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Abstract
The properties and imaging performance of the computed tomographic imaging spectrometer (CTIS) have been investigated with Fourier and wavelet crosstalk matrices.
These matrices and their corresponding datacube reconstruction algorithms explicitly
used sensitivity equations describing the CTIS imaging system. These equations derived from Franhofer diffraction theory of the computed generated hologram (CGH)
disperser, serve as the mathematical model of the CTIS.
A key to this dissertation was the efficient computation of these crosstalk matrices
and from them, the means to evaluate the CTIS performance. These matrices are
derived from the physical model of the CTIS and the concept of the object cube being
a three-dimensional (3D) continuous object. This object cube, in this dissertation,
is treated as an expansion of 3D Fourier functions cut off to zero at the object cube
boundary or an expansion of dyadic wavelet functions. Here the physics of CTIS
describes and determines imaging system performance.
The Fourier and wavelet system matrices that are used to generate their respective
crosstalk matrices and expansion function coefficients for the reconstructed datacube
were found to be too large to store and too inflexible for any real CTIS system design
studies contemplated for future work. In their place the CTIS model was encoded into
lookup tables, which are expansion function independent, and which could compute
selected subsets of elements of crosstalk matrices without the computation and storage
of the entire corresponding system matrix. These lookup tables enabled the crosstalk
matrices to be evaluated using massively parallel computing systems.
In this research, the Fourier and Wavelet crosstalk matrices had separate (but
often overlapping) roles.
The Fourier crosstalk matrix (FCTM) was primarily used to analyze the CTIS
imaging system. The FCTM describes which spatial and spectral frequencies con-
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tribute to object cube data entering the system and whether or not these frequencies
give distinct contributions with respect to each other. Furthermore, since the CTIS is
a limited angle tomographic imaging system the missing cone of frequencies which is
a feature of this instrument is clearly shown using the FCTM. Subsequently, Fourierbased estimates of the reconstructed object cube (i.e. the datacube) will be missing
this frequency information even if the CTIS is a perfect optical system. However, for
objects that are non-compact the Fourier expansion function system is still useful for
datacube estimation.
The wavelet crosstalk matrix (WCTM) was used for datacube reconstruction only.
The datacube reconstruction calculations are primarily proof-of-concept and reproduce the Fourier results with some absence of Fourier related artifacts. The wavelet
decomposition of the object cube is useful for studying multiple objects in a parallel
processing environment without reconstructing the entire datacube. Furthermore the
type of wavelet transform used here enables efficient reconstruction algorithms to be
used, which are also well suited for parallel processing. Using wavelets the lookup
tables were especially useful in estimating localized subsets of the wavelet expansion
coefficients that reduces computational complexity.
Datacube reconstructions of actual astronomical observations with the CTIS, using the techniques of this research, were consistent with previous independent datacube estimates from the same data using existing conventional techniques. Furthermore these objects furnish natural point-spread functions that supplement computational simulations of the CTIS by describing actual imaging system performance.
The computational mechanisms of the lookup table formulation of the CTIS imaging system provide the additional bonus of an analysis of object detectability by the
computation of receiver operator characteristic (ROC) curves. We used a synthetic
binary star to simulate this in the presence of both detector and object noise.
Some suggestions for future research directions are given.
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Chapter 1

Introduction
1.1

Overview of Hyperspectral Imaging

Imaging spectrometry is a method for obtaining multi- or hyperspectral information
about objects of interest as a function of two-dimensional spatial position. That
is, imaging spectrometers obtain spectra of an object at each spatial pixel. The
information collected by these devices is a three-dimensional structure called an object
cube (hyperspectral). A point in the object cube r has coordinates (x, y, λ).
Imaging spectrometry has been demonstrated to be a powerful tool in remote
sensing since the 1980’s [2]. Other applications for this include astronomy [3], [4],
medicine [5], and defense [3], [4]. In this dissertation astronomical applications will
be emphasized.
1.1.1

Hyperspectral Scanning Systems

Traditional dispersive imaging systems collect (x, y, λ) data (see Fig. 1.1) by employing some form of scanning, such as whiskbroom [6], slit spectrometers which record
spectra information over a narrow spatial strip (see Eisenhauer et al [7]), and filtered
cameras. Filtered camera imaging has been important in astronomy for decades.
Alternatively, imaging Fourier transform spectrometers equipped with a focalplane array (FPA) at the output require scanning of the optical path difference between the two arms of a Michelson interferometer before the image cube can be retrieved from the raw data. Although these methods of data collection are acceptable
for stationary or nearly stationary scenes, scanned imaging of dynamic scenes results
in artifacts. In pushbroom or whiskbroom scanning, scene motion causes spatial artifacts. in spectrally multiplexing spectrometers, scene motion also causes spectral
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signature artifacts.

Figure 1.1. Object cube data collection processes.

1.1.2

Snapshot Hyperspectral Scanning with the CTIS

The concept of computed tomography (CT) in imaging spectrometry is an effective
scheme for accomplishing instantaneous or flash spectral imaging [8], [9]. The objective of flash imaging is acquisition of spatial and spectral information about a scene
within a limited temporal-spatial interval.
High signal-to-noise ratio, high-speed-imaging of dynamic events is accomplished
only by a non-scanning imaging spectrometer that maximizes the dwell time at each
FPA element. The computed tomographic imaging spectrometer (CTIS) instrument
uses a computer-generated hologram (CGH) disperser inserted into the collimated
beam between lenses that image a system field stop onto the FPA (with coordinates
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r’ = (x’, y’)). The CGH disperser forms a rectangular array of spectrally dispersed
images, each of which can be interpreted as a projection of the three-dimensional
object cube (x, y, λ) onto the FPA (x’, y’), as illustrated in Figure 1.2. These object
cube projections on the FPA are called ctiograms. Based on such an interpretation,
it is possible to reconstruct the object cube from the projections by employing CT
algorithms.

Figure 1.2. A raw ctiogram collected by a CTIS instrument.

1.2

Goals of Dissertation

There are two goals in this dissertation:
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1. Develop figures of merit for CTIS both in system evaluation and performance
of imaging tasks that it might do.
2. Improve the computational efficiency of algorithms for system design, evaluation and datacube reconstruction.
With respect to the first goal we want have tools so as to take a fixed CTIS design
and see how well it process hyperspectral information to do tasks such as datacube
estimation or detection.
As for the second goal it must be noted that large amounts of information are
processed, especially in datacube reconstruction. In reconstructions we want to be
able to exploit redundancies in data ctiograms. In addition it is also desirable to
recast the CTIS model equations into a form that is computation friendly so that we
can be able to efficiently do CTIS design by simulating putative systems and see how
well they do their imaging tasks before before they are built and the CGHs fabricated
(an expensive and time-consuming process). The solution to this issue which is done
here in this research is to use massive parallelization. The CTIS imaging system is
very well suited for this.
In view of these goals in the CTIS imaging system from data acquisition to datacube reconstruction and feature extraction algorithms, there are a number of components that need to be modeled. For hardware, the items that need to be considered
are:
• CTIS optical components.
• Holographic disperser properties.
• Focal plane array properties.
1.2.1

Evaluation of CTIS Designs

A mathematical formalism to analyze imaging systems and explore representation
issues was developed by Barrett ([10], [11]) in the 1990’s with the development of
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the Fourier crosstalk matrix (FCTM) denoted by B. A more detailed description of
this process is in Chapter 3. The matrix B is constructed from expanding the object
cube (assumed to a be continuous object) into Fourier expansion functions (that is
exp(2πiρ • r)) where ρ is the vector of frequencies in each direction, and r is the
position vector in the object cube space defined above.
The Fourier crosstalk matrix quantifies the problem of determining which spatial/spectral frequency components contribute to the system and how distinct their
contributions are.
The Fourier crosstalk matrix B is also used to glean how good an imaging system
is, since its construction combines the encoding of the information of the hardware
makeup of the CTIS (such as the optics, CGH disperser and FPA configuration) with
the effects of using particular function expansions of the object cube.
For a Fourier representation of the object cube, an ideal CTIS (or any) imaging
system gives a crosstalk matrix which is diagonal, and enables as large a number as
possible of distinct Fourier components to be recovered from the ctiogram data.
The effects of changes in the imaging system in each component could be quantified
by looking at the sparsity, diagonal dominance, and structure of the diagonal of B
first described in Barrett and Gifford [10]. However these parameters have limited
applicability as they do not take into account what tasks the CTIS is used for.
System parameters affecting the imaging system can be tracked using B to include
implicit or explicit considerations on the particular signal processing tasks that need
to be performed. This falls under the rubric of objective assessement of image quality
or OAIQ [12].
Wavelets provide more appropriate object cube representations for objects that
are spatially localized, and are useful to reconstruct spectral information containing
isolated features such as stellar spectra. Wavelet representations give more efficient
datacube reconstruction algorithms, since estimates of compact hyperspectral features
can be done locally without reconstructing the entire datacube.
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Fourier and wavelet descriptions of the CTIS will be emphasized in this document;
the former for system analysis, the latter for datacube reconstruction.
Another interesting set of representations for the CTIS related to both Fourier
and wavelet systems are Gabor functions. These can be used for spatially and spectrally varying Fourier crosstalk analyses. The Gabor system uses for the CTIS are
interesting, but are secondary to that of the Fourier functions and wavelets. These
are discussed further in Appendix B.
1.2.2

Tomographic Datacube Reconstruction

An issue that impedes the wider use of the CTIS is the size of the system matrix representation (details in Chapter 2) denoted by H used for the tomographic algorithms
needed to generate the datacube from the FPA projection data. Depending on how
many pixels the FPA has, and how many elements, or expansion functions used to
represent the object cube, H can easily have in excess of 1012 elements. Although
the sparsity of the system matrix is very high, there are typically greater than tens
of millions of non-zero matrix elements. Such a size of H makes it difficult to do real
time processing of data. A combination of computing technology and clever algorithm
development is needed.
Since the CTIS uses a limited number of projection angles in tomographic reconstruction (details in Chapter 2), there will be a region of frequencies called the
missing cone that can never be part of the data reconstruction no matter how perfect
the optics, disperser and FPA are.
In this dissertation we will the use matched filtering in the datacube estimations
([10], [12]). Such matched filter constructions will be discussed in more detail later.
Matched filtering is often used in signal detection and pattern recognition (this can
also remove noise from data as well). Matched filtering is an attempt to generalize
linear filtered back-projection.
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This works on the principle that if the effect of an expansion function on the
imaging system is known, the estimation of the amplitude of that corresponding
coefficient is the same as detecting that characteristic pattern in that data.
The expansion of an image with respect to a desired set of these functions can be
computed directly, albeit approximations. How close they are to the actual coefficients
can be measured with the corresponding crosstalk matrix. However the frequencies
in the missing cone can never be recovered.
The matched filter reconstructed datacube will then initial estimates for subsequent iterative procedures. The best we can do is to make these matched filter
estimates as good as possible.

1.3

Organization of Dissertation

The organization of this dissertation is as follows. Chapter 1 is the executive summary of this project. Chapter 2 describes the hardware and datacube reconstruction
algorithms in existing CTIS system configurations. Basic imaging system theory at
the level of Barrett and Myers [12] is also discussed.
In Chapter 3, the Fourier crosstalk matrix implementation of the CTIS is described. The procedures used to analyze imaging systems from crosstalk matrices are
also described [10], as well as figures of merit discussing the analysis of CTIS systems for tasks such as detection, classification and linear spectral unmixing. These
techniques were developed by Barrett and his co-workers and are adapted for the
CTIS.
The CTIS crosstalk matrix formalism for wavelets is developed in Chapter 4.
Chapter 5 presents a analytic or forward model of the CTIS that is crucial for this
work, in that optical, CGH disperser and FPA is explicitly tied into the performance of
this instrument as measured by the Fourier crosstalk matrices and a number of useful
figures of merit. Additionally, some aspects of calibration procedures are described
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as well.
Descriptions of the algorithms used to carry out all the calculations are given in
Chapter 6. The results of these calculations are given in Chapter 7, and are discussed
and summarized in Chapter 8. Future directions of this research are also discussed
in Chapter 8.
Finally, four appendices are included for reference. Appendix A is a glossary
of symbols for the quantities mentioned in this document. Appendix B describes
the Gabor functions and the CTIS imaging system description. Gabor transform
algorithms useful for datacube estimations are described in Appendix C describing
frames. Appendix D describes dyadic and oversampled wavelet transform algorithms
of interest to datacube estimation.
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Chapter 2

The Basic Principles of the CTIS
The connection between computed tomography ”CT” and imaging spectrometry ”IS”
were explored first by Okamoto [13], [14] and by Bulygin [15], and later theoretical
and practical limitations were defined by Descour and Dereniak [8], [9]. The theoretical limitations may be addressed by a variety of reconstruction constraints, such as
positivity or compact support [16]. The practical limitations are related to issues of
radiative throughput of the instrument, to the dispersive element and signal to noise
ratio (SNR).
This chapter discusses the CTIS both describing the instrument hardware, and its
conventional imaging mathematics described by Volin [1]. Futhermore, this chapter
will frame issues described in the research described in this dissertation.

2.1

The CTIS Hardware Configuration

Versions of the CTIS that have been constructed operate over the visible (0.45 to
0.71 µm) range ([17] and references therein), the short-wave infrared range (SWIR)
between 1.1 and 2.2 µm [18], and the midwave infrared (3-5 µm) [1]. A longwave
infrared (LWIR) CTIS over the range of 8-12 µm is currently under development
([19], [20]).
2.1.1

The Basic Optical Design

The CTIS imaging spectrometer consists of four optical-element groups: an imageforming set of optics, a set of collimating optics, a computer generated hologram
disperser (CGH), and reimaging optics. Figures 2.1 and 2.2 show the schematic of
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c
Figure 2.1. A Schematic of the CTIS optical system. °Jet
Propulsion Laboratory,
2005
a typical CTIS and a photo of a CTIS indicating its typical size and location of the
components in that system.
There is also a field stop, which defines the spatial extent of the object cube and
reconstructed datacube. The CGH disperser is placed at a pupil plane between the
collimating and reimaging lenses.
Zoom Lenses can be used for the collimating and reimaging lenses; they allow
the magnification to be varied. This variation can be used to adjust the effective
dispersion within each diffraction order ([8], [21]).
In the CTIS, the objective lenses focus the hyperspectral object cube information
through the field stop. The collimating lenses then take this through the CGH element
which projects the light into a series of diffraction orders. These projections are then
imaged onto a focal plane array (FPA). The CGH disperses the input information
spatially and spectrally onto these projections.
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Figure 2.2. A photograph of the CTIS in the laboratory. The length of this particular instrument is approximately one meter.
2.1.2

The Computer Generated Hologram (CGH) Disperser Element

The CGH disperser is the heart of the CTIS. A general schematic of the CGH geometry is illustrated in Figure 2.3. A CGH consists of a unit cell replicated onto some
particular material depending on the wavelength range in the particular CTIS design.
A single unit cell consists of A x B phase elements or phasels in the α and β directions
respectively as shown. Each phasel is dp × dp µm2 in size. This is replicated R and
S times in the r and s directions respectively as illustrated therein as well. A 2 × 2

31
replication of a CGH disperser unit cell is shown near the bottom of Figure 2.1. This
notation introduced here will be very useful in the derivation of the CTIS sensitivity
function in Chapter 5.

Figure 2.3. CGH disperser geometry with a schematic of a unit cell on the right.
The phasel thickness d(α, β) for each phasel is related to the phase difference φλ
as a function of wavelength λ. This relation is given by

φλ (α, β) =

2π(nλ − 1)d(α, β)
λ

(2.1)

where nλ is the index of refraction of the disperser material.
In generating prescriptions for fabrication, discrete unit cell depths d(α, β) are
chosen for some fixed wavelength λc via Equation 2.1. Usually, this wavelength is
chosen to be at the center of the wavelength range designed for that corresponding
CTIS. As light passes through the CTIS for some arbitrary wavelength λ, the phasel
phase difference φλ scales with the wavelength:
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φλ (α, β) =

λc
φλ (α, β)
λ c

(2.2)

Once d(α, β) thence φλc (α, β) are known, then all other phasel phase differences
for all wavelengths in the range of interest are obtained by Equation 2.2.
This element disperses light spatially and spectrally onto the focal plane array
as illustrated in Figures 2.4 and 1.2. In particular, Figure 2.4 shows in detail how
each wavelength layer of an object cube gets mapped onto the FPA. Each projection
of the object cube through the CTIS onto a focal plane array is a two-dimensional
presentation of the three-dimensional object cube as seen from a different direction.

2.2

Limited Angle Tomography of the CTIS

Computed tomography is an imaging and reconstruction process by which a multidimensional object is projected onto a lower dimensional sensor system. The lower

Figure 2.4. Illustration of how the CGH projects the object cube information onto
a focal plane array.

33
dimensional data is processed to recover or estimate the higher dimensional object.
If one looks at Figure 2.4 each pixel on a ctiogram in a particular diffraction order
measures the integrated power along a slanted line through the object cube.
2.2.1

Continuous Tomography

To understand the issues here consider a basic tomography for the continuous case.
Mathematically this is described by the Radon transform which is the continuous to
continuous tomographic model. Formally the two dimensional Radon transform R2
of a two dimensional function f (x, y) is
Z
R2 [f (x, y)] ≡ λ(s, α) =

dx dy f (x, y)δ(s − r • n̂)

(2.3)

lines,angleα

which denotes the cross-sectional area of the function cut by a line AA0 with perpendicular distance s to the origin and angle α as illustrated in Figure 2.5a. As s traces
through the function the cross section of f (x, y) the projection λ(s, α) traces out the
curve in Figure 2.5b in Radon transform space. In order to record all the information
of f (x, y) tomographically the angle α is varied from 0 to π radians; the value of
λ(s, α) being repeated every α + 2π radians. If the projections over all possible α
angles are made R2 [f (x, y)] will trace out a continuous figure in the transform space.
This process has property called the Projection Slice Theorem in that the m dimensional Fourier transform of a projection of an N dimensional function f (r) onto
a m dimensional linear subspace is equal to an m-dimensional slice of the N dimensional Fourier transform of that function consisting of a m-dimensional linear subspace
through the origin in the Fourier space parallel to the projection subspace. That is
λ(s, α) of equation 2.3 and Figure 2.5 is a one-dimensional slice of the two dimensional Fourier transform of f (x, y). The Radon transform space in Figure 2.5b is the
Fourier transform space of f (x, y) with rectangular coordinates ρx and ρy which are
Fourier frequencies.
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Figure 2.5. (a) Geometry for two dimensional Radon transform. (b) Radon transform in two dimensional transform space with polar coordinates ν and α.
To show this in the same low dimensional example, let α = 0 radians and S(ρx )
be a slice of the two dimensional Fourier transform of f (x, y) that also has the corresponding angle α = 0 as in Figure 2.5. Then we have
Z

+∞

Z

+∞

dx dy f (x, y) e−2πixρx
S(ρx ) = F2 [f ] (ρx , ρy = 0) =
−∞
−∞
¸
Z +∞ ·Z +∞
=
dy f (x, y) dx e−2πiρx x
−∞
−∞
Z +∞
=
dx λ(x, 0) = F1 [λ(x, 0)] .

(2.4)

−∞

In operator form Eqs. 2.4 can be expressed as F2 = F1 R2 . In general FN = Fm RN .
In three dimensions ([12], [22]) F3 = F2 R3 . This is shown is Figure 2.6. In this
case each projection of a three-dimensional tomographic imaging system defines a two
dimensional plane in three-dimensional Fourier frequency space. All projections go
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through the origin. In this higher dimensional case the slices are oriented with two
position angles instead of α in two dimensions.

Figure 2.6. Geometry for the three dimensional version of the slice theorem: (a)
Tomographic slicing of an object in three dimensions; (b) The projection as a two
dimensional slice in a three dimensional frequency space going through the origin.
In the ideal continuous case all projections covering all positions s = r • n̂ and all
angles can be recorded onto the appropriate Fourier frequency space. The original
object can then be recovered by simply taking an inverse Fourier transform.
2.2.2

Computed Tomography of the CTIS

Actual measurement systems are most often not ideal; the CTIS is such a case. The
CTIS projects an object cube onto a two dimensional ctiogram onto a limited discrete
number of projections via the CGH disperser. Thus the CTIS does continuous-todiscrete tomography in its imaging. This is illustrated in Figure 2.7 where these
planes are shown for a representative number of projections in a CTIS with 3×3
diffraction order model as in Figure 2.4.
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The CTIS projects a very limited number of object cube directions corresponding
to a small number of projection angles onto the ctiogram. Only if the FPA has infinite
size to record infinite projections will these angles be reached. Furthermore there are
signal-to-noise and power restrictions in the FPA camera pixels that impose practical
limitations on the number of object cube projections that can be diffracted onto it
even if the number of pixels were actually infinite. In the limit that the FPA is
infinite in size with infinitesimally small pixels with an infinite SNR ratio, the CTIS
will approach the Radon type of CC tomographic system.
Some examples of Fourier slice planes for a 3×3 CTIS model by Volin [1] are
shown in Figure 2.7a-b. Figure 2.8 shows the top frequency half of the full set of the
3 × 3 projections and there starts to appear a cone-like region of missing frequencies
inaccessible to the CTIS imaging system that increases in area and volume as ρλ
increases.

Figure 2.7. Some ctiogram projections from Volin [1] (a) and their corresponding
Fourier slice projections in frequency space (b).
In fact as the number of CTIS projections increases this inaccessible volume in
Fourier frequency space reveals a double cone. As a CTIS imaging model and / or
a larger FPA allows more projections this region is seen more clearly. We call this
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Figure 2.8. The full set of ctiogram projections (a) and the upper frequency half
of their corresponding Fourier slices (b) for a 3×3 projection CTIS model in Figures
2.7 and 2.4.
hollowed out volume of missing values in Fourier frequency space the missing cone.

2.3

Imaging Operators for the CTIS

The notation and basic theory in this section and elsewhere in this dissertation follows
from the book Foundations of Image Science by Barrett and Myers [12]. The most
general expression of an imaging problem can be expressed in the simple equation g
= Hf + n where g and f represent the data and the object respectively. In the case
of the CTIS, f represents what is in the field of view within the spectral range of the
instrument which is recorded as data g onto the ctiogram.
The quantity n is a random perturbation to Hf but for the CTIS represents
detector noise. The quantity H is the imaging operator and can be an explicit and/or
an implicit function of the hardware, signal processing algorithms, end-use application
and object representation. This operator H can be either continuous or discrete.
In image science, obtaining information about an object from the data is generally
a very difficult inverse problem. An estimate of the object f denoted by f̂ represented
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in some appropriate form is obtained from the data by evaluating ”f̂ = H−1 g” where
”H−1 ” is most likely not the actual inverse, but an approximate, or pseudo-inverse of
that operator.
The non-exact nature in the approximate (re)construction of f by f̂ reflects the
existence of often non-negligible system noise n, the absence of spatial/spectral frequency content of the missing cone and the fact that we have to deal with a pseudoinverse instead of an actual inverse of the imaging operator, there will be a subspace of
f denoted by fnull that makes no contribution to Hf.
It is important that these datacube constructors (or estimators) have the flexibility
to include both object noise and FPA pixel read noise. Such noise affects the datacube reconstruction quality, especially if the object is faint. Simulation calculations
illustrating this are discussed in Chapter 7.1.
Thus the problem of designing the optics and other hardware configurations of any
imaging system (and the CTIS in particular) is firmly entwined with the problem of
signal processing algorithm performance, dominated by evaluating the imaging system
operator H, whatever form it may be. Trade-offs between optics, other hardware,
algorithms and end-use applications are expected and reflected in the structure of H.
The CTIS imaging system being that it is based on diffraction can be considered a
linear shift invariant system. This means that the imaging operator H can be treated
as linear.
Finally, there needs to be a discussion on notation. Each quantity in the equation
can be discrete or continuous depending on the circumstance. Recall that r0 = (x0 , y 0 )
are the coordinates on the FPA and that r = (x, y, λ) are the object cube coordinates.
The conventional CTIS analysis describes a discrete-to-discrete (DD) system [12]. In
this case, f is a vector of object cube elements, or voxels, arranged in a vectorized
one-dimensional form of length K (the number of voxels in the object cube). The
quantities g and n are vectors the same length as the number of FPA pixels, M. The
imaging operator, now the system matrix H has M rows and K columns.
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Two types of imaging systems to consider are the continuous- to-continuous (CC),
and continuous-to-discrete (CD).
In a CC imaging system f = f(r),g = g(r0 ), and n = n(r0 ) are all continuous.
The CTIS point spread function becomes a five-dimensional object h(r0 , r). This is
five-dimensions as the object cube has three dimensions and the FPA two. The linear
imaging operator in CTIS coordinates is
Z
0

d3 r h(r0 , r) f (r) + n(r0 ),

g(r ) =

(2.5)

Sf

where Sf is the support of the object, or the region in (x, y, λ) space where it is
defined.
Although theoretically interesting, a CC imaging system requires continuous focal
plane technology which is infeasible at this time, so such systems will not be discussed
further.
In this dissertation the CTIS will be modeled as a continuous-to-discrete (CD)
imaging system. Here the object cube is considered to be a continuous function f(r),
but g and n are still discrete. The general imaging operator H maps the points on
the object cube to the discrete pixels on the FPA. Notationally the mth FPA pixel
(= mth component of the vector g) is denoted by gm . The imaging operator mapping
the object cube to the mth FPA pixel is a linear functional
Z
d3 r hm (r) f (r) + nm ,

gm =

(2.6)

Sf

where the kernel of this operator, hm (r) is a sensitivity function that specifies how
sensitive the mth FPA pixel gm to radiant energy coming from a point r in the object.
Another type of imaging system is the discrete-to-continuous (DC). The DC system formulation for the CTIS is not of any concern here and will not be discussed
further. Further discussion of these different classes of systems are given in Barrett
and Myers [12].
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In the CTIS the FPA image obtained with its camera, called the ctiogram is a
discretization of g(r’) into a vector g with M pixels. If the number of pixels M tends
to ∞ then the CD imaging system more closely approximates a CC system.
2.3.1

Object Cube Expansions for the CTIS

Some notation and definitions needed for the construction of Fourier and wavelet descriptions of the CTIS system will be established here. The mathematical formulation
described in this section will tie in with previous CTIS work as well. Much of the
notation here follows from [12].
In general, the object cube is a continuous object that is an expansion of a family
of functions; that is

f (r) =

∞
X

θk φk (r)

(2.7)

k=1

Note that the function family {φk (r)} is not necessarily a basis, and that the
expansion function coefficients θk need not be computed as scalar products between
f (r) and the {φk (r)} set.
Often equation 2.7 cannot be evaluated, as that series has to be truncated; f (r)
has to be approximated by fa (r) where
fa (r) =

K
X

θk φk (r)

(2.8)

k=1

The existing CTIS system matrix formulation which is an example of a DD case
uses three-dimensional voxels as a finite set of K expansion functions; each one is
described by

φk (r) ≡ voxelk (r)
µ
¶
µ
¶
µ
¶
x − xk
y − yk
λ − λk
= rect
rect
rect
∆x
∆y
∆λ

(2.9)
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where ∆x , ∆y , and ∆λ are the lengths of the sides of each voxel. The function rect(x)
is defined as (Gaskill [23]):
(
rect(x) ≡

1, if −0.5 < x ≤ 0.5;
0, otherwise.

(2.10)

The expansion coefficients θk in equation 2.8 are identified with numbers fk which
are but the values of the object cube f (r) evaluated at positions rk = (xk , yk , λk ). Although formally the approximate object cube expansion could treated as a continuous
object,

fa (r) =

K
X

fk voxelk (r)

(2.11)

k=1

the conventional algorithms that obtain an estimate of the reconstructed datacube
from the FPA data treat the CTIS as a DD imaging system.
In the conventional DD representation as formulated by Volin [1], the number of
voxels in an approximate object cube equals the number of FPA resolution elements
covering the central (0,0) projection of the field aperture multiplied by the number
of discrete spectral bands that can be obtained in calibration.
2.3.2

CTIS System Matrices for Object Cube Expansions

Conventionally the system matrix H for the CTIS is obtained from laboratory measurements. In conventional calibration procedure used by Volin [1], the CTIS imaging
system is explicitly a discrete-to-discrete one. The voxel function of Equation 2.9 is
never explicitly used and instead the ctiogram corresponding to the kth point of the
object cube is recorded. Each element Hmk of H represents the contribution to the
mth FPA pixel from the kth voxel of the object cube. Each column of H is the
monochromatic voxel spread function (VSF) of the corresponding object cube voxel,
which is an image of the projection of a point of light at a particular field position at a
particular wavelength onto the FPA lexicographically ordered into a one-dimensional
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column vector. The system matrix H thus has M rows, and K columns, M being the
number of FPA pixels, K the number of object cube voxels.
For arbitrary CD object cube expansions the system matrix components are
Z
d3 r hm (r) φk (r)

Hmk =

(2.12)

∞

In the most general case a system matrix H for a CD imaging system has a
finite number of rows representing M pixels of the ctiogram and an infinite number
of columns indexed by k representing the infinite functional series expansion of the
object cube.

2.4

Calibration-Based Construction of the CTIS System Matrix

Figure 2.9. Part of the lens and mirror system for CTIS calibration.

43

Figure 2.10. Part of the CTIS calibration system including the fiber and achromatic
lens.

Figure 2.11. (a) An image of the quasimonochromatic calibration source at λ =
570 nm; (b) An image of the quasimonochromatic calibration source at λ = 720 nm.
In both cases ∆λ is 5 nm.
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The description of H for the DD case implicitly describes the empirical calibration
procedure in use since the CTIS existed (see [1], [17] and references therein). H
is obtained by a combination of empirical determination and analytic calculation.
What makes this possible, despite the huge number of voxels K, is the assumption of
(local) spatial invariance on the FPA for points inside the field aperture for each fixed
wavelength. For example, in such a voxel based CTIS model, there could be on the
order of 100x100 voxels (= FPA pixels) on each fixed wavelength layer on the object
cube. The number of wavelength bands L can range from ∼30 to hundreds. Instead
of obtaining 10,000 × L separate calibration images. Volin assumed intra-wavelength
local spatial invariance. This permits just one calibration image per wavelength
corresponding to a spatial point centered at the field aperture. Using this assumption
the columns of H corresponding to the non central field aperture points are computed
by implicitly shifting the voxel spread function spots within each FPA field aperture
projection at each diffraction order without changing their measured irradiances.
The validity of this assumption has been checked by laboratory measurements
and is discussed in Chapter 5. Nevertheless, it is still instructive to review Volin’s
calibration procedure.
The calibration images are obtained as follows. A typical calibration setup includes a monochromator, a mirror, a fiber and an achromatic lens system [1], [17].
Such a calibration setup is illustrated in Figures 2.9 and 2.10. The spectral bandwidth of the source is selected by the entrance and exit slits of the monochromator’s
grating. The entrance slit is then imaged to the fiber, making sure that the entire
width of the exit slit is within the core diameter of the fiber. This part of the calibration setup can be adjusted to equalize the signal-to-noise ratio (SNR) throughout
the wavelength range of all the measurements. With sufficient demagnification of this
point source the spot on the FPA can be made quite small. However this spot is usually imaged onto more than one pixel, and is actually a two dimensional rectangular
sinc2 function. An example of what a single spot of a voxel spread function looks like
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Figure 2.12. Typical calibration images with characteristic voxel spread function
at 500, 600 and 700 nm wavelengths respectively.
on the FPA is shown in Figure 2.11a.
Figure 2.12 shows some typical examples of conventional calibration images. Due
to the fact that light coming through at a given wavelength is quasi-monochromatic,
there is a spread in the FPA spot pattern on each calibration image, especially for
higher diffraction orders far from the center, as is seen in Figure 2.11b.
In Chapter 5 we propose a calibration procedure for the CTIS for the CD imaging
system representation.

2.5

General Datacube Reconstruction

Datacube reconstruction is really an estimate of f(r) denoted by fˆ(r):
fˆ(r) =

∞
X

θ̂k φk (r).

(2.13)

k=0

However in practice we really only estimate an approximate datacube fˆa (r), approximate in that the series expansion is finite albeit that K is still very large, roughly
on the order of 105 to 107 for the CTIS.
fˆa (r) =

K−1
X

θ̂k φk (r).

(2.14)

k=0

The first step which really takes the most effort is to estimate the {θ̂k } in Equation
2.14.
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If the object cube is represented as an expansion with respect to a family of
continuous functions the second step is to perform some sort of inverse transform to
put the estimated datacube together. For Fourier expansions this is just the inverse
three-dimensional FFT. For wavelets we use a general inverse wavelet transform (not
necessarily the inverse discrete transform).
Formally, the expansion coefficients can be estimated by solving g = Hf + n for
g in the absence of noise. This is
Θ̂ = H+ g

(2.15)

where H+ is the psuedo-inverse of H and Θ̂ is the vector of the estimated expansion
coefficients {θˆk }. The pseudo-inverse of H is so large that it is intractable to evaluate
Equation 2.15 directly.
For the CD case the vector of expansion coefficients Θ̂ is estimated from which the
datacube is constructed either by explicit evaluation of equation 2.14 or by some sort
of inverse algorithm such as the FFT or wavelet transform. This will be discussed in
more detail in later chapters.
However it needs to be emphasized here that even with a perfect imaging system and high quality calibration fˆa (r) will not include spatial and spectral frequency
information in the missing cone.
2.5.1

Conventional Methods of DD Datacube Reconstruction

The conventional DD CTIS imaging system picture is really an estimate of f(r) or
fˆ(r) at K discrete points in the object cube. Here the possibly infinite vector Θ̂ is
replaced by a vector of K fˆk values.
The construction of H for the CTIS results in a very sparse matrix. The assumption of local spatial invariance on the FPA within each field aperture projection
enables clever and efficient storage of H that can be used to advantage with straight-
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forward sparse matrix routines such as those in such texts as Numerical Recipes [24].
This is the setup that Curtis Volin established for the CTIS in 1999-2000 [1].
For the CTIS presently modelled as a DD imaging system, the datacube reconstruction equation is given as
f̂a = H+ g

(2.16)

where H+ is the pseudo-inverse of H, and f̂a the vector of estimated approximate
datacube components.
The matrix pseudo-inverse H+ is computed since H in general is rectangular (see
[12] for a more detailed description of matrix pseudo-inverses). Pseudo-inverses can
be solved using least squared or singular value decomposition (SVD) techniques, but
the huge size of H rules that out. Instead the estimated datacube f̂a is computed
iteratively.
Current CTIS reconstruction methods use either Expectation Maximization (EM)
or the Multiplicative Algebraic Reconstruction Technique (MART) which will be described in the next two subsections.
2.5.2

Expectation Maximization (EM)

In the next two subsections HΘ is the general notation for CD representations of the
imaging operator Hf. It is understood if the object cube is an infinite expansion such
as equation 2.7 then Θ is the infinite vector of θk ’s in the latter representation case.
EM assumes that the M dimensional data vector g is Poisson distributed with
mean HΘ. As Barrett and Myers [12] and Natterer and Wubbeling [25] point out
there are positivity conditions for each pixel/component of the ctiogram data g and
HΘ which is generally satisfied. The ctiogram data g always has read and photon
noise. Handling the quantity HΘ may require some care since a number of components are zero due to the missing cone effect. This is not an issue if the missing
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cone frequencies are identified beforehand. The effect of the missing cone on other
expansion function families can be figured out by taking the Fourier transform of
those individual expansion functions and noting what part of the expansion function
remains when the missing cone frequencies are removed.
Now that the preliminaries are done the probability of the mth data ctiogram
pixel gm given the mth component of HΘ denoted by P r(gm |(HΘ)m ) is given by:
P r(gm |(HΘm )) =

exp(−(HΘ)m )[(HΘ)m ]gm
,
gm !

(2.17)

where each pixel m is statistically independent from each other with identical statistics. P r(gm |(HΘm )) is also known as likelihood of Θ given g. For the entire data
ctiogram Equation 2.17 is

P r(g|HΘ) =

M
−1
Y
m=0

exp(−(HΘ)m )[(HΘ)m ]gm
.
gm !

(2.18)

Proceeding further we want a maximum likelihood estimate for Θ denoted by Θ̂M L
to be obtained when Equation 2.18 or rather the natural logarithm of this equation is
a maximum. We call the this logarithm ln(P r(g|Θ)) the log-likelihood function and
also denote this by l(Θ). To maximize the log-likelihood means
∂[ln P r(g|HΘ)]
∂l(Θ)
≡
=0
∂θk
∂θk

(2.19)

for each expansion coefficient θk . Also
P −1
∂{ M
∂l(Θ)
m=0 [−(HΘ)m − gm ln((HΘ)m ) − ln(gm )]}
=
.
∂θk
∂θk

(2.20)

going through each term on the right hand side of Equation 2.20 we get
∂ ln(gm )
∂gm
=
= 0,
∂θk
∂θk

(2.21)

for the third term on the right hand side of Equation 2.20 and for the first term
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K−1
X
∂(HΘ)m
=
Hmi δik = Hmk .
∂θk
k=0

(2.22)

Algebraic manipulation of the second term just gives us (HΘ)m =

PK−1
k=0

Hmk θk .

Putting this all together we have
M
−1
X

θk

PM −1
m=0

Hmk

m=0

gm Hmk
= θk ,
(HΘ)m

(2.23)

where we multiply both sides by the expansion coefficient θk . We then replace Θ by
succession of estimates Θ̂(n) , where n is the iteration number, we then get an iterative
procedure for each component θk by the following identification:
(n+1)
θ̂k

(n)

θ̂k

= PM −1
m=0

Hmk

M
−1
X

gm Hmk
(n)

m=0

(HΘ̂

.

(2.24)

)m

where n = 1, 2, etc. The starting point for the zeroth iteration for Equation 2.24
if the imaging system is modeled as CD one is typically a backprojection of g onto
object space by calculation of H+ g. If the expansion function families are Fourier,
Wavelet or Gabor H+ can be replaced by H† the adjoint of H which is the complex
conjugate of the transpose of H. This leads us to matched filtering which will be
discussed in detail in Chapters 3 and 4 concerning Fourier and wavelet based CTIS
imaging system descriptions.
The EM algorithm does converge rapidly. However, after a few iterations high
frequency spatial and spectral artifacts are introduced, especially near the edges of
the datacube. A main concern with EM however, is that this estimate agrees with the
data as best it can. However the data includes both noise and signal. To deal with
noise, one has to introduce variations on EM, most likely including some smoothing
of the datacube estimate between iterations.
Related to the above discussion, another solution condition that has to be enforced
(same as with MART) is positivity. Pixel data on ctiograms have units of 16-bit

50
positive integers; even with calibration factors that convert these to power units
(watts) or irradiances (watts / cm2 ) it is un-physical to have negative raw data. To
enforce positivity then, methods such as regularization discussed in detail by Barrett
and Myers [12] will have to be introduced.
2.5.3

The Multiplicative Algebraic Reconstruction Technique (MART)

Another iterative method for extrapolating datacube reconstructions into the missing
cone frequencies is MART. Descriptions of this can be found in Barrett and Myers [12],
Natterer and Wubbeling [25] and Principles of Computerized Tomographic Imaging
by Kak and Slaney [22].
The positivity constraints for g and HΘ also apply here as with EM.
The MART algorithm is also a maximum likelihood based iterative except that
is assumes that that the M dimensional data vector g is Gaussian distributed with
mean HΘ. The likelihood / conditional probability P r(g|(HΘ) in MART for the
mth ctiogram pixel is given by
·
¸
1
(gm − (HΘ)m )2
P r(gm |(HΘ)m ) = p
exp −
.
2
2
2σm
2πσm

(2.25)

We assume that each pixel is statistically independent from each other with equal
variances. Setting σm = σ for each pixel the likelihood of P r(g|HΘ) is then
P r(g|HΘ) =

M
−1
Y
m=0

"

·
¸#
1
(gm − (HΘ)m )2
p
exp −
.
2
2
2σm
2πσm

(2.26)

In MART we define the log-likelihood function l(Θ) as ln(P r(g|HΘ)). The MART
estimate of the datacube expansion function coefficients Θ̂M ART being a maximum
likelihood estimate comes from l(Θ) is a minimum. We find this by demanding that
·
¸
∂l(Θ)
∂ (gm − (HΘ)m )2
=
=0
∂θk
∂θk
2σ 2

(2.27)
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for each component θ̂k of Θ̂. Proceeding exactly as in the EM case (the algebra the
same) we get

θk

M
−1
X

gm Hmk = θk

m=0

M
−1
X

(HΘ)m Hmk

(2.28)

m=0

We replace Θ by succession of estimates Θ̂(n) , where n is the iteration number so
we then get an iterative procedure to get each θ̂k by the following identification:
"
(n+1)

θ̂k

(n)

= θ̂k

PM −1

gm Hmk

#

.
PM −1m=0 n
(H
Θ̂
)
H
m
mk
m=0

(2.29)

The initial starting guess or zeroth iterate for this algorithm is the same as the
EM method. This is a backprojection as mentioned earlier for a CD CTIS imaging
system picture or a simple non negative guess as Volin used.
As with EM, MART has many of the same drawbacks as EM. However MART
converges slowly for high frequency features. Since noise generally has high-spatial
(or spectral) frequency content, in some limited cases, some useful datacube estimates
can be made provided the number of iterations is relatively small so that the highfrequency noise and artifacts are reduced.

