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ABSTRACT

In this dissertation, we focus on developing sampling-based algorithms for solving
stochastic linear programs. The work covers both two stage and multistage versions
of stochastic linear programs. In particular, we ﬁrst study the two stage stochastic decomposition (SD) algorithm and present some extensions associated with SD.
Speciﬁcally, we study two issues: a) are there conditions under which the regularized
version of SD generates a unique solution? and b) in cases where a user is willing
to sacriﬁce optimality, is there a way to modify the SD algorithm so that a user can
trade-oﬀ solution times with solution quality? Moreover, we present our preliminary
approach to address these questions.
Secondly, we investigate the multistage stochastic linear programs and propose
a new approach to solving multistage stochastic decision models in the presence of
constraints. The motivation for proposing the multistage stochastic decomposition
algorithm is to handle large scale multistage stochastic linear programs. In our setting,
the deterministic equivalent problems of the multistage stochastic linear program are
too large to be solved exactly. Therefore, we seek an asymptotically optimum solution
by simulating the SD algorithmic process, which was originally designed for two-stage
stochastic linear programs (SLPs). More importantly, when SD is implemented in a
time-staged manner, the algorithm begins to take the ﬂavor of a simulation leading
to what we refer to as optimization simulation.
As for multistage stochastic decomposition, there are a couple of advantages that
deserve mention. One of the beneﬁts is that it can work directly with sample paths,
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and this feature makes the new algorithm much easier to be integrated within a simulation. Moreover, compared with other sampling-based algorithms for multistage
stochastic programming, we also overcome certain limitations, such as a stage-wise
independence assumption.
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CHAPTER 1: INTRODUCTION

1.1 Literature review of stochastic programming
Stochastic optimization handles a class of optimization problems where uncertainty appears in the parameters of objective functions or constraints.

Usually,

uncertainty is described by random variables with known probability distributions.
Stochastic programming models are especially useful in the case that one needs to
make the decisions before the entire data information are observed in real time simulation optimizations. In the area of stochastic optimization, stochastic programming
proposes a framework to incorporate randomness in both linear and nonlinear models
([15], [3] and [12]). Stochastic programming is intimately related with other paradigms
in decision making under uncertainty. For example, it has ties with (approximate) dynamic programming, stochastic control, statistical decision theory, etc. Although all
of these model decision making under uncertainty, they have their own speciﬁcations.
In terms of algorithms, decision analytic approaches for decision making under uncertainty problems allow the decision maker to apply very common preference functions
and both single and multiple objectives can be embedded in the decision analytic
framework ([5]). However, in decision analytic approaches, the need to incorporate
all the outcomes of random variables restricts these approaches to be suitable for
small to moderate size of the decision problems. On the other hand, in dynamic
programming, due to Markovian assumptions, the optimal policies can be obtained
for inﬁnite horizon problems ([6]). However, the path dependence characteristics in a
variety of applications bring substantial diﬃculties to dynamic programming models.
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In general, the infrastructure of stochastic programming models allows path dependence in the optimization model. Meanwhile, inﬁnite states and constraints at
every state “can be” embedded in the stochastic programming model, which makes
stochastic programming very eﬀective in handling large scale problems. Compared
to dynamic programming, one advantage of the stochastic programming is that it
alleviates the strong mathematical assumptions required in dynamic programming
(e.g. Markovian assumptions). Therefore, stochastic programming brings a rich class
of models and is more useful in handling real applications. In general, large scale
stochastic optimization problems in both discrete and continuous variants are diﬃcult to solve, which is mainly due to the presence of multi-dimensional integration in
the expectation function. Moreover, it is diﬃcult to build manageable/eﬃcient algorithms to handle large scale stochastic optimization problems. This is particularly so
for multistage stochastic programming problems, for which the number of scenarios
may be too large to be enumerated even when the random variables are discrete.
In such situations, one might choose appropriate approximations. In most cases,
approximations happen in two ways, data aggregation and data selecting.

The

approximation algorithms using data aggregation lead to successive approximation
methods ([22], [18] and [23]), while most of the data selecting approximation algorithms refer to sampling-based algorithms. Since approximation algorithms solve
stochastic programming approximately, it is essential to examine the solution quality
by performing some statistical tests ([55] and [64]). In order to get asymptotic optimal
solutions, [67] recommended increasing the sample sizes at every iterations. However,
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accordingly, the computational burden rises signiﬁcantly. Stochastic decomposition
algorithm ([28], [31] and [32]) for two-stage stochastic programming embeds sampling
in the decomposition framework, which modiﬁes approximations in previous iterations. However, sampling-based algorithms for multistage stochastic programming
are not many. Moreover, assessing the solution quality for stochastic programming is
another important issue for sampling based algorithms. [1] proposed the Monte Carlo
sampling-based procedures to evaluate the solution quality of the stochastic programs
via optimality gap. And more recently, [2] developed a sequential sampling procedure
to calculate the optimality gap using known candidate solutions of the stochastic programming. Moreover, the candidate solution is (near) optimal if the optimality gap
is suﬃciently small.
Most of the approximation algorithms are closely linked to the deterministic algorithms, such as the L-shaped method of [69] and Benders’ decomposition ([4]) for
two-stage problems. Moreover, [7] extends the Benders’ decomposition to the multistage version. However, these algorithms are eﬀective in solving small scale stochastic
programming. When solving large scale stochastic programs, one may refer to approximation algorithms. On the other hand, another type of algorithms have advantages
on parallel computing ([44]), such as progressive hedging ([56]) and diagonal quadratic
approximation ([42]). The common feature of this type of algorithms is to relax the
nonanticipativity constraints. Since these algorithms have speciﬁc structure (network
structure), they are very suitable to be parallelized.
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1.2 Multistage stochastic programming and challenges
Multistage stochastic programs (MSP) pose some of the more challenging optimization problems. Usually, this class of problems is computationally intractable even
when the random variables in the MSP have ﬁnite supports. Although MSP may be
reformulated as linear programs, the number of constraints grows exponentially as
the number of stages in MSP increases, which make the problem extremely diﬃcult
to be solved using deterministic equivalent paradigm.
In general, most applications of multistage stochastic linear programs (MSLP)
have been addressed via algorithms that use deterministic approximations of the value
function (e.g., [7], [24], [56] and [42]). The underlying uncertainty and sequential evolution of data in these multistage sequential decision problems lead to a sequential
optimization under uncertainty model. Unfortunately, as the stochastic process governing uncertainty becomes complicated (e.g., as in the case of correlated exchange
rates in ﬁnancial models [70]), deterministic approximations for this class of problems
can become unwieldy because of the need to represent uncertainty via a scenario tree.
In order to avoid such an explosion, [25] has proposed eﬀective ways to reduce the size
of the scenario tree based on some predetermined limits on computational resources.
Another approach which is applicable to certain classes of MSLP (e.g., problems
with randomness only in the right-hand side or the objective function) is provided in
[11], where the approximations provide decisions which achieve a prescribed tolerance
from optimality. For more general problems though, sampling-based approximations
provide the main route to scalable algorithms for stochastic programming. It is there-
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fore important to design algorithms that can provide approximations which, in the
long run, yield solutions that are arbitrarily close to an optimum.
Among sampling-based approaches for MSLP, the most popular ones are based
on traveling a sampled subtree in any given iteration. These approaches trace back
to the work of [47] and more recently [16]. The starting point of these methods is the
deterministic nested Benders’ decomposition approach, and sampling is used to create
a subtree that is traversed to develop approximations. Basically, these approaches
([47] and [16]) extend the two-stage benders decomposition algorithm to a multistage
setting based on the sampled scenario tree. These methods can be classiﬁed as the
stochastic dual dynamic programming (SDDP) algorithms. [49] provides a comprehensive summary of the SDDP algorithms, which include [13], [16], [34], [17], and [53].
The common characteristics of SDDP is to embed the nested benders decomposition
infrastructure into the sampled sub-tree. Moreover, [49] deﬁnes another category of
algorithms for multistage stochastic linear programs, Dynamic Outer Approximation
Sampling Algorithms (DOASA). In DOASA, Cut Calculation Algorithm (CCA) is
applied to generate the inexact optimality cuts in the backward pass. In fact, SDDP
applies deterministic approximations (Nested Benders Decomposition) for the given
sampled scenario tree, while the multistage SD incorporates stochastic approximations for the sample mean cost function. As a result, the convergence of SDDP for a
given sampled scenario tree follows the same arguments of ﬁnite dual extreme points
as in Nested Benders Decomposition. Although the convergence with probability one
can be proved for SDDP and DOASA, the stagewise independence assumption of
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these algorithms limit their abilities to model complex, path dependent stochastic
processes.

1.3 Applications of stochastic programming
In recent years, several applications such as ﬁnancial planning ([43]), production
systems ([48]), power systems operations ([45]), supply chain management ([27]) and
others have beneﬁted from multistage stochastic linear programming models. The
key ingredient that makes MSLP attractive for these applications is the ability to
accommodate uncertainty in a manner in which data evolves over time.
For instance, investment decisions are made prior to obtaining all the information
in portfolio optimization problems. In power generation, since the electricity cannot
be stored, it is important to determine the optimal power generation policy to avoid
losses. In particular, randomness can happen in many ways in power generation systems, such as stochastic demand and random electricity generators failures. In such
cases, a stochastic programming model is essential to describe the system complexity
and randomness as well as generating optimal policies. Some recent surveys have addressed these issues, such as the recent books by [36] , [8], and [54], and some articles,
e.g., [9] and [32].

1.4 Contributions
Algorithms referred to “Stochastic Decomposition” (SD) constitute a class of decomposition methods that combine traditional deterministic decomposition (e.g. Ben-
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ders’ decomposition) with statistical sampling methods ([28], [30], and [32]). Asymptotically optimal solutions are obtained using these methods. More importantly, SD
algorithms have been successful in providing solutions using workstation class computers where other methods have resorted to high performance computing to solve
the same instances (e.g. [61]). Nevertheless, there are issues that call for further
investigation.
In this dissertation, ﬁrst, the speciﬁc extensions of two-stage SD (regularized SD)
that we study cover both convergence theory and algorithmic considerations. In the
area of convergence theory, we study the unique limit property of the sequence of
incumbent solutions generated by the regularized version of SD. On the algorithmic
side, we address the issue of scalability. We show that without loss of asymptotic
properties, it is possible to let a user speed-up calculations in any iteration by avoiding
the need to use every previously generated outcome in the “argmax” process of cut
generation. The results associated with these extensions are provided. Secondly, we
propose a statistically motivated sequential sampling method that is applicable to
multistage stochastic linear programs, and we refer to it as the multistage stochastic
decomposition (MSD) algorithm.
Moreover, we present the convergence properties as well as preliminary evidence
of computational possibilities for multistage stochastic decomposition algorithm. As
with earlier SD methods for two-stage stochastic linear programs, this approach preserves one of the most attractive features of SD: asymptotic convergence of the solutions can be proven (with probability one) without any iteration requiring more than
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a small sample size. This data-driven approach also allows us to sequentially update
value function approximations, and the computations themselves can be organized
in a manner that decomposes the scenario generation (stochastic) process from the
optimization computations. In addition to these algorithmic properties, we provide
preliminary computational results using a production/inventory instance.

1.5 Dissertation outline
The dissertation is organized as follows: Chapter 2 introduces and reviews the
sampling-based algorithms for two-stage stochastic linear programs. In particular, we
review the two-stage SD algorithm as well as its asymptotic convergence properties,
which is the basis of the multistage stochastic decomposition algorithm. In Chapter
3, we study some extensions of two stage stochastic decomposition algorithm, which
has potential to speed up the two-stage stochastic decomposition algorithm. In Chapter 4, we propose the multistage stochastic decomposition algorithm for multistage
stochastic linear programs, which alleviates the computation complexities in MSLP
algorithms. Moreover, in solving the MSLP, the multistage stochastic decomposition
algorithm does not require to traverse the entire scenario tree to reach the asymptotic
optimal solutions. Chapter 4 also provides some preliminary computational results
of multistage stochastic decomposition algorithm by applying the algorithm to the
production and inventory problem with uncertain demands. Finally, in Chapter 5,
we conclude our research and discuss some possible future research directions.
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CHAPTER 2: TWO-STAGE SD ALGORITHM

2.1 Introduction
Over the past couple of decades, it has become apparent that stochastic programming problems are best solved by using decomposition coordination methods ([8]).
There have been several attempts at designing deterministic decomposition methods,
including the L-shaped method and its extensions ([69] and [7]), scenario aggregation
algorithm ([56]) and diagonal quadratic approximation methods ([42]). On the other
hand, some algorithms are based on purely statistical approximations ([59] and [50]).
Alternatively, [28] and [14] present sequential sampling methods which combine traditional deterministic decomposition (e.g. Benders’ decomposition) with statistical
sampling methods.
One class of sampling based approaches is “Stochastic Decomposition” (SD) which
has been shown to provide asymptotically optimal solutions ([28] and [30]). Moreover, SD algorithms are promising in parallel computing where other sampling methods have been relied on high performance computing to solve the same cases (e.g.
[61]). Nevertheless, there are some instances in which memory and computational
requirements can become burdensome. In next section, we introduce the stochastic
decomposition algorithm.

