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ABSTRACT

In this dissertation we investigate the behavior of radially symmetric non-Euclidean
plates of thickness ¢ with constant negative Gaussian curvature. We present a com-
plete study of these plates using the Foppl-von Karmén and Kirchhoff reduced the-
ories of elasticity. Motivated by experimental results, we focus on deformations with
a periodic profile.

For the Foppl-von Kérman model, we prove rigorously that minimizers of the
elastic energy converge to saddle shaped isometric immersions. In studying this con-
vergence, we prove rigorous upper and lower bounds for the energy that scale like
the thickness ¢t squared. Furthermore, for deformation with n-waves we prove that
the lower bound scales like nt? while the upper bound scales like n?t?. We also in-
vestigate the scaling with thickness of boundary layers where the stretching energy is
concentrated with decreasing thickness.

For the Kichhoff model, we investigate isometric immersions of disks with constant
negative curvature into R®, and the minimizers for the bending energy, i.e. the
L? norm of the principal curvatures over the class of W22 isometric immersions.
We show the existence of smooth immersions of arbitrarily large geodesic balls in
H? into R3. In elucidating the connection between these immersions and the non-
existence/singularity results of Hilbert and Amsler, we obtain a lower bound for the
L norm of the principal curvatures for such smooth isometric immersions. We
also construct piecewise smooth isometric immersions that have a periodic profile,
are globally W22, and numerically have lower bending energy than their smooth
counterparts. The number of periods in these configurations is set by the condition
that the principal curvatures of the surface remain finite and grow approximately

exponentially with the radius of the disc.
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CHAPTER 1

INTRODUCTION

1.1 The non-Euclidean Model of Differential Growth

Laterally swelling and shrinking thin elastic sheets are ubiquitous in nature and indus-
try and are capable of forming complex surfaces of various geometries. The examples
shown in figure [[.1] include shapes formed by differential growth, thermal expansion,
and the inhomogeneous swelling of hydrogels. The morphology of these structures
is a result of “incompatible” growth in which the growing body adds regions of lo-
cal tension or compression to prevent cavitation and interpenetration of the material
(Goriely & Ben Amar, 2005; Amar & Goriely, 2005; McMahon et al.), 2010, 2011a).
The regions of tension and compression manifest themselves as residual stress in the
body, that is stresses that remain in the body in the absence of external forces.

Because of the large deformations possible during the growth or swelling process,
many mathematical models of such processes are set within the framework of finite
elasticity. One such model, which we call the growth tensor model, borrows from
elasto-plasticity theory and decomposes the overall deformation of the body into a
growth step and an elastic response (Rodriguez et al), [1994). The growth step is
characterized by a tensor G that measures how the infinitesimal material lines of
the original body change during the growth. The elastic response is a tensor A
that distorts the grown body so that the product A - G forms the gradient of a true
deformation of the body. In this model the growth is incompatible if G is not a
deformation gradient and the residual stresses in the body depend only on the elastic
response A.

The growth tensor model has been placed on a more rigorous foundation inde-
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Ficure 1.1. @ A hybrid species of the Echeveria plant. The rippling near the
boundary is caused by local differential growth and has been the focus of several
works (Marder et all, 2003; [Audoly & Boudaoud, 2002, 2003; Liang & Mahadevan|
) (Image of Stuart Kent). [(b)] The heating and subsequent drying of potato chips
generates shapes with a hyperbolic geometry. N-isopropylacrylamide (NIPA) hy-
drogel disk that has undergone controlled shrinking (Klein et al., QOD_T]) (Image cour-
tesy of Rebecca Stockbridge). Hydrogels replicate many of the characteristic features
present in differential growth and are excellent tools for studying such processes quan-
titatively.
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pendent of its origin in elasto-plasticity theory (Hogern, [1997; |Chen & Hogern, 2000;
Lubarda & Hoger, 2002; [DiCarlo & Quiligotti, [2002) and has been successfully used

to study morphogenesis in growing soft tissue. In particular it has been used to study

buckling patterns in growing shells (Goriely & Ben Amar, 2005; |Amar & Goriely,

2005), growing cylinders (Vandiver & Goriely, 2008; |Goriely et al., 2008), and grow-

ing thin sheets (Dervaux & Ben Amar, 2008).
Another model of such swelling bodies hypothesizes that the equilibrium configura-

tion is the minimum of a “non-Euclidean” free energy functional Esg : W12(Dsg, R3) —

R defined by
Esq[x34] :/ | (Vxsa)" - VXsa — gsal|* AV, (1.1.1)
D3q

that measures strains from a fixed three-dimensional Riemannian metric gs; defined

on a simply connected domain D3y C R? (Audoly & Boudaoud, 2003; Marder et al.,
2003; [Sharon et al., 2004; Marder & Papanicolaou, 2006; [Efrati et all, 2007, 2009;

Lewicka & Pakzad, 2011). The metric g3, encodes how the swelling changes the in-

trinsic distance between nearby material points and this model is essentially the same

as the growth tensor formalism with the correspondence between the models given by

/834 = G (Lewicka & Pakzad, [2011). The intuition behind the non-Euclidean model

is that the deformation of the growing body is described by a map x35 € WH2(Ds4, R3)
that is “close as possible” to an isometric immersion of the metric g3, (see figure [[.2).
Furthermore, the energy Fs; can vanish if and only if the Riemannian curvature ten-
sor R corresponding to gs,; vanishes and thus the growth is “incompatible” if and

only if R # 0 (McMahon et al., [2011b; [Lewicka & Pakzad, 2011).

Laterally swelling thin elastic sheets of thickness ¢ can be modelled in the non-
Euclidean framework by a two dimensional Riemannian metric g defined on the mid-
surface of the sheet D C R%. That is, D34 can be decomposed as D3y = D x (—t/2,t/2)

and in an appropriate coordinate system gsq is given by

831 = ( % ? ) : (1.1.2)
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-

X3d

Fixed Riemannian manifold (Dsy, g34)- Riemannian manifold (xs4(Dsg), (Vx)? - Vx)
with induced Riemannian metric from R>.

FIGURE 1.2. In the non-Euclidean model of elasticity the deformed body selects
a configuration that minimizes a strain energy functional measuring the difference
between the deformation’s induced metric from R? and a fixed metric gs4. The metric
g34 measures the intrinsic infinitesimal length between material coordinates induced
by the growth.

Furthermore, for this form of the metric, “incompatible growth” corresponds to when

the Gaussian curvature K corresponding to g satisfies K # 0 (Lewicka & Pakzad,

2011).
The non-Euclidean model of elasticity has grown out of experiments that studied

the self-similar rippling patterns observed along the edges of torn elastic sheets and

leaves (Sharon et al), 2002). This rippling pattern was studied in the rectangular

strip geometry by applying the non-Euclidean model with a metric g defined on

the mid-surface that only differs substantially from the Euclidean metric in a small

region near one edge of the strip (Marder et all, 2003; |[Audoly & Boudaoud, 2002,

2003). In particular, it was shown numerically that the self similar patterns could

be explained as being approximate isometric immersions of the abstract Riemannian

manifold (D, g) that minimize a bending energy functional (Audoly & Boudaoud,

2003).

1.2 Reduced Theories of non-Euclidean Elasticity

In many applications the thickness of latterly swelling sheets is much smaller then

the diameter of D. Consequently, there is considerable interest in obtaining reduced



16

energy functionals F; defined on a suitable space of mappings of the mid-surface D
into R? such that minimizers of E, approximate minimizers Fs; in an appropriate
asymptotic limit of vanishing thickness. For the classical theory of plates, i.e., when
g is the Euclidean metric, one such reduced model is the so called Foppl-von Karman
equations that reduce the full three dimensional equations of elasticity to a coupled
system of partial differential equations defined on the mid-surface of the plate (F6ppl,
1907). These equations are valid in an asymptotic limit of vanishing thickness in which
the thickness scales in a particular manner with external loadings (Ciarlet], [1980) and
different scalings lead to a hierarchy of plate models that includes Foppl-von Karméan
(Friesecke et al.,2006). For non-Euclidean plates, there are two reduced theories that
have recently been rigorously obtained as asymptotic limits using the technique of
Gamma-convergence: the Kirchhoff model (Lewicka & Pakzad, 2011) and the (non-
Euclidean) Féppl-von Kérman (FvK) model (Lewicka et all, 2011).

In the Kirchhoff model, if the set of W?? isometric immersions of the mid-surface
is non-empty, that is Ag; = {x € W?*(D,R?) : (Dx)T - Dx = g} # (), then

r— limlEgd = Fk;i,
2

t—0

with the curvature functional Ex; : W2?(D,R?) — R defined by

Y AH? .
EKz[X] = 24(14—1/)/; [1—V _2K:| dAg if x € Ag;

o0 ifX%AKi

Y

where Y and v are the Young’s modulus and Poisson ratio of the material respec-
tively, H and K mean and Gaussian curvatures of the surface x(D) respectively, and
dAg the area form induced by g (Lewicka & Pakzad, 2011). This reduced theory
captures the intuition that in the vanishing thickness limit if a W?2?(D, R3) isomet-
ric immersion of the mid-surface D exists then in the vanishing thickness limit the
mid-surface should deform into an isometric immersion with a low amount of bending

energy. The Kirchhoff model has been used to generate pseudospherical surfaces of
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constant negative Gaussian curvature from closed curves (Trejo et all, 2009) which
has applications to the modelling of growing bodies with a tubular topology.
The FvK model, which is sometimes called the small slope approrimation, has

also been rigorously derived as a I'-limit when the following assumptions are met:

1. The metric g satisfies the following scaling g = g + t2g, where g, is the

Euclidean metric.

2. The deformation of the mid-surface x : D — R? satisfies an “in-plane” and

“out-of-plane” decomposition of the form
x:i+tilon+t2z’ox,

where y € WH2(D,R?), n € W?%(D,R), i : R? — R3 is the standard immersion

and i, maps into the orthogonal compliment of i(R?).

In this context it is natural to define the FvK admissible set by Ap,x = Wh?(D, R?) x
W22(D,R) with the understanding that when we write that a deformation x : D — R3
satisfies x € Ap, i we mean that there exists (x,n) € Apyx such that x = i+ti; on+
t?i o x. The in-plane strain tensor v : Ap,x — R?*? is defined in this approximation
by

v(x,n) = (DX)" + Dx + (Dn)" - Dy — g, (1.2.1)
which measures to O(?) the deviation of x from being an isometric immersion.

The reduced energy under the above assumptions is given by the following I'-limit:
o1
I' = lim—F3; = Epyk,
t—0 t*

with Ep,ix : Arvk — R defined by

Y Y
1)) = — A+ ——— D? A 1.2.2
plX = gy QWA+ 5 [ @Dt aa, (122)
where Q : R?*?2 — R is the quadratic form

Q(A) = (1 — v) " 'tr(A)? — 2 det(A),
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D?n the Hessian matrix of second derivatives of 77 and dA the Euclidean area form

Lewicka et al), [2011). This energy can be interpreted as approximating Fs3; by an

energy that is the additive decomposition of a stretching energy functional Sp,i :
Ary,x — R measuring the lowest order elastic energy of the in-plane components of
the in-plane strain (Dx)? - Dx—g and a bending energy functional Br,k : Apyx — R
measuring the lowest order approximation of Ey;. Additionally, in this approxima-
tion, the terms An and det(D?n) correspond to the mean and Gaussian curvatures
respectively. The Euler-Lagrange equations generated by the variation of Ep,x are

a modified version of the classical FvK equations that have been used to model mor-

phogenesis in soft tissue (Dervaux & Ben Amar, 2008; Liang & Mahadevan, 2009).

Moreover, the FvK equations have been used to study the following phenomenon

observed in thin elastic sheets: crumpling (Lobkovsky, 1996; [Venkataramani, 2004;

Conti & Maggi, 2008), blistering (Jin & Sternberg, 2001; .Jin & Sternberg,2002), and
wrinkling (Cerda & Mahadevan, 2003; [Davidovitch et all, [2011).

1.3 Hydrogels and the Hyperbolic Plane

There is considerable interest in using the non-Euclidean elasticity to model the
equilibrium shapes of swelling hydrogels. Hydrogels have received a lot of atten-

tion because of their ability to undergo large reversible deformations by differen-

tially swelling when activated by external stimuli such as pH (Feil et al., 1992), light

Juodkazis et all, 2000), warm water (Klein et al), 2007) and solvents (Holmes et al.,

2011). This type of activated morphogenesis has already been used in applications

ranging from site specific delivery of drugs (Brondsted & Kopecek, [1991)), scaffolding

in cellular engineering (Rowley et all,11999), and the construction of microfluidic de-

vices such as valves (Arndt et all, 2000; Yu et all, 2003), pumps (Richter et al.,2004),

and actuators (Richter et all, [2008; |Carpi & Smela, 2009). Moreover, hydrogels are

being explored as candidates for self assembling devices at the micro and nanoscale
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(Schmidt & Eberl, 2001; |Alben & Brenner, 2007; [Zhang et al!, 2010). Furthermore,
because of their high water content and elastic properties swelling hydrogels are ca-
pable of mimicking the growth of soft tissue (Mora & Boudaoud, 2006; Klein et all,
2007) making them excellent experimental tools to explore the complex morphologies
that can be generated by differential growth.

Recently, environmentally responsive hydrogel disks and annuli have been created
using a Hele-Shaw cell to inject water, N-isopropylacrylamide (NTPA), bisacrylamide,
and polymerization agents to create a cross-linked polymer gel with a radially sym-
metric variation of the mixture (Klein et all, [2007). These hydrogels undergo a shape
transition at T, = 33°C" at which point the material ejects water and shrinks differ-
entially according to the variation of the concentration of NIPA (see figure [[3]). In
terms of the non-Euclidean model the shrinking specifies a metric g on the mid-plane

of the disk which in components is given in geodesic polar coordinates (p, #) by

gu=1, gi2=921 =0, goo= P2f(,0)> (1-3-1)

where f is a positive function that can be controlled experimentally by varying the
concentration of NIPA.

The Gaussian curvature K, corresponding to g can also be controlled and satisfies

Ko=———+5pf(p)]. (1.3.2)

Therefore, by controlling the concentration of NIPA the Gaussian curvature can be
controlled as well. Regions in which Ky < 0 are shrinking faster then the center of
the disk and form a rippling pattern while regions in which Ky > 0 shrink slower and
obtain a spherical dome like shape (see figure [[.4la). Curiously, Hydrogel disks with
constant negative Gaussian curvature K, obtain a periodic profile of one wavelength
with a refinement of the number of waves with decreasing thickness (see figure [[4lb).
The number of waves in these profiles is well fit by the power law n ~ ¢t~'/2 and the

bending energy Ey; diverges according to the scaling Ex; ~ t~1 (Klein et al., 2011).
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High concentration Low concentration
solution solution

A “programmed” flat disc

Controllable
mixer

,QJ
A , Hot Bal‘ﬁ///

Non uniform gel disc “Activation” of the metric

Hele Shaw
cell

FiGurE 1.3. Non-Euclidean disks with a prescribed radially symmetric metric g are
creating by a using hydrogels that differentially shrink when activated in a warm

water bath (Klein et alJ, lﬂ)ﬂ_ﬂ) The amount of shrinking can be controlled by a
computer allowing for the creation of non-Euclidean disks of various geometries.




21

This is in sharp contrast to the case when K| is constant and positive where the
profile seems to be converging with decreasing thickness to a fixed shape (see figure
MC4lc), with the bending energy scaling like Ex; ~ t (Klein et al., 2011).

The observed refinement of the number of waves with decreasing thickness for
non-Euclidean gels with Ky < 0 constant and negative is a puzzle. In terms of
the Kirchhoff model, the observed refinement seems to imply that there does not
exist W2? isometric immersions of bounded connected domains of the hyperbolic
plane H? into R3. Indeed, it is a classical result that there does not exist a real
analytic isometric immersion of the entire hyperbolic plane H? into R? (Hilbert, 1901;
Holmegren, 1902) but there does exist C' isometric immersions of H? (Nash, 1954;
Kuiper, 1955). Furthermore, by Efimov’s theorem there does not exist C? isometric
immersions of H? (Efimov, 1964) and this difference in the regularity of isometric
immersions is sometimes used to explain the rippling morphology of hydrogels with
Ky < 0 (Santangelo, 2009). But, for bounded domains of H? there exists smooth and
hence W?2? isometric immersions (Poznyak, 1973; [Han & Hong, 2006) and thus the
Kirchhoff model would seem to imply that there can be no refinement of the number

of waves.

1.4 Structure of Dissertation and Summary of Main Results

In this dissertation we present a study of non-Euclidean plates in both the FvK and
Kirchhoff models. Motived by the experiments on hydrogels, we focus on domains
with a disk or annular geometry and metric gx, with corresponding constant negative
Gaussian curvature Ky. The body of the dissertation is naturally organized into
two chapters that present the detailed studies of these two models. In appendix A
we provide a catalogue of the main definitions, equations, and theorems from the
classical theory of the differential geometry of surfaces that are used throughout the

dissertation.
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(a) (b) ()

FIGURE 1.4. [(a)] By controlling the Gaussian curvature Ky, non-Euclidean plates of
different shapes can be constructed (IKlﬁin_eL_alJ, IZD_O_ﬂ) In the top two images Ky < 0
leading to rippled shapes. In the third image from the top Ky > 0 leading to a spheri-
cal dome like shape. The hydrogel in the bottom image is a combination of an interior
region with Ky > 0 and an outer region with Ky < 0. @ The equilibrium shapes of
hydrogel disks of constant radius of R = 14mm and varying thickness (¢t = .75mm,
.6mm, .25mm, and .19mm from top to bottom) with a constant Gaussian curvature
K = .0011mm™2 (IKlﬁin_eL_alJ, |2Q1J.|) The equilibrium shapes of hydrogel disks of
constant radius of R = 14mm and varying thickness (t = .7bmm, .6mm, .25mm, and
19mm from top to bottom) with a constant Gaussian curvature K = —.0011mm 2

(Klein et all, 12011).
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1.4.1 Main Results from the FvK Model

In chapter 2 we study the behavior of minimizers in the FvK approximation for
a domain D that is an annulus with inner radius p and outer radius R over the
admissible set A, C Ap,x of deformations with an out-of-plane displacement that
has n-fold rotational symmetry for n € {2,3,...}. The FvK elastic energy in this
geometry is formulated by approximating the metric by gr, = go + €°gi, where
€ = v/—KyR is a dimensionless curvature, and assuming an in-plane and out-of-plane

decomposition of the deformation in the form
X=1i+¢€i  on+eioy.

For simplicity, we then repose the resulting variational problem as the minimum of
a dimensionless functional & = S + 728, where 7 = t/(v/3Re) is a dimensionless
thickness.

As a basic tool for studying the minimizers of £, we derive the Euler-Lagrange
equations and its natural boundary conditions for £.. The resulting governing equa-
tions are nonlinear and in general finding exact solutions to the resulting equations
is impractical. Instead, we study the convergence and scaling of minimizers through
['-convergence techniques, direct numerical simulation, ansatz free lower and upper
bounds, and asymptotic analysis.

In sections 2.3 and 2.4 we construct minimizers over the admissible sets A; =
{x € A, : B[x] =0} and Ay = {x € A, : S[x] = 0}. The set A consists of flat
deformations and the minimum is obtained by solving the Euler-Lagrange equations
and its natural boundary conditions when n = 0. The set A, consists of isometric
immersions in the Foppl-von Karman approximation and can be obtained by solving

the following Monge-Ampere equation:
det(D?n) = —1. (1.4.1)

The global minimum of B over solutions to (LL4.1]) are obtained by the approximate
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minimal surfaces n = xy and thus we can rigorously prove using I'-convergence tech-

niques the following theorem:

Theorem 1.4.1. Let x* € Ap,x be a sequence with corresponding out-of-plane

displacement 7} such that inf &;[x] = &;[x}]. Then,

x€EARyK

1 1
L lim inf =& [x] = lim =& [x;] = inf Blx] =2r(1 - peR7%).

T=0xEA T 7—0 7‘2 T xEAp

2. There exists a subsequence n;, and x* € Ay with corresponding out-of-plane
displacement 7n* such that n; — n*. Moreover, there exists A € SO(2) and
b € R such that n*(A(x,y)) + b= zy.

