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ABSTRACT

Cold atomic spins are a great platform for developing and testing control and mea-

surement techniques. This thesis presents experimental investigations into quantum

control and measurement using laser cooled cesium atoms. On the control side,

we present an experimental realization of a protocol to achieve full controllability

of the entire hyperfine ground manifold of cesium. In particular, we demonstrate

the ability to map between arbitrary states with fidelity greater than 0.99, using

a combination of static, radio frequency, and microwave magnetic fields. On the

measurement side, we present an experimental realization of quantum state tomog-

raphy. The tomography protocol begins by measuring expectation values of an

informationally complete set of observables using a weak optical probe in combi-

nation with dynamical control. The measurement record is processed using two

different state estimation algorithms, allowing us to estimate a quantum state with

fidelity greater than 0.9.
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CHAPTER 1

INTRODUCTION

Quantum physics was introduced in the early 20th century as a description of several

experimental observations that were not compatible with existing physical theories.

Nearly a hundred years later, quantum physics is extremely well studied and under-

stood, but technological devices that utilize coherent control of quantum dynamics

are only just beginning to emerge. These emergent technologies are difficult to re-

alize primarily because of the fragility of quantum states. A quantum system, such

as a trapped atom, typically interacts very strongly with applied and environmental

fields. Any uncertainty or noise in these fields will make the system dynamically

evolve in an undesirable and often unpredictable way. In order to combat this

problem, one might naively think to simply not use quantum systems in developing

technologies, but this is unavoidable for two important reasons. First off, there are

many existing technologies, particularly in the semi-conductor industry, that are

now shrinking to the size of a few nanometers where quantum effects cannot be

ignored. Second, there are many proposed technologies, such as quantum compu-

tation, that fundamentally require quantum effects for their operation. The ability

to accurately control and manipulate quantum systems is thus one of the biggest

challenges in the quest for new technologies where quantum effects play a role.

Quantum control is the ability to manipulate and measure any or all aspects of
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a quantum system, in particular their initialization, evolution, and detection. There

has been an enormous amount of research on this topic in recent years, both in the-

oretical and experimental settings. Theoretical studies have brought together ideas

from quantum physics, classical control theory, information science, and numerical

optimization theory. The marriage of several key ideas from those areas has led

to an understanding of when a quantum system can be fully controlled and how

specific controls can be designed in a given experiment [1]. Experimental develop-

ments have been made on several different platforms including ultracold atoms [2],

trapped ions [3], NMR [4], cavity QED [5], solid state [6, 7], and superconductors [8],

etc. A variety of “toolboxes” for implementing quantum control on these platforms

have been demonstrated, and the convergence of these capabilities with theoretical

studies appears to be a sign that the beginning of new era in technology is near.

Single and collective atomic spins have attracted great interest as a platform in

which to develop quantum technologies due to their isolation from the environment

and the existing control and measurement toolboxes. Atomic spins are used in

atomic clocks [9], the most accurate and precise time keeping devices, which are

critical for the success of GPS technology [10] and have been used in ultra-sensitive

tests of fundamental physical theories [11, 12]. Atomic spin systems are being used

in ultra-sensitive magnetometers [13] which are approaching the performance of

the most sensitive SQUID devices. Rudimentary quantum memory devices have

been demonstrated using ensembles of atomic spins [14], with the ability to write

quantum information from photons onto atoms and back. Ultracold Atomic gases

have gained recent interest as a platform to study many body physics problems



13

[15], such as superfluidity and phase transitions, that are otherwise computationally

intractable.

Information technologies based on atomic spins often isolate two states from

within the entire Hilbert space, a qubit, with which to work. Full control over the

total Hilbert space, however, is an important piece of the toolbox necessary for

atomic spin based technologies. The full d-dimensional state space, a qudit, can be

used as quantum information processing elements [16]. Alternatievly, a single logical

qubit can be embedded in a larger Hilbert space where the larger size of the Hilbert

space allows for robust qubit manipulation [17]. Systems of multiple qubits are of

great importance in quantum information processing and qudit control techniques

may teach us how to control their d-dimensional Hilbert space.

This dissertation will describe several quantum control experiments performed

using ultracold Cesium atoms. In chapter 2, the physics necessary to understand

control and measurement of atomic spins will be reviewed. Chapter 3 will describe

our experimental apparatus along with our control and measurement toolbox. In

chapter 4, experimental results will be presented that demonstrate our ability to

prepare atoms in any arbitrary state in the full hyperfine ground manifold. Chapter

5 will present experimental results demonstrating our ability to estimate the entire

density matrix of any arbitrary state using a quantum tomography protocol. Chap-

ter 6 will summarize the experimental results. The main body of the thesis excludes

a description of two experiments performed before those mentioned in chapters 4

and 5; their description would disrupt the natural flow of the dissertation, and they

have already been published [18, 19] and presented in a previous thesis [20]. How-
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ever, those two experiments represent an appreciable fraction of my work as a Ph.D.

student and so they will be presented in appendices with a brief description followed

by the corresponding journal publications.
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CHAPTER 2

BACKGROUND: CONTROL AND MEASUREMENT OF ATOMIC SPINS

Atomic spins couple very strongly to electric and magnetic fields. In every exper-

iment described in this thesis, all interactions that facilitate the control and mea-

surement of atomic spins are generated by electric and magnetic fields. This chapter

will begin with a description of the hyperfine structure of alkali atoms with special

attention paid to Cesium. We will then review how an atomic spin interacts with

a magnetic field, and how this interaction can be used to gain full controllability

over the full hyperfine ground manifold. A description of an atom and electric field

interaction will also be discussed, and in particular how a laser can be used to probe

the atomic state. Much of the theoretical foundations in this chapter were developed

in collaboration with Ivan Deutsch and his group at the University of New Mexico.

2.1 Hyperfine Structure of Alkali Atoms

Alkali atoms (group one elements) have a nuclear spin I, and a single valence electron

with spin S = 1/2 and orbital angular momentum L. The total atomic angular

momentum, or atomic spin, is F = I + S + L. In the ground state, L = 0, and so

there are two irreducible subspaces of F = I±1/2. The hyperfine interaction in the

ground state is described by the Hamiltonian,

H = AI · S, (2.1)



16

mF’  = +4 +3 +2 +1 -1 -2 -3 -40+5 -5
  D2 Line

 852.3 nm

351.7 THz

6P3/2

F’=5

F’=4

F’=3

F’=2

251 MHz

mF’  = +4 +3 +2 +1 -1 -2 -3 -40

6P1/2

F’=4

F’=3

  D1 Line 

 894.6 nm

335.1 THz

201 MHz

151 MHz

1168 MHz

mF  = +4 +3 +2 +1 -1 -2 -3 -40

F=4

F=3

6S1/2

Hyperfine Levels Magnetic Sublevels

9.2 GHz

Figure 2.1: 133Cs energy level diagram.



17

which splits the energy of the two irreducible subspaces by an amount proportional

to A, a constant that depends on details of the atomic structure. For the case of

133Cs, I = 7/2, F = {3, 4}, and the energy splitting between the F = 3 and F = 4

subspaces is exactly 9.192631770 GHz. It is interesting to note that this energy

splitting is currently how the International Bureau of Weights and Measures defines

the second and consequently has no associated uncertainty [21]. Fig. 2.1 shows an

energy level diagram of the hyperfine structure of 133Cs.