2.6

Objective Task-Based Assessment of the CTIS

Methods for defining image quality, especially for reconstructed images traditionally
use either subjective evaluations or signal-to-noise ratio (SNR) or the peak signal-tonoise ratio (PSNR) calculations. Of course subjective image quality measurements
are too arbitrary to begin with. Furthermore, real images are continuous objects,
so MSE / SNR algorithms are really geared toward digital ones which are arrays
of numbers; arbitrariness is introduced as well here as literally infinite collection of
objects are consistent with a given image of interest.
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As Barrett ([26]) pointed out these traditional measures image assessment also do
not account for the purpose of an image, or the task it may help to perform. He then
initiated a methodology called the Objective Assessment of Image Quality (OAIQ)
from which analytical, objective tools could be used to evaluate the performance of
imaging systems. This is discussed in more complete detail in ([26], [11], [27], and
[12]). In OAIQ image quality / imaging system assessments start with asking the
following questions:
• What information do we want from the image?
• What do we want to image?
• How do we get information from the image?
• What measures of performance do we use?
The first question leads to the task that needs to be done. There are broadly
two categories of tasks: classification and estimation. Classification assigns a label
to data. Estimation assigns parameters, numbers, vectors, etc. to points in data the
space.
In the CTIS the tasks of interest in this dissertation are:
• Detection of one or more objects.
• Estimation of the (x, y, λ) datacube from the ctiogram data.
To answer the second question above, what is imaged is the ctiogram of the
object cube information or the estimation / reconstruction of the datacube from
the ctiogram.
Next, how does one get information from an image? This is done using a decision
based strategy called an observer. There are two such observers applicable to the
CTIS: the ideal observer or the best linear (Hotelling) observer.
Ideal classifiers capture all information in the data, add no noise and can be a
nonlinear function of that data which in the CTIS case is the ctiogram image. The
test statistic is the likelihood ratio which is the ratio of the conditional probability
of the data given one class with label H1 to the conditional probability of the data
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given another class labeled H0 . That is
Λ(g) =

P r(g|H1 )
P r(g|H0 )

(2.30)

Ideal estimators which can also be nonlinear functions of the data are vectors of
unknown parameters of the data. In the CTIS this vector would be the expansion
coefficients of the datacube for the CD imaging system formulation of the CTIS.
Ideal observers require or assume knowledge of the pdf for data conditioned on the
object or classification label. In classification this is difficult. In estimation although
such assumptions make EM and MART tractable such datacube estimations tend to
be sub-optimal with artifacts.
Optimal Linear or Hotelling observers have a test statistic λ for classification (in
this case for n = 2 detection) given by
T
λ = wHot
g

(2.31)

where T is the matrix transpose and the matrix wHot is defined by
wHot = K−1
g s

(2.32)

where s is the signal and Kg is the covariance matrix of the data. The data have
equal covariance under each class (in detection hypothesis).
T
Hotelling estimators take the form θ̂ = WHot
g where g is a M × 1 data vector, θ

is a P × 1 parameter vector and WHot is a M × P estimator matrix. Matched filter
estimators used in this dissertation and described later are of this type.
Hotelling observers require the knowledge of the mean and covariance of g in
both classification and estimation. This makes the problem more computationally
tractable.
Finally, the measures of performance to use are inherently statistical and are in
the form of figures of merit. These measures need to be:

54
• Quantitative
• Objective
• Scalar
• Calculable
A quick survey of the literature pertinent to hyperspectral imaging and pattern
recognition ([28]) ([29]) indicates that there is a formidable number of algorithms
for detection, classification, estimation, and so on. This dissertation will only concentrate on the minimal number of these listed above. What is important is that
useful analyses of many particular tasks that the CTIS imaging system can do become
feasible.
2.6.1

Detection - The Test Statistic λ and the Hotelling SNR

This is the simplest case of classification where the number of classes N is two. The
task here is to detect the presence of some object of interest versus the background.
The reason we are interested in this problem is that the mathematical and computational techniques here use many of the same common elements as in crosstalk matrix
calculation and datacube estimation. However the explicit inclusion of crosstalk matrices in OAIQ while feasible on paper does require a massive amount of computer
resources that are only just becoming available.
The simplest detection task here is the SKE / BKE problem where both the
signal the background are known exactly ([11]). The two classes / hypotheses here
are H0 and H1 following Barrett and Myers. These respectively represent that an
object is absent or present.
For the CTIS case to do the analysis a test object cube f1 (r) is generated which
has some object plus some background. Another one f0 (r) which has background
only. For example a detection problem could involve finding a faint companion in a
binary star system; the object to be detected is the faint companion. The background
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is the primary star in the binary system and the background sky spectrum. This case
is discussed in detail in Chapter 7.
We can compute the test statistic λ as in Equation 2.31. This quantity is not a
figure of merit, but is used for the computation of receiver operating characteristic
(ROC) curves discussed next. First the covariance matrix Kg in Equation 2.32 for
the ctiogram data g is diagonal with elements:
2
(Kg )mm0 = (σm
+ n̄m )δmm0

(2.33)

2
where σm
is the Gaussian read noise variance (the noise has mean 0) in the mth FPA

pixel and n̄m is the Poisson photon noise variance from the object recorded at the
same pixel. The read noise statistics are assumed independent and identical between
all pixels. Poisson noise is independent between pixels but not identical since if there
is no object there is no Poisson noise. Kg is M × M in size.
In general the covariance matrix K for the Hotelling SRN is not diagonal and it
is ofteh a major computational task to evaluate this. The CTIS becomes a special
situation.
The signal is computed by subtracting ḡ1 ≡ Hf1 from g¯0 ≡ Hf0 . That is s ≡
(ḡ1 − ḡ0 ) = ∆ḡ.
Related to λ is the Hotelling signal to noise ratio (SNR). This is a figure of merit
used for detection. This is the scalar product of the signal s with wHot :
2

SN R[SKE/BKE, Hot, g] =

M
−1
X
m=0

(∆ḡm )2
.
2 + n̄
σm
m

(2.34)

where both here and in Equation 2.33 n̄m is identically zero for FPA pixels that are
not contained in the diffracted object cube projections.
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2.6.2

Detection Figures of Merit with ROC Curves

Detection figures of merit are useful in determining the effects of noise on the imaging
system as gauged by measurements on the ctiogram and in the reconstructed datacube. That is, how well can objects be detected on the ctiogram in the presence
of noise? At what point is datacube reconstruction not worth doing. Further, how
does noise make an impact with expansion coefficient estimation, hence datacube
reconstruction?
Decisions on whether a putative detection is a true positive or a false positive are
usually based on some sort of a calculation of a threshold or criterion value, say tc
which is compared to a test statistic space as in Figure 2.13.

Figure 2.13. An illustration of the probability density functions pr(t|H0 ) and
pr(t|H1 ) for non-detection and detection respectively as a function of the test statistic
parameter t. The probability density curve corresponding detection is flipped below
the t axis in order to help distinguish detection and non-detection probabilities.
Here the probabilities of detection with a threshold t given hypotheses H0 (non-
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detection) and H1 (detection) calculated from their respective probability densities.
As there are two classes or states in our problem the probabilities split into four
outcomes:
• True Positive (TP) - the signal exists and the observer decides it is there.
• False Positive (FP) - the signal is absent but the observer decides it is there.
• False Negative (FN) - the signal exists but the observer decides signal is absent.
• True Negative (TN) - the signal is absent and the observer decides signal is
absent.
In terms of probability densities and probabilities for some given threshold tc we
can define the true positive fraction (TPF):
Z

∞

T P F (tc ) =

dt pr(t|H1 ),

(2.35)

dt pr(t|H0 )

(2.36)

tc

the false positive fraction FPF:
Z

∞

F P F (tc ) =
tc

the true negative fraction TNF:
Z

tc

T N F (tc ) ≡ 1 − F P F (tc ) =

dt pr(t|H0 ),

(2.37)

dt pr(t|H1 ).

(2.38)

−∞

and the false negative fraction FNF:
Z

tc

F N F (tc ) ≡ 1 − T P F (tc ) =
−∞

These quantities are also shown schematically in Figure 2.13.
The ROC curve is the curve plotting T P F (tc ) versus F P F (tc ) as the test statistic
threshold tc is varied; this can be gleaned by looking at Figure 2.13. A typical ROC
curve is illustrated in Figure 2.14; there are three points emphasized on the curve.
Assume point 2 corresponds to the dashed tc threshold line in Figure 2.13.
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Point 1 in Figure 2.14 corresponds to a threshold line that is to the right of tc
in Figure 2.13; this on the restrictive side. In this case, many actual detections are
rejected and the vast majority of non-detections are correctly determined absent.
As tc moves more toward the right, the lower left hand corner of the ROC curve is
reached. There will be no false positives but on the other hand signals that are there
will not be detected at all.
At the other extreme is point 3 in Figure 2.14. This situation corresponds to a
threshold level to the left of the dotted threshold line in Figure 2.13. Thresholds in
this region are very lenient and at the most extreme case corresponding to the upper
right corner of the ROC curve a signal is detected in all datasets. This of course
means that there is a 100 percent success rate in all data actually containing the
signal but on the other hand there is a 100 percent false positive rate for datasets not
containing the signal at all.

Figure 2.14. A typical ROC curve with three threshold values illustrated.
ROC curves can vary in shape due to the degree of curves overlapping and on
the shape of the two probability curves themselves. There are two extreme cases. In
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Figure 2.14, the diagonal line is called the chance line; this represents the lower limit
of an imaging system’s detection capability. A ROC curve that is a chance line means
that signal detection in that particular situation is no better than a coin toss. This
corresponds to the case where pr(t|H0 ) and pr(t|H1 ) completely overlaps.
On the other extreme is the case where there is absolutely no confusion in detection
between datasets with the signal and with signal absent. This corresponds to the
case where pr(t|H0 ) and pr(t|H1 ) have absolutely no overlap. The ROC curve for
this case which corresponds to the case where T P F (tc ) is unity for all tc is one that
has T P F = 1 for all FPF from 0 to 1; it is a step function. For the CTIS This could
easily represent a case where the ctiogram data has very low noise. The Hotelling
SNR in Equation 2.34 would have a large value.
This can be formalized as a figure of merit called the area under the curve (AUC).
As the name says it is precisely the area under the ROC curve. A chance line has an
AUC = 0.5, and a perfect imaging system with respect to detection, corresponding
to the non overlapping detection and non-detection probability probability densities
has an AUC of 1.
Finally, an alternate figure of merit for detection obtained by the ROC curve is
the detectability, denoted by dA . This assumes a Gaussian distribution. It is given by
dA = 2erf −1 (2(AU C) − 1),

(2.39)

where erf −1 is the inverse error function and
2
erf (x) = √
π

Z

x

dt exp(−t2 ).

(2.40)

0

For an AUC of 0.5, dA =0 and for an AUC of 1, dA → ∞. The detectability is an
another effective signal to noise ratio (SNR) albeit unitless as with the Hotelling SNR.
A detectability of 1 corresponds roughly to an AUC of 0.8.Figure 2.15 illustrates the
notion of detectability corresponding to the extreme ROC curve cases just mentioned.
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Figure 2.15. An illustration of the detectability dA for two extreme cases. In (a)
dA = 0 so the probabilites for detection and non detection completely overlap. This
corresponds to the chance line in Figure 2.14. In (b) dA = ∞ so that the probabilities
of detection and non-detection are completely disjoint; the corresponding ROC curve
is unity for all values of the FPF.
2.6.3

Computation of ROC Curves

This calculation consists of generating a large number of ctiograms in two sets. First
an object cube is generated with a known background and known object. The object
is to be detected. Second an object cube is generated that only contains the known
background as mentioned earlier. These are projected onto the FPA to get ctiograms
corresponding to ḡ0 , ḡ1 and ∆ḡ.
The first set of ctiograms corresponds to read noise and Poisson noise added to
ḡ1 where both the signal and background are present. Here many such separate
ctiograms are made as both noises are regenerated in different instances, or realizations. That means the read and object noises as functions are completely different
and uncorrelated when comparing ctiograms in the same set. However the Gaussian
and Poisson means and variances are unchanged. The second set corresponds to the
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noises added to ḡ0 added similarly.
In the simulations we know that the first set of ctiograms has a signal and the
second set has signal absent. The next step is to evaluate the test statistic λ via
Equations 2.31 and 2.32 with the signal s given by ∆ḡ and Kg given by Equation
2.33. These sets of λ’s are computed once.
A test threshold tc is varied with values ranging from the minimum to the maximum value of the λ for each ctiogram. Since we know what ctiograms have the signal
and those that do not a simple tally of gives the number and hence the percentage of
false positives and true positives for each tc giving the data needed to plot an ROC
curve.
By varying the object or background or noises whole sets of ROC curves can be
generated and the corresponding Hotelling observer OAIQ analyses made tailored to
various applications. The extension of this work to astronomy (of which a CTIS based
example is done in Chapter 7) has recently been initiated by Barrett et al [30] and
Caucci et al [31], [32].
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Chapter 3

The Fourier Crosstalk Matrix and the CTIS
In Chapter 2 the mathematical description of the CTIS system as currently configured assumes that the object cube and reconstructed datacube consist of voxels as
described in equations 2.8 through 2.11. However that DD system is limiting; much
useful information in the object cube and how the imaging system really processes the
object cube is lost. In particular, it seems arbitrary how that model pre-discretizes
the object cube before processing by the CTIS. This way of processing the data by
ignoring the properties of the CTIS precludes any reasonable understanding of its
’nuts and bolts’ from both physical and hardware perspectives.
To add this functionality to the CTIS, the imaging problem needs to be recast
from the start by assuming the object cube f (r), which is the scene in the field of view
(FOV) is a continuous object, as described by 2.7 where a number of function families
{φk (r)} can be used to describe it. Here the CTIS becomes a continuous-to-discrete
(CD) system described in Chapter 2 and formally defined by Equation 2.6. This leads
into the development of the description of the CTIS using Fourier (this chapter) and
wavelet expansions (Chapter 4). Pixel (as functions) descriptions of the CTIS will
not be discussed further.
There is another expansion function set, the Gabor functions, that are related
to the Fourier functions. They are in essence localized windowed Fourier functions.
They are not discussed in this chapter, but their applicability to the CTIS is given
in more detail in Appendices B and C.
The Fourier picture for imaging systems was first developed by Harry Barrett and
his coworkers in the 1990’s ([10], [11], and [12]) with the development of the Fourier
crosstalk matrix.
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3.1

The Fourier Crosstalk Matrix

3.1.1

Sampling and the Fourier System

The Fourier expansion functions for the object cube f (r) for 2.7 are given by

φk (r) = exp(2πiρk • r)Sf (r),

(3.1)

where ρ is the spatial/spectral frequency vector. The object cube vanishes unless r is
in a region of three-dimensional space denoted as Sf . This region will be explicitly
defined later. A support function for f (r) is then defined by
(
Sf (r) ≡

1, if r ∈ Sf ;
0, otherwise.

(3.2)

The object cube f (r) is not a bandlimited function in space or wavelength. However, the CTIS field stop with dimensions Sx ×Sy sets the spatial support in Equation
3.2. In the wavelength direction the support is determined by the spectral response
in each FPA pixel often modified by a bandpass filter.
As the object cube has a finite support in the spatial / spectral coordinates then
formally the Fourier series describing it will have infinite frequency content. Since
the object cube information obtained by the CTIS has limited support WhittakerShannon theory applies here but in a different form. In this case there exists an
exact interpolation formula that reconstructs this object cube from uniform samples
in frequency space that are integer multiples of

and

∆ρx ≤

1
,
Sx

(3.3)

∆ρy ≤

1
,
Sy

(3.4)
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∆ρλ ≤

1
.
∆λ

(3.5)

In the visible CTIS the FPA pixels are Silicon with an effective response range between
300 and 1110 nm. A bandpass filter restricts that range to between 400 and 750 nm;
calibration related considerations may also restrict that range a little bit further.
Thus ∆λ in this dissertation is set at 315 nm between 420 and 735 nm.
The Fourier frequencies for the CTIS are indexed by an integer valued vector k:

k = (i, j, k),

(3.6)

so that the vector of Fourier frequencies is

ρk ≡ (ρx , ρy , ρλ ) = (
3.1.2

i j
l
, ,
).
Sx Sy ∆λ

(3.7)

Fourier Imaging System Mathematics

The object cube expansion with Fourier expansion functions will now be given by
(∞,∞,∞)

X

f (r) =

Fk exp(2πiρk • r)Sf (r),

(3.8)

k=(−∞,−∞,−∞)

where the generic expansion coefficients {θk } are now Fourier coefficients {Fk } indexed
by Equations 3.6 corresponding to the Fourier frequencies in Equation 3.7.
In the Fourier picture, we start with the standard operator equation g = Hf + n
now re-expressed as

gm = 

(∞,∞,∞)

X


Fk H{φk (r)} + nm .

(3.9)

k=(−∞,−∞,−∞)

Recalling the CD functional from Chapter 2, now with integration limits explicitly
set by Equation 3.2:
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Z
gm =

Sf (r)

d3 r hm (r) f (r) + nm ,

(3.10)

one substitutes the Fourier expansion of Equation 3.8 into this integral and define
the following quantity
Z
Ψmk =

Sf (r)

d3 r exp(2πiρk • r) hm (r),

(3.11)

getting the sum
(∞,∞,∞)

X

gm =

Ψmk Fk + nm .

(3.12)

k=(−∞,−∞,−∞)

In matrix form Equation 3.12 is

g = ΨF + n,

(3.13)

Ψ is called Fourier system matrix following the notation of Barrett ([10], [11]).
The quantity F is the vector of Fourier components in the expansion of 3.8 that need
to be estimated, and n with components nm is the (FPA) measurement noise.
Each column of Ψ is a projection of φk (r) onto the focal plane array as denoted by
the term H{φk (r)} in Equation 3.9. The matrix Ψ is M × ∞, and is the continuousto-discrete (CD) Fourier representation of the imaging operator H.
General characteristics of a general imaging system can be gleaned by computing
the operator H† H, where the symbol † is the adjoint of H. The adjoint operator H†
in the CTIS is a discrete-to-continuous operator which maps the FPA space with its
M pixels back to the object cube space. This is simple back-projection. The adjoint
operator is given by
£

†

¤

H g (r) =

M
−1
X
m=0

gm h∗m (r)

(3.14)
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where ∗ is the complex conjugate. In abstract terms H† H will describe how each expansion function contributes to an imaging system and how distinct is its contribution
with respect to other expansion functions.
This is related to the singular value decomposition problem (SVD) where the
singular functions corresponding to the system can be computed from evaluation of
the M × M matrix HH† . However there is a drawback to computing the SVD as
Barrett and Myers point out [12]. Basis functions derived from the SVD are generally
different between imaging systems; one cannot get a good feel from them to help in
system interpretation. In practical situations of imaging system design it is more
useful to use a expansion function / basis set common to all these systems for easier
evaluation and comparison between those systems. Fourier functions also have a
simple physical interpretation, which is the spatial (plus spectral in the case of the
CTIS) frequency. This is the motivation for the Fourier crosstalk matrix.
The Fourier crosstalk matrix ([10], [11], [12]) B is Ψ† Ψ where Ψ† is the Hermitian
adjoint (i.e. complex conjugate and transpose) of Ψ. It is the representation of the
operator H† H with respect to the Fourier expansion of the object.
In the CTIS is each element Bkk’ is the complex vector product between H{φk (r)}
and H{φk0 (r)} where k and k0 are two different Fourier frequency vectors. That is
equivalently the complex vector product between the ctiogram of the Fourier φk (r)
with that of the Fourier φk0 (r). This also gives a hint for an algorithm to compute
elements of B, described in more detail in Chapter 6.
Each element Bkk’ of B with k 6= k’ also describes the degree of aliasing between
the Fourier components corresponding to frequency vectors ρk and ρk’ in the system. This square matrix is infinite reflecting the infinite Fourier series expansion in
Equation 3.8 of the object cube.
The diagonal elements which start out being infinite in number act like the square
of the modulation transfer function (MTF) of the CTIS; indeed the diagonal of B is
the Fourier transform of an overall sensitivity function used in the CTIS.
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If for a particular k, Bkk = 0, then the corresponding Fourier component makes no
contribution to the imaging system, and cannot be recovered using any linear reconstruction algorithm. This means that each diagonal element of the system describes
how strongly each frequency is transferred through the system to the data.
The diagonal elements Bkk may be zero or negligible for two reasons. First, the
respective Fourier component may lie inside the missing cone. Second, a real-world
imaging system itself can not reproduce the entire infinite set of Fourier frequencies
onto data space as MTFs indicate. In other words Fourier components with frequencies |k| larger than some N will be small enough not to make any contribution to the
data and can be neglected. The Fourier crosstalk matrix as an accurate description
of the CTIS can become finite (but still very large) and still be useful.
The off-diagonal elements gauge how the imaging system separates the contribution of each component from another. The basic Nyquist criterion is an either-or type
of measure. The degree of aliasing between two Fourier expansion functions φk (r) and
φk0 (r) can be made precise and is described by the off-diagonal element Bkk0 . The
aliasing can parameterized by an angle cos θkk0 between the projections of φk and φk0
in data space:

cos θkk0 = √

Bkk0
Bkk Bk0 k0

(3.15)

If this 1, the two expansion function projections are collinear in data space. This
means that the imaging system such as the CTIS cannot distinguish between the
corresponding expansion functions at all. If this value is 0, then the projections are
orthogonal and the CTIS can separately identify those same functions.
A ”perfect” imaging system with no aliasing results in a diagonal crosstalk matrix
with no off-diagonal elements; it is easy to distinguish each separate Fourier component in the data. The diagonal elements represent distinct contributions of each
Fourier frequency / expansion function to the data. However in the CTIS the spatial
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and spectral frequencies comprising the missing cone region described in Chapter 2
will correspond to zeros in the diagonal even for a so-called imaging system with
is perfect judging by the lack of aberrations in the optics or having a CGH with
no fabrication flaws whatsoever. If the diagonal elements of B are displayed as a
three-dimensional frequency lattice the missing cone will be seen.
A high degree of aliasing means that the imaging system system being analyzed
has problems distinguishing between different frequencies. This can be due to noise
in the system or issues with detectors, optics or the CGH. A high degree of aliasing in
any imaging system, the CTIS included, affects algorithms that estimate the Fourier
coefficients for the reconstructed datacube.
On the other hand for the design of new CTIS systems, the optical, CGH or
FPA components can be adjusted and a new B calculated for each change. Such
changes could affect the diagonal and off-diagonal elements either independently or
jointly [11]. The high number of parameters in the CTIS model as will be seen in the
derivation of the CTIS model sensitivity functions hm (r) in Chapter 5 and the large
size of the B has basically prohibited until very recently such calculations. However
such future work although computationally intense will prove to be extremely useful.
As mentioned earlier the Fourier system representation in actual imaging systems
will be finite. Here Ψ and B are replaced by ΨN and BN respectively, where N is the
number of expansion functions that an imaging system such as the CTIS can possibly
transfer to the data, or be transferred non-negligibly. The finite Fourier crosstalk
matrix BN becomes a square N × N object, and the finite system matrix ΨN now
an approximation to the CD operator Ψ now has N columns, but still M rows.
If the indices in the triple sum in Equation 3.8 are restricted to (±κx , ±κy , ±κλ )
so that the total length of the sum is N with the corresponding frequency limits
±ρκ = (±ρκx , ±ρκy , ±ρκλ ) then the object cube f (r) in Equation 3.8 is replaced by
the approximate object cube fa (r):
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fa (r) =

κ
X

Fk φk (r)

(3.16)

Fk exp(2πiρk • r)Sf (r)

(3.17)

k=−κ

or more explicitly

fa (r) =

κx
X

κy
X

κλ
X

kx =−κx ky =−κy kλ =−κλ

where k = (kx , ky , kλ ) and ρk = (ρkx , ρky , ρkλ )
3.1.3

Structure of the Fourier System and Crosstalk Matrices

In order to more easily glean information from spatial-spectral Fourier frequencies
between the x, y and λ directions it is useful to adopt a FFT style lexicographical
ordering for the calculation of the Fourier system and crosstalk matrices. In practical
situations one really calculates a finite ΨN and BN matrices. This ordering turns
the three-dimensional index vector k from Equation 3.6 into a one-dimensional index
function of i, j and l:

k(i, j, l) = l(Nx Ny ) + jNx + i.

(3.18)

where Nx , Ny and Nλ are some designated value; N is Nx Ny Nλ . Here k ≡ k(i, j, l)
runs from 0 to N-1. Fourier crosstalk matrix information is now explicitly arranged
in a three-dimensional (ρx , ρy , ρλ ) lattice.
For the rest of this chapter the k subscripts of a Fourier component Fk , a Fourier
frequency ρk , the Fourier system matrix Ψmk and the Fourier crosstalk matrix Bkk0
will be scalars described by Equation 3.18.
It is also a common convention when one deals with information arranged as a
Fourier frequency lattice to place the DC term at the center. To do this the quantities
î, ĵ, and ˆl are used:
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(î, ĵ, ˆl) ≡ (i − (Nx /2), j − (Ny /2), l − (Nλ /2)),

(3.19)

so that

(ρ̂x , ρ̂y , ρ̂λ ) = (

ˆl
î ĵ
, ,
).
Sx Sy ∆λ

(3.20)

Note that one can go back and forth between (i, j, l) and (î, ĵ, ˆl) pretty easily. What
has been done here is a one-dimensional re-arrangement of a three-dimensional rasterized block of Fourier frequencies.
What should the structure of the Fourier crosstalk matrix B look like with this
scalar indexing convention? Note that Bkk0 where k 6= k 0 describes the degree of
aliasing between frequencies ρk and ρk0 in the CTIS system. If there is no aliasing
between components, B is diagonal. This is important in two ways. First, the
structure of the matrix can provide a qualitative glimpse of the overall quality of
the system from a spatial-spectral perspective. In fact a crucial issue in the design
of the CTIS is a tradeoff between spatial and spectral resolutions. To this end, the
task for which the CTIS is designed needs to be considered. This will be described
in more detail. Second, consideration of the structure of B makes its analysis more
computationally efficient.
By configuring these Fourier functions in the same order as required by a fast
Fourier transform (FFT), datacube reconstructions can be immediately done once
the estimated Fk ’s are obtained without any intermediate computational steps such
as sorting or shuffling. This consideration of expansion function ordering before computation of system and crosstalk matrices is extremely important for function families
such as dyadic wavelets or Gabor functions where for the three hyperspectral dimensions there are six dimensions of parameters describing these expansions.
Equations 3.16 or 3.17 can now be written in the following form. Here the vector
k becomes an scalar index k which is a function of indices i, j and l where i = 0 to
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Nx -1, j = 0 to Ny -1, and l = 0 to Nλ -1.
N (≡Nx Ny Nλ )−1

fa (r) =

X

Fk exp(2πiρk • r)Sf (r),

(3.21)

k=0

The ordering of the Fourier frequencies given in Equation 3.18 and / or 3.19 is
manifested in BN as a triply nested set of matrix blocks, subblocks and elements as
illustrated in Figures 3.1, 3.2 and 3.3 respectively. The hierarchy of submatrices goes
as blocks-subblocks-elements. A description of this hierarchy is given in these three
Figures.

Figure 3.1. Block structure of the Fourier crosstalk matrix at coarsest detail.
The top levels of the sub-matrix hierarchy is shown in Figure 3.1 and is represented
by the first term on the right of Equation 3.18. That is it is Nλ one-dimensional groups
of Nx Ny spatial frequencies, one set for each ρl . Hence Figure 3.1 represents a square
array of Nλ × Nλ submatrix blocks, each having the dimensions of Nx Ny × Nx Ny
elements of BN . The (l0 , l) block at this level corresponds to all spatial frequencies in
x and y at the spectral frequencies ρl0 and ρl .
Figure 3.2 represents the structure for a fixed block (l0 , l) which is blown up in scale.
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Figure 3.2. a more detailed view of the sub-block structure of the Fourier crosstalk
matrix.

Figure 3.3. Detail of a sub-block of the Fourier Crosstalk matrix at the finest level.
This configuration represents the second term on the right hand side of Equation 3.18.
At this level of detail in BN , there are Ny × Ny subblocks in each block.
Finally if a subblock (j 0 , j) in a fixed (l0 , l) matrix block is itself fixed, then this
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subblock blown up in scale is presented in Figure 3.3. Here each subblock consists
of Nx × Nx single matrix elements at the finest level in the sub-matrix hierarchy.
That is each (i0 , i) part of this subblock is a single matrix element. This figure also
corresponds to the last term on the right hand side of Equation 3.18. The shaded
square in this last figure represents the crosstalk between Fourier frequencies indexed
by k(i0 , j 0 , l0 ) and k(i, j, l).
This expansion function / Fourier frequency numbering system goes both ways.
If one wishes to find out which block or subblock contains some element (k’, k),
Equation 3.18 can be used to compute the corresponding triples (i0 , j 0 , l0 ) and (i, j, l).
These same descriptions also apply exactly the same way if (i, j, l) and (i0 , j 0 , l0 )
are replaced by (î, ĵ, ˆl) and (î0 , ĵ 0 , ˆl0 ) in Equation 3.19.
For other expansion function systems, such as wavelets (Chapter 4) and Gabor
functions (Appendix B), the expansion function ordering for the finite system and
crosstalk matrices is more complicated. Here the indices k in these cases are sixdimensional functions of parameters. Fortunately the choice of inverse transform
algorithms used to complete the datacube calculations from the estimated expansion
coefficients is straightforward in determining the function set ordering.
From this point of the dissertation the indices for the elements of the Fourier
crosstalk matrix B and the Fourier coefficient vector F will have a normal typeface
instead of being boldface. The element notation and numbering system given by
Equation 3.18 will be understood.

3.2

CTIS System Analysis with Fourier Crosstalk Matrices

Early Fourier crosstalk matrix theory as expanded by [10] emphasized the following
which is restated here:
• The imaging system is modelled as a linear CD mapping.
• A good imaging system has a large number of meaningful independent Fourier
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components, which implies
• that the ”ideal” imaging system as described by the Fourier crosstalk matrix B
(or BN ) is diagonal except for
• the missing cone frequencies and Fourier frequencies k > N whose contributions
to the data are small enough to be neglected.
• This enables the use of simple linear reconstruction for estimating the remaining
Fourier coefficients of the object estimate.
Importantly ”reconstruction” here means the estimation of the Fourier coefficients
{Fk } followed by computing the datacube fˆa (r) with the inverse 3D Fourier transform
of those estimated expansion coefficients.
3.2.1

Analysis of Imaging System by Matrix Structure

In CTIS design hardware, issues such as the system optics, CGH prescription and
FPA pixel size come into play and manifest themselves in the structure of BN .
The analysis of Fourier crosstalk matrices for the CTIS (as true for any general
imaging system) is complicated by its huge size. In [10] the imaging system was
described by a 3D Fourier expansion with 323 components which resulted in a crosstalk
matrix with 326 ≈ 109 elements. For the CTIS, there may be one or two orders of
magnitude more elements due to the large number of pixels in the FPA which require
a larger range of spatial frequencies.
This section discusses conventional means of analyzing the Fourier crosstalk matrix
by standard matrix algebraic techniques and similar measures.
To begin, the full, infinite B can only be analyzed in blocks, or subblocks. It is
feasible to compute these limited subsets of elements in particular spatial / spectral
frequency ranges or perhaps in other specialized configurations. Only in the case of
finite BN can subsets of elements be calculated in lattice form over the frequency
ranges over x, y and λ. In the near future the increased capacity and reduced cost
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of computer memory may allow an entire finite crosstalk matrix to be computed
and stored for reasonable values of N if combined with sparse matrix compression
techniques. Here N would be in the range of the hundreds of thousands to a few
million.
In particular, in the decade after the Fourier crosstalk matrix formalism was developed in [10], computer storage technology has advanced to the point where memory
in the amounts of tens or hundreds of Gigabytes is readily available at lower and
lower cost so larger system matrices can be stored and crosstalk matrices can be
manipulated more easily. At the present time (2008) Terabyte (= 1024 Gigabytes)
disk storage is available, possibly Petabyte (=1024 Terabytes) disk storage may be
available at reasonable cost within a few years time.
To start with, considering the large size of BN Barrett and Gifford in [10] used
the figure of merit ∆RM S , which is a root mean squared difference between an ideal
imaging system and the system being studied.
What is such an ideal system? Barrett and Gifford defined the normalized Fourier
crosstalk matrix Γ whose elements are (the superscript T is a matrix transpose):
PM
m=1
Γkj = PM

∗
ΨTkm
Ψmj

T∗
m=1 Ψkm Ψmk

(3.22)

or simply Γkj = Bkj /Bkk . A finite ΓN is defined accordingly.
Since an ideal imaging system has no aliasing, the Γ and ΓN corresponding to this
condition will both be unit matrices. The Fourier coefficients under consideration can
then be determined exactly by normalized matched filtering.
The Barrett-Gifford Fourier crosstalk matrix figure of merit ∆RM S is given by
s
∆RM S =

1 X
|Γij |2
P
i,j,(i6=j)

where P is the number of matrix elements used in the sum.

(3.23)
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For a perfect system where Γ (or ΓN ) is a unit matrix, ∆RM S is zero. To reduce
the burden of computation, a sparse lattice of coefficients can be used; this analysis
assumes all spatial-spectral frequencies are equally important. The block structure
of BN developed for the CTIS illustrated in Figures (3.1) through (3.3) becomes very
useful for this purpose. However ∆RM S has been shown not to be a good figure of
merit (FOM) due to the fact that as N gets larger, ∆RM S does not converge and its
value depends sharply on N.
The Barrett-Gifford figure of merit in equation (3.23) is not the only such number. Due to advances in computer technology, simple, traditional methods [33] for
measuring or estimating the sparsity and diagonal dominance of large finite matrices
such as BN or ΓN may be feasible.
Another FOM to judge the effectiveness of an imaging system by means of Fourier,
wavelet, or Gabor crosstalk matrices are sparsity and diagonal dominance. Let A ∈
Cm×n ; that means A is an m × n complex matrix with elements Aij , i=1 to m and
j=1 to n. The sparsity is the number of elements of A whose modulus is smaller than
some threshold value τ . Threshold values are usually in fractions or percents of the
matrix’s absolute value. τ can usually be 0.5, 0.75, 0.9 or 0.95, etc. The sparsity at
a particular threshold level Sτ is given by
Sτ =

number(|Aij | ≤ τ )
.
mn

(3.24)

A square matrix A ∈ Cn×n is said to be strictly diagonally dominant if

|Aii | >

n
X

|Aij |, i = 1 to n, ∀ i

(3.25)

j=1, j6=i

which implies D called the diagonal dominance defined by
"
D ≡ min

i=1 to n

Pn

#

|Aii |

j=1,j6=i

|Aij |

.

(3.26)
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Further, blockwise manipulation of the crosstalk matrix is also useful, especially
for Fourier frequency ranges of particular interest. Let A ∈ Cmn×mn be a square
matrix consisting of n × n sub-matrices (= blocks) denoted by aIJ , where I = 1 to n
and J = 1 to n. Here each aIJ ∈ Cm×m . The block diagonal dominance DB is given
as
"
DB ≡ min

I=1 to n

#
kaII k•
Pn
.
J=1,J6=I kaIJ k•

(3.27)

where kAk• is some norm of matrix A.
A frequently used norm for this purpose is the Frobenius (see Golub and Van Loan
[33]):
v
uX
n
u m X
kAkF = t
|Aij |2 .

(3.28)

i=1 j=1

The Frobenius norm can be normalized for square matrices:
kAkF
kAk0F = √
n

(3.29)

where A is assumed to be a n × n square matrix.
These figures of merit are all straightforward to calculate and also have some
straightforward interpretations. However it is not clear if these figures of merit converge to stable values as N → ∞. In practical calculations of BN and ΓN , it is not
clear how well these figures of merit correlate with the performance of an imaging
system outside of extremely good cases.
Finally the missing cone of Fourier frequencies characteristic of the CTIS puts
zeros in the diagonals of B and BN , which give the corresponding diagonal elements
of Γ and ΓN the value of 0/0, which are undefined. Because of these undefined
diagonal elements one cannot do meaningful calculations of these conventional FOMs
such as diagonal dominance, sparsity and ∆RM S .
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3.2.2

Figures of Merit (FOM) using Fourier Crosstalk Matrices

This section concentrates on two tasks where the Fourier crosstalk matrices are useful
in applications of the OAIQ formalism first discussed in Chapter 2. These two tasks
of interest are expansion coefficient estimation and signal detection. It is important
as part of OAIQ to discuss figures of merit that relate B to the imaging performance.
In the case of the CTIS this can be used in the design of new systems in that putative system models are tied quantitatively to these FOMs. Here changing the CTIS
via change of focal lengths, the CGH or camera specifications giving a different B
corresponds to one or more FOM parameters corresponding to these tasks.
The discussion on signal detection presents an alternate method of computing the
Hotelling SNR for the SKE / BKE case. Recall that SKE / BKE means that both
the signal to be detected and the background are known exactly. The figures of merit
presented here were developed by Barrett and his co-workers as part of the OAIQ
program [11]. The notation follows that paper, and many of the theoretical details
and derivations are contained therein. The general formulas are given here; in the
CTIS the missing cone adds a wrinkle to these discussions.
Figure of Merit for Expansion Function Coefficient Estimation In the Fourier imaging
system picture the parameter vector to be estimated is the vector of Fourier expansion
function coefficients F or FN . Assume that this vector has been computed somehow;
coefficient estimation is described later this chapter.
The figure of merit for expansion function coefficient estimation depends on the
Fisher information matrix J, which is derived from the Fourier crosstalk matrix B.
Let the data vector g have M components (in this problem g represents the M pixel
FPA), and let the N component vector θ to represent unknown, non-random real
parameters to estimate, then the elements of the Fisher information matrix are given
by
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¿
Jkk0 = −

À
∂2
ln pr(g|θ)
∂θk0 ∂θk

(3.30)

where pr(g|θ) is the conditional probability density function (pdf) of g given the
parameter vector θ.
The figure of merit for the estimate of each θk , denoted by θ̂k (also assuming that
J is nonsingular) when the Cramer-Rao (CR) conditions are applied is
var(θ̂k ) ≥ [J−1 ]kk ;

(3.31)

so-called efficient estimators achieve this CR lower bound.
Furthermore, if an N × N matrix A is nonsingular and positive-definite, then
Ann ≥ 1/[A−1 ]nn if and only if A is diagonal; equation (3.31) can be generalized as
var(θ̂k ) ≥ [J−1 ]kk ≥

1
.
[Jθ ]kk

(3.32)

How does this apply to this problem? The Fisher information matrix for the
estimation for the {Fk } as given in equation (3.30) becomes
Jkk0 = −h

∂2
ln p(g|F)i
∂Fk∗ ∂Fk0

(3.33)

where the ∂Fk∗ ∂Fk0 recognizes the fact that the {Fk } are complex. The quantity
pr(g|F) is the conditional pdf of the data given the Fourier coefficient vector F.
One can now tie the Fisher matrix with the Fourier crosstalk matrix. The elements
of the Fisher information matrix can be given terms of the Fourier system matrix Ψ
[11]. If pr(g|F) is assumed to be Gaussian:

Jkk0 =
or

M
∗
X
ΨTkm
Ψmk0
2
σm
m=1

(3.34)
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Jkk0 =

Bkk0
2
σm

(3.35)

2
where σm
is the noise variance for the mth FPA pixel. If pr(g|F) has a Poisson

distribution then the noise variance is n̄m and
Jkk0

M
M
∗
∗
X
X
Ψmk0
Ψmk0
ΨTkm
ΨTkm
=
=
,
[ΨF]m
n̄m
m=1
m=1

(3.36)

where if n̄m in Equation 3.36 is zero, the term in the sum is set to zero. The superscripts T and ∗ respectively represent the matrix transpose and the complex conjugate. In terms of the crosstalk matrix then

Jkk0 =

Bkk0
Bkk0
=
,
[ΨF]m
n̄m

(3.37)

For the CTIS Equation 3.36 is more useful as the diffracted projections of the field
aperture containing the object information do not cover the entire FPA.
In any case, the figure of merit for the estimation of each Fourier component is
var(F̂k ) ≥ [J−1 ]kk ≥

1
.
Jkk

(3.38)

The equations for the finite Fisher matrix can be developed analogously for the case
where B is finite. However the existence of the missing cone in the CTIS implies the
var(F̂k ) is ∞ for those frequency vectors indexed by k in the missing cone.
Detection FOM From Crosstalk Matrices This is an alternate way of evaluating the
Hotelling SNR for detection than is given in Chapter 2. The evaluation of this FOM
is much more computationally intensive and is included here as an example of how
the Fourier crosstalk matrix can be used for these calculations. This was not implemented. However as this computation may not be tractable now, it may be in
the near future due to both increases in hardware speed and memory capacity. The

81
corresponding detection FOM calculations in Chapter 2 are more tractable and were
actually implemented (see Chapter 7).
This task FOM assumes a Hotelling observer (see [12] and [11]) the pertinent
figure of merit is the Hotelling signal to noise ratio (SNR). The detection hypotheses
are H1 that the signal exists and H0 that the signal is absent. The Fourier expansion
of the signal and background is F1 and the background’s Fourier expansion is F0 .
Both sets of coefficients are assumed known. This is called the SKE / BKE problem
where the signal is known exactly and the background is also known exactly ([11]).
If there is perfect access to the FPA data represented by the M-component vector
g, then a figure of merit involving the Fourier coefficients and the Fisher information
matrix computed from B is given by:
SN R(SKE/BKE, Hot, g)2 = ∆F† J∆F

(3.39)

where ∆F ≡ F1 − F0 and is the vector of Fourier expansion coefficients of just the
signal. ∆F, F0 and F1 are analogous to ∆ḡ, ḡ1 and ḡ1 in Section 2.6.
The vector ∆F and matrix J are both assumed infinite since in principle all Fourier
components contribute to g. Setting aside the missing cone if the Fourier crosstalk
matrix is finite corresponding to a reduced Fourier coefficient set of length N , then
SN R(SKE/BKE, Hot, g)2 = ∆F†N JN ∆FN

(3.40)

where ∆FN and JN are the truncated versions of ∆F and J respectively.
In the particular case of the CTIS the missing cone has to be considered here.
Namely there is the question of which set(s) of Fourier transform coefficients to use.
To be an accurate measure of the detection capabilities of the CTIS Fourier coefficients
corresponding to the missing cone cannot be used in the evaluation of Equations 3.39
or 3.40, as they cannot be recovered using matched filtering or normalized matched
filtering. There is also the issue of the evaluation of J −1 (really JN−1 ) mentioned earlier
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when there are zeros on the diagonal of BN due to the missing cone.
A variation on the above equations mentioned in [11] is to replace ∆F, F0 and
ˆ F̂0 and F̂1 , the matched filter or normalized matched filter estimates of
F1 by ∆F,
the respective Fourier coefficients.

