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Abstract

In this dissertation, we introduce the notion of Drinfeld modular forms with A-
expansions, where instead of the usual Fourier expansion in tn (t being the uniformizer
at infinity), parametrized by n ∈ N, we look at expansions in ta, parametrized by
a ∈ A = Fq[T ]. We construct an infinite family of such eigenforms. Drinfeld modular
forms with A-expansions have many desirable properties that allow us to explicitly
compute the Hecke action. The applications of our results include: (i) various congru-
ences between Drinfeld eigenforms; (ii) interesting relations between the usual Fourier
expansions and A-expansions, and resulting recursive relations for special families
of forms with A-expansions; (iii) the computation of the eigensystems of Drinfeld
modular forms with A-expansions; (iv) many examples of failure of multiplicity one
result, as well as a restrictive multiplicity one result for Drinfeld modular forms with
A-expansions; (v) the proof of diagonalizability of the Hecke action in ‘non-trivial’
cases; (vi) examples of eigenforms that can be represented as ‘non-trivial’ products
of eigenforms; (vii) an extension of a result of Böckle and Pink concerning the Hecke
properties of the space of cuspidal modulo double cuspidal forms for Γ1(T ) to the
groups GL2(Fq[T ]) and Γ0(T ).
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Chapter 1

Introduction

Due to the fundamental work of many leading mathematicians: Eisenstein, Ja-

cobi, Dedekind, Ramanujan, Hilbert, Hecke, Siegel, Weil, Eichler, Shimura, Lang-

lands, Deligne, Serre, Manin, Mazur, Ribet, Hida, Zagier, Wiles, etc.; we know that

classical modular forms are ultimately related to arithmetic properties of number

fields. Congruence properties of arithmetic functions, representability of integers by

quadratic forms, 2-dimensional Galois representations, properties of zeta functions

and L-functions, are all connected with classical modular forms.

A classical modular form for Γ (take Γ0(N) or Γ1(N) for concreteness) is a C-

valued holomorphic function on the Poincaré upper half-plane H that satisfies certain

transformation properties with respect to Γ and which extends analytically to the

cusps (the points that have to be added to compactify Γ\H). The last condition

implies that any classical modular form fcl can be expanded into a Fourier expansion

(since Γ0(N) and Γ1(N) both contain translation by 1, we can use the parameter

q = e2πiz)

fcl =
∞∑
n=0

anq
n, q = e2πiz.

Modular forms that vanish at the cusps, which necessitates a0 = 0, are called cuspidal.

We have a family of Hecke operators {Tp}p∈Spec(Z), which acts on modular forms and

can be used to single out modular forms with Fourier coefficients that have arithmetic

significance. Indeed, if fcl is a newform (an eigenform for all the Hecke operators with

a1 = 1), then its coefficients lie in the ring of integers of a number field Ffcl . Shimura

(weight 2), Deligne (general weight bigger than 2) and Deligne-Serre (weight 1) have

shown that such eigenforms can be interpreted in cohomological terms, and given any

prime ` - N one can attach a 2-dimensional Galois representation %fcl of the absolute
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Galois group of Q with values in Ffcl ⊗ Q`. The properties of %fcl are ultimately

related with the Fourier coefficients of fcl. For example, one can show that %fcl

is unramified outside of N` and the characteristic polynomial of Frobenius at any

unramified prime p is closely linked with ap and the weight of the modular form fcl.

Several important facts make the theory extremely useful: the Hecke action of Tp on

a q-expansion is easily computable; eigenforms exist in abundance; by looking at the

Fourier coefficients of a cuspidal modular form one can see whether it is an eigenform

or not; both modular forms and Hecke operators have geometric interpretations in

terms of moduli spaces of elliptic curves with additional properties.

Drinfeld [Dr1] studied the analog of the moduli space of elliptic curves for a global

function field in characteristic p > 0. His work plays an important role in the the-

ory and earned him the Fields medal for his contribution to the understanding the

Langlands conjectures in dimension 2 for function fields. For that he used complex

valued automorphic forms. In this thesis, we will concentrate on Drinfeld modular

forms which take values in a field of characteristic p and were first defined by David

Goss in his Harvard thesis [Go1]. Drinfeld modular forms are rigid analytic func-

tions on the Drinfeld upper half-plane (an analog of the Poincaré upper half-plane)

that satisfy certain transformation properties with respect to a congruence subgroup

of GL2(Fq[T ]) and that extend analytically to the cusps. Goss defined the analog of

the Hecke algebra that is spanned by the set {Tp}p∈Spec(Fq [T ]) of Hecke operators. He

also showed that there is an analog of the classical Fourier expansion, namely every

Drinfeld modular form can be written as a power series

fDrin =
∞∑
n=0

ant
n,

for an appropriate function t = t(z). However there are several important differ-

ences that to this day make the theory of Drinfeld modular forms less understood

in comparison to the classical theory. Arguably the most significant differences are:

the apparent disconnect between the Fourier coefficients and the Hecke operators and
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eigenvalues (the first is indexed by the natural numbers, while the latter is indexed by

elements of A = Fq[T ]); the lack of transparent arithmetic significance of the Fourier

coefficients of an eigenform due to that disconnect; lack of diagonalizability of the

Hecke action (for a space that is not diagonalizable, see Example 2.4.15); and the

lack of multiplicity one property (if we assume that the notion of multiplicity one

remains the same as in the classical case).

Note that these are not independent of each other and progress on one of them

will ultimately lead to progress on the others. A great amount of work on Drinfeld

modular forms has been done since Goss’ original work. There has been some progress

on understanding the points above due to Goss, Gekeler, Armana, Bosser, Cornel-

lisen, Gardeyn, Lopez, Pellarin, Pink, Teitelbaum and many others. And in a recent

paper, Böckle [Bö1] has shown how to attach 1-dimensional Galois representations

to cuspidal eigenforms by using a new geometric theory of crystals [BöPi]. Therefore

computations require sophisticated techniques (the theory of crystals), even though

the representations are always abelian (unlike the 2-dimensional representations of

the classical case). The work of Böckle gives an important theoretical tool for the

study of Drinfeld eigenforms. Nevertheless the theory of Drinfeld modular forms and

the Hecke action on them remains much more mysterious than the classical theory of

modular forms.

The present dissertation aims to address the points presented above by developing

another tool: Drinfeld modular forms with A-expansions. Examples of such forms

have been known to Goss in the form of Eisenstein series, which until recently ap-

peared to be the only examples. In a recent paper [Lo1], Bartolome Lopez showed two

additional examples of Drinfeld modular forms with A-expansions. In this disserta-

tion, we prove that there are infinitely many examples of cuspidal Drinfeld eigenforms

with A-expansions. This is achieved by Theorem 3.1.10. Drinfeld modular forms with

A-expansions are important because their properties with respect to the Hecke action

are very similar to the properties of classical modular forms.
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The action of Tp on a Drinfeld modular form with an A-expansion is easily com-

putable (Theorem 3.1.5), and the forms with A-expansions satisfy the so called ‘mul-

tiplicity one property’. Classically multiplicity one refers to the property that a new-

form is uniquely determined up to a multiplicative constant by its set of eigenvalues

{λp}p∈Spec(Z). The situation is different in the case of Drinfeld modular forms. Goss

found two cuspidal eigenforms with different weights, but with the same eigenvalues.

Our Theorem 3.1.10 produces a variety of such examples. Gekeler asked if a cuspi-

dal Drinfeld eigenform is uniquely determined by its eigenvalues {λp}p∈Spec(Fq [T ]) and

weight k. Corollary 3.1.7 in Chapter 3 shows that this is indeed the case for Drin-

feld modular forms for GL2(Fq[T ]) with the additional assumption that the forms

possess A-expansions. This is the restrictive multiplicity one property of Drinfeld

modular forms with A-expansions. It is not known if this remains true in general for

GL2(Fq[T ]) if we do not assume the existence of an A-expansion.

Böckle has shown ([Bö1, Example 15.4]) that the answer to Gekeler’s question

is negative for the congruence subgroup Γ1(T ) even if we require that the form is a

double cuspidal newform (i.e., that the form vanishes to order two at the cusps and

is not induced from a bigger congruence subgroup).

Another question suggested by the classical theory is the question of diagonal-

izability of the Hecke action, i.e., the existence of a basis of our space of modular

forms that consists of eigenforms for all the Hecke operators. For SL2(Z) this always

happens for cuspidal forms. As we mentioned before, in the Drinfeld setting there are

known counterexamples to diagonalizability (see Example 2.4.15). It is not known

which spaces are diagonalizable for general weight even for the group GL2(Fq[T ]). By

using A-expansions, we prove a general result in that direction (see Corollary 3.1.23).

Böckle has shown that for Γ1(T ) the space of cuspidal Drinfeld modular forms

modulo the space of double cuspidal Drinfeld modular forms is always diagonalizable

by eigenforms with very simple eigenvalues. We show that this space is spanned by

Drinfeld modular forms with A-expansions and this allows us to reprove his result
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(Example 4.3.3) and extend it to GL2(A) (Corollary 3.1.11) and to Γ0(T ) (Theo-

rem 4.3.4).

We show interesting relations inA-expansions in Theorem 3.1.13 and Theorem 3.1.22.

Another result is the proof of a new set of congruences between Drinfeld eigenforms,

Theorem 3.1.24, that is easy to see through the A-expansions. Congruences between

classical modular forms are a stepping stone for the development of mod p and p-adic

modular forms and Galois representations, and therefore the notion of A-expansions

may be useful when dealing with this aspect of the theory for Drinfeld modular forms.

It is the hope of the author that what we are seeing is merely a special case of

a more general theory of non-standard expansions of Drinfeld modular forms, which

would interact with recent works of Böckle and Pellarin. Generalizations in several

different directions might be possible: more general A-expansions with characters and

other modifications, product expansions, extensions to higher genus generalizations

of A = Fq[T ] and higher level congruence subgroups.
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Throughout this thesis the following notation will be in place:

• We use the standard notation := to mean that the object on the left is defined

to be the object on the right.

• p will be a non-zero prime in Z, q := pe, Fq will denote the field with q elements.

• A := Fq[T ] will be the polynomial ring over Fq, A+ will denote the set of monic

polynomials in T .

• p will denote a prime ideal in A and ℘ will be its unique monic generator.

• deg will denote degree with respect to T . If we compute degree with respect to

a different variable, we will put a subscript to denote this, for example degX .

• K := Frac(A) is the fraction field of A.

• ∞ is the place of K that does not come from a prime ideal of A. The place ∞

has the uniformizer 1
T

.

• | · | will denote the absolute value coming from ∞, which is normalized so that

|a| = qdeg(a) for all a ∈ A.

• K∞ is the completion of K at∞, A∞ is its valuation ring, π∞ a fixed generator

of the unique maximal ideal of A∞. We will choose π∞ := 1
T

. Concretely, we

have K∞ = Fq(( 1
T

)), A∞ = Fq[[ 1
T

]].

• C∞ is the completion of an algebraic closure of K∞ with respect to the absolute

value induced from ∞.

• Kp will be the completion of K at p, Ap its valuation ring.

• L will generally denote a finite extension of K, the integral closure of A in L

will be denoted by AL.

• A∗K will denote the ideles of K.
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Chapter 2

Drinfeld Modular Forms

2.1 Drinfeld modules over affine A-schemes

In this section, we review some necessary background on Drinfeld modules (see [Tha],

[Go4], and [Bö1]).

Let R be a commutative A-algebra via ι : A → R. That is, let SpecR be an

affine A-scheme via s : SpecR → SpecA, with s] = ι. We will denote by Ga,R the

additive group scheme over R. Let ϕ be the Frobenius endomorphism X → Xq.

The ring EndFq(Ga,R) of Fq-linear endomorphisms of Ga,R can be explicitly described

(see [Tha, Section 2.2]): EndFq(Ga,R) = R{ϕ}, the polynomial ring in ϕ over R with

commutation relation ϕr = rqϕ for all r ∈ R.

Given any φ = x0ϕ
0 + x1ϕ+ · · ·+ xnϕ

n ∈ R{ϕ} we define

∂ φ := x0,

rkφ := n.

Definition 2.1.1. A Drinfeld module of rank r > 0 over R is an Fq-linear ring

homomorphism

φ : A→ R{ϕ} : a 7→ φa

such that for every non-zero a ∈ A we have:

∂ φa = ι(a)

rkφa = r deg(a).

Example 2.1.2. Let R = K. Define the Drinfeld module ρ by

ρT := Tϕ0 + ϕ.

This is a rank 1 Drinfeld module called the Carlitz module, which will play a central

role in this dissertation. Let a ∈ A be non-zero. We define li(a) to be the ϕi-th
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coefficient of ρa, i.e., li(a) is defined by

ρa = l0(a)ϕ0 + l1(a)ϕ+ · · ·+ ldeg(a)(a)ϕdeg(a).

By using the relations coming from ρaρT = ρTρa we can compute:

li(a) =
li−1(a)q − li−1(a)

T qi − T
.

The characteristic of the Drinfeld module φ is the kernel of the map ι. In this

dissertation, we will consider only Drinfeld modules of generic characteristic, i.e.,

Drinfeld modules such that ι is injective. If φ, φ′ are two Drinfeld modules, then

µ ∈ R{ϕ} is a morphism between φ and φ′ if and only if µφa = φ′aµ for all a ∈ A.

A non-zero morphism µ is called an isogeny.

The ring of all endomorphisms φ → φ will be denoted by End(φ). Given an

isogeny µ ∈ End(φ) we denote its kernel by φ[µ]. For example, if R = k is an

algebraically closed field, then φ[µ] = {z ∈ R : µ(z) = 0}. An important isogeny φa

is the multiplication by a. We denote its kernel by φ[a].

Definition 2.1.3. Given an ideal n ⊂ A we define φ[n] by

φ[n] :=
⋂
a∈n

φ[a].

We call φ[n] the set of n-torsion points of φ. Since A is a PID we see that if n = (b),

then

φ[n] = φ[b].

Theorem 2.1.4. (See [Tha, Section 2.3].) Assume that φ is of generic characteristic.

If R = k is algebraically closed field, then we have an isomorphism as A-modules

φ[pn] ∼= (A/pn)r.

Remark 2.1.5. One can define the notion of Drinfeld modules of rank r over a general

Noetherian A-scheme S and prove that φ[n] is a finite flat, étale group scheme of rank

|A/n|r over S away from n. For more on this see [Bö1, Section 1.2] and the references

therein.
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2.2 Lattices and Drinfeld modules over C∞

Let Λ ⊂ C∞ be a lattice (a discrete projective A-module) of rank r. Two lattices

Λ,Λ′ will be called homothetic if and only if there exists c ∈ C∗∞ such that Λ = cΛ′.

We define the exponential function of Λ by the formula

eΛ(z) := z
∏′

λ∈Λ

(
1− z

λ

)
∈ C∞, z ∈ C∞.

Here we have used the standard convention that a primed product (or sum) is a prod-

uct (or sum) that omits zero. The discreteness of Λ shows that the infinite product

converges for all z and non-archimedean analysis shows that eΛ(z) has kernel Λ, sur-

jects onto C∞, and is an entire function on C∞. Approximating Λ by sublattices with

finitely many elements shows that eΛ is Fq-linear and has a power series expansion

eΛ(z) = z + α1z
q + · · · =

∞∑
j=0

αjz
qj .

If Λ′ and Λ are homothetic, so Λ′ = cΛ for some c ∈ C∗∞, then it is immediate

that ceΛ(z) = eΛ′(cz).

Given a lattice Λ, we let

SΛ,n :=
∑
λ∈Λ

1

(z + λ)n
.

By logarithmic differentiation,

SΛ,1 =
e′Λ(z)

eΛ(z)
=

1

eΛ(z)
.

We will denote SΛ,1 by tΛ, i.e., define

tΛ := SΛ,1.

David Goss observed [Go1, Theorem 2.2.3] that the following useful relations hold

between the SΛ,n’s and tΛ.
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Theorem 2.2.1. Given n, there exists a monic polynomial GΛ,n(X) of degree n such

that

SΛ,n = GΛ,n(tΛ).

In addition, we have the formulas

GΛ,n(X) = Xn, 1 ≤ n ≤ q;

GΛ,pn(X) = (GΛ,n(X))p, ∀n ∈ Z≥1;

GΛ,n(X) = X(GΛ,n−1(X) + · · ·+ αiGΛ,n−qi(X) + · · · ), n− qi ≥ 0;

where the αi’s are the coefficients of the power series expansion for eΛ.

In [Ge3, (3.8)] Gekeler uses generating functions to obtain an explicit formula for

the coefficients of GΛ,n:

Theorem 2.2.2. We have

GΛ,n(X) =
∑

0≤j≤n−1

(∑
i

(
j

i

)
αi

)
Xj+1,

where i = (i0, . . . , is) runs over the set of (s + 1)-tuples (s ≥ 0, arbitrary) of non-

negative integers satisfying

i0 + i1 + · · ·+ is = j and i0 + i1q + · · ·+ isq
s = n− 1,

and αi := αi00 · · ·αiss , and
(
j
i

)
denotes the multinomial coefficient j!

i0!···is! .

The reader should note that there is no assumption that iν ≤ (q−1), for 0 ≤ ν ≤ s.

Remark 2.2.3. A closer look at the formula in the theorem shows that for n > 1

ordX(GΛ,n(X)) = 2 ⇐⇒ n = ql + 1

for some l ≥ 0. Indeed, if n = ql + 1, then j = 1 is the lowest term we can take

in the formula, because n − 1 = ql and j = il = 1 = ordX(GΛ,n(X)) − 1. On the

other hand, if ordX(GΛ,n(X)) = 2, then according to the theorem above we must have
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il = 1 = ordX(GΛ,n(X)) − 1, for some l ≥ 0, and therefore n − 1 = ql. We conclude

that in the notation of the theorem

GΛ,ql+1(X) = αlX
2 +O(X3).

Given a lattice Λ, one can construct a Drinfeld module φΛ
∗ . The rank of φΛ

∗ is

equal to the rank of the lattice Λ. The construction of φΛ
∗ is quite explicit. Let a ∈ A

and define

φΛ
a (z) := az

∏′

λ∈ 1
a

Λ\Λ

(
1− z

eΛ(λ)

)
.

Using non-archimedean analysis over C∞, we find that

eΛ(az) = φΛ
a (eΛ(z))

and φΛ
a determines an element in C∞{ϕ}.

We have φΛ
a = cφcΛa c

−1, i.e., the Drinfeld modules of two homothetic lattices are

isomorphic.

Conversely, given a Drinfeld module φ one can use the functional equation e(az) =

φa(e(z)) to solve for the coefficients of e(z) and take the corresponding lattice Λφ to

be its kernel.

By these considerations, Drinfeld (see [Tha, Section 2.4]) proved that

Theorem 2.2.4. The natural correspondence described above gives a bijection between

isomorphism classes of Drinfeld modules of rank r over C∞ and homothety classes of

rank r lattices inside C∞.

Example 2.2.5 (Carlitz module). Since there exists a unique class of homothetic

lattices of rank 1, we see that there is a unique isomorphism class of Drinfeld mod-

ules of rank 1 over C∞ . The representative of this class such that φT = Tϕ0 + ϕ

corresponds to the lattice π̃A, where π̃ is an irrational in C∞. As we have already

remarked, the Drinfeld module corresponding to π̃A is called the Carlitz module. It
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was first studied by Carlitz long before Drinfeld defined the notion of Drinfeld mod-

ules. Carlitz was able to compute the coefficients of eπ̃A(z) (see [Tha, Section 2.5]),

which we now recall.

For i ≥ 0, let

[i] := T q
i − T = product of all monic primes of degree dividing i,

Di := [i][i− 1]q · · · [1]q
i−1

= product of all monics of degree i,

Li := [i][i− 1] · · · [1] = the l.c.m. of all monics of degree i,

so that D0 = L0 = 1 . With this notation, we have

eπ̃A(z) =
∞∑
j=0

zq
j

Dj

.

From now on, we fix the following notation (a ∈ A+):

ρ := φπ̃A∗ ,

t := t(z) = tπ̃A(π̃z) =
1

eπ̃A(π̃z)
=

1

π̃eA(z)
=

1

π̃

∑
λ∈A

1

z + λ
,

e(z) := eπ̃A(z),

ψa(X) := ρa(X
−1)Xqdeg(a) = 1 + · · · ,

ta = t(az) :=
tq

deg(a)

ψa(t)
= tq

deg(a)

+ · · · .

We call ψa the ath inverse cyclotomic polynomial, in contrast with ρa(X): the ath

cyclotomic polynomial for the Carlitz module.

We denote by Gn the multiple of Gπ̃A,n which has 1 as its first non-zero coefficient.

We will need the following lemma and its corollaries in Theorem 3.1.24.

Lemma 2.2.6. Let n be a positive integer. Let d > logq(n). If p is any prime

of degree d, then the polynomial Gπ̃A,n(X) has coefficients with denominators not

divisible by p.

Proof. By Theorem 2.2.2 and the explicit description of the coefficients of e(z), we

have

Gπ̃A,n(X) =
∑

0≤j≤n−1

(∑
i

(
j

i

)
αi

)
Xj+1,
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where i = (i0, . . . , is) runs over the set of (s+ 1)-tuples (s ≥ 0, arbitrary) satisfying

i0 + i1 + · · ·+ is = j and i0 + i1q + · · ·+ isq
s = n− 1,

and

αi =
1

Di0
0 D

i1
1 · · ·Dis

s

=
1

Di1
1 · · ·Dis

s

.

Because Dl = product of all monic polynomials of degree l, we see that blogq(n)c

is the biggest degree that a prime dividing the denominators of the coefficients of

Gπ̃A,n(X) can have.

