 

recognized: a) a furrow is designed to maximize the efficiency of irrigation, therefore, a 

significant amount of water infiltrates into soil, and the effects of infiltration to the flow 

and sediment transport needs to be considered; b) the size of soil particles in irrigation 

furrows are usually much smaller than sand and gravels in natural rivers, which 

disqualify the conventional sediment transport formulas for predicting sediment load. The 

objective of the third part of this study is to extend the capability of the 1D unsteady flow 

and sediment transport model to simulate irrigation flow and soil erosion in furrows. 

1.2. Literature Review 

Numerous numerical models have been developed or being developed for the 

simulation of sediment transport in open channel flows. These models, although differ in 

their objectives and particular applications, generally provide information or prediction 

about the erosion and deposition rate and the associated geomorphic changes based on 

the given or simulated flow field and sediment properties. A few examples include the 

HEC-RAS (HEC 2010) and HEC-6 (HEC 1991) developed by U.S. Army Corps of 

Engineers, Hydrologic Engineering Center, SRH-1D (BR 2010) developed by U.S. 

Department of Interior, Bureau of Reclamation, IALLUVIAL 2 (IIHR 2009) developed 
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by University of Iowa, Iowa Institute of hydraulic Research, and WINSRFR (ARS 2009) 

developed by U.S. Department of Agriculture, Agricultural Research Center, among 

many others. These models, and other models, were reviewed and compared in literature, 

to guide users for their preferred engineering applications (Merritt et al. 2003; Aksoy and 

Kavvas 2005; Duan et al. 2008). In addition, more advanced models have been developed 

for investigating the mechanism of sediment transport, which is difficult to observe and 

analyze in the physical experiments, such as the large eddy simulation (LES) models 

(Wang and Squires 1996; Smirnov et al. 2001; Yamamoto et al. 2001; Bini and Jones 

2008; Riber et al. 2009) and direct numerical simulation (DNS) models (Pedinotti et al. 

1992; Elghobashi 1994; Glowinski et al. 2001; Marchioli et al. 2003). Other models were 

also reported in the literature, focusing on different aspects of sediment transport process 

based on the objectives of the authors (Park and Jain 1987; Celik and Rodi 1988; Duan et 

al. 2001; Cao et al. 2002; Wu 2004; Duan and Julien 2005; Duan and Nanda 2006; 

Caleffi et al. 2007; Diaz et al. 2008; Minh Duc and Rodi 2008; Zhang et al. 2010). 

Although enormous efforts have been made to simulate sediment transport 

process, it still remains a difficult task to establish an accurate and reliable model, 

especially for sediment transport in unsteady flows, because some problems regarding 

sediment transport still remain unclear and needs further investigations. This section 

discussed three aspects regarding the numerical simulation of sediment transport: (1) the 

numerical methods suitable for one-dimensional numerical sediment transport model in 

unsteady flow; (2) the numerical model for flow and sediment transport in the irrigation 

furrows; (3) the non-equilibrium sediment transport model in unsteady flow.  
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1.2.1. Numerical Schemes for Simulating Unsteady Flow and Sediment Transport 

The St. Venant equation together with the sediment transport mass conservation 

equation is generally accepted as the governing equations in most sediment models. 

Numerical techniques used to solve these equations are different. Finite difference 

method (FDM), finite element method (FEM) and finite volume method (FVM) are 

widely used in the area of computational fluid dynamics (CFD), among others (for details 

about these methods, see Ferziger and Peric 2002). Among these methods, FVM is 

particularly popular in unsteady flow problems, due to its advantage in dealing with flow 

discontinuities and retaining the conservativeness of the governing equations. FVM 

decomposes the computational domain into a number of cells, and constructs the 

numerical schemes based on the integral form of the governing equations. The physical 

quantities are evaluated by a cell-averaged value and the numerical fluxes are evaluated 

on the cell faces. One dimensional, two dimensional and three dimensional examples of 

FVM are reported in literature and proved to be an efficient and effective method for 

hydrodynamic flow and sediment transport problems (Peric et al. 1988; Lai and Przekwas 

1994; Kim and Choi 2000; Bradford and Sanders 2002; Valiani et al. 2002; Caleffi et al. 

2003; Wu and Wang 2007; Kuiry et al. 2008). 

In FVM models, the numerical flux on the cell faces can be constructed with values 

at neighboring nodes. Various numerical schemes were proposed for solving different 

problems. A few examples include the upwind method (Bermudez and Vazquez 1994; 

Garcia-Navarro and Vazquez-Cendon 2000; Ying et al. 2004), the Lax-Wendroff method 

(Lax and Wendroff 1960), and the Lax-Friedrichs method (Friedrichs and Lax 1971), and 
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etc. Among these methods, the Godunov (1962) method received particular interests, due 

to its clear physical interpretation and well-behaving properties. The Godunov (1962) 

method is a class of FVM models which utilizes the local solutions of Riemann problem 

in constructing the cell-averaged values. Many numerical schemes were developed as 

extensions to the Godunov method, including the Roeôs solver, Osherôs solver, HLL and 

HLLC solver etc. (Roe 1981; Osher and Solomon 1982; Harten et al. 1983; Toro and 

Chakraborty 1994). These schemes were proved to be capable of simulating unsteady 

flows containing discontinuities, but were generally 1
st
-order accurate. Higher order 

schemes of the Godunov type were also constructed and tested in many studies (Delis and 

Skeels 1998; Wang et al. 2000; Caleffi et al. 2003; Lin et al. 2005; Toro and Titarev 

2005). For higher order schemes, the property of total-variation-diminishing (TVD) is 

usually required to suppress the spurious oscillation, which can be achieved by using the 

TVD flux limiter function. Sanders and Bradford (2006) tested several limiter functions 

by simulating solute transport and found these limiter functions performed differently in 

controlling numerical dissipation. 

Different schemes in the FVM models have been well tested for flow with 

discontinuities or large spatial gradients over a fixed bed (Begnudelli and Sanders 2007; 

Bradford and Sanders 2002; Mingham and Causon 1998; Valiani et al. 2002; Ying et al. 

2004; Zhao et al. 1994), however, fewer researchers have reported the simulation of flow 

and sediment transport over mobile bed. Capart and Young (1998) applied the upwind 

scheme in 1D numerical model and their results matched well with the experimentally 

observed water surface profiles and bed elevations, which showed the applicability of 
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upwind scheme in simulating dam break flow. Fraccarollo and Capart (2002) used the 

approximate Riemann solver to solve the shallow water equation over mobile bed. 

However, their model over-simplified the sediment laden flow by assuming an upper 

pure water layer, an intermediate water-sediment mixture layer of a constant sediment 

concentration, and a lower solid-like motionless layer, which neglected the interaction 

between suspended load and bed load. Cao et al. (2004) calculated a dam break flow over 

an erodible bed using Weighted Average Flux (WAF) approximate Riemann solver and 

SUPERBEE flux limiter to achieve the second order accuracy in space, but their study 

only considered the transport of suspended load. Wu and Wang (2007) have taken both 

suspended load and bed load into account in the simulation, and developed 1D finite 

volume model with an explicit Godunov-type upwind flux scheme; however, their model 

was only the 1st order accurate in space. Numerical schemes used in these models 

include the upwind flux scheme (Ying et al. 2004; Wu and Wang 2007), HLL and HLLC 

schemes (Harten et al. 1983; Toro et al. 1994), Roeôs scheme (Roe 1981; Garcia-Navarro 

and Vazquez-Cendon 2000), and WAF scheme (Toro 1992). Except the WAF scheme is 

2
nd

 order accurate, the rest are 1
st
 order. Up to now, the performances of these numerical 

methods have not been compared and evaluated with the same data set for mobile bed. 

The numerical methods for discretizing the source terms are also investigated in 

several literatures (Bermudez and Vazquez 1994; Garcia-Navarro and Vazquez-Cendon 

2000; Kuiry et al. 2008).  The source terms are the friction term and bed gradient term in 

momentum equations for unsteady flow, and may include other extra terms if suspended 

sediment concentration is treated as a temporal and spatial variable. Garcia-Navarro and 
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Vazquez-Cendon (2000) extended the method of Godunov (1962) in dealing with the flux 

term to the non-conservative source terms, and evaluated bed friction term and source 

terms according to the wave structure at the discontinuities. However, their investigations 

are restricted to the simulation of shallow water flow but not sediment transport. Ying et 

al. (2004) proposed to use the surface gradient instead of the bed gradient to improve the 

stability of the numerical scheme when dealing with the discontinuities in unsteady flows. 

Recently, the concept of well-balanced schemes is proposed in several studies (Greenberg 

and Leroux 1996; Kim et al. 2008; Caleffi and Valiani 2009), which aimed at treating the 

source term and flux term in a compatible manner. (Rosatti and Fraccarollo 2006; Caleffi 

et al. 2007) also investigated the well-balanced schemes for solving shallow water 

equations on mobile bed. These studies retained the classical form of shallow water 

equations, thus did not account the effect of sediment transport on the flow because 

including these terms alters the characteristic structure of the governing equations. The 

evaluations of the performances of numerical schemes for discretizing the flux term and 

the source term for the St. Venant equation that fully recovers the effect of sediment 

transport is not available in the literatures and therefore needs further investigation.  

1.2.2. Non-equilibrium Sediment Transport in Unsteady Flow 

Various sediment transport formulas can be chosen based on flow conditions and 

the sediment size being studied. M. P. Duboys (1879) established the first bed load 

transport formula, which is one of the earliest literatures on sediment transport. Many 

sediment transport formulas have been proposed since then. The most commonly-used 

formulas include the ones proposed by Meyer-Peter and Müller (1948), Einstein (1950), 
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Laursen (1958), Yalin (1972), Ackers and White (1975), Engelund and Fredsøe (1976), 

Bagnold (1977), Yang (1979; 1984), van Rijn (1984a; 1984b; 1984c), Parker (1990), 

Wilcock and Crowe (2003), and among others. These formulas directly correlate 

sediment transport rate to local flow and sediment physical properties, and they are valid 

only in uniform steady flows. If the instantaneous sediment transport rate is assumed 

equal to the transport capacity calculated by these transport formulas, such models are 

called the equilibrium transport model. 

The equilibrium transport model can greatly reduce the complexity of simulating 

sediment transport process because the sediment transport rate is only a function of flow 

field and the sediment physical parameters (e.g. density, size).  Thus, it was adopted in 

many models such as HEC-RAS (HEC 2010), SRH-1D (BR 2010), HEC-6 (HEC 1991), 

IALLUVIAL2 (IIHR  2009) WINSRFR (ARS 2009). The equilibrium transport 

assumption, although provides good approximations for a long term simulation, cannot 

account for the lag effect on the sediment transport in the highly unsteady flow events, 

such as the dam-break flows, flash floods, etc. A sediment model capable of better 

simulating the non-equilibrium sediment transport in unsteady flows is needed to 

improve the accuracy of sediment transport model. 

However, due to the complexity in the unsteady flow simulation, a non-

equilibrium sediment transport formula with the ability to directly predict the local 

transport rate under unsteady flow condition is not yet available. An alternative is to 

assume a lag effect between the flow and the sediment transport. The non-equilibrium 



25 

 

bed load adaptation length and the suspended load recovery coefficient are two 

commonly-used parameters in non-equilibrium sediment transport model. 

 The spatial lag between the instantaneous flow field and sediment transport rate 

is termed ñnon-equilibrium adaptation lengthò, which stems the inability of the fluvial 

sediment to immediately respond to the changing flow condition (Phillips and Sutherland 

1989; Phillips and Sutherland 1990). According to Bennett (1974), the local scour rate 

under non-equilibrium condition can be calculated by assuming the scour rate to be 

proportional to the instantaneous and the equilibrium scour rate. The non-equilibrium 

adaptation length can be characterized by the distance in which the local sediment 

transport rate increases from zero to the equilibrium transport rate. Many researchers 

have proposed formulas to calculate the non-equilibrium adaptation length (Armanini and 

Disilvio 1988; Celik and Rodi 1988; Rahuel et al. 1989; Holly and Rahuel 1990a; Holly 

and Rahuel 1990b; Zhou and Lin 1998; Belleudy 2000; Chang and Yen 2002; Cao et al. 

2004; Wu and Wang 2007; El kadi Abderrezzak and Paquier 2009), and some of the 

proposed formulas are compiled in Table 1.1. 

Researchers Formulas 

Einstein(1950) L=100D 

Yalin (1972) L=ŬɗD 

Fernandez-Luque and van Beek (1976) L=16D 

Bell and Sutherland (1983) correlated with the erosion depth 

van Rijn (1987) ὒ σὈὨz ȢὝȢ 

Armanini and Disilvio (1988) 

ὒ‫

Ὤό

ὥ

Ὤ
ρ
ὥ

Ὤ
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Phillips and Sutherland (1989) L=Ŭ(ɗ-ɗc)D 

Rahuel et al.(1989) Grid dependent 

Belleudy (2000) Grid dependent 

Wu and Wang (2007) ὒ άὥὼὒȟ
ὟὬ

‌‫
 

Duan and Nanda (2006) From Calibration 

El kadi Abderrezzak and Paquier (2009) From Calibration 

Yalin (1972) * L=2ˊh 

van Rijn (1984) * L=(5~10)h 

Table 1.1 compilation of some non-equilibrium adaptation length formula in the literature 

* when sand dunes are the dominant bed form 

Another non-equilibrium model parameter in use is the suspended load recovery 

coefficient, which is defined as the ratio of sediment concentration at the near-bed region 

to the mean concentration in the cross-section. This parameter was used in the non-

equilibrium suspended load model in a number of studies (Cao 2004; Wu and Wang 

2007). However, in both studies, the suspended load recovery coefficient was assumed to 

be a constant, the value of which is determined somewhat arbitrarily. 

The formulas for both non-equilibrium parameters are mostly determined 

empirically or by semi-empirical theories. Despite the many formulas proposed, there is 

no consensus on which method should be used at a given flow condition. On the other 

hand, experiments were also conducted to study the spatial variations of bed load 

transport rate in non-equilibrium transport conditions. Soni (1981) conducted a series of 

experiments under steady flow with overloading sediment supply to investigate the 

transient process of the local sediment transport rate under alluvial sediment bed 
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condition. Bell and Sutherland (1983), in contrast, conducted experiments under steady 

flow with clear water inflow to study the adaptation from clear water to its equilibrium 

transport capacity. Their experiment results provided insights into the non-equilibrium 

sediment transport process. Phillips and Sutherland (1989; 1990) also conducted a similar 

experiment to quantitatively study both the spatial and temporal lag between the flow and 

corresponding equilibrium sediment transport state. Chang (2002) conducted flume 

experiments using color-painted fine gravels to explore further the non-equilibrium 

dispersion process. Modern experimental techniques, such as the acoustic Doppler 

velocimeter (ADV) and particle tracking imaging technique, can provide detailed 

measurements of sediment particle velocity synchronized with flow measurements 

(Roarty and Bruno 2006). Several recent experiments have investigated the internal 

structure of bed load layer (Mouilleron et al. 2009; Tang and Wang 2009). However, 

these experiments did not fully uncover the mechanism of the non-equilibrium transport. 

A physically-based analytical formula for describing the non-equilibrium sediment 

transport process still remains a challenging task. 

1.2.3. Unsteady Flow and Soil Erosion in Irrigation Furrows 

According to Walker and Humphreys (1983), furrow irrigation models can be 

classified into several categories: a) volume balance model (Elliott and Walker 1982; 

Serralheiro 1995); b) kinematic wave model (Walker and Humpherys 1983; Izuno and 

Podmore 1985; Jain and Singh 1989); c) zero-inertia model (Strelkoff and Katopodes 

1977; Elliott et al. 1982; Oweis and Walker 1990; Abbasi et al. 2003); d) hydrodynamic 

model (Katopodes and Strelkoff 1977; Bautista and Wallender 1992; Singh and 
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Bhallamudi 1996; Bradford and Katopodes 1998).  The volume balance model, the 

kinematic-wave model, and zero-inertia model were widely used for flow routing in early 

studies. Such models are stable and efficient for prismatic channels. However, these 

models neglected fluid acceleration and thus their accuracy is limited for unsteady flows. 

The hydrodynamic models are the most accurate and rigorous for simulating irrigation 

flows, but require stable numerical schemes and more computational power to obtain 

accurate solutions.  

The concept of soil erosion in irrigation furrows is, in principle, very similar to 

the sediment entrainment for cohesiveless particles in natural rivers. When the shear 

stress at the soil surface excess a certain value, defined as the critical shear stress, soil 

erosion starts to occur, and the erosion rate increases with the shear stress. However, the 

convectional sediment transport formulas developed for natural rivers, for example, the 

Einstein formula (Einstein 1950), Bagnold formula (Bagnold 1977), Van Rijn formula 

(van Rijn 1984a; van Rijn 1984b), and many others, cannot be directly used to predict the 

transport of fine sand, silt, and clay in irrigation furrows due to the fact that these formula 

are generally developed for sediment particles with a size larger than fine sand, while 

sediment in furrows are much finer than those in natural rivers. Several studies (Le 

Bissonnais 1996; Bryan 2000; Hanson and Simon 2001; Zhang et al. 2004) investigated 

the entrainment capacity of silt and clay sized fine particles, and suggested that the 

entrainment process of very fine particles are complex, which can be affected by the 

density, aggregation history, and chemical and biological agents attached to the particles. 

The mechanisms of these effects are almost impossible to be accurately quantified. On 
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the other hand, Strelkoff and Clemmens (2005) argued that the distinguishing fact of fine 

particle transport is the size of these particles is so small that they can be completely 

enclosed by the turbulent viscous layer and created a hydraulic smooth boundary, but for 

sand and gravel the turbulent flow is hydraulic-rough. They suggested that the Laursen 

(1958) formula can be used to calculate the transport capacity of very fine particles if the 

friction factor is correctly estimated based on the property of the turbulent boundary layer. 

However, the revised Laursen (1958) formula (Strelkoff and Clemmens 2005) lacks 

verification in both laboratory and field data. 

Surface infiltration influences sediment transport process under certain 

circumstances such as an irrigation event. Water loss due to infiltration greatly affects the 

progression of irrigation flow and also the amount of soil loss along with each irrigation 

flow. Formulas of various types can be used to estimate the infiltration rate in the 

irrigation event. Many infiltration equations (e.g., Horton 1933; Philip 1981) are 

available and can be easily implemented into a numerical model. Among them, the 

Kostiakov (1932) equation is a simple empirical formula that was used in many studies 

(Strelkoff and Souza 1984; Bautista and Wallender 1992; Garcia-Navarro et al. 2004). 

More complex infiltration models were also reported by many researchers (Enciso-

Medina et al. 1998; Wohling et al. 2004; Warrick et al. 2007). 

1.3. Format of Dissertation 

The format of this dissertation is defined by The University of Arizona Graduate 

Collegeôs Manual for Theses and Dissertations and is, therefore, subject to repetition of 

information. It includes a first chapter óINTRODUCTIONô describing the relevance of 
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this research, in the context of previous research, and a second chapter óCURRENT 

STUDYô that briefly summarizes the objectives, methods and results of the three 

manuscripts included in Appendices A, B, and C, and discusses the conclusions, and 

potential future work of the current study. Appendix A is a scientific manuscript 

regarding a one dimensional finite volume method model for unsteady flow over mobile 

bed, and has been published by Journal of Hydrology. Appendix B is a scientific 

manuscript on the simulation of non-equilibrium sediment transport in unsteady flow, and 

is planned for submission to Water Resource Research. Appendix C is a scientific 

manuscript regarding the numerical simulation of unsteady flow and soil erosion for 

irrigation furrows, and has been accepted to the Journal of Irrigation and Drainage 

Engineering. 
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CHAPTER 2: PRESENT STUDY 

2.1. Objectives and Scopes 

The objectives of this study are as follows: 

1) To develop a 1D FVM model suitable for the simulation of sediment transport 

in unsteady flow over mobile bed, to examine the applicability of various numerical 

schemes in the  model and to verify the model in simulating the laboratory dam break 

flow experiment and flash flood event in natural river; 

2) To derive an analytical formula for calculating the parameters for non-

equilibrium sediment transport, to verify the formula with measurements in the laboratory 

experiments and to apply the model in simulating the laboratory dam break flow 

experiments; 

3) To extend the 1D FVM model to simulation the unsteady flow, sediment 

transport and infiltration in irrigation furrows, to verify the adopted formula for 

calculating the transport capacity of fine-grain sized soil and to implemented the formula 

into the numerical model and simulate the irrigation flow in furrows at Kimberly, Idaho. 

