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ABSTRACT
The work presented in this dissertation involves the development of parametric magnetic
resonance imaging (MRI) techniques that can be used in a clinical set up. In the first
chapter an introduction of basic magnetic resonance physics is given. The introduction
covers the source to tissue magnetization, the origin of the detectable signal, the
relaxation mechanisms, and the imaging principles.
In the second chapter T2 estimation - the main parametric MRI technique
addressed in this work - is introduced and the problem associated with T2 estimation from
highly undersampled fast spin-echo (FSE) data is presented. In Chapter 3, a novel modelbased algorithm with linearization by principal component analysis (REPCOM) is
described. Based on simulations, physical phantom and in vivo data, the proposed
algorithm is shown to produce accurate and stable T2 estimates. In Chapter 4, the concept
of indirect echoes associated with the acquisition of FSE data is introduced. Indirect echo
correction using the extended phase graph approach is then studied for standard sampled
data. A novel reconstruction algorithm (SERENADE) is presented for the reconstruction
of decay curves with indirect echoes from highly undersampled data. The technique is
evaluated using simulations, physical phantom and in vivo data; decay curves with
indirect echoes are shown to be accurately recovered by this technique.
Chapter 5 is dedicated to correcting the partial volume effect (PVE) in T2
estimation. For the case of small lesions within a background tissue, PVE affects T2
estimation which in turn affects lesion classification. A novel joint fitting algorithm is
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proposed and compared to conventional fitting algorithms using fully sampled spin-echo
(SE) images. It is shown that the proposed algorithm is more accurate, robust, and
insensitive to region of interest drawing than the conventional fitting algorithms. Because
the acquisition of fully sampled SE images is long, the technique is combined with a
thick refocusing slice approach in order to be able to use undersampled FSE data and
reduce the acquisition time to a breath hold (~ 20 s).
The final chapter summarizes the results presented in the dissertations and
discusses areas for future work.
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1.

INTRODUCTION

Magnetic Resonance Imaging (MRI) is a non-invasive medical imaging technique
commonly used in radiology to visualize the structure of the human body. MRI is made
possible by the physical phenomenon called Nuclear Magnetic Resonance (NMR). A
complete description of NMR requires the theories of quantum physics, however, for the
purpose of this work a classic physics description is sufficient (35, 54).

1.1
1.1.1

Basic Physics of MR
Magnetization

The human body has a large amount of water and lipid molecules and these contain
hydrogen atoms (1H). The 1H atom which has only one proton in its nucleus possesses an
intrinsic nuclear angular momentum called spin. As shown in Figure 1.1, the atom can be
visualized as a fast rotating electrically charged particle with angular momentum Φ. Thus,
the atoms effectively produce electrical current loops around the spinning axis leading to


a magnetic field. The magnetic field has a magnetic moment vector  defined as:


  2  ,

[1.1]

where  is the gyromagnetic ratio, a physical constant which depends on the type of spin.
For hydrogen atoms (also referred as protons),   42.58 MHz/T.   2 is often used
to simplify equations, thus Equation [1.1] can be re-written as follow:
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   .

[1.2]

If an external magnetic field is applied along the Z direction we can define the
external magnetic field vector to be:


B  B0 zˆ ,

[1.3]

where B0 is the strength of the external magnetic field and ẑ is the unit vector pointing
at the Z+ direction. The spins precess about the Z axis at a frequency expressed by:

  B ,

[1.4]

where B is the magnetic field strength encountered by the spin (here B  B0 ). This
magnetic field dependent frequency is known as the Larmor frequency.

Figure 1.1 Visualization of the spin.
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Proton spins can only have two quantum states in the external magnetic field,
these spins are either aligned with ( n  ) the external magnetic field or opposite to it ( n  ).
Since the n state has lower potential energy, there is a slight preference for this state.
The Boltzmann equation gives the distribution of spins between these two states:

B0
n
 exp( 
),
n
kT

[1.5]

where  is the Planck constant, k is the Boltzmann constant, and T is the absolute
temperature of the system. This slight preference yields a net magnetization:



M   .

[1.6]

Given the number of spins N in a system, the magnitude of the overall magnetization can
be written as:
B0 2  2
M0    N
.
4kT


[1.7]

For a magnetic field strength of 0.3 T, the preference is only one out of one million spins
(1 ppm). However, since the human tissue is rich in protons the net magnetization is
strong enough to generate a signal detectable by modern instruments.

1.1.2

Detectable Signal


The net magnetization vector M does not generate a detectable signal directly. The signal
collected by the scanner is the flux induced by the net magnetization when it is tipped

22


away from the equilibrium. The “tipping” of the magnetization vector M is produced by
applying a time-varying magnetic field (known as the B1 field) generated by a
radiofrequency (RF) pulse. This RF pulse which is known as the excitation pulse is
applied through a transmit coil. The energy of the RF pulse is absorbed by the spins only
if the frequency of the pulse matches the Larmor frequency (known as the resonance
condition). Under this condition the net magnetization is tipped away from the Z axis


(equilibrium) into the X-Y plane. The outcome is a magnetization vector M xy in the X-Y

plane which is called the transverse magnetization. M xy is the component of the
magnetization vector producing the detectable signal. This process is illustrated in Figure
1.2 where the angle α is called the flip angle. When an α-degree excitation pulse is played


while only longitudinal magnetization exists ( M  M z , where the minus sign indicates

the magnetization before the pulse), the magnetization after the pulse (indicating by the
plus sign) is expressed by:


M xy  M sin  ;

[1.8]


M z  M cos  .

[1.9]

The flip angle is commonly set to 90º to achieve the largest possible transverse
magnetization and hence the largest detectable signal.
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Figure 1.2 Tipping of the magnetization.

1.1.3

Slice Selection

In an NMR experiment, as the one described above, it is not possible to distinguish the
signals generated by spins in two different locations. In order to “encode” the spins’
spatial location, the Larmor frequency and the phase of the transverse magnetization are
varied spatially.
To vary the Larmor frequency of spins, magnetic field gradients are used.
Gradients produce a temporary change in the magnitude of the magnetic field
experienced by the spins. If the amplitudes of the gradients in the X, Y, and Z directions


are defined by G x , G y and G z , the magnitude of the main magnetic field B is given by:
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B  B0  Gx x  G y y  Gz z ,

[1.10]

where x , y and z are the coordinates in the laboratory frame. According to Equation
[1.4], the Larmor frequency will vary spatially when the gradients are turned on.
In a two-dimensional (2D) MRI experiment only the spins in the desired slice are
excited by the excitation pulse. This step is called slice selective excitation. Slice
selection is achieved by the combination of a shaped RF (bandwidth limited) pulse and a
magnetic field gradient (typically referred to as the “slice selection gradient” or Gz).
Application of a G z gradient leads to a spatially varying Larmor frequency as a function
of z :

 ( z)   ( B0  Gz z) .

[1.11]

The shaped RF pulse only excites spins within its frequency bandwidth. As shown in
Figure 1.3, when an RF pulse with bandwidth  is played simultaneously with the
gradient G z , the spins in a slice with thickness


are excited. The location of the slice
G z

is adjusted by varying the central frequency  of the RF pulse. The slice associated with
the excitation RF pulse is referred to as the excitation slice.
In order to uniformly excite the selected slice, the pulse needs to have uniform
energy distribution within the range of frequencies (profile). So, the frequency content of
the pulse can be expressed as:

profile ( )  C  rect(

 
),


[1.12]
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Figure 1.3 The illustration of slice selection.

where C is a constant, rect(x) is the rectangular function defined as:

1

1, x  ;
rect ( x)  
2
0, else .

[1.13]

The RF pulse can then be obtained from the Fourier transform of the profile:

s(t )  C sinc(   t )e

i 2  t

,

[1.14]
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where sinc(x) is defined as

sin(x)
. The envelope of the signal is an infinitely long sinc
x

function, which cannot be used in real experiments. In practice, a truncated sinc function
is generally used. As shown in Figure 1.4 the slice profile of a truncated sinc is no longer
rectangular and there is ringing in the profile which is a consequence of the truncation.
For truncated sinc functions it is not clear what the “thickness” of the slice is. In practice,
the full width half maximum (FWHM) of the slice profile is considered to be the effective
slice thickness as illustrated in Figure 1.5.

Figure 1.4 (top left) Ideal rectangular slice profile and (top right) the corresponding
infinitely long sinc pulse. (bottom left) Practical slice profile and (bottom right) the
corresponding truncated sinc pulse.
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Figure 1.5 Definition of FWHM

1.1.4

Spatial Encoding in X and Y

After the slice selection, the transverse magnetization will generate a detectable signal.
The receive coil measures the electromagnetic force which is proportional to the sum of
the transverse magnetization according to Faraday’s law. Hence the signal received by
the scanner can be written as:
s(t )  A  M xy ( x, y)e i 2 t dxdy  Ae i 2 t   M xy ( x, y)dxdy ,

[1.15]

where A is a constant. At this point, the signals from spins at different locations of the
excitation slice are still not distinguishable. Further “encoding” is needed in the X and Y
directions to resolve the object. This is achieved by exploiting the phase of the transverse
magnetization. For the purpose of varying phase spatially, gradients G x and G y are
needed.
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When the gradients G x and G y are turned on, the Larmor frequency for the spins
at location ( x, y) is  ( x, y)   ( B0  Gx x  Gy y) . Hence the signal received by the
scanner becomes:

s(t )  A  M xy ( x, y )e

 i 2 [   ( G x x  G y y )] t

 Ae i 2 t   M xy ( x, y )e

dxdy

 i 2 ( G x x  G y y ) t

[1.16]

dxdy.

The baseband signal can be obtained by demodulating the signal in Equation [1.16]:
s 0 (t )  s(t )e i 2 t  A  M xy ( x, y)e

i 2 ( Gx x G y y ) t

dxdy.

[1.17]

With change of variables k x  Gx t and k y  G y t , the baseband signal can be written as:
s0 (t )  A  M xy ( x, y)e

 i 2 ( k x x  k y y )

dxdy.

[1.18]

Compared to a 2D Fourier transform formula, Equation [1.18] is the same as:
s0 (t )  AF2 {M xy ( x, y)}(k x , k y ),

[1.19]

where F2 {} represents the 2D Fourier transform. Equation [1.19] shows that the MR
scanner acquires data in the 2D Fourier domain which is referred to as k-space. When kspace is sampled, the image can be reconstructed by an inverse 2D Fourier transform.
The details of sampling and reconstruction will be discussed in Section 1.3.
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1.1.5

Noise in the Signal

The fundamental noise source in MR is thermal noise originating from the object, coils
and electronics. The distribution of the noise follows a zero-mean complex Gaussian
distribution. The variance of thermal noise is:

 2  4kTRBw ,

[1.20]

where R is the effective resistance and Bw is the bandwidth of the low-pass filter. More
importantly, the noise of any two measurements is independent (18).
For clinical MR acquisitions, the main source of noise is the thermal noise of the
human body being imaged. Thus, noise is inevitable since the temperature of the body
cannot be altered. However, because the noise is uncorrelated, signal averaging can be
employed to reduce the noise. The amount of noise is characterized by signal-to-noise
ratio (SNR) which is defined as:

SNR 

s



,

[1.21]

where s is the magnitude of the signal. s is proportional to the transverse magnetization:

s  M 0 sin  ,

[1.22]

where M 0 is the longitudinal magnetization before the excitation pulse and  is the flip
angle of the excitation pulse. Hence:

SNR 

M 0 sin 
Bw

.

[1.23]
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From this equation, it can be derived that larger sin  and smaller Bw yield better SNR.

1.2

Relaxation

As discussed in Section 1.1.4, a signal can be detected by the MR scanner after the spins
are excited by an excitation pulse. Once the excitation pulse is removed, the signal will
recover its state of equilibrium by two relaxation mechanisms: the longitudinal or spinlattice relaxation time (also known as T1-relaxation) and the transverse or spin-spin
relaxation time (also known as T2-relaxation).

1.2.1

Longitudinal Relaxation

When an α-degree excitation pulse is played, the magnitude of the longitudinal
magnetization is M z  M 0 cos  according to Equation [1.9]. Thus after excitation the
magnitude of the longitudinal magnetization is smaller than the net magnetization at
equilibrium M 0 . As a result, the longitudinal magnetization will grow back to its
equilibrium state according to:
M z  M z  (M 0  M z )[1  exp(t / T1 )] ,

[1.24]

where t is the time elapsed after the excitation pulse was played and T1 is a tissue
dependent constant known as the spin-lattice or longitudinal relaxation time. The
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longitudinal relaxation is illustrated in Figure 1.6. Mathematically, M z can never
achieve M 0 ; in practice, M z is considered fully recovered after 5 T1.
Because in a typical MRI or NMR experiment several excitations are needed for
data collection, the time between two consecutive excitations (the repetition time or TR)
is also related to T1-relaxation. In this work, the TRs are considered to be long enough to
allow full recovery of the longitudinal magnetization.

Figure 1.6 Longitudinal relaxation.
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1.2.2

Transverse Relaxation

After the excitation pulse is played, the signal in the transverse plane instantly starts to
decay following an exponential decay. This is caused by the transverse relaxation. The
source of the transverse relaxation is the loss of phase coherence among the vectors that
make the net transverse magnetization. As mentioned in Section 1.1.1, the spins generate
small local magnetic fields which perturb nearby spins. A nearby spin experiencing a
slightly stronger magnetic field will precess faster; spins experiencing a slightly weaker
magnetic field will precess slower. The different precession frequencies result in a loss in
phase coherence among the spins which reduces the magnitude of the net transverse
magnetization, M xy 





xy

. This relaxation mechanism is called T2- or spin-spin

relaxation and is illustrated in Figure 1.7 and Figure 1.8. If we incorporate the effects of
T2-relaxation, the magnitude of the net transverse magnetization at time t is given by:

M xy (t )  M xy exp(t / T2 ) ,

[1.25]

where M xy is the transverse magnetization immediately after the excitation pulse is
played and T2 is a tissue dependent parameter.
In real systems there is additional dephasing of the transverse magnetization due
to the inhomogeneity of the external magnetic field B0 and susceptibility differences in
tissues. The net transverse magnetization decay caused by the external field
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Figure 1.7 Dephasing of spins vectors leading to transverse relaxation.

Figure 1.8 Signal decay due to transverse relaxation.
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inhomogeneity and tissue susceptibilities is modeled by a constant T2 . The overall
transverse magnetization relaxation is given by:

M xy (t )  M xy exp( t / T2 ) ,

[1.26]

1
1 1
  .

T2 T2 T2

[1.27]

where

As a result, the joint decay speed ( T2 -decay) is faster than pure T2 decay. This decay is
called free induction decay (FID).

1.2.3

Spin-Echo

One important difference between T2 and T2 relaxation is that the latter is reversible
while the former is not. This is because T2 relaxation is a random process, while T2 is a
fixed process for a location. As mentioned, T2 is caused by the external magnetic field
inhomogeneity and tissue susceptibilities, these effects are not expected to change within
the time scale of the measurement. The technique to reverse T2 relaxation and get pure

T2 decay is called spin echo.
Spin echo is illustrated in Figure 1.9 and Figure 1.10. The longitudinal
magnetization is first flipped into the X-Y plane (Figure 1.9a) where the spins dephase
due to T2 and T2 effects (Figure 1.9b, c). Because of T2 dephasing, the net transverse
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magnetization decreases as shown in the first τ period in Figure 1.10. When a pulse with
flip angle 180

(known as the refocusing pulse) is applied about the X axis, the spins are

flipped around this axis. The refocusing pulse can be slice selective, in which case the
slice is referred to as the refocusing slice. Because the refocusing pulse reverses the
direction of spin dephasing, the faster spins fall behind and the slower spins start leading
(Figure 1.9d). Thus, after a second τ period the spins are back in (Figure 1.9f) and the net
magnetization recovers as shown in Figure 1.10. The point where the signal is rephased is
known as the spin-echo point. After the spin-echo point, the spins will dephase again and
the procedure can be repeated to produce a train of spin echoes. Since the signal at spinecho points follows T2 instead of T2 decay we can use the train of spin-echoes to get a
pure T2 decay. This technique is called multi-echo spin echo and will be discussed in
more detail in Section 2.3.
Including the transverse magnetization relaxation into Equation [1.19] the time
dependent MR signal can be rewritten as:

s 0 (t )  F2 {M xy ( x, y)e t / T2 ( x, y ) e |t|/ T2 ( x, y ) }(k x , k y ),
where | t | is the time difference between t and the nearest spin-echo point.

[1.28]
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Figure 1.9. Schematic representation of the spin-echo experiment.

Figure 1.10. Signal evolution during a spin-echo experiment.
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1.3

Data Acquisition and Image Reconstruction

As shown in Equation [1.28], the MR scanner samples a time-varying signal which
corresponds to the k-space of the object. The sampling rate is characterized by the readout bandwidth Bw (generally in the range of 32-250 kHz). For spin-echo imaging, the
sampling happens near the spin-echo. In the scope of this work, the scanner samples a
line in k-space for each spin-echo with a few hundred sampling points (generally in the
range 128 ~ 512). The time needed to sample a k-space line is determined by the number
of sampling points and the read-out bandwidth, thus typical read-out times range between
1-16 ms. Since the read-out duration is short, the relaxation during sampling may be
neglected. Thus, Equation [1.28] can be reduced to:

s 0 (t )  F2 {M xy ( x, y)e t / T2 ( x, y ) }(k x , k y ),

[1.29]

In order to reconstruct an image, more than one k-space line needs to be sampled.
There are many ways to arrange the sampling lines; the most commonly used sampling
pattern follows a Cartesian trajectory.

1.3.1

Cartesian Acquisition

In Cartesian acquisition (or Cartesian sampling) horizontal lines (or views) in k-space are
sampled (Figure 1.11). The sampling points on each view are equispaced with
spacing k x which is often called the step size. The space between two adjacent views is
k y . The k-space coverage in the k x and k y directions is 2k x ,max and 2k y ,max ,
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respectively. Normally k x ,max and k y ,max are set to have the same coverage. After the
acquisition, a N x  N y matrix K (consisting of data for all the sampling points) is
generated where N x 

k x ,max
k x

, Ny 

k y ,max
k y

. The matrix I representing the discretized

image can then be reconstructed by a simple 2D inverse discrete Fourier transform (IDFT)
which can be written as a matrix product given that FD1 is the IDFT matrix:

I  FD1K .

[1.30]

The inverse operation of Equation [1.30] is given by:

K  FD I ,

[1.31]

where FD is the matrix corresponding to the forward discrete Fourier transform (DFT). In
practice, the DFT and IDFT are computed by a fast realization of the discrete Fourier
transform called the fast Fourier transform (FFT). The image of a Shepp-Logan phantom
and the (log-scaled) magnitude of its Fourier transform is shown in Figure 1.12.

