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Abstract

Given a triangulated piecewise-flat surface and a function on the vertices we can

define the Dirichlet energy, which is related to the Dirichlet energy of a smooth

function. To find the Delaunay triangulation of the piecewise flat surface, we modify

the triangulation by a sequence of edge flips, called the flip algorithm, which transform

an edge which is not Delaunay into one that is Delaunay. It is known that the flip

algorithm works in the plane as well as for a piecewise-flat surface, where we have to

ensure that only finitely many triangulations are possible.

When the vertices of a piecewise-flat surface have weights, we want to find the

weighted Delaunay triangulation using a flip algorithm. In this dissertation, we prove

that the maximum edge length during the algorithm is bounded, which guarantees

that there are finitely many triangulations. Thus the flip algorithm terminates and

the resulting triangulation is weighted Delaunay.

Additionally, we give a new way to find what we call the relaxed weighted Delaunay

on a flat surface.
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1. Introduction

1.1. Background

Consider a finite set of points in R2, which we will call the vertices. We split the plane

into regions of influence of the vertices by assigning a point x to a vertex v if x is closer

to v than to any other vertex. These regions form the Voronoi diagram of the set of

vertices. The dual of the Voronoi diagram (say, in the graph-theoretic sense) creates a

Figure 1.1. A Voronoi diagram. Figure 1.2. The Delaunay triangula-
tion dual to the Voronoi diagram.

triangulation of the vertices called the Delaunay triangulation. Voronoi diagrams are

named after Georges Voronoi, who was the first to consider the Delaunay triangulation

as the dual of the Voronoi diagram [Vor08].

One of Voronoi’s students, Boris Delaunay (also spelled Delone), was the first to use

circumcircles to define Delaunay triangulations [Del34]. Recall that the circumcircle

of a triangle is the unique circle which passes through its vertices. A triangulation is

said to be Delaunay if none of the circumcircles of the triangles contain any vertices

in their interiors. We would like to find the Delaunay triangulation without relying
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Figure 1.3. The Delaunay triangulation and the circumcircles.

on the Voronoi diagram. If we start with an arbitrary triangulation, we can modify

it via a flip. We remove two triangles adjacent to an edge and forming a convex

quadrilateral, and replace them by the triangles formed using the other diagonal

of the quadrilateral. The procedure of repeatedly choosing an edge which is not

Figure 1.4. An illustration of a flip.

Delaunay and flipping it is called a flip algorithm. Lawson [Law72] was the first to

use a flip algorithm to find the Delaunay triangulation in R2.

One of the ways we can generalize the concept of the Delaunay triangulation in R2

is to apply it to piecewise-flat surfaces, which was first done by Rivin [Riv94], who
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also used a flip algorithm to find it.

Weighted Delaunay triangulations are another generalization of Delaunay triangu-

lations in which vertices are equipped with weights. These weights may be thought

of as modifying the vertices’ regions of influence which form the (weighted) Voronoi

diagram; see Section 3.1 for a precise definition. Circle packings can be viewed as

a type of weighted Delaunay triangulations with positive weights, where the weights

correspond to squared radii [Ste05]. Note that some definitions of weighted Delaunay

triangulations allow deleting of vertices from the original vertex set; in our definition

of the weighted Delaunay triangulation, all vertices must be used.

1.2. Applications

Gauss and Dirichlet were the first to use Voronoi diagrams in mathematics in the

context of quadratic forms. Outside of mathematics, Delaunay triangulations and

Voronoi diagrams have applications in various fields of natural science, such as crys-

tallography and molecular physics. In addition, algorithms for computing the De-

launay triangulations and Voronoi diagrams are of interest in computer science. See

survey papers [Aur91, AK00] for more details. Weighted Voronoi diagrams are used

in the study of equal-volume foams [KS96], while weighted Delaunay triangulations

are used in modeling molecules with weighted α-shapes [EKS83, EM92].

More recently, Delaunay triangulations have been used to define an intrinsic discrete

Laplace operator on a piecewise-flat surface [BS07]. Given any triangulation we can

define a discrete Laplace operator as follows,

(∆f)(a) =
∑
eab

`∗ab
`ab

(f(b)− f(a)),

where f is a function on the vertices, `ab is the length of the edge eab, and `∗ab is the

dual of the edge eab with respect to weights (which can be set to zero in the case
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without weights). We can then ask whether the operator has the usual properties

that we expect of a Laplace operator:

◦ ∆ is a negative semidefinite operator.

◦ ∆ satisfies the weak maximum principle.

One way to ensure that these properties are satisfied is by ensuring that we are using

a weighted Delaunay triangulation [Gli11, Prop. 39], and therefore it is useful to

be able to find a weighted Delaunay triangulation. A discrete Laplacian is used in

studying conformal variation of piecewise-flat manifolds [CGY11, Gli11].

1.3. Results

It is known that on piecewise-flat surfaces starting with an arbitrary triangulation,

a flip algorithm can be used to find the Delaunay triangulation. See, for example,

[BS07], in which Bobenko and Springborn show two facts:

(a) The algorithm does not get stuck.

(b) The algorithm terminates after a finite number of steps.

We say that the algorithm is stuck when all the edges that are not Delaunay cannot

be flipped. In fact, we know that the algorithm will get stuck as soon as we encounter

just one such edge. Our goal is to generalize these results to the case of weighted

Delaunay triangulations on piecewise-flat surfaces. The natural generalization of (a)

is false; in fact, even in the plane, the weighted Delaunay triangulation may not exist

which results in an obstruction to (a). We prove the following generalization of (b)

for weighted triangulations of piecewise-flat surfaces:

Theorem A (See Theorem 32). The flip algorithm either terminates after a finite

number of steps or gets stuck.

This follows from the following lemma together with the fact that there are finitely

many triangulations with all edge lengths smaller than a fixed constant.
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Lemma B (See Lemma 29). There exists a constant M , which depends only on the

piecewise flat manifold and the weights, so that if the longest edge is longer than M ,

then it is not weighted Delaunay.

We also prove that in the case of piecewise-flat surfaces of non-negative curvature,

as well as in the plane, (a) generalizes. We conjecture that this is true for all piecewise-

flat surfaces.

Theorem C (See Theorem 31). If the weighted Delaunay triangulation exists, then

the flip algorithm does not get stuck.

When a weighted Delaunay triangulation does not exist, one may consider a relaxed

weighted Delaunay triangulation, which is a weighted Delaunay triangulation with the

largest possible subset of the vertices. To find such a triangulation, we use bistellar

flips, which are more general than the flip described above (see page 42). We show

the following.

Proposition D (See Propositions 23 and 34). In the flat case, there is a sequence of

bistellar flips which reaches the relaxed weighted Delaunay triangulation.

This improves on a result of Edelsbrunner-Shah [ES96] in two dimensions; their

algorithm involves adding vertices incrementally.

The non-flat case presents additional subtlety since vertices with curvature cannot

be removed. We hope to address this in future work.
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2. Delaunay triangulations

2.1. Delaunay triangulations in the plane

Consider a finite set of points V in the Euclidean plane denoted by R2. Assume that

no three points in V are collinear. Let S be the convex hull of V , and consider the

pair (S, V ). In order to define a triangulation of (S, V ), we use a simplicial complex

T with the vertex set V , as in [Thu97]. Recall that an edge, or 1-simplex, eab, is

the convex hull of two distinct vertices a, b ∈ V ; a triangle, or 2-simplex, fabc, is the

convex hull of three distinct vertices a, b, c ∈ V . Let Ti denote the set of i-simplices

of T , i.e., T2 is the set of triangles, T1 is the set of edges, and T0 = V is the set of

vertices.

S

Figure 2.1. The pair (S, V ) and a triangulation T .

Definition 1. Consider a simplicial complex T with T0 = V . We say that T is a

triangulation of (S, V ) if ⋃
fabc∈T2

fabc = S.

The circumcircle of fabc, i.e., the unique circle through the points a, b, and c, is the

boundary of an open disk, which we will denote by Babc.
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Figure 2.2. The triangulation on the left is not Delaunay, while the one on the right
is Delaunay.