2.2 Magnetic Interaction in Alkali Atoms

The electron and nuclear spins of alkali atoms each have an associated magnetic

moment that will couple to a magnetic field. In the following subsections a detailed

analysis of this interaction in the presence of static and time-varying magnetic fields

will be discussed. A review of atomic physics can be found in [22–24].

2.2.1 Alkali Atoms in a Static Magnetic Field

The hyperfine Hamiltonian in the presence of a magnetic field is

H = AI · S +
gSµB

~
S ·B +

gIµB

~
I ·B, (2.2)

where gS and gI are the electron and nuclear g-factors respectively. When the mag-

netic interaction is small compared to the hyperfine interaction, µB|B| � A~2 , we

use perturbation theory to make the approximation that the magnetic field acts

separately in the two irreducible subspaces,

H =
∆EHF

2
(P (+) − P (−)) +

g (+)µB

~
F(+) ·B +

g (−)µB

~
F(−) ·B, (2.3)
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where P (±) are projection operators so that F(±) = P(±)FP(±) are angular momen-

tum operators for the subspaces with quantum number F (±) = I±S. The g-factors

are given by

g(±) = gS
F (±)(F (±) + 1) + S(S + 1)− I(I + 1)

2F (±)(F (±) + 1)

+gI
F (±)(F (±) + 1)− S(S + 1) + I(I + 1)

2F (±)(F (±) + 1)
. (2.4)

The Hamiltonian in Eq. 2.3 leads to the familiar Zeeman splitting and Larmor

precession in the presence of a static magnetic field. We can see this by examining

the case of an atom in a state confined to one of the F (±) subspaces. Neglecting the

constant hyperfine energy shift, the Hamiltonian in that case is

H =
g (±)µB

~
F(±) ·B = ωLF(±) · û, (2.5)

where B = Bû and ωL = g (±)µBB/~ is the Larmor frequency. The state will evolve

according to the unitary time evolution,

U = eiHt/~ = e−iωLtF
(±)·û/~ = Rû(θt), (2.6)

where Rû(θt) is an operator that rotates the state by an angle θt = ωLt about û. The

Hamiltonian in Eq. 2.5 thus results in an energy shift of the magnetic eigenstates

by ∆E = ~ωLmu, where mu is the magnetic quantum number in the û basis, and a

given state will precess about û at the Larmor frequency ωL.

When the magnetic interaction is not small compared to the hyperfine interac-

tion, µB|B| ' A~, we must make corrections to the Hamiltonian in Eq. 2.3. In the

experiments to be described in chapters 4 and 5, we apply a bias magnetic field that
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is about four orders of magnitude smaller than the hyperfine interaction, but a sec-

ond order correction to Eq. 2.3 is still necessary to model the dynamics accurately.

In that case we start with the Breit-Rabi solution [23, 24] for the eigen-energies of a

spin S = 1/2 coupled to a spin I in the presence of a bias magnetic field B = B0ẑ,

E(m±) = − ∆EHF

2(2I + 1)
+m±x̄± ∆EHF

2

√
1 +

4m±

2I + 1
x+ x2, (2.7)

where m± is the magnetic quantum number in the F (±) subspaces in the ẑ basis, and

x̄ = gIµBB and the dimensionless x = µBB
∆EHF

(gS − gI) are the Breit-Rabi variables.

We now specialize to the case of 133Cs, where I = 7/2 and F = {3, 4}. We

substitute I = 7/2 into Eq. 2.7 and Taylor expand, keeping terms quadratic in x,

E(m±) =
(−1± 8)∆EHF

16
± ∆EHF

4
x2 ± ∆EHF

8
m±x+m±x̄∓ ∆EHF

64
m±

2
x2. (2.8)

We replace the subspace projection and angular momentum operators for

generalized alkali atoms with those for 133Cs, {P (+), P (−), F
(+)
z , F

(−)
z } →

{P (4), P (3), F
(4)
z , F

(3)
z }, and rewriting the Hamiltonian in terms of those operators

gives us

H0 =

(
∆EHF

2
+

∆EHFx
2

4

)(
P (4) − P (3)

)
+

1

~

(
∆EHFx

8
+ x̄

)
F (4)
z

−1

~

(
∆EHFx

8
− x̄
)
F (3)
z −

∆EHFx
2

64~2

(
F (4)
z

2 − F (3)
z

2)
. (2.9)

Finally, we substitue Ω0 = (∆EHFx
8

+ x̄)/~ and grel = g(3)/g(4) giving us the final

expression for the Hamiltonian in the presence of a bias field with a quadratic
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Zeeman correction,

H0 =

(
∆EHF

2
− 16grel~2Ω2

0

∆EHF

)(
P (4) − P (3)

)
+ Ω0

(
F (4)
z + grelF

(3)
z

)
+
grelΩ

2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)
. (2.10)

The Hamiltonian in Eq. 2.10 has several terms that differ from the simpler

Hamiltonian in Eq. 2.3. We first note that when ~2Ω2
0/∆EHF � 1 we recover

Eq. 2.3 and Ω0 can be identified as the Larmor frequency. We can also see that

the two F = {3, 4} subspaces have a Larmor frequency different by a factor of

grel, in 133Cs grel = −1.0032, and so the two subspaces will Larmor precess at

slightly different rates and in opposite directions. The first term in Eq. 2.10 is the

splitting between the two subspaces and now contains the hyperfine splitting and an

additional splitting proportional to ~2Ω2
0/∆EHF. The third term is quadratic in the

angular momentum operators leading to a quadratic Zeeman shift that is opposite

in sign for the two subspaces. The quadratic Zeeman shift will lead to a periodic

collapse and revival of Larmor precession (see section 4.1.1 for more detail).

2.2.2 133Cs in Static, RF, and µW Magnetic Fields

We now consider a static field with the addition of radio frequency (rf) and mi-

crowave magnetic fields, as examined in [25]. We first consider the case where the

magnetic field has two orthogonal rf components which are mutually orthogonal to

a static bias field, B(t) = B0ẑ+Bxcos(ωrft−φx)x̂+Bycos(ωrft−φy)ŷ. The hyperfine

interaction along with the bias field interaction will lead to the Hamiltonian in Eq.

2.10. To account for the rf interaction we assume µB|Brf | � A~ so that we can
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include terms like that in Eq. 2.5. The additional rf Hamiltonian is

Hrf = Ωxcos(ωrft− φx)(F (4)
x + grelF

(3)
x )

+Ωycos(ωrft− φy)(F (4)
y + grelF

(3)
y ), (2.11)

where Ωx = g(4)µBBx/~ and Ωy = g(4)µBBy/~.

We now consider the addition of a microwave magnetic field that is resonant

with the |F = 4,mz = 4〉 → |F = 3,mz = 3〉 “stretched state” transition. The large

bias field makes all other transitions off resonant by an amount greater than Ω0 and

can be ignored. The additional Hamiltonian for the microwave interaction is [25]

HµW = ~ΩµWcos(ωµWt− φµW)
(
|4, 4〉 〈3, 3|+ |3, 3〉 〈4, 4|

)
, (2.12)

where ΩµW depends on microwave polarization, power, and atomic parameters.