2.2 Stochastic decomposition
In general, the two stage stochastic linear programming model has the following
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form:

Min

x∈ℜn1

f (x) := c⊤ x + E[h(x, ω̃)]

(1a)

Ax ≤ b,

(1b)

s.t.

where, A is m1 × n1 , b is m1 × 1, ω̃ is a random variable deﬁned on the probability
space (Ω, A, F), and

h(x, ω) = Min
n
y∈ℜ

g⊤y

(2a)

2

s.t. W y = r(ω) − T (ω)x,
y≥0

(2b)
(2c)

In this model, we have restricted (2) to a ﬁxed recourse version in which random
variables do not appear in the data elements g and W .
In essence, SD is a stochastic version of Benders’ decomposition ([4]), which has
been recognized as the L-shaped method in the SP literature ([69]). The main idea
of these decomposition methods is to construct a piecewise linear approximation to
the recourse function and update the approximation during each iteration of the algorithm. The major diﬀerence between SD and deterministic decomposition methods
(Benders’ decomposition, L-shaped method) is the computational eﬀort to create a
new cut in the approximation. In traditional deterministic approximations, the recourse function needs to be evaluated for every outcome of the random variable, which
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requires the solution of as many second stage problems (2) as there are realizations
ω of random variables ω̃. Consequently, deterministic decomposition algorithms are
computationally feasible for only those instances in which a few outcomes are suﬃcient
to model randomness. Moreover, deterministic decomposition methods are restricted
to only those instances in which the random variables are discrete. In contrast, SD
successfully overcomes these limitations by combining sampling with sequential approximations in such a manner as to reduce the computational eﬀort in generating a
new cut (a new piecewise linear approximation) in each iteration.
In SD, a new sampled outcome (ω k ) is obtained independently of all previous
outcomes, {ω 1 , . . . , ω k−1 }, at iteration k. Hence, this corresponds to the i.i.d. samples.
In fact, the SD algorithm constructs a lower bounding aﬃne approximation of the
sample mean function
1∑
Hk (x) =
h(x, ω t ).
k t=1
k

(3)

In order to approximate the above function by a lower bound, one might adopt the
ideas underlying the Benders’ cut. However, such a strategy would require us to solve
k linear programs to obtain a subgradient for each outcome h(x, ω t ), t = 1, . . . , k (at
the point xk ). As a matter of fact, SD theory suggests that asymptotic convergence
can be achieved even without solving all these LPs. Instead, it is suﬃcient to solve
only one second-stage LP (2) in any iteration. Furthermore, we incorporate previously
obtained data (on the optimal dual solutions for (2)) to deﬁne a lower bounding
approximation of h(x, ω t ), for t < k. The details are as follows.
For the most recent outcome denoted as ω k , we evaluate h(xk , ω k ), which includes
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solving (2) with (xk , ω k ) as the inputs. Let πkk denote the dual optimum to this
problem. Then, the data collection process within the SD algorithm accumulates this
optimal dual vector into a set of previously discovered optimal dual vectors denoted
Vk−1 . As a result, the updated set of the optimal dual vectors at iteration k is
denoted Vk (i.e. Vk = Vk−1 ∪ πkk ). Thus the set Vk is a collection of the optimal dual
vector discovered during the construction of h(xt , ω t ), t = 1, . . . , k, in each iteration.
Next, a lower bounding function for the k th sample mean function (3) is generated by
assigning a dual feasible solution for each previously observed outcome {ω t }, t < k.
To see this, note that LP duality ensures that for π ∈ Vk

π ⊤ [r(ω t ) − T (ω t )x] ≤ h(x, ω t ) ∀x.

(4)

Thus, in iteration k, the dual vector in Vk that provides the best lower bounding
approximation at {h(xk , ω t )}, for t < k, is given by the dual vector for which

πtk (x) ∈ argmax{π ⊤ [r(ω t ) − T (ω t )x] | π ∈ Vk }.

(5)

When the above operation is undertaken with appropriate data structures ([31]),
it is computationally faster than solving a linear program from scratch. In any event,
it follows that
1∑ k ⊤
Hk (x) ≥
(π ) [r(ω t ) − T (ω t )x].
k t=1 t
k

(6)

Using the lower bound in (6), SD applies a procedure similar to Benders’ decom-
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position, in that the right-hand-side of (6) is added as a new cut of the piecewise
linear approximation of E[h(x, ω̃)].
Finally, we note one more distinction between deterministic and stochastic decomposition. Since the number of outcomes increases as the number of iterations
grows, diﬀerent number of sample sizes is used in generating the approximate cuts.
Therefore, in iteration t of SD, one uses a cut that approximates Ht (x), not Hk (x), for
t < k. As a result, the former cuts need to be re-adjusted to be guaranteed to be the
lower bounds for Hk (x). Without loss of generality, we can assume that h(x, ω) ≥ L
almost surely. With this assumption, it is clear that Hk (x) ≥ kt Ht (x) + k−t
L. Hence,
k
by multiplying each previously generated cut (t = 1, . . . , k − 1) by the multiplier kt ,
all previously generated cuts provide a lower bound for the sample mean approximation Hk (x). In any event, the approximation for the ﬁrst-stage objective function at
iteration k is then given by
{
fk (x) := c⊤ x + Max

t=1,...,k

}
t
t
1∑ t ⊤
×
(π ) [r(ω j ) − T (ω j )x] .
k
t j=1 j

Since these approximations are generated in a recursive manner, it is best to
consult [31] regarding the data structures and updates to be used for eﬃcient implementations.
The most basic version of SD uses the sequence {xk } such that

xk+1 ∈ argmin{fk (x) | x ∈ X},

26
where X = {x | Ax ≤ b} denotes the ﬁrst-stage feasible region. However, to improve
the algorithmic properties of SD, we recommend the use of a regularized approximations as deﬁned in [30]. Denoting an incumbent at iteration k as x̂k , we recommend
the following
1
xk+1 ∈ argmin{fk (x) + ∥x − x̂k ∥2 | Ax ≤ b}.
2

(7)

In the following, we will use ρk (x) = 21 ∥x − x̂k ∥2 . The condition to update the
incumbent is whether the (sample mean) point estimate of the objective value at
xk+1 is better than the point estimate of the objective value of the incumbent x̂k .
If it is the case, then x̂k+1 = xk+1 ; else, x̂k+1 = x̂k . This procedure is referred to
as the Regularized Stochastic Decomposition (RSD) method which is used for our
computational study.
In the last part of this summary, we should point out one aspect in computing
implementations. We note that as k changes, so does Hk (x). However, all but one
of the observations used in deﬁning Hk (x) are used in Hk−1 (x). Hence, as k becomes
large, the use of common random numbers will reduce variance.
Before introducing the SD algorithm, we also provide the following notations and
assumptions in the problem:
xk : The candidate solution of the k th iteration.
x̂k : The incumbent solution of the k th iteration.
ik : The iteration at which x̂k is identiﬁed.
Jk : The index set of cuts in iteration k.
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(A1) The set X is a nonempty compact polyhedron.
(A2) The feasibility set of second stage problem (2), Π = {π|πW ≤ g}, is not empty.
(A3) For all x ∈ X, h(x, ω̃) < ∞ with probability one.
(A4) The random matrix T (ω̃) satisﬁes E[∥ T (ω̃) ∥] < ∞.
(A5) In the probability space (Ω, A, P ), Ω is a compact set.
Moreover, we also deﬁne γk = fk−1 (xk ) − fk−1 (x̂k−1 ), rt = r(ω t ), T t = T (ω t ). The
procedure of SD algorithm is summarized as follows:
Algorithm 1 Stochastic decomposition algorithm
1: Step 0: Initialization. Let k = 0, V0 = ∅, J0 = ∅, η0 (x) ≡ −∞. Let x1 ∈ X,

L ≤ h(x, ω) for all (x, ω) ∈ X × Ω and q ∈ (0, 1) be given. Let x̂0 = x1 , and
i0 = 0.
2: Step 1: Generate sample ω k . Let k = k + 1. Randomly generate a sample of ω̃,
ω k , independently of any previously generated samples.
3: Step 2: Update Vk and Jk . (See Algorithm 2 in next page.)
4: Step 3: Test the incumbent. If we have
fk (xk ) − fk (x̂k−1 ) < q[fk−1 (xk ) − fk−1 (x̂k−1 )],

(8)

then x̂k = xk , ik = k. Otherwise x̂k = x̂k−1 , ik = ik−1 .
5: Step 4: Solve the master problem:
Min cT x + η + ρk (x)
s.t. η ≥ αtk + (c + βtk )x ∀t ∈ Jk
Ax ≤ b.
Let xk+1 be one optimal solution of (9). Go back to Step 1.

(9)
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Algorithm 2 Subroutine: Step 2
Let Vk = Vk−1 ∪ {π(xk , ω tk ), π(x̂k−1 , ω tk )}, where π(x, ω t ) ∈
argmax{π(rt − T t x)|π ∈ Π}.
2: Update Jk . Let Jk = Jk−1 ∪ {k}.
3: Construct the coeﬃcients of the k th cut to be added to the master problem.
Compute the coeﬃcients for the k th cut as follows:
1: Update Vk .

αkk + βkk x ≡

1
k

∑k

k
t=1 (αt

+ βtk x),

(10)

where
αtk + βtk x = πtk (rt − T t x)

(11)

and πtk ∈ argmax{π(rt − T t xk )|π ∈ Vk }.
4: Construct the coeﬃcients of the (ik−1 )th cut to be added to the master problem.
Compute the coeﬃcients for the (ik−1 )th cut as follows:
∑
(12)
αikk−1 + βikk−1 x ≡ k1 kt=1 π̂tk (rt − T t x),
where π̂tk ∈ argmax{π(rt − T t x̂k−1 )|π ∈ Vk }.
5: Update the remaining cuts. For t ∈ Jk \{k, ik−1 }, let
αtk =
βtk =

k−1 k−1
αt + k1 L
k
k−1 k−1
βt .
k

(13)

2.3 Convergence results of SD algorithm
In this section, we review the asymptotic convergence results of the SD algorithm,
which form the theoretical basis of asymptotic convergence property in our multistage
stochastic decomposition algorithm. We start from the following theorem:
Theorem 1 Suppose assumptions (A1-A5) hold. Assume {z k }k∈K ⊂ X, where K is
an inﬁnite subsequence of the natural numbers. We deﬁne

Gk (x) =

1
k

∑k
t=1

h(x, ω t ),

(14)
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where ω t is among samples, ω 1 , · · · , ω k . Then with probability one

{z k }k∈K → ẑ implies {Gk (z k )}k∈K → H(ẑ)

(15)

Proof: See [31] for details.

Next, we show that the approximation of cost function converges to a continuous
function.

Lemma 1 Suppose assumptions (A1-A5) hold. Deﬁne

ηk (x) = Max{αtk + βtk x|t ∈ Jk }

(16)

where αtk + βtk x is the tth cut in the SD algorithm. Then the algorithm guarantees that
ηk (x) ≤ Gk (x) for all x ∈ X. In other words, for all 1 ≤ t ≤ k and x ∈ X, we have
αtk + βtk x ≤ Gk (x).
Proof: Note πtk = argmax{π(rt − T t xk )|π ∈ Vk }. Deﬁne Π = {π|πW ≤ g} as the
dual feasible region of the second stage problem (2). Since Vk ⊂ Π, it is clear that

h(x, ω t ) ≥ πtk (rt − T t x) ∀x,

30
and

Gk (x) =

1
k

∑k

t
t=1 h(x, ω ) ≥

1
k

∑k
t=1

πtk (rt − T t x)

= αkk + βkk x.
Notice that when x = xk , the equality Gk (xk ) = αkk +βkk xk may not hold. Similarly,
we also have that αikk−1 + βikk−1 x ≤ Gk (x).
For any other cut, n ∈ Jk \{k, ik−1 }, according to the construction in SD algorithm,
for any 1 ≤ n ≤ k,

αnk + βnk x = ( nk αnn +

k−n
)
k

+ ( nk βnn )x.

(17)

And the results follows,

αnk + βnk x =
≤

n
(αnn
k
1
k

+ βnn x) +

∑k
t=1

k−n
k

h(x, ω t )

= Gk (x).

Lemma 2 Deﬁne

hk (x, ω) = Max{π(r(ω) − T (ω)x)|π ∈ Vk }.

(18)
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Suppose assumptions (A1 − A5) hold, then there exists a continuous function φ such
that the sequence of functions {hk }∞
k=1 uniformly converges to φ on X × Ω.
Proof: Note that Vk ⊂ Vk+1 ⊂ V , where V is the set of vertices of the dual feasible
solutions of the problem. This implies that hk (x, ω) ≤ hk+1 (x, ω) ≤ h(x, ω) for all
k and (x, ω). By monotone convergence theorem, for each point (x, ω) ∈ X × Ω,
the sequence {hk (x, ω)}∞
k=1 converges. Therefore, we can deﬁne a function φ(x, ω) =
limk→∞ hk (x, ω) on X × Ω. On the other hand, Vk ⊂ Vk+1 ⊂ V and the ﬁniteness of
V imply that there exists a ﬁnite set V̄ ⊂ V such that limk→∞ Vk = V̄ . Therefore,

φ(x, ω) = limk→∞ hk (x, ω)
= limk→∞ Max{π(r(ω) − T (ω)x)|π ∈ Vk }

(19)

= Max{π(r(ω) − T (ω)x)|π ∈ V̄ },
which implies that φ is a continuous function. Now we can conclude that {hk }∞
k=1 is
a sequence of functions that monotonely converges to a continuous function φ on a
compact set X × Ω. Therefore {hk }∞
k=1 converges to φ uniformly ([30]).