Definition 2. A triangulation T of (S, V ) is said to be Delaunay if for each triangle

fabc ∈ T2, we have Babc ∩ V = ∅.

Remark 1. In a generic case, any three vertices define a unique circle, and given

four vertices, the circle through any three of them does not intersect the fourth. So,

generically, ∂Babc ∩ V = {a, b, c}. When V is not generic, we say it is degenerate;

then it is possible that ∂Babc ∩ V contains more than three vertices.

A triangulation consisting of just one triangle is automatically Delaunay. A trian-

gulation consisting of two triangles is Delaunay if the circumcircle of each triangle

does not contain the remaining vertex in its interior. In a larger triangulation, we

can check whether the triangles adjacent to each edge form a triangulation which is

Delaunay.

Definition 3. Consider an edge eab ∈ T1, with vertices a, b ∈ V . The hinge of eab

is the pair (eab, Tab) of the edge eab and the subcomplex of T which contains the

triangles which contain eab. A hinge is said to be convex if the interior angles of the

underlying quadrilateral are all less than π.

Definition 4. An edge eab ∈ T1 is said to be Delaunay if the triangulation of the

hinge at eab is Delaunay.
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c

a

d

b

Figure 2.3. Example of a hinge.

Remark 2. This means that every boundary edge is automatically Delaunay, since

it belongs to only one triangle. An interior edge eab adjacent to fabc and fabd is

Delaunay if and only if the circumcircle of fabc does not contain the vertex d in its

interior. (When d lies on the circumcircle of fabc, we say that the hinge of eab is

degenerate, i.e., not generic. However, such a hinge is still Delaunay.) These two

conditions can be taken as the definition of a (locally) Delaunay edge ([Ede01]). The

latter is also called the circle criterion ([Rip90, Pow92]).

There is a very simple way to check whether an edge is Delaunay given in the

following lemma.

Lemma 1. Let eab be an interior edge of triangles fabc and fabd. Let θc and θd denote

the angles at c in fabc and at d in fabd, respectively. The edge eab is Delaunay if and

only if

θc + θd ≤ π,

with equality only if the hinge at eab is degenerate.

Proof. Notice that if θc + θd = π, then the hinge of the edge eab is a cyclic quadri-

lateral, i.e., it can be inscribed in a circle. Thus the circumcircles of fabc and fabd
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coincide and the hinge is degenerate.

From here it is easy to see that d is outside the circumcircle of fabc if and only if

θc + θd < π.

It turns out that if all the edges in a triangulation are Delaunay, then the entire

triangulation is also Delaunay.

Lemma 2 (Delaunay [Del34]). A triangulation is Delaunay if and only if each edge

is Delaunay.

To prove this lemma, we will use the notion of a power of a point with respect to

a circle.

O

r

o p

Figure 2.4. A geometric interpretation of the power of the point p
with respect the circle O, when p is outside of O.

Definition 5. The power of a point p ∈ R2 with respect to a circle O with center o

and radius r is

πO(p) = ||p− o||2 − r2,

where || · || is the standard norm in R2.

The power is positive, zero, or negative if p lies outside, on, or inside the circle O,

respectively.

Remark 3. We can also think of a circle as a point (representing the center), and a

weight (representing the radius), which we will do in Chapter 3. Instead of using just
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the radius as the weight, we use radius squared. However, we will also allow weights

to be negative, in which case they cannot be interpreted as circles.

Let πabc(p) denote the power of a point p ∈ R2 with respect to the circumcircle of

fabc. Given two adjacent triangles fabc and fabd, as long as the hinge of eab is generic,

the line containing the edge eab is exactly the set {p | πabc(p) = πabd(p)}, so we get

the following lemma, which is a special case of the more general result in [Ede90].

Lemma 3. Suppose an interior edge eab is Delaunay and adjacent to triangles fabc

and fabd. If a ray starting at p ∈ R2 and crossing the interior of eab passes through

fabc first and through fabd second, then

πabd(p) ≥ πabc(p),

with equality if and only if the hinge of eab is degenerate.

We can now prove Lemma 2. We give the complete proof because we will generalize

it to piecewise-flat surfaces and to weighted Delaunay triangulations.

Proof of Lemma 2. We closely follow the argument given in [Ede01].

It is clear that if the triangulation is Delaunay, then each edge is Delaunay.

Suppose each edge is Delaunay.

Consider a triangle fabc and a vertex d. We will show that the point d lies outside

Babc. If d is a vertex of fabc, then it lies on the boundary, and so outside of, Babc.

Thus we only need to consider the case when d is distinct from a, b, c.

Choose a point p ∈ fabc so that the line segment from d to p contains no vertices

of V in its interior. Let τ0 = fabc, τ1, . . . , τk be the sequence of triangles that intersect

the segment pd. Let πi(d) be the power of d with respect to the circumcircle of τi.

Since all the edges are Delaunay, we have

π0(d) ≥ π1(d) ≥ · · · ≥ πk(d).
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Since d is one of the vertices of τk, πk(d) = 0 and so π0(d) ≥ 0, which means that d

does not lie inside Babc.

2.1.1. Voronoi diagrams and duals

Delaunay triangulations can also be viewed as duals of Voronoi diagrams.

Definition 6. Given V ⊂ R2 a finite set of points, define the Voronoi region Va of

a ∈ V as the set of points p ∈ R2 that are at least as close to a as to any other point

in V ; that is

Va = {p ∈ R2 | ||p− a|| ≤ ||p− b||,∀b ∈ V }.

The Voronoi regions together with their shared edges and vertices form the Voronoi

diagram of V .

Alternatively, we can define Va using half-planes Hab of points that are at least as

close to a as to b:

Hab = {p ∈ R2 | ||p− a|| ≤ ||p− b||}.

Then we get

Va =
⋂
b6=a

Hab.

We can recover the Delaunay triangulation dual to the Voronoi diagram by first con-

necting two vertices a, b ∈ V , if their Voronoi regions intersect along a line segment.

If any non-triangular faces result, subdivide them to get a Delaunay triangulation.

This may be necessary when more than three Voronoi cells meet at a point because

more than three vertices lie on the same circle, i.e., when V is degenerate. Note that

when more than three Voronoi cells meet at a point, the Delaunay triangulation is

not unique.

Conversely, we can get the dual Voronoi diagram from the Delaunay triangulation.

For every edge eab with adjacent faces fabc and fabd, the line segment between the
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circumcenters Cabc and Cabd of fabc and fabd respectively will be the intersection of

the Voronoi regions of a and b. In the case of a boundary edge eab of fabc, we just

extend the ray from Cabc to infinity along the perpendicular bisector of eab.

In addition to the Voronoi diagram being dual to the Delaunay triangulation, it is

useful to define the dual of any triangulation.

Definition 7. Define hab,c as the signed distance from the circumcenter Cabc of fabc

to the midpoint Cab of the edge eab. It is equal in absolute value to the distance from

Cab to Cabc and is defined to be positive if Cabc is in the same half-plane determined

by eab as c is, and negative if Cabc and c lie on opposite sides of eab. Given an interior

edge eab that belongs to two triangles fabc and fabd, the dual edge is the line segment

connecting Cabc and Cabd with a signed length equal to hab,c + hab,d.

As a consequence of Lemma 1, we get the following proposition.

Proposition 4. The signed length of the dual edge is nonnegative if and only if the

edge eab is Delaunay.

2.1.2. Lifting triangulations

There is a relationship between Delaunay triangulations in R2 and convex hulls in

R3.

Definition 8. Given a point p = (x, y) ∈ R2, define its lifted point p+ = (x, y, z) ∈ R3

where z = x2 + y2. Similarly, given a set V , define V + = {p+ | p ∈ V }. Finally, a

facet of a convex polytope in R3 will be called a lower facet if the plane that contains

it is nonvertical and the polytope lies vertically above this plane.

Lemma 5. An interior edge eab is Delaunay if and only if the lifted hinge of eab is

concave up or flat.

Note that the lifted hinge of eab is flat when the hinge of eab is degenerate.
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Proof. We closely follow the argument given in [Ede01].

