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ABSTRACT 

 

Wavefront controller optimization is important in achieving the best possible image 

quality for adaptive optics systems on the current generation of large and very large 

aperture telescopes.  This will become even more critical when we consider the demands 

of the next generation of extremely large telescopes currently under development.  These 

telescopes will be capable of providing resolution which is significantly greater than the 

current generation of optical/IR telescopes.  However, reaching the full resolving 

potential of these instruments will require a careful analysis of all disturbance sources, 

then optimizing the wavefront controller to provide the best possible image quality given 

the desired science goals and system constraints. 

Along with atmospheric turbulence and sensor noise, structural vibration will play 

an important part in determining the overall image quality obtained.  The next generation 

of very large aperture telescopes currently being developed will require assessing the 

effects of structural vibration on closed loop AO system performance as an integral part 

of the overall system design.  Telescope structural vibrations can seriously degrade image 

quality, resulting in actual spot full width half maximum (FWHM) and angular resolution 

much worse than the theoretical limit.  Strehl ratio can also be significantly degraded by 

structural vibration as image intensity is dispersed over a much larger area of the 

detector. 

In addition to increasing telescope diameter to obtain higher resolution, there has 

also been significant interest in adaptive optics systems which observe at shorter 

wavelength from the near infrared to visible (VNIR) wavelengths, at or near 0.7 microns.  
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This will require a significant reduction in the overall wavefront residuals as compared 

with current systems, and will therefore make assessment and optimization of the 

wavefront controller even more critical for obtaining good AO system performance in the 

VNIR regime. 
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1. INTRODUCTION 

1.1 Background and motivation 

 

All optical systems are subject to dynamic disturbances that can induce wavefront error 

and degrade image quality.  In many applications, these sources of dynamic wavefront 

error are small and can be safely neglected.  However, in astronomical optics, dynamic 

wavefront errors have historically been a significant factor in obtaining good image 

quality.  Pointing control systems have long been employed on astronomical telescopes to 

compensate for dynamic effects such as the earth’s rotation and to remove external 

perturbations such as wind and vibration.  Low frequency dynamic effects such as 

gravitational sag and thermal variations are also important and typically require their own 

control systems [1], and active optics is essential for maintaining the correct mirror figure 

for the large lightweight mirrors used on today’s modern telescopes [2, 3]. 

An adaptive optics (AO) system is a dynamically changing optical system
1
.  It 

attempts to compensate for rapidly varying wavefront phase errors induced by various 

sources including atmospheric effects and telescope structural vibration.  Minimizing the 

residual wavefront is important in achieving the best possible image quality for AO 

systems on the current generation of large and very large aperture telescopes.  Wavefront 

minimization will become even more critical when we consider the demands of the next 

generation of extremely large telescopes currently under development [4, 5].  These 

telescopes will be capable of providing resolution which is significantly greater than the 

                                                 
1
 For an introduction to the basic concepts of adaptive optics systems and additional background material, 

the reader is referred to Hardy (1998). 
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current generation of optical/IR telescopes [6, 7].  However, reaching the full resolving 

potential of these instruments will require a careful analysis of all disturbance sources, 

then optimizing the wavefront controller to provide the best possible image quality given 

the desired science goals and system constraints. 

Along with atmospheric turbulence, structural vibration will play an important 

part in determining the overall image quality obtained using adaptive optics [5].  The next 

generation of extremely large aperture telescopes currently being developed will require 

assessing the effects of structural vibration on closed loop AO system performance as an 

integral part of the overall system design.  The effects of structural vibration on image 

quality will be discussed in detail in Chapter 3.  Efficient strategies for mitigating the 

effects of structural vibration are discussed in Chapters 6 and 7. 

For a telescope, the far-field diffraction pattern resulting from a uniformly-

illuminated circular aperture is known as the Airy pattern [8].  The Airy pattern 

determines the theoretical resolution limit of the telescope as a function of wavelength 

and telescope diameter.  The angular resolution R  for a telescope with aperture D  

(meters) at an observation wavelength of   (microns) is given by 

 
( ) ( )

( ) 1.22 ( ) 0.2516
( ) ( )

m m
R rad   or  R arcsec

D m D m

  
   (1.1) 

where the angular resolution is proportional to wavelength and inversely proportional to 

telescope diameter.   



 

18 

In addition to increasing telescope diameter to obtain higher resolution, there has 

also been significant interest in AO systems which can observe at shorter wavelengths 

from the near infrared to visible (VNIR) at or near 0.7 microns [9, 10].  This ability to 

observe at shorter wavelengths will make assessment and control of dynamic wavefront 

errors even more critical for obtaining good AO system performance in this regime. 

The emphasis of this dissertation is on developing models, analysis tools, and 

algorithms to mitigate the effects of dynamic wavefront aberrations as applied to the 

Multiple Mirror Telescope (MMT) natural guide star (NGS) and laser guide star (LGS) 

AO systems.  However, it should be noted that the tools and techniques developed here 

are quite general in their nature, and can readily be applied to analyzing and improving 

performance on other adaptive optics systems. 

1.2 MMT AO system performance analysis 

 

A systems level analysis of wavefront error contribution is useful for understanding what 

areas of the AO system can be improved to provide the greatest performance increases 

and, therefore, maximize image quality.  For the MMT-AO system, major contributors to 

wavefront error can be divided into three distinct components:  

1) Spatial fitting errors due to the limited number of spatial modes that can be 

applied to the deformable mirror at any instant in time. 

2) Temporal errors due solely to the pure time delay of the wavefront sensor (WFS).  

This delay manifests itself as an error in the reconstructed wavefront surface input 

to the wavefront controller. 
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3)  Wavefront controller temporal errors due to limited correction bandwidth.  These 

errors affect both the magnitude and phase of the wavefront surface input signal, 

attenuating some components and amplifying others. 

Other significant sources of wavefront error exist including isoplanatic effects and 

sensor noise.  However, since reducing wavefront error from these components would 

involve integration of new hardware or changes to the current system design, it was 

deemed beyond the scope of this study. 

The Strehl ratio is often used as a figure of merit for image quality when the 

imaging application is at or near the diffraction limit, such as adaptive optics.  The Strehl 

ratio is defined as the ratio of the measured on-axis peak intensity 
pI  from a point source 

compared with the maximum theoretical peak intensity TI  for a perfect imaging system.   

For a circular aperture and pupil plane wavefront error function of  ,    expressed in 

polar coordinates [8], we have 

  

2
1 2

2

0 0

1 2
exp ,

p

T

I i
Strehl d d

I



     

 

 
    

   (1.2) 

A number of simplified approximations exist for the Strehl ratio as a function of 

the root mean squared (RMS) wavefront error.  The most commonly used of these 

approximation is known as the extended Marechal approximation and is given by 

 

2
2

exp nmStrehl





  
   

   
 (1.3) 
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where   is the observation wavelength in nm and nm  is the standard deviation of the 

pupil plane wavefront error in nm RMS [11].  This approximation is valid for 

2
1nm  rad





 . 

Another approximation to the Strehl ratio is a curve-fit derived by Hart (see 

Appendix A) from empirical data which also gives Strehl as a function of wavelength and 

wavefront error RMS.  Telemetry data from the deformable mirror (DM) allows us to 

reconstruct the residual wavefront in the pupil plane and compute an estimated wavefront 

error in nm RMS.  Strehl estimates derived from the Hart curve-fit appear to match 

estimates from the actual telemetry slope data significantly better than the extended 

Marechal approximation at lower Strehl ratios. 

1.3 MMT measured system performance 

 

Figure 1.1 shows the estimated Strehl ratio using both the extended Marechal 

approximation (dashed lines) and the Hart curve-fit (solid lines) as a function of 

wavelength and wavefront error.  For nominal seeing conditions at the MMT of 0.77 

arcseconds, analysis of the slope telemetry data when using the NGS-AO integral 

wavefront controller shows that the estimated wavefront error RMS is approximately 450 

nm.  Analyzing the telemetry data at various seeing conditions and pointing angles 

relative to the wind gives a typical range of 75 nm RMS.  This is shown in figure 1.1 as 

the blue shaded area.  For a wavefront error of 450 nm, the Hart curve-fit derived 

estimate of Strehl ratio in M-band is 0.75.  At shorter wavelengths, Strehl declines 
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rapidly.  The Strehl ratio in H-band (1.65 µm) is approximately 0.18 at 450 nm and at red 

wavelengths (0.7 µm) Strehl is essentially zero. 

 

Figure 1.1: Strehl ratio as a function of wavefront error RMS and wavelength.  Dashed lines 

are the extended Marechal approximation.  The solid lines are Hart curve-fit data.  Red 

lines are M-band (5 µm), green are H-band (1.65 µm), and blue are visible at 700 nm. 

 

Implementation of the optimized PID wavefront controller for the MMT NGS-AO 

system will be discussed in detail in Chapter 5.  For the optimized PID controller under 

nominal seeing conditions, the estimated wavefront error derived from telemetry data is 

approximately 340 nm RMS or 110 nm RMS less than the integral controller.  This 

behavior results in significant improvement in the Strehl ratio particularly at shorter 

Integral 

Controller 

PID 

Controller 
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wavelengths (red shaded area in figure 1.1).   For H-band (1.65 microns), the estimated 

Strehl is 0.33, almost double that of the integral controller.  Although the optimized PID 

controller results in a significant improvement in Strehl, additional reductions in the 

wavefront residual are required if we want to achieve high Strehl in H-band and 

particularly if we want to have diffraction limited imaging down to J-band (1.25 µm) and 

good correction at visible wavelengths. 

To obtain a reasonable Strehl ratio of 0.5 in H-band would require that the 

residual wavefront error be reduced to roughly 250 nm RMS.  This level of correction is 

possible to achieve through software modifications only by the development of better 

wavefront controller algorithms.  Strehl ratios of 0.5 in J-band would be significantly 

more difficult to obtain and would require the residual wavefront error to be 

approximately 180 nm RMS.  This level of reduction in the wavefront error would most 

likely require a combination of software and hardware upgrades to the system. 

1.4 Theoretical estimates of wavefront error contributions 

 

1.4.1 SPATIAL FITTING ERROR ESTIMATE 

 

Because the deformable mirror has a finite limit to the number of spatial modes that can 

be applied, the mirror will never exactly match the spatial structure of the atmospheric 

turbulence.  This limitation results in a wavefront residual component known as fitting 

error.  In general, the more spatial modes we can apply to the DM, the less the fitting 

error will be. 
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An estimate of the residual wavefront due to fitting error can be found from [10] 

as 
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 (1.4) 

where   is the wavelength in nm, D is the telescope diameter in meters, 0r  is the 

coherence length (meters) specified at the observation wavelength, and ZernN  is the 

number of fully corrected Zernike modes. 

On the MMT AO system, the secondary mirror acts as the system stop, given an 

entrance pupil diameter of D = 6.3 m.  The NGS-AO system currently corrects for 

54ZernN  modes.   If we assume a coherence length of 0 0.15 r m  specified at a 

wavelength of 0.5 m  for average seeing conditions, then the spatial fitting error would 

be 175fitting nm RMS  .  If we were able to double the number of corrected Zernike 

modes applied to the DM, 108ZernN  , the spatial fitting error would then be 

130fitting nm RMS  , for a total difference of 45 nm RMS.  Figure 1.2 shows the spatial 

fitting error as a function of coherence length and the number of fully corrected Zernike 

modes for the MMT AO system. 
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Figure 1.2: Residual wavefront as a function of the number of spatial modes applied.  The 

MMT NGS-AO system currently applies 54 Zernike modes to the DM. Coherence length is 

specified at 0.5 µm. 

 

1.4.2 PURE TIME DELAY ERROR DUE TO WFS 

 

Wavefront errors due to pure time delay effects of the WFS are fundamentally different 

than errors associated with the temporal response of the controller, which will be 

addressed in the following section.  Pure time delays are important particularly in the 

case of high altitude wind speeds associated with the jet stream.  Jet stream winds can 

reach speeds in excess of 80 m/s and typically occur at altitudes of 10-15 km.  Time 

delays can also be important for faint targets when the sample rate must be lowered to 

obtain a reasonable signal to noise ratio on the wavefront sensor (WFS). 
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For a single turbulent atmospheric layer, we can approximate the Greenwood 

frequency as a function of wind speed v  and coherence length  0r   , which in turn is a  

function of observation wavelength. 

 
 0

0.427g

v
f

r 
  (1.5) 

Fried [11] and Karr [12] independently investigated the effects of pure time delay on the 

wavefront error.  Assuming Kolmogorov turbulence is measured and a correction is 

applied after a time delay of s , then the wavefront error due to the pure time delay can 

be written as [10] 
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 (1.6) 

Figure 1.3 shows the residual wavefront as a function of time delay and wind 

speed.  This particular case assumes an observation wavelength of 1.65 m   (H-band) 

and a coherence length of 0.6m, also specified at H-band.  Delay time due to the WFS 

camera is known to be approximately 1.5 frames (this will be discussed in more detail in 

Chapter 2).  The typical sample rate for the NGS-AO system for bright targets is 550 Hz, 

which gives a total delay time of 2.7 msec.  At moderate high altitude wind speeds of 20 

m/s, the wavefront error due to the 1.5 frame delay time is less than 30 nm RMS.  

However, for large wind speeds the contribution of wavefront error can become 
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significant.  At a wind speed velocity of 60 m/s, the wavefront error is approximately 70 

nm RMS.   

 

 
Figure 1.3: Residual wavefront as a function of pure time delay and wind velocity.  

Greenwood frequency assumes an r0=0.6m in H-band (r0=0.15m at 0.5 µm). 

 

For faint targets, the NGS-AO system is often run at a sample rate of 100 Hz.  

Assuming a 1.5 frame delay, this give a total delay time of 15 ms.  The contribution of 

pure time delay for such large latencies also becomes significant even for low to 

moderate wind speeds.  At a wind speed velocity of 20 m/s and a sample rate of 100 Hz, 

the wavefront error due to pure time delay is on the order of 100 nm RMS.  Clearly for 
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these two special cases, the AO system could benefit from some form of wind prediction 

and compensation. 

 

1.4.3 CONTROLLER TEMPORAL EFFECTS 

 

The wavefront control algorithm essentially acts as a high pass filter for system 

disturbances, attenuating the low frequency atmospheric components and possibly 

amplifying high frequency noise and vibration components (see Chapter 5, figures 5.10-

13).  As such, there is a complex relationship of magnitude and phase as a function of 

frequency which results in temporal wavefront error.  A simplified expression for the 

effects of the correction bandwidth of the wavefront controller on residual wavefront is 

given by [10] as 
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 (1.7) 

The above expression contains many simplifying assumptions and gives a crude 

estimate of the resulting wavefront error due to closed-loop correction bandwidth (to be 

discussed in Chapter 2).  However, in this case we can do better.  Models of the AO 

system derived from both theoretical considerations and empirical data can be used to 

obtain a much more precise estimate of the overall system performance and can be used 

to estimate the wavefront residuals for various controller algorithms.  These models of 

the AO system will be discussed in more detail in Chapters 2, 4 and 5. 
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 Several control algorithms were tested using the AO system model which is 

implemented as a nonlinear simulation in MATLAB/Simulink.  Simulations were then 

run with each of the various controllers and used to compute the total residual wavefront.  

Table 1.1 shows the estimated total wavefront contribution for some of the various 

controllers modeled in the simulation.  Gains for all the controller algorithms were 

determined using the optimization procedure described in Chapter 5. 

 

Control algorithm Total residual wavefront (nm RMS) 

Integral only 447 

Proportional, Integral, Derivative (PID) 347 

Integral with modal gains 438 

PID with modal gains 329 

Table 1.1: Evaluation of residual wavefront error for different controller topologies using 

the AO system simulation. 

 

The integral only and PID controllers were evaluated using both a single gain vector 

and modal gain vectors.  Modal control is a method where the wavefront error is divided 

into individual spatial modes, such as Zernike tip, tilt, astigmatism, etc., and a different 

gain or gain vector is applied to control each individual mode [13], resulting in a different 

correction bandwidth per mode.  In theory, this can lead to improvements in the residual 

wavefront because each spatial mode has its own unique spectral characteristic.  In 

practice, the increase in controller complexity ultimately did not justify what little actual 

benefit was obtained. 
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 Both the PID wavefront controller and PID with modal gains were tests on-sky.  

The residual wavefront using each controller was determined from system telemetry 

slope data and compared with post-test analysis run under similar simulated seeing 

conditions.  The PID controller had a residual wavefront of approximately 338 nm RMS 

as compared with the simulation prediction of 347 nm RMS, a four per cent difference.  

The PID controller with modal gains had a residual wavefront error of 324 nm RMS, or 

approximately four per cent lower than the PID with no modal gains.  Results of the 

wavefront controller tests conducted on-sky at the MMT are discussed in detail in 

Chapter 5. 

 

1.5 System performance analysis summary 

 

From table 1.1 the predicted performance difference between the integral controller and 

the optimized PID controller was 100 nm RMS of wavefront residual.  Analysis of on-sky 

telemetry data shown in figure 1.1 shows that the actual obtained increase in performance 

was approximately 110 nm RMS of wavefront residual, which is very close to the 

predicted performance.  The control algorithm was designed using methods of nonlinear 

optimization discussed in Chapter 5.  The algorithm itself was simple to implement and 

test with the real-time personal computer (PC) based reconstructor used for the AO 

system [14].   

In summary, of all the major contributors to residual wavefront, modifications to 

the wavefront control algorithm were deemed the simplest to implement and gave the 
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biggest system performance increase of 110 nm RMS.  Spatial reconstructors which 

doubled the number of corrected modes would reduce wavefront fitting error by 45 nm 

RMS and would certainly be necessary when attempting to observe at or near visible 

wavelengths.  Finally, compensating for pure time delay is important for special cases 

where wind speeds are very high, such as with the jet stream, or when observing faint 

targets where sample rates are low in order to obtain a reasonable signal to noise ratio on 

the detector.  These wavefront errors can be as high as 75 to 100 nm RMS. 
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2. ANALYTICS MODELS AND ANALYSIS TOOLS 

 

2.1 NGS general system description 

 

For the purposes of creating a dynamic model, the MMT NGS-AO system consists of 

several major components: a wavefront sensor (WFS) that measures the dynamic 

wavefront error, a real-time control computer which reads the measured values from the 

WFS and processes the signals, a control algorithm which determines the appropriate 

conjugate shape applied to the wavefront correction device, a digital to analog converter 

(DAC), and a wavefront correction device which is the secondary deformable mirror [11, 

12].  These basic components form a closed loop dynamic optical system.  Figure 2.1 

shows a functional block diagram of the NGS-AO system. 

 

Figure 2.1: Functional block diagram of the NGS-AO system 
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2.2 AO system component models 

 

2.2.1 WAVEFRONT SENSOR 

 

The MMT NGS-AO system uses a 12x12 Shack-Hartmann lenslet array to measure the 

dynamic wavefront error.   The lenslet array is placed in a conjugate pupil plane to 

measure disturbances in the incoming wavefront.  If there are no disturbances and the 

wavefront is flat, then each of the lenslets form an image of the point source at its focus 

on the detector (figure 2.2a).  If the wavefront is perturbed then, to first order, the lenslet 

displaces the point source image on the detector by an amount linearly proportional to the 

wavefront slope (figure 2.2b). 

 

Figure 2.2(a,b): Example Shack-Hartmann lenslet array. (a) Undisturbed wavefront.  (b) 

Perturbed wavefront. 
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From a dynamic modeling perspective, the WFS has four principal effects. 

1) Delay time is introduced due the integration time of the detector.  From additional 

system level tests shown in section 2.4, this is typically one frame of delay.  For 

bright targets where the sample rate is 550 Hz, this amounts to a delay time of 

approximately 1.8 milliseconds.  Fainter targets require that the sample rate is 

lower so that an appropriate signal to noise ratio (SNR) is achieved.  A typical 

sample rate for a faint target would be 100 Hz which corresponds to a delay time 

due to detector integration of ten milliseconds.  When combined with delays from 

the sample and hold effect and computational delays, the total delay time is 

approximately 17.5 milliseconds, which significantly affects system stability. 

2) The detector adds significant noise to the measured slope data.  The noise 

characteristics of the detector consists primary of photon noise, read noise, and 

dark current.  The WFS slope measurement noise is modeled using white noise 

passed through a high-order Chebyshev type II low-pass filter. The filter break 

frequency was determined from empirical data collected at different frame rates 

and varying target brightness. 

3) Nonlinearities in the measured slope data can be introduced if the source spot size 

is large relative to the subaperture.   For the linear models, these nonlinearities can 

be linearized about some nominal operating point.  

The WFS output is given by 

        
1 1 1t

WFS
t T t T t

H t M t dt M t dt M t dt
T T T

 

 
      (2.1) 
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where  M t is the measured slope vector.  Taking the Laplace transform gives the 

continuous time transfer function 

  
1 Ts

WFS

e
H s

Ts


  (2.2) 

where T is the time delay due to the detector integration time and s j . 

 

2.2.2 CONTROL COMPUTER 

 

The control computer is a real-time PC based machine known as ao-pcr.  The control 

computer reads in the signals from the CCD array and then processes the signals to give 

commands to the DM.  This is modeled as a simple delay.  The continuous transfer 

function is given by 

   s

CCH s e   (2.3) 

 which is a pure transport delay due to detector readout and computation time  .  A 

second-order Padé approximation is used in the simulation.   

 

2.2.3 CONTROL ALGORITHM 

 

The control algorithm and associated gains are derived using the process shown in 

chapter 5.  In its most general form, the control algorithm can be expressed as 
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The process for defining the transfer function coefficients is to select a specific controller 

topology and create a model as a continuous transfer function with the gains being 

determined through a nonlinear optimization routine.  The continuous model is then 

discretized at the appropriate sample rate using a zero order hold (ZOH). 

 

2.2.4 DIGITAL TO ANALOG CONVERTER 

 

The DAC converts the digital command signals from the control computer to analog 

voltages which can then be amplified and applied to the DM.  The DAC transfer function 

is modeled as a simple ZOH [1,2]. 
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  (2.5) 

2.2.5 DEFORMABLE MIRROR (DM) AND ACTUATOR DYNAMICS 

 

The DM model is a combination of the physical response of the voltage amplifiers, voice 

coil actuators, and the mirror faceplate itself.  The DM and voice coil actuator (VCA) 

dynamics are modeled as a second-order transfer function where n and   are the 

DM/VCA natural frequency and damping ratio respectively.  The inclusion of mirror 

dynamics is important in accurately modeling the system behavior at higher frequencies 

in the presence of structural vibration [13]. 
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The actual DM has a high speed inner loop position control system which uses 

capacitive sensors to measure and control the mirror surface position.   The inner loop 

controller operates at a sample rate of 40 kHz.  While the dynamic response of the inner 

loop position controller is important for the mirror surface stability, it is less critical for 

the DM response to atmospheric turbulence and structural vibration.  Therefore, the 

dynamic response of the inner loop controller is effectively included in the model of the 

second order DM transfer function.  Figure 2.3 shows the DM for the MMT AO system. 

 

Figure 2.3: The deformable secondary mirror for the MMT AO system. 
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2.2.6 SYSTEM MODELS 

 

The continuous time closed loop block diagram is shown in figure 2.4.  The total system 

input Total
 
is the sum of the atmospheric turbulence component Atm , command path 

component Cmd , and structural vibration components kv .  The two outputs are the 

residual wavefront, or error signal, and the DM position DM . 

 

Figure 2.4: Functional block diagram of the AO wavefront control loop showing all relevant 

input disturbances and dynamic components. 

 

2.2.6.1 Open loop transfer function 

 

The system’s open loop transfer function is defined as 

 OL WFS CC Cntrl DAC DMH H H H H H  (2.7) 

The open loop transfer function can be used to analyze traditional gain and phase margins 

or for computing vector margins as described in Chapter 5. 
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2.2.6.2 Disturbance rejection transfer function 

 

The disturbance rejection transfer function is the most commonly used method for 

assessing the closed loop performance of an AO system since we are primarily interested 

in determining how well the control system attenuates external perturbations.  The 

disturbance rejection transfer function is defined from the disturbance input to the error 

signal output.  A block diagram of the disturbance rejection transfer function is shown in 

figure 2.5. 

 

Figure 2.5: Block diagram of the disturbance rejection transfer function. 

 

The disturbance rejection transfer function is given by 

 
 

1

1

Res

Total OLH s




 
 (2.8) 

The disturbance rejection bandwidth is specified as the 0 dB magnitude crossover 

frequency.  This bandwidth is the frequency at which the controller no longer attenuates 

the input disturbance signal.  A typical disturbance rejection frequency response plot is 

shown in figure 2.6. 
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Figure 2.6: Typical disturbance rejection frequency response plot.  The zero dB crossover 

point is shown at 15 Hz. 

 

2.2.6.3 Command path transfer function 

 

Although the command path transfer function is less commonly used for AO systems, it 

is important for analyzing performance when the DM is commanded to move, such as 

with chopping to determine IR background signature or offloading tilt to the hexapod.  A 

block diagram of the command path transfer function is shown in figure 2.7. 

 

Figure 2.7: Block diagram of the command path transfer function. 
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The command path transfer function is given by 

 
 

 1

OLDM

Cmd OL

H s

H s




 
 (2.9) 

The command path bandwidth for AO systems is usually specified as the 

frequency at which the response magnitude is reduced to -3 dB.  This bandwidth is the 

frequency at which the controller is no longer accurately following the commanded 

signal.  A typical command path frequency response plot is shown in figure 2.8. 

 

 

Figure 2.8: Typical command path frequency response plot.  The -3 dB point is shown at 

approximately 40 Hz. 
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 The magnitude peaking seen in both the disturbance rejection and command path 

transfer functions also plays a critical role in optimization of the system response.  This 

will be discussed in detail in Chapter 5. 

2.3 LGS component modeling differences 

 

The MMT laser guide star (LGS) AO system uses an artificially generated guide star to 

replace the natural guide star used on the NGS-AO system to increase sky coverage [14, 

15].  Figure 2.9 shows the LGS system in operation.  Although the LGS-AO system 

differs considerably in hardware configuration and science goals from the NGS-AO 

system, from a controls modeling perspective there are relatively few changes required to 

the component models themselves.  In general, the hardware differences lead to 

parameter changes within the models, though there are components such as a fast steering 

mirror (FSM) which are used only by the LGS-AO system.  A brief description of these 

components and their effects on control system analysis are discussed in the following 

paragraphs. 

1) The LGS-AO control system is typically run at a camera integration rate of 

400sT  Hz.  The additional delay due to integration time and the sample and 

hold effect leads to a significant difference in the disturbance rejection bandwidth 

between the NGS and LGS systems.  The total system delay time 
Sys  is 

computed using 
Sys Int ZOH CC       where the camera integration time is 

int 1/ 400 2.5 ms   , the sample and hold effect is int / 2 1.25 ZOH ms   , and 
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computational delays are 0.64 CC ms  , for a total delay time of approximately 

4.4 Sys ms  . 

2) The LGS system currently runs an integral only controller which also leads to a 

significant difference in the disturbance rejection bandwidth.  At some point, the 

LGS controller will be upgraded to an optimized PID controller. 

3) Since the laser guide start cannot sense global tilt, the tip/tilt signals are produced 

by a different CCD camera, locked onto a natural guide star, than the CCD used 

to measure the laser beacon.  From a controls perspective, this leads to somewhat 

different noise characteristics from the different CCD arrays.  In addition, the 

tip/tilt camera can be run at a different sample rate from the CCD measuring the 

laser beacon which must be taken into account in the wavefront controller model. 

4) The number of spatial modes corrected on the LGS system and the basis set used 

is different than the NGS system.  Currently, the LGS wavefront controller 

corrects for 44 spatial modes.  A disk harmonic basis set is typically used [4,5] 

although the use of a Zernike basis set is an option.  

5) The constant laser guide star brightness and camera sample rate mean that the 

LGS wavefront controller does not need to schedule gains as a function of target 

magnitude as the NGS system must do. 

6) Stabilization of the outgoing laser beam is required due to issues with telescope 

structural vibration.  The LGS system uses a fast steering mirror in conjunction 
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with accelerometer feedforward to sense and cancel unwanted beam movement.  

This strategy is discussed in detail in Chapter 6. 

 

Figure 2.9: Operation of the MMT LGS-AO system on Mt. Hopkins, AZ.  Image courtesy 

T. Stalcup 

 

2.4 Model validation 

 

Real-time data collected from the AO system telemetry at the MMT has allowed 

excellent characterization of the NGS and LGS-AO systems.  Using this on-sky data has 

helped test and validate the AO system dynamic models.  These models are implemented 

in MATLAB/Simulink and can be used for rapid prototyping of various adaptive optics 

control algorithms as well as for estimating AO system performance.  Figure 2.10 shows 
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a functional block diagram of the MMT AO system and real-time telemetry parameters 

which are available for system analysis. 

 

Figure 2.10: Block diagram showing the available AO system real-time telemetry data. 

 

Telemetry from the AO system consists of time history data for six sets of 

parameters.  The six sets of parameters available are: 

1) slopes:  For the NGS system, this consists of a column vector of 288 slopes, 144 

x-axis slopes followed by 144 y-axis slopes computed from the 12x12 Shack-

Hartmann WFS.  The LGS system in ground layer adaptive optics mode (GLAO) 

produces a vector of 124 slopes which contains 120 x and y-axis slopes from 60 

subapertures plus two slopes for tip and tilt and two spares. 