The hyperfine Hamiltonian with the addition of static, rf, and microwave inter-

actions is just the sum of the Hamiltonians in Eqs. 2.10, 2.11, and 2.12,

H = HµW +Hrf +H0. (2.13)

We will now transform this Hamiltonian into a new basis and make a rotating wave

approximation (RWA) in order to better understand the resulting dynamics. The

transformation we will use is

U = e
−iαt

2
(P (4)−P (3))e−iωrf t(F

(4)
z −F

(3)
z )/~, (2.14)

where α will be defined later for convenience. The Hamiltonian thus transforms as

H ′ = U †HU − i~U †dU
dt

= U †HµWU + U †HrfU + U †H0U − i~U †
dU

dt
. (2.15)
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We now evaluate each term in Eq. 2.15.

H ′µW = U †HµWU

= eiωrf t(F
(4)
z −F

(3)
z )/~e

iαt
2

(P (4)−P (3))~ΩµWcos(ωµWt− φµW)

×
(
|4, 4〉 〈3, 3|+ |3, 3〉 〈4, 4|

)
e
−iαt

2
(P (4)−P (3))e−iωrf t(F

(4)
z −F

(3)
z )/~.

We first expand the cosine in terms of exponentials and group terms,

⇒ H ′µW = eiωrf t(F
(4)
z −F

(3)
z )/~ ~ΩµW

2

(
eiωµWt−iφµW + e−iωµWt+iφµW

)
×
(
e
iαt
2

(P (4)−P (3)) |4, 4〉 〈3, 3|e−
iαt
2

(P (4)−P (3))

+ e
iαt
2

(P (4)−P (3)) |3, 3〉 〈4, 4|e
−iαt

2
(P (4)−P (3))

)
e−iωrf t(F

(4)
z −F

(3)
z )/~.

We use the relations e
iαt
2

(P (4)−P (3))|4, 4〉 = e
iαt
2 |4, 4〉 and e

iαt
2

(P (4)−P (3))|3, 3〉 =

e−
iαt
2 |3, 3〉 to multiply the exponentials with projectors through,

⇒ H ′µW = eiωrf t(F
(4)
z −F

(3)
z )/~ ~ΩµW

2

(
eiωµWt−iφµW + e−iωµWt+iφµW

)
×
(
eiαt |4, 4〉 〈3, 3|+ e−iαt |3, 3〉 〈4, 4|

)
e−iωrf t(F

(4)
z −F

(3)
z )/~.

We now multiply the exponentials with angular momentum operators through us-

ing the relations eiωrf t(F
(4)
z −F

(3)
z )/~ |4, 4〉 = e4iωrf t |4, 4〉 and eiωrf t(F

(4)
z −F

(3)
z )/~ |3, 3〉 =

e−3iωrf t |3, 3〉,

⇒ H ′µW =
~ΩµW

2

[(
eit(ωµW+α+7ωrf)e−iφµW + e−it(ωµW−α−7ωrf)eiφµW

)
|4, 4〉 〈3, 3|

+
(
eit(ωµW−α−7ωrf)e−iφµW + e−it(ωµW+α+7ωrf)eiφµW

)
|3, 3〉 〈4, 4|

]
.
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Substituting α = ωµW − 7ωrf gives

⇒ H ′µW =
~ΩµW

2

[(
e2itωµWe−iφµW + eiφµW

)
|4, 4〉 〈3, 3|

+
(
e−iφµW + e−2itωµWeiφµW

)
|3, 3〉 〈4, 4|

]
.

We use the rotating wave approximation (RWA) and neglect the fast oscillating

terms,

⇒ H ′µW =
~ΩµW

2

(
eiφµW |4, 4〉 〈3, 3|+ e−iφµW |3, 3〉 〈4, 4|

)
.

We substitute the pseudo-spin operators acting in the microwave coupled subspace,

σx = ~
(
|4, 4〉 〈3, 3| + |3, 3〉 〈4, 4|

)
and σy = −i~

(
|4, 4〉 〈3, 3| − |3, 3〉 〈4, 4|

)
, giving us

the final expression for the transformed microwave Hamiltonian,

H ′µW =
ΩµW

2

[
cos(φµW)σx − sin(φµW)σy

]
. (2.16)

The second term in Eq. 2.15 evaluates to

H ′rf = U †HrfU

= Ωxcos(ωrft− φx)eiωrf t(F
(4)
z −F

(3)
z )/~e

iαt
2

(P (4)−P (3))

× (F (4)
x + grelF

(3)
x )e

−iαt
2

(P (4)−P (3))e−iωrf t(F
(4)
z −F

(3)
z )/~

+ Ωycos(ωrft− φy)eiωrf t(F
(4)
z −F

(3)
z )/~e

iαt
2

(P (4)−P (3))

× (F (4)
y + grelF

(3)
y )e

−iαt
2

(P (4)−P (3))e−iωrf t(F
(4)
z −F

(3)
z )/~.

We note that the subspace angular momentum operators are unchanged by multi-

plying through the exponentials with projectors,

e
iαt
2

(P (4)−P (3))F (4)
x,y e

−iαt
2

(P (4)−P (3)) = e
iαt
2
P (4)

F (4)
x,y e

− iαt
2
P (4)

= F (4)
x,y

e
iαt
2

(P (4)−P (3))F (3)
x,y e

−iαt
2

(P (4)−P (3)) = e−
iαt
2
P (3)

F (3)
x,y e

iαt
2
P (3)

= F (3)
x,y .
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We also use the relations

eiωrf t(F
(4)
z −F

(3)
z )/~F (4)

x,y e
−iωrf t(F

(4)
z −F

(3)
z )/~ = eiωrf tF

(4)
z /~F (4)

x,y e
−iωrf tF

(4)
z /~

eiωrf t(F
(4)
z −F

(3)
z )/~F (3)

x,y e
−iωrf t(F

(4)
z −F

(3)
z )/~ = e−iωrf tF

(3)
z /~F (3)

x,y e
iωrf tF

(3)
z /~.

⇒ H ′rf = Ωxcos(ωrft− φx)
(
eiωrf tF

(4)
z /~F (4)

x e−iωrf tF
(4)
z /~ + e−iωrf tF

(3)
z /~grelF

(3)
x eiωrf tF

(3)
z /~
)

+ Ωycos(ωrft− φy)
(
eiωrf tF

(4)
z /~F (4)

y e−iωrf tF
(4)
z /~ + e−iωrf tF

(3)
z /~grelF

(3)
y eiωrf tF

(3)
z /~
)
.

We now multiply the exponentials with angular momentum operator through. Note

that eiωrf tF
(4)
z /~F

(4)
x,y e−iωrf tF

(4)
z /~ is a rotation of F

(4)
x,y by an angle −ωrft about ẑ, and

similarly e−iωrf tF
(3)
z /~F

(3)
x,y eiωrf tF

(3)
z /~ is a rotation of F

(3)
x,y by an angle ωrft about ẑ.

⇒ H ′rf = Ωxcos(ωrft− φx)
(
F (4)
x cos(ωrft)− F (4)

y sin(ωrft)

+ grelF
(3)
x cos(ωrft) + grelF

(3)
y sin(ωrft)

)
+ Ωycos(ωrft− φy)

(
F (4)
x sin(ωrft) + F (4)

y cos(ωrft)

− grelF
(3)
x sin(ωrft) + grelF

(3)
y cos(ωrft)

)
.