Let fabc and fabd be the triangles adjacent to eab. The edge eab is not Delaunay if

and only if d ∈ Babc. The lifted hinge is strictly concave down (not flat) if and only

if d+ is strictly below the plane through a+, b+, c+.

Let P be the plane through a+, b+, c+ and let Q be the graph of the paraboloid

z = x2 + y2. First we show that the circumcircle of fabc is the vertical projection of

P ∩Q. Transform the space via

(x, y, z) 7→ (x, y, z − x2 − y2).

This map sends Q to the xy-plane. The plane P becomes a concave down paraboloid

through a, b, c, which intersects the xy-plane in the circumcircle of fabc. The plane P

partitions Q into the part below P , the intersection P ∩ Q, and the part above P .

Thus, the intersection projects down to the circumcircle of fabc and the part below P

projects down to Babc.

It follows that d+ is below the plane P if and only if d ∈ Babc.

Lemma 6 ([ES96]). Let conv(V +) be the convex hull of the lifted points of V . The

vertical projection of the lower facets of conv(V +) into the plane {z = 0} gives the

faces of the Delaunay triangulation.

Proof. This follows from Lemmas 2 and 5.

So we have three equivalent ways of looking at Delaunay triangulations: using

circumcircles, using duals, and using convex hulls in R3.

2.1.3. Flip algorithm for finding the Delaunay triangulation in R2

Definition 9. Consider an interior edge eab adjacent to fabc and fabd. If the union

of fabc and fabd is a convex quadrilateral, we can flip eab to ecd. This means that

we remove the triangles fabc and fabd as well as the edge eab and replace them with

triangles facd and fbcd and the edge ecd.
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a

c

b

d

a

c

b

d

Figure 2.5. An example of a flip.

The following two lemmas are consequences of Lemma 1.

Lemma 7. If an interior edge eab is not Delaunay, then flipping it results in an edge

that is Delaunay.

Lemma 8. If an edge has a hinge which is not convex, then it is Delaunay.

We can try to use edge flips to transform an arbitrary triangulation to the Delaunay

triangulation. This was first proposed by Lawson [Law72]. Consider the following

algorithm, which we call the flip algorithm:

1. Start with any triangulation T of (S, V ).

2. If all interior edges of T are Delaunay, stop.

3. Flip an interior edge that is not Delaunay. Go to Step 2.

To prove that this algorithm works, we will use the notion of Dirichlet energy.

Definition 10. The Dirichlet energy, E(f) of a piecewise C1 function f : U → R is

defined as

E(f) =
1

2

∫
U

‖∇f‖2.
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Let g : V → R be a function and for each triangulation T of (S, V ) let gT : S → R

be the piecewise-linear interpolation of g that is linear on each fabc ∈ T2. The gradient

∇gT is constant on each triangle.

Theorem 9 ([Rip90]). If triangulation T ′ is obtained from T by performing one flip

that results in an edge that is Delaunay, then

E(gT ) ≥ E(gT ′), (2.1)

where E denotes the Dirichlet energy. Equality holds only if gT = gT ′, e.g., if the

edge was Delaunay before the flip.

Remark 4. When V is not degenerate, there always exists a function that makes the

inequality (2.1) strict.

We can now prove the following proposition.

Proposition 10. The flip algorithm terminates after a finite number of steps, and

the final triangulation is the Delaunay triangulation.

Proof. We first need to know every edge that is not Delaunay can be flipped, which

follows from Lemma 8.

Then we need to prove that the algorithm terminates after a finite number of

steps. First note that there are only finitely many possible triangulations of (S, V ),

since simplices are uniquely determined by their vertices. Next, we use the Dirichlet

energy. According to Theorem 9 [Rip90], the Dirichlet energy decreases each time we

perform a flip. This guarantees that we do not encounter any infinite loops, and thus

the algorithm terminates after a finite number of steps.

The final triangulation does not contain any edges which are not Delaunay. Thus,

by Lemma 2, the final triangulation is Delaunay.
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2.2. Delaunay triangulations of piecewise-flat surfaces

In this section, we discuss Delaunay triangulations of piecewise-flat surfaces. We

review the proof that a flip algorithm can be used to find the Delaunay triangulation

starting from an arbitrary triangulation, and give a new proof that the algorithm

terminates.

Consider a topological two-manifold S without boundary. Let V ⊂ S be n distinct

points. Let δ be a flat Riemannian metric on S \V .

Definition 11. We say that (S, V, δ) is a piecewise-flat surface (PF surface) if the

induced distance function induced by δ extends continuously to a distance function

on all of S.

Remark 5. Let S be a sphere and V consist of two points. Then we can give S \V

a flat Riemannian metric of a cone. However, the induced distance function cannot

be extended to all of S.

Since there are infinitely many geodesic paths between two vertices on a PF surface,

we cannot define an edge the way we did in the plane, just in terms of its endpoints.

In addition, we need to use a more general object than a simplicial complex.

Definition 12. A two-dimensional gluing consists of a finite set of 2-simplices (trian-

gles), a choice of pairs of 1-simplices (edges) such that each edge appears in exactly

one of the pairs, and an identification map between the edges of each pair [Thu97].

We are interested in the quotient space of the union of the triangles by the equiva-

lence relation generated by the identification maps, which is a ∆-complex [Hat02].

Let T be a ∆-complex which is the quotient space of a two-dimensional gluing. Let

Ti denote the set of i-simplices of T .

Definition 13. A triangulation of a piecewise-flat surface (S, V, δ) is a pair (T , ψ),
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where T is a ∆-complex as above, ψ : T → S is a homeomorphism, such that

ψ(T0) = V , and given an edge ε ∈ T1, ψ(ε) is a geodesic path between its endpoints.

Remark 6. Consider the pullback metric ψ∗(δ) on T \T0. This makes (T , T0, ψ∗(δ))

into a PF surface, and ψ into an isometry. Thus, we will so we will identify (S, V, δ)

and (T , T0, ψ∗(δ)) when convenient.

We could have also defined a piecewise-flat metric on T by specifying edge lengths

using a function ` : T1 → R+ = (0,∞), such that the edge lengths satisfy the triangle

inequality for each triangle. In fact, ` and δ are interchangeable, and in practice, we

define a PF surface by specifying (T , `).

Given a triangle τ ∈ T2, let τ̂ ⊂ R2 be a congruent triangle. We have a continuous

map ϕτ : τ̂ → T , with ϕτ (τ̂) = τ , which is an isometry on τ̂ ◦, the interior of τ̂ .

Note that when T is a simplicial complex, then ϕτ is a bijection on all of τ̂ . Let

B̂τ ⊂ R2 be the open disc whose boundary is the circumcircle of τ̂ . The map ϕ can

be extended to a local isometry on some larger open set U ⊂ R2. In addition, given

two distinct triangles τ and σ which share an edge ε, it is clear that we can unfold

the pair into a hinge in R2, i.e., we can extend ϕτ across ϕ−1τ (ε) to a local isometry

onto (τ ∪ σ) \T0. Note that this since the triangles are distinct, this is actually an

isometry on ϕ−1τ (τ ∪ σ)◦, the interior of the hinge.

In the case when the edge ε belongs to only one triangle τ , we can attach another

congruent copy τ̂ ′ of τ along an edge of τ̂ according to the identification map of the

gluing. Then we can extend ϕτ to a continuous map on τ̂ ∪ τ̂ ′, which will be a local

isometry on the interior of the hinge in R2, (τ̂ ∪ τ̂ ′)◦.

Definition 14. The hinge of an edge ε ∈ T1 is a hinge in R2 which consists of a pair of

triangles τ̂ and σ̂ which share an edge, together with a continuous map ϕε : τ̂∪ σ̂ → T

so that ϕε(τ̂) = τ ∈ T2, ϕε(σ̂) = σ ∈ T2, so that ϕε is a local isometry on the interior

of the hinge in R2.
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If the hinge in R2 forms a cyclic quadrilateral, i.e., the hinge can be inscribed in a

circle, we say that it is degenerate (not generic).