2) rtr:  Real-time reconstructor commands.  The reconstructor matrix converts the 

288 element vector of slopes from the WFS to 336 positions representing the 

wavefront residual in DM space at each actuator location.  The rtr commands 

vector is the input to the wavefront controller, that is, the rtr is a vector of error 

signals. 

3) cmds: A 336 element vector of absolute position commands to the DM.  The cmds 

vector is the commanded position from the control algorithm. 
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4) pos: A 336 element vector of absolute DM positions.  These values are the 

actuator positions as measured from the capacitive sensors. 

5) cur: A 336 element vector of currents for each DM actuator. 

6) accels:  The accels file consists of 12 channels representing each axis of the four 

tri-axial accelerometers mounted on the back of the DM cold plate.  The 

accelerometer data is used for the LGS beam stabilization and will be used for 

correction of structural vibration on the NGS system.  

The 336 element error signal vector (rtr) is processed sequentially by the control 

algorithm.  From the temporal controller perspective, each of the 336 elements is 

considered as an independent channel to the control algorithm, producing a 336 element 

output vector from the controller which consists of commands (cmds) applied to the voice 

coil actuators in the DM. 

 

2.4.1 MODEL VALIDATION FROM SLOPES TO POSITIONS 

 

Figure 2.10 shows that real-time slopes time history data are available which are the 

outputs of the WFS.  We also have DM position data available which are the measured 

values of the actuator positions from the capacitive sensors.  If we use the slopes time 

history data as an input to the AO system model, from the reconstructor matrix to the DM 

dynamics, then the position output of the model should match the measured position 

output from the actual DM.  Figure 2.11 shows the empirical time history data for 

actuator #222 position (red line) versus the simulated output from the AO system model 

(blue line) using the same slopes input.  The model was run with the same controller 
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topology and gains as the actual system with a PID controller and gains of 

=1.2, 1.65i pK K  , and a User gain = 0.3. 

 

Figure 2.11: Time history data for actuator #222 position comparing the actual DM output 

with the modeled DM output. 

 

Figure 2.12 shows a 1.5 second portion of the time history data in figure 2.11 to 

illustrate the correlation of the model high frequency dynamic response to that of the 

actual DM empirical data.  Some small differences can be seen between the two 

responses but the maximum amplitude difference for this particular time history was only 

8 counts, approximately 26 nanometers, and the standard deviation of the error signal 

amplitude between model and empirical data was only 3 counts, or approximately 10 nm 

RMS (figure 2.13).  This behavior is typical for all DM actuator responses and for 

numerous time histories representing differing atmospheric conditions. 
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Figure 2.12: Time history data for actuator #222 position showing comparison of model and 

actual data for higher frequency dynamics. 

 
Figure 2.13: Time history of position error between simulated and empirical data for 

actuator #222. The maximum error was 8 counts and the standard deviation was 3 counts. 
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The correlation between the model and the empirical data shows that the model 

accurately reflects the actual system dynamics from the output of the WFS to the output 

of the DM positions.  All other DM actuators show a similar correlation. 

Although the correlation of the phase response between the model and the empirical 

data looks reasonable, it is more difficult to quantify.  This issue will be addressed in the 

following section when we include the model dynamics of the WFS, which is critical to 

the overall system phase response. 

 

2.4.2 MODEL VALIDATION OF THE WFS 

 

In the previous section, it was shown that the dynamic response of the model closely 

matches the actual response of the AO system for all components excluding the WFS.  

The primary effect of the WFS on the AO system dynamics is to add time delay to the 

system.  We can quantify just how much time delay by using the open loop frequency 

response model (discussed in detail in Chapter 4).   If the open loop system model is 

accurate, we can predict with fairly good precision the frequency at which the system will 

become neutrally stable.  For the NGS-AO integral controller running at a sample rate of 

550 Hz, the open loop frequency response shows the system to be neutrally stable for a 

User gain of 0.6, and an assumed time delay of 1.5 frames.  For the same parameters, we 

can construct the disturbance rejection frequency response.  Figure 2.14 shows that the 

system becomes neutrally stable at a frequency of 38 Hz. 
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Figure 2.14: Disturbance rejection frequency response for the NGS integral controller.  The 

system is neutrally stable at a frequency of 38 Hz with a gain of 0.6 and delay of 1.5 frames 

 

The frequency at which the gain peaking occurs significantly constrains the 

possible time delay of the WFS.  For a variation in time delay of +/-0.5 frames, the 

frequency at which the predicted instability occurs varies approximately +/- 1.5 Hz.  

Therefore, if we can measure the frequency at which gain peaking occurs in the AO 

system using the DM telemetry data, then we can determine if the estimated WFS delay 

time is close to the actual WFS delay time. 

Figure 2.15 shows power spectrum data collected on-sky from the MMT NGS-

AO telemetry for Zernike tilt.  The data was collected using the same integral controller 

and system parameters used to generate the simulated data of figure 2.14.  The empirical 

data shows that the system gain peaking occurs at approximately 38 Hz when the User 

gain is set to 0.6.  The closest match in the gain peaking frequency between simulation 
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and empirical data occurs when the simulation delay time is between 1.5 and 1.75 frames 

of delay at 550 Hz. 

An estimated power spectrum of the residual slopes can be computed by using 

simulated atmospheric turbulence and vibration from the input model to generate open 

loop slope data.  The simulated slope data is then used as an input to the simulated closed 

loop AO system.  Figure 2.16 shows the power spectrum of the estimated residual 

wavefront data for Zernike tilt determined from the simulated input and simulated NGS 

AO system using an integral controller and a time delay of 1.75 frames at 550 Hz.   The 

simulation was run for User gains of 0.05, 0.3, and 0.6. 

 
Figure 2.15: PSD of Zernike tilt taken from DM telemetry data.  The data shows gain 

peaking at 38 Hz which agrees with the theoretical disturbance rejection transfer function. 
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Figure 2.16: Simulated disturbance rejection frequency response.  The system is neutrally 

stable at 38 Hz with a gain of 0.6 and delay time of 1.75 frames. 

 

The empirical PSD data shows that, as the User gain is increased, the frequency at 

which the AO controller begins to oscillate is within 1 Hz of the empirical data.  This 

peaking is due solely to the stability margins of the system and helps to constrain the 

model parameters. 

 The simulated open loop data can also serve another purpose.  Since we can 

simulate the atmospheric and structural vibration components with reasonable accuracy, 

we can then use simulated closed loop slopes as an input to the real hardware.  Thus, we 

can create a hardware-in-the-loop (HWIL) simulation which would allow us to test and 
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analyze system components while in the lab.  For example, this utility could be quite 

useful for testing and diagnosing software problems while the DM is off the telescope, 

reducing the need for valuable on-sky telescope time. 

 There are numerous possible configurations for a HWIL simulation.  In its 

simplest form, pre-computed closed loop slopes are read in from a file and input as slope 

offsets to the PCR (PC-reconstructor).  The actual DM positions could be compared with 

simulated DM positions from the analysis tools.  This test mode capability already exists 

in the current system.  Although not suitable for performance predictions, this HWIL 

configuration would allow the operator to test all software and hardware components of 

the system, with the exception of the camera, while the DM is not mounted on the 

telescope. 

 A more complex version of the HWIL could be created which reads in open loop 

slope data from a file.  The open loop slopes would serve as an input to a transfer 

function model of the DM, implemented as a simple filter, along with the current 

controller gains from AO-GUI.  The transfer function model would then output the 

appropriate closed loop slopes for the current system gain settings.  Thus, the operator 

could open and close the loop as well as increase or decrease the controller gains using 

AO-GUI just as if the DM were mounted on the telescope and locked onto a target.  In 

addition to software and hardware testing, this configuration of the HWIL could be used 

for system performance analysis. 
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2.5 Visualization tools 

 

Although the telemetry time history data is sufficient for understanding the system 

dynamics in many cases, there are instances where the spatial relationship among 

parameters such as currents, commands, and positions can be useful in understanding and 

diagnosing problems.  As an aid to visualizing these spatial relationships, a set of tools 

was written to create three dimensional representations of the parameter surfaces.  These 

visualization tools can be used to plot a single instant in time, as shown in figures 2.17-20 

or they can be used to create movies showing both spatial and temporal information.  The 

visualization tools have been useful for diagnosing numerous problems with the DM 

which could not easily have been seen otherwise (see section 2.6 for some examples). 

 Figures 2.17 and 2.18 show surface maps of rtr commands and DM currents for a 

single time frame.  Information, such as the spatial location of high actuator currents or 

position saturation, can be determined from the surface data.  As an example, figure 2.18 

shows high spatial frequencies on a surface plot of actuator currents.  This was 

determined to be caused by two primary effects.  First, there was significant 

contamination between the reference body and the back side of the shell.  The 

contamination was located regionally about the mirror surface and appeared to have come 

from water entering the gap between the shell and the reference body.  Large actuator 

current gradients were seen at the interface between contaminated and uncontaminated 

regions.  The second effect was due to a number of actuators placed in ‘open loop’, 

meaning a bias current was applied to the actuator to offset the weight of the mirror but 

no control or feedforward currents were applied.  Again, large actuator current gradients 
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were seen at the interface between large numbers of actuators in closed loop operation 

and those in ‘open loop’.  The effects of actuator currents with high spatial frequencies 

were particularly pronounced along the mirror edges and center ring.  These issues and 

their resolution are discussed in greater detail in section 2.6. 

 Figures 2.19 and 2.20 show surface plots of absolute commands from the 

wavefront controller and DM positions as measured by the capacitive sensors.  The 

surface plots are three dimensional and can be rotated to view any region of interest.  The 

scripts are written using MATLAB/Simulink and have been included for reference in 

Appendix A. 

 

Figure 2.17: Surface plots of real-time reconstructor (rtr) commands.  All surface plot data 

shown for the same time sample. 
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Figure 2.18: Surface plots of DM actuator currents (cur).  All surface plot data shown for 

the same time sample. 

 

Figure 2.19: Surface plot of DM actuator commands (cmds).  All surface plot data shown 

for the same time sample. 
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Figure 2.20: Surface plots of DM actuator positions (pos) as measured by the capacitive 

sensors.  All surface plot data shown for the same time sample. 

 

2.6 Case study: Visualization tools used to diagnosing DM issues 

 

2.6.1 INTRODUCTION 

 

During an NGS-AO observing run in October 2010, numerous problems with the MMT 

adaptive secondary mirror (ASM) were encounter which ultimately prevented the 

adaptive optics system from performing as designed, significant telescope observing time 

was lost, and collection of science data was compromised.  As a result of these issues, a 

series of tests on the deformable mirror was conducted in November and early December 

2010 [16].  This section reviews some of the issues seen during operation of the DM and 
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discusses how the visualization tools were used to diagnose and resolve performance 

issues with the ASM. 

 In addition to demonstrating the utility of the visualization tools for diagnosing 

problems, this section also serves to document some of the DM performance issues 

encountered during the October 2010 run and how these issues were ultimately resolved.  

Finally, section 2.6.6 discusses the state of the ASM after testing and cleaning as well as 

how the visualization tools can be used to prevent future DM performance issues which 

may impact science observations. 

 

2.6.2 DM ISSUES DURING THE OCTOBER 2010 NGS-AO OBSERVING RUN 

 

2.6.2.1 Actuator currents with high spatial frequencies 

 

High actuator currents were observed in the AO system telemetry data during the October 

2010 run.  There appeared to be two distinct phenomena related to high currents.  The 

first is the so-called 'salt and pepper' current pattern (figure 2.21) seen on the mirror 

where there are numerous adjacent actuators with alternating low and high currents, or 

high spatial frequencies, distributed over the mirror surface.  Often, but not always, these 

patterns have been seen near the mirror edge and center ring.  This pattern of alternating 

low and high currents has been present for some time, and is seen in the telemetry data 

from at least 2007.  During the October 2010 run, the current differences between 

adjacent actuators were often quite high. 



 

58 

 
Figure 2.21: A side view of the surface plot of DM actuator currents (counts) using 

the visualization tools.  The typical 'salt and pepper' pattern of actuator currents 

can be seen on the mirror, particularly at the edges. 

 

2.6.2.2 Localized areas of high actuator currents 

 

The second issue seen during the October 2010 run was a localized area of high actuator 

currents.  This localized area is shown in the surface plots of actuator currents using the 

visualization tools (figures 2.22 and 2.23).  Prior to the development of the visualization 

tools, it was not possible to diagnose this particular phenomenon of very large, localized 

actuator currents.  The high currents appeared to be correlated with tilt of the DM 

surface.  Actuator currents as high as 32,768 counts (saturation of the telemetry 

parameter) were observed during at least two nights on October 27th and 28
th

 2010. 
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Figure 2.22: Surface plots of high actuator currents using the visualization tools.  

Very high currents were observed in a localized region of the mirror (center-left on 

surface plot).  The amplitude of the currents appeared to be correlated with DM tilt. 

 

 
Figure 2.23: Side view of surface plot of high actuator currents. The peak amplitude 

of the current was large enough to saturate the telemetry data (32,768 counts) 
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2.6.2.3 Large numbers of actuators in open loop 

 

During the October 2010 run, large numbers of DM actuators were placed on the open 

loop list.  When an actuator is placed on the open loop list, a bias current is applied to the 

actuator which allows the associated magnet to 'float' at the average flat position of the 

mirror.  However, no control or feedforward currents are applied to the actuator.  The 

number of actuators in open loop varied throughout the run, as actuators were often 

placed on the list when high current errors were encountered.  Using the visualization 

tools allowed for post-run determination of which actuators were either in open-loop, 

non-operational, or functioning normally at any given time during the observing run.  The 

visualization tools could also produce a surface map of the actuator states which allowed 

the spatial relationships of the various actuator positions and currents to be clearly 

understood. 

 Figure 2.24 shows a map of the DM actuators during the night of Oct. 28
th

 created 

using the visualization tools.  Actuators on the open loop list are shown in red; actuators 

in normal operation are shown in green.  The actuators marked in black are non-

operational and no current is being applied, that is, the actuator is electrically 

disconnected.  At this particular time, there were 76 actuators on the open loop list with 

three non-operational actuators.  However, there were times during the October 2010 run 

where as many as 132 actuators had been placed on the open loop list, more than one 

third of the total number of actuators.  In addition, the actuators placed on the open loop 

list were not randomly distributed but were often grouped in specific regions near the 
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mirror edges and center ring, thus making control of large portions of the DM much more 

difficult. 

 
Figure 2.24: Map of actuators placed on the open loop list generated from the 

visualization tools.  Red indicates open loop actuators; green indicates actuators in 

closed loop; black are non-operational actuators.  This dataset shows 79 actuators 

on the open loop list. 

 

2.6.3 INITIAL DM TESTING PERFORMED IN NOVEMBER 2010 

 

On 4 November, 2010, the aspheric shell was removed for inspection of both the shell 

and the reference body.  The area where high actuator currents had been seen in the 

telemetry data was inspected thoroughly for any anomalies.  During the inspection of the 

reference body, deposits of an unknown hard substance were found on the surface of the 

reference body (figure 2.25).  Spots were then found on the corresponding location on the 

aspheric shell indication that there was possible contamination and physical contact 

between the reference body and the shell.  Attempts to remove this substance with 

alcohol or Q-tips were unsuccessful.  Figure 2.26 shows multiple deposits of an unknown 
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hard substance on the reference body.  Figure 2.27 shows the corresponding position on 

the back of the aspheric shell. 

 
Figure 2.25: Deposits of a hard substance were found on the reference body where high 

actuator currents had been seen in telemetry data during the October 2010.  Image: M. 

Montoya. 

 
Figure 2.26: More deposits of a hard substance on the reference body where high actuator 

currents had been seen.  Image: M. Montoya. 

Deposit of Hard Substance 
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Figure 2.27: A defect in the coating of the aspheric shell corresponding to one of the hard 

deposits on the reference body.  Image courtesy M. Montoya. 

 

 The hard substance on the reference body and the corresponding contamination 

on the back of the shell seemed to indicate the two areas had been touching where the 

deposit of hard substance was found.  The high actuator currents may have been the result 

of the two areas sticking together during operation, thus resulting in high actuator 

currents when the deformable mirror was commanded to tilt in a direction which 

increased the gap height in the contaminated area. 

 

2.6.4 ADDITIONAL DM TESTING 

 

On Nov 16
th

 the aspheric shell was again removed.  A thorough inspection of the shell 

and shell coating was conducted [17].  Attempts were made to clean off the contaminants 



 

64 

using isopropyl alcohol and then using acetone with limited success.  Finally, toward the 

end of the day, distilled water was applied to one of the contaminated areas which then 

quickly dissolved the contaminant.  A thorough cleaning of the reference body and shell 

with distilled water was performed which removed a significant amount of contaminates 

from both reference body and shell. 

2.6.5 POSITION CORRELATION OF BAD ACTUATORS 

 

One very significant discovery was that many misbehaving actuators were correlated by 

position on the mirror surface, rather than by the DSP boards.  The typical scenario 

indicated was that one bad actuator would have a large negative current value; then the 

actuators surrounding the one misbehaving actuator would react and apply high positive 

currents to attempt to restore the shell to its desired position.  This resulted in one 

actuator with large negative current values, and 5-6 actuators surrounding the bad 

actuator with large positive current values. 

 The typical response of the AO system operator was to remove all the actuators 

with high currents from operation, thus placing large numbers of actuators in open loop 

that were not actually malfunctioning.  As a result, more burden was placed on the fewer 

remaining actuators to bend the surface to the commanded shape.  This resulted in even 

higher currents where many closed loop and open loop actuators were interfacing, 

compounding the problem, and resulting in even more actuators being put into 

overcurrent.  Once this issue was discovered, and a method was in place for analyzing the 

data to find the actual misbehaving actuators, the vast majority of open loop actuators 

were able to be placed back into closed loop operation.  This resulted in a significant 
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improvement in the overall mirror response, lower peak currents, and significantly 

reduced the actuator current high spatial frequencies. 

 Figure 2.28 shows a surface plot of the actuators placed in open loop after re-

evaluating bad actuators.  As of 9 December 2010, only 14 actuators were listed as open 

loop, the fewest number since at least 2007, where telemetry data was available for 

analysis.  An additional six actuators were physically disconnected. 

 
Figure 2.28: Significant numbers of actuators were placed back into service resulting in 

significantly lower actuator currents being applied to the DM.  Only 14 actuators are shown 

in open loop. 

 

2.6.6 STATE OF THE DM AFTER CLEANING 

 

Figure 2.29 shows the currents for a commanded flat with the aspheric shell mounted on 

the reference body after the DM cleaning.  The actuator currents are the lowest seen since 
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prior to 2007 where telemetry data was available, with a maximum actuator current of 

just over 5000 counts and minimum current of approximately 0 counts. 

 
Figure 2.29: Surface plot of actuator currents.  The currents seen after cleaning the 

reference body and shell, along with returning numerous actuators to service, resulted in 

very low actuator currents across the shell. 

 

 Although the response of the DM has been significantly improved since the 

October 2010 observing run, significant work on the adaptive secondary still needs to be 

performed.  This is particularly true for the electronic components of the actuator 

controller and the capacitive sensor as there are still issues with the DM response when 

the temperature set point changes rapidly.  This seems to affect the actuators randomly 

and is very difficult to diagnose and correct while at the telescope. 

 Despite this, significant improvement in the mirror performance was obtained.  

Cleaning of the shell and reference body eliminated the high localized actuator currents 
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seen during the October 2010 run as well as greatly reducing the actuator current high 

spatial frequencies.  Understanding the effects of the actual misbehaving actuators by 

using the visualization tools enabled large numbers of actuators previously in open loop 

to be put back into service which made an enormous difference in system performance. 

 The visualization tools were critical in diagnosing and correcting many 

performance issues with the DM.  These tools are available to analyze the current system 

performance and it is recommended that actuator positions and currents be monitored 

regularly to ensure proper operation of the AO system and to rapidly diagnose problems 

with the hardware when they occur.  The tests performed during November and 

December 2010 not only saw significant progress in improving the DM performance but 

also allowed a better understanding of the overall system and its components by both 

CAAO and MMT personnel.  This should, in turn, be beneficial for future maintenance, 

reliability, and improvements of the adaptive secondary system. 
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3. ESTIMATING THE EFFETS OF STRUCTURAL VIBRATION ON 

ADAPTIVE OPTICS SYSTEM PERFORMANCE 

 

3.1 Introduction 

 

Optimization of adaptive optics wavefront controllers have historically concentrated on 

attempting to minimize the residual root mean square (RMS) wavefront error 

contributions from atmospheric turbulence and sensor noise [18, 19].  However, increases 

in real-time computer processing speed and improved detectors with faster integration 

times have resulted in AO wavefront controllers with sufficient disturbance rejection 

bandwidths to significantly reduce the atmospheric component of the wavefront 

residuals, under most conditions, to levels where the dominant residual component is due 

to structural vibrations or resonances of the telescope rather than seeing.  This is 

particularly true for many of the large aperture telescopes currently in operation [20-22]. 

Figure 3.1 shows the closed loop power spectral density (PSD) of Zernike tilt, 

collected during an MMT Natural Guide Star (NGS) AO system run in November 2009.  

The seeing conditions were from 1-1.2 arcseconds at 0.5 microns which is somewhat 

worse than the historical median seeing at the MMT of 0.77 arcseconds.  The dominant 

residual wavefront error seen at 18.75 Hz is due to a local structural vibration of the 

telescope secondary hub assembly [21, 23]. 

Analysis of image data obtained from the MMT NGS-AO system have shown that 

diffraction limited images (figure 3.2) can be obtained in H-band (1.65 microns) and 

above when vibrational tip/tilt can be removed through post-processing by shifting and 

co-adding short exposure images. [24, 25]. 
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Figure 3.1: Power spectral density of residual Zernike tilt obtained during an MMT NGS-

AO run in November 2009.  The log scale illustrates the dominant residual effect of the 

18.75 Hz structural vibration compared with the atmospheric component.  Resonances are 

also seen at 61 and 66 Hz. 

 

 

Figure 3.2: A logarithmically scaled H-band image of a star from the MMT-AO system 

showing four Airy rings when tip/tilt is removed through post-processing. 
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A major exception to this assumption is when fast moving high altitude 

atmospheric layers are present, as with the jet stream, where wind velocities are high 

enough that system delays in measuring the atmospheric component remain an important 

contributing factor to the residual wavefront.  Nevertheless, even in these cases structural 

vibration is still a significant contributor to the total residual wavefront error, the effects 

of which must be accounted for in the design and optimization process of the adaptive 

optics wavefront controller if optimal performance is to be obtained [13]. 

For the next generation of very large aperture telescopes currently being 

developed, assessing the effects of structural vibration on closed loop AO system 

performance should be an important part of the overall telescope and AO system design   

It is therefore necessary to have a better understanding of these effects and how they 

impact the performance of the closed loop AO system.  The theoretical approach begins 

by defining the angular resolution R  for a telescope with aperture D  (meters) at an 

observation wavelength of   (microns); 
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where the angular resolution is proportional to wavelength and inversely proportional to 

telescope diameter, thus the principle reason for building large aperture telescopes with 

adaptive optics systems.  However, telescope structural vibrations can cause significant 
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degradation of image quality, resulting in observed spot full width half maximum 

(FWHM) and angular resolutions far worse than the theoretical limit.  Strehl and peak 

intensity can also be significantly degraded by structural vibration as energy is dispersed 

over a much larger area of the detector.  Note that structural vibration is completely 

different in character than atmospheric jitter.  Structural vibration is seen as a lightly 

damped, sinusoidal oscillation, often at high frequencies relative to the AO wavefront 

controller bandwidth, while atmospheric jitter results in random image motion observed 

at much lower frequencies resulting in a Gaussian broadening of the point spread 

function (PSF). 

 

Figure 3.3: Theoretical disturbance rejection frequency response for the MMT-AO Integral 

wavefront controller.  Resonances affecting the MMT NGS-AO system are located at 18.75, 

61, and 66 Hz.  The 0 dB crossover is at approximately 16.5 Hz, allowing the structural 

vibration at 18.75 Hz to be slightly amplified. 
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Structural vibration frequencies are often high enough to be outside the 

disturbance rejection bandwidth of the AO system, so there is often little attenuation or 

possibly even amplification of the mode.  This behavior is in stark contrast to the 

atmospheric tip/tilt component of the residual wavefront where power is typically at or 

below 5 Hz (figure 3.1) which can be greatly attenuated by the wavefront controller. 

 We can determine the effect of structural vibration on the closed loop image 

motion through the use of the disturbance rejection transfer function [11, 12].  The 

disturbance rejection transfer function acts as a high pass filter, attenuating low frequency 

response but passing through, or amplifying, high frequency response.  This transfer 

function can be used to determine the relationship between open loop and closed loop 

image motion at the detector modified by the AO wavefront controller.   

 Figure 3.3 shows the theoretical disturbance rejection transfer function for the 

MMT NGS-AO integral wavefront controller under typical operating conditions.  The 

wavefront controller sample rate is 550 Hz and the integral gain is set to a nominal value 

of 0.3 which minimizes the residual wavefront under average seeing conditions.  We see 

that the system disturbance rejection bandwidth frequency, defined as the 0 dB crossover 

point, is 16.5 Hz.  Thus, in the case of the local structural vibrational mode in the 

secondary hub at 18.75 Hz the AO wavefront controller is actually amplifying image 

motion at the science camera by 1.5 dB or approximately 20 per cent.  Additional 

resonances are present at 61 and 66 Hz which are also amplified slightly by the wavefront 

controller.  From figure 3.3 we see that at 5 Hz the disturbance rejection transfer function 
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attenuates the signal -12 dB, so the atmospheric component of tip/tilt at or below 5 Hz is 

reduced by at least a factor of four. 

The amplitude of image motion at the detector due to local structural vibrations 

can be quite significant.  Analysis of images and telemetry data from the deformable 

mirror has shown typical levels of image motion at the detector of 0.02 to 0.04 

arcseconds amplitude from zero to peak, and vibration levels of 0.05 arcseconds are not 

uncommon.  Data taken for verification of the analytical equations showed amplitudes as 

high as 0.09 arcseconds zero to peak.  However, this is a rather extreme case where the 

telescope was pointed directly into a 25-30 mph wind specifically to induce vibration. 

With the f/15 secondary mounted on the MMT, the secondary is the stop, giving an 

entrance pupil diameter of 6.3D  meters as projected onto the primary mirror.  

Therefore at H-band (1.65 µm) the theoretical angular resolution is 0.065R  arcseconds.  

Obviously, image motion of 0.02 to 0.04 arcseconds zero to peak will significantly 

degrade image quality both in terms of Strehl and FWHM.   For future extremely large 

telescopes (ELT's) this problem will be exacerbated; as the effective telescope diameter 

increases and the theoretical resolution limit becomes smaller, image motion due to 

structural vibration must be suppressed to even higher levels to obtain diffraction limited 

images and maximum system performance. 

There has also been significant interest in AO system observations at shorter 

wavelength from the near infrared down to visible (VNIR) wavelengths at or near 0.7 

microns [9], making assessment and control of structural vibrations even more critical for 

obtaining good AO system performance in this regime.  In addition to adaptive optics 
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system applications, the analytical techniques developed in this dissertation are 

applicable to any imaging system subject to vibration such as point to point free space 

communications or optical alignment. 

3.2 Derivation of the normalized intensity distribution due to structural 

vibration 

 

3.2.1 DERIVATION OF EXACT, TIME-VARYING SOLUTION FOR TRANSIENT RESPONSES 

AND SHORT EXPOSURE TIMES 

 

To understand the effects of structural vibration on image quality we first derive the 

theoretical intensity distribution for a normalized Gaussian spot with standard deviation

 , beam radius 2w  , and 2 2ln2FWHM  , moving sinusoidally with frequency 

  and amplitude A zero to peak.  The primary assumption in this derivation is that the 

closed loop AO system has removed the majority of the atmospheric contribution and 

that the dominant residual effect is due only to the structural vibration.  The assumption 

that the spot is Gaussian rather than an Airy pattern is reasonable if we set the standard 

deviation to 0.44 /A D   which gives the Gaussian profile the same FWHM as an 

Airy function.  In addition, a Gaussian function simplifies the math without significantly 

changing the conclusions.  However, it should be noted that the same analysis can be 

employed regardless of whether the PSF is Gaussian, composite of core and halo, or a 

diffraction limited Airy pattern. 

 The time-varying normalized intensity distribution is defined as 
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where aI  and uI  are the aberrated and unaberrated intensity distribution functions 

respectively and 
finalt  is the total integration time.  The generalized two dimensional 

intensity distribution for a Gaussian spot moving sinusoidally due to multiple structural 

modes is given by 
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where P  is Power in Watts, aI  is given in 
2W m  and 
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 Here, ,
k kx yA A  are the x and y-axis motion amplitudes of the k

th
 structural mode, 

,
k kx y   are the x and y-axis components of the vibrational frequencies, ,

k kx y  are initial 

phase angles, and ,x y   are the Gaussian PSF standard deviations.  The unaberrated 

intensity distribution function  2W m  is given by 

  
2 2

2 2
, exp .