3.3

Datacube Estimation

In practical cases a finite number N of expansion functions / Fourier frequencies can
be estimated, due to optical system and FPA considerations. Assume then that some
fixed number N of Fourier frequencies have been chosen for estimation. Barrett and
Gifford [10] used a generalization of linear filtered back-projection to recover these
coefficients. Their method used here is matched filtering. The motivation for this is
that the projection of each Fourier component on the FPA (which is how the system
matrix Ψ is constructed - explained in detail in Chapter 6) will already be known
and have a characteristic pattern. Matched filtering detects these patterns for all N
coefficients, then estimates their amplitudes. Once this is completed, an inverse threedimensional (fast) Fourier transform is used to convert these estimated coefficients
into the estimated datacube.
In the absence of noise, the matched filtering estimate of the kth datacube Fourier
coefficient Fk is
(mf )

F̂k

=

M
X

T∗
ψkm
gm ;

(3.41)

m=1

in matrix form this is

F̂(mf ) = Ψ† g.

(3.42)

The matched filter estimates of the Fourier components is a back-projection of
the Fourier system matrix for the CTIS. The Fourier transformation is unitary; that
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is the inverse of Ψ, Ψ+ is its own adjoint, equal to the Hermitian conjugate of Ψ.
The Hermitian conjugate of a matrix is the complex conjugate of its transpose.
The computations of Equation 3.42 could be simplified by not bothering to evaluate that equation for those designated Fk in the missing cone. Those coefficients can
be identified by evaluation of the diagonal of B beforehand.
Next, how are the matched filter estimated vector of datacube Fourier components
F̂(mf ) related to the actual object cube component vector F? If we substitute the
expression for the crosstalk matrix B = Ψ† Ψ into Equation 3.42 then we have
F̂(mf ) = Ψ† ΨF = BF,

(3.43)

and for the finite case:
(mf )

F̂N

≈ Ψ†N ΨN FN = BN FN .

(3.44)

Note that for each component k from 1 to N
(mf )

F̂N,k ≈ BN,kk FN,k .

(3.45)

only if BN is diagonal or approximately so. Here again in these equations, care must
be taken to account for the Fourier components corresponding to the CTIS missing
cone. Indeed, if BN is completely diagonal B−1
N does not exist - it is a pseudo-inverse.
To solve Equation 3.44 then, singular value decomposition (SVD) algorithms at the
level of Numerical Recipes in C [24] should work. If BN is large enough (as is the
typical case) where massive parallel processing is needed then corresponding SVD
codes are standard and can be downloaded via straightforward internet searches.
To be able to improve these Fourier estimates two choices are available: (1)
improve the CTIS design to dramatically increase the diagonal dominance of the
crosstalk matrix, or (2) combine sparse matrix inverse algorithms with high performance computing - most definitely with massively parallel processing. However a
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key point is that it is more crucial to make the Fourier crosstalk matrix more diagonal than it is to evaluate an arbitrary crosstalk matrix since the Fourier coefficient
estimates are greatly biased in the non-diagonal case.
In general the crosstalk matrix component Bkj is the contribution of the object
cube Fourier component Fj to the kth Fourier component of the estimated datacube
(mf )

F̂k

. For finite crosstalk matrices, this analysis also assumes that out-of-band com-

ponents in the full case can be neglected (i.e. Bki Fi ≈ 0 for k ≤ N and i > N ).
A more useful modification called the normalized matched filter estimate F̂(nmf )
defined for the kth coefficient as
(nmf )
F̂k

PM

=

T∗
m=1 ψkm gm
PM
T∗
m=1 ψkm ψmk

(3.46)

In a simpler form

F̂(nmf ) = ΓF

(3.47)

analogous to equation (3.43). The matrix Γ is the normalized Fourier crosstalk matrix
defined earlier with elements given by Equation 3.22.
The normalized matched filter Fourier component estimates are related to the
matched filter ones by the simple relationship
(nmf )
F̂k

(mf )

F̂
= k
,
Bkk

(3.48)

Finite matrix versions of Equations 3.46 through 3.48 with ΓN , BN , {FN,k } and
(nmf )

{F̂N,k

} are analogous to the simple matched filter cases and will not be written

down.
It should be noted that in Equations 3.46 and 3.47 in imaging systems where all
possible Fourier coefficients are estimated, Γ and ΓN are identity matrices. In the
CTIS this is not the case due to the missing cone since B has zeros in the diagonal
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leading to the corresponding elements of Γ being undefined (or set to ∞) hence great
care must be taken in solving these equations, as mentioned above for the simple
matched filter case.
As a digression here one can construct a figure of merit called χN which compares
normalized matched filter estimated Fourier coefficients with the coefficients from
test objects. This figure of merit would usually be evaluated in the design or system
calibration phase:
N −1
1 X (nmf )
χN =
|F̂N,k − FN,k |2 .
N k=0

(3.49)

Finally the reconstructor matrix RN taking the ctiogram data g into the Fourier
datacube components via the (reduced) system matrix ΨN is presented here. In the
case where the CTIS (or any other imaging system) has a corresponding crosstalk
matrix which is very non-diagonal, then the reconstructor matrix RN is just Ψ†N as
the Fourier crosstalk matrix would be very difficult to invert.
If the CTIS imaging system is of high enough quality where BN (and by extension
ΓN is diagonal or approximately so) a better constructor can be found. First define
the diagonal ”transfer matrix” T from the finite Fourier crosstalk matrix BN as
TN,kk = BN,kk

(3.50)

then from manipulation of equations (3.42), (3.48), and (3.50) the normalized matched
filter estimate of the kth Fourier coefficient of the object cube is:
PM
(nmf )
F̂N,k

=

M
T∗
X
ψN
0 ,km gm
=
RN,km gm
TN,kk
m=1

m=1

(3.51)

where

RN,mk ≡

T∗
ψN,km
.
TN,kk

(3.52)
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In matrix form Equation 3.52 for N chosen Fourier components is
†
RN = T−1
N ΨN

(3.53)

where † means that ΨN is the complex conjugated transpose of ΨN .
However in the design of a system by using the structure of BN and ΓN for
values of N of interest the CTIS can be tested on paper until those matrices are as
diagonal as possible (including keeping track of missing cone Fourier components).
Once achieved, the system can be built with some confidence.
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Chapter 4

Wavelet Crosstalk Matrix Analysis for the
CTIS
Large classes of signals and images in the ”real-world,” especially those that the CTIS
will study, tend to be localized in either a spatial and/or a spectral extent. It is also
a fact that Fourier representations of impulsive or otherwise extremely bandlimited
objects result in rather uneconomical representations, e.g., the Fourier transform of a
delta function. Therefore, it is important to consider suitable object cube expansions
that are more compatible with many of the classes of objects the CTIS will examine.
Two useful expansion function families are wavelets and Gabor functions.
The wavelet and Gabor expansion functions used for crosstalk matrix analysis and
object cube expansions need not be orthonormal, but must be translation invariant.
These expansions, as shown later, must be what is called overcomplete. Translation
invariance means that if the object undergoes a arbitrary change in position, the
values of the expansion coefficients do not change. Fourier expansion functions are
already translation invariant.
Object cube representations with wavelet and Gabor functions (which are related
to wavelets) add functionality with respect to Fourier systems, as those functions
enable:
• Localized spatial and/or spectral analyses of imaging systems which can account
for aberrations (Gabor systems are good here).
• Efficient spatially and/or spectrally localized datacube estimations that save
memory and reduce computation time; (wavelets are ideal here).
This chapter will concentrate on wavelets. A similar treatment with Gabor functions is described in Appendix B.
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Fourier functions, wavelets and Gabor functions are all special cases of what are
known as frame functions or more simply frames. Frame functions in the context
of this research have nothing to which so-called ”data frames.” Often in science,
engineering and mathematics multiple separate things will have the same name. The
point here is that continuous-to-discrete descriptions of the CTIS are extensible to
more general expansion function families such as frames.
Background material useful for describing wavelet functions as well as some algorithms that are useful in this and similar future research are presented in Appendices
C and D. Appendix C is a general description of frames. Appendix D is a review and
compendium of discrete and overcomplete wavelet and inverse wavelet transforms
included for reference. Inverse transforms are used in datacube estimation.

4.1

An Overview of Wavelets

Wavelets have nice properties in that they are localized in spatial and spectral coordinates, and there are a number of different wavelet classes to choose from with many
types within each class. Wavelets can be custom designed for particular applications
such as compression, feature extraction, signal classification, and so forth.
These representations are also called extended, since in general they use more
variables that are needed for minimal specifications of functions in expansions. That
is, a wavelet is described by the scaling of a prototype function and its position; in
comparison, Gabor functions are described by the modulation of an envelope function
(usually a Gaussian) and its position. Three dimensional wavelets in general are
described by six parameters - position and scale in each direction. For comparison,
three-dimensional Gabor functions are described by six parameters as well - position
and envelope function modulation in each direction.
This is related to the issue of overcompleteness; a flavor for what this means is
described as follows. The prototypical Fourier function has one parameter, which is
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frequency. For example, if a one-dimensional signal has N samples, an orthonormal
Fourier function set consisting of N functions, that is N frequencies, can uniquely describe the signal. The Fourier transform of that signal has N coefficients, representing
the amount of each frequency in that signal. For the the same discrete signal either a
Gabor or a general wavelet transform has 6N coefficients describing that same signal;
these decompositions in general are not unique.
A disadvantage of considering wavelets for the object cube for the CTIS system
characterization is this six-dimensional set of parameters. However a judicious choice
of wavelet expansion functions combined with restriction of this formalism for compact
objects inside the object cube largely mitigates these issues. This is described in more
detail in Section 4.3.
For continuous signals, such as a hyperspectral datacube, this is more complicated.
Tools such as space-frequency (SF) planes described in this chapter can be used to sort
the signal information in a systematic fashion. Fourier, wavelet and Gabor function
representations of a signal can be analyzed and defined by sampling in an SF plane
or its multidimensional version. In the CTIS number of expansion functions needed
in the object cube representation can be gleaned with such a fashion.
For the interested reader, references such as [34], [35] and [36] contain many more
mathematical details and historical background for wavelets and similar types functions. Since 1990 there have been an enormous number of books and software on this
topic. Mallat [34] also gives an excellent bibliography, although it goes up to only
1999.
4.1.1

Wavelet (Space-Scale) Function Representations

Wavelets are examples of what are space-scale or time-scale representations. A wavelet
expansion function family can be formed from a single mother or fundamental wavelet
by translated and scaled copies of itself. In accordance with current usage, funda-
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mental wavelets will be thenceforth called mother wavelets.
Consider in one-dimension a function ψ(x) which is a mother wavelet. Putting
aside briefly what sort of function this can be in order to be a wavelet, then the
members of a wavelet family in one dimension are formally [34]:
µ
ψa,b (x) ≡ |a|

−1/2

ψ

x−b
a

¶
(4.1)

where a is the scaling parameter and b the translation parameter. Both are real
numbers but a > 0.
In three hyperspectral cube dimensions (x, y, λ) separable wavelets will be considered. These wavelets are the product of three 1D wavelets ψ (1) (x), ψ (2) (y) and
ψ (3) (λ); the superscripts indicate each wavelet may be different:
(1)

(2)

(3)

ψa,b (r) = ψax ,bx (x)ψay ,by (y)ψaλ ,bλ (λ)

(4.2)

where the scale vectors a and shift vector b (both in units of length) are

a = (ax , ay , aλ )

(4.3)

b = (bx , by , bλ )

(4.4)

In general a wavelet ψ(x) has a zero spatial average; in one-dimension
Z

∞

dx ψ(x) = 0,

(4.5)

−∞

and in three dimensions
Z

∞
−∞

Z

∞
−∞

Z

∞
−∞

d3 r ψ(r) = 0,

(4.6)
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where r = (x, y, λ) are the coordinates of the object cube.
Furthermore ψ(x) must satisfy a technical admissibility condition (Mallat [34],
Theorem 4.3, pp.81-82). In one dimension (easily extended in 3D) this is
Z

∞

Cψ =

dξ
0

|ψ̂(ξ)|2
<∞
ξ

(4.7)

where ψ̂(ξ) is the (continuous) Fourier transform of ψ(x).
4.1.2

The Space-Frequency (SF) Plane

A useful tool to describe the properties of signals is the time(space)-frequency diagram, also called a time(space)-frequency plane. Since spatial/spectral signals are
considered here, these will be denoted as space-frequency planes, or just SF-planes.
For one-dimensional functions, a SF-plane describes their spatial and spectral frequency content, with space information as the abcissa and frequency as the ordinate.
Figure 4.1 illustrates this. The boxes which enclose each expansion function are called
information cells, Heisenberg boxes, or time(space)-frequency atoms. The boxes will
be denoted as information cells from hereon in this dissertation. Strictly speaking,
information cells do not have sharp boundaries but are a useful approximation to
evaluate expansion function systems. Conventionally, the shading of the information
cell indicates the amplitude of the corresponding expansion function. Complex functions usually have two separate information cells, one for the real part, the other for
the imaginary part.
Two examples of function expansions and how they can be described with SFplanes are 1) a cosine expansion of that signal, and 2) a sampling of the continuous
signal by a spike or delta type function. SF-plane representations of a representative
of each set are shown in Figure 4.2.
In the first example consider a function with finite spatial extent in Figure 4.1.
A cosine expansion of this function as expressed in a SF-plane is given in Figure
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Figure 4.1. The space-frequency (SF) plane and the decomposition of a signal into
three expansion functions with their respective information cells.

Figure 4.2. The SF-plane information cells of cosine (bottom left) and spike-like
sampling (bottom right) functions presented below their respective SF-planes
4.3. As the space support of the function is finite, each cosine expansion function
is zero outside that region as in the left hand side of Figure 4.3. As a result, there
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is a slight spread in the frequency plane support surrounding each cosine expansion
function frequency value. However, if the function goes from -∞ to +∞ in x, and
the sampling in x becomes infinitesimally fine, each cosine information cell becomes
a horizontal line, and the line density per inverse length unit goes to ∞. The cosine
expansion of the function becomes a continuous cosine transform.

Figure 4.3. The function in Figure 4.1 (bottom) and SF-plane information cells for
the real part of its corresponding cosine expansion (top)
On the other hand, Figure 4.4 illustrates spatial sampling in the SF plane of a
continuous function. Each component has a wide range of frequency content, but
has narrow support in x. If finer and finer sampling in x is required, each sampling
function gets narrower in space, and becomes a Dirac delta function. The information
cell for each sampling function narrows to a semi-infinite vertical line with frequency
content from 0 to ∞ in units of inverse length.
Note that, in these simple analyses, an interesting fact about information cells
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Figure 4.4. The function in Figure 4.1 (bottom) and the SF-plane information cells
(top) correspond to its sampling by spike-like functions as in the bottom right-hand
part of Figure 4.2
.
is gleaned here: as a cell gets more localized in space it gets less localized in frequency and vice versa. That means information cells in the SF-plane cannot be
simultaneously arbitrarily small in both the space (or time) and frequency planes;
this is a restatement of the Heisenberg Uncertainty Principle (HUP). These notions
from quantum mechanics were used by Dennis Gabor [37] to develop the notions of
information cell and time(space)-frequency planes as well as Gabor functions. The
mathematical connections between the HUP and mixed representations of signals
was largely advanced by Balian [38] and Low [39] and re-expressed as the Balian-Low
Theorem.
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4.2

Object Cube Wavelet Expansions

This section defines general wavelet expansion function families that are alternatives
to the Fourier expansion functions discussed in Chapter 3. The choice of these mixed
representations must be considered carefully as translation invariance is required.
That is, a change in the position of the object should preserve the coefficient values
for the expansion functions comprising the object cube. Much of this section is a
brief recap of material in texts such as [34] or [35]; Wickerhauser [36] has extensive
descriptions of SF planes.
4.2.1

Continuous and Quasi-continuous Wavelet Expansion Functions

There are a number of ways to reconfigure the SF plane to get useful families of expansion functions as judging by the signal processing literature in the 1990s. However,
wavelets have the nice properties, as shown in Figure 4.1, of having finite cells in the
SF plane. In other words, wavelets have finite extent, or are localized in both space
and frequency. As will be shown later, there is a good deal of flexibility in choosing
families of object cube expansions that closely fit the type of data being analyzed by
the CTIS.
This subsection will describe basic definitions and notations needed to describe
and understand wavelet expansion functions.
Figure 4.5 illustrates a few examples of these functions which satisfy equation 4.1
and whose integral (Figure 4.5) over x is zero, with obvious generalization to the 3D
(x, y, λ) space.
Wavelets are usually real or complex-valued. In this dissertation we will concentrate on using the Morlet wavelet. A Morlet wavelet (Figure 4.6) is simply a Gabor
function with a fixed modulation and a varying sized Gaussian envelope. Gabor functions have a fixed Gaussian envelope, but varying modulation. By extension, every
Gabor system can be converted into an infinite family of continuous wavelets by
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Figure 4.5. Some examples of continuous wavelets: (a) Mexican Hat (Marr), (b)
Difference of Gaussians (DOG), (c) the real and (d) imaginary parts of the 7th order
(Paul).
varying the Gaussian envelope function for each fixed modulation frequency. Morlet
wavelets are chosen because of its close relationship with the Gabor functions.
Often, the Morlet wavelet is called the Gabor wavelet. The latter label will not
be used. To clear up confusion in this dissertation Gabor function families consist of
translations and modulations of Gaussians having a fixed width. On the other hand,
the Morlet wavelet family consists of translations and dilations of Gaussians with a
chosen fixed modulation.
In wavelets, the frequency corresponding to x, denoted by ξ, is inversely proportional to the scale parameter ax . Hence ξ = η̃/ax where η̃ is a dimensionless
proportionality constant (this is not to be confused with the spatial frequency in
the y direction). Note that in general a wavelet’s information cell can be located in
an arbitrary position in the SF plane. Figure 4.7 illustrates this for a few wavelet
examples.
The expansion of an object cube f(r) under the continuous wavelet transform
(CWT) is a complex convolution between the object cube and the (in general complex)
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Figure 4.6. The classical Morlet wavelet which is a Gaussian function with a typical
fixed Fourier modulation: (a) real part, (b) imaginary part
wavelet. Here a separable expansion would be in terms of a six-dimensional continuous
function cr (a, b)
cr (a, b) = cr (ax , bx , ay , by , aλ , bλ );

(4.8)

where a is the three-dimensional vector of scaling parameters in each direction and b
is the translation vector in x, y and λ as indicated. This notation is consistent with
Equation 4.1. The three-dimensional CWT coefficients in equation 4.8 come from the
full three-dimensional expansion
1
cr (a, b) = √
ax ay aλ
where it is understood that

Z

µ

∞

dr
−∞

∗
f (r)ψa,b

r−b
a

¶
(4.9)
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Figure 4.7. SF plane picture of some continuous wavelet functions and their corresponding information cells; here a3 < a2 < a1

µ
ψa,b

r−b
a

¶

µ
≡

(1)
ψax ,bx

x − bx
ax

¶

µ
(2)
ψay ,by

y − by
ay

¶

µ
(3)
ψaλ ,bλ

λ − bλ
aλ

¶
.

(4.10)

However, strictly speaking equation 4.9 is restricted over the support of the object
cube f (r) so then
1
cr (a, b) = √
ax ay aλ

µ

Z
S[f (r)]

dr

∗
f (r)ψa,b

r−b
a

¶
(4.11)

is the correct equation.
The full CWT expansion of the object cube can now be given. It is the inverse
CWT of f (r) which is the complicated expression

1
f (r) =
C̃ψ

Z

1
dax day daλ
√
ax ay aλ
S[f (r)]

µ

Z
S[f (r)]

dbx dby dbλ cr (a, b)ψa,b

r−b
a

¶
.
(4.12)
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In equation 4.12 the integration over a and b are over values consistent with
S [f (r)] and C̃ψ is the 3D admissibility condition, a product of three such evaluations
of equation 4.7 for x, y and λ.
Equation 4.12, while representing a rigorous reconstruction of f (r), is by no means
easy to calculate. In fact f (r) is generally not a nice, smooth analytic function, but
represents a messy real world measurement through the CTIS.
To even begin to make this problem tractable, the parameters a and b need to be
reconfigured so that discrete, denumerable families of wavelet expansion functions can
be generated. This is done by constructing a six-dimensional lattice of parameters,
2D for each object cube direction. The space-frequency plane can help in choosing
wavelet families such that Equation 4.12 is recast into a more computationally efficient
form.
The lattice points in the SF plane must be chosen with care so that the information cells are not disjointed, but overlapping (like Figure B.5) and have a chance to
preserve translational invariance. The expansion of the object cube will now have to
be approximate so that

fa (r) =

X

ca,b ψa,b (r)

(4.13)

a,b

where now the expansion coefficients are a denumerable and finite set.
Since the translation and frequency parameters are not continuous, approximate
continuous wavelet transform algorithms, in conjunction with overcomplete sampling,
will be used to preserve as much (or all) translation invariance as possible. There
are two classes of implementations of approximate CWT algorithms. In one dimension, each implementation computes the expansion coefficient cax ,bx by convolving the
function of interest f(x) by the expansion wavelet ψax ,bx (x). For multidimensional
functions, such as object cubes, separable convolving in each direction is done.
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The first class of algorithm usually involves some sort of finite impulse response
(FIR) or infinite impulse response (IIR) filter bank convolution in the space (or time)
domain as in the quasi-continuous wavelet transform (QCWT) of Maes [40], and
similar algorithms developed by Unser and his collaborators ([41], [42]). This is
closely related to the standard DWT.
The second class of implementations use the FFT to do the filtering in the frequency domain by simple point-by-point multiplication of the Fourier transform of the
signal with the Fourier transform of each expansion function. This implementation
is the overcomplete wavelet transform (OCWT) developed by Teolis [43].
The implementation of approximate CWT or frame transform algorithms is chiefly
important for datacube reconstruction. As will be detailed later in this chapter,
and in chapter 6, the forward transforms will not be used. As in the Fourier case
described in detail earlier, datacube reconstruction will consist of recovering expansion
function coefficients from some FPA data, then doing the inverse transform on those
coefficients.
Finally, a handy index set notation used in Teolis [43] is introduced here. This
set, denoted by Γx , or just Γ in general designates the points in the SF (space, spatial
frequency) plane used to label function families such as Fourier, Wavelet and Gabor,

Γx ≡ {xnm , ξnm }n,m∈R

(4.14)

= {xn } × {ξm }
which is a Cartesian product of SF samples in x with those in ξ.
In three dimensions, the SF plane sampling generalized for a separable expansion
is
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Γr ≡ Γx × Γy × Γλ

(4.15)
¡

¢

= ({xnx } × {ξmx }) × {yny } × {ηmy } × ({λnλ } × {ζmλ })
where (ξ, η, ζ) correspond to (x,y,λ) respectively.
4.2.2

Dyadic Wavelet Function Expansions

Frames are collections of functions labeled in general by the sampling described by
Equation 4.14 in 1D or Equation 4.15 in 3D with certain technical conditions not of
importance here (but discussed in Appendix C).
For families of wavelet functions (see Figure 4.8) the general frame sampling ([44],
[34]) is given by
ΓF ≡ {nb0 aj0 } × {aj0 }

(4.16)

where a0 ∈ R > 1 and b0 ∈ R > 0; j and n are integers.
A description of the expansion function set corresponding to a wavelet frame as
described with sampling parameters in equation 4.16, as illustrated in Figure 4.8, for
F
a0 = 2 is {ψj,n
}(j,n)∈Z2 where in one dimension is given by

F
ψj,n
(x)

1
=√ ψ
2j

µ

x − nb0 2j
2j

¶
(4.17)

with the obvious separable extension to three dimensions.
For a0 = 2, which will be used henceforth, this is the sampling used for the
discrete wavelet transform (DWT). The DWT uses an expansion function set that
has the sampling of equation 4.16, but not necessarily vice versa. The DWT, while
good for coding discrete signals for compression, does not really have the flexibility
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of characterizing or studying signals at arbitrary locations at each scale or spatial
resolution. For discrete functions, the DWT expansion function set is parameterized
by a set of scale / resolutions and translation locations the same number as the signal;
the function family is orthogonal.

Figure 4.8. The sampling in the SF plane for a classical wavelet frame with a0 = 2
For continuous signals the DWT sampling is not appropriate. A more appropriate
set of functions is a set of dyadic wavelets with SF sampling as follows (Mallat [34]):
ΓDy = {nb0 } × {aj0 }.

(4.18)

An example of a0 = 2 is illustrated in Figure 4.9. The wavelet expansion function
set corresponding to this has the advantage of being translation invariant - this means
that wavelets at each scale can be defined at arbitrary translation locations, multiples
of some chosen b0 within each scale. There is de-facto sampling of the object cube as
b0 is picked, but these locations can be chosen depending on the spatial and spectral
extent of the object being studied. It must be emphasized that the value of b0 in each
direction should be consistent with Nyquist conditions in the CTIS optics and FPA
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pixel configurations as described in Chapter 3.
The dyadic wavelet transform will be the over-sampled wavelet system used in the
implementation of the wavelet system and crosstalk matrices described later in this
chapter.
Furthermore, the forward and inverse dyadic wavelet transform can be implementable using finite impulse response (FIR) filter banks as with the DWT. In the
dyadic wavelet transform, two filtering approaches can be used. In the overcomplete
wavelet transform (OCWT) of Teolis [43], this bandpass wavelet filtering is performed
using Fourier transform methods. In the quasi-complete wavelet transform (QCWT)
of Maes [40], the filtering is standard FIR. As the forward transform is not used in
this research, the reader is referred to these two references and Appendix D for more
details.

Figure 4.9. The sampling in the SF plane for Dyadic wavelets with a0 = 2.
In the DWT and dyadic wavelet transform, sets of wavelet expansion functions
consist of dilations and translations of a scaling function (⇒ low pass filter) and a
mother wavelet (⇒ high pass filter). The rigorous mathematics behind this can be
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found in any text (e.g. [34], [35], [45], etc.) with the basics described in Appendix D.
The dyadic wavelet transform of f(x) ∈ L2 (C) with these SF plane sampling
parameters is defined by ([34]):
Z
j

+∞

W f (b, 2 ) ≡
−∞

1
dx √ f (x)ψ ∗
2j

µ

x−b
2j

¶
(4.19)

where the ”∗” is complex conjugation.
The SF-plane sampling for the (x,y,λ) coordinates is given by
Dy
Dy
Dy
ΓDy
r = Γx × Γy × Γλ

(4.20)

jx
ΓDy
x = {nx b0x } × {2 }

(4.21)

jy
ΓDy
y = {ny b0y } × {2 }

(4.22)

jλ
ΓDy
λ = {nλ b0λ } × {2 }

(4.23)

where

with the integer valued vectors n and j given by

n = (nx , ny , nλ )

(4.24)

j = (jx , jy , jλ )

(4.25)

The translation interval vector in 3D is denoted as:
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b0 ≡ (b0x , b0y , b0λ )

(4.26)

Dy
The dyadic expansion function set elements {ψj,n
(x)}(j,n)∈Z2 are defined in x by

ψjDy
(x)
x ,nx

1
=√ ψ
2jx

µ

x − ñx b0x
2jx

¶
(4.27)

and analogously defined for y and λ. Also ñx = (nx − Nx /2), ñy = (ny − Ny /2) and
ñλ = (nλ − Nλ /2).
The variables jx , jy and jλ are scale variables; the scale (also called an octave by
Maes [40]) in each direction is 2 raised to those particular numbers. That is why
this particular version of the wavelet transform is called dyadic. Scales are inversely
proportional to spatial / spectral frequency. The number of octaves in each direction
will be denoted by Jx , Jy and Jλ respectively.
What does the dyadic wavelet expansion look like? The following object cube
expansion in general is a infinite six-dimensional sum:

f (r) =

X

Dy
cDy
j,n ψj,n (r)

(4.28)

j,n

The actual finite approximate object cube expansion in this problem is:

fa (r) =

X X X

(1)Dy

(2)Dy

(3)Dy

cDy
j,n ψjx ,nx (x)ψjy ,ny (y)ψjλ ,nλ (λ − λc )

(4.29)

jx ,nx jy ,ny jλ ,nλ

=

Jy Ny −1 Jλ Nλ −1
Jx N
x −1 X
X
X
X X X
jx =0 nx =0 jy =0 ny =0 jλ =0 nλ =0

³

´
(1)Dy
(2)Dy
(3)Dy
(λ
−
λ
)
cDy
ψ
(x)ψ
(y)ψ
c
jy ,ny
jλ ,nλ
jx ,nx ,jy ,ny ,jλ ,nλ jx ,nx

The number of translate expansion functions Nx , Ny and Nλ in each direction
depend upon the spatial size of the object inside the object cube, its location, its
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spectral range of interest, and the fineness of the translation intervals given by b0 .
As wavelets are very localized, a relatively small number are needed to describe objects
with limited spatial and spectral bandwidth. A practical consequence is that a large
majority of the coefficients in the object cube expansion Equation 4.29 are zero.
The dyadic wavelet expansion can also be tailored to make adaptive datacube
representations possible where tradeoffs between spatial and spectral reconstruction
become feasible.
Since the octave numbering system of Maes [40] is adopted here, jx runs from 0 to
Jx . This is also similar for y and λ. The wavelet expansion functions corresponding
to scale number values of jx = 0 to Jx − 1, and so on for y and λ are wavelets as
in Equation 4.27. The dyadic wavelet expansion functions corresponding to jx = Jx ,
jy = Jy and jλ = Jλ are called by Maes generating scaling functions. Like in the
discrete wavelet transform, the expansion coefficients are low-pass filtered copies of
the original function, in this case the approximate object cube fa (r).
It must be noted that, if a single object of interest is the entire object cube,
Equation 4.29 would represent a huge increase in the number of coefficients to estimate
over that for the Fourier case as described by Equations 3.21 through 3.18. However
the intent of the wavelet expansion of the object cube for the CTIS is not system
analysis but is rather localized, adaptive datacube reconstruction.
How are these functions going to be ordered? The dyadic wavelet expansion function ordering should have the structure needed for efficient datacube reconstruction
from the coefficients, using an inverse transform once they are estimated. The matter
of estimation of these coefficients will be discussed at length later in this chapter. The
ordering should also enable some sort of useful interpretation of the corresponding
crosstalk matrix.
As regards to the ordering, a set of Nx Ny Nλ dyadic wavelet coefficients for a
fixed value of jx , jy and jλ represents a copy of the object (i.e. a subband) as seen
through a separable three-dimensional band-pass filter. In the approximate object
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cube decomposition of Equation 4.29, there are total of (Jx + 1) × (Jy + 1) × (Jλ + 1)
subband copies of the object.
It then makes sense to lexigraphically order these wavelet coefficients as a concatenation of the subbands, much as standard discrete wavelet transforms are arranged.
Therefore the lexigraphic ordering of the 6-dimensional array of coefficients corresponding to the 3D dyadic wavelet expansion of the object cube imaged by the CTIS
that reflects this concatenation of subbands is:

k Dy (jx , jy , jλ , nx , ny , nλ ) ≡ jλ (Jx Jy Nx Ny Nλ )

(4.30)

+ jy (Jx Nx Ny Nλ ) + jx (Nx Ny Nλ )
+ nλ (Nx Ny ) + ny Nx + nx .
In Equation 4.30, the number of expansion functions in Equation 4.29 is N Dy =
(Jx + 1)(Jy + 1)(Jλ + 1)Nx Ny Nλ . Hence k Dy ranges from 0 to N Dy - 1. For notational
brevity in the rest of this chapter, k is understood to mean k Dy and N is understood
to mean N Dy .

4.3

The Wavelet Crosstalk Matrix

The wavelet crosstalk matrix denoted as BW has a different interpretation as its
Fourier counterpart; it does not measure aliasing between dyadic wavelet family members. The elements of BW measure overlap between pairs of these functions instead.
As will be described in more detail this has computational benefits. It reduces complexity and may result in sparse and efficient datacube reconstruction operators.
Another nice property of wavelet representations of the CTIS is that reconstruction
can be fine-tuned to emphasize particular spatial locations and/or spectral regions of
interest. This is something that the Fourier imaging system mathematics described
in Chapter 3 cannot do.
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In this dissertation, only one system will be analyzed. This system is the Morlet
wavelet, as mentioned earlier. In one-dimension this is

ψsx ,ωx (x) = gsx (x) exp(2πiωx )

(4.31)

where the Gaussian envelope is

1
gsx (x) = p
exp
2πs2x

µ

−x2
2s2x

¶
.

(4.32)

Equation 4.31 is a Gaussian with a unit amplitude at maximum and unit area. The
quantity sx in Equation 4.32 is the standard deviation of the Gaussian in standard
usage. There are a number of normalization conventions used to define Gaussians; a
common one in the wavelet literature is given by Mallat [34]:
1
gsx (x) = 2 1/4 exp
(sx π)

µ

−x2
2s2x

¶
.

(4.33)

This dissertation uses Equation 4.33 without the π factor as the envelope function
that will generate the Morlet wavelet function family. The Morlet wavelet is chosen
here since
• It has a closed functional form.
• Its Fourier transform is in closed form; very useful for Fourier domain based
CWT algorithms ([43]).
• CTIS system models that involve quasi-monochromatic light (to be discussed
in Chapter 5) assume Gaussian wavelength distribution about each measured
wavelength in calibration; so there is some physical motivation here.
• Datacube reconstruction with wavelets is more viable and efficient than the
Fourier expansion set
In three dimensions, the mother Morlet wavelet is
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ψs0 ,ω (r) = gs0 (r) exp(2πiω • r)

(4.34)

≡ gs0x (x)gs0y (y)gs0λ (λ − λc ) exp(2πi(ωx x + ωy y + ωλ λ))
where λc is the center wavelength for the CTIS system.
The Morlet dyadic wavelet set of expansion functions {ψj,n (r)} are then translations in units of b0 = (b0x , b0y , b0λ ) and power of two dilations of the three dimensional
Gaussian envelope with original widths s0 = (s0x , s0y , s0λ ). The modulations of the
Gaussian envelope described by ω = (ωx , ωy , ωλ ) are fixed, as is s0 . Therefore the Morlet dyadic wavelet expansion function set members which are scaled and translated
versions of the mother wavelet are (the y and λ cases similarly defined):

ψj,n (r) = gs(j),n (r) exp(2πi(ωx x + ωy y + ωλ (λ − λc )))

(4.35)

where n and j were defined earlier and

gs(j),n (r) = gsx (jx ),nx (x)gsy (jy ),ny (y)gsλ (jλ ),nλ (λ − λc )

(4.36)

The quantity gs(j),n (r) in Equation 4.36 is three dimensional scaled and translated
version of Equation 4.33 without the π factors not included for convenience. In the x
direction this is:
1
gs(jx ),n0x (x) = jx
exp
(2 sx0 )1/2

µ

−(x − ñx bx0 )2
2(2jx sx0 )2

¶
,

(4.37)

with ñx , ñy and ñλ defined as before.
Note that normalization conventions in Equations 4.32, 4.33, and 4.37 are different. The normalization used in the wavelet and Gabor function literature in the
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latter two examples here is motivated by different reasons than by the ones used in
the traditional sense as in Equation 4.32. As long as a convention is chosen it should
be consistently used. Issues such as energy conservation as a signal goes through
the CTIS combined will eventually determine which convention is more useful. Better radiometric characterization of the CTIS thorough experimental calibration will
eventually refine the normalization as well.
The basic goal here is to show that a wavelet picture of the CTIS is possible in
order to improve datacube estimation algorithms.
Finally, in the dyadic wavelet expansion set, a function called by Maes the generating scaling function is needed. This is the continuous analog of the scaling function in
the discrete wavelet transform. The generating scaling function in the dyadic wavelet
expansion function that Maes [40] uses with the Morlet wavelet is a third order Bspline. This function is very similar in appearance to a Gaussian as shown in Figure
4.10. This function is defined in the x direction by (the y and λ cases are defined
similarly):

ψJx ,nx (x) = √

µ

1
2Jx −1

ϕ

x − ñx b0x
2Jx −1 s0x

¶
(4.38)

where

0,




(x+2)3


6


 2 − x2 −
ϕ(x) = 32

− x2 +

3


(2−x)3




 6
0,

−x3
2
−x3
2

if x ≤ −2;
−2 < x ≤ −1;
−1 < x ≤ 0;
0 ≤ x < 1;
1 ≤ x < 2;
if 2 ≤ x.