Definition 15. A triangulation T of (S, V, δ) is said to be Delaunay if for each

triangle τ in T2, the map ϕτ can be extended to a local isometry on B̂τ ,

ϕτ : B̂τ → T \T0.

In the generic case, this definition of a Delaunay triangulation of a PF surface

coincides with the definition of a Delaunay tessellation in [BS07] and [Riv94].

Definition 16. An edge ε ∈ T1 is Delaunay if its hinge in R2 is Delaunay in the R2

sense, as in Definition 2.

Proposition 11. A triangulation T of a piecewise flat surface (S, V, δ) is the Delau-

nay triangulation if and only if all edges of T1 are Delaunay.

Proof. We closely follow the argument given in [BS07].

It is clear that if the triangulation is Delaunay, then each edge is Delaunay.

Suppose each edge is Delaunay. Given a triangle τ , we will show that ϕτ can be

extended to a local isometry ϕτ : B̂τ → T \T0.

Starting with τ , let us develop a part of T in R2 by laying out triangles the same

way as in the definition of a hinge. Begin with τ0 = τ̂ ⊂ R2. Next, lay out triangles

neighboring τ . The new vertices will be outside B̂τ because the edges of τ are De-

launay. Keep laying out neighboring triangles at free edges which intersect B̂τ . We

want to show that none of the new vertices introduced during this process intersect

B̂τ . Thus, when the layout process stops, the triangles cover B̂τ , which implies that

we have a local isometry ϕτ : B̂τ → T \T0.

Consider some sequence τ0 = τ̂ , τ1, . . . , τk of triangles in the development such that

τi−1 and τi share an edge. Let gi be the line containing the common edge, and let Hi

be the half space bounded by gi and containing τi.
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Let xi+1 be vertex τi+1 which is not a vertex of τi. By induction, assume that

xi /∈ B̂τ for all i < k. Let us show that xk /∈ B̂τ .

Since we only add triangles across edges which intersect B̂τ , we observe that

(H1 ∩ B̂τ ) ⊃ (H2 ∩ B̂τ ) ⊃ · · · ⊃ (Hk ∩ B̂τ ).

Thus we only need to consider the case where xk ∈ Hi for all i = 0, . . . , k−1, because

otherwise xk /∈ B̂τ .

Let πi denote the power with respect to the circumcircle of τi. Then, since all the

edges are Delaunay, and as long as none of the hinges are degenerate,

Hi = {x | πi−1(x) ≥ πi(x)}.

Thus,

π0(xk) ≥ π1(xk) ≥ · · · ≥ πk(xk) = 0,

so π0(xk) ≥ 0 and xk /∈ B̂τ .

Thus we can try to use edge flips to transform an arbitrary triangulation of the

piecewise-flat surface to the Delaunay triangulation. Consider the following flip algo-

rithm:

1. Start with any triangulation T of (S, V, δ).

2. If edges of T are Delaunay, stop.

3. Flip an edge that is not Delaunay. Go to Step 2.

Proposition 12. There exists a finite sequence of flips which transforms an arbitrary

triangulation into the Delaunay triangulation.

Proof. We will show that we can use a flip algorithm to find the Delaunay triangu-

lation. First we show that if an edge is not Delaunay, then it can be flipped.
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For piecewise flat surfaces, there are two situations where an edge cannot be flipped.

We may have a hinge that is not convex, and as in the case of R2, such a hinge is

guaranteed to be Delaunay. In addition, we may have two sides of an isosceles triangle

glued together at an edge of the triangulation. Such an edge cannot be flipped either.

However, it is again guaranteed to be Delaunay, because the sum of the angles opposite

of the glued edge is less than π. Thus the algorithm does not get stuck.

We also know that there are no infinite loops, since Theorem 9 also applies for

piecewise flat surfaces [BS07].

However, since there are infinitely many triangulations of a piecewise flat surface,

extra work is needed to prove the algorithm terminates in a finite number of steps.

Given any M , there are finitely many triangulations such that all the edge lengths are

at most M . We show that there are finitely many possible triangulations by showing

that the maximum edge length is bounded.

In [BS07], they use a function of the triangulation called the harmonic index, which

is related to the Dirichlet energy. Like the Dirichlet energy, the harmonic index

decreases when an edge which is not Delaunay is flipped. When the harmonic index

is bounded, so is the maximum edge length in the triangulation.

We instead apply Corrolary 14. Thus there is a finite sequence of flips which

transforms an arbitrary initial triangulation of the piecewise-flat surface into the

Delaunay triangulation.

The following lemma is important because the argument can be generalized to the

case of weighted Delaunay triangulations of piecewise flat surfaces.

Lemma 13. If the longest edge is sufficiently long, then it is not Delaunay. More

precisely, there exists M , which depends only on the piecewise flat manifold (S, V, δ),

so that if the longest edge in a triangulation T of (S, V, δ) is longer than M , then it

is not Delaunay.
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Proof. Let

M =
4A

m
,

where A is the total area of (S, V, δ) and

m = min
α,β∈V

{dδ(α, β)},

with dδ(α, β) denoting the length of the shortest geodesic path between two vertices

α, β ∈ V , or, if α = β, the length of the shortest nonconstant geodesic path from α

to itself.

Let eab ∈ T1 be the longest edge, and denote its length by `ab. We show that if

`ab > M , then any triangle containing eab must be obtuse.

Let fabc be a triangle containing the edge eab. Since eab is the longest edge in the

triangulation, the angles at a and at b must be acute. Consider the altitude from c

to eab. Denote its length by h and note that it splits the angle at c into two positive

parts. We will show that each part of the angle at c greater than π/4.

b a

c

h

Figure 2.6. The triangle fabc and the altitude from c.

The area of fabc is
1

2
`abh,
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and since `ab > M , we get

A >
1

2
`abh

>
1

2
Mh

=
1

2

(
4A

m

)
h

= A
2h

m
,

so h < m/2. Thus each part of the angle at c is greater than π/3 and so the angle at

c is obtuse. (Note that we could have used M = 2
√

2A/m instead to get a slightly

better bound.)

So, if eab is the longest edge in the triangulation and `ab > M , then any triangle

containing eab have an obtuse angle opposite eab, and so the edge eab is not Delaunay.

Recall that when we flip an edge that is not Delaunay, the resulting edge is Delau-

nay. Thus we get the following corollary.

Corollary 14. Let L be the length of the longest edge in a triangulation, let M be

the bound from Lemma 13, and let M ′ = max{L,M}. All the edges that occur during

the flip algorithm will be at most M ′ long.

This corollary guarantees that only finitely many triangulations can occur during

the flip algorithm.
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3. Weighted Delaunay triangulations

3.1. Weighted Delaunay triangulations in the plane

We start with a finite set of points V in R2 and let S be the convex hull of V . In

addition, we assign a weight to each vertex via a function w : V → R with w(a) = wa.

When the weight wa is positive, we can think of it as representing a circle centered

at a of radius
√
wa. We generalize the notion of circle power from Section 2.1 to the

case where wa is allowed to be negative.

Definition 17. Given a weighted point p with weight wp, we define πp : R2 → R so

that πp(q) = ‖q − p‖2 − wp, where ‖q − p‖ is the Euclidean distance between p and

q. The value πp(q) is the power of the point q with respect to the weighted point p.

The set of points x ∈ R2 such that πp(x) = πq(x) is a line.

Using the notion of power distance, we can define the weighted analog of the Voronoi

diagram, also called the power cell diagram.

Definition 18. Given V ⊂ R2 a finite set of weighted points, define the weighted

Voronoi region (or cell) Va of a ∈ V as the set of points p ∈ R2 whose power with

respect to a is no larger than the power with respect to any other weighted point in

V ; that is

Va = {p ∈ R2 | πa(p) ≤ πb(p),∀b ∈ V }.

The weighted Voronoi regions together with their shared edges and vertices form the

weighted Voronoi diagram of V . See Figure 3.3 for a partial illustration.

It is important to note that it is possible for a weighted Voronoi cell of a point to

be empty. Recall that to get the Delaunay triangulation from the Voronoi diagram,

two vertices were connected by an edge if their Voronoi cells shared an edge. Since
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we would like the weighted case to be analogous to the one without weights, a point

with an empty Voronoi cell would present a problem.