Remark 2.2.7. Since we are inverting the coefficient of the lowest term of Gπ̃A,n

in the definition of Gn, the theorem above does not remain true if we replace Gπ̃A,n

with Gn for general n. From Theorem 2.2.2, we see that the nature of the lowest

degree coefficient of Gπ̃A,n depends in a complicated manner on the q-adic properties

of n− 1 and the vanishing of certain multinomial coefficients modulo p.

We give conditions based on the formula in Theorem 2.2.2 that ensure that the

coefficients of Gn have denominators that are no worse than the denominators of

Gπ̃A,n in the next corollaries.

Corollary 2.2.8. Let n > 0 be an integer. Let 0 ≤ j ≤ n − 1. Let Sn be the set of

(s+ 1)-tuples i = (i0, . . . , is), s ≥ 0 arbitrary, that satisfy

i0 + i1 + · · ·+ is = ordX(Gπ̃A,n), i0 + i1q + · · ·+ isq
s = n− 1,

and

(
ordX(Gπ̃A,n)

i

)
6≡ 0 mod p.

If |Sn| = 1, then for any prime p of degree d with d > logq(n), the polynomial Gn(X)

has coefficients with denominators not divisible by p.

Proof. According to Theorem 2.2.2, we have

Gn(X) =
Di0

0 · · ·Dis
s(

ordX(Gπ̃A,n)
i

)Gπ̃A,n(X).

Now the result follows from Lemma 2.2.6.
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Corollary 2.2.9. Let n be an integer such that 1 ≤ n ≤ q2. If p is any prime of degree

d with d > logq(n), then the polynomial Gn(X) has coefficients with denominators not

divisible by p.

Proof. If n is between 1 and q, or is a pth-power, then we have Gn(X) = Xn. So

Gn(X) = Gπ̃A,n(X), hence the result is Lemma 2.2.6.

Therefore, assume that q < n < q2. Let n0, n1 be the q-adic digits of n− 1, i.e.,

n− 1 = n0 + n1q, 0 ≤ n0, n1 ≤ q − 1.

Then the set {(i0, i1) : i0 + i1q = n − 1} consists of the tuples (n0 + lq, n1 − l) for

0 ≤ l ≤ n1. The equality

n0 + lq + n1 − l = n0 + l′q + n1 − l′

implies that l = l′. Therefore, the set Sn of tuples (defined in the previous corollary)

consists of only one element and the proof is complete by Corollary 2.2.8.

Corollary 2.2.10. Let n > 1 be a positive integer such that n = ql + 1. If p is any

prime of degree d with d > logq(n), then the polynomial Gn(X) has coefficients with

denominators not divisible by p.

Proof. Assume that n = ql + 1. Then according to Remark 2.2.3 and the explicit

description of the coefficients of e(z), we have

Gn(X) = Dl ·Gπ̃A,n(X).

Therefore the result follows from Lemma 2.2.6.

Corollary 2.2.11. Let n be a positive integer such that n = ql − 1. If p is any

prime of degree d with d > logq(n), then the polynomial Gn(X) has coefficients with

denominators not divisible by p.
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Proof. The condition n = ql − 1 allows us to use a result of Gekeler [Ge3, (3.10)]

about computing GΛ,n for Fq-lattices Λ. As a special case of this result with Λ = π̃A,

we have

Gπ̃A,n(X) =
∑
i<l

(−1)i

Li
Xql−qi .

Therefore

Gql−1(X) = (−1)l−1Ll−1Gπ̃A,ql−1(X)

and because Ll−1 is the l.c.m. of monics of degree l − 1, Lemma 2.2.6 completes the

proof.

Remark 2.2.12. As we have already remarked, determining the coefficients ofGπ̃A,n(X),

consequently of Gn(X), appears difficult in general. In each of the corollaries above,

we were basically using the fact that numerator of the lowest degree coefficient of

Gπ̃A,n(X) is not divisible by primes p of degree > logq(n). Based on numerical ev-

idence, we conjecture that this is always the case for q = 2. More precisely we

conjecture that the following is true:

If q = p = 2, then

ordX Gπ̃A,n(X) = 2
∑
i νi where (n− 1) = ν0 + ν12 + · · ·+ νr2

r,

with 0 ≤ νi ≤ 1 (i.e., the νi’s are the 2-adic digits of n − 1). Keeping the same

notation, we also conjecture that

Gn(X) = ([1]e1 [2]e2 · · · [r]er) ·Gπ̃A,n(X)

where ei are non-negative integers. If the last statement is true, then it follows that

for any n the polynomial Gn(X) has coefficients with denominators not divisible by

p of degree > log2(n).

For prime q in general we cannot hope for such a result about the divisibility of the

coefficients of Gn(X). However, it appears that the order of vanishing of Gπ̃A,n(X) is
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again given by the formula

ordX(Gπ̃A,n(X)) =
∏

0≤j<p

(p− j)µj ,

where µj are numbers depending on the p-adic digits of n− 1. For example, if p = 3,

then computations suggest that

ordX(Gπ̃A,n(X)) = 2µ23µ3 ,

where

µ2 = (number of times 1 occurs among the 3-adic digits of (n− 1))− δ,

µ3 = (number of times 2 occurs among the 3-adic digits of (n− 1)) + δ

with δ = 1 if 1 occurs more than once as a 3-adic digit of (n − 1), and δ = 0

otherwise. It is interesting to note that a similar formula occurs in the context of

multizeta recursions [La1, Section 5].

When q = p = 2 we have two infinite families (in addition to the families from

the previous corollaries) of values for n for which we can prove the conjecture.

Theorem 2.2.13. Let q = p = 2.

• If l ≥ 2 is an integer, then

ordX(Gπ̃A,2l+2(X)) = 4, and G2l+2(X) = D2
l−1 ·Gπ̃A,2l+2(X).

• If l ≥ 3 is an integer, then

ordX(Gπ̃A,2l+22(X)) = 8, and G2l+22(X) = D4
l−2 ·Gπ̃A,2l+22(X).

In particular, if n = 2l+2 (with l ≥ 2) or n = 2l+22 (with l ≥ 3), then the polynomial

Gn(X) has coefficients with denominators not divisible by p, for p of degree > log2(n).
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Proof. Assume that n is of the form above. The theorem follows by checking the

the finitely many possibilities for j ≤ the respective ordX(Gπ̃A,n(X)) in the formula

from Theorem 2.2.2.

Let p ∈ Spec(A). Then by Theorem 2.1.4, we know that ρ[p] is isomorphic to

(A/p). Therefore ρ[p] is an Fq-lattice of rank d = deg(p), which we denote by Λp.

For future reference, we record how to compute the coefficients of eΛp(z).

By definition,

eΛp(z) = z
∏′

λ∈Λp

(
1− z

λ

)
= z + · · ·

is a polynomial of degree qdeg(p) with the same zeros as ρ℘(z) = ℘z + · · · . Thus

eΛp(z) =
1

℘
ρ℘(z).

Since ρ℘ can be computed by using the formulas in Theorem 2.2.1, this shows that

eΛp and GΛp,n can be explicitly computed.

Example 2.2.14. Let q = 5 and p = (T 2 + T + 1). Then using the formulas from

Example 2.2.5, we compute

ρT 2+T+1 = T 2 + T + 1 + (T 5 + T + 1)ϕ+ ϕ2,

and therefore

eΛp(z) = 1 + (T 3 − T 2 + 1)z5 +
1

T 2 + T + 1
z25.

2.3 The Drinfeld Upper Half-Plane

In this section, we consider the problem of classifying isomorphism classes of rank 2

Drinfeld modules over C∞, or, which is the same, classifying homothety classes of

rank 2 lattices in C∞. Let Λ′ = Aw1⊕Aw2 be such a lattice. Remaining in the same

equivalence class, we can rescale Λ′ to get Λz := Az ⊕ A, where z ∈ C∞\K∞.
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Definition 2.3.1. The set Ω := C∞\K∞ is called the Drinfeld upper half-plane. It

is an analog of the Poincaré upper half-plane and was first considered by Drinfeld

in [Dr1].

The set Ω comes with a natural left action of GL2(K∞) by linear fractional trans-

formations. That is, if

γ =

[
aγ bγ
cγ dγ

]
∈ GL2(K∞),

then we define

γz :=
aγz + bγ
cγz + dγ

.

Note that two points z, z′ ∈ Ω correspond to the same homothety class of rank 2

lattices if and only if there exists γ ∈ GL2(A) such that

aγz + bγ
cγz + dγ

= z′.

Therefore, the set of homothety classes of rank 2 Drinfeld modules over C∞ is in

bijection with the set of orbits GL2(A)\Ω. In turn the set GL2(A)\Ω is in bijection

with the C∞-valued points of a certain rigid analytic space, which is a quotient of the

rigid analytic space with C∞-values points bijecting with Ω. To develop the theory

further, we need to study the Bruhat-Tits tree for GL2(A). Our main reference is

[Bö1, Chapter 3].

Definition 2.3.2. By an A∞-lattice in V∞ := K2
∞ we will mean a free rank 2 A∞-

submodule of V∞. Two A∞-lattices Λ1,Λ2 will be called equivalent if there is c ∈ K∗∞
such that cΛ1 = Λ2. The equivalence class of Λ will be denoted by [Λ]. We define the

Bruhat-Tits tree, T , to be the tree with

• X(T ) := set of vertices of T equal to the set of equivalence classes of A∞-lattices

in V∞;

• Y (T ) := set of edges of T equal to the set of pairs of vertices {v1, v2} such that

there exist A∞-lattices Λ1, Λ2 with Λ2 ⊂ Λ1, Λ1/Λ2
∼= A∞/π∞A∞, v1 = [Λ1],

and v2 = [Λ2].
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The set of all vertices and edges will be called the simplicies of T . We will usually

write σ ∈ T for a simplex σ.

One can show [Se1, Section II.1.1] that T is a simply connected, (q + 1)-regular

tree, i.e., we have (q+1) edges originating from every vertex. It does not come with a

natural orientation on the edges, but we will always make a choice of an orientation.

Once we fix an orientation, we will write −e = {v2, v1} if e = {v1, v2} for any two

vertices v1, v2. The geometric realization of T is defined to be the graph in R2 where

for each e = {v1, v2} ∈ Y (T ) we assign an interval of length one, ie. We identify the

ends of ie with iv1,v′ for every {v1, v
′} ∈ Y (T ) (there are q + 1 of these edges). We

denote the geometric realization of T by |T |. A point in |T | is called rational if it

has rational coordinates.

The group GL2(K∞) acts in a natural way on T via its action on A∞-lattices:

γ ∗ Λ := Λγ−1.

This action is transitive on vertices and edges. The importance of the Bruhat-Tits

tree stems from the following result (see [DeHu, Chapter 3]):

Theorem 2.3.3. There exists a GL2(K∞)-equivariant map r : Ω → |T |, which sur-

jects onto the rational points of |T |. We call this the reduction map.

Define v0 := [A∞⊕A∞], v1 := [π∞A∞⊕A∞]. We call v0 the standard vertex, and

the oriented edge e0 := (v0, v1) the standard oriented edge. Further define

Uv0 :=

{
z ∈ Ω :

1

q
< |z| < q, |z − β| > 1

q
,∀β ∈ Fq

}
,

Ue0 := {z ∈ Ω : 1 < |z| < q} .

Theorem 2.3.4. The cover U := {γUv0 , γUe0 : γ ∈ GL2(A∞)} of Ω is the set of C∞-

valued points of an admissible affinoid cover of a rigid analytic space Mrig
2 defined

over K∞.
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For a nonzero ideal n ⊂ A, define the principal congruence subgroup of level n to

be

Γ(n) :=

{
γ ∈ GL2(A) : γ ≡

[
1 0
0 1

]
mod n

}
.

We will also be interested in other congruence subgroups, such as

Γ0(n) :=

{
γ ∈ GL2(A) : γ ≡

[
aγ bγ
0 dγ

]
mod n

}
,

Γ1(n) :=

{
γ ∈ GL2(A) : γ ≡

[
1 bγ
0 1

]
mod n

}
.

In this notation, GL2(A) = Γ(1) and Γ(n) ⊂ Γ1(n) ⊂ Γ0(n) ⊂ GL2(A). For the rest

of the section, let Γ be one of the above matrix groups for some fixed n. The group

Γ acts on T via the action of GL2(A∞) on A∞-lattices, and we can construct the

quotient graph Γ\T .

Definition 2.3.5. A half-line in T is an infinite sequence of adjacent vertices. Two

half-lines are called equivalent if they differ by a finite set of vertices. An end of T is

an equivalence class of half-lines.

Any end [s] has a unique representative that starts at v0 and has a sequence of

representative A∞-lattices Λi := lA∞ + πi∞A∞ for some l ∈ A∞ ⊕ A∞ (see [Bö1,

p. 33]). The vector l := (l0, l1) is defined up to multiplication by A∗∞. Define a left

action of γ ∈ GL2(A∞) on (l0 : l1) ∈ P1(K∞) by viewing (l0 : l1) as a row vector and

multiplying by γ−1 on the right.

Definition 2.3.6. The map which sends the end [s] to the line l ∈ P1(K∞) induces

an GL2(K∞)-equivariant bijection between the ends of T and P1(K∞). An end [s]

is called rational if it corresponds to an element of P1(K) under this bijection. The

elements of Γ\P1(K) are called the cusps of Γ\T .

We set [∞] := (1 : 0) and we call this the cusp at infinity. For each cusp [s] we

choose γs ∈ GL2(A) such that [s] = γs[∞]. The group γ−1
s Γ[∞]γs contains a maximal
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subgroup of transformations of the form z 7→ z + b with b ∈ A, and the set of such b

is an ideal Is of A. Define

t[s](z) :=
1

π̃eIs(z)
=

1

π̃

∑
λ∈Is

1

z + λ
.

For example, when [s] = [∞] we choose γs = Id. Then

GL2(A)∞ :=

{[
aγ bγ
0 dγ

]
∈ GL2(A) : bγ ∈ A

}
,

and

t[∞](z) :=
1

π̃eA(z)
=

1

π̃

∑
λ∈A

1

z + λ
.

The following theorem describes the geometry behind Γ\T and Γ\Ω:

Theorem 2.3.7. The graph Γ\T consists of a finite graph and a finite set of ends

[vi,s]i≥0 that is in one-to-one correspondence with the set of cusps [s] ∈ Γ\P1(K). The

space Γ\Ω has an affinoid cover given by

UΓ := {Γσ\Uσ : σ ∈ T }.

In addition, for every cusp [s] ∈ Γ\P1(K), define

Us :=
⋃
i≥0

r−1(vi,s).

Then

Γs\Us ∼= punctured disk.

under the map z → t[s](z).

Therefore, we can compactify the space Γ\Ω by adding a finite number of points,

which we appropriately call cusps. According to the results above, the cusps corre-

spond to Γ\P1(K). This compactification will be denoted by Γ\Ω.
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Example 2.3.8 (The case of GL2(A)). We define the notion of imaginary part on Ω

by

|z|i := infx∈K∞ |z − x|.

We will think of [∞], the unique cusp of GL2(A), as a point that we have added to Ω

which is the limit of all sequences {zn} ∈ Ω with |zn|i →∞. This is justified by the

fact that if we define Ωc := {z ∈ Ω : |z|i > c}, then according to Theorem 2.3.7 for

some rational c0 > 1 we have

Ωc0 = U∞.

And t = t(z) = t[∞](z) induces a bijection between Ωc0 and a punctured disk.

Example 2.3.9 (The case of Γ0(T )). The group Γ0(T ) has two cusps [∞] and [0] =

(0 : 1). We choose γ0 :=

[
0 −1
1 0

]
. Then the stabilizers at ∞ and 0 respectively are

given by

Γ0(T )∞ =

{[
aγ bγ
0 dγ

]
∈ Γ0(T ) : bγ ∈ A

}
γ−1

0 Γ0(T )∞γ0 =

{[
aγ bγ
0 dγ

]
∈ Γ0(T ) : bγ ∈ TA

}
.

We have one uniformizer at the infinite cusp

t = t[∞](z) =
1

π̃eA(z)
=

1

π̃

∑
λ∈A

1

z + λ
.

and a different uniformizer at the cusp at zero

s := t[0](z) =
1

π̃eTA(z)
=

1

π̃

∑
λ∈A

1

z + Tλ
.

We note that

Ts(Tz) =
1

π̃

∑
λ∈A

T

Tz + Tλ
= t(z).

2.4 Drinfeld Modular Forms for GL2(A)

In this section, we define the central objects of this dissertation: Drinfeld modular

forms. These are analogs of classical modular forms in the function field setting.
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They were first defined by David Goss in his Harvard thesis. Our main references are

[Go1], [Go2], [Ge2], [Ge3].

Let γ ∈ GL2(K∞) and k,m be non-negative integers. For any function f : Ω →

C∞ we define the slash operator |[γ]k,m by

f |[γ]k,m := (det γ)m(cγz + dγ)
−kf(γz).

It is checked that

f |[γ1γ2]k,m=
(
f |[γ1]k,m

)
|[γ2]k,m .

As k,m will usually be understood from the context, we will simplify the notation

and write f |[γ] for the slash operator.

Definition 2.4.1. Let k,m be two non-negative integers. A Drinfeld modular form

for GL2(A) of weight k and type m is a rigid analytic function f : Ω→ C∞ such that

(1) f |[γ] = f ∀γ ∈ GL2(A),

(2) f is holomorphic at infinity.

The space of all Drinfeld modular forms for GL2(A) of weight k and type m will be

denoted by Mk,m(GL2(A)).

The ‘holomorphic at infinity’ condition requires some explanation. Let f ∈

Mk,m(GL2(A)). Recall the imaginary distance |z|i and the neighborhoods of infin-

ity Ωc defined in the previous section. Because of condition (1), we see that f is

invariant under ra : z 7→ z + a, a ∈ A. Therefore the function f descends to a

function on the set 〈ra : a ∈ A〉\Ωc for some c > 1. But this set is homeomorphic

to a punctured disk with uniformizing parameter t = t(z) = t[∞](z). The condition

‘holomorphic at infinity’ means that f is holomorphic on this punctured disk, i.e.,

there exists a positive real number c such that for |z|i > c we have

f(z) =
∞∑
n=0

an(f)tn(z) =
∞∑
n=0

ant
n.
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We call this the Fourier expansion, or t-expansion, of f . Since Ω is a connected rigid

analytic space, the t-expansion of a Drinfeld modular form f determines f uniquely.

Remark 2.4.2. From the definition of |[γ] it is clear that m should be thought of a

non-negative integer taken modulo | det GL2(A)| = q − 1.

Definition 2.4.3. We define the space Sk,m(GL2(A)) of cuspidal Drinfeld modular

forms of weight k and type m; and the space S2
k,m(GL2(A)) of double cuspidal Drinfeld

modular forms of weight k and type m as follows:

Sk,m(GL2(A)) := {f ∈Mk,m(GL2(A)) : a0(f) = 0} ,

S2
k,m(GL2(A)) := {f ∈Mk,m(GL2(A)) : a0(f) = a1(f) = 0} .

Let θ ∈ F∗q. Because z 7→ θz is a transformation induced from a matrix in GL2(A)

and since t(θz) = θ−1t(z), we see that for f ∈Mk,m(GL2(A)) and n 6≡ m mod (q− 1)

we have an(f) = 0. Indeed, given θ ∈ F∗q, we have

∞∑
n=0

θ−nan(f)tn(z) = f(θz) = θmf(z) = θm
∞∑
n=0

an(f)tn(z),

hence if an(f) 6= 0, then by uniqueness of the t-expansions θm−n = 1. Therefore,

f =
∞∑
j=0

am+j(q−1)t
m+j(q−1).

This shows that for m 6= 1 we have Sk,m(GL2(A)) = S2
k,m(GL2(A)).

In addition, using the functional equation for trivial action of a diagonal matrix

with diagonal entries θ ∈ F∗q, we see that

f(z) = f

(
θz

θ

)
= θ−2mθkf(z),

hence Mk,m(GL2(A)) = 0 when k 6≡ 2m mod (q − 1).

Remark 2.4.4. Classically, cuspidal modular forms of weight 2 for a congruence sub-

group Γ ⊂ SL2(Z) correspond to holomorphic differentials on the Riemann surface
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that represents the compactified modular curve for Γ over the complex numbers (see

[DiSh, Chapter 2]). David Goss [Go2, Theorem 1.80] observed that, unlike the classi-

cal case, holomorphic differentials on the compactified Drinfeld modular curve, Γ\Ω,

correspond to double cuspidal Drinfeld modular forms for a congruence subgroup

Γ ⊂ GL2(A). For example, for GL2(A) this just boils down to

dt = −π̃ · t2dz,

in contrast with the classical case for SL2(Z):

dq = 2πi · qdz.

Teitelbaum [Te1] has shown that cuspidal Drinfeld modular forms correspond to func-

tions of a special kind, the Γ-invariant harmonic cocycles, on the Bruhat-Tits tree T .

For more information about interpreting Drinfeld modular forms as sections on Γ\Ω

and as harmonic cocycles on Γ\T see [Go1], [Co1], [Bö1, Sections 5, 6] and Section 3.5.

Example 2.4.5 (Eisenstein series). Let k be a fixed positive integer. Consider the

series

Ek(z) :=
1

π̃k

∑′

(a,b)∈A2

1

(az + b)k
.