(4.39)

with ñx = (nx − Nx /2), ñy = (ny − Ny /2) and ñλ = (nλ − Nλ /2).
General B-spline functions and their Fourier transforms are expressed in closed
form as Morlet wavelets.
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Figure 4.10. The cubic B spline function.
4.3.1

Wavelet Imaging System Mathematics

As in the Fourier case, there is a dyadic wavelet system matrix and a dyadic wavelet
crosstalk matrix. Denote the full wavelet system matrix for the full infinite expansion
of f(r) to be Ω. The imaging equation g = Hf + n becomes, in the wavelet domain

g = Ωc + n

(4.40)

or in component form

gm =

M X
∞
X

Ωmk ck + nm .

(4.41)

m=1 k=0

The (m,k) element of Ω which is the contribution of the kth wavelet expansion
function on the mth FPA pixel is
Z
Ωmk =

S[f (r)]

d3 r ψk (r) hm (r),

where ψ(r) is understood to be the Morlet wavelet system defined earlier.

(4.42)
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However since the approximate object cube fa (r) defined by Equation 4.29 is the
object being estimated, a finite wavelet system matrix ΩN is considered instead. The
matrix ΩN has M rows and N = (Jx + 1)(Jy + 1)(Jλ + 1)Nx Ny Nλ columns. Recall
that the quantities Jx , Jy and Jλ were defined earlier as the number of spatial or
spectral resolution scales or octaves in x, y, and λ respectively. The components of
ΩN are defined the same as in Equation 4.42 but Ωmk is replaced by ΩN,mk . The
actual wavelet imaging equation to be solved is now

g = ΩN cN + n,

(4.43)

or in component form

gm =

M N
−1
X
X

ΩN,mk cN,k + nm .

(4.44)

m=1 k=0

where k ≡ k

Dy

as in Equation 4.30)and N ≡ N Dy the number of expansion functions.

The wavelet crosstalk matrix denoted as BW is defined as BW ≡ Ω† Ω where Ω† is
the Hermitian conjugate of Ω. The finite wavelet crosstalk matrix denoted by BN,W
is similarly Ω†N ΩN .
The structure of the finite crosstalk matrix BW,N is illustrated in Figures 4.11 and
4.12. The block and subblock element structures of this matrix really have six levels
of structure down to a single element. This corresponds to the six dimensional set of
parameters describing each member of the dyadic wavelet set. A more convenient way
to think about the structure is that the expansion function ordering of the finite object
cube of Equation 4.29, as expressed by Equation 4.30, is a concatenation of three
dimensional subbands of the object cube, or rather a compact object inside it. The
first three levels as shown in 4.11 is a (Jx +1)(Jy +1)(Jλ +1) by (Jx +1)(Jy +1)(Jλ +1)
array of subblocks. Each subblock is Nx Ny Nλ by Nx Ny Nλ elements in size. Any
particular subblock at this level represents the spatial / spectral overlap of the wavelet
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/ scaling function at the widths described by the scales (jx0 , jy0 , jλ0 ), with the wavelet
/ scaling function with the widths described by the scale (jx , jy , jλ ).

Figure 4.11. The structure of a wavelet crosstalk matrix at the coarsest levels.
At the finest three levels of BW,N , illustrated in Figure 4.12, each single element
is the overlap of a wavelet with scale described by (jx0 , jy0 , jλ0 ) at translation position
(ñ0x , ñ0y , ñ0λ ) in units of (b0x , b0y , b0,λ ) with a wavelet of scale described by (jx , jy , jλ ) at
translation position (ñx , ñy , ñλ ).
The structure of the smallest subblock in Figure 4.11, which is also the largest
block in Figure 4.12, can be inferred here. The real part of the Morlet wavelet
illustrated in Figure 4.6a is symmetric and the imaginary part in Figure 4.6b is antisymmetric. The (real) cubic B-spline in Figure 4.10 is symmetric. What this means
is that the real part of these subblocks are symmetric above and below the diagonal,
and the imaginary part anti-symmetric.
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Figure 4.12. The structure of the wavelet crosstalk matrix in Figure 4.11 at the
finest levels.
4.3.2

Wavelet Based Datacube Estimation

Datacube estimation is done in two steps. First, the dyadic wavelet expansion function coefficients are estimated. then, an inverse dyadic wavelet transform takes these
coefficients and computes the datacube. In this section let ĉ and ĉN be the infinite
and finite (length N) vectorized arrays of the dyadic wavelet expansion function coefficients needed to make the datacube estimate. The vector g is the array of FPA
pixel data values.
(mf )

Matched filter estimates of the expansion coefficients denoted by ĉ(mf ) and ĉN

is

possible; from Equations 4.40 and 4.43 the matched filter estimate of the coefficients
are in matrix form
ĉ(mf ) = Ω† g,

(4.45)

and in the finite case

(mf )

ĉN

= Ω†N g,

respectively. In long form Equation 4.46 is

(4.46)
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(mf )
ĉN,k

=

M
X

∗
ΩTN,km
gm ;

(4.47)

m=1

here Ω† is the Hermitian conjugate of Ω.
Normalized matched filtering is also defined for the wavelet decomposition. The
normalized matched filter estimate of the kth wavelet expansion coefficient is:
(nmf )
ĉk

PM

ΩT ∗ gm
= PMm=1 Tkm
.
∗
m=1 Ωkm Ωmk

(4.48)

In matrix form Equation 4.48 is

ĉ(nmf ) = ΓW c,

(4.49)

where the normalized wavelet crosstalk matrix ΓW is defined analogously to Γ for
the normalized Fourier Crosstalk matrix. The normalized wavelet matched filter
coefficient estimates are derived from the matched filter estimates by
(nmf )
ĉk

(mf )

ĉ
= k
,
BW,kk

(4.50)

which is analogous to Equation 3.48 for the Fourier expansion function estimates in
Chapter 3.
Matched filtering and normalized matched filtering apply here, as the computation of translation, dilation and convolution operators or combinations thereof that
comprise Fourier, Wavelet and Gabor transforms are unitary (see Christensen [46],
section 2.5). What unitarity means is that operator inverses are equal to their Hermitian conjugates.
This section will concentrate on the datacube estimation from the approximate
/ finite function expansion. Since BW,N = Ω†N ΩN , then Equation 4.43 is combined
with Equation 4.46 to get
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(mf )

ĉN

= BW,N ĉN ,

(4.51)

and for normalized matched filtering the finite version of Equation 4.49 is
(nmf )

ĉN

= ΓW,N ĉN ,

(4.52)

The banded Hermitian structures for the subblocks of BW,N and ΓW,N combined
with N being relatively small for realistically compact objects means that BW,N could
be inverted without too much effort. By inspection, both matrices are extremely
sparse. Straightforward block matrix inverse algorithms such as described in Golub
and Van Loan [33], Numerical Recipes in C [24] and many other numerical linear
algebra texts apply here. If these algorithms are run on computers with parallel
processors, then Equations 4.51 or 4.52 can be evaluated much easier than their
Fourier counterparts.
Equations 4.46 and 4.51 imply a reconstruction matrix that operates directly on
the ctiogram data to get matched filter estimates of the wavelet expansion coefficients:
(mf )

RW,N ≡ Ω†N ;

(4.53)

If this is combined with Equation 4.50, then the reconstructor matrix RW,N that
operates directly on the ctiogram to get the wavelet expansion coefficient estimates
ĉN is:
†
RW,N ≡ B−1
W,N ΩN ;

(4.54)

which bypasses the intermediate step of explicitly computing either the matched filter
or normalized matched filter coefficient estimates. However, due to time constraints,
RW,N was not computed; ongoing work will concentrate on development of efficient
algorithms to perform this task.
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Once the dyadic wavelet coefficients are estimated, an inverse dyadic wavelet transform needs to be done. A reasonable approximate inverse transform is mentioned in
Maes [40], Teolis [43] and implied in Mallat [34] where the subbands, each weighted
by a suitable factor, are just added together. The wavelet-based reconstructions in
this project are done this way, by incorporating these weights in the Morlet / cubic
B-spline expansion function set defined by Equations 4.27, 4.31, 4.33, 4.34, 4.38 and
4.39.
More accurate inverse dyadic QCWT algorithms based on FIR filters are discussed
by Maes [40] and Appendix D. Another inverse wavelet transform mentioned in Teolis
[43], not discussed in this dissertation, is based on filtering in the Fourier frequency
domain.
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Chapter 5

An Analytic Model of the CTIS
One of the main features in this dissertation is the computation of an analytic model
of the CTIS incorporating object cube, optical system, CGH and FPA geometric
and wavelength dependent characteristics. This enables physical constraints to be
incorporated into both system design and datacube reconstruction, as well as provide a tractable foundation to analyze and design CTIS systems based on tasks as
formulated in OAIQ techniques ([12], [11]).

5.1

Fraunhofer Diffraction Model of the CGH Disperser

This is a derivation of the CTIS sensitivity function that maps the object cube containing spatial and spectral information with coordinates r = (x, y, λ) onto the focal
plane array (FPA) with coordinates r0 = (x0 , y 0 ). The mathematics here is straightforward and explicitly geared toward imaging systems, of which the CTIS is an example,
that use diffractive optical elements such as CGHs ([47], [48]). In this chapter the
Fourier optics terminology, notation and function definitions follow the Fourier optics
texts of Gaskill [23] and Goodman [49].
Before going further the coordinate systems for the object cube, CGH disperser
and FPA described in earlier chapters are reintroduced here in Figure 5.1:
5.1.1

Transmission Function for a CGH Unit Cell

The transmission function of a CGH unit cell is (the symbol ”∗∗” being two dimensional convolution over x and y):
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Figure 5.1. A diagram of the coordinate systems and notation for the object cube,
the CGH disperser and the focal plane array in the CTIS imaging system


t0 (r, s) = 

A/2−1

X



B/2−1

X

exp[i Φαβ (λ)]δ(r − αdp , s − βdp )

α=−A/2 β=−B/2

µ

∗ ∗ rect

r s
,
dp dp

¶

;

(5.1)

each phasel assumed being square.
The CGH coordinates are shown in Figure 2.3 in Chapter 2 and Figure 5.1. The
quantities A and B are the number of phase elements of size dp in the single unit cell.
5.1.2

Transmission Function for a Complete CGH Disperser

The CGH disperser design in the CTIS requires that Equation 5.1 must be replicated
R times in the r direction, and S times in the s direction. The transmission function
of the entire CTIS CGH disperser is then given by:
·

1
comb
t(r, s) = t0 (r, s) ∗ ∗
ABdp
where

µ

r
s
,
Adp Bdp

¶¸

µ
rect

r
s
,
RAdp SBdp

¶
.

(5.2)
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+∞
+∞
X
X
r
s
comb(
,
)=
δ(r − mAdp , s − nBdp )
Adp Bdp
m=−∞ n=−∞

5.1.3

(5.3)

Fraunhofer Field and Intensity Pattern at the FPA

The next step is to compute the Fraunhofer diffraction field U(r’,r) at the focal plane
array (FPA). To start with, the light is coming through the center of the field stop
with wavelength λ. This has object cube coordinates r0λ = (0, 0, λ) as in Figure
5.1. If we let fR be the focal length of the reimaging lens, which is also the distance
from that lens to the FPA, then U (r0 , r0λ ) is the two-dimensional Fourier transform
evaluated at spatial frequencies ξ = x0 /λfR and η = y 0 /λfR respectively:
U (r0 , r0λ ) ∝ F2D [t(r, s)]ξ=x0 /λfR ,η=y0 /λfR

(5.4)

or more formally:
Z
0

∞

U (r , r0λ ) ≈ const

t(r, s)ei2π(ξr+ηs) dr ds

Z−∞
∞
= const

0

0

R

R

sy
rx
i2π( λf
+ λf
)

t(r, s)e

(5.5)

dr ds

−∞

where
Ã
const =

i

k

²(λ)eikfR e 2fR
iλfR

(x02 +y 02 )

!
(5.6)

and k = 2π/λ; the symbol ²(λ) is a wavelength factor needed to make the field units
radiometrically consistent with empirical calibration measurements.
Note that the limits of integration are infinite even though the CGH is finite; this
enables the evaluation by a standard Fourier transform (see Gaskill [23] or Goodman
[49]). This gets an analytic result, that is:
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U (r0 , r0λ )
µ
¶
²(λ)RSABd4p
RAdp x0 SBdp y 0
0 0
=
exp (i Ξ1 (λ)) exp (i Ξ2 (x , y , λ)) sinc
,
iλfR
λfR
λfR
¶¸
·
µ
0
0
Adp x Bdp y
,
(5.7)
∗ ∗ Υ(x0 , y 0 , λ) comb
λfR λfR
where sinc(x) = sin(πx)/πx and Ξ1 (λ) and Ξ2 (x0 , y 0 , λ) are phase factors given by

Ξ1 (λ) =

2πfR
λ

(5.8)

and

Ξ2 (x0 , y 0 λ) =

¢
iπ ¡ 02
x + y 02 .
λfR

(5.9)

Futhermore the function Υ(x0 , y 0 , λ) is denoted as a unit cell diffraction function and
has a complicated form reflecting the phase values of the each unit cell’s phasels:



A/2−1

X

Υ(x0 , y 0 , λ) = 

·

B/2−1

X

exp (i Φαβ (λ)) exp −2πidp

α=−A/2 β=−B/2

µ

× sinc

dp x0 dp y 0
,
λfR λfR

0

0

¸



αx + βy 
λfR

¶
(5.10)

Note that Equation 5.7 consists of the unit cell diffraction function envelope
Υ(x0 , y 0 , λ) that is zero on the FPA except for a regular series of ’spikes’ corresponding to the position of the CGH diffraction orders as described in Section 2; this is
described by the comb function. Ideal experimental calibration of the CTIS will yield
intensity patterns that are very sharp rectangular two-dimensional sinc spikes. The
number of replications of the CGH unit cell R, S in the disperser in the argument
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of the sinc function in Equation 5.7 govern how sharp these spikes are; the more
replications, the sharper each spike.
Equations 5.7 through 5.10, which describe the diffracted field stop / aperture
onto the FPA, can be rewritten to better describe the pattern as an array of sinc2
spikes. Let p and q be diffraction order indices. Then

U (r0 r0λ )
=

−i²(λ)RSλd2p fR

µ
0

0

exp (i Ξ1 (λ)) exp (i Ξ2 (x , y , λ)) sinc
"
¶#
p=P q=Q
X X µ
pλfR 0 qλfR
∗ ∗ Υ(x0 , y 0 , λ)
δ x0 −
,y −
.
Adp
Bdp
p=−P q=−Q

RAdp x0 SBdp y 0
,
λfR
λfR

¶

(5.11)

In Equation 5.11 the diffraction orders that can fit onto an FPA of a given size
are P and Q in the x’ and y’ directions respectively. P and Q run from 0, 1, 2,
etc. Thence the number of projection of the field stop aperture for P and Q orders
diffracted onto the FPA are 2P+1 and 2Q+1 respectively.
For example if the FPA in a system is large enough to hold 2 diffraction orders in
each direction, then there are 5 × 5 = 25 diffracted projections of the field aperture
for each wavelength λ.

5.2

Complete Sensitivity Model of the CTIS

As discussed in Chapter 2, the sensitivity functions hm (r) are needed to compute the
projection of the kth expansion function φk (r) onto the mth FPA pixel. These functions are necessary to compute system and crosstalk matrix components (Equations
2.12, 3.11 and 4.42). The spectral sensitivity function R(λ) for each pixel must also
be taken into account. This section completes the derivation of hm (r) for the CTIS.
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5.2.1

Addition of FPA Pixel Information

Equation 5.11 represents a complex amplitude voxel spread function for that point
source with wavelength λ. In the language of CTIS laboratory calibration an (ideal)
point light source of wavelength λ at the center of the field stop has this diffraction pattern. Should that point source be located at an arbitrary object cube point
r=(x,y,λ), the relative pattern of spikes remains the same, but is shifted by an amount
equal to µ x in the x’ direction and µ y in the y’ direction, where µ = fR /fC is the
magnification of the system at the FPA; fR and fC are the focal lengths of the reimaging and collimating lenses respectively. The diffraction field now becomes a function
of both r0 = (x0 , y 0 ) and r = (x, y, λ).
This requires a correction consisting of shifts in the arguments of the delta function
for x0 and y 0 in Equation 5.11 by µx and µy respectively, which results in a change in
the amplitudes of the diffraction spikes given by the envelope function Υ(x0 , y 0 , λ).

U (r0 , r)

µ

¶
RAdp x0 SBdp y 0
=
exp (i Ξ1 (λ)) exp (i Ξ2 (x , y , λ)) sinc
,
λfR
λfR
#
"
¶
µ
p=P q=Q
X X
qλfR
pλfR
0 0
− µx, y 0 −
− µy
.
(5.12)
∗ ∗ Υ(x , y , λ)
δ x0 −
Adp
Bdp
p=−P q=−Q
−i²(λ)RSλd2p fR

5.2.2

0

0

The Full Analytic Model of the CTIS

The diffraction pattern intensity is just h(r0 , r) = |U (r0 , r)|2 . It is the diffraction
pattern intensity integrated over the mth FPA pixel and wavelength since the FPA
pixel response function R(λ) must be taken into account. Putting all of this together
an accurate model of the CTIS now becomes:
Z
dx0 dy 0 h(r0 , r) w(r’) R(λ)

hm (r) = hm (x, y, λ) =
supp(pixel m)

(5.13)
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where w(r0 ) is 1 for r0 = (x0 , y 0 ) inside pixel m and 0 elsewhere.
The Fraunhofer diffraction integral in Equations 5.4 and 5.5 so the equation for
hm (r) given by Equation 5.13 is exact up to a multiplicative constant. This analysis
is in concordance to a similar optical system studied by Coleman [48] and [47], and
more refined that that of Volin [1]. A important property of this model is that it is
largely analytic.
There are further refinements that must to be added in the future. For example
Equation 5.12 is aberration free.
The quantity ²(λ) in Equation 5.13 represents implicit measurement information,
but this made explicit by laboratory measurements described later in Section 5.4. The
practical significance of ²(λ) is that physical units of pixel irradiance on the CTIS in
actual data collection need be Watts/m2 , or integrating over the pixel size, in Watts.
The value of an analytic or semi-analytic equation for the sensitivity equations /
CTIS system model is that synthetic calibration can be accomplished. This means
CTIS system simulations involving crosstalk matrices and datacube reconstruction
algorithms can be made. Such simulations are used to design new CTIS systems and
refine existing ones by computer before laboratory work is done.
Just as important, CGH unit cell designs can be evaluated before expensive fabrication of the corresponding disperser element. Synthetic modeling can also be used
to study some fabrication flaws in existing CGH dispersers. Comparison between
synthetic and laboratory calibration images can also be used to try to understand
optical effects not in the model such as aberrations, distortions, internal reflections,
etc.

5.3

Flat Field CTIS Calibration

In general system calibration is effectively the construction of a system matrix, or
of something to generate one. These matrices can be computed synthetically, con-
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structed from empirical measurements, or a combination thereof.
As mentioned in Chapter 2, the system matrix H for the voxel picture of the
CTIS system now in use is constructed from empirical calibration measurements with
procedures described by Descour, Dereniak [8], [9] and Volin [1]. The CD CTIS
system model combined with continuous expansions of the object cube implies that
new calibration procedures for the CTIS suitable for these function expansions can
be developed.
What this entails is the replacing the pointlike VSF calibration images at each
wavelength with calibration images which are quasi-monochromatic projections of the
entire field of view.
Once these are obtained, then it is straightforward to multiply the projection
information over the entire wavelength range with each three-dimensional expansion
function. The resulting ctiograms are expansion functions run through the CTIS
projected onto the FPA, and each such ctiogram becomes a column of the respective
(Fourier or wavelet) system matrix.
5.3.1

Laboratory Flat Field CTIS Calibration

Flat field calibration measurements were made in Wailuku, Hawaii by Hnu Photonics
LLC in their calibration laboratory in September and October 2009. Figures 5.2
through 5.5 were photographed courtesy of Oscar Martinez of Hnu Photonics.
In this laboratory calibration, a procedure similar to the punctual calibration
in Chapter 2 is performed, except that (quasi-)monochromatic light comes from an
integrating sphere from which the entire field of view of the CTIS is illuminated
uniformly. The light coming out of the integrating sphere is completely incoherent.
Flat field images can be recorded in wavelength intervals between 1 nm to 5 nm in
the visible wavelength range between 400 nm and 750 nm.
The integrating sphere aperture is 9 mm and its quasimonochromatic output fills
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up the field stop; it is the flat-field which then gets imaged onto the FPA. The
instruments and their setup at the Hnu Photonics calibration lab are shown in Figures
5.2 and 5.3. In this calibration the exposure time was 10 seconds. The focal length of
the objective lens was 28 mm and the distance from the integrating sphere aperture
to the objective lens was 130 mm.

Figure 5.2. The overall CTIS flat-field calibration setup at Hnu Photonics illustrating the light source, integrating sphere and the instrument.
In this setup the objective lens images the integrating sphere aperture onto the
field stop aperture. This aperture, indicated in Figure 5.3 for this particular calibration has a circular aperture 2 mm in diameter. This is shown in closeup in Figure
5.4.
Radiometric measurements were also made where a sensor recorded power in
Watts emitted from the integrating sphere source as illustrated in Figure 5.5. Power
measurements are made in intervals in the visible wavelength range, between 400 and
750 nm. The distance from the source to the sensor is the same as the source to the
CTIS objective lens in the calibration.
Furthermore companion FPA characterization measurements enable the calcula-

127

Figure 5.3. a closer look at the integrating sphere and CTIS in the calibration
setup in Figure 5.2. The collimating lens system is between the field stop and CGH
disperser, while the re-imaging lens system is between the disperser and camera.

Figure 5.4. A closeup look of the Hnu Photonics CTIS field stop showing the
circular aperture.
tion of conversion factors that relate input signal power, exposure time and calibration
citogram pixel values. From this the pixel values of each calibration citogram has units
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Figure 5.5. The setup for wavelength dependent radiometric measurements in the
flat-field CTIS calibration at Hnu Photonics. The distance between the integrating
sphere and the sensor identical to the distance between the integrating sphere and
the CTIS objective lens.
of Watts. If irradiance is desired, pixel power values can be divided by the area of
the pixel.
Dark images recording FPA read noise are also recorded and this information is
subtracted from each calibration citogram.
Similar calibration ctiograms were obtained in 2006 by Keith Hege sans the accompanying radiometric measurements. The calibration geometry was a little bit
different as shown in Figure 5.6(a). That particular instrument in 2006 was used
for astronomical observations in 2007. In these 2006 measurements, the integrating
sphere light source spherical aperture was replaced by a square aperture. The field
stop aperture was still spherical; the size of the square light source image at the field
stop was roughly 1.3 mm × 1.3 mm.
For comparision, a calibration citogram at the same wavelength, but obtained
in Octoher 2009 is shown in Figure 5.6(b). The irradiances for each projection in
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Figure 5.6. (a) A flat-field calibration image taken in 2006; (b) a similar calibration
citogram obtained in Octoher 2009. The input light for both images was 550 nm.
both images are in good agreement; this means that the flat-field CTIS calibration
procedures are both straightforward and repeatable.
The irradiances of the field stop projections in the October 2009 calibration
ctiograms are quite uniform. This uniformity largely validates the assumption of
Volin [1] discussed in Section 2.4 of intra-wavelength local spatial invariance within
each projection at all diffraction orders. This is especially true if the calibration setup
and measurements are carefully done. Any deviation in projection irradiance uniformity as was seen in citograms at a number of projections at some wavelengths in
the 2006 laboratory measurements (which essentially had the same configuration as
in 2009) are most likely due to miscellaneous effects that can be removed with more
careful measurement procedures.
If such projection non-uniformity effects cannot be entirely eliminated in any
future calibration, polynomial interpolation procedures can be used to record these
effects.
If only a small number of calibration images can be recorded in the lab then
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inter-wavelength interpolation can be used to fill in the intermediate wavelength data
provided supplementary radiometric information is also available. This is also discussed further in Chapter 6.
5.3.2

Synthetic Flat-Field CTIS Calibration

Figure 5.7. The evaluation of the CTIS sensitivity function for a sample of projections on the FPA for the following wavelengths: (a) 450 nm, (b) 550 nm, (c) 650
nm.
In any situation involving the analysis of actual CTIS systems and/or datacube
estimation, the use of laboratory obtained flat-field calibration images to compute
system and crosstalk matrices is both preferable and correct. However in many situations such flat-field calibration images are not available. Such situations include
designing new CTIS systems and datacube estimation from citograms obtained in
the past where flat-field calibration images are unavailable. Astronomical observations described in Section 7.4 taken by Hege et al [3] are such an example. In the
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case where laboratory data is unavailable CTIS system models made from synthetic
flat-field calibration images have to be considered.
In synthetic calibration, the forward model described by Equations 5.10, 5.12 and
5.13 gives the information of where each projection is, their size, and their irradiances
for all the diffraction orders that can fit onto any given FPA. This can be done for
any wavelength λ in the FPA sensor range of interest. Furthermore the model can be
used to create synthetic ctiograms of objects of interest to evaluate prospective CTIS
designs.
To get from the CTIS sensitivity equations to flat-field calibration ctiograms there
are three main steps.
The first step is to evaluate the sensitivity equations with a resolution finer than
that of the sampling of the ctiogram pixels. Examples of this are seen in Figures
5.7a-c which shows some examples of such evaluation for a number of representative
FPA projections.
Secondly, the effects of the integrating sphere source are incorporated by smoothing the results of the sensitivity function evaluation over the area of each ctiogram
projection. This is done because actual flat-field calibration images as shown in Figure 5.6a-b do not show the variation in irradiance inside each projection as shown
in Figures 5.7a-c. This smoothing does not take into account read noise; in systems
with good signal-to-noise ratios this does not add any visible effect. The synthetic
calibration images used in this research were generated in this fashion.
Another means of creating flat-field calibration images can be to adapt the procedure of Volin [1] in which he implicitly assigns the irradiance of each projection in each
wavelength to be the same as the value in the center of that projection obtained by
the point-based calibration procedure described in Section 2.4. However Volin’s construction of the system matrix assumed a discrete-to-discrete CTIS imaging system
formulation.
Finally, a simple polynomial fit in the FPA coordinates x0 and y 0 is made for each
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Figure 5.8. Cumulative percentage of enegy in the diffraction orders by wavelength.

Figure 5.9. A comparision between the flat-field synthetic calibration image (a)
and the corresponding image (b) obtained directly in the lab at λ = 450 nm.
ctiogram projection at each wavelength. The best approximation to what is actually
seen in the lab is to fit an average irradiance or power value over each particular
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Figure 5.10. A comparision between the flat-field synthetic calibration image (a)
and the corresponding image (b) obtained directly in the lab at λ = 550 nm.
projection, not too much unlike what Volin did. Since the irradiance is so smooth
over each projection a smaller number of spatial points - in this research, 11 × 11
- is used for surface fitting. This relatively small number of fitting points, is also
justified to mitigate numerical problems in the singular value decomposition (SVD)
based surface fitting algorithm from Numerical Recipes in C [24].
Synthetic calibrations can also be used to assist laboratory calibration by estimating the percentage of power (or energy) falling on projections for different orders.
This is useful in datacube reconstructions as such algorithms at present use information in a restricted number of projections. For example reconstructions in this study
use the 0th, 1st, 2nd and 3rd order projections. This corresponds to the central 7
× 7 ones. However at smaller wavelengths 4th order and sometimes 5th order (see
Figures 5.9 and 5.10) diffraction projections are seen and contribute to the total input
power at those wavelengths. Such synthetic calibration calculations provide informa-
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Figure 5.11. A comparision between the flat-field synthetic calibration image (a)
and the corresponding image (b) obtained directly in the lab at λ = 650 nm.
tion as presented in Figure 5.8 that can be used as correction factors in the datacube
estimations.
5.3.3

Comparison Between Synthetic and Laboratory Calibrations

Figures 5.9, 5.10 and 5.11 compare laboratory flat-field calibration citograms made
in October 2009 with their synthetic counterparts. These side-by-side comparisons
are made at representative wavelengths of 450 nm, 550 nm and 650 nm.
These show that there are more difference than similarites in the projection irradiances between the ideal synthetic and the actual laboratory images. There is
rough agreement in the bluer wavelengths, but agreement is more qualitative than
quantitative.
This merits further investigations. The disagreement between synthetic and laboratory images is most likely due to imperfections in the fabrication of the actual CGH
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disperser. The synthetic flat-field calibration image construction from Equation 5.13
assumes a perfect CGH disperser with no aberrations present in the CTIS optical
elements.
The CGH imperfections include roughness of the unit cell surfaces, and the quantized nature of the unit cell depth depths. There could also be large scale imperfections in the disperser that may extend over its entire area.
Future work will deal with some of these issues via modifications of the CTIS model
equations described in this chapter. The modeling of other disperser imperfections
(as well as wavefront aberrations in the optics) will likely require more extensive
mathematical and numerical techniques such as vector diffraction and finite element
analysis.
However, even though synthetic calibration images do not agree very well with
laboratory obtained images, useful calculations of crosstalk matrices and datacube
reconstruction have been made as will be presented in Chapter 7. Refinement of the
synthetic procedure is of course necessary; concordance between synthetic and actual
laboratory calibration is always beneficial.

5.4

CTIS Calibration Factor Determination and its Astronomical Application

In practice, ctiograms obtained at the telescope have pixel values not in Joules, ergs,
electrons or other physical units, but in discrete units. The camera records energy on
the FPA usually as 16-bit integers (ADU). This motivates getting a conversion factor
to obtain physically meaningful units from the raw ADU integers.
This conversion factor is equivalent to the square of the quantity ²(λ) integrated
over both the object cube support in x, y and λ via Equation 2.6 which is the
continuous-to-discrete formulation of the imaging process and over each pixel m as
described by hm (r) in Equation 5.13. The CTIS CD operator H delivers a total
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amount of energy in Joules over an exposure time in seconds, but is recorded in ADU
units.
Hence the goal of calibration is to get a time normalized ADU-to-Watts-second
(i.e. ADU-to-Joules) conversion factor so we can get an energy from each pixel of a
ctiogram after arbitrary exposure times.
This section describes in detail how this conversion factor is measured; this ties
together laboratory calibration procedures described in Section 5.3.1 and the CTIS
system model described in Equation 5.13. This radiometric calibration procedure for
the CTIS was developed by Dan O’Connell [50]. The laboratory procedure have most
recently been inplemented at Hnu Photonics LLC in Wailuku, Hawaii by E. Keith
Hege and Oscar Martinez over the period of September 2009 to January 2010.
To begin, monochromator output, fed by a stabilized lamp (power ± < 1%), is
focused onto the CTIS FOV, is measured by a NIST secondary reference power meter
which is a United Detector Technologies (UDT), Model 221 photodetector. This is
recorded as the power ϕλ in units of Watts for each point spread function (PSF)
Vλ (x0 , y 0 ) observed.
During the calibration procedure, a number of calibration frames, denoted by
vi,λ (x0 , y 0 ) are acquired at each wavelength where i = 1 to Nλ . The units of vi,λ (x0 , y 0 )
are in ADU. The frame exposure time ti,λ is chosen at each λ for each ctiogram to
yield both a desired signal to noise ratio (SNR) and to make sure no ctiogram pixel is
saturated. The monochromator bandpass ∆λ is a constant for the entire calibration;
usually it is 5 nm but can be different depending on circumstance and / or application.
Dark frames are also collected, for the corresponding exposure times at each wavelength, also with sufficient SNR not to add significant noise to the expected zero-mean
noise of the dark corrected PSFs.
The calibration conversion factor we want relates the energy in ADU recorded in
each calibration ctiogram to the power ϕλ incident on it during the exposure time,
as Joules equals (Watts · second).
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This means that the calibration factor denoted τλ is in units of Watts / (ADU
/ second) for each wavelength. The units of τλ are equivalent to (Watts · second) /
ADU for each wavelength λ.
The first step in getting τλ is to take the calibration citograms vi,λ (x0 , y 0 ) and
remove dark frame information. This removes bias from the images to get zero-mean
noise. That is, the dark corrected calibration citograms denoted by vd,λ (x0 , y 0 ), still
in units of ADU are for each λ
0

0

PNλ

vd,λ (x , y ) =

i=1

vi,λ (x0 , y 0 ) − Darki (x0 , y 0 )
,
Nλ

(5.14)

which are averaged over the set of Nλ calibration and dark ctiogram images in each
wavelength. The total energy Eλ in ADU recorded on the dark corrected citograms
for each wavelength is
N

Eλ =

Nx0
y0
X
X
1

vd,λ (x0 , y 0 ),

(5.15)

1

where Nx0 and Ny0 are the number of pixels in the x0 and y 0 FPA coordinate directions
respectively.
The calibration conversion factor τ (λ) is then the incident power in Watts normalized by the ctiogram energy in ADU accumulated per time for each dark corrected
calibration image. That is

τλ [W atts/ADU/second] =

ϕλ [W atts]
,
Eλ [ADU ]/t̄λ [second]

(5.16)

for each given wavelength λ. The mean exposure time corresponding to Eλ and
vd,λ (x0 , y 0 ) is t̄λ .
Finally, the calibrated PSF Vλ (x0 , y 0 ) in units of Watts · second (i.e. Joules) at
wavelength λ is the dark corrected calibration ctiogram multiplied by the calibration
factor τ (λ) which is
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Vλ (x0 , y 0 )[W atts · second] = vd,λ (x0 , y 0 )[ADU ] · τ (λ)[W atts · second/ADU ]; (5.17)
we note that the PSF can be time-normalized to units of Watts since that the energy
collected in one second has the same numerical value as the power.
This of course merely radiometrically calibrates the basic CTIS. A further calibration of the system, for use in astronomical imaging, requires further procedures
common to calibration of astronomical observations, to account for the air-mass FA
which is a function of the zenith-angle, transparency and λ, telescope aperture collection area AT el , and telescope optics ηO (λ) transmission. Of those factors, the hardest
to estimate is wavelength dependent transparency.
A common practice is to observe a known reference standard star, for which a
single calibration factor fC (λ) approximates (FA ·AT el ·ηO ) to the precision with which
the conditions of observation of the standard match the conditions of the observation
being calibrated. For that purpose Hege and O’Connell [3] also observed a number
reference standard stars. Here it is possible to estimate an effective τλ for a CTIS in
astronomical applications.
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Chapter 6

Algorithms and Their Implementation
The purpose of this chapter is to describe the evaluation of system and crosstalk
matrix elements as described in Chapters 3, 4 and Appendix B. A key to efficient calculations of these quantities is the exploitation of redundancies of flat-field calibration
images described in Chapter 5 that describe the CTIS.
The entire enterprise of computing crosstalk matrix elements and matched filter
estimations of datacubes can be an extremely tedious task involving large amounts
of memory and computer time. This chapter describes how CTIS system matrices,
crosstalk matrices and datacube estimates are calculated.
Two ways for reducing the memory and runtime demands for these type of calculations are (1) lookup tables for the fast computation of system, crosstalk and
reconstructor matrices, and (2) parallel programming.

6.1

System Matrix Calculations

In order to compute crosstalk matrices and datacube reconstructor operators with
any suitable expansion function, system matrices need to be constructed.
For example in the Fourier case, each column of Ψ is a projection of φk (r) onto
the focal plane array as denoted by the term H{φk (r)} in Equation 3.9. Similarly
for the Wavelet system matrix Ω each column of that matrix is the ctiogram of the
projection of a wavelet expansion function.
The computation of each H{φk (r)} follows a simple algorithm of which the details
to be described presently:
1. Flat field calibration images are made at a series of wavelengths in the range of
interest; either synthetically by evaluation of the CTIS sensitivity functions hm (r
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by Equation 5.13 or from experiment. These images are discussed in Chapter
5.
2. At each flat-field ctiogram of wavelength λ the projections are multiplied by
corresponding wavelength slices of φk (r) reduced by the factor µ which is the
ratio of the CTIS re-imaging lens focal length to the collimating lens focal
length (freim /fcoll ) and weighed by the FPA pixel spectral response function
value R(λ).
3. These results of steps (1) and (2) are added together.
Some examples of these H{φk (r)} ctiograms are presented later in this chapter.
However, the full computation of any system matrix has a big obstacle. It is
storage of the system matrix. In general even an the approximate object cube fa (r)
and its corresponding datacube estimate fˆa (r) still must contain a very large number
of terms. The number of terms will be on the order of hundreds of thousands or up
to a few millions to get even a passable object approximation. The size of the system
matrix is that large number of expansion functions multiplied by the size of an FPA
image. Each such image could be on the order from one to over a dozen megabytes,
especially for cameras that could have FPA arrays of 4K × 4K pixels. In fact, if
high spatial resolution is required in datacube reconstruction FPA arrays with large
number of pixels are preferred. The result is that even a modest system matrix will
require terabytes of disk storage. Sparse matrix routines will not help significantly
since a significant order of 25 to 50 percent of the FPA pixels are still non-zero. This
makes crosstalk matrix calculation and analysis and datacube estimation much more
difficult.
Finally, the last obstacle is a loss of flexibility in general CTIS system analysis.
The size and complexity in the calculations of system and by extension crosstalk
matrices makes it difficult to change parameters in the CTIS system model such as
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lens focal lengths, FPA pixel size and number, and CGH designs that can result in
better design choices. Exploring different options in expansion function design for
wavelets and Gabor functions that can result in better system performance, analysis
procedures, as well as more efficient datacube estimation is greatly curtailed.
6.1.1

System Matrix Approximations as Lookup Tables

Lookup tables make highly redundant ctiogram generation information common to
all crosstalk matrix and matched filter calculations independent from those expansion
functions. This makes CTIS system analysis more flexible and efficient.
Lookup tables store parameters needed to generate flat-field calibration images.
These parameters can be obtained from synthetic calculations or laboratory measurements. This also eliminates the need to explicitly store literally many millions of
pixels of data and replaces these with a table often takes less than a megabyte of disk
space.
Synthetic flat-field calibration images described in Chapter 5 are encoded by the
sensitivity function set / CTIS system model hm (r) and vice-versa. As in laboratory
calibration image sets, these calculations are done only once for each set of sensitivity
functions corresponding to a particular CTIS configuration.
That is the CTIS forward model can be configured into a computable form since
Equations 5.13 contains a great deal of redundant information at each wavelength.
This information can be easily be stored in a table.
Laboratory calibration sets have an advantage in that there are no explicit calculations of the projection irradiances; they are just recorded and measured as image
pixel values. Supplementary radiometric measurements as mentioned before convert
these pixel values to Watts or Watts / m2 . Usually Watts is the chosen unit as
one usually measures the total power coming out of each pixel; irradiances can be
computed by dividing each watt value by the constant pixel area.
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Knowledge of the locations and sizes of each projection enables more redundant
information to be removed. Let η̃pq (µx, µy, λ) denote the irradiance or number of
Watts inside the (p, q) projection at wavelength λ in either a synthetic or laboratory
calibration image. There are 2P + 1 × 2Q + 1 of these objects for P and Q diffraction
orders in the x0 and y 0 FPA coordinates respectively that fit on the particular one
used. That means p ranges in value from −P to P and q from −Q to Q.
These projections have a cross section area of µSx × µSy mm2 where Sx and Sy
are the field stop sizes in x and y respectively. They can be stacked into L layers
where L is the number of wavelength bands or equivalently the number of calibration
images.
Each of these intermediate objects are reduced copies of a unit object cube
weighted by the diffraction intensity or ”grating efficiency” at each order and wavelength in the CGH prescription as well as the FPA pixel spectral response function
R(λ) which is material dependent.
To further reduce redundant information and enable more effective tabular storage
of CTIS system information the values of η̃pq (µx, µy, λ) are converted into a three
dimensional object in (µx, µy, λ) for all diffraction orders and wavelengths. This is
justified since the spatial part of this function is rather flat in all directions as one sees
in laboratory calibrations (e.g. in Figures 5.9b, 5.10b and 5.11b). Furthermore the
variation of grating efficiencies in each projection over λ is also quite smooth. This
means the information in η̃pq (µx, µy, λ) is very redundant and can easily be stored
in a lookup table so that complete rows of the corresponding system matrices can
be recovered efficiently. This enables computations of crosstalk matrix elements and
expansion function coefficient estimates to be made without storage of the entire set
of calibration ctiograms in memory. Each distinct CTIS system has its own lookup
table.
By these approximations the CTIS system information needed to compute system
matrices for fixed CGH, hardware and optics configurations is performed just once.
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This is what is stored in the tables;
1. CGH information including unit cell size, geometry, phases, replications and
disperser size,
2. focal lengths for the objective, collimating, reimaging lenses and the exit pupil
size,
3. wavelength information including the range, the center value and the number
of wavelength-discrete samples,
4. the number and size of pixels on the FPA and the spectral response function
R(λ) for each wavelength value,
5. the size of the field stop aperture and the projected size of that on the FPA in
both mm and pixels,
6. the number of diffraction orders that can fit on the FPA and the positions of
all the field aperture projections for each wavelength,
7. the value of the grating efficiencies for all wavelengths in the range of the particular CTIS design.
The lookup tables are independent of expansion functions used. System matrix
information corresponding to a different number of expansion function systems can
be done independently and in parallel.
The computation of H{φk (r)} or the kth column of an system matrix corresponding to the object cube expansion function φk (r) then consists of the projection of that
function onto the FPA to get a ctiogram of that object.
This is done by multiplying each η̃pq (µx, µy, λ) reduced (by a factor of 1/µ, where µ
is the ratio of collimating to reimaging focal lengths) copy of that expansion function.
That is we obtain a reduced weighted version of φk (r):
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φ̃pqk (µx, µy, λ) ≡ η̃pq (µx, µy, λ)φk (x, y, λ).