We expand the sines and cosines in terms of exponentials and group terms,

⇒ H ′rf =
Ωx

4

(
eiωrf t−iφx + e−iωrf t+iφx

)[(
F (4)
x + iF (4)

y

)(
eiωrf t + e−iωrf t

)
+ grel

(
F (3)
x − iF (3)

y

)(
eiωrf t + e−iωrf t

)]
+

Ωy

4

(
eiωrf t−iφy + e−iωrf t+iφy

)[(
− iF (4)

x + F (4)
y

)(
eiωrf t + e−iωrf t

)
+ grel

(
iF (3)

x + F (3)
y

)(
eiωrf t + e−iωrf t

)]
.
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Now we multiply all the exponentials through and rewrite in terms of sines and

cosines,

⇒ H ′rf =
Ωx

2

[
cos(φx) + cos(2ωrft− φx)(F (4)

x + grelF
(3)
x )

− sin(φx) + sin(2ωrft− φx)(F (4)
y − grelF

(3)
y )
]

+
Ωy

2

[
sin(φy) + sin(2ωrft− φy)(F (4)

x − grelF
(3)
x )

+ cos(φy) + cos(2ωrft− φy)(F (4)
y + grelF

(3)
y )
]
.

We use the rotating wave approximation (RWA) and neglect the fast oscillating

terms, giving us the final expression for the rf Hamiltonian,

H ′rf =
Ωx

2

[
cos(φx)(F

(4)
x + grelF

(3)
x )− sin(φx)(F

(4)
y − grelF

(3)
y )
]

+
Ωy

2

[
sin(φy)(F

(4)
x − grelF

(3)
x ) + cos(φy)(F

(4)
y + grelF

(3)
y )
]
. (2.17)

The last two terms in Eq. 2.15 are

H ′0 = U †H0U − i~U †
dU

dt
. (2.18)

All of the operators in the exponents of U are diagonal in the basis of magnetic

eigenstates and thus commute, which allows us to easily evaluate the time derivative,

dU/dt = − U
[iα

2

(
P (4) − P (3)

)
+
iωrf

~
(
F (4)
z − F (3)

z

)]
. (2.19)
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H0 is also diagonal and so U †H0U = U †UH0 = H0,

⇒ H ′0 = H0 − U †U
[~α

2

(
P (4) − P (3)

)
+ ωrf

(
F (4)
z − F (3)

z

)]
=
(∆EHF

2
− 16grel~2Ω2

0

∆EHF

− ~α
2

)(
P (4) − P (3)

)
+ Ω0

(
F (4)
z + grelF

(3)
z

)
− ωrf

(
F (4)
z − F (3)

z

)
+
grelΩ

2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)
. (2.20)

Now we substitute α = ωµW − 7ωrf and write the rf and microwave frequencies

in terms of the detunings: ∆rf = ωrf − Ω0 and ∆µW = ωµW − ω|4,4〉→|3,3〉, where

ω|4,4〉→|3,3〉 = ∆EHF/~− 7grel~Ω2
0/∆EHF + (4− 3grel)Ω0 is the splitting between |4, 4〉

and |3, 3〉 in the presence of a static bias field.

⇒ H ′0 =
[3~Ω0

2
(1 + grel)−

25grel~2Ω2
0

2∆EHF

− ~
2

(∆µW − 7∆rf)
](
P (4) − P (3)

)
+ Ω0(1 + grel)F

(3)
z +

grelΩ
2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)−∆rf

(
F (4)
z − F (3)

z

)
. (2.21)

We write the full transformed Hamiltonian for 133Cs in the presence of a bias field,

two rf fields, and a microwave field,

H ′ =
[3~Ω0

2
(1 + grel)−

25grel~2Ω2
0

2∆EHF

− ~
2

(∆µW − 7∆rf)
](
P (4) − P (3)

)
+ Ω0(1 + grel)F

(3)
z +

grelΩ
2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)−∆rf

(
F (4)
z − F (3)

z

)
+

Ωx

2

[
cos
(
φx
)(
F (4)
x + grelF

(3)
x

)
− sin

(
φx
)(
F (4)
y − grelF

(3)
y

)]
+

Ωy

2

[
sin
(
φy
)(
F (4)
x − grelF

(3)
x

)
+ cos

(
φy
)(
F (4)
y + grelF

(3)
y

)]
+

ΩµW

2

[
cos(φµW)σx − sin(φµW)σy

]
. (2.22)

The numerical factors in that Hamiltonian are specific to the case of 133Cs, but

the general form is valid for any alkali atom. The ability to arbitrarily modulate
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the phases, {φx, φy, φµW}, gives complete controllability of the full hyperfine ground

manifold [25] (see section 2.4 for details on controllability). That Hamiltonian is the

source of all the control for the experiments to be presented in chapters 4 and 5. A

detailed discussion of the dynamics driven by that Hamiltonian will be presented in

section 4.1.

2.3 Atom-Light Interaction in Alkalis

We now consider the interaction of an alkali atom and a monochromatic electric field.

The resulting dynamics are extremely rich and depend strongly on the working

parameter regime. We will focus solely on the regime of low intensity and large

detuning, and exclude any cumbersome calculations. For more detail see the review

in [2] or previous theses [20, 26].

2.3.1 Electric Dipole Interaction

We consider the interaction of an alkali atom and a low intensity, monochromatic

electric field, E(x, t) =
[
E(+)(x)e−iωLt + E(−)(x)eiωLt

]
/2, with k̂ the direction of

propagation. In the dipole approximation the Hamiltonian is given by

H = −d · E, (2.23)

where d is the induced dipole moment of the atom, which in general is not parallel

to the electric field. The Hamiltonian here is an operator that couples electronic

ground and excited states. In the limit of low saturation, where the excited state

population is negligible, it is possible to model the atomic dynamics in terms of a
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Hamiltonian acting in the ground state alone,

H = −αijE(−)
i E

(+)
j , (2.24)

where αij is the atomic polarizability tensor and repeated indices are summed over.

Eq. 2.24 is referred to as the light-shift Hamiltonian. The atomic polarizability

tensor is calculated using second order perturbation theory and is the outer product

of the electric dipole operator and its Hermitian conjugate, deg and deg†, projected

between the excited and ground state spaces.

αij = −
∑
e,g

dgei d
eg
j

~Γe

∆eg/Γe
(∆eg/Γe)2 + 1/4

≈ −
∑
e,g

dgei d
eg
j

~∆eg

, (2.25)

where we have used dge = deg† = P gdP e, ∆eg = ωL−ωeg is the detuning of the light

from the excited to ground transition frequency, and Γe is the natural linewidth of

the excited state. The second line in Eq. 2.25 is valid for large detunings, ∆eg � Γe,

which will be the operating point for all experiments discussed in this thesis.