The double sum converges absolutely for any z ∈ Ω and defines a rigid analytic

function on Ω. Using the absolute convergence of the double sum, we get

Ek

([
1 bγ
0 1

]
z

)
= Ek(z + bγ) = Ek(z)

and

Ek

([
0 1
1 0

]
z

)
=

1

π̃k

∑′

(a,b)∈A2

1

(a1
z

+ b)k

=
zk

π̃k

∑′

(a,b)∈A2

1

(bz + a)k

= zkEk(z).
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These two types of matrices generate PGL2(A), and therefore Ek(z) satisfies condi-

tion (1) of the definition of Drinfeld modular forms for weight k and type 0. The func-

tion Ek is not identically zero on Ω if and only if k ≡ 0 mod (q − 1).

One can see ([Go2, Corollary 2]) that Ek(z) is holomorphic at infinity with con-

stant term π̃k
∑′

λ∈A
1
λ
. Define gk to be the multiple of Ek that has constant term 1.

We have

gk = 1 +O(t) ∈Mk,0(GL2(A)),

where the notation O is the standard order notation. We caution the reader that

our notation is different from the notation in [Ge3, (6.8)], where Gekeler uses gk0 to

denote gqk0−1 in our notation.

Example 2.4.6 (Drinfeld modular forms that are coefficients of Drinfeld modules).

Let z ∈ Ω, and let Λz be the rank 2 lattice Λz := zA⊕ A. Consider

φΛz
a = aϕ0 + l1(a)ϕ+ · · ·+ l2 deg(a)(a)ϕ2 deg(a).

By using the GL2(A) action on Ω and properties of Drinfeld modules, one can show

(see [Ge3, (5.10)]) that

li(a) ∈Mqi−1,0(GL2(A)).

As a special case of the construction, we define g†(z) and ∆†(z) by

φΛz
T = Tϕ0 + g†(z)ϕ+∆†(z)ϕ2.

It follows from the considerations above that

g†(z) ∈Mq−1,0(GL2(A)), ∆†(z) ∈Mq2−1,0(GL2(A)).

Since for a rank 2 Drinfeld module the coefficient of ϕ2 is non-zero, we see that ∆†

is non-zero for any z ∈ Ω. One can also show that ∆† can be expressed as a linear

combination of Eisenstein series (see [Ge3, (2.10)]), and this can be used to show

that ∆† ∈ S2
q2−1,0(GL2(A)). One can also see that ∆† must be cuspidal from the
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moduli space interpretation: ∆† vanishes at the cusp at infinity, which corresponds

to the degeneration to rank one. We will renormalize ∆† to have 1 as a first non-zero

coefficient and denote this form by ∆.

It turns out that g† and gq−1 (the normalized Eisenstein series of weight q − 1)

are both non-cuspidal and differ by a constant multiple, since they generate the one-

dimensional space Mq−1,0(GL2(A)).

Throughout this dissertation, we fix the following notation:

g := gq−1 = 1 +O(t) ∈Mq−1,0(GL2(A))

and

∆ = tq−1 +O(tq) ∈ S2
q2−1,0(GL2(A)).

Example 2.4.7 (The form h). Gekeler studied the form h, which is a (q−1)st root of

∆ and a well-defined Drinfeld modular form [Ge3, (5.13)] of weight q+ 1 and type 1.

We have

h = t+O(t2) ∈ Sq+1,1(GL2(A)).

The notation h will remain in effect throughout the rest of the dissertation.

Remark 2.4.8. We note that our normalizations of h and ∆ differ from the standard

reference [Ge3]. In [Ge3], h and ∆ denote the negatives of the forms in our notation.

The proof of the following result can be found in [Ge3, (5.12)] and [Co1, Section 4].

Theorem 2.4.9. The space

M(GL2(A)) := ⊕k,mMk,m(GL2(A))

is generated as an algebra over C∞ by the forms h and g. In addition, the spaces

Mk,m(GL2(A)), Sk,m(GL2(A)), S2
k,m(GL2(A)) are finite-dimensional C∞-vector spaces.
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Their dimensions are given by the following formulas when k ≡ 2m mod (q − 1):

dimC∞Mk,m(GL2(A)) = 1 +

⌊
k −m(q + 1)

q2 − 1

⌋
,

dimC∞ Sk,m(GL2(A)) = dimC∞Mk,m(GL2(A)) if m 6= 0,

= dimC∞Mk,m(GL2(A))− 1 if m = 0,

dimC∞ S
2
k,m(GL2(A)) = dimC∞ Sk,m(GL2(A)) if m 6= 1,

= dimC∞ Sk,m(GL2(A))− 1 if m = 1.

In all other cases, the dimensions of these spaces are 0.

Example 2.4.10. Let q = 3. The first five non-zero spaces Mk,0(GL2(A)) are gener-

ated by powers of g and h as follows:

M2,0(GL2(A)) = 〈g〉,

M4,0(GL2(A)) = 〈g2〉,

M6,0(GL2(A)) = 〈g3〉,

M8,0(GL2(A)) = 〈g4, h2〉,

M10,0(GL2(A)) = 〈g5, gh2〉.

Remark 2.4.11. Let q be arbitrary. Since both gj and gj(q−1) generate the one-

dimensional space Mj(q−1),0(GL2(A)), and because of the normalizations that we have

chosen, we get gj = gj(q−1) for 1 ≤ j ≤ q. If j > q it may not be true that gj = gj(q−1):

for instance,

gq+1 = gq2−1 + [1]hq−1.

From [Ge3, Proposition 6.9], we have the following formula1:

gqk0−1 = gqk0−1−1g
qk0−1

+ [k0 − 1]gqk0−2−1h
(q−1)qk0−2

, k0 ≥ 2.

We will derive a similar recursive formula in Section 3.3 for another family of Drinfeld

modular forms.

1The formula looks different in [Ge3], because of the different normalizations for h and gk that
we have chosen.
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2.4.1 The Hecke Algebra

Let n be a non-zero ideal in A. We can define the Hecke operator Tn at n by the same

formalism as in the classical case [DiSh, Chapter 5], i.e., by looking at double-coset

operators GL2(A)gGL2(A) for

g ∈ d = {γ ∈M2(A) : det γ ∈ A+}.

Instead, we proceed by defining Tp for p ∈ Spec(A) first, and then define Tn in terms

of the Tp’s.

Let p ∈ Spec(A). Consider the double-coset space GL2(A)

[
1 0
0 ℘

]
GL2(A). The

group GL2(A) acts on this double-coset space on the left. Let {γi}i be a finite system

of left coset representatives of this action such that det γi ∈ A+. We define the Hecke

operator Tp to be

Tp f := ℘
∑
i

f |[γi] .

Here we have used the normalization that is used in [Ge3, Section 7]. The opera-

tor Tp is a well-defined operator on Mk,m(GL2(A)) which preserves both the space

Sk,m(GL2(A)) and the space S2
k,m(GL2(A)). Just like the classical case, we have

Tp Tp′ = Tp′ Tp, for p + p′ = A.

We can compute that

Tpn = Tpn−1 Tp +|A/p|Tpn−2 Tp2 ,

which is precisely what happens in the classical case. However, in contrast with the

classical case, |A/p| is zero in characteristic p. Therefore unlike the classical case we

have total multiplicativity

Tpn = Tpn−1 Tp .

Since the Hecke operators commute with each other and because we have total mul-

tiplicativity, we can define Tn as follows

Tn := Tn1
p1
· · ·Tns

ps , where n = pn1
1 · · · pnss .
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Definition 2.4.12. The Hecke algebra, T, is defined to be the commutative sub-C∞-

algebra of EndC∞(Mk,m(GL2(A))) generated by the Tp’s.

We will sometimes abuse notation and write T for the sub-C∞-algebra of the

algebra EndC∞(Sk,m(GL2(A))) or EndC∞(S2
k,m(GL2(A))), but the meaning of T will

be clear from the context.

By choosing representatives for the left cosets in the formula for Tp, one can show

that

Tp f = ℘kf(℘z) +
∑
β∈Sp

f

(
z + β

℘

)
,

where Sp = {β ∈ A : deg(β) < deg(℘)}.

Goss computed the action of Tp on a t-expansion in [Go1, Section 1.8]. The

following formula can be found in [Ge3, Section 7], and it recasts Goss’ result in our

notation:

Tp

(
∞∑
n=0

ant
n

)
= ℘k

∞∑
n=0

ant
n
℘ +

∞∑
n=0

anGΛp,n(℘t).

Recall that

t℘ =
tq

deg(℘)

ψ℘(t)
= tq

deg(℘)

+O(tq
deg(℘)+1).

If we define ωn,℘ = ordX GΛp,n, then (see [Ge3, Corollary 3.9]) ωn,℘ ≥ n/qdeg(℘) + 1.

Therefore computing the effect of Tp with deg(p) = d requires the knowledge of a

number of coefficients exponential in d, which is often not practical.

Remark 2.4.13. The formula for the effect of Tp on a t-expansion shows that T

preserves both Sk,m(GL2(A)) and S2
k,m(GL2(A)). Indeed, this follows from the formula

above and the fact that G1(X) = X and X2 | Gn(X) for n > 1. It is known that the

analogous result fails if we consider triple cuspidal forms because it is not true that

X3 | Gn(X) for n > 2. Triple cuspidality is not preserved. For example, if q = 3,

then for h4 ∈ S2
16,0(GL2(A)), we can compute

TT (h4) = TT (t4 + · · · ) = Tt2 + · · · = Th2g4 + T 4h4.
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Definition 2.4.14. A Drinfeld modular form f will be called a simultaneous eigen-

form for T, or simply an eigenform, if there exist λp’s in C∞ such that

Tp f = λpf, ∀p ∈ Spec(A).

For such an f the values {λp}p∈Spec(A) will be called the eigensystem of f .

In stark contrast with the case of classical modular forms, it is difficult to de-

termine if a Drinfeld modular form is an eigenform. Indeed, despite the appearance

of an easier set of Hecke operators (because of the complete multiplicativity among

them), the crucial Petersson inner product (see [DiSh, Chapter 5]) is missing in the

case of Drinfeld modular forms. Therefore there are no theoretical tools that ensure

the existence of a basis of eigenforms for the Hecke operators if the space of Drinfeld

modular forms in question has a large dimension. We have examples of spaces that

are not diagonalizable:

Example 2.4.15 (A space that is not diagonalizable). Let q = 2. Since q − 1 = 1,

there is only one type, m = 0. Consider the space

S9,0(GL2(A)) = 〈hg6, h2g3, h3〉.

Computing with the basis that we have chosen, we get

CharPolTT (X) = (X + T )(X2 + T 8 + T 7 + T 5).

This is an inseparable polynomial and therefore there cannot exist a basis of eigen-

forms for the Hecke operator TT .

Even if it is clear that a Drinfeld modular form is an eigenform (for instance, for

dimensional reasons), it may not be clear what the eigensystem is. A result of Goss,

[Go1, Theorem 2.2.3], shows cases in which we can compute the eigensystem:
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Theorem 2.4.16. Let f ∈ Sk,0(GL2(A)) be an eigenform with eigensystem {λp}p∈Spec(A)

and t-expansion

f =
∞∑
j=1

aj(q−1)t
j(q−1).

If aq−1 6= 0 and aj(q−1) = 0 when j 6≡ 0, 1 mod q, then

λp = ℘q−1.

The previous theorem was used by Goss to show that ∆ and gq∆ are eigenforms

with the same eigensystem {λp = ℘q−1}p∈Spec(A) but with different weights. It is non-

trivial to see that the forms ∆ and gq∆ satisfy the hypothesis of Theorem 2.4.16. We

will use A-expansions to prove that ∆, gq∆, and other forms, such as gq(q−1)∆, satisfy

the hypothesis of Theorem 2.4.16.

In addition to the eigenforms just mentioned, one can show (see [Ge3, (7.2) and

(7.6)]) that:

Tp gk = ℘kgk, Tp h = ℘h.

We will return to the subject of eigenforms and their eigensystems in Chapter 3,

where we will show how to recover the above eigensystems and compute many more

by using properties of A-expansions.

Classically the action of the Hecke algebra on modular forms of weight k for

SL2(Z) can be simultaneously diagonalized for any k. This is no longer the case for

Drinfeld modular forms as Example 2.4.15 above shows. Exactly which spaces of

Drinfeld modular forms are diagonalizable with respect to T is unknown. Most of

the results in this direction have to do with trivial cases, when the spaces in question

are of dimension one. For non-trivial examples see [Ar1, Theorem 7.7] and [LiMe,

Section 7]. We confirm the results from [Ar1] and reprove the diagonalizability in

several new non-trivial cases, but with extra assumptions, in Theorem 3.1.23.
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2.4.2 Drinfeld Quasi-Modular Forms

In this subsection, we recall some results due to Pellarin ([Pe2], [Pe3]) since we will

need them in Chapter 3.

We start by defining the false Eisenstein series from [Ge3, Section 8] by the

following conditionally convergent series:

E(z) :=
∑
a∈A+

ata =
1

π̃

∑
a∈A+

(∑
b∈A

a

az + b

)
.

The function E is not a Drinfeld modular form, but it satisfies the following functional

equation

E(γz) = (det γ)−1(cγz + dγ)
2E(z)− cγπ̃−1(det γ)−1(cγz + dγ).

Therefore E should be thought of as an analog of the Eisenstein series of weight 2 in

the classical case.

Following Pellarin, define the space of Drinfeld quasi-modular forms of weight k,

type m and depth l to be

M≤l
k,m := Mk,m(GL2(A))⊕Mk−2,m−1(GL2(A))E ⊕ · · · ⊕Mk−2l,m−l(GL2(A))El.

Because E has a t-expansion, one can consider the space M≤l
k,m as a subset of C∞[[t]].

Introduce a new variable u, and consider C∞[[t, u]] equipped with the ‘partial Frobe-

nius’

ϕ̃ : C∞[[t, u]]→ C∞[[t, u]],
∞∑
i=0

ciu
i 7→

∞∑
i=0

cqiu
i.

The ring M of deformations of Drinfeld quasi-modular forms is the subring of C∞[[t, u]]

generated by g, h,E, ϕ̃E. In fact, Pellarin shows that M is contained in C∞[u][[t]].

The function E is originally defined in terms of Anderson’s functions (see [Pe2, Sec-

tion 2.1]), but Pellarin has shown in [Pe3, Corollary 5] that

E(t, u) =
∑
a∈A+

a(u)ta,
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and we take this as the definition of E.

According to [Pe2, Proposition 9], E satisfies the ϕ̃-difference equation

ϕ̃2 E =
1

u− T q2
(gq ϕ̃E− hq−1E),

which we will use in Chapter 3.

Looking back at the definition of E and the false Eisenstein series E, it is easy to

see that

E = E(t, u) |u=T .

This is no coincidence. The elements of M are called deformations of Drinfeld quasi-

modular forms since for any F ∈M, the t-expansion F|u=T is a Drinfeld quasi-modular

form. Pellarin has profitably used the space M to prove results about the order of van-

ishing of Drinfeld quasi-modular forms, and the reader should consult the references

that we have quoted for more information.

2.5 Drinfeld Modular Forms of level T

Throughout this section, we let Γ be either Γ1(T ) or Γ0(T ). The group Γ has two

cusps, [∞] and [0]. Recall that in Example 2.3.9, we fixed a matrix γ0 that switches

them, as well as uniformizers at the cusps: t = t[∞] and s = t[0].

Definition 2.5.1. A rigid analytic function f : Ω→ C∞ is called a Drinfeld modular

form of weight k and type m for Γ if it satisfies

(1) f |[γ] = f, ∀γ ∈ Γ,

(2) f is holomorphic at the cusps.

We denote the space of such functions by Mk,m(Γ).

The last condition means that there exists a positive real number c > 1 such that
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for z with |z|i > c (i.e, a neighborhood of infinity) we have

f(z) =
∞∑
n=0

an(f)tn(z) =
∞∑
n=0

ant
n,

f |[γ0] (z) =
∞∑
n=0

bn(f)sn(z) =
∞∑
n=0

bns
n.

The first expansion is called the expansion of f at [∞] with respect to t, while the

second is called the expansion of f at [0] with respect to s.

Definition 2.5.2. If f ∈ Mk,m(Γ) with a0(f) = b0(f) = 0, then f is called cuspidal.

If, in addition, a1(f) = b1(f) = 0, then f is called double cuspidal. Similarly to

the case for GL2(A) we denote the spaces of such forms by Sk,m(Γ) and S2
k,m(Γ),

respectively.

Remark 2.5.3. As in the case Γ = GL2(A), the type m should be thought of as

a non-negative integer modulo | det Γ| and we will implicitly take m < | det Γ|. In

particular, since | det Γ1(T )| = 1, we see that the spaces Mk,m(Γ1(T )) are the same

for any fixed k.

There are two natural maps from Mk,m(GL2(A)) to Mk,m(Γ) which respect cuspi-

dality and double cuspidality (this is shown in the course of the proof of Theorem 2.5.4

below):
ι : Mk,m(GL2(A))→Mk,m(Γ) : f(z) 7→ f(z),

ιT : Mk,m(GL2(A))→Mk,m(Γ) : f(z) 7→ F (z) = f(Tz).

Regarding these maps, we have the following result about the expansions at [∞]

and [0] for f and F :

Theorem 2.5.4. Let f(z) ∈Mk,m(GL2(A)). Let

f(z) =
∑
n≥0

ant(z)n, F (z) =
∑
n≥0

bnt(z)n,
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be the expansions at the cusp infinity. Then

f(z) = f |[γ0] (z) =
∑
n≥0

bnT
ns(z)n,

and

F |[γ0] (z) = T−k
∑
n≥0

anT
ns(z)n.

are the expansions at the cusp at 0.

Because of several notational differences from [Co2, Proposition 1.3], we include

a proof of this result.

Proof. Assume that

f(z) =
∑
n≥0

ant
n, F (z) =

∑
n≥0

bns
n.

We note the following matrix equation[
T 0
0 1

] [
0 −1
1 0

]
=

[
0 −1
1 0

] [
1 0
0 T

]
.

By definition F (z) = f(Tz) = T−mf |[T 0
0 1 ] and therefore

F |[γ0] = T−mf |[T 0
0 1 ][γ0]

= T−mf |
[γ0][ 1 0

0 T ]

= T−mf |[ 1 0
0 T ]

= T−kf
( z
T

)
= T−k

∑
n≥0

ant
n(z/T )

= T−k
∑
n≥0

anT
nsn(z).
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Similarly,
f |[γ0] (z) = f(z)

= F
( z
T

)
=
∑
n≥0

bnt
n(z/T )

=
∑
n≥0

bnT
nsn(z).

The spaces Mk,m(Γ) are finite-dimensional and we have the following results (due

to Cornelissen [Co2, Theorem 1.7], Gekeler [Ge2, Proposition 6.4], and Teitelbaum

[Te1, Lemma 15]) regarding their dimensions:

Theorem 2.5.5. We have

• dimC∞Mk0(q−1),0(Γ0(T )) = k0 + 1;

• dimC∞ Sk0(q−1),0(Γ0(T )) = dimC∞ S
2
k0(q−1),0(Γ0(T )) = k0 − 1;

• Mk0(q−1),0(Γ0(T )) = 〈giGj : i+ j = k0〉;

• dimC∞ Sk,k−1(Γ1(T )) = dimC∞ Sk,k−1(Γ0(T )) = k + 1.

Using the previous two theorems, we can explicitly determine the spacesMk,0(Γ0(T )),

Sk,0(Γ0(T )) = S2
k,0(Γ0(T )), for fixed k.

Example 2.5.6. Let q = 3. We will describe eigenbases for several spaces of low

weight.

We have M2,0(Γ0(T )) = 〈g −G,G〉, S2,0(Γ0(T )) = 0.

When k = 4, define φ = g2 − (T 2 + 1)gG + T 2G2. Then M4,0(Γ0(T )) = 〈φ, g2 −

G2, G2〉, S4,0(Γ0(T )) = 〈φ〉.

When k = 6, define

φ1 = g3 − (T + 1)2g2G− T (T + 1)2gG2 + T 3G3,

φ2 = g3 − (T − 1)2g2G+ T (T − 1)2gG2 − T 3G3.
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Then M6,0(Γ0(T )) = 〈φ1, φ2, g
3 −G3, G3〉, S6,0(Γ0(T )) = 〈φ1, φ2〉.

When k = 8, define

ψ1 = g3G− (T 2 + 1)g2G2 + T 2gG3,

ψ2 = (T 2 + 1)g4 − (T 4 + T 2 + 1)g3G+ T 4gG3,

ψ3 = g4 − T 2g3G− gG3 + T 2G4,

ψ4 = g4 − gG3,

ψ5 = g4 − T 2g3G− gG3 + T 8G4.

Then M8,0(Γ0(T )) = 〈ψ1, ψ2, ψ3, ψ4, ψ5〉, S8,0(Γ0(T )) = 〈ψ1, ψ2, ψ3〉.

2.5.1 Full Hecke Algebra and Hecke Algebra away from T

Let p ∈ Spec(A) be relatively prime to (T ). The Hecke operator Tp on Mk,m(Γ) is

defined in the same manner as before. Recall:

Tp f = ℘kf(℘z) +
∑
β∈Sp

f

(
z + β

℘

)
, Sp = {β ∈ A, deg(β) < deg(℘)}.

For the ideal (T ), we define the operator

UT f :=
∑
β∈Fq

f

(
z + β

T

)
.

One can compute the effect of UT on an expansion at infinity:

UT

(
∞∑
n=0

ant
n

)
=
∞∑
n=0

anGΛT ,n(Tt).

The two kinds of operators above commute with one another and among them-

selves, and therefore for any non-zero ideal n ⊂ A we can define

Tn := UT
valT (n) Tn1

p1
· · ·Tns

ps , where nT− valT n = pn1
1 · · · pnss .