(6.1)

This combined result in Equation 6.1 is discretized for the particular FPA geometry and pixel size using standard interpolation routines. Since the location of all the
field aperture projections at all the (p,q) orders are known for all wavelengths each
layer of φ̃pqk (µx, µy, λ) is added cumulatively to these particular pixels to complete
the evaluation of the ctiogram corresponding to H{φk (r)}
Another important feature of these lookup tables is that individual columns of
a particular system matrix can be computed independently. From that individual
elements (or sets) of any crosstalk matrix as well as (sets of) individual matched filter
expansion coefficient estimates can be computed on high performance (i.e. massively
parallel processing) computers. This implies that the entire system matrix need not
be computed at once and stored but individual columns quickly computed as needed.
Furthermore the lookup tables code the physics and operational parameters in
the CTIS model sensitivity functions. These provide flexibility in crosstalk matrix
calculations in that an entire system matrix, whether it be Ψ for the Fourier functions,
Ω for wavelets or for other suitable systems need not be computed. Only the pieces
of the system matrix that are needed to compute arbitrary elements or blocks of
elements of the crosstalk matrix can be computed as needed.
A big issue in computing crosstalk matrices and expansion coefficient estimates
is disk space memory. Even though an object cube as actually represented in these
calculations as being represented by a finite number of expansion functions, this
number is usually very large. Here the savings in memory that lookup tables provide
as opposed to the explicit computation and storage of an entire system matrix is
considerable. First consider the following table which lists parameters for two CTIS
system models used in this dissertation:
The two models differ from each other in lens focal lengths and in the detector

145

Figure 6.1. The IDL GUI interface for construction of CTIS system lookup tables.

Figure 6.2. The IDL GUI for construction of CTIS system lookup tables from
calibration images obtained in the laboratory.
configurations. Model 1 was used in algorithm development and debugging. Model 2
represents the CTIS currently in use in Hawaii for astronomical observations.
The storage of these lookup tables is far less than the storage of a fixed size large
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Table 6.1. CTIS System Models
System Parameters
fcoll (mm)
freim (mm)
FPA Pixel Size (µm by µm)
Number of FPA Pixels
Field Stop Size (mm by mm)
Number of Projections
Projection Size in Pixels
Wavelength Range (µm)
Number of Wavelengths
Number of Expansion Functions
Max. Spatial Frequency - 1/λF (lp/mm)
Max. Spatial Frequency on FPA (lp/mm)

Model 1
50
28
9×9
400 × 400
1×1
9
63 × 63
0.42 − 0.735
64
4.19 × 106
128
56.4

Model 2
70
26
8×8
1004 × 1002
1.5 × 1.5
49
71 × 71
0.42 − 0.735
64
1.68 × 107
171
62.5

system matrix. Table 6.2 illustrates this for the same systems listed in Table 6.1. The
system matrices listed in this latter table are assumed to be the Fourier (Ψ) ones.
Table 6.2. Size of CTIS System Matrix Information
Type of System Matrix File
Full Matrix in Complex Double Precision
Matrix with Sparsing (estimated)
Model Based Lookup Tables

Model 1
10 T B
500 GB
57 KB

Model 2
40 T B
2 TB
263 KB

To generate the lookup tables, information needed to compute these are read into
a GUI (graphical user interface) written in the IDL programming language [51]. The
interface is simple (see Figure 6.1).
Lookup tables generated from sets of experimental calibration images can also
be made using a different IDL GUI that reads in calibration images and wavelength
dependent radiometric data then computes the tables. The GUI interface for this is
shown in Figure 6.2.
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6.2

Parallel Computing

As was shown in Tables 6.1 and 6.2 the size of both the system and crosstalk matrices
as well as the complexity of the calculations requires a good deal of computational
resources. However, the compressive coding of the CTIS system information into
lookup tables as well as mathematical structure of the crosstalk matrices makes parallel computation very attractive.
The software to do this is in the form of a library of subprograms for C, C++, and
Fortran compilers called the Message Passing Interface (MPI). A complete description
of this is beyond the scope of this dissertation, but the interested reader can consult
[52] and [53] for more details.
Three parallel computing systems were used for the computations of crosstalk
matrices and datacube estimators / reconstructors. They are listed in Table 6.3. The
Bach / Aquarius system is a pair of linked Linux servers at Steward Observatory,
Department of Astronomy, University of Arizona. The Beowulf cluster Hydra2 is
located at the Center for Gamma Ray Imaging, Radiology Department, also at the
University of Arizona. Finally, the third system Jaws was located at the Maui High
Performance Computing Center (MHPCC), located in Kihei, Hawaii. MHPCC is an
United States Air Force facility. It is now replaced by a larger high performance
computer system called Mana since October 2009.
Table 6.3. Parallel Computer Systems Used for Calculations
System
Bach/Aquarius
Hydra2
Jaws

System Type
Linked Servers
Beowulf Cluster
Blade Server Cluster

Processors
4
60
5120

In these parallel computations, the CTIS system lookup tables are loaded onto
each processor. Sets of expansion functions singly (for datacube estimations) or in
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pairs (for computation of element blocks in the crosstalk matrices) are then independently assigned to each processor.
Crosstalk element blocks are usually written independently on each processor,
then collected into a designated home directory for transfer onto a desktop computer
for storage and further processing.
In datacube estimation, the matched filter computed expansion function coefficients are handled in a similar fashion as crosstalk matrix element blocks. After that,
further processing is done where they are collected together on a single file and an inverse three-dimensional transform made on the coefficients to complete the datacube
calculation.

6.3

Computation of System and Crosstalk Matrices: A Netcentric Approach

The CTIS system lookup tables described in Section 6.1 mitigate the need to compute entire (really ones with large numbers of expansion functions) system matrices.
Since this formulation is expansion function independent as well, this combined with
parallel computation with software environments such as MPI enables a wider array
of analyses using crosstalk matrix elements. What sort of things can now be done?
• Arbitrary blocks of crosstalk matrices can be made in order to investigate the
effects of aliasing or optical aberrations for any arbitrary sets of expansion
functions; some expansions may be better or more useful than others depending
on the task.
• Any given single block of a crosstalk matrix can be examined at any arbitrary
resolution.
• Effects on the CTIS due to changes in the optics, CGH, and FPA geometry
can be explored simultaneously by simply loading separate lookup tables each
coding the changes into separate processors.
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The rest of this section details some small-scale visualization tools that can be
run on desktop systems. These GUI tools can be used to glean results that are useful
in the planning larger scale parallel calculations.

Figure 6.3. The IDL GUI interface for construction of sets of either pointwise or
flat-field synthetic calibration images.
Although entire system matrices need not be computed, small scale calculations
can be made to simulate and test calibration procedures by means of an IDL GUI
(Figure 6.3). Changes in CTIS forward model parameters that may raise or resolve
issues in experimental calibration can be examined. Sets of either flat-field or existing
(point-like) synthetic calibration images can be generated. Some of the figures in
Chapter 5 were generated by this program.
Since individual columns of Fourier, Gabor or Wavelet system matrices are but
the projections of those functions onto FPA devices, a visualization tool has been
developed to take a look at these ctiograms. Figure 6.4 reads in a CTIS model
lookup table and selects a color palette. A three-dimensional expansion function such
as the Fourier or Morlet wavelet is chosen, then projected onto the FPA specified
by the model. In addition, Gabor function ctiograms (see Appeendix B) can also be
generated.
The real and imaginary parts of the chosen expansion function ctiograms are
displayed and one has the option of storing these images. Examples of Fourier and
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Figure 6.4. The IDL GUI interface for projection of three-dimensional expansion
functions onto an FPA as ctiograms. When concatenated into one-dimensional arrays,
these are columns of a system matrix or rows of the matched filter reconstructor
matrix.
Morlet wavelet projections are given in Figures 6.5 and 6.6 respectively.
These system matrix related calculations can be used to glean particular details
of how the particular CTIS models and expansion functions affect each other and the
structures of system and crosstalk matrices. Aliasing can also be examined in greater
detail from the individual expansion function level.

6.4

Computations of Datacube Estimates

This is a fairly simple procedure, done on parallel systems. Once a collection of expansion functions are selected for datacube estimation (these are most likely a subset
of the elements used for analysis of the imaging system), the CTIS system lookup
tables are loaded in the parallel system processors, and the normalized matched filter
estimates of the expansion coefficients of the datacube are computed.
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Figure 6.5. An example of a ctiogram of a Fourier expansion function generated
by the GUI shown in Figure 6.4 with a system design featuring a 3 × 3 diffraction
pattern: (a) Real Part, (b) Imaginary part.

Figure 6.6. An example of a ctiogram of a Morlet wavelet expansion function
generated by the GUI shown in Figure 6.4 with a system design featuring a 3 × 3
diffraction pattern: (a) Real Part, (b) Imaginary part.
The system lookup tables are used to create complex conjugates of the projections
of the expansion functions (actually the sign of the projection of the imaginary part
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of the expansion function is just flipped). These expansion function projections are
multiplied element-by-element with the data ctiogram to get the matched filter coefficient. In this procedure, crosstalk matrix codes that are modified to compute diagonal
elements are easily modified to handle matched filter / normalized matched filter expansion coefficient estimation. Input data files similar to those used in crosstalk
matrix element calculation are used to assign sets of expansion function elements to
each processor.
As storage technology improves, it may be possible for some modest cases to
actually store entire reconstructor matrices; these are essentially complex conjugate
transposes of the system matrix. This is feasible should a particular imaging system
design be fixed with the reconstructor ’hardwired’ into a suitable computer chip.

Figure 6.7. The IDL GUI interface for projection of test object cubes onto a
ctiogram for datacube estimation test calculations. When concatenated into onedimensional arrays these are data vectors g.
In testing how well a CTIS imaging system performs in the design phase or in analyzing how it actually performs in the absence of real data, synthetic data ctiograms
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Figure 6.8. The projection of a three dimensional Gaussian function onto a ctiogram
corresponding to a design with a 3 × 3 diffraction pattern; this was generated by the
GUI shown in Figure 6.7. The image is plotted in a log10 scale to make all the
projections easily visible.

Figure 6.9. The projection of a simulated Hubble telescope hyperspectral object
cube onto a ctiogram corresponding to a design with a 3 × 3 diffraction pattern; this
was generated by the GUI shown in Figure 6.7. The image is plotted in a log10 scale
to make all the projections easily visible.
can be generated. Figure 6.7 illustrates a GUI used to generate test images; a CTIS
system lookup table is read in as well as an object cube of a synthetic object; two
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examples are a 3D (spatial-spectral) Gaussian and a simulated object cube of the
Hubble Telescope generated by Michael Hart at Steward Observatory at the University of Arizona.
The projections of these objects though a CTIS model with 3 × 3 diffraction
orders are illustrated in Figures 6.8 and 6.9 respectively. The ability to generate
test images and then perform datacube estimation from these is a very useful tool in
system design, and in testing and debugging new datacube estimation algorithms.
From either synthetic images or those obtained at the telescope, once the matched
filter expansion coefficient estimates are obtained, then inverse 3D transform calculations have to be made to finish the job. The expansion function ordering also plays
a crucial role in this; if these are ordered correctly there need not be any other intermediate step(s) in the reconstructions. The final inverse transform steps involve the
following:
• In Fourier reconstruction, the estimated expansion function coefficients are
processed directly using the inverse 3D FFT.
• For dyadic wavelet reconstructions, the expansion functions were multiplied by
scaling factors such that (see the concluding remarks in Appendix D) all the 3D
blocks of coefficients representing the subbands only need to be added together
pointwise.
• A big advantage in using dyadic wavelets is that the spatial-spectral locality
of these functions can be used to concentrate the expansion function set to
reconstruct arbitrary small volume(s) of the datacube if the object being imaged
is compact spatially and/or spectrally. This requires less expansion functions
to estimate which makes computations faster and more efficient.
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Chapter 7

Calculations
There are four main themes to the calculations presented in this chapter here arranged
in four sections.
The first section deals with object detection in the presence of noise on the FPA
array which comprises a ctiogram. The forward model of the CTIS expressed by
the sensitivity equations {hm (r)} allow us to make simulations from which we compute receiver operating characteristic (ROC) curves and system figures of merit as
described in Chapter 2.
Section 2 discusses calculations with the Fourier crosstalk matrix (FCTM). Here
the missing cone of Fourier frequencies can actually be gleaned from its diagonal
elements.
Section 3 discusses proof-of-concept calculations with the wavelet crosstalk matrix
and wavelet matched filter reconstructions.
The fourth section presents astronomical datacube reconstructions from some actual ctiograms recorded by the CTIS, and how these are affected by the missing cone.

7.1

Detection Characteristics of the CTIS System

The tools of Objective Assessment of Image Quality (OAIQ) were applied to the
CTIS in the simulated task of the (SKE/BKE) detection of a binary star companion.
In this simulation the decision based strategy is the use the best linear, or Hotelling
observer. The data here from which the companion is to be detected are ctiograms
as described in Section 2.6, with very explicit mathematical details of this in [11] and
[27].
This analysis will be done by constructing ROC curves, and from those extracting
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figures of merit such as the area under the curve (AUC) and the detectability dA described by Equation 2.39. Futhermore the Hotelling Signal-to-Noise (SNR) (Equation
2.34) is also calculated here .
This application of OAIQ in astronomy for the detection of faint objects done here
follows much from a similar OAIQ simulation by Caucci et al [31] for the detection
of exoplanets.
7.1.1

ROC Curves and Corresponding Figures of Merit

Figure 7.1. Panchromatic images of the simulated binary star used in the ROC
curve calculations plotted in log scale: (a) the companion and binary at the same
visual magnitude, (b) the companion on the left is five magnitudes fainter. The PSFs
for each star overlap significantly.
The first step in these calculations was the setting up of the signal-known-exactly
(SKE)and the background-known-exactly (BKE). The entire object being simulated
is a binary star whose primary component has a visual magnitude mv of 3.0 with
spectral type M0III, a red giant star. The companion has a spectral type of A5V
which is a hotter white main-sequence star. The visual magnitude of the companion
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was varied between mv 3.0 and 9.0 A background sky spectrum is assumed. The
companion had a fixed position and distance from the primary. The distance between
primary and companion stars was chosen to be a fraction of the PSF size so that the
ROC calculations would include effects of both read noise and photodetector noise.
This is illustrated in Figures 7.1a and b.
The background known exactly consists of the background sky spectrum and the
primary star in the binary system. The signal known exactly is the companion star in
the binary system. These simulations are ”bare-bones” as they do not include object
nor background variability.
The CTIS model used in the simulations was ”Model 2” in Table 6.1 in Chapter
6. This system was used in Hawaii in 2007 attached to a telescope with a primary
mirror diameter of 3.67 meters and a secondary of 25 cm in diameter for a clear
aperture of 10.53 m2 . The field of view in the CTIS is given as 35”. 5 by 35”. 5 where
” is arc-seconds (3600 arc-seconds equal one degree; the full moon’s diameter as seen
from Earth is roughly one-half degree or 1800 arc-seconds).
The (long-exposure) two-dimensional spatial profile of stars at the field stop where
the objects are defined is given by the Moffat point spread function (PSF) [54] which
is a function of the angular distance r in arc-seconds. At a wavelength λ this is
"

µ

Iλ (r) = I0 1 +

r
α(λ)

¶2 #−β
(7.1)

where β is a shape parameter and α(λ) is a width parameter. The units of Iλ (r) are
spectral irradiance, that is W atts/meter2 µm. Furthermore

α(λ) = 1.183

λ
r0 (λ)

(7.2)

for a value of β of 2 [55]. The function r0 (λ) is
µ
r0 (λ) = r0 (0.5)

λ
0.5

¶6/5
,

(7.3)
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with r0 (0.5) being 10 cm. The parameters for the Moffat PSF in Equations 7.1, 7.2
and 7.3 are applicable for large telescopes [56] and those that have adaptive optics
(AO) capability [57]. However the simulation here is not explicitly for an AO system,
as the PSF here is somewhat simplified.
In the λ direction the spectra for both binary star components are scaled versions
of library stellar spectra compiled by Jacoby et al [58]. In [58] the units for the spectra
are spectral flux with units mW/m2 Ao . The unit Ao is in Angstroms; 1Ao is 10−10 m.
Since the spectra used were identical to the corresponding library spectral signatures
the flux values at each wavelength Fλ are all scaled from the corresponding library
(LIB)

spectral value Fλ

by the relation [59]:
"
mv − m(LIB)
= −2.5 log
v

Fλ
(LIB)

Fλ

#
.

(7.4)

Figure 7.2. The background spectrum used in the ROC simulations.
Next the background sky spectrum used for the BKE is an average obtained at
Mauna Kea in Hawaii over a solar cycle [60] and over a series of lunar illuminations
[61]. A text file containing this spectrum (shown in Figure 7.2) used in this disserta-
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tion is found on the Gemini Telescope website (http://www.gemini.edu). The units
for this spectra are spectral radiance: W atts/(nm arcsec2 m2 ). The background sky
brightness is assumed to be 20.8 magnitudes / arcsec2 which corresponds to a 7-day
old moon. As Figure 7.2 shows this adds on the order of 60-80 counts per pixel to
the panchromatic central order on a ctiogram.

Figure 7.3. Ctiograms of the simulated binary used for the ROC calculations plotted
in log scale. They include the background which includes both the primary star and
background sky, noises, and the companion star signal. The companion here has
visual magnitude 8.0; the companion 3.0. The exposure times are (a) one second and
(b) ten seconds respectively.
The computer codes used to generate the ctiograms for the signal, signal plus
background and the background performed the necessary conversions. The units for
each pixel were given in Watts instead of the irradiance units W atts/m2 removing the
constant pixel size factor from all of the calculations. These values were converted to
counts (or electrons) as the quantum efficiency of the particular FPA as a function of
wavelength had been measured at Hnu Photonics in Maui (see Chapter 5) as part of
the CTIS calibration process at a given exposure time.
The Gaussian noise part used in the calculations of the ctiogram covariance matrix
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Kg in Equation 2.33 and the Hotelling SNR in Equation 2.34 had a standard deviation
σm of 15 counts for each pixel m on the FPA. For the other noise in the system also
represented by the covariance matrix, the Poisson noise n̄m on each FPA pixel in
field from the binary star and background was computed with codes from the book
Numerical Recipes in C [24]. Two examples of such ctiograms are presented in Figures
7.3a and b.
T
The test statistic was computed via Equation 2.32 with the template matrix wHot

described by Equation 2.31. In these computations 100 ctiograms with background
and noise and 100 more ctiograms with background, noise and signal were generated,
with different noise realizations for each one. The covariance matrix Kg was also
regenerated for each computation of the test statistic. From these tabulations ROC
curves and corresponding figures of merit were computed as mentioned in Section 2.6.

Figure 7.4. ROC curves for the CTIS with simulated binary star data with a 3rd
magnitude primary and secondary with varying brightness. In these calculations, the
exposure time was one second.
From the ROC curves and the noise parameters for the CTIS and the ctiograms
the AUC, the dectability dA and the Hotelling SNR SN R[SKE/BKE, Hot, g]2 were
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Table 7.1. Detection Figures of Merit Binary Star 1 Second Exposure
Time with Primary mv = 3.0
Companion mv
3.0
4.0
5.0
6.0
7.0
8.0

AU C
1.000
1.000
1.000
1.000
0.998
0.726

dA
∞
∞
∞
∞
4.073
0.850

SN RHot
41.5746
18.9889
8.2632
3.5749
1.5460
0.6512

Figure 7.5. ROC curves for a simulated binary star with a 3rd magnitude primary
and 8th magnitude secondary for varying exposure times.
calculated and are presented in Tables 7.1, 7.2 and 7.3.
There were three sets of ROC calculations. First separate ROC curves were computed with the binary companion varying in brightness from visual magnitude mv of
3.0 to 8.0 all with one second exposure times. Some of these are plotted in Figure 7.4.
The ROC curves for the companion brighter than 7th magnitude had AUC values of
unity and were not plotted. The detectability of the companion for such a short ex-

162

Figure 7.6. ROC curves for a simulated binary star with a 3rd magnitude primary
and 9th magnitude secondary for varying exposure times.
Table 7.2. Detection Figures of Merit Binary Star with Primary mv = 3.0
and Companion mv = 8.0 at Various Exposure Times
Exposure T ime(sec.)
1
2
5
10

AU C
0.726
0.988
0.933
0.996

dA
0.850
3.192
2.119
3.748

SN RHot
0.6512
0.8820
1.2985
1.7228

Table 7.3. Detection Figures of Merit Binary Star with Primary mv = 3.0
and Companion mv = 9.0 at Various Exposure Times
Exposure T ime(sec.)
2
5
10

AU C
0.822
0.861
0.987

dA
1.305
1.534
3.150

SN RHot
0.3715
0.5568
0.7457

posure time deteriorated rapidly once the star got fainter than 7th magnitude. Table
7.1 presents the corresponding figures of merit for this set of calculations.
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The next two sets of ROC curves (Figures 7.5 and 7.6) and the corresponding
Tables 7.2 and 7.3 neatly show the improvement in detection performance when the
exposure times are increased. Here the companion star’s brightness was fixed at 8th
magnitude for Figure 7.5 and 9th magnitude for Figure 7.6.
The ROC curves in Figures 7.4, 7.5 and 7.6 reflect the effects of FPA pixel read
noise. In particular, the change in AUC shown in 7.4 between the two curves is larger
than expected if there is no such noise. Similarly in Figures 7.5 and 7.6 if there is no
read noise for example, a 10× change in exposure time should have approximately
the relative effect on the AUC.
Finally, an interesting effect is seen in Figure 7.4 where part of the ROC curve
(the same curve is also in Figure 7.5) corresponding to the 8th magnitude binary
companion dips below the chance line. This merits a closer look and may be also be
FPA read noise related.
A more complete extension of the numerical simulations presented in this section
is planned.

7.2

Fourier Crosstalk Matrix Calculations

The calculations described in this section were done using the algorithms described
in Chapter 6 based on synthetic flat-field calibration images.
7.2.1

Computation Characteristics

The lookup table representation of the system matrix information reduces the amount
of clock time needed to compute each element of any crosstalk matrix independent
of the object cube expansion.
Note Table 7.4 which shows the clock time per processor needed to compute each
element. These times are similar between wavelet and Fourier cases; only the Fourier
results are presented. Descriptions of the systems used in this dissertation are given
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in Table 6.3 in Chapter 6. The total time for computing a given number of matrix
elements can then be estimated by factoring in how many processors and how many
elements are to be computed in each processor.
Table 7.4. Runtime Speed for Each Crosstalk Matrix Element per Processor
CTIS Model
1
1
2
2
2

System
Bach
Hydra2
Bach
Hydra2
Jaws

FPA Size
400 × 400
400 × 400
1004 × 1002
1004 × 1002
1004 × 1002

Clock Time (sec.)
0.25
0.25
6.29
6.29
1.01

Table 7.4 indicates that the number of pixels on each FPA discretized ctiogram
largely determines how fast the calculations can be since each element of a crosstalk
matrix is a scalar product of two expansion function ctiogram projections. Another
factor in clock speed is the particular processor in the computer system used to make
the calculations.
Furthermore runtimes are roughly quadratically scaled with the number of FPA
pixels for the same computer system. The numbers are also similar in reconstruction
where each projection has a scalar product with itself in normalized matched filtering
coefficient estimation. Note that the Jaws computer system is more advanced than
the other systems and accounts for the six-fold increase in speed for ctiograms of the
same size.
These results will be improved by increasing the efficiency of the computer codes.
Such improvements to be discussed in Chapter 8.2 by exploiting further redundancies
in the CTIS model that the lookup tables indicate.
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7.2.2

Display of the Crosstalk Matrices

The main use of the FCTM considered here is chiefly for the analysis and design of
CTIS systems. The computations of these are not easy; not because of the mathematics but because of the immense number of elements to compute even for a finite
set of expansion functions as listed on both Model 1 and 2 in Table 6.1. Calculations for Model 1, not shown in this document, were done for the purpose of software
development.
To begin with these matrices are extremely sparse and there is a challenge of
how to present these. Instead of presenting these ”as is,” what we did was compute
representative elements of these matrices within blocks or subblocks. This is equivalent to computing these corresponding to sublattices of Fourier frequencies in space
and wavelength. Furthermore, computing the Frobenius norm [33] for each block or
subblock, then plotting these values in place of the respective individual blocks of
crosstalk matrix elements, is a good way of summarizing the information in the entire
matrix. The Frobenius norm defined in Chapter 3 is just the sum (or norm depending
on the particular definition) of the absolute values of the matrix elements or subsets of
elements contained in the blocks. These blocks or subblocks can be chosen depending
on the spatial or spectral frequency regions of interest.
Figures 7.7a-d are examples of such a calculation for the finite Fourier crosstalk
matrix BN and the finite normalized FCTM ΓN . The Frobenius norms of elements
represented all spatial (x,y) Fourier frequency components sorted by Fourier frequency
in the spectral direction. That is the Frobenius norm elements represent aliasing
between Fourier frequencies in the λ direction. This particular choice of presentation
emphasizes system design issues important for spectral reconstruction. These figures
are plotted in linear (Figures 7.7a,c) and log scale (Figures 7.7b,d). The range of
spectral frequencies in these plots is between -310 and +300 line pairs / µm. Figures
7.7(a) and (c) are plotted in units of ρλ vs. ρλ0 and (b) and (d) in units of log(ρλ )
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vs. log(ρλ0 ).

Figure 7.7. Block Frobenius norm pictures of the following matrices corresponding
to the CTIS system which is Model of Table 6.1: (a) finite Fourier crosstalk matrix,
linear plot scale, (b) same as (a) but with a log plot scale, (c) finite normalized Fourier
crosstalk matrix, linear plot scale, (d) same as (c) but with a log plot scale.
It is expected that the Fourier expansion functions used in this system should
encounter aliasing amongst each other. This is due to the fact that these sinusoids
are chopped off to zero outside the range of the object cube. Aliasing gets most severe
when high frequency waveforms get chopped. Is is indeed the case in Figures 7.7a-d,
as both BN and ΓN are far from being diagonal which makes the combination of the
CTIS design with the chopped off Fourier expansion functions far from ideal.
In the spatial direction the (approximate) object cube expansion gets truncated
past a certain frequency due to the pixel sampling on the FPA. Consequently the
removal of those higher frequencies in the x-y direction does mitigate aliasing. This
is visually evident despite the fact spatial signatures lack higher resolution detail
due to the FPA sampling in the ctiogram data. Nevertheless there will always be
some spatial aliasing due to the fact that information with spatial Fourier frequencies
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greater than the FPA pixel sampling will not be reproduced correctly. When the FPA
pixel size tends to zero will these high frequencies (not in the missing cone, of course)
be reproduced correctly.
The spectral direction is another matter. There is no truncation of the Fourier
expansion of the approximate object cube in spectral frequency as measured in line
pairs / µm. As a result the expansion functions with the highest available spectral
frequency have more aliasing along the λ direction. This is responsible for the vertical
bar in ΓN as shown in Figures 7.7c-d. This same spectral aliasing does not show up
prominently in BN , but it is still there. This is why computing ΓN is often very
useful.
7.2.3

A Figure of Merit from the Normalized FCTM

Consider Figure 7.7c, which represents the finite normalized Fourier crosstalk matrix
Γ in Frobenius block norm format. A parameter χ is defined here as the ratio of the
sum of absolute values of elements in the diagonal to the corresponding values for the
entire matrix. If we have a perfect system χ is unity.
If we take increasing sized square submatrices of ΓN starting from the element on
the diagonal corresponding to the DC value and compute χ for each matrix subset
then χ is a function of |ρλ |. This is shown in Figure 7.8.
A ratio can be computed by dividing the area under χ(ρλ ) by that representing
the perfect system (which is all ones). In doing that for the curves in Figure 7.8,
this ratio for the CTIS system in use in Hawaii is 0.27. This value indicates a optical
system far short of optimal.
The analysis described in this section could be repeated with frequencies in the x
and y directions as particular applications demand.
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Figure 7.8. Figure of merit χ corresponding to the finite normalized Fourier
crosstalk matrix in Figure 7.7c as a function of spectral frequency.
7.2.4

The Fourier Crosstalk Matrix Diagonal and the Missing Cone

As mentioned in Chapter 3 the diagonal elements of B act as a transfer function,
as they measure the strength of their respective Fourier components in the data. If
these elements are arranged by spatial and spectral frequency into a three-dimensional
lattice, and then Fourier transformed, we get the CTIS point spread function (PSF).
The number of Fourier components used in this CTIS model for the object cube and
datacube is 64 × 64 × 64 = 262, 144 as given for the Model 2 CTIS.
Pictures of this transfer function are shown in Figures 7.9, 7.10 and 7.11.
The region showing the missing cone of frequencies for the CTIS is very prominent.
There is very strong peak at (ρx , ρy , ρλ ) = (0, 0, 0) in Figure 7.11 which is to be
expected.
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Figure 7.9. The top half of the three-dimensional rearrangement of the diagonal
elements of the FCTM by spatial frequency by ρx × ρy slices from ρλ = 0 to 310
lp/µm: (a) linear grayscale, (b) log10 grayscale. The missing cone for the CTIS is
clearly seen.

Figure 7.10. Three-dimensional rearrangement of the diagonal elements of the
FCTM also explicitly showing the missing cone
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Figure 7.11. The diagonal elements of the FCTM arranged by frequency in the
ρx − ρy plane at the value ρλ = 0 lp / µm; (a) linear plot scale, (b) log-10 plot scale.

Figure 7.12. The wavelength dependent values of the PSF for the CTIS system
obtained by Fourier transforming the diagonals of the FCTM at the spatial position
(x,y) = (0,0).
The PSF of the CTIS as given by the Fourier transform of the 3D array of the
diagonal elements of the FCTM is presented in Figures 7.12 and 7.13a. In these
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Figure 7.13. (a) (x − y) planes of the PSF of the CTIS system from the Fourier
transform of the diagonals of the FCTM from 540 to 615 nm. (b) The corresponding
normalized matched filter reconstructed datacube slices from a ctiogram of a voxel
located at (x, y) = (0, 0) with wavelength 580 nm.
figures the center of the FOV determined by the field stop has the x,y position of
(0,0).
It is useful to verify the algorithms by doing a corresponding normalized matched
filter datacube reconstruction of the ctiogram of a tiny voxel element located at the
center of the FOV with wavelength 580 nm. The spectrum of this object is a flat pulse
with a width of 5 nm centered at 580 nm. Even though the missing cone prevents
perfect reconstruction the PSF of the system can be examined and compared with
the Fourier transform of the FCTM diagonal.
Figure 7.13b presents datacube slices corresponding to Figure 7.13a. The two
figures do not quite match because the PSF in 7.13a has a coarser (64 × 64) resolution
than 7.13b which has a resolution of 512 × 512 for display. In addition making the
voxel smaller will also improve concordance between the two displays.
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7.2.5

Datacube Estimation

Figure 7.14. Slices at selected wavelengths of a three-dimensional Gaussian from:
(a) unprocessed object cube, (b) approximate datacube reconstructed from normalized matched filter estimated Fourier expansion.

Figure 7.15. Original and reconstructed spectrum of Gaussian object shown in
Figure 7.14a-b respectively.
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Figure 7.16. Slices at selected wavelengths of a hyperspectral simulation of the
HST from: (a) unprocessed object cube, (b) approximate datacube reconstructed
from normalized matched filter estimated Fourier expansion.
Two test datacube estimations / reconstructions were made with normalized
matched filtering in the Fourier object cube expansion. Here the Fourier expansion
coefficients were estimated, then the datacube reconstructed with a inverse 3D FFT.
The first test object was a 3D Gaussian. The second test object was a simulation
of the Hubble Space Telescope (HST) generated by Michael Hart ([62], [63]). These
calculations are presented in Figures 7.14 through 7.16. Figure 7.15 is the original
and reconstructed spectrum of the Gaussian.
Figures 7.14a and 7.16a are selected slices from the unprocessed object cube for
the Gaussian and the HST. Figures 7.14b and 7.16b are corresponding slices from the
datacube for those respective objects.
The main purpose of these calculations was code testing and proof of concept for
datacube reconstruction algorithms. Many pieces of the algorithms and computer
codes developed for these tasks are interchangeable between Fourier, wavelet and
other object cube expansions that may be used in future work.
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In operational use wavelet representations are preferred for datacube reconstructions from ctiograms. These calculations will be discussed later in Section 7.3.
The datacube slices shown are representative subsets of the entire reconstructed
object and are displayed with a resolution of 512 × 512 pixels each.
The Gaussian reconstructions served as an initial proof of concept for the algorithms, especially for the spectrum. They show some spreading in the spatial and
spectral directions. The spectrum is shifted a little bit in wavelength. A reconstruction of this 3D Gaussian in 2002 using iterative methods by Scholl et al [17] showed
a similar spreading and shift in wavelength.
The HST reconstruction focused on examining spatial detail. The reconstruction
was good despite the loss of resolution due to the coarser sampling of the FPA in the
ctiogram. The original HST object cube test object used here was a discretized 256
× 256 × 64 object in x, y and λ respectively. The object sampling was fine enough
for a reasonable approximation to a CD system; calculations were also done with a
discretized 512 × 512 × 64 object with no discernible difference in the result.

7.3

Wavelet Crosstalk Matrix and Matched Filter Reconstruction

In this dissertation, wavelets in the crosstalk matrix formalism for the CTIS are
chiefly used for datacube reconstruction via matched filtering and normalized matched
filtering. However some previous work by Qi and Huesman [64] in 2004 studied
wavelet crosstalk matrices for analysis of shift-variant imaging systems; their wavelet
expansion function system is a Haar basis (see Appendix D) used in the discrete
wavelet transform, which is not translation invariant. The wavelet system used in
this dissertation is an over-complete dyadic one, which is translation invariant. This
section will only concentrate on datacube estimation / reconstruction.
The particular wavelets used in this research were a three subband overcomplete
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Figure 7.17. Block Frobenius norm picture of the finite wavelet crosstalk matrix,
in linear plot scale for the Model 2 CTIS system.
system based on the quasi-continuous wavelet transform (QCWT) of Maes [40]. These
have been made into a dyadic wavelet system described by Mallat [34] consisting of a
low-pass scalar function and a high-pass mother wavelet which has been dilated once
to handle the intermediate resolutions between the scalar function and un-dilated
mother wavelet.
While the forward dyadic QCWT was not needed, the inverse transform was used
to take the normalized matched filter estimated expansion coefficients and get the
reconstructed datacube. A fast implementation of the inverse transform described by
Maes [40] and Teolis [43] was used.
The scalar function is a three-dimensional (x, y, λ) 3rd order B-spline and the
mother wavelet is a three-dimensional modified Morlet wavelet. This combination
was suggested in Maes. The widths of these functions was adjusted for the varying
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length scales between the spatial and spectral directions.
Figure 7.17 is an illustration of a representative subset of elements in a finite
wavelet crosstalk matrix (WCTM) for the CTIS in this particular wavelet system.
As with the FCTM in Chapter 7.2, this matrix ”as is” is very difficult to display.
Instead, the Frobenius norms of blocks of elements in the WCTM is displayed. The
normalized WCTM has a very similar structure and is not displayed here.
The structure of the CTIS WCTM is very regular and extremely sparse; much
more so than its Fourier counterpart. Although Figure 7.17 does not look sparse, the
use of the block Frobenius norm representation in the display of the WCTM BW,N is
very effective in teasing out the basic structure of matrices like this. Due to the nature
of the wavelet expansion function set, pairs of functions don’t really alias each other,
but instead overlap. The result is that blocks and sub-blocks of this matrix have
a banded diagonal structure which is amenable to inversion via large scale parallel
computation. The motivation for inversion of this and the normalized WCTM is to
make corrections on matched filter and normalized matched filter expansion coefficient
estimates similar to those relationships with Fourier expansions mentioned earlier.
Due to time constraints we were unable to carry out this calculation.
As with the Fourier case, a tiny voxel object was projected by the CTIS model
equations onto a ctiogram modelled for the system currently in use in Hawaii. The
object was the same as used in the calculations leading up to Figure 7.13b. The
spectrum of this object was a square pulse with a width of 5 nm centered at 580 nm.
We reconstructed the datacube using the wavelet object cube decomposition. The
spatial reconstruction presented in Figure 7.18 is very good; the individual wavelength
slices here are enlarged so that the object can be seen. A further enlargement at the
center wavelength of 580 nm not shown here indicates very faint small sidelobes which
are typical of inverse wavelet transforms of point-like objects (see Strang and Nguyen
[35]).
Figure 7.19 presents the reconstructed spectrum of that same object; the sidelobes
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Figure 7.18. (a) Spatial slices of the reconstructed datacube of a voxel at the
center of the FOV at λ = 580 nm from normalized matched filter estimates of wavelet
expanstion coefficients enlarged be a factor of 8. Faint sidelobes can be seen in the
slice at 580 nm

Figure 7.19. Wavelet-based normalized matched filter spectral reconstruction of
the voxel object in Figure 7.18 illustrating the spread of the initial pulse due to the
missing cone. The shaded figure is the spectrum of the original pulse
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here are more prominent and this is spread out many times more than that of the original object, also plotted for comparison in this figure. These artifacts are most likely
due to the missing cone, as the spatial-spectral frequency content of some wavelet
expansion functions will be nullified if they lie within this region. The estimation of
those wavelet expansion function components will be then be compromised.
This might be mitigated somewhat but not entirely removed by adjusting or designing the mother wavelet in the λ directions to minimize the spatial and spectral
frequency content that is inside the missing cone. In these calculations the parameters defining the mother wavelet and scalar functions were fixed. In future computer
codes these parameters will have to be more easily adjustable.

Figure 7.20. Selected wavelength slices of the HST simulation: (a) Object cube for
actual test object; (b) reconstructed datacube via normalized matched filter wavelet
expansion coefficient estimates.
Figure 7.20a-b shows the normalized matched filter based reconstruction of the
HST simulation. Figure 7.20a shows slices from the unprocessed object cube simulation, while Figure 7.20b shows slices from the datacube. The reconstruction was
over a limited volume of the datacube at the center of the spatial FOV between 545
and 620 nm wavelengths. As expected there is a loss of resolution due to the coarse
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spatial sampling of the pixels on the FPA approximation of the ctiogram. However
the basic features of the spacecraft, including the solar panels, can still be gleaned.

Figure 7.21. Selected wavelength slices of the test object comprising of a spatial
Gaussian with a mixed Gaussian / Planckian spectrum described in the text: (a) Object cube for actual test object; (b) reconstructed datacube via normalized matched
filter wavelet expansion coefficient estimates.
Another test reconstruction from normalized matched filtering is of a small synthetic continuous object that spatially is Gaussian, and whose spectrum is a mixture of
a Gaussian and a couple of Planckian signatures. This spectrum is nearly symmetric
and is peaked at the wavelength of 580 nm. Figure 7.21a shows representative object cube slices, and Figure 7.21b presents corresponding slices of the reconstructed
datacube. In this calculations the wavelet expansion function system consisted of
spatial expansion functions just covering the object over the entire wavelength range.
Figure 7.22 is the reconstructed spectrum compared with the spectrum of the original
object; the difference between the two curves is slightly above 2 percent in area. The
reconstructions in both the spatial and spectral directions are quite good, although
there is some slight spread in the spatial reconstructions at the red end of the spectral
range.
To sum up, wavelets appear to be much more suited for datacube reconstructions.
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Figure 7.22. Spectrum of the wavelet-based normalized matched filter reconstructed
datacube in Figure 7.21b compared with the actual spectrum for the object in Figure
7.21a.
With some tweaking in the expansion function selection, especially in the λ direction,
the effects of the missing cone in datacube estimation can be decreased. Basic proof of
concept is successful. As a caveat, these were only test objects and are simplifications
that do not include the effects of real observational issues.