Definition 19. If the weighted Voronoi cell of a is empty, we say that a is a redundant

point.

We will first describe what happens when there are no redundant vertices, since

dealing with redundant vertices basically involves removing them from the triangu-

lation.

We will define what it means for a triangulation to be weighted Delaunay using a

weighted generalization of the circumcircle.

a b

c

Cabc

Figure 3.1. The weighted center Cabc of the triangle fabc. The weights of the vertices
are represented by circles.

Let fabc be a triangle in a triangulation. If the weights wa, wb, wc are all nonnegative,

they represent circles centered at a, b, c with radii
√
wa,
√
wb,
√
wc respectively. There

is a unique circle which intersects the three circles orthogonally; denote its center by

Cabc and its radius by
√
wabc. We can define the point Cabc without requiring the

weights to be nonnegative as the unique point such that

πa(Cabc) = πb(Cabc) = πc(Cabc);
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that is, Cabc is the common point of the weighted Voronoi regions of a, b, c if we restrict

our attention to just those three vertices. Also, we let wabc = πa(Cabc) = πb(Cabc) =

πc(Cabc). This allows us to define the center of fabc and its weight even in the case

when the weights are negative and thus cannot be interpreted as circles.

Note that when the weights of all the vertices are zero, the center Cabc is the

circumcenter of fabc and the weight wabc is the circumradius squared.

The analog of a vertex d lying on the circumcircle of fabc is the circle centered at

d with radius
√
wd being orthogonal to the circle centered at Cabc with radius

√
wabc.

In terms of power, this corresponds to πabc(d) being equal to wd, or, equivalently,

πd(Cabc) being equal to wabc.

Definition 20. A triangulation T of (S, V, w) is said to be weighted Delaunay if for

each triangle fabc ∈ T2 and for each d ∈ V , we have πabc(d) ≥ wd.

Note that we recover the definition of the Delaunay triangulation by setting the

weights of the vertices equal to zero.

Definition 21. An edge eab ∈ T1 is said to be weighted Delaunay if the triangulation

of the hinge at eab is weighted Delaunay.

Remark 7. Consider a triangle fabc ∈ T2 and d /∈ {a, b, c}. If πabc(c) = wd, we say

that the set of weighted points (V,w) is degenerate, or not generic. If fabd ∈ T2 is

another triangle and πabc(c) = wd, then we say that the hinge at eab is degenerate.

The following is a weighted generalization of Lemma 3.

Lemma 15. Suppose an interior edge eab is weighted Delaunay and adjacent to tri-

angles fabc and fabd. If a ray starting at p ∈ R2 and crossing the interior of eab passes

through fabc first and through fabd second, then

πabd(p) ≥ πabc(p),

with equality if and only if the hinge of eab is degenerate.
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Lemma 16 ([ES96]). Let T be a triangulation (S, V ). If all the edges in T1 are

weighted Delaunay, then the triangulation T is weighted Delaunay.

Proof. This proof is almost identical to the proof of Lemma 2.

Suppose each edge in T1 is weighted Delaunay.

Consider a triangle fabc ∈ T2 and a vertex d ∈ V . We will show that πabc(d) ≥ wd.

If d is a vertex of fabc, πabc(d) = wd. Thus we only need to consider the case when d

is distinct from a, b, c.

fabc = τ0

τ1

τ2

p

d

Figure 3.2. The segment pd and the sequence of triangles along it.

Choose a point p ∈ fabc so that the line segment from d to p contains no vertices

of V in its interior. Let τ0 = fabc, τ1, . . . , τk be the sequence of triangles that intersect

the segment pd. Let πi(d) be the power of d with respect to the weighted center of τi.

Since all the edges are weighted Delaunay, we have

π0(d) ≥ π1(d) ≥ · · · ≥ πk(d).

Since d is one of the vertices of τk, πk(d) = wd and so π0(d) = πabc(d) ≥ wd.

3.1.1. Duals of triangulations with weights

Just as Delaunay triangulations are dual to Voronoi diagrams, weighted Delaunay

triangulations are dual to weighted Voronoi diagrams. In addition, we want to define

the dual of an arbitrary triangulation with weighted vertices, analogously to the way

we defined the dual of an arbitrary triangulation in Section 2.1. In fact, we can define

the dual of a triangulation even if some of the vertices are redundant. The definition
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is similar to the one in Section 2.1, except instead of circumcenters and midpoints,

we use weighted centers of the triangles and edges.

a b

c

Cabc

Cac

Cab

Cbc

Figure 3.3. The weighted center Cabc of the triangle fabc and the weighted centers
of its edges.

Recall that Cabc is the unique point satisfying

πa(Cabc) = πb(Cabc) = πc(Cabc),

and let Cab denote the intersection of the line {p ∈ R2 | πa(p) = πb(p)} and the line

containing eab. Note that the intersection point does not have to be on eab. Let hab,c

denote the signed length from the Cabc to Cab. It is equal in absolute value to the

distance from Cab to Cabc and is defined to be positive if Cabc is in the same half-plane

determined by eab as c is, and negative if Cabc and c lie on opposite sides of eab.

Definition 22. Given an interior edge eab which belongs to two triangles fabc and

fabd, the dual edge is the line segment connecting Cabc and Cabd which has a signed

length `∗ab equal to hab,c + hab,d.

Proposition 17. The signed length of the dual edge is nonnegative if and only if the

edge eab is weighted Delaunay.

Proof. Let eab be an interior edge which belongs to triangles fabc and fabd. If eab is

weighted Delaunay, then the line segment from Cabc to Cabd is part of the weighted
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Voronoi diagram of the hinge, and the signed length of the dual edge to eab is non-

negative.

Suppose eab is not weighted Delaunay. Then at least one of πd(Cabc) < wabc and

πc(Cabd) < wabd must hold. Without loss of generality, assume that πd(Cabc) < wabc

holds. We know that

πd(Cabc) = ‖Cabc − d‖2 − wd,

and

wabc = πd(Cabd)

= ‖Cabd − d‖2 − wd.

Thus

‖Cabc − d‖ < ‖Cabd − d‖,

i.e., Cabc is closer to d than Cabd is. This is only possible if the dual edge has negative

signed length.

3.1.2. Lifting triangulations with weights

Let us now generalize the definition of a lifted point to points with weights.

Definition 23. Given a point p = (x, y) ∈ R2 with weight wp, define its weighted

lifted point p+ = (x, y, z) ∈ R3 where z = x2 + y2 − wp.

Consider an interior edge eab adjacent to triangles fabc and fabd. Let f+
abc be the

triangle formed by a+, b+, c+ and similarly for f+
abd. Let H+

ab be the union of f+
abc and

f+
abd, forming the lifted hinge of eab.

Lemma 18. Consider an interior edge eab and its lifted hinge H+
ab. The edge eab is

weighted Delaunay if and only if H+
ab is concave up (or flat, in the degenerate case).
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Proof. Let fabc and fabd be adjacent to eab. If Cabc = (κ, ν) ∈ R2 is the center of fabc

with weight wabc, then

z = 2κx+ 2νy − κ2 − ν2 + wabc

is the plane which contains f+
abc. We can check this algebraically. If a+ = (xa, ya, za),

then,

za = x2a + y2a − wa

= x2a + y2a − πabc(a)

= x2a + y2a − (‖a− Cabc‖2 − wabc)

= x2a + y2a − (xa − κ)2 − (ya − ν)2 + wabc

= 2κxa + 2νya − κ2 − ν2 + wabc.

The edge eab is weighted Delaunay if and only if πabc(d) ≥ wd. Thus, the lifted hinge

is concave up if and only if

zd ≥ 2κxd + 2νyd − κ2 − ν2 + wabc,

which we can again verify similarly.

Remark 8. Consider the case when the hinge is a convex quadrilateral. A useful

consequence of this lemma is that flipping an edge that is not weighted Delaunay

results in a new edge that is weighted Delaunay. This is true because flipping a hinge

whose lift is concave down must result in a hinge which is concave up. A consequence

of the proof is that the only way that a hinge and its flipped version can both be

weighted Delaunay is when the lift of the hinge is flat; this holds if and only if the

centers of the two triangles coincide.