Definition 2.5.7. We call the sub-C∞-algebra TT of EndC∞Mk,m(Γ) generated by

UT and all the Tp with p + (T ) = A the full Hecke algebra at level T . The sub-C∞-

algebra T′T of EndC∞Mk,m(Γ) generated by Tp with p + (T ) = A will be called the

Hecke algebra away from level T .
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Both TT and T′T preserve the spaces Sk,m(Γ) and S2
k,m(Γ).

Definition 2.5.8. If f ∈Mk,m(Γ) is an eigenform for TT , we will call f a simultaneous

eigenform, or simply an eigenform. If f is an eigenform for T′T , we say that f is an

eigenform away from the level.

We will use the notation λT (f) for the eigenvalue of UT, even though UT is not

the same as TT . We hope that the context will make it clear which operator we are

using.

Using the definition of T in terms of double-cosets, one can show (see [DiSh,

Chapter 5] for the proof in the classical case, which carries over to the Drinfeld

setting) the following result.

Theorem 2.5.9. Let f ∈ Mk,m(GL2(A)) be an eigenform for T. Then f, F ∈

Mk,m(Γ) are eigenforms for T′T with the same eigenvalues as f .

Remark 2.5.10. We can also determine how UT acts on f and F . By the definition

of UT for any φ ∈Mk,m(Γ), we have

UT φ(z) = TT φ(z)− T kφ(Tz).

Therefore if TT f = λTf , then

UT f = λTf − T kF.

Since f and F are linearly independent (as can be seen by looking at their t-expansions)

we see that f is never an eigenform for UT. On the other hand,

UT F =
∑
β∈Fq

f

(
T · z + β

T

)
=
∑
β∈Fq

f(z) = 0.
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Example 2.5.11. We can prove that the bases from Example 2.5.6 for k = 2, 4 are

eigenbases for TT . We can show that:

g −G ∈M2,0(Γ0(T )) has eigensystem {λT = T 2, λp = ℘(T )2}p∈SpecA\T ,

G ∈M2,0(Γ0(T )) has eigensystem {λT = 0, λp = ℘(T )2}p∈SpecA\T ,

g2 −G2 ∈M4,0(Γ0(T )) has eigensystem {λT = T 4, λp = ℘(T )4}p∈SpecA\T

G2 ∈M4,0(Γ0(T )) has eigensystem {λT = 0, λp = ℘(T )2}p∈SpecA\T ,

φ ∈ S4,0(Γ0(T )) has eigensystem {λT = −T 2, λp = ℘(T ) · ℘(−T )}p∈SpecA\T ,

g3 −G3 ∈M6,0(Γ0(T )) has eigensystem {λT = T 6, λp = ℘(T )6}p∈SpecA\T ,

G3 ∈M6,0(Γ0(T )) has eigensystem {λT = 0, λp = ℘(T )6}p∈SpecA\T ,

ψ2 ∈ S8,0(Γ0(T )) has eigensystem {λT = T 2, λp = ℘(T )2}p∈SpecA\T ,

ψ3 ∈ S8,0(Γ0(T )) has eigensystem {λT = 0, λp = ℘(T )2}p∈SpecA\T ,

ψ4 ∈M8,0(Γ0(T )) has eigensystem {λT = T 8, λp = ℘(T )8}p∈SpecA\T ,

ψ5 ∈M8,0(Γ0(T )) has eigensystem {λT = 0, λp = ℘(T )8}p∈SpecA\T .

The result for φ is [Bö1, Example 15.4], while the eigensystems can be proved

by using the theory of A-expansions from Chapter 3 and Theorem 4.3.1. The reader

will notice that we have not written down eigensystems for φ1, φ2, ψ1. For these three

forms we have conjectural eigensystems which have been verified for p of degree less

than or equal to 4. They are

φ1 ∈ S6,0(Γ0(T )) has eigensystem {λT = −T 3, λp = ℘(T ) · ℘(−T 2)}p∈SpecA\T ,

φ2 ∈ S6,0(Γ0(T )) has eigensystem {λT = T 3, λp = ℘(T ) · ℘(T 2)}p∈SpecA\T ,

ψ1 ∈ S8,0(Γ0(T )) has eigensystem {λT = −T 4, λp = ℘(T ) · (−℘(T ))℘(T 3)}p∈SpecA\T .
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Chapter 3

A-expansions

In this chapter, we introduce the main results of this dissertation. We define the

concept of Drinfeld modular forms with A-expansions, and we show that there are

infinitely many cuspidal Drinfeld modular forms with A-expansions. The utility of

Drinfeld modular forms with A-expansions stems from the fact that the action of the

Hecke algebra on them can be easily computed. All the examples that we obtain

turn out to be eigenforms with simple eigensystems. Once we introduce our main re-

sult (Theorem 3.1.10) we give various applications, including a multiplicity one result

(Corollary 3.1.7), results on the diagonalizability of the Hecke action (Corollary 3.1.11

and Corollary 3.1.23), non-trivial congruences between simultaneous eigenforms (The-

orem 3.1.24) and other relations among Drinfeld modular forms (Corollary 3.1.13 and

Section 3.3).

3.1 A-expansions and Their Properties

In Section 2.4.1 we defined the Hecke algebra T that acts on the space of Drinfeld

modular forms for GL2(A). We noted that, in contrast to the classical case, the action

of Tp on the t-expansion of a Drinfeld modular form is difficult to compute. Classically

the action of the Hecke algebra on the Fourier expansion of a modular form is well-

understood. One obvious difference is that in the case of classical modular forms both

the Hecke operators and the Fourier expansion are indexed by the positive integers,

while in the case of Drinfeld modular forms the t-expansion is indexed by the positive

integers, while the Hecke operators are indexed by the set of monic polynomials

A+. In this section, we develop the theory of A-expansions, which addresses this

discrepancy and recaptures the computability of the Hecke action in a manner similar
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to the classical case. However, the formalism does not seem to apply to all Drinfeld

modular forms (see the examples in Section 3.6.1).

Recall that in Chapter 2 we defined Gn to be a multiple of the nth Goss polynomial

for π̃A, normalized so that its first non-zero coefficient equals 1. We also defined ta

to be the function t(az). For a ∈ A+, we have

ta =
tq

deg(a)

ψa(t)
=

tq
deg(a)

1 + · · ·
,

and therefore the function ta can be expanded into a t-expansion for every a ∈ A+.

Definition 3.1.1. A modular form f ∈Mk,m(GL2(A)) is said to have an A-expansion

if there exists a positive integer n and coefficients c0(f), ca(f) ∈ C∞ such that

f = c0(f) +
∑
a∈A+

ca(f)Gn(ta).

Here the equality above is meant as an equality in C∞[[t]] between the t-expansion

of f on the left side and the expression on the right side. We will call the integer n

an A-exponent of f and the number ca = ca(f) the ath coefficient of f . Clearly, if

f ∈ Sk,m(GL2(A)), then c0(f) = 0.

Remark 3.1.2. If we consider the action of scalar matrices on f and on the right

hand side it is easy to see that n ≡ m mod (q − 1). We will show that if f is

a simultaneous eigenform, then the A-exponent n of f is unique. This will follow

from our multiplicity one result for forms with A-expansions (Corollary 3.1.7). For

a general Drinfeld modular form f with A-expansion we do not know, but we strongly

suspect, that the A-exponent n is unique.

Example 3.1.3 (Eisenstein series again). Recall that we defined gk to be a multiple

of
1

π̃k

∑′

(a,b)∈A2

1

(az + b)k
=
∑′

b∈A

1

(π̃b)k
−
∑
a∈A+

∑
b∈A

1

(π̃az + π̃b)k
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The second sum is precisely
∑
Gk(ta) and therefore, if we define δ−1

k to be equal to

the first sum, we have

gk = 1− δk
∑
a∈A+

Gk(ta).

This is our first family of examples of Drinfeld modular forms with A-expansions.

It consists of non-cuspidal eigenforms and it was known to Goss ([Go1, Section 1.7],

[Go2, Section 2]) and Gekeler ([Ge3, (5.9)]).

The constant δk can be explicitly computed. For instance (see [Ge3, (6.4)]), if

k0 ≤ q we have

gk0(q−1) = 1 + (−1)k0 [1]k0
∑
a∈A+

Gk0(q−1)(ta).

Until the work of Bartolome Lopez [Lo1] in 2011, the family {gk} gave the only

examples of Drinfeld modular forms with A-expansions. Lopez showed that there are

two additional examples, the forms h and ∆. He proved that

h =
∑
a∈A+

aqta, ∆ =
∑
a∈A+

aq(q−1)tq−1
a .

We will see, Theorem 3.1.10 below, that these are just two examples in a whole

family of infinitely many Drinfeld modular forms that possess A-expansions. All of

the new examples are cuspidal or double cuspidal eigenforms and we will be able to

explicitly compute their eigensystems. Before we do that we look at some properties

of A-expansions.

Theorem 3.1.4 (Uniqueness of an A-expansion).

c0 +
∑
a∈A+

caGn(ta) = c′0 +
∑
a∈A+

c′aGn(ta) =⇒ ca = c′a ∀a ∈ A+ ∪ {0}.

I learned the following proof from Lopez [Lo2], who attributes the idea of the

proof to Gekeler.

Proof. Assume that ∑
a∈A+

caGn(ta) = 0. (∗)
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Then we will show that ca = 0 for all a ∈ A+.

Let S be a finite subset of A+, and let aS be a maximal element of S with respect

to degree. The function Gn(taS(z)) has a pole at 1/aS, while if a ∈ S, a 6= aS, the

functions Gn(ta(z)) are holomorphic at 1/aS. Therefore,∑
a∈S

caGn(ta) = 0 =⇒ caS = 0.

Repeating the argument with S ′ = S − {aS} shows that∑
a∈S

caGn(ta) = 0 =⇒ ca = 0, ∀a ∈ S.

We use the standard notation Ad+ := {a ∈ A+ : deg(a) = d}.

Let Ud be the C∞-vector space generated by the set {Gn(ta(z)) : a ∈ Ad+}. By

what we have just shown, Ud has dimension |Ad+| = qd over C∞. Consider the

set Vd := {ordt(g) : g ∈ Ud}. We have |Vd| ≤ qd. If two non-zero elements g1, g2

have the same ordt, then you can take a linear combination of g1 and g2 that will

have ordt which is strictly bigger than ordt(g1) = ordt(g2) and replace g1 with that

linear combination. Applying this procedure inductively to a basis of Ud shows that

|Vd| = dimC∞Ud = qd.

For each i ∈ Vd, choose sd,i ∈ Ud such that ordt(sd,i) = i. Because the i’s are

distinct, any relation

0 =
∑
i∈Vd

αisd,i, αi ∈ C∞,

is impossible unless αi = 0 for all i ∈ Vd. Indeed, if i0 = min{i ∈ Vd : αi 6= 0},

then sd,i0 is equal to a linear combination of terms with ordt > i0, which contradicts

the existence of i0. Therefore the sd,i, for i ∈ Vd, are linearly independent, and we

conclude that the set {sd,i : i ∈ Vd} is a basis for Ud.

Let d 6= d′. Since Ad+∪Ad′+ is finite of size qd+qd
′
we see that the set {Gn(ta(z)) :

a ∈ Ad+ ∪ Ad′+} is linearly independent over C∞. Let Ud,d′ be the C∞-vector space

generated by this set. By the same reasoning as for Vd, the set Vd,d′ := {ordt(g) :
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g ∈ Ud,d′} = Vd ∪ Vd′ has size qd + qd
′
. It follows that if i ∈ Vd and i′ ∈ Vd′ ,

then i 6= i′ (otherwise Vd,d′ will have size less than qd + qd
′
). We conclude that

ordt(sd,i) = ordt(sd′,i′) if and only if d = d′ and i = i′.

Let ad,1, ad,2, . . . , ad,qd be the elements in Ad+. We express Gn(tad,j(z)) in the basis

{sd,i : i ∈ Vd}:

Gn(tad,j(z)) =

qd∑
i=1

αd,i,jsd,i.

Note that the change of basis matrix (αd,i,j)i,j is invertible. Substituting in equa-

tion (∗), we get

0 =
∞∑
d=0

∑
a∈Ad+

caGn(ta)

=
∞∑
d=0

qd∑
j=1

cad,jGn(tad,j)

=
∞∑
d=0

qd∑
j=1

cad,j

qd∑
i=1

αd,i,jsd,i

=
∞∑
d=0

∑
i∈Vd

βd,isd,i,

where

βd,i =

qd∑
j=1

cad,jαd,i,j.

Because ordt sd,i = ordt sd′,i′ if and only if d = d′, i = i′ it follows that βd,i = 0. Since

the matrix (αd,i,j)i,j is invertible we conclude that cad,j = 0.

As mentioned before, Drinfeld modular forms with A-expansions have the property

that the action of any Hecke operator Tp on them can be explicitly computed. We

have the following result.

Theorem 3.1.5. Suppose that f ∈ Sk,m(GL2(A)) is an eigenform for Tp with eigen-

value λp and that f has an A-expansion with exponent n. Then λp(f) = ℘n and

cp(f) = ℘k−nc1(f).
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Proof. Since f and ℘ are fixed, we let ca = ca(f) and

Sp = {β ∈ A : deg(β) < deg(℘)}.

We compute the Hecke action

Tp f = ℘k
∑
a∈A+

caGn(t℘a) +
∑
β∈Sp

∑
a∈A+

caGn

(
ta

(
z + β

℘

))
= ℘k

∑
a∈A+

caGn(t℘a) +
1

π̃n

∑
β∈Sp

∑
a∈A+

∑
b∈A

ca℘
n

(az + aβ + b℘)n

= ℘k
∑
a∈A+

caGn(t℘a) +
1

π̃n

∑
a∈A+

∑
b∈A

ca℘
n
∑
β∈Sp

1

(az + aβ + b℘)n
.

If (a, ℘) = 1, then the map A×Sp → A, which sends (b, β) to aβ+b℘, is surjective and

injective. The inner double sum is absolutely convergent, therefore by rearranging∑
b∈A

∑
β∈Sp

1

(az + aβ + b℘)n
=
∑
b∈A

1

(az + b)n
= Gn(ta).

If (a, ℘) = ℘, then the map A× Sp → A, which sends (b, β) to aβ + b℘, is surjective,

but every output has a number of preimages which is divisible by q. Hence∑
b∈A

∑
β∈Sp

1

(az + aβ + b℘)n
= 0.

It follows that

Tp f = ℘k
∑
a∈A+

caGn(t℘a) + ℘n
∑

a∈A+,(a,℘)=1

caGn(ta).

Noting that Tp f = λpf and comparing coefficients in the A-expansions, we see that

if there exists a ∈ A+ such that (a, ℘) = 1 and ca 6= 0, then λp = ℘n. But if all the ca

for (a, ℘) = 1 are zero, then again looking at the A-expansions on both sides we see

that f cannot be an eigenform for Tp. Indeed, by the computation above

f =
∑
a∈A+

c℘aGn(t℘a) =⇒ λp
∑
a∈A+

c℘aGn(t℘a) = ℘k
∑
a∈A+

c℘aGn(t℘2a),
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which contradicts the uniqueness of the A-expansion.

By comparing ℘th coefficients on both sides, we get

c℘ =
℘k

λp
c1 = ℘k−nc1.

Corollary 3.1.6. Assume that f ∈ Sk,m(GL2(A)) is a modular form that possesses

an A-expansion with exponent n. Let a =
∏ν

i=1 ℘
ei
i for distinct monic primes ℘i. If

f is an eigenform for Tp1 , . . . , Tpν , then ca(f) = ak−nc1(f).

Proof. This follows by induction on the factorization of a.

In the case of classical modular forms, a system of eigenvalues {λ` : ` ∈ Spec(Z)}

determines a cuspidal eigenform fcl ∈ Sk(SL2(Z)) uniquely up to a multiplicative

constant. This is known as the multiplicity one property of cusp forms for SL2(Z).

Together with the theory of Eisenstein series for SL2(Z), this shows that any eigenform

for SL2(Z), not necessarily cuspidal, is determined up to a multiplicative constant by

its eigensystem. As we have already remarked, this is not true for Drinfeld modular

forms for GL2(A). The forms g, gq∆, ∆ are counterexamples to the classical notion

of multiplicity one, and indeed Theorem 3.1.10 below will provide infinitely many

counterexamples. Gekeler asked if a Drinfeld eigenform for GL2(A) is determined up

to a multiplicative constant by its eigenvalues and its weight. We do not know if the

answer to Gekeler’s question is positive or negative when f is an eigenform, or even a

cuspidal eigenform, for GL2(A). The situation is much more favorable if we assume

that the eigenform has an A-expansion. The following result shows that a cuspidal

Drinfeld eigenform with A-expansion is uniquely determined by its eigensystem {λp}

and its weight k (as predicted by a positive answer to Gekeler’s question). In addition,

the eigensystem is of a very simple kind.
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Corollary 3.1.7 (Multiplicity One for modular forms with A-expansions.). If f ∈

Sk,m(GL2(A)) is an eigenform that possesses an A-expansion with exponent n, then

f =
∑
a∈A+

ak−nGn(ta).

Therefore f is determined uniquely by its weight k and the eigenvalues {λp = ℘n}.

We can obtain the following partial result if we assume that f is an eigenform for

all p with deg(p) ≤ d.

Corollary 3.1.8. Let f ∈ Sk,m(GL2(A)) be a modular form with A-expansion of

exponent n. If f is an eigenform for {Tp}deg(p)≤d, then

f =
∑

a∈A+,deg(a)≤d

ak−nGn(ta) +O(tωn,℘q
d+1

).

Here ωn,℘ = ordX GΛp,n(X).

Cécile Armana has shown [Ar1, Theorem 7.7] that if M is either Sk,0(GL2(A)) with

k < (q + 1)2(q − 1), or S2
k,1(GL2(A)) with k < q2(q + 1), then an eigenform f ∈ M

for all primes of degree 1 is uniquely determined up to a multiplicative constant.

If we assume that in addition f has an A-expansion, then using Corollary 3.1.8 we

can recover a special case of her result in the case Sk,1(GL2(A)) and extend it to

Sk,m(GL2(A)) with m > 1:

Corollary 3.1.9. Let M be one of the following spaces:

1. Sk,1(GL2(A)) with k < qd+1(q + 1)

2. Sk,m(GL2(A)) with m > 1, k < mqd+1(q + 1).

If f ∈ M is an eigenform for the operators {Tp}deg(p)≤d and f has an A-expansion,

then f is uniquely determined by its eigenvalues up to a multiplicative constant.
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Proof. Indeed, f is determined by the formula in Corollary 3.1.8 up to at least tq
d+1

.

In all the cases of M above any form is determined by the first i coefficients of its

t-expansion (see [Ge3, (5.17)]), for some i < qd+1.

The following theorem constructs an infinite family of cuspidal eigenforms with

A-expansions:

Theorem 3.1.10 (Existence of cusp forms with A-expansions.). Let k, n be two

positive integers such that k − 2n is a positive multiple of (q − 1) and n ≤ pvalp(k−n).

Then

fk,n :=
∑
a∈A+

ak−nGn(ta)

is an element of Sk,m(GL2(A)), where m ≡ n mod (q − 1).

Before we give a proof, we would like to present some consequences of Theo-

rem 3.1.10. We will give computational examples in Section 3.6.

As mentioned before the proof, the forms fk,n are eigenforms. This follows from

the properties of A-expansions that we have developed (see Theorem 3.1.5 and the

corollary that follows it). Indeed, we see that

Tpfk,n = ℘nfk,n,

and therefore fk,n is an eigenform with eigensystem {λp = ℘n}p∈Spec(A).

As an important special case of Theorem 3.1.10, we have

Corollary 3.1.11. Let s ≥ 0. Then

fs := fq+1+s(q−1),1 =
∑
a∈A+

aq+s(q−1)ta

is an element of Sq+1+s(q−1),1(GL2(A)) \ S2
q+1+s(q−1),1(GL2(A)).
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Since the weights k = q + 1 + s(q − 1), s ≥ 0, are precisely the weights for which

Sk,1(GL2(A)) 6= 0, and because Sk,m(GL2(A)) = S2
k,m(GL2(A)) for m 6= 1, this shows

that the space

Sk,m(GL2(A))/S2
k,m(GL2(A))

is diagonalizable, and the eigenforms for Sk,1(GL2(A)) whose images form a coset

eigenbasis (when the space is non-trivial) have eigenvalues λp = ℘. Thus given any

cuspidal modular form which is not double cuspidal, we can add a double cuspidal

modular form to make the sum (which is again cuspidal, but not double cuspidal) an

eigenform with eigensystem {λp = ℘}p∈Spec(A). In [Bö1, Example 15.7] Böckle shows1

that the same result holds for Γ1(T ). We will see in Chapter 4 that using A-expansions

we can reprove Böckle’s result and extend it to other congruence subgroups as hinted

by [Bö1, Remark 12.9 and Example 15.7].

Definition 3.1.12. We call the family {fs}s≥0 the special family. Since (q−1) divides

(qν − q) we can define a subfamily {Fν ∈ Sqν+1,1(GL2(A))}ν∈Z>0 by the formula

Fν :=
∑
a∈A+

aq
ν

ta.

We will prove (see Section 3.3) that the subfamily {Fν} can be obtained by a

recursive procedure from F1 = h and F2 = hgq.

In [Ge1] Gekeler proved2 that h has a product expansion that is indexed by the

monic polynomials. If we use the notation ψa for the ath inverse cyclotomic polyno-

mial, we can write the product expansion as

h = t
∏
a∈A+

ψa(t)
q2−1.