7.4

Datacube Reconstructions from Astronomical Observations

The CTIS was attached to a telescope in Hawaii for test observations in both 2001 and
2007. Keith Hege and Dan O’Connell performed observations on a number of objects
in both observing campaigns. A summary of the 2001 observations with the CTIS
was included in Hege et al [3]. This research has made use of the VizieR catalogue
access tool, developed at the Centre de Données astronomiques de Strasbourg (CDS)
in Strasbourg, France [65].
We present here datacube estimates using the matched filtering technique de-
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scribed in this dissertation for some of the 2001 observations. These are initial results
needed to verify crucial algorithms on real data. A Fourier decomposition was chosen for these test calculations. The CTIS model was roughly the same as Model 2
with some minor differences. The FPA used in that camera had 1530 × 1020 pixels.
There were a number of issues preventing acceptable spectral reconstructions in the
2007 data. However there was better success in datacube estimation for the 2001
observational data.
The datacube estimates presented here are for four objects. The objects are
Antares, HIP 5681, HIP 91013 and HIP 101923. The latter two objects are binary
stars, as is Antares. However the ctiogram data for Antares shown in Figure 7.23a only
images the primary component Antares A. The HIP numbers are from the Hipparchos
star catalog [65], [66]. The ctiograms for HIP 101923 and HIP 5681 are basically
similar in gross detail to those of Figures 7.23a and b and are not shown.
A word is in order here on spectral classification for stars in order to assist discussion of these calculations. A star’s spectrum is basically that of a black body overlaid
with darker ”absorption” lines which are used to help classify the star within and
between classes. A spectral classification scheme of the vast majority of stars consists
of a letter in the sequence (O, B, A, F, G, K, M) and a number from 0 to 9 which
subdivides these types. This sequence is directly related to the surface temperature
from the hottest to the coolest. For example, a star with a spectral class of G0 is
slightly cooler than one of the preceding class F9.
Stars are further classified by luminosity or equivalently by relative sise within
each spectral class described above. The luminosity class is designated by a Roman
numeral from I to V. Usually the luminosity class is subdivided by a lower class letter
(i.e. Ia, Iab, Ib, etc.). These designations refer to whether a star is a normal size
(main sequence or ”dwarf”) with a class of V or a larger giant (III) or even larger
supergiant (I) star.
The difference between two stars with the same spectral class but different lumi-
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nosity class is determined by slight differences in the dark absorption lines between
them. A good way to glean this is to examine a standard library of stellar spectra
such as published by Jacoby et al. [58].
Tables 7.5 and 7.6 shown here, adapted from Allen’s Astrophysical Quantities,
4th edition ([59], [67]) describe these in more detail. The temperatures in Table 7.5
in each type are an average over the various luminosity types.
Table 7.5. Stellar Spectral Classes
Spectral Class T emperature (K o ) P eak W avelength (nm)
O9
34, 000
85
B0
30, 000
97
B5
14, 000
201
A0
9600
302
A5
8300
349
F0
7400
392
F5
6600
439
G0
5800
500
G5
5200
557
K0
4800
604
K5
4100
707
M0
3800
763
M5
3200
903

Table 7.6. Stellar Luminosity Classes
Luminosity Class
I
II
III
IV
V

Star Description
Supergiants
Bright Giants
Giants
Subgiants
Dwarf s (main sequence)

For example, the sun has a spectral type of G2 V. Its effective surface temperature
is about 5600 K o and is a typical dwarf (or main-sequence) star. Its spectrum has
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Figure 7.23. Actual ctiogram data obtained in Hawaii via the CTIS instrument
plotted in log10 scale : (a) the bright star Antares, (b) the binary star HIP 91013.

Figure 7.24. (a) Selected slices of the reconstructed datacube from matched filter
estimates of Fourier expansion function coefficients from the citogram of Antares A.
(b) The spectrum of Antares A located at the center of the spatial image.
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Figure 7.25. (a) Selected slices of the reconstructed datacube from matched filter
estimates of Fourier expansion function coefficients from the citogram of HIP 5681.
(b) The spectrum of the star located at the center of the image.

Figure 7.26. (a) Selected slices of the reconstructed datacube from matched filter
estimates of Fourier expansion function coefficients from the citogram of the binary
star system HIP 91013. (b) The spectra for HIP 91013A and B located at the respective center of each image.
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Figure 7.27. (a) Selected slices of the reconstructed datacube from matched filter
estimates of Fourier expansion function coefficients from the citogram of the binary
star system HIP 101923. (b) The spectra for HIP 101923A and B located at the
respective center of each image.
its peak at a wavelength of just over 500 nm. Antares has a spectral type of M1 Ia
which means it is a cool red supergiant with a surface temperature of under 3800 K o .
Supergiant stars have an immense size. If the sun were replaced by red supergiant
stars like Antares, the star would extend out to the orbit of Mars.
On the other hand a red dwarf star of spectral type M1 V would easily fit inside
the sun.
We performed datacube reconstructions matched filter estimates of the Fourier
expansion coefficients. Representative spatial slices and spectra for the single stars
Antares and HIP 5681 as well as the binary star systems HIP 91013 and HIP 101923,
are presented in Figures 7.24, 7.25, 7.26 and 7.27 respectively.
Hege et al [3] also computed datacube estimates for these objects using the expectation maximization algorithm described earlier in Chapter 2. The spectral resolution
then was also 5 nm as it is now. The spectral reconstructions presented in this Chap-
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ter are consistent with their results.
The spectral reconstructions in the datacube estimates for these four objects do
not have high enough resolution (here only 5 nm or 50 Angstroms) to make precise
comparisons with the corresponding spectra obtained directly using conventional astronomical spectrographs. However these can be used to roughly estimate spectral
types hence temperatures of these objects. Rough details like dips within the overall Planckian spectrum shape suggesting dark absorption lines can now be gleaned.
Future CTIS designs with better spectral resolution will make these dark absorption
lines more visible and improve spectral classification.
The ctiogram of Antares A in Figure 7.23a shows an elongated stellar image and
curved spectra in each projection due to atmospheric dispersion effects not accounted
for in the CTIS system model. This is also shown is the spatial reconstructions in
Figure 7.24a. Furthermore there is additional spreading of the spatial image toward
the red wavelengths due to systematic chromatic aberration in the CTIS instrument
optics, also not yet accounted for in the model. The spectrum of Antares A is M1
Ia is that of a red supergiant star; the spectrum from the datacube in Figure 7.24b
clearly confirms that it is indeed has an M spectral type.
HIP 5681 is a whitish star with spectral type F5. What is noteworthy in the spatial
datacube reconstruction of Figure 7.25 is that as there is much less of an effect due
to atmospheric dispersion. Instead HIP 5681 is an illustration of a datacube from
a Fourier matched filter reconstruction of a real physical example of a point spread
function (PSF) as it has propagated through the CTIS and back to object space via
the adjoint of the CTIS imaging system operator Ψ† . We note that there still is
spreading of the spatial image in the red wavelengths due to the same systematic
instrumental chromatic aberration, which occurs for all object datacube estimates
shown here. Note also that the entire estimate of the PSF represented by HIP 5681
is still contained within the entire spatial FOV, as it is with all the objects studied
here.
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The datacube estimate / reconstruction of the binary star system HIP 91013 given
bye Figures 7.26a-b indicates that both stars have a spectral type that is late G early
K. Indeed the catalogues indicate that the primary star HIP 91013A has spectral type
K0 III which is a deep yellow giant. As Figure 7.26b shows the companion star HIP
91013B also has a very similar spectral type. This result contradicts that presented
by Hege et al. [3] which shows that HIP 91013 consists of a red primary star and
a blue companion. The different results may indicate some sort of misidentification.
Spatially the components are resolved towards the blue end of the spectral range but
less so towards the red due to systemic chromatic aberration.
Star catalogues indicate that the primary star of the binary system HIP 101923,
HIP 101923A is a blue giant star with spectral type B5 III. The companion star
HIP 101923B has a similar spectral type. The spatial and spectral parts of the
reconstructed datacube of this binary presented in Figure 7.27 are consistent with
this and with the results presented by Hege et al. [3] as well. As with the HIP 91013
system, the components are spatially resolved towards the blue end of the spectral
range but less so towards the red also due to systemic chromatic aberration.
If we compare the general shape of the spectra in these reconstructions with
a library of standard stellar spectra compiled by Jacoby et al. [58], one notices
that there are reconstruction glitches at both the extreme blue and the red ends
of the spectral range of the CTIS. This results in missing energy in the blue end
of the spectral reconstructions, and excess spectral energy in the red end of the
reconstructions.
The source of this is illustrated in both citograms in Figures 7.23a and b, which is
typical for this type of object data. These glitches have a physical origin: the CGH
in the CTIS design results in the overlap of the red end of some diffraction orders
with the blue ends in higher diffraction orders. This then manifests itself in the
reconstructed spectra. This order overlap can be mitigated in future CTIS designs by
choosing CGH and other system parameters to reduce it. Until such new dispersers

188
are available for a visible range CTIS, further instrument calibrations with the same
CGH disperser as in 2001 and 2007, that are in progress in Hawaii at Hnu Photonics,
are concentrating on a reduced wavelength range between 445 and 710 nm.

189

Chapter 8

Conclusions and Future Work
8.1

Conclusions

We have applied the Fourier crosstalk matrix developed by Barrett ([12], [10]) for
both the analysis of the CTIS imaging system and for datacube estimation.
Furthermore, the mathematical tools used to construct this have also been used
to get quantitative figures of merit for the CTIS via the objective analysis of image
quality (OAIQ) formalism, also developed by Barrett ([11]).
We have also used this same mathematical formalism to make wavelet crosstalk
matrices that are primarily used for more efficient datacube estimation. We have
demonstrated proof-of-concept calculations to show this.
To do all of this an analytical model of the CTIS system has been developed which
now treats the object cube and datacube as continuous three-dimensional objects
which can be expressed as expansions with respect to families of functions such as
Fourier exponentials and wavelets. Such a model enabled
• the development of the compact format of lookup tables to more easily generate ctiograms, system matrices and crosstalk matrices especially for parallel
processing computers (Section 8.1.1) and,
• generated simulations of objective assessments of image quality (OAIQ) performance of the CTIS; in particular, concerning object detectability (Section
8.1.2).
The lookup table formulation of the CTIS model combined with the Fourier and
wavelet expansions of the object cube has
• enabled computation of elements of the Fourier crosstalk matrix for the CTIS
(Section 8.1.3),
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• revealed the missing cone region of the CTIS by computation of the diagonal
of the Fourier crosstalk matrix (Section 8.1.3), and
• enabled matched filter estimates of datacube reconstructions for both systems
(Section 8.1.4),
• proved proof-of-concept for the use of wavelets for matched filter datacube estimates, primarily for compact objects (Section 8.1.4).
Finally, matched filter datacube reconstructions have been applied to ctiograms
obtained in 2001-2 (Section 8.1.5) at the 3.67 m AEOS telescope in Hawaii. The
objects being observed were a selection of single and binary stars. We found that
• the datacube estimates for the four objects in Section 7.4 done with matched
filtering were consistent with corresponding independent estimates reported by
Hege et al [3], done using the expectation maximization (EM) algorithm.
• Other artifacts in the reconstructions pointed out chromatic aberration with
the spatial blurring towards the red end of the wavelength range, and overall
reconstruction overlap between the blue and red ends of the wavelength from
ctiogram projection overlaps due to the CGH design.
• The reconstruction of the single star HIP 5681 in Figure 7.25 provided a ”real
world” example of a CTIS reconstruction of a point spread function serving as
a useful imaging system evaluation tool.
8.1.1

Characterization of the CTIS

Calculation of a crosstalk matrix is typically an immense effort. This effort is hampered by the huge storage requirements for the CTIS system matrix needed to compute them. We have mitigated this storage issue to a great extent by replacing explicit
system matrices with lookup tables that encode the Fraunhofer diffraction based set
of sensitivity functions (”the forward model”) described by optical, CGH disperser
and camera focal plane array parameters. This is possible because there is a great
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deal of redundancy in those equations. System matrices that would require a storage
size on the order of dozens of terabytes are replaced by the tables, which are typically
less than a megabyte in size.
The lookup tables enable us to compute arbitrary individual elements, or blocks of
elements, of crosstalk matrices corresponding to different object cube expansions without the need to compute separate system matrices for each expansion set. Further,
the reduced size of the tables allows introduction of massively parallel computational
resources that have increased the number of crosstalk matrix elements computed per
unit clock time.
As a consequence of this new way of looking at the CTIS, new calibration procedures described in Chapter 5 were developed at Hν Photonics in Wailuku, Hawaii.
CTIS lookup tables can now be generated directly from laboratory calibrations and
supplementary wavelength dependent radiometric measurements.
8.1.2

Detectability Figure of Merit Calculations

As a prelude to crosstalk matrix calculations, we used the forward model to perform
two OAIQ simulations on the detectability of a binary star companion in the presence
of noise. These detectability calculations follow the methods outlined by Barrett et
al. ([11], [27]) and by Caucci et al. [31]. The decision strategy was that of a Hotelling
observer, and assumed that both the signal (binary companion) and the background
(binary primary star and background sky spectrum) are known exactly, spatially and
spectrally.
The first set of calculations involved varying the brightness of the companion star.
The second set of calculations involved fixing the brightness of the companion, and
increasing the exposure time of the ctiogram.
These detectability calculations can enable many other simulations, including object noise, FPA read noise and exposure time. Furthermore, this analysis can be
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extended to a wider array of objects.
8.1.3

Fourier Crosstalk Matrix Calculations

In the Fourier crosstalk matrix (FCTM) calculations, we were able to compute enough
of its elements (Figure 7.7) to reveal aliasing problems, which were most severe in
the spectral direction. This aliasing is most likely due to the cutoff of hyperspectral
information in the spatial region, due to the field stop, and spectrally due to bandpass
restrictions in the FPA and the optics.
We also made a complete calculation of the diagonal elements of the FCTM,
rearranged them into a three-dimensional frequency lattice. This clearly showed the
missing cone, that is a characteristic of limited angle tomographic imaging systems
such as the CTIS.
The PSF of the Hawaii CTIS system, which is the three-dimensional inverse
Fourier transform of the FCTM diagonal elements, matches the behavior of what
Hege et al. [3] observed in astronomical observations with the instrument in 2002.
This is especially borne out with the CTIS reconstruction of the star HIP 5681 presented in Figure 7.25.
Datacube reconstructions were made for two test objects, a 3D Gaussian and a
simulation of the Hubble Space Telescope (HST). Both reconstructions looked reasonable in the spatial domain as seen in Figures 7.14 and 7.16. Spectral reconstruction
in the Gaussian object was not as good 7.15 as the Gaussian spectra was spread out.
There were some other spatial reconstruction artifacts at the spatial edges of
the HST datacube reconstruction, some possibly due to truncation of the expansion
function series. Other artifacts also came from a modest degree of aliasing, due
to the Fourier expansion function being chopped off spatially and spectrally as just
mentioned above.
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8.1.4

Datacube Reconstruction Calculations with Wavelets

Representative elements of the wavelet crosstalk matrix (WCTM) were computed
for the same CTIS model (Figure 7.17. This matrix element structure shows a very
regular block diagonally banded structure, which is extremely sparse. The degree
of sparsity is typically over 97 to 99 percent or more, which means that up to 99
percent of the elements of the WCTM are zero or small enough to be set to zero
without affecting reconstruction. The combination of structure and sparsity of the
WCTM is very well suited to matrix inversion methods to improve expansion function
estimation beyond that of normalized matched filtering. These newer methods were
not tried, due to time constraints.
Due to the localized nature and properties of the wavelet expansion functions,
there is really no such thing as aliasing. Instead, the expansion functions overlap
each other, but the overlap is limited, since the expansion functions have very finite
support in all three directions. On the downside, there is really no transfer function
interpretation of the diagonal elements of this matrix.
Datacube reconstructions from normalized matched filter estimates of wavelet expansion function coefficients were generally good with test objects as seen in Figures
7.20a-b and 7.21a-b. The two test objects studied were the HST and a composite
spatial Gaussian with a mixed Gaussian / Planckian spectrum. The spatial reconstruction of the Gaussian / Planckian test objects were good, and the corresponding
spectral reconstruction was very good.
We performed a normalized matched filter wavelet estimate and reconstruction of
the same voxel test object as in the Fourier case to measure the effect of the missing
cone on wavelet systems. The datacube estimate showed sidelobe like behavior in
both the spatial (Figure 7.18) and spectral directions (Figure 7.19). The spatial
reconstruction sidelobes are faintly discernible. In the spectral direction, the datacube
sidelobes were larger and much more spread out. This is most likely an effect from
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the missing cone.
8.1.5

Astronomical Reconstructions

The CTIS was used to make astronomical observations. We presented datacube
reconstructions for four objects observed in 2001-2 by Keith Hege and Dan O’Connell
[3] and presented in Figures 7.24 through 7.27. Two of the objects were single stars
(HIP 5681 and Antares) and the other two binary stars (HIP 91013 and HIP 101923)
The reconstructions for all objects were reasonable. In particular the two binaries
were spatially well-resolved in the datacubes whereas in their corresponding ctiograms
they were not resolved. This is an example demonstrating that it is often better to
obtain integrated spatial and spectral information for an object in a datacube, rather
than obtaining separate spatial and spectral views directly from the ctiogram.
Spectral reconstructions for all these objects in Figures 7.24b through 7.27b were
consistent with Hege et al [3] previous datacube reconstructions done with expectation
maximization.
There were two main reconstruction artifacts observed. First due to chromatic
aberration (not yet in the CTIS model) the star’s spatial reconstructions became
blurry towards the red end of the spectrum. Second, due to CTIS overlaps between
the blue ends of the 3rd order diffraction projections and red ends of the 2nd order
diffraction projections there was some mixing or overlap between information from
the blue and red wavelength ends of the spectral range. This is due to the CGH
design for the CTIS and can be mitigated in future disperser designs using Volin’s
algorithm [1].

8.2

Future Work

There are an number of interesting directions for future work:
• CTIS model modifications,
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• expansion function design,
• crosstalk matrix calculations, and
• datacube reconstruction.
8.2.1

CTIS Model Modifications

The CTIS forward model described by the sensitivity functions {hm (r)} is a ”bare
bones” formulation. This model does not incorporate aberrations, noise or polarization. In addition, the model assumes CGH dispersers with ideal unit cell characteristics.
Wavelength dependent (chromatic) and arbitrary field dependent aberrations will
need to be added– most likely analytically at the pup function level (see Chapter 9
in Reference [12]). These functions are Fourier transformed to get the Fraunhofer
diffraction pattern, which is the main part of the CTIS sensitivity function.
Noise was added numerically, both at the FPA pixel level and to the object in the
ROC curve calculations to study detectability issues in Chapter 7.1, but noise is also
not explicitly part of the model at the present time.
Polarization has been added to the CTIS via the Computed Tomographic Imaging
Channelled Spectropolarimeter (CTICS), starting from the work by Sabatke [68].
This addition to the CTIS capability using the tools developed here in this dissertation
needs to be investigated further.
Finally, non-ideal nature of the CGH unit cell affects the phases which are buried
in the CTIS sensitivity equations. For example, each phasel in the unit cells does
not have perfectly straight sides. There could also be systematic flaws over the entire
CGH disperser. Modelling these would be desirable to measure their effects on both
detectability and datacube reconstruction.
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8.2.2

Expansion Function Design

There are topics for future work in expansion function design.
The Fourier expansion functions used for the analysis of the CTIS system as
mentioned earlier are chopped off at spatial and spectral boundaries causing aliasing.
This is more of a problem in the wavelength direction. This can be mitigated by
multiplying a windowing function to each Fourier expansion function. What needs to
be worked out is what the best windowing function is and how to apply it.
This naturally leads to the the need to investigate the implementation of Gabor
functions, which are Gaussian windowed Fourier functions and their translational
copies. These are more natural expansion function sets for spatially and spectrally
localized Fourier system analyses. Gabor functions are also an appropriate set for
CTIS system analysis using a model that has arbitrary field dependent aberrations.
As for wavelets, there is a major need to incorporate the means for choosing and
fine-tuning ”mother” wavelets and scaling functions. These adjustments will need
to be more closely tied into minimizing the effects of the missing cone as well as
incorporating physical parameters used for particular CTIS configurations.
Other expansion function possibilities for the CTIS that could be looked into are:
(1) hybrid systems, in which one system is used for spatial coordinates and another is
used for λ, and (2) expansion function sets consisting only of translations of suitable
basic signatures such as Gaussians or B-splines. According to Christensen [46], these
systems are also unitary, which means that matched filtering and normalized matched
filtering estimation for expansion coefficient estimation is valid.
Furthermore, systems of expansion functions corresponding to translations and
dilations of scalar functions are precisely the same as image decompositions common
in astrophysical applications pioneered by A. Bijaoui and J. L. Starck [69]. The
wavelet functions in this system are differences between B-spline dilations. Such
applications include denoising, feature extraction and deconvolution. A synthesis of
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these image processing techniques with the analysis and datacube reconstruction tools
used here for the CTIS is feasible.
8.2.3

Crosstalk Matrices

We propose some topics for future work in crosstalk matrix development.
More efficient means to compute and store larger subsets of these are needed. Increasingly larger amounts of computer memory are both more accessible and cheaper
in price. Another topic for future work is the practical one of how to manipulate and
display these matrices in a more interactive manner.
Finally, it would be useful more easily glean the change in the structure of the
Fourier crosstalk matrix while one or more parameters in the CTIS model are being adjusted. This will require much faster (perhaps real-time or near real-time)
computation of this matrix. This is a major computational challenge.
These improved crosstalk matrix calculations may be possible with more extensive
massively parallel computational technology. At the present time, such capability may
just be within reach using specialized computer systems, such as those used by Caucci
and his co-workers [31], [32].
The use of wavelet crosstalk matrices for system evaluation is also an interesting
topic of future work. That is, the methods of Qi and Huesman [64] could be extended
for the types of wavelet expansion function variants considered in this dissertation.
Furthermore the structure of wavelet crosstalk matrices needs to be studied further
to see if there is any new information overlooked so far.
8.2.4

Datacube Reconstruction Calculations

Some suggestions on how to improve datacube reconstruction algorithms pertain
chiefly to object cube / datacube expansions with localized functions such as wavelets.
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To realize improved reconstructions we need to take advantage of the ever increasing power and number of processors in massively parallel systems. To this end, there
needs to be increased granularization of the computations, i.e., using an increased
number of processors per crosstalk matrix element or expansion function coefficient
estimate. Thus, the work of computation is spread out onto more processors which
will speed up the computations.
There is also a need to refine the normalized matched filter coefficient estimates
by multiplying them by the inverse of the corresponding (finite) wavelet crosstalk
matrix, as described in Chapter 4. Although this matrix is a large object, its structure
is regular enough that existing linear algebra packages for parallel computers can be
applied in a straightforward manner.
Improvements in wavelet based datacube reconstructions can be done by taking
advantage of the regular structure of the wavelet crosstalk or normalized crosstalk
matrix so that improvements in wavelet expansion function coefficient estimation
via equation 4.46 or its normalized filter counterpart will be feasible. Here, massively parallel computing technology can be used to invert finite but large BW,N or
ΓW,N matrices. Further, clever linear algebraic manipulation of these matrices will
be needed to localize datacube reconstructions so that inverting the entire wavelet
normalized crosstalk matrix will not be required.
However, these refined normalized matched filtering algorithms used by themselves
are a dead-end, due to the missing cone. The refinement just described can be used as
an initial value for iterative algorithms such as EM or MART, described in Chapter 2.
This requires the development of efficient massively parallel versions of these iterative
methods.
As both EM and MART have reconstruction artifacts at high spatial-spectral
frequencies, these algorithms most likely are not the last word in getting a good
quality datacube. Alternatives to EM or MART will need to explicitly incorporate
physical constraints inherent in the CTIS. Such algorithms have been implemented

199
with time sequences of telescopic images in adaptive optics [70] and could be adapted
for hyperspectral sequences of images.
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Appendix A

List of Symbols
The following tables list the symbols (and some abbreviations) used in each chapter
for the myriad of equations and mathematical quantities. Since there are a number
of sources of material here consistency is a major task. There are a number of duplications here, but it is hoped that these tables, plus the context of how the variable is
used can resolve any confusion.

A.1

Chapter 1 Symbols

CT IS

Computed Tomographic Imaging Spectrometer

FPA

Focal Plane Array

H
i

system matrix for object cube in the voxel representation
√
−1

r0 ≡ (x0 , y 0 )

coordinate vector in FPA space

r ≡ (x, y, λ)

coordinate vector in object cube / datacube space

B

Fourier crosstalk matrix

π

3.14159. . .

ρ

generic Fourier frequency

•

dot (scalar) product

A.2

Chapter 2 Symbols

AU C

area under ROC curve

BKE

background known exactly

CC

continuous to continuous
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CD

continuous to discrete

d(α, β)

depth at phasel element (α, β) in microns

dA

detectability

dp

phasel size (assumed square) in microns

DC

discrete to continuous

DD

discrete to discrete

EM

Expectation Maximization algorithm

erf (·)

error function

erf −1 (·)

inverse error function

f

generic object vector

f̂

generic object estimate vector

fa , f̂a

approximate object cube and approximate datacube vector

(n)

f̂a

the nth iterate of the datacube vector

(n)
fˆa,k , fˆa,k

kth component of f̂a and f̂a

f (r)

hyperspectral object as a function of r = (x, y, λ)

f0 (r)

object cube of a known background

f1 (r)

object cube of a known background and signal

fa (r)

truncated approximation of f(r)

g

generic image/data vector

fk

kth expansion coefficient of voxel expansion of f(r)

F1 , F2 , F3

continuous 1D, 2D, 3D Fourier transforms

FN

continuous N-dimensional Fourier transform

F N, F P

false positive, false negative

F N F, F P F

false negative fraction, false positive fraction

g

ctiogram as a one-dimensional vector

ĝ0

ctiogram of known background without noise

ĝ0

ctiogram of known background and signal without noise

∆ḡ

ctiogram of object without noise

(n)

respectively
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g(r0 )

ctiogram as a function of coordinates r0 = (x0 , y 0 )

gm

image/data value at mth FPA pixel

hm (r)

CTIS sensitivity function (onto mth FPA pixel)

h(r0 , r)

point spread function of the CTIS

H0

hypothesis of non-detection of a signal

H1

hypothesis that a signal is detected

H

generic system matrix for some expansion of object cube

H+

pseudo-inverse of H

H−1

(non existent) inverse of H

Hmk

element of system matrix for voxel system matrix H

(Hf̂ (n) )m

mth component of Hf̂ (n)

H

generic imaging operator

H−1

generic imaging operator inverse

k

expansion function label and sum index

K

length of f in DD CTIS imaging system model

K

number of expansion functions or voxels comprising f(r)

Kg

covariance matrix for FPA pixel noise(s)

l(·)

log-likelihood function

M

length of g and number of pixels in the FPA

n

iteration number for EM and MART algorithms

n̂

unit normal vector

M ART

Multiplicative Algebraic Reconstruction Technique

n

generic noise vector

nm

generic noise at mth FPA pixel

n(r0 )

generic FPA noise as a function of coordinates r’ = (x’, y’)

n̄m

Poisson object noise variance at FPA pixel gm

nλ

index of refraction of CGH material at wavelength λ

OAIQ

Objective Assessment of Image Quality
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P

length of generic parameter vector for estimation

pr(t|H0 )

conditional probability density function of t given H0

pr(t|H1 )

conditional probability density function of t given H1

P r(a|b)

conditional probability of a given b

r

two-dimensional radial vector

ROC

receiver operating characteristic

rk = (xk , yk , λk )

position of kth voxel of f(r)

R1 , R 2 , R3

1D, 2D, 3D Radon transform

RN

N-dimensional Radon transform

(r, s)

CGH disperser coordinates

(R, S)

unit cell replications in a CGH disperser element

s

Radon transform coordinate

s

generic signal vector

Sf

support of a function f

S(·)

slice of two dimensional Fourier transform

SKE

signal known exactly

SN R

Signal-to-Noise Ratio

t, tc

detection thresholds

T

matrix transpose

T N, T P

true negative, true positive

T N F, T P F

true negative fraction, true positve fraction

voxelk (r)

kth voxel in object cube expansion

wHot

Hotelling matrix for detection

WHot

Hotelling estimator matrix

α

Radon transform angular coordinate

(α, β)

CGH unit cell coordinate/element

(A, B)

number of phasels in unit cell

∆x , ∆y , ∆λ

dimensions of object cube voxel
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θ

generic parameter vector in Hotelling estimation

θ̂

estimate of θ

θk

generic object cube expansion coefficient

θ̂k

estimate of θk

(n)
θ̂k

nth iterate of θ̂k

Θ

generic vector of object cube expansion coeffients

Θ̂

estimate of Θ

Θ̂(n)

nth iterate of Θ̂

λ

wavelength

λ

Hotelling test statistic for detection in Section 2.6

λc

center wavelength of CGH disperser

λ(s, α)

2D Radon transform as function of s and α

Λ(·)

likelihood function

ν

polar coordinate in Radon transform space

2
σm

(Gaussian) read noise variance at FPA pixel gm

φk (r)

generic expansion function for object cube f(r)

φλ (α, β)

phase at wavelength λ at CGH unit cell location (α, β)

φλc (α, β)

phase at wavelength λc at CGH unit cell location (α, β)

k·k

norm of vector or sequence
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Chapter 3 Symbols
Section 3.1

CD

continuous to discrete

DD

discrete to discrete

f (r)

hyperspectral object cube as a function of r = (x, y, λ)

fa (r)

finite approximation of f(r)
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fˆa (r)

estimate of fa (r)

Fk

Fourier expansion function coefficient for object cube

g

FPA image as a one-dimensional vector of length M

gm

value of mth FPA pixel

H

generic imaging operator

H†

operator adjoint to H

i = 1, . . . , Nx

expansion function index in x direction

j = 1, . . . , Ny

expansion function index in y direction

l = 1, . . . , Nλ

expansion function index in λ direction

î, ĵ, ˆl

shifted expansion function indices

k

generic Fourier frequency / expansion function index

k(i, j, l) = 1, . . . , N

expansion function index

k ≡ (i, j, l)

Fourier frequency index vector

M

number of pixels on the FPA

n

FPA noise as a one-dimensional vector

nm

FPA noise on mth pixel

N = Nx Ny Nλ

chosen number of Fourier frequencies for fa (r)

Nx , N y , N λ

number of chosen Fourier frequencies in (x,y,λ) respectively

Sx , S y

field stop aperture size in x, y directions in mm

B

Fourier crosstalk matrix

BN

finite N × N Fourier crosstalk matrix

Bkk0 , BN,kk0

elements of B and BN respectively

∆λ

spectral bandwidth for the CTIS system

∆ρx , ∆ρy , ∆ρλ

Fourier frequency sampling intervals

θk

generic object cube expansion function coefficient

θkk0

aliasing measure between φk (r) and φk0 (r)

κ

generic index of Fourier OTF / MTF cutoff frequency

κ ≡ (κx , κy , κλ )

Fourier OTF / MTF cutoff frequency index vector
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λ

wavelength

φk (r)

generic object cube/datacube expansion function

Ψ

Fourier M × ∞ system matrix for the CTIS

ΨN

finite Fourier (M × N ) system matrix for the CTIS

Ψmk , ΨN,mk

elements of Ψ and ΨN respectively

ρx , ρ y , ρ λ

Fourier frequencies

ρ̂x , ρ̂y , ρ̂λ

shifted Fourier frequencies corresponding to î, ĵ, ˆl respectively

∗

complex conjugate (as superscript)

†

adjoint (as superscript)

{·}

set of

A.3.2

Section 3.2.1

A

generic matrix with m rows and n columns

Aij

element of A

AIJ

sub-block of A

kAk•

generic matrix norm of A

kAkF

Frobenius norm of A

kAk0F

normalized Frobenius norm of A

Cm×n

space of complex m × n matrices

D

diagonal dominance of a matrix

DB

blockwise diagonal dominance

fa (r)

truncated approximation of f(r)

fˆa (r)

estimate of fa (r)

I, J

matrix sub-block indices

i, j, l

indices in x, y and λ for Fourier frequencies

î, ĵ, ˆl

Indices for shifted Fourier frequencies
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k

index vector for Fourier frequencies

P

number of off-diagonal elements of Γ used to compute ∆RM S

Rm×n

space of real m × n matrices

Sτ

sparsity of A at threshold τ

T

matrix transpose (as superscript)

B

Fourier crosstalk matrix

BN

finite N × N Fourier crosstalk matrix

Bkk0 , BN,kk0

elements of B and BN respectively

Γ

normalized Fourier crosstalk matrix

ΓN

finite (N × N ) normalized Fourier crosstalk matrix

Γkk0 , ΓN,kk0

elements of Γ and ΓN respectively

∆RM S

Barrett-Gifford figure of merit for matrix Γ

λ

wavelength

τ

sparsing threshold for matrix A

Ψ

Fourier M × ∞ system matrix for the CTIS

ΨN

finite Fourier (M × N ) system matrix for the CTIS

Ψ†

Hermitian conjugate of Ψ

∗
Ψ†mk ≡ ΨTkm

element of Ψ†

Ψmk , ΨN,mk

elements of Ψ and ΨN respectively

∗

complex conjugate (as superscript)

†

adjoint (as superscript)

A.3.3

Section 3.2.2

F0

Fourier coefficients of known background

F̂0

estimate of F0

F1

Fourier coefficients of known signal and known background
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F̂1

estimate of F1

H0

hypothesis that object not detected

H1

hypothesis that object is detected

J

Fisher information matrix

J−1

inverse of J

[J−1 ]kk0

element of J−1

JN

finite (N × N) Fisher matrix

n̄m

Poisson variance of mth FPA pixel

N

number of statistical parameters / expansion functions

pr(g|F)

conditional pdf of g given Fourier coefficients

pr(g|θ)

conditional pdf of g given θ

∆F

the Fourier coefficients of the object (F1 - F0 )

∆FN

finite version of ∆F with N components

ˆ
∆F

estimated value of ∆F

θ

statistical parameter vector of length N

θk

kth component of θ

θˆk

estimate of θk

2
σm

noise variance of mth FPA pixel

[ΨF]m

mth element of vector ΨF ≡ n̂m

A.3.4

Section 3.3

F

infinite vector of Fourier expansion coefficients

Fk

kth component of F

FN

finite vector of Fourier coefficients

FN,k

kth component of FN

F̂(mf )

vector of Fourier coefficients via matched filtering
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F̂(nmf )
(mf )

F̂k

vector of est. Fourier coeffs. via normalized matched filtering
(nmf )

, F̂k

kth component of F̂(mf ) and F̂(nmf ) respectively

N

number of expansion functions in finite object cube expansion

RN

Fourier reconstructor matrix

RN,km

element of RN

T

matrix transpose (as superscript)

TN

N × N transfer matrix (diagonal of BN )

TN,kk0

element of TN 0

B

Fourier crosstalk matrix

BN

finite N × N Fourier crosstalk matrix

Γ

normalized Fourier crosstalk matrix

ΓN

finite (N × N ) normalized Fourier crosstalk matrix

Γkk0 , ΓN,kk0

elements of Γ and ΓN respectively

χN

a CTIS figures of merit

Ψ

Fourier M × ∞ system matrix for the CTIS

ΨN

finite Fourier (M × N ) system matrix for the CTIS

Ψ†

Hermitian conjugate of Ψ

∗
Ψ†mk ≡ ΨTkm

element of Ψ†

Ψmk , ΨN,mk

elements of Ψ and ΨN respectively

∗

complex conjugate (as superscript)

{·}

set of
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Chapter 4 Symbols

A.4.1

Sections 4.1 and 4.2

a

generic wavelet scaling parameter

a = (ax , ay , aλ )

vector of wavelet scaling parameters

ax , ay , aλ

scaling parameters in x,y and λ respectively
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a0 , b0

generic SF plane lattice intervals in scale, translation resp.

b

generic wavelet translation parameter

b0 = (b0x , b0y , b0λ )

SF plane lattice translation interval vector

b = (bx , by , bλ )

generic vector of wavelet translation parameters

b x , b y , bλ

generic translation parameters in x,y and λ respectively

cr (a, b)

six dimensional vector of CWT transform coefficients

cr (ax , ay , aλ , bx , by , bλ ) six dimensional vector of CWT transform coefficients
cDy
j,n

six dimensional vector of dyadic wavelet transform coeffs.

cDy
jx ,nx ,jy ,ny ,jλ ,nλ

same as cDy
j,n

C

space of complex numbers

Cψ

generic CWT admissibility parameter for ψ

C̃ψ

three dimensional CWT admissibility constant

CW T

Continuous Wavelet Transform

f (x)

generic one dimensional function

f (r)

generic 3D function of (x, y, λ)

HU P

Heisenberg uncertainty principle

j

generic scale index for wavelet transform

j = (jx , jy , jλ )

3D vector of wavelet scale parameters

J = (Jx , Jy , Jλ )

number of wavelet scales in each direction

k

dyadic wavelet expansion function index (= k Dy )

k Dy (jx , jy , jλ , nx , ny , nλ )dyadic wavelet expansion ordering function
L2 (R)

space of square integrable functions of real variables

mx

lattice index in (x, ξ) SF plane for ξ

my

lattice index in (y, η) SF plane for η

mλ

lattice index in (λ, ζ) SF plane for ζ

n = (nx , ny , nλ )

three-dimensional translation index vector

nx

also lattice index in (x, ξ) SF plane for x (bx = nx b0x )

ny

also lattice index in (y, η) SF plane for y (by = ny b0y )
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nλ

also lattice index in (λ, ζ) SF plane for λ and (bλ = nλ b0λ )

ñx , ñy , ñλ

shifted three-dimensional translation indices

N

length of a generic discrete signal

N

number of dyadic wavelet expansion functions (= N Dy )

Nx , N y , N λ

number of wavelet translation positions in x, y and λ resp.

N Dy

number of dyadic wavelet expansion functions

OCW T

(Teolis) Over-Complete Wavelet Transform

QCW T

(Maes) Quasi-continuous Wavelet Transform

R

space of real numbers

r = (x, y, λ)

object cube coordinates

SF

Space-Frequency (or Scale-Frequency)

W f (b, 2j )

dyadic wavelet transform

xn

generic SF plane lattice location in x direction

Γ

generic set of lattice locations in SF plane

Γx

set of lattice locations in (x, ξ) plane

Γy

set of lattice locations in (y, η) plane

Γλ

set of lattice locations in (λ, ζ) plane

Γr

set of lattice locations in full 6D SF plane

ΓDy

generic set of lattice points for a dyadic wavelet transform

ΓDy
r

3D SF lattice points for a dyadic wavelet transform

ΓDy
x

lattice points for a dyadic wavelet transform in (x, ξ) plane

ΓDy
y

lattice points for a dyadic wavelet transform in (y, η) plane

ΓDy
λ

lattice points for a dyadic wavelet transform in (λ, ζ) plane

ΓF

generic set of SF lattice points for a general frame transform

η̃

dimensionless proportionality constant

ξ, η, ζ

spatial/spectral frequencies conjugate to x, y, and λ resp.