Furthermore, in section 2.4 we construct weak solutions to (LZI) with n-fold
symmetry and thus A, N Ay # (). Using these constructions as test functions we have

the following result:

Lemma 1.4.2. Let x* € A,, such that & [x*] = infxec 4, &[], then
E-[x*] < min {Cn*r* F},

where F = infye 4, &-[x] and C' is a constant independent of n and 7.

This lemma captures the difference in scaling of £, with 7 for flat deformations and
isometric immersions by using specific test functions on &;.

In section 2.5 we numerically minimize &, over A, using a Rayleigh-Ritz type
method. The results of the numerics indicate that minimizers transition from flat
deformations to buckled shapes such that with decreasing thickness the deformations
converge to x € A, N Ap. In the bulk of the domain the stretching energy of these
buckled shapes is approximately zero with regions near the edges and, for n > 3,
along the lines of inflection in which stretching energy is concentrated. These re-

sults indicate that with decreasing thickness the stretching energy is concentrated in



25

shrinking boundary layers in which the bending energy of the isometric immersion is
reduced by adding some small localized amount of stretching.
In section 2.6 we improve on lemma [[.4.2] and rigorously prove ansatz free lower

bounds on &,. Specifically, we prove using Sobolev estimates the following theorem:

Theorem 1.4.3. Suppose n € {2,3,...} and 7 > 0. There exists constants ¢ and C'
independent of n such that

min{cn7'2, g} < inf &£[x] < min{Cn?r? F}.

xXEA,

This theorem confirms the numerical results that with decreasing thickness the elastic
energy of the minimizers scales like that of an isometric immersion. Furthermore,
since both the upper and lower bounds in the theorem grow with n it quantifies how
the elastic energy is penalized by adding more waves to a deformation.

In section 2.7 we determine the scaling with 7 of the width of the boundary
layers in which the stretching energy is significantly non-zero. Near the edges of
the annulus the out of plane displacement can be additively decomposed into two
terms that separately lower contributions to the bending energy from the mean and
Gaussian curvatures. The width of the regions in which these terms are relevant

satisfies the following scaling:

1. The boundary layer in which one term lowers the magnitude of the Gaussian

curvature has the following scaling

width(0) p=po.r ~ ta | Ko~ esc (z) cos(f) cos(m/n — 0).
n

2. For n > 3, the boundary layer in which one term lowers the magnitude of the

mean curvature has the following scaling

width(0) p=po.r ~ t2 \KO\_1/4\/sin (%) sec(6) sec (z - 9).

n
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The overlap of these two regions forms the complete boundary layer in which the
total bending energy is lowered by allowing localized stretching. The width of these
boundary layers has the same scaling in thickness obtained by Lamb in the context of
vibrating shells (Lamb, [1889) and Efrati et. al. for non-Euclidean plates with Ky > 0
(Efrati et all, 2007). The fact that there is no boundary layer to reduce the mean
curvature in the case n = 2 is a consequence of the fact that n = xy is a minimal
surface in the FvK approximation.

The width of the boundary layers near the lines of inflection scale like
width(p)y=o ~ 755 | Ko| 7,

which has the same scaling with thickness, but not p, for minimal ridges formed by
crumpling (Lobkovskyl, [1996). In this boundary layer the mean curvature is locally
reduced by correcting a jump discontinuity in the azimuthal curvature. This reduction
of energy near this type of singularity is different from the regularization near a ridge
singularity in which the bending energy diverges while the stretching converges to

zero with decreasing thickness (Venkataramani, 2004; |Conti & Maggi, 2008).

1.4.2 Main Results from the Kirchhoff Model

In chapter 3 we study the Kirchhoff model for the metric gx, over a domain D that
is a disk of radius R. Since the admissible set of deformations is exact W?? isometric
immersions of gy, in the Kirchhoff model, we reformulate the variational problem as

the problem of minimizing the Willmore energy

Wix] = / (K + 12) A,
D

where k; and ky are the principal curvatures of the deformation, over W22 isometric
immersions. Furthermore, we use a particular parametrization of hyperbolic surfaces,

called Chebychev nets, which encodes all of the geometric information about the
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surface in terms of the angle ¢ € (0, 7) between the asymptotic curves of the surface.
In particular, solutions to the sine-Gordon equation
0?¢
oudv

= —Kysin(¢) (1.4.2)

generate Chebychev nets which provides us with a method for constructing hyperbolic
surfaces.

In section 3.2 we use the Chebychev net structure to construct isometric immer-
sions by cutting out subsets of the pseudosphere. These isometric immersions have
large bending energy even away from the singular rim of the pseudosphere and more-
over do not have the rotational n—fold symmetry observed in the experiments on
hydrogels (see figure [[L4lc). Nevertheless, this section is valuable in that it illustrates
the process of how the elastic energy of geodesic disks is calculated and also illustrates
the large amount of bending energy present in smooth isometric immersions of gy, .

In section 3.3 we use the sine-Gordon equation to construct a direct numerical
minimization scheme for minimizing the Willmore energy. Using this scheme we pro-
vide numerical evidence that the principal curvatures of smooth isometric immersions
satisfy

max{ k], o} > = exp(2R),

with the surfaces that realize the bound being geodesic disks lying on hyperboloids
of revolution. This result illustrates that the bending energy of smooth isometric
immersions grows exponentially with the size of the domain, a phenomenon that is
not captured by the FvK model.

In section 3.4 we show that (weak) W?? isometric immersions with a periodic
profile exist. The bending content of these surfaces is concentrated in small regions
near the edge of the disk and along lines of inflection. These surfaces have lower
bending content then their smooth counterparts lying on the pseudosphere or hy-
perboloids of revolution and qualitatively resemble what is observed experimentally.

Additionally, for each n > 2, there is a radius R,, ~ log(n) such that the n—periodic
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isometric immersions only exist for radii satisfying 0 < R < R,,. This gives a natural
geometric mechanism for the refinement of the wavelength of the buckling pattern

with increasing radius of the disk.
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CHAPTER 2

MINIMIZERS IN THE FOPPL-VON KARMAN
APPROXIMATION

In this chapter we study the convergence and scaling of minimizers of the FvK energy
with decreasing values of the thickness ¢ for a metric gg, that has corresponding
constant negative Gaussian curvature K,. Motivated by experimental results, we
focus on studying minimizers with a periodic profile on a D that is an annulus with
inner and outer radius py and R respectively. To be precise, for n € {2,3...}, we
study minimizers over the admissible set of n-periodic deformations A, C Ar,x
defined by (x,n) € A, if and only if in polar coordinates (p,d) the out-of-plane

displacement 7 satisfies
1. n is periodic in € with period 27 /n,
2. n vanishes along the lines # = 0 and 6 = 7 /n,

3. (0 —m/n) = —n(0).

We call the lines § = mn/n, m € {0,...,2n — 1}, lines of inflection.

2.1 Linearized Geometry and the Foppl-von Karman Energy

In geodesic polar coordinates (p, ), the metric on D is

sinh?(ep/R)
| o]

where € = /|Ky|R < 1 is the dimensionless curvature (Spivak, 1979). Therefore,

g =dp’ + do?,

expanding in €, gx, can be approximated to order € by g, = go + €2g; where g is

the Euclidean metric on R? and

4
P d92

=3 (1)2 du® — 2uv dudv + u? dvz) ,

& 3R
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with the “Cartesian” coordinates u = pcos(f) and v = psin(6).

A deformation x : D — R? can be constructed that is an isometric immersion of g
to order O(e) by assuming the so called “linearized geometry” approximation. That
is we assume

X=1i+¢€i,on+eioy, (2.1.1)

where x € WH2(D,R?) and n € W??(D,R) and we calculate all geometric quantities
to O(e?). In the linearized approximation to the geometry, when we write that a
deformation x : D — R3 satisfies x € Ap,x we mean that there exists (x,n) € Ap,x
such that x =i+ €i; on+ €%ioy.

If we let x = (x1, x2) denote the components of x then the induced Riemannian
metric g’ = (Vx)T - Vx from the mapping x has the following components in the

linearized geometry:

,  Ox Ox o [ 2OX1 on 2
TR TR (2%+<£) ’

g = OX XL (04, 2 On0n
82 =8n =5, g, T (8v+8u+8uav ’

, _8x ax_ 9 [ 4O0X2 on 2

The unit normal vector field N to x(D) can be found in this approximation by simply

computing the cross product of the coordinate tangent vectors g—’u‘ and g—’;:

y o LBl he)

Viee @) e e ()’
(o0 on (1 1oy ox o
N o o’ “\2\ou 2 \ Ov ou  Ov ’

Consequently, the components of the second fundamental form h’ are

Px O
by = N5 = g
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_ ’x
oudv €8u8v’

h,12 = h,21 =N

Therefore, the Gaussian K and mean H curvatures are given by:

_ det(h’)
~ det(g)

1 . 1 h/ g/ _ 2h/ g/ _'_ h/ g/
H = _t ! zkh/ ) = = 11522 12812 22811
7t (&) ) = 3 det(g')

where we are using the convention of summing over repeated indices and raised indices

K = det ((g')"hy,) = e det(D?p),

1
= §€Ana

correspond to contravariant components (Spivak, [1979).

Based on ([L22)) we define the elastic energy E; : A — R by

Elx = S(fii) /D K%tr(yﬁ—Qdet(v)) (2.1.2)
+$§€2 <$tr(D2n)2 _ 2det(D2n))] dudv.  (213)

A deformation x € Ap,k is called an equilibrium configuration in the FvK ansatz
if
Ex| = inf Eyl.

yeAFvK

Now, define the dimensionless variables x,y, x’, and 7’ by
u=Rz, v=~Ry, r=Rp, x=RX, n=Ry,

and (D?) the Hessian operator in the coordinates x and y. Then, (D?)'Y = D?p
and thus introducing the dimensionless thickness T =t/ (\/gRe) and dropping the 7

notation we have that

8(1+v)
Y et R?

Ex] = &[x]=S8x+ 7B
- /B (1 i Vtr(7)2 — 2det(7)) dxdy (2.1.4)

2 /B (1 i ~tr (D) — 2 det (D%)) dzxdy,
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where B is an annulus with inner radius o = po/R and unit outer radius. Minimizers
of E; also minimize &, and therefore we will restrict our attention to the functional

&

2.2 Foppl - von Karman Equations

In this section let OB denote the boundary of B with outward normal vector field n
and tangent vector field t. Also, assume that x € Ap,x with corresponding out-of-

plane displacement 1 and in-plane displacement y = (x1, x2) extremizes &,.

2.2.1 First Foppl-von Karman Equation

Taking the variation with respect to yi, we obtain

4 0 0 0
0 &rlx] = /B [— (11 + v22) z=0x1 — 4 (722—5)(1 — 712—5)(1)] dxdy

1—v ox ox dy
- 4/ (M’%Q) Vo dzdy
B 1 — UV

4/ (7%1 i V7227712) ‘nox; ds — 4/ Y (7%1 i V7227712) dx1 dxdy.
9B 1—v B 1—v

Similarly, the variation with respect to y» yields:

Ox2E-[x] = 4/ <7127M7) “noxz2 ds —4/ V- <7127M7) ox1 dxdy.
OB e B 1—v

Therefore, the governing equations for the in-plane strain are

V(=) Yy +vye2),m2) =0, V- (y2,(1=v) vy +7922) =0, (2.2.1)
with the natural boundary conditions

n-((L=v)" oy +v722),m2)lop =0, 0 (12, (1= )7 (¥711 +7922)) o5 = 0.

Furthermore, the divergence condition (Z21]) implies that there exists a stress po-

tential function ® € W*?(B,R) satisfying

po_ L vmtrm —(1 - (2.2.2)
l—v\ —(I=v)y2 yu+vym )’
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(Landau & Lifshitz, [1986).

Now, assuming + is second differentiable, we have that

Py _ 282%2 n 22 _ 9 *xa 19 In ’ +2@ *n . 2
0y? oxdy  0x? 0x0y? 0xdy Ox 0x0y> 3
*x _ 9 X2 B 28277@ B 2@ *n

0x0y? 0x2dy 0x? 0y? Ox 0xdy?

2 2 2
_2<8n) 287] d*n 2

—2

oxdy )  “oyoy2or 3
P xa o \° o Py 2
T oy <8x8y) T2 ey 3

Therefore, upon cancelling terms, we have the following compatibility condition be-

tween v and n:

82”Yn 82%2 a2”Y22
2 2 —2=0 2.2.3
o2 Covoy T oxz m ! (223)

where the operator [-,-] : C*(B,R) x C*(B,R) — R is defined by
1 [/0%f 0 02 f 0 Pf 0
Mﬂ=§< f 9y [P L, Of g>.

022 0y? | Oy? Ox? 0x0y 0xdy

Therefore, inverting (2.2.2)) and substituting into (2.2.3]) we have the following propo-

sition.

Proposition 2.2.1. If x* € A with potential ® and out-of-plane displacement 7
such that & [x*] = infyca &-[x], and if ¢ is (weakly) four times differentiable then ®

satisfies the first Foppl - von Karman equation:

iT:BA%+ﬁmﬂ:—L (2.2.4)

Also, @ satisfies the following natural boundary conditions:
%@ %@
n- <8_y2’ _Waz)

Furthermore, by (222]) the stretching energy can be expressed in terms of ®:

_ 0. n.(—2e 2e)| _
=0 m( m@wﬂﬂw 0. (2.2.5)

S[X]:/B< ! (A®)2—2[®,®]) dady.

1+v
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The next proposition allows us to simplify this energy further and will be useful in

the next section.

Proposition 2.2.2. If x* € Ap,x with potential ® and infyc 4 &, [x] = &£, [x*] then

S[x'] = /B 1iy(A®)2 dudy.

Proof. Let x* € Ap, i with corresponding potential function ® such that infye 4 -[x] =
E:[x*]. Using Stokes’ theorem and applying the boundary conditions (2.2.5), we have
that

PorPd PO 9°P
/B[(I)’(I)] dedy = /B(ax2 oy2  Oxdy 8x8y) drdy
L[ (e ey o mis o iey),,
g |0r \ Or 0y? Oy 0x0y dy \ Oy 0xz% Oy O0xzdy
oD *® 0P *d 0P PPd 9P 0?P
B /aB <% oy2 Oy 0xdy’ dy Oxr %8x0y) ‘nds
BN AR T TR T
op Or \ Oy2’  0zdy ap OV 0xdy’ Oxdy

= 0.

Therefore,

S[X*]:/B< ! (A<I>)2—2[<I>,<I>]) dxdy:/BL(Acb)? dxdy.

1+v 1+v
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2.2.2 Second Foppl-von Karman Equation

Now, taking the variation of S with respect to n and applying the boundary conditions

([2:2.5) we have
oo oo )

1
0S| = 2/3 {: (711 + 722) (%8x5ﬁ+ 8_y8_y5n

on 0 on 0 on 0 on 0
(%1 oy 8y5n + Y22 B 8x5n Y12 Ey 8y5n Y12 2y 8x5n dxdy

- 8/ (a?_cpg_ PO oy Pdoy 90 9y
B

Oy? 0r  Oxdydy’ 0x2 0y  Oxdy 8x) - Vondrdy
B on (0?0 90 on 2P 90
N 8/63 [% (0—y2’_09:8y> Ty <_&r0y’ 0%&@) 'n] s

-8 / (D, n]dn dxdy
B

= —8/[®,n]5ndxdy.
B

Furthermore, taking the variation of the mean curvature we have that

1/(A77)2 dedy = /An-AcSndxdy
B B

6 _
)
= [ (- Vo0~V (a) Vo day

= / AnVén -nds —
OB

Taking the variation of the Gaussian curvature we have that

oy / det(D*n) dxdy
B

B _/ 5 0?n 0%0n B 0?n 0%6m B 8257]@
B p | 0xdy 0xdy  Ox? Oy? 0x? Oy?
_ /B [

9 (00n %y  00md*ny 8 (96 8%  Oon o
o - + - ddy
Oz Or 0xdy Oy 0z
don d*n  9ond*n a5y 0% 95 %\
B |i< 8y 82L’8y N 83; ayQ COS(¢> + 8215 82L’8y - 8y 821}2 Sll’l((ﬁ) ds
_ . 82/)7 .9 2 ) 82’)’/ 8617
= — /BB (2 sin(¢) cos(¢) 00y sin®(¢)— — cos (¢)8_y2) o ds

9?n '\ 9on
9N s,
ox0dy ) Ot

V(An)én -nds + / A?’nén dxdy.
OB B

} dxdy

Jy 0xdy Oz Oy? dy

AQD

cos?(¢p) — sin2(¢))
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where ¢ is the angle between n and the z-axis and we have used the following trans-

formation
0 0 . 0
g~ oslo)gy —sinl@)g
0 ) 0 0
a_y = Slﬂ(¢)a—n + COS(Qb)a.

The fact that the variation of the Gaussian curvature reduces to integrals on 0B
is a realization of the Gauss-Bonet theorem in the FvK approximation. Since 0B is

a closed contour it follows from integration by parts that

*n 0 9n \ 96
[ (sintopeosto) (51 = 55 + (oo —sine)) o) s
a 02 02 82
- _ /63 o (sin(gé) cos(¢) (—ayz — 8—562) + (cos®(¢) — sin®*(¢)) 8x8ny) én ds.

Therefore, the variation of the total energy with respect to n is given by

2
5,Ex] = /B (—8[@,7}] +21T VAzn) on dxdy

+2/ ( ! An—nT-D2n~n> @ds
o \1—v on

1 0An 0 , r
_/aB <EW+E(H 'D?7'13)) 577d$.

Proposition 2.2.3. If x* € A with potential ® and out-of-plane displacement 7,

E-[x*] = infxea £ [x], and if n is (weakly) four times differentiable then

7_2

41 —v)

[®, 7] = A%n. (2.2.6)

This equation is called the second Foppl - von Karman equation. Furthermore,

7 satisfies the following natural boundary conditions:

1
—An—n’-D?p-n| =0, (2.2.7)
1—v 9B
1 0An 0 , r B
l_ya—n‘i‘a(n ~Dn-t)aB—0. (228)
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The equations (2:24) and (22.0) along with the boundary conditions (Z2.5]),
(227) and (228) are a complete system of equations governing the deformation of
the sheet. For general geometries, the boundary conditions are intractable and in

later sections we will use the geometry of B to simplify these equations further.

2.3 Flat Solution

In general finding exact solutions to the FvK equations and its natural boundary
conditions is intractable. If we make the assumption that the deformation remains
flat, that is the out-of-plane displacement is zero, then the FvK equations can be
significantly simplified. Define the admissible set of flat configurations A, C A
by Af = {x € A:n =0} and define F = infyc 4, & [x]. If x € Aj extremizes &, with
potential function ® then, assuming radial symmetry, we have by (Z24]) and ([2.2.5))

that ® satisfies the following boundary value problem
'd  20°0 10°¢ 109 0P

It N ——=-2(1 — =0. 2.3.1
ort rord r2or2 3 0r (1+v), O | zyon ( )
The general solution to this differential equation is
4
D =c; +cor® + c3In(r) + eyrIn(r) — (1 + V)3—2,

where ¢y, ¢o, c3 and ¢4 are arbitrary constants. Since ¢; and ¢z In(r) are harmonic func-
tions it follows from proposition 2.2.2] that we can assume without loss of generality

that ¢; = ¢3 = 0. Consequently, the solution to ([2.31)) is

1+v

= 3210 (r0) [(rg —1—=2In(ro)) r* + 2 (rg — 1) r*In(r) — In () '] .

Therefore, we have the following result:

Lemma 2.3.1. Suppose x* € Ay satisfies £ [x*| = infyc4, £-[x]. Then,

] = F = gt O (8= 1) (13 = 1) 0+ 1) ) + 5 (1= ) o)
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The quantity F measures the minimal elastic energy of deformations that undergo
pure stretching, i.e. the bending energy of such deformations is zero. Although we
have found exact solutions to the FvK equations, as we will see in the next section, we
can construct deformations with pure bending energy that have lower elastic energy

if the sheet is sufficiently thin.

2.4 Isometric Immersions

In the FvK approximation, define the set of FvK isometric immersions by A, =
{x € A:v=0}. By [2Z3), it follows that the solvability condition for the equation

~v =0 is the Monge-Ampere equation
[n,m] = det (D277) = -1, (2.4.1)

which is a version of Gauss’s Theorema Egregium in the FvK ansatz. Consequently,
if x € Ay with corresponding out-of-plane displacement 7, it follows that if x satisfies
224) and @2.6) then A*;p = 0. Therefore, it is natural to look for solutions to
the FvK equations by finding solutions to the above Monge-Ampere equation ([2.4.1))
satisfying A?n = 0.