2 2 2
u

x y x y

P x y
I x y

   

  
     

   

 (3.6) 
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Thus for the general time-varying normalized intensity distribution we have 

   
   

22

_ 2 20

1 1
, , exp ,

2 2 2

finalt yx

Norm Short

final x y x y

y tx t
I x y t dt

t



   

            
    

  (3.7) 

which simplifies to 
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sin1
, , exp ,

2 2

finalt

Norm Short

final x y

x A t y
I x y t dt

t



 

    
     
      

  (3.8) 

 when the image motion is assumed to be dominated by a single vibrational mode aligned 

with the x-axis, thus   0y t  .  The time-varying normalized intensity distribution can 

then be determined by numerically integrating Eq. (3.7).  As an example, image data 

taken from the ARIES imager and spectrograph [26] is compared with data derived from 

the theoretical model. 

 The ARIES image seen in figure 3.4(a) is a two second exposure in K-band (2.2 

microns).  Seeing was 0.7-0.8 arc-seconds in K-band and the telescope was pointed 

directly into a 25-30 mph wind.  Using slope data from the deformable mirror telemetry, 

the amplitude of the vibration was determined to be approximately 0.09 arcseconds zero 

to peak at a frequency of 18.75 Hz.  Numerically evaluating the time-varying solution for 

amplitude 0.09A , 18.75(2 )  rad/sec, and 2finalt   seconds, gives the two 

dimensional intensity distribution shown in figure 3.4(b). 
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Figure 3.4(a,b): (a) Two second exposure from the ARIES imaging camera showing the 

effects of the 18.75 Hz mode on the PSF. Data was obtained at the MMT in November 2009.  

(b) Theoretical PSF of a two second exposure obtained by numerically integrating the time-

varying solution and assuming the atmospheric component is completely removed. 

 

Figure 3.5: Figure showing a comparison of the Gaussian modeled profile compared with 

the ARIES image.  Although Peak intensity and FWHM are reasonable, the halo is not well 

modeled assuming a Gaussian profile. 
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The ‘dumbbell’ shaped spot pattern seen in the ARIES image clearly shows the 

dominance of the structural vibration over the atmospheric component.  The residual 

atmospheric effect can be seen in the ARIES image as an elongated halo surrounding the 

two cores which is not modeled under the assumption of a Gaussian PSF.  However, the 

estimates from the theoretical model of peak intensity, Strehl, and spot FWHM in the axis 

of vibration are still quite reasonable compared with the actual ARIES image.  

Normalized peak intensity for the theoretical model was 0.348 compared with 0.333 for 

the ARIES image, a difference of less than 5 per cent (figure 3.5).  The Strehl ratio and 

FWHM for the theoretical model and ARIES image data were virtually identical.  Strehl 

ratio was 0.27 and 0.265 for the theoretical model and ARIES image data respectively.  

FWHM for the theoretical model was 0.304 arcseconds and 0.31 arcseconds for the 

ARIES image data. 

The separation between peaks in the PSF is determined solely by the vibrational 

amplitude A, which is 0.09 arcseconds in this case, resulting in peak to peak separation 

for the theoretical model and ARIES image of 0.180 and 0.178 arcseconds respectively.  

The ratio of peak intensity to the measure on-axis Strehl ratio is also an important metric 

for model accuracy which is 1.28 and 1.23 for the theoretical model and ARIES image 

respectively.  This rather severe case, where the telescope was pointed directly into a 25-

30 mph wind, provides an excellent case to verify the analytical model performance. 
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3.2.2 DERIVATION OF A TIME-INVARIANT ANALYTICAL APPROXIMATION TO THE 

INTENSITY DISTRIBUTION FOR LONG EXPOSURES 

 

Interestingly, the long term normalized intensity distribution is not a function of the 

vibration frequency   and for long exposure times as 
finalt  becomes large, integration of 

Eq. (3.7) results in a normalized PSF that converges to a steady-state solution.  This 

solution leads to an interesting approximation for the normalized intensity distribution 

where the unaberrated intensity distribution uI  is convolved with the average spot 

distribution over time which, for a sinusoidally moving object, is given by the arcsine 

distribution.   

Letting 
finalt   and using the fact that taking the inverse Fourier transform of 

the Fourier transform of a function returns the original function, we get 

    1

_ , ,
0

1
, , lim , , ,

final

final

t

Norm Long x y a
t

final

I x y t F F I x y t dt
t

 





  
     

  (3.9) 

Employing the Fourier transform shift theorem gives 

      1

_ , ,
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1
, , , lim exp sin ,

final
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t

Norm Long x y u
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I x y t F F I x y i A t dt
t

   



 
      

  (3.10) 

After some additional manipulation and noting that the sine term is periodic over 

2
T




   we can approximate Eq. (3.9) as 

        1 1

_ , , 0, , ,Norm Long x y u xI x y F F I x y F J A y               (3.11) 
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where the term  0J A  is the zero order Bessel function of the first kind.  The inverse 

Fourier transform of  0J A  is given by the generalized arcsine distribution [27, 28] as 
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 (3.13) 

where  A x  is the indicator function and  0 x  is the Dirac measure concentrated on 

the point 0.  When 0A  , we have the unaberrated intensity distribution convolved with 

a unit amplitude delta function which simply returns the original function.  For the time-

invariant approximation we therefore have 

      _ 0, , ,Norm Long u AI x y I x y d y    (3.14) 

As an example, for a Gaussian PSF with a vibrational mode aligned with the x-axis we 

have 

     

1
2 2 2 2

_ 02 2 2

1 1
, exp 1 ,

2 2 2
Norm Long A

x y x y

x y x
I x y x y

A A
 

    


     

         
    

 (3.15) 

This equation has a simple intuitive interpretation.  We can think of it as the unaberrated 

intensity distribution weighted by the amount of time, on average, spent at each location x 
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as the spot moves across the detector.  Figure 3.6 shows a comparison of the exact time-

varying solution with parameters of 0.08A arcseconds, 117.8  rad/s (18.75 Hz), and 

2finalt  seconds (solid line) with the analytical time-invariant expression (dashed line) in 

Eq. (3.14).  Although there is still some oscillation present in the time-varying solution, 

the values of FWHM and Strehl are very close to those given by the analytical 

approximation.  As 
finalt  approaches infinity, the exact solution will converge to the time-

invariant solution. 

 

Figure 3.6: Comparison of exact time-varying solution for K-band (2.2 microns), t = 2 

seconds, frequency of 18.75 Hz, and the time-invariant analytical approximation for an 

amplitude of 0.08 arcseconds zero to peak, D = 6.5m. 

 

The analytical equation for long exposures allows for rapid evaluation of the intensity 

distributions compared with the somewhat more lengthy process of numerically 
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integrating the exact solution thus allowing for rapid computation of Strehl, FWHM, and 

other parameters as a function of telescope diameter, observation wavelength, and 

vibration amplitude.  The above expressions can be useful when determining 

specifications on the allowable image motion at the detector, or when determining the 

required disturbance rejection bandwidth necessary to obtain sufficient attenuation of the 

image motion. 

 

3.3 Image quality predictions using the time-invariant analytical approximation 

 

 

Eq. (3.14) can readily be used to assess the effects of vibration amplitude and observing 

wavelength on image quality for the next generation of large optical/infrared telescopes.  

For example, applying Eq. (3.14) to the Giant Magellan Telescope (GMT) with an 

effective diameter of 25D   meters, at a wavelength of 1.65 microns (H-band), and 

assuming the atmospheric component is completely removed, we see that a vibrational 

amplitude of 0.02 arcseconds zero to peak results in a Strehl ratio of approximately 0.24 

and a vibration amplitude of 0.040 arcseconds will give a Strehl of only 0.11 (figure 

3.7a).  For the same telescope diameter and observation wavelength, a vibration 

amplitude of only 0.01 arcseconds zero to peak is required to double the FWHM in the 

direction of the vibration (figure 3.7b).  Any additional uncorrected atmospheric 

component will, of course, degrade the image quality further. 
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Figure 3.7: Strehl ratio and FWHM as a function of closed loop vibration and three 

representative telescope diameters, D = 6.5 m (dashed), D = 10 m (dot-dash), D = 25 m 

(solid); (a) H-band Strehl ratio.  (b) H-band spot FWHM measured along the vibration axis. 

(c) Strehl at an observational wavelength of 0.7 microns. (d) FWHM at an observational 

wavelength of 0.7 microns. 

 

The effects will be significantly worse when trying to observe at or near visible 

wavelengths.  Again for a telescope diameter of D = 25 meters and an observation 

wavelength of 0.7 microns, we see that for vibration amplitudes of 0.01 and 0.02 

arcseconds, the resulting Strehl ratios are 0.19 and 0.09 respectively (figure 3.7c).  Figure 

3.7d shows that a vibration amplitude of only 0.005 arcseconds is required to double the 

FWHM along the axis of vibration.  Qualitatively, as the spot size becomes smaller, there 

are two effects which reduce the Strehl ratio.  First, energy is distributed over the length 
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of vibration amplitude 2A which reduces the peak intensity, and second, the sinusoidal 

motion of the PSF means that the spot will spend more time at the inflexion points,

x A  , where the velocity of the spot is at or near zero, rather than at the center of the 

detector.  In addition, as the spot size decreases relative to the amplitude of the vibration, 

the FWHM approaches 2A and it becomes completely dominated by the vibration 

amplitude.  Again, these figures show the best possible image quality given the specified 

level of closed loop vibration. 

 At J-band and below, where the atmospheric component of the residual 

wavefront becomes increasingly important, we can use the analytical approximation as an 

additional structural vibration correction factor.  In this case, an estimate of the core and 

halo height can be computed given the atmospheric conditions and observation 

wavelength.  Eq.(3.13) can then be used on the turbulence degraded PSF to estimate the 

final PSF given the level of vibration specified. 

 As an example, the core and halo heights and diameters for the ARIES 

image comparison were computed using methods given in [11].  For a short exposure 

image with no tilt error component, the core and halo diameters at FWHM are given by 

 1.22 /Cd D  (3.16) 

    
1 2

2

01.22 / 1 /Hd D D r   
   (3.17) 
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where   is the observational wavelength, D  is the telescope diameter, and 0r is the 

coherence length.  The core and halo peak intensities, CS and HS  respectively, can be 

computed from 

 
2expC PS      (3.18) 

 
 

 

2

2

0

1 exp

1 /

P

HS
D r

 



 (3.19) 

where 2

P  is the mean square wavefront error in radians.  The total peak intensity TS  of 

the core and halo is then computed from  

 T C HS S S   (3.20) 

 

Figure 3.8: Comparison of ARIES image intensity profile (solid line) with the theoretical 

prediction (dashed line) using a composite of estimated core and halo. 
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 The model of the turbulence degraded PSF was then convolved with the 

generalized arcsine distribution as in Eq. (3.13) resulting in a structural vibration 

correction factor to the intensity distribution.  The resulting PSF is compared with the 

actual ARIES image intensity profile (figure 3.8).  As expected, the halo in the ARIES 

image is matched significantly better by the theoretical PSF when modeled as a 

composite of core and halo.  In addition, the peak intensity in the theoretical model is 

reduced, as energy is dispersed from the core to the halo, which results in a better match 

in peak intensity of the composite model over the Gaussian approximation. 

3.4 Conclusions 

 

The significance of understanding and accounting for the effects of structural vibration 

were discussed with an emphasis on how the closed loop vibration amplitude affects the 

image Strehl and FWHM.  A general equation was then derived to compute the time-

varying normalized intensity distribution for a Gaussian spot moving sinusoidally due to 

structural vibration.  The integral has no analytical solution but can be solved numerically 

for transient responses or for short exposure times to determine Strehl or image FWHM.  

An example using the time varying approximation was given which modeled a K-band 

PSF from the MMT and compared this with an actual PSF obtained from the ARIES 

imager and spectrograph.  The resulting theoretical PSF matched the ARIES image well 

in terms of peak intensity, Strehl, and FWHM.  However, the assumption of a Gaussian 

PSF does not account for the elongated halo seen in the actual image. 
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An analytical approximation for the time-invariant normalized intensity 

distribution was then derived for long exposure times and compared with the exact time-

varying solution.  The analytical expression was used to determine the effects of vibration 

on Strehl and spot FWHM for different telescope diameters and observation wavelengths.  

The results show that both Strehl and spot FWHM are significantly affected by structural 

vibration as the telescope diameter is increased or the observation wavelength is 

decreased.  Using the time invariant approximation, an example was shown how a model 

of a partially corrected image can be constructed by estimation of the core and halo, 

which is then applied to Eq. 3.13 to give a structural vibration correction factor that more 

accurately predicts the actual PSF peak intensity and halo. 

The equations derived for both the time varying and time invariant intensity 

profiles can be quite useful in determining the effects of structural vibration on adaptive 

optics system performance as well as prediction of the final image PSF.  The time-

invariant expressions allow for rapid evaluation of specifications on allowable image 

motion at the detector, or when determining the required disturbance rejection bandwidth 

necessary to obtain the desired image quality. 

These results illustrate the importance of accounting for structural vibration in the 

design and analysis of future adaptive optics systems.  It also illustrates the need to 

develop techniques that will significantly attenuate the effect on image motion due to 

structural vibration, particularly as observation wavelengths move toward the visible and 

for the next generation extremely large aperture telescopes currently under development.  
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The analytical techniques in this chapter are quite general and, in addition to adaptive 

optics applications, can be applied to any imaging system subject to vibration such as 

point to point free space communications or optical alignment.  
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4. ADAPTIVE OPTICS WAVEFRONT CONTROLLER OPTIMIZATION: 

THEORY AND PRACTICE 

 

4.1 Introduction 

 

This chapter discusses the classical analytical approach to wavefront controller gain 

optimization.  The approach requires that various simplifying assumptions are made to 

the system models.  The effects of these simplifying assumptions are discussed and the 

predicted performance is compared with that from more complex but realistic models.   

The analytical approach also restricts the controller topology to that of a single system 

gain.  In addition, only atmospheric turbulence and wavefront sensor noise are accounted 

for in the optimization process [13]. 

We begin by reviewing the background theory and analytical methods used in 

determining the optimal system gain of a simple integral controller in the presence of 

atmospheric turbulence and wavefront sensor noise only.  This classical analytical 

approach to wavefront controller optimization can provide useful insight into the physics 

of the problem and can provide a general understanding of how the wavefront controller 

optimization process works, though some of the simplifying assumptions used to make 

the problem more tractable have significant impacts on the final conclusions, and can 

result in optimization of the wavefront controller that would perform poorly if 

implemented on actual systems.  Nevertheless, it is useful in introducing the process of 

wavefront controller optimization and illustrates many of the issues associated with using 

a simplified analytical approach. 
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For example, the theoretical approach does not correctly characterize important 

system design constraints such as gain and phase margins.  Using more complex but less 

tractable models shows the classical theoretical approach to wavefront controller 

optimization fails to predict the correct upper limit for the optimal system loop gain.  In 

reality, the upper limit on system gain for the integral only wavefront controller problem 

is not determined by either the atmospheric characteristics or wavefront sensor noise but 

rather by stability criteria of the closed loop system.  As a specific example, more 

comprehensive models developed in Chapter 2, section 2.1 for the MMT-AO system 

predict a high frequency oscillation at approximately 38 Hz when the system loop gain is 

set too high (figure 4.5) where no such limit exists for the simplified analytical model.  

The magnitude peaking is what limits our ability to increase the system loop gain 

and, therefore, ultimately limits the performance of MMT-AO system under poor seeing 

conditions.  The classical approach to gain optimization is also restricted to integral only 

controllers which can severely limit the achievable disturbance rejection bandwidth 

compared with more sophisticated controller topologies.  These and other considerations 

lead to the rationale for an alternate approach to AO wavefront controller optimization 

based on numerical rather than analytical techniques. 

4.2 Analytical approach to optimization of the wavefront controller 

 

The classical analytical approach to the adaptive optics wavefront controller optimization 

problem can be summarized as follows.  Assume that we have an integral only controller 

with a single system loop gain that we can adjust.  Assume also that the primary 
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disturbances to the wavefront controller are due to atmospheric turbulence and wavefront 

sensor noise only.  Note that this approach does not include any effects of structural 

vibration on image quality in the optimization process.  Because we are dealing with 

diffraction limited, or near-diffraction limited images, we can approximate the Strehl 

ratio as 

  2exp WFS    (4.1) 

where 2

WF is the residual wavefront variance.  In order to maximize the Strehl ratio, we 

therefore want to minimize the residual wavefront variance. 

 We begin the analytical optimization process following the development in [29].  

We assume the residual wavefront variance due to atmospheric turbulence and the 

residual wavefront variance due to wavefront sensor noise are independent and, therefore, 

contribute additively to the total residual variance of the wavefront controller.  We can 

then express each component of the residual wavefront as a function of the system loop 

gain, then minimize the total residual variance with respect to the system loop gain to 

determine the 'optimal gain' which gives the smallest possible residual wavefront 

variance for these specific atmospheric conditions and wavefront sensor noise 

characteristics. 

The functional block diagram used for the analytical optimization approach of the 

MMT-AO system is shown in figure 4.1.  The model includes all relevant dynamics 

including actuator and mirror dynamics, controller frequency response, delays due to 
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integration time of the wavefront sensor, computational delays, delays due to discrete 

sampling effects, and noise from the wavefront sensor and actuator electronics [12].  The 

model is linear, which is a reasonable approximation for analysis of closed loop operation 

where the errors are assumed small.  The associated transfer functions and parameters are 

defined in Chapter 2, section 2.2.6 

 

Figure 4.1: Functional block diagram of the MMT-AO system.  Along with the system 

dynamics, atmospheric turbulence and sensor noise are shown as disturbances to the 

system. 

 

While the model in figure 4.1 is a fairly accurate representation of the actual dynamics of 

the MMT-AO system, the relative complexity makes it difficult to obtain any physical 

insight into the problem of gain optimization.  Therefore, the next step in the analytical 

optimization approach is to make some simplifying assumptions about the adaptive optics 

system to reduce the model complexity to a more manageable state.  However, we note 

that some of the assumptions made in the analytical approach are clearly not valid for 



 

93 

the MMT-AO system.  A discussion of the practical effects of these simplifying 

assumptions is given in section 4.4 

For the analytical gain optimization approach, the following simplifying assumptions are 

then made: 

1)  The first simplifying assumption is to ignore all system delays.  This assumption 

includes the effects of wavefront sensor integration time, computational delays, and 

sampling effects.  The omission of system delays has a significant effect on the loop gain 

optimization and will be discussed in section 4.4. 

 

2) The analytical optimization approach assumes the controller is integral only.  This 

was, in fact, the case for the previous baseline MMT-AO wavefront controller.  However, 

it will be shown that using an integral only controller has significant implications on the 

disturbance rejection frequency response bandwidth and, therefore, the overall achievable 

system performance. 

 

3) The wavefront sensor noise is assumed to be white.  This assumption is currently not 

the case for the MMT as the wavefront sensor is known to have correlated noise as well 

as a fairly distinct cutoff frequency (e.g. band-limited white noise).  This assumption does 

not significantly affect control optimization for poor atmospheric seeing conditions  

(higher loop gain) but does have an impact for dimmer targets where the signal to noise 

ratio (SNR) is low. 

 



 

94 

4) The actuator and mirror dynamics are ignored.  This has some impact on the final gain 

optimization but is a reasonable assumption for integral only controllers since the 

bandwidth is limited by other considerations such as gain and phase margin.  However, 

these effects will be important when analyzing other wavefront controller topologies, 

particularly when structural vibration is considered in the optimization process. 

 

5) Assume that the actuator position measurements are correctly calibrated with respect 

to the desired optical configuration, and that the actuator coordinates are properly aligned 

with respect to the WFS.  The effects of actuator calibration and alignment are currently 

not well understood on the MMT-AO system. 

 

6) Assume that the residual wavefront variance due to atmospheric turbulence and the 

residual variance due to wavefront sensor noise are independent.  This is a reasonable 

assumption and allows us to simply add the individual components of the residual 

wavefront variances. 

 

Applying these assumptions leads us to a much simplified model of the AO system and, 

with these models; we can derive the individual atmospheric and noise components of the 

total residual wavefront variance. 
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Figure 4.2: Simplified block diagram showing the residual wavefront due to atmospheric 

turbulence propagating through the AO system. 

 

Figure 4.2 shows a simplified block diagram of the AO system for the component 

of residual wavefront error due solely to atmosphere turbulence.  The input to the system 

is the uncorrected atmospheric wavefront Atm  and the output is the residual wavefront

Res .  For the integral wavefront controller transfer function we have 

   I
Cntrl

K
H s

s
  (4.2) 

 

Figure 4.3: Simplified block diagram showing noise propagation through the AO system 

and the resulting residual wavefront. 
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Figure 4.3 shows the simplified block diagram for the residual wavefront 

component due solely to the propagation of the wavefront sensor noise WFSN .  Both 

simplified transfer functions provide the ability to express the individual residual 

wavefront components as a function of the system loop gain IK .  The total residual 

wavefront variance can then be expressed as the sum of these two terms. 

      
2 2 2

_ _I I IWF total ATM WFS noise
K K K     (4.3) 

We can then attempt to minimize this function with respect to the system loop 

gain IK , that is, we can determine the optimal system loop gain 
OPTIMALIK  that gives the 

best compromise between attenuation of atmospheric turbulence and propagation of 

wavefront sensor noise. 

4.3 Derivation of the total wavefront variance and the theoretical optimal loop 

gain 

 
We will begin the analytical gain optimization approach by developing the transfer 

functions for the residual wavefront due to atmospheric turbulence and the residual 

wavefront due to noise propagation, both as a function of a single loop gain IK .  Note 

that this derivation is valid only for AO systems with an integral controller.  This 

restriction on controller topology has a number of significant implications on system 

performance that will be discussed in detail in section 4.4. 

Once we have derived the necessary transfer functions, we will use these 

expressions to compute the residual wavefront variance for each term, again as a function 
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of the system loop gain IK .  The total residual wavefront is just the sum of these two 

terms.  We then compute the minimum of this function by taking the derivative with 

respect to the system loop gain and set this equal to zero.  Solving this expression for IK  

will give the theoretically optimal loop gain
OPTIMALIK . 

4.3.1 DERIVATION OF THE INDIVIDUAL AND TOTAL RESIDUAL WAVEFRONT TRANSFER 

FUNCTIONS 

 

From the preceding simplified block diagram in figure 4.2 and using Eq. (4.2) for 

 CntrlH s , we define the transfer function for the residual wavefront due solely to the 

atmospheric component as 

  
 

   _

1

1

Res

Residual Atm

Atm Cntrl I

s s
H s

s H s s K


  
  

 (4.4) 

Likewise, we define the transfer function for residual wavefront error due to WFS noise 

from the simplified block diagram in Figure as 

  
 

 

 

 _
1

Res Cntrl I
Residual WFS

WFS Cntrl I

s H s K
H s

N s H s s K


  

 
 (4.5) 

Now assume the variance terms are independent and therefore the components can be 

summed, we obtain the transfer function for the total residual wavefront 

          _ _ _Residual Total Residual Atm Atm Residual WFS WFSs H s s H s N s     (4.6) 
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4.3.2 DERIVING THE ATMOSPHERIC RESIDUAL WAVEFRONT VARIANCE COMPONENT AS A 

FUNCTION OF THE SYSTEM LOOP GAIN 

 

We can now use the transfer functions in Eq. (4.4) and Eq. (4.5) to compute the total 

wavefront variance from the variances of the individual atmospheric and noise 

components.  We start by deriving the residual wavefront variance 2

Atm  due to 

atmosphere turbulence.  The WFS noise is assumed to be zero so from Eq. (4.4) we can 

express the transfer function in the frequency domain as 

      _Residual_Atm Residual Atm Atms H s s    (4.7) 

In the time domain we therefore have the convolution given by 

      _ _
0

Residual Atm Residual Atm Atmt h t t t dt 


      (4.8) 

 Defining the variance due to the residual atmospheric component as 

  
2

2

_
0

1
limAtm Residual Atm
T

t dt
T

 



     (4.9) 

and using Parseval's theorem to obtain 

 
 

 
2

2

_2
0

2
lim

2
Atm Residual Atm i d where 

T

 
    





 


       (4.10) 

Substituting Eq. (4.7) into Eq. (4.10) gives 
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2 22

_2
0
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2

Atm Residual Atm AtmH i i d



   





 


     (4.11) 

We now assume that the atmospheric turbulence can be represented by a Komolgorov 

spectrum.  This assumption also has important ramifications on the optimal gain selection 

that will be discussed in section 4.4.  We can express the Kolmogorov turbulence 

spectrum of the input as 

  
 

 
2 8/3

2
0

lim
2

Kolmogorov AtmH i C



  





 


     (4.12) 

where the constant C is a function of the wind velocity and turbulence strength.  

Substituting Eq. (4.4) and Eq. (4.12) into Eq. (4.11) and changing variables / IK    to 

simplify yields 

 
2

8/32 5 3

21
Atm IK C d


  



 



 
    

  (4.13) 

Defining the Greenwood frequency as   

 

3/5
2

8/3

21
g C d


  



 



  
      

  (4.14) 

then substituting this expression into Eq. (4.13) gives the simplified expression for the 

residual atmospheric wavefront variance 
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5/3

2 5/3 5/3 g

Atm I g

I

K
K


   

   
 

 (4.15) 

4.3.3 DERIVING THE RESIDUAL WAVEFRONT VARIANCE DUE TO WAVEFRONT SENSOR 

NOISE AS A FUNCTION OF THE SYSTEM LOOP GAIN 

 

We now compute the residual wavefront variance due to the wavefront sensor noise 

component only 2

Noise .  In this case we use the simplified model in Figure where the 

atmospheric component is assumed to be zero.  This results in the transfer function for 

the residual wavefront  

        _ _
I

Residual WFS Residual WFS WFS WFS

I

K
s H s N s N s

s K
  


 (4.16) 

The noise variance 2

Noise   is defined in the time domain as 

  
2

2

_
0

1
limNoise Residual WFS
T

t dt
T

 



     (4.17) 

Then using Parseval's theorem we have 
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2
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2
lim

2
Noise Residual WFS i d   ,where  
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       (4.18) 

Substituting the transfer function in Eq. (4.16) into Eq. (4.18) gives 

 
 

   
2 22

_2
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Noise Residual WFS WFSH i N i d



   





 


    (4.19) 
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Again, using a change of variables / IK    and assuming the WFS characteristics can 

be described as white noise with variance 2

N , we have 

 
2 2 2
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K K
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  (4.20) 

where 2

N  has units of 2 /rad Hz  and 2

Noise  is in unit of 2rad  

 

4.3.4 COMPUTING THE TOTAL RESIDUAL WAVEFRONT VARIANCE AND THE OPTIMA GAIN 

 

The total residual wavefront variance is just the sum of the atmospheric and WFS noise 

variance components derived in the previous sections 
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 (4.21) 

We can now minimize the theoretical total residual wavefront variance with respect to the 

system gain IK  to give us the optimal loop gain by taking the derivative of the function 

 2

_WF Total IK  with respect to the system loop gain IK and setting it equal to zero.  This 

gives 
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which results in the theoretically optimal gain 
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Note that the gain selection is only dependent upon the noise variance of the wavefront 

sensor 2

N  and the atmospheric Greenwood frequency
g .  Eq. (4.23) is the fundamental 

result from the classical analytical approach to gain optimization.  It states that as the 

Greenwood frequency increases and the atmospheric seeing gets worse, the optimal 

system loop gain should be increased.  Conversely, the system loop gain should be 

reduced when the wavefront sensor measurement noise increases, such as for dimmer 

targets where longer integration times may be required to achieve an adequate signal to 

noise ratio. 

4.4 Assumptions and performance limitations 

 

The analysis discussed in the previous section provides useful insight into the basic 

strategy of an analytical approach to AO wavefront controller optimization [29].  

However, many of the underlying assumptions made on the dynamic models and system 

inputs, as well as restrictions placed on the wavefront controller topology, significantly 

affect the outcome of the optimization process.  It is worth discussing these issues in 

order to understand the problems of such an analytical approach, and why a new 

approach using numerical methods for optimization has distinct advantages in designing 

and implementing wavefront controllers on operational adaptive optics systems. 

 

4.4.1 MODELING ASSUMPTIONS AND THEIR EFFECT ON SYSTEM PERFORMANCE 

 

In the classical approach to gain optimization, it is assumed that the system loop gain can 

be appropriately adjusted to minimize the residual wavefront variance.  As atmospheric 
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seeing degrades, the system gain is increased to obtain a better balance between 

atmospheric wavefront attenuation and WFS noise propagation.  Using the simplified 

theoretical models, the system gain can be increased as high as one likes, no limitations 

exist with respect to system stability.  The only consideration in selecting the system gain 

is minimization of the total residual wavefront variance. 

 

Figure 4.4: Comparison of closed loop dynamic frequency responses for the simplified and 

comprehensive models.  No gain peaking occurs for the simple model and the system gain 

can be increased as high as one likes. 

 

 The simplifying assumptions made in section 4.2.1 to ignore all system delays, 
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unrealistic dynamic model that is inappropriate for real world AO systems.  Figure 4.4 

shows a frequency response comparison between the comprehensive closed loop linear 

model, as shown in figure 4.1 and defined in Chapter 2, section 2.2.6, developed for 

MMT-AO system analysis versus the simplified model used in the analytical 

optimization.  The addition of system latencies plus correctly modeling the deformable 

mirror actuator dynamics contribute to additional gain peaking which is not present in the 

simple model.  As the system loop gain is increased in the MMT-AO model, the gain 

peaking becomes worse until the closed loop system is neutrally stable and the system 

oscillates. 