Lemma 3 Suppose assumptions (A1 − A5) hold. Let {xk }k∈K be an inﬁnite subsequence of the candidate solutions {xk } in the SD algorithm. When {xk }k∈K → x̄,
φ(x̄, ω t ) = h(x̄, ω t ) for all t with probability one.

Proof: See [30] for details.
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Theorem 2 Suppose assumptions (A1 − A5) hold. Let {xk }k∈K be an inﬁnite subsequence of the candidate solutions {xk } in the SD algorithm. When {xk }k∈K → x̄,

limk∈K ηk (xk ) = H(x̄),

(20)

with probability one.
Proof: Let K = {kn }∞
n=1 . By construction,

ηk (xk ) ≥ αkk + βkk xk =

1
k

∑k
t=1

hk (xk , ω t ).

Notice {hk }∞
k=1 converges uniformly to φ on X × Ω. So ∀ϵ > 0, there exists n1 such
that for all n ≥ n1 , |hkn (x, ω) − φ(x, ω)| ≤ ϵ for all (x, ω) ∈ X × Ω. Therefore, for all
xkn and ω t , |hkn (xkn , ω t ) − φ(xkn , ω t )| ≤ ϵ. And we can conclude that
kn
1 ∑
[hk (xkn , ω t ) − φ(xkn , ω t )] → 0.
kn t=1 n

Also, we claim that
kn
1 ∑
[φ(xkn , ω t ) − φ(x̄, ω t )] → 0.
kn t=1

Indeed, since φ(x, ω) is continuous on a compact set X × Ω, φ(x, ω) is also uniformly
continuous on X × Ω. Thus the above limit holds. Note that hkn (xkn , ω t ) − φ(x̄, ω t ) =
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[hkn (xkn , ω t ) − φ(xkn , ω t )] + [φ(xkn , ω t ) − φ(x̄, ω t )], which leads to the following limit

1
kn

=

1
kn

∑kn

kn

, ω t ) − φ(x̄, ω t )]

∑kn

kn

, ω t ) − φ(xkn , ω t )]

kn

, ω t ) − φ(x̄, ω t )]

t=1 [hkn (x
t=1 [hkn (x

+ k1n

∑kn

t=1 [φ(x

→ 0.
On the other hand, according to the strong law of large numbers, with probability
one,

limn→∞

1
kn

∑kn
t=1

h(x̄, ω t ) = E[h(x̄, ω̃)] = H(x̄).

Therefore, we have

limn→∞

1
kn

= limn→∞

1
kn

= limn→∞

1
kn

∑kn
t=1

∑kn
t=1

∑kn
t=1

hkn (xkn , ω t )
φ(x̄, ω t )
h(x̄, ω t ) = H(x̄).

Finally, the results follow by,

ηk (xkn ) ≤

1
kn

∑kn
t=1

h(xkn , ω t ) → H(x̄).
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Lemma 4 Suppose assumptions (A1 − A5) hold. Let fk (x) = cx + ηk (x) be the objective function of (9), and {xk }k∈N denote the sequence of candidate solutions generated
by the SD algorithm. Then lim inf k→∞ [fk (xk ) − fk−1 (xk )] = 0 with probability one.
Proof: See [30] for details.

Theorem 3 Suppose assumptions (A1 − A5) hold. Let {xk }k∈N be the sequence of
candidate solutions generated by the SD algorithm. There exists an inﬁnite subsequence {xk }k∈K such that every accumulation point of this subsequence is an optimal
solution of (1).
Proof: We have lim inf k→∞ [fk (xk ) − fk−1 (xk )] = 0 with probability one. Therefore,
from the deﬁnition of “lim inf”, there exists an inﬁnite subsequence {xk }k∈K such that
limk∈K [fk (xk ) − fk−1 (xk )] = 0. By construction in the SD algorithm, for all k and
x ∈ X,

fk−1 (xk ) = cxk + ηk−1 (xk ) ≤ fk−1 (x) ≤ cx +

1
k−1

∑k−1
t=1

h(x, ω t ).

(21)

Let {xk }k∈K′ be any convergent subsequence of {xk }k∈K , and {xk }k∈K′ → x̄. From
Theorem 1, limk∈K′ fk (xk ) = cx̄ + E[h(x̄, ω̃)]. On the other hand, from (21), we
have limk∈K′ fk−1 (xk ) ≤ cx + E[h(x, ω̃)] for any ﬁxed x ∈ X. Note limk∈K′ fk (xk ) =
limk∈K′ fk−1 (xk ). So cx̄ + E[h(x̄, ω̃)] ≤ cx + E[h(x, ω̃)]. The conclusion follows.
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Theorem 4 Suppose assumptions (A1 − A5) hold. Let {x̂k }k∈N be the sequence of
incumbent solutions generated by the SD algorithm. Let {x̂kn }n∈N be a convergent
inﬁnite subsequence of {x̂k }k∈N such that {x̂kn }n∈N → x̂. The following limits hold:

(22)

limn→∞ fkn (x̂kn ) = limn→∞ fkn +1 (x̂kn ) = f (x̂)

Proof: See [30] for details.

Lemma 5 Suppose assumptions (A1 − A5) hold. Let {x̂k }k∈N be the sequence of
incumbent solutions generated by the SD algorithm. Let {kn }n∈N represent the sequence of iterations at which the incumbent solution is changed. If N is ﬁnite, then
lim supk→∞ γ k = 0 with probability one. Otherwise, lim supm→∞

1
m

∑m
n=1

γ kn = 0 with

probability one.

Proof: We discuss two cases in the proof. In the ﬁrst case, N is ﬁnite. So there exist
x̂ and K < ∞ such that x̂k = x̂ for all k ≥ K and in Step 3 of Algorithm 1,

fk (xk ) − fk (x̂) ≥ q[fk−1 (xk ) − fk−1 (x̂)] = qγ k .

According to Theorem 3, there exists an inﬁnite subsequence {xk }k∈K of candidate
solutions such that every accumulation point of this subsequence is an optimal solution
of (1). Without loss of generality, we can assume that {xk }k∈K → x∗ ∈ X ∗ . So
we have that limk∈K fk (xk ) = f (x∗ ) and limk∈K fk−1 (xk ) = f (x∗ ) with probability
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one. Also, according to Theorem 4, the following limits hold with probability one:
limk∈K fk (x̂) = f (x̂) and limk∈K fk−1 (x̂) = f (x̂). Thus,

f (x∗ ) − f (x̂)
= limk∈K [fk (xk ) − fk (x̂k−1 )]
≥ q limk∈K [fk−1 (xk ) − fk−1 (x̂k−1 )]
= q[f (x∗ ) − f (x̂)] = q limk∈K γ k ,
with probability one. Since q ∈ (0, 1) and x∗ ∈ X ∗ , f (x∗ ) = f (x̂). And limk∈K γ k = 0.
Therefore, 0 = limk∈K γ k ≤ lim supk→∞ γ k ≤ 0 with probability one.
In the second case, N is an inﬁnite set. So in Step 3 of Algorithm 1,

fkn (xkn ) − fkn (x̂kn −1 ) < q[fkn −1 (xkn ) − fkn −1 (x̂kn −1 )] = qγ kn ≤ 0.

By deﬁnition of kn , we notice that x̂kn −1 = x̂kn−1 . So fkn (xkn ) − fkn (x̂kn −1 ) =
fkn (x̂kn ) − fkn (x̂kn−1 ) ≤ qγ kn ≤ 0. And

1
m

∑m

n=1 [fkn (x̂

kn

) − fkn (x̂kn−1 )] ≤

q
m

∑m
n=1

γ kn ≤ 0, ∀m,

which implies that

1
m

∑m−1
n=1

[fkn (x̂kn ) − fkn+1 (x̂kn )] +

1
[f (x̂km )
m km

− fk1 (x̂k0 )] ≤

q
m

∑m
n=1

γ kn ≤ 0,

for all m. Suppose the left hand side of the above inequality converges to zero when

37
m goes to inﬁnity, with proabbility one. Then
1 ∑ kn
lim
γ = 0,
m→∞ m
n=1
m

with probability one.

Theorem 5 Suppose assumptions (A1 − A5) hold. Let {x̂k }k∈N be the sequence of
incumbent solutions generated by the SD algorithm. There exists an inﬁnite subsequence {x̂k }k∈K such that every accumulation point of this subsequence is an optimal
solution of (1), with probability one.
Proof: Let {kn }n∈N represent the sequence of iterations at which the incumbent solution is changed. According to Lemma 5, when N is ﬁnite, lim supk→∞ γ k = 0; when
N is inﬁnite, limm→∞

1
m

∑m
n=1

γ kn = 0, which implies that 0 = limm→∞

∑m
n=1

γ kn ≤

lim supn→∞ γ kn ≤ lim supk→∞ γ k ≤ 0. Therefore, there always exists a subsequence
indexed by K such that
lim γ k+1 = 0,

k∈K

with probability one. Let x∗ ∈ X ∗ be an optimal solution. Notice that γ k+1 =
fk (xk+1 ) − fk (x̂k ) ≤ fk (x∗ ) − fk (x̂k ) for all k ∈ K. Let x̂ be an accumulation point of
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{x̂k }k∈K . Assume that K′ ⊂ K and {x̂k }k∈K′ → x̂. Therefore, we have

limk∈K′ [γ k+1 + fk (x̂k )]
= f (x̂)
≤ lim supk∈K′ fk (x∗ )
≤ cx∗ +

1
k

∑k
t=1

h(x∗ , ω t )

= f (x∗ ),
with probability one. Therefore, x̂ ∈ X ∗ with probability one.
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CHAPTER 3: ENHANCEMENTS OF TWO-STAGE SD ALGORITHM

3.1 Introduction of two extensions
In this chapter, we present two extensions in regularized stochastic decomposition algorithm. The extensions cover both theoretical and computational issues. In
particular, we analyze two aspects. First, we examine conditions under which the
regularized SD algorithm produces a sequence of incumbent solutions that converge
to a unique limit. Next, we discuss a computational enhancement that allows the
formations of cuts using re-sampling. Thus, the user can trade-oﬀ solution times
with solution quality and further speed up the computations in the regularized SD
algorithm.
Moreover, we show that without loss of asymptotic properties, it is possible to let
a user speed up calculations in any iteration by avoiding the need to use every previously generated outcome in the “argmax” process of cut generation. We compare the
computational results of SD algorithm with and without re-sampling using several
instances.

3.2 The unique limit for incumbent sequence
In this section, we study the conditions that the regularized SD algorithm will
converge to a unique limit. Theorem 5 provides the results, where the regularized SD
algorithm converges to an optimal solution with probability one.
Moreover, [32] shows how one may test for a convergence of subsequence by combining the deﬁnition of K ∗ with stopping rules for regularized SD. However, these
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results do not guarantee that the sequence has a unique limit. The following theorem
provides this result.
Theorem 6 Let {x̂k } denote the entire sequence of incumbent solutions generated by
regularized SD algorithm. Let f be deﬁned as in (1), then {x̂k } → x∗ with probability
one.

Proof: By considering whether the incumbent sequence changes inﬁnitely many
times, we divide the proof into two cases. If the sequence of incumbent solutions
changes only ﬁnitely many times, then it is obviously true that the sequence of incumbent solution has a unique limit x∗ .
Next, we consider the case that the sequence of incumbent solution changes inﬁnitely many times. By the results of equation 2.6 on page 115 in [31], we have

fk (xk+1 ) − fk (x̂k ) ≤ −||xk+1 − x̂k ||2 ≤ 0.

(23)

Let K0 denote the iterations at which the incumbent solution changes and consider
the m successive indices in K0 , we have
1 ∑ kl +1
1 ∑
[fkl (xkl +1 ) − fkl (x̂kl )] ≤ −
||x̂
− x̂kl ||2 ≤ 0.
m l
m l

(24)

Since kl ∈ K0 , x̂kl+1 = xkl +1 holds. Moreover, the left hand side of (24) can be
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written as:
m−1
1 ∑
1
km+1
k0
∆m = [fkm (x̂
) − fk0 (x̂ )] +
[fkl (x̂kl+1 ) − fkl+1 (x̂kl+1 )].
m
m l=0

(25)

Based on the results in Lemma 5, the second term (summation term) in (25)
converges to 0 and the ﬁrst term is bounded (the approximation of fk has a lower and
upper bound). Hence, limm→∞ ∆m → 0. Based on (24), we have limm→∞ m1

∑
l

||x̂kl+1 −

x̂kl ||2 → 0. Therefore, the entire sequence of incumbent solutions converge and the
uniqueness of the limit follows.