39

Figure 1.11 Cartesian acquisition pattern.

Figure 1.12 The image of a Shepp-Logan phantom and the (log-scaled) magnitude of its
Fourier transform.
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1.3.2

Nyquist-Shannon Sampling Theory

The selection of the sampling points is governed by the Nyquist-Shannon theorem which
states that to get an accurate reconstruction the number of sampling points must match
the desired resolution of the image. Shannon’s version of this theorem states (57):
If a function contains no frequencies higher than W cps (Hertz), it is completely
determined by giving its ordinates at a series of points spaced 1 / 2W seconds apart.
The extension of the sampling theorem to 2D yields the following results:
1. The width of the field of view (FOV) in the X, Y direction can be given by:
FOVx 

1
;
k x

[1.32]

FOVy 

1
.
k y

[1.33]

2. The image resolution in the X, Y direction ( res x , res y ) can be given by:

res x 

res y 

1
2k x , max
1
2k y. max



1
;
N x k x

[1.34]



1
.
N y k y

[1.35]
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1.3.3

Radial Acquisition

Another acquisition pattern used in the imaging experiments is the radial (or polar)
acquisition. For a radial acquisition pattern, each view is acquired in a spoke-like pattern
as shown in Figure 1.13. One important feature of the radial acquisition is that all views
go through the center of k-space where most of the energy is located (for most MR
images). As with the Cartesian acquisition, all the points along a sampling line are
equispaced with spacing k . In most cases, the lines are also equispaced in the angular
direction. The corresponding FOV is a disk with diameter =

1
.
k

Figure 1.13 Radial acquisition pattern.
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There are mainly two ways to reconstruct radially acquired data: gridding and
filtered backprojection (FBP). The gridding technique re-grids the radial sampling points
onto a Cartesian grid and uses IDFT to reconstruct the image (51). This technique is also
referred to as non-uniform fast Fourier transform (NUFFT). In FBP, a reconstruction
technique specific to radial data, each sampling point can be expressed by the radial
coordinates (35):

K(  , ) radial  K(  cos  ,  sin  ) Cartesian.

[1.36]

The reconstructed image can be computed as:
2

I( x, y)    |  | K (  ,  ) radiale i 2 l dl 
d .
 l  x cos  y sin 
0 
 

1.4

[1.37]

Noise in the Image

The images reconstructed by Equations [1.30] and [1.37] are complex images. As
discussed in Section 1.1.5, the complex noise in the k-space samples is independent
identically distributed zero mean Gaussian. Since the inverse Fourier transform is a linear
operation, the noise n in the image is additive and is both spatially and temporally
independent; n follows an identically distributed zero-mean Gaussian distribution. Hence,
the reconstructed image with noise can be expressed as:

I( x, y)  M xy ( x, y)e t / T2 ( x, y )  n .

[1.38]
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In MRI the magnitude image I( x, y ) is commonly used. Notice that in this case,
the noise distribution is changed. The noise in I( x, y ) is no longer additive and follows a
signal dependent distribution called Rician distribution (also known as Rice distribution).
For the pixel in the image without signal, define:

R n,

[1.39]

the noise distribution of

R reduces to a Rayleigh distribution. Given the real and

imaginary part of n independently follow N (0,  ) , it can be calculated that (3):

R


2

  1.253 ;


 R  2    0.655 .
2

1.5

[1.40]

[1.41]

Multi-Coil Data

Thus far, data acquired with a single RF coil has been considered. On clinical scanners, it
is common to acquire data with multiple receiver coils to increase SNR. For a multi-coil
acquisition, each coil is associated with a complex sensitivity profile Cc ( x, y) . Thus, the
data acquired by a particular coil at the spin-echo can be expressed as:

K c (k x , k y )  F2 {M xy ( x, y)C c ( x, y)e t / T2 ( x, y ) }(k x , k y ).

[1.42]
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Ideally, a joint probability density function is needed to obtain an image from all
coils. This is impractical because the information is generally not available and may vary
from scan to scan. As an alternative, it has been shown that the sum-of-square (SOS)
technique is near optimal for reconstructing images from multi-coil data (45). Namely,
the SOS image I SOS can be calculated from the complex images I i reconstructed from
individual coils:
I SOS ( x, y ) 

 I ( x, y )
i

i

2

.

[1.43]
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2.
2.1

T2 MAPPING

Parametric MRI

As mentioned in Section 1.2, T1 and T2 values depend on the tissue properties and can
reveal important information of the tissue being imaged. The procedure to obtain
parameter values for all pixels within the imaging slice is called parameter mapping. MR
parameters such as T1 and T2 have been used for many clinically relevant studies such as
brain maturation (26), Parkinson’s disease (8, 65), intervertebral disk degeneration (66),
cardiac necrosis and edema (13), lung function (4), lesion classification (22, 44), hepatic
encephalopathy (56), liver cirrhosis (21), cartilage damage (23, 32, 42), and automated
tissue/lesion segmentation (5).

2.2

Introduction to T2 Mapping

T2-weighted MRI is used clinically for the characterization of various tissue types and
pathologies. Currently, radiologists use visual methods to analyze the T2 characteristics of
tissues and based their observations on signal intensity changes. This is illustrated in
Figure 2.1 for the task of lesion characterization. Note that the solid arrows point to two
lesions that have a large signal intensity drop from echo time = 90 ms to echo time = 180
ms. This is a characteristic of malignant lesions where the faster decay is indicative of a
shorter T2. On the other hand, the signal intensity of the lesion marked with a dashed
arrow does not change as much between the two T2-weighted images. This is a
characteristic of benign lesions where the slower decay is indicative of longer T2.
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However, the accuracy of the visual comparison can be affected by many factors such as
coil sensitivity and image contrast. It has been demonstrated that quantitative methods for
estimating T2 values are superior (22).

Figure 2.1 T2-weighted abdominal images acquired at different echo times.

In general, T2 measurements are based on spin-echo imaging where the signal
intensity is a function of T2 as described in Equation [1.25]. Hence, for a particular pixel,
the time dependent spin-echo signal can be written as:

s(t )  I 0 e t / T2  n ,

[2.1]

where n is the independent zero-mean complex Gaussian noise, t is the echo time (TE),
the initial signal intensity I 0 is used conventionally to represent the complex signal at
t  0  , the time right after the excitation pulse is played.
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When

the

spin-echo

images

for

various

TEs

are

obtained

( t  TE1 , TE2 , , TE N ), the T2 value for a specific pixel can be derived from the
complex signals s(TE1 ), , s(TEN ) by an exponential fitting:


Tˆ2  arg min  I 0 e t / T2  s(TE n )  .
n

I 0 ,T2

[2.2]

Since the noise is independent complex Gaussian noise, Equation [2.2] is an unbiased
estimator for T2. If the magnitude signals are used (as typically done, especially for multicoil acquisitions) the noise in s(TE1 ), , s(TEN ) is no longer Gaussian, but Rician.
Equation [2.2] is no longer an unbiased estimator for T2. Equation [2.2] can be solved by
a non-linear minimization algorithm or by a linear fitting to the log of the magnitude
signals to obtain 1 . The latter is computationally fast and simple to implement but as
T2
mentioned above the method is biased for magnitude images, and the bias is SNR
dependent.

2.3

Multi-Echo Spin-Echo Imaging

In order to obtain accurate T2 values, several spin-echo images at various TEs (typically 4
~ 32 TEs) are needed. The need for images at several TEs significantly increases the
acquisition time. As discussed in Section 1.2.3, it is possible to acquire a train of spinechoes after an initial excitation by using 180o refocusing pulses. This type of acquisition
is called multi-echo spin echo (MESE) and it is illustrated in Figure 2.2.
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By using the MESE technique within an imaging pulse sequence, it is possible to
acquire data at multiple TEs in the same number of excitations needed for acquiring one
TE image with a single-echo SE technique. Thus, MESE imaging is commonly used in T2
mapping. Ideally, each spin-echo image acquired with the MESE technique is the same as
the image acquired with a single-echo SE image, and the signal follows the same T2
decay. In reality, this is not the case. The imperfect nature of the refocusing pulses leads
to the formation of indirect echoes. The indirect echoes contaminate the T2 decay with T1
weighting leading to longer apparent T2 values when T2 fitting is performed. The indirect
echoes will be further discussed in Chapter 4.

Figure 2.2 Schematic plot of an MESE experiment.

2.4

Undersampled Radial FSE Data

Although the MESE technique is significantly faster than the single-echo SE method, T2
mapping with MESE may still be too long for certain applications (43). This is the case
for abdominal and cardiac imaging where data acquisition is limited to a breath hold (~
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20 s). If we consider a typical TR of about 1 sec (recall that the TR is the time between
two consecutive excitations for a slice) only ~ 20 k-space lines per TE can be collected in
a breath hold. Since the number of readout points per k-space line is typically 256, each
TE data set is highly undersampled.
There are several ways to reduce the effects of undersampling by adjusting the
acquisition pattern and the corresponding reconstruction technique. In this work, we use a
radial fast spin-echo (radFSE) technique based on the radial acquisition of MESE data.
RadFSE was initially designed as a motion-insensitive technique for diffusion-weighted
and abdominal imaging (63, 62). Later studies demonstrated that it is possible to obtain
accurate T2 maps (2, 12, 37, 38) from highly undersampled radFSE data.
In the radFSE technique the k-space lines are uniformly distributed among the
TEs ( TE1 , TE2 ,, TEN ) as shown in Figure 2.3. Hence no k-space line is repeated
during the acquisition which allows for the maximum k-space coverage. In a typical
breath hold radFSE acquisition the combined TE data sets approximate a fully sampled
set but the k-space for each TE is highly undersampled. Thus, post-processing is
necessary to obtain T2 maps from the acquired data.

2.5

T2 Mapping from Undersampled radFSE Data

Two types of post-processing techniques have been proposed for obtaining T2 maps from
undersampled radFSE data: the echo sharing (ES) and model-based (MB) techniques.
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Figure 2.3 RadFSE acquisition pattern for the case of 4 TEs.

Figure 2.4. The illustration of Nyquist radius.
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2.5.1

Echo Sharing Algorithm

The ES technique (1, 60) is based on the fact that the low-frequency region of k-space
determines the main contrast in an image whereas the high-frequency region provides the
fine structure. Due to the nature of radial acquisition, the low-frequency or central region
of k-space is oversampled for each TE while the high-frequency region is undersampled
(refer to Figure 2.3) The ES technique seeks to combine data from all TEs in the highfrequency region of k-space while keeping data for a specific TE in the low frequency
region.
As shown in Figure 2.4, the distance d between sampling points within two views
increases from the center to the outer part of k-space. The Nyquist radius is defined as the
radius where d is equal to the step size ∆x. The Nyquist radius can be calculated as:
r

x
2 sin



.

[2.3]

2

For each TE data set in radFSE the points up to the Nyquist radius are well sampled;
beyond this radius the points are undersampled. In the ES technique data acquired at
neighboring TEs are added beyond the Nyquist radius to ensure that k-space is wellsampled. The process is illustrated in Figure 2.5 where the goal is to obtain k-space data
with T2-weighting equivalent to TE5. As shown in the figure, k-space lines acquired at
TE5 are used in the center tier and lines acquired at TE4 and TE6 are added after the first
Nyquist radius to provide sufficient sampling density to satisfy the Nyquist-Shannon
theorem. A second Nyquist radius is then defined based on data for TE4, TE5 and TE6.
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When the second Nyquist radius is passed, the data are once again undersampled, thus,
data at TE3 and TE7 are added. This process continues until the entire TE data set (in this
case TE1 …TE8) is used. A TE images can then be reconstructed from the tiered data set
by repeating the same procedure for all TEs, the images corresponding to all TEs are
reconstructed and a T2 map is generated from them. This algorithm is illustrated in Figure
2.6.
For multi-coil data, the same process is done coil by coil and the SOS is used to
generate an image for each TE. A T2 map is obtained from the SOS images.

Figure 2.5. Tiered k-space diagram to generate a data set with T2-weighting ~ TE5 from a
total of 8 acquired TEs.
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Figure 2.6. Schematic plot of the ES algorithm.
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Although the ES technique has proven to be useful for a series of clinical
applications (1, 47), the mixing of TE data in the high spatial frequencies introduces
errors in the T2 estimation of structures with high spatial frequency content such as small
objects and edges (1). This will be discussed in more detail in Section 3.3.

2.5.2

Model-Based Algorithm

As an alternative to the ES technique, an MB algorithm has been proposed recently (12).
In the MB algorithm for T2 estimation, it is assumed that the signal from each pixel
follows a mono-exponential decay. The main goal is to minimize the difference between
the acquired data and synthesized data obtained from the model. Under this model, the
data consistency term can be expressed as (12, 37):

 j || FT j (I 0  e

TE j / T2


)  K j || 2 ,

[2.4]

where TE j denotes the time of the jth TE, FT j is the forward Fourier transform for all kspace locations acquired during the jth spin-echo period, I0 and T2 are the initial signal


intensity and T2 maps, respectively. K j is the measured k-space data at echo time TE j .
The data consistency term indicates how different the acquired data are from the signal
model. The I0 and T2 maps can be reconstructed by:

TE j 

ˆ  arg min
Iˆ 0 , T
||
FT
(
I

e
2
I 0 ,T2  j
j
0



1
T2




)  K j || 2 .



[2.5]
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In addition to the data consistency term, one can add constraints (penalty terms)
using a priori knowledge of the object. In practice, there are many variations of the
penalty terms depending on the prior information being exploited. For example, a 2-norm
of the total variation of k-space can be penalized if the goal is to regularize the k-space
and avoid solution divergence (12); the 1-norm of the wavelet transforms of the I0 and T2
maps are penalized if the goal is to enforce the spatial sparsity of these maps (more
details about this will be given in Section 3.1). When Pi represents the penalty functions,
and i are the corresponding regularization parameters, Equation [2.5] can be
reformulated as:

ˆ 
Iˆ 0 , T
2

TE j 
arg min I 0 ,T2  j || FT j (I 0  e


1
T2

 [2.6]

)  K j || 2 i i Pi (I 0 , T2 ).


Due to the non-linearity of the exponential term in Equation [2.5], the
minimization of the data consistency term using conventional algorithms (e.g. conjugate
gradient) suffers from scale mismatches between I0 and 1/T2 (12). One way to alleviate
this problem is to rescale the TE time points by a scaling factor (sf). By doing so,
Equation [2.6] becomes:

ˆ 
Iˆ 0 , T
2

 sf TE j 
arg min I 0 ,T2  j || FT j (I 0  e


1
T2

 [2.7]

)  K j || 2 i i Pi (I 0 , T2 ).
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Equation [2.7] can be written for multi-coil data with given coil sensitivity map

Sl :
ˆ 
Iˆ 0 , T
2

 sf TE j 
arg min I 0 ,T2  j || FT j (S l I 0  e


1
T2

 [2.8]

)  K j || 2 i i Pi (I 0 , T2 ),



where K l , j is the measured k-space data from coil l at echo time TE j . Since the
complex phase of the object is not expected to change due to the nature of the spin echo
acquisition, the phase is incorporated into S l .The complex coil sensitivity maps S l can
be obtained by a separate scan which requires additional acquisition. However, the coil
sensitivity maps can also be approximated using the same data set. Complex images of all
the coils can be reconstructed from the data by FBP. The sensitivity map S l can then be
estimated from dividing the complex image of coil l by the SOS image.
Equations [2.7] and [2.8] are minimization problems with large dimensionality.
There are more than 100,000 free variables for a typical 256×256 image. The high
dimensionality of the problem practically rules out the possibility of using a global
minimization algorithm such as simulated annealing. Gradient-based local minimization
algorithms such as conjugate gradient are more suited for the task. To use gradient-based
minimization algorithms, the gradient of the cost function needs to be simple to calculate.
For Equation [2.5], the gradient can be calculated analytically (12):
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For simplicity of notation, let F j  FT j (I 0  e

TE j / T2


) , y j  K j and let



F  ( F1 , F2 ,...) , y  ( y1 , y2 ,...) . The 2-norm terms in Equation [2.4] can be written as:
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Given the locations of the k-space
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[2.10]

, F j can be reformulated as:

 ixk j
S l ( x )e
,

[2.11]

A change of variables can be performed:

R2 

Thus,

1
.
T2

[2.12]
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[2.13]

where {} yields the real part of a complex number.
Then by the same steps, the derivative with respect to R2 can be calculated:
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[2.14]

The MB algorithm is illustrated in Figure 2.7. The initial guesses could be zero
maps or provided by maps estimated from another algorithm (e.g., the ES algorithm).
A disadvantage of the MB algorithm is that its performance depends on the
scaling factor (12, 41). This is illustrated in Figure 2.8 for a simulated object consisting of
three small circular objects (6 pixels in diameter) with T2= 80 ms, 150 ms, and 230 ms
(chosen to represent values for malignant and benign tumors) with a T2,background of 50 ms
or 100 ms, chosen to represent T2 for liver and brain parenchyma (1, 22). The numerical
phantom is shown in Figure 2.9, the objects and the background have the same uniform I0
value. The values of I0 represent the variations typical within an image observed in vivo
due to coil sensitivities. Results are shown for noiseless data and 200 iterations. From the
figure is it clear that T2 estimates depend on the scaling factor and that the optimal scaling
factor varies with the I0 and T2 values of the object. These results indicate that without
prior information on T2 and I0, it is not possible to choose an optimal scaling factor which
in turn will compromise the accuracy of T2 estimation. As noted in Ref. 12, the
dependence of T2 estimation on the scaling factor can be reduced with a large number
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(>1000) of iterations. However, this dramatically increases the computation burden and
the required computation time.

Figure 2.7 Schematic plot of the MB algorithm.
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Figure 2.8 Percent error of the mean T2 estimates calculated by the MB algorithm vs.
scaling factor (sf in Eq. [2.7]) for various I0 (i.e., signal intensity at TE = 0) and T2 values.
The object and the background have the same uniform I0. The simulations are for three 6pixel diameter circular objects with T2 = 230 ms, 150 ms and 80 ms embedded in a
background of 112 pixels in diameter. Noiseless data were used in the simulations with
16 k-space lines per TE and 16 TE points.
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Figure 2.9 A TE image of the numerical phantom, the background T2 value is 50 ms, the
T2 values of the three small objects are 80 ms, 150 ms and 230 ms.
250
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100
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3.
3.1

REPCOM ALGORITHM

Introduction to Compressed Sensing

Natural images including MR images have some structure (or have sparsity, which will
be defined later) and they can be compressed efficiently without much perceptual loss.
Consider the process of taking a picture using a digital camera and saving it as a
JPEG2000 file. The camera first acquires the full image matrix from the entire array of
detectors, transforms the signal to wavelet domain, encodes the desired coefficients and
discards all other. Because this process is wasteful and time-consuming, it will be cost
effective if it is possible to acquire the data in already compressed form hence no
information needs to be thrown away. Compressed sensing (also known as compressive
sampling) shows that this is indeed possible. There are more and more fields starting to
take advantage of this new theory, such as compressive imaging (29, 61), medical
imaging (48), biosensing (58), computer graphics (59) and so on. Before discussing the
theory of compressed sensing based on Ref. 19, two concepts need to be defined:
1. Sparse: a vector or matrix is considered to be sparse when most of its entries
are zeroes. The vector or matrix is called S-sparse if there are S non-zero
entries.
2. Sparse in a transform domain: A vector or matrix is considered to be sparse in
the transform domain if it is sparse in certain transform domain such as
Fourier transform, wavelet transform, etc.