1The reader should be aware that Böckle uses a different normalization for Tp and with this
normalization he shows that the eigenvalues are all equal to 1, which corresponds to λp = ℘ in our
notation.

2Actually he derived a product expansion for ∆. The result for h follows immediately from that.
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Corollary 3.1.13. If 1 ≤ j ≤ q, then

hj =
∑
a∈A+

aqjtja = tj
∏
a∈A+

ψa(t)
(q2−1)j.

In particular,

h =
∑
a∈A+

aqta, ∆ = hq−1 =
∑
a∈A+

aq(q−1)tq−1
a .

Proof. We know that hj as well as the claimed A-expansion for it are in the one-

dimensional space Sj(q+1),j(GL2(A)) by Theorem 3.1.10. Comparing the first non-zero

coefficient of the t-expansions on both sides, the claimed equality follows.

Remark 3.1.14. We want to remark that while the relations

hj = tj
∏
a∈A+

ψa(t)
(q2−1)j

are immediate from the product formula for h, the equations that follow from the

theorem ∑
a∈A+

aqta

j

=
∑
a∈A+

aqjtja, 1 ≤ j ≤ q

are non-trivial and imply relations between the coefficients of the t-coefficients on

both sides.

Remark 3.1.15. The relations between products indexed by A+ and A-expansions

are very peculiar and reminiscent of results of Borcherds for classical eigenforms (see

[Ono, Chapter 4]). It would be interesting to see if this is merely a coincidence or if

a theory similar to Borcherds’ exists for Drinfeld modular forms.

Corollary 3.1.13 above should remind the reader of Remark 2.4.11 from the pre-

vious chapter. The examples from that remark can be restated as saying1− [1]
∑
a∈A+

tq−1
a

j

= 1 + (−1)j[1]j
∑
a∈A+

Gj(q−1)(ta).
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Looking at computational evidence for q = 2, 3, 4, 5, we can conjecture that this a

more general phenomenon:

Conjecture 3.1.16. Suppose that (k, n) and (k′, n′) are two pairs of integers that

satisfy the hypothesis of Theorem 3.1.10. If Gn(X) ·Gn′(X) = Gn+n′(X), then∑
a∈A+

ak−nGn(ta)

 ·
∑
a∈A+

ak
′−n′Gn′(ta)

 =
∑
a∈A+

ak+k′−(n+n′)Gn+n′(ta).

Remark 3.1.17. Notice that in general the left hand side above equals∑
a∈A+

ak+k′−(n+n′)Gn(ta)Gn′(ta) +
∑

a,b∈A+,a6=b

ak−nbk
′−n′Gn(ta)Gn′(ta),

and therefore the conjecture implies enormous cancellation in the second sum when-

ever Gn(X) ·Gn′(X) = Gn+n′(X).

Remark 3.1.18. Observe that if (k, n) and (k′, n′) both satisfy the hypothesis of

Theorem 3.1.10, then so does the pair (k+k′, n+n′). Therefore, all the A-expansions

in Conjecture 3.1.16 are Drinfeld modular forms. Any proof of the conjecture would

immediately imply Corollary 3.1.13, because by Theorem 2.2.1

Gi(X) ·Gj(X) = X iXj = X i+j = Gi+j(X) for i+ j ≤ q.

Example 3.1.19. Since all the A-expansions in Conjecture 3.1.16 are Drinfeld mod-

ular forms (by Theorem 3.1.10) and because a Drinfeld modular form of type k and

weight m is uniquely determined by the first i coefficients in its t-expansion, with

i ≤ k
q+1

+ 1, we can verify the conjecture case by case. We present several examples

for various q.

Let q = 3. Then G7(X) · G8(X) = G15(X) and by the procedure above we can

verify that ∑
a∈A+

a9G7(ta)

 ·
∑
a∈A+

a18G8(ta)

 =
∑
a∈A+

a27G15(ta).
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Let q = 4. Then G7(X) ·G4(X) = G11(X) and we have∑
a∈A+

a16G7(ta)

 ·
∑
a∈A+

a16G4(ta)

 =
∑
a∈A+

a32G11(ta).

As we have noted the examples above entail an enormous amount of cancellation.

Remark 3.1.20. The condition Gn(X) ·Gn′(X) = Gn+n′(X) is necessary even if the

pairs (k, n), (k′, n′), (k+k′, n+n′) all satisfy the hypothesis of Theorem 3.1.10, as the

example (with q = 3)∑
a∈A+

a18G4(ta)

 ·
∑
a∈A+

a18G6(ta)

 6= ∑
a∈A+

a36G10(ta).

shows.

Remark 3.1.21. Conjecture 3.1.16 and Corollary 3.1.7 give examples of eigenforms

that can be represented as products of eigenforms. Classically this rarely happens and

such products have been explicitly determined (see [Gh1] and [Jo1]). In contrast to the

classical case, in the case of Drinfeld modular forms we can have high order vanishing

at the cusps. In the case of Drinfeld modular forms, one ‘trivial’ way of obtaining

infinitely many such products is to take pth powers of known eigenforms (for example,

h, hp, hp
2
, . . .). Our results show ‘non-trivial’ examples of such eigenproducts, such as

hj =
∑
a∈A+

aqjtja, 1 ≤ j ≤ q,

hgj =
∑
a∈A+

aqjta, 1 ≤ j ≤ q.

Additional examples have been shown in 3.1.19.

In Chapter 2 we promised the reader that we will show that ∆ and gq∆ satisfy the

hypothesis of Theorem 2.4.16. Recall that Theorem 2.4.16, due to Goss, allows for the

computation of the eigenvalues of cuspidal eigenforms with special t-expansions. The

next theorem shows that there are infinitely many examples of cuspidal eigenforms

that satisfy the hypothesis of that theorem.
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Theorem 3.1.22. Let k be a positive multiple of (q − 1) and (q − 1) ≤ pvalp(k−q+1),

so that by Theorem 3.1.10

fk,q−1 =
∑
a∈A+

ak−(q−1)tq−1
a

is an element of Sk,0(GL2(A)). Then

fk,q−1 =
∞∑
j=1

aj(q−1)t
j(q−1)

with aq−1 6= 0 and aj(q−1) = 0 when j 6≡ 0, 1 mod q.

Note that fk,q−1 is an eigenform by Corollary 3.1.5. The condition on the t-

expansion, together with the cuspidality of f , is the hypothesis of Theorem 2.4.16.

Proof. Looking at the A-expansions, we get∑
a∈A+

ak−(q−1)tq−1
a = tq−1 +O(tq(q−1)),

and therefore aq−1 = 1. Next, we look at ta with a ∈ A+. To simplify notation, put

d = deg(a). By definition

ta =
tq
d

ψa(t)
=

1

ρa(t−1)
=

1

at−1 + · · ·+ ld−1(a)t−qd−1 + t−qd
.

And inverting the power series, we get

ta = tq
d
(

1− (ld−1(a)tq
d−1(q−1) + · · ·+ atq

d−1) + · · ·
)

Looking at the powers of t that occur with non-zero coefficients, we see that they

all look like i = qd + q(q − 1)i0 for some positive integer i0. Hence tq−1
a has a series

expansion of the required form.

Even though this result3 does not give us eigensystems that we could not have

computed with our results on A-expansions, it shows how properties of the t-expansion

of a Drinfeld modular form come from its A-expansion.

3Together with Theorem 2.4.16.
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As promised, we see that

∆ =
∑
a∈A+

aq(q−1)tq−1
a

and

gq∆ =
∑
a∈A+

a2q(q−1)tq−1
a

have t-expansions that satisfy the hypothesis of Theorem 2.4.16. These are only two

of infinitely many eigenforms that satisfy the hypothesis of Theorem 2.4.16.

We turn to the question of the diagonalizability of the action of T. One problem

when working with the Hecke algebra T is that, unlike the classical case, we are not

guaranteed that any of the Hecke operators will be diagonalizable. In fact, there

are examples (see Example 2.4.15) of spaces of Drinfeld modular forms for which no

basis of simultaneous eigenforms exists. By using Theorem 3.1.10, we can show that

Sk,m(GL2(A)) is diagonalizable and determine the eigenforms and eigensystems in

several non-trivial cases:

Corollary 3.1.23. If q + 1 ≤ d ≤ 2q + 1, then Sq+1+d(q−1),1(GL2(A)) is two-

dimensional and has a basis of simultaneous eigenforms

Sq+1+d(q−1),1(GL2(A)) = 〈fq+1+d(q−1),1, fq+1+d(q−1),1+(d−q)(q−1)〉.

Proof. Corollary 3.1.11 shows that fq+1+d(q−1),1 is indeed a modular form. On the

other hand, fq+1+d(q−1),1+(d−q)(q−1) is also a modular form by Theorem 3.1.10, since

k− n = q + 1 + d(q− 1)− 1− d(q− 1) + q(q− 1) = q2 ≥ q2 − 1 = 1 + (d− q)(q− 1).

Another important topic classically is that of congruences between modular forms.

Essentially, the recasting of the classical definition was given in [Ge3, Section 12], and

several results have appeared that seem to mirror the classical situation (see [Ge3,
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Section 12] and [Vi1]). It turns out that we can use Theorem 3.1.10 to obtain a new

result regarding congruences between Drinfeld eigenforms.

Theorem 3.1.24. Let k, n be two positive integers that satisfy the hypothesis of The-

orem 3.1.10. Assume further that n satisfies at least one of the following conditions:

1. We have 1 ≤ n ≤ q2, or n = qr − 1, or n = qr + 1 for some r ≥ 1.

2. The set of (s+ 1)-tuples i = (i0, . . . , is), s ≥ 0 arbitrary that satisfy

i0 + i1 + . . .+ is = ordX(Gπ̃A,n), i0 + i1q + . . .+ isq
s = n− 1,

and

(
ordX(Gπ̃A,n)

i

)
6≡ 0 mod p,

consists of only one element.

For any integer l ≥ 0, define

Fk,n,l :=
∑
a∈A+

a(k−n)qlGn(ta) ∈ S(k−n)ql+n,n(GL2(A)).

Let ν0 = valp(k − n), and let ν be any non-negative integer.

Then if p is any prime of degree d with d > logq(n), the congruence

Fk,n,d+ν ≡ Fk,n,ν mod pq
νpν0

holds.

Note that the weights of the forms in the congruence are (k − n)qd+ν + n and

(k − n)qν + n respectively.

Proof. The first part of the result (the fact that Fk,n,l is actually a Drinfeld eigenform)

is a direct consequence of Theorem 3.1.10. We want to point out that we cannot

replace q with p in the definition of Fk,n,l and still use Theorem 3.1.10 because of the

condition k − 2n ≡ 0 mod (q − 1).
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Let p be a prime of degree d. By a well-know analog of Fermat’s Little Theorem

for function fields, or equivalently since (A/p)∗ is a finite group of size qd−1, we know

p | (aqd − a) for all a ∈ A. Therefore, we have

pq
νpν0 |

(
a(k−n)qd+ν − a(k−n)qν

)
for all a ∈ A. Because of the A-expansions on both sides, the congruence

Fk,n,d+ν ≡ Fk,n,ν mod pq
νpν0

will follow if we can prove that p does not divide the denominators of the coefficients

of Gn(X) (note that if a ∈ A+, then ta has no denominators in its t-expansion). Since

we are taking d > logq(n), in each case we are considering this follows from one of

the Corollaries 2.2.8, 2.2.9, 2.2.10, or 2.2.11.

It appears (see Remark 2.2.12) that when q = p = 2 the theorem is true with no

assumptions on n. We want to point out that the assumptions on n are needed because

of our choice to use Gn(X) rather than Gπ̃A,n(X) (the difference being that Gn is

normalized to have its first non-zero coefficient equal to 1, while Gπ̃A,n is normalized

to have its top coefficient equal to 1). If we use Gπ̃A,n(X) in our definition of A-

expansions, then we get the theorem with no assumptions on n:

Theorem 3.1.25. Let k, n be two positive integers that satisfy the hypothesis of The-

orem 3.1.10. For any integer l ≥ 0, define

F ?
k,n,l :=

∑
a∈A+

a(k−n)qlGπ̃A,n(ta) ∈ S(k−n)ql+n,n(GL2(A)).

Let ν0 = valp(k − n), and let ν be any non-negative integer.

Then if p is any prime of degree d with d > logq(n) we have the congruence

F ?
k,n,d+ν ≡ F ?

k,n,ν mod pq
νpν0 .
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Note that the weights of the forms in the congruence are (k − n)qd+ν + n and

(k − n)qν + n respectively.

Remark 3.1.26. Note that we actually have

[d]q
νpν0 |

(
a(k−n)qd+ν − a(k−n)qν

)
, ∀a ∈ A.

Therefore, if [d] (recall that [d] = T q
d−T is the product of all monic primes of degree

dividing d) is relatively prime to the denominators of the coefficients of Gn(X), then

we obtain the stronger congruence

Fk,n,d+ν ≡ Fk,n,ν mod [d]q
νpν0 .

Remark 3.1.27. The proof above is deceptively simple, however this is because

the A-expansions have packaged the t-expansions on both sides in a special way. In

Section 3.3 we will show how to express some of the forms constructed in Theorem

3.1.10 in terms of h and g. It is unclear how to prove the result of the previous

theorem without observing the A-expansions, i.e., by just looking at the t-expansions

or at the expressions in terms of h and g.

Remark 3.1.28. One should note that Theorem 3.1.24 gives congruences in two

directions: for varying d and fixed ν, and for fixed d and varying ν. We will present

examples of both of these below.

Some of the results before the present work, particularly gqd−1 ≡ 1 mod [d] from

[Ge3, (6.12)], were also proven by using the A-expansions of Eisenstein series. It is

interesting to see if there are other congruences that come from A-expansions of forms

that are not eigenforms.

We end this section with several examples of congruences obtained from Theo-

rem 3.1.24.

Example 3.1.29. We present several examples with increasing d and fixed ν = 0.
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We have

Fq+1,1,d = Fd+1 =
∑
a∈A+

aq·q
d

ta,

so h = Fq+1,1,0, hgq = Fq+1,1,1, etc.

h ≡ hgq = F2 mod [1]q,

h ≡ hgq
2+q − [1]q

2

hq(q−1)+1 = F3 mod [2]q,

h ≡ hgq
3+q2+q − [2]q

2

hq(q−1)+1gq
3 − [1]q

3

hq
2(q−1)+1gq = F4 mod [3]q,

Another family for which we obtain congruences is

Fq(q−1)+1,1,d =
∑
a∈A+

aq(q−1)qdtq−1
a , d ≥ 0,

where ∆ = Fq(q−1)+1,1,0. We have the congruences

∆ ≡ ∆gq
2−q = Fq(q−1)+1,1,1 mod [1]q,

∆ ≡ ∆gq
3−q + [1]q

2

∆q+1gq
3−q2−2q + [1](q−1)q2∆q2−q+1 = Fq(q−1)+1,1,2 mod [2]q.

Since G1(X) = X and Gq−1(X) = Xq−1, we are in the situation described in Re-

mark 3.1.26. We note that we cannot improve the congruence to mod[d+ 1] (i.e.,to

mod p with p of degree d+ 1) because

h 6≡ hgq mod [2], h 6≡ hgq
2+q − [1]q

2

hq(q−1)+1 mod [3].

Example 3.1.30. Let us fix d = 1 and let ν vary.

Notice that Fq+1,1,1+ν = F2+ν . Then we have

F5 = (hgq
4+q3+q2+q − [3]q

2

hq(q−1)+1gq
4+q3 − [2]q

3

hq
2(q−1)+1gq

4+q

− [1]q
4

hq
3(q−1)+1gq

2+q + [1]q
4

[3]q
2

h(q3+q)(q−1)+1)

≡ (hgq
3+q2+q − [2]q

2

hq(q−1)+1gq
3 − [1]q

3

hq
2(q−1)+1gq) mod [1]q

2·q

= F4

We can also see F6 ≡ F5 mod [1]q
3·q, F7 ≡ F6 mod [1]q

4·q, . . ..
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3.2 The Proof of the Main Theorem

Throughout this subsection, we will assume that k and n are positive integers such

that k ≥ 2n, k−2n ≡ 0 mod (q−1) and n ≤ pvalp(k−n). We use the standard notation

A<d := {a ∈ A : deg(a) < d}, A<d+ := A<d ∩ A+, and A2
<d := {(a, b) : a, b ∈ A<d}.

We note that n ≤ pvalp(k−n) if and only if (T − 1)n | (T k−n − 1). Let

F (T ) =
k−2n∑
i=0

ξiT
i

be defined by T k−n − 1 = (T − 1)nF (T ). If k = 2n, then n = k − n is a pth-power

and F (T ) = 1. In general, by setting T = 0 we see that ξ0 = (−1)n+1.

Lemma 3.2.1 (Key Lemma). Given r > 0, there exists a positive integer dr such

that for all d ≥ dr ∑
a∈A<d

aj = 0, ∀j, 1 ≤ j ≤ r.

Proof. Define

Sr,d :=
∑
a∈A<d

ar,

and let v(r) be the sum of the p-adic digits of r.

If (q − 1) - r, then Sr,d = 0. This follows since

A<d − {0} = {θa+ : θ ∈ F∗q, a+ ∈ A<d+}

and summing over F∗q first, we get 0.

The result for r ≡ 0 mod (q − 1) is due to Lee (see [Tha, Section 5.6]).

Remark 3.2.2. If q = pe, then it is a result due to Lee that Sr,d = 0 whenever

v(r) < de(p − 1). A complete vanishing criterion was given by Carlitz. However,

Carlitz simply asserts the result without proving it. It turns that the proof is not

trivial and was only achieved by Jeffrey Sheats in the late 1990s. For more on this,

see [Tha, Sections 5.6-5.8] and the references therein.
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Remark 3.2.3. The previous lemma also follows easily from the vanishing of the

Carlitz zeta function at negative ‘even’ integers, which was first proved by Goss (see

[Go4, Sections 8.8, 8.13]).

Lemma 3.2.4. If d ≥ dk−2n, then

∑′

(u,v)∈A2
<d

(vz)k−n − uk−n

(vz − u)n
=

{
0 k − 2n 6= 0,

−1 k − 2n = 0.

Here the prime on the summation means that we are taking pairs (u, v) 6= (0, 0).

Proof. We break the sum into three parts.

When u = 0 we have v 6= 0. By Key Lemma 3.2.1,∑′

v∈A<d

vk−2nzk−2n = 0 for k − 2n 6= 0.

The case k − 2n = 0 gives −1 for the sum, since we are summing over non-zero v.

Therefore ∑′

v∈A<d

vk−2nzk−2n =

{
0 k − 2n 6= 0,

−1 k − 2n = 0.

When v = 0 we have u 6= 0. By the same argument as for the previous sum,

∑′

u∈A<d

uk−2n =

{
0 k − 2n 6= 0,

−1 k − 2n = 0.

If v 6= 0, u 6= 0, then∑′

u∈A<d

∑′

v∈A<d

(vz)k−n − uk−n

(vz − u)n
=
∑′

u∈A<d

∑′

v∈A<d

uk−2nF
(vz
u

)

=
∑′

u∈A<d

∑′

v∈A<d

k−2n∑
i=0

ξi(vz)iuk−2n−i.

Summing over v and using Key Lemma 3.2.1 we see that only the term i = 0 remains.

But if k−2n 6= 0, then for i = 0 we can sum over u and get 0. Therefore, if k−2n 6= 0∑′

u∈A<d

∑′

v∈A<d

(vz)k−n − uk−n

(vz − u)n
= 0.
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On the other hand, if k − 2n = 0, we get∑′

u∈A<d

∑′

v∈A<d

(vz)k−n − uk−n

(vz − u)n
=
∑′

u∈A<d

∑′

v∈A<d

ξ0(vz)0u0 = ξ0 = (−1)n+1.

Combining these proves the lemma.

Lemma 3.2.5. Let k− 2n > 0. If d ≥ dk−2n, then for any a, b ∈ T dA (not both zero)

we have ∑
(u,v)∈A2

<d

(a+ u)k−n

((a+ u)z + b+ v)n
=

∑′

(u,v)∈A2
<d

(bu− av)k−n

(az + b)k−n((a+ u)z + b+ v)n
.

Note that the left sum does not have the condition that (u, v) 6= (0, 0).

Proof. Assume that (u, v) 6= (0, 0). Then

(bu− av)k−n

(az + b)k−n((a+ u)z + b+ v)n
− (a+ u)k−n

((a+ u)z + b+ v)n

is equal to

((bu− av)− (a+ u)(az + b))n
∑k−2n

i=0 ξi(bu− av)i((a+ u)(az + b))k−2n−i

(az + b)k−n((a+ u)z + b+ v)n
.

Here we have used the identity Xk−n − Y k−n = Y k−2n(X − Y )nF (X/Y ). Since

(bu− av)− (a+ u)(az + b) = −a((a+ u)z + b+ v), the last expression reduces to

(−a)n
∑k−2n

i=0 ξi(bu− av)i((a+ u)(az + b))k−2n−i

(az + b)k−n
.

For 1 ≤ i ≤ k − 2n we consider∑′

(u,v)∈A2
<d

(bu− av)i(a+ u)k−2n−i.

Expanding (bu− av)i by the binomials theorem and summing over v, we see that by

Key Lemma 3.2.1 only the term (bu)i(a+ u)k−2n−i survives. Thus∑′

(u,v)∈A2
<d

(bu− av)i(a+ u)k−2n−i =
∑′

u∈A<d

(bu)i(a+ u)k−2n−i.
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Expanding (a + u)k−2n−i by the binomial theorem and summing over u we get 0 by

Key Lemma 3.2.1.