2.4.1 Saddle Isometric Immersions

By (2.1.4) and (2.4.1)) it follows that for all x € A,
T x€Ap x€Ao — U

1 inf & [x] = inf / L (An)? dady + 2m(1 —12). (2.4.2)
B

Consequently, since n = xy satisfies (2.4.1]) and is harmonic, it follows that the global
minimum of ([2:4.2) over Ay is obtained. Therefore, using this deformation as a test

function we can extend lemma 23] to form the following proposition.
Proposition 2.4.1. Let x* € Ap,i such that & [x*] = infxca,, . E-[x]. Then,

E[x*] < min{27x7*(1 —13), F}.
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There are two natural test functions for the elastic energy, flat deformations and
isometric immersions, the upper bounds in the above proposition correspond to the
minimum of the elastic energy over these two classes of deformations. Moreover, this
proposition illustrates that with decreasing thickness minimizers of the elastic energy

necessarily must buckle out of the plane.

2.4.2 Convergence of Minimizers

Since the lower bound of the bending energy over A, is obtained, we can prove rig-
orously, using the notion of I'—convergence, that in the vanishing thickness limit
minimizers should converge to a saddle shaped isometric immersion. Recall the fol-

lowing definition of I'—convergence (Braides, 2002):

Definition 2.4.2. On a metric space X a sequence of functionals F; : X — R
(weakly) I'—converges as t — 0 to a functional Fy : X — R, written I'—lim,_,o F;, = Fy

if for all x € X we have that

1. (Liminf inequality) - for every sequence xq (weakly) converging to x

Fyx| < hrtri)%lfﬂ[xt].

2. (Recovery sequence) - there exists a sequence x; (weakly) converging to x
such that

Fy[x] > lim sup Fi[x].
t—0

Lemma 2.4.3. The sequence of functionals F, : Ap,x — R defined by F, = 772&.
weakly I'-converge to the limiting functional Fy : Ap,x — R defined by

Fofx] = B[x], if S[x]#0
T oo, if S =0,



40

Proof. We first prove the liminf inequality. Let x, € Ap,x such that x, Arvg X, that
is if we let (f;,g-), (f,g) and n,,n be the corresponding in-plane and out-of-plane

displacements of x, and x respectively then

W2(B,R) W2(B,R) W22(BR)
—\ —\

fa gr — g nNr

fr

To prove the liminf inequality we will show that
B[x] < liminf B[x,| and S[x] < liminf S[x,].
7—0 7—0

2,2
Since n WRE n it follows that

P o OPn Oy v P O vusm P
Ox? 0x2’" 0x0y oxdy’  Oy? oy?’

2
It is basic property of weak convergence that for all ¢» € L?(B,R) if v, LER 1) then

we have the following lower semi-continuity property

[Vl L2ry < lim inf - |l L2(R) (2.4.3)
and 3C' > 0 such that
7]l r2Rr) < C, (2.4.4)

(Evans, 1990). Therefore,

Bix] — /B (liy(An)Z—Qdet(Dzn)) dady

14
[ (75 @+ 102 sy

< liminf/ (%(Ant)z—l— |D2nt|2) dxdy
B

7—0 — VUV

< liminf B[xy].

- 7—0

Recall that the stretching energy is given by

st = [ (%(%1+722)2—det(7)) drdy

v
= / (1 V(%l + 722)2 + 7%1 + 27%2 + 732) dxdy.
B _



41

Concentrating on one term we have that
Of\>  of. (O \> 202 [on\"
2 drd :/ 9 T 4 T T a9 T
/B%l ey B[ (01’) * Ox (01’2 3 - Ox
o, ? oy y
) _9 J 47
( Ox ) ( Ox ) 3 - 3

To understand the limiting behavior of the terms on the right hand of the above

dxdy.

equation we will use the following intermediate results:

1. Since B has finite area and n € W2?(B,R) it follows from an application of
8
Holder’s inequality that € WP(B,R) for 1 < p < 2. Therefore, by Rellich’s

compactness theorem (Hunter & Nachtergaeld, 2001) it follows that

o, LR O
0y LBE) O

— 2.4.5
Ox ox’ ( )
for 1 < ¢ < 0.
2. Applying the reverse triangle inequality we have that
E e - R
L1(B,R) O LaBR)| dx O Li(B,R)
and thus for 1 < ¢ < oo it follows that
on; 0
lim || 2! - ‘ il . (2.4.6)
70 || Ox Li(B,R) O Li(B,R)
2,2 of- 0
Again since f, WRE f it follows that 8f (B 8_f which can be used to show
x x
the following limits and inequalities:
i By (2:43):
N os |’ ‘ or |’
lim > || == )
70| Oz L2(B,R) Ox L2(B,R)
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ii Rearranging we have that
of, (o \°
/B Ox (01’) dady
O [of (N (on\’ /8fT on\ >
B /38x ((01’) (% dady + 5 Ox \ Oz ddy
[ Ofs (O On\ (On.  On of- (o
- /B Dz <8x 8x) (8 8x) A <8x) ddy.
Applying Holder’s inequality
g Or \ Or O or  ox )"
LN N (o o\ / on: | On '
< - — .
- </B <8x) dxdy) </B (8$ Ox dady B \ 0T 8x dady

Now, applying the elementary inequality (a+b)* < 8(a*+b?) and ([2.4.4) we have

that
/ afr anr . @ 8777 _ @ dxd
g Or \ Or Oz or Oz ey
1 1
< 220H8UT Ham '87’ .
ox 8%’ LA(B,R) L4(B,R) O LA(B,R)

Taking limits of both sides it follows that

[ Of, ((on\? (om
P—% g Ox ((01’) _<0x dedy = 0.

2
Ofr 12w 0F and (ﬁ) € L*(B,R) we can conclude that

Furthermore, since

T Oz ozr
. of. (n:\° af
llgtl)/B Ox (8x) dxdy_/ Ox % d:cdy.
iii Since Ofr 12w Of it follows that
ox ozr

: of-y? of y*
lli% g Ox 3 5 4= 01' 3 d4.
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iv By item 2
anl*
Ox

on, 4
ox

lim
7—0

LA(B,R) ) LA(B,R) .

v Applying the same techniques as in item ii we have that

. o\, [ (o)
tm | (ax) §dxdy_/3 oz _dxdy

Therefore, by items i-v it follows that

8f In ’ y? : 8] ’ y? :
. . T T _J > _J '
hr—>1(IJlf/ < Ox ( Ox ) 3 ) dady / ( ox (8x) 3 ) dady

Identical arguments can be applied to the other strain terms to show that

S[x] < liminf S[x,]

T—0

Now, we can prove the liminf inequality. First, if S[x] = 0 then

lim inf F[x,] = lim inf iS[XT] + hm inf B[x,] > liminf B[x,| > B[x| = Fy[x].

7—0 =0 T2 —0 7—0

If S[x] # 0 then

liminf F[x,] > lim inf iS[XT] > lim inf %S[x] = oo = Fy[x].

7—0 7—0 ’7‘ T—0 T

Finally, to construct the recovery sequence for a deformation y € Ap,x we simply

select y; = y. If S[y] = 0 then

hmF ly.] = lim ( ! Sly-] +B[y7]) = li_r%B[y] = Bly] = Foly].

If Sly] # 0 then

hmF ly.] = hm ( ! Sly-] —I—B[yT]) > lim S[ | =00 = Fyly].

7—0 7'2

O

Lemma 2.4.4. Let x, € Ap,x such that F;[x,] = inf, F;[y]. Then, lir% F.[x,] exists
T—

and 0 < lin% F.x.] <2n(l —rd).
T—



44

Proof. Fix s,t > 0 such that s < ¢t and let x,x; such that i}rllf Fi[x] = F[x] and
XEAFVK
inf Fi[x] = F,[x]. Then,

x€EARyK

Fixi] < Fixs| = %S[XS] + B[x;] < 8—128[x8] + B[x;] = Fi[xs].

Therefore the sequence inf Fi[x| is monotone increasing as s — 0 and by lemma

xXE€EARvK
(24.1)), satisfies 0 < i}f F,[x] < 27(1 — r2). Therefore, by the Bolzano-Weierstrass
XEAFVK
theorem inf F,[x] converges. O
xE€EARvK

Definition 2.4.5. Define A%, C Apyx by

on

,FvK:{(fag>w)GAFUK:f(O):g(O):T](O):OaIId — _ 9

0o O

ozr

=0,.
(0,0)

The above definition fixes the origin of a deformation and aligns the normal at the
origin with the z-axis of R? and thus removes the possibility of a minimizing sequence
“escaping to infinity”. By a rigid translation and rotation any element x € Ap,x can

naturally be identified with an element of A%, f.

Theorem 2.4.6. If x, € A%, x is a sequence such that ijlf F.ly] = F;[x;] then
ye vaK

2n(1 —r3) = inf Fyly] = lin% F.[x,]. (2.4.7)
T—

yEAIFUK

and every limit of convergent subsequence of x; is a minimum point for Fj.

Proof. Let x = (f,9,1) € A, such that for all 7 € (0,1), F,[x] < 2m(1 — ).

Consequently, there exists C; > 0 such that
IV fllezsr) < C1, [IVall2ry < C1, V0|l 4Ry < Ch, |HD277|2||L2(B,R) < (.

It follows from Holder’s inequality that there exists a constant Cs > 0 such that
IVnlleeary < Col|Vn|pasr). Therefore, by Poincaré’s inequality there exists a

constant C'5 > 0 such that

I flle2sry < Cs, l9ll2sry < Cs, 0l L2sr) < Cs,
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and thus by the Banach-Alaoglu theorem (Hunter & Nachtergaele, 2001) the set K =
{x € Ay, : V7 € (0,1), F [x] < 2m(1 —r3)} is weakly compact in A, -
Let x, be a sequence such that inf F,[y] = F;[x,]. By @41 it follows that

yEA,FUK
F,[x,] < 2n(1 —r2) and thus by compactness of K there exists a subsequence x,,

A/
and x* € A%, such that x,, —=% x*. Therefore, by lemmas 2.4.3] and 2.2.4] we have
that

inf Fyly] < Fo[x*] < liminf F}, [x;, ] = lim inf F, [y] =lim inf F.[y].

yeAL, 1 k—0 k—=0yc AL T=0yeAL,
Therefore,
inf F <1 inf  F.lyl. 248
youf Foly] < Iy inf Frly] (2.4.8)
Now, fix § > 0 and let y € Ap,x such that Fyly] < ’glf Fylz] + 0. Then, if y;
z€ ,FUK

is recovery sequence for y then

inf Folz] +0 > Fyly] > limsup Fr[y¢] > limsup inf Fjlz] =lim inf F;[z].

ZEAIF'UK 7—0 7—0 ZEA/F'L}K 70 ZEAIF'UK

By the arbitrariness of § if follows that

inf Fy[z] > lim inf F;[z]. (2.4.9)

/ /
2€AL, K 70z AL, K

Therefore, by (2.4.8) and (2.4.9) we have proved that

inf Fylz] =lim inf F;[z].

ZE‘A,FUK 70 ZE‘A,FUK

Furthermore, if y, is the sequence as defined above and y,, is a subsequence such
A/
that y,, —=% y* then

lim inf F.[z] = inf Fylz] < Fly*] <lim inf F;[z],

70 ZGA/FvK ZGA/FvK 70 ZE‘A,FUK

which proves that
inf  Fylz] = Foly™].

!
z€AL, K
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2.4.3 Periodic Isometric Immersions

The saddle shaped isometric immersion with out-of-plane displacement 1 = zy is not
the only solution to the Monge-Ampere equation (2.4.1]). The one parameter family

of quadratic functions

= (2 —cot (7)) = 2 ese (7) eon (T - 26) —cos (T)] . (2420
satisfy (241 and A% = 0 as well (Polyanin & Zaitsev, 2004). Furthermore, this
family of surfaces vanish along the lines § = 7w/n and § = 0. Therefore, if n €
{2,3,4, ...}, a deformation with a periodic profile can be constructed by odd periodic
extensions (see figure2.1]). It is a basic result of Fourier analysis that 7,, has continuous
first partial derivatives but a jump in the second partial derivative with respect to 6
at integer multiples of m/n. Consequently, these lines of inflection are singularities in
the sense that the deformation is not smooth along these lines but n, € W*?(B,R)
and the bending energy remains continuous and is finite. Therefore, these surfaces are
valid isometric immersions in the FvK approximation and thus A, N A # () and by
calculating the energy of this configuration we have the following result which agrees

with proposition 2247 when n = 2.
Lemma 2.4.7. Let x* € A,, such that & [x*] = infxc 4, &[], then
E-[x*] < min {7'2 <

where C' is a constant independent of n and 7.

47 cot?(m/n)
1—v

+ 27?) (1-— 7"(2]),./7} < min {Cn27'2,.7-"} ,

Proof. The middle term in the chain of inequalities is the bending energy of the

deformation 7, and the calculation is omitted. Expanding near n = co we have that
4 cot? () An? 87
S VOV Y VS o — 0
1—v er 7r(1—1/)+(7T ?)(l—rLu))jL
Consequently there exists M > 0 and K; > 0 such that if n > M then
4m cot? (Z

=) + 21 < Kyn?.
1—v
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FIGURE 2.1. 1. The one parameter family of isometric immersions with out-of-plane
displacement 7 = y (z — cot (7/n)) parametrized by n € {2, 3, ...} vanishes along the
lines # = 0 and 6 = w/n. 2. We can “cut out” the section of the surface bounded
between these two lines. 3. We can take the odd reflection of this isolated piece of
the surface about the the line § = 0. 4-7. By continually taking the odd reflection of
sectors about lines where the surface vanishes we can construct a periodic isometric
immersion.

Differentiating we have that

d o (%) - 2cot? (§) esc (3)

dn n n?
and thus cot? (z) is monotone increasing. Consequently, on the interval [2, M] we

n
have that
47 cot? (Z 7cot? (&
1—v 1—v 2

Therefore, if we set C' = max{ K7, K>} then the result follows. O

The preceding lemma shows that the elastic energy of periodic isometric immer-
sions grows like n?, and thus the two wave isometric immersion is energetically pre-
ferred over isometric immersions with more waves. Furthermore, by theorem
minimizers of the elastic energy converge to a saddle shaped deformation with decreas-

ing thickness. But, the periodic isometric immersions we constructed are qualitatively
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FIGURE 2.2. Periodic isometric immersions in the FvK ansatz

similar to what is observed in experiments (see figure 2.2) and thus we will continue

to study them in future sections.

2.5 Numerical Solutions

Beyond the flat solution, exact solutions to the Foppl-von Karman equations are
largely unknown. In this section we construct numerical solutions to illustrate the
transition of the flat solutions to ones that are approximately isometric immersions.

The boundary value problem given by (2.2.4H2.2.8) can be approximately solved by

numerically minimizing &, using a Rayleigh-Ritz type algorithm (Szilard, 2004). To

do this, it is convenient to write the energy in the form

1—v

[ [ (22 ea () (52) ] e o

14 2
Ex] = / { (Vi +722) + 0+ 20 + 752} dzdy
B
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&:[x] can then be discretized using a finite difference scheme to approximate the
integrand and a composite quadrature rule to approximate the integrals. This dis-
cretization of (Z.5.0]) generates a sum of quadratic terms that can then be minimized

using Matlab’s minimization routine lsqnonlin (MATLAB, [2010).

(i, 7+ 1} (i +1.7+1)

(i. ) (i +1. j}

FIGURE 2.3. Stencil of the domain.

To be specific, we use a uniform discretization in the variables r and 6 with spacing
dr and 6 respectively and approximate the integral (2.5.]) in a coordinate rectangle
B, ; with lower left index (i, j) (see figure 2.3) by

- 5180 < < L y y izl
& x| = T4 ZZ {L (71’1J +72’2J)2 + (71713)2 +2 (71’5)2 + (72723)1 !

1—v

5780 < v N2 i ? *n ? P ’ ij
7 4 [1—1/<Anﬂ) +(8x2 ) +2<0x8y) +(8y2 ) .

The derivatives are then approximated by a fourth order finite differences with appro-

priate forward and backward schemes near the boundary (see appendix [Bl). Summing
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over ¢ and j the elastic energy is approximated by
Ex] =) > EVIx] + O +66%).
]
This discrete sum of quadratic terms can then be directly minimized.

It is important to note that we used a fourth order difference scheme to approx-
imate derivatives. This is critical to obtain an accurate approximation in that for
lower order schemes the error in the stretching energy may be significantly bounded
away from zero. That is, the numerical algorithm will not detect the existence of an
isometric immersion. Furthermore, as the thickness decreases the bending content of
an isometric immersion will be lower than the error in approximating the stretching
energy. Therefore, the algorithm will break down at a critical thickness 7" which can
be estimated by

T = Vort+ 66",

In figure 2.4l we plot the elastic energy of numerical minimizers of &, for decreasing
values of 7 with ro = 1 and v = 1/2. The data in this figure was generated using
the algorithm outlined above with a 40 x 40 mesh. The solid line corresponds to the
upper bound in lemma 2.3.1] for flat deformations while the dashed line is the upper
bound in proposition 2.4.Tlfor isometric immersions. In this figure three representative
minimizers are plotted and colored by the Gaussian curvature K = det(D?p) for
various values of 7. These three surfaces and the scaling of the energy illustrate that
with decreasing thickness the minimizing surface transitions from being flat to one
that is close to the isometric immersion 17 = xy. For the left most surface, the regions
in which the Gaussian curvature is substantially different from —1 are localized to the
edges of the annulus and shrink with decreasing thickness. This indicates that with
decreasing thickness the stretching energy is being concentrated in boundary layers
in which the bending energy of the isometric energy is slightly reduced.

In figure we again plot the numerical minimizers of &, using the same param-

eters and discretization used to generate figure 2.4l but with the boundary conditions
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FIGURE 2.4. The normalized elastic energy of numerical minimizers of £, with v =
1/2 and ro = 107! for decreasing values of 7. The solid line corresponds to the elastic
energy of minimizers over the set of flat deformations given by lemma 2.3l The
dashed line corresponds to the elastic energy over the set of deformations satisfying
v = 0 given in lemma [2.4.1l The three configurations plotted are colored by the
approximate Gaussian curvature K = [, n]. These three surfaces illustrate that with
decreasing thickness the surface transitions from being a flat surface to one that is
close to the isometric immersion n = xy with localized regions of stretching near the
inner and outer radius of the disk.

n = 0 along the lines § = 0,7/n,27/n,... for n € {2,3,4,5}. These boundary con-
ditions were selected to generate numerical minimizers over A,,. The dashed lines
correspond to the upper bounds for n-periodic isometric immersions given by lemma
2.4.7 while the solid line is again the upper bound in lemma 2.3l The four plotted
surfaces are colored by the approximate Gaussian curvature K = [n,n] and were se-
lected to compare the geometry of the boundary layers for n > 3 with the case n = 2.
For n > 3 additional boundary layers form around the lines of inflection in which the
surface stretches to reduce the local mean curvature of the surface. Notice also that
for n > 3 the Gaussian curvature within the boundary layers near the edge of the disk

satisfies [, 7] < —1 which is in contrast to the case when n = 2 where [n,n] > —1.
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FI1GURE 2.5. The normalized elastic energy of numerical minimizers of £, over A,
with 7o = 107! and v = 1/2. The dashed lines correspond to the upper bounds
given by lemma [2.4.7] while the solid line corresponds to the upper bound in lemma
2.3.1l The configurations plotted are colored by the approximate Gaussian curvature
[7,m]. In the vanishing thickness limit minimizers of £, converge to an n-periodic
isometric immersion. The numerical minimizers have localized regions of stretching
near the inner and outer radius and along the lines of inflection. The existence of
these regions indicate that the minimizers are perturbations of an isometric immersion
with boundary layers to account for the natural boundary conditions.

2.6 Scaling Laws for the Elastic Energy of Periodic Defor-
mations

In this section we derive ansatz free lower bounds for n-periodic configurations. The
essential idea of this section is that the bending energy near the edge of the annulus
controls the stretching energy in the bulk of the annulus. Before we state and prove
this lower bound we need several intermediate results. Let n € {2,3,...} and define

the following sets:
1. S, is the sector in R? bounded between § = 0 and 6 = 7 /n,

2. For z > rg, B* C B is the annular region defined by B* = {(r,0) € B : ry <
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z<r <1},

3. BZ = S, N B? is a wedge shaped region bounded between § =0, 0 = 7/n, r =1,

and r = z.
Furthermore, let r* = max{.95,7¢}.