3.3 SD with re-sampling
In this section, we discuss the potential reduction of computational eﬀort by using re-sampling, which is also known as bootstrapping ([19]). Generally speaking,
in stochastic decomposition, there are two sources of errors; one is the statistical
approximation error and the other error results from linearization using cuts.
Although the regularized SD algorithm can achieve asymptotic optimality with
ﬁnite master programs, asymptotic convergence (with probability one) requires that
the number of observations in any cut grow indeﬁnitely. The issue can be explained
as follows: in every iteration, the stochastic decomposition algorithm requires all previously generated samples to form a new cut. Therefore, as the number of iterations
increases, the computational eﬀort in cut generation also grows. However, it may not
be necessary to make full use of all the generated samples to construct a new cut. In
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addition, some of the samples may not be very useful in forming a new cut, which
motivates us to apply the concept of re-sampling in stochastic decomposition.
The idea of re-sampling is straightforward: at iteration k, instead of using all the
generated samples (k) to construct a new cut, we only use a relatively small number
of samples (Lk and Lk < k) to form a new cut. When k is large, we can reduce
the computational eﬀort signiﬁcantly by choosing Lk ≪ k. With this modiﬁcation,
one only needs to carry out the comparison in (5) for Lk elements. Moreover, the
convergence results of SD carry over into the modiﬁed SD with re-sampling. Before
providing the convergence results of SD with re-sampling, we brieﬂy summarize the
bootstrap method.
Let {ω1 , ..., ωk } be a random sample of size k of a random variable ω̃ with distribution F . Let Fk be the empirical distribution of {ω1 , ..., ωk }. Deﬁne a random variable
T (ω1 , ..., ωk ; F ), which depends upon distribution F . The bootstrap method provides
a way to approximate the distribution of T (ω1 , ..., ωk ; F ) by T (θ1 , ..., θk ; Fk ), where
{θ1 , ..., θk } denotes a random sample of size k under distribution Fk . A justiﬁcation
for bootstrapping is provided by the following theorem in [68], where the sample mean
is approximated by bootstrapping, that is: T (ω1 , ..., ωk ; F ) = 1/k

∑k
i=1

ωi , and the

sup-norm (||G||∞ = sups∈R |G(s)|) is used to study convergence.
Lemma 6 Let θ̄k = 1/k

∑k

i=1 θi , ω̄k = 1/k

∑k
i=1

ωi . Let µ = EF (ω̃) denote the

expectation of ω̃, and let EF (ω̃)2 < ∞. Let P and Pk denote the probabilities under
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F and Fk respectively. Then

||P {k 1/2 (ω̄k − µ) ≤ s} − Pk {k 1/2 (θ̄k − ω̄k ) ≤ s}||∞ → 0,

a.s.

Proof: See [68].

Basically, Lemma 6 studies the uniform convergence of the discrepancy between
distribution of the quantity k 1/2 (ω̄k − µ) and its bootstrapped approximation. Motivated by this result, we present asymptotic properties of stochastic decomposition
with re-sampling, where an approximation of the sample mean function Hk (xk ) is of
primary interests. Therefore, we provide the following theorem.
Theorem 7 a) Assume E(h(xk , ω̃))2 < ∞ for all k. Let µk = EF (h(xk , ω̃)), h̄k (xk ) =
1/k

∑k
i=1

∑
∑
h(xk , ωi ), ĥk (xk ) = (1/ ki=1 Ii ) ki=1 Ii h(xk , ωi ), where Ii is a realization of

a Bernoulli random variable I ∼ Bernoulli(p). Let P and Pk denote the probabilities
under F and Fk respectively. Then

||P {k 1/2 (h̄k (xk ) − µk ) ≤ s} − Pk {k 1/2 (ĥk (xk ) − h̄k (xk )) ≤ s}||∞ → 0, a.s.

b) Assume E(Θ(xk , ω̃))2 < ∞ for all k. Let any cut deﬁning fk (x) be denoted
Θ(x, {ωn }kn=1 ) = c⊤ x + Maxt=1,...,k

{t
k

×

1
t

∑t

t ⊤
ℓ=1 (πℓ ) [r(ωℓ ) − T (ωℓ )x]

}

and the co-

eﬃcients of the subgradient associated with the cut be denoted by Θj (x, {ωn }kn=1 ), j =
1, ..., m. Let µΘj (xk ) = EF (Θj (xk , ω̃)), Θ̄jk (xk ) = 1/k

∑k
i=1

Θj (xk , {ωn }in=1 ), Θ̂jk (xk ) =

∑
∑
(1/ ki=1 Ii ) ki=1 Ii Θj (xk , {ωn }in=1 ), where Ii is a realization of a Bernoulli random
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variable I ∼ Bernoulli(p). Let P and Pk denote the probabilities under F and Fk
respectively. Assume that dual vectors deﬁning the cuts are chosen as in SD, but
with an additional requirement that among alternative dual optima in the “argmax”
process, we choose the one which was discovered ﬁrst during the algorithmic process.
Then,

||P {k 1/2 (Θ̄jk (xk ) − µΘj (xk ) ) ≤ s} − Pk {k 1/2 (Θ̂jk (xk ) − Θ̄jk (xk )) ≤ s}||∞ → 0, a.s.

Proof: a): This is simply an application of Lemma 6.
b): First note that as k → ∞ the set Vk → V, and note that one can impose an order
on this set based on the sequence in which they were discovered during the algorithm.
Moreover, in the “argmax” operation, a dual vertex beats another only if its objective
value is strictly larger than one of the previously tested vertices. Since the ordering
of dual vertices remains ﬁxed, it follows that for any subsequence {xk }K → x∗ , the
dual vertex that provides the value {h(xk , ω t )}k∈K , remains ﬁxed (for a given ω t ), as
k → ∞, k ∈ K. Hence the cut coeﬃcients generated by the “argmax” process are
continuous over x for a given ω t . The consistency of the re-sampled cut now follows
using the continuity of h(x, ω̃).

For readers familiar with implementing SD, we observe that one can implement
this re-sampling version without changing the code a great deal. One relatively
straightforward way to include re-sampling within the cut generation process is to
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accept/reject an outcome within a sample, based on a Bernoulli random variable.
Thus, if p (p > 0) is the acceptance (success) probability, then we generate a uniform
random variate for each previously generated outcome, and use only those outcomes
(ω t , t < k) for which the random number is less than p. Clearly, as p increases, the
cut generation process tends to use more outcomes in the approximation.

3.4 Computational results
In this section, we provide computational results comparing both versions of regularized SD, with and without re-sampling.
• Instances. We demonstrate the eﬀectiveness of re-sampling by solving both
small scale instances and larger ones. Among the smaller instances, we use CEP1,
which is a machine capacity planning problem, and PGP2 which is a power generation
planning problem ([30]). Among the larger problems, we test our methodology with
20TERM ([41]), STORM ([42]), both of which arose in logistics planning, and SSN
which is a telecommunication planning problem ([61]).
• Environment. The LP solver in our computation uses the ILOG CPLEX callable
library, version 10.0, and all programs were compiled and run in a Unix environment
on a Sun workstation (Sun Fire V440).
• Procedure. We start the experiments by ﬁrst running SD using a stopping
tolerance of ϵ = 0.0001 (see [32]). Given the number of iterations obtained in this
manner, we resolve the instances using re-sampling with an acceptance probability p
of 0.6.
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We begin by reporting computational results for the small instances, namely,
CEP1 and PGP2. In Figures 1-4, we compare solution times and objective values
for both versions of regularized SD (i.e. with and without re-sampling). Figures 1
and 2 focus on CEP1, for which we run the ﬁrst 30 iterations without re-sampling (in
either version). For the version with re-sampling, we start the re-sampling process at
iteration 30. As shown in Figure 1, the total time (as well as the time per iteration)
are reduced by using re-sampling. The important question however is whether the resampling process generates solutions that are comparable in quality. To answer this
question we present Figure 2 which depicts the objective function values of points
visited by the re-sampling process. These values were obtained by running an outof-sample evaluator that samples the objective function, given a ﬁrst stage solution
used in a particular iteration.
As shown in Figure 2, the objective values associated with these points (from
the re-sampled algorithm) are higher, but as suggested by Theorem 3, the diﬀerence
between the objective values diminishes as the iterations proceed. And after about
80 iterations, the objective function values associated with both algorithms are very
close, although the amount of time taken by the re-sampled scheme is lower. The
same general trend is observed for PGP2, for which we started the re-sampling process
at iteration 60, and ran this instance until iteration 160. As shown in Figures 3 and
4, we observe that the solutions provided by both methods are comparable (446.0231
vs 445.8673), while reducing computational time via re-sampling.
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Figure 1: Solution times of Regularized SD for CEP1: with and without re-sampling

Figure 2: Comparison of solution quality for CEP1: SD VS SDR
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Figure 3: Solution times of Regularized SD for PGP2: with and without re-sampling

Figure 4: Comparison of solution quality for PGP2: SD VS SDR
Next, we compare both versions of regularized SD by solving some larger instances:
20TERM, STORM and SSN. For each of these instances, we start the re-sampling
process after 300 iterations although the total number of iterations vary: 800 for
20TERM, 2400 for SSN and 1500 for STORM. Recall that these iteration counts
were determined by running the regularized version of SD without re-sampling, and
using the stopping rule that is designed for SD ([32]).
Basically, Figure 5 reports the solution times of 20TERM for the two versions of
regularized SD we are comparing. We record the CPU time (in seconds) every 100
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iterations. As illustrated in Figure 5, there is no diﬀerence between the two versions
for the ﬁrst 300 iterations because the re-sampling process was started only after
300 iterations. However, after 300 iterations, the re-sampled version gains speed as
iterations proceed. Moreover, at iteration 800, the re-sampled version takes 62 seconds
compared to 84.5 seconds for regularized SD without re-sampling, which results in a
reduction of 26.7% in computational time.

Figure 5: Solution times of regularized SD for 20TERM: with and without re-sampling

Figure 6 demonstrates the solution quality of 20TERM obtained by both versions
of regularized SD. As expected, there is no diﬀerence between these versions of SD
for the ﬁrst 300 iterations. At iteration 400, there is a jump in objective function
value due to re-sampling. Once again, the conclusion of Theorem 7 is demonstrated
in Figure 6, where the objective values obtained by the re-sampled version are not
as good in the early iterations of re-sampling, but the two versions begin to converge
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to the same value as iterations proceed. As a matter of fact, at iteration 800, one
observes scant diﬀerence in objective function value between the two versions, with
the original regularized SD version yielding 254561.8310 and the re-sampled version
providing a slightly higher value at 254572.1976.

Figure 6: Comparison of solution quality for 20TERM: SD VS SDR

While the computations reported above indicate the beneﬁts from re-sampling,
they really do not convey the full extent of savings that can arise from this enhancement. In order to give the reader a more complete sense of the advantages, we now
present computations associated with two of the most challenging instances (SSN
and STORM) in the SLP literature. Because of the challenging nature of these problems, [39] have reported computational results by solving these problems using grid
computing. Moreover, because of the need to replicate the runs (using independent
seeds), savings due to the re-sampling approach can become additively substantial.
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We demonstrate this advantage below.
Table 1 reports the computational times and objective values for SSN and STORM
using 20 replications for each. From the results in Table 1, we obtain the total computational times for each method. For SSN, the total running time for 20 replications
without re-sampling is 28104.16 secs (approximately 7.8 hours) on a Sun Fire V440.
Upon re-sampling, the total computational time was 20510.593 (approximately 5.7
hours), representing a reduction of about 27% (2.1 hours). We note that the best
value obtained in these replications is approximately 10.0358, whereas the best value
from the re-sampled version is approximately 10.0949, which is also demonstrated in
Figure 7.
As for STORM, the total computational time (over 20 replications) was reduced
by 28%, and Figure 8 shows the objective values obtained by the two methods. At
ﬁrst glance, the approximations in Figure 8 might appear to be poor. However, notice
that the entire range of objective values [1.55 × 107 , 1.565 × 107 ] is less than 1% of
the smallest value. Hence, this variability is marginal.
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Figure 7: Comparison of solution quality for SSN: SD VS SDR

Figure 8: Comparison of solution quality for STORM: SD VS SDR
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Table 1: Comparison of CPU time and estimated objective value
large scale instances with 20 replications: SSN and STORM
SSN(2400)
SSN
STORM(1500)
CPU Time(secs) Obj. Value CPU Time(secs)
SD
1307.35
10.2566
1620.54
SDR
923.13
10.3624
1163.53
SD
1233.43
10.3248
1641.28
SDR
904.45
10.4331
1148.46
SD
1445.67
10.2111
1662.02
SDR
1046.92
10.3215
1133.39
SD
1532.62
10.4976
1682.76
SDR
1174.28
10.5843
1158.32
SD
1301.78
10.4745
1703.5
SDR
936.17
10.5639
1193.25
SD
1490.58
10.1578
1564.24
SDR
1025.76
10.2392
1088.18
SD
1579.39
10.5371
1744.98
SDR
1175.35
10.6747
1273.11
SD
1168.95
10.3574
1665.72
SDR
864.91
10.4808
1158.04
SD
1457.23
10.0358
1786.46
SDR
1054.53
10.0949
1242.97
SD
1145.06
10.4751
1607.2
SDR
834.13
10.5629
1227.9
SD
1534.61
10.3443
1727.94
SDR
1183.77
10.4331
1212.83
SD
1223.45
10.2136
1648.68
SDR
923.32
10.3219
1197.76
SD
1312.22
10.3229
1769.42
SDR
942.91
10.4071
1282.69
SD
1401.05
10.4322
1690.16
SDR
1022.53
10.5235
1267.62
SD
1489.83
10.1815
1710.9
SDR
1042.95
10.2775
1252.55
SD
1578.35
10.3458
1831.64
SDR
1161.87
10.4533
1337.48
SD
1167.44
10.2061
1652.38
SDR
851.79
10.3087
1222.41
SD
1756.25
10.2664
1773.12
SDR
1210.81
10.3441
1307.34
SD
1545.05
10.4787
1693.86
SDR
1170.463
10.5095
1192.27
SD
1433.85
10.3888
1689.32
SDR
1060.55
10.4912
1207.34

for SD and SDR in
STORM
Obj. Value
15541695
15615752
15542102
15600974
15544510
15616195
15562917
15631417
15543325
15616638
15553733
15621860
15544140
15647081
15544548
15552303
15544956
15557525
15555363
15562746
15545771
15567968
15586178
15613189
15546586
15578411
15546994
15583633
15547401
15588854
15547809
15594076
15548217
15579297
15548624
15584519
15549032
15569741
15547513
15561221
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CHAPTER 4: MULTISTAGE STOCHASTIC DECOMPOSITION