Another consequence of Lemma 18 is the following lemma.
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Lemma 19 ([ES96]). Let conv(V +) be the convex hull of the weighted lifted points

of V . The vertical projection of the lower facets of conv(V +) into the plane {z = 0}

gives the faces of the weighted Delaunay triangulation of (S, V, w).

Remark 9. The above lemma only holds when V contains no redundant points. If

a is a redundant point, then a+ will be vertically above a lower facet of conv(V +),

and so a will not be part of the projection. Because of that, any triangulation which

includes a must have an edge whose lift is concave down. Thus, if any of the points

in V are redundant, there does not exist a weighted Delaunay triangulation T of

(V, S, w).

So, as in previous section, we have three equivalent ways of looking at weighted

Delaunay triangulations: using power, using duals, and using lifts to R3.

3.1.3. Flip algorithm for finding the weighted Delaunay triangulation in R2

Whenever (S, V, w) contains no redundant vertices, practically the same flip algorithm

as in Section 2.1 can be used to find a weighted Delaunay triangulation:

1. Start with any triangulation T of (S, V, w).

2. If all interior edges of T are weighted Delaunay, stop.

3. Flip an interior edge that is not weighted Delaunay. Go to Step 2.

Proposition 20. If none of the vertices in V are redundant, then the flip algorithm

terminates after a finite number of steps, and the final triangulation is the weighted

Delaunay triangulation.

Proof. We need to prove that the algorithm does not get stuck and terminates after

a finite number of steps. In Lemma 21, we show that it is always possible to flip an

edge that is not weighted Delaunay.
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Since there are only finitely many triangulations of (S, V, w), to prove that the al-

gorithm terminates after a finite number of steps, we use Glickenstein’s generalization

[Gli07] of Rippa’s theorem [Rip90]. Glickenstein proved that the Dirichlet energy of

a weighted triangulation decreases whenever an edge which is not weighted Delaunay

is flipped. This implies that the algorithm does not result in any infinite loops, and

so terminates after a finite number of steps with all edges weighted Delaunay. By

Lemma 16, this means that the final triangulation is weighted Delaunay.

Lemma 21. Let eab be an interior edge adjacent to fabc and fabd. Suppose eab is not

weighted Delaunay. If the angle at a in the hinge of eab is at least π, then a must be

redundant.

Proof. Suppose the angle in the hinge at a is at least π. Let f+
bcd be the triangle in

R3 with vertices b+, c+, d+. Since eab is not weighted Delaunay, the lifted hinge H+
ab

is concave down. Thus, a+ lies vertically above f+
bcd and so is redundant.

This implies that when V contains no redundant vertices, any edge that is not

weighted Delaunay can be flipped.

Next, let us define the Dirichlet energy for the case of triangulations with weights

[Gli07].

Definition 24. Given a triangulation T of (V, S, w) and a function g : V → R, the

Dirichlet energy, Ew(g, T ), is defined as

Ew(g, T ) =
1

2

∑
eab

`∗ab
`ab

(gb − ga)2,

where `ab is the length of the edge eab and `∗ab is the signed length of the dual edge to

eab.

Note that when the weights are zero, this Dirichlet energy is equal to the piecewise-

linear interpolation Dirichlet energy in Rippa’s theorem.
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Theorem 22 ([Gli07]). Consider a function g : V → R. If triangulation T ′ is ob-

tained from T by performing one flip that results in an edge that is weighted Delaunay,

then the following inequality holds

Ew(g, T ) ≥ Ew(g, T ′).

Remark 10. If V contains no redundant vertices, the minimum Dirichlet energy

among all possible triangulations is attained on the weighted Delaunay triangulations

of (S, V, w), which can always be found using the flip algorithm.

3.1.4. Dealing with redundant vertices

Edelsbrunner and Shah [ES96] give a slightly different definition of the weighted

Delaunay triangulation of (S, V, w), which agrees with our definition for the case

when V does not contain redundant vertices. We will call this the relaxed weighted

Delaunay triangulation. This definition only works when (S, V, w) is generic.

Definition 25. A triangle fabc is said to be weighted Delaunay if πabc(d) > wd for all

d /∈ a, b, c. This is equivalent to Cabc being one of the vertices of the weighted Voronoi

diagram of (V,w). Then, the relaxed weighted Delaunay triangulation of (S, V, w)

consists of all the weighted Delaunay triangles, along with their edges and vertices.

In fact, the relaxed weighted Delaunay triangulation is exactly the dual of the

weighted Voronoi diagram as well as the vertical projection of the lower facets of the

convex hull of V +. The vertices of the relaxed weighted Delaunay triangulation are

the nonredundant vertices of V . So, if V ′ ⊂ V is the set of vertices that are not

redundant, the relaxed weighted Delaunay triangulation of (S, V, w) is the weighted

Delaunay triangulation of (S, V ′, w|V ′). Notice that the lower facets of the convex

hull of V and the lower facets of the convex hull of V ′ are equal.

So, we somehow need to get from the vertex set V to the vertex set V ′. If we knew

which vertices are redundant ahead of time, we could just throw them all out before
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creating the original triangulation. However, we usually do not discover that a vertex

is redundant until we are in the middle of the flip algorithm. That is, we find an

edge that is not weighted Delaunay, yet it cannot be flipped because its hinge is not

convex (see Lemma 21). We modify the flip algorithm:

1. Start with any triangulation T of (S, V, w).

2. If all interior edges of T are weighted Delaunay, stop.

3. If an interior edge that is not weighted Delaunay has a convex hinge, flip it. Go

to Step 2.

4. Get rid of the redundant vertex. Go to Step 2.

One approach to Step 4 is to simply throw the redundant vertex out of the triangu-

lation and re-triangulate as necessary [She10]. We prefer to change the triangulation

using flips.

Recall that in the lift a flip involved replacing the top facets of a tetrahedron with

the lower ones or vice versa. However, given four points in R3, the tetrahedron equal

to their convex hull may have three top facets and just one lower facet or vice versa.

In fact, if a redundant vertex is in exactly three triangles, then in the lift the three

faces become the top facets of a tetrahedron. So, we introduce a new type of of flip,

called the “3 to 1” flip (as opposed to the usual “2 to 2” flip) which replaces the three

triangles adjacent to a single vertex by just one triangle. The “3 to 1” flip and the

“2 to 2” flip are both types of bistellar flips, and are illustrated in Figure 3.4.

The “3 to 1” flip gives us a way to get rid of a redundant vertex. Unfortunately,

when we find an edge that is not weighted Delaunay with a hinge that is not convex,

the redundant vertex may be in more than three faces, preventing us from performing

the flip.

Edelsbrunner and Shah’s algorithm solves this problem by finding the relaxed

weighted Delaunay triangulation incrementally. They start with just an auxiliary
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2 to 2

3 to 1

Figure 3.4. Illustration of “2 to 2” and “3 to 1” bistellar flips.

triangle, which has all of V in its interior, but they temporarily ignore V . Then

they add back one vertex from V at a time, and find the relaxed weighted Delaunay

triangulation before adding the next vertex. They prove that this guarantees that

whenever we come across an edge that is not weighted Delaunay with a hinge that

is not convex, the redundant vertex is exactly in three faces. In the end, they get

rid of the auxiliary vertices and all the simplices incident on them. Note that their

algorithm works for triangulations in any dimension, not just in R2.

Our solution for Step 4 of algorithm is as follows.

4. Get rid of the redundant vertex:

(a) Use edge flips to make the redundant vertex be in exactly three faces.

(b) Perform a “3 to 1” flip. Go to Step 2.
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In Step 4a, we flip edges which contain the redundant vertex until there are exactly

three of them.

Proposition 23. Given an arbitrary triangulation T of (S, V, w), there exists a finite

sequence of “ 2 to 2” and “ 3 to 1” flips which results in the relaxed weighted Delaunay

triangulation of (S, V, w).