The scopes of this study are limited to: 

1) This study only aimed at the performances of different numerical schemes for 

the discretization of the spatial flux term; 

2) The non-equilibrium sediment transport model was developed at the absence of 

macro-scale bed form and uniform sized particle in the bed materials. Furthermore, only 

the water-induced shear erosion is considered in the study; 
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3) The fine-grain soil transport formula only considered the physical effect that 

the size of the particle might be smaller than the viscous layer in the wall region. Other 

effects such as chemical or biological effect might also affect the transport capacity of 

fine-grain sized soil but not considered in this study. 

2.2. Dissertation Outline 

2.2.1. Manuscript 1: 1D Finite Volume Model of Unsteady Flow over Mobile Bed 

2.2.1.1. Data used 

Three cases were selected to evaluate the performances of these schemes, which 

include: a) a hypothetical dam break flow in frictionless horizontal flume; b) a laboratory 

dam break flow on mobile bed; c) a natural flood event in the Rillito River in Tucson, 

Arizona. The simulation results are compared with the analytical solution in case a), and 

with the observations available in case b) and c). 

2.2.1.2. Methods 

The governing equations adopted in this study are expressed as follows (See 

Appendix A for variable notation): 
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The governing equations can be reformulated as: 
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The governing equations, Eqs.2.6 to 2.9, can be written in the vector form as follows: 
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An explicit scheme can be established as: 
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Five different numerical schemes are used to evaluated the flux term F in the current 

study, which include: a) upwind flux scheme; b) HLL/HLLC scheme; c) Roeôs scheme; d) 

Weighted average flux (WAF) scheme with DOUBLE MINMOD (DMM) limiter 

function; e) WAF scheme with MINMOD (MM) limiter function (See Appendix A for 

detailed description of the discretized form of governing equations with these schemes). 

Sensitivity analyses are performed on both non-equilibrium parameters in case b) 
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and c). The feasible ranges of these parameters are estimated based on the findings in 

precedent literatures. For case b), the non-equilibrium suspended load recovery 

coefficient is selected to be 2.0, 7.0 and 12.0, and the non-equilibrium bed load 

adaptation length is selected to be 0.05 m, 0.20 m and 0.80 m. For case c),  the non-

equilibrium suspended load recovery coefficient is selected to be 5.0, 10.0 and 20.0, and 

the non-equilibrium bed load adaptation length is selected to be 200 ft, 400 ft and 800 ft.  

2.2.1.3. Results 

For the hypothetical dam break flow, the water surface elevations for both the wet 

bed and the dry bed cases simulated by all tested schemes are plotted in Figure A-3 and 

A-4, respectively. For the laboratory dam break erosional flow, the water surface and bed 

profiles simulated by all tested schemes are plotted in Figure A-5. The results of the 

sensitivity analyses were plotted in Figure A-6 and A-7. For the simulation of flood event 

in Rillito River, the simulated stage hydrograph at La Cholla were plotted in Figure A-8. 

The simulated bed elevation changes were plotted in Figure A-9. The Manningôs n values 

calculated by observations of flow depth and discharge at Dodge and La Cholla were 

plotted against the discharge in Figure A-10 and A-11. The results of the sensitivity 

analyses on Manningôs roughness n, adaptation length and recovery coefficient were 

plotted in Figure A-12 to A-14. The statistics of the simulated results were tabulated in 

Table 2. 

2.2.1.4. Conclusions 

The findings of the current study are: 
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a) For the fix -bed case, all tested numerical schemes can accurately predict the water 

surface profiles and capture the location of shock wave front. The high-order scheme can 

provide better accuracy and reduce the numerical diffusion with a minimal smearing of 

wave front in highly unsteady dam break flows; 

b) In the case of dam break flow over mobile bed, the upwind flux scheme, HLLC 

scheme and Roeôs scheme proved to be adequate for capturing the wave front of the 

simulated cases and the WAF scheme produced slight spurious oscillation and over-

estimated the scour depth. Surface profiles from these schemes reasonably agreed with 

the experimental measurements, while the scour depth was well underestimated. The 

cause of this underestimation is uncertain, but it maybe, to some extent, an outcome of 

the sediment transport formula used. All the schemes captured the propagation of the 

wave front satisfactorily, but failed to accurately locate the hydraulic jump. 

c) In the case of unsteady flow in a natural river, the simulated surface and bed 

profiles showed reasonable agreements with data from the field survey, and are superior 

to the predictions of HEC-RAS quasi-unsteady model. 

d) The bed elevation changes are sensitive to both the values of Ŭ and L, as shown in 

the sensitivity analysis in the second and the third case. The sensitivity to Ŭ is more 

obvious at smaller Ŭ values, corresponding to larger discharges, which indicates the 

sediment transport tends to shift into ósuspended load dominatedô regime when the 

discharge increases. 
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2.2.2. Manuscript 2:  A Grain Scale Non-equilibrium Model for Sediment 

Transport in Unsteady Flow 

2.2.2.1. Data used 

The data sets used in the verification of the non-equilibrium adaptation length 

formula includes the observations in the experiments of Jain (1992), Bell and Sutherland 

(1983) and Bagnold (1936). A total of six measurements of the non-equilibrium bed-load 

adaptation length with the corresponding flow properties are available. 

The dam break experiments conducted by Spinewine and Zech (2008) and 

Fraccarollo and Capart (2002) are used in the verification of the non-equilibrium 

unsteady model. A total of thirteen different runs were made in Spinewine and Zech 

(2008), with two different bed materials used in the experiments. Their measurements 

includes the water surface profiles, the bed profiles and the interfaces between the flow 

layer and the bed load mobile layer at six different time instants, which are used to 

compared with the simulated results of the model. Only one run was made in Fraccarollo 

and Capart (2002). Their measurement includes the water surface profiles and bed 

profiles at five different time instants, and those measured at t = 0.3 s, 0.4 s and 0.5 s are 

used to compared with the simulated results of the model. 

2.2.2.2. Methods 

The governing equations are the same as Eqs.2.6-2.9. Two parameters, Ŭ and L0, 

(See Appendix B for variable notations) require to be evaluated to close the model. 

The value of Ŭ is calculated by assuming the validity of the Rouse profile for 

suspended sediment, expressed as: 
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In the case of non-equilibrium suspended sediment transport, the flux at the 

interface between the suspended and bed load layers needs to be considered. Brown 

(2008) proposed a revised suspended-sediment concentration: 
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Then, the suspended-load recovery coefficient can be calculated by: 
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The non-equilibrium bed load sediment transport model is established by 

considering the momentum balance of the bed load layer. The following expression is 

based on the momentum balance of the bed load layer: 

( )[ ] ( )bBbbfMs PuqC
dx

d
ttrr -=+                                                   (2.15) 

The shear stress at the top of the saltating bed load layer can be calculated with the 

friction velocity as: 

2

*urt=                                                                                     (2.16) 

A convectional treatment of Űb proposed by Bagnold (1941) can be expressed as: 

sbfbb ttt +=                                                                             (2.17) 

The grain shear stress is modeled by a Coulomb friction model as: 
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( )xrrmt gwssb -=                                                                  (2.18) 

The friction effect is caused by the momentum loss of the saltating particles when 

they collide with the bed surface. Therefore, the friction coefficient can be expressed as: 
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 A simple choice of the entrainment probability of bed load particles is found in Wu 

and Lin (2002) with the following expression: 
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We assumed the particle ñimmediatelyò accelerates to its velocity in equilibrium 

transport state, Eq2.20 becomes: 
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with the analytical solution: 
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Therefore, the adaptation length can be obtained. We use three sets of data from Jain 

(1992) and Bell and Sutherland (1983) to verify the current model. We also choose three 

formulas and calculate the non-equilibrium bed load adaptation length: Phillips and 

Sutherland (1989), van Rijn (1987) and Armanini and Disilvo (1988). Then the non-

equilibrium sediment transport model is applied to a series of dam-break experiments on 

mobile beds reported in Spinewine and Zech (2008) and Fraccarollo and Capart (2002). 
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The water surface and bed surface profiles are recorded by high speed camera in both 

experiments and therefore can be used to verify the simulation results. 

2.2.2.3. Results 

The comparison of the non-equilibrium bed load adaptation length calculated by the 

formula in the current study and the selected formulas in the literatures are plotted in 

Figure 3 along with the measured values from Jain (1992) and Bell and Sutherland (1983). 

The simulated and measured water surface and bed profiles at t = 0.25 s, 0.75 s and 1.25 s 

for all thirteen different configurations in the experiment of Spinewine and Zech (2008) 

are plotted in Figure 4 to 16. The simulated and measured water surface and bed profiles 

at t = 0.5 s, 0.75 s and 1.0 s in the experiment of Fraccarollo and Capart (2002) are 

plotted in Figure 17.  The distribution of non-equilibrium parameters for configuration a) 

are plotted in Figure 18. The comparison of simulated results from non-equilibrium and 

equilibrium model for configuration a) are plotted in Figure 19. The sensitivity analyses 

of the non-equilibrium parameters are plotted in Figure 20 and 21. The simulated results 

with and without the suspended load model are plotted in Figure 22. The comparison 

between the calculated and measured bed load layer thickness at t = 0.25 s, t = 0.75 s and 

t = 1.25 s for all thirteen configurations are plotted in Figure 23 to Figure 35. 

2.2.2.4. Conclusions 

The findings of this study are: 

a) The non-equilibrium bed load transport process was investigated and a formula 

was proposed to calculate the non-equilibrium bed load transport rate. The proposed 
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formula yielded a better agreement with the experiment data. More importantly, the 

proposed formula was able to catch the trend that the bed load adaptation length 

decreased when the shear stress increased, which is noticed by Jain (1992) in his 

experiment but was not predicted by any of the existing formulas. 

b) The proposed non-equilibrium bed load transport model and the non-

equilibrium suspended load model proposed by Brown (2008) were implemented in the 

non-equilibrium model for the simulation of sediment transport in unsteady flows over 

mobile bed. This non-equilibrium model was applied to a series of dam-break 

experiments reported by Spinewine and Zech (2008). The comparison of the measured 

and simulated results showed fairly good agreements. The scour holes recorded at the 

first time instant after the experiment was commenced were attributed to the strong 

vertical flow velocity at the wave front and cannot be simulated by the one-dimensional 

model. The step-wise bed profiles experienced a structural failure when a large shear 

force was exerted and the sediment transport rate cannot be calculated by the 

conventional sediment transport formula. Regardless the non-equilibrium transport model 

was a promising method for simulating sediment transport over mobile bed in transient 

flows. 

2.2.3. Manuscript 3: Simulation of Unsteady Flow and Soil Erosion in Irrigation 

Furrows 

2.2.3.1. Data used 

The data sets used to verify the fine-grain sized soil transport formula (modified 

Laursen (1958) formula) includes the measurements of flow hydrograph, flow depth, 
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infiltration, sediment concentration and sediment discharge hydrograph in irrigation flow 

experiments conducted in Kimberly, Idaho and the flume experiment conducted by the 

authors. A total of nine runs were performed in the field experiments, each consisting of 

measurements taken at four locations uniformly distributed along the furrows. A total of 

eleven runs were performed in the flume experiment, six with clear water inflow in the 

upstream and five with sediment fed at saturated sediment transport rate in the upstream. 

The velocity, flow depth and sediment transport rate for both suspended sediment and 

bed load sediment were measured during the experiment. The Kimberly field experiment 

was also used in the verification of the unsteady model for the irrigation furrows. 

2.2.3.2. Methods 

To account for the effects of both sediment transport and infiltration to flow, the 

governing equations in this study can be expressed as (see appendix B for variable 

notations): 
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To determine S, we needs to calculate the total sediment load at the equilibrium 

state, which can be related to the sediment transport capacity by: 
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The modified form of the Laursen (1958) formula (Strelkoff and Clemmens 2005) 

is adopted in this study, which can be expressed as: 
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As to the infiltration module, the authors selected the empirical Kostiakov (1932) 

formula to derive a curve of infiltration depth versus time, based on which the infiltration 

depth can be calculated at any given time: 

b
oppktz=                                                         (2.28) 

The authors used observations from both laboratory flume experiments and field 

experiments to verify the modified Laursen (1958) formula. The soil material used in the 

flume experiment and field experiment are from a furrow-irrigated field at Kimberly, 

Idaho, therefore the results can be compared on a same basis. Two series of flume 

experiments were conducted. The 1st series of experimental runs have a clear water 

inflow without feeding sediment at the flume entrance. For the 2
nd

 series of runs, 

sediment was fed manually at the inlet at a constant rate equal to the erosion rate in the 

1st series of runs, to mimic the equilibrium sediment transport conditions. The field 

experiment used three furrows, which were irrigated with clear water at three different 

discharges, with each of the discharges repeated three times on three different days. The 

suspended load, bed load and the total load sediment transport rate are measured in the 

flume experiment, which can be summed up to calculate the total sediment transport rate. 

The discharge, infiltration volume and sediment loss are also measured during the field 
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experiment. The sediment transport rate are calculated by the modified Laursen (1958) 

formula using the flow properties measured in the experiments and then compared to the 

measured sediment transport rate to test the applicability of the formula. 

The field experiment was also simulated using the numerical model in the current 

study. The simulation reach was uniformly divided into 20 reaches with a total of 21 

cross sections. A flow hydrograph was generated corresponding to the cut-off time in the 

experiment, and used as the upstream boundary condition for flow. The time step for flow 

simulation was 0.3 s. The sediment concentration was assumed to be zero at the upstream 

boundary. The initial condition was set as a uniform flow at a threshold discharge. A 

minimum flow depth of 1 mm was assumed in the model to avoid a dry-bed condition. 

The sediment transport model used the mean sediment size d50 = 47 ɛm. The critical 

shear stress and the empirical constants in the Kostiakov formula were interpolated from 

the experimental data. Non-equilibrium sediment transport parameters are taken as 2.0. 

The simulated results were compared to the measured data to test the applicability of the 

unsteady model in simulating the flow and soil erosion in irrigation furrows. 

2.2.3.3. Results 

The size distribution obtained from the size analysis on Portneuf soil is plotted in 

Figure 2. The regression analysis between the sediment transport rate and the term related 

to the shear stress from the flume experiment and field experiment is plotted in Figure 3. 

The regression analysis between the sediment concentration to the term related to the 

shear stress is plotted in Figure 4. The comparison between the calculated sediment 

transport rate with modified Laursen formula and the measured sediment transport rate is 
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plotted in Figure 5. The regression analysis between the sediment transport rate and the 

shear stress from the flume experiment and field experiment is plotted in Figure 6. The 

comparison of calculated and measured advance time is plotted in Figure 7. The 

comparison between the simulated and measured flow hydrograph for the three different 

inflow rates are plotted in Figure 8 to 10, and the comparison of the sediment discharge 

hydrographs are plotted in Figure 11 to 13. The calculated sediment discharge 

hydrograph is also plotted against the measured values in Figure 14. The measured data 

for the flume experiment are tabulated in Table 1 and 2. The measured data for the field 

experiment are tabulated in Table 3. The simulated and measured data are also tabulated 

in Table 4. 

2.2.3.4. Conclusions 

The major findings of this study are: 

a) The modified Laursen (1958) formula showed reasonable agreements between 

the predicted and the measured sediment discharges from both the furrow and the flume 

experiments, which showed the applicability of the formula in predicting the fine-grain 

sized soil transport capacity in both the laboratory and field cases. 

b) The simulated advance time and flow hydrograph in the Kimberly furrow 

experiment agreed well with the measurements, and the simulated sediment discharge in 

general matched the measurements with some discrepancies. However, the measured 

sediment discharge showed a decreasing trend after a peak was reached shortly after each 

experiment starts. The current model does not predict such a decreasing trend. The 
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reduction of sediment discharge as flow reached the steady state is likely due to the 

armoring of bed surface and also excessive local scour at the furrow entrance. 

2.3. Uniqueness of Study 

The uniqueness of the three manuscripts is as follows: 

a) The first manuscript provides a quantitative evaluation of several popular 

numerical schemes used for the numerical simulations of unsteady flow over mobile bed 

due to sediment transport, which can be used as a reference for selecting numerical 

schemes for similar models. The feasible ranges of the non-equilibrium parameters are 

discussed in the paper, which provides guidelines for estimating the parameters in the 

non-equilibrium model. The impact of those non-equilibrium parameters on the modeling 

results are exploited by sensitivities analyses, which also provides insights into the 

structure of the numerical model structure and guidance in selecting values of the non-

equilibrium parameters. 

b) The second manuscript developed a novel physically based non-equilibrium 

bed load transport equation for determining the non-equilibrium bed load adaptation 

length. The author points out the dual role of the non-equilibrium bed load adaptation 

length in the bed load transport process described by bed load transport equation and in 

the physical non-equilibrium bed load transport process, and proposed a definition for the 

bed load adaptation length compatible with both processes. The development of the non-

equilibrium bed load transport layer is proposed as a result of momentum increase 

induced by the near bed shear stress, which is in turn linked to the saltation process in the 

bed load layer. The saltation theory developed under the equilibrium state is extended to 
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the non-equilibrium state by introducing additional assumptions regarding the shear stress 

at the bed surface and the friction effect linked to the collision of the particles with the 

bed surface during the saltation process. The forces contributing to the momentum 

increase are proposed to be related only to the particle being lifted off from the bed 

surface, the ratio of which is proposed to be related to the entrainment probability of the 

particles. The proposed formula is superior to several existing formulas by obtaining a 

better agreement with the measured bed load adaptation length in laboratory experiments. 

The proposed non-equilibrium bed load transport theory provides a clear picture of the 

non-equilibrium bed load transport process, based on which a series of experiments can 

be designed to verify the theory. 

c) The third manuscript employs a full hydrodynamic model which considered the 

effect of sediment transport and infiltration. Consequently the model can be used for 

irrigation flow in various furrow configurations. The flume experiment and field 

experiment data adds the credibility of the modified Laursen (1958) formula in 

calculating the fine-grain sized soil transport capacity, and possibly reveals a major factor 

that determines the transport capacity of the fine-grain sized soil. The comparison 

between the simulated results and experimental measured indicates a potential process 

associated with the decreasing of the sediment transport rate in steady flow, which is 

worth further investigation. 

2.4. Concluding Remarks and Future Study 

This section summarized the limitations of the current study, and potential 

improvement that can be made in the future study, which are as follows: 
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a) The limitation of first study lies in two aspects: firstly, the numerical schemes 

we tested are for the discretization of flux terms. The source terms are proved to be 

important in the numerical study and should also be investigated. This is particularly 

important in the simulation of mobile bed problems. Secondly, although we have tested a 

few numerical schemes in this study, there were many others remained to be tested and, 

and to be constructed for different problems. It is impossible and unnecessary to test 

every possible numerical scheme in the literature. The shallow water system is a 

hyperbolic system that favors the numerical schemes which is biased in the direction of 

wave propagation. Therefore, a numerical scheme should be constructed for such systems 

rather than adopting any of the existing schemes. 

b) The limitation of the second study lies in several aspects and further 

improvements should be considered: Several assumptions were made in the study and 

should be further justified in the follow-up studies: 1) The shear stress at the bottom can 

be quantified using the value at the equilibrium state in the non-equilibrium bed load 

transport state; 2) There are multiple time scales in the development of the non-

equilibrium bed load transport profile, and the time scale associated to the acceleration of 

a single particle is much smaller than the time scale for the development of the non-

equilibrium bed load transport profile; 3) The friction coefficient for the bed load layer 

can be evaluated with the value at the equilibrium state during the development of non-

equilibrium bed load transport profile (assumption 3 is valid if assumption 2 is approved). 

In the other hand, the current model is limited to the grain scale, in which the macro-scale 

geometric irregularity, such as bed forms, or uneven topography in natural streams, 
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cannot be accounted. It is also limited to the application of uniform grain-sized sediment. 