We can see from Eqs. 2.24 and 2.25 that the electric dipole interaction is the

contraction of two dyadic tensors, αij and E
(−)
i E

(+)
j . These dyadic tensors can be

decomposed into irreducible spherical components and the interaction Hamiltonian

can be written as

H =− α(0)E(−) · E(+) − ~α(1) · (E(−) × E(+))

− α(2)
ij

(
E

(−)
i E

(+)
j − 1

3
E(−) · E(+)δij

)
, (2.26)

where α(0), ~α(1), and α
(2)
ij are the rank 0, 1, and 2 spherical tensor components of αij

respectively. This Hamiltonian has been conveniently separated into scalar, vector,
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and rank-2 tensor interactions, but before we interpret these terms we would like to

write them as functions of atomic angular momentum operators.

2.3.2 Atomic Spin Dynamics

In order to examine how the atomic spin is affected by the light-shift interaction we

will assume the dynamics are restricted to one hyperfine subspace. In that case the

spherical tensor components of αij can be written in terms of angular momentum

operators, and the Hamiltonian in Eq. 2.26 becomes [2]

H =− α0

(
C(0)E(−) · E(+) + C(1)i(E(−) × E(+)) · F

+ C(2)E
(−)
i E

(+)
j

[1

2

(
FiFj + FjFi

)
− 1

3
F2δij

])
, (2.27)

where the C(k) coefficients come from the Wigner-Eckart theorem, and the character-

istic polarizability α0 depends on the light detuning. The first term is independent

of the spin and does not contribute to spin dynamics. The second term is analogous

to a linear Zeeman interaction, and has the same form as Eq. 2.5 with a fictitious

magnetic field Bfict ∼ E(−) × E(+). This term generates rotations of the spin about

the Bfict/|Bfict| axis and depends on the ellipticity of the light, E(−) × E(+) = 0 for

linear polarization. The last term is quadratic in the angular momentum operators

and generates non-trivial spin dynamics beyond geometric rotations.

If we assume the light is linearly polarized along x̂ then the last term in Eq.

2.27 is proportional to (1/2)F 2
x − (1/3)F 2. The F 2 piece is constant for a given

hyperfine subspace and does not contribute to spin dynamics. We include a magnetic
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interaction like that in Eq. 2.5 and we have the simple Hamiltonian [27],

H =
g(F )µB

~
F ·B +

β(2)γs

~
F 2
x , (2.28)

where β(2) depends on the atomic species and γs ∼ |E|2/∆eg is the photon scattering

rate. That simple Hamiltonian can generate rich dynamics and will be used in both

experiments described in the appendices. The full Hamiltonian in Eq. 2.26, as

opposed to the Hamiltonian in Eq. 2.27, contains contributions from both hyperfine

subspaces, and this will be taken into account by a master equation model described

in section 2.5.2.

2.3.3 Polarization Dynamics

To examine the effect of the atoms on an optical probe field, we begin by expressing

the electric field in terms of the Stokes vector. For a monochromatic probe field

propagating along k̂, the Stokes vector s is defined as

s0 = |εH|2 + |εV|2

s1 = |εH|2 − |εV|2

s2 = ε∗HεV + ε∗VεH = |ε45|2 − |ε135|2

s3 = ε∗HεV − ε∗VεH = |ε+|2 − |ε−|2, (2.29)

where εH and εV are the electric field amplitudes along the “horizontal” and

“vertical” directions which are mutually orthogonal to the direction of propaga-

tion, êH ⊥ êV ⊥ k̂. The electric field amplitudes ε45 and ε135 are along the

ê45,135 = (êH ± êV)/
√

2 directions which are at 45◦ and 135◦ from the êH axis
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in the plane perpendicular to k̂. The amplitudes ε+ and ε− are the right and left

circular components with polarization vectors ê± = ∓(êH ± iêV)/
√

2.

The utility of the Stokes vector is that each element is expressed in terms of

a measurable quantity and so can be experimentally determined with very simple

optical components. The s0 element is the intensity of the probe field, and the s1, s2,

and s3 elements are differences in intensity between two orthogonal polarizations.

The Stokes vector also has a very nice geometric interpretation. For constant in-

tensity, ds0/dt = 0, we can form a vector that lives on the Poincare sphere defined

by the s1, s2, and s3 axes. The polarization state of a probe field is thus a uniquely

determined vector on the surface of the Poincare sphere.

In order to write the Hamiltonian in Eq. 2.26 in terms of the Stokes vector

we will treat the electric field quantum mechanically. We consider a wavepacket of

duration ∆t of a paraxial probe field with area A. The positive frequency component

of the electric field is

E(+) = E0(êHaH + êVaV), (2.30)

where E0 =
√

2π~ωL/Ac∆t, and aH and aV are photon annihilation operators

for horizontal and vertical polarization modes. We write the components of a

dimensionless Stokes vector, slightly different from the definition in Eq. 2.29, in
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terms of the polarization mode creation and annihilation operators,

S0 = (a†HaH + a†VaV)

S1 =
1

2
(a†HaH − a†VaV)

S2 =
1

2
(a†HaV + a†VaH)

S3 =
1

2i
(a†HaV − a†VaH). (2.31)

The operators S1, S2, and S3 are angular momentum operators with the commuta-

tion relations [Si, Sj] = iεijkSk, and S0 is the photon number operator.

We can now substitute Eqs. 2.30 and 2.31 into the Hamiltonian of Eq. 2.27,

which gives us [2]

H =
~χ0

∆t

(
A0S0 + A1S1 + A2S2 + A3S3

)
, (2.32)

where the Ai operators are the atomic spin observables,

A0 = C(0) − C(2)

6

(
3F 2

k − F 2
)

A1 =
C(2)

2

(
F 2

H − F 2
V

)
A2 =

C(2)

2

(
FHFV − FVFH

)
A3 = C(1)Fk. (2.33)

The C(i) coefficients and χ0 depend on probe field parameters and details of the

atomic transition. The full Hamiltonian for the atom-light interaction will be a sum

of Hamiltonians like that in Eq. 2.32, one for each of the possible transitions to

excited states, and will contain angular momentum operators for both F = {3, 4}

hyperfine subspaces. In practice, the probe detuning will be much smaller than the
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ground state hyperfine splitting and so the Hamiltonian for one hyperfine subspace

will dominate the other. Both hyperfine subspaces will ultimately be included in

the master equation model in section 2.5.2, but for illustrative purposes we will only

consider one hyperfine subspace for the remainder of this section.

The Hamiltonian in Eq. 2.32 allows us to easily see the resulting polarization

dynamics from the atom-light interaction. The first term represents the polarization

independent index of refraction. The remaining three terms in Eq. 2.32 cause

a rotation of the Stokes vector on the Poincare sphere with the axis and angle of

rotation dependent upon the atomic spin state; recall that S1, S2, and S3 are angular

momentum operators and thus generate rotations.

For an optically thin ensemble of atoms in identical states, the coupling strength

χ0 must be multiplied by the total number of atoms N = nAL, where n is atomic

density and L is the optical path length through the atomic ensemble. Taking that

factor into account and using the on resonance optical depth, OD = nσ0L where σ0

is the resonant scattering cross section, we can write the rotation angles about each

axis on the Poincare sphere as [2]

Θ1 ∝ OD〈F 2
H − F 2

V〉 (2.34a)

Θ2 ∝ OD〈FHFV − FVFH〉 (2.34b)

Θ3 ∝ OD〈Fk〉, (2.34c)

where the exact multiplicative factors have been omitted for clarity. These angles

are proportional to expectation values of atomic spin observables and can easily

be measured using a simple polarimetry setup (described in section 3.4). It is
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important to note that this measurement must be weak, so that quantum backaction

is negligible and the expectation values are really ensemble-averages of single-atom

observables, rather than collective observables.