Lemma 2.6.1. If x € A, with corresponding out-of-plane displacement 7 then

1.
on\ > 1 n\°
il < = .6.
/Bz <8r) A < n? Jg: (87"89) d4 (26.1)
2. )
4 o2
204 < 1 g
/an dA_48”4/35 (892) dA (2.6.2)
3.

on\ > 2 ?n\>
— < — .0.
[ (5) =i ], () o (26

Proof. Since x € A,, we have that n = 0 along the lines # = 0, 7/n and thus

n

or =0

0=0,%
n

Consequently it follows from Poincare’s inequality with the optimal constant that

w(on\? 1[5 P\
- <
/0 (87") de_n2 0 (87‘89) 4,

(Payne & Weinberger, 1960). Therefore, integrating we have that
on\> 1 ?n \?
— ] dA< — dA
/Bg (87‘) —n? /g (87"89 ’

Constructing the Green’s function G(#,¢) for the operator g—; with Dirichlet

proving item 1.

boundary conditions on [0, 7/n] we have that

" 92
0(r,6) = /0 G(6.6) 5 3o



where

B %gﬁ(@—ﬁ/n), if0 <o
Gw@”‘{gm¢—¢m% YOVE

Therefore,

2(r.0) < " 626, 8)dA %a%zw
77(7“> ) > /0 (,Cb) /0 (ﬁ)
2/ 2 rZ 2.\ 2
_ 0% (m — nb) / 0" 40
3nm o \06?
3 z 2,0\ 2
T / AUAN
48n3 J, \ 062
4 o2 2
274 <« T omn
[ raas g [ (5) aa

n

Integrating we have that

proving item 2.

Differentiating, we have that

on % 0G &y
2~ J, 052"

Therefore,

T
S35
N——
[\

[\
—
= 33
VR
QD
¥
~_
[\

oY

<
\_/
VR
ﬁ
VR
QJ‘Q{.\DD
R
~_
[\

oY

S
\_/

Integrating we have that

proving item 3.

o4
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Lemma 2.6.2. Let x € A, with corresponding out-of-plane displacement 7. If

B[x] < By and n > 2 then there exists a constant C' independent of n and x such that

e | \ 062 roo

Proof. Since B[x] < By it follows that

dA < C@.
n

1 /1on  &n\°> 1 /0 o\’ o\’
D22dA:/———— Bl (/S Y | aa
/L;;;o‘ l B0 [7“2 <7’ 06 87’09) - r4 \ 002 +T0r * or
< B
- 2n
Therefore,
10n  n\> [&*n  on\° B,
-0 1 ) < =0
/B [(r a0 87’8«9) o e ) |5
and thus applying the elementary inequality (a 4 b)? > 1a® — 2b% we have that
1 2n\> 2n\° 1 (on\° on\> By
- g A—2 (<& 2 (D1 | ga< 20
2/3;* [<092) * (07“89) d /B 2 (09) T (87’) =3,
Consequently, applying lemma [2.6.1] we have that
n\> n\° By 1 [(0n\> on\ >
il < 20 i) i
.. [(W) +(ar30) | 4<% w1 f e (5) + (5) |
By 2 n\> 4 n\?
<D0, ™ PN ga4 = I g4
- n * 3n2(r*)? /Bz* (892 A+ n? /B;* orod d
Therefore, since r* > 7/(2v/3) and n > 2 the result follows. O

Lemma 2.6.3. Let x € A, with corresponding out-of-plane displacement 7. If

B[x] < By and n > 2 then there exists a constant C' independent of x and n such that

By

n2’

/ Vn|'dA < C
Br*

Proof. By lemmas 2.6.1] and 2.6.2] it follows that

4 2 2
) s o0°n By
< — < C;=
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and

2n\°> 1 [dn\>
2 _ on = (<
/BT-* Vnl'dA - = /BI;* ( or ) + r2 (89) a4

n

n\> 1 [on\?
< —
< /. (a) o () |4
< 028—2-
n

By rotational symmetry of A,, we have that

B B
/iﬁMSQ%mﬁ/|WﬁM§@%
Br* n Br* n
and therefore by a multiplicative inequality (Maz'yal, [2011) it follows that there exists

a constant C3 independent of x and n such that

[ vaftaa < c(/ nsz> (/ (n2+\Vn|2+|D2n\2)dA)
Br* BT* BT*

B[ B B 3
gc%(q%+@%+&)
n n n
B}
S

O

Lemma 2.6.4. Let x € Ay with corresponding out-of-plane displacement n. If

B, [x] < By then there exists a constant C' independent of x such that

2
/ Vylda < B0
Br'* 4

Proof. Since x € A, it follows that the means of the functions 7, %, and g—z satisfy

<n>:m/m*nd/1:0,
(oe) = 7w e a0

<§—Z>:ﬁ/ﬂ§—3“=0-
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Therefore, by Poincare’s inequality it follows that there exists constants C; and Cs

independent of x such that

2
/ (@) dAgCl/ |Vn|*dA and/ |vm2d,4g02/ | D*n|*dA.
Br* aSL’ BT r* r*

Consequently, by applying the same multiplicative inequality as in the proof of lemma

2.6.3 the result follows. O

Lemma 2.6.5. Let x € A,. If B[x] < B, then there exists a constant C' > 0
independent of x and n such that

1 B?

Sx] > -F-C=2

where F* is the infimum in lemma 2.3.1] with ro = r*

Proof. Let n be the out-of-plane displacement corresponding to x and x = (f, g) the
in-plane displacement with component functions f, g € W?(B,R). Then, by lemmas
2.6.3] and [2.6.4] it follows that there exists a constant C' independent of x and n such

that
By
ﬁ .

[ vt [ wiraa<c

Therefore, the following inequalities hold:

1.
of _(on\"_ v
2 = 92 2y 2
/Br* 711 drdy /BT* < o + ( x) 5 dxdy
1 of v\ / AN
> A _ -
> 2/Br* (28x 3) dxdy — 2 - \3 dxdy
1 of ¥\’ B3
2.
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3.
foo = L (083 s a (3 (3
> %/ (% %+I—f)2dxdy
1/2 1/2
(G ) (f(G) )
> %/ <%+%+I—5)2dxdy—2cf—§.
4.

1 2
2 > = 2L o g T 2 —8C =2,
4J%+wﬂm@__2éﬂ<mf-® 2 B)alg:alyégcn2

Therefore, since S[x| can be rewritten in the following form

S = /B (1 ! tr(7)2—2det(7)) ddy

— VUV

v
= / <1 » (Y11 + 722)2 + 95 + 295, + 7222> dxdy
B
v
> / (1 > (Y11 + 722)° + Vi + 275 + 7222) dxdy
Br* —

it follows by items 1-4 that there exists a constant C' independent of n and x such

that
B3
n?’

Six] > %]-"* _c

O

The preceding lemma is the essential estimate that quantifies the trade off between
bending and stretching energy. Furthermore, it shows that in the limit n — oo that S
is bounded away from zero. That is, as the bending energy increases by adding more
waves there is no reduction in the stretching energy. This is in contrast to the behavior
of a minimal ridge in which with decreasing thickness the bending energy diverges
while the stretching energy converges to zero (Venkataramani, 2004; (Conti & Magei,

2008).
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Theorem 2.6.6. Suppose n € {2,3,...} and 7 > 0. There exists constants ¢, C' > 0
independent of n such that

min{cn7?, F*/2} < inj £[x] < min{Cn*7* F}.
XEAn

Proof. By lemma [2.6.5] there exists a constant ¢; independent of n and x such that

S[x] > 1.7-"* — clB[X]z.

2 n?
Therefore, minimizing the function & = S 4 72B subject to the constraints
§>0, ?B>0, S>1F —¢ZL,
it follows that there exists a constant ¢ independent of n and x such that
Fr/2V < inf &€
min {cn7?, F*/2} < Jnf [x]
The upper bound follows from lemma 2.4.7] O

Corollary 2.6.7. There exists n* > 2 such that if 7 < [F*/(4n(1 — 7"3))]1/2 and
n > n* then

inf £ [x] < inf & [x].
xcA

XG.An

Proof. By theorem[2.6.6it follows that there exists a constant ¢ independent of n and
7 such that min{cn7?, F*/2} < infyc4, &;[x|. Furthermore, if 7 < [F*/(47(1 — 7’8))]1/2
then 27 (1 —72)7% < F*/2 and if n > 27(1 — r2)/c then 27(1 — ry)? < cn. Therefore,
letting n* = 27(1 — 72)/c it follows that if 7 < [F*/(4n(1 — rg))]l/2 and n > n* then
by proposition [2.4.1]

: < _2)22 < ind T 2 :
igf‘l&[x] <27(1 —ry)7° < min{F*/2,ent} < xleril E-x].

By theorem [2.6.6] and the fact that the upper bound in proposition 241l corre-
sponds to the elastic energies of deformations in A, it follows that min{2cr?, F*/2} <

27 (1 — r0)?72. Therefore, ¢ < (1 — r2) and consequently n* = 27(1 —r)/c > 2. O
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Corollary 2.6.8. Let n € {2,3,...}. There exists constants ¢, C' > 0 independent of
n and 7 such that if 7 < F*/(2c)n~'/? then

ent® < inf &[x] < On’72
XE.An

Proof. By theorem 2.6.6] it follows that there exists constants ¢, C' > 0 such that
min{cnr?, F*/2} < irﬁ E[x] < min{Cn?r? F} < Cn*r?
XEAR

Therefore, if 7 < F*/(2¢)n~Y/2 it follows that min{cn7?, F*/2} = cn7? and the result
follows. u

The previous corollaries 2.6.7 and [Z.6.8] extend the results of theorem and
quantify different “crossover regimes” in n and 7. Specifically, corollary [2.6.7] gives
a critical wave number n* > 2 such that energetically there can be no refinement
with decreasing thickness of the number of waves greater than n*. Corollary 2.6.8
gives a crossover condition for when minimizers transition from being close to a flat
deformation to one whose elastic energy scales with 7 like an isometric immersion. In

figure we plot a schematic of these crossover regimes.

2.7 Boundary Layer Analysis

The n-periodic isometric immersions constructed in section 2.4] satisfy the governing

equations (2.2.4)) and (2.2.6) but not the boundary conditions (2.2.7) and (2.2.8).

But, in figure we see that in the vanishing thickness limit numerical minimizers
of &, over A, converge to an isometric immersion. In figure 2.7 we color the annulus
by the Gaussian curvature of numerical minimizers over the set A,. We can see that
the Gaussian curvature is significantly different from —1 in regions near the edge of
the annulus and along the lines of inflection. Thus, by the Monge-Ampere equation
2.4.7] the stretching energy is non-zero in these regions and we expect the sheet to

be a perturbation of an isometric immersion that introduces boundary layers near
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FIGURE 2.6. A schematic of regions in the n — 7 plane in which minimizing de-
formations in A, “crossover” to different scaling regimes. In the upper left region
minimizing deformations in 4, have larger energy than minimizers over A. the ex-
istence of this upper bound means that there can be no refinement with decreasing
thickness of the number of waves for minimizers in A. In the lower left region the
minimizing deformations scale in energy like that of an isometric immersion. In the
region on the right the minimizing deformations are either a flat deformation or are
close to being a flat deformation. It is important to note that this figure is just a
schematic drawn for a specific values of the constant ¢ in theorem Different
values of ¢ will change the positions of the boundaries between the regions but will
not change the qualitative form of the figure.
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the edge of the disk and along the lines of inflection. By theorem [2.6.6] the scaling

in these regions will be selected so that the energy in these regions scales like 72 or

smaller.
t=0.0086317 1=0.0085317
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FIGURE 2.7. The annular domain colored by the Gaussian curvature of numerical
minimizers over A,, with n = 2,3,4,5 clockwise from upper left. The plots indi-
cate that the minimizers are close to isometric immersions with localized regions of
stretching near the edge of the annulus and the lines of inflection.

2.7.1 Governing Equations of Perturbations

Again, let n € {2,3,...}. Define S, to be the sector in R? bounded between 6 = 0

and @ = w/n and define B, = BN S,. Let x € A, with corresponding out-of-plane
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displacement 7 given by and potential ® and suppose n and ® are perturbations of

an n-periodic isometric immersion. That is, on B,, assume 1 and ® are of the form

™ -
nzy(:c—cot(—)y)—l—n,
n

o=,

(2.7.1)

(2.7.2)
for some perturbations ® and 7. Furthermore, since x € A,, we enforce the Dirichlet

=
o

(39200 ()

—2[7,7] + 2] dxdy. (2.7.3)

boundary conditions 77 = 0 along the lines § = 0 and 6 =

The elastic energy of this perturbation is

E-[x] —2n/ ! (A(i))z dxd —I—2n7‘2/ !
4 N Bn1+V Y By, 1—v

T\ 0%1 0?1
4 cot (ﬁ) Ox? 0xy

If 77 and ® extremize (2Z77.3) then by (ZZAZZS), and the fact that 61 = 0 along the
lines @ = 0 and 6 = 7 /n, it follows that 77 and ® satisfy the following boundary value

problem
1 ~ T\ 0%1 0?7 .
A2D — 2 —) = — = 2.74
2(1+v) cot (n) O Oxdy 1,71 =0, (2.7.4)
72 ™ 0?d 020 -
A?j) —) = o, 7] = 2.7.
T () 72 auay T2 =0 (275)
T I A ) (27.6)
_9 ™ T _ 99
L Aij—n” - D%*j-n :—CSC<E> <(V ) cos (%) +vcos (3 )>’
1—-v r=ro.1 n 1—-v
(2.7.7)
1 0An 0 , p 9. 2 7T T
——— + & - D -t = — — ——2 2.7.
l1—v On * ot (m ht) rero1 T e (n) o8 (n 9) rerol (2.78)
n (ﬁ 0*® ) 0, n ( ik 82&)) 0 (2.7.9)
27 =Y ‘N T 49,9, 9.2 =Y .
dy 0xdy 90,z 0x0y  Ox g,z
_ 01 9 T
n‘@:o,w/n - 07 ﬁ 6=05/m - 2lr cot <5) (2710)
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out

bt

FIGURE 2.8. The domain for the governing equations of the perturbation from an
isometric immersion is B,, = {(r,0) : 7o <r < 1,0 < 0 < w/n}.
Remark 2.7.1. So far no approximations have taken place. The boundary value

problem (2.7.4H2.7.10)) is the Euler-Lagrange equations corresponding to the ansatz
271) and ([27.2).

Remark 2.7.2. The boundary value problem 274H2.710) for n = 2 is different
from the other cases since cot(7/2) = 0. We will see that for the case n = 2 there is
no need to introduce a boundary layer near the lines of inflection. Furthermore, the

boundary layers near the edges of the annulus will have a different geometry as well.

We look for approximate solutions of (Z.7.4]) and (2.7.0) that are linear combina-
tions of boundary layer solutions near the interior radius (int), outer radius (out),
bottom of the sector (bt), and the top of the sector (tp) (see figure 2.8)). That is we

assume
1 = Nint + Nout + Mot + Tp and d = (i)int + (i)out + (i)bt + (i)tpa (2.7.11)

where each term is found by an appropriate asymptotic expansion. The full configu-

ration with domain B can then be obtained by taking odd extensions of n and even



65

extensions of ®.

Remark 2.7.3. To construct a complete asymptotic solution of the boundary value
problem (Z75H2.7T10) we would also need to analyse regions where boundary layers
overlap. In this dissertation we are interested only in the scaling of the width of the

boundary layer and do not analyse these overlap regions in this work.

2.7.2 Boundary Layer Near Outer Radius

Define the rescaled radius 7,,; and functions 7/, and ®’ , by

~ _ ~ _ B T _ T/
Tout =T (1 - T>7 Nout = T nout? (I)out - Tﬁ/q)out

where —a, 3,7 € R*. To lowest order the stretching and bending energies near the

outer radius are

~ 2
S[X] — 7_2’Y+4a / 1 02 éi)ut d.flfdy
2n B, L+v \ 02, ’

7'28[X] 2 1 B4+2a azﬁtl)ut m ?
o / 1—v (T ;2 _2C0t<ﬁ>)

out

2>/
B+2a E . 0 Nout
+4T cos(f) (cot <n> + sm(@)) 572 + 2] dxdy,

out

and the compatibility condition is

1 84&)/ 8277/
y+4a out ) B+2a : out —0.
72(1 - V>’7‘ F e T cos(d) (cot(m/n) + sin(0)) N 0

out out
To ensure that the elastic energy is O(7%) and the compatibility condition is non-

trivial we must have that
B4+2c0=0, 2v+4a =2, yv+4a= [+ 2a.

The solution to these equations gives us the following scaling
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which motivates the asymptotic expansion

Tout = T, + 7200 + 72050 + . ..

@out = 2@2% + qu)gt)t + 7'3<I>(2

out

Therefore, to lowest order (2°74]) and (Z7.5) become

4(1) 2
aﬁfﬁzt —4(1+v)csc <%> cos(#) cos (% — 9) 88%05 =0, (2.7.12)
4,,(0) 2p0)
azzt +4(1 —v) csc <%> cos(6) cos (% — 9) 88 OZ;“ = 0. (2.7.13)
Furthermore, by (27.6), (2.7.7) and (2.7.8) the boundary conditions to lowest order
are o
OP gt 8377 t
- =0 2 =0 2.7.14
8T0ut . 7 8 out _ ’ ( )
= =0
2,,(0)
0 Mowt = —2vcsc <E> cos(f) cos (z — 9) + 2 cot (z) : (2.7.15)
o2 | - n n n

To solve the boundary value problem (2.7.12H2.7.15)) we make the following ansatz

Mot = A (0) AlFou N (8)) = BlFour, ),

)‘6 (Q)C(fout)‘;l(e)) - D(fouta 9)7

out

where A, : (0, %) — R is defined by

An(0) = csc (%) cos(f) cos (z - 9) :

n

This ansatz transforms the boundary value problem (Z7ZI2H2.7.T5) into the following

form
o*C 0*A
8?"—3@” — 4(1 + I/)F{%Ut = 0, (2716)
A 0*C
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oD 0’B
—— —4(1 An(0)=—— =0, 2.7.18
ort, TIN5, 2T
o'B 0?D
4(1 — A (0)=—= = 0, 2.7.1
a,rtzolut + ( V) ( )a,,;EUt 0 ( 7 9)
8~C =0, 8~D =0, (2.7.20)
a"ﬂout F=0 aff’out F=0
0?A 0’B
— = -2 — = —2cot . 2.7.21
af;EUt Fout:() V? 8ngt fOUtZO Co (ﬂ-/n> ( )
PA B
v =0, == = 0. 2.7.22
aTSUt Foutzo a/rg'U't fout:() ( )

The solution to (Z7.T6HZT22]) containing only exponentially decaying terms is given
by

iV V(=) V(1T w
Al <9>>_72(1_V2)exp( = )( - )

cot(m/n)

Bl 0) = 3 ) 2T =2

= (V21— 1%)10E(0))

X sin (ﬁfout(l — )i

Sol=
—
>
N—
|
=~ |
N———

X CoS (\/ifout(l - 1/2)%)\?1(9) — %) :

The terms A2 (0) A(TouA, 1 (0)) and A8 (0)C (Foue A, (0)) can be interpreted as terms
that alone reduce the magnitude of the Gaussian curvature in a thin boundary layer
while B(7yut,0) and D(T ., 0) alone locally reduce the mean curvature in a separate
boundary layer with a different geometry. In the overlap of these two boundary
layers the bending energy is reduced through the combination of these two effects.
1/2

By expressing n(o) and q),ﬂ?}t in terms of the actual radius p = Rr = R7"/*T we have

out

the following results for the scaling of the width of these boundary layers:
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1. The width of the boundary layer in which the Gaussian curvature is significantly

reduced satisfies the following scaling

width(6),—p ~ t2 | Ko|~Y* esc(m/n) cos(8) cos(m/n — 6). (2.7.23)

2. For n > 3, the width of the boundary layer in which the mean curvature is

significantly reduced satisfies the following scaling

width(f),=p ~ t2 | Ko|~Y4\/sin(7 /n) sec() sec(m/n — 6). (2.7.24)

The width of these boundary layers has the same scaling in thickness for a vibrat-
ing shell (Lamb, 1889) and non-Euclidean plates with Ky, > 0 (Efrati et all, 2007).
What is unique to the case when K < 0 is this existence of two overlapping boundary
layers that arises from the competition between Gaussian and mean curvatures in the

bending energy.