The non-equilibrium theory in the presence of macro-scale bed forms and non-uniform 

sediment should be investigated. Furthermore, the conceptual model of non-equilibrium 

bed load transport model in this study provides a clear picture of the non-equilibrium bed 

load transport is proposed in this study, thus more testable predictions can be produced 

with this model such as the change of shear stress with distance and time, the change of 

vertical sediment flux with distance and time. Modern experiment techniques can be used 

in the experiments of sediment transport in the non-equilibrium transport condition to test 

the predictions by the proposed non-equilibrium bed load model. Those studies can be 

used to establish a complete physically based theory of water-induced bed load transport 

in boundary layers. 

c) The limitation of the third study lies in several aspects: the amount of data sets 

used to verify the modified Laursen (1958) formula is limited. More experimental data 

can be added to improve the credibility of the formula. The infiltration formula we used 

is an empirical data-based formula. More advanced infiltration model can be employed to 

strength the unsteady flow and sediment transport model. The sediment load hydrograph 

showed a distinguishing feature that the concentration of sediment load gradually 

decreases after it reaches a peak value shortly after the irrigation starts, while the flow 

discharge monotonically increases until a steady state is reached. There might be two 

possible causes: a surface armoring effect and the jet inflow induced local scour. This 

indicates another factor that affects the erodibility of fine grain-sized soil particles, which 

can be further investigated. 
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Abstract 

 A one dimensional (1D) finite volume model was developed for simulating unsteady flow, such 

as dam break flow, and flood routing over mobile alluvium. The governing equation is the 

modified 1D shallow water equation and the Exner equation that takes both bed load and 

suspended load transport into account. The non-equilibrium sediment transport algorithm was 

adopted in the model, and the van Rijn method was employed to calculate the bed load transport 

rate and the concentration of suspended sediment at the reference level. Flux terms in the 

governing equations were discretised using the upwind flux scheme, Harten, Lax and van Leer 

(1983) (HLL) and HLLC schemes, Roeôs scheme and the weighted average flux schemes with 

the Double Minmod and Minmod flux limiters.. The model was tested under a fixed bed 

condition to evaluate the performance of several different numerical schemes and then applied to 

an experimental case of dam break flow over a mobile bed and a flood event in the Rillito River, 

Tucson, Arizona. For dam break flow over movable bed, all tested schemes are proved to be 

capable of reasonably simulating water surface profiles, but fail to accurately capture the 

hydraulic jump. The WAF schemes slightly produce spurious oscillations at the water surface 

and bed profiles and overestimate the scour depth. When applying the model to the Rillito River, 

the simulated results generally agree well with the field measurements of flow discharges and 

bed elevation changes. Modeling results of bed elevation changes are sensitive to the suspended 

load recovery coefficient and the bed load adaptation length, which require further theoretical 

and experimental investigations. 

 

keywords: finite volume method, fluvial process, shallow water equation, Godunov method, 

numerical scheme, non-equilibrium sediment transport 
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Introduction 

Numerical simulation of unsteady flow over mobile bed (e.g. flash flood, dam break flow) 

is theoretically challenging and practically important. Flash floods from extreme precipitation 

events in ephemeral streams are the major cause of sediment transport and channel morphologic 

changes (Coppus and Imeson 2002). For example, Polyakov et al. (2010) found that 10% of 

rainfall events with largest sediment yield produced over 50% of the total sediment yield during 

a period of 34 years in eight watersheds in southern Arizona. Dam failure can also produce a 

flash flood well beyond the natural flow regime, which can cause intense sediment transport and 

significant geomorphic changes to the channel (Brook and Lawrence 1999). Numerical model is 

a useful tool for understanding and predicting the characteristics of transient flow processes. 

However, previous models simulated sediment transport in unsteady flows either calculated the 

long-term channel deposition or erosion using quasi-unsteady or unsteady approaches (Lyn 1987; 

Hardy et al. 2000; Deletic 2001; Duan and Nanda 2006; Chen and Duan 2008) or limited their 

applications to the laboratory experiments (Crotogino and Holz 1984; Park and Jain 1987; 

Bhallamudi and Chaudhry 1991; Minh-Duc and Rodi 2008). 

Few researchers have reported the simulations of flow with discontinuity or large spatial 

gradient over mobile bed (Capart and Young 1998; Fraccarollo and Capart 2002; Cao et al. 2004; 

Wu and Wang 2007). Capart and Young (1998) applied the upwind scheme in 1D numerical 

model and their results matched well with the experimentally observed water surface profiles and 

bed elevations, which showed the applicability of upwind scheme in simulating dam break flow. 

Fraccarollo and Capart (2002) used the approximate Riemann solver for the unsteady shallow 

water equation. However, their model over simplified the sediment laden flow by assuming an 

upper pure water layer, an intermediate water-sediment mixture layer of a constant sediment 
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concentration, and a lower solid-like motionless layer, which neglected the interaction between 

suspended load and bed load. Cao et al. (2004) calculated a dam break flow over an erodible bed 

using Weighted Average Flux (WAF) approximate Riemann solver and SUPERBEE flux limiter 

to achieve the second order accuracy in space, but their study only considered the transport of 

suspended load. Wu and Wang (2007) have taken both suspended load and bed load into account 

in the simulation, and developed 1D finite volume model with an explicit Godunov-type upwind 

flux scheme; however, their model was only the first order accurate in space. Numerical schemes 

used in these models include the upwind flux scheme, (Ying et al. 2004; Wu and Wang 2007) 

HLL and HLLC schemes (Harten et al. 1983; Toro et al. 1994), Roeôs scheme (Roe 1981; 

Garcia-Navarro and Vazquez-Cendon 2000), and WAF scheme (Toro 1992). Except the WAF 

scheme is of 2
nd

 order accuracy, the rest are 1
st
 order accurate. Although higher order schemes 

often yield more accurate results, their results often have spurious oscillations so that a total 

variation diminishing (TVD) flux limiter needs to be employed to suppress such oscillations. 

Sanders and Bradford (2006) tested several limiter functions by simulating solute transport and 

found these limiter functions performed differently in controlling numerical dissipation. Up to 

now, the performances of these numerical methods have not been evaluated in simulating flow 

and sediment transport over mobile bed. 

In addition to numerical schemes, sediment transport in unsteady flows is non-equilibrium, 

which means sediment transport lags instantaneous flow field due to the inability of sediment 

motion to immediately response to changes in flow (Phillips and Sutherland 1989). The 

suspended load recovery coefficient and the bed load adaptation length are commonly used to 

account for the non-equilibrium transport of suspended load and bed load, respectively (Wu and 

Wang 2007). Although many researchers proposed formulas to calculate the non-equilibrium 
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adaptation length and the recovery coefficient for their numerical models (Armanini and Disilvio 

1988; Celik and Rodi 1988; Rahuel et al. 1989; Holly and Rahuel 1990a; Holly and Rahuel 

1990b; Zhou and Lin 1998; Belleudy 2000; Chang and Yen 2002; Cao et al. 2004; Duan and 

Nanda 2006; Wu and Wang 2007), no consensus has been reached among researchers. This 

study estimated the bed load adaptation length by Duan and Nanda (2006) and the suspended 

sediment recovery coefficient by Rahuel et al. (1989), which have been approved valid for non-

equilibrium sediment transport simulation. Since the current research is focused on the 

performance of different numerical schemes, discussions of different methods in simulating non-

equilibrium sediment transport are not included in this manuscript. 

This paper aims to examine the capability of various numerical schemes in finite volume 

model for simulating the unsteady flow over mobile bed due to sediment transport. The study has 

applied 1
st
 order upwind scheme, HLL and HLLC scheme, Roeôs scheme and 2

nd
 order WAF 

schemes for the spatial derivatives in 1D FVM model. The model is used to simulate laboratory 

experiments of unsteady flows over fixed and erodible beds and then a flash flood event in the 

Rillito River, Tucson. The performances of these schemes are evaluated by comparing the results 

with the laboratory and field measurements. The lag effect of sediment transport in unsteady 

flow is accounted by implementing non-equilibrium sediment transport models for both 

suspended load and bed load. 

 

Mathematical model 

Governing Equations 

The governing equation includes the St. Venant equation modified by treating the density 

of sediment laden flow as a variable (Eq.1-2) as well as the sediment mass conservation equation 
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(Eq.3) and the Exner equation (Eq.4). Eq.5 is to solve the non-equilibrium sediment transport 

rate assuming that the bed load transport rate reaches equilibrium after a distance, named as the 

recovery length, while the non-equilibrium suspended load is accounted by employing an 

empirical adaptation coefficient for suspended load (Duan and Nanda 2006). Figure 1 showed a 

typical cross section with movable bed in which an active entrainment and deposition occurs at 

the surface of movable bed layer. The mathematical equations are listed below similar to those in 

Wu and Wang (2007): 
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where t=time; x = longitudinal coordinate; A = flow area; Q = flow discharge;  bA  = mobile bed 

area; g = gravitational acceleration; sz  = water surface elevation; n = Manningôs roughness; R = 

hydraulic radius; C = concentration of suspended load; B = width of the cross section; E = 

entrainment rate at the interface between bed load and suspended load; D = deposition rate at the 

interface between bed load and suspended load; L = non-equilibrium adaptation length; bQ*  = 

bed load transport capacity under equilibrium state; bQ  = actual bed load transport rate; r = 

density of the water-sediment mixture, where ( ) tstw CC rrr +-= 1 , where wr and srare the 

density of the water and sediment, respectively, and tC  the volumetric concentration of total 
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load sediment, calculated as 
Q

Q
CC b

t += ; br  = density of mobile bed layer, calculated as 

( )msmwb pp -+= 1rrr , with mp being the porosity of bed load sediment; 
ph  = averaged flow 

depth in a cross section, equivalent to the local flow depth in a rectangular flume. 

Model Closure 

To close the sediment model, an empirical sediment transport formula for calculating the 

equilibrium sediment transport rate is required.  This study assumes the van Rijnôs equation 

(1984a; 1984b) is valid for approximating the equilibrium sediment transport rate; though the 

method may require further investigations into its applicability to rapidly varied unsteady flows, 

such as dam break flow. More details about the van Rijnôs approach can be found in Sturm 

(2001).  Since the van Rijnôs approach did not consider the effect of bed slope on sediment 

transport rate, Wu (2004) suggested to modify the effective shear stress based on the bed slope as 

follows: 
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where *t  = effective dimensionless shear stress; '*t  = dimensionless shear stress without 

considering the effect of bed slope; c*t = Shields parameter; j= bed slope; f = repose angle of 

the particle. 

Numerical Scheme 
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The density of the mixture and that in the stationary bed can be expressed as

( ) tstw CC rrr +-= 1 , ( ) msmwb pp rrr +-= 1 . If only the suspended load is being simulated, 

or the bed load transport velocity is close to the flow velocity, Eq.1 to 4 can be reformulated as: 
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The governing equations, Eq.10 to 13, can be written in the vector form as follows: 
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where ()FS  are source  terms Eq.1-4, respectively. The Godunov-type finite volume method 

(Godunov 1962; Toro 2001) evaluates the value of F at time n+1 using the value at time n: 
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where subscript i  represents the node, subscript 
2

1
°i  represents the east or the west cell face, 

superscript n and n+1 present the current and the future time level, respectively; tD= time step; 

=Dx distance between two cross sections;F  = intercell numerical flux at the cell face; S = 

source terms. Different choices of the flux F  will result in different numerical schemes.  Several 

numerical schemes are implemented in the model and presented in the following sessions. 

Upwind Flux Scheme 

The one-side upwind numerical flux can be written in a general form as seen in Ying et 

al. (2004): 
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where k = 0 if 0>iQ  and 01 >+iQ ; k=1 if 0<iQ  and 01<+iQ ; k=1/2 otherwise. Other forms of 

the upwind-biased flux can also be constructed by linear interpolation using adjacent nodes 

according to the flow direction (Versteeg and Malalasekera 2007). 

HLL and HLLC Scheme 

Following the HLL approximate Riemann solver (Harten et al. 1983), the numerical 

flux is evaluated as: 
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where =RL SS ,  the speed of the left-going and right-going wave, respectively; 
hll

RL FFF ,,  = 

intercell flux at different regions, respectively, as shown in Figure 2. A modification to the HLL 

Riemann solver, called HLLC approximate Riemann solver (Toro 2001), is needed when 

additional transport equations are to be solved together with the shallow water equations. The 

HLLC approximate Riemann solver evaluates the flux as: 
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where =*S  the speed of the middle wave; =RL FF ** ,  intercell flux in the middle region (See 

Figure 2). HLL and HLLC approximate Riemann solver is generally considered the first order 

accurate in space. 

Roeôs Scheme 

The Roeôs scheme (1981) is a linearized Riemann solver, which is developed for solving the 

Euler equation in his original work and later applied in the shallow water system. The Roeôs 

scheme evaluate the numerical flux at the intercell faces as: 

( ) DFÖ-+= +
+

AFFF ii
i

~

2

1

2

1
1

2

1

                                                                          (17a)

 

with  

ii F-F=DF +1  and 1~~ -L= RRA                                         (17b) 
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where ()kdiagl=L
~

, { }keeeR ,..., 21= , and kl is the k
th

  eigenvalues of the Jacobian matrix J, ke

is the k
th
 right eigenvectors of J, expressed as: 
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Fµ
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F
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Strictly Speaking, the characteristic structure of governing equations for flow over mobile beds 

(Eq.1 to Eq.2) are different from the flow over fixed beds (for example, Eq. 19 in Garcia-

Navarro and Vazquez-Cendon 2000). This study assumes the Roeôs scheme is valid and 

applicable for flows over mobile beds. 

Weighted Average Flux (WAF) Scheme 

WAF scheme (Cao et al. 2004; Toro 2001) is based on the local solution of the Riemann 

problem. To eliminate spurious oscillations, a total variation diminishing (TVD) constraint can 

be added to the basic WAF scheme. The resulting TVD WAF flux is as follows: 
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where kc  = Courant number for wave k, defined as ( )RLk
x

ts
c k

k ,, =
D

D
= , 

()k

i
F

2

1
+

D  = flux jump 

across wave k, and kA  = a WAF flux limiter function, and can be easily transformed from the 

conventional limiter function by the following expression: 

( )kkk cA j--= 11                                                              (19) 

Where kj = a conventional limiter function. Sanders and Bradford (2006) compared several 

commonly used limiter functions and suggested the use of Double Minmod limiter (DMM) 

(Sanders and Bradford 2006) in scalar transport and shallow water cases over other limiter 

functions such as Minmod (MM) (LeVeque 2002) and Superbee (SB) limiter (LeVeque 2002), 
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claiming that DMM is less dissipative than MM while it does not suffer from slope amplification 

as SB. Both the DMM and MM limiters will be tested in this study. 

Source Term and Boundary Condition 

Source terms in shallow water equations include the terms that account for the effects of 

friction, bed slope, bed elevation changes, gradient of flow density, sediment entrainment and 

deposition, and the deficit of bed load transport rates in non-equilibrium. When sediment 

transport is present, additional terms accounting for the density change of water-sediment 

mixture need to be added into the governing equations. And, they are generally viewed as source 

terms. Various techniques for discretizing source terms have been proposed. Ying et al. (2004) 

reported that the upwind method for discretizing gradient terms results in an unstable solution.  

Although the downwind method results in a stable but over-diffusive solution, this study adopted 

this downwind scheme for discretizing source terms. Garcia-Navarro and Vasquez-Cendon 

(2000) discussed two approaches to discretize the source terms, i.e., the point-wise approach and 

the upwind approach, and suggested that the use of upwind approach leads to the exact results 

when simulating the still water in a fixed channel with variation in bed elevation and width. 

However, the numerical tests showed that the upwind approach failed to preserve the smoothness 

and overestimated the scour depth in a simulation of dam break flow over mobile bed. Because 

of this, the point-wise approach is used in this study. 

The characteristic structure of the shallow water equations require two additional physical 

relations to serve as boundary condition at the upstream and the downstream ends of the domain. 

A flow hydrograph is a natural choice for the upstream boundary condition whenever available, 

and a discharge-elevation relation curve is usually specified in the downstream boundary. When 

solute transport is considered, one additional boundary condition is needed for each boundary. In 
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the simulation of sediment transport process, equilibrium transport is commonly used as an 

assumption if no observation data of sediment concentration is available (Duan and Nanda 2006; 

Chen and Duan 2008). 

 

Model Test 

Case 1: Dam break flow in frictionless horizontal flume (Wu 2008) 

The various schemes were tested by simulating dam break flow in a straight rectangular 

channel with a horizontal bed. The channel is 1200 m long with a dam located at 500 m from the 

upstream end. Water in the reservoir is 10 m deep, while the initial water depths are 1 m and 

0.001 m respectively at the downstream end representing wet and dry bed conditions. The dam is 

assumed to be instantaneously and completely removed at the beginning of the break. The 

channel is set to be sufficiently wide so that the flow is uniform along the transverse direction 

and an analytical solution for the frictionless case can be derived. The Manningôs n is set as 0 for 

the smooth bed, and the length of each computational cell is 10 m. The computational time steps 

are 0.6 s and 0.3 s for the wet and dry bed cases, respectively. Figure 3 shows the comparison of 

water surface profiles simulated by Godunov-type finite volume method with the flux term 

discretized by the upwind flux scheme, HLL scheme, Roeôs scheme and WAF scheme with 

DMM and MM flux limiter function The theoretical solution (Toro 2001) at t = 30s after the dam 

failure in case of a wet bed at the downstream of the dam is also shown in Figure 3. Figure 4 

shows the similar comparison but on a dry bed. 

Figure 3 shows that these five schemes can reasonably predict the propagation of the dam 

break shock wave advancing on a fixed bed channel with some slight variations. The upwind 

flux scheme slightly over-predicted the speed of the wave front, while the rest, all of which are 
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evolved from the original Riemann solver, captured the wave front quite nicely. From the results 

of the wet bed case, it can be concluded that the upwind flux scheme the HLL scheme and the 

Roeôs scheme, which are of first order accuracy, have stronger numerical diffusion that resulted 

in the smearing of the wave front. This numerical diffusion can be reduced by implementing the 

second-order numerical flux without adding spurious oscillation through the use of a TVD 

limiter such as the MM limiter and the DMM limiter. In the dry bed case, Figure 4 shows that the 

numerical tests with all tested schemes converge to the theoretical solution. The MM limiter was 

reported to be the most dissipative among all TVD limiters tested in the study of Sanders and 

Bradford (2006). In the presence of very sharp gradient, the more dissipative schemes are 

advantageous in maintaining the stability of the numerical model but will suffer from the loss of 

accuracy. In the other hand, the less dissipative schemes, which usually yields better accuracy in 

the presence of sharp gradient, might suffered from spurious oscillations, which cause the 

instability problems in the presence of very small flow depth. This test shows the applicability of 

all the schemes in the fixed bed flow simulations. 

Case 2: Dam break flow on mobile bed (Capart and Young 1998) 

The developed model is also applied to simulate a laboratory experiment conducted by 

Capart and Young (1998). The experimental flume is 12 m long, 0.7 m deep and 0.2 m wide. The 

mobile bed reach is 1.2 m long and 6 cm thick. Bed material is light weighted uniform spherical 

polymers with a diameter of 6.1 mm and specific weight of 1.048. The fall velocity at 23 
o
C is 

7.6 cm/s. The sediment porosity is assumed to be 0.28 following the estimate of Wu and Wang 

(2007). The initial flow depth is 0.1 m at the upstream, and is set to 0.0005 m in the downstream 

channel boundary to approximate the dry bed scenario. The grid spacing is 0.005 m, with a total 

grid number of 240. The simulation time step is 0.0001 s, and the Manningôs roughness is chosen 
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as 0.015. The bed load adaptation length and suspended load recovery coefficient, which 

accounts for the effects of non-equilibrium sediment transport, were considered as model-

calibrated parameters. The suspended load recovery coefficient is chosen as 2.0 and the bed load 

adaptation length is chosen as 0.20 m for an initial simulation. The simulation was performed 

with the numerical flux evaluated using (a) upwind flux scheme, (b) HLLC approximate 

Riemann solver, (c) Roeôs approximate Riemann solver; (d) TVD WAF scheme with the DMM 

limiter function, and (e) WAF scheme with the MM limiter function. Source terms are 

discretised using the point-wise method. The simulation results are plotted in Figure 5 to 

compare with the experimental measurements. The simulated and experimental results were 

compared at t = 0.4 s.  

Figure 5 showed all of these schemes can approximately capture the dam break wave as it 

propagates downstream. The surface and bed profiles simulated by WAF scheme shows slight 

oscillations and over-estimations of scour depth on both sides of scour hole. The location of the 

wave front calculated from the first-order upwind flux scheme are slightly ahead of those 

calculated by using other approximate Riemann solver-based schemes. All the schemes have 

failed to predict the location of the hydraulic jump, and also underestimate the scour depths. Wu 

and Wang (2007) also reported that the van Rijnôs formula underestimated the scour depth in 

unsteady sediment transport process, and they suggested a modification on bed shear stress. 