4.1 Introduction
Solution of constrained stochastic decision models remains the important branch
of optimization. Despite decades of research on optimization models and algorithms,
our ability to solve constrained stochastic optimization problems remains a continuing challenge. One might lay the blame on the well known curse of dimensionality
associated with Dynamic Programming (DP, e.g. [52]). However, the diﬃculties go
beyond DP. Other approaches to stochastic optimization problems (e.g. [65]a) also
present a rather bleak outlook for constrained stochastic optimization.
Despite these diﬃculties, practitioners, and specialists in the art of modeling do
not have the luxury of setting these problems aside. On a daily basis, decisions are
made in the face of uncertainty while accommodating physical and ﬁnancial constraints. Moreover, these systems are inherently dynamic, with the simplest models
resulting in two-stage problems. We will focus on multistage problems, and in this
setting, the demands on optimization algorithms rise to a whole new level. In this
chapter, we introduce the notion of optimization by simulating the algorithmic process, and hence we refer to this process as “Optimization Simulation”.
Some algorithms that use deterministic approximations and sampling approximations have been mentioned in chapter 1. Although the most popular sampling-based
methods (e.g. [47] and [16]) provide practical approaches for approximate solutions of
MSLP with large complicated scenario trees, there are computational bottlenecks: a)
even with discrete valued stochastic processes, it is unclear how one might interface
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with a simulation that might have the ability to generate a sample path, b) asymptotic convergence proofs require iterations which traverse the entire scenario tree at
some steps of the method ([40]), and c) stage-wise independence of the stochastic
process appears to be critical ([66]).
In contrast, the multistage SD method proposed in this chapter provides revised
updates as more sample paths are observed sequentially. Indeed, as with its twostage predecessor ([30] and [31]), the multistage SD method learns to approximate
value functions, as well as decisions in a sequential manner. Moreover, this sequential
process is shown to provide asymptotic optimality without requiring us to traverse
the entire tree in any particular iteration.
The plan of this chapter is as follows. Section 4.2 begins with a multistage stochastic linear programming problem setting. The multistage stochastic decomposition algorithmic schema, as well as a discussion comparing MSD and other sampling methods
are presented in section 4.3. In sections 4.4 and 4.5, we prove its asymptotic convergence properties. Finally, sections 4.6 and 4.7 study a production and inventory
instance and provide the preliminary computational results using multistage stochastic decomposition algorithm.

4.2 Multistage stochastic decision models
In our formulation, we consider a T +1 stage multistage stochastic linear programs.
In addition, we assume that time will march ahead from now (t = 0) to the end of
horizon (t = T ), where T is a given positive integer. With this notation, there will be
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T +1 stages in the formulation. Thus, as a special instance, the two stage formulation
will have stages indexed by t = 0 and T = 1.
Let (Ω, F, Γ) denote the ﬁltered probability space (i.e. Ft ∈ F, for t = 1, ..., T
and Ft1 ∈ Ft2 , for t1 < t2 ). Usually, Ω = Ω1 × ... × ΩT (Ωt ∈ Rvt with vt a positive
integer). One generated scenario/path is denoted as ω t = (ω1 , ..., ωt ), which consists of
t elements of the process. In addition, the corresponding random variable is denoted
as ω̃ t .
In the ﬁltered probability space, Ft , the σ-algebra denotes the collection of available data information to the decision maker at current time period t. In particular,
for simplicity, we restrict the random variables ω̃ t to be ﬁnite for all t. Moreover,
Ft is generated by a ﬁnite partition {Θlt } of Ω and Ft+1 is ﬁner than Ft (i.e. for
any set Θ̄ ∈ {Θlt }, ∃ a collection of sets in {Θlt+1 }, indexed by C(Θ̄), say, such that
Θ̄ = ∪l∈C(Θ̄) Θlt+1 ).
The relationships between the sets in the partition Θlt and their children C({Θlt })
can be encoded in the form of a tree which is termed as a scenario tree in stochastic
programming. A node in period t represents a subset of paths (such as Θ̄), which
have the same events in the ﬁrst t periods, and record some new event in period t + 1.
Since algorithms will work by using the tree as a road-map, it will be convenient to
index nodes on the scenario tree by n, and denote the (unconditional) probability of
reaching node n by pn .
Moreover, n+ is the children node of node n, which is n+ ∈ C(n). And ñ+
represents any random children node of n. By the same token, n− denotes the parent
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of node n. Finally, letting p(n+|n) denote the probability of reaching node n+, given
that the process has arrived at node n. Therefore, we can generate a sample path
through the scenario tree from the root node to terminal node. On the other hand,
if ω̃ t is a continuous stochastic process, we need to take great care of measurability
issues ([11]).
The multistage SD method will work with sample paths which is generated from
the scenario tree. We use the notation N to represent the set of nodes in the scenario
tree. In the following statement of the sequential decision model, we associate a time
index t(n) with each node n. We will use the following convention in the model stated
below.
a) The root node is indexed by node 0.
b) If node n belongs to the last stage, the expected value/recourse function of n+
(the future) is 0.
c) Finally, we deﬁne composite state variables sn = (xn , ω n ). Note that the composite
state sn used here traces the entire history of the data state ω n . Thus by using the
scenario tree, SP allows us to capture the history of the process. However, the state
xn is only deﬁned at node n, and is data and decision dependent, prompting us to
refer to them as the “3d” states.
d) The initial state x0 is given.
In the following, we introduce the mathematical formulation of the multistage
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stochastic linear program model:

Min{dT0 u0 + E[h0+ (s̃0+ )] : u0 ∈ U0 , x0+ = a0+ + A0+ x0 + B0+ u0 a.s.},

(26)

where hn are deﬁned recursively for n ≥ 1 as

hn (sn ) = cTn xn + Min{dTn un + E[hn+ (s̃n+ )] : un ∈ Un (xn ),

(27)

Un (xn ) = {un |Dt(n) un ≤ bn − Cn xn } a.s.}

(28)

xn+ = an+ + An+ xn + Bn+ un , a.s.

(29)

and

Since the dependence of the value function on data can be captured via the node
index n, without loss of generality, we drop the dependence on (ω n ), and simply write
(cn , dn , An , Bn , Cn , Dn , an , bn ) as data for node n. Moreover, the constraints on the
decisions at node n are written as un ∈ Un (sn ) a.s. However, in order to appeal to
the ideas of two-stage SD ([28]), and to ease some of the computational burden, we
assume Dn = Dt(n) , that is, these instances satisfy a multistage version of the ﬁxed
recourse assumption for two-stage problems. All other data elements are allowed to
depend on the state of the stochastic process at node n.
The parallels between the two-stage and the multistage stochastic program should
be clear. As usual, the above recursive statement is such that the multistage model
can be conceptually interpreted both as a specialization as well as a generalization
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of a two stage model. From a computational point of view, however, the presence
of a nested collection of conditional expectation functions, poses far more serious
computational challenges for the multistage case.
There are at least four advantages to the above formulation of the multistage SP
model: a) the value function is stated in terms of the (state) variables sn that couple
successive stages in the model, and since these are usually in a lower dimensional
space than the decision variables (un ), the approximations are more manageable and
scalable; b) in the course of the algorithmic development, it will become clear that SD
provides a bridge between SP and ADP; c) the above notation is standard in dynamic
systems theory and software (such as Matlab), and ﬁnally, d) our approach actually
extends asymptotic convergence properties of both SP and ADP.
Item a) above has also been observed in [52] who suggests that in resource allocation applications, most models have far fewer coupling (state) variables leading
to approximations in lower dimensional spaces. Other applications, such as ﬁnancial
models, also satisfy such properties because the number of stocks that determine the
set of decision variables is often much larger than the portfolio or the class of investments tracked over time. As for items b) and c), we note the role of SD as unifying
algorithm between SP and ADP. In this sense, the notion of approximations has been
a central focus of stochastic programming algorithms which allow both path dependent stochastic processes, as well as, constraints in the stochastic decision model.
Finally recall that the implications of item d) have already been discussed in the
introductory section.
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4.3 Multistage stochastic decomposition algorithm
In the following, we will use certain extensions of the regularized version of the
two-stage SD algorithm (See chapter 2). In the multistage case, each non-terminal
node n ∈ N will be endowed with a mechanism to initialize and update incumbent
decisions, denoted ûk−1
in iteration k. As with two-stage SD, ûk−1
will represent a so0
n
lution that is estimated to be the best decision observed prior to iteration k (for stage
0). The incumbent decisions for the subsequent nodes are noted to be those future
k
decisions that support the choice ûk−1
0 . Candidate decisions, denoted u0 , will refer

to those solutions that are obtained by solving nodal decision simulations described
below. They are referred to as candidates because they may replace incumbent decisions. Because we will traverse only one path in any iteration, the algorithm will
not visit other nodes that are not on the traversed path. Accordingly, candidate decisions will be generated for only a subset of nodes of the observed scenario tree, and
these may become incumbent decisions if certain criterions are satisﬁed. Note that
nodes that are not on the sample path for iteration k will not change their incumbent
decisions. The states xn generated using incumbent decisions will be referred to as
incumbent states, and those associated with candidate decisions will be referred to as
candidate states.
We begin by presenting a summary of the multistage stochastic decomposition
algorithm which is discussed in greater depth subsequently.
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1. Simulate a sample path ω kT and for all nodes of the scenario tree, update counts
as well as frequencies reﬂecting the number of visits, and the fraction of visits. We
will refer to nodes along the sample path by the notation n ∈ ω kt (If one initializes
all counts to be zero, then one can simply update counts (of visits to nodes) on the
sample path observed in the current iteration.)
1.1 (No nodes on the path are new.) If the current sample path, denoted ω kn ,
has been revealed in some prior iteration, then assume that approximations fnk−1 are
available for all n ∈ ω kt , as well as incumbent states and decisions for all n ∈ ω kt .
Starting with n = 0, we will optimize fnk−1 for a given state x0 , denote the solution
as ukn and then identify a candidate state xkn+ = an+ + An+ xkn + Bn+ ukn . Using the
latter state, we obtain a candidate decision ukn+ by solving a nodal decision simulation
(NDS, see (30)). This process is repeated for all non-terminal nodes on the sample
path.
1.2 If some nodes n ∈ ω kT have not been visited in previous iterations, then perform
operations of step 1.1 until no such nodes are available, and then, solve two scenario
LPs associated with the remainder of the path. One LP is initialized with the incumbent decision, and the other with the candidate decision. The resulting solutions yield
the incumbent and candidate sequences for nodes on the entire path ω k .
2. Solve the nodal dual approximation (NDA see (32)). If control to this step is
passed from step 1, then, update counts as well as frequencies reﬂecting the number of
visits, the empirical conditional probability of visits, and use the terminal node for the
sample path as node n; otherwise use n as dictated by step 3 below. Solve N DA(n)
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k
using the incumbent state ŝk−1
n , as well as the candidate state sn , and proceed to step

3 using node n ← n − . Note that this step is only performed for non-root nodes.
3. Update approximations. Using n provided by step 2, collect information regarding sub-gradients for hkn+ (see(32)), and form two aﬃne lower bounding approximations for hkn (One is the approximations obtained for the incumbent state ŝk−1
n ,
while the other is for the candidate state skn ). These updates provide functions fnk (see
(35)). If n = 0, we proceed to step 4; otherwise, we return to step 2 with the current
node n. (This step is only performed for non-root or non-terminal nodes).
4. Update the incumbent. Let q ∈ (0, 1), σ̄ ≥ σ ≥ 0 be given. If f0k (uk0 , x0 ) −
k−1 k
k
k
f0k (ûk−1
(u0 , x0 ) − f0k−1 (ûk−1
0 , x0 ) ≤ q[f0
0 , x0 )], û0 ← u0 , σk ← Max{

σk
,
2

σ} other-

k
wise, we continue with ûk0 ← ûk−1
0 ; σk ← Min{2σ , σ̄}. For nodes that do not belong

to the k th sample path, set hkn ← hk−1
n . Increment the iteration counter k, and repeat
from step 1.
Figure (9) presents a caricature of one iteration of the algorithm. In the following,
the solid lines joining the blank nodes represent the path generated in a forward
pass of the algorithm, and the nodes marked with a cross represent previously visited
children of nodes associated with the current sample path. The calculations in step
1.1 generate the scenario shown by the blank nodes, and the computations necessary
for obtaining a candidate sequence for that scenario. The calculations in step 1.2 are
intended to generate initial incumbents for a new scenario. As for other calculations,
step 2 requires the solution of one LP for each non-root node on the sample path.
Indeed, step 2 starts with the terminal node (on the sample path), and upon solving
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the NDA for that node (referred to as n), the algorithm proceeds to calculate the
approximations for node n−, which will be designated as node n for step 3. Once the
approximation is developed in step 3, it returns to step 2, with node n and one solves
a new N DA(n). In this manner, the algorithm moves backward in time until step 3
processes the root node (indexed by 0). At this point, a new approximation for the
root node is at hand, and the algorithm proceeds to step 4.