 

Figure 4.5: Bode plot of gain peaking for the MMT-AO system model.  The maximum 

allowable gain is set by stability criteria rather than atmospheric properties or WFS noise. 
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 Figure 4.5 shows the disturbance rejection frequency response for the MMT-AO 

model at three different gains.  The nominal system gain is 0.3
NOMINALIK   (green line).  

Also shown are system gains of 0.15
NOMINALIK   (blue line), and 0.55

NOMINALIK   (red line) 

which shows significant gain peaking at approximately 38 Hz. 

 

 

Figure 4.6: Comparison of disturbance rejection frequency response plots for the simplified 

and comprehensive models.  Gain peak and phase lag not accounted for in the simplified 

model ultimately restrict the system performance. 
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0.3
NOMINALIK  .  The MMT-AO model has a disturbance rejection bandwidth, defined as 

the zero dB crossover point, of approximately 17 Hz, where any additional increase in the 

system loop gain will result in unacceptable magnitude peaking and oscillatory behavior.  

The simplified model shows no such magnitude peaking and the system gain can be 

increased as much as one likes.  This interpretation would lead to an unrealistically high 

system loop gain that would cause high frequency oscillations on the actual system. 

 

4.4.2 STABILITY MARGINS AS CONSTRAINTS 

 

The atmospheric turbulence spectrum typically has significant power out to at least five 

Hertz, depending on wind velocity and coherence length 0r ,.  Looking at the 

comprehensive model disturbance rejection frequency response (figure 4.6) there is only 

12 dB, or a factor of four attenuation of the atmospheric component at five Hertz.  

Turbulence at higher frequencies would be attenuated even less.  To improve the 

disturbance rejection, we want to increase the system gain.  However, stability margin 

analysis of the comprehensive model shows that, for an integral controller, this is not 

possible.  Increasing the system gain much further would result in unacceptable stability 

margins and oscillations in the system response. 

 Figure 4.7 shows the Nichols chart for the MMT-AO model as the system gain 

IK  is increased from 0.15 (blue line) to 0.6 (red line).  The nominal system gain is 

0.3IK   (green line).  At 0.6IK   the phase margin is zero and the system is neutrally 

stable. 
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Figure 4.7: Nichols chart shows that as the system gain is increased to 0.6, phase margin 

goes to zero and the system is neutrally stable. 

 

Figure 4.8: Open loop frequency response showing the system has only 15 degrees of phase 

margin at a system gain of 0.45.  This is the limit of acceptable performance. 
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 However, unacceptable performance of the system is reached before this.  Figure 

4.8 shows the open loop gain and phase margin of the controller.  At 0.45IK  we have a 

phase margin of only 15 degrees, resulting in significant oscillations and poor system 

performance.  This gain value is essentially the maximum limit that we can increase the 

system gain.  Figure 4.9 shows the disturbance rejection frequency response with the 

system gain set to 0.45IK  .  The zero dB crossover point is still less than 20 Hz, the 

limiting factor being the stability margins of the integral only controller. 

 

Figure 4.9: Disturbance rejection frequency response with the system gain set to 0.45.  The 

zero dB crossover point is 19.8 Hz. 
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 For the MMT-AO model, linear analysis shows a pair of poles located at 

approximately 38 Hz which correspond to the location of the gain peaking seen in figure 

4.5.  The frequency of the resonance can be determined by solving for the eigenvalues of 

the characteristics equation.  We can express the open loop transfer function as 

          _Open loop WFS Cntrl DAC DMH s H s H s H s H s     (4.24) 

where the transfer functions in Eq. (4.24) are defined in Chapter 2, section 2.2.6.  The 

system stability is determined by solving for the roots of the characteristic equation 

  _1 0Open loopH s   (4.25) 

which give the eigenvalues list in table 4.1.  A lightly damped pair of eigenvalues are 

shown at 239 rad/sec or 38 Hz which correspond to the magnitude peaking in the 

frequency response plot.  Because of the additional dynamics included in the MMT-AO 

model, the stability of the closed loop system determines the maximum achievable gain - 

regardless of the atmospheric input to the system.  Of course other inputs to the system 

not taken into account in this analysis, such as structural vibration, will degrade the 

performance even more. 

 In reality, the upper limit on the system loop gain for an integral wavefront 

controller is not determined by the atmospheric properties or the WFS noise, but by the 

stability margins of the system.  The result is a high frequency oscillation which occurs 

when the loop gain is set too high. 
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        Eigenvalue             Damping Freq.(rad/s)   

-1.00e+000 + 2.39e+002i            4.18e-003 2.39e+002     

-1.00e+000 - 2.39e+002i 4.18e-003 2.39e+002     

-2.27e+003 1.00e+000 -2.27e+003 

-1.98e+003 + 1.25e+003i 8.46e-001 2.34e+003 

-1.98e+003 - 1.25e+003i 8.46e-001 2.34e+003 

-1.20e+003 + 1.63e+003i 5.92e-001 2.03e+003 

-1.20e+003 - 1.63e+003i 5.92e-001 2.03e+003 

-4.35e+002 + 1.06e+003i 3.81e-001 1.14e+003 

-4.35e+002 - 1.06e+003i 3.81e-001 1.14e+003 

-6.27e-013 + 2.90e-013i 9.08e-001 6.91e-013 

-6.27e-013 - 2.90e-013i 9.08e-001 6.91e-013 

-6.28e+002                   1.00e+000       6.28e+002     

-6.28e+002                   1.00e+000       6.28e+002     

Table 4.1: System eigenvalues for the MMT-AO model using an integral controller 

 

 For the integral only controller currently implemented on the MMT-AO system, 

the model predicts this oscillation to become significant around 32-38 Hz as the loop gain 

is increased.  This corresponds to a system gain IK  between 0.4 0.5 .  Any increase of 

the gain beyond this point will result in system instability in the closed loop.  This 

stability behavior is a constraint on the system gain for an integral controller that cannot 

be exceeded. 

4.5 Rationale for a numerical methods approach 

 

In reality, there are a number of considerations which prevent one from actually 

implementing the simple theoretical approach to system gain optimization.  As shown in 
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the previous section, the upper gain limit is determined by the system stability margins, 

not the atmospheric or noise disturbances.  In Chapter 3, section 3.3 it was show that 

structural vibration can also be a significant factor in determining overall image quality.  

The analytical method of gain optimization does not even address this issue. 

 Also, the simplified analysis is only valid for integral controllers.  If one chooses 

to implement a more sophisticated algorithm with multiple gains such as PID, LQR, etc., 

the minimization process is now a function of all of the gains [13].  This more complex 

controller algorithm results in a much larger and more complex configuration space 

which must be analyzed to achieve the minimum residual wavefront variance.   In 

addition, there is no way to maintain classical controller design constraints such as gain 

and phase margin with the analytical approach.  The constraints are very important to the 

controller design process. 

 These considerations suggest that the best way of determining the optimal 

controller gains may be with a less intuitive but more rigorous process of minimizing the 

residual wavefront variance through methods of numerical optimization.  An appropriate 

and efficient technique for accomplishing this is constrained minimization.  It offers 

several significant advantages relative to an analytical approach.  It is quite general in the 

sense that it allows for the analysis of any controller topology and is not restricted to a 

single system gain.  Constraints important to the controller design such as stability 

margins and overshoot can be maintained during the optimization process.  Upper and 

lower limits can be set on the system gains to obtain fast and reliable convergence.  The 

method can account for nonlinearities in the system response and constraints can also be 
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placed on nonlinear criteria.  Chapter 5 contains a detailed discussion of the optimization 

process using nonlinear constrained minimization. 

4.6 Conclusions 

 

The classical analytical approach to adaptive optics system gain optimization has been 

reviewed.  Various simplifying assumptions were made which give incorrect or 

unrealistically optimistic results.  A more complete model of the MMT-AO system was 

presented which captures significant dynamics neglected in the simple theoretical model.  

The MMT-AO model shows that stability constraints ultimately limit the performance of 

the adaptive optics loop when seeing conditions are poor.  The model also predicts a high 

frequency oscillation to occur between 32-38 Hz based solely on stability criteria of the 

closed loop system. 

 An alternate approach to the AO optimization process was discussed which 

suggests the use of more complex models in which the gains are optimized via numerical 

methods of constrained minimization.  This approach provides less intuition into the 

physics of the problem but more accurately reflects the actual system dynamics and the 

system inputs, such as considering the effects of structural vibration.  In addition, 

constrained minimization is not restricted to an integral only controller and can be used to 

optimize systems with more complex control algorithms.  The constrained minimization 

approach can easily be extended to multiple loop (modal) AO controllers as well as 

tailoring the controller response to individual atmospheric layers should tomographic data 

be available. 
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5. NONLINEAR CONSTRAINED MINIMIZATION FOR OPTIMIZING 

APDATIVE OPTICS WAVEFRONT CONTROLLERS IN THE 

PRESENCE OF STRUCTURAL VIBRATION 

 

5.1 Introduction 

Equation Chapter 5 Section 5 

Along with atmospheric turbulence and sensor noise, structural vibration plays an 

important part in determining the overall image quality.  The angular resolution R  for a 

telescope with aperture D  (meters) at an observation wavelength of   (microns) is 

given by; 

 
( )

( ) 1.22
( )

m
R rad  

D m


  (5.1) 

where the angular resolution is proportional to wavelength and inversely proportional to 

telescope diameter.  Telescope structural vibrations can seriously degrade image quality, 

resulting in actual spot full width half maximum (FWHM) and angular resolution much 

worse than the theoretical limit [30].  Peak intensity and on-axis Strehl ratio can also be 

significantly degraded by structural vibration as energy is dispersed over a much larger 

area of the detector.  The effects of structural vibration on the image point spread 

function (PSF) are completely different in character than that of atmospheric jitter.  

Structural vibration is seen as a lightly damped, sinusoidal oscillation, often at high 

frequencies relative to the AO wavefront controller disturbance rejection bandwidth, 

resulting in little attenuation of image motion or possibly even amplification.   Jitter due 

to atmospheric turbulence results in random image motion, typically observed at much 
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lower frequencies, resulting in a Gaussian broadening of the PSF which can be more 

easily attenuated by the wavefront controller. 

 Numerous methods of optimization for AO wavefront controllers have been 

suggested.  The methodology given in this dissertation builds off developments in many 

previous works, in particular those of Gendron, Dessenne, and Ellerbroek [18, 19, 31].  

These methods are then extended to include the effects of structural vibration in the 

optimization process by deriving a new minimization criterion which explicitly takes into 

account wavefront errors due to the presence of structural vibration. 

 In addition, using the method of nonlinear constrained minimization for 

wavefront controller optimization is unique in that it offers several distinct advantages: 

 

1) It takes into account all relevant disturbance sources which include atmosphere 

turbulence, sensor noise, and structural vibration.  In the case study provided in section 

5.5 of the MMT wavefront controller optimization, the primary tradeoff was between 

attenuation of the low frequency atmospheric component of the residual wavefront with 

amplification of high frequency structural vibration components. 

2) Nonlinear constrained minimization can be used to optimize the system performance 

while maintaining important constraints from a classical controls perspective.  That is, we 

can design the wavefront controller to have the maximum possible bandwidth while 

maintaining classical constraints such as gain margin, phase margin, overshoot, and lower 

and upper gain limits. 

3) The methodology is quite general and can be used for optimization of any desired 

controller topology, which can be analyzed rapidly and efficiently.  Although the 
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controller deployed on the MMT used a more classical proportional, integral, and 

derivative (PID) algorithm, numerous other topologies, such as LQG/LQR and modal 

controllers, were simulated and analyzed before the PID was chosen, primarily due to its 

simplicity in implementation while still significantly improving image quality over the 

baseline integral controller. 

4) It allows for nonlinear elements of the system to be modeled and tested.  For the MMT 

case study, the nonlinear response of the wavefront sensor (WFS) and its linearization 

function were programmed into the nonlinear simulation and run as nonlinear elements 

during the optimization process. 

5) The method allows for a variety of objective functions to determine what is "optimal" 

depending on the ultimate imaging goals.  For the AO controller problem, the residual 

wavefront variance was minimized.  However, numerous other criteria could also be 

specified such as encircled energy, estimated Strehl ratio, etc., as long as the process is 

attempting to minimize a scalar function.  This will be discussed in more detail in section  

 

 Finally, the methodology of nonlinear constrained minimization was used to 

optimize a PID controller for the MMT telescope on Mt. Hopkins, AZ.  The optimal PID 

performed significantly better compared with the standard integral controller and on-sky 

results are discussed in section 5.6. The optimal PID is now the baseline controller on the 

MMT natural guide star adaptive optics (NGS-AO) system. 
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5.2 Methodology of nonlinear constrained minimization 

 

5.2.1 GENERAL DESCRIPTION OF METHODOLOGY 

 

The intent of this chapter is to demonstrate a method of using appropriate dynamic 

models, embedded within the framework of nonlinear constrained minimization, to 

determine the best possible gains for a specified wavefront controller topology and a 

specified minimization criterion.  There exist many efficient algorithms for optimization 

in software packages such as MATLAB/Simulink and Mathematica [32, 33] and the 

details of the optimization algorithms will not be discussed herein.  For a more in-depth 

understanding of optimization theory see [34, 35].  Nevertheless, a general understanding 

of constrained minimization is necessary to understand the strengths and weaknesses of 

this approach. 

 Constrained minimization is a method of determining the global minimum of a 

scalar function  f x  given the input vector x  or  min f
x

x .  In the AO wavefront 

controller problem, we want to find the gains x  which minimize the residual wavefront 

variance, the minimization criteria, in order to maximize Strehl and improve FWHM.  

Often, the design of the wavefront controller needs to take into account certain physical 

or numerical limits of the system parameters.  These can be cast in the form of m linear 

equality, and n inequality constraints such that 

  min f
x

x   subject to the constraints  
 

 

0 1,...,

0 1,...,

i

i

G i m

G i m m n





 

   

x

x
 (5.2) 
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where the vector function  iG x  has length m+n containing the values of the m equality 

constraints and the n inequality constraints evaluated at x. 

 As an example for the AO wavefront controller problem, the designer may wish 

to place constraints on the minimum acceptable gain and phase margins to ensure the 

system is robust to unknown disturbances or unmodeled dynamics.  Bound constraints 

can also be added where both lower and upper limits of the input gain vector are defined 

such that   

  min f
x

x   subject to the constraints   l x u  (5.3) 

where l  is a vector of lower bounds on the input gain vector and u  is a vector of upper 

bounds on the input gain vector.  For example, bound constraints can be placed on the 

input gain vector x  where the elements in the lower gain limit vector can be zero but not 

negative for a controller defined with negative feedback.  Maximum limits on the 

elements in the gain vector are not necessary but can be useful in ensuring the 

optimization converges to a stable solution.  Specific constraints as applied to the 

wavefront controller problem will be discussed in more detail in section 5.5.2. 

 The ability of the optimization routine to accurately and efficiently converge upon 

a solution depends upon the characteristics of the objective function and constraints.  The 

optimization process is known as nonlinear constrained minimization if both the 

objective function and constraints are nonlinear functions of the input vector x .  

Solutions to the nonlinear constrained problem typically require an iterative procedure to 
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determine the search direction for each major iteration which is typically achieved 

through the solution of an unconstrained sub-problem. 

 

5.2.2 THE TRUST-REGION ALGORITHM 

 

Section 5.1 discussed the advantages of using a numerical approach to optimization of the 

wavefront controller.  An efficient strategy for accomplishing this, and the one employed 

in the section 5.5 case study, is the trust-region algorithm.  Consider first the problem of 

unconstrained minimization, where we want to minimize some scalar function  f x  

given the input vector x .  The trust-region algorithm attempts to approximate the 

function  f x  with a simpler function q which closely models  f x  in the 

neighborhood of N surrounding the current operating point 0x  in n-space.  This approach 

is known as the trust-region sub-problem.  The efficiency of the algorithm depends upon 

how the approximate function q is chosen as well as an appropriate trust-region N. 

 The standard approach is to approximate the function  f x  by applying a Taylor 

series expansion about the point 0x , then defining the quadratic approximation q as the 

first two terms of the series expansion.  The neighborhood N is typically defined as a 

spherical or ellipsoidal region about the point 0x  in which the first and second order 

partial derivatives can be considered as smooth and continuous.   The function can then 

be written as  

        0 0 0 0

1

2

Tf x f x x x       x J x x H x  (5.4) 
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where x  is the trial step size,  0xJ is the Jacobian matrix of first order partial 

derivatives, which is actually a vector for a scalar-valued function, and  0xH is the 

Hessian, which is the square symmetric matrix of second-order partial derivatives.  The 

algorithm then attempts to minimize the function 

    0 0

1
min

2

T

Rq such that  
 

        
 

J x x x H x x D x  (5.5) 

where D  is a diagonal scaling matrix, and R is a positive scalar which defines the 

radius of the spherical neighborhood N about point 0x  in n-space.  For efficiency, the 

trust-region sub-problem is often restricted to a two-dimensional subspace S.  Fast global 

convergence can then be achieved via methods such as steepest descent.  The basic 

procedure is as follows: 

1)  Cast the n-dimensional constrained problem as a two-dimensional unconstrained trust-

region sub-problem where the first and second order derivatives are considered as smooth 

and continuous in the neighborhood N about point 0x  in n-space. 

2)  Evaluate Eq. (5.5) using the trial step size x  

3) If    0 0f x f x  x  then  q is a good approximation to  f x  within the radius R  

and we can proceed by defining a new neighborhood N with radius R  about the new 

point 1 0x x  x . 
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4) Change R  as appropriate.  If q is a very good approximation to  0f x  then we can 

attempt to increase the neighborhood radius R .  If the trial step is not accepted, that is if 

   0 0f x f x  x , then R  should be decreased and we remain at the current 

location. 

This procedure is repeated until convergence is achieved to within some user specified 

tolerance criteria set on x . 

 

5.2.3 FUNCTIONAL DESCRIPTION OF THE OPTIMIZATION PROCESS FOR THE AO 

WAVEFRONT CONTROLLER PROBLEM 

 

An overview of the optimization process for the AO wavefront controller problem is 

shown in figure 5.1.  Open loop wavefront sensor (WFS) slope time histories are either 

generated from the input disturbance model (atmosphere, noise, and vibration) or from 

the deformable mirror on-sky telemetry data.  The slopes are then decomposed into 

modal space via  z M s  where s  is a 1n  column vector of slopes, z  is an 1m

column vector of modal coefficients, and M  is an m n  matrix  transforming from slope 

space to modal space.  The time history of each modal component iz  can then be used as 

an input to the nonlinear simulation allowing for the computation of an optimal gain 

vector ix  for the 
thi  spatial mode. 

 At this point, initial values for the input gain vector 0x  are selected and the 

optimization process begins.  The ability of the optimization routine to converge to a 

stable solution can depend significantly on the selection of the input gain vector 0x , 
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particularly if the system being modeled is conditionally stable, that is, if the system can 

be driven unstable if gains are too low as well as too high.  Often, gains are selected 

through prior experience or from other empirical methods.  In this particular case, the 

system is stable open loop, so the initial gains can always be set to zero and the 

optimization constraints are set such that negative values of 0x  are inadmissible. 

 

Figure 5.1: Functional block diagram of the optimization process for each spatial mode.  In 

addition to evaluating the objective function, both linear and nonlinear constraints are 

computed to ensure no constraints are violated when minimizing iJ . 

 

 For each modal component time history iz , the simulation is run and the closed 

loop residual wavefront and wavefront variance are computed with which the objective 
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function is evaluated.  The Jacobian and Hessian are then computed, q is evaluated, and 

the process continues as described in section 5.2.2 until the minimum in the 

neighborhood N has been found.  During this process, both linear and nonlinear 

constraints are evaluated to determine if the unconstrained sub-problem needs to be 

altered to allow all the constraints to be satisfied.  The outputs of the minimization 

procedure are the scalar value of the minimization criterion iJ  allowed without violating 

the specified constraints, the associated optimal gain vector ix , and values of all defined 

constraints.  For the AO wavefront controller example, the optimization process would 

return the minimum wavefront variance, the gains, stability margins, overshoot, 

maximum actuator position, maximum actuator currents, etc. for each spatial mode.  This 

process is then repeated for modes 1i   to m where m is the number of corrected spatial 

modes.  In this approach, the spatial modes are assumed to be uncoupled. 

 

5.3 Description of theoretical models 

 

5.3.1 ADAPTIVE OPTICS SYSTEM MODEL OVERVIEW 

 

Both linear and nonlinear models of an adaptive optics system were developed for the 

wavefront controller optimization process.  Figure 5.2 shows a functional block diagram 

of the AO system.  The nonlinear model is run as a time simulation which computes the 

desired minimization criteria as well as any nonlinear constraints that have been defined.  

The model includes all relevant dynamics such as actuator and mirror dynamics, 

controller filtering effects, delays due to integration time of the wavefront sensor (WFS), 

computational delays, delays due to discrete sampling effects, noise from the WFS and 
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actuator/electronics.  The linear model is derived by linearizing any nonlinear elements, 

such as the nonlinear response of the WFS, about some nominal operating point.  Linear 

constraints, such as stability margins, are also computed.  Section 5.3.2 contains a brief 

description of the mathematical models. 

 

 

Figure 5.2: Functional block diagram of the AO wavefront control loop showing all relevant 

dynamic components. 

 

5.3.2 AO SYSTEM COMPONENT LINEAR MODELS 

 

Several of the AO system component linear models listed have been documented in other 

sources [11, 12] and will not be discussed in detail here.  Transfer functions for analog 

components are shown as Laplace transforms where s j .  Discrete models are shown 

using the z-transform. 

1) Wavefront sensor:  
1 Ts

wfs

e
H s

Ts


 , where T is a time delay due to the detector 

integration time.  The wavefront sensor model is discussed in more detail in Chapter 2, 

section 2.2.1 
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2) Wavefront computer:   s

CCH s e  .  The wavefront computer is discussed in more 

detail in Chapter 2, section 2.2.2 

3) Control algorithm:   0

0

n
i

i

i
Cntrl m

i

i

i

b z

H z

a z













.  The control algorithm is discussed in more 

detail in Chapter 2, section 2.2.3. 

4) Digital to analog converter (DAC):  
1 Ts

DAC

e
H s

Ts


 , The DAC transfer function is 

discussed in more detail in Chapter 2, section 2.2.4. 

5) Deformable mirror (DM) and actuator dynamics:  
2 2

1

1 2 1
DM

n n

H s
s s  


 

.  

The DM and voice coil actuator (VCA) dynamics are discussed in more detail in Chapter 

2, section 2.2.5. 

 

5.3.3 ATMOSPHERIC MODEL 

 

The atmospheric model uses the covariance method for generating time histories of the 

basis coefficients iz  [36, 37].  Gaussian random numbers are generated with the 

appropriate covariance’s that provide time histories of the basis function coefficients 

which are then used as inputs to the AO system model.  In the example shown in section 

5.5, Zernike polynomials are used but any other orthonormal basis set, such as Kahunen-

Loeve, could be used as well.   Lower spatial frequencies are filtered to produce a Von 

Karman spectrum with an outer scale defined appropriately.  The Zernike mode 
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coefficients iz  can be used to reconstruct an estimate of the total wavefront  ,Atm x y  

across the pupil using the expansion 

    
1

, ,
n

Atm i i

i

x y z M x y


   (5.6) 

where iM  represent the basis functions.  Since the basis functions are orthogonal and 

normalized by definition, we can express the total estimated residual wavefront variance 

as 

 
2 2 2

2

n

WF Atm i

i

z


    (5.7) 

where the piston term 1i   has been removed and n is the number of corrected modes. 

 

5.3.4 WAVEFRONT SENSOR NOISE 

 

The WFS slope measurement noise is modeled using white noise passed through a high-

order Chebyshev type II low-pass with a break frequency determined from empirical data 

collected at different frame rates and varying target brightness. 

 

5.3.5 STRUCTURAL VIBRATION 

 

Structural vibrations are modeled as a pure sinusoidal tip/tilt disturbance for each 

structural mode.  Using a Zernike basis set, the time histories of the vibration tip  2i   

and tilt  3i   components can be generated from  
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  2,3

1

sin( )
k k k

l

i i i i

k

v t A t 



   (5.8) 

where 
2 3,

k k
A A  are the tip and tilt motion amplitudes due to the k

th
 structural mode, 

2 3,
k k

   are the components of the vibration frequencies, 
2 3,

k k
  are initial phase angles, 

and l is the number of significant structural modes.  The vibration components are then 

summed with the atmospheric tip/tilt components and WFS noise to produce the modeled 

total system input. 

 

Figure 5.3: Power spectral density of total input tilt compared with empirical data.  Red line 

is from simulation where the structural modes were simulated and summed with WFS noise 

and the atmospheric component.  Blue line is empirical data with seeing of 1.2 arcseconds at 

0.5 microns.  The dominant structural modes are seen at 18.75 Hz, 62 Hz and 68.5 Hz. 

 

 As an example, the power spectral density of the total system input for tilt is 

shown in figure 3.  This is the summation of the atmospheric component, WFS noise, and 
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all relevant structural vibrations.  Zernike modes other than tip/tilt would be computed 

using the atmospheric component with the appropriate covariance for that mode and WFS 

noise only. 

5.4 Derivation of the objective function including structural vibration 

 

One advantage in using the approach of constrained minimization is the ability to specify 

an optimization criterion that is appropriate for the application.  For example, this could 

be encircled energy, minimum RMS spot size, or any number of other metrics.  In this 

sense, the minimization criteria can be very general.  Any parameter which can be 

computed from empirical data or simulation can be used as a minimization criteria 

provided it is a scalar function of the input gain vector x , that is  min f a
x

x , where a 

is a number, and does not violate any of the defined constraints.  For adaptive optics 

control systems, the Strehl ratio is a good measure of diffraction or near diffraction 

limited image quality.  Strehl can be expressed using the extended Marechal 

approximation as 

  2exp WFS    (5.9) 

To maximize Strehl, we therefore want to minimize the residual wavefront variance WF

and this will serve as the minimization criteria of the nonlinear simulation. 

 A standard approach for optimization of the AO loop is to assume that the 

wavefront variance due to atmospheric effects and the variance of the noise due to the 

WFS are independent and, therefore, contribute additively to the total residual variance of 
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the closed loop system.  We begin the derivation of the minimization criteria with the 

functional block diagram shown in figure 5.2 for an adaptive optics system in the 

presence of atmospheric turbulence, sensor noise, and structural vibration.  Proceeding in 

a manner similar to Gendron [18], we assume two primary sources of residual wavefront 

are atmospheric turbulence and WFS noise.  Since we are assuming that the WFS noise is 

independent of the atmospheric turbulence, a block diagram can be constructed as shown 

in figure 5.4 where the system transfer function  sysG s  is defined as   

          sys CC Cntrl DAC DMG s H s H s H s H s  (5.10) 

We can then express the transfer function for atmospheric attenuation as 

  
   
1

1

Res
Atm

Atm wfs sys

G s
H s G s


 
 

 (5.11) 

 

Figure 5.4: Block diagram for atmospheric attenuation assuming zero sensor noise. 

 

We then derive the transfer function which describes the WFS noise propagating through 

the system.  The functional block diagram is shown in figure 5.5.  
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Figure 5.5: Block diagram for wavefront sensor noise propagation. 

 

The transfer function for noise propagation is then defined as 

  
 

   1

sysRes
Noise

wfs sys wfs

G s
G s

N G s H s


 


 (5.12) 

 In addition to the atmospheric and WFS noise components, this derivation 

assumes that wavefront variance due to structural vibration is a significant contributor to 

the total wavefront error.  The vibrations appear to the control loop as additional tip/tilt 

components of the wavefront as described in section 5.3.5, and propagate through the 

system in the same manner as the atmospheric perturbations.  We can therefore write the 

vibration transfer function as 

  
   
1

1
k

Res
Vib

Vib wfs sys

G s
V H s G s


 


 (5.13) 

As each structural mode can be considered an independent input to the system, each 

individual component 
kVibV for the 

thk structural mode can be propagated through the 
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vibration transfer function and summed to give the total wavefront variance due to 

structural vibration. 

   

 

       1

1 1

1 1 1 k

n
sys

Res Atm wfs vib

kwfs sys sys wfs wfs sys

G s
N V

H s G s G s H s H s G s

    
  

 (5.14) 

We can now extend the minimization criteria to include the contribution of residual 

wavefront variance due to structural vibration for the thi  spatial mode, which can be 

written as 
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 (5.15) 

 In this approximation, the wavefront variance is composed of three terms.   The 

first term is the integrated power over all frequencies of the turbulence spectrum filtered 

by the AO loop disturbance rejection transfer function (the atmospheric component).  The 

second term is the integrated power of the WFS noise spectrum propagated through the 

system by the AO closed loop transfer function.   The third term is the integrated power 

of the total sum of the tip/tilt components due to structural vibration filtered by the 

disturbance rejection transfer function (the vibration component).  These three terms 

comprise the function we choose to minimize when atmospheric turbulence, WFS noise 
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and structural vibration are the primary contributors to the wavefront variance and, 

therefore, the residual wavefront RMS. 