However, such a modification lacks solid theoretical basis. This inaccuracy may be caused by the 

selected sediment transport formula. The improvement of accuracy by using higher-order 

numerical flux in the model is limited, which indicates that the excessive numerical diffusion in 

the first order flux term is not a major source of error in practical shallow water flow simulation.  
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Discussion on the adaptation parameters for non-equilibrium sediment transport 

The adaptation length L for bed load transport and the suspended load recovery coefficient 

Ŭ are used to account for the effects of non-equilibrium transport rate of sediment, which are 

functions of bed shear stress, mobile bed resistance, bed forms, sediment size gradation (Minh-

Duc and Rodi 2008). Currently no physically based equation is available for estimating the non-

equilibrium sediment transport parameters from flow and sediment properties. Therefore, these 

parameters are chosen empirically as model calibration parameters. 

The adaptation length is defined as the distance required for the bed load transport achieves 

the equilibrium transport state, which is related to the vertical flux of sediment between the bed 

load layer and immobile bed materials. Previous studies employed the adaptation length ranging 

from the size of particle diameter to flow depth. For example, Phillips and Sutherland (1989) 

used the average grain step length as the bed load adaptation length, which can be taken as 16 

times the particle diameter over horizontal beds (Fernandez-Luque and van Beek 1976), or the 

length of the dunes when dune is the dominant bed form (van Rijn 1984). Bell and Sutherland 

(1983) suggested the adaptation length is related to the magnitude of the depth of scour hole. 

Based on these findings, the feasible range of the bed load adaptation length is about 0.04 m 

(order of sediment size) to 0.8 m (length of the dunes). In the sensitivity analysis, both the 

surface and bed profiles calculated with L = 0.05 m, 0.20 m and 0.80 m are plotted and compared 

with the measurements at t = 0.4 s in Figure 6. It is apparent that these profiles are sensitive to L, 

smaller values of L yield larger scour depths, especially at the upstream side of the scour hole, 

which causes the hydraulic jump moving further upstream. This observation is physically 

reasonable because as L gets smaller, more sediment particles are entrained at per unit length of 

the channel, indicating larger amounts of erosion. 
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 On the other hand, the suspended load recovery coefficient Ŭ is the ratio of the near-bed 

and the average concentration of suspended load.  By definition, Ŭ is related to the concentration 

profile of suspended load. Duan and Nanda (2006) assumed the validity of Rouse distribution in 

the unsteady flow simulation, and the value of Ŭ calculated from numerical integration is 

approximately 12.0. Nonetheless, a much smaller value of 2.0 was used in Wu and Wang (2007). 

Therefore, the feasible range of Ŭ is assumed to be 2.0 to 12.0. The surface and bed profiles 

using Ŭ = 2.0, 7.0 and 12.0 were plotted in Figure 7, which shows that the simulated profiles are 

also sensitive to Ŭ. Smaller values of Ŭ yields larger scour depths across the entire scour hole. 

When Ŭ gets smaller, the averaged suspended sediment concentration increases, indicating a 

larger ratio of sediment concentration to transport capacity. Regardless, another major source of 

error in simulating morphologic changes arises from the employment of an empirical sediment 

transport equation, such as van Rijn (1984) transport formula in this study, which may under-

estimate the scour depth under a given unsteady flow condition. Therefore, the improvement of 

simulation accuracy not only depend on the calibration of  the empirical coefficients in non-

equilibrium sediment transport model but also the limitation of the adopted sediment transport 

equation. 

Case 3: A Flood Event in the Rillito River, Tucson 

The Rillito River in Tucson, AZ is an ephemeral river flowing into the Santa Cruz River. In 

July 2006, the USGS observed a record flow of 37,900 cfs at the Dodge Blvd in the river, which 

exceeds the 100-year discharge. Post-flood cross-section surveys indicated that the event caused 

over 270,000 cubic yards of deposition in the twelve miles of the Rillito River above the 

confluence with the Santa Cruz River (JE Fuller Hydrology and Geomorphology Inc. 2006).  

Field survey showed, in general, aggradations occurred on the floodplain and erosions in the 
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thalweg. In a previous study (Duan et al. 2008), this event was simulated using several steady or 

quasi-unsteady flow model, such as HEC-RAS quasi-unsteady model. In this study, the 

developed 1D FVM model was applied to simulate the same flood and the results were compared 

with the results from HEC-RAS unsteady or quasi-unsteady flow simulation. 

The geometry data were obtained in a pre-event survey conducted by JE Fuller Hydrology 

and Geomorphology Inc. (2006), and a total of 129 cross sections were surveyed in the 

simulation domain from River Mile (RM) 9.8 to RM 0.67. The distance between two consecutive 

surveyed cross sections is 500-700 ft.  Each cross section has about 80 to 200 surveyed 

elevations. There are eleven bridges in the reach. The inflow hydrograph was provided by USGS 

gage at Dodge Blvd between River Mile 9.70 and 9.69. This is the closest hydrograph available 

to the upstream cross section. Another USGS measured surface hydrograph at La Cholla Blvd at 

RM 2.97, which will be used for model verification. 

Surface- and substrate-bed materials were sampled at the center of 14 cross sections. 

Surface material was sampled up to a depth of 1-2cm. Substrate material was sampled at the 

same location but 30 cm below the surface. These samples were dried and weighed at the soil 

laboratory at Civil Engineering Department at the University of Arizona.  Twelve sieves were 

used, with sizes of 6.35, 4.76, 2.38, 2.00, 1.18, 1.00, 0.85, 0.50, 0.30, 0.25, 0.15, 0.08 mm. The 

ASTM (American Society for Testing and Materials) standard sieving method was used to 

determine the size fractions of sediment samples. The characteristic sizes d50 and d90 of the 

surface samples are tabulated in table 1. 

The total simulation time of the event is 198.5 hours, and the time step is 1 s for both flow 

and sediment calculation. The flow hydrograph measured at Dodge Blvd is used as the upstream 

flow boundary condition. Free flow condition was assumed in the last cross section, which 
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calculates the rate of outflow based on the surface elevation at the previous time step. The flux 

term was evaluated using upwind flux scheme for stability purpose. Since no sediment inflow 

data is available, the sediment boundary is set to be equilibrium load calculated by van Rijnôs 

formula (1984a; 1984b) for both suspended load and bed load. Several other parameters are 

needed as well, such as Manningôs n roughness, ratio of near-bed and average concentration of 

suspended load and bed load adaptation length. These parameters are estimated empirically or 

calibrated using measured flow rating curves. Duan et al. (2008) suggested an average value of 

n=0.04 during the flood event, which was adopted in the initial simulation.. Ŭ was estimated 

based on assuming the Rouse distribution for the suspended load, and Ŭ=10.0 is selected, 

corresponding to a discharge of approximately 10000 cfs. L is selected as L=400 ft, which is 

approximately the distances between two consecutive cross sections. The range of these 

parameters will be discussed and sensitivity analyses will be performed in the following section. 

The simulated surface elevation at La Cholla Blvd was compared with the measurements in 

Figure 8, whereas the simulated bed elevation change after the event was compared with the 

observed ones in Figure 9. Results of water surface elevations and change in bed elevations 

obtained from HEC-RAS quasi-unsteady model were also plotted in the Figure 8 and Figure 9 

for comparison. The differences between the modeling results and the observed data were 

compared in Table 2. 

Figure 8 showed that the surface elevation profile calculated by this 1D FVM model is 

slightly better in predicting the maximum surface elevation during the event than HEC-RAS 

quasi-unsteady model. This modelôs results are slightly better than that of HEC-RAS quasi-

unsteady model. Both models predict reasonably well at small discharges, but over-predict the 

surface elevation at the peak discharge at La Cholla Blvd. Figure 9 and Table 2 showed this 
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model significantly improved the prediction of the averaged bed elevation changes having a 

higher correlation and smaller errors. Even though, the predicted average bed elevation change 

from this model still deviates from the measurements considerably near hydraulic structures, 

such as bridges and grade control structures. The impacts of such structures on the sediment 

transport were not included in this model. 

Sensitivity Analysis 

Results in Figure 8 and Figure 9 assumed Manningôs roughness n is a constant equals to 

0.04 for the entire event, which may not be valid for the entire simulated flow hydrograph. 

Manningôs roughness varies with flow discharge as bed forms develop. An inverse calculation of 

Manningôs roughness by using the observed surface elevation and discharge reveals the 

relationship between discharge and Manningôs n roughness at Dodge Blvd and La Cholla Blvd, 

as shown in Figure 10 and 11. Manningôs roughness n was found to decrease from 0.10 to 0.02 

when discharge increases from 1000 cfs to 30,000 cfs at Dodge Blvd, and decreases from 0.10 to 

0.02 when discharge increases from 2000 cfs to 20,000 cfs at La Cholla Blvd. It is observed in 

the post-flood survey that the vegetation has been deflected or washed away in the flood. As 

discharge increases, the submerged vegetation becomes less significant to the flow, resulting in 

smaller Manningôs n value. Figure 12 shows a sensitivity analysis of surface elevation at La 

Cholla Blvd using different Manningôs roughness n equals to 0.03, 0.06 and 0.09, respectively. 

The results in Figure 12 show that larger Manningôs n values result in lower surface elevations at 

the peak flow but higher surface elevations at other discharges. Meanwhile, larger Manningôs 

roughness n also causes the delay of the occurrence of peak flow. Therefore, Manningôs 

roughness n is of great importance in correctly simulating the stage hydrograph. However, the 

relationship between Manningôs roughness n and discharge is very difficult to accurately 
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quantify due to the presence of bed forms, vegetations, and extra resistance from in-stream 

structures as flow discharges varies. 

The simulated bed elevation changes are sensitive to the ratio of the near-bed and the 

average concentration of suspended sediment (Ŭ) and the adaptation length for bed load (L). 

These two parameters determine the non-equilibrium sediment transport rate. As stated before, 

there is no solid theoretical basis for accurately determining these two parameters. Therefore, 

they are usually determined empirically or via a series of numerical tests. If the Rouse 

distribution is valid, integrating numerically the Rouse distribution suggested the Rouse number 

ranges from 0.5 to 2.0 during this flood event, corresponding to the value of Ŭ ranging from 

approximately 3.6 to 22. Higher values of Ŭ existed at small discharges, but contributed 

negligible sediment load to the morphologic process. Therefore, this study sets the values of Ŭ to 

5, 10 and 20. For the range of the value of L, there is, to our best knowledge, no satisfactory 

theory which can be used for natural rivers. Wu (2008) suggested L is closely related to bed 

forms, which is nearly the order to flow depth in laboratory experiments but is significantly 

larger in natural rivers. Wu (2008) also suggested that L value is dependant on the simulation 

case and should be calibrated with measurement data. Other researchers linked L to the grid size 

in their models. A natural limiting condition is to assume the bed load transport achieves its 

equilibrium transport rate at the next grid point, thus the value of L should not be less than the 

distance of two consecutive grid points. Base on these studies, the feasible range of L is roughly 

100 ft to 1000 ft in this study. Thus, this study analyzes the sensitivity of these two parameters to 

the bed elevation change after the event in hopes of better estimating these parameters. We 

selected the value of L to be 200 ft, 400 ft and 800 ft in the sensitivity analysis. The simulated 

results are plotted in Figure 13 and Figure 14. Figure 13 indicated that at most locations the scour 
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depth increased as Ŭ decreased. This is observed in the previous case. Smaller values of Ŭ 

indicate a larger carrying capacity of suspended sediment in the water, primarily supplied from 

the bed materials.  Bed elevation change is more sensitive to Ŭ when Ŭ is smaller, and becomes 

less sensitive at higher values of Ŭ. Smaller Ŭ indicates a larger friction velocity, which is caused 

by higher discharges in the cross section. Therefore, suspended load transport becomes more 

dominated compared to the bed load transport.  It can be seen from Figure 14 that the bed load 

adaptation length does not influence the trend of deposition or erosion in the channel, but rather 

amplifies the magnitude of deposition or erosion. The larger the bed load adaptation length, the 

smaller the rate of bed elevation change. Since the median size of sediment particle in Rillito 

River is classified as very coarse sand, bed load transport is expected to be the dominant 

transport regime, thus the bed elevation change is sensitive to L in the entire simulation reach. 

 

Conclusion 

A Godunov-type one-dimensional finite volume numerical model is developed for 

simulating dam break flow over mobile bed. Several methods for calculating the numerical flux, 

including the upwind flux scheme, HLL/HLLC scheme, Roeôs scheme and WAF scheme with 

DMM and MM TVD flux limiter functions, were adopted in the model to evaluate their 

applicability and accuracy in simulating dam break flow and bed elevation change in flood 

routing process. The sediment transport model solves both bed load and suspended load transport 

equation. The non-equilibrium sediment transport in unsteady flow was considered. The 

discretised equations were solved by a time-matching explicit algorithm. 

The developed model was tested by simulating three cases: one is idealized dam break flow 

in a frictionless horizontal fixed-bed flume, the second is the dam break flow over a mobile bed, 
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and the third is an unsteady flow event in a natural river. The simulated results were compared to 

the theoretical solutions or observed data. The high-order scheme tends to provide better 

accuracy and reduce the numerical diffusion so that minimizing the smearing of wave front in 

highly unsteady dam break flow. In the case of dam break flow over mobile bed, the upwind flux 

scheme, HLLC scheme and Roeôs scheme proved to be adequate for capturing the wave front of 

the simulated cases and the WAF scheme produced slight spurious oscillation and over-estimated 

the scour depth. Surface profiles from these schemes reasonably agreed with the experimental 

measurements, while the scour depth was well underestimated. The cause of this underestimation 

is uncertain, but it maybe to some extent an outcome of the sediment transport formula used. All 

the schemes captured the propagation of the wave front satisfactorily, but failed to accurately 

locate the hydraulic jump. In the case of unsteady simulation of flow in a natural river, the 

simulated surface and bed profiles show reasonable agreement with data from the field survey, 

and are superior to the prediction of HEC-RAS quasi-unsteady model. The bed elevation changes 

are sensitive to both the values of Ŭ and L, as shown in the sensitivity analysis in the second and 

the third case. The sensitivity to Ŭ is more obvious at smaller Ŭ values, corresponding to a larger 

discharge, which indicates the sediment transport tends to shift into ósuspended load dominatedô 

regime when the discharge increases. However, the two-parameter non-equilibrium sediment 

transport model is merely a simplification to the complex non-equilibrium sediment transport 

process. Further investigation on the mechanism of non-equilibrium transport process as well as 

more accurate sediment transport formula are perhaps the key to further improve the modeling 

results. 
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Tables: 

 Table A-1. d50 and d90 of sediment samples in different locations 

 

 Dodge Country Club Campbell Mountain First Stone 

d50(mm) 1.66 2.29 1.72 0.73 1.96 1.07 

d90(mm) 8.77 13.54 4.46 1.94 7.89 5.67 

 Oracle La Canada La Cholla I-10 West I-10  

d50(mm) 1.34 0.62 1.46 1.47 0.81  

d90(mm) 8.52 1.94 4.47 5.26 4.48  

Table A-2. Statistics of surface hydrograph and bed elevation change 

 

 Surface hydrograph 

 Observation HEC-RAS FVM model 

Mean 2247.66 2248.26 2248.23 

Standard deviation 1.93 2.08 2.07 

Correlation coefficient - 0.89 0.93 

Mean Error - 1.13 0.96 

 Bed elevation change 

 Observation HEC-RAS FVM model 

Mean 0.31 0.31 0.31 

Standard deviation 0.73 0.73 0.73 

Correlation coefficient - 0.00 0.24 

Mean Error - 1.01 0.88 
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Figures: 

 

 

 

 

 

 

 

 

 

Figure A-1. Schematic drawing of a cross section with a mobile bed layer 

 

 

 

Figure A-2. Schematic drawing wave structure in HLL and HLLC approximate Riemann solver 

Left: HLL solver; Right:  HLLC solver 
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Figure A-3. Comparison of numerical and exact solutions of dam break problem on a wet bed 

 

Figure A-4. Comparison of numerical and exact solutions of dam break flow on a dry bed 
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Figure A-5. Comparison of surface and bed profile from simulation and measurement at t = 0.4s 

 

Figure A-6. Sensitivity analyses of simulated results on bed load adaptation length L 
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Figure A-7. Sensitivity analyses of simulated results on suspended load recovery coefficient Ŭ 

 
 

Figure A-8. Surface profiles at La Cholla Blvd for selected parameters 
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Figure A-9. Bed elevation changes for selected parameters 

 

Figure A-10. Relationship between Manningôs roughness n and discharge at Dodge Blvd 
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Figure A-11. Relationship between Manningôs roughness n and discharge at La Cholla Blvd 

 

Figure A-12. Sensitivity analysis of surface hydrograph on Manningôs roughness n 
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Figure A-13. Sensitivity analyses of average bed elevation change on suspended load recovery 

coefficient Ŭ 

 

Figure A-14. Sensitivity analyses of average bed elevation change on bed load adaptation length 

L 
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Abstract 

A one dimensional (1D) finite volume method model was developed for simulating non-

equilibrium sediment transport in unsteady flow. The governing equations are the 1D St. Venant 

equation for sediment-laden flow and the Exner equation including both bed load and suspended-

load transport. The Rouse profile for sediment transport was modified to consider the non-

equilibrium transport of suspended sediment. The spatial lag between the instantaneous flow 

properties (e.g. velocity, bed shear stress) and the rate of bed load transport in unsteady flow is 

quantified by using an adaptation length, which is derived theoretically by considering the 

momentum balance of the bed load layer. This new method for calculating the adaptation length 

was verified using data from several recent experiments, and was shown to be superior to the 

empirical formulas in a wide range of shear stress. The non-equilibrium model was applied in the 

simulation of a series of laboratory dam break flow over erodible beds and the simulated results 

were in agreement with the measurements recorded in the experiments. 

 

Keywords: finite volume method, non-equilibrium transport, adaptation length, bed load layer, 

dam-break flow over erodible beds 
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Introduction 

Sediment transport in unsteady flow is not yet well understood. Most of the existing 

sediment transport formulas are for predicting equilibrium sediment transport in steady uniform 

flow. A spatial lag exists between the flow properties and sediment transport rate, termed ñthe 

non-equilibrium transport effectò, stemming from the inability of the fluvial system to 

immediately respond to the changing flow condition (Phillips and Sutherland 1989). To better 

simulate the process that the sediment transport rate gradually develops into the transport 

capacity under a given flow condition, many numerical models adopted the non-equilibrium 

sediment transport algorithm in which an adaptation length was defined to account for this 

spatial lag effect (Wu and Wang 2007; Duc and Rodi 2008; El kadi Abderrezzak and Paquier 

2009). Conventionally, the adaptation length was defined as the distance required for the 

sediment transport rate to reach equilibrium at a given flow condition. Several numerical models 

(Wu and Wang 2007; Duc and Rodi 2008) showed that the modeling results were sensitive to the 

adaptation length, especially in highly unsteady flow such as dam break flow or extreme floods. 

Prior studies (van Rijn 1984; Phillips and Sutherland 1989; Wu and Wang 2007) have proposed 

several methods to calculate the adaptation length. The adaptation length has been found equal to 

the wave length of dunes if bed forms are present (van Rijn 1984), the particle saltation length 

(Wu and Wang 2007), or an arbitrary calibration parameter (Duan and Nanda 2006). There is no 

consensus on which method should be used at a given flow condition.  On the other hand, 

experiments were also conducted to study the spatial variations of bed load transport rate in non-

equilibrium transport conditions (Soni 1981; Bell and Sutherland 1983). However, none of these 

experiments directly measured the spatial distribution of sediment transport rate, but the 

aggraded or degraded bed-surface profiles. Because of these it remains unclear if the adaptation 
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length varies with the changing flow field as bed surface degradates or aggradates. Modern 

experimental techniques, such as the acoustic Doppler velocimeter (ADV) and particle tracking 

imaging technique, can provide detailed measurements of sediment particle velocity 

synchronized with flow measurements (Roarty and Bruno 2006). Several recent experiments 

have investigated the internal structure of the bed load layer (Mouilleron et al. 2009; Tang and 

Wang 2009). However, these experiments were still performed in steady flow, and there are, to 

our knowledge, no experiments for the transient state of bed load transport. The existing 

formulas for calculating the adaptation length may not be valid for rapidly varied unsteady flow. 