62
Note that the term sparsity is often used interchangeably with sparse in a
transform domain in later sections.
Consider the general problem of reconstructing a vector x  R N from linear
measurements y about x with sensing vectors k :
y k  x,  k , k  1,  , K .

[3.1]

Equation [3.1] can be expressed in a matrix form:


y  Φx,

[3.2]

where the K  N dimensional sensing matrix Φ is formed by k . Acquisition of the

information about the unknown signal is done by sensing x against K vectors  k .

If we focus on the “underdetermined” case ( K  N ), at the first look, it seems
mathematically impossible to solve this problem which is a linear system with more
unknowns than equations. But suppose that the signal is compressible, and it essentially
depends on less than K independent variables. Then, the nature of the problem is radically
changed by this assumption (or a priori knowledge) and it is possible to obtain accurate
(or even exact) signal recovery by solving an optimization problem.

First, the situation that x is sparse will be discussed in the context of MR image

reconstruction. If we consider a one dimensional Fourier transform version of the
problem, we can express:

1
yk 
N

N 1

x e
t 0

t

 2ik t / N

k  1, , K ,

[3.3]
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where  k are the frequencies from a subset of all frequencies. For a formulation in matrix
form, the sensing matrix Φ is obtained by sampling K rows of the N  N discrete

Fourier transform matrix. It has been shown that the signal x can be recovered with an

overwhelming probability by solving the convex program (20):


 
min
 N x 1 subject to Φx  y ,
xR

[3.4]

if the following requirement is satisfied:
K  CS log N ,

[3.5]

where C is a constant and S is the sparsity. If C can be expressed in the form 22(  1) ,
then the probability of success is greater than 1  O( N  ) (20).
An important comment in Ref. 19 states that there are examples for which the
minimum number of samples needed for exact reconstruction by any method, no matter
how intractable, must be ~ S log N . Hence, the theorem is tight and l1-minimization
succeeds nearly as soon as any other possible algorithm can successfully reconstruct the
signal.
Note that the discussion above is for sparse vectors, however in reality, most
images are not sparse, but compressible. Equation [3.4] can be generalized to



compressible vectors. Given a compressible signal f  R N , x  Ψf is S-sparse, where Ψ

is a N  N matrix corresponding to an orthogonal basis such as B-spline, wavelet,


principal component, etc. In this sense, f is considered to be S-sparse if x is S-sparse.
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By the orthogonality of the transform, f  Ψ * x . Using this, Equation [3.4] can be

reformulated as:



*
min
 N x 1 subject to ΦΨ x  y ,

[3.6]


min
 N Ψf

[3.7]

xR

or equivalently

f R

1

 
subject to Φf  y .

In practice, noise is unavoidable in the acquired MR data. The noise in the
measurements can be modeled as:
 

y  Φf  n ,

[3.8]



where n is the noise term with bounded energy n 2  b . The convex program can be
adapted to this situation by relaxing the data consistency term (19):


min
 N Ψf
f R

1

 
subject to Φf  y

2

 b.

[3.9]

This program has been shown to be convex and has a unique solution (14) and the energy
of the error of the solution to this convex program is bounded. It is also a common
practice to absorb the constraint term into the consistency term:

 

min
  Ψf ,
 N Φf  y
f R

2

where  is a weighting constant.

1

[3.10]
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It is noteworthy to point out that the ability to reconstruct an image using less data
than the Nyquist-Shannon sampling theorem constraint does not contradict the theorem.
The theorem applies to any arbitrary image without assuming any previous knowledge.
Compressed sensing concentrates on those images which are sparse or compressible. By
enforcing the sparsity constraint, we are providing more information about the image to
the reconstruction program. The extra information is not considered in Nyquist-Shannon
sampling theorem.

3.2

REPCOM Algorithm

As an alternative to the ES and MB algorithms we developed REPCOM which stands for
REconstruction of Principal COmponent coefficient Maps. The algorithm yields T2 maps
from highly undersampled data via the reconstruction of principal component coefficient
maps under the framework of compressed sensing.

3.2.1

Theory of REPCOM

As shown in Section 2.5.2, the choice of an optimal scaling factor may be challenging for
a model-based algorithm. The reason a scaling factor is needed is that the signal model as
in Equation [2.1] is non-linear. If the non-linearity can be removed, the scale mismatch
will in turn be eliminated. The goal of REPCOM is to linearize the cost function by using
principal component analysis (PCA) where the exponential decay can be accurately
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approximated using a linear combination of a few pre-calculated principal components
(PCs). PCs form the ideal basis for this application because of its orthonormality and,
more importantly, the property that among all the possible bases they minimize the
2-norm of the truncation error of the training curves (the difference between the original
training curves and the curves reconstructed using the first a few coefficients
corresponding to a given basis). The PCs are calculated from a training set of exponential
decay curves covering a given range of T2 and TE times using singular value
decomposition (SVD) (27, 28, 55). A detailed description of the generation of PCs is
given in APPENDIX A.

Let v be a real vector representing a noiseless mono-exponential T2 decay curve

for specific T2 and magnitude I0 values, v j  I 0  e

TE j / T2


, the elements of v are the signal

intensity at each TE for this decay. Let L be the number of PCs to be used in the


approximation and bi be the ith PC vector. The T2 decay can then be approximated by
the linear combination (38):

 

L
v  i 1 mi bi   ,

[3.11]



where the PC coefficient mi is the weight of the ith PC for the decay vector v , and  is

the vector of the approximation error. Since the PCs are orthonormal, the ith PC
coefficient can be computed as follows:

 
mi  v  bi .

[3.12]
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It is expected that larger number of PCs can better represent the decay curves; however,
larger number of PCs also means more free variables. Thus, the smallest L with
acceptable accuracy is desired. This value will depend on the TE points and T2 value
range of interest.
Let B denote a matrix whose columns are the N principal components ordered
from most to least significant (i.e. largest to smallest corresponding singular values). The
dimension of B is N  N where N is the number of TE points. A truncated N  L matrix
 

ˆ  (b , b ,, b ) can be formed by selecting the first L columns of B . Let M denote
B
1 2
L

the ( N x  N y )  L matrix of PC coefficients ( N x , N y are the dimensions of the TE


 

images); M  (M1 , M 2 ,, M L ) where M i is the vector of the ith PC coefficient of all the

ˆ T yields the image at
pixels in the images. Let B̂ j denote the jth row of the matrix B̂ . MB
j
echo time TE j computed from the truncated PC coefficients, thus, the data consistency
term can be approximated by:



N
j 1


ˆ T )  K || 2 .
|| FT j (MB
j
j

[3.13]

Note that in Eq. [3.13] the non-linearity in the signal model is removed and that the data
consistency term is only dependent on the matrix M since all other variables are known.
For multi-channel coil data, complex coil sensitivity maps S l can be incorporated into
the algorithm:


ˆ  arg min {#coils N || FT (S MB
ˆ T )  K || 2 } ,
M
M
j
l
j
l, j
l 1
j 1

[3.14]
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Sparsifying penalties ( Pi () with corresponding weights i ) can also be
incorporated into the model to exploit the sparsity of I0 and T2 maps in a transform
domain. Because the PC coefficient maps can be derived from the given I0 and T2 maps,
PC coefficient maps will inherit this spatial sparsity which can be exploited using the


coefficient maps M i . Altogether the combination of model linearization by PCA and the
enforcement of spatial sparsity leads to the proposed REPCOM algorithm:


ˆ  arg min{#coils N || FT (S MB
ˆ T )  K || 2    P (M)}.
M
j
l
j
l, j
l 1
j 1
i i i

[3.15]

M

Note that REPCOM exploit both temporal and spatial sparsity, which according to the
compressed sensing theory can be used to improve the reconstruction of undersampled
data. The temporal sparsity is exploited by the limited number of PC coefficients L.
Spatial sparsity is exploited by penalties. In this work, the 1-norm of the wavelet
coefficients (Daubechies 4, code obtained from http://www-stat.stanford.edu/~wavelab)
and total variation are used on all PC coefficient maps. The weighting parameters for the
penalty terms are chosen empirically. Weights i are set to 0.01 (for datasets with low
SNR) or 0.003 (for datasets with relatively high SNR) and multiplied by the product of
the number of k-space lines and the mean signal intensity of the object pixels in the sum
of squares image.
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3.2.2

Proof of Concept

As discussed above, the smallest L with acceptable accuracy is desired. In this work, the
goal is to select the smallest L that yields < 1% approximation error on the T2 estimates
for all the decay curves in the training set.
Figure 3.1 shows the results of simulations performed to determine the number of
PCs needed for accurate characterization of T2 decay curves when there are 16 TE points
with an echo spacing (i.e., the time between TE points) of 9 ms. The latter are typical
acquisition parameters used in breath hold radFSE acquisitions. In the figure the error
between the true T2 and the T2 estimated from the corresponding PCs is plotted for L = 2,
3, 4 for a T2 range of 45-500 ms. The estimated T2 is calculated by using conventional
least squares fitting of the decay curve reconstructed from the PCs. According to the
simulations, three PCs (L=3) are enough for accurate T2 estimation. The largest 5 singular
values (obtained from Eq. [A.3]) for the parameters given above are 8.07×102, 1.43×101,
8.47×10-2, 2.07×10-4 and 2.72×10-7, which indicates that the contribution of PCs greater
than 3 to the exponential curves is small.
To prove the principle using real MRI data, Cartesian spin-echo data of a normal
volunteer’s brain were obtained using a spin-echo pulse sequence where the number of
spin echo points was 16. In this experiment the TE k-space data sets were fully sampled.
Three PC coefficient maps were derived from the TE images and a T2 map was
reconstructed from the PC coefficient maps.
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Figure 3.2 shows the 3 PC coefficient maps. Note that these maps are all spatially
correlated and can be well-represented by a small number of coefficients in a transform
domain (such as total variation and wavelet transform). Figure 3.3b is the T2 map derived
from the 3 PC coefficient maps shown in Figure 3.2. Figure 3.3a is the T2 map
reconstructed from all 16 TE images using conventional least squares fitting. Figure 3.3c
quantifies the difference between the two T2 maps. The difference is below 2% almost
everywhere in the brain. This experiment provides further evidence that accurate T2
mapping can be obtained with a small number of PC coefficient maps.
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Figure 3.1 Percent error between the true T2 and the T2 estimated from the
characterization of the first 2-4 PCs. Simulations were performed on noiseless data using
16 TE time points ranging from 9 ms to 144 ms in steps of 9 ms. The training set
consisted of T2 curves with T2 values ranging from 45 ms to 500 ms.
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Figure 3.2 Coefficient maps of the first 3 PCs derived from Cartesian spin-echo images
fully sampled at all TE time points. Data were acquired with a single channel
transmit/receive coil, number of TE points = 16, echo spacing = 8.26 ms, acquisition
matrix per TE = 256×256, TR = 1 s, slice thickness = 6 mm, receiver bandwidth = ±31.25
kHz, FOV= 22 cm.

Figure 3.3 (a) T2 map calculated from 16 fully sampled TE images using conventional
least squares fitting. (b) T2 map recovered from the three PCC maps shown in Figure 3.2.
(c) Percent error of T2 map in (b) taking (a) as the gold standard.
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3.2.3

T2 Mapping from Highly Undersampled radFSE Data

The next step was to test the capabilities of REPCOM for T2 mapping from undersampled
data. To reconstruct the decay curves from highly undersampled radFSE data, Equation
[3.15] was solved iteratively by using the nonlinear Polak-Ribiere Conjugate Gradient
algorithm (53). The Non-uniform Fourier transform (NUFFT) toolbox developed by
Fessler and Sutton (31) was used for the forward and inverse Fourier transforms. The TE
images were generated from the PC coefficient maps and T2 maps were estimated from
the TE images by Eq. [3.11] using a conventional single exponential least squares fitting.
A fixed number of 50 iterations were used in this study based on the initial observation
that parameter estimates converged after 15-25 iterations. Zero maps were used as the
initial guess for the PC coefficient maps.
A T2 map reconstructed by REPCOM from undersampled radFSE data is
compared to the gold standard T2 map in Figure 3.4. The REPCOM T2 map was
reconstructed from data acquired with number of TE points (i.e., the echo train length or
ETL) = 16 and only 16 radial k-space lines per TE. The gold standard T2 map was
generated from 16 TE points with 256 radial k-space lines per TE. All other imaging
parameters were the same for both data sets. Aside from some minor differences due to
slight subject movement between experiments, the two T2 maps are very similar despite
the fact that in the REPCOM reconstruction we used 16 times less data than for the gold
standard. This demonstrates REPCOM’s ability to reconstruct T2 map from highly
undersampled radFSE data. It is important to note that it took 17 minutes and 20 seconds
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to acquire the gold standard data, while the acquisition of undersampled data took only 1
minute and 20 seconds.

3.2.4

Properties of REPCOM

Figure 3.5 illustrates the benefit of including the spatial penalty terms on the PC
coefficient maps. The images in Figure 3.5a-c were obtained from the same data used in
Figure 3.4 and represent a data set with relatively high SNR. The images in Figures 3.5df were acquired with a preparatory time of 35.20 ms between the 90o excitation pulse and
the train of 180o refocusing pulses to reduce SNR. The undersampled data acquisition
matrix of 256×256 yielded a total of 16 k-space lines per TE. Gold standard radFSE data
were acquired with 256 k-space lines per TE. When no spatial constraints are
incorporated into the REPCOM algorithm, the reconstructed T2 map from high SNR data
(Figure 3.5a) is similar to the corresponding gold standard (Figure 3.5c). There are some
noise-like artifacts in Figure 3.5a which are reduced when spatial penalties are used in the
reconstruction (Figure 3.5b). For low SNR data, the noise is more evident in the T2 map
reconstructed without penalties (Figure 3.5d). The improvement introduced by the spatial
penalty is more significant and the corresponding T2 map (Figure 3.5e) matches better the
gold standard (Figure 3.5f).
The performance of the REPCOM algorithm under different levels of noise was
also investigated using the numerical phantom shown in Figure 2.9 (for T2,background=50
ms, I0=1). Simulations were conducted for two object diameters (6 and 12 pixels) for
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different levels of noise. The results are summarized in Figure 3.6 where SNR60 is the
SNR at TE= 60 ms (the approximate TE contrast of the images reconstructed from all
radFSE lines). As reference, the noise level SNR60 = 50-100 is comparable to the SNR of
white and grey matter in the brain images shown in Figure 3.5. The noise level SNR60 =
13-25 is comparable to the SNR of abdominal radFSE scans. For the 6- and 12-pixel
diameter objects, the biases of T2 estimates are all below 3% for SNR60 ≥ 13. The
standard deviation increases with decreasing SNR with the standard deviations for the 12pixel objects being smaller due to the larger number of pixels in the ROI.

Figure 3.4 Comparison of (left) T2 map reconstructed from highly undersampled data by
REPCOM and (right) T2 map obtained from gold standard data. Some imaging
parameters for the undersampled data are: ETL = 16, 16 radial k-space lines per TE, echo
spacing = 9.07 ms. The gold standard data were acquired with the same imaging
parameters except there are 256 radial k-space lines per TE instead of 16.
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Figure 3.5 Effect of spatial sparsities in the T2 maps reconstructed with REPCOM.
(a,b,d,e) T2 maps reconstructed with REPCOM from radFSE data acquired with ETL=16
and 16 radial lines per TE. (c, f) Corresponding gold standard T2 maps reconstructed from
radFSE data acquired in a separate scan with ETL=16 and 256 radial lines per TE. Data
in (d-f) were acquired with a preparatory time = 35.20 ms between the 90ºexcitation
pulse and the train of 180ºrefocusing pulses to yield a lower SNR data set. The T2 maps
in (a, d) were reconstructed without spatial penalties. The T2 maps in (b, e) were
reconstructed with spatial penalties. Other imaging parameters are echo spacing= (a-c)
9.07 ms or (d-f) 8.80 ms, FOV= 22 cm, slice thickness = 5mm, number of readout points
=256.
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Figure 3.6 (a,b) The error of REPCOM T2 estimates for various SNR levels. The
simulations are for three 6-pixel (or 12-pixel) diameter circular objects with T2 = 230 ms,
150 ms and 80 ms embedded in a background of 112 pixels in diameter (T2,background = 50
ms). I0 was set to be 1 for all pixels in the phantom. Data were generated in radFSE
acquisition style with ETL = 16, 16 radial k-space lines per TE, and echo spacing = 9 ms.
SNR60 represents the SNR at TE = 60 ms which is the approximate TE contrast of
anatomical images reconstructed from all radFSE k-space lines. One hundred noise
realizations were used in the simulations

Table 3.1 was obtained using radFSE data with SNR60 = 25 for the numerical
phantom shown in Figure 2.9 (the phantom with 6-pixel diameter objects). The ETL was
varied from 4 to 16, while the same TE coverage was enforced by adjusting the echo
spacing. The number of total radial k-space lines was varied from 128 to 1024 yielding
different levels of undersampling for each TE time point depending on the ETL. As
expected, for all three objects, the accuracy of T2 estimates increases with increasing
number of k-space lines per TE. When the number of k-space lines is fixed, very little
difference is observed among the various echo train lengths for objects with longer T2
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(230 ms, 150 ms). For the object with T2 = 80 ms, the standard deviation was found to
improve as the echo train increases. This is because there is less signal at later TE points
for short T2 values, and T2 estimation is more accurate when there are more data from
early TE points.

Table 3.1 T2 estimates (mean ± standard deviation) obtained with REPCOM for three
circular objects with various numbers of TE points and total number of k-space lines. The
data were obtained using a numerical phantom. The diameter of the objects is 6 pixels,
the T2s are (a) 230 ms, (b) 150 ms and (c) 80 ms. These objects were embedded into a
112-pixel diameter circular background. For the various numbers of TE, the same TE
coverage was enforced. TE points are equally spaced. Complex Gaussian noise was
added to the k-space such that the SNR at TE = 60 ms is about 25 for the object with T2
= 80 ms.