5.5 Case study: Application of nonlinear constrained minimization to the MMT 

NGS AO wavefront controller 

 

5.5.1 SETTING UP THE MMT WAVEFRONT CONTROLLER PROBLEM 

 

Data collected from considerable operating time at the MMT has allowed excellent 

characterization of the natural guide star (NGS) AO and laser guide star (LGS) AO 

systems.  Using on-sky data has led to the development and validation of both linear and 

nonlinear models of the AO system dynamics.  These models are implemented in 

MATLAB/Simulink and can be used for rapid prototyping and analysis of various 

adaptive optics control algorithms [20].  The inputs to the optimization routine are time 

histories of the open loop WFS slopes and can be generated either from the theoretical 

models or from empirical data.   The slope time histories are then transformed to modal 

space where Zernike basis functions are used in this particular case.   

 Using either the simulated or empirical data, each individual basis mode time 

history iz  is run through the optimization routine to produce an optimal gain vector ix  

per mode.  The controller topology chosen for the on-sky test was for a proportional, 

integral, and derivative controller (PID).  The PID was chosen primarily due to its 

robustness and ease of implementation.  However, it should be noted that the 

optimization algorithm is independent of the controller topology chosen and will allow 

any controller to be analyzed. 
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5.5.2 OPTIMIZATION CONSTRAINTS 

5.5.2.1 Vector margin  

 

Vector margin is used as a constraint in the optimization routine to ensure the controller 

has adequate stability in the face of unknown or unmodeled dynamics.  Vector margin is 

defined as the closest approach to the (-1,0) point in the complex plane, or Nyquist plot, 

of some complex function  F s  where s j   .  Vector margin is a combination of 

both gain and phase margin into a single metric.  It has two distinct advantages over 

classical gain and phase margins.  First, we only need to compute one constraint rather 

than two during the optimization process, thus it is more efficient. Second, it is more 

rigorous than constraining either gain or phase margin in that it can be considered the 

worst possible combination of both gain and phase. 

5.5.2.2 Gain peaking (overshoot) 

 

A constraint is placed on the amount of gain peaking which occurs in the disturbance 

rejection transfer function as the gains are increased.  This constraint ensures the system 

does not become too oscillatory. 

5.5.2.3 Upper and lower gain vector limits 

 

Upper limits are imposed on the gain vector to ensure robust and efficient convergence.  

Trial gains set too high may cause numerical issues with the controller optimization.  

Lower limits are also set on the gain vector.  The lower limits must be greater than or 

equal to zero since the controller was defined as using a negative feedback convention. 
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5.5.3 OPTIMIZATION PROCESS FOR THE WAVEFRONT CONTROLLER 

 

To start the optimization process, an initial estimate of the gain vector is required.   For 

the PID controller, we specify the input gain vector such that the initial values for the 

input gain vector are defined as 

  
0 0 00 , ,p i dK K Kx  (5.16) 

and the lower and upper bound on the input gain vector are defined as 

 
 

 

, , 0

, ,

lower lower lower

upper upper upper

lower p i d lower

upper p i d

K K K where

K K K

  



x x

x
 (5.17) 

 The first Zernike mode open loop time history is run through the nonlinear 

simulation with the initial gains where the objective function and the constraints are then 

computed.  The optimization algorithm then computes the Jacobian and the Hessian, 

evaluates q and the process proceeds as outlined in section 5.2.2.  Figure 5.6 shows the 

disturbance rejection transfer function being computed during the optimization process.   

Intermediate solutions to the transfer function are shown with dashed lines, some of 

which violate the constraints.   
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Figure 5.6: Disturbance rejection transfer functions computed during intermediate steps of 

the optimization process (dashed line).  Note how the gain peaking constraint of 8 dB was 

violated during some of the perturbations.  The final transfer function with optimal gains is 

show in solid blue. 

 

 The final transfer function produced when using the optimal gain vector is shown 

as the solid black line.  The optimal gain vector ix  for the 
thi  Zernike mode gives the 

minimum residual wavefront variance, for the given atmospheric conditions and vibration 

levels, that can be achieved without violating any of the optimization constraints. 
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Figure 5.7: Disturbance rejection frequency response for the standard MMT controller 

versus the optimal PID controller.  The disturbance rejection bandwidth is essentially 

doubled using the optimal wavefront controller. 

 

 Figure 5.7 shows the theoretical disturbance rejection frequency responses for the 

MMT standard wavefront controller and the optimal PID controller.  The real-time 

controller update rate for the NGS-AO system is 527 Hz which is limited by hardware 

considerations.  Using nonlinear constrained minimization, the disturbance rejection 

bandwidth was extended from 16.5 Hz to 32 Hz, almost double the bandwidth of the 

original controller while not violating any of the defined constraints.  Note that the 

optimal PID transfer function has a higher magnitude than the standard controller above 
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45 Hz.  Therefore, above 45 Hz the optimal PID controller amplifies the disturbance 

signal more than the standard controller.  In addition to the atmosphere component, there 

are three significant structural resonances, one at 18.75 Hz and two between 60-70 Hz.  It 

is the job of the optimizer to choose gains which balance lower frequency atmospheric 

disturbance rejection with high frequency magnitude peaking of the structural vibrations 

to achieve the minimum total wavefront variance and, therefore, maximize Strehl ratio.  

 

 

Figure 5.8: Plot of modal gains computed from optimization routine.  A polynomial curve 

fit to the data is shown in red. 

 

 Once the first basis mode has converged upon a solution, the next basis mode is 

then run through the optimization routine and the process continues until all optimal gain 

vectors have been determined for all the spatial modes corrected.  Figure 5.8 shows a plot 
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of the optimized gains for the 54 spatial modes currently corrected on the NGS-AO 

system, shown in blue. 

 Since there will inevitably be some randomness to each individual realization of 

the gains, a polynomial curve fit is applied to the data to determine the best fit.  We can 

either use the curve fit to data to lookup the gains or, in this case since there is no 

significant modal variation, we can simply use it to estimate an average gain value over 

all modes. 

 Generating an optimal gain vector of three gains per mode, with 54 modes, could 

be completed in approximately seven minutes with MATLAB/Simulink on a laptop 

computer at the telescope.  Using more efficient code, for example running compiled 

code rather than the MATLAB scripts and using parallel processing would result in 

significantly better efficiency, reducing optimization time dramatically and opening the 

possibility of computing gains on-line at near real-time. 

5.6 On-Sky results of the optimal wavefront controller on the MMT NGS-AO 

system 

 

The optimal PID wavefront controller was selected to be implemented on the MMT 

NGS-AO system after a preliminary study was performed using several candidate 

controllers. The optimal PID was selected over other controller topologies primarily due 

to its simplicity of implementation while still showing potential for significant 

improvement in image quality.  The test series also offered the opportunity to better 

validate the ability of the analytical toolset to accurately predict the actual on-sky system 
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performance through simulation and off-line modeling, thus providing greater confidence 

in the models. 

 The on-sky testing conducted in November 2009 [19] used telemetry data from 

the deformable mirror as well as the ARIES imager and spectrograph to assess image 

quality during the tests.  The ARIES instrument is capable of imaging at wavelengths 

from 1.1-2.5 microns [20].  The seeing conditions were 1.0-1.2 arcseconds at 0.5 m

(median seeing at MMT is 0.77 arcseconds) and the telescope was pointed directly into 

the wind which was gusting from 25-30 mph.  The atmospheric conditions remained 

relatively constant throughout the test. 

 

Figure 5.9: Residual wavefront RMS for each Zernike mode (excludes piston).  Total 

residual wavefront RMS was reduced by 30% using the optimal PID controller versus the 

standard controller. 

 

 Figure 5.9 shows the Zernike mode residual wavefront RMS derived from data 

taken during the on-sky demonstration.  The total residual wavefront RMS was reduced 



 

139 

on average by approximately thirty percent using the optimal PID controller over the 

standard controller.  The nonlinear model was also successfully tested for predicting 

system performance at various seeing conditions.  During the November 2009 tests, the 

predicted residual wavefront for the candidate controller were within five percent of 

actual system residuals obtained through analysis of real-time telemetry data from the 

deformable mirror.  Additional telemetry data from the deformable mirror such as mirror 

commands and positions also helped in validating models of the closed loop system 

dynamics. 

 Although all modern large aperture telescopes are designed with structural rigidity 

in mind, there will inevitably be vibrational modes, often due to local structural 

resonances or other equipment operating on the telescope, which will impact image 

quality at some level.  The MMT-AO system senses a structural vibration of the telescope 

hub at approximately 18.75 Hz which significantly degrades the image quality at shorter 

observing wavelengths of 2.2 μm and below [21, 24].  The main benefit of the optimal 

PID controller was to significantly extend the controller bandwidth and reduce the effects 

of image motion by the 18.75 Hz structural mode in comparison to the standard 

wavefront controller. 
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Figure 5.10: Zernike time histories of tip and tilt computed from DM telemetry data. 

 

 
Figure 5.11: Power spectral density of Zernike tip from actual on-sky data. 
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Figure 5.12: Power spectral density of Zernike tilt from actual on-sky data. 

 
Figure 5.13: The linear scale illustrates the attenuation of the structural vibration, in this 

case, by a factor of eight over the standard wavefront controller.  (b) The optimal PID 

controller attenuates the wavefront better than the standard controller at all frequencies up 

to approximately 45 Hz. 
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 Figure 5.10 shows time history data of Zernike mode 2 (tip) and Zernike mode 3 

(tilt) computed from the AO system telemetry data.  The blue line shows the system 

response for the standard integral controller and the red line shows the system response 

for the optimal PID controller where the vibration at 18.75 Hz is significantly attenuated.  

Figures 5.11 and 5.12 show the power spectrums of Zernike mode 2 (tip) and Zernike 

mode 3 (tilt) respectively from the on-sky tests.  The optimal controller was able to 

reduce the residual wavefront RMS at 18.75 Hz by a factor of six on average over the 

standard controller as seen in figure 5.13.  The atmospheric component was attenuated 

better at all frequencies up to 45 Hz.  As was discussed in section 5.5.3, frequencies 

above 45 Hz are amplified by the controller and therefore the vibrations at 62 and 68.5 

Hz have greater gain peaking that the standard controller.  

 Because the residual wavefront variance component from the structural vibration 

at 18.75 Hz is so large, we want to increase the disturbance rejection bandwidth as much 

as possible to attenuate it.  However, in doing so, we will amplify the vibrational modes 

at higher frequencies as well as increase sensor noise.  Thus, there is a trade-off when 

designing the controller gains between low frequency attenuation and high frequency 

amplification.  It is the job of the optimizer to choose gains which balance these 

considerations and produce the minimum wavefront variance. 
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                                     (a)                                                              (b) 

           Integral Controller    Optimal PID Controller 

        FWHM = 0.2-0.25”    FWHM = 0.08-0.1” 

 
Figure 5.14(a,b): K-band (2.2 μm) performance: The optimal controller increased peak 

intensity by approximately 2.5 over the standard controller (Exposure time = 2.0 sec, Star 

magnitude = 8.1, Seeing = 0.6-0.8” in K-band) 

 

 Figure 5.14 shows image data obtained from the ARIES science instrument in K-

band (2.2 μm).  Using the optimal PID wavefront controller the peak intensity was 

increased by a factor of approximately 2.5 over the standard controller.  Again, the 

increase in peak intensity is due to the optimizers’ ability to select gains which attenuate 

the dominant 18.75 Hz mode and atmospheric component, while minimizing the gain 

peaking and noise amplification at higher frequencies.  Note in figure 5.14a how the PSF 

is elongated in the direction of the structural vibration and that there are two intensity 

peaks present.  This 'dumbbell' shaped spot pattern is typical for image motion induced 

by structural vibration.  Figure 5.14b illustrates the effect of the optimal PID in reducing 
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the image smear due to structural vibration, concentrating significantly more energy in 

the core.  The spot FWHM was reduced from 0.2-0.25 arcseconds to 0.08-0.1 arcseconds, 

which is close to the diffraction limit.  This is roughly a factor of two decrease in spot 

FWHM resulting in much better imaging resolution.  Additional K-band images using the 

optimal PID are shown in figure 5.15. 

 

 

Figure 5.15: Additional K-band images with optimal PID.  Exp = 1.0 sec, f/30, Seeing 0.7-

0.8” in K-band. 
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                               (a)                                               (b) 

 
 

Figure 5.16(a,b): H-band performance (a) PSF with standard controller (b) PSF with 

optimal PID controller.  The peak intensity in H-band was increased by a factor of 

approximately 5.5 over the old controller.  FWHM was reduced by a factor of almost three. 

 

                     (a)                                                          (b) 

 

Figure 5.17(a,b): H-band performance: Optimal PID controller increased peak intensity by 

~5x.  Exposure time = 2.0 sec, M = 8.1, f/15, Seeing = 0.7” in H-band 
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 Figures 5.16 and 5.17 shows ARIES image data at H-band (1.65 μm).  At this 

shorter observation wavelength, the optimal PID controller increased the peak intensity 

by a factor of 5.5 over the standard controller.   The spot FWHM was decreased by a 

factor of approximately three over the standard controller with a FWHM of 0.09 

arcseconds. 

 

 

Figure 5.18: Additional H-band images with optimal PID, Exp = 1.0 s, f/30, Seeing = 0.7” in 

H-band.  Typical FWHM was 0.09”.  Minimum FWHM observed was 0.07”. 

 

 Good image data was also obtained in J-band (1.25 μm) which was not possible 

for the standard controller given the seeing conditions.  The image PSF’s were very 
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stable at all wavelengths (J, H and K-bands) even under marginal seeing conditions and 

with significant telescope vibration (figures 5.18 and 5.19). 

 

Figure 5.19: J-band performance: Optimal PID   Exp time = 2.0 sec, M = 8.1, f/30, ND1, 

Seeing = 0.7” J-band. 

 
Figure 5.20: Additional J-band images w/ optimal PID, Exp = 2.0 s, f/30, ND1, Seeing = 0.7” 

in J-band.  Typical FWHM was 0.1” but more variable. 
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 Image results shown here were typical for the entire test run. The optimal PID 

wavefront controller performed significantly better than the standard controller 

throughout the run under various atmospheric conditions.   After an additional set of 

commissioning runs, the optimal PID controller is now used as the baseline wavefront 

controller on the MMT NGS-AO system. 

 

5.7 Conclusions and future work 

 

The importance of wavefront controller optimization on image quality was discussed 

with an emphasis on the impacts of current and future large aperture telescope 

performance as well as impacts of observing at shorter wavelengths (K-band to VNIR).  

The importance of accounting for all relevant input disturbances during the optimization 

process was discussed and should include the effects of structural vibration as well as 

atmospheric turbulence and sensor noise.  

 Dynamic models were introduced for use in the optimization process and for off-

line performance assessment of various wavefront controller topologies.  The 

methodology of nonlinear constrained minimization was discussed in the context of gain 

optimization necessary to achieve the best possible image quality.  The objective 

function, which attempts to minimize the residual wavefront variance, was extended to 

explicitly include the effects of structural vibration. 

 An optimized PID wavefront controller designed through nonlinear constrained 

minimization was implemented on the MMT and tested on-sky.  Results showed the 
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optimized PID controller performed significantly better than the standard integral 

controller.  The optimal controller extended the disturbance rejection frequency response 

bandwidth to 32 Hz, or approximately double, the bandwidth of the standard controller.  

This increase in bandwidth resulted in an improvement in K-band peak intensity of 2.5 

and reduction in FWHM by a factor of two.  The H-band peak intensity was increased by 

a factor of 5.5 and FWHM was reduced by a factor of almost three.  Stable images in J-

band were obtained with the optimal controller which was not possible with the standard 

controller for the specific atmospheric conditions, seeing of 1-1.2 arcseconds at 0.5 m . 

 Currently, the optimization routine uses open loop data that is generated off line 

either from models or from empirical data collected on-sky.  Gains generated from the 

optimization routine can be stored in table look-ups as a function of atmospheric 

conditions and target magnitude. The optimization process currently takes approximately 

seven minutes to compute a full set of modal gains on a laptop computer.  More efficient 

code and better processing capability could significantly reduce the required 

computational time.  If an estimate of the open loop data can then be extracted from 

closed loop data, it could be possible to compute the optimal gains on-line or near real-

time while the closed loop system is running. 

 Since the optimization algorithm is already able to produce modal gains, it is 

trivial to expand the routines to include controller optimization for individual 

atmospheric layers, assuming atmospheric data as a function of altitude exists.  The 

MMT is planning to implement and test laser tomography using a constellation of five 

Rayleigh beacons [14, 15].  The tomographic algorithm will provide data to compute 
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modal coefficients for individual atmospheric layers.  The controller gains can then be 

optimized for each individual atmospheric layer depending on the statistical properties of 

that particular layer. 

 Nonlinear constrained optimization has the potential for many other related 

applications.  The methodology has been applied to the problem of determining an 

optimal gain set for the MMT elevation axis pointing controller, though this controller 

has not yet been implemented.  It has also been used for determining an estimate of 

coherence length  0r  and outer scale 0L from open loop deformable mirror telemetry data 

by minimizing the difference between wavefront variance derived from empirical slope 

data and theoretically from a Chassat algorithm [38].  The ability to place both upper and 

lower limits on  0r  and 0L ensured faster and more reliable convergence.  Another 

possible application may be to determine an optimal profile of atmospheric layers in 

altitude and strength for use in tomographic reconstruction. 
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6. APPLICATION OF ACCELEROMETERS FOR IMAGE MOTION 

TRACKING AND STABILIZATION 

 

6.1 Introduction 

Equation Chapter (Next) Section 1 

As was shown previously in Chapters 3 and 5, structural vibration can be an important 

contributor to the total residual wavefront.  This characteristic is because structural 

resonances are often at high frequencies relative to the wavefront controller disturbance 

rejection bandwidth, so there is often little attenuation or possibly even amplification of 

the modal amplitude.  The MMT-AO integral wavefront controller is a good example of 

this type of amplification [20].  From models of the closed loop MMT-AO system 

developed in Chapter 2, we know that the disturbance rejection bandwidth is 

approximately 16.5 Hz. 

 

Figure 6.1: Disturbance rejection frequency response showing gain amplification of the 

structural mode at 18.75 Hz.   
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 Any frequency content in an input signal above the disturbance rejection 

bandwidth will be amplified as shown in figure 6.1.  From the frequency response 

magnitude plot we see that the structural mode at 18.75 Hz is amplified by 1.5 dB, or 

approximately a 20% increase in amplitude.  Of course, this behavior is precisely what 

was shown in Chapter 2. 

 We can reduce the effects of structural vibration by extending the controller 

disturbance rejection bandwidth far enough to attenuate rather than magnify the modal 

amplitude at 18.75 Hz.  This was the strategy employed in Chapter 5 when computing the 

optimal wavefront controller gains.  The bandwidth of the system was extended to 31 Hz 

as shown in figure 6.2 and the magnitude at 18.75 Hz is now approximately -6 dB or a 

reduction in total amplitude from the integral controller of -7.5 dB. 

 

 
Figure 6.2: Optimal PID disturbance rejection frequency response.  The magnitude at 18.75 

Hz is now approximately -6 dB. 
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 Although this is an improvement over the standard integral controller, there is still 

a significant portion of the structural vibration component remaining that contributes to 

the total residual wavefront [20].  As seen in Chapter 5, the structural vibration peak 

magnitude at 18.75 Hz is typically on the order of 10-20 times higher than the 

atmospheric component, even when using the PID controller.  We would need an 

additional 20 dB of attenuation to bring the peak of the 18.75 Hz structural vibration 

component to the peak level of the atmospheric component.   This level of attenuation is 

simply not possible for the MMT-AO wavefront controller given the hardware and 

sample rate limitations as it would require a wavefront controller disturbance rejection 

bandwidth on the order of 100 Hz.  If we want to achieve the resolution capabilities of 

very large or extremely large aperture telescopes, or if we want to observe at or near 

visible wavelengths, then we must reduce the residual wavefront component of structural 

vibration through means other than increasing the wavefront controller bandwidth. 

6.2 Feedforward correction 

 

Feedforward control is a term used to describe a system in which a controlling signal 

from an external source of the controller is passed directly to the dynamic system that one 

is attempting to control.  If the control system is comprised of feedforward control only, 

then the controlling element will respond to its control signal in a pre-defined manner.  In 

this sense, feedforward control is acting as open loop control.  This behavior is in contrast 

to a feedback control system which adjusts the output signal in response to the behavior 

of the system being controlled.  A feedback system has the advantage of reducing the 
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systems sensitivity to unknown or un-modeled disturbances.  However, additional phase 

lag is introduced to the output signal due to the effects of the feedback path which can 

significantly reduce the available correction bandwidth.  On the other hand, feedforward 

responds rapidly to changing input commands relative to feedback control, but is 

sensitive to un-modeled perturbations and can lead to errors in the desired system 

response if the feedforward signal is not applied accurately. 

 Feedforward control, in combination with feedback control, can significantly 

improve the overall system response provided that the disturbance we are attempting to 

correct can be measured prior to affecting the system output.  For example, feedforward 

control is often used in temperature control systems to compensate for large lag times 

when attempting to track temperature set point changes. 

 

Figure 6.3: A functional block diagram of feedforward control.  The disturbance must be 

measurable and accurate to achieve the best possible results.  

 

 Figure 6.3 shows a functional block diagram of a pure feedforward control 

scheme.  A system disturbance is measured and a command signal is generated that 
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attempts to correct the disturbance prior to affecting the system dynamics.  In the case of 

image motion correction due to structural vibration, we can use a measurement of the 

vibration as an external feedforward signal, provided that there is a good correlation 

between the motion of the vibration and the motion of the image centroid.  Applying 

feedforward in this manner results in a combination of feedforward and feedback loops 

since we are already using wavefront sensor slope data for the closed loop wavefront 

controller.  Figure 6.4 shows a functional block diagram of the combined feedback and 

feedforward controller for the image stabilization problem. 

 

Figure 6.4: Functional block diagram of combined feedforward and feedback loops for 

image centroid stabilization. 

 

6.3 Reconstructing image motion from accelerometer measurements 

 

In order for feedforward control to perform well for the image centroid stabilization 

problem, we need a reliable and accurate method of estimating the image motion due to 
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the structural vibration.  The estimated image motion can then be used as a feedforward 

signal sent to the deformable mirror as an additional tip/tilt signal, commanding the 

mirror to move in the direction opposing image motion and significantly attenuating 

image movement at the detector. 

 To develop the image motion reconstructor, we first assume that the hub motion 

of the MMT secondary can be correlated with image motion at the detector through a 

simple linear relationship.  Figure shows a schematic of ray deviations due to 

translational and rotational motion of the secondary hub.  Figure 6.5 (a) shows that a 

translation d of the secondary mirror results in an angular displacement of the image by 

an amount t .  For small angles, this is well approximated by a linear relationship.  

Figure 6.5 (b) shows that a rotation of the secondary mirror by an amount r   results in 

an angular displacement of the image by an amount 2 r  which is also well approximated 

by a linear relationship.  The total deviation at the secondary is given by 2total t r    .  

A scaling factor is then applied to obtain the angular displacement at the science detector 

due to motion of the secondary mirror, which is the desired linear relationship. 

 If we have the ability to measure the movement of the secondary in both 

translation and rotation, then we can, in principle, derive a simple linear relationship 

between image motion and motion due the structural vibration at the secondary.  

Fortunately, accelerometers provide a cost efficient and accurate way of estimating, or 

reconstructing, the image motion from an external source; that is, without using the 

closed loop slope data from the deformable mirror. 
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Figure 6.5: Schematic showing ray deviations due to translational and rotational motion of 

the telescope hub. (a) Ray deviation due to translation. (b) Ray deviation due to rotation. 

 

 

Figure 6.6:(a) Photograph of a PCB Piezotronics triaxial accelerometer model 356B18.     

(b) Four accelerometers of this type are mounted on the back of the deformable mirror cold 

plate. 

 

 Through double integration of the measured accelerations, we can compute the 

positional and rotational motion of the telescope at the secondary.  We can then estimate, 
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or reconstruct, the image motion at the detector from the accelerometer data assuming 

there is a well correlated linear relationship between the two.  The code which performs 

the conversion from accelerometer data to estimated image motion is called the image 

motion reconstructor. 

 Figure 6.6(a,b) shows the PCB Piezotronics model 356B18 tri-axial accelerometer 

used on the MMT deformable secondary.  Four of these type accelerometers have been 

mounted to the back of the deformable mirror cold plate. 

 The accelerometer is accurate to within 5% in the frequency range from 0.5 to 

3000 Hz.  Note that the accelerometer measurements are not accurate to DC and will 

exhibit low frequency drift in the output signal.  The accelerometer signal is also noisier 

at low frequencies.  The spectral noise between 10 and 100 Hz is approximately 20 

 2/ sec /m Hz .  The spectral noise level at 1 Hz is 112  2/ sec /m Hz or 5.6 

times greater.  Both the low frequency drift and increase in low frequency noise will 

require filtering in the image motion reconstructor signal in order to produce a reasonable 

estimate of the image centroid motion. 

The accelerometers are mounted on the back of the cold plate as shown in figure 

6.7.  Note that the accelerometers are not mounted orthogonally due to fitting constraints 

imposed by hardware mounted on or near the back of the cold plate.  Thus, care must be 

taken in resolving the motions sensed by the accelerometers and converting them into the 

coordinate system for the deformable mirror commands. 
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Figure 6.7: Diagram showing the relative positions of the accelerometers on the back of the 

deformable mirror cold plate.  View is toward the mirror surface. 

 

 In order to implement feedforward control, we must be able to accurately measure 

the disturbance that we are trying to compensate prior to it affecting the system output.  

As discussed in the previous section, if we can measure the structural vibration using 

accelerometers, then establish that there is a good correlation between the accelerometer 

signals and image motion seen at the detector, we can then use a feedforward method to 

cancel out the image motion due to the structural vibration.  For a purely sinusoidal 

motion of constant phase and amplitude, we have 

  sinx A t  (6.1) 
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Taking the second derivative with respect to time gives 

  2 2sinx A t x x        (6.2) 

so that, for a sinusoidal signal, the acceleration is directly proportional to the position.  

We can use this fact to derive an estimate of the image centroid position movement from 

the sensed accelerometer signal.  Of course this assumes that the signal is purely 

sinusoidal with constant amplitude and frequency which is not truly the case.  For the 

actual image centroid motion, we know that the phase, amplitude, and frequency of the 

signal all vary with time.  As such, we must ensure that the sensed accelerometer signal 

truly replicates the image motion seen at the detector otherwise the feedforward scheme 

will not work.  The image motion estimator developed in the following section shows 

that a good correlation does exist and can be used as a feedforward parameter. 

6.4 Non real-time filtering: Correlation of image centroid and accelerometer 

data 

 

The first step in developing the image motion reconstructor is to establish a time 

correlation between the accelerometer measurements of the structural vibration and 

image centroid motion at the science detector.  Since there are four accelerometers with 

three channels each, none of which are truly orthogonal to one another, this can be 

somewhat of a challenge.  Once a time correlation has been established between one or 

more accelerometer channels and the image centroid motion, a scale factor can be 

adjusted to give the appropriate scaling of tip/tilt commands in mirror space.  The x and 

y-axis image centroid motion was determined by converting the DM telemetry slope data 
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to a Zernike basis set and then extracting the tip and tilt component time histories.  

Although not the most time efficient method, it was chosen for the non-real time data 

filtering as the Zernike modes had already been previously computed for other off-line 

analysis.  A more computationally efficient method for real-time applications would be to 

average the individual x and y-axis slope data to extract the Zernike tip and tilt. 

 For the time correlation, time-synced accelerometer and DM slope data was 

collected while on-sky at the MMT.  Figure 6.8 shows a time history comparison between 

the x-axis centroid image position data and unfiltered accelerometer data.  Time is in 

number of frames at a 550 Hz sample rate.  The initial correlation obtained was 

determined empirically and occurs when using accelerometer channels 1A  and 7A  

rotated and scaled as 

    1 7
ˆ cos sinx x xx K A A      (6.3) 

where x̂  is the estimate of the x-axis image centroid position.  The sine and cosine terms 

were introduced to allow for the rotation of the accelerometer signal components to better 

match the data.  The constants were determined experimentally to be 43.0 degx    and 

3.89 9.xK e    More precise correlation coefficients could be determined by using a 

Least Squares (LSQ) fit to all the accelerometer data.  This would allow for a more 

accurate reconstruction of image motion and, therefore, better overall image motion 

correction.  Future versions of the reconstructor should utilize this method. 
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 Note that there is still significant low frequency response, at or below 2 Hz, 

present in the accelerometer response as well as additional high frequency noise which 

must be filtered.  The accelerometers also have steady-state biases which must be 

removed from the data. 

 

 
Figure 6.8: Time history of the x-axis image centroid data vs. scaled but unfiltered 

accelerometer data. Low frequency response, DC bias, and high frequency noise in the 

accelerometer data corrupt the image centroid estimate.  Time is in number of frames. 

 

 Figure 6.9(a) shows a plot of the correlation between the x-axis image centroid 

position and the unfiltered estimate of image centroid position derived from 

accelerometer data.  A perfect correlation of the data would result in all the data points 

lying on the line y x , shown in red.  The rotation and scale factors from Eq. (6.3) were 
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adjusted until the data was symmetric about the line y x .  The DC bias determined 

from the plot is approximately 4 6e  and the spread of the data points at 0x   is 

0.5 5e  . 