2.4 Controllabilty

Complete controllability of a physical system, classical or quantum, is the ability to

perform any arbitrary transformation on that system. The concept of controllability

in quantum physics is intimately connected to the mathematics of Lie groups and

Lie algebras. This section will review some of the basic properties of quantum

physics along with finite dimensional matrix Lie groups and Lie algebras. This

discussion will allow us to determine the requirements necessary to achieve complete

controllability in a quantum system. We will adopt the physicists definition of matrix

Lie Algebras as opposed to the mathematicians definition.

2.4.1 Lie groups and Lie Algebras in Quantum Physics

The dynamics of an isolated quantum system is fully described by the Hamiltonian,

a Hermitian operator H. The time evolution from t1 → t2 is given by the unitary

operator,

U(t1, t2) = T
(

exp

∫ t2

t1

−iH(t)t

~
dt

)
, (2.35)

where T denotes time ordering of the integral. For a d-dimensional quantum system,

H and U can be represented as d×d matrices. In that case, U is a member of SU(d),

the group of d×d unitary matrices with determinant 1. SU(d) is a Lie group, which
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means it is also a differentiable manifold in which the group operation is compatible

with the smooth structure of the manifold [28].

A matrix Lie algebra, g, is a linear vector space with an algebraic product defined

by the commutator, a ◦ b ≡ [a, b] = ab − ba, for all a, b ∈ g. A generating set of

a matrix Lie algebra is any set {gj} ∈ g such that the smallest subalgebra of g

containing {gj} is g. In other words, {gj} generates the Lie algebra g if all g ∈ g

can be written as a linear combination of the gj’s and commutators of gj’s. Any

matrix Lie group, G, has an associated matrix Lie algebra, g, with the connection

being that any element of G can be written as the exponentiation of some element

in g [28]. More formally, for all A ∈ G there exists a g ∈ g such that

A = e−ig. (2.36)

The set of all possible transformations of a quantum system forms the Lie group

SU(d), and the associated Lie algebra is su(d), which is the set of all d× d traceless

Hermitian matrices. Note that the mathematicians convention excludes i in the

exponent of Eq. 2.36 and the elements of su(d) are anti-Hermitian.

We are now is a position to connect the mathematics of Lie groups and Lie

algebras with controllability in quantum physics. We write the Hamiltonian for a

d-dimensional quantum system as

H = H0 +
N∑
j=1

bj(t)Hj, (2.37)

where Hj are d × d Hermitian matrices and bj are real coefficients. The system is

said to be controllable if the set of Hamiltonian operators, {Hj}, generate the Lie

algebra su(d) [29]. In other words, any unitary from SU(d) can be generated in a
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finite time by appropriately modulating the bj coefficients. To see this explicitly we

examine two cases where the bj coefficients are short piece-wise constant pulses with

only one non-zero at a given time. Using Eq. 2.35 and the Trotter formula [30], we

can generate any linear combination of elements of {Hj} in the exponent,

U = e−ib1H1∆te−ib2H2∆t ≈ e−i(b1H1+b2H2)∆t, (2.38)

or any commutator of elements of {Hj} in the exponent,

U = e−iH1∆te−iH2∆te−iH1∆te−iH2∆t ≈ e−i[H1,H2]∆t2 . (2.39)

Linear combinations and commutations are the operations of a Lie algebra and so if

the set {Hj} generates the Lie algebra su(d) then the exponentiation of any element

in su(d) can be achieved, which according to Eq. 2.36 means any element in SU(d)

can be generated.

2.4.2 Qubit Controllability

The group of transformations for a 2-dimensional quantum system, SU(2), is closely

related to SO(3), the group of geometric rotations in 3-dimensional real space. SU(2)

is the double covering group of SO(3), which means that for every element of SO(3)

there are two corresponding elements in SU(2). More formally, there is a 2-to-1

surjective homomorphism of SU(2) → SO(3). Interestingly, the corresponding Lie

algebras, su(2) and so(3), are isomorphic and formally equivalent. This tells us that

any two states in a 2-dimensional Hilbert space are related by a simple geometric

rotation, which is a familiar result from the physics of spin 1/2 systems where any

state is spin up in some direction. A simple quasi-static magnetic interaction, like
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that in Eq. 2.5, contains the spin operators in all three orthogonal directions which

generate the Lie algebras su(2) and so(3). The ability to modulate the coefficients of

those spin operators thus gives complete controllability over a 2-dimensional quan-

tum system.

2.4.3 Qudit Controllability

The group of transformations for a quantum system with d > 2, SU(d), is not

restricted to the group of geometric rotations and so a simple magnetic interaction,

like that in Eq. 2.5, is not sufficient to achieve complete controllability. Another way

to say this is that the spin operators, {Fx, Fy, Fz}, do not generate the Lie algebra

su(d). In order to achieve complete controllability we must be able to include more

than simple spin operators in the Hamiltonian.

A particularly simple set of operators that generate su(d) for any d > 2 is

{Fx, Fy, F 2
x} [30]. These are precisely the operators available in the Hamiltonian

of Eq. 2.28, which is restricted to one hyperfine subspace, and is utilized in the

quantum chaos experiment presented in appendix B.

The full hyperfine ground state of an alkali atom has d = 4I + 2 and consists of

two irreducible subspaces that couple to external fields differently. In section 2.2.2

we saw how to generate spin operators projected into each irreducible subspace

and in a 2-dimensional overlapping subspace. The particular set of those subspace

operators, {F (4)
x , F

(4)
y , F

(3)
x , F

(3)
y , σx, σy}, is sufficient to generate the Lie algebra su(d)

[25]. The Hamiltonian in Eq. 2.22 contains those operators and so leads to complete

controllability of the full hyperfine ground state in alkali atoms.
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For a given control task, such as mapping from |ψ1〉 → |ψ2〉 or implementing a

specific unitary U0, finding the set of controls, {bj(t)}, that give the desired result

is non-trivial and will be discussed further in chapter 4.

2.5 Quantum State Tomography

Quantum state tomography is the process of acquiring information about a quantum

system and using that information to obtain an estimate of the quantum state. A d-

dimensional quantum state can always be parametrized by d2−1 expectation values

of non-commuting observables. Non-commuting observables cannot be measured

on a single quantum system, and so we must have multiple copies of a quantum

system in order to faithfully estimate the quantum state. Even in the absence of

experimental uncertainty there is still an intrinsic uncertainty associated with any

quantum observable, and so many copies of a quantum system are necessary to

accurately estimate a quantum state.