T2 truth
= 230 ms

T2 truth
= 150 ms

T2 truth
= 80 ms

# lines
ETL = 4

128
238.14 ± 8.12

256
234.14 ± 5.39

512
231.72 ± 3.98

1024
234.04 ± 2.55

ETL = 8

237.80 ± 7.10

233.90 ± 5.30

231.82 ± 4.24

232.15 ± 3.62

ETL = 16

233.64 ± 7.04

233.85 ± 5.13

233.76 ± 3.44

232.64 ± 2.99

ETL = 4

154.63 ± 3.35

151.70 ± 2.71

152.27 ± 1.93

150.89 ± 1.38

ETL = 8

154.45 ± 3.76

151.44 ± 2.81

151.70 ±1.67

150.11 ± 1.66

ETL = 16

152.62 ± 3.27

151.52 ± 2.30

152.45 ± 1.73

150.37 ± 1.85

ETL = 4

81.25 ± 2.50

80.57 ± 1.79

80.27 ± 1.25

80.27 ± 0.88

ETL = 8

81.18 ± 2.01

80.30 ± 1.43

80.37 ± 0.88

80.15 ± 0.69

ETL = 16

80.87 ± 1.68

80.35 ± 1.17

80.64 ± 0.78

80.28 ± 0.68
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3.3

Comparison of T2 Mapping Algorithms

The performance of the REPCOM algorithm was evaluated against the previously
developed ES and MB algorithms. Figure 3.7 shows brain T2 maps reconstructed by these
algorithms using the same undersampled radFSE data as used in Figure 3.4. The figure
also includes the anatomical image (Figure 3.7a) reconstructed from the gold standard
data. The mean T2 values of the region of interest (ROI) are: 89.7 ms (gold standard),
89.7 ms (REPCOM), 89.6 ms (MB) and 91.2 ms (ES), indicating that for this large ROI
the estimated T2’s by these three algorithms are comparable and close to the gold
standard. However, the fine structures are blurred in the ES T2 map; these are better
preserved in the T2 maps obtained with the MB and REPCOM algorithms.
Simulations were performed to further compare these algorithms. Figure 3.8
shows a comparison between REPCOM and the ES algorithms using a numerical
phantom consisting of a single circular object with diameter varying from 4 to 8 pixels
embedded in a larger circular background (112 pixels in diameter) with varying T2. The
k-space data for the numerical phantoms used in this work was generated from the
analytical Fourier transform of circles. Independent identically distributed Gaussian noise
was added to the real and imaginary components of k-space to yield an SNR comparable
to in vivo data. In all simulations 100 realizations were used. Each noise realization was
generated from a different randomization seed with the same statistical parameters. The
k-space data for the phantom was generated assuming a radFSE acquisition with 16 kspace lines per TE, echo spacing = 9.00 ms and 16 TE points.
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Figure 3.7 (a) Reference anatomical brain image, (b) gold standard brain T2 map
reconstructed from radial FSE data with 256 radial k-space lines per TE. T2 maps
reconstructed with (c) REPCOM, (d) MB, and (e) the ES algorithms using the same
undersampled radial FSE data set (16 k-space lines per TE). The data were acquired with
an 8-channel head coil, ETL=16, echo spacing= 9.07 ms, slice thickness = 5 mm, receiver
bandwidth = ±31.25 kHz, TR = 4 s, FOV = 22 cm. Data for the gold standard were
obtained from a different scan than the undersampled data set. The scaling factor used for
the MB algorithm is 90.
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Figure 3.8 Percent error of mean T2 estimates for simulated circles of varying diameters
(4, 6 and 8 pixel diameter) embedded in a background (112 pixels in diameter) with
varying T2’s. The true T2 of the circles is 100 ms. The mean T2 estimates were calculated
from 100 noise realizations. Simulations were performed for 16 TE points and 16 k-space
lines per TE (256 data points per radial line). The echo spacing was 9.00 ms and the SNR
corresponding to TE = 60 ms was set to 25. For convenience and consistency of notation,
T2,background = 0 ms represents a phantom with no background. In the simulations it was
ensured that the T2 range for the training set covered object T2 and T2,background.

Table 3.2 The percent error of the mean T2 values calculated with REPCOM for three 6pixel diameter objects with T2 = 80 ms, 150 ms, and 230 ms with various background
conditions. Simulations were performed with the same noiseless data used in Figure 2.8.
T2 of the object

230 ms

150 ms

80 ms

I0=1, No background

3.67%

-0.76%

1.73%

I0=1, T2, background =50 ms

0.20%

0.21%

0.52%

I0=1.5, T2, background =50 ms

0.20%

0.22%

0.54%

I0=1, T2, background =100 ms

-0.67%

0.55%

0.95%
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Figure 3.8 shows the % error of the mean T2. Note that for the ES algorithm the
estimation is more accurate when the T2 of the background is closer to the T2 of the object
(100 ms) and that the error increases as the background T2 differs more from it, being
maximum when there is no background (represented by T2,background = 0 ms). As
previously reported (1), the error depends on the diameter of the object; the smaller the
object the larger the error. T2 estimates obtained from REPCOM are less affected by the
T2 of the background and by the size of the object (39). As shown in the figure, the %
error produced by REPCOM for 4-8 pixel diameter objects ranges from -2% to 2% for
the various backgrounds studied. These errors are significantly lower than those of the ES
algorithm.
In Section 2.5.2, we showed that the MB algorithm is sensitive to the scaling
factor sf, and that the optimal sf depends on the I0 and T2 of the object. For comparison,
Table 3.2 shows the % error in T2 estimation with REPCOM for the same objects used in
Figure 2.8; 50 iterations were used. Note that the REPCOM T2 estimates for the three
objects are not sensitive to the change of I0 and T2,background.
The three algorithms were also tested on physical phantoms. Two physical
phantoms both containing 10 mm and 5 mm inner diameter glass tubes filled with MnCl 2
solutions of different concentrations (50 µM, 75 µM, and 170 µM) were prepared. A
solution with MnCl2 concentration of 330 µM was used as background in one of the two
phantoms. Data were acquired using the radFSE sequence with a single channel
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transmit/receive coil, ETL = 16, echo spacing = 8.29 ms. The FOV was set to 20 cm to
yield roughly a 6-pixel diameter object and a 12-pixel diameter object for the 5 mm and
10 mm inner diameter tubes, respectively. The acquisition matrix of 256×256 yielded a
total of 16 radial k-space lines for each of the 16 TE data sets. Gold standard data were
acquired using the radFSE method with 256 k-space lines per TE. Figure 3.9 shows the
T2 maps of the phantoms reconstructed with REPCOM. The T2 for the vials estimated by
the ES, MB and REPCOM algorithms are also shown.
For the phantom without background the % error in the T2 estimates obtained
from the REPCOM and MB algorithms are in the range of -2.33% to 2.41% and -2.71%
to 4.92%, respectively. The % T2 error yielded by the ES algorithm ranges from 1.64% to
18.97%. For the phantom with a background, however, only REPCOM yields good T2
estimates (%T2 error ranges from -0.48 – 1.60%). The corresponding % error range
yielded by the MB and ES algorithms is -13.03% to 13.45% and -19.34% to 8.05%,
respectively. For the MB algorithm, the best scaling factor was chosen from sf values
ranging from 1 to 120. Thus, even for the optimal scaling factor (possible to determine in
the phantom since the “truth” for T2 and I0 is known), the % error in the T2 mean is still
object dependent.
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Figure 3.9 T2 maps of the two physical phantoms and T2 estimates obtained by REPCOM,
MB and ES algorithms compared to the gold standard. For the MB algorithm the best
scaling factor were selected from a range of 1 to 120. Data were acquired with radFSE
with ETL = 16 and acquisition matrix = 256×256 to yield 16 k-space lines per TE for the
undersampled data and 256 k-space lines per TE for the gold standard. The echo spacing
was 8.29 ms. The number of iterations used in REPCOM and MB was 50 and 200,
respectively.
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3.4

Applications of REPCOM

We also investigated the utility of T2 mapping using REPCOM in other applications
besides the brain. Figure 3.10 shows the T2 maps of cartilage (color map) overlaid onto
the corresponding anatomical knee image of an asymptomatic young adult male. In vivo
data for cartilage were acquired with the radFSE sequence. The undersampled data were
acquired using radFSE method with ETL = 8, 32 radial lines per TE, echo spacing = 8.38
ms, TR= 2 s, slice thickness = 5 mm, FOV = 16 cm, receiver bandwidth = ±31.25 kHz,
each k-space line was acquired twice and the signal is averaged. The gold standard data
were acquired with the same parameters except there are 256 k-space lines per TE. As
reported previously, there is a progressive increase in the T2 (30 ms - 70 ms) from the
radial to the superficial zone of the cartilage (23, 42). This is seen in both the gold
standard and REPCOM T2 maps. For quantitative comparison, we calculated the mean T2
and standard deviations of the entire cartilage. The mean T2 and standard deviation
obtained from the T2 REPCOM map of 43.0 ms and 7.1 ms are comparable to the mean
T2 and standard deviation of 42.7 ms and 7.2 ms obtained from the gold standard. The
acquisition time for the gold standard and REPCOM data sets are significantly different:
17 minutes and 8 seconds for the gold standard and only 2 minutes and 12 seconds for the
data used in the REPCOM reconstruction.
It should be pointed out that the T2 map reconstructed by REPCOM has a blockier
appearance compared to the gold standard. The blockier appearance is mainly due to the
undersampling and lower SNR of the data set. Because of the spatial sparsity penalties, a
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noisier dataset will lead to more “regulated” PC coefficient maps, which in turns leads to
a blockier T2 map.

Figure 3.10 Color T2 map of cartilage (overlaid onto its corresponding anatomical knee
image) from an asymptomatic young male adult. The mean T2 and standard deviation of
the cartilage ROI obtained from the REPCOM T2 map are 43.0 ms and 7.1 ms,
respectively. These values are comparable to the mean T2 (42.7 ms) and standard
deviations (7.2 ms) of the gold standard. Data were acquired with radial FSE with ETL =
8, echo spacing = 8.38 ms, TR= 2 s, slice thickness = 5 mm, FOV = 16 cm, receiver
bandwidth = ±31.25 kHz, number of signal averaging = 2, acquisition matrix of
256×2048 (yields 256 k-space lines per TE, for gold standard), 256×256 (yields 32 kspace lines per TE, for REPCOM). The range of the T2 values of the training set for the
REPCOM reconstruction was 20 – 100 ms. REPCOM data were acquired in only 2
minutes and 12 seconds compared to the 17 minutes and 8 seconds acquisition needed for
the gold standard.
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Figure 3.11 shows the anatomical images (Figure 3.11a-d) and corresponding T2
maps (Figure 3.11e-h) for a subject with a healthy liver and three subjects with different
types of focal liver lesions. In vivo abdominal data were acquired within a breath hold
using the radFSE sequence. The abdominal scans obtained with the goal of characterizing
lesions were acquired with a preparatory time of 35.4 ms to yield anatomical images with
the desired visual T2-weighted contrast for radiologists to perform lesion detection.
During the preparatory time, a small amount of diffusion (b = 1.2 s2/mm) was applied to
suppress the bright signal from small blood vessels that may mimic the signal from
lesions. The lesions represent the most common type of focal liver lesions: metastasis,
hemangiomas, and cysts; the last two being benign lesions. Both the anatomical images
and the T2 maps were obtained from the same radFSE data set acquired in a single breath
hold. The mean T2 values of two of the metastatic lesions (arrows in Figure 3.11b and f)
are 88 ms and 89 ms. The mean T2 value of the hemangioma (arrow in Figure 3.11c and g)
is 170 ms. The mean T2 value of the cyst (arrow in Figure 3.11d and h) is 599 ms. The
difference in T2 values among them is consistent with lesion type as previously reported
(2, 33, 49). Also, note that the signal intensities of the two metastatic lesions in Figure
3.11b are different due to the coil sensitivity modulation, which may confound diagnosis.
Since the T2 maps are not affected by the sensitivity profile of the receiver RF coil, both
lesions have similar T2 values. It should be pointed out that the T2 maps shown in Figure
3.11f-h have some degree of smoothness compared to the one in Figure 3.11e. The data
for the maps in Figure 3.11f-h were acquired with a preparatory which reduced the SNR,
particularly in the liver parenchyma which has a shorter T2. A stronger spatial penalty
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was enforced on the images shown in Figure 3.11f-h resulting in smoother maps. Should
the same spatial penalty used in Figure 3.11e was enforced on the data of Figure 3.11f-h,
the reconstructed T2 map would become grainy due to the lower SNR.

Figure 3.11 (a-d) Anatomical images and (e-h) corresponding T2 maps obtained by
REPCOM for abdominal images representative of (a) a healthy liver and three most
common focal liver lesions: (b) metastasis, (e) hemangiomas and (d) cysts. The mean T2
values of the two metastatic lesions (arrows in b and f) are 88 ms and 89 ms. The mean T2
value of the hemangioma (arrow in c and g) is 170 ms. The mean T2 value of the cyst
(arrow in d and h) is 599 ms. Data were acquired with radial FSE with ETL=16 and echo
spacings: 8.76 ms (a), 8.80 ms (b), 9.07 ms (c), and 8.84 ms (d). Other acquisition
parameters were TR=1.8 s (a,c,d) and 1.5 s (b), slice thickness = 8 mm, receiver
bandwidth = ±31.25 kHz, and acquisition matrices of 256x256 (a,b) and 256x192 (c,d).
Data used for (b-d) were acquired with a preparatory time to yield higher T2-weighting
for better lesion detection and are thus noisier compared to (a).
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3.5

Discussion

The results presented in this chapter demonstrate that data acquisition for parametric MR
imaging can be substantially accelerated using the proposed REPCOM algorithm.
REPCOM is capable of exploiting both spatial and temporal redundancies in data.
Temporal sparsity is exploited by using a small number of principal components across
the temporal dimension. Spatial sparsity is exploited by constraining the total variation
and the 1-norm of the wavelet coefficients of the PC coefficient maps. The linearization
of the signal model in REPCOM results in avoidance of the scale mismatch problem
associated with gradient-based minimization of non-linear signal models (12, 37). As
shown in Figure 2.8 the scaling factor required for the minimization of the data
consistency in Equation [2.7] is object dependent. Thus, objects with different T2 and I0
(due to coil sensitivities, changes in T1 relaxation, etc) may require a different scaling
factor precluding accurate T2 estimation for all objects being imaged. Although it has
been mentioned previously that this problem could be reduced by using large number of
iterations, this would require very long reconstruction times. Since REPCOM is based on
the linearization of the data consistency term, T2 estimation is not dependent on the
scaling factor and its performance is significantly less dependent on the object
characteristics. Moreover, accurate T2 estimates are obtained with only 50 iterations.
Thus, REPCOM is superior to the previously developed ES and MB algorithms.
The REPCOM method uses PCA to approximate exponential decays using a
linear combination of principal components. Any approximation will only work within a
certain range. In this method, the accuracy of the approximation is enforced by training
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the principal components for the specific T2 range and by having sufficient number of
principal components (L) to ensure less than 1% error for all values in the given T2 range.
The T2 range can be either estimated based on the T2 map obtained by the ES algorithm
or by using prior knowledge based on the anatomy being imaged. Although larger values
of L will lead to less error, if perfectly reconstructed, increasing L will increase the
dimensionality of the optimization problem at the expense of the temporal sparsity
constraint. Given the T2 range and TE coverage, the optimal L and optimal design of the
training set remain open problems.
One significant advantage of the proposed method not investigated in this study is
its ability to allow parameter mapping using multi-exponential signal models. Although
the PCs are generated from training data of mono-exponential decay curves in this work,
the algorithm can be used to reconstruct multi-exponential decays for each pixel. This
will be further discussed in Section 5.7.1.
The experimental results in this chapter concentrated on radial trajectories and T2
estimation. However, the algorithm is general enough to allow reconstruction of maps in
other parametric imaging applications such as T1 mapping and diffusion coefficient
mapping, and using other trajectories. Further studies are needed to evaluate the
performance of the algorithm under these conditions.
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4.
4.1

T2 MAPPING WITH INDIRECT ECHO CORRECTION

Introduction to Indirect Echo

In Chapter 3, the REPCOM algorithm for T2 mapping using highly undersampled radFSE
data was presented. Similar to other model-based algorithms, REPCOM assumes that the
signal follows an (single- or multi- component) exponential decay. As mentioned in
Chapter 2, the signal from an MESE pulse sequence is contaminated by indirect echoes
thus deviating from the exponential decay.
The main source of indirect echoes in MESE is the imperfect nature of the sliceselective 180ºrefocusing RF pulses that are used to produce the train of spin-echoes after
a 90ºRF excitation. The ideal 180ºFA is hard to attain throughout the slice volume due
to the nonrectangular slice profile (refer to Figure 1.4), transmit field (B1) inhomogeneity,
and B1 calibration errors (46). The nonrectangular slice profile causes spins at different
locations within the slice to experience different FAs. B1 inhomogeneity and calibration
errors effectively lead to a multiplicative factor affecting the FA and causing it to differ
from the prescribed value. As a result, it is common to have refocusing pulses with non180º FAs.
A train of non-180ºFAs generates indirect echoes which are defined as echoes
that lead to signal generation after more than one refocusing pulse (36). The formation of
indirect echoes is illustrated in Figure 4.1 for the simplest and the most common indirect
echo: the stimulated echo. Stimulated echoes are generated when spins experience 3
consecutive RF pulses with 90ºFA. After the first 90ºpulse, the magnetization vector
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along Z ( M z ) is flipped into the X-Y plane becoming M xy , as shown in Figure 4.1a.
Similar to the spin-echo case the in-plane magnetization experiences T2 decay and
dephasing ( T2' effect) as shown in Figure 4.1b. After a τ period the spins experience a
second RF pulse with a 90ºFA. The pulse flips the magnetization vectors into the X-Z
plane as illustrated in Figure 4.1c. At this point these spins experience T1 decay as
indicated in Figure 4.1d. After a period T (which could be equal to or different from τ) a
third 90ºpulse is played out flipping some of the spins back into the X-Y plane, as shown
in Figure 4.1e. An echo (called the stimulated echo) is generated after a period τ, as
shown in Figure 4.1f.
A similar derivation can be obtained from any set of three or more RF pulses with
FAs ≠ 180o. Thus, in an MESE experiment with imperfect refocusing pulses, multiple
indirect echoes are formed in addition to the spin echoes. The indirect echoes introduce
T1 weighting into the decay curves and alter the exponential nature of the T2 decay.
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Figure 4.1 Formation of the stimulated echo.
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4.2

Pulse Imperfection Correction in Acquisition

To reduce the imperfections in the refocusing pulses Pell et al. proposed the thick
refocusing slice technique (52). The technique is based on prescribing a refocusing slice
several times thicker than the excitation slice to reduce imperfections caused by the
nonrectangular slice profile. As shown in Figure 4.2, for a normal refocusing slice
thickness, there are large portions of the excited spins experiencing FAs much smaller
than the maximum. If the refocusing slice thickness is increased, there are less spins
experiencing small FAs. As a result, the contamination from indirect echoes is reduced.
To verify Pell’s approach, we conducted phantom experiments. An NMR tube
filled with a MnCl2 solution (50 µM concentration) to yield a T2 ~ 200 ms was used.
RadFSE data were acquired using a single-channel transmit/receive coil, number of TE
points = 16, echo spacing = 10 ms, excitation slice thickness = 8 mm, TR = 1 s. The
acquisition matrix was set to 256×2048 to yield 256 radial lines per TE. Two experiments
were performed: one with the normal refocusing slice thickness and one with a 3 times
thicker refocusing slice. The log-scaled decay curves of an ROI within the phantom for
the two experiments are shown in Figure 4.3. When the normal refocusing slice is used
the decay curve is contaminated by indirect echoes thus deviating from a single
exponential decay. With the thicker refocusing slice approach the decay curve follows a
single exponential decay showing that indirect echoes caused by pulse imperfections are
significantly reduced. The thick refocusing slice technique can be combined with
undersampled FSE data to provide more accurate T2 estimates.
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Figure 4.2 Effect of changing the thickness of the refocusing slice. The plot shows curves
corresponding to the profiles for (top) a slice with thickness ‘a’ and (bottom) a slice with
thickness ‘2a’. The shaded region represents the spins excited by the excitation pulse.
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Figure 4.3 The log-scaled plot of the decay curve of a phantom using a normal refocusing
slice versus using a 3 times thicker refocusing slice.