2.7.3 Boundary Layer Near Interior Radius

The boundary layer near r = ry is completely analogous to the one near r = 1. Define

the rescaled radius 7;,; by

. _1

Tint =T 2(r - TO)
and consider the asymptotic expansion

Timt = Tﬁ&i*-72nﬁi+-72nﬁi+-~-

(i)znt - 2(1)(0 + TQ(I) + T3(I)znt +.

int

This yields identical governing and boundary equations as the outer radius and thus

nmt = )‘3 (G)A(Tzntv >\n 1(‘9)) - B(fintv 9)

Bl = () A(Fiur) Ay (8) = D(Fins, 6),

’on

where A, B, C, D are defined as in the previous subsection.
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2.7.4 Boundary Layer Near the Bottom of the Sector

From the observations in the remark 2.7.2] we will assume in this section that n &€

{3,4,...}. Define the rescaled coordinate §j, and functions 7}, and ®,, by

gbt = Tayv ﬁbt = 7—5771’)“ (I)bt == T’yq);)t

where —a, 3,7 € RT. To lowest order the stretching and bending energies near the

outer radius are

~ 2
S[X] _ 2y+4a / 1 82(1);%
on L Tt \ o | T

2 25 2
TBlxl _ 7-2/ L 7-5“0‘—8 Zl/’t — 2cot (f) + 2
2n Bn 1 — VUV 8ybt n

and the compatibility condition is

dxdy,

1 T*y+4a o g)t . 27_B+0c 82ﬁbt -0
2(1+v) Oy Oz Of

Therefore, the scaling that ensures the elastic energy is O(7?) and the compati-

bility equation is non-trivial is

Q
I
I
W=
=
I
Wi
wlot

’}/ =
which is a different scaling then the one near the edges of the annulus. This scaling
motivates the asymptotic expansion

. 2 4

ot = T3 T T

By = 710+ 200 4 ria
Consequently, to lowest order (2.7.4) and ([2.7.5]) become

o (o)) ony,)
— —4(1 —bt ) = 2.7.2
Ot < o7, (1+v) O 0, (2.7.25)
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o (o3 oo
- +4(1—v)=2 | =0. 2.7.26
o ( a1 - ) 25 (2.7.26)
Furthermore, by (2.7.9) and (2.7.10) the boundary conditions are
poy pay

=0 2.7.27
ox? | Ox0Yp | ’ ( )

Upt=0 Ypt=0

2,,(0)
O  _ O 1y _ (W)
0, =2cot(—). 2.7.28
ot o= aygt ; n ( )
bt=

To solve this boundary value problem we make the following ansatz

I = by () + 52 cot (T) £(x, i), .
B = vaa) + G cot (2) gl G, (2.7.29)

which transforms equations (2.7.25) and (2.7.20]) into

9 (25t o5\ _
F5: \ Ibt ayg + 6ybtay2 + 68ybt — 41+ ) ) = o, .
[4) -9 9 .
3gbt Yt 6yf + 6ybta~f + 68;; +4(1 - )Z/g a—g = 0.

If we integrate with respect to g and make the similarity transformation z = g3/,

we obtain the system of ordinary differential equations given by

272244 1108244 4 60% + 4(1 + v)zL =0,

9z 5
27224 + 10822 + 604 — 4(1 - u)zj—g =

Solving for we obtain the following single differential equation

a 1 <90df a2 f d'f | 3645 ,d'f 729 de)_O

4(1 — — — +2430— + 44552 — + ——2"—
(+V)zdz+1_y ~ o, T 24305 + 485z 4 — d4+4zd5
(2.7.31)
The general solution to equation (Z.7.31]) that does not contain exponentially

growing terms is
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where Ker; /3 and Kei, /3 denote Kelvin functions of the second kind and ¢;, ¢z and c3

are arbitrary constants (Abramowitz & Stegun, 1964). Therefore, we have that

77155) = Yy (x) + i, cot(m/n) </ [clz_%Ker% (4 .373.

(
+sz—%Kei% (4 .35, (1— ,/2)%\/2” dz+03> )

CI)t(Jg) = a() + ?jgt cot(m/n) (\/E/ [sz_%Ker% (4 373 (1-— 1/2)%\/2)

—clz_%Kei% <4 372 . (1— VQ)%\/EH dz + 04) :

where ¢4 is an arbitrary constant.

Now, near y = 0, we have that

2

1 2
@y’ = Wale) + G cot (z) [_2_%3%F (g) (1= 12(1—v) (1 + c) g—j
" bt

s (D) (B (1Bt (1 vE) ) &

Yot
+cy . ]
Furthermore,

. _3 _3 2\ L T

lim [ 272 er%<4-3 2(1—1/)4\/2)d,2:§ 24+ V3,

Z—00

lim | 2~ #Keiy (4 3731 - ﬂiﬁ) dz = g 23,

Z—00

Therefore, to satisfy the boundary conditions [2.7.27) and (2.7.28) we must have that

() = TEelE) 2 s en(s) g

3

27/3(1_,/2)%7T ’ 2%(1—u)7r 7
1 3 —1 3
= — +\[l ) Co = —3 +\fl 9 (2732)
Ve(1—v2)d7 31(1-v2)dr
C3 = 1, Cyp = Ltv

A\ 30—



72

By expressing nég ) and <I>§,§3) in terms of the actual Cartesian coordinates u = Rx
and v = Ry and approximating p and 6 near y = 0 by p ~ v and § ~ v/u, it follows

that the width of the boundary layer in this region scales like
width(p),—o ~ 733 | Ko| 5. (2.7.33)

This boundary layer can be interpreted as a region in which the mean curvature is
locally reduced while the change in energy contributed from the Gaussian curvature
of the perturbation is of the order O(7°/3). This reduction of energy near this type
of singularity is different from the regularization near a ridge singularity in which the
bending energy diverges while the stretching energy converges to zero with decreasing

thickness (Venkataramani, 2004; |Conti & Maggi, 2008).

2.7.5 Boundary Layer Near the Top of the Sector

To construct the boundary layer near § = 7 /n we can simply rotate the asymptotic
expansion for 7, and @, through the angle 6 = m/n and then evenly reflect about

the line # = w/n. That is, in polar coordinates we set
Tip(r, 0) = T (1, m/n — 0) and étp(r, 0) = Oy (r,m/n — ).

In figure we color the annulus by the different boundary layers using the

characteristic widths (2.7.23), (2.7.24), and (2.7.33)).
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Zero stretching energy
Gaussian curvature boundary layer
Mean curvature boundary layer
. Overlap of Gaussian and mean curvatures

Boundary layer near line of inflection

. Overlap of boundary layer near edge and
boundary layer near line of infection

FIGURE 2.9. Schematic of the various boundary layers in n-periodic deformations,
n = 2,3,4,5 clockwise from upper left corner. The annulus is colored by the effect of
different boundary layers on the elastic energy.
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CHAPTER 3

ISOMETRIC IMMERSIONS AND THE KIRCHHOFF MODEL

In this chapter we study the Kirchhoff model of non-Euclidean plates when the metric
gk, has corresponding constant negative Gaussian curvature K, < 0 and the domain
D is now a disk of radius R. Recall that in the Kirchhoff model the elastic energy
Eg;i : W*2(D,R3) — R3 is given by

Y 4H? .
Erilx] = 24(1—|—y)/D [1_V _QK] dAgKO ifxe Ag;

o0 ifX%AKi

Y

where Y and v are the Young’s modulus and Poisson ratio of the material respectively,
H and K mean and Gaussian curvatures of the surface x(D) respectively, and alAgK0
the area form induced by gg,. We assume without loss of generality that K, = —1,
since if Ky # —1 we can always non-dimensionalize by setting the units of length
as (—Kp)~'/2. That is, if a mapping x : D — R? is initially parametrized by the
variables u,v then the dimensionless variables u' = /—Kyu and v' = /=K, are
the dimensionless parametrization variables and R’ = /—KyR is the dimensionless
radius. Furthermore, we will drop the subscript notation and simply write g instead
of gx,-

To study the Kirchhoff model for our metric and domain it is necessary to construct
W22 isometric immersions of subsets of the hyperbolic plane H?, that is solutions to
the differential equation (Vx)T-Vx = g. In general finding solutions to this equation
for an arbitrary metric is a non-trivial problem. But, by Minding’s theorem, which
states that any two abstract surfaces having the same constant Gaussian curvature are
locally isometric, we can “cut out” subsets of surfaces of constant negative curvature
which will be isometric to pieces of H? (Minding, [1839). In particular, if S is a

surface of constant negative curvature and p € S then U = {q € S : d(p,q) < R},
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where d is the distance function inherited from g, is isometric to a disk of radius R
in H?, provided U is smooth. But, by the non-existence results of Hilbert (Hilbert,
1901) and Holmgren (Holmgren, [1902) it is known that for a fixed p € S the set
U={qe S:dlp,q) < R} will fail to be smooth for some critical value of R. The
singularities where S fails to be smooth form curves or singular points at infinity that
form boundaries on S beyond which no disks locally isometric to H? can be cut out
of the surface (Amsler, [1955).

Now, if we assume that x : D — U C R? forms a surface of constant Gaussian

curvature KX = —1 with mean curvature H then
2
Exix] = Y / Sl —2K| dAg
2414v) Jp |1 —v
Y k2 + k3 Y
— dA, — ——— | kikodA
MQ+VLL 1—v 8 Ma—uyé 1

Y Y
= — 2+ k%) dAy + ——— / dA
241—@{4(1+2) g+2q1—w _—_—
where k; and ko are the principal curvatures of the surface. Therefore, to study

minimizers over Ag; it is sufficient to study minimizers of the following functional
sz/wﬂmﬁmg (3.0.1)
D

over Ag; which is equivalent to a Willmore functional in this geometry (Willmore,

1982).

Remark 3.0.4. It is important to point out that in the above calculation we showed
that the terms involving the Gaussian curvature are immaterial since k1ky = K = —1,
but for more general metrics, in which the Gaussian curvature is not constant, the

same term can be removed as a consequence of the Theorema Egregium.

Since we are integrating over a geodesic circle it is convenient to work in geodesic

polar coordinates (r, ¥) which are the natural analogs of the radial and polar angle
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coordinates on a Riemannian manifold. In this coordinate system the metric g has
components

g11 =1, g12 = g21 = 0, and gg9 = sinh(r), (3.0.2)

and equation (3.0.I)) takes the form:

W] = /0 " /0 " b () (2 + &2) dr . (3.0.3)

3.1 Chebychev Nets and the Hyperbolic Plane

To study isometric immersions of H? we will use Chebyshev nets (C-nets) which
are local parametrizations of a surface whose coordinate curves form quadrilaterals
on the surface with opposite sides having equal length (Gray et all, 2006). To be
precise, a Chebyshev net or a Chebyshev patch is defined to be a parametrization
x : D — U C R? in which the induced metric g’ in the parametrization coordinates
u and v satisfies,

g’ = du® + 2 cos(¢) + dv?, (3.1.1)

where ¢ is the angle between the coordinate curves. The key property of a C-net
parametrization is that coordinate curves have unit speed in the parametrization
variables.

Originally, Chebychev used C-nets to describe the arrangement of fibers in clothing
and he showed that a sphere must be covered by at least two cuts of cloth (Chebychef,
1878; IMcLachlan, [1994). As evidenced by the sphere, C-nets in general are only local
parametrizations of a surface and a global C-net exists if the integral of the magnitude
of the Gaussian curvature over a quadrilateral is less than 27 (Hazzidakid, [1880). In
figure 3.1l we plot the pseudosphere covered by two C-nets that meet at the singular
rim of the pseudosphere.

C-nets are useful parametrizations in that they lead to a natural way to discretize

a surface (Bobenko & Pinkall, [1999) and projections of C-nets onto paper retain the
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FIGURE 3.1. C-net parametrization of the pseudosphere.

three dimensional properties of the surface (Koenderink & van Doorn, [1998). More-

over, as we shall see in this section all of the geometric properties of the surface are

encoded in the angle ¢ and for surfaces of constant negative Gaussian curvature ¢

satisfies the sine-Gordon equation (Gray et al., [2006). For this reason, we call the

angle ¢ the generating angle of the surface.

3.1.1 Construction of C-nets

To construct C-nets on surfaces of constant negative Gaussian curvature, we will need

the concept of an asymptotic curve. A curve a on S is an asymptotic curve if for

do do
h (%’ E) =0, (3.1.2)

where h is the second fundamental form of the surface. Thus, by (AZI]) a curve is

all s:

asymptotic if its tangent vectors are aligned with the directions of vanishing curvature

for the surface. Now, if S is a surface with constant negative Gaussian it follows that
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for every point p € S there are two directions of zero curvature. Therefore a pair
of vector fields V' and W can be defined on S that are everywhere aligned with the
directions of zero curvature and by the fundamental theorem of vector fields and flows
it follows that on a surface of constant negative curvature the asymptotic curves can
be taken as coordinate curves (Frankel, [2003). We now show that a parametrization
of a surface of constant negative Gaussian curvature in which the coordinate curves

are asymptotic generates a C-net.

Proposition 3.1.1. If p is a point in a surface S of constant negative Gaussian
curvature K = —1, then there is a neighborhood of p with the coordinate curves unit

speed and asymptotic.

Proof. Let x: {2 — S define a parametrization around p with asymptotic coordinates
(u,v). Let g and h be the corresponding first and second fundamental forms of this
parametrization. It follows from the Mainardi-Codazzi equations (A.5.8)) and (A.5.9)
that

Ohyy _ hia ladet(gij) n dgn _ 0922
ou det(g;;) \2  Ou 1275, T Iy,
Ohyy _ hia ladet(gij) n 0922 _ 0911
v det(gi;) \2  Ov N2g T Iy )

Furthermore, since the coordinate curves are asymptotic it follows that hy; = hgy =0

and consequently the Gaussian curvature satisfies

—h2
—1=K=—"2_
det(g;;)
Therefore, differentiating with we have that
8}1,12 8 det (gm) 8h12 8 det(gw)
2 his = d2——hyy = ——=.
ou ou an v v

Substituting these expressions for % and % into the Mainairdi-Codazzi equations

we obtain
dgn - Jgaz

g —g Jgaz B dgn
1275 15, .

ou 922 v

and gio
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Therefore,
gz dgn — 9119 0922 — 9119 0911 and gz 0922 — G129 0911 — G119 0922
1275, 1127 192275 = 1275, 1202275 192275 =
Consequently,
8911 a922
det(g;;)—— = 0 and det(g;;)—— = 0.
(9i5) ov (9i5) ou
Since the surface is regular, det(g;;) # 0 and thus % =0= % = 0. Therefore, g1

and g9o are independent of u and v and thus the arc-length of the coordinate curves
is simply
v Yo
u— / g7, (t) dtand v — / g35(t) dt,
0 0
and thus inverting this relationship will yield a parametrization with unit speed co-

ordinate curves in the asymptotic directions. O

Theorem 3.1.2. Let S be a surface of constant Gaussian curvature Ky = —1 with
a C-net parametrization x : D — S with coordinates (u, v). If ¢ is the corresponding

generating angle ¢ then ¢ satisfies the sine-Gordon equation:

= sin(¢). (3.1.3)
Proof. By Biroshi’s formula it follows that

agzu sin(¢) 0 % sin(¢)

1
-1 = det | Zsi 1 i
sin4(¢) ) ov Slon((b) sin() Sm1(¢>

1 0pd¢ . PoN . . 9¢ 9¢
= 0 {(— cos(qb)%% — sin(¢) 8u8@) sin’ () + sin’(¢) cos(qb)%%
_ _ o

sin(¢)’

U

Now the condition that there must be two distinct asymptotic curves at each point

in S implies that ¢ must satisfy the constraint

0 < p(u,v) < . (3.1.4)
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Therefore, solutions to the sine-Gordon satisfying (B.1.4]) generate hyperbolic surfaces.
In fact Hilbert proved that there is no smooth immersion of H? by showing that there
is no smooth solution to (BI3]) that satisfies (B.1.4) in the entire u — v plane. The
points on the surface where ¢ = nr are precisely the boundaries where the immersion
fails to be smooth. In figure [3.1] this degeneracy of the coordinate curves occurs at

the singular rim.

3.1.2 Geometry of C-nets

For the rest of the section assume that x : D — S is a C-net parametrization by
asymptotic curves of a surface with constant negative Gaussian curvature K = —1
with generating angle ¢ and first and second fundamental forms g’ and h respectively.
Since the coordinate curves are asymptotic it follows that hi; = hee = 0. By (A.4.2))

it follows that
1= det(hw) . h12

N det(ggj) N _sin2(¢)’
and consequently hjs = % sin(¢).

Since the second and first fundamental forms only depend on the generating angle

¢ it follows that all of the relevant geometric quantities of the surface can be found

as well. From (A.4.2) and (A.4.3]) it follows that the principal curvatures ki and ko
satisfy
ki + ke = —tan(¢) and kiky = —1.

Therefore,

k? = tan®(¢/2) and ki = cot?(¢/2). (3.1.5)
Furthermore, by (A.5.2)) the Christoffel symbols satisfy

0
Il = cot(9) 07,

I, =0, i, =0, (3.1.6)

F§2 = - CSC((?)%u
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which by ([A.6.1]) gives us the following differential equations satisfied by the compo-
nents (u(t),v(t)) of a geodesic:

Pu [du\’ o6 (dv\? Bl
W + (E) Cot(gb)% — <E) CSC(QS)% = 0,

e du\ 2 9 dol 2 P (3.1.7)
d—t;) - <d_2tL) csc(qzﬁ)a—i5 + (d_:) cot(gb)a—f =0.
By (B13) it follows that
27 R
WIx| = / / sinh(r)(tan®(¢/2) + cot?(¢/2)) dr d¥. (3.1.8)
o Jo

Therefore, the bending content diverges if ¢ = nm, precisely where the asymptotic

curves become degenerate.

3.1.3 C-nets of the Second Kind

We conclude this section by pointing out that a closely related parametrization of S,

that is sometimes easier to make calculations with, is a parametrization by curves

of principal curvature or a C-net of the second kind (Gray et all, 2006). If x is
n+¢ ¢

a C-net, then a C-net of the second kind y is given by y(n,§) = x (T’ ’7%) The

components of the metric g’ corresponding to y are

g1 = cos’(0), gro = goy = 0, ghy = sin’(0). (3.1.9)

Since gi, = g5 = 0, the parameter curves of this parametrization are orthogonal
and in fact they bisect the asymptotic curves. Therefore, § = ¢/2 and thus we can

determine the generating angle by such a parametrization.

3.2 Elastic Energy of the Pseudosphere

In this section we illustrate how isometric immersions of geodesic disks in the hyper-
bolic plane can be constructed from a surface of constant negative Gaussian curvature

by fixing a point p € S and “cutting” out a subset U = {q € S : d(p,q) < R}. To
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illustrate this process we consider a commonly known hyperbolic surface, the pseu-
dosphere. The pseudosphere is parametrized by the following C-net of the second

kind
50~ (365 sy~ b)) 021

(Gray et al., 2006). The mapping is singular on the curve n = 0, which is where

the surface fails to be a smooth immersion, and consequently we will only consider
the “upper half” n > 0 of the pseudosphere. Furthermore, since the sheets we are
modelling have the topology of a plane and not a tubular surface we will think of the
pseudosphere as a multi-sheeted surface.