Figure 9: Caricature of visits to nodes within one iteration

It is important to recognize that in any iteration, approximations of the expected
recourse functions are developed only for those nodes n that belong to the sample path
generated in iteration k (i.e. n ∈ ω kT ). Thus, unlike other approaches for optimization
simulation in stochastic programming (e.g. [16] and [40]), the multistage SD algorithm
creates approximations of the expected recourse function of non-terminal nodes of the
sample path ω kT generated in iteration k. Further details of each step are provided
below.
Borrowing from the case of two-stage SD, we will make the following assumptions:
B1) The set of ﬁrst stage decisions is compact.
B2) The relatively complete recourse assumption is satisﬁed at every stage; (i.e. (32)
has a ﬁnite optimum for any setting of feasible xn .
B3) Zero provides a lower bound on all conditional expectations. (This assumption
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can be easily relaxed as in the two-stage case.)
B4) Assume that for all t, Dt has full row rank. In addition, we reiterate the ﬁxed
recourse assumption (Dn = Dt(n) ), as well as the requirement that the stochastic
process has compact support.
B5) The scenario tree represents only nodes with conditional probability pn ≥ 0.

4.3.1 Simulate a sample path
We assume that the simulation will be consistent with the given stochastic process
denoted ω̃ T . In developing the approximations however, we will use the empirical
distribution observed for transitions from node n to a child node n+. At iteration
k, this estimate (p(n+|n) ) will be denoted by pkn+ . Our estimates of probabilities will
reﬂect the number of times the simulation has visited a given node, given that the
parent node was visited.
Steps 1.1 and 1.2 are often called forward pass because they are used to generate
a sequence of states based on incumbent (ûkn ) and candidate (ukn ) decisions. Given a
decision un , one is able to ﬁnd the next “3d” states {xn+ }n+∈Cn using the dynamics
by traversing the sampled path ω kT forward in time, by starting with n = 0 and then
recursively calculating the “3d” states associated with the candidate sequence using
the dynamics: xkn+ = an+ + An+ xkn + Bn+ ukn , followed by the decisions:

k−1
(un+ , xkn+ ) +
ukn+ ∈ arg min{fn+

σk
2
k
||un+ − ûk−1
n+ || : un+ ∈ Un+ (xn+ )},
2

(30)
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where n+ ∈ ω k and follows n.
We refer to a decision problem in (30) as a nodal decision simulation because
these forward passes generate decisions along the sample path during the forward
simulation. Because sample paths may change from iteration to iteration, incumbent
state trajectories {x̂k−1
n } along a sampled path must be updated to be consistent with
the current incumbent decision ûk−1
0 . However, due to the relatively complete recourse
assumption, the previously calculated incumbent decisions ({ûk−1
n }) at a sampled
node need not be changed. Thus we solves only one nodal decision simulation for any
non-terminal node on the sample path for iteration k.
The MSD algorithm will update the approximate functions {fnk } from iteration
to iteration by using piecewise linear approximations developed during the backward
pass (step 3). The parameter σk is also updated for computational eﬃciency; however
it is important to maintain its value within a range that does not contain zero, and
its upper limit should not be so large as to cause diﬃculties due to scaling ([30]).
Without loss of generality, we can therefore assume a lower bound to be σ = 1.
Step 1.2 plays a role in those iterations in which the sampling process discovers
new nodes of the scenario tree. For such nodes, function approximations have not
been created in any previous iteration, and as a result it is not possible to perform
(30). What we recommend in this case is that a linear program be solved, starting
from the ﬁrst newly revealed node, with data corresponding to the rest of the sample
path. The solution of this LP will provide the dual multiplier estimates to be used in
the backward pass (step 2 - see next subsection).

66

4.3.2 Solve nodal dual approximations
These calculations are carried out backward in time, along the path that was
generated in the forward pass. Accordingly, the deﬁnitions that follow are best carried
out in a recursive manner, starting from a terminal node. For nodes along the sample
path ω k , the backward pass updates the functions fnk using two state trajectories
k
k
k−1
k
{x̂k−1
n }, and {xn }, n ∈ ω , and the corresponding decisions {ûn } and {un }, n ∈

ω k , respectively. Whenever a particular calculation applies to both incumbent and
candidate solutions, we will use the notation xn to denote either trajectory. One of
the main ideas behind the multistage SD setup is that it highlights the use of state
variables (sn = (xn , ω n )) in the approximation process.
Moreover, for a terminal node n, we deﬁne E[hn+ ] = 0 and let hkn provide a lower
bound on hn . In order to deﬁne approximations for non-terminal nodes, we set forth a
recursive deﬁnition by assuming that for all n+ ∈ Cn , we have approximations hk−1
n+ ,
as well as empirical probabilities {pkn+ }n+∈Cn . Then, we deﬁne hkn as an empirical
lower bounding approximation of the nodal recourse function at node n as follows:

hkn (sn ) ≤ cTn xn + Min{dTn un +

∑

pkn+ hkn+ (sn+ ) : Dt(n) un ≤ bn − Cn xn }.

(31)

n+∈Cn

If the quantities hkn+ on the right hand side of (31) are replaced by exact values
hn+ , then the above statement becomes an equality, and in that case (31) is simply
an application of the DP principle of optimality. Of course, if n is a terminal node,
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the above inequality will always hold as an equation because hkn+ = hn+ = 0.
For ﬁnite k, our simulation based successive approximation scheme has two sources
of errors: the probability distribution (using empirical distributions), and the future value functions hkn+ . The latter will be approximated using subgradients of approximations. Now, if we could ensure that the collection of approximations satisfy
{hkn+ }n+∈Cn → hn+ in some sense (e.g. epi-convergence), then one could (using the
law of large numbers) ensure that hkn → hn with probability one. However, it is well
known that the approximations generated by SD obeys epi-nesting relative to hn , but
not epi-convergence to hn ([29], [57]). Thus the approximations hkn developed below
(using subgradients) should be designed to ensure epi-nesting, which will be suﬃcient
for convergence of state trajectories with probability one.
Suppose that for all n+ ∈ Cn , we have already calculated a subgradient (with
k
k
respect to xn+ ) βn+
∈ [∂hkn+ (sn+ ) − cn+ ] and let αn+
denote the constant term asso-

ciated with the corresponding supporting hyperplane. Assuming relatively complete
recourse, and substituting for the “3d” state variables, that is, xn+ = an+ + An+ xn +
Bn+ un , and replacing the primal value function by its dual representation, we obtain
an aﬃne lower bounding approximation as follows:

hkn (sn ) ≤ cTn xn +

∑

k T
k
) [an+ + An+ xn ]}+
+ (cn+ + βn+
pkn+ {αn+

n+∈Cn

T
πn = dn +
Max{πnT [bn − Cn xn ] : πn ≤ 0, Dt(n)

∑

k
T
)}
(cn+ + βn+
pkn+ Bn+

(32)

n+∈Cn

The LPs in the second line of the above equation will be referred to as nodal dual
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approximations (NDA). In order to instantiate the NDA for node n, denoted N DA(n),
k
note that the right-hand side requires quantities pkn+ , Bn+ , cn+ , βn+
for n+ ∈ Cn . In
k
k
order to do the recursion. we assume that pkn+ , αn+
and βn+
are estimated and

available for all n+ ∈ Cn . Indeed, while we will maintain these quantities for all
nonterminal nodes that have been visited at least once, they will only be updated
periodically, depending on their “proximity” to the sampled path. The notion of
“proximity” as well as the updating procedure will be described subsequently. Let
πnk denote solutions obtained by setting xn = xkn (a candidate) for the LPs in (32).
Hence using πnk , we obtain:

hkn (sn ) ≥ (πnk )T bn + (cn − CnT πnk )T xn +

∑

k
k T
pkn+ {αn+
+ (cn+ + βn+
) [an+ + An+ xn ]}.

n+∈Cn

Letting
∑

βnk = −CnT πnk +

k
pkn+ ATn+ (cn+ + βn+
)

(33)

k
k T
pkn+ {αn+
+ (cn+ + βn+
) an+ },

(34)

n+∈Cn

and
αnk = (πnk )T bn +

∑
n+∈Cn

we recursively obtain a subgradient βnk ∈ [∂hkn (skn ) − cn ] (with respect to xn ) and the
quantity αnk represents the “constant” term of the hyperplane. These quantities will
be used for approximations at the parent node n−.

4.3.3 Collect information and update approximations
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Using the pairs (33) and (34) (and their analogs for incumbent trajectories when
necessary), we can now summarize the approximations developed at the candidate
state trajectory for the multistage SD algorithm:
hkn (sn ) =



 Max{αnk + (cn + βnk )T xn , α̂nk + (cn + β̂nk )T xn , hk−1
n (sn )} if t(n) = T ;

k

 Max{αnk + (cn + βnk )T xn , α̂nk + (cn + β̂nk )T xn , κn −1
hk−1
n (sn )} if 1 ≤ t(n) < T
κk
n

where κkn denotes the number of visits to node n when the k th approximation is
created. Note that if node n belongs to the sample path for iteration k, then κk−1
=
n
κkn − 1. Hence if sample mean approximations were previously constructed using κk−1
n
visits to node n, the multiplier ( κnκ−1
k ) reﬂects the increase in sample size by using the
k

n

lower bound (assumed to be zero) as a new observation for all newly generated aﬃne
approximations for a non-terminal node n. Of course, in case of terminal nodes, there
is no uncertainty in the future, and as a result the approximations require no further
estimation (because sampling produces the same scenario).
In order to keep the notation manageable, we introduce an index set Ink that
k
will index all aﬃne functions deﬁning hkn as follows: hkn (sn ) = Max{αin
+ (cn +
k T
) xn : i ∈ Ink }. Note that this is precisely the form of approximation used in Lβin

shaped method/Benders’ decomposition, and its variants. Finally, we put hkn ← hk−1
n
for all those nodes that do not belong to the path sampled in iteration k. Thus
the approximations associated with all other nodes remain unaltered, although their
impact on the parent node changes via the estimated probability update pkn . In any
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event, setting n ← n−, we obtain an updated approximation of the following form,

fnk (un , xn ) = cTn xn + dTn un +

∑

pkn+ hkn+ (sn+ ) : xn+ = an+ + An+ xn + Bn+ un (a.s.)

n+∈Cn

(35)
where the almost sure requirement is to be interpreted with respect to the empirical
probability distribution observed at node n. Note that since sn+ = (xn+ , ω n+ ), the constraints in (35) provide terminal conditions whose cost-to-go is

∑
n+∈Cn

pkn+ hkn+ (sn+ ),

the expected recourse (value) function. Clearly, this approximation scheme which is
based on the arguments of SD, has the same form as ADP, and hence forms a bridge
between SP and ADP. Moreover, using (35) further clariﬁes the role of the principle
of optimality in both SP and ADP.
It is interesting to recognize that the functions (fnk ) which are optimized in the
nodal decision simulation (i.e. (35)) can be accommodated in several ways: a) as in
the original L-shaped method using aggregated cuts from all observations ([69] and
[28]), or b) via a multi-cut version as in ([8] and [60]). Depending on the degree of uncertainty and nonlinearity of the value function, one can use either of these extremes
(or some combination of the two) in solving the approximations. Furthermore, we
remind the reader that the forward simulation pass is performed by ﬁxing xkn , and optimizing fnk−1 (un , xkn ), whereas, the backward pass uses subgradients at the candidate
and incumbent state trajectories (i.e. βnk ∈ ∂[hkn (xkn ) − cn ] and β̂nk ∈ ∂[hkn (x̂kn ) − cn ])
to generate new approximations. Note that unlike nested Benders’ decomposition
and related stochastic dual dynamic programming, the backward pass in MSD uses
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speciﬁc future subgradients of NDA(n) (32), rather than optimizing over the entire
collection of available sub-gradients. This has the advantage of maintaining a pure
LP structure, rather than a piecewise LP structure as done in other previously mentioned multistage SP algorithms. An alternative, somewhat weaker version of these
updates, appears in a related paper ([62]).
For situations in which the relatively complete recourse assumption is not justiﬁable, the algorithm can be modiﬁed to accommodate so-called feasibility cuts, which
k
k
would have the form [δn+
][bn+ − Cn+ xn+ ] ≤ 0, where δn+
denote some dual extreme

direction along which the objective in (32) recedes to +∞. For the purposes of this
dissertation however, we continue with the relatively complete recourse assumption
as stated earlier.