4.3

Indirect Echo Correction in Post-Processing

One drawback of the thick refocusing slice approach is that B1 inhomogeneity and
calibration errors are not addressed (46). These effects are hardware related and hard to
remove. Recently, Lebel and Wilman proposed the slice resolved extended phase graph
(SEPG) fitting algorithm. They showed that accurate T2 estimation could be obtained
from MESE data contaminated by indirect echoes when the slice profile is known (46).
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The SEPG T2 estimation algorithm is robust to B1 inhomogeneity and calibration errors.
Moreover, it was shown that accurate T2 estimation can be achieved from a train of
refocusing pulses with prescribed FA<180ºwhich is particularly important for higher
magnetic fields where the specific absorption rate (SAR) limits the use of 180ºpulses.

4.3.1

SEPG Model

The SEPG model is based on the extended phase graph (EPG) model proposed by Hennig
in 1988 (36). The EPG model provides the decay curve for any given refocusing FA
assuming perfectly rectangular slice profiles.
Figure 4.4 describes the evolution of the spins states during a MESE acquisition
with a train of arbitrary refocusing angles (αj). Assuming that all the spins start along the
Z+ direction, a 90ºexcitation pulse flips the spins into the X-Y plane. At this point, all
the spins have the same phase (focused) and the substate is labeled as F0 . Before the first
refocusing pulse (α1), the spins dephase to the substate F1 . Due to complete dephasing1
the spins in substate F1 do not produce a signal. The same applies to all in-plane
substates ( F1 , F1 , F2 , F2 , … ) except F0 .

1

In most imaging experiments, complete dephasing is enforced by the application of a gradient field and/or

by using a long TR.
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When the refocusing pulse (α1) is played it inverts the magnetization of F1 into
its complex conjugate F1 . Meanwhile, it also generates a Z magnetization component
corresponding to the substates Z1 , Z1 . These substates store the phase information but
the phase does not evolve with time; hence they are represented by the horizontal dotted
lines in Figure 4.4. Note that when a refocusing pulse is played, the spins can only
exchange their distribution among substates with the same or conjugate phase
information ( Fi , Fi  , Z i , Z i ). The magnetization of the substates immediately after a
refocusing pulse ( Fi  , Fi * , Z i , Z i ) can be calculated from the FA (αj) and the
magnetization distribution immediately before the pulse ( Fi , Fi  , Z i , Z i ) by a matrix
multiplication:
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[4.1]

for all i.
The time evolution (including relaxation) of the spins between two adjacent
refocusing pulses is described by the transition rules:
1. All Fi  become exp(-τ/T2)∙ Fi 1 ;
2. Fi* becomes exp(-τ/T2)∙ Fi*1 for all i > 1;
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3. F1* becomes exp(-τ/T2)∙ F1 ;
4. All Z i , Z i become exp(-τ/T1)∙ Z i , exp(-τ/T1)∙ Z i respectively,
where the exponential terms account for the transverse and longitudinal relaxation
mechanisms. With these rules the magnetization distribution of all substates can be
calculated from the F0 magnetization immediately after the excitation pulse ( F0 ) and
the FA of the refocusing pulses. Since the signal can only be generated by substate F0, the
amplitude of F0 j (the magnetization refocused by the jth refocusing pulse) is:
F0j  F1 j* exp( / 2T2 ) ,

[4.2]

where F1 j* is the magnetization in substate F1* after the jth refocusing pulse. As a result
we can obtain the amplitude for all the echoes from the initial magnetization F0 , αj, , T1,
and T2.
The EPG model works well when the slice profile of the refocusing pulse is
perfectly rectangular. Lebel and Wilman’s SEPG model took the EPG model one step
further to include the known slice profile for both excitation and refocusing pulses. Given
the prescribed FA profile of the excitation pulse  0 ( z ) and the refocusing pulses  j (z )
along Z direction, the signal generated by the EPG model can be integrated over the
known slice profile yielding the SEPG model:

C ( I 0 , T1 , T2 , B1 , 0 ( z ),..., j ( z ), j )
 I 0   EPG (T1 , T2 , B1 , 0 ( z ),..., j ( z ), j )dz,
z

[4.3]
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where EPG () is the EPG model described above, I0 is the initial signal intensity, and j is
the echo number (or index).

Figure 4.4 The extended phase graph (EPG) model
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4.3.2

SEPG Fitting Algorithm

Based on the SEPG model, the SEPG fitting algorithm seeks to compensate for indirect
echoes due to imperfect refocusing pulses, B1 inhomogeneity and B1 miscalibration.
Given the signal intensity s j ( j=1, …, N) of N echo points, the prescribed  0 ( z ) ,

 j (z ) ( j=1, …, N) and B1 , the SEPG fitting algorithm can be written as:
I 0 , T2 , B1 
N

arg min I 0 ,T2 , B1 { C ( I 0 , T1 , T2 , B1 , 0 ( z ),..., j ( z ), j )  s j },
2

[4.4]

j 1

where C ( I 0 , T1 , T2 , B1 , 0 ( z),..., j ( z ), j ) is the SEPG signal model according to Equation
[4.3]. Because the SEPG model has been shown to be insensitive to T1 values (46), T1 is
fixed to +∞ throughout this work to simplify the model and the fitting algorithm. It has
been shown that the SEPG fitting algorithm provides accurate T2 estimates from decay
curves severely contaminated from indirect echoes due to imperfect refocusing pulses
and spatially varying B1 (46).
We conducted phantom experiments to study the SEPG fitting algorithm. The
prescribed FA profiles  0 ( z ) ,  j (z ) of the excitation and refocusing pulse, respectively,
were obtained from the Fourier transform of the waveform prescribed by the pulse
sequence, as shown in Figure 4.5. A physical phantom containing three 10 mm glass
tubes filled with MnCl2 solutions of different concentrations (50 µM, 75 µM, and 170
µM) were prepared. Data were acquired with radFSE using a single channel
transmit/receive coil, number of TE points = 16, echo spacing = 12.11 ms, TR = 1 s, slice
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thickness = 8 mm, receiver bandwidth = ±15.63 kHz, and FOV = 10 cm. The acquisition
matrix was set to 256×4096 to yield 256 radial k-space lines for each TE point. Although
for radial acquisition a data set with 256 radial lines and 256 sampling points per line is
not fully sampled, the data set gives good quality images and accurate T2 maps for most
clinical applications. For the rest of the chapter the data set acquired with 256 radial kspace lines per TE will be referred to as “standard sampled”.
Radial single-echo SE data of the phantom were also acquired to obtain the gold
standard T2 values (single-echo SE data is not contaminated by indirect echoes). Data
were acquired with a single channel transmit/receive coil, TR = 5 s, slice thickness = 8
mm, receiver bandwidth = ±15.63 kHz, and FOV = 10 cm. Data for 4 TE points (12, 24,
36 and 48 ms) were acquired with the acquisition matrix per TE point set to 64×64. A
lower resolution was used for the spin-echo sequence due to its long acquisition time.
Gold standard T2 values were obtained by fitting the data to a single exponential decay.
As shown in Table 4.1, the T2 values obtained from SEPG fitting do not vary with
the FA as much as when exponential fitting is used. Compared to the gold standard T2
values, it can be observed that exponential fitting tends to overestimate the T2 values
while the SEPG fitting tends to underestimate them (as indicated previously in Ref 46).
For both fitting algorithms the estimation bias increases with decreasing FA due to a
more pronounced indirect echo effect. The bias of the SEPG algorithm, however, is
significantly smaller than the bias of the exponential fitting. For instance, for FA = 120º
the bias of the exponential fitting can be up to 18.3% while the largest bias observed for
the SEPG fitting is only 5.5%.

103

Figure 4.5 The waveforms of the excitation and refocusing pulses (prescribed by the
pulse sequence) and the corresponding slice profiles.

Table 4.1. Effect of the fitting algorithm on T2 estimates (ms). The phantom data used for
the exponential and SEPG fitting results were acquired with a radFSE sequence were
each TE point had 256 radial lines. Data for the gold standard (i.e., data with no indirect
echoes) were acquired with a single-echo SE method.

Tube

Gold
standard
(SE)

A

FA = 180º

FA = 160º

FA = 140º

FA = 120º

exp
fitting

SEPG
fitting

exp
fitting

SEPG
fitting

exp
fitting

SEPG
fitting

exp
fitting

SEPG
fitting

210.0

221.9

211.6

222.0

208.1

230.2

205.9

248.5

202.3

B

159.3

165.0

157.4

163.7

154.5

168.7

152.9

180.7

150.6

C

80.7

83.3

80.3

82.4

78.4

84.7

77.3

90.4

76.0
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4.4

T2 Mapping with Indirect Echo Compensation from Undersampled Data

In the literature, the SEPG fitting algorithm has only been demonstrated for fully sampled
or 60% partial k-space data. The main limitation to combining SEPG fitting with a
model-based reconstruction algorithm for T2 estimation from undersampled data is the
non-linearity of the signal model. To overcome this problem we propose to extend the
PCA approach for T2 estimation to incorporate the SEPG model. The proposed SlicE
Resolved ExteNded phAse graph baseD rEconstruction of principal component
coefficient maps (SERENADE) algorithm aims to provide accurate T2 estimates from
highly undersampled data which can be acquired in a short period of time.

4.4.1

Theory

For highly undersampled data it is natural to obtain the T2 decay curves from a modelbased algorithm (12, 37) similar to the MB algorithm discussed in Section 2.5.2. The
model based approach can be incorporated into the SEPG fitting algorithm as follows:

I 0 , T2 , B1 
N

arg min{ FT {C (I 0 , T1 , T2 , B1 , 0 ( z ),..., j ( z ), j )}  K j },
I 0 ,T2 ,B1

2

[4.5]

j 1

where I 0 , T2 , B1 are the matrices of I 0 , T2 , B1 , and K j is the (undersampled) k-space data
acquired at jth echo time. Because, the SEPG model is highly non-linear as a function of
T2 and B1 it is difficult to obtain the gradient of the cost function when a gradient-based
minimization algorithm is used.
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In the REPCOM algorithm PCA was used to linearize the exponential decay
model. In the SERENADE technique we extend the PCA approach to approximate the
SEPG model. The PCs are calculated for given TE points using a training set of decay
curves given by the SEPG model for a certain range of T2 and B1 values. With the PCs
obtained from the training curves, the T2 decay curves with indirect echoes can be
approximated by a weighted linear combination of the PCs. The PC coefficient maps M̂
are reconstructed from the acquired highly undersampled data using a conjugate gradient
minimization algorithm. The decay curves are obtained from M̂ . SEPG fitting is applied
to the decay curves reconstructed by SERENADE to obtain T2 estimates with indirect
echo compensation.

4.4.2

Proof of Concept

Before using SERENADE to reconstruct decay curves with indirect echoes, it is
necessary to demonstrate that a small number of PCs can indeed represent the signal with
good accuracy. In other words, we want to prove that the linear approximation is accurate
for a given parameter range.
In the experiments the curves used for training were generated by the SEPG
model. T2 was varied from 50 ms to 300 ms with a step size of 5 ms; B1 was varied from
0.5 and 1.2 with a step size of 0.05. The curves were generated for 16 TE points with
echo spacing of 12.11 ms. The excitation and refocusing pulse profiles were generated
from the prescribed waveform as illustrated in Figure 4.5. Each profile consisted of 63
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discrete points along the slice direction. Figure 4.6 shows 4 out of the 765 curves used for
training the PCs. The curves shown correspond to T2 = 100 ms and B1’s of 0.6, 0.8, 1 and
1.2. Note that the initial signal intensities are different for each decay curve; this is
expected since the excitation pulse is affected by the B1 values.
Figure 4.7 shows the 2-norm of the approximation error when 6 PCs are used to
represent the training curves. For the purpose of comparison, the curves are normalized
so that 2-norm=1. Note that the 2-norms of the approximation error are all below 0.006
and most of the errors have 2-norm < 0.003. This demonstrates that it is sufficient to use
L = 6 in the linear combination to represent the training curves accurately.

Figure 4.6. Training curves obtained according to the SEPG model for T2 = 100 ms and
B1 ranging from 0.6 to 1.2
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Figure 4.7 The distribution of the 2-norms of the approximation error for training curves
generated according to the SEPG model using only 6 PCs.

To study how the approximation error affects T2 estimation SEPG fitting was
conducted for all the curves used in Figure 4.7. In the fitting, T2 was allowed to vary
between 30 – 500 ms; B1 was limited to 0 – 3. Figure 4.8 shows the distribution of the %
error of the T2 values caused by the approximation error. As shown here, the % errors in
T2 values estimated from the curves recovered from 6 PCs were all < 3.5% with most of
the errors being < 1.5%. Figure 4.7 and Figure 4.8 show that the approximation error
caused by using only the first 6 PCs is small.
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Figure 4.8 The distribution of the % error of the T2 values caused by the approximation
error when 6 PCs are used to represent the training decay curves.
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Figure 4.9 (a-d) Decay curves for each of the three tubes in the phantom for different
refocusing FA obtained from the standard sampled data set. The curves are normalized
such that the 2-norm of each curve is 1. Each point in the curves corresponds to the
averaged signal from voxels within an ROI defined for each tube. (e-h) The
approximation error when 6 PCs are used to represent the curves on top.
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Experiments using the same physical phantom data used to generate Table 4.1
were performed to further investigate the accuracy of the linearization. The results are
shown in Figure 4.9. Figure 4.9a-d shows decay curves for each of the three tubes shown
in the image for various refocusing FA. Each point in the decay curves corresponds to the
averaged signal from voxels within an ROI for each tube; each curve is normalized (2norm=1). Figure 4.9e-f shows the approximation error of the corresponding curves
recovered from 6 PCs. For clarity, the reconstructed curves are not shown since they
overlap with the acquired curves. The 2-norms of the errors are shown in Table 4.2. Note
that the 2-norms are below 0.005 for all FAs which also show that 6 PCs can represent
the acquired data well. The T2 estimates obtained by SEPG and exponential fitting using
the curves recovered from 6 PCs are shown in Table 4.3. The T2 estimates are very
similar to the ones obtained from the original decay curves (data in Table 4.1) for both
exponential and SEPG fitting. The differences are all below 0.3 ms.

Table 4.2 2-norms of the approximation errors for the data plotted in Figure 4.9.

FA

180º

160º

140º

120º

A

0.0018

0.0021

0.0035

0.0034

B

0.0032

0.0031

0.0036

0.0041

C

0.0042

0.0041

0.0028

0.0042
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Table 4.3 T2 estimates obtained from decay curves using the first 6 PCs.

FA = 180º
Tube

FA = 160º

FA = 140º

FA = 120º

exp.
fitting

SEPG
fitting

exp.
fitting

SEPG
fitting

exp.
fitting

SEPG
fitting

exp.
fitting

SEPG
fitting

A

221.9

211.6

222.0

208.1

230.5

206.0

248.7

202.0

B

165.2

157.4

163.6

154.5

168.9

153.0

180.9

150.4

C

83.2

80.2

82.2

78.4

84.7

77.3

90.4

76.0

4.4.3

SERENADE with Highly Undersampled Data

So far, we have shown that 6 PCs can accurately represent the T2 decay curves
contaminated with indirect echoes for a given range of T2 and B1. The goal in this section
is to reconstruct the decay curves from highly undersampled radFSE data using 6 PC
coefficient maps and, ultimately, to obtain accurate T2 estimates.
For highly undersampled radFSE data, the PC coefficient maps were obtained by
solving Equation [4.5] iteratively. In the reconstruction of PC coefficient maps, the same
spatial penalty and parameters used previously in REPCOM (see Section 3.2.1) were
used. For each voxel, the reconstructed PC coefficients were then used to obtain the
decay curves. T2 values of these decays were estimated by SEPG or exponential fitting.
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Figure 4.10 The errors of the decay curves of the three-tube phantom shown in Figure 4.9
reconstructed from highly undersampled data by using the proposed SERENADE
algorithm.

Table 4.4 2-norms of the errors for the data plotted in Figure 4.10.

FA

180º

160º

140º

120º

A

0.0083

0.0035

0.0068

0.0063

B

0.0042

0.0080

0.0048

0.0051

C

0.0054

0.0095

0.0047

0.0052
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Highly undersampled data of the phantom used in Figure 4.9 were acquired using
radFSE with a single channel transmit/receive coil, number of TE points = 16, echo
spacing = 12.11 ms, TR = 1 s, slice thickness = 8 mm, receiver bandwidth = ±15.63 kHz,
and FOV = 10 cm. The acquisition matrix of 256×256 yielded a total of 16 radial k-space
lines for each of the 16 TE data sets. The decay curves were reconstructed by
SERENADE. The decay curves for each of the three ROIs within the phantom are
normalized for comparison purposes. Figure 4.10 shows the difference between these
curves and the decay curves obtained from standard sampled data for various FAs. In
general, the differences are small despite the fact that the undersampled data are 16 times
less sampled. The 2-norms of the differences are shown in Table 4.4. As shown, the 2norms are below 0.01. This demonstrates that the decay curves can be accurately
reconstructed by SERENADE from highly undersampled data.
T2 values for the three tubes in the phantom were estimated using the curves
reconstructed from the undersampled data. The T2 values obtained by exponential and
SEPG fitting are shown in Table 4.5. Comparing to Table 4.1 and Table 4.3, the T2
estimation differences due to undersampling are within 3% for both exponential and
SEPG fitting. This demonstrates that the decay curves reconstructed by SERENADE
from highly undersampled data have the same T2 characteristics as the decay curves
obtained from the standard sampled data.
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Table 4.5 T2 estimates (ms) obtained from decay curves reconstructed from highly
undersampled data by SERENADE.