Proof. Since there are only finitely many vertices in V , it is only possible to perform

Step 4 finitely many times, thus it remains to prove that it is always possible to

perform Step 4a. We do this in Lemma 26, which states that whenever a vertex is

in more than three triangles, one of the edges it is in can be flipped, thus iteratively

reducing the number of adjacent triangles.

So, we know that for each redundant vertex, Step 4 is performed through a finite

sequence of “2 to 2” flips followed by a single “3 to 1” flip. Between the times when

we encounter redundant vertices, there are no infinite loops via the same argument as

in Proposition 20. Thus there is a finite sequence of flips which results in the relaxed

weighted Delaunay triangulation of (S, V, w).

Note that in the case when V contains no redundant vertices, this algorithm finds

the weighted Delaunay triangulation of (S, V, w).

k − 1

k

τ1

1

2
τ2

τk

v0

. . .

i− 1

τi

τi+1i+ 1

. .
.

i

v0

...
ξi

ζi

Figure 3.5. The triangles adjacent to vertex v0, and the angles ξi and ζi.

Choose any vertex, and call it v0. Let τ1, . . . , τk be the triangles adjacent to v0, so

that τi and τi+1 share the edge e0i, and τ1 and τk share the edge e0k. Let θi be the
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angle at v0 in τi and let ξi = θi + θi+1 for i < k and ξk = θ1 + θk. So, the ξi is the

angle at v0 in the hinge of e0i. Let ζi denote the angle opposite ξi in the hinge of e0i.

Lemma 24. If k > 3, then ξi > π for at most two values of i. In fact, these two

values must be consecutive.

Proof. Without loss of generality, suppose ξ1 > π. Then for i = 3, . . . , k − 1,

ξ1 + ξi ≤ 2π and so ξi < π. Thus, the only edges whose hinges we need to check, are

the two adjacent to e01, i.e., e02 and e0k.

We also have that ξk + ξ2 ≤ 2π, so they cannot both be greater than π.

Lemma 25. There are at least three edges e0i so that the angle ζi < π.

Proof. The star of v0 is a polygon P . Consider the external angles of P . The sum of

i

v0

ζi

Figure 3.6. The external angle at the vertex i is shaded.

(signed) external angles of P is 2π. Since external angles are in (−π, π), there must

be at least 3 positive ones. If the external angle of P at i is positive, then ζi < π,

and so there are at least three edges e0i for which the angle ζi < π.

Lemma 26. If a vertex v0 is in more than three triangles, then at least one of the

edges e0i can be flipped.

Proof. The hinge at e0i can be flipped if both ξi < π and ζi < π. We know that

ζi < π for at least three values of i. Assuming no three points of V are collinear, we

get that ξi < π for all but at most two values of i. Thus at least one hinge has both

ζi < π and ξi < π, and so at least one edge can be flipped.
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3.2. Weighted Delaunay triangulations of piecewise-flat surfaces

Consider a piecewise-flat surface (S, V, δ) and let w : V → R be a function, as in

Section 3.1, which assigns a weight to each vertex w(vi) = wi.

Definition 26. A piecewise-flat surface (S, V, δ) together with a function w : V → R

is a piecewise-flat surface with weights, (S, V, δ, w).

Definition 27. Let eab ∈ T1 be an edge of a triangulation T of (S, V, δ, w). The edge

eab is said to be weighted Delaunay if the hinge of eab in R2 is weighted Delaunay

with the same weights.

So we have the three equivalent ways of looking at weighted Delaunay edges from

the plane case.

Now let’s define power on a PF manifold with weighted vertices.

Definition 28. Given a weighted point p with weight wp, we define πp : S → R as

πp(q) = dδ(q, p)
2 − wp,

where dδ(q, p) is the length of the shortest geodesic path from q to p. The value πp(q)

is the power of q with respect to p.

Once we defined power, the definition of the weighted Voronoi diagram and the

definition of a redundant vertex are identical to the ones in the previous section.

We now turn our attention to the notion of curvature.

Definition 29. Consider a piecewise-flat surface (S, V, δ). Given a point p ∈ S, the

cone angle θ(p) is defined as

θ(p) =
Cr
r
,

for small r > 0 and Cr the circumference of a small disk of radius r centered at p.

The curvature κ(p) is defined as

κ(p) = 2π − θ(p).
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Remark 11. If p ∈ S \V , then θ(p) = 2π and κ(p) = 0. When the PF surface is

triangulated, then for p ∈ V , we can define θ(p) instead as the sum of the angles at

p of the triangles which contain p.

Consider the following tentative flip algorithm:

1. Start with any triangulation T of (S, V, δ, w).

2. If all edges are weighted Delaunay, stop.

3. Flip an edge that is not weighted Delaunay. Go to Step 2.

Recall that in the plane, a weighted Delaunay triangulation exists if and only if none

of the vertices are redundant, i.e., all the vertices have nonempty weighted Voronoi

cells. In the plane, Lemma 21 implies that when a weighted Delaunay triangulation

exists, any hinge that cannot be flipped is already weighted Delaunay. We show that

the situation is similar for surfaces of nonnegative curvature. In the case of a vertex

of positive curvature, another reason why we may not be able to flip an edge is when

it belongs to only one triangle (twice). In that situation, if the edge is not weighted

Delaunay, then the vertex has an empty weighted Voronoi cell.

Lemma 27. Suppose (S, V, δ, w) is a piecewise-flat surface with weighted vertices,

and the curvature at every point is nonnegative. Let ε be an edge that is adjacent to

two distinct faces. Let the hinge of ε in R2 consist of fabc and fabd together with a

map ϕε : fabc ∪ fabd → S. Suppose eab is not weighted Delaunay and the angle at a

in the hinge of eab is at least π, then the vertex ϕε(a) has an empty weighted Voronoi

cell.

Proof. Using Lemma 21, we already know that the vertex a in the hinge of eab is

redundant, i.e., has an empty weighted Voronoi cell. In other words, for every x ∈ R2,

πa(x) > πv(x) for at least one of v = b, c, d.
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We need to show that a similar fact is true in the piecewise-flat surface. Let ã, b̃,

c̃, and d̃ denote the images of a, b, c, and d under ϕε.

The images of some of the vertices may coincide and so may the images of some of

the edges.

Let y be an arbitrary point in the PF surface.

If y belongs to the image of the hinge, then let x be a preimage of y under ϕε.

We know that πa(x) > πv(x) for at least one of v = b, c, d. Also, πã(y) = πa(x) and

πṽ(y) ≤ πv(x), so πã(y) > πṽ(y) for at least one of ṽ = b̃, c̃, d̃.

Now suppose that y does not belong to the hinge. Consider a shortest geodesic

segment γ between ã and y. Develop the triangulation into R2 along γ starting with

the image of the hinge. As in the previous paragraph, we get πã(y) = πa(x) and

πṽ(y) ≤ πv(x), so πã(y) > πṽ(y) for at least one of ṽ = b̃, c̃, d̃.

Thus, the weighted Voronoi cell of ã is empty.

Lemma 28. Let ε be an edge that belongs to only one triangle. Let a be a vertex of

ε which only belongs to ε. If it is not weighted Delaunay, then the power cell of a is

empty.

Proof. This is a consequence of Proposition 2.5 from [BI08].

In the case when vertices have negative curvature, things are different. It is possible

have a hinge that is not convex and not weighted Delaunay, yet the vertex still has a

nonempty weighted Voronoi cell, as in Figures 3.7 and 3.8.

Finally, in addition to showing that the algorithm does not get stuck, we need to

show that it terminates after a finite number of steps. The proof is somewhat similar

to that of Lemma 13, but significantly more involved.

Lemma 29. If the longest edge is sufficiently long, then it is not weighted Delaunay.

Also, it can be flipped. More precisely, there exists M , which depends only on the
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Figure 3.7. Glue the two hinges above along ab and ac. Dual edges are drawn.

c

aa

c

bb

ed

Cbd

Ccd Cce

Cbe

Figure 3.8. The weighted Voronoi diagram for the pair of hinges.



49

piecewise flat manifold with weights (S, V, δ, w), so that if the longest edge in a trian-

gulation T of (S, V, δ, w) is longer than M , then it is not weighted Delaunay and can

be flipped.