ξm

generic SF lattice location in ξ direction

ψ(x)

generic one dimensional wavelet
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ψ(r)

generic three dimensional wavelet

ψa,b (x)

scaled and translated copy of ψ(x)

ψa,b (r)

scaled and translated copy of ψ(r)

(1)

ψax ,bx (x)

generic 1D wavelet in x direction

(2)
ψay ,by (y)

generic 1D wavelet in y direction

(3)

ψaλ ,bλ (λ)

generic 1D wavelet in λ direction

Dy
{ψj,n
(x)}(j,n)∈Z2

generic set of dyadic wavelet expansion functions

ψjDy
(x)
x ,nx

dyadic wavelet in x direction

ψjDy
(y)
y ,ny

dyadic wavelet in y direction

ψjDy
(x)
x ,nx

dyadic wavelet in λ direction

Dy
ψj,n
(r)

3D dyadic wavelet expansion function

F
{ψj,n
(x)}(j,n)∈Z2

generic set of frame wavelet expansion functions

ψ̂(ξ)

the continuous Fourier transform of ψ(x)

∗

complex conjugate (as superscript)

A.4.2

Section 4.3

c

infinite 1D vector of dyadic wavelet coefficients

cN

finite vector of dyadic wavelet coefficients of length N

ĉN

finite vector of estimated dyadic wavelet coeffs.

cN,k

kth component of cN

ĉ(mf )

estimated matched filter wavelet coefficients

ĉ(nmf )

estimated normalized matched filter wavelet coefficients

(mf )

estimated finite matched filter wavelet coeffs.

(nmf )

estimated finite normalized matched filter wavelet coeffs.

(mf )

elements of ĉmf

(nmf )

elements of ĉnmf

ĉN
ĉN

ĉN,k
ĉN,k
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f

generic object vector

g

the FPA pixel data in vector form

gm

the mth FPA pixel

gsx (x)

generic 1D Gaussian with variance s2x

gs0 (r)

3D Gaussian envelope for mother Morlet wavelet

gs0x (x)

Gaussian envelope in x for mother Morlet wavelet

gs0y (y)

Gaussian envelope in y for mother Morlet wavelet

gs0λ (λ)

Gaussian envelope in λ for mother Morlet wavelet

gs(j),n

scaled and translated 3D Gaussian envelope

gs(jx ),nx

scaled and translated Gaussian envelope in x

gs(jy ),ny

scaled and translated Gaussian envelope in y

gs(jλ ),nλ

scaled and translated Gaussian envelope in λ

H
i

generic imaging operator
√
−1

M

number of FPA pixels

n

generic noise vector

nm

read noise at mth FPA pixel

N = N Dy

number of Morlet wavelet expansion functions

r = (x, y, λ)

object cube coordinates

(mf )

RW N

matched filter wavelet reconstructor matrix

RW N

wavelet reconstructor matrix

s20 = (s20x , s20y , s20λ ) 3D vector of Gaussian variances in mother Morlet wavelet
sx

width of Morlet wavelet in x = 2jx s0x

sy

width of Morlet wavelet in y = 2jy s0y

sλ

width of Morlet wavelet in λ = 2jλ s0λ

T

matrix transpose (as superscript)

BW

= infinite (dyadic) wavelet crosstalk matrix

BW,N

finite (N × N) wavelet crosstalk matrix
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B−1
W,N

matrix inverse of BW,N

BW,kk0 , BW N,kk0

elements of BW and BW N respectively

ΓW

infinite normalized wavelet crosstalk matrix

ΓW N

finite (N × N) normalized wavelet crosstalk matrix

π

3.14159. . .

ψj,n (r)

3D scaled and translated Morlet wavelet

ψjx ,nx (x)

scaled, translated wavelet in x direction

ψjy ,ny (y)

scaled, translated wavelet in y direction

ψjλ ,nλ (λ)

scaled, translated wavelet in λ direction

ψs,ω (r)

three-dimensional mother Morlet wavelet

ψsx ,ωx (x)

mother Morlet wavelet in x direction

ψsy ,ωy (y)

mother Morlet wavelet in y direction

ψsλ ,ωλ (λ)

mother Morlet wavelet in λ direction

ω = (ωx , ωy , ωλ )

3D vector or Morlet modulation frequencies

Ω

wavelet (M ×∞) system matrix

Ω†

Hermitian conjugate of Ω

ΩN

finite (M × N Dy ) wavelet system matrix

Ω†N

Hermitian conjugate of ΩN

Ωmk , ΩN,mk

elements ofΩ and ΩN respectively

∗

complex conjugate (as superscript)

A.5
A.5.1

Chapter 5 Symbols
Sections 5.1 through 5.3

A

number of phasels per CGH unit cell in r direction

B

number of phasels per CGH unit cell in s direction

d(α, β)

etch depth at phasel element (α, β) in microns
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dp

phasel size (assumed square) in microns

fR

focal length of CTIS reimaging lens in mm

F2D [·]

two-dimensional Fourier transform

hm (r)

CTIS sensitivity function at mth FPA pixel

hmod
m (r)

modification of hm (r) for partial coherence

h(r0 , r)

diffraction intensity on FPA corresponding to point source at r

k=

2π
λ

wavevector corresponding to wavelength λ

p, q

diffraction order indices

P, Q

CGH diffraction orders in the x’, y’ directions respectively.

r’ ≡ (x’, y’)

coordinate vector in FPA space

r ≡ (x, y, λ)

coordinate vector in object cube / datacube space

(r, s)

CGH disperser coordinates

R(λ)

FPA pixel spectral response function

(R, S)

unit cell replications in a CGH disperser element

t0 (r, s)

transmission function for CGH unit cell

t(r, s)

transmission function for entire CGH disperser

U (r0 , r)

Point spread function from object cube

w(r0 )

indicator; is 1 if r’ ∈ mth FPA pixel, 0 otherwise

(α, β)

CGH unit cell coordinate/element

(A, B)

number of phasels in unit cell

²(λ)

calibration factor to get FPA pixel values into radiometric units

η=

y0
λfR

µ
ξ=

spatial frequency on FPA corresponding to y’
the magnification of objects on the FPA

x0
λfR

spatial frequency on FPA corresponding to x’

Ξ1 (λ), Ξ2 (λ)

phase factors in Fraunhofer field amplitude equation

Υ(x0 , y 0 , λ)

Fraunhofer field amplitude corresponding to CGH unit cell
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Section 5.4

AT el

telescope collecting area

Darki (x0 , y 0 )

ith dark ctiogram with exposure time ti,λ

Eλ

sum of mean dark corrected ctiogram at λ in ADU

fC (λ)

astronomical CTIS calibration factor at wavelength λ

FA

air mass parameter at the telescope

H

generic continuous-to-discrete imaging operator

hm (r)

CTIS sensitivity / model equation

i

calibration ctiogram index

Nx 0 , N y 0

number of pixels in x0 and y 0 FPA directions

Nλ

number of ctiograms taken at wavelength λ

ti,λ

integration/exposure time for ith citogram at each λ

t̄λ

mean integration time at each λ

vi,λ (x0 , y 0 )

uncorrected PSF ctiogram at λ in units of ADU

vd,λ (x0 , y 0 )

dark corrected PSF ctiogram at λ in ADU

Vλ (x0 , y 0 )

CTIS PSF in units of Watts-second
and Watts at a one second exposure time

x0 , y 0

FPA coordinates

∆λ

monochromator bandpass

²(λ)

raw radiometric converstion factor in hm (r)

ηO (λ)

telescope optical transmission function

τλ

CTIS calibration factor at λ in units of Watts-second / ADU

ϕλ

photodetector power in units of Watts for each λ.

[· · · ]

physical units of a given quantity
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f (r)

hyperspectral object cube

fa (r)

approximate hyperspectral object cube

hm (r)

CTIS sensitivity function at mth FPA pixel

H{φk (r)}

ctiogram of the projection of φk (r) onto the FPA

k

expansion function index

K

number of expansion functions for object cube

m

FPA pixel index

r ≡ (x, y, λ)

coordinate vector in object cube / datacube space

r0 ≡ (x0 , y 0 )

coordinate vector in FPA space

p, q

diffraction order indices on FPA in x0 , y 0 directions resp.

P, Q

number of diffraction orders in x0 , y 0 directions respectively

R(λ)

FPA pixel spectral response function

Sx , S y

field stop sizes in x and y respectively

η̃pq (µx, µy, λ)

diffraction irradiance of (p,q) field stop projection on FPA

λ

wavelength

µ

object minification factor onto the FPA

φk (r)

generic object cube expansion function

φ̃pqk (µx, µy, λ)

reduced size copy of φk (r) at the (p,q) projection on the FPA

Ψ

Fourier system matrix

Ω

Wavelet system matrix

A.7

Chapter 7 Symbols

AU C

area under (ROC) curve

Ao

Angstrom (= 10−10 m)

BKE

Background Known Exactly
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CT IS

Computed Tomographic Imaging Spectrometer

dA

detectability

e−

electron (= count)

Fλ

spectral flux of spectrum at wavelength λ

(LIB)
Fλ

spectral flux of library spectrum at wavelength λ

F CT M

Fourier crosstalk matrix (abbreviation)

F OV

field of view

FPA

focal plane array

g

a ctiogram expressed as a m × 1 vector of pixel values

hm (r)

CTIS sensitivity function at mth FPA pixel

HST

Hubble Space Telescope

I0

central value of Moffat PSF

Iλ (r)

Moffat PSF

Ko

degrees Kelvin

Kg

covariance matrix for FPA pixel noise(s)

mv

visual magnitude

(LIB)
mv

visual magnitude of a star in the spectral library

n̄m

Poisson object noise variance at FPA pixel gm

P SF

point spread function

QCW T

quasi-continuous wavelet transform

r

radial coordinate in arc-seconds (”)

r0 (λ)

coherence length of the atmosphere

SKE

Signal Known Exactly

SN R

Signal-to-Noise Ratio

SN RHot

abbreviation for SN R[SKE/BKE, Hot, g]2

wHot

Hotelling matrix for detection

W CT M

wavelet crosstalk matrix (abbreviation)

α(λ)

width parameter for Moffat PSF
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β

shape parameter for Moffat PSF

BN

finite Fourier crosstalk matrix

BW,N

finite wavelet crosstalk matrix

ΓN

finite normalized Fourier crosstalk matrix

λ

wavelength

2
σm

(Gaussian) read noise variance at FPA pixel gm

χ

Strehl-like figure of merit for the CTIS from ΓN

A.8

Chapter 8 Symbols

CT ICS

Computed Tomographic Imaging Chanelled Spectropolarimeter

CT IS

Computed Tomographic Imaging Spectrometer

dA

detectability

HST

Hubble Space Telescope

P SF

point spread Function

s

Stokes polarization vector

B

Fourier crosstalk matrix

BN

finite Fourier crosstalk matrix

BW,N

finite wavelet crosstalk matrix

kBN k

Frobenius Norm of BN

Γ

normalized Fourier crosstalk Matrix

ΓN

finite normalized Fourier crosstalk matrix

ΓW,N

finite normalized wavelet crosstalk matrix

kΓN k

Frobenius Norm of ΓN

λ

wavelength
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a

generic Gabor spatial/spectral shift interval

a = (ax , ay , aλ )

3D Gabor spatial/spectral shift intervals

b

generic Gabor frequency shift interval

b = (bx , by , bλ )

3D Gabor frequency shift intervals

c

vectorized array of Gabor expansion coeffs. of length K

cK,k

kth component of cK

(mf )
ĉK

finite vector of estimated matched filter Gabor coeffs.

(mf ) (nmf )
c̃ˆk , c̃ˆk

elements of ĉK

cm,n

generic expansion function coefficient for γm,n (x)

c̃m,n

generic expansion function coefficient for gm,n (x)

g

FPA image as a one-dimensional vector

gm

image/data value at mth FPA pixel

g(r, r0 )

3D envelope of Gabor func. with translation (unstr. repr.)

g(x)

generic envelope for Gabor function
2 /2

(mf )

g(x) = e−x

”classic” Gaussian function

gρ,x0 (x)

generic 1D Gabor function (unstruct. representation)

gρ,r0

generic 3D Gabor function (unstruct. representation)

gm,n (x)

generic 1D Gabor function (structured representation)

gmx ,nx

Gabor function in the x direction (struct. representation)

gmy ,ny

Gabor function in the y direction (struct. representation)

gmλ ,nλ

Gabor function in the λ direction (struct. representation)

gk (r)

kth Gabor function in structured representation

f (x)

generic one dimensional function

f (r)

hyperspectral object cube as a function of r = (x, y, λ)

fa (r)

finite approximation of f(r)

hm (r)

CTIS sensitivity function / forward model
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k

expansion function index

k(mx , my , mλ , nx , ny , nλ ) Gabor expansion order function
K = (Mx My Mλ Nx Ny Nλ )number of Gabor functions in set used for analysis.
L

generic number of grid points in Gabor analysis

Lx , Ly , Lλ

number of Gabor lattice points in x,y,λ resp.

m = (mx , my , mλ )

3D Gabor frequency shifts

m0x , m0y , m0λ

dummy indices in Figure B.7

m̃ = (m̃x , m̃y , m̃λ )

centered 3D Gabor frequency shifts

m̃x

mx − Mx /2

m̃y

my − My /2

m̃λ

mλ − Mλ /2

M

number of FPA pixels

Mx , My , Mλ

number of Gabor frequency shifts in (x,y,λ) resp.

N

number of Gabor expansion functions

n = (nx , ny , nλ )

3D Gabor spatial/spectral translations

n0x , n0y , n0λ

dummy indices in Figures B.6 and B.7

ñ = (ñx , ñy , ñλ )

centered 3D Gabor spatial/spectral shifts

ñx

nx − Nx /2

ñy

ny − Ny /2

ñλ

nλ − Nλ /2

Nx , N y , N λ

number of spatial/spectral Gabor shifts in (x,y,λ) resp.

r ≡ (x, y, λ)

coordinate vector in object cube

r0 ≡ (x0 , y0 , λ0 )

translation vector in object cube

S[f (r)]

support of object cube

ST F T

Short Time Fourier Transform

T

transpose of matrix (as superscript)

B

Fourier crosstalk matrix

B(r)

variable Fourier crosstalk matrix
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BG

Gabor crosstalk matrix

BG,N

finite (N × N) Gabor crosstalk matrix

BG,kk0 , BGN,kk0

elements of BG and BG,N respectively

γm,n (x)

generic 1D dual to Gabor function gm,n (x)

γm,n (r)

3D dual function to gm,n (r)

γk (r)

kth dual Gabor function in structured representation

Z

infinite (M ×∞) Gabor system matrix

ZK

finite (M × K) Gabor system matrix

Zmk , ZK,mk

elements of Z and ZN respectively

λc

center wavelength in CTIS

ρ̂mx , ρ̂my , ρ̂mλ

Gabor modulation frequencies in x, y, and λ resp.

Ψ

Fourier system matrix

Ψ(r0 ), Ψ(r)

variable Fourier system matrix

Ψmk

element of Ψ

Ψ0mk

dummy variable

†

Hermitian conjugate (as superscript)

∗

complex conjugate (as superscript)
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a, ax

SF plane sampling interval in x (Strohmer)

b, bx

SF plane sampling interval in ξ (Strohmer)

a0

wavelet scaling parameter

b0

wavelet translation parameter

A

lower frame bound

A0

putative lower frame bound (Theorems 2 and 4)

B

upper frame bound
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B0

putative upper frame bound (Theorems 2 and 4)

C

the complex numbers

Cψ

generic CWT admissibility parameter for ψ

f (r)

generic function in r = (x, y, λ)
and hyperspectral object cube

fa (r)

approximate object cube

f, g, f (x), g(x)

real or complex generic functions in L2 space

g

Lf

g(x), gm,n (x)

1D Gabor functions

f [n]

generic discrete sequence of numbers
also sampled function from f(x)

fn

nth iterate of f

fˆ(ξ), ĝ(ξ)

Fourier transforms of f(x), g(x) respectively

ĝ(ξ − mp0 )

Fourier transform of Gabor function in Theorem 1

H
i

generic Hilbert space
√
−1

inf

infinum (greatest lower bound) of sequence

j

wavelet scaling parameter

k

dummy variable in Theorems 2 and 4
and function family index as subscript

l2 (Z)

space of sequences

L, Lx

number of sampling points in SF plane in x direction

Ly , Lλ

number of SF sampling points in y, λ directions respectively.

L

dual frame decomposition operator

L+

pseudo-inverse of L

L2 (C)

space of square integrable complex functions

L2 (C3 )

space of complex functions in object cube

L2 (R)

space of square integrable real functions
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L2 (R3 )

space of real functions in object cube

m, mx

Gabor function frequency index in one dimension

n

iteration number as subscript

n, nx

wavelet and Gabor function translation index in 1D

p0

SF plane sampling interval in ξ (Daubechies)

q

dummy variable in Theorems 2 and 4

pn

nth iteration of working function in Theorem 6

q0

SF plane sampling interval in x (Daubechies)

rn

nth iteration of working function in Theorem 6

r = (x, y, λ)

coordinates in object space

R

the real numbers

SF

Space-Frequency (plane)

sup

supremum (least upper bound) of sequence

T

SF plane sampling interval in x (Strang)

U

frame decomposition operator

U†

adjoint of U

U+

pseudo-inverse of mathcalU

Z

set of integers {. . . , −2, −1, 0, 1, 2, . . .}

β(q)

function defined in Theorems 2 and 4

γ

relaxation parameter in Theorem 5

γm,n (x)

1D dual Gabor function

o

estimate of dual Gabor function (Strohmer)

γmn (x)

Γ

generic set of points in SF lattice

Γw

set of SF lattice points for wavelet frame

δ

convergence rate in Theorem 5

∆

quantity defined in Theorems 2 and 4

θk

generic object cube expansion function coefficient

λn

nth iteration of working function in Theorem 6
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ξ

spatial frequency corresponding to x

π

3.14159. . .

σ

convergence parameter in Theorem 6

{φk }k∈Γ

family of functions / vectors in L2 (C)

χ

dummy variable in Theorem 4

ψ(x)

generic wavelet in x

ψ(r)

generic wavelet in object cube

ψk (r)

frame wavelet member in object cube

ψ̃(x)

generic dual wavelet in x

ψ̃k (r)

wavelet dual to ψk (r)

{ψjn (x)}(j,n)

∈ Z2

wavelet frame expansion function family

Ω

SF plane sampling interval in ξ (Strang)

∗

complex conjugate as superscript

< •, • >

inner product of two functions in L2 space

|•|

absolute value of function

k•k

norm of function in L2 space
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Appendix D Symbols

aj [n]

DWT approximation coefficients at scale j

A

lower wavelet frame bound

B

upper wavelet frame bound

dj [n]

DWT difference coefficient set at scale j

DW T

Discrete Wavelet Transform

{en }n∈Z

generic Riesz basis in a Hilbert space

{ẽn }n∈Z

generic dual Riesz basis in a Hilbert space

f, f (x)

generic function / vector in a Hilbert space
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F IR

Finite Impulse Response

{g[n]}n∈Z

high-pass FIR filter coeffs. corresponding to ψ(x)

ĝ[n]

g[-n]

ĝ

discrete Fourier transform of {g[n]}n∈Z

{g̃[n]}n∈Z

FIR filter dual to {g[n]}n∈Z

{g (j) [n]}n∈Z

high-pass á trous FIR filter for jth octave

(j)

á trous FIR filter for jth octave in dyadic WT

(j)

á trous FIR filter for jth octave in dyadic WT

{g2 [n]}n∈Z

(j)

á trous FIR filter for jth octave in dyadic WT

{g̃ (j) [n]}n∈Z

á trous FIR filter dual to {g j [n]}n∈Z

{h[n]}n∈Z

low-pass FIR filter coeffs. corresponding to φ(x)

h̄[n]

h[-n]

ĥ

discrete Fourier transform of {h[n]}n∈Z

{h̃[n]}n∈Z

FIR filter dual to {h[n]}n∈Z

{h(j) [n]}n∈Z

low-pass á trous FIR filter for jth octave

{h̃(j) [n]}n∈Z

á trous FIR filter dual to {hj [n]}n∈Z

j

wavelet scale parameter / index or octave

J

maximum octave chosen in QCWT calculation

k

index in sum in Theorem 7

n

wavelet translation parameter / index

N = 2L

length of signal in DWT algorithm

N

set on natural numbers {0, 1, 2, . . .}

p

sequence index in filters

PVj

projection of f(x) onto Vj

PWj

projection of f(x) onto Wj

QCW T

Quasi-Continuous Wavelet Transform (Maes)

{Vj }j∈Z

set of closed subspaces in L2 (R)

{Wj }j∈Z

spaces of orthogonal complements to Vj

{g0 [n]}n∈Z
{g1 [n]}n∈Z

227
Z

set of integers {. . . , −2, −1, 0, 1, 2, . . .}

{βφ [k]}k∈Z

scaling / projection filter in QCWT

δnp

Kronecker delta (1 if n=p, 0 otherwise)

η

generic spatial frequency (in some figures)

{θ(x − n)}n∈Z

Riesz basis of V0

θ̂(ξ)

Fourier transform of θ(x)

λ[n]

projection of f onto ẽn (= hf, ẽn i)

ξ

spatial frequency conjugate to x

φ(x)

generic 1D scaling function
also 3rd order B-spline function Equation D.42

φj,n (x)

scaled and shifted copy of φ(x)

φ̂(ξ)

Fourier transform of φ(x)

ψ(x)

generic 1D wavelet function

ψj,n (x)

scaled and shifted copy of ψ(x)

ψ̂(ξ)

Fourier transform of ψ(x)

Ω

dyadic wavelet system matrix

< •, • >

inner product of two functions in L2 space

⊕

orthogonal sum of spaces

228

Appendix B

Gabor Crosstalk Matrix Analysis for the CTIS
This appendix is a description of Gabor functions and how they can be used for CTIS
imaging system analysis. The treatment of these functions is similar to Chapter 3 for
Fourier functions and Chapter 4 for wavelets.
The emphasis though is on imaging system analyses that vary over the object
cube, rather than datacube estimation. Datacube estimation using Gabor functions
is feasible for limited situations described in this appendix.
The situations in which datacube estimation are possible will be described briefly
in Section B.3, but require discretization of the Gabor expansion function family
and matrix based solution methods discussed in more detail in Appendix C, which
describes frames.

B.1

Gabor Function Overview

Essentially Gabor functions are window functions (such as Gaussians for the ”classic”
case) modulated by sine/cosine functions.
The Heisenberg Uncertainty Principle states that energy distribution of a function
having a mixed representation between it and its Fourier transform cannot be arbitrarily small. In 1946, Dennis Gabor [37] (the originator of holography), proposed
elementary building blocks for signal that have minimal energy in the time-frequency
plane. In this way, time-frequency information content in signals can be gleaned.
Gabor functions are examples of what are known as Weyl-Heisenberg, spacefrequency, or time-frequency representations. They are generated by taking a window
function g(x) and modulating this by a complex exponential. The window function is
usually a Gaussian, but depending on the particular problem, can be any reasonable
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one. A classical Gabor expansion function family consists of a Gaussian modulated
by exp(2πiρn t) for a range of ρn ’s as in regular Fourier transform. Windowed Fourier
transforms are a sub-class of Gabor function transforms. Individual members of such
a family of expansion functions are often called time-frequency (or space-frequency)
atoms. In this dissertation we will consider classical Gabor functions with Gaussian
windows.
For the interested reader, further mathematical details of Gabor functions can be
found in Mallat’s text A Wavelet Tour of Signal Processing, 2nd Edition [34] and
Christensen’s text, An Introduction to Frames and Riesz Bases [46], and Barrett and
Myers [12]. Further there are two excellent collections of articles, Gabor Analysis and
Algorithms [71] and Advances in Gabor Analysis [72], both edited by Feichtinger and
Strohmer.
B.1.1

Gabor Functions I - Arbitrary Representations

A generic 1D Gabor function gρ,x0 (x) with translation in x of x0 and modulation
frequency ρ is given by
gρ,x0 (x) = g(x − x0 )e−2πiρx ,

(B.1)

where g(x) is the envelope function. This is

g(x) = e−x

2 /2

,

(B.2)

which is a Gaussian with unit height and unit variance. More generally

g(x) = e

−x2
2s2
x

.

where sx is chosen and fixed depending on the particular situation.

(B.3)
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Figures B.1 and B.2 illustrate the real and imaginary parts of Equation B.1 for
x0 = 0 with a number of modulation frequencies. In three dimensions the Gabor
function is
1
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Figure B.1. Real part of the Gabor function for several increasing Fourier frequencies in units of mm−1 : (a) 1.0, (b) 2.0, (c) 4.0, (d) 8.0.

gρ,r0 (r) ≡ g(r, r0 )e−2πiρ•r ,

(B.4)

where r0 = (x0 , y0 , λ0 ) is the translation inside the object cube and ρ = (ρx , ρy , ρλ ).
The three-dimensional envelope function g((r, r0 ) in B.4 is then
g(r, r0 ) = g(x − x0 )g(y − y0 )g(λ − λc − λ0 ),

(B.5)

where λc is the center wavelength for the CTIS.
The Gabor functions in Equations B.4 and B.5 will be used to derive a variable
Fourier system and crosstalk matrices later in Section B.3.
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Figure B.2. Imaginary part of the Gabor function for the same Fourier frequencies
as in the previous figure.
B.1.2

Gabor Functions II - Structured Representations

The 3D Gabor function listed in Equation B.4 enables a Fourier crosstalk matrix
analysis to be made at any arbitrary point inside the object cube by varying the
frequencies described by the vector ρ in the same way as the object cube-wide Fourier
crosstalk analysis in Chapter 3.
Note that if the CTIS forward model described in Chapter 5 can be modified
to accommodate field-dependent and chromatic aberrations in either an analytic or
numerical fashion, then a Gabor function picture of the CTIS is quite powerful.
The start is to make a structured representation. That is, a 3D lattice / grid in
the hyperspectral directions is imposed onto the Gabor function structure. This may
appear to turn the problem into a discrete-discrete (DD) imaging problem, but this
is not the case if no reconstruction is planned.
The point here is that figures of merit for the CTIS imaging system as described
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earlier in Chapter 3, will vary as a function of field position and wavelength and a
more detailed look-see into the CTIS is made. This results in the development of a
Gabor crosstalk matrix formalism. However, as will be seen shortly, a six-dimensional
coefficient structure results.
Suppose a 1D lattice of positions in the x direction is imposed, with L being the
number of such grid points. The structured 1D Gabor function is:
gmn (x) = g(x − na)e2πimbx/L ,

(B.6)

where integers a and b are space and spatial frequency shift parameters, and m, n
are also integers.
The window function adopted for the 1D Gabor function to be used here is the
unit amplitude Gaussian, Equation B.3.
In the three object cube dimensions x, y, and λ the Gabor function is separable in
each direction. This means the number of lattice points are Lx , Ly and Lλ respectively
instead of L in Equation B.6. The widths of the Gaussians in each direction are sx ,
sy , and sλ respectively as well.
Here the three-dimensional Gabor function (with space, frequency shift vectors
a and b) that will be used for CTIS image analysis and object cube expansion is
separable:

gmn (r) = gmx nx (x)gmy ny (y)gmλ nλ (λ),

(B.7)

m = (mx , my , mλ )

(B.8)

where

and
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n = (nx , ny , nλ )

(B.9)

and the integer valued shift vectors are

a = (ax , ay , aλ )

(B.10)

b = (bx , by , bλ ).

(B.11)

and

The only condition on the vectors a and b is that their components divide into
the number of lattice locations in the corresponding directions.
In the case where the 3D grid spacing satisfies Nyquist conditions as well as other
conditions relating the values of a, and b to the values of Lx , Ly , and Lλ , the resulting
Gabor function family is oversampled. Datacube estimation can be done as with the
Fourier and Wavelet cases via matched filtering, then an inverse 3D Gabor transform
with some differences.

B.2

Object Cube Expansions with Gabor Functions

This section is analogous to the Fourier and Wavelet cases dealt with in Chapters 3
and 4 respectively. The object cube expansions are listed here for completeness. The
point being that the setup of these sums leads to the ordering of the Gabor expansion
functions needed for efficient spatially and spectrally varying analysis of the CTIS.
The analysis may take the form of either an explicit Gabor crosstalk matrix, or a
Fourier crosstalk matrix which is a function of r.
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B.2.1

”Classic” Gabor Functions

Gabor functions (Figures B.1 and B.2) represent a dual expansion function system
[73]. That is, for one dimension (easily generalized for three), a function can be
expanded as

f (x) =

X

c̃m,n gm,n (x),

(B.12)

cm,n γm,n (x)

(B.13)

m,n

or

f (x) =

X
m,n

where c̃m,n and cm,n are given by

c̃m,n ≡ hf, γm,n i
Z ∞
=
dxf (x)γm,n (x),

(B.14)

−∞

and

cm,n ≡ hf, gm,n i
Z ∞
=
dxf (x)gm,n (x).

(B.15)

−∞

The functions gm,n (x) and γm,n (x) are said to be dual to each other. What this
means is that if some function f(x) is decomposed with respect to the {gm,n (x)} such
as an inner product like Equation B.15, it has to be reconstructed with respect to the
corresponding {γm,n (x)} functions in Equation B.13. The same type of calculation
applies for the pair of Equations B.14 and B.12.
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In the case of the CTIS the construction of the system matrix is essentially projections of the {gm,n (x)} set through the imaging system with the eventual result that
the coefficients {cm,n (x)} are computed for x, y and λ.
Once the {gm,n (x)} are chosen, then the {γm,n (x)} will be calculated (or viceversa). If a continuous to discrete Gabor CTIS imaging system formulation is desired,
then Bastiaans has derived very complicated dual functions to the Gaussian envelope
Gabor functions using Zak transforms [74]. The discrete-to-discrete picture for Gabor
datacube reconstruction [12] is preferred here since this is a easy secondary byproduct
of the grid sampling of the object cube done for the spatial-spectral varying Fourier
crosstalk matrix analysis. In the discrete to discrete case once the {gm,n (x)} are
chosen, then each gm,n (x) is discretized. The similarly discretized {γm,n (x)} are calculated by algorithms such as Richardson extrapolation or conjugate gradient ([34],
[75]) both described in Appendix C.
In this Appendix, the starting point for the construction of the Gabor crosstalk
matrix as well as spatially and spectrally varying Fourier crosstalk matrices will be
Equations B.13 and B.15. This is due to the fact that for classical Gabor functions
a {gm,n (x)} set is easy to construct as each function is just a shifted and modulated
Gaussian.
With respect to notation the lengths of the lattice denoted by Lx , Ly , and Lλ
determine the maximum number of expansion functions in the object cube expansion.
Here the shifts in position and frequency a and b respectively determine the actual
number. As mentioned before this is a six-dimensional set.
The number of expansion functions with respect to shift is equivalent to the number of locations that the imaging system is evaluated. In the x direction

Nx ≡

Lx
.
ax

(B.16)
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The number of expansion functions or equivalently the number of frequencies at
each location is

Mx ≡

Lx
bx

(B.17)

in the x direction. Ny , My , Nλ and Mλ are defined similarly.
There is a further note on notation; the quantities Nx , Ny and Nλ in this appendix
are not the same quantities as in Chapter 3, which were instead the number of Fourier
frequencies in the corresponding directions.
However if b = (1, 1, 1) there is the fullest sampling of Fourier frequencies available
at each location. In this specific case, then Mx in Equation B.17 is directly analogous
to Nx in Chapter 3 and similarly for the y and λ directions. The notation in this
Appendix has been chosen in concordance with the existing literature ([75], [73], and
[74]).
Another interesting case in when both a and b all have unit components. Here
the Gabor expansion reduces the problem to an expansion amenable to the short
time Fourier transform (STFT). However the number of expansion functions is at
a maximum and could be many times larger than that of a standard orthonormal
Fourier decomposition.
A useful tool to visualize these expansions is the space-frequency (SF) plane pictures for a fixed L, with varying a and b shifts. Here the discussion is restricted to the
x direction, since the y and λ cases are precisely the same. There are three interesting
cases as follows.
In the first case, illustrated in Figure B.3, where ax bx > Lx , the information cells
corresponding to each Gabor expansion function are separated. This is called an
undersampled Gabor expansion.
In this second case, illustrated in Figure B.4, where ax bx = Lx , the information
cells for each Gabor function just meet. The Gabor function family is critically
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Figure B.3. SF plane plot of a set of under-complete Gabor functions. The black
dots indicate the space-frequency positions of the information cells which are indicated
by boxes with dashed-line borders. The Gabor translation and frequency spacing
intervals a and b are indicated.
sampling the SF plane.
Finally in Figure B.5 the Gabor functions oversample the SF plane. Here ax bx <
Lx , and the corresponding Gabor function information cells overlap.
The SF sampling cases presented here are not important if the Gabor analysis is
restricted to spatially or spectrally localized CTIS imaging system analyses. However
should one want to get a good datacube estimation, only critical- or over-sampled
Gabor representations should be used in the datacube expansion.
In any case, the approximate object cube f (r) is then a six-dimensional sum

fa (r) =

XX
m

=

cm,n γm,n (r)

(B.18)

n

y −1 Ny −1 Mλ −1 Nλ −1
M
x −1 N
x −1 M
X
X
X
X X X

mx =0 nx =0 my =0 ny =0 mλ =0 nλ =0

cm,n γmx ,nx (x)γmy ,ny (y)γmλ ,nλ (λ − λc ).
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Figure B.4. SF plane plot of a set of critically sampled Gabor functions. The
black dots indicate the space-frequency positions of the information cells which are
indicated by boxes with dashed-line borders. The Gabor translation and frequency
spacing intervals a and b are indicated.
Following conventions with both the Fourier and Wavelet formulations of the CTIS
imaging systems the origin of the object cube is usually taken as (0, 0, λc ), and the
corresponding origin of the frequency set is (0, 0, 0). To reflect this shifted frequency
and translation index vectors m̃ and ñ are defined as
µ
m̃ = m̃(mx , my , mλ ) ≡

Mx
My
Mλ
mx −
, my −
, mλ −
2
2
2

¶
,

(B.19)

and
µ
ñ = ñ(nx , ny , nλ ) ≡
Equation B.18 then becomes

Ny
Nλ
Nx
, ny −
, nλ −
nx −
2
2
2

¶
(B.20)
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Figure B.5. SF plane plot of a set of over-complete Gabor functions. The black dots
indicate the space-frequency positions of the information cells which are indicated by
boxes with dashed-line borders; this is a typical configuration of a frame transform.
The Gabor translation and frequency spacing intervals a and b are indicated.

fa (r) =

XX
m̃

cm̃,ñ γm̃,ñ (r)

ñ

Mx /2−1

=

(B.21)

X

Nx /2−1

X

My /2−1

X

Ny /2−1

X

Mλ /2−1

X

Nλ /2−1

X

cm̃,ñ γm̃,ñ (r)

mx =−Mx /2 nx =Nx /2 my =My /2 ny =Ny /2 mλ =Mλ /2 nλ =Nλ /2

where

γm̃,ñ (r) = γm̃x ,ñx (x)γm̃y ,ñy (y)γm̃λ ,ñλ (λ − λc )

(B.22)

Finally, the issue of expansion function ordering can be dealt with. The six dimensional set of translation and frequency indices of the Gabor functions or their
corresponding duals can then be lexigraphically ordered as the following :
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k(n, m) = k(nx , ny , nλ , mx , my , mλ ) ≡ nλ (Nx Ny Mx My Mλ )

(B.23)

+ ny (Nx Mx My Mλ ) + nx (Mx My Mλ )
+ mλ (Mx My ) + my Mx + mx ;
here k(n,m) runs from 0 to K(≡ Nx Ny Nλ Mx My Mλ )-1.
In Equation B.23 m in terms of m̃ and n in terms of ñ inverting Equations B.19
and B.20 is assumed. This ordering system is consistent with varying the Gabor
functions by modulation frequency at each fixed lattice location rather than vice
versa.
In the other case, not dealt with here, the Gabor functions vary by location at
each fixed modulation frequency. This manifests in a version of Equation B.23 where
the m and M indices switch places with the n and N ones in x, y and λ.
The approximate object cube expansion with the ordering system just defined
becomes

fa (r) =

K−1
X

ck(n,m) γm̃,ñ (r).

(B.24)

k(n,m)=0

B.3

Crosstalk Matrix Analysis with Gabor Functions

There are two cases where Gabor functions can be used for spatially and spectrally
varying CTIS image system analyses.
The first is to formulate a Fourier Crosstalk matrix as a function of r. Here
arbitrary spatial locations and/or wavelengths can be examined for effects due to
aberrations in the optics, the type of object being observed, or a spatially or spectrally
localized task.
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The second case, as mentioned earlier is to impose a 3D lattice of locations in
x, y and λ with size Lx × Ly × Lλ and sampling intervals among them that are
determined by the vector a. A frequency sampling interval is determined by the
vector b. A family of Gabor functions for the object cube is then put together,
with size determined by equations B.17 and B.16. Once that is accomplished, Gabor
system matrices and Gabor crosstalk matrices are constructed analogous to the cases
of Fourier and wavelet expansion function families.
In either case, a property that Gabor functions have is that for particular reasons
envelope functions g(x), g(y) or g(λ) other than Gaussian can be used. Of course the
Gaussian envelope can be widened or narrowed according to its variance; this makes
Gaussian windowed ”classical” Gabor functions very adaptable. But in principle more
general non-classical Gabor functions might be considered to offset effects of optical
system aberrations or to exploit other interesting properties in the hyperspectral
domain.
B.3.1

Gabor Imaging System Mathematics - Arbitrary Representations

Consider the following equation for the component of the Fourier system matrix from
Chapter 3 which is restated here:
Z
Ψmk =

S[f (r)]

d3 r exp(2πiρk • r) hm (r),

(B.25)

This represents the projection of the kth Fourier expansion function φk (r) =
exp(2πiρk • r)S [f (r)] onto the mth FPA pixel. If this expansion function is replaced
by Equation B.4 with the same frequencies then Equation B.25 becomes
Z
Ψ0mk

=

S[f (r)]

where Ψ0mk is a dummy variable.

d3 r g(r, r0 ) exp(2πiρk • r) hm (r),

(B.26)
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If the Gabor function Gaussian envelope has widths in all three directions that
are quite large, then Equations B.25 and B.26 are roughly equivalent. On the other
hand, should these Gaussian envelope widths start getting smaller, then Ψ0mk starts
to represent something that is locally defined around the location r0 = (x0 , y0 , λ0 ).
Therefore each Ψ0mk → Ψmk (r0 ) → Ψmk (r) and the variable Fourier system matrix
Ψ(r) can be constructed.
This implies the definition of a spatially and spectrally variable Fourier crosstalk
matrix B(r):
B(r) ≡ Ψ† (r)Ψ(r)

(B.27)

where Ψ† (r) is the Hermitian conjugate of Ψ(r).
Once B(r) is constructed the imaging system analyses described in Chapter 3 can
be implemented for any point in the object cube.
B.3.2

Gabor Imaging System Mathematics - Structured Representations

The first thing to consider here is to compute a Gabor system matrix, denoted by Z.
Each row is a projection of a gk (r) onto the FPA in the CTIS system. There are M
pixels on the FPA. The elements of this matrix are given by
Z
Zmk =

S[f (r)]

d3 r gk (r) hm (r),

(B.28)

where hm (r) is the CTIS sensitivity function derived in Chapter 5. The index m
runs from 0 to M-1.
Here Z represents a M × ∞ system matrix corresponding to an infinite object
cube expansion of Gabor functions. However the finite expansion given by Equations
B.21 and B.24 results in a finite M × K system matrix instead, which will be denoted
thenceforth as ZK .
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The Gabor crosstalk matrix for the general infinite expansion is BG ≡ Z† Z where
Z† is the Hermitian adjoint (transposed complex conjugate) of Z. The finite Gabor
crosstalk matrix BG,K is similarly defined. The Gabor crosstalk matrix is an extremely
large matrix for translation and modulation parameters that indicate either a critically
sampled or an oversampled set of Gabor functions used.
Consider next the structure of BG,K in Figures B.6 and B.7 respectively. As
there are two Gabor indices, modulation and translation for each dimension, there
is a six-dimensional set of parameters describing this function set. Thus this finite
matrix BG,K has six levels of block matrix structure somewhat like that of its wavelet
counterpart. Figure B.6 basically represents a block / sub-block / sub-sub-block
structure exactly analogous to the wavelet crosstalk matrix components represented
by Figure 4.11. The smallest (i.e. sub-sub-block) unit at these three top levels here is
not a single element, but a matrix that is (Mx My Mλ ) × (Mx My Mλ ) in size. A typical
sub-sub-block unit is shaded in this figure. There are (Nx Ny Nλ ) × (Nx Ny Nλ ) of these
in Figure B.6.
Each of these tiny unit sub-sub-blocks represents the aliasing of all Gabor frequency components between locations (n0x ax , n0y ay , n0λ aλ ) and (nx ax , ny ay , nλ aλ ) in
the object cube.
The sub-sub-blocks on the diagonal where n0x = nx , n0y = ny and n0λ = nλ are
Fourier crosstalk matrices at locations (nx ax , ny ay , nλ aλ ) in f (r). For a first order
look at the imaging system properties in these locations, only these diagonal subsub-blocks are constructed. If higher order analyses are required, the off-diagonal
crosstalk matrix sub-sub-blocks can be computed.
The block / sub-block structure for the Gabor crosstalk matrix for the lowest three
levels is presented in Figure B.7. This is an enlarged view of the small shaded sub-subblock in Figure B.6. The levels here represent modulation frequencies in the Gabor
function. The structure and interpretation of the blocks / sub-blocks / elements here
is analogous to the Fourier crosstalk matrices whose structure is described in Chapter
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Figure B.6. The structure of the Gabor crosstalk matrix at the three top levels
- the Gabor block / sub-block / sub-sub-block structure here is a 3D frequency decomposition for each spatial/spectral translation location represented by the shaded
sub-sub-block
3 and Figures 3.1, 3.2 and 3.3.