FA = 180º
Tube

FA = 160º

FA = 140º

FA = 120º

exp.
fitting

SEPG
fitting

exp.
fitting

SEPG
fitting

exp.
fitting

SEPG
fitting

exp.
fitting

SEPG
fitting

A

215.7

208.1

219.7

205.5

225.4

202.6

244.2

201.6

B

165.1

159.7

167.7

157.8

168.7

152.9

181.9

151.8

C

83.0

81.1

83.9

80.4

84.3

77.0

90.8

76.8

250

200

150

100

50

0

Figure 4.11 T2 map reconstructed from undersampled radFSE data using SERENADE
and SEPG fitting. Data were acquired with a prescribed refocusing FA=180o
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SEPG T2 fitting was also performed in a voxel-wise fashion for undersampled
data. Figure 4.11 shows the reconstructed T2 map corresponding to data acquired with a
prescribed 180 refocusing pulse. As shown in the figure, the T2 values are consistent
within each tube. This is further illustrated in Table 4.6 where the mean and the standard
deviation of the estimated T2 values of the tubes are calculated. As shown in the table, the
means and the standard deviations are comparable among the four FAs and consistent
with Table 4.5 and Table 4.1. The estimated mean values obtained from under- and
standard sampled data are consistent; the differences are under 2.5%. However, in the
undersampled data the standard deviations are higher due to the fact that less data are
available.

Table 4.6 Means and standard deviations of the estimated T2 values for the three tubes
shown in Figure 4.11. T2 estimation was performed in a voxel-wise fashion by SEPG
fitting. Data are shown for under- and standard sampled data and for various prescribed
refocusing FAs.
Tube

Undersampled
FA

Standard sampled

180º

160º

140º

120º

180º

160º

140º

120º

A

208.9
(8.3)

206.1
(10.8)

203.5
(8.0)

202.5
(7.9)

211.3
(3.4)

207.9
(3.4)

205.6
(3.6)

202.2
(3.8)

B

159.6
(2.9)

157.6
(3.2)

152.7
(3.5)

151.4
(4.9)

157.1
(2.2)

154.4
(1.9)

152.7
(2.2)

150.3
(2.4)

C

81.1
(2.8)

80.4
(2.7)

77.0
(2.6)

76.7
(3.5)

80.2
(0.8)

78.4
(0.7)

77.2
(0.8)

76.0
(0.9)
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The method was also tested in vivo using brain data. The data were acquired
using radFSE with an 8-channel head coil, number of TE points = 16, echo spacing =
12.93 ms, slice thickness = 8 mm, receiver bandwidth = ±15.63 kHz, TR = 4 s, and FOV
= 24 cm. The size of the acquisition matrices were 256×512 and 256×4096 for the underand standard sampled data sets, respectively. Two experiments were conducted: one
where the prescribed FA of the refocusing pulses was 180º, another one where the
prescribed FA was 120º.
In Figure 4.12, the decay curves of the shown ROI obtained from standard
sampled data are compared to the decay curves reconstructed from 8 times undersampled
data for two FAs. Note that the errors for all echoes points and for the two FAs are below
0.01. T2 values obtained from the decay curves by both exponential and SEPG fitting are
also shown in the figure. The differences between the T2 values obtained from under- and
standard sampled data are below 3% for the same fitting algorithm and FA. These results
show that the curves reconstructed from highly undersampled in vivo data agree well
with the decay curves obtained from standard sampled data. Note that when the FA
decreases from 180 to 120 , the T2 estimates derived from exponential fitting for both
under- and standard sampled data increases by more than 10% due to the indirect echo
effect. On the other hand, with SEPG fitting the variation of the T2 values is below 4%.
Voxel-wise fitting on in vivo data was also conducted. The difference between T2
maps obtained from data acquired with prescribed FAs of 180 and 120 are shown in
Figure 4.13. The map on the left was generated from T2 maps reconstructed
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Figure 4.12 Decay curves of the ROI obtained from the standard sampled data and 8
times less sampled data and the difference between the curves obtained from standard
and under-sampled data. The T2 values of the decay curves estimated from exponential
and SEPG fitting are also shown.

from undersampled data by SEPG fitting using decay curves obtained by SERENADE.
The map on the right was generated from T2 maps reconstructed from standard sampled
data using SEPG fitting. The mean and the standard deviation of the difference map
corresponding to undersampled data are 5.1% and 4.1%, respectively. The small mean
and standard deviation between data acquired with two different FAs further supports that
SERENADE reconstruction followed by SEPG fitting significantly reduces the effect of
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indirect echoes in T2 estimation. For comparison, the mean and the standard deviation of
the difference map corresponding to standard sampled are 9.3% and 9.7%, respectively.
Note that the differences of the standard sampled data are generally larger than for
undersampled data. This is due to the subject’s movement during the long acquisition
time of standard sampled data. Despite the motion induced variation, it can be observed
that the two difference maps are quite comparable when the uniform regions are
considered. This illustrates the accuracy of the decay curves reconstructed by
SERENADE on in vivo data.

Figure 4.13 The %difference between T2 maps obtained from data acquired with
prescribed FAs of 180 and 120 . The map on the left was generated from T2 maps
reconstructed from undersampled data by SEPG fitting using decay curves obtained by
SERENADE. The map on the right was generated from T2 maps reconstructed from
standard sampled data using SEPG fitting.
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4.4.4

Discussion

In this chapter, we have shown that SERENADE can be used to accurately reconstruct
the decay curves with indirect echoes from highly undersampled data. Furthermore, we
have shown that accurate T2 estimates can be obtained from the reconstructed curves
using SEPG fitting. As a result, SERENADE combined with SEPG fitting enables
accurate T2 estimation from highly undersampled radFSE data even if the data are
acquired with non-180 prescribed refocusing pulses. Non-180 prescribed refocusing
pulses can be used clinically to shorten the echo spacing when the acquisition window is
limited such as in cardiac MRI. It can also be used to alleviate the SAR problem which
currently limits the utilization of T2 mapping in high field (field strength ≥ 3T).
Similar to the REPCOM algorithm proposed in Chapter 3, SERENADE utilizes
the temporal sparsity of the signal decay model to improve the reconstruction. Under the
SEPG decay model each curve can be fully characterized by the initial signal intensity, T2,
and B1, if the FA profile is known. This means that the decays have a sparse
representation. The proposed SERENADE algorithm exploits this temporal sparsity by
limiting the number of PCs to be 6 which is much smaller than the number of TE points
(in this chapter, number of TE points = 16). The spatial sparsity of the PC maps is also
exploited by the penalty terms as in the REPCOM algorithm.
SERENADE relies on the given training ranges of T2 and B1 to generate the PCs.
In this work, the ranges were chosen empirically. The T2 and B1 training ranges can be
optimized with a priori information of the object being imaged and the scanner and
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imaging parameters. With the optimization of the training parameters, the accuracy of the
reconstructed curves may be further improved.
As reported in Ref. 46, there is underestimation associated with B1 for T2 values
obtained by SEPG fitting. Given the prescribed FA profile, B1 acts as a multiplicative
factor on the FA profile. B1 values are also being estimated in the SEPG fitting. Along
with the known imaging parameters, the underestimation is a constant for a pair of
estimated B1’ and T2’ values. As a result, if we can prove there is a one to one
correspondence between the unbiased estimates (T2 and B1) and the underestimated
values (T2’ and B1’), this correspondence can be used to correct the underestimation.
Results in Ref. 46 suggest that the correspondence is likely to be one-to-one, but further
studies are needed in this area.
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5.
5.1

CORRECTING FOR THE PARTIAL VOLUME EFFECT
IN T2 MAPPING

Introduction to Partial Volume Effect

Many techniques (1, 12) for quantitative T2 estimation, such as the ES, MB and
SERENADE algorithms previously discussed, assume that each voxel consists of one
tissue type. Hence a mono-exponential decay is used to model the signal. This is not true
in general. The human body is a continuous object and regardless of the resolution of the
imaging system there will be voxels consisting of two or more tissue types which may
likely have different T2 values. Thus the decay curves of these voxels will be a linear
combination of two or more exponential decays and the single exponential fitting model
is no longer accurate. This is known as the Partial Volume Effect (PVE).
In this chapter we concentrate on the PVE related to small lesions embedded in a
background tissue as is the case for focal liver lesions. As indicated above, liver lesions
can be classified as benign or malignant depending on their T2 characteristics or T2 values.
If we consider a lesion with a diameter < 15 mm and an 8-mm thick imaging slice, most
of the voxels within the lesion’s ROI will be contaminated with signal from the liver.
Thus, the accuracy of T2 estimation, and in turn lesion classification, will be
compromised.
To overcome errors in T2 estimation when PVE is present, multi-exponential
models are generally used to characterize multiple T2 signals from the data. However, due
to the nature of the multi-exponential model there is large uncertainty of the fitted
parameters, meaning that different combinations of parameters can fit the data equally
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well when noise is present (17). Dula et al. investigated the effects of experimental
parameters (e.g., optimal coverage of time points) and SNR on the uncertainty (30). A
region fitting algorithm has been proposed to obtain higher SNR by combining signals
from a homogeneous ROI and some advantages have been shown over voxel-wise fitting
(3, 10, 34).

5.2

Voxel-wise Bi-exponential Fitting

With the assumption that the lesion and background tissues are homogeneous within a
voxel, the signal from a voxel with a mixture of lesion and background tissues can be
modeled by a bi-exponential decay:
s(t )  I l e t / T2 l  I b e t / T2b   (t ),

[5.1]

where I l , I b are the initial signal intensities of the lesion and the background tissue (i.e.,
signal at time t = 0 ms), T2l , T2b are the corresponding T2 values, and  (t ) is the noise of
the given voxel at time t . The distribution of  (t ) can be affected by the reconstruction
technique (25). When using magnitude images with high SNR, complex images (7, 11),
or images reconstructed in absorption mode (15, 16),  (t ) can be considered as (real or
complex) Gaussian distributed and spatially uncorrelated.
Given the signals of a voxel at N TEs, least-square fitting can be used to estimate
the parameters I l , I b , T2l , T2b :
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Iˆl , Iˆb , Tˆ2l , Tˆ2b 
N

arg min { || I l e TEn / T2 l  I b e TEn / T2 b  s(TE n ) || 22 }.

[5.2]

I l , I b ,T2 l ,T2 b n 1

Equation

[5.2] represents the voxel-wise bi-exponential fitting (VBF)

estimation.
Large mature tumors may have necrotic cores and other structures that do not fit
the homogeneity assumption. However, for small lesions (lesions with diameter < 15
mm), it is realistic to assume that the lesion is homogeneous. Thus, it is typical to
estimate Tˆ2ml (m  1, 2, , M ) independently for all M voxels within the lesion’s ROI
with VBF and then average over the voxels to obtain the final Tˆ2l value:

1
Tˆ2l 
M

M

Tˆ
m 1

m
2l

,

[5.3]

or weight Tˆ2ml by the corresponding Iˆlm :
M

Tˆ2l 

 Iˆ
m 1
M

Tˆ

m m
l
2l

 Iˆlm

,

[5.4]

m 1

where Iˆlm , Tˆ2ml are the fitted initial signal intensity of the lesion and T2 for the voxel m
respectively.
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Figure 5.1 Schematic plot of the voxel-wise bi-exponential fitting (VBF).

Figure 5.2 The ambiguity of bi-exponential fitting.
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A problem affecting VBF is the large ambiguity associated with the biexponential model, meaning that two bi-exponential curves can have similar behavior for
significantly different T2 values for the two components. The ambiguity is shown in
Figure 5.2 where one curve is generated for T2 values of 40 ms and 100 ms and the other
one for T2 values of 64 ms and 500 ms. Note that despite the different T2 values the two
curves are similar in the entire sampled TE range. It is not difficult to see that it will be
challenging to distinguish these two curves when noise is present.
Another related problem with VBF is that the model assumes a bi-exponential
decay for all voxels. In reality some of the voxels may not have partial volume and the
corresponding decay curves follow a single exponential decay. When fitting a single
exponential decay to a double exponential model, two things could happen: (i) the two
components are estimated to have similar T2 values or (ii) one of the components will
have a random estimated T2 with small initial signal intensity. In both cases the averaged
T2 value for the lesion’s ROI is affected. Although weighted averaging can reduce the
errors caused by the voxels with no PVE, the accuracy and stability of the estimation can
be compromised. It is possible to enforce some clever criteria to handle these two cases,
but this is not a trivial task.

5.3

Region fitting

One way to reduce the ambiguity in the bi-exponential fitting is to reduce the noise. As
an alternative to VBF, the region fitting (RF) approach was proposed (10). The algorithm
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is based on averaging the data from all the voxels within the ROI at each time point prior
to fitting with Equation

[5.2].

When

the noise follows a Gaussian

distribution, the SNR at each TE will be improved by a factor of

M . The schematic

plot of this algorithm is shown in Figure 5.3. By averaging data for each point in the
decay curves the problem with voxels with no partial volume is also solved. RF is more
stable than VBF (17), however, the averaging procedure disregards the information on
the lesion fraction ( LF 

Il
Il  Ib

) from each voxel.

Figure 5.3 The schematic plot of the region fitting (RF) algorithm.
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5.4

Joint Bi-exponential Fitting

For the case of small lesions, the LF may vary significantly from voxel to voxel and this
variation can be utilized to improve fitting in a bi-exponential model. In order to utilize
this variation we propose a T2 estimation algorithm that estimates T2l and T2b for all
voxels jointly (40).
1
2
M
Let I l1 , I l2 ,, I lM and I b , I b ,, I b be the initial signal intensities of lesion and

background, respectively, for each of the M voxels within the lesion’s ROI. Let

s 1 (TEn ), s 2 (TEn ), , s M (TEn ) be the signals from these M voxels at time TEn . Under
the assumption of homogeneity, we can constrain T2ml , T2mb to two global values T2l and
T2b within the lesion’s ROI. The proposed joint bi-exponential fitting (JBF) algorithm for

T2 estimation can be formulated as:

Tˆ2l , Tˆ2b 
N

arg min

M

{ || I lm e tn / T2 l  I bm e tn / T2 b  s m (TEn ) || 2 }.

[5.5]

I l1 ,, I lM , I b1 ,, I bM ,T2 l ,T2 b n 1 m 1

The schematic plot of the JBF algorithm is shown in Figure 5.4.
To demonstrate that the LF variation can be utilized to improve fitting in a biexponential model, a Cramer-Rao lower bound (CRLB) analysis (6) was conducted. The
CRLB provides the lower bound of the standard deviation for an unbiased estimator. A
smaller CRLB generally indicates the potential for more precise estimates.
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Figure 5.4 Schematic plot of the joint bi-exponential fitting (JBF) algorithm.

The CRLB of Tˆ2l according to Equation [5.5] was first calculated for a two-voxel
case. A detailed generation of CRLB for Equation [5.5] is shown in APPENDIX B. Each
voxel had a total initial signal intensity I 0m = I lm + I bm = 1 and LF for the two voxels varied
independently from 0 to 1. The SNR at t = 0 was set to 60 to represent realistic SNR
values achieved in a clinical scanner. Sixteen TE points ranging from 8 ms to 128 ms,
equispaced by 8 ms, were used in the analysis. The noise was assumed to follow a zeromean Gaussian distribution. Figure 5.5a shows the CRLB of Tˆ2l according to the
proposed JBF algorithm. In the analysis, T2l and T2b were set to 180 ms and 40 ms,
respectively, for the two voxels. As shown, the CRLB is highest when the LFs of the two
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voxels are the same and decreases as the LF difference between the two voxels increases.
Figure 5.5b and Figure 5.5c show the CRLB when LF of voxel 1 is fixed to 0.7 and 0.5,
respectively. The highest CRLB is achieved when the LF of voxel 2 is the same as the LF
of voxel 1. When LF of voxel 2 differs from LF of voxel 1, the CRLB improves no
matter which direction LF of voxel 2 moves. It is intuitive that the CRLB is lower when
LF of voxel 2 is higher since higher LF means more lesion present in the tissue. However,
it is not so intuitive that the CRLB is reduced when the LF of voxel 2 is decreased from
the same LF as voxel 1 even though less lesion is present in the tissue. This demonstrates
that the variation of LF among the voxels plays a more important role in improving

Tˆ2l estimates than the total amount of lesion in the tissue.
Another CRLB study was conducted assuming a spherical lesion embedded in a
background where the lesion diameter was varied from 4 mm to 15 mm (the in-plane
resolution was 1 mm/pixel) with the lesion centered at the edge or at the middle of an 8mm thick slice. TE images were generated from a LF map obtained according to the slice
thickness, lesion location, and lesion diameter. SNR and TE coverage were the same as
the previous CRLB experiment. Figure 5.6 shows the CRLB for the JBF algorithm as a
function of lesion diameter. For comparison, the CRLB results for the case where there is
no LF variation are also included. This was achieved by keeping the same number of
lesion voxels but setting the LF for all voxels to their average LF. Lines A and C show
the CRLB when the LF is varying for lesions centered at the edge and at the middle of the
slice, respectively. Lines B and D show the corresponding CRLB when the LF of all
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Figure 5.5 The CRLB for Tˆ2l for two voxels with varying LF. (a) CRLB of Tˆ2l when the
LFs of the two voxels vary independently from 0 to 0.9. The CRLB is not applicable to
the blocks labeled “N/A” since there is no partial volume. (b) and (c) are plots of the
CRLB of Tˆ when the LF of voxel “1” is fixed to 0.5 and 0.7 respectively, while the LF
2l

of voxel “2” varies from 0 to 1. Some of the parameters used in the simulation are: T2l =
180 ms, T2b = 40ms, SNR at t=0 was set to 60, 16 equispaced echo points are 8ms, 16ms,
24ms, …, 128ms.
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Figure 5.6 The CRLB for spherical lesion centered at (C) the middle and (A) the edge of
the slice with varying lesion diameter. And (B, D) the results when LF variation was
removed by assigning LF of all voxels to be the mean LF of the corresponding spherical
lesion. The slice thickness was set to 8mm. T2l = 180 ms, T2b = 40ms, SNR at t=0 was set
to 60, the 16 equispaced echo points are 8ms, 16ms, 24ms, …, 128ms.