Directly calculating, the metric coefficients are given by the following simple ex-

pressions:
Jdy Oy
g1 = o oy tanh®(n),
/ , Oy Oy
J12 = 92128_77'8—52 )
dy 0Oy 1

/
922 06 9¢  cosh®(n)
Consequently, by equation (3.1.9) the generating angle has the form

o(n, &) = 4darctan(e™"), (3.2.2)

and thus by (B.15)) the principal curvatures are
1
ki = tan®(2arctan(e™")) = ——— and k3 = cot?(2arctan(e”") = sinh*(n).
sinh?(n)
(3.2.3)

Therefore, by equation (B.1.8]) the elastic energy of a disk U centered at x(7y,0) and

lying in the pseudosphere is simply

Wiyl = [ [ sinntr) (st ) 1

Now, to determine the dependency between n,& and r, W we need to calculate

the arclength of geodesics on the pseudosphere. The arclength of a curve x(n,£(n))
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starting at x(no,0) and terminating at x(ny, {s) is given by the functional

— /n:f \/tanhz(n) + sinh?(n) (%)26177- (3.2.5)

Since the integrand does not explicitly depend on &, the Euler-Lagrange equation of

this functional is
d sech?n

dn \/tanh2(77) + sechQ(n)%

This can be integrated once, with a constant of integration :I:%. This generates a

(3.2.6)

first order separable differential equation that can be integrated with a constant of
integration C'. The solution curves, and thus the geodesics, are given by the family

of curves implicitly defined by
cosh’(n) + (€ + C)* = D. (3.2.7)
The constants C' and D are determined by the condition that the geodesic passes

through (1o, 0) and (ny,&y):
cosh(ng)? — COSh2(77f) — 512[
a 25 ’
(cosh®(np) — cosh®(n;) — £7)°
4¢3 ’
Define the function £(n, ) to be arclength of the geodesic starting at y (7o, 0) and

(3.2.8)

D = cosh?(ng) + (3.2.9)

terminating at y(n,£). Since the geodesics fail to be a function of 7 at the critical

values

n* = arccosh (\/5),
& = \Jeosh®(m) — cosh?(ny).

the arclength of a geodesic will have to be computed over both branches of a square

root. Assuming 7y < n we have by equation (3.2.5]) that
an 2 : *
w \ Deemiy Ot it 0<&< (¢
* al. 2 arn. 2 . *
Lm.& =19 [ (\/5‘;0512@ + \/é’tw;;@) dt it &> ()2 (3.2.10)
cosh(n .
n (cosh(no)) if 5 =
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If no > n then L(n,£) can be computed by switching 7y and 7. By making the
substitution z = sech(t), and taking into account the case 79 > 7, the integrals can
be explicitly evaluated and simplified into the form

(
‘11’1 (sech(no)-l—\/m)' if 0< 52 < (é*)2

sech(n)+ \/soch2 (n)— %

In (D (sech(no)—l—wsech?(no)_é if 62 > (6*)2 . (3211)

—1
sech(n)++/sech?(n)— %)

cosh(no)
In < cosh(n) )

L(n,€) = 1

if £=0

\

The contour £(n,£) = R forms the boundary of the disk U (see figure [3.2]).

FI1GURE 3.2. The pseudosphere colored by the geodesic distance from an arbitrary
point p lying on the surface. Geodesic disks of constant negative curvature can be
formed from the contour data of the arclength of geodesics originating at p and
correspond to isometric immersions of geodesic disks in the hyperbolic plane.

Furthermore, the geodesics on the pseudosphere itself are given by the following
curves:
7(€) = x(arccosh (D — (£ + C)?) ,€)

. . . ox(n, ox(n,
The angle ¥ a geodesic makes with respect to the basis (%, #) of the tangent
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plane at the center of the disk can then be found by

d

0x

3

ox

% cos(W).

=10

—_— H d%Xw(g), 3

=10 =10
By making the substitution D = cosh(ng)? + C?, this calculation gives us that the

angle U satisfies

B v/2csch(m)
T 14202 4 cos(2&)

Consequently, by specifying a value for ¥ we can calculate C' and therefore use equa-

cos(V) (3.2.12)

tion (B.2.10) to determine 7 for a particular value of r and W. This allows us to color
the disk by bending energy density (see figure B:3) and numerically integrate (3.2.4))

over the disk to determine how the bending energy scales with R for various values

of ng (see figure 3.4)).
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1000
-2 -1 0 1 2 -2 -1 0 1 2
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I 1500

1000
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N B o BN
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N B o BN

500 500

FIGURE 3.3. A representation of the geodesic disks colored by k% 4+ k3 in which the
radius and polar angle correspond to the geodesic radius r and polar angle W. These
disks are centered at y (1o, 0) for the values o = 1.94, 2.54,2.92, 3.21 respectively. The
concentration of energy at the top of the disk arises from the large amount of bending
in the “skinny” part of the pseudosphere. The narrow region of concentrated energy
near the bottom of the disc corresponds to the divergence of the principal curvatures
near the singular rim.

Now, a disk centered at x(7y,0) cannot be made arbitrarily large since it will

eventually meet the singular curve corresponding to n = 0. We can prove that the
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largest disk on the pseudosphere with this center has a critical radius of
R,,, = In(cosh(ny)).

To prove this, note that the curve £ = 0 is a geodesic, it trivially solves the Euler-

Lagrange equation, and therefore
0
L£(0,0) = / tanh(u) dn = In(cosh(no)). (3.2.13)
0

Now, let £(n) be another geodesic that terminates at a point (0,7*) on the boundary.

Then,
0 2
L£(0,£%) = /17 \/tanhz(n) + sinh?(n) (Z—i) d¢
0
10

> /0 tanh(n) dn = In(cosh(np)).

Consequently, the contour L£(n,§) = In(cosh(ny)) meets the curve n = 0 at only
one point and thus In(cosh(y)) is the radius of the largest possible disk centered at
(10,0). Therefore, we can see that for arbitrary R we can find a value 7y such that D
is isometric to U, and thus by varying the center of the disk we can create arbitrarily

large isometric immersions. This proves the following proposition

Proposition 3.2.1. Let D be a disk of radius R in the hyperbolic plane. There
exists a smooth isometric immersion x : D — U C R3 such that U is a subset of the

pseudosphere.

3.3 Lower Bounds for the Curvature of Smooth Isometric
Immersions

In this section we use the C-net structure to explore numerically how the principal
curvatures of smooth isometric immersions scale with the size of the disk. In partic-
ular, we show that the maximum principal curvature on the disk grows exponentially

in —K()R
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FIGURE 3.4. Plot of the energy W of isometric immersions of (D, g) cut from the
pseudosphere for disks centered at y(no,0) for the values ny = 1.94,2.54,2.92,3.21
respectively. The dashed lines correspond to the critical radius when the isometric
immersion fails to be smooth.

Let p denote the center of the disk, and let us choose the asymptotic coordinates
w and v such that p is the point (0,0). If |ug| + |vo| < R, it follows easily that there
exists p’ in D with coordinates (ug,vg) since d(p,p’) < |ug| + |vo| < R. Let q, 7, s
and t denote the vertices of a “square” denoted [grst] in asymptotic coordinates given
by the intersections of the asymptotic lines u = —R/(2+v),v = —R/(2 +v),u =
R/(2+v),v = R/(2+ v) for some given v > 0.

We redefine the variables

I (2+nu 1 (2+nw 4| Ko| R?
L T S Vi LT Sl Y VA Nl bl ekl ol ol —
wog+ Bt ol C BB ) = o),
and then drop the primes to transform equation (3I1.3)) into
56 _ Asin(¢)  on the domain (0,1) x (0, 1) (3.3.1)
oudv ’ T o

A smooth isometric immersion corresponds to a smooth function ¢ : (0,1)? — (0, 7)
satisfying the Sine-Gordon equation (3.3.1)).
We want to consider the variational problem for minimizing the L? norms of the

principal curvatures. The natural mode of converge is then LP convergence which
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does not preserve the class of smooth functions. We thus enlarge the admissible set.
Let M denote the set of all measurable functions on the unit square with values in
[0, 7] and let A C M be the set of measurable functions ¢ : [0,1]*> — [0, 7] that are
distributional solutions of the sine-Gordon equation, i.e.,

02
S50
[0,1]2 uov

dudv = )\/ sin(¢)gdudv, Vg € C°((0,1)%).
[0,1)2

Clearly A C LP([0,1)?) for all 1 < p < oo.

Proposition 3.3.1. A is a closed subset of L?([0,1]?) for all 1 < p < occ.

Proof. Let ¢, be a sequence in A such that ¢, — ¢ in LP. The mean value theorem
implies that ||sin(¢,) — sin(é)||, < ||¢pn — é||, — 0. Therefore by the dominated

convergence theorem it follows that for all g € C2°((0,1)?) we have that

)\/ sin(¢)gdudv = lim )\/ sin(¢y, ) gdudv
[0,1]2 [0,1]2

n—o0

0%g
= lim On—=———dudv
n—oo [071}2 aua'U
92
_ o3

dud
[0,1]2 0uav uav

implying that ¢ € A. Consequently, A is a closed subset of LP([0,1]?) for all 1 < p <
00. ]

Remark 3.3.2. (Compactness) Since M consists of bounded measurable functions,
for every sequence ¢,, € M, there exists a subsequence ¢, and a limit point ¢* € M
such that ¢,, — ¢* weakly in all L?([0,1])% for 1 < p < oo and ¢, — ¢* (converges
weak-x) in L°°([0,1]?). Note that the limit ¢* is independent of p. In fact, on M,
the weak LP topologies for 1 < p < co and the weak-x L* topology are all the same
(Evans, 1990).

We are interested in a lower bound for the principal curvatures of a Chebychev

patch, i.e., a portion of a surface of constant negative curvature covered by a single
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coordinate system given by a Chebychev net. We thus define

M(\) =inf sup max [cot <?) ,tan <?)] :
€A 2¢[0,1]x[0,1] 2 2

While we can estimate M (A) by direct numerical computation, we use a slightly
different approach that yields some more information. Since cot(¢/2) + tan(¢/2) =
2csc(@), we get k? + k2 = 4csc?(¢) — 2 = 4 cot?(¢p) + 2. This motivates the definition

I,(\) = inf || cot®
»(A) = inf [ cot™ ()],
where .||, denotes the LP norm. This corresponds to the variational problem for
functionals F, : M — [0, co] given by
cot? ¢||,, ¢ <€ A.
F(6) = {H s

~+00, otherwise.
Note that M () and I,(\) are for a unit square in asymptotic coordinates, and this
is not the same thing as a geodesic disk, although the two can be related.

For all p < oo, the map f — || f||, is differentiable at f # 0. Also, for any function
f:10,1] x [0,1] — R, the p-norm || f||, is a nondecreasing function of p. It is easy to
see that, as a consequence, I, is non-decreasing in p.

A natural question is whether there exists a minimizer for F},. In this context we

have the following proposition.

Proposition 3.3.3. Let ¢, be a minimizing sequence for F,, i.e., ¢, € A and
F,(¢n) = L,. If ¢, (or a subsequence) converges pointwise to ¢*, ¢* is a minimizer

for F,.

Proof. If ¢,, (or a further subsequence) converges pointwise, it follows from dom-
inated convergence that [|¢, — ¢*|, — 0. Since A is closed in LP, it follows that

¢* € A. Also, by Fatou’s lemma, we have
I, < F,(¢%) < liminf F,(¢,) = 1,

showing that the minimum is attained. O
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Remark 3.3.4. The function 6§ — —Asin(f) is convex on (0, 7). Therefore, the map

M3 ¢p— —)\/ sin(¢)gdudv, g€ C=((0,1)?), g >0,

[0,1)2
is weakly lower semi-continuous. If ¢, € A is any sequence and ¢, — ¢* weakly in

some LP,1 < p < oo or converges weak-* in L™, ¢,, — ¢* it follows that

L P
5w
[0,1]2 uov

dudv — )\/ sin(¢*)gdudv <0, Vg € C°((0,1)?), g > 0.
[0,1]?

So, in general, ¢* ¢ A, and thus, the functionals F, are not lower semi-continuous
with respect to weak or weak-x convergence. Thus, it is not enough to have weak
convergence of the minimizing sequence for the existence of a minimizer. The point-
wise convergence in the proposition is also necessary for using the direct method to

show the existence of a minimizer for F,,.

The previous remark suggests considering the problem of minimizing the relaxed
energy Fp, namely the largest weakly lower semi-continuous function less than or
equal to F, on M (Pedregal, [1999; Miiller, 1999). Let A denote the weak closure of
A in some L?'. The relaxation of F, is defined by

() {inf{lim inf, Fy(¢n) : b — ¢} ¢ € A.

~+00, otherwise

where the infimum is over all sequences which converge weakly to ¢. Clearly, A C
B C M and Fp is weakly lower semi-continuous by construction. It thus follows from
Remark that we can prove the existence of a minimizer for F, by the direct
method in the calculus of variations.

The question of the existence of a minimizer for F, can thus be posed in terms of
the nature of the minimizer of F, which always exists. If there exists ¢* € A which is a
minimizer for Fp, then ¢* is also a minimizer for F,. Conversely, if all the minimizers
of Fp are in A\ A, it follows that F}, does not have a minimizer. Studying this question
involves computing the relaxation Fp which in turn needs a careful analysis of the
potential oscillations in weakly convergent sequences of solutions of the sine-Gordon

equation.
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3.3.1 A Numerical Investigation of Lower Bounds for the Curvature

We can discretize the sine-Gordon equation on a N x N grid covering the unit square,
and minimize the [P norms of cot? ¢ over all solutions of this discrete sine-Gordon
equation. This is a finite dimensional problem with a coercive energy, so there always
exists a minimizer ¢" on the N x N grid. Figure B.3.1] displays the numerically
obtained results for this minimization. Observe the lack of high frequency oscillations
in the numerically obtained minimizers. In fact, increasing the mesh size suggests that
as N — oo, the numerically obtained minimizers converge pointwise on [0, 1]?. If this
were indeed the case, Proposition implies the existence of minimizers for the
functionals F), on the admissible set A.

We will henceforth assume that the infimum is attained, i.e., for any given p and
A, there is an admissible function ¢,(\) = ¢, € A such that I, = || cot?(¢,)||p, it
follows that

I, < Lo < | cot®())].

Thus, numerically determining the function ¢, which minimizes the p-norm of cot?(¢)
in the admissible set, gives both lower and upper bounds for I, and the difference
between these bounds gives an estimate for the error in a numerical determination of
I.

Once we determine I, (), we can compute M () as the following argument shows:

kil + |k kil — |k
max(|ky|, |ks]) = LA : |Ka| N [|K1] . |ks|

\/k% + 2|k1ks| + K2 \/k% — 2|krks| + K2
- A + A

\/k%+2+k§ \/k%—2+k§
- " 1

— \/cot2(¢) +1+4 \/cot2(¢) = g(cot®(¢))

where g(z) = /z + /1 + x is a monotone function with a monotone inverse. Conse-
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FIGURE 3.5. [(a)] Plot of Io» and || cot?(¢on)|| as a function of n with A = 4. The
collapse of these data points onto a single line confirms that these two quantities are
valid approximations to I, for large enough n. @ Plot of ¢4 as a function of u and
v with the contour plot of ¢4 underneath the surface. We can see from the contour
plot that it appears that lines u + v = constant form the contours suggesting that
0 is a function of u + v. cot?(¢p16) plotted as a function of u and v again with
the contour plot cot?(¢16) plotted underneath the surface. [(d)] Plot of ¢,(u,v) as a
function of u+ v for p = 2,4, 8,16 the collapse into a single curve again indicates that
¢ 1s a function of u + v only.
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quently,

M(N) = 9(Iso(N) = VIs(A) + VIV + 1,

and the value of M(\) is attained on ¢, the extremizer for I,.

The same argument can be applied to any function ((¢) with the property that
there is a continuous monotone function A with a continuous monotone inverse such
that h(¢(¢)) = cot?(¢). In particular, if ((¢) = (¢ — 7/2)?, there is such a function
h, and it follows that

= arg min max cot?
Goo = argmin maz (¢)

= arg min max max[tan(¢/2), cot(¢/2)]

¢eA xeD
. T2 5
= argminmax [¢ — 5} . (3.3.2)

We can solve any of these minimax problems to determine the extremizing function
¢oo- For our numerics, we use the third formulation of the problem, i.e., finding the
minimax for the square of the deviation of ¢ from 7 /2. Also, we note that, I, directly
estimates the maximum bending energy density k7 + k3 and [, estimates the total
bending energy.

Figure shows the numerically computed values of I, and || cot?(¢,) |« as
a function of p = 2", n € N, for A = 4. Figure and figure shows the
numerically determined extremizers ¢, as well as the quantity cot?(¢,) for A = 4 and
p = 16. The figures for other values of A are similar in character. The key observation
from these figures is that as p gets large ¢,(u, v) numerically approaches a limit that
is purely a function of the combination u + v (see figure [3.5(d)]). This motivates the
ansatz doo(u, v) = 1 (u +v).

Substituting this ansatz in equation (B.30) yields " = Asin(¢)), which is the
Hamiltonian motion of a unit mass in a potential V' (¢)) = A cos(¢). The trajectories
in phase space (1,1') are given by conservation of the energy, 1/?/2 + Acos(v)) = E
(see figure B3]). Now, it known that there are only three distinct types of surfaces of
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revolution of constant negative curvature and for each of these surfaces ¢ is a function

of u+w only (Rozendorn, [1989). Therefore, the three distinct trajectories in the phase

plane correspond to the three types of surfaces of revolution. The pseudosphere
corresponds to the separatrix, hyperboloid surfaces correspond to closed orbits, and

conical surfaces correspond to unbounded orbits.

dt

-1

FIGURE 3.6. Phase portrait of the differential equation ©"” = Asin(¢)). The three
different types of orbits correspond to the three different types of surfaces of revolution
of constant negative curvature. The piece of the orbit outlined in bold is the trajectory
¥ :]0,2] — (0, 7) that minimizes the value of cot?(¢)) over all trajectories in the phase
plane defined over the same time domain.

We seek solutions on the unit square, 0 <t = u + v < 2, that are bounded away
from ¢ = 7 on the interval [0, 2]. If we want trajectories that minimize the maximum
value of cot?(1)), it is clear from the symmetry of cot(¢)) we are interested in the

closed orbits. Furthermore, we seek a piece of these trajectories that satisfies the



95

further symmetry requirement ¢ (0) = ¥ (2) = 7 — 6,¢(1) = 6, and ¥'(1) = 0 since if
these conditions are not met we could select a different piece of the trajectory that
could further minimize cot?(¢). This trajectory is depicted in bold in figure B:3.11

The value E of a minimizing trajectory can be computed as E = [¢/(1)]?/2 +
Acos(¥(1)) = Acos(d), and the relation between § and A is determined by requiring
that the time it takes to get from ¢y =7 —d toy =4 is 1, i.e.,

/7‘(-6 do
s \/2X(cos(d) — cos(8))

=1 (3.3.3)

We can solve this equation numerically, and thereby determine ¢ (u,v) = ¥ (u + v),
provided that our ansatz is valid.

Generating an asymptotic series for (3.3.3]), we have for small ¢ that

—log(0) + log(8) + O(9)
VA

=1

Rearranging, we obtain
cot(8) ~ 5+ 0(0) = %exp[\/X] + O[e_‘/x] (3.3.4)

This implies Io(X) ~ & exp[2v/A] + O(1). Finally, if we set v = 0 we have in terms

of /—KyR that
1
Io(V=KR) ~ 6_46%—1(03 +0(1). (3.3.5)

3.3.2 [Elastic Energy of Hyperboloids of Revolution

We conclude this section by comparing the bending energy of disks cut from hy-
perboloids of revolution with the pseudosphere. The family of hyperboloids are
parametrized by the following family of C-nets of the second kind

y(n,&) = % (dn(n, b?) cos(bv), dn(n, b*) sin(b¢), u — E(am(n, bz)\bz)) , (3.3.6)

where dn, am, sn denote the usual Jacobi elliptic functions, F is the elliptic function

of the second kind, and 0 < b < 1 (Abramowitz & Stegun, [1964; Gray et al., 2006).
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The metric and principal curvatures are given by

ghy = b'sn?(n,0%), gly = goy = 0, gay = 1 — bsn’(1), V%) (3.3.7)
! 1 — b4 2 b2 b4 2 b2
g2 =22 swm,b) o Gsni(n,b) (3.3.8)
9n btsn?(n, b%) 1= b*sn(n, b?)
The Christoffel symbols for this parametrization are
cn(n,b?)dn(n,b?
=20, Th=0 s
—b*sn(n,b*)cn(n,b*)dn(n,b
e =0, Iy = (771_24515?777#)) e, (3.3.9)
cn(n,b2)dn(n,b?
Therefore, the geodesic equations are
dn en(n,b?)dn(n,b?) | (dn\*  (dEN’
0=— — — 3.3.10
P Pl a) T\ @ (3:3.10)
o P& 2btsu(y, b%)en(n, b?)dn(n, b?) 3311
e 1 — b*sn?(n, b?) ’ (3:3.11)

It is easy to see that the principal curvatures diverge when m = am(, v*). Conse-
quently, the center of the disk is located at the coordinate ny = F(m/2,b%), where F
is the elliptic function of the first kind, and thus the relationship between ¢ and b is
given by

o 1 — btsin®(am(F(m/2,0%)) \ 1—0
5= arctan <\/ vt sinZ(am(F (/2. 0%)) ) = arctan ( T) . (3.3.12)

Solving this equation yields

b= +/cos(d/2). (3.3.13)

Therefore, for a particular radius R we can numerically solve equation (B.3.3)) to

obtain b. Once, we determine b we can then numerically integrate the bending energy

Vol t?) | Vst )\
/ / < b4sn2 77 b2) + 1 — b4sn2(n7 b2) Slnh(?”) d'f’d\ll’ (3314)

following a similar procedure as we did with the pseudosphere. These results are

summarized in figure [3.3.2
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FIiGURE 3.7. @ A representation of the geodesic disks cut out of hyperboloid sur-
faces colored by k? + k3. The radius and polar angle of these disks correspond to
the geodesic radius r and polar angle W. These disks each have a maximum radii
of R = 1.2654, 1.8505, 2.2342, 2.5199. @ The Willmore energy of disks cut from
hyperboloids plotted versus geodesic radius. The dashed lines correspond to where
the isometric immersions fails to be smooth.
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3.4 Isometric Immersions with a Periodic Profile

In this section we extend the periodic isometric immersions in the FvK ansatz created
in section 2.4.3]to create exact isometric immersions with a periodic profile. The key to
this construction will be the existence of a hyperbolic surface that has two asymptotic
curves that are straight lines that intersect at the origin of U. Hyperbolic surfaces
satisfying this property exist, they are called Amsler surfaces (Bobenko & Eitner,
2000), and form a one parameter family of surfaces Ay that are uniquely determined
by the angle 6 between the asymptotic lines (Amsler, [1955). As in the construction of
surfaces in the FvK ansatz, if the angle ¢ between the asymptotic lines satisfies 6 = =
we can take the odd periodic extension of the piece of the Amsler surface bounded
between the asymptotic lines and form a periodic profile with n waves. We call the

surfaces constructed in this manner periodic Amsler surfaces .