Multiple copies of a quantum system can be prepared one-at-a-time, in sequen-

tial runs of an experiment, with a single projective measurement at the end of each

experimental run. For large Hilbert spaces this protocol requires an enormous num-

ber of sequential experimental runs to achieve enough measurement statistics for a

precise estimate. A different protocol is to begin with a large ensemble of identically

prepared quantum systems, in a single run of an experiment, and measure all the

necessary expectation values using a series of weak quantum measurements. This

procedure requires only a single experimental run which greatly reduces the total

experimental run time from that in the first protocol.
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Once a measurement record has been acquired, a state estimation algorithm

calculates an estimate of the quantum state, ρ̄. The figure of merit determining the

success is the fidelity between the actual state and the estimated state [31],

F(ρ̄, ρ0) =

[
Tr

(√√
ρ̄ρ0

√
ρ̄

)]2

. (2.40)

When the two states are pure, ρ̄ = |ψ̄〉〈ψ̄| and ρ0 = |ψ0〉〈ψ0|, the fidelity reduces to

F = |〈ψ̄|ψ0〉|2. (2.41)

For any pair of physical density matrices (Hermitian and positive semidefinite ma-

trices) the fidelity is a symmetric function with respect to the pair of states and

evaluates to a real number between zero and one.

The tomography protocol used throughout this thesis aims to estimate the aver-

age single atom density matrix from an ensemble of a few million atoms using weak

continuous measurement in combination with dynamical control. The remainder of

this section will present a conceptual overview of continuous measurement, along

with two different state estimation algorithms used to estimate a quantum state.

For a more detailed discussion see references [26, 32].

2.5.1 Continuous Measurement

We begin with an ensemble of N noninteracting and identically prepared quantum

states, ρ0. A weak optical probe (described in section 2.3.3) is turned on and continu-

ously measures the expectation value of some observable O0, while a time-dependent

Hamiltonian (Eq. 2.22) dynamically evolves the system. The measurement record
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at a given time can be written as

M(t) = Tr(O0ρ(t)) + σW (t), (2.42)

with ρ(0) = ρ0 and the second term represents Gaussian random noise with zero

mean and variance σ2.

It is instructive to work in the Heisenberg picture in which the state is stationary

in time and the observable is evolving,

dO(t)

dt
= i [H(t), O(t)] , (2.43)

with O(0) = O0. In this picture, the measurement record is

M(t) = Tr(O(t)ρ0) + σW (t). (2.44)

In a real experimental implementation, a time discretization is necessary. The mea-

surement record is sampled at discrete times so that

Mj = Tr(Ojρ0) + σWj, (2.45)

which gives us a set of observables, {Oj}, and a corresponding set of measurements,

{Mj}.

Eq. 2.45 is a system of equations that must be inverted to solve for ρ0. In order

to generate a measurement record that can be inverted the observables must form

an informationally complete set, which means they must span su(d) [32]. To ensure

that the set of observables is informationally complete, the Hamiltonian must be

modulated in an appropriate way (see chapter 5 for more detail).
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2.5.2 Master Equation Model

The effects of decoherence due to the presence of the optical probe are not included

in the Heisenberg evolution of O(t) in Eq. 2.43. To account for decoherence we must

use a master equation model. Under the typical conditions of Markovian evolution,

the dynamics are described by a Lindblad master equation [32],

dρ(t)

dt
= Lt [ρ(t)]

= − i
~

[H(t), ρ(t)]− 1

2

∑
µ

(
L†µLµρ(t)− ρ(t)L†µLµ

)
+
∑
µ

Lµρ(t)L†µ, (2.46)

where H(t) is the system Hamiltonian responsible for the control dynamics, and Lµ

are operators that account for decoherence due to optical pumping. The solution

to that equation leads to the evolution, ρ(t) = Vt [ρ(0)], where Vt is a completely

positive and trace preserving superoperator map given by

Vt = T
(

exp

∫ t

0

Lτdτ
)
, (2.47)

which is analogous to the unitary evolution in Eq. 2.35.

The solution to the Heisenberg evolution is given by the adjoint map, O(t) =

V†t [O(0)], where

dV†t
dt

= V†tL
†
t . (2.48)

One might naively expect the Heisenberg equation, generalized to include the added

Lµ operators, would simply be

dO(t)

dt
= L†t [O(t)] , (2.49)
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but this is not generally true since V†t ◦ Lt 6= Lt ◦ V
†
t . The correct generalized

Heisenberg equation is [32]

dO(t)

dt
= V†t

[
L†t [O(0)]

]
. (2.50)

In solving for observables, the Oj’s will be transformed from d × d matrices to

vectors with d2 components, so that the Lt and Vt maps are d2 × d2 matrices. The

numerically integration of Eq. 2.47 is computationally expensive due to the fact that

Lt is a d2 × d2 matrix. In order to combat this issue the Hamiltonian will be made

piecewise constant over some reasonable duration, and we can simply exponentiate

the generator of the map. Using curved bra and ket notation in this superoperator

picture, we can then write the solution to Eq. 2.50 as

(Oj| = (O0| Vtj , (2.51)

where

Vtj+1
= eLtj∆tVtj , (2.52)

which is exact since the Hamiltonian, and thus Lt, is piecewise constant over the

interval ∆t.

2.5.3 Least Squares Estimation

In a least squares estimation procedure we find the state that minimizes the differ-

ence between the observed and simulated measurement records. To see this more

explicitly we begin with a density matrix,

ρ0 =
1

d
I +

d2−1∑
α=1

rαEα, (2.53)
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where {Eα} form an orthonormal basis of d2 − 1 traceless Hermitian matrices and

rα are real coefficients. The measurement record with this parametrization is

Mj =
d2−1∑
α=1

rαTr(OjEα) + σWj, (2.54)

or in matrix and vector notation,

M = Õr + σW, (2.55)

where the non-square matrix Õjα = Tr(OjEα). In general, this is an overdetermined

set of linear equations with d2 − 1 unknowns in r = {r1, ..., rd2−1}.

Under the assumption that W is a Gaussian random variable, we can write the

probability of acquiring some measurement record M, given the state r as

P(M|r) ∝ e−
1

2σ2 (M− eOr)T(M− eOr). (2.56)

This can be written in terms of the maximum likelihood solution, which is the least

squares solution under the assumption that W is a Gaussian,

P(M|r) ∝ e−
1
2

(r−rML)TC−1(r−rML), (2.57)

where

rML = (ÕTÕ)−1ÕTM, (2.58)

and C = σ2(ÕTÕ)−1 is the covariance matrix [32]. The eigenvectors of C−1 deter-

mine the directions in operator space that have been measured and the eigenvalues

are the square of the signal-to-noise ratio (SNR) of those measurements. When

the covariance matrix is full rank we thus have an informationally complete set of

observables.
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The least squares solution in Eq. 2.58 generally produces a non-physical density

matrix, in which case the fidelity is no longer real and bounded. It is critical that

the state estimation algorithm constrain the solution to be a real physical density

matrix. For that we include an extra step in the least squares estimation in which

we find the physical density matrix, ρ̄, that is closest to the unconstrained estimate.

The covariance matrix gives us a good metric to determine the distance between

these states [32],

‖rML − r̄‖2 = (rML − r̄)TC−1(rML − r̄). (2.59)

This distance metric takes into account the fact that certain directions in operator

space are not measured with equal SNR. This allows the algorithm to more freely

adjust the less certain components of ρ̄. To estimate the physical state we thus solve

the optimization problem

minimize ‖rML − r̄‖2

subject to

1

d
I +

d2−1∑
α=1

r̄αEα ≡ positive semidefinite, (2.60)

which can be solved using convex programming techniques since C−1 is positive

semidefinite and both the objective and constraint are convex functions.