For i = 0 we have∑′

(u,v)∈A2
<d

(a+ u)k−2n =
∑
u6=0

(a+ u)k−2n
∑
v∈A<d

1 + ak−2n
∑
v 6=0

1

= −ak−2n

Therefore ∑′

(u,v)∈A2
<d

(−a)n
∑k−2n

i=0 ξi(bu− av)i((a+ u)(az + b))k−2n−i

(az + b)k−n

equals
(−1)n+1ak−n

(az + b)n
ξ0.

But ξ0 = (−1)n+1 (we are using k 6= 2n here) and the lemma follows.

Proof of Theorem 3.1.10. In order to reduce notation, we impose the following

conventions: in what follows we will assume that a ∈ T dA, b ∈ T dA, u ∈ A<d and

v ∈ A<d.

Define

φk,n(z) :=
∑′

(u,v)

uk−n

(uz + v)n
+
∑′

(a,b)

∑′

(u,v)

(bu− av)k−n

(az + b)k−n((a+ u)z + b+ v)n
.

Note that the first sum is finite, while the second sum converges, since each term is

bounded by 1
min{|a|,|b|}n in absolute value. We compute

φk,n

(
−1

z

)
=
∑′

(u,v)

uk−nzn

(vz − u)n
+
∑′

(a,b)

∑′

(u,v)

zk(bu− av)k−n

(bz − a)k−n((b+ v)z − (a+ u))n

which by Lemma 3.2.4 equals∑′

(u,v)

(vz)k−nzn

(vz − u)n
+
∑′

(a,b)

∑′

(u,v)

zk(bu− av)k−n

(bz − a)k−n((b+ v)z − (a+ u))n
.
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And by replacing u with −u and a with −a, this equals

zk
∑′

(u,v)

vk−n

(vz + u)n
+ zk

∑′

(a,b)

∑′

(u,v)

(av − bu)k−n

(bz + a)k−n((b+ v)z + (a+ u))n

= zkφk,n(z).

Therefore we have the correct functional equation with respect to z 7→ −1/z.

It remains to show that φk,n has an A-expansion. By Lemma 3.2.5∑′

(a,b)

∑′

(u,v)

(bu− av)k−n

(bz − a)k−n((b+ v)z − (a+ u))n
=
∑′

(a,b)

∑
(u,v)

(a+ u)k−n

((a+ u)z + b+ v)n
.

Thus the sum defining φk,n is equal to∑′

(u,v)

uk−n

(uz + v)n
+
∑′

b

∑
(u,v)

(bu)k−n

bk−n(uz + b+ v)n

+
∑′

a

∑
b

∑
(u,v)

(a+ u)k−n

(az + b)k−n((a+ u)z + b+ v)n
,

which, after multiplying by 1/π̃k−n, becomes∑
u∈A<d

uk−nGn(tu) +
∑
a∈T dA

ak−nGn(ta).

Finally, notice that Gn(tθa) = θ−nGn(ta) and hence the expression above is precisely

−
∑
a∈A+

ak−nGn(ta).

This shows that φk,n is invariant under translations by A (i.e., invariant under z 7→

z + a for all a ∈ A) and that

−1

π̃k−n
φk,n = fk,n =

∑
a∈A+

ak−nGn(ta) ∈ Sk,n(GL2(A)). �

Remark 3.2.6. We want to briefly mention two cases outside of Theorem 3.1.10

which are also of some interest.

First, if k = n, we can make the same definition for φk,n, i.e.,

φk,n(z) =
∑′

(u,v)

1

(uz + v)n
+
∑′

(a,b)

∑′

(u,v)

1

((a+ u)z + b+ v)n
.
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Then φk,n has the correct functional equation under z 7→ −1/z, but Lemma 3.2.5

is no longer true, since∑′

(a,b)

∑′

(u,v)

1

((a+ u)z + b+ v)n
6=
∑
(a,b)

∑′

(u,v)

1

((a+ u)z + b+ v)n
.

Therefore φk,n does not have a t-expansion. To fix this we add the (u, v) = (0, 0)

term to the double sum. The resulting expression is essentially the non-normalized

Eisenstein series En:

φk,n +
∑′

(a,b)

1

(az + b)n
= π̃nEn.

The second case is k = 2n. As n ≤ pvalp(k−n), we see that in this case k−n = n = pν

for some non-negative integer ν. We define φk,n as in the proof. Using Lemma 3.2.4,

we get

φk,n

(
−1

z

)
= zkφk,n + zn.

Lemma 3.2.5 is not true, but it is replaced by the equation

−
∑

(u,v)∈A2
<d

(a+ u)k−n

((a+ u)z + b+ v)n
=

∑′

(u,v)∈A2
<d

(bu− av)k−n

(az + b)k−n((a+ u)z + b+ v)n
.

Therefore if we define

φ∗k,n :=
∑′

(u,v)

uk−n

(uz + v)n
−
∑′

(a,b)

∑′

(u,v)

(bu− av)k−n

(az + b)k−n((a+ u)z + b+ v)n
,

we have

φ∗k,n

(
−1

z

)
= zkφ∗k,n + zn

and
−1

π̃k−n
φ∗k,n = f ∗k,n =

∑
a∈A+

ak−nGn(ta) =
∑
a∈A+

ap
ν

Gpν (ta).

The first equation looks like the functional equation of a quasi-modular form and the

second equation shows that this is Epν , the pν-th power of the false Eisenstein series.
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3.3 Recursion for Fν

In this section, we prove a recursive formula for Fν that is similar to Gekeler’s recursive

formula [Ge3, (6.9)] for gk:

gqk0−1 = [k0 − 1]gqk0−2−1∆
qk0−2

+ gqk0−1−1g
qk0−1

, (k0 ≥ 2).

The proof uses results of Pellarin ([Pe2], [Pe3]) that we recorded in Section 2.4.2.

Recall that we have defined

Fν =
∑
a∈A+

aq
ν

ta ∈ Sqν+1,1(GL2(A)).

Theorem 3.3.1. We have F1 = h, F2 = hgq and the recursive formula for ν ≥ 2

Fν =
gq

hq−1
F q
ν−1 −

[ν − 2]q
2

hq−1
F q2

ν−2.

Proof. In Chapter 2, we defined

E(z, u) =
∑
a∈A+

a(u)ta ∈ C∞[[t, u]],

where u is a new variable independent of t and T . Let ϕ̃ be the partial Frobenius

(the map that fixes u and acts on the elements of C∞[[t]] by x → xq). The space

C∞[[t, u]] also has the usual Frobenius, ϕ, which acts as x→ xq on every element of

C∞[[t, u]]. By definition of ϕ and ϕ̃, we have

(ϕ ◦ ϕ̃−1)νE(z, u)|u=T = Fν .

Pellarin has shown ([Pe2, Proposition 9]) that E satisfies the ϕ̃-difference equation

ϕ̃2 E =
1

u− T q2
(−hq−1E + gq ϕ̃E),

which we rewrite as

E =
gq

hq−1
ϕ̃E− (u− T q2)

hq−1
ϕ̃2 E.
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Applying (ϕ ◦ ϕ̃−1)ν to both sides and plugging in u = T , we get the recursion

Fν =
gq

hq−1
F q
ν−1 −

T q
n − T q2

hq−1
F q2

ν−2.

Remark 3.3.2. The same idea, but using the difference equation for

E2 =
∑
a∈A+

a(u)2t2a,

can be used to compute recursive relations between

Φν,2 =
∑
a∈A+

a2qν t2a,

for different ν’s. However, one should note that, rather than having E2 satisfy an

equation in E, ϕ̃E2, ϕ̃2 E2, we have:

E2 =
g2q

h2(q−1)
ϕ̃E2 +

(u− T q2)2

h2(q−1)
ϕ̃2 E2 − 2

gq(u− T q2)
h2(q−1)

ϕ̃E · ϕ̃2 E.

Computational evidence suggests that we also have recursive relations between

Φν,j =
∑
a∈A+

ajq
ν

tja

for j ≤ q. It was also observed computationally that

Ej =
∑
a∈A+

a(u)jtja, j ≤ q.

If we can prove the equation for Ej, then the difference equation for Ej will allow us

to prove the recursive relations among the Φν,j. We hope to return to this in future

work.
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Example 3.3.3. Using the recursion, one easily computes:

F3 =
∑
a∈A+

aq
3

ta = hgq
2+q − [1]q

2

hq(q−1)+1,

F4 =
∑
a∈A+

aq
4

ta = hgq
3+q2+q − [2]q

2

hq(q−1)+1gq
3 − [1]q

3

hq
2(q−1)+1gq,

F5 =
∑
a∈A+

aq
5

ta = hgq
4+q3+q2+q − [3]q

2

hq(q−1)+1gq
4+q3 ,

− [2]q
3

hq
2(q−1)+1gq

4+q − [1]q
4

hq
3(q−1)+1gq

2+q,

+ [1]q
4

[3]q
2

h(q3+q)(q−1)+1.

Write

Fν = h∆aνgbνφν(j),

where j is the Drinfeld j-invariant

j(z) :=
g(z)q+1

∆(z)
,

and the exponents aν , bν are determined by qν − q = aν(q
2 − 1) + bν(q − 1) with

aν ≥ 0, 0 ≤ bν ≤ q.

For the remainder of this section, we investigate the properties of the sequences

{aν}, {bν} and {φν}. To that end, note that plugging into the recursion we get

Fν = h(∆qaν−1gq(bν−1+1)φqν−1 − [ν − 2]q
2

∆q2aν−2+qgq
2bν−2φq

2

ν−2).

Thus we have a1 = 0, a2 = 0, a3 = q = 0 · q2 + q and

aν = max{qaν−1, q
2aν−2 + q}.

By induction one proves that

Theorem 3.3.4.

aodd = q2aodd−2 + q, aeven = qaeven−1.

and

bodd = 0, beven = q.
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Proof. All we need to prove is the recursion for the aν ’s. We induct on ν.

First, let ν be even. Then

aν = max{qaν−1, q
2aν−2 + q}

= max{q(q2aν−3 + q), q2qaν−3 + q}

= max{q3aν−3 + q2, q3aν−3 + q}

= qaν−1.

Second, let ν be odd. Then

aν = max{qaν−1, q
2aν−2 + q}

= max{q2aν−2, q
2aν−2 + q}

= q2aν−2 + q.

Next, we look at the properties of φν .

One can easily compute the first several φν ’s:

φ1 = 1,

φ2 = 1,

φ3 = jq − [1]q
2

,

φ4 = jq
2 − [2]q

2

jq
2−q − [1]q

3

,

φ5 = jq
3+q − [3]q

2

jq
3 − [2]q

3

jq
3−q2+q − [1]q

4

jq + [1]q
4

[3]q
2

.

Using the recursion for the Fν ’s, we get

φν = ∆qaν−1−aνgqbν−1+q−bνφqν−1 − [k − 2]q
2

∆q2aν−2+q−aνgq
2bν−2−bνφq

2

ν−2.

This and the properties of the aν ’s and the bν ’s show that we have φ1 = φ2 = 1

and the recursion:

ν odd , φν = jqφqν−1 − [ν − 2]q
2

φq
2

ν−2;

ν even , φν = φqν−1 − [ν − 2]q
2

jq
2−qφq

2

ν−2.
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Putting φν = ψqν , this shows that ψ1 = ψ2 = 1 and we have the recursion:

ν odd , ψν = jψqν−1 − [ν − 2]qψq
2

ν−2;

ν even , ψν = ψqν−1 − [ν − 2]qjq−1ψq
2

ν−2.

The polynomials ψν are not separable. Indeed, if ν is odd, then

gcd(ψν , ψ
′
ν) = (ψν−2).

And if ν is even, then

gcd(ψν , ψ
′
ν) = (ψν−1).

Thus ψ1, ψ2, ψ3 are separable, and the rest of them are not.

Computing the Newton polygon of the ψν suggests that

Conjecture 3.3.5. The polynomial ψν has ν − 2 zeros with |j| = qq
ν−1

and the rest

of its zeros satisfy |j| ≤ qq.

3.4 Relations with Hasse Derivatives

In this section, we recall the theory of Hasse derivatives4 (see [BoPe, Section 3]). We

will recall when Hasse derivatives take Drinfeld modular forms to Drinfeld modular

forms (with different weight and possibly different type). Hasse derivatives take A-

expansions to A-expansions, and therefore they can be used to generate A-expansions

from the special family {fs}. It is unclear if this process generates all the forms fk,n

from Theorem 3.1.10.

Definition 3.4.1. Let f : Ω → C∞ be any rigid analytic function. Define the nth

unaltered Hasse derivative, Dnf(z), by the formula

f(z + ε) =
∑
n≥0

Dnf(z)εn,

4Some authors also call them divided derivatives.
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where ε is taken small in absolute value. The nth Hasse derivative, Dn f , is defined

by the formula

Dn =
(−1)n

π̃n
Dn.

One can show (see [BoPe, Section 3] and the references therein) that the Dn’s

form an iterative family of higher differentials, i.e.,

• they are C∞-linear maps, with D0 a multiple of the identity;

• we have a Leibniz rule: Di(fg) =
∑i

r=0(Dr f)(Di−r g);

• we have DiDj = Dj Di =
(
i+j
i

)
Di+j.

It is an easy exercise involving the geometric series to show that

Dn
(

1

(π̃az + π̃b)w

)
=

(
w + n− 1

n

)
an

(π̃az + π̃b)n+w
.

Therefore, using w = 1, we see that

Dn

∑
a∈A+

cata

 =
∑
a∈A+

caa
nGπ̃A,n+1(ta) = κn

∑
a∈A+

caa
nGn+1(ta).

Here κn is the constant such that Gπ̃A,n+1(X) = κnGn+1(X). Bosser and Pellarin

[BoPe, Lemma 3.4] have shown the following result concerning the action of Dn on

Drinfeld modular forms:

Theorem 3.4.2. If f ∈Mk,m(GL2(A)), then for γ ∈ GL2(A) we have

Dn f(γz) = (det γ)−m−n(cz + d)k+2nDn f(z)

+ (det γ)−m−n(cz + d)k+2n

n∑
j=1

(
k + n− 1

j

)(
c

cz + d

)j
Dn−j f(z).

This shows that if(
k + n− 1

j

)
≡ 0 mod p, ∀j, 1 ≤ j ≤ n,
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then Dn preserves modularity, i.e., Dn : Mk,m(GL2(A))→Mk+2n,m+n(GL2(A)).

We want to use the Hasse derivatives Dn and the special family {fs} to produce

other forms with A-expansions. We have the following result:

Theorem 3.4.3. Let q = p. Given pν−1 ≤ n < pν one can find sν−1, where 0 ≤

sν−1 < p, depending only on n, so that

Dn : Mpνsν−1+pν(p−1)w−n+1,1(GL2(A))→Mpνsν−1+pν(p−1)w+n+1,1+n(GL2(A)),

for any non-negative integer w. Applying this to the appropriate fs, we have

Dn

∑
a∈A+

ap
νsν−1+pν(p−1)w−nta

 = κn
∑
a∈A+

ap
νsν−1+pν(p−1)wGn+1(ta).

Proof. Put σ = k + n − 1, where k for now is arbitrary positive integer. Let ν =

blogp(n)c as above.

It is a standard exercise in using Lucas’ Theorem, i.e.,(∑
i σip

i∑
i jip

i

)
≡
(
σ0

j0

)(
σ1

j1

)
· · ·
(
σν−1

jν−1

)
mod p where 0 ≤ σi, ji < p,

to show that ((
σ

j

)
≡ 0 mod p, ∀j, 1 ≤ j ≤ n

)
⇐⇒ σ = pνu.

Assume now that f is a Drinfeld modular form of weight k, and use the result of

Bosser and Pellarin (Theorem 3.4.2). It follows that if Dn f is a modular form, then

we must have k + n− 1 = pνu, where u is a positive integer.

We still have to show that k = p+ s(p− 1) + 1 for some s. We do this next.

Recall that we have fixed n = n0 +n1p+ · · ·+nν−1p
ν−1, so we can solve recursively

for the p-adic digits of s = s0 + s1p+ · · ·+ sν−1p
ν−1 + pνw in

pνu = p+ (p− 1)(s0 + s1p+ · · ·+ sν−1p
ν−1 + pνw) + n0 + n1p+ · · ·+ nν−1p

ν−1.

Note that sν−1 is uniquely determined by n. On the other hand, w depends on

n and u, and conversely u depends on w and n. Therefore, we think of w as an
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arbitrary non-negative integer and of u as a positive integer determined by a choice

of w and n.

Once we have solved for the si’s we get that

k = pνsν−1 + pν(p− 1)w − n+ 1,

where w is an arbitrary non-negative integer. Combining this with Theorem 3.4.2

gives the rest.

Remark 3.4.4. The proof of the previous theorem also shows that

Dn gk = 0

for any n for which Dn preserves modularity. Indeed, if we put k = pνu−n+ 1, then

Dn
(

1

(π̃az + π̃b)k

)
=

(
k + n− 1

n

)
∗ =

(
pνu

n

)
∗ = 0.

An argument similar to the proof of Theorem 3.4.3 shows:

Theorem 3.4.5. Let q = pe. Given pν−1 ≤ n < pν we have:

1. if ν ≤ e, then

Dn : Sq(n+1)+pν(q−1)w+1−n,1(GL2(A))→Mq(n+1)+pν(q−1)w+1+n,1+n(GL2(A))

and

Dn

∑
a∈A+

aq(n+1)+pν(q−1)w−nta

 = κn
∑
a∈A+

aq(n+1)+pν(q−1)wGn+1(ta).

2. if ν > e, then one can find σ < pν such that

Dn : Sqσ+pν(q−1)w+1−n,1(GL2(A))→Mqσ+pν(q−1)w+1+n,1+n(GL2(A))

and

Dn

∑
a∈A+

aqσ+pν(q−1)w−nta

 = (−1)n
∑
a∈A+

aqσ+pν(q−1)wGn+1(ta).
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The reader should notice that all the A-expansions that are produced from the

results above can be found by Theorem 3.1.10. It is not known if we can prove

Theorem 3.1.10 by just showing that the special family {fs} consists of Drinfeld

modular forms and use Hasse derivatives to complete the proof. However, we know

that we can prove important special cases of Theorem 3.1.10 by this procedure:

Corollary 3.4.6. Assume that we know that the special family {fs} consists of Drin-

feld modular forms. Let n < qν. Then we have∑
a∈A+

aq
ν(n+1)Gn+1(ta) ∈ S(qν+1)(n+1),n+1(GL2(A)).

Proof. If j < qν , then(
qν(n+ 1)

j

)
=

(
q + 1 + (qν − 1)(n+ 1)− (q − 1) + n− 1

j

)
≡ 0 mod p.

Hence we can use Dn to preserve modularity and get

Dn

∑
a∈A+

aq+(qν−1)(n+1)−(q−1)ta

 = κn
∑
a∈A+

aq
ν(n+1)Gn+1(ta).

3.5 The Residues of fs on the Quotient Tree GL2(A)\T

In this section, we recall the theory of harmonic cocycles on GL2(A)\T and its con-

nections with cuspidal Drinfeld modular forms following [Te1] and [Te3]. Our goal is

to compute the residues of the form fs from Corollary 3.1.11 on the tree GL2(A)\T .

This is achieved in Theorem 3.5.6. The reader should be aware that the normaliza-

tions from [Te3, Section 1], which we follow, differ from the normalizations in [Bö1,

Chapter 5].

Recall that in Theorems 2.3.4 and 2.3.7 in Chapter 2, we defined a covering of Ω

by affinoids that reflected the combinatorial structure of the Bruhat-Tits Tree T of
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GL2(K∞). We also described the structure of the quotient tree Γ\T , when Γ is a

congruence subgroup. In his 1991 paper [Te1], Jeremy Teitelbaum showed that the

space of cuspidal Drinfeld modular forms for Γ is isomorphic to a space of certain

functions on the tree T , called harmonic cocycles (see Definition 3.5.1 below). In this

section, we will only look at the case Γ = GL2(A), but the reader should be aware

that for other congruence subgroups (such as Γ1(T ) and Γ(T )), Böckle has described

exactly what happens with double cuspidal forms under this isomorphism (see [Bö1,

Theorem 5.19]). Until further notice, e will denote an oriented edge of T , v a vertex

of T , and the notation e 7→ v will mean that e ends at v.

Again from Chapter 2, recall that we have the following affinoid subsets of Ω

Uv0 =

{
z ∈ Ω :

1

q
< |z| < q, |z − β| > 1

q
, β ∈ Fq

}
,

Ue0 = {z ∈ Ω : 1 < |z| < q} .

According to Theorem 2.3.7, the quotient graph GL2(A)\T has one infinite end cor-

responding to the cusp at infinity. Therefore, GL2(A)\T is a half line that consists of

vertices {vν}ν≥0 and oriented edges {eν = (vν , vν+1)}ν≥0 such that, under the reduc-

tion map e0, corresponds to Ue0 and v0 corresponds to Uv0 . Recall that in Chapter 2

we also had an action of GL2(A) on T that was induced from the natural action on

lattices. Under this action we have

vν =

[
T ν 0
0 1

]
v0

and consequently

eν =

[
T ν 0
0 1

]
e0.

Definition 3.5.1. Let X and Y be two indeterminates. A harmonic cocycle of weight k

and type m is a map w from the set of oriented edges of T to the space of C∞-valued

functions on the set of homogeneous polynomials in X and Y of degree k− 2 such that

w satisfies

w(−e) = −w(e),
∑
e7→v

w(e) = 0.
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Any such map w is uniquely determined by its values on the monomials XjYk−2−j with

0 ≤ j ≤ k− 2. We will usually write we to mean w(e). Notice that so far the type m

is irrelevant.