3.4.1 Construction of Periodic Amsler Surfaces

The generating angle for the C-net of an Amsler surface is found by the similarity
transformation z = 2y/uv, ¢(2) = ¢(u, v) which transforms (3.1.3)) into a Painlevé 111

equation in trigonometric form:

#'(2) + 24/ (2) — sin(ip(z)) =0, (3.4.1)

where / denotes differentiation with respect to z (Amsler, 1955; [Bobenko & Eitner,
2000). By imposing the initial conditions ¢(0) = = and ¢'(0) = 0 solutions to (3.4.1]),
denoted by ¢,(2), generate surfaces such that the u and v axis in D correspond to
the asymptotic lines of the surface. Moreover, the asymptotic lines intersect at the
origin at an angle ¢, (0) = T and the angle between the coordinate curves along the
lines v = 0 and v = 0 is given by ¢, (0) = I as well.

To generate the parametrization x : D — R? from the generating angle ¢, one

could use the Frenet-Serret formulas to relate the second fundamental form and tan-
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FIGURE 3.8. Amsler surface with a C-net parametrization. This surface is not in fact
a true Amsler surface but is a discrete Amsler that is generated by a discretization

of the sine-Gordon equation (Bobenko & Pinkall, M)

gent vectors to the asymptotic curves and numerically solve the resulting differential

equation (Amsler, 1955). Unfortunately, this direct approach is numerically unstable.

Instead, a theory of discrete surfaces of constant negative Gaussian curvature has been

developed that naturally discretizes a surface from its C-net that is numerically stable

and preserves the intrinsic and extrinsic geometry of the surface (Bobenko & Pinkall,

1999). In this method, if the parametrization x is discretized by F : Z* — R? then

Fipry = Fiy = Nigay X Nij (3.4.2)

Fijmi—FEj; = —Nij X Nij, (3.4.3)

where N; ; is the normal to the surface at the lattice point {7, j}. The normals are

then determined by the following relationship

< Niy1,, Nij + Nig1j41 >
1+ < Nij, Nig1,j41 >

Nijs1 = —Niy1;+ (Nij+ Nit1,j+1), (3.4.4)

where < -, - > denotes the standard Euclidean product in R3.
To construct a discrete Amsler surface for the quadrant v > 0 and v > 0 we
use a lattice {7, } in which {i,1} corresponds to the u-axis and {1,;j} corresponds

to the v-axis. Furthermore, we assume a uniform spacing ¢ between lattice points.
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Now, since the u and v axis are mapped to lines in R? we have the following initial

conditions

Ma = (0,0,1) (3.4.5)
Fip = (6-4,0,0) (3.4.6)
Fi; = (0-jcos(m/n),d- jsin(m/n),0). (3.4.7)

Furthermore, by the Weingarten equations (A.5.3)) and the fact that x(u, 0) = (u,0,0)
and x(0,v) = (cos(m/n)v,sin(7/n)v,0) it follows that

N L X (3.4.8)
ou |, sin (n)
oNp L ax (3.4.9)
o |, sin (%)
Therefore,
ON 1 ON 1
ul|,_, = sm(rm) '% " sn(n/n) (34.10)

Consequently, initial conditions for the normal can be specified:

N1 = (0,—8111( ),cos <7)>5 7
1 sin(m/n) sin(m/n) (3411)
vaj = <_ sin (%) sin <sm(71r/n)> , COS (E) sin <sm(71r/n)> » COS <sm(7r/n )) 0 j

Therefore, equations (B.4.3H3.4.4) along with the initial conditions (B.Z.6/3.4.7) and
(B410)) form a complete system of equations that can be solved by “stair casing”

from the lattice point ¢ = 1,5 = 1. In figure B.8 we plot a discrete Amsler surface
generated by this algorithm. A periodic Amsler surface can then be constructed by
periodic reflecting the piece of the surface bounded between the lines u = 0 and v = 0

as we did in section 2.4.3l In figure we plot these surfaces.

3.4.2 Maximum Radius of Periodic Amsler Surfaces

As in the case with the pseudosphere, the Amsler surfaces become singular when

©n(2) = nm. In figure B.I0 we plot ¢, versus z which indicates that ¢~1(7) grows
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FIGURE 3.9. Periodic Amsler surfaces with n = 2,3,4 and 5 waves respectively.
These surfaces are not drawn to scale, but are close to the maximum radii presented
in figure The coloring of the disks corresponds to contours of arclength data
and indicate how the different geodesic circles cut from these surfaces would appear.
These surfaces are in fact not true Amsler surfaces but are discrete Amsler surfaces

creating using the algorithm presented in Bobenko & Pinkall (1999).
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approximately logarithmically with increasing n. The following proposition makes

this scaling precise.

Solutions to Painleve Equation

45

Maximum Radius
N oo A @ o~ o

FIGURE 3.10. A plot of ¢ versus r satisfying the initial conditions ¢(0) = 7/n for
n = 2,...10. The dashed horizontal line corresponds to where p(r) = 7. At this
point a principal curvature diverges and by choosing a higher value of n a larger
disk can be created. The inset plot illustrates how the maximum radius scales with
n. We can see that the radius grows very slowly with n and it looks to be growing
approximately at a logarithmic rate.

Proposition 3.4.1.

In (cot (41)) < o1 (n). (3.4.12)

n
Proof. Multiplying equation (B 41]) by ¢'(z) we get that

1d(¢")? do d cos 1 d cos
Ld(¢')* _  de (@)_;(p/(z)zg_ dz(so).

Integrating, and assuming ¢’(0) = 0 and ¢(0) = 7/n, we have that

S = 1/02 d (¢ (2))2dz < — /OZ di cos(p)dz = cos(m/n) — cos(p).

dz 2
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and therefore it follows that

i dp < " dep < o l(n),
/ﬂ/n 2(1 — cos(yp)) — /W/n V/2(cos(m/n) — cos(p) — #u ()

Therefore,

O

The geodesic equations ([B.L7) for geodesics starting at the origin with correspond-

ing angle function ¢, (z) take the form:

2u n U 2 v 2
‘27 + \/t—vdd% cot(py,)v (‘fl—t) — csc(pn)u (%) =0, (3.4.13)
2’!) n v 2 U 2 o
fl? + \/t—vdd% cot(pn)u (Ccll_t) — csc(pn)v (fl—t) =0,

with initial conditions u(0) = v(0) = 0, 2(0) = cos(¢), and L(0) = sin(¢) for 1 €
[0,7/2]. As expected, the differential equations are singular on the curve ¢, (7) which
can be found by numerically solving (B.4.1]). Once the singular curve is determined
we can calculate the maximum radius of a periodic Amsler surface with n waves by
determining the shortest geodesic that intersects the singular curve. Now, it follows

from proposition B.4.Tlthat by adding more waves this singular curve can be arbitrarily

far from the origin. Thus we have the following proposition.

Proposition 3.4.2. Let D be a disk of radius R in the hyperbolic plane. There exists
a W22 isometric immersion x : D — U C R3 such that U is a subset of a periodic

Amsler surface.

Proof. The same argument used to prove (3.4.1]) implies that nh_)IIolo ot (m/2) = co.
Now, let a(t) = x((u(t),v(t))) be a geodesic lying on a periodic Amsler surface with
generating angle § = 7/n. Suppose «(t) starts at the origin and travels to the
curve /v = #n (7/2) terminating at the point (us,vs) and without loss of generality

2/

assume that u(t) is a function of v(¢). Then, the arclength of a(t) satisfies:

uy d du\ 2 uy
d(0, (uys,vy)) = / \/1 + 2cos(<p)d—u + (d_u) dv > / dv = uy. (3.4.14)
0 v v 0
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Thus, since uy — 0o as n — oo it follows that

lim (0, (Uf,’Uf)) = Q.

n—oo

3.4.3 Elastic Energy of Periodic Amsler Surfaces

To compute the elastic energy using equation (B..8) we need to determine the depen-
dence of u and v on r and V. Let j; and j, denote unit vectors in the u — v plane that
are aligned with the v and v axis respectively. If we let x denote the parameterization
of the Amsler surface, then the pushforward or differential of x, denoted x,, is a linear
map. Furthermore, since x is an isometry and the images of j; and j; under x, make

an angle of 7/n we have without loss of generality that
x,J1 = €1 and X,js = cos(m/n)e; + sin(w/n)es, (3.4.15)

where e; and ey are the standard basis elements for the tangent plane at x(0,0).
Consequently, if we let a(t) = (u(t),v(t)) be a geodesic defined in the u — v plane
satisfying o/(0) = cos(¢))j1 + sin(¢)jo then by linearity we have that

x,(a/(0)) = (cos(0) + sin(8) cos(w/n)) e; + sin() sin(w/n)e,. (3.4.16)

Therefore, we can conclude that the polar angle ¥ for this geodesic is given by

sin(v)) sin(m/n) )
cos(¢) + sin(v) cos(m/n) )

Now, we can numerically integrate the elastic bending energy for the periodic

U = arctan ( (3.4.17)

Amsler surfaces. First, by specifying ¥ and numerically solving (8.4.17)) for ¢ we can
generate initial conditions for equations (8.4.13)) which can then be numerically solved

to determine wu(t) and v(t). Then, by fixing r and numerically solving the arclength

T du\ 2 du dv dv\?
= — 2 — — | dt 4.1
: O¢(dt)+cos@dtdt+(dt) | .413)

equation
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for T we can calculate the values u(7T") and v(7T") which correspond to the coordinates
(¥, r). Finally by setting up a mesh on the rectangle (¥,r) € [0,2x] x [0, R] and

using the above process to determine v and v we can numerically integrate equation

B.13).

o B

FIGURE 3.11. A representation of the geodesic disks cut out of Amsler surfaces with
n=2,...,5 waves colored by k? + k2 in which the radius and polar angle correspond
to the geodesic radius r and polar angle W. These disks each have a maximum radii
of R = 1.2654, 1.8505, 2.2342, 2.5199 beyond which one of the principal curvatures
diverges. The energy of these disks is concentrated in small regions near the singular
edge of the disk.

In figure B.I1] we plot the contour data of k% + k2 in geodesic polar coordinates
for periodic Amsler surfaces. The radius of the disk is chosen to be near the critical
value where the immersions fails to be smooth. We can see that the bending energy
is concentrated in small regions near this singular edge. Moreover, for small radii we
can see that k% + k32 is approximately constant. In this region of the disk, the quantity
k% + k2 is well approximated by the corresponding term (%)2 + <giy2)2 in the FvK

ansatz. Therefore, Amsler surfaces are indeed the natural extensions of the periodic
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FicURE 3.12. The scaled bending energy of periodic Amsler surfaces with n =
2,...,5 waves plotted versus geodesic radius. We can see that these disks have lower
energy than there counterparts lying in the hyperboloid of revolution. Moreover, the
The vertical dashed lines correspond to the radius where the surface with n waves
can no longer be isometrically embedded.

surfaces constructed in section 2Z.4.3

In figure we plot the Willmore energy of periodic Amsler surface. These
periodic Amsler surfaces have a lower Willmore energy than the smooth immersions
given by subsets of the pseudosphere and hyperboloids of revolution with constant
Gaussian curvature. Furthermore, we can see that for each n > 2, there is a radius
R, ~ log(n) such that the n-periodic Amsler surfaces only exist for a radius 0 <
R < R,,. This gives a natural mechanism for the refinement of the wavelength of the

buckling pattern with increasing radius of the disk.
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CHAPTER 4

CONCLUSION

Free non-Euclidean elastic sheets arise in a variety of physical and biological systems.
The morphology of these sheets is usually modelled as the equilibrium deformations
for an appropriate elastic energy. One approach is to model the sheet as a Riemannian
manifold (Ds4, g34) with a prescribed metric gsq, which is then used to define strains
and hence an elastic energy for a configuration.

In this dissertation we presented a study of two reduced theories of non-Euclidean
sheets, the Foppl-von Karman and Kirchhoff models, for metrics with constant neg-
ative Gaussian curvature K. Specifically, to obtain a better understanding of the
morphology of swelling hydrogels (Klein et al., [2011), we focused on radially symmet-

ric domains and deformations with a periodic profile with n waves.

4.1 Discussion of Results from the FvK Model

In the FvK approximation, we proved that global minimizers of the bending energy
over the set of isometric immersions in the FvK ansatz are given by a quadratic sad-
dle n = xy. We thus expect that, with decreasing thickness, the configuration of the
sheet will converge to a two wave profile. This is not what is observed experimentally,
where the number of waves increases with decreasing thickness (Klein et al), 2011).
Consequently, the physically realized configurations are not given by the global min-
imizers of this model energy. Note however, that the periodic, non-smooth profiles
that we construct in section 2.4.3]do agree qualitatively, and in scaling behavior, with
the experimental observations. This is surprising since these periodic, non-smooth
profiles are mot global minimizers of the energy, and we need a different selection

mechanism if these profiles do indeed represent the experimental configurations.
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The second main result from chapter 2 is theorem [2.6.6] which gives rigorous
upper and lower bounds for the elastic energy of minimizing deformations. This
theorem allows us to construct regions in the 7 — n plane in which minimizers of
the elastic energy with n-waves behave either like a flat deformation or an isometric
immersion. The critical thickness t* in which an n—periodic deformation transitions
from a flat deformation into an approximate n—periodic isometric immersion scales
like t* ~ /—KyR?*n~Y2. Moreover, theorem allows us to prove quantitatively
in the FvK ansatz that there can be no refinement with decreasing thickness of the
number of waves for a sequence of minimizing deformations.

The third main result from chapter 2 is the scaling with 7 of the width of bound-
ary layers in which stretching energy is concentrated. In these localized regions of
stretching, the total elastic energy of an isometric immersion is lowered by allowing
some stretching to reduce the bending energy. Near the edge of the annulus the con-
tributions to the bending energy coming from the Gaussian and mean curvatures is
reduced in overlapping boundary layers that scale with the thickness like ¢/2| K| ~'/4.
Furthermore, for n > 3 boundary layers form along the lines of inflection in which
the mean curvature of an isometric immersion is reduced by removing a jump discon-
tinuity in the curvature along the azimuthal direction. The width of these boundary
layers scales with the radius and thickness like p'/3¢1/3| K| =1/,

It is important to note that the FvK elastic energy is valid in an asymptotic
limit in which the metric becomes increasingly flat with decreasing thickness, that is
€ ~ t/R. In this dissertation we took € fixed and t decreasing and in particular we
showed that the energy of minimizers scales like 72. Consequently, when 7 < 1 it is
perhaps more appropriate to consider the Kirchhoff model. But, the Kirchhoff model
is rigid in the sense that there is no competition between stretching and bending
energies and thus there is no possibility of the Kirchohff model alone explaining the

refinement of the number of waves with decreasing thickness.
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4.2 Discussion of Results from the Kirchhoff Model

In chapter 3 we considered the geometric problem of finding exact W?? isomet-
ric immersions of gx,. We showed that there exists smooth isometric immersions
x : D — R? for geodesic disks of arbitrarily large radii. Now, for complete surfaces of
constant negative curvature (or surfaces whose curvature is bounded above by a neg-
ative constant), Hilbert’s theorem (Hilbert, 1901) (resp. Efimov’s theorem (Efimov,
1964)) show that there are no analytic (resp. C?) solutions of H? in its entirety. In
elucidating the connection between these non-existence results and the existence of
isometric immersions for bounded domains, we provided numerical evidence that the
maximum principal curvature of such immersions is bounded below by a bound which
grows exponentially in v/—KyR. This is a geometric feature that is in contrast with
the FvK model in which |D?n| does not grow with the size of the domain.

The existence of smooth, and thus also W22 immersions of arbitrarily large disks
has consequences for the modelling of free non-Euclidean sheets. In particular, the
mid-surface of minimizers for the three dimensional elastic energy E3; must converge
as t — 0 to a minimizer of Fy; (Lewicka & Pakzad, 2011). This is again an apparent
contradiction with experimental observations where the bending energy of the mini-
mizer scales with the thickness ¢ and is well fit by a power law, t~!, which diverges
as t — 0 (Klein et all, 2011).

The smooth immersions x : Dy — R? constructed in sections 3.2 and 3.3 do not
have the rotational n-fold symmetry (¥ — W + 27 /n for the geodesic polar angle )
of the underlying energy functional, which is also seen in the experimentally observed
configurations. In section 3.4 we generalize the construction of the non-smooth, n-
periodic isometric immersions in the linearized geometry constructed in section 2.4.3]
to construct exact W?? isometric immersions which are also non-smooth and have the
same symmetry/morphology as the experimentally observed configurations. These

periodic Amsler surfaces have lower bending energy than the smooth immersions given
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by subsets of the pseudosphere and hyperboloids with constant negative curvature.
For each n > 2, there is a radius R,, ~ log(n) such that the n-periodic Amsler
surfaces only exist for a radius 0 < R < R,,. This gives a natural mechanism for the
refinement of the wavelength of the buckling pattern with increasing radius of the
disk. However, it does not, at least directly, explain the observed refinement with

decreasing thickness.

4.3 Future Directions

From this work and it is clear that the FvK and Kirchhoff models of non-Euclidean
elasticity cannot completely explain the periodic shapes in experiments. The periodic
shapes we have constructed in both the FvK and Kirchhoff models are qualitatively
similar to the experimental shapes but are only local minimizers of the FvK energy.
A major goal of future works is to connect the existence of these local minimizers to
the observed patterns in experiments. Below we discuss a short list of mathematical

questions and avenues for future research that could shed light on these issues.

1. The exact isometric immersions with a periodic profile constructed in section
4.3 are similar to the n-periodic isometric immersions in the FvK approximation
but have highly localized regions of bending energy near the edge of the disk
and along the lines of inflection. Therefore, in these regions, as in the boundary
layers in the FvK ansatz, it is conceivable that it would be energetically favor-
able to allow some stretching to reduce this localized bending energy. These
observations illustrate the multiple scale behavior of this problem and it may
be more appropriate to consider a combination of different reduced theories in
various regions of the domain. A hierarchy of such reduced theories has recently
been conjectured to exist and further research in this direction may explain the

complex morphologies of non-Euclidean plates (Lewicka et al., [2011).
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2. The periodic shapes in swelling hydrogels are the result of dynamical processes.
It may be more appropriate to model this type of differential growth dynami-
cally, perhaps as a gradient flow of the elastic energy. The pattern could then
be selected for dynamical reasons and not by global minimization of an energy
functional. This might explain why local but not global extrema for the energy

functional seem to describe the observed patterns.