4.3.4 Update incumbent solutions
As with the two-stage regularized SD algorithm (See chapter 2), the choice of the
incumbent is based on objective value estimates at the root node; that is, we estimate
whether there is a reduction in the value f0 (u0 ; x0 ); that is, ûk0 ← uk0 if

k−1 k
f0k (uk0 , x0 ) − f0k (ûk−1
(u0 , x0 ) − f0k−1 (ûk−1
0 , x0 ) ≤ q[f0
0 , x0 )]

(36)

If the above inequality is satisﬁed, then all incumbent solutions on the sample path
are updated to assume the values of the candidate decisions, although nodes that are
not on the sample path retain previous values of incumbent decisions.
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4.4 Asymptotic convergence of multistage SD
While the algorithmic approach described above is entirely recursive, the analysis
that follows will be more akin to the analysis of scenario-based SP algorithms, thus
making SD an appropriate bridge between the SP and DP approaches. Because SP
allows very general dependence structures, the multistage SD algorithm also inherits
this generality. We emphasize that while the computational constructs for the algorithmic process have already been introduced in the previous section, some of the
notations introduced below are simply intended for the purposes of analysis.
The collection of all scenarios generated will be denoted S0 , and for nodes n+ ∈ C0 ,
we deﬁne S0+ ⊆ S0 as the subset of scenarios that visit node “0+”. Recursively, let
Sn+ denote the subset of scenarios of Sn passing through node n + . This process
is the same as that used to form scenario trees from ﬁltrations in section 4.2, and
consequently, the frequency estimates lead to the conditional probability estimates,
j
j
denote sequences of state
and Un+
asymptotically. For any j ∈ (∪n+∈Cn Sn+ ), let Xn+

and decision vectors associated with scenario j, starting with node n+. Accordingly,
j
j
assume that the vectors (xn , Xn+
) and (un , Un+
) satisfy feasibility, non-anticipativity,

as well as dynamics as stated in (29), although it is the sampled subproblem starting
at node n. Then, deﬁne a nodal sample mean approximation (N SM A(n)) as

Hn (sn |Sn ) = cTn xn + Min{dTn un +

∑

(

j∈(∪n+∈Cn Sn+ )

κj
j
j
)[Cj (Xn+
) + Dj (Un+
)]}
κn
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= cTn xn + Min{dTn un +

∑

∑

(

n+∈Cn

j∈Sn+

κn

κj

)[Hn+ (sn+ |Sn+ )]},

(37)

where κn = |Sn |. To avoid further complicating the notation, we are not distinguishing
between counters for scenarios (κj ) and counters for visits to node (κn ), and because
the context (scenario/node) will be clear there should be no confusion. The functions
j
j
Cj (Xn+
) and Dj (Un+
) represent the cost for scenario j, starting with state sn . Since

we are interested in asymptotic analysis, we assume that κn , the number of sampled
paths is large enough for all n ∈ N . Next assume that both non-anticipativity and
dynamics are stated in polyhedral form (see e.g. [42] and [33]), and the frequency
κ

estimates ( κnj ) appear only in the objective function, but not in the constraints. The
notation Hn (xn |Sn ) is intended to convey the sense that the sample is given, and
accordingly, its size κn as well as the counts κj are also given. In the following we
will indicate the dependence of N SM A(n) on the iteration counter (k) as well as the
κ

frequency estimates ( κnj ) by using the sample Snk in Hn (xn |Snk ).
In the design of SD presented in the previous section, we do not solve any of
the nodal sample mean approximations; instead we sequentially develop approximations of these nodal sample mean approximations, and they will be shown to provide
asymptotically accurate estimates of the objective function. To see how the approximations in SD compare with (37), let us relate the latter to the nodal calculations
∑
of SD. We ﬁrst observe that pkn+ = ( j∈S k κkj )/κkn , and for large enough k such that
n+

pkn+ > 0 for all n+ ∈ Cn , let us examine how the approximations fnk in (35) compare
with N SM A(n) in (37). Both (35) and (37) require three properties: feasibility of un
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(in the sense that un ∈ U (xn )), as well as feasibility, non-anticipativity and dynamics
of all future states and decisions. However, there is an important diﬀerence: (37)
requires optimality with respect to the exact sample mean objective for nodes n+
and beyond, whereas (35) requires optimality with respect to future sample mean
approximations hkn+ . Through the nodal decision simulations in the forward pass, SD
chooses un , and based on the choice of nodes dictated via sampling, the backward pass
uses one child node in Cn whose piecewise linear approximation is updated. Other
approximations remain unchanged during any iteration. Let

T
uk+1
n (xn ) ∈ argmin{dn un +

∑

[pkn+ hkn+ (xn+ )] +

n+∈Cn

σk
||un − ûkn ||2 },
2

(38)

where un ∈ Un (xn ), and xn+ = an+ + An+ xn + Bn+ un .
k+1
Using xk+1
n+ (xn ) = an+ + An+ xn + Bn+ un (xn ), deﬁne

Fnk (sn ) = cTn xn + dTn uk+1
n (xn ) +

∑

[pkn+ hkn+ (xk+1
n+ (xn ))],

(39)

n+∈Cn

ϕkn (sn ) = Fnk (sn ) +

σk k+1
||u (xn ) − ûkn ||2 .
2 n

(40)

Note that as with the sample mean approximation Hn (xn |Snk ), the approximations
deﬁned in (39) and (40) are also dependent on the sample Snk . Hence, strictly speaking
it would have been appropriate to indicate the sample dependence for these functions
too. However, recognizing that all three functions depend on the same sample Snk , we
have chosen to simplify the notation for (39) and (40) by using the superscript k.
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In order to study for the asymptotic behavior of the MSD algorithm, we investigate
how the functions ϕkn (sn ), Fnk (sn ), Hn (sn |Snk ) and hn (sn ) compare at limiting states
(if such exist). The proof is based on a dynamic version of regularization ([60]),
subdiﬀerential compatibility ([29], [57]), and epi-consistency ([38]). These concepts
were combined previously for asymptotic results of two-stage SD in chapter 2. The
following concept will be useful in the analysis.
Definition 1 A sequence of functions {ϕk } and a function ϕ are said to be subdifferentially compatible with respect to a sequence of points {xk } if for any subsequence
such that {xk }k∈K → x̄, one has limsupk∈K ∂ϕk (xk ) ⊆ ∂ϕ(x̄). A shorthand represen∂

tation of this notion is {ϕk } −
→ ϕ(wrt{xk }).
Corollary 8 of [29] states that under subdiﬀerential compatibility, the decisions
generated via minimization of the approximation creates a sequence whose accumulation points belong to the set of optimal solutions to the original problem of optimizing
ϕ. The terrain that we explore in proving asymptotic optimality can be summarized
by the following relations,

∂

∂

wp1

→ Hn (.|Snk ) −−→ hn (wrt{ŝkn })
→ Fnk −
ϕkn −

(41)

which requires us to show that for the sequence of states {ŝkn }, the sequence of function values and subgradients on the left hand side of an arrow satisfy subdiﬀerential
compatibility for the sequence on the right hand side of the arrow. Of the three
arrows above, the right-most one is classical (see e.g. [58] and [51]): it focuses atten-
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tion on the so-called sample mean (average) approximation (for multistage problems).
This is what one relies on when an algorithm samples the original scenario tree to
create a more manageable sub-tree, as in previously studied sampling algorithms for
MSLP. The middle arrow is what distinguishes SD from sample mean approximation, whereby piecewise linear approximations learn the sample mean approximation,
asymptotically. Finally, the left-most arrow is used to ensure certain regularizing
properties such as compactness and convergence of state and decision trajectories.
We start with the regularizing properties (e.g. compactness).
Lemma 7 Lemma for subgradient compactness. Suppose the multistage SD algorithm
runs for inﬁnitely many iterations. For any node n, let Ink denote the index set of
aﬃne functions in the deﬁnition of hkn . Under assumptions B1, B2 and B3, the
k
k
collection of vectors {Vnk = (αin
, βin
), i ∈ Ink } belongs to a compact set for all k and

n.
Proof: It is suﬃcient to show that the subgradients generated in each iteration, dek
noted βin
, belong to a compact set because all subsequent updates can be interpreted
k
as convex combinations of βin
and 0. It is therefore convenient to drop the index

i for the remainder of the proof. For any terminal node n, the complete recourse
assumption ensures that an optimal solution of the nodal dual approximation is obtained at a basic feasible solution, and using pkn+ = 0, we conclude that for all n with
t(n) = T, βnk = −CnT πnk belongs to a compact space (because πn are vertices of a ﬁxed
dual polyhedron). Hence the result is true for all terminal nodes. Next assume that
for some ﬁxed τ ≤ T this property is true for all nodes n such that τ = t(n) ≤ T. We
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k
show that this implies compactness of {βn−
} also holds for all parent nodes n−, where

t(n−) = τ − 1. From (33), it is clear that for nodes n− such that t(n−) = τ − 1, the
future reﬂected by

∑
n∈Cn−

pnk ATn (cn + βnk ) is bounded due to the induction hypothe-

k
k
sis. Hence βn−
is bounded if and only if πn−
is bounded. Since the complete recourse

assumption allows us to restrict our attention to optimal nodal dual solutions that
are basic feasible solutions of (32), the boundedness of {dn− +

∑
n∈Cn−

pkn BnT (cn + βnk )}

k
and the ﬁxed matrix Dτ −1 imply that πn−
is bounded and the result follows.

Lemma 8 Lemma for solution stability and compactness. Suppose assumptions B1B5 hold, and σ ≤ 1. Let {ûk0 } ⊆ U0 denote any inﬁnite sequence of ﬁrst stage
incumbent decisions. Then for each n ∈ N , there exists a subsequence of iterations
indexed by Kn such that the incumbent states {x̂kn }Kn as well as incumbent decisions
{ûkn }Kn have accumulation points.
Proof: First consider any node n with t(n) = 1. Since U0 (x0 ) is compact set by assumption, there exists a subsequence indexed by K0 such that for k ∈ K0 , {ûk0 }K0 →
ū0 . Then the linearity of the state dynamics implies that for any n such that t(n) = 1,
{x̂kn }Kn → x̄n and x̄n = an + An x0 + Bn ū0 , where Kn is a subsequence of K0 , starting
with the earliest iteration in K0 after the ﬁrst visit to node n. Next we consider
the incumbent solutions ûkn , where once again k ∈ Kn . Since incumbent solutions are
a subsequence of candidate solutions, we study the stability of candidate solutions.
Note that the variables in the nodal decision simulation (NDS) can be written in the
+ ∆un , x̂kn ) +
+ ∆ukn , where ∆ukn ∈ argmin{fnk−1 (ûk−1
form ukn = ûk−1
n
n

σk
||∆un ||2
2

:
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ûk−1
+ ∆un ∈ Un (x̂kn )}. As before, this optimization problem is denoted NDS(n), and
n
we denote its solution set by argmin(NDS(n)). Since σk ≥ σ ≥ 1 (by construction),
this is a positive deﬁnite piecewise linear quadratic program with linear constraints,
which has unique primal and dual optimal solutions (see Chapter 4 in [31]). Let θnk
denote the vector of dual multipliers corresponding to the subgradient inequalities in
NDS(n). Dualizing all subgradient inequalities by using the optimal dual multipliers
θnk , one obtains a quadratic programming subproblem whose solution set is identical to
that of NDS(n). Since this quadratic programming subproblem is stable to perturbations of the right-hand side and the linear part of the objective (see [26] section 5), it
follows that the solution set mapping (for NDS(n))ψn : x̂n → argmin(NDS(n)) is also
continuous. Consequently it follows that {x̂kn }Kn → x̄n implies that {ûkn }Kn → ūn for
all nodes n such that t(n) = 1. Using the above argument recursively, one concludes
the validity of the result for all nodes n ∈ N .

Lemma 9 Corollary for uniform convergence. Suppose assumptions B1-B5 hold.
a) The sequence of functions {hkn }k is uniformly equicontinuous, and uniformly convergent for all n.
b) The sequence of functions {Fnk }k is uniformly equicontinuous, and uniformly convergent for all n.
c) The sequence of functions {Hn (.|Snk )}k converges uniformly with probability one to
the expectation hn .
Proof: a) From Lemma 8 one is able to restrict attention to a compact subset
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of decisions for each n. As observed in concluding line of the proof of Lemma 7,
the boundedness of {dn− +

∑
n∈Cn−

pkn BnT (cn + βnk )} together with the ﬁxed recourse

matrix Dt(n−) implies that {hkn } must have a uniform Lipschitz constant, leading to
the conclusion stated in the corollary.
b) The complete recourse assumption ensures that the functions Fnk have ﬁnite
value, and recall from quadratic programming optimality conditions that the solution mapping uk+1
is piecewise linear. Hence the sequence of functions Fnk (sn ) =
n
cTn xn + dTn uk+1
n (xn ) +

∑

k+1
k
k
n+∈Cn [pn+ hn+ (xn+ (xn ))]

is also bounded over a compact set

of decisions, and moreover, a uniform Lipschitz constant also exists, thus leading to
the same conclusion as in part a).
c) This is the classical result of sample mean approximations converging uniformly
to the mean with probability one, so long as the approximations are constructed by
i.i.d sampling with an ever increasing sample size, the existence of a uniform Lipschitz constant (Lemma 7) and compactness of the decision/control/parameter space
(Lemma 7) can be established ([58] and [51]).