lesion voxels was fixed to the mean LF used to obtain Lines A and B. Although the same
amount of lesion is present in Lines A, B and Lines C, D, Lines A, C yield significantly
lower CRLB values. Thus, LF variation leads to lower CRLB values which demonstrates
that the LF variation can be employed to improve T2 estimates.
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5.5

Comparison of Partial Volume Correction Algorithms

Simulations were conducted to compare the VBF, RF and JBF algorithms for the specific
task of estimating T2 values of small lesions. The numerical phantom used in Figure 5.6
was used in the simulations. To make the simulations more realistic, small variations in
T2b and T2l within the ROI were introduced. The variations followed a zero-mean
Gaussian distribution with standard deviations for T2l and T2b of 3 ms and 2 ms,
respectively. One hundred noise realizations were used.
Figure 5.7 shows plots of Tˆ2l versus lesion diameter according to the VBF, RF,
and JBF algorithms. Simulations are presented for T2l values of 180 ms, 100 ms, and 60
ms, with a mean value of T2b ( T2b ) of 40 ms. These values were chosen to represent
common T2 values observed in focal liver lesions and liver parenchyma. In general, the
VBF approach suffers from large signal dependent biases; the bias in Tˆ2l can be up to
±35%. The RF approach suffers from large uncertainty. In fact, some of the error bars in
Figure 5.7c, e, and f for the RF algorithm were well out of the range of the plots thus, the
data are not shown. When T2l / T2b < 2 (Figure 5.7e, f), the uncertainty of the RF
algorithm makes the estimate of no practical use. In Figure 5.7f, the means of the RF
estimates are almost always greater than 200 ms and the standard deviations are also well
beyond 200 ms. This is consistent with the observations in Ref. 30. JBF has significantly
smaller standard deviations and more accurate means compared to the other two
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Figure 5.7 Error bar plots of Tˆ2l estimated by different algorithms versus lesion diameter.
Data points that have out of range error bars are not shown. T2l and T2b follow a zeromean Gaussian distribution with standard deviations 3 ms and 2 ms respectively.
T2l values are indicated in the figure; T2b =40ms. Weighted averaging was used for VBF.
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Figure 5.8 The standard deviation of the error bar plot in Figure 5.7a compared to the
corresponding CRLB from Figure 5.6.

algorithms, especially for lesions with diameters smaller than 10 mm. In general, the T2
estimates are better when the lesion is at the center of the slice.
Figure 5.8 shows the comparison between the standard deviation obtained from
the numerical simulations in Figure 5.7a and the corresponding CRLB shown in Figure
5.6. Although there is no T2 variation in the CRLB analysis, whereas the T2s in the
numerical simulations follow a Gaussian distribution, the two results matched well.
Recall that the CRLB is the minimum possible standard deviation for an unbiased
estimator. The figure shows that the JBF algorithm is an efficient estimator of T2l since it
achieves the CRLB. Note that the standard deviations for lesions with diameter ≤ 7 mm
are below the CRLB. This is evidence that the estimator of T2l is biased. The bias can
indeed be observed in Figure 5.7a. However, the bias is less than 6% for lesions with
diameter ≤ 7 mm and under 3% for larger lesions.
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Figure 5.9 Error in T2 estimation of a lesion versus the mean lesion T2 ( T2l ) . Simulations
are for a 10 mm diameter lesion centered in the middle of an 8 mm slice. Data points with
out of range error bars are not shown.

Figure 5.9 shows the % error in T2 estimation for a lesion centered at the middle
of the slice as a function of T2l . For the VBF estimator, the bias is almost always greater
than 15%, while its estimates are not as sensitive to T2l changes as the RF estimator. The
RF approach shows large standard deviations with many of them being large enough that
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the data are not shown. The RF estimator does poorly when T2l / T2b is small and starts to
improve when T2l / T2b > 2. In general JBF yields very accurate estimates; the mean and
standard deviation of the errors are both < 5% when there is ≥ 20 ms difference between
T2l

and T2b . Only when T2l

~ T2b the standard deviation becomes large. This is

expected since it is difficult for the bi-exponential fitting to distinguish between species
with similar T2 values.
All the previous analysis is based on using a tight ROI (an ROI only consisting of
voxels containing the lesion). In practice, a tight ROI may not always be achievable,
particularly for small lesions. Under the assumption that the background voxels next to
the lesion’s ROI have similar T2b as the background voxels within the ROI, it should be
possible to obtain accurate T2l estimates even if the ROI is not tight. To prove this an
expanded ROI was generated by including all immediate neighboring voxels of the tight
ROI. Figure 5.10 shows the performances of the three algorithms for the tight and
expanded ROIs. The VBF estimates varied greatly when the expanded ROI was used.
The error bars of RF have large overlap between the two ROIs, but the variations of the
bias between the two ROIs for small diameters are larger than that of JBF. The error bars
of JBF also have large overlap between the two ROIs, and the difference of the means
obtained by the two ROIs decreases from 5% to <1% as the diameter increases. This
demonstrates the insensitivity to ROI drawing of the JBF algorithm.
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Figure 5.10 Comparison of
Tˆ obtained by (top) VBF,
2l

(middle) RF and (bottom)
JBF with tight ROI and
expanded ROI. The lesions
were centered at the edge of
the slice. Out of range error
bars are not shown.
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A study on a physical phantom was also conducted. A phantom composed of four
NMR tubes (Wilmad Labglass) ending in a spherical bulb (as shown in Figure 5.11) was
used to represent small spherical lesions. The outer diameters of the spherical bulbs were
8 mm, 10 mm, 12 mm, and 15 mm, the thickness of the glass wall was estimated to be 1
mm. The inner diameters of the bulbs were estimated to be 6 mm, 8 mm, 10 mm, 13 mm;
these inner diameters were confirmed by MR imaging. The tubes were filled with diluted
Magnevist (Bayer HealthCare Pharmaceuticals Inc., Germany) with concentrations of
0.15, 0.5 1.5 mM, respectively, to yield solutions with different T2 values. The tubes were
inserted in a background bath of diluted Magnevist with a concentration of 4 mM.

Figure 5.11 The physical phantom used for partial volume study.
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The physical phantom data were acquired on a 1.5T clinical scanner using a
single-echo SE sequence with a single channel transmit/receive coil and a refocusing
pulse 3 times thicker than the 90o RF pulse. Some imaging parameters are: number of TE
points = 16, echo spacing = 9 ms, TR = 2 s, slice thickness = 8 mm, receiver bandwidth =
±31.25 kHz. The FOV was set to 12.8 cm and the in-plane resolution was 1mm/pixel so
the diameters of the spherical bulbs ranged approximately between 6 - 13 pixels. For each
TE point the acquisition matrix was 128×128. The gold-standard T2s were obtained using
the same imaging sequence and parameters but the background was removed (hence no
PVE). To avoid problems caused by Rician noise, we used absorption mode images
instead of conventional magnitude images (16).
The physical phantom results are summarized in Table 5.1. The table compares
the % errors of the estimated T2 values obtained by the VBF, RF, and JBF algorithms
with respect to the gold standard for a tight and expanded ROI. The results show that
VBF is very sensitive to ROI drawing; the % error can vary up to almost 80% between a
tight and an expanded ROI. RF is less dependent on the ROI drawing; the variation
caused by the two ROIs is under 35%. The proposed JBF algorithm is highly insensitive
to ROI drawing; the largest observed variation for different ROIs is 1%.
So far, the number of TE points was always fixed to 16. Experiments were also
conducted to study the T2 estimation accuracy of these algorithms with respect to number
of TE points. Figure 5.12 shows the estimated T2 with varying number of TE points using
single-echo SE data for the 10-mm inner diameter spherical bulb centered at the
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Table 5.1 The % error in T2 estimates for a tight and expanded ROI. The SNR of the first
TE image is estimated to be about 100. Data shown are for bulbs centered at the middle
and at the edge of the 8 mm imaging slice.
6 mm

NMR tube inner diameter
tight

middle

ROI type

middle

edge

Gold
standard
68.7 ms

middle

edge

Gold
standard
92.8 ms

edge

Gold
standard
176.2 ms

8 mm

expanded

tight

10 mm

expanded

tight

13 mm

expanded

tight

expanded

JBF

-7.9

-8.0

-2.9

-2.9

2.0

2.0

-0.1

-0.1

RF

-24.3*

-31.1*

-40.9*

-25.8*

-11.1*

-22.9*

-8.7*

-12.7*

VBF

-2.0

-9.5

-1.9

-6.6

4.4

-3.5

4.9

-6.6

JBF

-23.3

-24.0

-18.8

-19.8

-9.2

-9.6

-8.6

-8.7

RF

-33.3*

-35.5*

-32.3*

-34.6*

-24.7*

-30.9*

-25.9*

-30.1*

VBF

-8.7

-24.5

2.0

-13.2

12.4

-8.7

19.4

2.8

JBF

-2.6

-2.6

-1.0

-1.0

0.8

0.9

2.4

2.5

RF

-12.0

3.6

-4.2

-2.7

1.4

3.6

8.6

6.4

VBF

8.3

-23.1

15.2

-14.0

18.5

-0.3

24.2

-9.8

JBF

-8.1

-8.1

-7.4

-7.9

-6.4

-6.1

-3.9

-3.8

RF

54.4

51.1

35.3

68.1

7.7

22.3

9.7

18.3

VBF

21.3

-10.5

24.8

-5.2

35.1

14.2

40.7

13.5

JBF

-5.7

-5.3

-4.9

-4.9

-3.5

-3.1

2.4

2.5

RF

55.7

78.5

-3.7

19.1

-10.3

-6.4

3.5

3.9

VBF

61.0

-17.5

36.7

-11.1

23.0

-18.9

38.4

3.0

JBF

-5.4

-5.1

-5.2

-5.6

-5.3

-5.2

-3.6

-3.6

RF

10.8

35.1

1.6

35.1

-1.8

1.0

-0.2

5.4

4.7

-34.8

7.4

-13.2

29.1

11.4

22.6

7.2

VBF
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middle of the slice. The T2 values were estimated by the three algorithms. The gold
standard of the object T2 was estimated to be 92.8 ms on a separate experiment where the
background solution was removed; the gold standard T2 of the background was estimated
to be 40.1 ms. The T2 values obtained by VBF have large bias for almost all numbers of
TE points. Estimates obtained by RF gradually converge to the gold standard as the
number of TE points increases. The estimates obtained by JBF have the smallest error
among the three algorithms for almost all numbers of TE points; unlike the other two
algorithms, the estimates vary little when the number of TE points is changed. Even for
as few as 10 TE points, JBF provides accurate and stable estimates with less than 2%
error while the two other algorithms are unstable with a low number of TE points.

Figure 5.12. Estimated T2 by VBF, RF, and JBF versus number of TE points. Data were
acquired using a single-echo SE sequence using the 10-mm inner diameter NMR tube
containing a MnCl2 solution that yielded a gold standard T2 = 92.8 ms. The tube was
embedded in a background solution with T2 = 40.1 ms.
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5.6

Improving the Accuracy of the T2 Estimates for Small Lesions

As shown in Figure 5.7 and Table 5.1, the smaller the lesions the larger estimation error.
In clinical applications, small lesions are actually more interesting for early stage
diagnosis. Below we describe the effect of imaging parameters in terms of T2 estimation
accuracy for small lesions using JBF.

5.6.1

Slice Prescription

As indicated by Figure 5.7 and Table 5.1, the accuracy of small lesion T2 estimation is
affected by the position of the lesion in the imaging slice. Because the location of the
lesion can be known from a prior imaging scan, it is possible to prescribe the slice
according to the lesion’s location. There are two aspects of the slice prescription that
need to be considered: the position of the slice and the slice thickness.
First, we look at the effect of the slice positioning. Figure 5.13 shows the CRLB
for spherical lesions of varying diameter when the SNR at TE = 0 is set to 60, the slice
thickness is fixed to 8 mm, T2l = 69 ms, T2b = 40 ms, number of TE points = 16, echo
spacing = 8 ms, and in-plane resolution is 1 mm/pixel. In the figure the distance between
the middle of the slice and the center of the lesion (dist) is varied from 0 to 4 mm. From
the figure it is clear that it is best to place the lesion as close as possible to the middle of
the slice.
Numerical simulations were also performed for various distances between the
center of the lesion and the middle of the slice as shown in Figure 5.14. The diameter of
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the lesion was fixed to 6 mm. One hundred noise realizations were performed for each
distance shown. Again, it can be observed that the best estimates can be obtained when
the lesion is centered close to the middle of the slice. The error is below 5% when dist < 2
mm.
Figure 5.15 shows the CRLB for various slice thicknesses and lesion diameters.
Since the SNR increases with slice thickness, the SNR in the simulations is set to be
proportional to the slice thickness with the SNR for an 8-mm thick slice set to 60. T2l and
T2b are 69 ms and 40 ms, respectively, number of TE points = 16, and echo spacing = 8

Figure 5.13 The CRLB results versus lesion diameter for 5 lesion locations relative to the
center of the imaging slice. In the simulations, T2l = 69ms, T2b = 40 ms, number of TE
points = 16, echo spacing = 8 ms, in-plane resolution is 1 mm/pixel.
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ms. From the data in the figure, it can be concluded that the lower CRLB value is
achieved when the slice thickness is almost the same as the lesion diameter (i.e., the
thinnest slice needed to cover the entire lesion). In practice, however, it is beneficial to
use a slice slightly thicker than the lesion due to potential patient and/or organ movement.
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Figure 5.14 Numerical simulation results for different positions of the lesion relative to
the center of the imaging slice (dist). The diameter of the lesion is 6 mm, T2l = 69 ms
(dotted line), T2b = 40 ms, number of TE points = 16, echo spacing = 8 ms, in-plane
resolution is 1 mm/pixel. One hundred noise realizations were used for each distance.
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Figure 5.15 The CRLB results for various slice thicknesses and lesion diameters. T2l =
69ms, T2b = 40 ms, number of TE points = 16, echo spacing = 8 ms, in-plane resolution is
1 mm/pixel.

5.6.2

The Effect of SNR

We also investigated the effect of SNR on T2 estimation. Simulations were conducted
using the same numerical phantom used in Figure 5.14 for various levels of noise. As
shown in Figure 5.16 the bias and the standard deviation of the T2 estimates for the lesion
decrease as the SNR increases. In practice, there are several options to increase SNR
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including using a scanner with higher magnetic field strength and/or a receiver coil with
improved sensitivity, prescribing a thicker slice (as shown above), performing signal
averaging, and using longer TRs to allow more longitudinal magnetization to recover.
The latter two options are limited by the time constraints of breath hold acquisitions.

background T2 = 40 ms
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Figure 5.16 Numerical simulation results for various SNR. The diameter of the lesion is 6
mm, T2l = 69 ms (dotted line), T2b = 40 ms, number of TE points = 16, echo spacing = 8
ms, in-plane resolution is 1 mm/pixel. One hundred noise realizations per SNR point
were used.

5.6.3

Number of TE Points and Echo Spacing

It has been shown in Figure 5.12 that a higher number of TE points can improve the
accuracy of the estimates using physical phantom data. This is also shown in Figure 5.17
for simulated data with lesion diameter = 6 mm, T2l = 69 ms, T2b = 40 ms, echo spacing =
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8 ms, in-plane resolution = 1 mm/pixel, number of noise realizations = 100. It can be
observed that a higher number of TE points does yield better estimates. For the given
parameters, however, little improvement is observed when the number of TE points is
greater than 24. In the simulations the echo time at the 24th echo is almost 200 ms and
since the two T2 components are short (40 ms and 69 ms), there is little signal after 200
ms. Hence including more points beyond echo 24 does not improve the estimation
accuracy.

background T2 = 40 ms
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Figure 5.17 Error bar plot of numerical simulations for various numbers of TE points.
The diameter of the lesion is 6 mm, T2l = 69 ms (dotted line), T2b = 40 ms, echo spacing =
8 ms, in-plane resolution is 1 mm/pixel. One hundred noise realizations were conducted.

We also investigated the effect of adding more points for a given TE range. This
was done by decreasing the echo spacing. Figure 5.18 shows the error bar plot of the
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Figure 5.18 The error bar plot for the numerical simulations when two echo spacings
were used for the same TE coverage (maximum TE). The diameter of the lesion is 6 mm,
T2l = 69 ms (dotted line), T2b = 40 ms, echo spacing = 8 ms, in-plane resolution is 1
mm/pixel. One hundred noise realizations were conducted.
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Figure 5.19 The error bars plot for the numerical simulations when two echo spacings
were used for the same number of TE points. The diameter of the lesion is 6 mm, T2l = 69
ms (dotted line), T2b = 40 ms, echo spacing = 8 ms, in-plane resolution is 1 mm/pixel.
One hundred noise realizations were conducted.
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simulation results for two echo spacings with same maximum TE coverage. The
estimates with echo spacing = 4 ms are better than the estimates with echo spacing = 8
ms, especially for short TE coverage. However, as TE coverage increases, the difference
between estimates obtained by the two echo spacings becomes smaller.
Figure 5.19 shows the error bar plot of the simulations of two echo spacing with
same number of TE points. In this plot, the estimates obtained from the longer echo
spacing (larger TE coverage) are better than the results obtained from short spacing and
the difference becomes negligible when the number of TE points approaches 40.
From Figure 5.18 and Figure 5.19, it can be concluded that the TE coverage can
significantly affect the accuracy of the T2 estimates. However, with the same TE
coverage, little but not negligible improvement is observed when a shorter echo spacing
is used. As discussed in Section 1.3, the echo spacing cannot be trivially reduced. A
reduction of the echo spacing often comes at the expense of lower SNR which is not
considered in the two plots shown here. As a result, it may be worthwhile to use
simulations to determine the best acquisition parameters.

5.7

T2 Mapping with Partial Volume Correction from Undersampled Data

So far, the utility of the JBF algorithm has been shown for images reconstructed from
fully sampled single-echo SE data. As a result, the acquisition time was long. For
example, the data used in Table 5.1 took more than 1 hour to acquire. This is unrealistic
in clinical practice; especially for abdominal scans where breath holding is necessary. In
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this section we extend the JBF algorithm for T2 estimation of small lesions using
undersampled radial MESE data.

5.7.1

Multi-Component REPCOM Reconstruction

As shown in Chapter 3, REPCOM was developed to overcome the limitations of other
algorithms for T2 estimation from undersampled radFSE data. At first look, REPCOM
seems to be incompatible with a multi-exponential decay model since the training curves
were generated according to a mono-exponential model. However, REPCOM can be used
to reconstruct multi-exponential decay curves. Suppose that the signal originates from n


n 
distinct species: v  i 1 vi . If the signal from each species follows an exponential decay,
it can be expressed as a linear combination of PCs as previously illustrated in Chapter 3:



L
vi   j 1 mi , j b j . It is easy to demonstrate that the combined signal from all species can
also be expressed as a linear combination of PCs:




n
L
L
n
v  i 1  j 1 mi , j b j   j 1 (i 1 mi , j )b j .