Another parameter used in a non-equilibrium sediment transport model is the ratio of the 

near-bed suspended sediment concentration and the depth-averaged concentration. For the 

equilibrium transport model, this ratio can be readily obtained by using the Rouse distribution of 

suspended load (Celik and Rodi 1988) or empirically determined in numerical models (Cao et al. 

2006; Wu and Wang 2007). Brown (2008) proposed a modified form of the Rouse-type 

distribution, which extends the use of the Rouse distribution to unsteady non-equilibrium 

transport condition. Brownôs (2008) model considered the impact of sediment flux and thus is 

more suitable for describing the convective behavior of suspended load transport. 

In the present paper, a 1D numerical model was developed for simulating non-equilibrium 

sediment transport in unsteady flow by solving 1D St. Venant equation for sediment-laden flow 

together with the Exner equation. The finite volume method was adopted to discretize the 

governing equations. The non-equilibrium effects on both suspended load and bed load transport 

were addressed separately. The suspended load profile was described by a Rouse-type 

distribution in which convective sediment transport is accounted for by non-equilibrium 

sediment transport. A physically based adaptation length formula is derived for calculating the 
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bed load transport. The bed load adaptation length formula was verified by experiment data from 

Jain (1992) and Bell and Sutherland (1983). A series of dam-break experiments reported by 

Spinewine and Zech (2008) and Fraccarollo and Capart (2002) was used to test the applicability 

of the numerical in the simulation of dam-break flow over erodible beds. 

Mathematical Model 

 Governing Equations 

The governing equation of flow is based on the modified St. Venant equation for sediment-

laden flow. Flow density is treated as a variable to include the effect of sediment load. The 

change of flow and sediment mass due to bed degradation or aggradation is incorporated in the 

mass conservation equation. Consequently, the 1D St. Venant equation for sediment-laden flow 

can be written as: 
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where ɟ = density of sediment laden flow, and can be evaluated by ( ) tstw CC rrr +-= 1 , where 

ɟw and ɟs = densities of water and sediment, respectively, and tC  = volumetric concentration of 

total sediment load, defined as 
Q

Q
CC b

t += , where C = mean concentration of suspended load 

in the cross section, and Qb = bed load transport rate; A = flow area; Q = flow discharge; ɟb = the 

density of immobile bed material, calculated as ( ) mwmsb pp rrr +-= 1 , where pm = porosity of 

bed material; Ab = immobile bed area; g = gravitational acceleration; zs = the water-surface 

elevation; n = Manningôs roughness; R = hydraulic radius; hp can be calculated as 
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ñ=
B

yp dyh
A

h
0

21
, in which B = width of the cross section and hy = local flow depth at location y. 

The third term on the left of Eq.1 corresponds to the change of flow and sediment mass in the 

control volume due to bed deformation, and the fourth term on the left of Eq.2 accounts for an 

additional pressure force due to the change of flow density at each cross section. 

At each cross section, the total sediment load consists of the suspended load in the flow 

layer and the bed load in the bed load layer. In equilibrium transport models, the sediment 

transport rate is assumed to be the saturated transport rate, which can be calculated by the local 

flow variables. However, equilibrium sediment transport is rarely encountered in natural rivers. 

Sediment transport rate always lags the transport capacity corresponding to the instantaneous 

flow. A non-equilibrium transport model is adopted in this study. The cross section was divided 

into three layers: the suspended load layer, the bed load layer and the immobile bed layer. The 

conceptual model of each cross section is shown in Fig.1. Mass exchange only occurs between 

the immobile bed layer and the bed load layer as well as between the immobile bed layer and the 

suspended load layer. The transport equation for suspended load and bed load can be expressed 

as: 
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where ũIS = the mass flux from the bed load layer to the suspended load layer; Aŭ = the area of 

bed load layer; bC  = the mean concentration of the bed load; ũIB = the mass flux from the 

immobile bed layer to bed load layer. The suspended load and the bed load are governed by 

different transport equations and calculated separately in the model and therefore the sediment 
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transport of different transport modes can be handled. Eqs.1-4 are the governing equations for 

the simulation of flow and sediment transport over mobile bed. A non-equilibrium sediment 

transport model is required to evaluate the mass fluxes between different layers in order to close 

the solutions of those equations. 

 Non-equilibrium sediment transport model 

In Eq.3 and 4, the sediment flux ũIS and ũIB need to be evaluated. The active sediment 

exchanges between different layers are essential to non-equilibrium sediment transport models. 

In the following section, we will discuss the non-equilibrium sediment transport models, based 

on which the vertical fluxes ũIS and ũIB can be evaluated. 

Non-equilibrium suspended load transport model 

The non-equilibrium mass flux between suspended load layer and immobile bed layer can 

be expressed as: 

ISISIS DE -=G                                                                               (5) 

where EIS, DIS = the entrainment rate and the deposition rate between the suspended load layer 

and the immobile bed layer, respectively. The entrainment and deposition rates are related to the 

actual concentration at the interface Ca, the concentration at the interface at eqilibrium state Ca* 

and the particle settling velocity ɤs, which can be expressed as (Wu and Wang 2007): 

*asIS CE w=                                                                                   (6) 

asIS CD w=                                                                                   (7) 

Ca* and Ca can be related to the mean concentration of suspended load at the cross section 

by: 

** CCa a=                                                                                    (8) 
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CCa a=                                                                                      (9) 

where Ŭ is the ratio of the near bed concentration to the mean concentration of the suspended 

load in the cross section; *C  = mean concentration at equilibrium state. Substitute Eqs.5-9 into 

Eq.3, and we obtain: 
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*aw                                                          (10) 

Eq.10 is the model equation for non-equilibrium suspended load transport in this study. It is 

shown that Ŭ is an important parameter for the non-equilibrium suspended load model, which 

determined the non-equilibrium sediment flux in the vertical direction and consequently how 

ñfastò the flow will ñrecoverò to the equilibrium transport state. Therefore, Ŭ is termed ñnon-

equilibrium suspended load recovery coefficientò in the study. 

The value of Ŭ can be calculated if  the concentration profile of suspended sediment is 

known. The Rouse profile is valid for approximating the suspended sediment concentration 

profile in steady uniform flow (Duan and Julien 2010), namely: 
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where h  is flow depth; z  is elevation; zC  is the sediment concentration at elevation z ; a  is 

the reference bed level; 0R  is the Rouse number, defined as 
*
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= , where *u  is the 

shearing velocity; b is a correction factor, the value of which can be determined as 1ºb  for 
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swb  for sand (Brown 2008); and k is the von Karman constant. In 

the case of non-equilibrium suspended sediment transport, the flux at the interface between the 
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suspended and bed load layers needs to be considered. Brown (2008) proposed a revised 

suspended-sediment concentration profile by modifying the Rouse number 0R  as follows: 
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F . It is worth noting that Eq.12 is only valid when *us <w ; in the case that 

*us ²w , 0R  is given by: bk

1
0 =R . Then, the suspended-load recovery coefficient a can be 

calculated by: 
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Non-equilibrium bed load transport model 

The non-equilibrium mass flux between the bed load layer and the immobile bed layer can 

be evaluated by considering a stable stream-wise non-uniform bed load transport profile in the 

steady flow, in which the bed load transport rate is varying in space but constant in time. 

Assuming the difference between the bed load transport rate and the saturated transport capacity 

per unit width are deposited to or entrained from the bed surface within a certain length L0, the 

mean flux within L0 can be expressed as: 

( )bbIB QQ
L

-=G *

0

1
                                                                           (14) 

where Qb* = saturated bed load transport rate at equilibrium state. Substitute Eq.14 into Eq.4 and 

note bbb CAuQ d= , where ub = mean velocity of the bed load layer, we obtain: 
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Eq.15 is the model equation for non-equilibrium suspended load transport in this study, and 

L0 is named as the adaptation length for non-equilibrium bed load transport, which is an 

important parameter for simulating the non-equilibrium bed load transport. Conventionally, L0 

was defined as the distance in which the bed load transport rate increased from zero to saturated 

transport rate in equilibrium. However, this is not compatible with the form adopted in Eq.15. In 

case of steady bed load transport state, Eq.15 yields: 
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An analytical solution can be obtained for Eq.16 and expressed as: 
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where x = stream-wise coordinate; Qb0 = bed load transport rate at x = 0. In case of Qb0 = 0, we 

obtain: 

ù
ú

ø
é
ê

è

ö
ö
÷

õ
æ
æ
ç

å
--=

0

* exp1
L

x
QQ bb                                                                 (18) 

Therefore, the use of Eq. 14 and 15 assumed an exponential decay of the difference between 

the actual and saturated bed load transport rate, sometimes referred as ñbed load transport rate 

deficitò (Bell and Sutherland 1983), with distance in the stream-wise direction, which is in 

agreement with the measurement of Bell and Sutherland (1983). Therefore, the exponential 

decay of bed load transport deficit is a reasonable assumption. It can be easily verified that when 

x = L0, Qb is approximately 0.63 times the saturated transport rate. This provides a way to 

determine the value of L0 in compatible with the form of Eq.15: if we can determine how the bed 
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load transport rate increases from zero to its saturated transport rate in the stream-wise direction 

in the steady flow, the value of L0 to be used in Eq.15 is the distance where the bed load 

transport rate increases to about 0.63 times the saturated transport rate. This distance, denoted as 

Lb, will be our definition of non-equilibrium bed load adaptation length in the following sections. 

 The physical non-equilibrium bed load transport process 

The conceptual model of the non-equilibrium bed load transport process can be established 

by considering the momentum balance of the bed load layer. To make the model as simple as 

possible, we restrict our discussion in the grain scale and exclude the effects of macro-scale 

geometries, such as bed form. We also assume that the saltation is the primary mode of bed load 

transport responsible for the interaction between the near bed flow and the bed load transport. At 

non-equilibrium transport state, the particles are being lifted off from the immobile bed layer into 

the bed load layer, which are then in the state of ñsaltationò. The momentum gained by the 

particles is transferred from the near bed flow. The rate of the momentum transfer can be 

evaluated by the shear stress between the flow and the bed load particles. As the ñsaltatingò 

particles collide with the bed surface, they lose part of their momentum. The rate of the 

momentum loss can be evaluated by the shear stress between the bed load particles and the bed 

surface. Consider a fixed control volume that encompassing a group of bed load particles. Since 

the non-equilibrium bed load profile is steady, the sum of momentum of the fluid and the 

particles within the control volume is constant. Therefore, the net momentum flux across the 

surface of the control volume should be equal to the force exerted on the control volume. The 

momentum flux across surfaces of the control volume ȹMx can be expressed as: 

( )[ ]bbfMsx uqC
dx

d
M rr+=D                                                            (19) 



110 

 

where CM = added mass coefficient, which has a theoretical value of 0.5 for spherical particles 

(Fernandez-Luque and van Beek 1976). 

Now consider the forces exerted on the particles. For particles which are resting in the bed 

surfaces or moving in a steady state, the forces exerted on the particle are in balance. Therefore, 

only the forces exerted on the particles being lifted off contribute to the increase of momentum. 

It is obvious that the rate of momentum increase in the bed load layer is only related to the 

particles that are being lifted off from the ground. Denote the percentage of particles in the bed 

load that are being lifted off is P, the following expression can be obtained: 

( )bBx PM tt-=D                                                                                 (20) 

where Bt  and bt  = mean value of the shear stress at the top and the bottom of the particles, 

denoted as Bt  and bt which can be approximated by the shear stress at the top and the bottom of 

the bed load layer. Since no data were available for the evaluation of P at non-equilibrium state, 

it is approximated by the entrainment probability of bed load particles at equilibrium state. This 

might be a crude assumption, but an important mechanism was indicated by Eq.20: only a 

portion of the particles contributes to the momentum increase of the bed load layer. Combining 

Eqs.19 and 20, we obtain: 

( )[ ] ( )bBbbfMs PuqC
dx

d
ttrr -=+                                                      (21) 

Eq.21 is the equation of motion for the bed load layer, P, ŰB and Űb need to be determined to 

obtain the numerical solution of this equation. 

Shear stress at the top of the bed load layer 

 For the case in which bed form is absent, the shear stress at the top of the bed load layer can 

be replaced by the total shear stress. For moderate sediment transport rate, the static viscosity can 
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be safely neglected and the total shear stress is the turbulent shear stress, which can be calculated 

using the friction velocity as: 

2

*urt=                                                                                      (22) 

The friction velocity can be calculated by assuming the logarithmic velocity profile in the 

turbulent boundary as: 
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where z = elevation; u = velocity of flow at elevation z; z0 = reference level, which can be taken 

as the thickness of the bed load layer, which is approximately 2 times the particle size; C = 

integration constant. It is expected that the velocity profile is slightly altered during non-

equilibrium transport process, which in turn increase the total shear stress. In this study the shear 

stress is assumed to remain constant during the non-equilibrium transport process, which will not 

further complicate the problem. 

Shear stress at the bottom: a friction model 

A conventional treatment of Űb proposed by Bagnold (1941) divided the shear stress at the 

bed surface into the grain borne and the air borne shear stress when dealing with blown sand 

transport, which can be expressed as: 

sbfbb ttt +=                                                                    (24) 

In the equilibrium state, the sum of the grain born and fluid born shear stress must be equal 

to the shear stress at the top of the bed load layer. In non-equilibrium transport state, the two 

quantities are not equal. As bed load transport increases, the latter must be larger than the former 

so that the momentum of bed load layer is increasing. However, it is not clear how the graine 

born and fluid borne shear stress changes during this process. In the current model, two 
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assumptions were made to conceptualize the process: i) the grain borne shear stress in the non-

equilibrium transport state is linearly related to the grain normal stress, and the proportional 

coefficient is equal to its value in the equilibrium state; ii) the fluid borne shear stress remains a 

constant during the non-equilibrium transport process, and is equal to the fluid borne shear stress 

in the equilibrium state. Under these assumptions, the grain borne and fluid borne shear stress 

can be quantified using data from experiments conducted in the equilibrium state. 

The first assumption can be expressed as: 

( )xrrmt gwsdsb -=                                                                    (25) 

where ɛd = dynamic friction coefficient; ɝ = bed load layer thickness. Eq.24 is not novel for the 

sediment transport in the equilibrium state, since a similar equation can be found in Bagnold 

(1956) for describing the movement of blown sand. For the friction coefficient, Bagnold (1956) 

proposed an approximately constant value of 0.63, which is the tangent of the angle of repose of 

sediment particles. Capart and Young (1998) used a much smaller value of 0.32. From a 

theoretical point of view, this friction effect is caused by the momentum loss of the saltating 

particles when they collide with the immobile bed surface. The equivalent friction force Ff for 

one saltating particles can thus be expressed as: 
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where ȹMs = loss of particle momentum during one saltation step; ȹts = duration of one saltation 

step; ȹus = lost of particle velocity during the impact with bed surface, which can be taken as 

0.85us (Fernandez-Luque and van Beek 1976); ub = mean velocity of bed load transport, which 

can be taken as 0.8us (Fernandez-Luque and van Beek 1976); ɚs = length of saltation step. Then 
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the friction coefficient can be expressed as the ratio of the friction force and the submerged 

weight, and written as: 
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where Ws = submerged particle gravity. Eq.27 can be written in dimensionless form as: 
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where SG = specific gravity of sediment particles; ŰB*, ȹus* and ub* are some dimensionless 

quantities with the form: 
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where Ds = particle size. The use of Eq.28 requires the values of us* and ɚs*. However, there are 

no observations available to determine these quantities under non-equilibrium state. Therefore, it 

is assumed that us* and ɚs* in the non-equilibrium state can be determined from those values in 

the equilibrium state. Therefore, some observations made on the saltation of bed load particles 

are directly available. For example, the following equations are proposed by Fernandez-Luque 

and van Beek (1976) (referred in Seminara et al. 2002) for moderate sediment transport stage: 

( )*** 7.05.11 cBsu tt -=                                                     (32) 

16* =sl                                                                                   (33) 
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where Űc* = dimensionless critical shear stress. Substitute Eq.32 and 33 into Eq.28, and the 

friction coefficient can be calculated. The fluid born shear stress at the bottom Űfb can also be 

determined with Eq.24 and 25 by using the observation of bed load transport rate at equilibrium 

state. Nonetheless, it will be shown later the non-equilibrium adaptation distance is dependent on 

the friction coefficient but independent of the fluid born shear stress. Therefore, the evaluation of 

fluid born shear stress is not discussed here.  

The entrainment probability 

The entrainment probability during the non-equilibrium process is determined by two 

physical processes: the aerodynamic entrainment and the splash process. (Shao and Raupach 

1992) Shao and Raupach (1992) suggested that the latter may becomes significant only when the 

friction velocity is sufficiently large. For moderate water-induced bed load transport process, it is 

reasonable to assume the entrainment rate is primarily determined by aerodynamic process. 

Papanicolaou et al. (2002) considered the momentum balance of the sediment particle under the 

drag force, the lift force and the gravity, and derived the expression of entrainment probability. 

Wu and Yang (2004) follow the similar idea, but used a Gram-Charlier probability density 

function to describe the near bed turbulence, and express the entrainment probability as a 

function of the turbulence characteristics, the particle size and the intrusion of the particles in 

both the upstream and downstream of the particle to be studied. Their result agrees well with 

some of the published data. However, their method is computationally expensive and requires 

too many parameters to be evaluated. A simpler choice is found in Wu and Lin (2002) with the 

following expression: 
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Where CL = lift coefficient, and is taken as 0.18 in Wu and Lin (2002). Eq.34 provided 

good agreements with the random model and the experimental data in Wu and Yang (2004) with 

much less computational effort required and therefore will be incorporated and tested in this 

study. 

Solution for non-equilibrium adaptation length 

Substituting Eq. 22, 24, 25 and 28 into Eq.21, and it yields: 
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If assuming that the particles ñalmost immediatelyò accelerate to the velocity in the 

equilibrium state after they are lifted off the bed surface, Eq. 35 becomes: 
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Integrating Eq.36, and assuming 0=bq  when 0=x , we obtain: 
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According to the definition of the adaptation length, Lb equals to the distance from the location 

where qb = 0 to that where qb = 0.63qb*.  Therefore, 

1
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                                                                         (38) 

Eq.38 is the expression for non-equilibrium bed load adaptation length we adopted in this 

study. Lb is a function of the entrainment probability P, friction coefficient µd, and bed load 

particle velocity ub, and is independent of the fluid born shear stress Űfb at the bottom. The 
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evaluation of ub relies on experiment observations (for example, Eq.31), and P, µd is evaluated 

based on a number of hypothetical models. The accuracy of these models needs to be examined 

by available experiment data. 

Validation 

The value of Lb determines how the transport rate evolves in stream-wise direction and 

approaches the equilibrium transport rate. Therefore, it can be verified by the measurement of 

sediment transport rate at different locations during the non-equilibrium transport process. In this 

study, the data of Jain (1992) and Bell and Sutherland (1983) are used to verify the current model. 

 Data and experiment set-up 

The experiment of Jain (1992) was conducted in a recirculating tilting flume with an 

observable section, which is 27.4 m long, 0.91 m wide and 0.45 m deep. The sediment particles 

were quartz gravels with a mean diameter of 3.8 mm and a standard deviation of 1.5. Two sets of 

data are available in Jain (1992). The experiments of Bell and Sutherland (1983) were conducted 

in a 30 m open circulating tilting flume with a bed slope of 0.002 and a width of 0.305 m. The 

erodible materials have a median size of 2.11 mm and a geometric standard deviation of 1.25. 

The bed load transport rate is measured at four different locations downstream of the rigid bed, 

where the sediment transport rate is zero. The transport rate is also estimated with the bed 

deformation at three other locations close to the rigid bed where the direct measurement is not 

possible. Only the measurements at t = 5 min are used in this study to minimize the effect of 

macro-scale bed forms. Two sets of data were available, with the flow rates being 0.159 m3/s 

and 0.127 m3/s, respectively. The experiment of Bagnold (1936) was conducted in a wind tunnel 

of 9.14 m (30 ft) with a square cross section of 0.3 m. The size of the sand particles is between 
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0.18 mm to 0.30 mm. Some parameters of these experiments are listed in Table 1, and more 

details can be found in the original papers. It is shown that the calculated bed load adaptation 

length matches fairly well with the data of Bell and Sutherland (1983) and Jain (1992), but over-

predicted those data from Bagnold (1936) by one magnitude. This is perhaps due to two reasons: 

a) the experiment of Bagnold (1936) was conducted to study the equilibration process of blown 

sand in a wind tunnel. As suggested by Shao and Raupach (1992), the equilibration of blown 

sand is caused by two processes, the aerodynamic entrainment (fluid shear induced entrainment) 

and the splash process (particle impact activation). The splash process can activate the 

undisturbed particles on the bed surface much more efficiently and reduced the distance required 

for equilibration. However, the splash process is not reported in the study of water-induced 

particle entrainment. Therefore, the distance observed by Bagnold (1936) is much smaller than 

that predicted by the current model; b) the particles used by Bagnold (1936) were significantly 

smaller than those in the other two experiments, and were possibly transported as suspended load 

rather than as bed load, therefore, the bed load model was not validated in this case. Therefore, 

the use of the current bed load model should be restricted to the water induced bed load transport. 