Theorem 8 Theorem for convergence of decisions. Suppose assumptions B1-B5
hold, and σ ≥ 1. Then there exists ū0 ∈ U0 , such that {û0 } → ū0 , and more generally, there exist ūn (x̄n ) ∈ Un (x̄n ), where the dynamics in (29) are satisﬁed, and
{ûkn (x̂kn )} → ūn (x̄n ) for all n ∈ N .
Proof: If the incumbent at the root node changes only ﬁnitely many times, then
the result is obviously true. So, consider the case in which the incumbent changes
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inﬁnitely many times. First consider node 0. Since x0 is given, it will be convenient
to refer to the objective function at node 0, simply by f0k (u0 ), rather than the more
cumbersome f0k (u0 , x0 ). The optimality conditions for the regularized approximation
at the root node (see equation (2.6) on page 115 of [31]) and our choice σ ≥ 1 implies
that:
k k
k+1
f0k (uk+1
− ûk0 ||2 ≤ 0.
0 ) − f0 (û0 ) ≤ −||u0

(42)

Let K0 denote iterations at which the incumbent changes, and for m successive
k

indices in K0 , we have û0l+1 = uk0l +1 , and the left hand side of this inequality can be
written as
m−1
1 ∑ kl kl+1
1 km km+1
k
k
k0
k0
[f0 (û0 ) − f0 l+1 (û0l+1 )].
∆m = [f0 (û0 ) − f0 (û0 )] +
m
m l=0

(43)

From lemma 9 the summation term in (43) converges to 0, whereas, the ﬁrst term
(in square brackets) has a ﬁnite upper bound (due to upper and lower bounds on the
approximations f0k ). Hence limm→∞ ∆m → 0. It follows that limm→∞ m1

∑
l

k

||û0l+1 −

ûk0l ||2 → 0. Hence the entire sequence of incumbents generated at node 0 must
converge, and we denote such a point by ū0 ∈ U0 .
Let us now proceed to other nodes on the tree. If a node is visited ﬁnitely many
times, the result is clearly true. Next consider nodes that are visited inﬁnitely many
times. Since the incumbent decisions converge for t = 0, the future incumbent
states {x̂kn } also converge (as in Lemma 8). Hence there exists a sequence of ink k
cumbent states that satisfy the equivalent of (42); that is, Fnk (ŝk+1
n ) − Fn (ŝn ) ≤
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k+1
k
k
2
−||uk+1
n (xn ) − ûn (x̂n )|| ≤ 0, where k ∈ Kn (as in the proof of Lemma 8 and the

previous paragraph). Once again, using the same arguments as in the previous paragraph, we conclude that {ûkn (x̂kn )} → ūn (x̄n ) for all n ∈ N .

Finally, we present the main asymptotic optimality result of MSD.

Theorem 9 Theorem for asymptotic consistency and optimality. Suppose assumptions B1-B5 hold, and σ ≥ 1. For all n such that 1 ≤ t(n) ≤ T , we have

∂

∂

→ Hn (.|Snk )(wrt{ŝkn })
→ Fnk −
ϕkn −

(44)

(which requires us to show that for the sequence of states {ŝkn }, the sequence of function values and subgradients on the left hand side of an arrow satisfy subdiﬀerential
compatibility for the sequence on the right hand side of the arrow). Moreover, subdiﬀerential compatibility for node 0 implies that ū0 ∈ U0 is optimal (wp1).
Proof: . First note that {ûkn (x̂kn )} → ūn (x̄n ) implies that the sequence of state {ŝkn }
converges for all n. Now, let us investigate the subdiﬀerential compatibility as stated.
The deﬁnition of subgradients and the updates for hkn together with Theorem 8 imply
subdiﬀerential compatibility of ϕkn and Fnk for all n. In order to prove the validity
of the next arrow, consider n such that t(n) = T (terminal nodes). Since {ŝkn } and
the functions hkn and Hn (.|Snk ) are equal for such (terminal) n and all states ŝkn , they
are also subdiﬀerentially compatible. Next we consider any parent node n, such that
t(n) = T − 1. Let Fn = limk→∞ Fnk . Because the incumbent sequence is created from
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the candidate sequence (i.e. ûkn = ukn for the chosen indices k) and {ŝkn+ } → s̄n+ , (35),
(38), and (39) imply
limk→∞ hkn (ŝkn ) = Fn (s̄n )

(45)

k
Moreover, the induction hypothesis implies that hkn+ (.) and Hn+ (.|Sn+
) are subdif-

ferentially compatible wrt {ŝkn+ } → s̄n+ for n+ ∈ Cn . From the development immediately preceding (38), we recall that pkn+ = (

∑
k
j∈Sn+

κkj )/κkn . Consequently, {ŝkn } → s̄n

, and {ŝkn+ } → s̄n+ for all n+ ∈ Cn , together with (37), (38) and (39) imply that
Fn (s̄n ) = limk→∞ Hn (skn |Snk ). Combining this asymptotic behavior with that in (45),
and the lower bounding behavior (32) obeyed by hkn , we conclude that Fnk and hkn are
both subdiﬀerentially compatible with Hn (skn |Snk ) with respect to {ŝkn } → s̄n , where
n satisﬁes t(n) = T − 1. Using this reasoning backwards recursively leads us to the
k
k
conclusion that F0+
and H0+ (ŝk0+ |S0+
) are also subdiﬀerentially compatible. Finally,

applying lemma 9(c) and Corollary 8 of [29] to approximations {f0k }k at node 0 we
conclude that ū0 ∈ U0 is optimal (wp1).

4.5 Remarks on the asymptotic analysis
A review of the convergence analysis reveals that our approach can be easily
applied to models for which the nodal problems are convex programs whose objective
and constraints are separable by states and decisions, and the stochastic dynamics are
linear. For the case of stochastic nonlinear dynamics however, one may not achieve
global optimality.
With a few exceptions (e.g. [52]), approximations in ADP do not rely on convex-
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ity. The asymptotic analysis presented above highlights some of the main diﬀerences
between SP and ADP: the former uses convex approximations which satisfy certain
properties (e.g. subdiﬀerential compatibility) to ensure asymptotic convergence. This
is achieved through dual problems, as in the nodal dual approximations used in MSD.

4.6 A production and inventory application
In the applications of stochastic programming, a number of studies have been focused on including uncertainties in production and inventory systems ([71] and [63]).
Moreover, diﬀerent methods have been proposed to solve speciﬁc uncertainties in
production and inventory systems. The dynamic lot-sizing method using stochastic
dynamic programming was suggested by Burstein et al.([10]) by analyzing the multistage production and inventory systems with stochastic delivery time. On the other
hand, Escudero and Kamesam ([21]) considered stochastic demands for multiple products and periods in a multistage production system. Discrete multistage stochastic
programming model and scenario tree are applied to describe the stochastic demands.
Furthermore, [46] studied a production planning and control problem when the
demand is stochastic. On the algorithmic side, they chose a robust optimization
method to solve the stochastic nonlinear programming. Another class of production
and inventory problem is to consider stochastic capacity and demands. [20] proposed
a stochastic programming model to study the capacity planning model in automobile
manufacture and [37] formulated a multistage stochastic programming model in a
semi-conductor manufacturer.
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In the presence of uncertainty, optimization problems in production planning system are very complicated. Therefore, new methods and algorithms to eﬀectively
handle such complex systems are required to be developed. In our application, we
consider a multi-period production system with stochastic demands and capacities. In
most cases of these type of systems, one aims at obtaining the optimal inventory policy to minimize the costs or maximize the proﬁts, which leads to multistage stochastic
programming models. In most studies of production planning systems, stochastic programming was frequently applied. Especially, when the system become very large and
complicated with multi-period and multiple uncertainties, simulations and heuristic
approaches are usually utilized. Moreover, due to the computational diﬃculties in
multistage stochastic models, the attempts to incorporate the production capacity
constraints in multilevel systems are moderate ([72]). However, we proposed a simulation optimization paradigm/algorithm to handle large scale multistage stochastic
linear programs, which makes the computation possibilities as well as maintaining
the asymptotic optimality properties.

4.7 Computational results
We present our preliminary computations within the context of a production and
inventory instance available from website (http://myweb .dal.ca/gassmann/). First,
we run a small instance, which has 5 stages and every node in the scenario tree has
three children nodes except the nodes at last stage.
Therefore, there are totally 81 scenarios in this instance. Figure 10 reports the
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computational results of the ﬁrst stage solution as iterations proceed. One can observe
that after 32 iterations, the ﬁrst stage solution converges to (8,0). This solution is
veriﬁed to be optimal by solving the deterministic equivalent linear program.

Figure 10: Sequence of ﬁrst-stage solutions for a small production-inventory instance
(81 scenarios)

We also replicated the solution of this instance by using 20 diﬀerent seeds to run
this algorithm. A summary of the outcomes of these runs is provided in Table 2.
Table 2: Results from replications of the multistage SD algorithm.
First-stage Solution Sample Average Std. Deviation CI Half Width
(α = 0.05)
x1

7.978

0.141

0.062

x2

0.068

0.032

0.019

In order to study whether the method would scale to problems with more scenarios, we run a similar production-inventory instance, but for this one we allow 6 stages
and every node has 32 children nodes. This results in an instance with 325 scenarios.
Furthermore, we ﬁx the number of iterations as 500. Figure 11 reports the computa-
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tional results of this instance. It is not diﬃcult to observe that the solutions stabilize
after approximately 50 iterations. Since it is not possible to solve the deterministic
equivalent problem in this instance, we use the scenario tree generated by multistage
SD method and solve the corresponding deterministic linear program. Once again,
we ﬁnd that solutions by solving deterministic problem are identical to that obtained
by running the multistage SD algorithm.

Figure 11: Sequence of ﬁrst-stage solutions for a large production-inventory instance
(325 scenarios)
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CHAPTER 5: CONCLUSIONS

The enhancements that we have developed lie in both convergence theory and
algorithmic considerations for two-stage SD. In the area of convergence theory, we
prove the subsequence of the candidate solution has a unique limit. On the algorithmic
side, we show that without loss of asymptotic properties, it is possible to reduce the
number of outcomes used for the argmax process. This modiﬁcation helps two-stage
SD algorithm overcome the need to use every previously generated outcome in the
process.
As for the multistage stochastic decomposition paradigm, our main goal is to
present a uniﬁed framework for both two-stage as well as multistage stochastic decomposition algorithms. In a sense, MSD is similar to Stochastic Dual Dynamic
Programming ([47], [35] and [16]), although the diﬀerences are signiﬁcant: a) MSD
uses sample means for recursive estimates of subgradients, where as SDDP uses the
probability given via the entire scenario tree, b) MSD solves regularized (quadratic)
approximations the forward simulation, which leads to unique nodal decisions, however, it is not clear how one can obtain a stable sequence of decisions by incorporating
the regularized term in SDDP, c) generating a cut in MSD requires one LP per nonterminal node of a sample path generated during forward simulation, on the other
hand, SDDP needs to update the entire sampled subtree in the forward pass, d) MSD
allows subgradient generation to use special structure (e.g. network structure), but, in
SDDP, forward and backward passes solve LPs with similar structures, both of which
include cuts that may destroy specialized matrices (e.g. network ﬂows), e) MSD over-
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comes the stagewise independence assumption of the stochastic process in obtaining
the asymptotic convergence (with probability one), while the stagewise independence
assumption seems critical for the convergence of SDDP ([40] and [66]), and f) unlike
most SP algorithms which require that the probability distribution be speciﬁed a
priori, the MSD approach allows scenarios to be generated via simulations, and so
long as the outputs of the simulated process are discrete (e.g. ﬁnite state stochastic
models), one can directly use the sample paths within the SD framework. In our
opinion, these diﬀerences, especially (c-f) are particularly important for large scale
applications. Items e) and f) are quite far reaching because they allow for the possibility of including more general simulators than ordinary Monte Carlo simulation.
In contrast to Simulation Optimization which injects optimization into a simulation
model, our new paradigm allows us to inject simulators into an optimization model,
leading to a new approach for stochastic programming (Optimization Simulation in
[62]).
As to the future research, to design the stopping rules for the MSD algorithm is
one of our interests. We believe one of the stopping rules for MSD will be similar
to the stopping rule framework in two-stage SD ([31]). Moreover, we can extend our
MSD algorithm to handle random variables with continuous distributions in MSLP,
which is one of the most challenging problems in stochastic programming. We have
also explored common ground between SP and DP, illustrating how SP treats its
state variables in a manner that tends to reduce the curse of dimensionality by distinguishing endogenous state variables, with exogenous state variables ω. As a result
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of this framework, we have opened the door of SP methods to dynamic systems optimization, including approximate DP, Diﬀerential DP, and Model Predictive Control.
While these variants rely on diﬀerentiability, SD and more generally SP, handle nondiﬀerentiable objective functions.
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