We define a left action of GL2(A) on the space of harmonic cocycles of weight k

and type m by

γ ∗ we(XjYk−2−j) := (det γ)1−mwe((aγX + bγY)j(cγX + dγY)k−2−j).

A harmonic cocycle is called GL2(A)-invariant if γ ∗ we = wγ∗e for all γ ∈ GL2(A).

The space of GL2(A)-invariant harmonic cocycles of type k and weight m is a finite-

dimensional C∞-vector space and will be denoted by Char
k,m(GL2(A)).

Remark 3.5.2. Teitelbaum has shown that every GL2(A)-invariant harmonic cocycle

is cuspidal, i.e., it vanishes off of a finite subgraph of T . This is actually one way of

showing that Char
k,m(GL2(A)) is finite-dimensional. For congruence subgroups Γ with

no `-power torsion (for all primes `, ` 6= p), we have an even better result. For such Γ

one can show that any Γ-invariant harmonic cocycle is determined by the its values on

special kinds of edges called sources (see [Te1, page 505]). As the set of sources can be

determined in many cases, such as Γ1(T ), where the set consists of only one element,

this allows for explicit computations with harmonic cocycles (see [LiMe, Sections 7, 8]

for examples). Unfortunately GL2(A) and Γ0(n) have `-power torsion when q > 2.

But if f ∈ Sk,m(GL2(A)), then by inclusion also f ∈ Sk,m(Γ1(T )). Therefore any such

f is determined uniquely by its values on the source of Γ1(T ), which is the edge e′0

corresponding to the annulus

U′e0 =

{
z ∈ Ω :

1

q
< |z| < 1

}
(see [LiMe, Section 7]).

We need the theory of residues from rigid analytic geometry. Instead of giving

the most general treatment, we present the ad hoc approach from [Te3, Section 1].
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Let f ∈ Mk,m(GL2(A)). By the theory of rigid analytic functions on Ue0 (see [FrvD,

Section 2.3]), we know that if we restrict f to Ue0 , then we can expand f into a

two-sided convergent series

f(z) =
∑
n∈Z

ξnz
n.

We define the residue of f on Ue0 (or on e0 for short) to be

Rese0(f(z)dz) := ResUe0 (f(z)dz) = ξ−1.

If e = γ ∗ e0 is any other edge of T , then we define the residue of f on e by expanding

f(z)dz into a series ∑
n∈Z

ξnu
ndu, where u = γ−1(z),

and declaring

Rese(f(z)dz) = ξ−1.

Definition 3.5.3. Let f ∈ Mk,m(GL2(A)). We define the residue Res(f) of f to be

the harmonic cocycle of weight k and type m uniquely defined by

Res(f)e(X
jYk−2−j) := Rese(z

jf(z)dz), 0 ≤ j ≤ k − 2.

Remark 3.5.4. It is a theorem that the definition actually produces a GL2(A)-

invariant harmonic cocycle (see [Te3, page 198]).

Theorem 3.5.5. The map f 7→ Res(f) restricts to an isomorphism between the

vector spaces Sk,m(GL2(A)) and Char
k,m(GL2(A)).

This is a special case of the main result (Theorem 16) of [Te1], where Teitelbaum

proves that this holds for any congruence subgroup Γ. The isomorphism between

cuspidal modular forms and harmonic cocycles described in the theorem is used in

the proof of the main result of [Bö1], which we will recall in the next chapter. The

reader should be aware that the homological interpretation used by Böckle is valid
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only when Γ has no `-power torsion (` different than p), therefore it is valid for Γ1(T )

and Γ(T ), but not for GL2(A) or Γ0(T ).

Since the forms fk,n from Theorem 3.1.10 are explicitly given, we want to compute

their residues on the tree GL2(A)\T . We only give the formulas for the special

family fs, since the formulas for general fk,n can be computed by the same method,

but get very complicated. As we have already mentioned (see Remark 3.5.2), the

harmonic cocycle associated to fs is uniquely determined by its value on e′0. One

checks that

Res(f)e0(X
jYk−2−j) = (−1)k−2−j Res(f)e′0(X

k−2−jYj).

Indeed, by using the procedure above with

e′0 =

[
0 −1
1 0

]
e0

shows that we can take u = −1
z

as the variable on the set corresponding to e′0. We

compute that if

zjf(z)dz = zj
∑
n∈Z

anz
ndz, an ∈ C∞

then

ujf(u)du = uj
∑
n∈Z

(−1)nanu
−n−2du.

Hence, Rese0(z
jf(z)dz) = a1−j and Rese′0(u

jf(u)du) = (−1)j−1aj−1.

Since we have this explicit relation between Res on e0 and e′0, and because the

values of a Γ1(T )-equivariant harmonic cycle on e′0 determine it uniquely, it will suffice

to find the values of Res(f) on e0. To simplify the notation, let us define

ws(j) := Rese0(z
jfs(z)dz).

We remind the reader of the following standard notation:

Ad := {a ∈ A : deg(a) = d}, A<d := {a ∈ A : deg(a) < d}

and A≤d := {a ∈ A : deg(a) ≤ d}.
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Theorem 3.5.6. Let fs be one of the forms from the special family of Corollary 3.1.11.

Let d ≥ dq+s(q−1). Recall that by Lemma 3.2.1 that this ensures that the l-power sum

over A<d vanishes for 1 ≤ l ≤ q + s(q − 1). Let 0 ≤ j ≤ (s + 1)(q − 1), and write

i := (s+ 1)(q − 1)− j. We have

−π̃q+s(q−1)ws(j) =


0 if j = 0,

0 if j 6≡ 0 mod (q − 1),

1 +
∑d−1

µ=1

∑
u∈Aµ

∑
v∈A≤µ v

jui otherwise.

Proof. If z ∈ Ue0 , then |z| = qε, with 0 < ε < 1. Notice that the infinite part of

the sum defining fs is absolutely convergent, hence holomorphic, and so does not

contribute to the residue. Therefore

Rese0(z
jfs(z)dz) = Rese0

zj∑′

(u,v)

uq+s(q−1)

uz + v
dz

 =
∑′

(u,v)

Rese0

(
zj
uq+s(q−1)

uz + v
dz

)
.

We have several cases:

If v = 0, then u 6= 0 and we have

Rese0

(
zj
uq+s(q−1)

uz + v
dz

)
= Rese0

(
zj−1u(s+1)(q−1)dz

)
.

Therefore the residue from such a term is zero unless j = 0, in which case it is

u(s+1)(q−1).

If u = 0, then the residue is 0.

If u 6= 0, v 6= 0 and |uz
v
| < 1, i.e., deg(v) > deg(u), then we have

uq+s(q−1)

uz + v
=
uq+s(q−1)

v

1

1 + uz
v

,

and expanding in uz
v

shows that the residue is 0.

Finally, if u 6= 0, v 6= 0 and | v
uz
| < 1, i.e., deg(v) ≤ deg(u), then we have

uq+s(q−1)

uz + v
=
u(s+1)(q−1)

z

1

1 + v
uz

=
∞∑
n=0

(−1)nvnu(s+1)(q−1)−nz−(n+1)

and therefore

Rese0

(
zj
uq+s(q−1)

uz + v
dz

)
= (−1)jvju(s+1)(q−1)−j.
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If j = 0, then

Rese0(z
0fs(z)dz) =

∑′

u∈A<d

u(s+1)(q−1) +
∑′

u∈A<d

u(s+1)(q−1)
∑′

v∈A≤deg(u)

1

=
∑′

u∈A<d

u(s+1)(q−1)
∑

v∈A≤deg(u)

1

= 0.

If j > 0, let i = (s+ 1)(q − 1)− j. We have

Rese0(z
jfs(z)dz) = (−1)j

∑′

u∈A<d

∑′

v∈A≤deg(u)

vjui

= (−1)j

∑
θ∈F∗q

∑
σ∈F∗q

θjσi +
d−1∑
µ=1

∑
u∈Aµ

∑
v∈A≤µ

vjui


If j 6≡ 0 mod (q − 1), then both sums are 0. Otherwise the first double sum is

equal to 1 and we obtain the result.

The constant −π̃q+s(q−1) appears above because we are using the lattice π̃A, rather

than A, to define Gn.

Example 3.5.7. We compute the values of Res(fs)e0 for 0 ≤ s ≤ 7 when q = 3.

In order to simplify things we will use the following notation for the tuple of values:

⇀

Res(fs) := −π̃q+s(q−1)(ws(0), ws(1), . . . , ws((s+ 1)(q − 1))).

In this notation,
⇀

Res(f0) =
⇀

Res(h) = (0, 0, 1),
⇀

Res(f1) =
⇀

Res(hg) = (0, 0, 1, 0, 1),
⇀

Res(f2) =
⇀

Res(hg2) = (0, 0, 1, 0, 1, 0, 1),
⇀

Res(f3) =
⇀

Res(hg3) = (0, 0, 1, 0, 1, 0, 1, 0, 1),
⇀

Res(f4) = (0, 0, 1, 0, 1, 0, 1, 0, [1]2 + 1, 0, 1),
⇀

Res(f5) = (0, 0, 1, 0, 1, 0, 1, 0, [1]2 + 1, 0, 1, 0, 1),
⇀

Res(f6) = (0, 0, 1, 0, 1, 0, 1, 0, [1]2 + 1, 0, 1, 0, 1, 0, 1),
⇀

Res(f7) = (0, 0, 1, 0, 1, 0, 1, 0, [2][1] + 1, 0, 1, 0, 1, 0, [2][1] + 1, 0, 1).
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Remark 3.5.8. As mentioned before, we can also compute the residues of fs for

the tree Γ1(T )\T , as presented in [LiMe, Section 7]. Harmonic cocycles that are

Γ1(T )-invariant are in some sense simpler to compute with. Indeed, as we noted in

Remark 3.5.2, they are uniquely determined by the values on the edge e′0, and we

have

Res(f)e0(X
jYk−2−j) = (−1)k−2−j Res(f)e′0(X

k−2−jYj).

Therefore the theorem above shows that for j in the range 0 ≤ j ≤ (s+ 1)(q− 1) and

i = (s+ 1)(q − 1)− j, we have

−π̃q+s(q−1) Rese′0(fs)(X
jYi) =


0 if j = (s+ 1)(q − 1),

0 if j 6≡ 0 mod (q − 1),

1 +
∑d−1

µ=1

∑
u∈Aµ

∑
v∈A≤µ v

iuj otherwise.

Unfortunately, we have been unsuccessful in finding special properties of the residues

of the family fs (or the bigger family fk,n), which will single them out among harmonic

cocycles. It would be interesting to understand the Hecke action in terms of the

residues as in [LiMe, Section 7]. Classically the residues are related to special values

of L-functions (see [Da1, Chapters 5, 6]). We hope to return to these issues in future

work.

3.6 Computational Examples

We want to end Chapter 3 with explicit computations based on Theorem 3.1.10.

3.6.1 q = 2

There is only one type, m = 0. The form g is of weight 1 and h is of weight 3. The

pairs (k, n) that satisfy the hypothesis of Theorem 3.1.10 are

(3, 1), (4, 1), (5, 1), (6, 1), (6, 2), (7, 1), (7, 3), (8, 1), (8, 2), (9, 1), (10, 1), (10, 2),

(11, 1), (11, 3), (12, 1), (12, 2), (12, 4), (13, 1), (13, 5), (14, 2), (14, 6), (15, 1), (15, 3),

(15, 7), (16, 1), (16, 2), (16, 4), (17, 1), (18, 1), (18, 2), (19, 1), (19, 3), . . .
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Some of the resulting eigenforms are∑
a∈A+

a2ta = h ∈ S3,0(GL2(A)),∑
a∈A+

a3ta = hg ∈ S4,0(GL2(A)),∑
a∈A+

a4ta = hg2 ∈ S5,0(GL2(A)),∑
a∈A+

a5ta = hg3 + [1]2h2,
∑
a∈A+

a4t2a = h2 ∈ S6,0(GL2(A)),∑
a∈A+

a6ta = hg4 + [1]2h2g,
∑
a∈A+

a4G3(ta) = h2g ∈ S7,0(GL2(A)),∑
a∈A+

a7ta = hg5 + [1]3h2g3,
∑
a∈A+

a6t2a = h2g2 ∈ S8,0(GL2(A)),∑
a∈A+

a8ta = hg6 + [1]4h3 ∈ S9,0(GL2(A)),∑
a∈A+

a9ta = hg7 + [2]2h2g4 + [1]4h3g ∈ S10,0(GL2(A)),∑
a∈A+

a8t2a = h2g4 ∈ S10,0(GL2(A)).

The reader can see that this agrees with our recursion for

Fν =
∑
a∈A+

aq
ν

ta.

For dimension reasons, the spaces Sj,0(GL2(A)), 3 ≤ j ≤ 8, are diagonalizable with

respect to the Hecke action of T. We have already remarked that S9,0(GL2(A)) is not

diagonalizable.

The space S10,0(GL2(A)) is 3-dimensional and the examples above give two eigen-

forms: hg7 +[2]2h2g4 +[1]4h3g with eigensystem {λp = ℘}, and h2g4 with eigensystem

{λp = ℘2}. The form

φ = h2g4 + [1]h3g

is double cuspidal and we have verified that

Tp φ = ℘3φ, for all p of degree ≤ 4.
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This already shows that the space S10,0(GL2(A)) is diagonalizable for the action of T

with eigenbasis {hg7 + [2]2h2g4 + [1]4h3g, h2g4, φ}. The last statement follows from

the commutativity of the operators {Tp}p∈SpecA and the fact that the characteristic

polynomial of Tp with deg(p) ≤ 4 does not have repeated roots. However, it is

much more difficult to show that λp(φ) = ℘3 for all p, which we expect from our

computations for p with deg(p) ≤ 4. One thing that we can prove though is that if

we assume that φ is an eigenform with eigensystem {λp = ℘3}, then φ does not have

an A-expansion. If it did, then by multiplicity one for forms with A-expansions, we

would have

φ =
∑
a∈A+

a7G3(ta),

but this is false, i.e., the t-expansions on both sides do not agree.

We also give several examples of spaces of higher weight.

If k = 47, then the space S47,0(GL2(A)) has dimension equal to 14. Using Theo-

rem 3.1.10, we get four cuspidal eigenforms with A-expansions:∑
a∈A+

a46ta,∑
a∈A+

a44G3(ta) =
∑
a∈A+

a44(t2a + [1]t3a),∑
a∈A+

a40G7(ta) =
∑
a∈A+

a40(t4a + [2]t6a + [2][1]t7a),∑
a∈A+

a32G15(ta) =
∑
a∈A+

a32(t8a + [3]t12
a + [3][2]t14

a + [3][2][1]t15
a ).

As the examples for small k show, it is not true that the number of forms produced by

Theorem 3.1.10 necessarily grows with k. For example, if k = 101 the 33-dimensional
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space S101,0(GL2(A)) only has three forms with A-expansions:∑
a∈A+

a100ta,∑
a∈A+

a96G4(ta),∑
a∈A+

a64G37(ta).

3.6.2 q = 3

There are two types m = 0 and m = 1.

We first look at type m = 0. The pairs (k, n) that satisfy the hypothesis of

Theorem 3.1.10 are

(8, 2), (14, 2), (20, 2), (22, 4), (24, 6), (26, 2), (26, 8), (32, 2), (38, 2), (40, 4), (42, 6),

(44, 2), (44, 8), (50, 2), (56, 2), (58, 4), (60, 6), (62, 2), (62, 8), (64, 10), (66, 12), . . .

Therefore the first forms with A-expansions are∑
a∈A+

a6t2a = h2 ∈ S8,0(GL2(A)),∑
a∈A+

a12t2a = h2g3 ∈ S14,0(GL2(A)),∑
a∈A+

a18t2a = h2g6 ∈ S20,0(GL2(A)),∑
a∈A+

a18G4(ta) = h2g7 − [1]h4g3 ∈ S22,0(GL2(A)),∑
a∈A+

a18t6a = h6 ∈ S24,0(GL2(A)),∑
a∈A+

a24t2a = h2g9 − [1]6h6g,
∑
a∈A+

a18G8(ta) = h6g ∈ S26,0(GL2(A)).

Notice that there are spaces that have no cuspidal eigenforms with A-expansions. One

such space is S10,0(GL2(A)), which is a one-dimensional space spanned by h2g. We do

not know of any way to compute the eigensystem of h2g. However, from computations

for p of degree ≤ 4, we suspect that the eigensystem is {λp = ℘(T ) · ℘(−T 3 − T )}.
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If we continue to compute the Hecke action, we can see that h2g2 is an eigenform,

since S2
12,0(GL2(A)) is one-dimensional. We have

Tp h
2g2 = ℘4h2g2, for all p of degree ≤ 4.

However, h2g2 does not have an A-expansion. There are other examples of the same

phenomenon.

So far we have only seen eigenforms with rational eigenvalues, but this is not

always the case. The space S16,0(GL2(A)) is the first space where we see eigenvalues

that are quadratic over K. Let δ be an element such that δ2 = [2]/[1]. The form

φ = h2g4 + [1](1 + δ)h4

is an eigenform (at least for Tp with p of degree ≤ 4). And for deg(p) ≤ 4 we have

Tp φ = ℘(T ) · ℘(T + [1]δ)φ.

There are more examples of quadratic eigenvalues for other weights.

Let us now look at type m = 1. The pairs (k, n) that satisfy the hypothesis of

Theorem 3.1.10 are

(4, 1), (6, 1), (8, 1), (10, 1), (12, 1), (12, 3), (14, 1), (14, 5), (16, 1), (16, 7), (18, 1),

(18, 3), (20, 1), (22, 1)(24, 1), (24, 3), (26, 1), (28, 1), (30, 1), (30, 3), (32, 1),

(32, 5), (34, 1), (34, 7), (36, 1), (36, 3), (36, 9), . . .

Because the spaces S2j,1(GL2(A)) are one or two-dimensional for 2 ≤ j ≤ 9, we

see from the list above that all these spaces are diagonalizable and have a basis of

eigenvectors with A-expansions.

We also have examples:∑
a∈A+

a27G25(ta) = h9g8 − [1]h11g4 + [1]2h13 ∈ S52,1(GL2(A)),∑
a∈A+

a81G79(ta) = h27g26 − [1]h29g22 + [1]2h31h18

− [2]h33g14 − [1][2]h35g10 + [2]2h39g2 ∈ S160,1(GL2(A)).
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3.6.3 q = 4

There are three types, m = 0, 1, 2, and we have A-expansions in every type.

For type m = 0 the pairs (k, n) are

(15, 3), (27, 3), (30, 6), (39, 3), (51, 3), (54, 6), (57, 9), (60, 12), . . .

For type m = 1 the pairs (k, n) are

(5, 1), (8, 1), (11, 1), (14, 1), (17, 1), (20, 1), (20, 4), (23, 1), (23, 7), . . .

For type m = 2 the pairs (k, n) are

(10, 2), (13, 5), (16, 2), (22, 2), (28, 2), (34, 2), (37, 5), (40, 2), (40, 8), . . .

3.6.4 Natural Questions

The previous examples have answered or given evidence for the answers to several

natural questions, which we record below.

• Do all cuspidal eigenforms have A-expansions? The answer is clearly No. In-

deed there are far fewer forms with A-expansions than to linear independent

forms as q and k grow.

• Does every cuspidal eigenform with eigensystem {λp = ℘n} possess an A-

expansion? We strongly suspect that the answer is No. The example that

we have in mind is h2g2 for q = 3, k = 12, m = 0. The only reason that we

cannot be completely certain is that we cannot show that the eigenform h2g2

has eigenvalues λp = ℘4 for all p, but we have verified this for p of degree ≤ 4.

• Do all the cuspidal forms with A-expansions come from differentiating the special

family of type 1 forms? We strongly suspect that the answer is Yes, since this

is true in all cases that we have computed.
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Chapter 4

Galois Representations attached to cuspidal

eigenforms

In this chapter, we summarize the theory of crystals over function fields and its con-

nections with Drinfeld modular forms: see [BöPi] and [Bö1]. The association of Hecke

characters to cuspidal and double cuspidal Drinfeld eigenforms is a recent develop-

ment, and there are many open questions, suggested by the theory of classical modular

forms, that remain to be answered. We will show that applications of A-expansions to

Drinfeld modular forms for Γ1(T ) and Γ0(T ) will reprove results of Böckle regarding

the diagonalizability of the quotient space of cuspidal Drinfeld modular forms modulo

double cuspidal Drinfeld modular forms.

4.1 Hecke Characters and Compatible Systems of Galois Rep-
resentations

We want to recall the definitions of Hecke characters and compatible systems of Galois

representation. Our main references are [Bö2] and [Se2]. The reader is advised to

consult the first reference for the most general definitions.

We begin by fixing an algebraic closure Kalg of K, and the separable closure Ksep

of K inside Kalg. We let GK denote the Galois group Gal(Ksep/K).

Definition 4.1.1. A set of Hodge-Tate weights is a finite subset of embeddings Σ ⊂

Emb(K,Kalg), together with numbers nσ ∈ Z[1/p] for σ ∈ Σ. A Hodge-Tate character

is a homomorphism ψ : K∗ → (Kalg)∗ for which there exists a set of Hodge-Tate

weights (Σ, (nσ)) such that

ψ : a 7→
∏
σ∈Σ

σ(a)nσ .
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Recall that A∗K denotes the set of ideles of K.