[5.6]

Thus, REPCOM can be used to reconstruct the coefficients mˆ j  i1 mi , j meaning that
n

the algorithm has the potential to recover the multi-exponential decays from
undersampled data, even though the PCs are trained by single exponential decays.
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5.7.2

Partial Volume Correction from Highly Undersampled Data

As discussed in Chapter 4, the T2 decay curves originated from MESE data will be
contaminated by indirect echoes hence deviating from a multi-exponential decay. For
small lesions with partial volume there are complications associated with the postacquisition SEPG model for indirect echo correction. Since SEPG relies on the known
FA profile of the pulses, the location of the lesion within the imaging slice will affect the
shape of the decay curves. Thus, indirect echo correction via a thick refocusing slice is
better suited for this task because the technique seeks that all the spins experience the
same FA instead of modeling the effect of low refocusing FA.
To demonstrate that decay curves from undersampled data with partial volume
can be accurately reconstructed using REPCOM, a physical phantom study was
conducted. In this study we used the same phantom shown in Figure 5.11. The tubes were
filled with diluted Magnevist (Bayer HealthCare Pharmaceuticals Inc., Germany) with
concentrations of 0.15 mM (T2l = 179.8 ms) and inserted in a background bath with
Magnevist concentration of 4 mM (T2b = 40.1 ms). Data were acquired on a 1.5T clinical
scanner using radFSE with a single channel transmit/receive coil and a refocusing slice 3
times thicker than the excitation slice. Other acquisition parameters were: number of TE
points = 16, echo spacing = 9 ms, TR = 1.3 s, slice thickness = 8 mm, receiver bandwidth
= ±31.25 kHz. The FOV was set to 12.8 cm and the in-plane resolution = 0.5 mm/pixel.
The excitation slice was prescribed to ensure that the spherical bulbs were at the center of
the slice. The acquisition matrix was set to 256x256 to yield 16 radial lines per TE. In
this experiment gold standard data were acquired using the same sequence and
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parameters except that 256 radial lines were acquired for each TE. The TE images were
reconstructed from undersampled data with REPCOM using the same training /
reconstruction parameters as in Section 3.2.3. The TE images for the gold standard data
set were reconstructed using FBP.
Figure 5.20 shows the decay curves for ROIs corresponding to the spherical bulbs
with inner diameters ranging from 6 mm to 13 mm. The curves are normalized so that the
2-norms = 1. Note that the curves reconstructed from undersampled data are very similar
to the curves obtained from gold standard data despite the fact that the data are 16 times
less sampled. The 2-norms of their difference are: 0.0068, 0.0083, 0.0111, and 0.0105 for
the 13-, 10-, 8-, and 6-mm diameter tubes, respectively. This shows that decay curves
with partial volume can be reconstructed accurately with REPCOM.
In order to obtain the T2l estimates from decay curves reconstructed by REPCOM
we use the JBF algorithm. We tested the approach using the phantom shown in Figure
5.11 using two different concentrations of Magnevist to yield T2l = 69.0 ms and 179.8 ms
(T2b = 40.1 ms). In this experiment we use undersampled radFSE data acquired with the
same parameters as the data used in Table 5.1. The T2l estimates obtained from JBF and
single exponential fitting (average from all the voxels in the ROI) are shown in Table 5.2.
Note that the T2l estimates obtained with JBF are similar to the gold standard T2 obtained
from a separate single-echo SE experiment with no background. On the other hand,
single exponential fitting (where no PVE is taken into account) underestimates T2s by 1530% for bulbs with T2l=69.0 ms and 30-60% for the bulbs with T2l=179.8 ms. Recall that
JBF was applied to standard sampled single-echo SE data in Section 5.5. The acquisition
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time for the data was more than one hour. With MESE acquisition and undersampling,
the acquisition time is reduced to less than 20 sec. Although the acquisition time was
reduced by more than 200 folds, the errors of the T2 estimates obtained by JBF for all 4
diameters are less than 8%.

Figure 5.20 The decay curves of the four bulbs filled with 0.15 mM Magnevist solution
bathing in 4 mM Magnevist solution. The bulbs were placed in the center of the slice.
The number of radial lines acquired per TE are 16 and 256 for the under- and standard
sampled data. Some other imaging parameters are: number of TE points = 16, echo
spacing = 9 ms, TR = 1.3 s, slice thickness = 8 mm, receiver bandwidth = ±31.25 kHz.
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Table 5.2 T2 estimates (ms) obtained by JBF from highly undersampled radFSE data. The
concentrations of Magnevist in the tubes were 0.15 mM (Gold standard T2l = 179.8 ms)
and 1.5 mM (Gold standard T2l = 69.0 ms). The concentration for the background was 4
mM (T2b = 40.1 ms).
Gold standard

Fitting
method

6 mm

8 mm

10 mm

13 mm

JBF

166.0

164.5

177.4

183.9

Single exp.

68.1

96.6

111.9

122.7

JBF

64.7

65.0

69.7

71.0

Single exp.

49.3

52.5

55.3

59.0

179.8

69.0

Hence, it can be concluded that partial volume correction for small lesions from
highly undersampled data is achievable when the REPCOM reconstruction is combined
with JBF estimation using data acquired with the thick focusing slice technique.
Partial volume corrected T2 estimation was also tested in vivo for an abdominal
scan. Data were acquired with radFSE on a 1.5T clinical scanner. The acquisition matrix
was set to 256×256 yielding 16 radial lines per TE. Other imaging parameters are:
number of TE points = 16, echo spacing = 9 ms, TR = 1.2 s, receiver bandwidth = ±31.25
kHz, slice thickness = 8mm. A 3 times thicker focusing slice was prescribed to reduce
indirect echoes. Figure 5.21 shows the image for a subject with a small hemangioma
together with a plot of lesion classification based on T2 values. The lesion classification
plot was generated using data from Ref. 2 from a set of patients with larger liver lesions
(>1.5 cm in diameter). Note that when a single exponential fit is used the T2 of the
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hemangioma falls within the range of malignant lesions (false positive) because the PVE
due to liver contamination is not taken into account. When the JBF algorithm is used the
lesion is within the range of benign lesions (true negative). It is noteworthy to mention
that the lesion classification was possible from data acquired in a breath hold (22 s).

Figure 5.21 (left) Lesion classification plot generated using data from Ref. 2 from a set of
subjects with larger liver lesions (>1.5 cm in diameter). (right) T2l values estimated by
JBF and single exponential fitting for a liver hemangioma (arrow) from highly
undersampled radFSE data acquired in one breath hold. When JBF is used, the T2 value
falls in the range of hemangiomas; when single exponential fitting is used, the value falls
into the range of malignant lesions (false positive).
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5.8

Discussion

In this work we proposed a novel JBF algorithm to correct for PVE in the T2 estimation
of small lesions embedded in a background tissue, as is the case for small focal liver
lesions. The algorithm reduces the uncertainty of T2 estimates by exploiting LF variation
(which is naturally present in ROIs containing small lesions). We demonstrated that the
T2 estimation of small lesions using a JBF is considerably better than estimation with the
conventional region fitting and voxel-wise fitting approaches.
As demonstrated in Figure 5.10 and Table 5.1, the JBF algorithm is insensitive to
expanded ROI assuming the background tissue is fairly homogeneous. This reduces the
variation in T2 estimates caused by different ROI drawings removing the effects of
operator from the estimation.
Unlike the conventional RF algorithm, JBF provides estimates of the signal
m

m

intensities for each tissue and for each voxel ( I 0 l , I 0 b ), which can be useful for other
applications such as brain volume calculations. Although VBF also has the ability to
provide this information, its T2 bias (even for large numbers of echo points as shown in
Figure 5.9) makes it impractical.
In the scope of small lesion T2 estimation, it is possible to obtain prior information
about background tissue to improve the estimates. Fixing the background T2 to a value
previously estimated from the surrounding voxels, or using the data from surrounding
voxels in a Maximum A Posteriori manner are two examples. Prior information on T2b
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can be used with JBF and more work is needed to evaluate its effect on the accuracy of
T2l estimation.
This chapter focused on lesion T2 estimation by utilizing the LF variation within
the ROI because LF variation is naturally present for small lesions. However, this result
can also be applied to homogeneous tissue bi-exponential fitting if the variation in the
signal intensity of tissues can be introduced by exploiting different characteristics of the
species (e.g., T1).
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6.
6.1

CONCLUSION

Summary of Results

In this dissertation, the development of several novel parametric MRI techniques that can
be applied in a clinical setting has been described. The theoretical background of several
techniques has been presented and evaluations were conducted using combinations of
CRLB analysis, numerical simulations, physical phantom, and in vivo data.
This dissertation focuses on T2 mapping of small abdominal lesions which is a
particularly difficult task. Since abdominal lesions can be classified based on their T2
characteristics, the ability to characterize small lesions is of great interest in the context
of early diagnosis. Due to the breath hold constraint in abdominal imaging, the acquired
data are highly undersampled. Thus, the first task was to reconstruct accurate T2 maps
from highly undersampled data which lead to the development of the REPCOM
algorithm. This algorithm uses principal component analysis to linearize the data
consistency term in a model-based approach. By doing so, the algorithm achieves better
estimation accuracy that previously reported algorithms.
Because model-based reconstruction algorithms such as REPCOM assume that
the signal follows an exponential decay, the second task of the dissertation was to correct
for the imperfection of the 180 refocusing pulses which contaminates the T2 decay
curves with indirect echoes. The latter, which is a direct consequence of the multi-echo
spin-echo pulse sequences used for fast T2 mapping, introduces T1 weightings and
changes the shape of the decay curves. The SERENADE algorithm was developed for the
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reconstruction of decay curves contaminated with indirect echoes. By combining
SERENADE with SEPG fitting we showed that it is possible to reconstruct accurate T2
maps from highly undersampled data acquired with non-180ºflip angles. This is of
particular interest for T2 mapping at high magnetic fields (≥ 3 Tesla) because the usage of
180ºflip angles is limited due to the SAR constraint.
T2 estimation for small lesions suffers from errors due to the partial volume effect
(contamination from background tissue surrounding the lesion). When the lesion
diameter is smaller than the slice thickness, there is no voxel within the lesion’s ROI that
contains pure lesion tissue. Thus, the single exponential model is no longer appropriate
and a bi-exponential decay is necessary to model the signal. As an alternative to
conventional fitting algorithms for bi-exponential models (which typically suffer from
large uncertainties and bias) we proposed the JBF algorithm. JBF takes advantage of the
lesion fraction variation among the voxels within a given ROI to improve the T2
estimates. CRLB analysis and numerical simulations were used to show that the
uncertainty of the estimates associated with a bi-exponential model can be significantly
reduced. Physical phantom data were also used to demonstrate that the proposed JBF
algorithm provides better estimates than conventional approaches (e.g., the RF and VBF
algorithms).
Furthermore, we extended the JBF algorithm to undersampled data acquired with
an MESE sequence in order to provide T2 estimation with partial volume correction from
data acquired in a single breath hold (~ 20 s). For this task we combined REPCOM with
JBF and a thick refocusing slice technique (to suppress indirect echoes associated with
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the MESE acquisition). A key aspect of REPCOM is that the method, unlike other modelbased algorithms, can handle multi-exponential decay due to its linearity. Physical
phantom and in vivo data were used to demonstrate that JBF can be applied to the images
reconstructed by REPCOM to obtain accurate partial volume corrected T2 estimates.

6.2

Future Work

This work can be extended in several ways. Further investigation is needed for the
REPCOM algorithm in various areas: The weights that are used to trade-off between the
spatial and temporal sparsity constraints and data consistency were empirically
determined in this study. Optimal determination of these weights remains a topic for
future research. Similarly, the optimal spatial transform for a particular application
remains to be determined (9). There are recent studies (50) illustrating that the conjugate
gradient algorithm used in this work may not yield optimal performance when it comes to
solving the l1 minimization problem. Utilization of more sophisticated solvers can further
improve the performance of the proposed technique. There are conventional methods
such as parallel imaging and partial k-space sampling used in accelerated imaging. While
REPCOM incorporates coil sensitivity information into the reconstruction process, the
incorporation of partial k-space sampling techniques as part of the reconstruction was not
investigated in this study. Additional acceleration can be expected from incorporation of
these techniques and further investigation is needed in this area.
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A T2 mapping algorithm with indirect echo correction has been proposed in this
work. It has been shown to accurately recover the decay curves from highly
undersampled data when indirect echoes are present. Although the preliminary results
show that T2 mapping with non-180º prescribed FA is possible indicating that the
technique is suitable for high magnetic fields (≥ 3 T), all experiments here were
conducted at 1.5 T. Further investigation using a high magnetic field scanner is necessary
to fully understand the performance of the proposed algorithm in this particular situation.
Extending JBF to other parametric techniques is another area of future work.
Diffusion weight imaging (DWI) is a technique where it is common to use a biexponential model similar to T2 to fit the data. Thus DWI can benefit from JBF. In DWI
data points with different diffusion weightings or b-values (similar to TE points in T2
mapping) need to be acquired and it is time consuming to acquire large number of bvalues. It has been shown in this work that the JBF algorithm can provide accurate results
even with small number of TE points. Thus, we can anticipate that JBF can improve the
fitting of DWI data when a small number of b-values are available.
The optimization of imaging parameters for T2 mapping is another area for
potential future work. Although some related work has been reported in the context of
partial volume estimation (3), a similar study with the goal of tailoring parameters
according to the imaging application for JBF is still needed.
The combination of REPCOM and JBF has been shown to yield accurate T2
estimates with partial volume correction from highly undersampled data. The JBF
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algorithm relies on the assumption that the noise is white; this condition is violated for
the images reconstructed from highly undersampled data. Although the physical phantom
data demonstrated that correct T2 values can still be obtained, more theoretical studies are
needed. The tradeoff between the undersampling ratio and the accuracy is another aspect
of the technique that needs further investigation.
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APPENDIX A. THE GENERATION OF PRINCIPAL COMPONENTS
To determine the Principal Components, the following information is used: TE points N,
a set of training T2 values (the T2 range of interest, dependent on the application).


A T2 decay curve vector Di of value T2 is modeled by a mono-exponential decay
with proton density (the signal intensity when TE = 0ms) normalized to 1:


Di  (e TE1 / T2 , e TE2 / T2 ,, e TEn / T2 )T .

[A.1]

A training matrix D can be formed as
 
D  ( D1 , D2 ,) ,

[A.2]

where the number of columns is the number of training T2 values.
The Principal Components are then computed by the eigenvalue decomposition of
the correlation matrix DDT (or use the SVD of D ), which is:

DDT  BΣBT ,

[A.3]

where B is the matrix of the PC vectors:

 

B  (b1 , b2 ,, bn )

,

[A.4]

Given L, the number of PCs desired, the truncated matrix of the PC vectors B̂ is
then determined:
 

ˆ  (b , b ,, b )
B
1 2
L

[A.5]
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APPENDIX B. CRAMER-RAO LOWER BOUND OF JOINT BI-EXPONENTIAL FITTING
In Eq. [5.5], the signal equation is
s(t n )  I 0l e tn / T2 l  I 0b e tn / T2 b , n  1, 2, , N .

[B.1]

N is the number of TE points. Under the assumption that the noise in the measurements is
independent

identically

distributed

Gaussian

noise,

the

signal

measurements

s c (t n )  (s1c (t n ),. s c2 (t n ), , s cM (t n )) can be expressed as:
s c (t n )  s(t n )  ε(t n ), n  1, 2, , N ,

[B.2]

where ε(t n ) is the noise vector. Each entry of ε(t n ) is drawn from a Gaussian
distribution N (0,  2 ) .
Define a parameter vector θ  (1 ,  2 ,...,  2 M  2 ) where M is the number of voxels
such that 1  T2l ,  2  T2b ,  2 k 1  I 0kl ,  2k  2  I 0kb , k  1,2, , M . The probability
distribution of the measurements can be expressed as:

Pr(s c (t1 ), s c (t 2 ),  , s c (t N ) | θ) 
M

N


m 1 n 1

1
2 2

 [s cm (t n )  I 0ml e tn / T2 l  I 0mb e tn / T2 b ] 2
exp 

2 2


 [B.3]
.



The entries of Fisher information matrix F is given by (6):

F j ,k

2

ln Pr(s c (t1 ), s c (t 2 ),  , s c (t N ) | θ) ,
θ j θ k

[B.4]
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where the expectation is for the given value of signal. Insert Equation [B.3] into Equation
[B.4], we can obtain:

F1,1

F2, 2

F2 k 1, 2 k 1

F2 k  2, 2 k  2

F1, 2  F2,1

F1, 2 k 1  F2 k 1,1











1
2 4
 T2b
1

2
1

2

F2, 2 k 1  F2 k 1, 2 

M

N

 I
m 1 n 1

M

N

m 1 n 1

e

t e

;

m 2 2  2 t n / T2 b
0b n

t e

[B.5]

;

[B.6]

 2 t n / T2 l

;

[B.7]

 2 t n / T2 b

;

[B.8]

n 1

N

e
n 1

1
2 2 2
 T2bT2l

M

m 1 n 1

N

t
n 1

t

I 0mb
 2T22b

N

n 1


n 1

e tn / T2 l e tn / T2 b ;

[B.11]

t n e  2t n / T2 b ;

[B.12]

e tn / T2 l e t n / T2 b ;

[B.13]

e

N

n 1

[B.9]

n

1



e tn / T2 l ;

[B.10]

t

2

I t e

e  2tn / T2 l ;

I 0mb
 2 2
 T2b

N

m m 2 t n / T2 b
0b 0l n

n

N

n 1

N

 I

I 0ml
 2T22l

F2k 1, 2k  2  F2 k  2, 2 k 1 

m 2 2  2t n / T2 l
0l n

 I

N

I 0ml
 2 2
 T2l

F1, 2 k  2  F2 k  2,1 

F2, 2 k  2  F2 k  2, 2

1
2 4
 T2l

n

t n / T2 l

e t n / T2 b ;

[B.14]
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where k = 1, 2, …, M. And all other entries are 0.
CRLB for the standard deviation (SD) of the non-biased estimator of θ k ( θ̂ k ) can
then be computed as:

SD(θˆ k  θ k )  [F 1 ]k ,k .

[B.15]

Hence, for a non-biased estimator of T2l , it can be obtained that:

SD(Tˆ2l  T2l )  [F 1 ]1,1 .

[B.16]
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