Proof. Let

M =
4A+ 2W

m
,

where

W = max
α,β∈V

|wα − wβ|,

is the largest difference in weights, and A and m are as in the proof of Lemma 13,

i.e., A is the total area of (S, V, δ) and

m = min
α,β∈V

{dδ(α, β)}.

Let eab ∈ T1 be the longest edge with length `ab. Suppose `ab > M . Then the edge

eab must be adjacent to two distinct triangles. Let c and d be the two other vertices

in the hinge of eab. Since eab is the longest edge, the hinge must be convex. Thus the

edge eab can be flipped.

Map the hinge of eab into R2 so that the midpoint of eab is mapped to the origin,

a is on the positive x-axis, and c is in the upper half-plane. Denote the coordinates

of a and c by (xa, 0) and (xc, yc), respectively. Then, in the lift, the z-coordinates

x

y

xb xa

(xc, yc)

Figure 3.9. The triangle fabc in R2.

of a+ and c+ are za = x2a − wa and zc = x2c + y2c − wc, respectively. Without loss of

generality, assume that xc ≥ 0.
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The area of fabc is
1

2
`abh < A,

where h = yc, so, as in the proof of Lemma 13 yc < m/2. Thus we have

(xa − xc)2 + y2c ≥ m2,

(xa − xc)2 ≥ m2 − y2c ,

xa − xc ≥
√
m2 − y2c ,

xa −
√
m2 − y2c ≥ xc,

x2a − 2xa
√
m2 − y2c +m2 − y2c ≥ x2c ,

x2a − xam+m2 ≥ x2c + y2c .

So,

za − zc = (x2a − wa)− (x2c + y2c − wc)

≥ x2a − wa − (x2a − xam+m2 − wc)

= xam−m2 + wc − wa

≥ 2A+W

m
m−m2 −W

> 2A−m2 > 0.

Thus, z-coordinate a+ is larger than the z-coordinate of c+. Similarly, b+ is above

c+, and both a+ and b+ are above d+. Thus the lifted hinge is concave down, and so

eab is not weighted Delaunay.

We have already shown it can be flipped.

As in the previous chapter, we get a useful corollary.

Corollary 30. Let L be the length of the longest edge in a triangulation, let M be

the bound from Lemma 29, and let M ′ = max{L,M}. All the edges that occur during

the flip algorithm will be at most M ′ long.
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Thus we get the following theorem.

Theorem 31. Let (S, V, δ, w) be a piecewise-flat surface of nonnegative curvature so

that all weighted Voronoi cells are nonempty. Then the flip algorithm above finds the

weighted Delaunay triangulation which is unique in the generic case.

Proof. If all weighted Voronoi cells are nonempty, then it follows from Lemmas 27

and 28 that any hinge that is not weighted Delaunay can be flipped. Thus the

algorithm does not get stuck. Also, we know from Lemma 29 and Corollary 30,

together with Theorem 22 [Gli07] that the algorithm terminates.

In the general case, we get the following weaker result.

Theorem 32. The flip algorithm either terminates after a finite number of steps or

gets stuck.

3.2.1. Redundant vertices on a flat surface

In the plane, the concept of removing redundant vertices from a triangulation makes

sense, so we can define the concept of a relaxed weighted Delaunay triangulation.

In a piecewise-flat surface, we cannot indiscriminantly remove vertices because some

of them are necessary in order to triangulate the surface using Euclidean triangles.

Thus, it only makes sense to remove vertices with zero curvature. In this section, we

discuss surfaces in which all vertices have zero curvature, i.e., the flat torus and the

flat Klein bottle.

We need the surface equivalent of Proposition 23. The three lemmas that are used

to prove this proposition hold true even on a flat surface, but in the case of a surface

they are not sufficient. This is because in a surface, flipping an edge adjacent to a

vertex does not have to result in the number of edges adjacent to the vertex being

reduced. To guarantee that this number is decreased each time we flip an edge, we

need to make sure that the redundant vertex is first not adjacent to itself.
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Lemma 33. Let a be a vertex in a flat PF surface. If there is a vertex b 6= a in V ,

then there exists a sequence of edge flips so that there are no edges from a to itself.

Proof. If all the edges containing a are closed loops, then there is no other vertex in

the surface.

Thus, if there is more than one vertex in V , then we have at least one edge ε which

connects a to another vertex. If there are no edges from a to itself, we are done.

When there are two or more distinct edges from a to itself, they all must have

convex hinges, and so all but one of them can be eliminated by a sequence of flips as

follows.

Develop the star of a into R2, so that the middle vertex is v0, i.e., ϕ(v0) = a. Choose

the map ϕ so that ϕ(v1) = b 6= a and ϕ(v2) = a. There are two cases. If ϕ(v3) 6= a,

then flipping the edge ϕ(e02) will clearly reduce the number of edges from a to itself.

If ϕ(v3) = a, we have a triangle f023 whose image under ϕ has all three vertices equal

to a. Since a has no curvature the three edges of ϕ(f023) must be distinct. Thus if we

flip the edge ϕ(e02), we eliminate one of the edges from a to itself without introducing

another such edge.

If there is exactly one edge from a to itself, we have to ensure that its hinge is

convex. If its hinge is not convex, then the hinge of the longest edge containing a

must be convex, so we can flip it. Repeat until we have that the hinge of the unique

edge from a to itself is convex, and flip it.

Thus we can make a adjacent only to other vertices.

Once a vertex is adjacent to only other vertices, the proof of Proposition 23 carries

over directly, and we have the following proposition for the case of a flat surface.

Proposition 34. Given an arbitrary triangulation T of (S, V, δ, w), there exists a

finite sequence of “ 2 to 2” and “ 3 to 1” flips which results in the relaxed weighted

Delaunay triangulation of (S, V, δ, w).
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3.2.2. Other consequences

A flip algorithm may fail for two reasons: we may not be able to flip any of the hinges

which are not weighted Delaunay, or the algorithm may never terminate. Lemma 29

and Corollary 30 guarantee as long as the algorithm does not get stuck, it will always

terminate. In Theorem 31, we used them to show that a flip algorithm can be used to

find the weighted Delaunay triangulation of a piecewise-flat surface of non-negative

curvature which has no vertices with empty weighted Voronoi cells. Another situ-

ation where the algorithm does not get stuck is when in the initial triangulation,

the weighted center Cab of each edge eab belongs to the edge eab. This condition is

preserved by flips and guarantees that any hinge which cannot be flipped is already

weighted Delaunay.
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4. Future Work

We want to use the algorithms described in Chapter 3 to find weighted Delaunay trian-

gulations. We have already proved that the algorithms terminate (see Propositions 20,

23, and Theorem 31). In the future, we would like to address the implementation and

performance of these algorithms.

We know some of the necessary conditions and some of the sufficient conditions

for the existence of the weighted Delaunay triangulation on a piecewise-flat surface.

For example, we know that each vertex must have a nonempty weighted Voronoi

cell, but we only show that this is sufficient when the curvatures are all non-negative

(Lemma 27). In addition, we know that it is sufficient for all the weighted centers

of the edges to belong to their respective edges. We would like to find the necessary

and sufficient conditions for the existence of a weighted Delaunay triangulation on

any piecewise-flat surface.

One of the advantages of the Delaunay triangulation and the weighted Delaunay

triangulation is that they are intrinsic to the piecewise-flat surface (or piecewise-flat

surface with weighted vertices). This allows us to define a Laplace operator that

is both well-conditioned and intrinsic. In a situation where a weighted Delaunay

triangulation does not exist, e.g. when we have a vertex with an empty weighted

Voronoi cell, we would like to define some other canonical triangulation which also

results in a well-conditioned Laplace operator.

In addition to studying piecewise-flat surfaces, we would like to study triangulations

of higher dimensional piecewise-flat manifolds. Unfortunately, in three dimensions,

weighted Delaunay triangulations do not necessarily result in well-conditioned Laplace

operators. It would be useful to find another intrinsic triangulation for higher dimen-

sional piecewise-flat manifots that gives rise to a Laplace operator with desirable

properties.
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