Definition 4.1.2. An algebraic Hecke character, or simply a Hecke character, of K

is a continuous homomorphism

χ : A∗K → (Kalg)∗

such that its restriction to K∗ is a Hodge-Tate character. The set of Hodge-Tate

weights for this Hodge-Tate character is called the set of Hodge-Tate weights for χ.

Let L ⊂ Kalg be a finite extension of K. We use v to denote a place of L.

Definition 4.1.3. An L-rational strictly compatible system {%v} of n-dimensional

mod v representations of GK with defect set D ⊂ Spec(AL) and ramification set

S ⊂ Spec(A) consists of the following data

• for each place v outside of D, a continuous semisimple representation

%v : GK → GLn(Fv)

which is unramified outside of a finite set that includes S.

• for each place p outside of S and for each v outside of D, a monic polynomial

fp ∈ L[z] of degree n such that

CharPol(%v(ϕp)) ≡ fp mod v.

Remark 4.1.4. If % : GK → Aut(V ) is a v-adic or mod v Galois representation, then

V has a composition series

0 = Vm ⊂ · · · ⊂ V1 ⊂ V0 = V

of GK-invariant subspaces with Vi/Vi+1 irreducible. The representation defined by

V ′ = ⊕m−1
i=0 Vi/Vi+1 is semi-simple and has characteristic polynomials at Frobenii that

agree with those of % for almost all primes. We call this the semisimplification of %

and denote it by %ss.
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In [Bö2, Section 2.6] Böckle shows how, given a Hecke character χ with Hodge-

Tate weights (Σ, (nσ)σ∈Σ) and a finite extension L that contains σ(K) for all σ ∈ Σ

and χ(A∗K) ⊂ L, one can construct an L-rational strictly compatible system of 1-

dimensional representations of GK . This strictly compatible system {%χ,v} has defect

set and ramification set that are explicitly computable, and the corresponding family

of characteristic polynomials is given by

fp(z) = z − χ((1, . . . , ℘, . . . , 1)).

The main result of [Bö2] states that this gives all mod v strictly compatible abelian

systems. We state the theorem for 1-dimensional strictly compatible systems and refer

the interested reader to [Bö2, Theorem 2.20] for the general case:

Theorem 4.1.5. Let {%v} be an L-rational strictly compatible abelian system of 1-

dimensional mod v representations of GK. There exists a unique Hecke character χ

such that the mod v Galois representation of GK attached to χ is isomorphic to the

semisimplification %ssv of ρv, for v away from the defect set of {%v}.

4.2 Connections with Drinfeld Cuspidal Forms

In this section, we summarize the process of attaching Galois representations to cusp-

idal Drinfeld eigenforms. The original reference for this is [Bö1]. In order to simplify

the exposition, we follow [Bö3].

Let R be an Fq-algebra, and let ϕ be the Frobenius x 7→ xq for x ∈ R. We denote

by Rϕ the ring R viewed as an R-algebra via ϕ, i.e., we have x · y = ϕ(x)y = xqy for

all x, y ∈ R.

Definition 4.2.1. For an R-module M , we define the R-module ϕ∗M := M ⊗R Rϕ.

A τ -module (M, τ), or simply M , over R is a finitely generated projective R-module

together with an injective R-module homomorphism

τ : ϕ∗M →M.
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A morphism of τ -modules is an R-linear homomorphism that respects the action of τ .

Remark 4.2.2. Any R-linear homomorphism τ : ϕ∗M → M can be regarded as a

ϕ-semi-linear homomorphism M →M , i.e., a map τ such that

τ(rm) = ϕ(r)τ(m), r ∈ R,m ∈M .

The concept of τ -sheaf brings the notion of a τ -module into a geometric setting,

i.e., affine τ -sheaves are τ -modules, but we drop the injectivity condition on τ . How-

ever, crystals (the technical objects that are ‘classes’ of τ -sheaves) will always have

τ -sheaf representative with τ injective.

Let X be a Noetherian Fq-scheme. We write ϕX , or simply ϕ, for the q-power

Frobenius on X. We will write X × A for the scheme X ×Fq Spec(A).

Definition 4.2.3. A τ -sheaf on X over A is a pair (F , τ) consisting of a coherent

sheaf of OX×A-modules together with an OX×A-linear homomorphism

τ : (ϕ× id)∗F → F .

We will often simply write F instead of (F , τ). A morphism of τ -sheaves is an OX×A-

linear morphism that respects the action of τ . A τ -sheaf is called locally free of rank r

if the underlying sheaf F is a locally free OX×A-module of finite rank r. A τ -sheaf F

is called nilpotent if and only if τn vanishes for some n > 0. A morphism of τ -sheaves

is called nil-isomorphism if and only if both its kernel and cokernel are nilpotent.

The category Cohτ (X,A) of all τ -sheaves on X over A is abelian. For any Fq-

morphism f : Y → X, we have a base change functor f ∗ that attaches to any τ -sheaf

F on X a τ -sheaf on Y with underlying sheaf (f × id)∗F . In particular, we have a

restriction to a point morphism for any point ix : x = Spec(kx) → X, which gives a

localization (Fx, τx). Another functor from Cohτ (X,A) to Cohτ (X,A) is the change

of coefficients functor, which for any A-algebra A′ and τ -sheaf on X over A, gives a

τ -sheaf on X over A′ by ⊗A A′.
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For technical reasons, we need to work with ‘classes’ of τ -sheaves, i.e., we need to

consider a new category Crys(X,A) of A-crystals on X. The category Crys(X,A)

consists of the same objects as Cohτ (X,A), but with a different notion of morphism.

Namely, any morphism F → G in Crys(X,A) is a diagram

F ← H → G in Cohτ (X,A),

for some H ∈ Cohτ (X,A), where the morphism H → F is a nil-isomorphism. This

is the main subject of study of [BöPi]. We will use the concept of a crystal as a black

box and refer the reader to this reference for more details.

The functors f ∗, and ⊗A A′ pass to the new category of crystals. In fact, f ∗ is

exact, but ⊗A A′ is not. We call a crystal flat if all the higher Tor-groups for all

coefficient changes ⊗A A′ vanish.

It can be shown that every crystal has a τ -sheaf representative on which τ is

injective. We will usually choose such a representative and use it when we talk about

crystals. We want to attach Galois representations to crystals, and therefore we would

like to work with locally free τ -sheaves of finite rank. In [Ga1], Gardeyn puts forward

the following definitions that are useful in this context.

Definition 4.2.4. A τ -sheaf F on X is called good if it is locally free and, after base

change to any x ∈ X, the endomorphism τx is injective.

A τ -sheaf F on X is called generically good if its base change to any generic point

is good.

From now on, we assume that X is an irreducible curve with generic point η.

Definition 4.2.5. Let Fη be a good τ -sheaf on η. A model for Fη is a locally free

generically good τ -sheaf on X with generic fiber agreeing with Fη. A model is called

good if it is good as a τ -sheaf. A model H for Fη is called maximal if, for every τ -sheaf

G, every morphism fη : Gη → Fη of τ -sheaves on η extends uniquely to a morphism

f : G → H of τ -sheaves on X.
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Gardeyn has shown that every good τ -sheaf on η admits a maximal model that is

unique up to a unique isomorphism. In addition, every good model is maximal. For

any generically good τ -sheaf F on X, we write Fmax for the maximal model of Fη.

By the universal property of Fmax, we have a canonical homomorphism F → Fmax.

The following summarizes the results about crystals that are of interest to us:

Theorem 4.2.6.

• Let X = Spec(F ) for F a field, and let F be a flat A-crystal on X. Then the

underlying sheaf of some representative of F , with injective τ , is locally free.

• Let X be an irreducible curve. Let F be the representative of a flat A-crystal

on X which is generically good and on which τ is injective. Let κ : F → Fmax

be the canonical morphism. Then there exists a finite set S ⊂ X such that the

restriction of κ to X\S is an isomorphism and such that Ker(κ) is locally free

on S. Therefore, the A-crystal that F represents has a locally free representative

on a dense open set in X.

Let F be a flat A-crystal. The rank of F is defined to be the rank of Fη according

to the first part of the theorem above.

A flat crystal has both an étale and an analytic interpretation. We begin by

describing the étale one.

We continue to assume that X is an irreducible curve with generic point η =

Spec(K). Let F be a generically good representative of a flat crystal of rank r. Fix

a prime p ⊂ A. Let L be a finite separable extension of K; that is, let u : SpecL →

SpecK be étale. To this data, and positive integer n, we attach an Fq-vector space

as follows:

(u : SpecL→ SpecK) 7→ Γ(SpecL, u∗(Fη)⊗A A/pn)τ ,

where the notation M τ means that we take the τ -invariant part of M . By [Ka1,

Theorem 4.1], if τ is an isomorphism on Fη ⊗A A/p, this assignment defines a lisse
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étale sheaf of Fq-vector spaces over η = SpecK of rank equal to r dimFq A/p
n. This

étale sheaf is also an A/pn-module and one can show that the construction also defines

a lisse étale sheaf of A/pn-modules of rank r. In turn, this gives a mod pn Galois

representation

%F ,pn : GK → GLr(A/p
n).

Varying n, one gets an inverse limit of representations that produces a p-adic Galois

representation

%pF : GK → GLr(Ap).

It turns out [Bö3, Corollary 3.7] that the construction above descends to flat A-

crystals and the representations that we have constructed form a strictly compatible

system.

Theorem 4.2.7. Suppose that X is smooth, and let F be a flat crystal. The repre-

sentations (%pF)p, where p ranges over the maximal ideals of A at which Fη ⊗AA/p is

lisse, form a strictly compatible system of Galois representations.

This is the étale side of a flat A-crystal. Next, we describe the analytic interpre-

tation of F .

Let L∞ be a complete valued field containing K, and denote by L∞〈u〉 the Tate

algebra over L∞:

L∞〈u〉 =

{
∞∑
n=0

anu
n : an ∈ L∞, lim

n→∞
an = 0

}
.

As in Section 2.4.2, denote by ϕ̃ the partial Frobenius, i.e., the map such that

ϕ̃

(
∞∑
n=0

anu
n

)
=
∞∑
n=0

aqnu
n.

Definition 4.2.8. An analytic τ -module on L∞ is a pair (M∞, τ∞) consisting of a

finitely generated A ⊗Fq [u] L∞〈u〉-module and a linear map τ∞ : ϕ̃∗M → M , i.e., a

ϕ̃-semi-linear homomorphism M →M .
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One denotes the category of such objects by Cohan
τ (L∞, A). As in the algebraic

case, we have a related category Crysan with the same objects, but more morphisms

and isomorphisms (see [Bö1, Chapter 8]).

Since injective affine τ -sheaves are τ -modules, we know that any injective τ -sheaf

F on Spec(K) is a pair (M, τ) consisting of a finitely generated K ⊗Fq A-module M

together with a (ϕ × id)-semi-linear homomorphism τ : M → M . We define the

analytic τ -module associated to F by

Fan = (M∞ = M ⊗K[u] L∞〈u〉, τ∞),

where τ∞ is the induced endomorphism from the tensor product. We denote by 1L∞,A

the analytic τ -sheaf A⊗Fq [u] L∞〈u〉 together with the map ϕ that fixes u and acts on

other elements of the tensor product as x→ xq, i.e., ϕ is essentially ϕ̃.

Definition 4.2.9. The analytic τ -module Fan is called the analytification of F .

Definition 4.2.10. Let F be a flat A-crystal on X of rank r. Then F is uniformizable

for L∞, where K ↪→ L∞, if rankA(HomCrysan(1an
L∞,A,F

an)) = r.

The crystals that will turn out to be connected to Drinfeld modular forms are of

the following special kind:

Definition 4.2.11. A Hecke crystal on X is the following data:

• a flat A-crystal F on X which is uniformizable for some K ↪→ L∞ and

• a commutative A-subalgebra T ⊂ EndCrys(F), called a Hecke algebra, generated

by Hecke operators Tx, x ∈ X

such that, denoting by W the finite set p ∈ SpecA for which %F ,p is not lisse and

S ⊂ X a suitable closed finite subset, one has for all p ∈ SpecA\W , all x ∈ X\S and

all positive integers n:

ϕ−1
x = Tx ∈ Endet(F et

pn).
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In addition, for all p ∈ SpecA\W and for all x ∈ X\S, the p-adic Galois repre-

sentation %pF is abelian and

CharPol%pF (ϕ−1
x ) = CharPolTx ∈ A[z].

After introducing all this notation, we are ready to state the main result of [Bö1],

which shows how cuspidal Drinfeld modular forms are related to Hecke cystals.

Theorem 4.2.12. Let n be a non-trivial ideal of A and let Xn = SpecA\n. Let Γ be

one of Γ(n), Γ1(n).

• There exists a Hecke crystal Sk,m(Γ) on Xn which is uniformizable by K∞. The

space

(Sk,m(Γ))τ ⊗A C∞

is dual, as a Hecke module, to the space of cuspidal Drinfeld modular forms

Sk,m(Γ).

• There exists a Hecke crystal S2
k,m(Γ) on Xn which is uniformizable by K∞. The

space

(S2
k,m(Γ))τ ⊗A C∞

is dual, as a Hecke module, to the space of double cuspidal Drinfeld modular

forms S2
k,m(Γ).

Remark 4.2.13. The reader should be warned that Böckle uses a slightly different

Hecke algebra. If TBö
p denotes the Hecke operator at p on modular forms according

to Böckle, then we have

TBö
p =

1

℘
Tp .

The theorem above is called the Eichler-Shimura isomorphism for Drinfeld mod-

ular forms. This theorem together with the étale realization of crystals that we have

summarized shows that one can attach Galois representations to cuspidal and double
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cuspidal Drinfeld modular forms that are eigenforms away from the level n. We will

see that, with the use of A-expansions, we will be able to recover several results of

Böckle and Pink that produce Drinfeld eigenforms and their eigensystems by using

the corresponding crystals.

4.3 Galois representations and A-expansions

Let Γ denote either Γ1(T ) or Γ0(T ). Recall that Γ has two cusps, [∞] and [0], with

uniformizers t = t[∞](z) and s = t[0](z), respectively.

Definition 4.3.1. A Drinfeld modular form f for Γ is said to have an A-expansion

with exponent n at the cusp [σ] if its expansion at the cusp [σ] equals∑
a∈A+

ca,σ(f)Gn(t[σ](az)).

Remark 4.3.2. Notice that in our definition we fix a cusp [σ] and talk about A-

expansions, rather than consider the A-expansions at all the cusps.

We will see below that all the examples that we give will have A-expansions at

both [∞] and [0]. However, there are computational examples for Γ(T ) that show

that there are Drinfeld modular forms that only have an A-expansion at a single cusp.

Suppose that

f =
∑
a∈A+

ca(f)Gn(ta) ∈ Sk,m(GL2(A)).

Then by inclusion f = ι(f) ∈ Sk,m(Γ). And since f |[γ0]= f , we see that

f |[γ0] (z) = T n
∑
a∈A+

ca(f)Gn(sTa).

Recall that we have also defined ιTf(z) = f(Tz). We have

F = ιTf =
∑
a∈A+

ca(f)Gn(taT ) ∈ Sk,m(Γ).
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It follows from the proof of Theorem 2.5.4 that

F |[γ0]=
∑
a∈A+

ca(f)Gn(sa) ∈ Sk,m(Γ).

This proves that:

Theorem 4.3.1. If f ∈ Sk,m(GL2(A)) has an A-expansion with exponent n, then f

and F (both of them viewed as modular forms for Γ) have A-expansions at both [0]

and [∞] with exponent n, which are given by the formulas above.

Using the proof of Theorem 3.1.5, we can show that if ak−n = ca(f) = ca,[∞](f),

then both f and F are eigenforms away from T with eigenvalues λp = ℘n.

In addition to the maps ι and ιT , there is also an inclusion map i from Sk,m(Γ0(T ))

to Sk,m(Γ1(T )). This is often useful since we know that g and G generate Mk,0(Γ0(T )),

and one can determine which generators give cusp forms. Since det Γ1(T ) = 1, we

see that Sk,m(Γ1(T )) = Sk,m′(Γ1(T )) for any m,m′, and the same result holds for

S2
k,m(Γ1(T )). In the examples below we will take m = 0 when we talk about Γ1(T ).

Using this, together with the last part of Theorem 2.5.5, shows that

dimC∞ Sk,m(Γ1(T )) = k + 1.

It is also known (see [Bö1, Proposition 5.18]) that

dimC∞ S
2
k,m(Γ1(T )) = k − 1.

In the previous section, we learned that the cuspidal Drinfeld eigenforms have

associated Galois representations. Eigenforms with A-expansions provide concrete

examples.

In [Bö1, Chapter 15] Böckle1 presents several examples from the point of view of

crystals. We recall some of these below and show how they can be recovered by using

A-expansions.

1These are examples due to Böckle and Pink.
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Example 4.3.3 (Cuspidal forms that are not double cuspidal). Example 15.7 in [Bö1]

shows that the quotient space Sk,0(Γ1(T ))/S2
k,0(Γ1(T )), which is two-dimensional, is

always diagonalizable with respect to the Hecke algebra away from T . And any

eigenform in this space has eigenvalues2 λp = ℘ for p 6= T . This is a result that we

have already noted for GL2(A) (see Corollary 3.1.11 in Chapter 3).

The use of A-expansions allows us to see that this also follows without looking at

the respective crystals. Indeed, if k ≡ 1 mod (q− 1), then write k = s(q− 1) + 1. We

have fs ∈ Sk,1(GL2(A)) as in Corollary 3.1.11. Using ι and ιT to induce fs to Γ1(T ),

we have two linearly independent forms

ι(fs), ιT (fs) ∈ Sk,0(Γ1(T ))/S2
k,0(Γ1(T )),

with the same eigensystems away from the level {λp = ℘}p6=(T ).

Again, the argument applies verbatim to Γ0(T ), and since the quotient space

Sk,1(Γ0(T ))/S2
k,1(Γ0(T )) is two-dimensional, we have:

Theorem 4.3.4. The quotient space Sk,1(Γ0(T ))/S2
k,1(Γ0(T )) has a basis of eigen-

forms away from T . Each element of this basis has eigensystem {λp = ℘}p6=(T ).

Böckle observed in Remark 12.9 and Example 15.7 of [Bö1] that the quotient space

may be generated by Poincaré series. Our results show that this space is generated

by forms with A-expansions for Γ = GL2(A),Γ0(T ) and Γ1(T ). We do not know if

this happens for general congruence subgroups. In the Drinfeld setting, a Poincaré

series Pk,m(z) is defined [Ge3, (5.11)] by:

Pk,m(z) =
∑

γ∈H\GL2(A)

(det γ)mtm(γz)

(cγz + dγ)k
,

where

H =

{
γ =

[
∗ ∗
0 1

]
: γ ∈ GL2(A)

}
.

2With Böckle’s normalization the eigenvalues are actually λp = 1.
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In [Ge3, (5.11)] Gekeler observes that the map γ 7→ (cγ, dγ) produces a bijection

between H\GL2(A) and the set of pairs S = {(c, d) : c, d ∈ A, (c, d) = 1}. One can

also take det γ = 1 in the definition of Pk,m. For s ≥ 0

Pq+1+s(q−1),1(z) =
∑

(c,d)∈S

t(γc,dz)

(cz + d)q+1+s(q−1)
.

Gekeler proved that

Pq+1,1 = −h.

by showing Pq+1,1 ∈ Sq+1,1(GL2(A)) (a one-dimensional space) and

Pq+1,1 = −t+O(t2).

Using Gekeler’s argument verbatim, we get

Pq+1+s(q−1),1 = −t+O(t2).

Unfortunately, we were not able to compute the t-expansion of Pq+1+s(q−1),1 beyond

this. The only thing that we can say is that (for GL2(A)) if the quotient space

Sq+1+s(q−1),1(GL2(A))/S2
q+1+s(q−1),1(GL2(A)) is generated by Poincaré series, then

fs = −Pq+1+s(q−1),1.

Example 4.3.5 (Proposition 15.2 and 15.6 from [Bö1]). Let θ be a variable different

from T . Put X = Spec(Fq[θ, θ−1]).

Böckle shows that for any q we have

S2
4,0(Γ1(T )) ∼= (OX×A, (T/θ + 1)(ϕ× id))

= (OSpecFq [θ,θ−1,T ], (T/θ + 1)(ϕ× id)).

In addition, Böckle computes that any eigenform away from T in this space has

eigenvalues3 λp = ℘(T ) · ℘(−T ).

3Here we use the definition of Hecke operators that we have, rather than the one used by Böckle.
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Looking at Example 2.5.6, we see that for q = 3 this agrees with the form

φ = g2 − (T 2 + 1)gG+ T 2G2.

This form does not have an A-expansion according to our definitions (if it did the

eigensystem will be λp = ℘n for some n). It is not clear if there is a way to redefine

the concept of A-expansions in a way that will allow us to encompass φ. However, the

computational evidence suggests (see Example 2.5.6) that we always have eigenvalues

λp = ℘(T ) · ℘(Polf (T ))ef , where Polf (X) is a polynomial with coefficients in a finite

extension of K and ef is a non-negative integer. That is, with Böckle’s normalization

of the Hecke operators we always have

TBö
p f = ℘(Polf (T ))eff,

for p 6= (T ). At the moment it is not clear whether this will hold in complete

generality.

Remark 4.3.6. In Example 15.4 from [Bö1], Böckle proves that the space S2
5,0(Γ1(T ))

is two-dimensional and has two linearly independent forms with the same eigensys-

tems. This shows that Gekeler’s question about the eigensystem and weight deter-

mining a newform has a negative answer for Γ1(T ). The question is open for general

congruence subgroups, such as GL2(A), Γ0(T ), or Γ(T ).
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