 

Figure 6.9: (a) Correlation of x-axis image centroid position vs. estimated image centroid 

position using scale but unfiltered accelerometer data. (b) Correlation of y-axis image 

centroid position vs. estimated centroid position. 

 

 Figure 6.9(b) shows a similar correlation between the y-axis image centroid 

position and the estimated image centroid position derived from accelerometer data.  In 

this case, the image centroid position was well approximated by using accelerometer 

channels 3A  and 9A  in the equation 

 3yy K A  (6.4) 
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where y  is the estimate of the y-axis image centroid position.  The constant 
yK  was 

determined experimentally to be 2.75 9yK e  .  The DC bias determined from the plot 

is approximately 2.6 6e  and the spread of the data points at 0x   is 0.5 5e  . 

 The next step in establishing that there exists a good correlation between the 

image centroid motion and estimated image centroid motion is to filter the accelerometer 

data to remove the low frequency drift, DC bias, and high frequency noise.  At this point, 

we are only interested in establishing that we have good correlation between image and 

accelerometer data, not a real-time implementation, so the filter chosen is a non-causal 

bandpass filter using the MATLAB filtfilt function.  The filtfilt function processes the 

data both forward and backward in time, in other words, it uses future values of the data 

in order to preserve the phase relationship of the parameter.  Real-time implementation of 

accelerometer filtering will introduce phase lag as well as additional problems that will 

be discussed in the section on real-time implementation. 

 The bandpass filter selected for the accelerometer data is shown in figure 6.10.  

The pass band frequency is set as large as possible to avoid unnecessarily filtering the 

signal response at frequencies other than 18.75 Hz.  This choice is desirable to get better 

correlation of data during transient events or when the amplitude of the 18.75 Hz 

oscillation is low.  The filter coefficients are computed using the MATLAB filter design 

and analysis tool.  The designer can specify the bandpass and bandstop frequency range 

along with the desired attenuation.  In this case, the pass band frequencies for this filter 

are set from 7 to 45 Hz.  All frequencies in this range will be essentially unfiltered.  The 
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band stop frequencies are 1 and 85 Hz.  All frequency content below 1 Hz and above 85 

Hz will be attenuated by 80 dB.  The filter type selected was a Chebyshev type II filter 

which produces a flat magnitude response at the expense of a rippled phase response.  

However, since this filter is only used with the filtfilt function for non-real time analysis, 

the phase response is not important. 

 

Figure 6.10: Bandpass filter selected for accelerometer data.  The filter was then used in the 

MATLAB filtfilt script to ensure no phase delay was introduced. 

 

 Figure 6.11 shows a comparison of time histories between x-axis image centroid 

position and estimated x-axis image centroid position from scaled and filtered 

accelerometer data.  Elimination of the DC bias and low frequency drift considerably 

improves the accelerometer based estimate, even during transient events. 

0 50 100 150 200 250

-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

Frequency (Hz)

M
a
g

n
it
u
d

e
 (

d
B

)

Magnitude Response (dB)



 

166 

 

Figure 6.11: Time history comparison of image centroid data (blue line) and scaled and 

filtered accelerometer data (red line).  Filtering greatly improves the estimate 

 

 Figure 6.12(a) shows the correlation between x-axis image centroid position and 

accelerometer data which has been both scaled and filtered.  The low frequency drift, DC 

bias, and high frequency noise have been greatly reduced.  The DC bias is essentially 

zero and the spread of the data points at 0x   is 0.2 5e   which is significantly less 

than prior to filtering. 

 Figure 6.12(b) shows a comparison of time histories between y-axis image 

centroid position and estimated y-axis image centroid position derived from scaled and 

filtered accelerometer data.  Again, the elimination of the DC bias and low frequency 

drift considerably improves the accelerometer based estimate.  The mismatch in the data 

7000 7200 7400 7600 7800 8000 8200 8400

-4

-3

-2

-1

0

1

2

3

4

x 10
-6



 

167 

seen near the center of the plot is due to the response of the non-causal filter at the 

beginning and end of the dataset and not a true mismatch. 

 

Figure 6.12: (a) Correlation of x-axis image centroid data and accelerometer data with 

scaling and filtering.  The low frequency drift, DC bias, and high frequency noise have been 

greatly reduced. (b) Correlation of y-axis image centroid data and accelerometer data. 

 

 
Figure 6.13: Time history comparison of y-axis image centroid data and scaled and filtered 

accelerometer data. 
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 Figure 6.13 shows a comparison of time histories between y-axis image centroid 

position and estimated y-axis image centroid position from scaled and filtered 

accelerometer data.  The correlation is quite good once the low and high frequency noise 

has been removed.  Figure 6.14(a,b) shows the residual x and y-axis centroid positions 

(counts) after scaling and filtering.  The x and y-axis centroid position errors had a 

maximum value of approximately 3.0e-5 counts and standard deviation of approximately 

8.4e-7 counts.  The algorithms and constants used to compute x̂  and ŷ  are considered 

the baseline centroid motion reconstructor algorithms for the 18.75 Hz oscillation. 

 

                   (a)                                                             (b) 

 

Figure 6.14(a,b): Time histories of x and y-axis image centroid position error. 

 

 Figures 6.11-6.14 demonstrate that a good linear correlation does exist between 

the x and y-axis image centroid data and estimated image centroid data derived from 
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scaled and filtered accelerometer measurements.  The use of a non-causal filter which had 

no phase distortion was useful in establishing that the correlation exists but cannot be 

implemented on a real-time system.  The non-real time baseline reconstructor 

demonstrates the best possible correlation of accelerometer and image centroid data given 

that the non-causal filtering contributes no phase lag.  Real-time estimation of image 

motion using causal filtering or other methods will result in additional errors which must 

be addressed.  This estimation task is the job of the real-time reconstructor which will be 

addressed in the following sections. 

6.5 Real-time filtering of accelerometer data using bandpass filtering 

 

The correlations of image centroid data and estimated image centroid data derived from 

accelerometer data in the previous section used a non-causal filter to remove the DC bias, 

low frequency drift, and high frequency noise with no distortion of the phase of the 

signal.  The filtering is done by using both past and future values which are available 

during non-real time analysis.  For real-time estimation, we must develop a method of 

filtering the accelerometer signals which do not introduce significant phase delay.  Two 

possible approaches are discussed in the following sections.  The first is to use a causal 

bandpass filter to remove the unwanted low and high frequency errors, and then 

compensate for the phase and magnitude distortion introduced from the filtering process.  

A second approach is to take advantage of the a priori knowledge of the structural 

vibration frequency by using a predictive Kalman filter.  This approach is discussed in 

detail in Chapter 7. 
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 We first look at using a bandpass filter for real-time attenuation of the image 

motion due to structural vibration.  The bandpass filter acts to remove the low and high 

frequency noise components of the accelerometer signals and results in better 

reconstruction of the image centroid motion due to the structural vibration component.  

We have already seen in the previous section that there exists a good linear correlation 

between the image centroid motion and the estimated image motion derived from 

accelerometer data.  We can use the same linear relationships derived in the previous 

section to estimate the centroid motion, then use a bandpass filter to attenuate the low and 

high frequency noise around the center frequency of the oscillation, in this case 18.75 Hz.   

 Although accelerometers provide a reasonably clean signal, some filtering is still 

necessary.  Accelerometers often have poor low frequency response, typically below 0.5 

Hz.  In addition, biases can cause the correction signal to drift slowly over time.  Thus, 

some lower frequency filtering is required.  Accelerometers also have high frequency 

noise present.  We would like to design a bandpass filter which removes the unwanted 

low and high frequency noise while maintaining the correct phase relationship in the 

frequency range of interest, specifically near 18.75 Hz.  This filtering strategy reduces 

noise levels while allowing the tip/tilt mirror to apply corrections near the resonant 

structural modes of interest with little to no phase delay. 

 One difficulty in designing the filtering of the accelerometer signal is that the 

filter can add significant delay if not designed properly, reducing the potential correction 

capability or possibly amplifying the disturbance signal.  Therefore care must be taken in 

understanding the actual system delays and how correction signals are applied. 
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6.5.1 DESIGNING THE BANDPASS FILTER 

 

Our goal in designing the bandpass filter is to allow the sensed accelerometer signal due 

to structural vibration to pass through the filter with minimal amplitude and phase 

distortion while simultaneously attenuating the signal at all other frequencies, thus 

allowing the feedforward control to respond only at the frequency of the vibration.  This 

frequency is known as the center frequency of the bandpass filter. 

 In reality, the filter design is a compromise.  Since the vibration signal is not truly 

sinusoidal, varying somewhat in both frequency and amplitude, we need to have some 

width of the bandpass amplitude to account for these variations.  However, as we shall 

see, adding width to the bandpass region inevitably leads to phase distortions away from 

the center frequency, and the wider the bandpass region becomes, the more rapidly phase 

is distorted.  Because there is no analytical procedure for determining the optimal filter, 

the design is usually done using empirically data and a trial and error method.  This 

design approach can be time consuming and there is no guarantee that the filter is 

performing optimally in any well-defined statistical sense. 

 One type of filter which is commonly used in this application is called a peaking 

filter.  Peaking filters are often used in image compression algorithms as well as for 

equalization in audio signals.  For this application, the peaking filter is designed such that 

the center frequency of 18.75 Hz has amplitude of 0 dB and a phase crossover of 0 

degrees.  Thus, the 18.75 Hz oscillation is allowed to pass through the filter undistorted to 

the feedforward controller.  Figure 6.15 shows the frequency response of the peaking 

filter for the image stabilization problem with a center frequency of 18.75 Hz.  All other 
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frequencies will be attenuated to some degree, as well as distorted in phase.  The filter 

was designed in MATLAB using the filter design and analysis tool. 

 

Figure 6.15: Frequency response of the peaking filter with center frequency of 18.75 Hz 

(117.8 rad/sec).  The phase response changes significantly in the bandpass region.  

 

The filter is represented in the z-transform domain by 
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 The filter has a magnitude of 0 dB and phase of 0 degrees at the center frequency 

as per the design.  Note however, that there is a significant phase shift in the region +/- 2 

Hz from the center frequency with the phase varying from +/-45 degrees.  In this 

frequency region, the magnitude is still -3.4 dB, or a reduction in amplitude of only one 

third of the original signal.  We need some width on the filter to allow for correction of 

the signal as the frequency varies and for correction during transient responses.  

However, as the signal frequency varies from the center frequency, the correction signal 

passed through to the feedforward controller is distorted in phase, resulting in 

significantly less attenuation of the image motion than if the phase were undistorted.   

This illustrates the compromise in designing and using the peaking filter, or any bandpass 

filter as we trade frequency correction width for phase distortion. 

 Using a bandpass filter approach to image stabilization has its advantages and 

disadvantages.  The design of the filter is always a compromise; however, significant 

reduction in the amplitude of the image motion can still be obtained with this technique.  

This benefit is particularly true if there are no significant transient responses or if the 

vibration is very close to being a single frequency sinusoidal signal.  In this case, the 

phase distortions matter little, as long as the center frequency is well known.  The 

bandpass filter is also fairly easy to implement in the real time code as it is merely a 

recursion equation. 

 One disadvantage is that it is difficult to obtain good correction over a broad 

range of frequencies, thus resulting in poor response during transient events and when the 

signal frequency varies significantly from the center frequency.  System delays can also 
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cause problems with the filter implementation and can cause additional degradation in the 

feedforward controllers’ ability to attenuate image motion.  These delays mean that the 

phase at the center frequency is not really zero degrees and may require additional design 

changes in order to provide effective compensation.  All this means that the filter design 

requires significant trial and error to obtain a good design.  Furthermore, there is no 

criterion as to what filter design is ‘optimal’ in a well-defined statistical sense and the 

choice of the final design is quite subjective. 

 Many of these issues can be addressed with an approach to image motion 

correction using predictive Kalman filtering.  This technique will be discussed in detail in 

Chapter 7.  In the following section we look at an actual application of the bandpass 

filtering approach for beam stabilization of the LGS-AO system. 

 

6.5.2 CASE STUDY: MMT LGS-AO BEAM STABILIZATION USING ACCELEROMETER 

FEEDFORWARD 

 

6.5.2.1 INTRODUCTION 

 

The bandpass filter designed above is intended for use in reducing image motion from the 

18.75 Hz vibrational mode sensed with the MMT NGS-AO system and has not yet been 

tested on-sky.  The MMT LGS-AO system is sensitive to a different vibrational mode at 

14 Hz.  For this mode, the accelerometer feedforward and bandpass filtering approach 

has been implemented and successfully tested on-sky [39]. 

 The LGS beam projector system senses a rotational mode of the telescope hub 

assembly at approximately 14 Hz.  Due to the geometry of the beam projector path and 
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the effect of the 23 km lever arm, the distance the beam is projected into the sky, the 

small rotations of the hub result in significant tilt of the LGS beam which then produces 

large spot motions on the LGS wavefront sensor.  This 14 spot motion is then projected 

into all higher order spatial modes derived from the LGS WFS.  Figure 6.16 shows a 

schematic of the LGS beam projection system and the fast steering mirror (FSM) used to 

control the beam jitter.  The laser top box is mounted to the side of the telescope on the 

elevation axis truss structure.  The beam is projected up the elevation axis to a box 

containing the FSM and additional projection optics.  From here, the FSM projects the 

beam to optics mounted behind the secondary mirror on the top end of the telescope, 

reflected off a fold mirror, and into the sky [6]. 

 

Figure 6.16: Schematic of LGS beam projector system and FSM. 
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6.5.2.2 ISSUES WITH USING OPTICAL DATA IN OPEN LOOP CONTROL 

 

In the case of image motion due to telescope structural vibration, it would be desirable to 

use the image centroid data directly as a feedforward parameter to the control system to 

stabilize the image.  However, there are some difficulties with this approach.  For the 

LGS hub rotation, the delays due to the camera integration time can significantly degrade 

the amount of correction applied.  At a frame rate of 400 Hz, the delays due to integration 

and readout time can be as much as two frames, or approximately 5 milliseconds.  The 

delays amount to over 25 degrees of phase lag in the correcting signal for a 14 Hz 

oscillation.  This delay has an enormous effect on the amount of correction that can be 

applied from the controller as it leaves more than 40 percent of the oscillation 

uncorrected.  A typical LGS beam oscillation results in 8 arcseconds of image motion at 

the detector leaving 3.4 arcseconds of residual motion after the correction is applied.  

This level of residual motion is clearly unacceptable. 

 In addition, the optical path senses both the atmospheric motion as well as the 

telescope structural motion.  To use the structural component of image motion as a 

feedforward parameter, the atmospheric contribution must be removed from the signal.  

This filtering proves to be very difficult to accomplish given the level of accuracy 

required for good image correction. 

 

6.5.2.3 ADVANTAGES OF USING ACCELEROMETER FEEDFORWARD FOR 14 HZ BEAM 

STABILIZATION 

 

In contrast to the long integration delay times from the camera data, the accelerometers 

have virtually no delay.  The sample time from accelerometer trigger to read-in at the 
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controller is on the order of 390 microseconds.  Therefore, the accelerometers can easily 

be run at 1000 Hz which gives a delay of only 4.5 deg for the LGS 14 Hz oscillation, 

resulting in considerably less latency over the camera data.  For the 8 arcsecond motion 

of the LGS spots, the accelerometers can remove over 90 percent of the oscillation 

resulting in an image motion at the detector of about half an arcsecond.  In addition to the 

benefits of reduced latency, the accelerometers mounted on the telescope structure sense 

only the structural component of image motion, so removing the atmospheric 

contribution is not necessary. 

 

6.5.2.4 ACCELEROMETER FEEDFORWARD ALGORITHM 

 

The 14 Hz vibration is sensed by the accelerometers mounted on the back of the 

secondary mirror cold plate.  For this particular structural mode, the x-axis channels of 

accelerometers #1 and #3 are used as they are tangential to the hub and have the greatest 

sensitivity to the rotational mode of the hub assembly (see figure 6.7).  The two channels 

are subtracted, scaled, and then filtered using a peaking filtering.  The resulting signal 

provides the command signal to the FSM mounted at the upper corner of the telescope 

truss structure.  The FSM moves in opposition to the tilt sensed by the accelerometers, 

thus stabilizing the beam and greatly reducing image motion seen at the detector.  The 

current LGS controller is run at a sample rate of 400 Hz.  A functional block diagram of 

the accelerometer feedforward control algorithm for the LGS-AO 14 Hz structural mode 

is shown in figure 6.17. 
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Figure 6.17: Functional Block Diagram of Accelerometer Feedforward Control for LGS 

Beam Stabilization 

 

6.5.2.5 OUTER PID LOOP 

 

Because the line of sight changes over time due to various low frequency sources such as 

gravitational sag in the telescope structure, temperature changes, atmospheric effects, 

etc., a low frequency PID feedback loop is implemented around the image centroid data 

(figure 6.18).  The PID loop keeps the centroid data from drifting off the detector over 

long periods of time.  Since the loop gains are very low, it has no significant effect on the 

operation of the acceleration feedforward path. 

 

Figure 6.18: Functional block diagram of outer loop PID to control beam drift. 
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6.5.2.6 ON-SKY RESULTS 

 

The accelerometer feedforward algorithm for the LGS 14 Hz mode has been 

implemented and tested on-sky [39].  DM slope telemetry data was used to compute the 

power spectral densities for various Zernike modes.  As a typical example of the higher 

frequency spatial modes, figure 6.19 shows the PSD for the disk harmonic mode 10 with 

the accelerometer feedforward correction off (blue line) and on (red line).  The correction 

applied by the FSM reduced the peak power of the 14 Hz mode by a factor of five over 

the case where no correction is applied. 

 

Figure 6.19: Power spectrum of disk harmonic mode 10 with accelerometer correction off 

(blue) and on (red).  The peak power due to the 14 Hz mode is reduced by a factor of five 

when accelerometer correction is on. 

 

 Figure 6.20 shows the effect on the spot pattern with the accelerometer correction 

off (top) and on (bottom).  The image was obtained by placing a camera in the laser 
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topbox and imaging a bright star along the optical path of the FSM.  With the 

accelerometer feedforward correction off, the structural vibration causes image motion 

amplitude of approximately 3 arcseconds.  This is far too large for the centroiding 

algorithm to work and can effectively render the system inoperable.  However, with the 

accelerometer correction applied, the image motion is significantly reduced to sub-

arcsecond amplitudes and good centroiding data can be obtained. 

 

Figure 6.20: Spot images with accelerometer correction off (top) and on (bottom). Image 

courtesy T. Stalcup 

 

 Although the correction obtained with the bandpass filtered accelerometer 

feedforward was highly successful in stabilizing the image motion and enabling the 
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system to operate when it would not otherwise be able to do so, there is still improvement 

in performance that can be gained.  Additional modification of the peaking filter could 

reduce the effects of image motion even further.  In addition, a new approach based on 

Kalman filtering could be used.  This approach is the subject of Chapter 7. 
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7. IMAGE STABILIZATION USING PREDICTIVE KALMAN 

FILTERING 

 

7.1 Introduction 

 

Kalman filtering is ubiquitous in many fields of engineering and applied science 

primarily because it is an extremely useful technique for solving real-world problems [40, 

41].  This chapter discusses Kalman filtering mainly as applied to problems of image 

stabilization to improve image quality.  However, many other potential applications for 

optical systems exist and are discussed at the end of this chapter.  Kalman filtering, or 

more generally optimal state estimation, combines elements of linear systems theory, 

probability theory, dynamic modeling, stochastic processes, and least squares estimation.  

As such, presenting the background material for a complete understanding of optimal 

state estimation is beyond the scope of this chapter.  There are many fine books available 

on the subject [42-45]. 

 Instead, section 7.2 provides an overview of the optimal state estimation problem 

and serves to introduce the terminology and notation necessary for understanding the 

Kalman filtering design process.  Thus, the linear discrete-time Kalman filter is presented 

and the linear time update equations, mean and covariance propagation equations, and 

formulation of the Kalman gain matrix are presented.   Techniques such as prediction and 

the extended Kalman filter, i.e. the nonlinear propagation of the estimated state vector, 

are also discussed.  The overview of the Kalman filter design process follows closely to 

that of [46, 47].  The development of the actual extended Kalman filter applied to solving 
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the specific problem of the 18.75 Hz structural vibration on the MMT will be discussed in 

section 7.3. 

 It should be pointed out that a Kalman filter is not a filter in the traditional sense 

of the word from a controls perspective, such as a transfer function representation in the 

frequency domain or a recursion equation representation in the discrete-time domain.  

Rather, it is a computational algorithm used to estimate the state of a dynamic system 

which is corrupted by noise, through the use of a priori knowledge of the system and 

assumed statistical properties of the measurement errors and system noise. 

 

Figure 7.1: Flow diagram for the Kalman filtering process. 

 

7.2 Kalman filter preliminaries: Overview of the design process and notation 

 

A functional block diagram of the Kalman filtering process is shown in figure 7.1.  In 

order to properly design the Kalman filter, we must have a good understanding of the 

system dynamics and noise characteristics of the states we are estimating.  The approach 

to designing the Kalman filter algorithm typically follows these steps: 
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1) Develop a mathematical model of some dynamic system whose state vector we 

would like to estimate.  The dynamic system is assumed to be a stochastic 

process, that is, the states contain some randomness or noise, typically called 

process noise, in addition to known state dynamics. 

2) Derive equations which propagate the expected value, or mean, of the state vector 

and the state covariance matrix of the process as a function of time.  These 

equations are typically implemented as software on a digital computer and form 

the basis of the discrete Kalman filter. 

3) Whenever we obtain a new measurement, the expected value of the state vector 

and state covariance matrix are updated.  The state vector and the state covariance 

matrix will then be propagated in time for the next iteration.  We also assume that 

the measurement itself is corrupted by measurement noise. 

4) The equations themselves are implemented recursively, that is, the new 

measurement is combined with a term which statistically represents all previous 

measurements.  Thus, there is no need to store the past histories of all 

measurements, which would become computationally prohibitive over long 

periods of time. 

 The Kalman filter algorithm itself is a weighted least squares method which 

determines how to combine the past values of the measurement with the most recently 

obtained measurement.  The notation used here follows that used in .  A mathematical 

model of a discrete-time linear system can be represented in state space form as: 
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1 1 1 1 1k k k k k k

k k k k

x F x G u w

y H x v

      

 
 (7.1) 

where x  is the system state vector, u  is the control input vector, y  is the measurement 

vector, and k is the sample index.  For the particular case of vibration estimation, k is 

equivalent to a time index t.  However, in general k is not necessarily associated with 

time.  The matrix F  is known as the state transition matrix.  It is a model of the system 

dynamics when no external forcing function is applied to the system and propagates the 

system states from the previous sample time to the current sample time. The matrix G  is 

known as the control input matrix, and models the effects on the system dynamics of 

known user control inputs.  The matrix H  is known as the observation matrix and allows 

the measured outputs y  to be constructed from the system state vector. 

 The process and measurement noise, w  and v  respectively, are assumed to be 

Gaussian, zero mean, white noise with known covariance matrices kQ and kR .  The 

process and measurement noise are also assumed to be uncorrelated. 
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 (7.2) 

 The Kalman filter will estimate the states of the system based on the available 

measurements where the mean, or expected value, of the state vector x is the Kalman 
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filter estimate of the state vector.  If, at time t k , the measurement ky  is not yet 

available, then we form what is called the a priori estimate of the state vector conditioned 

on all measurements up to and including 1ky  .  This a priori estimate is denoted as kx


.  

If, at time t k , the measurement ky  is available, then we can form an a posteriori 

estimate of the state vector conditioned on all measurements up to and including  ky .  

This a posteriori estimate is denoted as kx


. 

 
 

 

1 2 3 1

1 2 3

| , , ,...

| , , ,...

k k k

k k k

x E x y y y y

x E x y y y y











 (7.3) 

 Both the a priori and the a posteriori estimates are estimates of the same state 

vector x, however they are conditioned on different available measurements.  If we want 

to find the optimal predicted value of the state vector at M steps ahead, where M is a 

positive integer, we can form a predicted estimate of the state vector that is conditioned 

on all the available measurements up to and including ky .  This technique is known as 

prediction of the state estimate. 

  | 1 2 3| , , ,...k k M k k Mx E x y y y y


   (7.4) 

 Similar to the expected value of the state vector, which is the Kalman filter state 

estimate, we can also form a priori and a posteriori estimates of the state estimation error 
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covariance matrix, denoted as 
kP  and 

kP   respectively.  These estimates are shown in 

equation 7.5. 
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 (7.5) 

 We can propagate the expected value of the state vector and the expected value of 

the state estimation error covariance matrix from time 1t k   to t k  prior to obtaining 

the measurement ky  using the equations 

 1 1 1 1

1 1 1 1

k k k k k

T

k k k k k

x F x G u

P F P F Q

 

   

 

   

 

 
 (7.6) 

 The formulas in Eq.(7.6) are known as the time update equations.  The timeline 

for the a priori and a posteriori estimates are shown in figure 7.2. 

 
Figure 7.2: Flow diagram for the time update equations 
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 The time update equations propagate the expected value of the state vector and 

the expected value of the state estimation error covariance matrix at time t k  prior to 

obtaining the measurement ky .  Once the measurement ky  is obtained, we must update 

the state vector and estimation error covariance matrix to account for this new 

information.  The state vector time update equation is 

  k k kk k kx x K y H x
  

    (7.7) 

 The quantity  kk ky H x


  is known as the correction term or measurement 

residual.  It is the difference between the most recently obtained measurement ky  and the 

estimate of the measurement based on the Kalman filter state vector estimate kkH x


.  

Note that if the measurement residual is zero, then the estimate of the state vector remains 

the same, i.e., k kx x
 

 .  The term kK  is called the estimator gain matrix.  The estimator 

gain determines the optimal weighting of the measurement residual, that is, the gain 

determines how much emphasis should be placed on the most recent measurement 

relative to the past measurements, in determining the estimate of the state vector.  If the 

estimator gain is zero, then there is no change to the state vector estimate.  If the 

estimator gain is large, then significant weight is placed on the most recent measurement 

relative to all past measurements. 



 

189 

 The estimation gain optimality criterion is chosen to minimize kJ  which is the 

weighted scalar sum of the state estimation error covariance matrix, or the trace of kP .  

Thus, we want to minimize the 
2L  norm of the estimation error vector. 

      
2 2

11 ... nk k nJ Tr P E x x E x x        
      

 (7.8) 

Using Eqs. (7.1), (7.5) and (7.7), we can express kP  in terms of the estimator gain matrix 

kK .  Starting with: 
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 (7.9) 

Then the estimation error covariance can be written as: 
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Using the matrix identity  
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, the optimality criterion can be written as 
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Setting the derivative to zero and solving for the estimator gain matrix gives 

  
1

T T

k k k k k k kK P H H P H R


    (7.12) 

Once we have determined the estimator gain matrix for the most recently obtained 

measurement, we need to update the estimation error covariance matrix. 

    
T T

k k k k k k k k kP I K H P I K H K R K      (7.13) 

 The final piece of information required to begin the Kalman filter estimation 

process is to define the initial conditions of the state vector and estimation error 

covariance matrix.  The filter initial conditions are specified as: 
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 (7.14) 

 Since there are no previous values available,  0x


 is chosen as the expected value 

of 0x , usually from some prior knowledge of system performance.   

Summarizing the design process for the discrete-time Kalman filter: 

 

1) Define the discrete-time linear system dynamic model as described by the set of 

equations in state space form: 
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 (7.15) 

2) Define the initial conditions of the Kalman filter state vector and error covariance 

matrix as: 
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3) Perform the state estimate and estimation error covariance extrapolation 
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 (7.17) 

4) Compute the state estimate time update, estimation error covariance time update, 

and re-compute the optimal gain matrix. 

 

 
   

 
1

k k kk k k

T T

k k k k k k k k k

T T

k k k k k k k

x x K y H x

P I K H P I K H K R K

K P H H P H R

  

 


 

  

   

 

 (7.18) 



 

192 

 The recursive algorithm is then executed for each time step 1,2,3,...k   as new 

measurements become available.  The above process constitutes the discrete-time 

Kalman filter.  The algorithm is usually implemented on a digital computer and run in 

real-time for problems of state estimation and prediction. 

7.3 Case study: Predictive Kalman filtering applied to the MMT image 

stabilization problem 

 

While developing the reconstructor in section 6.4, it was shown that there was significant 

image centroid motion at a frequency of 18.75 Hz due to a structural vibration of the 

secondary hub assembly.  Although the frequency was centered around 18.75 Hz, there 

were significant shifts in phase due to the random excitation of the structure from winds 

and telescope tracking.  In addition, large changes in amplitude are seen in the sinusoidal 

oscillations as the excitations come and go.  We also saw from the development of the 

reconstructor that there was excellent correlation between the image centroid motion 

derived from DM slope telemetry data and the estimated image motion derived from 

filtered accelerometer signals.  Filtering of the signal is required due to high frequency 

noise and low frequency biases of the tri-axial accelerometers.  In the real-time 

application of the filtering process, there will be phase lag introduced into the 

feedforward signal which must be compensated for if we want to obtain the best possible 

correction. 