 Comparison with other formulas 

Many formulas for estimating the non-equilibrium bed load transport can be found in the 

literature. We chose three formulas and calculated the non-equilibrium bed load adaptation 

length in the experiments of Jain (1992), Bell and Sutherland (1983) and Bagnold (1936): 

Phillips and Sutherland (1989), van Rijn (1987) and Armanini and Disilvo (1988). The reason to 

choose these three formulas is that they account for the effect of shear stress in their expressions 

and they were in the grain scale, which did not consider the effect of macro-scale bed forms. The 

expression proposed by Yalin (1972) is very similar to that proposed by Phillips and Sutherland 
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(1989), except Yalin (1972) used the total shear stress instead of the excess shear stress in the 

expression, thus Yalin (1972) formula is not listed here. The non-equilibrium adaptation lengths 

calculated with the three formulas are tabulated in Table 2 along with the measurement and the 

results from the current model. It can be seen that the predicted values from these formulas are 

generally much smaller than the measurements. The formula of Phillips and Sutherland (1989) 

matched well with the data from Bell and Sutherland (1983), which is included in their database 

when deriving their formula. However, the prediction is poor for the experiments of Jain (1992). 

The values calculated by the formulas of van Rjin (1987) and Armanini and Disilvo (1988) were 

a few centimeters in all cases. On the other hand, the formula in the current study gave a much 

better prediction in both cases. More importantly, all three formulas in the literature predicted an 

increasing non-equilibrium bed load adaptation length with the shear stress. As can be seen from 

Table 2, the non-equilibrium bed load adaptation length significantly decreased when the shear 

stress increased. This phenomenon is also noticed in Jain (1992). The data of Bell and Sutherland 

(1983) showed a slightly increase with the shear stress. Since the shear stress in the experiment 

of Bell and Sutherland (1983) were indeed very close, the two values of non-equilibrium bed 

load adaptation length can be viewed as approximately equal and the difference came from the 

uncertainty in the measurement of transport rate. The model proposed in this study is able to 

correctly predict this trend, thus is superior to the other formulas. 

Numerical Method 

The governing equation 1, and 2 are reformulated to eliminate the density of the sediment-

water mixture in order to set up an explicit scheme for numerical solution. The density of the 

mixture,r, and that in the stationary substrate bed layer, br , can be expressed as: 

( ) tstw CC rrr +-= 1 ; ( ) lrlrr swb +-= 1                                              (39) 
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Substituting Eq.3, 4 and 39 into Eq.1, the equation can be reformulated as: 
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Substituting Eq.3, 4, 39 and 40 into Eq.2, the equation can be reformulated as: 
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Eq.3, 4, 40 and 41 can be used to establish an explicit algorithm. Cao (2004), Wu and Wang 

(2007) obtained similar expressions for the governing equations, except for the last term in Eq. 

34 and 35. This term stems from the difference between the velocities of flow and sediment. If 

only simulating the suspended load, this term can be neglected. However, the bed load transport 

capacity is usually much smaller than the flow velocity. 

Then, the governing equations can be written in the vector form as follows: 

()
()

í
ì
ë

F=
µ

Fµ
+

µ

Fµ
S

x

F

t
                                                                   (42) 

where 

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

=F

bb UQ

AC

Q

A

, ()

ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

=F

bQ

QC

AQ

Q

F
2

 

where ()FS  is the source term including all the other terms except for the unsteady and 

convection terms.  A Godunov-type finite volume method was used to calculate the value of F 

at time n+1 from its value at time n (Toro 2001): 
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where subscript i denotes the node number, superscript n denotes the time level. Different 

numerical schemes can be used to calculate the flux ()FF  and construct result in different 

numerical schemes. The first-order upwind scheme is proven to provide robust and reasonable 

results in numerical models, and thus adopted in this study (Ying et al. 2004). The bed 

deformation can be calculated as: 
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Bed elevation change is assumed to be uniformly distributed across the bed surface, and the 

bed elevation is adjusted accordingly. 

Model application 

 Available data and model parameters 

The numerical model was applied to simulate a series of dam break experiments on mobile 

beds reported in Spinewine and Zech (2008). The experimental set-ups were briefed here. These 

experiments were conducted in a flume 6 m (length) × 0.25 m (width) × 0.70 m (height). A 

sluice gate was located in the middle of the flume, and was suddenly opened as soon as the 

experiment started to mimic the dam break flow condition. Two types of bed materials were used 

in the experiments: a) uniform coarse sand, with its size ranging from 1.2 to 2.4 mm, median size 

d50 = 1.82 mm, particle density ɟs  = 2683 kg/m
3
, and the bed was compacted to a packing ratio 

of cb = 53 %; b) PVC pellets, with an equivalent spherical diameter of 3.9 mm, particle density ɟs  

= 1580 kg/m
3
, and the packing ratio is cb = 58 %. The porosity in both cases can be estimated by 

pm = 1 ï cb. The Manningôs roughness was estimated as 0.0165 in Spinewine and Zech (2008) 
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and was used in the current study. Six different initial configurations regarding the water surface 

and bed elevation in the upstream and downstream of the gate were used for both bed materials, 

with an additional configuration was used for PVC pellets to study the scaling effects. Therefore, 

a total of 13 experiments were conducted with different initial conditions, which are listed in 

Table 3. The experiments were recorded with fast digital cameras at a frame rate of 200 images 

per second, and the interfaces between the three layers defined by the authors, i.e., the pure water 

layer, the sediment transport layer and the immobile bed layer, can be obtained by the interface 

tracking technique. These interface data were provided at an interval of 0.25 s up to t = 1.50 s 

(available for a longer time for some of the configurations), and were used in the present study to 

verify our model. Another dam-break experiment is reported in Fraccarollo and Capart (2002), 

which were conducted in a smaller flume but with the same bed material. The initial water depth 

in the upstream of the gate was 0.1 m, which was smaller than that in the Spinewine and Zech 

(2008) and therefore the scour hole caused by the water jet immediate after the release of gate 

was less significant. This will be used to demonstrate the limitation of one dimensional model in 

simulating dam break flow later. The water surfaces and bed surface profiles were filmed and 

sketched at 0.5 s, 0.75 s and 1.0 s for the Louvain experiment in Wu and Wang (2007), and were 

used to compare with the results of the numerical simulation. However, the interface between the 

pure water layer and the bed load layer is not available in this experiment. More details about the 

experimental set-ups were reported in Spinewine and Zech (2008), Fraccarollo and Young 

(2002). 

The computational domain was divided into 240 grids with a grid size of 0.025 m for the 

experiments of Spinewine and Zech (2008) and 200 grids with a grid size of 0.0125m for the 

experiment of Fraccarollo and Capart (2002). The time step used in the simulation is 0.001 s. 
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Smaller grid size and time step can be used but no significant improvements were observed. Van 

Rijn (1984) sediment transport formula was used to calculate the sediment transport capacity at 

the equilibrium state. Additionally, the critical shear stress on a steep streamwise slope is 

corrected according to Kovacs and Parker (1994): 
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where ct and 0ct  are the critical shear stress with and without considering the channel slope, 

respectively.         

Simulation results 

The simulated results are plotted in Figures 3 to 15 for all 13 experiments in Spinewine and 

Zech (2008) along with the measurement. There are 6 measured water surface and bed profiles 

recorded at different time instants with an interval of 0.25 s. To make the figures more clear, we 

only plotted the profiles at t = 0.25 s, 0.75 s and 1.25 s. The simulations were able to predict the 

evolving wave fronts and the scour hole. A significant discrepancy observed is the scour hole 

formed at t = 0.25 s, when the first measurement was taken. The scour hole was much deeper 

than that predicted by the model and the scour holes recorded at other time instants. Comparing 

the depths of the scour hole taken at different time instants, it is shown, most obviously at Figure 

5 and 6, the scour depth reaches its peak at the first measurement taken at t = 0.25 s, most likely 

due to the impact of the water jet formed by a sudden release of the gate. Then the depth of the 

scour hole sharply decreased, possibly due to the settling of the entrained sediment from the 

water jet impingement. Then the depth of the scour hole is slowly increased again owing to the 

shear stress induced by the stream-wise flow. The water jet formed at the beginning of the dam-

break experiment, which is highly three dimensional, cannot be simulated accurately by a one 
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dimensional model. As a consequence, the simulated results were in better agreement with the 

measurement at t = 0.75 s and 1.25 s, when the vertical velocity is dissipated and became less 

significant. It is also shown in Figure 9 that the scour hole at t = 0.25 s is much less significant, 

because the smaller initial water depth at the upstream of the gate produced a weaker water jet 

with much smaller vertical velocity. Another feature that cannot be well captured is the step-wise 

initial bed profile. For cohesiveless sediment particles, the step-wise bed was not stable and 

quickly failed shortly after the gate was open, which is similar to a bank failure process and 

cannot be predicted with the conventional sediment transport formula. From Figure 7 it was 

shown that the prediction of the wave front were poorer than in the other configurations, which 

indicated that the ñfailureò of the step-wise bed profiles probably caused more momentum loss, 

which reduced the flow speed. On the other hand, the effect of the initial scour hole on the flow 

speed was less significant. In Figure 3 to 6 although the initial scour hole was not captured by the 

model, the predicted wave front was only slightly ahead of the measured wave front. As for the 

water surface and bed profiles, the measured profiles were more ñbumpyò than the predicted 

ones, primarily caused by the disturbed bed surface profiles developed during the experiment. 

The surface profiles were seemingly highly correlated with the bed profiles. When there is a rise 

on the bed surface, a hydraulic jump is likely to occur. The reason for the perturbations on the 

bed surface is not clear, and is possibly caused by the disturbance from the water jet generated at 

the beginning of the experiment. 

For the experiments conducted with the natural sand, the initial scour hole was not observed, 

possibly because the use of heavier particles limited the depth of the initial scour hole, or the first 

recording was taken after the initial scour hole has reached it maximum depth and sediment 

particles have already back-filled the scour. This can be further confirmed by the simulation 
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results for the experiment by Fraccarollo and Capart (2002), which is shown in Figure 16. The 

initial water depth is 0.1 m, which was much smaller than that in Spinewine and Zech (2008). 

Therefore, the initial large scour hole was not observed in their experiment results. The ñfailureò 

of the step-wise bed profile was also observed for the experiments with natural sand in 

Spinewine and Zech (2008). It was shown in Figure 14 that the predicted wave front was 

significantly ahead of the measured one. 

Figure 17 showed the distribution of non-equilibrium suspended load recovery coefficient 

and the bed load adaptation length. The suspended load recovery coefficient and the adaptation 

length calculated by the model were highly non-uniform along the channel, and were strongly 

correlated to the erosion rate. The suspended load achieved its maximum value nearly at the 

wave front where the flow velocity is high and flow depth is small. A small peak existed at the 

end of the upstream side of the erosion pit where a higher flow velocity was also expected due to 

the steep slope in the pit. The high shear stress resulted in a large gradient of sediment flux in the 

vertical direction so that the near-bed concentration of suspended sediment was much higher 

than that in the upper flow zone. The bed load adaptation length decreased dramatically in the 

downstream direction from the location in the upstream of the scour hole where the water surface 

started to descend, and approached its minimum value at the upstream side of the scour hole, and 

kept approximately a constant from this location to the wave front. At the high shear stress zone, 

the entrainment probability increased significantly, which reduced the distance required to 

entrain sufficient particles to form the equilibrium transport state. 

In general, the current model was able to reasonably predict the water surface and bed 

profiles, as well as the depth of the scour hole at the wave front. However, the impact of the 

initial water jet and the failure of the step-wise bed profiles cannot be simulated due to the 
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limitation of one dimensional model. The results were less reliable at the beginning of the dam-

break experiment, but accurate afterwards. 

Discussion 

 Discussion on the significance of non-equilibrium model 

The geomorphic change of river bed can be calculated by solving the sediment continuity 

equation (Exner equation) given by (pp. 426, Sturm 2001): 

( ) 01 =
µ

µ
+

µ

µ
-

x

Q

t

z
pB tb

m
                                                                  (46) 

In the non-equilibrium sediment transport models, it is assumed that the sediment transport 

rate equals to the sediment transport capacity everywhere in the channel given by: 

*tt QQ =                                                       (47) 

Therefore, the bed deformation rate is calculated as: 
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Eq.48 can be discretized with the explicit scheme adopted in this study as: 
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It can be easily seen that the bed elevation calculated by the equilibrium transport model 

would be a function of the grid size, and therefore is grid-dependent, which is an undesirable 

property of the model. We incorporated the equilibrium model into the numerical model and 

simulated configuration (a) in Table 3 in the model by using 10, 20 and 30 nodes for the grid. 

The simulated water surface and bed profiles at the end of the simulation (t = 1.5 s) were plotted 

in Figure 18. The measured and simulated profiles from the non-equilibrium model were also 
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plotted for comparison. To make it simpler and clearer, the suspended load model was excluded 

during the comparison. It showed that the number of nodes used in the simulation affects the 

simulated bed elevation changes and in turn the water surface elevations. During our test, when 

the number of grid was set to be larger than 30, the program becomes unstable. As the grid 

becomes finer, the bed elevation changes during one time step becomes larger, and the fast 

changing bed elevation produced an unrealistic significant bed gradient term in the momentum 

equation. 

Fraccarollo and Capart (2002) and Fraccarollo et al. (2003) both simulated a transient 

erosional flow in their study. Fraccarollo et al. (2003) suggested that the non-equilibrium model 

is needed in case of very light materials. Fraccarollo and Capart (2002) provided a time scale 

analysis and pointed out the necessity of using non-equilibrium model when the frictional time 

scale and the erosional time scale are of the same order of magnitude. For a more complex 

system, such as in the current study, where the suspended load and bed load are controlled by 

different characteristic speed, such time scales are difficult to directly obtain from the analysis of 

the characteristic system. Comparing Eq.41 with Eq.46, the equilibrium model can be viewed as 

a special non-equilibrium model, in which the bed load adaptation length is dependent on the 

grid size. Since the grid size is chosen as an artificial parameter, which is irrelevant with the 

physical non-equilibrium process, the equilibrium model is unrealistic for simulating sediment 

transport process in unsteady flow. 

 Discussion on the significance of a physically-based non-equilibrium model 

 The non-equilibrium model was able to predict the non-equilibrium bed load adaptation 

length and the suspended load recovery coefficient, which is addressed in the section 

ñvalidationò. This is important to correctly simulate the sediment transport and associated 
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geomorphic change in unsteady flow. Sensitivity analyses were conducted for both parameters in 

the simulation of configuration (a). The non-equilibrium bed load adaptation length was chosen 

as 0.05 m, 0.20 m and 0.80 m, and the suspended load recovery coefficient was chosen as 2, 4 

and 8. To make it more clear, only the bed load model or the suspended load model was used in 

the sensitivity study, depending on which parameter was being studied. The results were plotted 

in Figure 19 and 20. It was shown that the bed elevation change was sensitive to both parameters. 

The bed elevation change increased when the value of Ŭ decreased, or when the value of L 

decreased. From Figure 2, it can be seen that the bed load adaptation length can vary as many as 

two orders of magnitude. Therefore, it is very important to have a good estimation of the non-

equilibrium bed load adaptation length at least at the transient flow condition as shown in the 

current study. 

Another topic is whether it is necessary to adopt a suspended load model in the simulation 

of sediment transport under the transient flow condition. Although the particle size used in the 

experiments of Spinewine and Zech (2008) and Fraccarollo and Capart (2002) fell into the range 

of very fine gravel, which typically transports as bed load in natural conditions, the shear stress 

at the rapidly varied flows such as the dam-break flow are usually so high that these particles are 

transported as suspended load. It is suggested by Julien (referred in pp. 405, Sturm 2001) that 

when the friction velocity is greater than 0.4 times the settling velocity, the sediment particles are 

transported in mixed modes with both bed load and suspended load. We compared the bed 

deformation with and without considering the suspended load in Figure 21. It was indicated that 

the bed deformation rate was significantly smaller when only bed load was considered. Therefore, 

the suspended load was necessary in this case. Furthermore, a numerical model that considers 

both suspended load and bed load will be applicable in the simulation of sediment transport in a 
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wider range of shear stress encountered. Therefore, the advantage by simulating both suspended 

load and bed load in separated models is obvious. 

 Discussion on the thickness of the bed load layer 

The bed load thickness can be calculated by the elevation difference between the interface 

between flow and the bed load layer and that between the bed load layer and the immobile layer 

in Spinewine and Zech (2008). In the current model, the volumetric bed load transport rate was 

calculated as a primary variable of the system. The bed load thickness can be calculated given an 

estimation of the average concentration in the bed load layer. In the numerical study of 

Fraccarollo et al. (2003), the volume concentration of particles in the solid packing condition was 

taken as an estimate of the average bed load concentration. In the authorsô view, this treatment 

will over-estimate the average bed load concentration because the particles were more loosely 

packed when being transported as bed load. In this study, the average bed load concentration is 

treated as a constant, and a value of 0.25 was used. Although this value might be a very rough 

estimate, but it doesnôt affect the correlation between the bed load and the bed load layer 

thickness. The simulated and measured bed load thickness is plotted in Figure 22 to 34. Since the 

strong three-dimensional bed load transport feature at the beginning of the experiment cannot be 

simulated by 1D model, the results were shown only at t = 1.00 s, 1.25 s and 1.50 s. 

The results showed that the bed load thickness profiles were in reasonable agreements with 

the measurements. The bed load thickness was smaller in the upstream and then gradually 

increased in the downstream direction. The discrepancy was most prominent shortly after the 

gate, and propagated downstream. It is possible due to the strong vertical velocity created by the 

water jet at the early stage of the dam-break flow. As time elapses, this disturbance propagated 

downstream and gradually dissipated. Therefore, the predicted bed load thickness was closer at 
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the later stage than is at the earlier stage. It can be also seen from Figure 3 and 9 that when the 

initial upstream water depth decreased from 35 cm to 25 cm, the discrepancy also decreased 

because the disturbance from the initial water jet was expected to be smaller. Generally, the 

current model was capable of simulating the experiments presented by Spinewine and Zech 

(2008) regarding the development of the bed load layer thickness. 

Conclusion 

A one-dimensional finite volume model was developed for simulating non-equilibrium 

sediment transport in unsteady flows. The flow model is based on the solutions of the revised St. 

Venant equations in which flow density is a function of concentration of total sediment load. The 

sediment transport model simulated both bed load and suspended load. Suspended sediment 

concentration is determined by a modified Rouse-type distribution, which accounts for the effect 

of flow convection on sediment transport. A physical model for non-equilibrium bed load 

transport was established to derive an analytical expression for the bed load adaptation length. 

The derived formula is verified with the experimental data of Jain (1992) and Bell and 

Sutherland (1983), and is superior to the existing formulas in the literature. The resulting model 

was tested with a series of laboratory experiments of dam break flow over mobile beds reported 

by Spinewine and Zech (2008) and Fraccarollo and Capart (2002). Simulated results of water 

surface profiles, bed profiles and bed elevation changes were compared with the measurements, 

and showed not only agreeable results but also the applicability of the proposed methods for 

quantifying the adaptation length and the suspended sediment recovery coefficient for simulating 

non-equilibrium sediment transport in unsteady flow. 
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List of Symbols 

A  = flow area;  

bA  = immobile bed area;  

dA  = area of bed load layer;  

a  = reference bed level;  

B  = width of the cross section;  

C = the mean concentration of suspended load; 

*aC  = concentration of suspended sediment at the reference level at the equilibrium transport 

state;  

aC  = actual concentration of suspended sediment at the reference level; 

CM  = added mass coefficient;  

tC  =  volumetric concentration of total sediment load;   

bC  = mean concentration of bed load;  

zC  = sediment concentration at elevation z ;  

sD  =  particle size;   

ISE  and ISD  = entrainment and deposition rate at the interface with the suspended load layer, 

respectively. 