3. Chebychev nets give a natural discretization of surfaces with constant nega-
tive curvature that respects both the intrinsic and the extrinsic geometry of
the surface. This idea has already been used for constructing discrete isometric
immersions (K -surfaces) for such surfaces (Bobenko & Pinkall,[1999). Develop-
ing a numerical methods for minimizing the variational problem exploiting this
structure could increase our understanding of the complex interaction between

geometry and elasticity.

4. Our results in chapter 3 strongly use the fact that the target metric on the
surface has constant negative curvature, which then allows us to naturally as-
sociate a Chebychev net with each isometric immersion through an asymptotic
parametrization (Gray et al., 2006). However, we believe that our results, in
particular the lower bound for the maximum principal curvature (3.33]), and
the construction of C''! and piecewise smooth isometric immersions can also be
extended to other target metrics whose curvature is bounded above by a nega-
tive constant. It is natural to study these questions, in particular the difference

between smooth and C! immersions using the ideas in (Chen et al. (2010).

5. For the periodic Amsler surfaces in section 4.3, the global structure, 7.e. the
number n of waves is determined by the local structure at the origin. The
origin is a bifurcation point for the Chebyshev net induced by the immersion

in the sense that, every point in the complement of the origin has precisely
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two asymptotic directions, while the origin has n asymptotic directions with
n > 2 (Burago et al., 2005). For surfaces whose total positive curvature is
bounded by 27, it is always possible to find a global Chebyshev net, except it
can have multiple bifurcation points (Burago et all, [2005). This suggests the
following natural questions: Are there non-smooth immersions (C*! or even

W22 immersions) with multiple bifurcation points?
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APPENDIX A

DIFFERENTIAL GEOMETRY OF SURFACES

Here we place in one location the definitions and equations from the elementary
differential geometry of surfaces that are relevant to this dissertation. The material
presented here is a survey of some of the standard results from the classical theory of
surfaces and is compiled from [Spivak (1979), [IMcCleary (1995), Lee (1997), [Frankel
(2003), and |Gray et al! (2006). For a more complete understanding of this material
the reader is encouraged to obtain these references.

In this appendix and in some locations in this dissertation we make use of the so
called Einstein summation convention of summation over repeated indices. That is,
for any duplicate occurrence of a superscript and a subscript summation over these

indices is implied. For example,

vt = E v;v",
)

U,’jUZk = E ’UZ']"UZk,
i

UijUZJ = E E UijUw.
v

A.1 Tangent and Normal Vectors to a Surface

Let x : D — R3 be a local parametrization of a surface S, with parametrization

variables (u,v). That is, as a vector valued function in R? we have that
x(u,v) = (x1(u,v), xa(u, v), x3(u, v)). (A.1.1)

In the terminology of continuum mechanics the variables (u, v) are called the material

coordinates . For fixed vy or fixed ug the curves u — x(u, vy) and v — x(ug, v) form
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the coordinate curves on the surface. At a fixed point P € S the vectors g—;‘ and g—j}‘

are tangential to the surface and lie in the directions of the coordinate curves. Thus

if the surface is regular the vectors g—z and ‘g—j}‘ form a basis for the tangent plane 7,5

and there exists a unit normal vector that can be defined from the structure of R3:

N= e v (A.1.2)
15 < 55

Remark A.1.1. In instances where summation over the coordinates is needed we

will use the variables (u',u?) to denote the parametrization variables.

AR

FIGURE A.1. A surface parametrized by a map x(u,v) — R3. The black curves are
the coordinate curves on the surface. The green and red arrows illustrate tangent
vectors in the direction of the coordinate curves and the blue arrow corresponds to
the normal vector to the surface.

A.2 First Fundamental Form and the Induced Riemannian
Metric

The first fundamental form or the induced Riemannian metric g (classically

written as I) is a symmetric positive definite tensor g : 7,5 x 1,,S — R defined by

gv,w) = v-(Vx)"-vx-w’.
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As the following calculations show, the metric encodes how the mapping x distorts
lengths, angles, and areas:

1. Let « : [a,b] — D be a differentiable curve. The length L(«) of the image of

the curve on S can be found from the chain rule:

L) - / Wx(gs(s))'dx(;(s)) o / \/%‘(VX)T.VX(%)ZS

o do

2. Let «, B : [a,b] — D be differentiable curves with unit speed whose images on S
intersect at a point P € S. The angle 6 between the curves at this intersection

point can be calculated:

oxa(s) OB _do g v, (fl_a) . (jl_“ jj_ﬂ) |

3. The area A(x(D)) of the image of D is given by

A(D) = /D

where the area form det(g)dudv = dAg.

cos(f) =

ox 0x
_X_

ou Ov

dudv.:/det(g)dudvz/dAg, (A.2.1)
D D

A.3 Basic Riemannian Geometry

Since the metric g is coordinate independent and does not depend on the outward
normal N, a metric g can be defined on D independent of the existence of a corre-
sponding parametrization. A domain D equipped with a symmetric positive definite
tensor g, written (D, g), is called an abstract surface or more generally a two
dimensional Riemannian manifold. On a Riemmanian manifold the notions of the

length of a curve, angle between vectors, and area can be defined in terms of g by
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taking items 1-3 above as definitions. Additional, a Riemannanian (D, g) is a metric

space with the distance function d : D x D — R defined by
d(p,q) = inf{L(a) : a is a piecewise smooth curve in D joining p and ¢}. (A.3.1)

The metric also allows us to identify when two abstract manifolds have the same
intrinsic geometric properties by defining two manifolds (D;,g;) and (D, gs2) to
be isometric if there exists a diffeomorphism f : D; — Dj such that g;(u,v) =
go(f(u,v), f(u,v)). The mapping f is called an isometry. An isometric invariant
is any quantity that is preserved by an isometry. Examples of isometric invariants are
length, area, and angle. An isometric immersion of a Riemannian manifold (x, D)
is a mapping x : D — R3? such that the induced Riemmanian metric (VX)T - Vx
satisfies (Vx)" - Vx = g.

Also, the Riemannian metric creates a richer structure on a manifold by allowing

one to define the notion of an inner product < -,- >: T,D x T,D — R by:

<v,w>=g(v,w)=v-g-w.

Therefore, if we fix a vector v € T,;)D we can naturally associate a covector in 7D,

where 17D is the dual space of T,D, to v by
Vo<V, >

If we let e; denote a basis for the tangent plane and e’ it corresponding dual basis,
that is €/(e;) = ¢7, then the components v; of the covector associated with v can be
found by a simple calculation:

Vi = gijvju
which we call the covariant components of the contravariant vector v. If we

now denote the components of the matrix g=! by ¢¥ we then have that

v = g"v;.
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Therefore, the metric g allows one to naturally associate covectors and vectors and
thus identifies the tangent and cotangent planes of the Riemannian manifold. The
process of using g to convert a vector into a covector and vice versa is colloquially
called “lowering” and “raising” indices and can be applied to higher order mixed
tensors as well.

Another key property of Riemannian manifolds is that it allows one to identify
rank two tensors with linear transformations, which is important if we want to make
meaningful definitions of quantities such as the determinant and trace of a tensor.
To show this identification we will first show that rank two mixed tensors can be
identified with linear transformations. Let E be a vector space, E* its dual space and
A : F — FE a linear transformation. We can define a mixed tensor W4 : E* x E — R
by Wa(a, A(v)) = a(v). If we let e; denote a basis for E and €’ its corresponding

dual basis for £* then in components
WAj- = WA(ei,ej) = ei(A(ej)) = ei(ekAf) = 5,2142? = A§

That is, the components of W, correspond precisely with the components of A.
Conversely, given a mixed tensor W : A: E* X E — R we definea A: E* x E — R to
be the unique linear transformation such that W(a, v) = a(Av), where the existence
and uniqueness of A follows from the bilinearity of W. Now, in a Riemannian manifold
(D,g) it W : T;D x T;D is a rank two tensor then we can associate it with a mixed

tensor by raising its index. The associated mixed tensor has the components

from which quantities like the determinant and trace can be calculated.
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A.4 Second Fundamental Form and Curvature
The second fundamental form h (classically denoted II) is the tensor h : 7,5 —

T,S defined by

h(viw) = —v-(dN)-vx.-w’.

Using the fact that N - g—’u‘ =0 and N - ‘g—’; = 0 we have that the components of h

satisfy 5 5 .
N 0Ox X

TR TR

b L[N ax 0N ax) o
279\ ou v " ov ou) oudv’

ON 0Ox N 9*x

hyy = —— - — = .

2 v Ov ov?
To provide a geometric interpretation of h, let « : [a,b] — D be a curve such that
x(a(s)) defines a unit speed curve C' on S with normal n and tangent vector t and

let (u',u?) denote the parametrization variables. Differentiating, we have that

¢ — dx(a(s)) — 0x da'(s)
 ds  Out ds

Differentiating again and using the fact that curve is unit speed, we have that

. 0?x  da'(s) da’(s) N 0x &*dal(s)
T uiow  ds ds out ds

)

where k is the curvature of the curve. Now, since % and % are orthogonal to N it

follows that .
da(s) do(s)

N . e . D . — h t t .

RETRE T T ( ds (t,¢)

Now, let v € T},S have unit length and II be the plane spanned by v and N. The

intersection of 1I and S forms a plane curve C' on S with a unit tangent vector v at

p and thus
h(v,v) = £k, (A.4.1)
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where & is the plane curvature of C' at p. That is h(v, v) measures the curvature of
S in the direction of v (see figure [A.2)). Define the principal curvatures of S at p
by

ki = |Tn”au_:x;1 h(v,v) and ko = ”m”iill h(v,v).

By compactness there are two vectors that obtain this maximum and minimum and we
call them the principal directions. Furthermore, since h is symmetric the following

theorem follows from linear algebra:

Theorem A.4.1 (Euler). k; and ks are the eigenvalues of the linear transformation
H corresponding to h and the principal directions are the eigenvectors. If ki # ko

then the principal directions are orthogonal.

FIGURE A.2. The second fundamental form measures the curvature of the plane
curve formed by the intersection of a plane parallel to the unit normal N and a
tangent vector.

There are two measures of curvature for a point on a surface that correspond to

the two principal invariants of h.

1. The Gaussian curvature K is defined by:
det(hij)
det(gi;)

K = det(h) = det(g7hy,) = = kiks. (A.4.2)
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2. The mean curvature H is defined by:

1 I 1
H= 5tr(h) = 5tr(g“hj,f) =3 (k1 + ko). (A.4.3)

The Gaussian curvature can be interpreted as follows, if K > 0 in the neighborhood of
a point the neighborhood is elliptic or bowl shaped while if K < 0 the neighborhood
is hyperbolic or saddle shaped. The mean curvature is a measure of the bending of
the surface and surfaces with H = 0 are called minimal surfaces.

The definitions of the mean and Gaussian curvature are defined above in terms
of the second fundamental form which depends on the normal N and relies on the
surface being immersed in R3. It is a remarkable and surprising fact that the Gaussian
curvature can be calculated in terms of g alone. This was first stated and proved by

Gauss in the form of his famous Theorema Egregium (Spivak, [1979).

Theorem A.4.2. (Gauss’s Theorema Egregium) The Gauss curvature K = kyko is

an isometric invariant.

This result implies that if a surface is bent without stretching the principal cur-
vatures may change but their product will not. Moreover, this provides a simple

necessary condition to check if two surfaces are isometric.

Corollary A.4.3. Isometric surfaces have the same Gaussian curvatures at corre-

sponding points.

The exact formula for the Gaussian curvature in terms of the components of g is

provided by Biroshi’s formula:

_10%u + 2%g12 _ 19%g20 19911 Ogi2 _ 19gn
2 81)28 8u?v8 2 Ou? 2 Ou ou 2 Ov
— - 912 922
K = det(g;;)det o 1— T g11 g12
g22
2 o0 912 922
0 10911 109922
19 2 Ou 2 Ou
- det(g”) det D) g:}l gi11 gi12 . (A44)
1 Oga2
2 0u g12 g22
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The above equation allows one to define Gaussian curvature K on abstract surfaces

regardless if there exists an isometric immersion of the abstract surface into R3.

A.5 Compatibility Conditions

Let (u', u?) denote the parametrization variables. The Gauss equations for a surface

are obtained by decomposing % into tangential and normal components:
0*x p Ox
where the Christoffel symbols Ffj are defined by
il
9" (99 | Og  Ogax
I, == (-2 - — : A5.2
kg (8uk T ow 8ul) ( )
The Weingarten equations are
ON : ox
2 gk,
From the identities auigz;{auk = auingauj the following equations - also called the
Gauss equations - can be derived:
or? or?
guk = aulgl - Wllz + T30y + D3T3, — Tty — Tl (A.5.4)
or? ort
g K = 0u212 - 8u122 + Tpl'y + T, — Tipl'py — Mol (A.5.5)
ort ort
ngK = aulf - aul; + F%QFiQ - F%IF%27 (A56>
or? or?
guk = D O prn oy, (A5.7)
The Mainardi-Codazzi equations follow from the relationship 83‘1&\9Tu1‘ = 81?j1§ui:
oh oh
oh oh

The equations (A54HA5.0) are the compatibility conditions for a surface and are
necessary and sufficient conditions for the existence of a local parametrization of a

surface with first and second fundamental forms g and h respectively (Bonnet, |1865).
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A.6 Geodesics and Geodesic Polar Coordinates

A geodesic is an extension of the concept of a line to a curved manifold or surface

and as such it should retain some familiar properties:
1. A geodesic should be the curve of shortest length between two points.
2. A geodesic should have plane curvature identically zero.

To satisfy item 2, a geodesic on a surface S is defined to be a unit speed curve whose
normal is aligned with the surface normal N. Therefore, if a : [a,b] :— D is a curve

whose image on S is a geodesic then

d*a(s)
ds?

= kN,

where k is the curvature of a. Consequently, as measurable from the surface, the curve
has zero curvature. If we again let (u',u?) denote the parametrization variables of

the surface then it follows from Gauss’s equations (A.5.0]) that
x(a(s)) = Px da(s)dal(s)  Ox 9%al(s)

ds?  Ouiow  ds ds oul  ds?
[ ox dat(s)dai(s)  Ox 9*ak(s)
B <—F * h”N) ds  ds ouk ds?

Quk™ Y
Therefore, a unit speed curve «(s) is a geodesic if and only if its components satisfy
the following coupled system of differential equations

d?a*(s) da’(s) da’(s)
I =
ds? Ty ds ds

(A6.1)

The above differential equations are also the Euler-Lagrange equations corresponding
to variation of the arc-length. Therefore, we have the following theorem which satisfies

condition 1.

Theorem A.6.1. If a : [—¢,¢] — D is a unit-speed curve such that for any a,b €
(—e,€), with x(a(a)) = p and x(a(b)) = ¢, x(«) is the curve of shortest distance

joining p and ¢ in S, then « is a geodesic.



123

Since the differential equations for a geodesic equations involve only the Christof-
fel symbols which only depend on the metric g it follows that geodesics are isometric
invariants as well. Moreover, geodesics can also be defined on abstract surfaces inde-
pendent of the existence of an isometric immersion.

The concept of a circle and polar coordinates can also be extended to a Riemannian
manifold. For a Riemannian manifold (D, g), geodesic polar coordinates centered
at p € D are the natural analogs of the radial and polar coordinates defined on a
Riemannian manifold. In these coordinates a neighborhood around p is parametrized
by the coordinates (r, ¥) which map to a point ¢ satisfying d(p,q) = r and ¢ lies on
a geodesic whose initial velocity vector makes an angle W with a respect to a basis of

the tangent plane at p. In these coordinates the metric g has components
gn=1 gi2=0a1=0, g = G(Tv \Il)7

where the function G(r, V) satisfies the following differential equation

1 0?\/G(r, V)

K=—
G(r,w) O

(A.6.2)

If K = K, is constant and negative then the above differential equation can be solved
to yield

G (r,¥) = sinh(y/—Kor). (A.6.3)
Additionally a geodesic circle of radius R centered at p € D is defined to be the set
Br(p) = {q € D:d(p,q) = R}.
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APPENDIX B

FOURTH ORDER FINITE DIFFERENCE APPROXIMATIONS

d

Approximation to qa Error

dx .
3f (20— A4h)— 16 f (1—3h)+36 f (x—2h)— 48 f (z—h)+25f (x) —lh‘*ﬂ
12h 5" g5
1 ,df
— f(2—3h)+6f(x—2h)—18f(x—h)+10f(z)+3f(z-+h) EvLw
12h 12 de
F(2—2h)—8f (x—h)+8f (x+h)— f(x+2h) 1 ,a&f
12h 30 de
— rz—h)—1 x)+1 z+h)— z+2h z+3h 1 d5f
3f(z—h)—10f(x)+18f(z+h)—6f(z+2h)+f(z+3h) B X
12h 20 de
95 (2)+48f (a-+h)—36f (+2h)+16f (x+3h)—3f (e+an) | 1 B f
120 =" g5

TABLE B.1. Backward, centered, and forward approximations to the first derivative
of a function f(z) on a stencil of uniform width h.

d2
Approximation to —= Error

dx? .
—10f(z—5h)+61f(z—4h) =156 f (x—3h)+214f (x—2h)—154f (x—h)+45f(z) | Eh‘lﬂ
1252 180 (ab

Fla—AR)—6f (z—3R)+14f (w—2h)—Af(w—h)—15f(2)+10f (z+h) £h4db_f
1252 180 dgb

—f(x—2h)+1 r—h)— x)+1 xz+h)—f(x+2h 1 dbf

f( )+16f(x—h)—30f()+16f(z+h)— f(z+2h) __—paJ

12h2 9() drb

10f (2—h)—15F()—Af (2+h)-+14f (2-+2h)—6f (z+3h)+ f (z+4h) 13 B df
1252 180 dzb
45 f (z)—154f (x+h)+214 f (x+2h)—156 f (z+3h)+61f (z+4h)—10f (z+5h) _E 4db_f
1252 180" dab

TABLE B.2. Backward, centered, and forward approximations to the second deriva-
tive of a function f(x) on a stencil of uniform width h.
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INDEX

I'-convergence,

Abstract surface,

Amsler surfaces,

Asmissible set of flat configurations,
Asymptotic curve, [0l

Bending energy, 17
Biroshi’s formula,
Boundary layer, 24] [66], [71]

Chebychev net of the second kind,
Chebyshev net,

Christoffel symbols, 1211
Compatibility condition, [32] [64],
Coordinate curves, [114]

Covector,

Crossover regimes,

Curvature functional,

Dimensionless curvature, 22]

Dimensionless Foppl-von Karmén en-
ergy, 311

Dimensionless thickness, 22]

Discrete Amsler surface,

Elastic energy of perturbation,
Equilibrium configuration,

Foppl von Kdarmén admissible set,

Foppl-von Karman isometric immersions,
37

Foppl-von Karméan model, [15]

First Foppl - von Kdrmén equation,

First fundamental form, [114]

Gauss equations, [121]

Gaussian curvature,
Generating angle,

Geodesic,

Geodesic circle, 123]

Geodesic polar coordinates,
Growth tensor model, [IT]

Hydrogels, [17]
Hyperboloids of revolution,

In-plane strain, [17]
Incompatible growth, [IT]
Induced Riemannian metric, 114

Isometric immersion, [110l



[sometric invariant, 110

[sometry, [L10]

Kelvin functions of the second kind, [70l
Kirchhoff model, [15],
Kirchhoff model admissible set,

Linearized geometry, 29

Lines of inflection,

Mainardi-Codazzi equations, 121
Material coordinates,

Mean curvature,

Minding’s theorem,

Minimal surface,

Monge-Ampere equation, 22 37

n-periodic deformations,

Natural boundary conditions, [33],
Non-Euclidean model,

Normal vector, [14]

Painlevé III equation,
Periodic Amsler suraces,
Poincaré’s inequality,
Poisson ratio,

Principal curvatures,
Principal directions,
Pseudosphere, [&]]

Rayleigh-Ritz algorithm, 47
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Reduced energy functionals, [I4]
Riemannian manifold, [[15]
Riemannian metric, I3, T4

Second Foppl-von Karman equation,
Second fundamental form,
Sine-Gordon equation, 26], [78]

Small slope approximatin,

Strees potential,

Stretching energy, [I7]

Tangent plane, 114]
Theorema Egregium,

Unit normal,

Weingarten equations, 121]
Willmore energy;,
Willmore functional, [74]

Young’s modulus,
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