 With these conditions in mind, we must design an optimal filter that can track the 

motion of a quasi-sinusoidal signal with varying phase and amplitude.   In addition, we 

must be able to predict, at some future time, the motion of the sinusoid to compensate for 
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phase lag introduced during the low and high frequency filtering process.  Fortunately, 

tracking of a sinusoidal signal has been studied extensively in Kalman filter applications 

related to guidance and navigation, in particular, for intercepting weaving targets [48].  A 

similar approach can be used to design a predictive Kalman filter that can be used for the 

image centroid motion problem. 

 The optimal filter developed in this section is a six-state, extended and predictive 

Kalman filter and follows from [46, 49].  The state model will take into account that the 

amplitude and phase of the sinusoidal signal is not constant with time.  The extended 

Kalman filter allows us to propagate the measurement residuals using nonlinear 

equations.  This results in a much more accurate filter for the highly nonlinear sinusoidal 

signal.  Finally, the filter will be predictive in that we will extrapolate ahead in time in 

order to compensate for the known phase lag due to the low and high frequency filtering 

process. 

 

7.3.1 FORMULATION OF THE EXTENDED KALMAN FILTER FOR TRACKING AND 

PREDICTION OF A SINUSOIDAL SIGNAL 

 

We are now ready to formulate the Kalman filter for tracking and predicting quasi-

sinusoidal image motion due to structural vibration.  We must track both x and y-axis 

centroid positions.  We begin by writing the equation for the x and y-axis centroid 

positions assuming a purely sinusoidal signal. 

 
sin

sin

X X

Y Y

X A t

Y A t








 (7.19) 
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 The variables X and Y are used for the x and y-axis centroid positions to avoid 

confusion with the state and output vectors.  Taking the second derivative of the above 

equations and substituting for the sin t term gives 

 

2 2

2 2

sin

sin

X X

Y Y

X X

Y Y

X A t X

Y A t Y

  

  

   

   
 (7.20) 

 Since we know the x and y-axis frequencies are not constant, then their derivatives 

must be non-zero.  To account for this in the model, the first derivative terms are modeled 

by process noise.  This strategy allows the frequency to vary and will also give some 

freedom in tuning the filter parameters later in the design process for better real-world 

performance. 

 
X

Y

X w

Y w




 (7.21) 

The process noise ,X Yw w  are assumed to be white with zero mean and spectral densities 

,X Y  .  The continuous dynamic model can be represented in state space form as 

 x Ax Bu w    (7.22) 

Since there is no control input in this case, 0u   and we can write 
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 The equation above is nonlinear since there are states contained within the A 

matrix.   We can linearize the equation by computing the partial derivatives with respect 

to the state vector x and evaluating the elements at the current state estimates ˆ ˆ ˆ ˆ, , ,X YX Y    

which gives 
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 For the discrete time Kalman filter, we must derive the discrete state transition 

matrix kF  from the continuous dynamics contained in LA .  From [46, 49], we can solve 

 x t at time kt  as: 
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since   0u   .  Therefore, the discrete state transition matrix and the discrete control 

matrix are 

 
   1exp exp

0

k L k k L

k

F A t t A T

G

     


 (7.26) 

 In general, it is difficult to find an exact solution for kF .  However, if we use a 

Taylor series expansion to represent the state transition matrix, and if the system 

dynamics matrix LA  is approximately constant during the time interval T , then we can 

approximate kF  as: 
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 (7.27) 

 Using this approximation and the linearized system dynamic matrix gives the 

discretized state transition matrix as 
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 It is important to note that for extended Kalman filtering, the state transition 

matrix is only used for the computation of the Kalman gains.  The states themselves will 

be propagated using the nonlinear dynamic equations. 

 We now derive the discrete process noise matrix 1kQ  .  The continuous process 

noise matrix is given by 
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 (7.29) 

 Note that in this case, the x and y axes are defined as orthogonal and the process 

noise Xw and Yw  are uncorrelated, though not necessarily independent.  Using Eq. (7.5), 

we can compute the discrete process noise matrix. 
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where 1kQ   is defined by the above equation as 
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Computing 1kQ   gives 
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The observation matrix kH  can be determined by inspection from 

 k k k ky H x v   (7.33) 

and noting that outputs are, by definition in this problem, the position state estimates plus 

measurement noise. 
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Finally, the measurement noise covariance matrix is given by 
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 (7.36) 

where 2

X and 2

Y  are scalar noise covariance terms for the x and y-axes respectively.  

These terms are assumed to be constant and are determined from the statistics of the 

measurement data.  The noise covariance can be adjusted as necessary to improve the 

performance of the filter as discussed in section 7.3.3. 

 Because the dynamics of the sinusoidal signals we are attempting to estimate are 

highly nonlinear, we can more accurately project the system state vector by numerical 

integration of the state dynamic model over the period of the sampling interval rather 

than using the linearized discrete state transition matrix.  This nonlinear propagation of 

the state vector is known as extended Kalman filtering and can produce significant 

improvement in the filter performance when the system dynamics are nonlinear.   

Nonlinear propagation of the system state vector becomes even more important if we are 
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attempting to predict the state vector at some future time; that is, propagate the states in 

time beyond the current sampling period.  This approach can be very useful in 

compensation for delays in the control system as well as signal filtering, but it can also 

amplify errors in the state estimates if the dynamics are not modeled appropriately. 

 

7.3.2 PERFORMANCE PREDICTIONS FOR THE EXTENDED KALMAN FILTER 

 

The code for the six-state, extended Kalman filter with prediction is written as a 

MATLAB script and has been included in Appendix A for reference.  The actual real-

time code will be written in C and can be tested offline using MATLAB’s embedded 

function utility.  This utility allows the actual real-time code to be run in a simulation 

environment and can be checked against the output of the original MATLAB script to 

ensure the algorithm has been implemented correctly prior to being deployed on the real-

time machine ao-pcr, which operates many of the real-time controller functions of the 

adaptive optics system. 

 A MATLAB/Simulink simulation was created to estimate the performance of the 

Kalman filter and aid in tuning the filter parameters.  The simulation uses actual 

accelerometer and image centroid data collected at the telescope while on-sky.  The 

accelerometer data is processed using the actual bandpass filtering, image motion 

reconstructor, extended Kalman filtering, and feedforward algorithms that will be 

implemented on ao-pcr.  This data can then be compared with time-synchronized image 

centroid data to assess how well the accelerometer data can be used to attenuate the 

image motion at the detector. 
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The image stabilization process proceeds as follows: 

1) Accelerometer data collected at 550 Hz is filtered using a wide bandpass filter to 

remove the low frequency drift, DC biases, and high frequency noise. 

2) Three of the twelve available accelerometer channels are used to reconstruct, or 

estimate, the x and y-axis image centroid motion from the algorithm derived 

through correlation of accelerometers and image centroids in section 6.4. 

3) The estimated x and y-axis image centroids derived from the accelerometer data 

are the inputs to the Kalman filter.   The estimated frequencies and amplitudes of 

the x and y-axis image motion components are the outputs of the Kalman filter. 

4) The Kalman filter algorithm automatically adjusts the estimated frequency and 

amplitude of the sinusoidal signal to accurately track the signal and the states are 

projected forward to the next sampling interval by numerically integrating the 

nonlinear state equations. 

5) The predictive capability of the Kalman filter is used to project the states ahead in 

time past the next sampling interval and predict the states at some future point in 

time.  This prediction process is also done through propagation of the nonlinear 

dynamic equations.  Prediction allows for phase lag in the filtering process and 

other delays due to the control system to be compensated, resulting in better 

overall correction.  An input to the Kalman filtering code allows this parameter to 

be set to any desired value. 

6) The predicted image centroid locations are then converted to tip/tilt commands in 

mirror space though multiplication of a tip/tilt only reconstructor.  The mirror 
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commands are then fed forward and subtracted from the PID wavefront controller 

as absolute commands to the deformable mirror. 

A functional block diagram of the simulation process is shown in figure 7.3. 

 

 
Figure 7.3: Functional block diagram of accelerometer feedforward controller for reduction 

of the 18.75 Hz structural resonance. 

 

7.3.3 NOMINAL FILTER PERFORMANCE 

 
The Kalman filter is initialized with a nominal frequency of 18.75 Hz and x and y-axis 

image centroid position amplitudes of zero.  The code is then executed following steps 1 

through 6 as outlined in the previous section.  The frequency state estimate of the filter 

for the nominal initial conditions is shown in figure 7.4.  The filter is stable and 

converges upon the correct frequency estimate in approximately 0.1 seconds. 
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Figure 7.4: Kalman filter state estimate of frequency and centroid position error using the 

nominal initial conditions. 

 

 Note that the Kalman filter state estimate of frequency is continuously adjusted.  

The adjustment of the frequency compensates for the fact that the vibration is not truly a 

sinusoidal signal.  The signal varies both in frequency and amplitude and the filter adjusts 

its frequency state estimate to account for this and, therefore, better track the actual 

signal.  This adjustment is accomplished by defining the process noise term kw  in the 

dynamic system model.  The process noise is a measure of how accurately the filter 

believes the dynamic model.  For example, if the process noise term is set to zero, then 

the filter would always attempt to model the signal as a sinusoid of constant frequency 
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and amplitude.  If the process noise term is very large, then the dynamic model would be 

essentially ignored and only the most recent measurement term would be given 

significant weight relative to all past measurement terms.  The process noise term can 

therefore be used as a design parameter for tuning the filter. 

 In addition to the frequency state estimate, the Kalman filter also computes state 

estimates of the image centroid x and y-axis motion amplitudes.  Figure 7.5 shows the 

output of the Kalman filter x-axis amplitude state estimate (blue line) compared with 

actual time-synched x-axis image centroid data.  The centroid data was collected at a 

sample rate of 550 Hz during an MMT observing run.  Again, the filter is stable and 

converges upon the correct amplitude state estimate in less than 0.1 seconds for the 

nominal initial conditions.  Figure 7.6 shows a comparison between the actual image 

centroid data and the error between the true and estimated image centroid motion.  

Taking into account the WFS phase lag of 1.5 frames as discussed in section 2.4.2, the 

error signal is an indication of the level of correction capable of being achieved by the 

feedforward controller. 
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Figure 7.5: Kalman filter estimate of frequency using the nominal initial conditions. 

 

Figure 7.6: Actual image centroid data (blue) and error between true and estimated data 

(red) for the x-axis.  
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 From figures 7.4-7.6, we see that the agreement between the filter state estimates 

of both amplitude and frequency are quite good with x and y-axis residual centroid 

position variances of 4.71e-13 2rad and 4.12e-13 2rad  respectively.  The peak amplitudes 

of the x and y-axis residual centroid positions are approximately a factor of ten lower than 

the centroid position peak amplitudes. 

 However, we know that there is additional phase lag in the accelerometer derived 

estimate due to the bandpass filtering as well as from control system latencies.  We can 

compensate for this lag by using the nonlinear dynamic equations to propagate the state 

estimates forward in time beyond the current sampling interval.  This update leads to a 

design compromise where we want to project the state estimates ahead in time to 

compensate for delays, however, projecting too far ahead will result in noise 

amplification of the state estimates and possible destabilization of the filter.  This trade-

off is discussed in more detail in the following section on filter robustness.  The Kalman 

filter algorithm is currently set to project ahead 1.5 frames at 550 Hz or approximately 27 

milliseconds.  This time value will most likely be close to the optimal value but the actual 

value chosen will need to be determined on-sky.  The Kalman filter code has projection 

time as an input parameter, so the actual number is easily changed. 

 

7.3.4 FILTER ROBUSTNESS 

 

The extended Kalman filter algorithm can sometimes be sensitive to the initial conditions 

of the problem and can have difficulty converging to a proper solution if the initial 

conditions are too far from the true values.  Although the frequency of the vibration is 
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well known in this case, and is relatively constant over time, it is still wise to perturb the 

initial condition and verify that the Kalman filter remains stable. 

 

Figure 7.7: Kalman filter estimate of vibration frequency for varying initial conditions. 

 

 Figure 7.7 shows the Kalman filter state estimate of the sinusoidal frequency 

estimate for varying initial conditions.  The initial filter frequency estimate is varied +/- 

5.0 Hz.  This is an extremely large perturbation as the actual vibration frequency is 

known to +/- 0.5 Hz.  Nevertheless, the filter is stable and converges on the correct 

solution in approximately eight seconds.  Convergence time when the filter is initialized 

with the nominal frequency of 18.75 Hz is less than 0.1 seconds.  Figure 7.8 shows the 

Kalman filter state estimate of the sinusoidal x-axis amplitude for an initial frequency of 
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13.75 Hz.  The Kalman filter state estimate of image centroid position tracks the 

measured centroid data quite well after the initial startup transient of the filter which 

takes approximately 1.5 seconds.  Again, this a very large amplitude perturbation and the 

actual convergence time is expected to be significantly less.  However, it is a good 

measure of the robustness of the filter to unknown disturbances. 

 

Figure 7.8: Kalman filter estimate of image centroid position when filter initial estimate is 

incorrect.  The filter initial frequency estimate was set to 13.75 Hz. 

 

 As discussed previously, the Kalman filter can project the estimated states ahead 

in time but will amplify noise and can possibly cause filter instability if the projection 
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time is too large.  Figure 7.9 shows the nominal estimated state image centroid position 

(blue line) compared with the estimated image centroid position projected ahead two 

frames at 550 Hz, or 3.6 milliseconds, and estimated image centroid position projected 

ahead four frames, or 7.3 milliseconds.  As the projected time increases, the filter’s state 

estimate tends to overshoot the actual response.  Projecting two frames ahead gives a 

centroid estimation overshoot of three per cent.  Projecting four frames ahead, the 

estimation error is significant with a peak overshoot of approximately 20 per cent which 

would be unacceptable in terms of control response.  This larger projection time would 

likely require a retuning of the filter parameters.  For the 18.75 Hz image stabilization 

problem, the expected projection time is 1.5 frames at 550 Hz as determined in section 

2.4.2, or approximately 2.7 milliseconds of delay time.  For this projection time, the state 

estimates are more than adequate with a predicted overshoot of less than two per cent. 

 

Figure 7.9: Kalman filter estimate of image centroid position for varying prediction times. 
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7.4 Potential future applications using predictive Kalman filtering 

7.4.1 OPTICAL PATH LENGTH CORRECTION 

 

The predictive Kalman filter was designed to correct for image motion due to tip and tilt 

of the adaptive optics secondary mirror induced by structural vibration in the telescope 

structure.  However, the algorithm itself is not specific to tip/tilt correct.  It only requires 

that the sensed signal is quasi-sinusoidal and zero mean.  Thus, the algorithm can be 

applied to a wide range of optical problems involving structural vibration.  In particular, 

correction of optical path difference between two or more optical elements, subject to 

vibration, could be done with no changes whatsoever to the Kalman filtering algorithm 

other than that the correction term would be applied as a piston command to the mirror 

rather than a tip or tilt command. 

 Optical interferometry for multiple mirror telescopes is one potential application 

for this approach.  Due to the sensitivity of the measurements, coupled with often long 

optical path lengths separating the elements, structural vibration can significantly degrade 

the performance of the system [16-18].   An approach which is essentially identical to 

that discussed previously could be used to mitigate effects due to vibration.  

Accelerometers would be mounted on all optical elements in the path train which have 

vibrations that significantly alter the optical path length.  These sensed accelerometer 

signals would then be used to reconstruct, or estimate, the optical path difference due to 

the displacement of each optical element.  The reconstructed optical path difference 

would then be used as a feedforward signal to a mirror which would be commanded to 
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equalize the optical path length by commanding the mirror to move in a piston mode.  

Similar to the tip/tilt control discussed previously, an outer loop controller could also be 

used in conjunction with the feedforward controller in order to minimize the effects of 

low frequency disturbances or unknown dynamics of the system (figure 6.4).  This 

approach could also be used for co-phasing of mirrors or optical elements as long as the 

signal was quasi-sinusoidal and zero mean. 

 

7.4.2 FREQUENCY ESTIMATION AND TRACKING 

 

Another potential application of the extended Kalman filter algorithm is to estimate and 

track vibrational modes which migrate in frequency over time.  As a specific example, 

on-sky telemetry data from the MMT shows a low frequency vibrational mode migrating 

in frequency from 1 Hz to 5 Hz over approximately a 30 minute period.  Figure 7.10 

shows the power spectral density data taken from the deformable mirror telemetry during 

the night of October 1, 2009.  It shows a vibrational mode which migrates from a 

frequency of approximately 2 Hz and migrating to 4.7 Hz over the course of 18 minutes 

before the vibration amplitude becomes too small to detect.  Figure 7.11 shows a time 

history of the vibration where the amplitudes are quite large.  The time history data 

shown is from 10 minutes into the detection of the oscillation and the frequency is 

computed to be 3.3 Hz.  This oscillation is believed to be induced by the azimuth axis 

pointing controller of the telescope.  Note that the time history data is quite noisy and can 

be non-sinusoidal at times. 
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Figure 7.10: Power spectral densities showing a portion of the modal frequency migration 

over a time period of 18 minutes.  The mode moves from 2.1 to 4.7 Hz. 

 

Figure 7.11: Time history of Zernike tilt at a frequency of 3.3 Hz. 
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 The amplitude of the vibration is much too large for the stroke of the adaptive 

optics secondary and prevents operation of the AO system when it occurs.  If we can 

track the migration of the frequency, then it might be possible to schedule some form of 

compensation to azimuth axis controller, such as a notch filter, as a function of the 

detected oscillation frequency.  The predictive Kalman filter discussed previously already 

computes modal frequency as one of the estimated states.  Therefore, we can use the 

current algorithm, using Zernike tip and tilt derived from the DM telemetry slope data as 

an input to the filter.  The output of the Kalman filter is the estimated frequency which 

should track the migrating modal frequency over time. 

 

 

Figure 7.12: Section of the Kalman filter estimate of vibration frequency as a function of 

time.  The Kalman filter precisely tracks the modal frequency from 2.1 to 4.7 Hz. 
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 Figure 7.12 shows the Kalman filter state estimate of frequency over an 18 minute 

period.  Data computed from power spectral densities of three individual time sections 

are superimposed on the graph.  The Kalman filter readily tracks the frequency of the 

migrating structural mode over the entire period where the mode had significant 

amplitude.  Because the modal frequency migrates slowly, we could actually perform 

additional filtering if necessary to remove the unwanted high frequency noise from the 

filter output.  Frequency tracking could have other useful applications as well such as 

tuning and control of laser cavity frequencies. 

 

7.4.3 TELESCOPE POSITION AND VELOCITY ESTIMATION 

 

The usefulness of the specific predictive Kalman filter algorithm to track sinusoidal 

signals was discussed above.  However, Kalman filtering in a more general sense can be 

applied to numerous problems involving state estimation of optical systems.  One 

important example would be to compute estimates of telescope position and velocity for 

more accurate pointing and tracking.  Often on large telescopes, there are multiple 

sensors which are used to redundantly measure states of the telescope. 

 An example of this would be computing elevation and azimuth velocity estimates 

for use in a pointing controller damping feedback loop.   If we are using digital encoder 

data, there are two basic approximations for estimating velocity.  The first approximation 

is given in Eq. (7.37) as 
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   1x k x k

V k
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 (7.37) 

 Equation 7.37 shows the typical approach for estimating velocity by subtracting 

two successive position estimates of x , then dividing by a known constant time period 

T .  This approximation works well as long as velocities are large relative to the sample 

time period.  However, at low speeds, this approximation can become quite noisy and 

inaccurate.  A second approximation for velocity is given in Eq. (7.38). 
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 (7.38) 

 For low speeds, Eq. (7.38) provides a much cleaner and more accurate estimate of 

velocity where the position data is output at a known constant interval, often proportional 

to the motor speed, and the time taken to traverse this interval is computed.  However, 

this estimate of velocity can be inaccurate and noisy at high speeds.  This is known as 1/T 

counting and is currently being considered to improve low speed azimuth axis tracking 

on the MMT.  However, to implement 1/T counting on the MMT azimuth axis pointing 

controller would require some methodology for switching from a good low speed 

estimate to a good high speed estimate.  

 The Kalman filter provides a way of optimally blending these two complementary 

measurements to achieve the best possible estimate of velocity regardless of the tracking 

rate.  Telescopes often have redundant sources of position measurement as well which 

could potentially benefit from using Kalman filtering to more accurately determine 



 

216 

telescope position.  In general, Kalman filtering is useful whenever additional external 

information is available for measuring the system states.  This additional information 

may come from redundant sensors or from a priori system knowledge.  Knowing when to 

apply Kalman filtering to a specific problem is often as important as knowing how to 

apply Kalman filtering. 
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8. CONCLUSIONS AND FUTURE WORK 

 

8.1 System performance and potential improvements 

 

A systems level performance analysis was conducted for the MMT-AO system.  The 

performance analysis is useful for understanding which areas of the AO system can be 

improved to provide the greatest performance increases and, therefore, maximize image 

quality.  For the MMT-AO system, the performance analysis showed that it is possible to 

achieve diffraction limited images in J-band and good correction to 0.7 microns with 

algorithmic and software modifications only.  The next generation AO system for the 

MMT would need to implement several key components to achieve these goals. 

 Numerical optimization of the wavefront controller is necessary to balance the 

conflicting disturbance rejection requirements of atmospheric turbulence and structural 

vibration.  An optimized PID controller has been implemented on the MMT NGS-AO 

system and a similar wavefront controller design is planned for implementation on the 

LGS-AO system.  Nonlinear optimization of the Wavefront Controller has significantly 

improved the image quality of the NGS-AO system, particularly in the presence of 

structural vibration. 

 Despite the implementation of the optimal PID wavefront controller, vibration 

still has a significant deleterious effect on AO image quality.  Image stabilization using 

predictive Kalman filtering has the potential to improve image quality at least as much as 

the optimal PID controller.  In addition, the accelerometers can be sampled at a much 

higher frame rate than the WFS camera, allowing for a significant reduction in tip/tilt 
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data latency due to structural vibration.  The reduction of latency would be especially 

beneficial for fainter targets when the WFS camera must be run at a lower update rate to 

achieve an adequate signal to noise ratio.  Therefore, tip/tilt vibration effects can still be 

efficiently removed even when the camera is updating at 50 or 100 Hz. 

 Spatial fitting error contributes a significant component to the overall wavefront 

residual.  Better wavefront reconstructors must be developed and deployed to correct for 

more spatial modes than are currently corrected with the MMT-AO systems.  The NGS 

and LGS systems currently correct for 54 and 44 spatial modes respectively.  Reducing 

spatial fitting error is particularly important for obtaining good image quality at the 

shorter wavelengths of J-band and the near IR and visible.  For the NGS-AO system, 

doubling the number of corrected spatial modes from 54 to 108 would reduce the total 

wavefront error by approximately 45 nm RMS, assuming a coherence length of 

0 0.15 r m  specified at a wavelength of 0.5 m . 

 Calibration of the deformable mirror actuator positions and alignment of the 

deformable mirror with respect to the wavefront sensor will also help in reducing the 

fitting error.  The MMT DM test stand [50] can be used to verify that the capacitive 

sensors are calibrated to give accurate position measurements with respect to the optical 

flat.  The alignment of the DM with respect to the wavefront sensor can also be checked 

through sending known tip/tilt slope commands in wavefront sensor space to the 

deformable mirror.  This should give a very accurate estimate of the rotation angle of the 

WFS with respect to the DM. 
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 Wavefront prediction is another potentially important improvement to the AO 

system.  Pure time delays are important, particularly when observing with high altitude 

wind speeds associated with the jet stream, which can reach speeds in excess of 80 m/s.  

This can result in a significant lag between the measured and actual wavefront, seriously 

degrading the AO system performance.  Wavefront slope and DM position telemetry data 

can be used to estimate wind speed and direction which can then be used to predict the 

wavefront movement across the pupil and allow the wavefront controller to compensate 

for the effects of latency. 

 For fainter targets, the NGS-AO system is typically run at a camera update rate of 

100 Hz.  Assuming a delay of 1.5 frames, the amount of pure time delay is 15 ms.  The 

contribution to wavefront residual due to pure time delay for such large latencies also 

becomes significant even for low to moderate wind speeds.  At a wind speed velocity of 

20 m/s and a sample rate of 100 Hz, the wavefront error due to pure time delay is on the 

order of 100 nm RMS.  The AO system could benefit from some form of wind prediction 

and compensation in both the high altitude jet stream wind and faint target cases. 

 All of the improvements discussed could be implemented through software and 

algorithmic changes only and would not require modifications to the existing hardware.  

Thus, these changes could significantly improve the AO system performance with 

minimal cost. 
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8.2 Visualization tools and design and analysis models 

 

A set of analytical models was developed that can be used for both designing potential 

AO system wavefront controllers as well as estimating current AO system performance.  

Real-time data collected from the AO system telemetry at the MMT has allowed 

excellent characterization of the NGS and LGS-AO systems.  Using this on-sky data has 

allowed the AO system dynamic models to be tested and validated.  All models have 

been implemented in MATLAB/Simulink and have been useful for rapid prototyping of 

various adaptive optics wavefront controller algorithms. 

 Tools have also been developed which simulate the dynamic input characteristics 

of atmospheric turbulence, sensor noise, and structural vibration as sets of open loop 

slope time history data.  Since we can simulate the atmospheric turbulence, WFS noise, 

and structural vibration components with reasonable accuracy, we can then use these 

simulated open loop slopes as inputs to the real hardware.  We can thus create a 

hardware-in-the-loop (HWIL) simulation which would allow for testing and analyzing 

system components while in the lab.  For example, this utility could be quite useful for 

testing and diagnosing software problems while the DM is off the telescope, reducing the 

need for valuable on-sky telescope time. 

 The spatial relationship among parameters such as DM currents, commands, and 

positions is often useful in understanding and diagnosing AO system problems.  As an 

aid to visualizing these spatial relationships, a set of visualization tools was written to 

create three dimensional representations of DM telemetry parameter surfaces.  The 

visualization tools can be used to plot a single instant in time or they can be used to create 
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movies showing both spatial and temporal information.  The visualization tools have 

been useful for diagnosing numerous problems with the DM which could not easily have 

been seen otherwise. 

 

8.3 Effects of structural vibration on image quality 

 

The effects of structural vibration on image quality were discussed and both numerical 

and analytical equations were derived to estimate the short and long exposure effects on 

the image PSF.  The analytical expression is useful for determining the effects of 

vibration on Strehl and spot FWHM for different telescope diameters and observation 

wavelengths.  The results show that both Strehl and spot FWHM are significantly 

affected by structural vibration as the telescope diameter is increased or the observation 

wavelength is decreased.  Using the time invariant approximation, an example was shown 

how a model of a partially corrected image can be constructed by estimation of the core 

and halo, which can then be applied to give a structural vibration correction factor that 

accurately predicts the actual image PSF peak intensity and halo. 

 The equations derived for both the time varying and time invariant intensity 

profiles can be quite useful in determining the effects of structural vibration on adaptive 

optics system performance as well as prediction of the final image PSF and, therefore, 

can be quite useful during the design phase of new adaptive optics systems.  The time-

invariant expression allows for rapid evaluation of specifications on allowable image 

motion at the detector, or when determining the required disturbance rejection bandwidth 

necessary to obtain the desired image quality.  These results illustrate the importance of 
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accounting for structural vibration in the design and analysis of future adaptive optics 

systems during initial phases of the design process. 