1, -=
D

E
F av

; 

g  = gravitational acceleration;  

h  = flow depth;  

ph  = an integrated flow depth, and calculated as ñ=
B

yp dyh
A

h
0

21
;  
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yh = local flow depth at location y ; 

0L  = bed load adaptation length with and without the presence of bed form, respectively;  

n  = Manningôs roughness;  

P = entrainment probability of bed load particles; 

mp  = porosity of immobile bed material;  

Q  = flow discharge;  

bQ  and bq = actual bed load transport rate and actual bed load transport rate per unit width, 

respectively; 

*bQ  and *bq  = bed load transport capacity and bed load transport capacity per unit width, 

respectively; 

0bQ  = bed load transport rate at 0=x ;  

R  = hydraulic radius;  

0R  = Rouse number, defined as 
*

0
u

R s

bk

w
= ; 

()FS  = source term including all the other terms except for the unsteady and convection terms;   

SG = particle specific weight; 

t =  time; 

*u  = shearing velocity;  

bu  = velocity of the particles that are being transported in the bed load layer;  

*bu  = dimensionless velocity of the particles that are being transported in the bed load layer;  

sW  = submerged weight of particles;  

x = stream-wise distance; 
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sz  = water-surface elevation;  

z  = elevation;  

a = suspended-load recovery coefficient; 

b = a correction factor, the value of which can be determined as 1ºb  for silt and clay, and 

2

*

21 öö
÷

õ
ææ
ç

å
+=

u

swb  for sand;  

l = length of saltation step; 

k = von Karman constant; 

dm  = dynamic friction coefficient; 

x = thickness of the bed load layer; 

r= density of sediment laden flow;  

wr and sr= densities of water and sediment, respectively;  

br = density of bed material;  

Bt  and bt = shear stress at the top and the bottom of the bed load layer; 

Bt  and bt  = mean dimensionless shear stress at the top and the  bottom of the bed load particle; 

*Bt and *bt  = dimensionless shear stress at the top and the bottom of the bed load layer; 

sw  = settling velocity;  

ISG  = verticle flux of sediment mass at the interface with the suspended load layer;  

IBG  = verticle flux of sediment mass at the interface with the bed load layer;  

sMD  = particle momentum loss during the impact with the bed surface; 

 xMD  = net momentum flux across the surfaces of the control volume; 
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stD  = duration of one saltation step; 

suD  = particle velocity loss during the impact with the bed surface; 

*suD  = dimensionless particle velocity loss during the impact with the bed surface; 

*subscript i denotes the node number, superscript n denotes the time le 
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Tables 

Table B-1. Parameters for selected experiments 

 
U (m/s) * H (m) D (m) Ű* Űc*  L (m) L_cal (m) 

1 **  0.71 0.137 0.0038 0.046 0.037 40 65.8 

2 0.82 0.128 0.0038 0.060 0.037 25 10.4 

3 0.72 0.220 0.0021 0.127 0.045 1.1 0.74 

4 0.67 0.190 0.0021 0.110 0.045 0.78 1.01 

5 4.90 0.150 0.00024 0.067 0.025 9 89 

6 9.30 0.150 0.00024 0.440 0.025 2 44.4 

*U: flow velocity; H: flow depth; D: particle size; Ű*: Shields shear stress; Űc*: Shields critical shear stress; L: 

measured adaptation length; L_cal: calculated adaptation length. 

** 1, 2 from experiment of Jain (1992); 3, 4 from experiment of Bell and Sutherland (1983); 5, 6 from 

experiment of Bagnold (1936). 

Table B-2. Comparison with other formulas 

 
L (m) L_cal (m) PS (m)*  VR (m) AD (m) 

1 **  40 65.8 0.22 0.049 0.055 

2 25 10.4 0.57 0.115 0.059 

3 1.1 0.74 1.12 0.135 0.019 

4 0.78 1.01 0.89 0.109 0.022 

5 9 89 0.07 0.012 0.003 

6 2 44.4 0.65 0.098 0.005 
*PS: formula of Phillips and Sutherland (1989); VR: formula of van Rijn (1987); AD: formula of Armanini and 

Disilvo (1988). 
 

Table B-3. Initial condition of dam-break experiments in Spinewine and Zech (2008) 

 
Zsu (m) Zbu (m) Zsd (m) Zbd (m) 

a 0.35 0.00 0.00 0.00 

b 0.35 -0.05 0.00 0.00 

c 0.35 0.05 0.00 0.00 

d 0.35 0.10 0.00 0.00 

e 0.35 0.325 0.00 0.00 

f 0.35 0.10 0.10 0.00 

g 0.25 0.00 0.00 0.00 

h 0.35 0.00 0.00 0.00 

i 0.35 -0.05 0.00 0.00 

j  0.35 0.05 0.00 0.00 

k 0.35 0.10 0.00 0.00 

l 0.35 0.325 0.00 0.00 

m 0.35 0.10 0.10 0.00 
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Figures 

 

 

Figure B-1. Schematic drawing of a cross section with a mobile bed layer 

 

 

 

Figure B-2. Definition sketch of adoption length 
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Figure B-3. Comparison of calculated and measured non-equilibrium adaptation length  
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Figure B-4. Simulated and measured profiles for configuration (a) 

 

Figure B-5. Simulated and measured profiles for configuration (b) 
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Figure B-6. Simulated and measured profiles for configuration (c) 

 

Figure B-7. Simulated and measured profiles for configuration (d) 
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Figure B-8. Simulated and measured profiles for configuration (e) 

 

Figure B-9. Simulated and measured profiles for configuration (f) 
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Figure B-10. Simulated and measured profiles for configuration (g) 

 

Figure B-11. Simulated and measured profiles for configuration (h) 
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Figure B-12. Simulated and measured profiles for configuration (i) 

 

Figure B-13. Simulated and measured profiles for configuration (j) 
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Figure B-14. Simulated and measured profiles for configuration (k) 

 

Figure B-15. Simulated and measured profiles for configuration (l) 
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Figure B-16. Simulated and measured profiles for configuration (m) 

 

Figure B-17.  The measured and calculated water surface profile, bed profile 

for Louvain experiment in Fraccarollo and Capart (2002) 
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 Figure B-18. Distribution of non-equilibrium bed load adaptation length and suspended load 

recovery coefficient in configuration (a) 
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Figure B-19. Comparison of simulated results from non-equilibrium and equilibrium model 

 

 

 Figure B-20. Sensitivity analysis of bed elevation change to non-equilibrium bed load adaptation 

length 
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 Figure B-21. Sensitivity analysis of bed elevation change to non-equilibrium suspended load 

recovery coefficient 

 

 Figure B-22. Comparison of simulated results with and without suspended load 
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Figure B-23. Simulated and measurement bed load layer thickness for configuration (a) 

 

 

Figure B-24. Simulated and measurement bed load layer thickness for configuration (b) 
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Figure B-25. Simulated and measurement bed load layer thickness for configuration (c) 

 

 

Figure B-26. Simulated and measurement bed load layer thickness for configuration (d) 
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Figure B-27. Simulated and measurement bed load layer thickness for configuration (e) 

 

 

Figure B-28. Simulated and measurement bed load layer thickness for configuration (f) 
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Figure B-29. Simulated and measurement bed load layer thickness for configuration (g) 

 

 

Figure B-30. Simulated and measurement bed load layer thickness for configuration (h) 
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Figure B-31. Simulated and measurement bed load layer thickness for configuration (i) 

 

 

Figure B-32. Simulated and measurement bed load layer thickness for configuration (j) 
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Figure B-33. Simulated and measurement bed load layer thickness for configuration (k) 

 

 

Figure B-34. Simulated and measurement bed load layer thickness for configuration (l) 
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Figure B-35. Simulated and measurement bed load layer thickness for configuration (m) 
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Abstract 

This study developed a one-dimensional numerical model for the simulation of unsteady 

flow and the resultant soil erosion in irrigation furrows. The model solves a modified version of 

the Saint-Venant equations that consider the loss of mass and momentum due to infiltration and 

sediment transport. The transport rate of fine sediment was predicted with a modified Laursen 

(1958) formula that treats the tractive shear stress as a function of both Reynolds number and the 

particle size. The modified Laursen formula was verified using the erosion data measured in the 

field and in a laboratory flume. The model accurately predicted flow advance times and outflow 

hydrographs in comparison with data measured in irrigation furrows at Kimberly, Idaho. 

Sediment discharge predictions were less accurate.  

Key words 

Irrigation Furrows, Unsteady Flow, Infiltration, Sediment Transport 
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Introduction 

Numerical simulation of flow and sediment transport is of practical importance in 

agricultural practice. Fertilizer and nutrient essential to crops are attached to the soil surface and 

transported along the furrows by the irrigation flow. To optimize nutrient delivery to crops 

requires accurate predictions of flow and sediment transport in irrigation furrows. The kinematic-

wave model and zero-inertia model were commonly used for flow routing in early studies 

(Strelkoff and Katopodes 1977; Elliott et al. 1982; Walker and Humpherys 1983; Schmitz and 

Seus 1992). Such models are stable and efficient for prismatic channels. These studies showed 

that the zero-inertia model is applicable with negligible errors for surface irrigation flow of small 

Reynolds numbers, and the kinematic-wave model is more applicable to furrows of steeper 

slopes. However, these models neglected fluid acceleration and thus their accuracy is limited for 

unsteady flows. One-dimensional numerical models solving the shallow water equations (Sakkas 

et al. 1994; Abbasi et al. 2003) were reported for simulating irrigation flows in furrows. 

Although these models are the most rigorous for simulating irrigation flows, they require stable 

numerical schemes and more computational power to obtain accurate solutions.  

Several sediment transport models have been developed for furrow irrigation flows (Lu et al. 

1987; Strelkoff and Bjorneberg 2001; Bjorneberg et al. 2006). All of them calculated the 

sediment entrainment rate based on two parameters, the soil erodibility and the critical shear 

stress under the clear water condition. There are no theoretical formulas for determining either 

the soil erodibility or the critical shear stress for fine grained sediment, which then need to be 

determined by experimental data. On the other hand, although many sediment transport formulas 

are available, nearly all of them are for sand and gravel, and cannot be used to predict the 

transport of fine sand, silt, and clay in irrigation furrows. Strelkoff and Clemmens (2005) 
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suggested a modification to the Laursen (1958) formula for the silt-and-clay-sized particles. 

However, the revised Laursenôs formula (Strelkoff and Clemmens 2005) lacks verification in 

both laboratory and field data. 

This study aims to develop a numerical model to simulate unsteady flow, sediment transport 

and infiltration in irrigation furrows based on the one-dimensional shallow water equations. To 

accurately predict fine grained sediment transport in furrows, this study used experimental and 

field data to verify the modified Laursen formula (Strelkoff and Clemmens 2005), and then 

implemented it in the model. The model is then applied to simulate an irrigation flow in furrows 

at Kimberley, Idaho. The modeling results were evaluated by comparing them with the 

experimental measurements. 

Governing Equations 

The governing equations include the St. Venant equations modified by treating the density of 

sediment laden flow as a variable (Eq.1-2) and the sediment mass conservation equation (Eq.3). 

Flow infiltration is considered as a sink term in flow mass and momentum conservation equation 

(Eq.1 and 2). The governing equations in adopted in this study are as follows: 
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where t  = time (s); x  = longitudinal coordinate (m); r = density of the water-sediment 

mixture (kg/m
3
), in which ( ) CC sw rrr +-= 1 , and wr  

and sr 
are the densities of the water 

and sediment, respectively (kg/m
3
); C  = volumetric concentration of total sediment load; A  = 

cross-sectional flow area (m
2
); Q  = flow discharge (m

3
/s); br  = density of mobile bed layer 
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(m
3
/s), calculated as ( )msmwb pp -+= 1rrr , in which mp  is the porosity of bed load sediment; 

bA  = mobile bed area (m
2
); i  = infiltration rate (m/s); L = furrow spacing (m); g  = gravitational 

acceleration (m/s
2
); sz  = water-surface elevation (m); 

ph  = Aydyh

B

dñ
0

2 , in which dh2  is the 

local flow depth (m), and y  is the transverse coordinate along the cross section (m); n  = 

Manning roughness; R  = hydraulic radius (m); u  = flow velocity (m/s); S  = volumetric 

sediment exchange rate per unit length between the transported sediment and the stationary bed 

layer (m
2
/s). Because the sediment in irrigation furrows are fine grained, S can be determined by 

the mass conservation equation (Wu and Wang 2007): 

( )( )
x

A
pDEBS b

m
µ

µ
-=-= 1                          (4) 

where B = width of the cross section (m), E = entrainment rate per unit width (m/s), and D = 

deposition rate per unit width (m/s). E is calculated as (Celik and Rodi 1988): 

*CE saw=                                                     (5a) 

where sw  is the settling velocity (m/s); 
*C  is the volumetric concentration of sediment load at 

equilibrium; and a is the ratio of sediment concentration in the reference level to the depth 

averaged concentration. Wu and Wang (2007) calculated Ŭ as: Ŭ = min [Ŭ0, (1-pm)/C], in which 

Ŭ0 equals a constant value of 2.0. This present study assumed Ŭ =2.0.  A better estimation of Ŭ 

will requires the sediment concentration distributions in the vertical at the non-equilibrium 

sediment transport regime. 

An expression for D (Celik and Rodi 1988) is used in this study: 

CD saw=                                                     (5b) 

Phillips and Sutherland (1989) suggested that there is a lag between the flow and the 

corresponding sediment transport capacity. The non-equilibrium sediment transport model 
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assumes that C  reaches 
*C  only after a certain distance, which is more realistic than 

equilibrium sediment transport model for simulating sediment transport in unsteady flows (Wu 

2004; El kadi Abderrezzak and Paquier 2009). The non-equlibrium sediment transport rate needs 

to be calculated using the equlibrium transport rate at a given flow condition. 

Sediment Transport Formula 

*C in Eq.5a is the volumetric concentration of the total sediment load at equilibrium. And it 

can be calculated by a sediment transport formula for fine grain-sized particles as: 

Q

G
C S

r
=*

                                                        (6) 

 Among several sediment transport formulas, the Laursen (1958) formula has been judged 

applicable for calculating the volumetric concentration of the total sediment load in ephemeral 

streams. The Laursen (1958) formula is written as: 
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where sG  = mass flux of sediment at transport capacity (Kg/s); sD  = particle size (m); t = total 

wall shear stress (kg/mĀs
2
), and can be evaluated by 

fgRSrt= , where 
fS  = friction slope; st = 

tractive shear stress on the particle (kg/mĀs
2
); cst  = critical shear stress at incipient motion 

(kg/mĀs
2
); F  is the empirical sediment transport capacity function in Laursen (1958), which 

suggested calculating the tractive shear stress for the fully rough boundary layer flow with the 

Strickler-Manning relationship. However, the size of sediment particles in the present study is 

comparable to the thickness of the viscous sub-layer. Strelkoff and Clemmens (2005) argued that 

the Strickler-Manning relationship in the Laursen (1958) formula is not accurate for fine sized 
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silt and clays because those sized particles are immersed in the viscous boundary layer. The 

modified form of the Laursen (1958) formula (Strelkoff and Clemmens 2005) is below, 
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where st 
is calculated as: 

8

2uf
s

r
t=                                                         (9) 

where f = the Darcy-Weisbach friction factor, which can be determined by the Moody diagram. 

In this study, the Darcyôs friction coefficient is calculated by an alternative plot proposed by 

Rouse (Fig.109, Rouse 1946) in which the Reynolds number and the relative roughness are 

needed. The modified Laursen formula is used to calculate 
*C  in this study.  

Infiltration Model 

Sediment transport will increase flow resistance and consequently reduce flow velocity, 

which will change the opportunity time for infiltration. This study accounts for the effects of 

sediment transport on flow hydrodynamics and infiltration. For the case that measurements of 

infiltration depth with time were available, the empirical Kostiakov (1932) formula was used to 

derive a curve of infiltration depth versus time, based on which the infiltration depth can be 

calculated at any given time (Strelkoff and Souza 1984; Bautista and Wallender 1992; Garcia-

Navarro et al. 2004). The infiltration rate, i , can be calculated as: 
dt

dz
i= , and z = depth of 

infiltration (mm), defined as the volume of water infiltrated per unit area of furrow. z can be 

calculated by the Kostiakov (1932) formula as: 

b
oppktz=                                                                                   (10) 
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where 
oppt = opportunity time (hour), i.e., which is the cumulative period of flow at a given 

location; and k  (mm/hrɓ) and b (dimensionless) are empirical constants, calibrated empirically 

with experimental data. 

Numerical Method 

An explicit scheme is established in Wu and Wang (2007) for solving the St. Venant 

equations and sediment transport equation. By substituting Eq.3 into Eq.4, then substituting Eq.3 

and Eq.4 into Eqs.1-2, and replacing the density of the sediment laden flow 

( ) CC sw rrr +-= 1 , Eqs.1-3 can be simplified and rearranged as:  
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The detailed derivation of Eq.11-13 is shown in the Appendix. Compared to the classical 

form of the Saint Venant equation with infiltration, additional terms related to sediment transport 

are included in Eq.11 ï 12. The first term in the RHS of Eq.11 is due to the reduction in cross 

sectional area from sediment deposition/erosion.  The third term in the RHS of Eq.12 is an 

additional contribution of momentum convection by treating the density of water-sediment 

mixture as a spatial variable, and the fourth term is the source of momentum due to sediment 

entrainment and deposition on the bed surface. The difference between entrainment and 



165 

 

deposition is also the source term in the RHS of Eq.13. The importance of these terms depends 

on the magnitude of sediment transport rate. Eqs. 11-13 can be written in vector form as: 
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()FS  is the source term including all the other terms except for the unsteady and convection 

terms in Eqs. 11-13. The Godunov-type finite volume method evaluates the value of F at time 

1+n  using the value at time n  (Toro 2001): 
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Different choices for the flux F  will result in different numerical schemes. This study 

adopted the first-order upwind scheme, which has been proved to provide robust and accurate 

results in the numerical tests (Ying et al. 2004, Zhang and Duan 2011) 

Verification of the Sediment Transport Formula 

To determine the transport capacity for fine-grained sediment as used in this study, a flume 

experiment was conducted at the Department of Civil Engineering & Engineering Mechanics 
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(CEEM), University of Arizona. The flume is 0.6 m wide, 12.2 m long flume with a flat, fixed 

bed (Figure 1). Water is provided from a large tank into the flume, and the flow rate is controlled 

by a valve installed at the inflow pipe. Portneuf silt loam soil from a furrow-irrigated field at 

Kimberly, Idaho, was placed in the middle of the flume with a uniform depth of about 0.12 m. 

The Portneuf soil is unstable and susceptible to erosion, containing about 20-21% clay, 65-70% 

silt and 0.9-1.7% organic matters (Lehrsch and Brown 1995). Particle size distribution was 

obtained by a laser diffraction analyzer in the Soil Center for Environmental Physics and 

Mineralogy (CEPM) at the University of Arizona. The measurable size range is 0.4 - 2000 ɛm. 

Since the dispersing chemicals used for treatment could greatly affect the particle bonding 

property in the size analysis, the soil samples were analyzed with and without the dispersing 

chemicals. The results from the two different procedures were both plotted in Fig.2. 

Two series of flume experiments were conducted. The 1
st 

series of experimental runs have a 

clear water inflow without feeding sediment at the flume entrance. For each run, flow discharge 

was adjusted with a valve, and measured with a sharp-crested rectangular weir installed at the 

downstream end of the flume. The velocity and flow depth were measured with a Sontek 

Acoustic Doppler Velocimeter located at the cross section where the sediment samples were 

collected. The suspended load samples were collected using a US DH-48 suspended load 

sampler, and the bed load samples were collected in a 38.1 cm x 7.62 cm (15ôôx3ôô) plastic box 

embedded in the sediment layer with its edge at the same level as the top surface of the sediment 

layer. The suspended load samples were first filtered using filtering papers with a pore size of 1.6 

ɛm. Then, all the samples were dried and weighted for determining the sediment transport rate. 

For the 2
nd

 series of runs, sediment was fed manually at the inlet at a constant rate equal to the 

erosion rate in the 1
st
 series of runs, to mimic the equilibrium sediment transport conditions. The 
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above-described procedure was repeated to collect the suspended load and bed load samples to 

determine the equilibrium sediment transport rate. 