Figure B.7. The structure of the indicated Gabor crosstalk sub-sub-block in Figure
B.6 at the finest three levels
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B.3.3

Datacube Estimation from Gabor Expansions

The treatment here is concerned with finite Gabor systems. In this case datacube
estimation is viable only if the following conditions are satisfied:
• Lx , Ly and Lλ need to be large enough over the spatial aperture and spectral
bandwidth to satisfy Nyquist conditions for the selection of modulation frequencies in both the chosen Gabor function and the corresponding dual Gabor
function sets.
• The translation interval vector a and modulation interval vectors b must satisfy
critical sampling or over-sampling SF plane conditions ax bx ≤ Lx , ay by ≤ Ly
and aλ bλ ≤ Lλ .
In the Gabor picture, the standard imaging equation g = Hf + n becomes

g = ZK cK + n,

(B.29)

where K = (Nx Ny Nλ Mx My Mλ ). In component form

gm =

K−1
X

ZK,mk cK,k + nm .

(B.30)

k=0

Here m goes from 0 to M-1 and M is the number of FPA pixels. The vector n with
components nm represents (FPA) pixel noise. The vector cK represents the Gabor
expansion coefficients in Equation B.24. The modulation and translation of Gabor
functions and their duals are unitary [46]. This means that matched filtering can be
used to make estimates of the Gabor coefficients as with Fourier and Wavelets.
The matched filtering estimate of the kth Gabor expansion function coefficient
cK,k is:
(mf )
ĉK,k

=

M
X
m=1

T∗
ZK,km
gm ,

(B.31)
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where gm is the mth FPA pixel. In matrix form (for all k=1 to K)

(mf )

ĉK

= Z†K g,

(B.32)

where Z†K is the Hermitian conjugate of ZK and g the FPA pixel data vector.
The estimated datacube is the sum
fˆa (r) =

K−1
X

(mf )

ĉK,k γm̃,ñ (r).

(B.33)

k=0

In general, continuous Gabor dual functions γm̃,ñ (r) are difficult to find and evaluate analytically, even for the simplest case of a classical Gabor function with a
Gaussian envelope [74]. To evaluate Equation B.33 a discretized approach developed
by Strohmer [75] is suggested. Strohmer’s algorithm, described in Appendix C, is
implemented by discretizing the gk (r) set, then using a matrix based approach to get
the corresponding γk (r) functions.
A caveat here, as with the dyadic wavelet datacube estimates in Chapter 4, is
the huge size of the Gabor and dual Gabor function sets used for the object cube
and datacube expansions. However this is an ideal situation for as astronomical
observations, where only a small spatial / spectral volume of the datacube need be
reconstructed for these compact objects.
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Appendix C

Frames
Frame functions or frames are expansion function families that are a collection of
functions consisting of a basic well behaved window function (such as a Gaussian)
that are modulated, translated, and scaled copies of that basic function.
For example, Fourier functions are a collection of modulations of a constant unit
window function. Wavelets are collections of translated and scaled copies of so called
”mother wavelets.” Gabor functions are modulated and translated copies of a basic
window function such as a Gaussian.
Frames will extend future research by increasing the number of possible expansion
function families for study and application of a larger number of continuous-to-discrete
imaging systems. The availability of these further object cube expansion function
sets further enable the design of specialized imaging systems beyond what has been
presented in this dissertation.
More complete mathematical details and background on frames and frame transforms can be found in chapter V and Appendix A of Mallat’s text A Wavelet Tour of
Signal Processing, Second edition [34]. This Appendix is only a simple compendium
of useful information and tools. Dyadic wavelets discussed in Chapter 4 and Gabor
functions mentioned in Appendix B are special cases of these frames.

C.1

A Brief Description of Frames

Frame theory deals with the completeness, redundancy and stability of linear discrete
signal representations [34]. A frame is a family of vectors {φi }i∈I , for I an index set,
that describes a signal f from its inner products {hf, φi i}i∈I . Signal reconstructions
from regular and irregular samplings are prominent applications of frame theory;
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only regular samplings are dealt with in this dissertation. However, general frame
transforms do not generate translation invariant representations, so the selection of
families of functions by the sampling of functions in the SF plane as was discussed
above in the Gabor case has to be considered carefully. Frame theory dates back to
1952 in a paper by Duffin and Schaeffer [76].
What is the vector space being described here? The type of functions that are of
interest in this work are functions that have finite energy. That is, in general, these
functions are vectors in the spaces L2 (R) or L2 (C). Given two signals f(x) and g(x),
then their inner product, as in equations B.14 and B.15 in Appendix B, is defined by
Z

∞

hf, gi ≡

dxf (x)g ∗ (x),

(C.1)

−∞

where the symbol ∗ is the complex conjugate and the norm of f(x) is
µZ

¶1/2

∞

dx|f (x)|

kf k ≡ hf, f i =

2

.

(C.2)

−∞

Briefly, a vector space that satisfies certain properties and has inner products and
norms to define angles and orthogonality is a Hilbert space. The function space L2 (C)
as well as the space of discrete finite energy sequences / signals denoted as l2 (Z) are
both Hilbert spaces. The inner product between sequences f[n] and g[n] and norm
kf k are defined differently in l2 (Z); they are

hf, gi ≡

∞
X

f [n]g ∗ [n],

(C.3)

n=−∞

and

kf k ≡ hf, f i =

∞
X
n=−∞

|f [n]|2

(C.4)
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respectively.
Now formally a family of functions {φi }i∈I defined in a Hilbert space H is a frame
if there exist two constants, A and B, both greater than zero such that for every f∈ H,
Akf k2 ≤

X

|hf, φi i|2 ≤ Bkf k2 .

(C.5)

i∈I

Choices of scaling, translation, and modulation parameters for both Gabor and
Wavelet function families affect the values of A and B. The redundancy of a frame is
the value of B/A, when A > 1. If A = B then the frame is said to be tight. The frame
{φi }i∈I is an orthonormal basis if, and only if, A = B = 1. However, orthonormality
does not necessarily mean translation invariance; the discrete wavelet transform which
decomposes a function f(x) with respect to such a basis set is not so.
Frame constants A and B can be calculated for a variety of Gabor and wavelet
systems applying the results of Daubechies ([44] and [45]). The interested reader
can consult those references and [46] for more complete theoretical details than are
needed in this dissertation. The algorithm given in [44] for computing A and B is
described in this Appendix, and is useful for calculation of Gabor expansion functions
and reconstructions of datacubes from Gabor system matrices.

C.2

Daubechies Frame Bound Algorithms

This Appendix presents formulas for frame bounds A and B by Daubechies ([44], [45])
for Gabor and Wavelet frames. The proofs are given in those references. The use of
these formulas enables one to:
• Determine whether or not a set of wavelet or Gabor expansion functions of
interest is a frame.
• If the set of functions is a frame, what are frame bounds A and B?
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Frame bounds are important, as they govern the degree of overcompleteness in
these respective function families. In the Gabor and wavelet systems the more overcomplete the system is, the higher the degree of translational invariance, which is a
requirement of the CTIS imaging system formalism discussed in this dissertation.
C.2.1

Frame Bounds for Gabor Functions

Gabor frame families consist of translations and modulations of an envelope function.
Customarily this envelope function is a Gaussian, but does not necessarily always
have be one. There may be applications where some other envelope function may be
more appropriate or may be better suited for that particular case.
In Appendix B the Gabor function set was chosen from the lattice locations in
the object cube. The notation is adopted here as well, and one assumes a grid of
object cube locations with Lx in the x direction, Ly in the y direction, and Lλ in the
spectral direction.
Before proceeding, there are a number of notation conventions for Gabor functions.
Some authors such as Strohmer ([75], [73]) and Christensen [46] define the set of Gabor
functions gmn (x) to be in the x direction (the functions for y and λ being similar):
gmx nx (x) = g(x ∓ nx ax ) exp (±2πimx bx x/Lx ) .

(C.6)

Daubechies ([44], [45]) and Strang [35] define the {gmn } to be (in one dimension):

gmx nx (x) = g(x − nx q0 ) exp (imx p0 x)

(C.7)

with obvious generalizations to y and λ in both cases.
Strang uses T and Ω in the place of q0 and p0 respectively. Furthermore, the conditions for a Gabor expansion set being under-complete, complete and over-complete
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Table C.1. Gabor Expansion Function Redundancy Notation Conventions
Quantity/Formula
Sampling Interval in x
Sampling Interval in ξ
Undersampling Condition
Critical Sampling Condition
Oversampling Condition

Strohmer
ax
bx
ax bx > Lx
ax bx = Lx
ax bx < Lx

Daubechies
q0
p0
p0 q0 > 2π
p0 q0 = 2π
p0 q0 < 2π

Strang
T
Ω
ΩT > 2π
ΩT = 2π
ΩT < 2π

between Strohmer, Daubechies and Strang look different. Table C.1 shows the differences in notation. This information is useful should one wish to make frame computations from a number of literature sources.
From Table C.1 one can make the identifications between three major notation
conventions. This notation is exactly analogous for y and λ. For example

q0 ⇐⇒ ax

p0 ⇐⇒

2πbx
.
Lx

(C.8)

(C.9)

Daubechies [45] proved necessary and sufficient conditions for a set of Gabor
expansion functions to be a frame, as well as estimats of the frame bounds. In the
following the x subscripts for the Gabor function parameters m, n, a and b will be
dropped for simplicity. It is understood that these hold for y and λ as well. These
conditions are also presented in pages 139 through 141 of Mallat’s text [34] as well as
Daubechies’ Ten Lectures on Wavelets [45]:
Theorem 1. (Necessary condition for Gabor Frames): The family of Gabor expansion
functions {gmn (x)}(m,n)∈Z2 is a frame only if
2π
≥ 1.
p0 q0

(C.10)
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The frame bounds A and B necessarily satisfy

2π
≤B
p0 q0

A≤
2π
∀x ∈ R, A ≤
p0
∀ξ ∈ R, A ≤

1
q0

+∞
X

(C.11)

|g(x − nq0 )|2 ≤ B

(C.12)

|ĝ(ξ − mp0 )|2 ≤ B

(C.13)

n = −∞
+∞
X

m = −∞

Proof. Daubechies Ten Lectures on Wavelets [45].
Note ĝ is the Fourier transform of g(x).
The sufficiency condition and frame bound formula follows:
Theorem 2. (Sufficiency condition and estimates for Gabor Frame bounds): Define

β(q) ≡

+∞
X

sup
0 ≤ x ≤ q0

|g(x − nq0 )| |g(x − nq0 + q)|

(C.14)

n = −∞

and

+∞
X

∆≡

k = −∞, k 6=

· µ
¶ µ
¶¸1/2
2πk
−2πk
β
β
.
p
p
0
0
0

(C.15)

If p0 and q0 satisfy

2π
A0 =
p0
and

Ã
inf

0 ≤ x ≤ q0

+∞
X
n = −∞

!
|g(x − nq0 )|2 − ∆

>0

(C.16)
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2π
B0 =
p0

Ã

+∞
X

sup
0 ≤ x ≤ q0

!
|g(x − nq0 )|2 + ∆

< +∞

(C.17)

n = −∞

then {gmn (x)}(m,n)∈Z2 is a frame. The constants A0 and B0 are respectively lower
and upper bounds of the frame bounds A and B.
Proof. Daubechies ([44] and Ten Lectures on Wavelets [45]).
C.2.2

Wavelet Frame Bounds

Wavelet frames consist of families of functions generated by translation and scaling
of an envelope function (or ’mother wavelet’). In this more general case, unlike the
dyadic wavelets and the discrete wavelet transform, scaling of the envelope function
is done in powers of more arbitrary rational numbers instead of powers of two.
The following necessity and sufficiency conditions for wavelet frame bounds and
their estimation assume the SF plane sampling
Γw = {nb0 aj0 } × {aj0 },

(C.18)

corresponding to the expansion function set {ψjn (x)}(j,n)

1
ψjn (x) = q ψ
aj0

Ã

x − nb0 aj0
aj0

∈ Z2

defined by

!
(C.19)

where a0 , b0 ∈ R and a0 > 0.
Theorem 3. (Necessary condition for wavelet Frames - Mallat [34], page 144): Let
ψ(x) be real, normalized and satisfies the admissibility condition of equation 4.7. Then
if {ψjn (x)}(j,n)

∈ Z2

is a frame in L2 (R), then the frame bounds satisfy

A≤

Cψ
≤B
b0 ln a0

(C.20)
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1
∀ξ ∈ R − {0}, A ≤
b0

+∞
X

|ψ̂(aj0 ξ)|2 ≤ B

(C.21)

j = −∞

Proof. Daubechies [44].
Corollary 1. A wavelet frame is an orthonormal basis if and only if

A=B=

Cψ
= 1.
b0 ln a0

(C.22)

The sufficiency / frame bound calculation theorem is (Mallat [34], page 144-5):
Theorem 4. (Sufficiency condition and estimates for wavelet Frame bounds): Define

β(χ) ≡

+∞
X

|ψ̂(aj0 ξ)| |ψ̂(aj0 ξ + χ)|

(C.23)

· µ
¶ µ
¶¸1/2
2πk
−2πk
β
β
.
p0
p0
0

(C.24)

sup

1 ≤ |ξ| ≤ a0 j = −∞

and
+∞
X

∆≡

k = −∞, k 6=

If b0 and a0 are such that

1
A0 =
b0

Ã
inf

1 ≤ |ξ| ≤ a0

!

+∞
X

|ψ̂(aj0 ξ)|2 − ∆

>0

(C.25)

< +∞

(C.26)

j = −∞

and

1
B0 =
b0
then {ψjn (x)}(j,n)

∈ Z2

Ã
sup

+∞
X

1 ≤ |ξ| ≤ a0 j = −∞

!
|ψ̂(aj0 ξ)|2 + ∆

is a frame. The constants A0 and B0 are respectively lower

and upper bounds of the frame bounds A and B.
Proof. Daubechies [44].
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C.3

Pseudoinverse Frame Calculations

This Appendix applies to both Gabor and wavelet frames. Let f = f(r) be a function
in L2 (R3 ) or L2 (C3 ) such as a hyperspectral object cube.
In frame computation, the frame coefficients are given by hf, φk i, corresponding to
the expansion set {φk (r)}k∈Γ . The original function f is recovered via a dual expansion
function set {φ̃k (r)}k∈Γ :
f (r) =

X
hf, φk iφ̃k (r).

(C.27)

k∈Γ

Actually the expansion in Equation C.27 in practical situations is finite so f (r) is
replaced by fa (r).
In the CTIS these coefficients denoted by {θk } are not explicitly computed beforehand, but estimated using matched filter techniques as described in Chapter 3 for
Fourier functions, Chapter 4 for dyadic wavelets and Appendix B for Gabor functions.
Note that Fourier functions and the Morlet dyadic wavelets are self dual (not always
the case for wavelets - see Appendix D). In this case {φ̃k (r)} = {φk (r)} for all k.
For general expansions then

f (r) =

∞
X

θk φ̃k (r).

(C.28)

k=0

Finite approximate object cube expansions of length K are the ones actually dealt
with here:

fa (r) =

K−1
X

θk φ̃k (r).

(C.29)

k=0

Assume that frame coefficients either in the expansions of Equation C.27 for finite
expansions or by Equation C.29 have been calculated or estimated. Then frame
expansion coefficients are equivalently said to be computed via some operator U such
that Uf (r) ≡ U f = hf, φk i.
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Since the goal is to estimate datacubes, only complete or (more likely) overcomplete frame expansion function sets are considered here. Hence a pseudoinverse [43],
[34] has to be applied to evaluate the finite version of equation C.27 (or C.29 where
the expansion coefficients {θk } are identified with {hf, φk i}):
f = U + U = (U † U)−1 (U † U)f = L+ Lf

(C.30)

where U † is the adjoint of U; that is hUf, xi = hf, U ∗ xi.
Lf ≡ U † Uf (r) =

X

hf, φk iφk (r).

(C.31)

k∈Γ

With respect to notation the pseudoinverse L+ is denoted by Teolis [43] and Mallat
[34] as L−1 . Frame inversion consists of recovering the function f(r) by evaluating
L+ (Lf ) where Lf is computed by equation C.31.
Two iterative algorithms are presented in this Appendix to do frame inversion.
They are presented in Mallat [34], on pages 132-135. The function g = Lf is assumed
to be in Hilbert space H. Since these functions are sampled (assuming Nyquist
friendly), the continuous functions are replaced with quantities in l2 (R3 ) that become
matrices and vectors, and all computations are a matter of linear algebra and are
straightforward to implement.
C.3.1

Richardson Extrapolation

This method assumes that functions g and f are in the same space, which is not
generally true for the continuous-to-discrete situation of the CTIS, but could be so
for continuous-to-continuous imaging systems.
Theorem 5. (Richardson Extrapolation Algorithm) Let g ∈ H, a Hilbert space and
let A and B be frame bounds corresponding to the frame expansion function set
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{φk (r)}k∈Γ . To compute f = L+ g we initialize f0 = 0 and let γ be a relaxation
parameter. For n > 0 define

fn = fn−1 + γ(g − Lfn−1 ).

(C.32)

g = max{|1 − γA|, |1 − γB|} < 1

(C.33)

then

(C.34)

kf − fn k ≤ δ n kf k

(C.35)

If

and then limn→∞ fn = f.
Proof. Mallat [34] page 133.
The Richardson extrapolation procedure requires the knowledge of frame bounds
A and B. Theorem 5 is also called the frame algorithm [45]. The convergence rate is
maximum for a δ of
1−
B−A
δ=
=
B+A
1+

A
B
A
B

(C.36)

which corresponds to a relaxation parameter γ of

γ=

2
.
A+B

The algorithm converges quickly for A/B close to unity.

(C.37)
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C.3.2

Conjugate Gradient Method

Gröchenig [77] in 1993 implemented an alternate method for frame inversion using
the conjugate gradient (CG) algorithm (see [24] pages 83-89 for a basic description of
CG). The frame bounds A and B are not needed for this calculation, although they
effect the rate of convergence.
Theorem 6. (Conjugate Gradient Algortithm) Let g ∈ H, a Hilbert space. To compute f = L+ g, the following is initialized:

f0 = 0, r0 = p0 = g, p−1 = 0.

(C.38)

Then for any n ≥ 0 define by induction the following

λn =

pn+1 = Lpn −

hrn , pn i
hpn Lpn i

(C.39)

fn+1 = fn + λn pn

(C.40)

rn+1 = rn − λn Lpn

(C.41)

hLpn , Lpn i
hLpn , Lpn−1 i
pn −
pn−1 .
hpn , Lpn i
hpn−1 , Lpn−1 i

(C.42)

If
√
√
B− A
√
σ=√
B+ A
and define kf kL ≡ kLf k2 then

(C.43)
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kf − fn k ≤

2σ n
kf kL
1 + σ 2n

(C.44)

hence limn→∞ fn = f.
Proof. Mallat [34], page 135.
As with Richardson Extrapolation, if A/B is small the rate of convergence is
slow. However for small A/B the CG is more efficient, requiring fewer iterations for
convergence.
Stromer [75] uses CG to compute sets of Gabor dual expansion functions. The
function g is replaced by a L x MN matrix in which a discretized Gabor function
gmn (x) of length L fills the (m + nM)th column, for m = 0 to M-1 and n = 0 to N-1
as in Chapter 4, where for space and frequency shifts are a and b respectively and L =
Ma = Nb. Applying Theorem 6 results in a matrix where the corresponding columns
are minimum norm approximations of γmn (x), which Stromer denotes as o γmn (x).
The extension of Richardson extrapolation and CG to three dimensions is straightforward due to the separable nature of the Gabor and wavelet expansion functions
between x, y and λ.
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Appendix D

Wavelet Transform Algorithms
Appendix D discusses wavelet transform algorithms that are used in this dissertation.
This Appendix is included only for reference, essentially as a place to hold tools that
may have a role in later research.
Section D.1 describes the discrete wavelet transform (DWT). Although the DWT
is not used here, due to its lack of translation invariance, many algorithmic techniques
or concepts used herein, such as multiresolution and discrete filtering implementations, are used in Dyadic wavelet transforms.
Section D.2 discusses the numerical generation of the pictures of wavelet and
scaling functions discussed in this Appendix and in Chapter 4. Although the wavelet
system chosen for the dyadic wavelet transform, the Morlet and the cubic B-spline
have explicit functional forms, there may be cases where filter/basis systems used in
the DWT can be used for the dyadic case.
Section D.3 describes the modification of the Maes QCWT algorithm for the
dyadic wavelet transform. The derivations of the filter coefficients used in this dissertation are given here.

D.1

A Brief Review of the Discrete Wavelet Transform

The discrete wavelet transform (DWT) is not the wavelet expansion function configuration used for the wavelet system matrix Ω and crosstalk matrix Bw due to its lack
of translation invariance. However, many mathematical tools in the DWT are used in
the implementation of the dyadic wavelet transform, which is translation invariant.
This section is a brief review of the DWT which is a greatly abridged description
from the excellent exposition in Chapter VII of Mallat’s text, A Wavelet Tour of
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Signal Processing, 2nd edition [34]. Important results in the form of definitions and
theorems will be stated here; the proofs are given in [34].
To start with, consider the following definitions; a consequence of wavelet frame
theory:
Definition 1. (Riesz Basis - [34], pp. 595-596) A family of vectors {en }n∈N is said
to be a Riesz basis of a Hilbert space H if it is linearly independent and there exist
A>0 and B>0 such that for any f ∈ H one can find some λ[n] with

f=

+∞
X

λ[n]en ,

(D.1)

n=0

which satisfies

X
1
1
kf k2 ≤
|λ[n]|2 ≤ kf k2 .
B
A
n

(D.2)

For biorthogonal bases there exist a set {ẽn }n∈N such that for λ[n] = hf, ẽn i then
for all f ∈ H,
Akf k2 ≤

X

|hf, en i|2 ≤ Bkf k2 .

(D.3)

+∞
X
hf, en iẽn .

(D.4)

n

and that

f=

+∞
X
n=0

hf, ẽn ien =

n=0

The family {ẽn }n∈N is also a Riesz basis. Since both {ẽn }n∈N and {en }n∈N are
linearly independent the biorthogonality between them implies

hen ẽp i = δnp

(D.5)
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where δnp is the Kronecker delta.
A most crucial concept in wavelet theory is that of multiresolution. Wavelet
transforms expand or approximate functions by resolution content. A classic starting
point in the theory of the DWT is the following definition ([34], page 221):
Definition 2. (Multiresolutions) A sequence {Vj }j∈Z of closed subspaces of L2 (R)
is a multiresolution approximation if the following properties are satisfied:
∀(j, k) ∈ Z2 , f (x) ∈ Vj ⇔ f (x − 2j k) ∈ Vj ,

(D.6)

∀j ∈ Z, Vj+1 ⊂ Vj ,

(D.7)

³x´

∀j ∈ Z, f (x) ∈ Vj ⇔ f

lim Vj =

j→+∞

+∞
\

lim = Closure

∈ Vj+1 ,

Vj = 0,

(D.8)

(D.9)

j=−∞

Ã
j→+∞

2

+∞
[

!
= L2 (R)

(D.10)

j=−∞

and

∃θ such that{θ(x − n)}n∈Z is a Riesz basis of V0 .

(D.11)

We say that a scale parameter 2j corresponds to a resolution of 2−j .
What this means is that the approximation of f(x) at resolution 2−j is the orthogonal projection PVj f on Vj ; there needs to be an orthonormal basis on Vj . The Riesz
basis mentioned in condition D.11 in Definition 2 has to be orthogonalized:
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Theorem 7. (Mallat [34], Theorem 7.1, page 225): Let {Vj }j∈Z be a multiresolution
approximation and φ be the scaling function whose Fourier transform is
θ̂(ξ)

φ̂(ξ) = ³
P+∞

2
k=−∞ |θ̂(ξ + 2kπ|

´1/2 .

(D.12)

Let us denote

1
φj,n (x) = √ φ
2j

µ

x−n
2j

¶
.

(D.13)

The family {φj,n }n∈Z is an orthonormal basis of Vj for all j ∈ Z.
Proof. Mallat [34], page 225.
The approximation then of PVj f is an expansion:
+∞
X

PVj f (x) =

hf (x), φj,n iφj,n (x),

(D.14)

n=−∞

with inner products

aj [n] ≡ hf (x), φj,n (x)i

(D.15)

being a discrete approximation at resolution 2−j . Note that
Z

+∞

aj [n] =
−∞

1
dxf (x) √ φ
2j

µ

x − 2j n
2j

¶
(D.16)

The scaling function mathematics just described have a discrete filter bank formulation. These filters are called Conjugate Mirror Filters. From relation D.7 V1 ⊂ V0 .
In particular, 2−1/2 φ(x/2) ∈ V1 . This implies
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+∞
X
1 ³x´
√ φ
=
h[n]φ(x − n),
2
2
n=−∞

(D.17)

1 ³x´
h[n] = h √ φ
, φ(x − n)i
2
2

(D.18)

which is a dilation by a factor of 2 in integer translations.
From this Mallat and Meyer [34] obtained the result that such a filter satisfies the
following property. Let the Fourier expansion of the filter h[n] be

ĥ(ξ) =

+∞
X

h[n]e−inξ

(D.19)

n=−∞

then for all ξ ∈ R, ĥ(ξ) satisfies

|ĥ(ξ)|2 + |ĥ(ξ + π)|2 = 2

ĥ(0) =

√

2.

(D.20)

(D.21)

In all of this, what about the wavelets? They contain the information, rather
details, that bridge the increases in the resolution of a signal representation from Vj
to Vj−1 . In particular, denote Wj as an orthogonal complement of Vj in Vj−1 :
Vj−1 = Vj

M

Wj

(D.22)

or in terms of projections of f(x) on these spaces:

PVj−1 = PVj + PWj .

(D.23)

What this means is that PWj contains details in the space Vj−1 that are missing in the coarser resolution space Vj . Wavelets are the objects that live in these
complement spaces:
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Theorem 8. (Mallat [34], Theorem 7.3, page 236): Let φ be a scaling function and
h the corresponding conjugate mirror filter. Let ψ be the function whose Fourier
transform is
1
ψ̂(ξ) = √ ĝ
2

µ ¶ µ ¶
ξ
ξ
φ̂
,
2
2

(D.24)

with

ĝ(ξ) = e−iξ ĥ∗ (ξ + π).

(D.25)

Denote

1
ψj,n (x) = √ ψ
2j

µ

x − 2j n
2j

¶
.

(D.26)

For any scale 2j , {ψj,n }n∈Z is an orthonormal basis of Wj . For all scales,
{ψj,n }(j,n)∈Z2 is an orthonormal basis of L2 (R).
Proof. Mallat [34], page 236-238.
The consequence of Theorem 8 is that if ĝ is the Fourier series of the conjugate
mirror filter g:
1 ³x´
g[n] = h √ ψ
, φ(x − n)i
2
2

(D.27)

+∞
X
1 ³x´
√ ψ
=
g[n]φ(x − n),
2
2
n=−∞

(D.28)

which are the coefficients of

The inverse Fourier transform of Equation D.25 yields
g[n] = (−1)1−n h[1 − n]

(D.29)
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which is the reverse of h[n] interleaved with multiplications of -1.
The discrete wavelet transform can now be formally described. Since {φj,n }n∈Z and
{ψj,n }n∈Z are orthonormal basis sets of Vj and Wj respectively then the projection
into these spaces are done by their corresponding projection coefficients:

aj [n] = hf (x), φj,n (x)i,

(D.30)

dj [n] = hf (x), ψj,n (x)i.

(D.31)

and

The aj [n] numbers are usually denoted as approximation coefficients, and the
dj [n]0 s detail coefficients. Let x̄[n] = x[−n] and
(
x̃[n] =

x[p] if n = 2p;
0
if n = 2p+1

(D.32)

The pyramid algorithm for the DWT can be now stated (∗ is convolution):
Theorem 9. (Mallat [34], Theorem 7.7, page 255):At the decomposition

aj+1 [p] =

+∞
X

h[n − 2p]aj [n] = aj ∗ h[2p],

(D.33)

g[n − 2p]aj [n] = aj ∗ g[2p].

(D.34)

n=−∞

and

dj+1 [p] =

+∞
X
n=−∞

At the reconstruction,

aj [p] =

+∞
X

h[p − 2n]aj+1 [n] +

n=−∞

= ãj+1 ∗ h[p] + d˜j+1 ∗ g[p]

+∞
X

g[p − 2n]dj+1 [n]

n=−∞

(D.35)
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Proof. Mallat [34], pages 255-256.
A diagram of Theorem 9 is shown in Figure D.1.

Figure D.1. The pyramid algorithm for the discrete wavelet transform. The filters
h̄ and ḡ are in reverse order to h and g respectively. Figure (a) is the forward DWT,
figure (b) the inverse DWT, with reconstruction filters h̃ and g̃, which may not be
the same as h and g respectively. In the inverse DWT a multiplication of 1/2, 1, or
2 is necessary to recover aj , aj+1 etc. after the two filtered sequences are summed
together depending on the convention used.
With regards to the filter coefficients, the high pass filter coefficients always add up
to zero. In low pass wavelet filters different authors use different conventions for the
√
sum of those coefficients. Some authors sum the coefficients to either 1, 2, or 2. In
the inverse discrete wavelet transform the multiplicative constant used to recover the
subband aj after the filtered subbands aj+1 and dj+1 are added together corresponding
to those conventions are 2, 1 and 1/2 respectively.
In the pyramid algorithm an function f(x) is sampled in some fashion, either by
Fourier or spline means. Often f(x) is pre-sampled as that represents some laboratory
or other real-world measurement. In any case, the sampled f(x) at the initial finest
resolution is denoted as the sequence {a0 [n]}. Also the sums in Equations D.33
through D.35 are in practical situations finite. Issues of what to do in the borders of
finite signals will not be discussed here.
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Some examples of wavelet and scaling functions are presented in Figures D.2
and D.3. The scaling functions then correspond to some low pass filter coefficients
{h[n]}n∈Z , and the wavelets to a set of high pass coefficients {g[n]}n∈Z . The two sets
of coefficients are defined in such a way that there is perfect reconstruction, if there is
no other operation applied to the wavelet transform coefficients such as quantization.
A diagram of the DWT algorithm (Figure D.1) is given in Appendix D.
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Figure D.2. Some examples of orthogonal scaling functions φ(x) and mother
wavelets ψ(x): (a) Haar φ, (b) Haar ψ, (c) D4 φ, (d) D4 ψ.
Biorthogonal wavelet systems (see Figures D.4 and D.5) consist of two sets of
scaling / wavelet functions which, used together, also give perfect reconstruction in the
DWT (Appendix D). These can also be used for the dyadic wavelet transform. One
set of the functions is used for decomposition (analysis), the other for reconstruction
(synthesis).
The SF picture of a wavelet frame with a0 = 2 presented in Figure 4.8 represents
that of the DWT if the proper mathematical conditions presented in this section are
met. The information cells in such a configuration do not overlap but tile the SF
plane neatly. This represents an orthogonal, complete representation of a function
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Figure D.3. Examples of more complicated orthogonal scaling functions φ(x) and
mother wavelets ψ(x): (a) D16 φ, (b) D16 ψ, (c) Symlet8 φ, (d) Symlet8 ψ.
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Figure D.4. Linear spline biorthogonal (2,6) scaling functions and mother wavelets:
(a) analysis φ(x), (b) analysis ψ, (c) synthesis dual φ̂(x), (d) synthesis dual ψ̂(x).
f(x). This also means the number of DWT transform coefficients is the same as the
number of samples representing f(x). Signal and image compression algorithms take
advantage of this.
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Figure D.5. Quadratic spline biorthogonal (3,5) scaling functions and mother
wavelets: (a) analysis φ(x), (b) analysis ψ, (c) synthesis dual φ̂(x), (d) synthesis
dual ψ̂(x).

D.2

Wavelet/Scaling Function Generation From Filter Coefficients

For reference, the algorithm for generating pictures of wavelets and scaling functions
from their filter coefficients is presented here. Mallat [34] gives a simple algorithm for
generating pictures using the inverse DWT.
For generating scaling function pictures, let f(x) = φ(x). and start with a length
N = 2L string of zeros. An inverse DWT with J levels of decomposition will be
performed, where the lowest frequency subbands aJ [n] and dJ [n] are of length 2L−J .
Set a single coefficient of aJ equal to 1 and all other wavelet transform coefficients
zero. Once the inverse DWT is performed then the scaling function is recovered at a
precision of

1
:
N

N 1/2 a0 [n] ≈ φ

³n´
N

where a0 [n] are the approximation coefficient set after the inverse DWT.

(D.36)
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In the case of wavelets, here f(x) = ψ(x), and again assume the original signal
is length N = 2L , and an inverse DWT of J levels of decomposition is done, where
the lowest frequency subbands aJ [n] and dJ [n] are of length 2L−J as before. A single
coefficient of dJ is set to one, and all other wavelet coefficients zero. Once the inverse
DWT is performed on that data, then at a precision of
N 1/2 a0 [n] ≈ ψ

³n´
N

1
:
N

(D.37)

where a0 [n] is defined as before.
Strang and Nguyen [35] discuss a similar technique for generating φ(x) and ψ(x)
pictures from their respective FIR coefficients, but do not explicitly mention using
the inverse DWT for generating the pictures.

D.3
D.3.1

Maes’ Quasi-Continuous Dyadic Wavelet Transform
The Dyadic QCWT

Maes [40] developed an algorithm to perform an approximation to the continuous
wavelet transform using filter banks as with the DWT. Details are found in that
paper. The treatment here is in one dimension with the straightforward separable
extension to three dimensions.
This section describes this QCWT algorithm for the dyadic case, where there is no
subsampling in the space domain, but the spatial frequencies are powers of two. As
mentioned in Chapter 4, this oversampled transform is both invertible and translation
invariant.
The advantages to Maes’ method are that the continuous wavelet transform can
be approximated by discrete filter bank implementations and that any convenient
scaling function can be used as a low pass filter.
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Because there is no subsampling in the spatial domain, a variation of the wavelet
filter bank implementation, the átrous (French for ’with holes’) algorithm is used.
Here for filtering for j octaves lower in resolution the átrous filter is interleaved with
2j − 1 zeros between each filter sample (see [34] Section V.5 for more details). As
illustrated in Figure D.6 dyadic wavelet decomposition follows the same pyramidal
pattern as with the DWT. The átrous filters corresponding to h, g or h̃, g̃ are denoted
by h(j) , g (j) , h̃(j) and g̃ (j) respectively.
Maes’ algorithm modified for the dyadic wavelet has these features; at the highest
spatial frequency (octave j=0):
• The continuous signal is sampled via Whitaker-Shannon sampling and projected
onto a scaling function space. The scaling function φ(x) is pre-chosen
• This combination of sampling and projection onto the scaling function space is
accomplished with the a filter denoted as βφ . All other subsequent filtering is
applied to the signal sampled with this filter.
(0)

• A high pass filter denoted as g1 is applied to the previously filtered signal.
• The high pass filter for the next octave j=1 (i.e. next lowest spatial frequency)
(0)

is applied. This is denoted g2 .
For the octaves j=1 to J-1 the following filters are applied átrous style:
(j)

• g0

using the low pass filter coefficients from the pre-chosen scaling function

φ(x) interleaved with 2j − 1 zeros between each filter coefficient, and
(j)

• g2 which is the high pass átrous coefficients for octave j+1.
The filters used are listed in Figure D.7 with the implementation as in Figure D.6.
Next, the filter coefficients need to be calculated. For the continuous wavelet
transform, the wavelet ψ(x) has a closed form. For the (generating) scaling function
φ(x), closed form functions such as B-splines are fine. Before going further note that
the L2 scalar product of f(x) and g(x) is
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Figure D.6. The á trous algorithm for the Dyadic wavelet transform. The filters
H̄ (j) and Ḡ(j) are in reverse order to H and G respectively. Figure (a) is the forward
DWT, figure (b) the inverse DWT, with reconstruction filters H̃ (j) and G̃(j) which
may not be the same as H (j) and G(j) respectively.

Figure D.7. The FIR filters used in the Dyadic QCWT for J octaves.
Z

∞

hf (x) | g(x)i =
−∞

dxf (x)g ∗ (x)

(D.38)
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where

∗

means complex conjugate.
(0)

The filter coefficients g0

corresponding to φ(x) are assumed known. The filter

(0)

βφ coefficients corresponding to φ(x) is
βφ [k] = hsinc(x − k)|φ(x)i

(D.39)

and the other filter coefficients are given by

(0)

hφ(x)|ψ(x − k)i
hφ(x)|φ(x)i

(D.40)

¡
¢
hφ(x)| 12 ψ x−k
i
2
=
.
hφ(x)|φ(x)i

(D.41)

g1 [k] =
and

(0)
g2 [k]

In this dissertation the generating scaling function φ(x) is chosen to be the cubic
√ 1 1 3 1 1
(0)
, 4 , 8 , 4 , 16 }. Its
B-spline function with filter coefficients {g0 [k]}k=−2 to 2 = 2{ 16
analytic form is

0,




(x+2)3


6


 2 − x2 −
φ(x) = 32

− x2 +

3


(2−x)3




 6
0,

−x3
2
−x3
2

if x ≤ −2;
−2 < x ≤ −1;
−1 < x ≤ 0;
0 ≤ x < 1;
1 ≤ x < 2;
if 2 ≤ x.

(D.42)

In the átrous dyadic wavelet algorithm the sets of coefficients that are kept ([34])
are the high pass filtered ones at octaves 0 to J and the low pass coefficient set at
octave J, pretty much as the DWT without subsampling.
There is no forward dyadic wavelet transform in this dissertation; the shifted
and scaled copies of the three dimensional Morlet wavelet and the cubic B-spline are
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generated and projected onto the FPA to be columns of the system matrix Ω (see
Chapter 6). The inverse dyadic QCWT is important and the forward QCWT is used
for algorithm verification for the inverse.
D.3.2

The Inverse Dyadic QCWT

As shown in Figure D.6b, the inverse dyadic QCWT is but a modification of the
inverse DWT (Figure D.1b). Thus the implementation is straightforward as the
forward case.
An alternate inverse dyadic transform has been suggested by Maes [40] and implied by Mallat [34]. That is the method used in this dissertation to reconstruct the
datacubes from the matched filter estimates of the dyadic wavelet transform coefficients described in Chapter 4. Teolis [43] also mentions a similar technique to do his
inverse overcomplete wavelet transform (OCWT).
This simplified algorithm starts with multiplying each coefficient set at a given
resolution scale or octave by some factor then add all these coefficient sets together,
which is similar to discrete wavelet transforms. The reduction in complexity is considerable, if the reconstruction accuracy is acceptable.
This approximate inverse dyadic wavelet transform is enabled by defining the
wavelet function family at the start with suitable normalization coefficients as is done
in Chapter 4.
As Chapter 7 has shown in the various figures, the spatial reconstruction accuracy is quite good with this simplified approach. Issues with spectral reconstruction
mentioned therein are independent of expansion function and are basically artifacts
of a less than optimal CTIS system.
The full átrous algorithms for the inverse dyadic QCWT will eventually be implemented at some point in the future.
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