 

8.4 Summary 

 

Optimization of the wavefront controller in adaptive optics systems is essential for 

minimizing the effects of dynamic wavefront aberrations and obtaining the best possible 

image quality.  Reaching the potential resolving capabilities of the next generation of 

extremely large optical/IR telescopes will place even more demanding requirements on 

the wavefront controller than the current large telescopes coming online today.  Adaptive 

optics system wavefront controllers will be required that balance the often conflicting 

requirements of attenuating both atmospheric turbulence and image motion due to 

structural vibration in order to achieve these goals. 
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APPENDIX A: MATLAB/SIMULINK CODE AND MODELS 

 

A.1 Script to compute Strehl ratio as a function of wavelength and residual wavefront 

error 

 
% Compute Strehl ratio from residual wavefront in nm (RMS) 
% MATLAB code written KB Powell 02-11-09 
 
% Strehl ratio empirical curve fit 
% derived by Michael Hart 
 
% compute strehl 
wavelength_Vec = [700 1250 1650 2120 5000]; 
 
% now vary the wavelength... 
for jj = 1:length(wavelength_Vec); 
     
    lambda = wavelength_Vec(jj); 
    k = 2*pi/lambda; 
 
%  first vary the wavefront error parametrically... 
for kk = 1:600; 
 
    WF_RMS(kk) = kk; 
    sigma = WF_RMS(kk)*k; 
 
    SR(jj,kk) = exp(-sigma^2); 
     
    x = sigma^2; 
     
    if x < 0.05294; 
       S2(jj,kk) = exp(-x); 
    elseif x < 3.25; 
       S2(jj,kk) = 0.996886-0.945101*x+0.57654*x^2-0.212481*x^3+0.0416173*x^4-0.003277*x^5; 
    elseif x >= 3.25; 
       S2(jj,kk) = 0.5712/x; 
    end 
     
end % kk loop 
end% jj loop 
 
break 
% plot it out... 
figure(3) 
 
h1 = axes('Color',[.9 .9 .9],...  
       'GridLineStyle','--',... 
       'FontName','times',... 
       'FontWeight','bold',... 
       'FontAngle','italic',... 
       'FontSize',12); 
axes(h1) 
 
hold on 
 
plot(WF_RMS,S2,'LineWidth',2); 
axis([0 600 0 1]) 
 
% extended Marachal approximation 
xlabel('Wavefront error (nm RMS)','FontName','ariel','FontWeight','bold','FontSize',11) 
ylabel('Strehl','FontName','ariel','FontWeight','bold','FontSize',11) 
 
grid on 
legend('0.7 microns','J-band','H-band','K-band','M-band') 
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A.2 Script to display surface plots of AO system telemetry data 

 
% Computes and displays DM telemetry data 
% K Powell 07/23/09 
% load the TLM data, actuator geometry, etc. 
load TLM_data 
 
% input view angles 
AZview = -180;  %default 10; 
ELview = 65; %default 65; 
 
% plotting parameters 
WFlim = 10000; 
rtrLimit = 1500; 
posLimit = 2000; 
curLimit = 5000; 
curBias  = 2000; 
cmdsLimit = 1000; 
slope_scale = 800; 
 
% frame start, stop, and increment 
Fstart = 1000; 
Fstop  = 8000; 
Finc   = 1; 
 
% define the figure locations and properties 
scrsz = get(0,'ScreenSize'); 
% figure 1 
figure('OuterPosition',[534*2 scrsz(4)/2 scrsz(3)/3 scrsz(4)/2],... 
       'Name','POSITIONS','NumberTitle','off') 
% figure 2 
figure('OuterPosition',[1 1 scrsz(3)/3 scrsz(4)/2],... 
       'Name','RTR Commands','NumberTitle','off') 
% figure 3 
figure('OuterPosition',[534*2 1 scrsz(3)/3 scrsz(4)/2],... 
       'Name','DM Currrents','NumberTitle','off') 
% figure 4 
figure('OuterPosition',[534 1 scrsz(3)/3 scrsz(4)/2],... 
       'Name','DM Cmds','NumberTitle','off') 
 
tic 
for kk = Fstart:Finc:Fstop; 
 
% define the actuator geometry 
x = ACT(:,1); 
y = ACT(:,2); 
 
xbad = x; 
ybad = y; 
 
% define the vector of bad actuators 
BAD_vec = [270 261 243 234 207 202 163 107 95 94 57 40 26 25 7 6]; 
%BAD_vec = []; 
xbad(BAD_vec) = []; 
ybad(BAD_vec) = []; 
 
ACTbad = [xbad(:) ybad(:)]; 
 
% define the surface geometries 
Tes3 = delaunayn(ACTbad); 
A = pos(kk,:); 
B = flat_cmds'; 
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C = A - B; 
D = rtr(kk,:); 
E = cmds(kk,:); 
F = E - B; 
G = cur(kk,:); 
 
A(BAD_vec)=[]; 
C(BAD_vec)=[]; 
D(BAD_vec)=[]; 
E(BAD_vec)=[]; 
F(BAD_vec)=[]; 
G(BAD_vec)=[]; 
 
% plot the positions 
figure(1) 
 
trisurf(Tes3,xbad,ybad,C*3.3); 
title('positions from DM telemetry (nm)') 
 
caxis([-posLimit posLimit]); 
colormap('jet') 
 
% axes for pos 
axis([-1 1 -1 1 -posLimit posLimit]); 
view(AZview,ELview) 
 
% plot the RTR commands 
figure(2) 
 
trisurf(Tes3,xbad,ybad,D); 
title('rtr commands from DM telemetry') 
caxis([-rtrLimit rtrLimit]); 
colormap('jet') 
 
% axes for rtr 
axis([-1 1 -1 1 -rtrLimit rtrLimit]); 
view(AZview,ELview) 
 
% plot the DM currents 
figure(3) 
 
trisurf(Tes3,xbad,ybad,G); 
title('Current DM telemetry (counts)') 
caxis([(-curLimit + curBias) (curLimit + curBias)]); 
colormap('jet') 
 
% axes for cur 
axis([-1 1 -1 1 (-curLimit + curBias) (curLimit + curBias)]); 
view(AZview,ELview) 
 
% plot the shifted commands 
figure(4) 
 
trisurf(Tes3,xbad,ybad,F); 
title('Absolute Commands') 
caxis([-cmdsLimit cmdsLimit]); 
colormap('jet') 
 
% axes for cmds 
axis([-1 1 -1 1 -cmdsLimit cmdsLimit]); 
view(AZview,ELview) 
end 
toc 
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A.3 AO gain optimization script 

 
% main program which executes the optimizer 
% KB Powell 12-05-07 
% Added Ku and Ksys to match NGS, LGS hardware  02-09-09 KBP  
% version 4B adds In_RMS as a global for output 
% and also removes the mean from the inputs     02-17-09 KBP 
% This version is for 2-D gains only  KB Powell 03-06-09 
% Modified to include loading the correct data files and modified 
% SR computation  
% This is now the master script for optimization 
% written: K Powell 30 June, 2010 
 
% Moved onto new laptop and used for the OSA optimization paper 
% KB Powell 9 January, 2011 
 
global Ki 
global Kp 
global In_RMS 
global Out_RMS 
global KZFF 
global InputX 
global residual 
 
% load in the data parameters if they don't exist 
load recon_new 
load optim_data_v4b 
 
Tmax = 15; % seconds simulation time 
PID_on = 1; % 0 integral, 1 PID 
 
% run the script to compute the input signal ( changed to nm 10 Jan 2011) 
%Compute_NGS_input in nm! 
Compute_NGS_input_nm 
 
% system level gains 
User_gain = 0.35; 
System_gain = 409.8; 
wn = 300*pi*2; 
KZFF = 0.0; 
 
Ts = 1/527; 
tau_WFS = 1.5/527; 
t_WFS = 1.5/527; 
 
% define notch filter parameters 
wn1 = 60*2*pi; 
wd1 = wn1; 
zetan1 = 0.05; 
zetad1 = 0.5; 
 
wn2 = 65*2*pi; 
wd2 = wn1; 
zetan2 = 0.05; 
zetad2 = 0.5; 
 
%     Ki     Kp  
x0 = [1.0  1.50*Ts*PID_on];  % 
lb = [0.2  0.25*Ts*PID_on];  %  
ub = [3.0  4.50*Ts*PID_on];  %  
 
options = optimset('TolFun',.001,'TolCon',0.001,'LargeScale','off',... 
                   'MaxFunEvals',500,'Algorithm','active-set'); 
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% preallocate for speed 
Ki_Vec = zeros(1,54); % NGS dim - 54 
Kp_Vec = zeros(1,54); 
Kd_Vec = zeros(1,54); 
Residual_RMS = zeros(1,54); 
In_RMS  = 0; 
Out_RMS = 0; 
 
tic 
 
for i = 1:1; %54;% max modes - 54 
    %if (i < 3);  
    %    KZFF = 0.0; 
    %end; % if 
     
    % 
    input_signal = 2*pi*NGS_modes_1000(i,:)'; 
    simin = [time_NGS_1000' input_signal]; % for NGS data 
 
    [x,fval] = fmincon(@myfun3_2D,x0,[],[],[],[],lb,ub,@mycon3_2D,options); 
    Ki_Vec(i) = x(1); 
    Kp_Vec(i) = x(2); 
    %Kd_Vec(i) = x(3); 
    Residual_RMS(i) = Out_RMS; 
    Residual_Var(i) = fval; 
    In_RMS_Vec(i)   = In_RMS; 
    Out_RMS_Vec(i)  = Out_RMS;   
    i 
     
    % check_margins_v2 
  
    close all 
end 
toc 
 
% plot the final bode plot in red 
%subplot(211),semilogx(w_Hz2,mag_dB2,'r','LineWidth',2) 
%subplot(212),semilogx(w_Hz2,phase2,'r','LineWidth',2) 
 
% compute the Strehl ratio 
In_RMS_nm  = In_RMS_Vec; 
Out_RMS_nm = Residual_RMS; 
Compute_SR_v3; % lastest version 
 
% plot the gains 
plot_gains 
plot_residuals 

 

% Function mycon2 uses the nonlinear constraint of 
% gain peaking in the disturbance rejection function 
% to keep gains from getting unrealistically large 
 
% Written by K Powell 2-11-08 
% 2-D gains only KBP 03-06-09 
 
function [c,ceq] = mycon3_2D(x) 
 
global Ki 
global Kp 
 
ceq = 0; 
mag_constr = 12; 
iplot = 1; 
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Ki = x(1); % set to 1.0 for I only 
Kp = x(2); 
Kd = 0.0; 
 
% linmod AOS model and plot bodes 
% plot the frequency response 
[a,b,c,d]=linmod('AOS_model_v4'); 
sys = ss(a,b,c,d); 
aol = a; 
 
% plot the disturbance rejection frequency response 
[a2,b2,c2,d2]=ssselect(a,b,c,d,2,2); 
sys2 = ss(a2,b2,c2,d2); 
[sys2b,G] = balreal(sys2); 
 
w = logspace(0,4,100); 
 
%figure(3) 
%scrsz = get(0,'ScreenSize'); 
%figure('Position',[1 scrsz(4)/2 scrsz(3)/2 scrsz(4)/2]) 
 
%set(gcf,'DefaultLineLineWidth',1.5) 
[mag2,phase2,w2] = bode(sys2b,w); 
 
% convert to Hz and dB 
mag_dB2 = 20*log10(mag2(1,:)); 
phase2  = phase2(1,:); 
w_Hz2   = w2/2/pi; 
 
% find maximum value of peaking 
max_dB2 = max(mag_dB2); 
c = max_dB2 - mag_constr; 
 
if (iplot == 1) 
figure(1) 
set(gcf,'DefaultLineLineWidth',2) 
subplot(211),semilogx([.1 200],[mag_constr mag_constr],'r--') 
hold on 
% used for plotting single gain tf 
% subplot(211),semilogx(w_Hz2,mag_dB2,w_Hz2z',mag_dB2z,'m') 
subplot(211),semilogx(w_Hz2,mag_dB2) 
title('Disturbance Rejection Frequency Response') 
axis([.1 200 -25 20]) 
xlabel('Frequency (Hz)') 
ylabel('Magnitude (dB)') 
subplot(211),plot([0 1000],[4 4],'r') 
grid on 
 
subplot(212),semilogx(w_Hz2,phase2) 
axis([.1 200 -360 0]) 
xlabel('Frequency (Hz)') 
ylabel('Phase (deg)') 
hold on 
grid on 
 
end % if iplot 
 
%figure(1) 
%plot(time,inputX,time,residual) 
%title('2nd Zernike Coefficient') 
%axis([0 5 -3 3]) 
%grid on 
%xlabel('time (sec)') 
%ylabel('Residual error') 
%legend('open loop','closed loop') 
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%figure(2) 
%plot(time,output_RMS) 
%grid on 
%xlabel('time (sec)') 
%ylabel('Residual error RMS') 
 
%pause 

 

% Function myfun2 changed to support batch analysis of  
% all Zernike coefficients.  Minimization algorithm is  
% the same 
 
% Written by K Powell 12-05-07 
% modified to include overshoot (peak magnitude) 
% constraint and use fmincon 2-11-08 KBP 
% added global In_RMS for output 2-17-09 KBP 
% 2-D gains only KBP 03-06-09 
 
function f = myfun3_2D(x) 
 
global Ki 
global Kp 
global In_RMS 
 
Ki = x(1);  % set to 1.0 for I only 
Kp = x(2); 
Kd = 0.0; 
 
sim('AOS_model_v4'); 
% note MAJOR CHANGE!!!!! %f = Output_RMS(10000); 
f = Output_var(10000); 
In_RMS = Input_RMS(10000); 
 
% linmod AOS model and plot bodes!!!!!! 
% plot the frequency response 
[a,b,c,d]=linmod('AOS_model_v4'); 
%sys = ss(a,b,c,d); 
%aol = a; 
 
% plot the disturbance rejection frequency response 
[a2,b2,c2,d2]=ssselect(a,b,c,d,2,2); 
sys2 = ss(a2,b2,c2,d2); 
[sys2b,G] = balreal(sys2); 
 
w = logspace(0,4,1000); 
 
%figure(3) 
%scrsz = get(0,'ScreenSize'); 
%figure('Position',[1 scrsz(4)/2 scrsz(3)/2 scrsz(4)/2]) 
 
%set(gcf,'DefaultLineLineWidth',1.5) 
[mag2,phase2,w2] = bode(sys2b,w); 
 
% convert to Hz and dB 
mag_dB2 = 20*log10(mag2(1,:)); 
phase2  = phase2(1,:); 
w_Hz2   = w2/2/pi; 
 
 
%figure(1) 
%subplot(211),semilogx(w_Hz2,mag_dB2) 
%title('Disturbance Rejection Frequency Response') 
%axis([1 200 -50 50]) 
%xlabel('Frequency (Hz)') 
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%ylabel('Magnitude (dB)') 
%hold on 
%grid on 
%legend('Ki=0.15','Ki=0.35','Ki=0.7') 
 
%subplot(212),semilogx(w_Hz2,phase2) 
%axis([1 200 -360 180]) 
%xlabel('Frequency (Hz)') 
%ylabel('Phase (deg)') 
%hold on 
%grid on 
 
%figure(1) 
%plot(time,inputX,time,residual) 
%title('2nd Zernike Coefficient') 
%axis([0 5 -3 3]) 
%grid on 
%xlabel('time (sec)') 
%ylabel('Residual error') 
%legend('open loop','closed loop') 
 
%figure(2) 
%plot(time,output_RMS) 
%grid on 
%xlabel('time (sec)') 
%ylabel('Residual error RMS') 
 
% pause 
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A.4 AO system simulation model 
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A.5 MATLAB version of Chassat algorithm to generate estimates of r0 and L0 

 
% main program which runs the r0, L0 optimization 
% uses Christoph equations for minimization 
% KB Powell 03-15-09 
% Baseline r0 estimation routine as of 17 January, 2011 
 
% now I need Zernike data.... 
%compute_LGS_Zernike_coeffs % LGS 
compute_Zernike_coeffs2 % NGS 
 
% define the conversion from radians to meters 'on-sky' 
EP_radius = 3.15; % entrance pupil diameter/2 in meters 
lambda = 750*10^-9; % meters 
 
% used convert zernikes in radians to (OPD) meters 
konstant = EP_radius/lambda; 
 
% determine the rms variances for the minimization routine from the  
% Zernike coefficients at lambda = 500 nm 
 
% LGS 
%rms_order_list = LGS_analyze_zernikes(zernike_data*konstant,750); 
 
% ignores data from compute_LGS_zernikes and using OL data 
%rms_order_list = LGS_analyze_zernikes(zernike_data3*konstant,750); 
 
% NGS 
[rms_order_list,rms_zernike,rms_total] = ngs_analyze_zernikes(output_vec_rad*konstant,750); 
%[rms_order_list,rms_zernike,rms_total] = ngs_analyze_zernikes(zernike_OL2*konstant,750); 
 
rms2 = rms_order_list(2); 
rms3 = rms_order_list(3); 
rms4 = rms_order_list(4); 
rms5 = rms_order_list(5); 
rms6 = rms_order_list(6); 
rms7 = rms_order_list(7); 
 
% specify r0 and L0 boundaries and initial conditions 
 
%     r0      L0 
x0 = [0.05    20.0];  % initial conditions 
lb = [0.01    0.01];  % lower bounds 
ub = [1.0    100.0];  % uppder bounds 
 
% define options for the optimization rountine 
options = optimset('TolFun',.000001,'TolCon',0.00001,'LargeScale','off',... 
                   'MaxFunEvals',500,'Algorithm','active-set'); 
 
% pass rms parameters by defining an anonymous function handle  
f = @(x)myfun_r0(x,rms2,rms3,rms4,rms5,rms6,rms7) 
    
% start the clock to measure processing time 
tic 
 
% call the minimization routine 
[x,fval] = fmincon(f,x0,[],[],[],[],lb,ub,@mycon_r0,options); 
 
r0 = x(1) 
L0 = x(2) 
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% end clock 
toc 
 
% compute seeing estimate at 500nm 
Seeing = 5*10^-7/r0*206265 

 
% function ngs_analyze_zernikes(zernike_data,lambda) 
%  
% Imports 
% zernike_data (waves at 750 nm) 
% Lambda in nm 
% Written by: 
% Christoph Baranec -- CAAO -- March 11th 2005 
% 
% Algorithms converted from Mathematica to MATLAB:  
% K. Powell  March 30, 2009 
 
function [rms_order_list,rms_zernike,rms_total] = ngs_analyze_zernikes(zernike_data,lambda) 
 
s = size(zernike_data); 
 
% Change zernike (waves at 750 nm) into (nm) 
 
zernike_data = zernike_data*lambda; 
 
% Calculate RMS Zernike by mode 
 
rms_zernike = sqrt(sum(zernike_data.^2,2)/s(2)); 
 
rms_total = sqrt(sum(rms_zernike(:).^2)); 
 
rms_order2to6 = sqrt(sum(rms_zernike(4:28).^2)); 
 
rms_order2to8 = sqrt(sum(rms_zernike(4:45).^2)); 
 
rms_order3to6 = sqrt(sum(rms_zernike(7:28).^2)); 
 
rms_order3to7 = sqrt(sum(rms_zernike(7:36).^2)); 
 
rms_order3to8 = sqrt(sum(rms_zernike(7:45).^2)); 
 
rms_order4to9 = sqrt(sum(rms_zernike(11:55).^2)); 
 
rms_order5to9 = sqrt(sum(rms_zernike(16:55).^2)); 
 
rms_order1 = sqrt(sum(rms_zernike(2:3).^2)); 
rms_order2 = sqrt(sum(rms_zernike(4:6).^2)); 
rms_order3 = sqrt(sum(rms_zernike(7:10).^2)); 
rms_order4 = sqrt(sum(rms_zernike(11:15).^2)); 
rms_order5 = sqrt(sum(rms_zernike(16:21).^2)); 
rms_order6 = sqrt(sum(rms_zernike(22:28).^2)); 
rms_order7 = sqrt(sum(rms_zernike(29:36).^2)); 
rms_order8 = sqrt(sum(rms_zernike(37:45).^2)); 
rms_order9 = sqrt(sum(rms_zernike(46:55).^2)); 
 
rms_order_list = [rms_order1 rms_order2 rms_order3 rms_order4 rms_order5 rms_order6 rms_order7 rms_order8 
rms_order9]; 
 
% Calculate r0's 
 
d = 640; % For September2005 
 
r0_total = d * (1.0299-.2944*55^(-sqrt(3)/2))^(3/5) / (rms_total * 2 * pi / 500)^(6/5); 
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r0_order2to6 = d * (0.134-.2944*(28^(-sqrt(3)/2)))^(3/5) / ((rms_order2to6 * 2 * pi / 500)^(6/5)); 
 
r0_order2to8 = d * (0.134-.2944*(45^(-sqrt(3)/2)))^(3/5) / ((rms_order2to8 * 2 * pi / 500)^(6/5)); 
 
r0_order3to6 = d * (0.0648-.2944*(28^(-sqrt(3)/2)))^(3/5) / ((rms_order3to6 * 2 * pi / 500)^(6/5)); 
 
r0_order3to7 = d * (0.0648-.2944*(36^(-sqrt(3)/2)))^(3/5) / ((rms_order3to7 * 2 * pi / 500)^(6/5)); 
 
r0_order3to8 = d * (0.0648-.2944*(45^(-sqrt(3)/2)))^(3/5) / ((rms_order3to8 * 2 * pi / 500)^(6/5)); 
 
r0_order4to9 = d * (0.0401-.2944*(55^(-sqrt(3)/2)))^(3/5) / ((rms_order4to9 * 2 * pi / 500)^(6/5)); 
 
r0_order5to9 = d * (0.0279-.2944*(55^(-sqrt(3)/2)))^(3/5) / ((rms_order5to9 * 2 * pi / 500)^(6/5)); 
 
r0_order1 = d * (1.0299-0.134)^(3/5) / ((rms_order1 * 2 * pi / 500)^(6/5)); 
r0_order2 = d * (0.134-0.0648)^(3/5) / ((rms_order2 * 2 * pi / 500)^(6/5)); 
r0_order3 = d * (0.0648-0.0401)^(3/5) / ((rms_order3 * 2 * pi / 500)^(6/5)); 
r0_order4 = d * (0.0401-0.0279)^(3/5) / ((rms_order4 * 2 * pi / 500)^(6/5)); 
r0_order5 = d * (0.0279-0.0208)^(3/5) / ((rms_order5 * 2 * pi / 500)^(6/5)); 
r0_order6 = d * ( .0208                   - .2944*(28^(-sqrt(3)/2)) )^(3/5) / ((rms_order6 * 2 * pi / 500)^(6/5)); 
r0_order7 = d * ( .2944*(28^(-sqrt(3)/2)) - .2944*(36^(-sqrt(3)/2)) )^(3/5) / ((rms_order7 * 2 * pi / 500)^(6/5)); 
r0_order8 = d * ( .2944*(36^(-sqrt(3)/2)) - .2944*(45^(-sqrt(3)/2)) )^(3/5) / ((rms_order8 * 2 * pi / 500)^(6/5)); 
r0_order9 = d * ( .2944*(45^(-sqrt(3)/2)) - .2944*(55^(-sqrt(3)/2)) )^(3/5) / ((rms_order9 * 2 * pi / 500)^(6/5)); 
 
r0_order_list = [r0_order1 r0_order2 r0_order3 r0_order4 r0_order5 r0_order6 r0_order7 r0_order8 r0_order9]; 
 
figure 
bar(rms_zernike,'b'); 
xlabel('mode number') 
ylabel('RMS Zernike amplitude in nm') 
title(['RMS Zernike amplitude by mode. Total RMS = ' num2str(round(rms_total)) ' nm.']) 
 
figure 
bar(rms_order_list,'y'); 
xlabel('order number') 
ylabel('RMS Zernike order amplitude in nm') 
title(['RMS Zernike amplitude by order number. Total RMS orders 2 to 6 = ' num2str(round(rms_order2to6)) ' nm.']) 
 
figure 
bar(r0_order_list,'b'); 
xlabel('order number') 
ylabel('ro value in cm') 
title(['Ro by order #']) 
 
disp(sprintf([' '])); 
disp(sprintf(['                   RMS    r0 @ 500nm                '])); 
disp(sprintf(['                   (nm)   (cm)        '])); 
disp(sprintf(['Orders 1 to 9 :    %4.0f   %4.1f        '],rms_total,r0_total)); 
disp(sprintf(['Orders 2 to 6 :    %4.0f   %4.1f        '],rms_order2to6,r0_order2to6)); 
disp(sprintf(['Orders 2 to 8 :    %4.0f   %4.1f        '],rms_order2to8,r0_order2to8));  
disp(sprintf(['Orders 3 to 6 :    %4.0f   %4.1f        '],rms_order3to6,r0_order3to6)); 
disp(sprintf(['Orders 3 to 7 :    %4.0f   %4.1f        '],rms_order3to7,r0_order3to7)); 
disp(sprintf(['Orders 3 to 8 :    %4.0f   %4.1f        '],rms_order3to8,r0_order3to8)); 
disp(sprintf(['Orders 4 to 9 :    %4.0f   %4.1f        '],rms_order4to9,r0_order4to9)); 
disp(sprintf(['Orders 5 to 9 :    %4.0f   %4.1f        '],rms_order5to9,r0_order5to9)); 
disp(sprintf(['Order 1       :    %4.0f   %4.1f           '],rms_order1,r0_order1)); 
disp(sprintf(['Order 2       :    %4.0f   %4.1f           '],rms_order2,r0_order2)); 
disp(sprintf(['Order 3       :    %4.0f   %4.1f           '],rms_order3,r0_order3)); 
disp(sprintf(['Order 4       :    %4.0f   %4.1f           '],rms_order4,r0_order4)); 
disp(sprintf(['Order 5       :    %4.0f   %4.1f           '],rms_order5,r0_order5)); 
disp(sprintf(['Order 6       :    %4.0f   %4.1f           '],rms_order6,r0_order6)); 
disp(sprintf(['Order 7       :    %4.0f   %4.1f           '],rms_order7,r0_order7)); 
disp(sprintf(['Order 8       :    %4.0f   %4.1f           '],rms_order8,r0_order8)); 
disp(sprintf(['Order 9       :    %4.0f   %4.1f           '],rms_order9,r0_order9)); 
disp(sprintf([' ']));  
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A.6 Kalman filter simulation script 

 
% run the script which executes the centroid estimator and  
% Kalman filter 
% K Powell June 10, 2010 
% load itworks3 in accels directory 
% version 4 is the latest reconstructor 
% K Powell 2 April, 2011 
 
load itworks3 
 
time1 = time; 
time1(1) = []; 
 
% load the input data from accel directory if it hasn't been done yet. 
%if exist('centroid2') == 0; 
  load workspace4Oct2011 
%  run C:\Users\Keith\Desktop\MATLAB_Kp\AO_NGS_accels\Create_input_4KF_v1.m 
%end 
 
% run the simulation 
sim('NGS_accel_KF_V5') 
%sim('NGS_accel_KF_V6') 
 
% plot the output 
figure(1) 
plot(centroid2,'r','LineWidth',1.25);  
%axis([12300 12700 -12*10^-6 10*10^-6]) 
hold on; grid on 
plot(accel1A,'LineWidth',1.25); 
title('Centroid2 vs. Raw accel') 
 
figure(2) 
%plot(time(1:30000),centroid2,'b','LineWidth',1.5);  
%axis([12300 12700 -12*10^-6 10*10^-6]) 
hold on; grid on; 
plot(time,XTH_out/100000,'b','LineWidth',1.5); 
%plot(XTH2_out/100000,'k','LineWidth',1.25); 
%title('Centroid2 vs. Kalman filtered accel') 
 
err_KF = centroid2 - XTH_out(2:30001)/100000; 
 
plot(time,XTH2_out/100000,'r','LineWidth',1.5) 
xlabel('Time (sec)'); 
ylabel('Image Centroid x-axis (rad)')  
 
axis([0 3.5 -1.5*10^-5 1.5*10^-5]); 
legend('Actual centroid - x', 'Error signal - x') 
 
% compute the residual RMS 
% peaking 
%var_peaking = var(centroid2(4:30000) - centroid2_EST(4:30000)) 
var_centroid2 = var(centroid2) 
var_err_KF = var(err_KF) 
 
figure(3) 
plot(time,WH_out/2/pi*550/525,'LineWidth',2) 
grid on 
axis([0 10 10 20]); 
 
figure(4) 
plot(centroid2,'r','LineWidth',1.25);  
%axis([12300 12700 -12*10^-6 10*10^-6]) 
hold on; grid on; 
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%plot(XTH_out(2:30001)/100000,'LineWidth',1.25); 
plot(XTH2_out/100000,'LineWidth',1.25); 
title('Centroid2 vs.Projected Kalman filtered centroid (2 frames ahead)') 
legend('image centroid position','Kalman Filter centroid estimate') 
 
 
% plot the output for channel X 
 
figure(5) 
plot(time1,centroid1,'r','LineWidth',1.25);  
axis([0 10 -12*10^-6 10*10^-6]) 
hold on; grid on; 
plot(time1,XTH_out1(2:30001)/100000,'LineWidth',1.25); 
%plot(XTH2_out/100000,'k','LineWidth',1.25); 
title('Centroid1 vs. Kalman filtered accel') 
 
err_KF_x = centroid1 - XTH_out1(2:30001)/100000; 
 
plot(time1,err_KF_x,'m','LineWidth',2) 
 
% compute the residual RMS 
% peaking 
%var_peaking = var(centroid2(4:30000) - centroid2_EST(4:30000)) 
var_centroid1 = var(centroid1) 
var_err_KF_x = var(err_KF_x) 
 
figure(6) 
%subplot(211),plot(time1,centroid1,'r','LineWidth',1.25);  
%axis([0 10 -12*10^-6 10*10^-6]) 
%hold on; grid on; 
%plot(time1,XTH_out1(2:30001)/100000,'LineWidth',1.25); 
%plot(XTH2_out/100000,'k','LineWidth',1.25); 
%title('Centroid1 vs. Kalman filtered accel') 
 
%err_KF_x = centroid1 - XTH_out1(2:30001)/100000; 
 
subplot(211),plot(time1,err_KF_x,'LineWidth',1.5) 
axis([0 5 -7.5*10^-6 7.5*10^-6]) 
hold on; grid on; 
xlabel('Time (sec)') 
ylabel('Centroid position error (rad)') 
 
subplot(212),plot(time,WH_out1/2/pi*550/525,'LineWidth',1.5) 
axis([0 5 18 19]) 
grid on 
xlabel('Time (sec)') 
ylabel('Frequency Estimate (Hz)') 
 
 
 
figure(7) 
plot(centroid1,'r','LineWidth',1.25);  
axis([12300 12700 -12*10^-6 10*10^-6]) 
hold on; grid on; 
%plot(XTH_out(2:30001)/100000,'LineWidth',1.25); 
plot(XTH2_out1/100000,'LineWidth',1.25); 
title('Centroid1 vs.Projected Kalman filtered centroid (2 frames ahead)') 
legend('image centroid position','Kalman Filter centroid estimate') 
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Block diagram for Kalman filter 

centroid position estimator 
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