The transport rate of Portneuf silt loam soil was also measured at the USDA field 

experiment station at Kimberley, Idaho by Bjorneberg et al. (2006). Three furrows were irrigated 

with clear water at three different discharges, i.e., 3.7x10
-4

 m
3
/s, 4.7x10

-4
 m

3
/s, 5.7x10

-4
 m

3
/s, 

respectively, with each of the discharges repeated three times on three different days. The 

furrows were 180 m long, with cross sections close to parabolic, with a top width of 0.2 m and a 

depth of 0.1 m. The bottom slope of the furrow was 0.0124. The soil in the furrows was the same 

as the Portneuf silt loam in the flume experiment. The duration of the irrigation flow was 5.5 

hours. Discharge and sediment load were measured at x = 45 m, 90 m, 135 m and 180 m at eight 

different time instants. Details of the field experimental setup can be found in Bjorneberg et al. 

(2006). 

Results of the Experiment 

The results of the flume experiment are summarized in Table 1 and Table 2, in which ssG , 

sbG , sG  are the mass fluxes of suspended load, bed load, and total load, respectively. The 

measurements of discharge, infiltration volume and sediment loss are summarized in Table 3. 

Using the data from both experiments, we plotted the sediment discharge per unit width versus 

the tractive shear stress in Fig.3, and the volumetric sediment concentration versus the tractive 

shear stress in Fig.4. The correlation coefficient, r  between the sediment discharge per unit width 

and the tractive shear stress was 0.883 excluding the flume data without sediment feeding. 

Whereas, r between the volumetric sediment concentration and the tractive shear stress is less 

than 0.707, especially the field data were clearly separated from the experimental data. This 
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indicates that the volumetric sediment concentration is less correlated with the tractive shear 

stress than the sediment discharge per unit width. 

Fig.5 compares the measured sediment transport capacity with values calculated using Eq.7 

using measured flow depth and velocity. Since the soil in both experiments is a mixture of fine 

sand, silt and clays, a representative size needs to be determined. The two mean sizes obtained 

with and without the chemical dispersion treatment were 32 ɛm, and 47 ɛm, respectively. Since 

sediment transported in the flume may flocculate, to accurately represent the size of sediment 

transported, this study used the mean sediment size obtained without treating the mixture with 

dispersive chemicals. Figure 5 shows the predictions of Eq.7 matched very well with the 

measurements from the furrow and flume experiments without sediment feeding, but under-

predicted the measured transport rate in the flume experiments with sediment feeding. Therefore, 

Eq.7 is the most appropriate formulas for predicting the transport rate of Portneuf silt loam soil 

when the inflow is clear water, and thus, it was implemented in the model.  

Model Verification 

The proposed model was tested with the aforementioned furrow experiments conducted at 

Kimberly, Idaho (Bjorneberg et al. (2006). Those experiments applied inflow rates of 0.37x10
-3
 

m
3
/s, 0.47x10

-3
 m

3
/s and 0.57x10

-3
 m

3
/s, respectively. Since the numerical scheme is explicit, the 

Courant-Friedrichs-Lewy (CFL) condition is a necessary but not sufficient condition for 

computational stability. The modified St. Venant equations (Eq.11-13), which include the effect 

of infiltration on flow continuity and momentum equations and treated the density of sediment 

laden flow as a spatial variable, requires a small time step to achieve stable solutions. The time 

step for flow simulation was 0.3 s. The simulation reach was uniformly divided into 20 reaches 

with a total of 21 cross sections. A flow hydrograph was generated corresponding to the cut-off 
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time in the experiment, and used as the upstream boundary condition for flow. The sediment 

concentration was assumed to be zero at the upstream boundary. The initial condition was set as 

a uniform flow at a threshold discharge. A minimum flow depth of 1 mm was assumed in the 

model to avoid a dry-bed condition. 

The sediment transport model used the mean sediment size d50 = 47 ɛm. The critical shear 

stress for the soil particles (Űcs in Eq. 8) was extrapolated linearly from Figure 6 using 

experimental measurements. It is shown that the sediment transport started at approximately 0.15 

Pa to 0.25 Pa for flume and field experiment, which is much larger than the critical shear stress 

for cohesiveless particles determined by Shields diagram.  In this study the critical shear stress is 

taken as 0.2 Pa. The empirical constants in the Kostiakov infiltration formula were also 

calibrated from the field measured infiltration data with b assumed as a constant value of 0.6, 

while different values of k , 6.0 mm/hr
ɓ
,
 
6.5 mm/hr

ɓ
,
 
7.5 mm/hr

ɓ
, were obtained and used for 

three inflow rates, 0.37x10
-3

 m
3
/s, 0.47x10

-3
 m

3
/s and 0.57x10

-3
 m

3
/s, respectively. Non-

equilibrium sediment transport parameter Ŭ is assumed to be 2.0. 

The stream advance time at different inflow rates was compared with the measured data and 

is shown in Figure 7. The time for flow to advance to the channel end was predicted by the 

model at 72.5 min, 43.8 min and 34.5 min, compared to the measured values of 68 min, 38 min 

and 41 min, for the inflow rates of 0.37x10
-3

 m
3
/s, 0.47x10

-3
 m

3
/s and 0.57x10

-3
 m

3
/s, 

respectively. The model either over-predicted or under-predicted the measurements at other 

locations. It is obvious that the advance time will be significantly affected by the soil infiltration 

rate used in the model. Since the infiltration formula parameters were assumed uniform along the 

entire furrow, these results indicated although the soil is homogeneous the infiltration rate varies 

along the furrow.    
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Table 4 summarizes the simulated and measured total flow volume, the total soil loss and the 

temporally-averaged sediment concentration at different locations. Comparisons of simulated 

flow hydrographs at x = 45 m, 90 m, 135 m and 180 m for three different inflow rates with the 

measurements are shown in Figure 8, Figure 9 and Figure 10, respectively. The mean errors (ME) 

of measured and simulated discharge for the three inflow rates, are 0.055x10
-3 

m
3
/s, 0.067x10

-3 

m
3
/s and 0.052x10

-3 
m

3
/s, and the root mean square error (RMSE) is 0.050x10

-3 
m

3
/s, 0.061x10

-3 

m
3
/s and 0.043x10

-3 
m

3
/s. The errors in the three cases are 13.7%, 13.1% and 7.7% compared to 

the designated inflow rates. Thus, the simulated results matched the field measurements very 

well, which confirms that the simulated unsteady flow field is accurate.  

The simulated sediment discharges per unit width at the same location for three inflow rates, 

Q=0.37x10
-3

 m
3
/s, 0.47x10

-3
 m

3
/s, 0.57x10

-3
 m

3
/s, were also plotted versus time in Figures 11 - 

13, respectively. The sediment discharge per unit width increased with the discharge, and 

gradually approached the transport capacity after the flow reached steady state. The simulated 

sediment discharge was within the range of the measurements. However, the sediment discharge 

shows a decreasing trend after a peak was reached shortly after each experiment starts. The 

current model does not predict such a decreasing trend. The reduction of sediment discharge as 

flow reached the steady state is likely due to the armoring of bed surface (Duan and Scott 2007). 

As time proceeds, finer materials are easily entrained and transported away at a higher rate than 

the coarser materials. An armoring layer gradually forms at the bed surface preventing the 

transport of fine materials in the substrate bed layer. The assumption of non-selective transport 

of bed material may cause the over-prediction of sediment load. The calculated sediment 

discharges were also plotted versus the measured ones in Figure 14. For the inflow rates, 

0.37x10
-3
 m

3
/s and 0.47x10

-3
 m

3
/s, the predictions are better than those for the inflow rate, 
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0.57x10
-3
 m

3
/s, where the simulated data points exhibit scattering around the óperfect matchô line. 

The mean errors (ME) of measured and simulated sediment discharge for the three inflow rates, 

are 0.35x10
-3

 Kg/s, 0.55x10
-3

 g/s and 0.89x10
-3
 g/s, and the root mean square errors (RMSE) are 

0.45x10
-3

 Kg/s, 0.72x10
-3

 Kg/s and 1.12x10
-3

 Kg/s. Although the simulated results did not 

perfectly agree with the measurements, these results showed the developed model is capable of 

predicting flow, infiltration, and sediment load in irrigation furrows with reasonable accuracy. 

Further improvements in predicting sediment load depend on more accurate sediment transport 

formulas for fine grain sized sediment. The selective transport mechanism of fine grain sized 

sediment are different from gravel sized sediment because the transport of silt and clay sized 

sediment is closely associated with turbulence properties rather than bed shear stresses. A 

selective transport model of fine sediment including the effect of turbulence flow properties 

needs to be developed.   

Conclusion 

A Godunov-type one-dimensional finite-volume unsteady numerical model is developed for 

simulating flow and sediment transport in irrigation furrows. Modified St. Venant equations were 

used as the governing equations for the unsteady flow. Additional source terms were added to 

treat the density of sediment laden flow as a variable. As to the sediment transport model, the 

non-equilibrium sediment transport algorithm was used by treating the sediment mass exchange 

between the transported materials and the stationary bed as the source in the Exner equation. An 

upwind numerical scheme was used to discretize the convection term to ensure numerical 

stability. The discretized equations were then solved by a time-matching explicit algorithm. The 

flow loss due to infiltration is included in the St. Venant equation as a source term. The empirical 
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Kostiakov formula was implemented to approximate the infiltrations into the subsurface as flow 

advances in the furrow. 

Because a reliable sediment transport formula for fine-grain sized sediment is currently not 

available, this study revised the sediment transport formula of Strelkoff and Clemmens (2005), 

which is an extension of the Laursen (1958) formula. The measurements of flow and sediment 

discharges from both the furrow experiments and a flume experiment showed a high correlation 

between the tractive shear stress and the sediment discharge per unit width. The tractive shear 

stress for fine particles should be only a function of Reynolds stresses and the thickness of 

viscous sub-layer. Thus, the tractive shear stress should include both hydraulic smooth, transition, 

rough flow regimes as described in the Moody diagram. The revised formula showed reasonable 

agreements between the predicted and the measured sediment discharges from both the furrow 

and the flume experiments. 

The developed model was tested using several irrigation experiments in furrows conducted 

in Kimberly, Idaho (Bjorneberg et al. 2006). The simulated advance time, flow hydrographs and 

sediment discharge were compared with the measurements. The simulated advance time and 

flow hydrograph agreed well with the measurements, and the simulated sediment discharge in 

general matched the measurements with some discrepancies.  Further improvements in model 

predictions, especially the prediction of sediment discharges, rely on a more accurate sediment 

transport predictor for fine grain sized sediment and an appropriate selective fine sediment 

transport algorithm.    
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Appendix: Derivation of Governing Equations 

Eqs.1-4 can be written as: 
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where the density of water-sediment mixture and the bed materials is a function of sediment 

concentration, and can be expressed as: 
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Substituting Eq. A5 and A6 into Eq. A4, one obtain: 
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Rearranging Eq.A-7, it yields: 
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Substituting Eq.A-3 and A-4 into Eq.A-8, Eq.A-8 becomes: 
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Rearranging, A-9 becomes: 
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Multiplying both sides of Eq.A-10 by C, Eq.A-10 becomes: 
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Combining Eq. A-11 and Eq.A-3, it yields: 
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Eq.A-2 can also be written as: 
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Substituting Eq.A-5 into Eq.A-13, one obtains: 
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Rearranging, Eq.A-14 becomes: 
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Substituting Eq.A-12 into Eq.A-15, it becomes: 
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Rearranging, A-15 becomes: 
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Eq.A-10 and A-17 are identical to Eq.11-Eq.12 except that the infiltration is neglected here. 

List of Symbols 

 

A  = cross-sectional flow area (m
2
); 

bA  = mobile bed area (m
2
);  

B = width of the cross section (m);  

C  = volumetric concentration of total sediment load; 

*C  = volumetric concentration of sediment load at equilibrium;  

D = deposition rate per unit width (m/s); 

sD  = particle size (m); 

E = entrainment rate per unit width (m/s);  

F  = empirical sediment transport capacity function in Laursen (1958); 

f = Darcy-Weisbach friction factor; 

sG  = mass flux of sediment at transport capacity (Kg/s); 

g  = gravitational acceleration (m/s
2
);  
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ph  = Aydyh

B

dñ
0

2 , an equivalent depth in momentum equation; 

dh2  = local flow depth (m); 

i  = infiltration rate (mm/s);  

k  = empirical coefficient in Kostiakov (1932) formula (mm/hr
ɓ
); 

L = furrow spacing (m);  

n  = Manning roughness;  

mp  = the porosity of bed load sediment;  

Q  = flow discharge (m
3
/s); 

R  = hydraulic radius (m); 

r = correlation coefficient; 

S  = volumetric sediment exchange rate per unit length between the transported sediment and the 

stationary bed layer (m
2
/s); 

fS  = friction slope;  

()FS  = the source term in mass and momentum conservation equations;   

t  = time (s);  

oppt = opportunity time (hour), which is the cumulative period of flow at a given location; 

u  = flow velocity (m/s); 

x  = longitudinal coordinate (m);  

y  = the transverse coordinate along the cross section (m);  

z = depth of infiltration (mm); 

sz  = water-surface elevation (m);  
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a = the ratio of sediment concentration in the reference level to the depth averaged 

concentration; 

b= dimensionless empirical coefficient in Kostiakov (1932) formula; 

r = density of the water-sediment mixture (kg/m
3
) 

wr  
and sr 

= densities of water and sediment, respectively (kg/m
3
);  

br = density of mobile bed layer (m
3
/s) 

t = total wall shear stress (kg/mĀs
2
), 

st = tractive shear stress on the particle (kg/mĀs
2
);  

cst  = critical shear stress at incipient motion (kg/mĀs
2
);  

sw  = the settling velocity (m/s); 
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Tables 

 

Table C-1. Results of Flume Experiments without Feeding at the Entrance 

 

 run1 run2 run3 run4 run5 run6 

Q (m
3
/s) 0.030 0.041 0.053 0.065 0.076 0.085 

h (m) 0.199 0.220 0.237 0.261 0.281 0.297 

u (m/s) 0.314 0.389 0.445 0.491 0.550 0.582 

Gss (x10
-3

Kg/s) 0.384 1.479 4.780 8.283 10.971 13.268 

Gsb (x10
-3

Kg/s) 0 0.097 0.294 1.056 0.852 1.71 

Gs (x10
-3

Kg/s) 0.384 1.576 5.074 9.340 11.823 14.978 

 

* Q=discharge; h=water depth; u=flow velocity; Gss=mass flux of suspended load; Gsb=mass 

flux of bed load; Gs=mass flux of total load. 

 

 

Table C-2. Results of Flume Experiment with Feeding at the Entrance 

 

 run1 run2 run3 run4 run5 

Q (m
3
/s) 0.045 0.055 0.067 0.076 0.086 

h (m) 0.238 0.258 0.276 0.293 0.308 

u (m/s) 0.329 0.395 0.437 0.481 0.556 

Gss (x10
-3

Kg/s) 1.409 4.799 11.209 10.445 11.241 

Gsb (x10
-3

Kg/s) 0.867 3.527 6.343 11.887 9.915 

Gs (x10
-3

Kg/s) 2.276 8.326 17.552 22.333 21.156 
 

* Q=discharge; h=water depth; u=flow velocity; Gss=mass flux of suspended load; Gsb=mass 

flux of bed load; Gs=mass flux of total load. 
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Table C-3. Measurements of Discharge, Infiltration Volume and Sediment Loss in the Field 

Experiment 

 

 Inflow   Flow Volume  

 Rate 1/4 1/2 3/4 end 

Furrow  (x10
-3 

m
3
/s) (m

3
/s) (m

3
/s) (m

3
/s) (m

3
/s) 

1 0.367 7.071 5.555 3.941 3.343 

2 0.483 8.003 7.846 5.911 5.153 

3 0.583 10.587 9.055 6.714 6.228 

4 0.467 9.290 7.805 6.443 4.981 

5 0.567 10.220 7.973 7.277 6.057 

6 0.383 7.408 6.105 3.917 3.291 

7 0.383 7.598 5.547 4.271 2.680 

8 0.467 9.726 6.309 5.940 4.630 

9 0.567 12.144 9.375 7.893 5.526 

 Inflow   Infiltration   

 Rate 1/4 1/2 3/4 end 

Furrow  (x10
-3 

m
3
/s) (x10

-3 
m) (x10

-3 
m) (x10

-3 
m) (x10

-3 
m) 

1 0.367 7 22 24 9 

2 0.483 24 2 28 11 

3 0.583 17 22 34 7 

4 0.467 1 22 20 21 

5 0.567 19 33 10 18 

6 0.383 4 19 32 9 

7 0.383 1 30 19 23 

8 0.467 -2 50 5 19 

9 0.567 -8 41 22 35 

 Inflow   Sediment Loss  

 Rate 1/4 1/2 3/4 end 

Furrow  (x10
-3 

m
3
/s) (Kg) (Kg) (Kg) (Kg) 

1 0.367 10.874 9.636 3.963 4.366 

2 0.483 23.553 16.906 16.116 11.045 

3 0.583 32.167 28.386 44.623 56.350 

4 0.467 51.048 33.470 35.255 27.175 

5 0.567 65.563 46.705 48.072 26.617 

6 0.383 21.045 20.227 28.377 7.580 

7 0.383 30.253 17.262 11.508 4.230 

8 0.467 35.191 30.226 49.375 14.314 

9 0.567 36.760 19.848 24.308 15.644 
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Table C-4. Comparison of the flow volume, sediment loss and sediment concentration between 

field data and model results for the Kimberly Experiment 

 

 
Q 

(x10
-3

 m
3
/s) 

Field 

1/4 2/4 3/4 end average 

Flow 

Volume 

(m
3
) 

0.37 7.359 5.735 4.043 3.104 5.060 

0.47 9.006 7.320 6.098 4.921 6.836 

0.57 10.984 8.801 7.295 5.937 8.254 

Sediment 

Loss 

(Kg) 

0.37 20.724 15.708 14.616 5.392 14.110 

0.47 36.597 26.867 33.582 17.511 28.639 

0.57 44.830 31.646 39.001 32.870 37.087 

Sediment 

Concentration 

(Kg/m
3
) 

0.37 3 3 4 2 3 

0.47 4 4 6 4 4 

0.57 4 4 5 5 5 

 
Q 

(x10
-3

 m
3
/s) 

Model 

1/4 2/4 3/4 end average 

Flow 

Volume 

(m
3
) 

0.37 6.086 4.853 3.657 2.749 4.336 

0.47 8.067 6.826 5.606 4.656 6.289 

0.57 9.952 8.614 7.292 6.254 8.028 

Sediment 

Loss 

(Kg) 

0.37 32.400 22.755 14.026 8.016 19.299 

0.47 47.981 38.520 29.333 22.220 34.514 

0.57 62.072 52.252 42.483 34.685 47.873 

Sediment 

Concentration 

(Kg/m
3
) 

0.37 5.2 4.2 3.1 2.0 3.6 

0.47 5.8 5.3 4.6 3.8 4.9 

0.57 6.1 5.8 5.3 4.7 5.5 
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Figures 

 

Figure C-1. Overview of the experiment flume 

 

Figure C-2. Cumulative size distributions of soil samples 
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Figure C-3. Sediment discharge per unit width versus (Űs/Űc ï 1)Űs
0.5

 for the furrow 

experiment and the flume experiment 

 

Figure C-4. Sediment concentration versus tractive (Űs/Űc ï 1)Űs
0.5
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Figure C-5. Comparison of calculated and measured transport capacity by the modified 

Laursenôs formula 

 

Figure C-6. Sediment discharge per unit width versus tractive bed shear stress for the 

furrow experiment and the flume experiment by the modified Laursenôs formula 
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Figure C-7. Comparison of advancing time between experimental data and model results 

 

Figure C-8. Comparison of flow hydrograph between simulated results and measured data 

at Q=0.37x10-3 m3/s 
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Figure C-9. Comparison of simulated and measured flow hydrographs at Q=0.47x10
-3

 m
3
/s 

 

Figure C-10. Comparison of simulated and measured flow hydrographs at Q=0.57x10
-3

 m
3
/s 
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Figure C-11. Comparison of simulated and measured sediment discharges at Q=0.37x10
-3

 m
3
/s 

 

Figure C-12. Comparison of simulated and measured sediment discharges at Q=0.47x10
-3

 m
3
/s 
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Figure C-13. Comparison of simulated and measured sediment discharges at Q=0.57x10
-3

 m
3
/s 

 

Figure C-14. Comparison of sediment discharge between simulated results and measured data 

 

 