2.5.4 Compressed Sensing Estimation

In most quantum information applications, pure states are used as a resource and so

it is important to be able to efficiently estimate those states. In compressed sensing

estimation the goal is to utilize the prior information that the state is pure, or nearly
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pure, which means the density matrix is well approximated by a low rank matrix

[33]. This method is closely related to the problem of matrix completion in which

a low rank matrix is estimated from a small sampling of its elements. The goal is

then to minimize the rank of the matrix to be completed, subject to the constraint

that the matrix is compatible with the observed sampling, but this minimization

has been shown to be NP hard. Under certain conditions, the rank of a matrix is

bounded by the trace norm (also referred to as the nuclear norm) [34],

‖A‖∗ = Tr
(√
A†A

)
, (2.61)

which is a convex function and can be minimized using standard convex program-

ming techniques.

In order to implement a compressed sensing algorithm in quantum state tomog-

raphy we begin with a new parametrization of the density matrix,

ρ0 =
d2−1∑
α=0

rαEα, (2.62)

where we have added the element, E0 = I/
√
d, to the set of {Eα} defined previously

in section 2.5.3, and the trace is thus r0

√
d. The expected measurement record for

a given state, ρ̄, is

M̄j =
d2−1∑
α=0

r̄αTr(OjEα), (2.63)

or in vector notation,

M̄ = Õr̄, (2.64)

where Õjα = Tr(OjEα) as before. We also utilize the fact that for a physical density
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matrix, Hermitian and positive semidefinite, the trace norm is simply the trace,

‖ρ‖∗ = Tr(ρ), (2.65)

which is proportional to r0 in the parameterization of Eq. 2.62. The compressed

sensing estimation procedure is thus

minimize r̄0

subject to
d2−1∑
α=0

r̄αEα ≡ positive semidefinite

and

(M− Õr̄)T(M− Õr̄) ≤ Nε, (2.66)

where N is the length of the measurement record, and ε is some error threshold

that must be chosen before the estimation and depends on the SNR and systematic

errors present in the experiment; this will be discussed further in chapter 5. The

estimated state, ρ̄, will not be properly normalized since the trace was allowed to

vary, and so the final estimate must be renormalized,

ρ̄→ 1

r̄0

√
d
ρ̄. (2.67)

The compressed sensing approach has two potential advantages over other state

estimation algorithms [33]. First, the method was constructed to be biased towards

pure states and so should utilize information more efficiently when dealing with

pure states. Second, compressed sensing has an inherent robustness against noise

and experimental imperfections. The least squares method fits to the data and
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any noise and errors present which ultimately damage the estimate, whereas the

compressed sensing estimate is only required to be consistent with the data to within

some error threshold ε. Experimental and numerical investigations of these potential

benefits will be presented in chapter 5.
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CHAPTER 3

EXPERIMENTAL METHODS

The theoretical foundations for the control and measurement of alkali atoms was

presented in chapter 2. This chapter will discuss the experimental implementation

of control and measurement schemes based on those foundations. We will begin with

a brief description of laser cooling and trapping and spin polarization via optical

pumping. The next section will discuss how we generate static, rf, and microwave

fields for control of the atomic spin state. We will then discuss the application of an

optical probe and the corresponding polarization spectroscopy setup, which allows

us to continuously measure an atomic spin observable. The final section will discuss

our Stern-Gerlach measurement tool.

3.1 Laser Cooling and Trapping

Every experiment in this thesis begins with cooling and trapping an ensemble of

cesium atoms using a combination of lasers and magnetic fields. In particular, we

use a magneto-optic trap (MOT) followed by polarization gradient cooling (optical

molasses). The theoretical details for this scheme can be found in [35] and the details

of the hardware implementation can be found in previous theses from this group

[36, 37]. Here we review only the features necessary to understand the experiments

presented in this thesis.
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A low pressure cesium vapor is housed inside an ultrahigh vacuum (UHV) cell.

The UHV cell is made entirely of quartz glass which allows for excellent optical

access and introduces no magnetizable material. A standard MOT traps a sample

of a few million atoms in a volume of ∼0.5 mm3 down to a temperature of ∼100 µK

in a couple seconds. The atoms are subsequently released from the trap and optical

molasses cools them further to ∼3 µK in about 10 ms. The atoms remain in free

fall for the remainder of all experiments, typically lasting less than 15 ms, during

which motional and collisional effects can be ignored.

3.2 Spin Polarization via Optical Pumping

Upon completion of the optical molasses phase of the experiment, the ensemble of

atoms is described by a mixed state contained in the F = 4 ground state subspace

(cooling and trapping takes place in that subspace). We would like to initialize all

of the atoms in the same magnetic eigenstate, a spin polarized state, because it is

easy to verify and work with.

We begin by applying a small static magnetic field along ŷ, which defines a

quantization axis and prevents any magnetic eigenstates in the ŷ basis from Larmor

precessing. We then send a pumping optical field, σ+ polarized and resonant with

the F = 4 → F ′ = 4 D2 transition, along ŷ. We also send a repumping optical

field, σ+ polarized and resonant with the F = 3 → F ′ = 3 D2 transition, along

−ŷ. The pumping and repumping beams are counterpropagating to balance the

radiation pressure. The pumping beam takes an atom initially in the F = 4 ground

state subspace and pumps it up to the F ′ = 4 excited state subspace. It then decays
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into either F = 3 or F = 4 and is subsequently pumped back up into F ′ = 3

or F ′ = 4 by the pumping or repumping beam, depending on which ground state

subspace it decayed into. Both beams induce transitions of ∆my = +1 and so this

process continues until an atom ends up in the state, |F = 4,my = 4〉, where there

is no longer any resonant transition with ∆my = +1. After a few ms, this process

takes about 98-99% of the atoms into the desired state, |F = 4,my = 4〉, with the

remaining atoms in nearby magnetic eigenstates. The limiting factors of this scheme

are due to polarization impurity and off-resonant transitions.

3.3 Generation of Magnetic Fields

All experiments described in this thesis use magnetic fields to manipulate the atomic

spin state, as described in section 2.2.2. The following subsections will discuss

the hardware, which can be seen in figure 3.1, used in generating static, rf, and

microwave fields. Details of the magnetic field characteristics (stability, calibration,

etc.) will be presented in chapter 4.

3.3.1 Static and RF Magnetic Field Generation

A static or rf magnetic field in a given direction is generated by an electrical current

flowing through a pair of square coils. The coils are connected in series so that

the current flowing in each coil has the same magnitude and direction, and the

overall geometry approximates the Helmholtz configuration to ensure that the field

is very homogeneous at the center of the coils where the atoms are located. Each of

three orthogonal directions has one set of large nulling coils for generating a static
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Figure 3.1: The central region of the experiment. (a) Two microwave gain horns
are directed towards the vacuum cell housing the atom cloud. (b) Control coils are
wrapped around a precision machined plexiglass cube. The larger nulling coils are
outside of this picture. The quartz glass vacuum cell containing the atom cloud,
nearly invisible, is located in the center of the plexiglass cube.
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magnetic field that cancels out the background lab field, and at least one set of

smaller control coils for the application of more precise and time-varying fields. The

nulling coils are connected to precision voltage sources which stabilize the current

though them allowing for accurate cancellation of the time-averaged background lab

field. The details of the method used to measure and cancel the background lab

field will be discussed in appendix C.

The control coils, 9 turns per coil, are wrapped around a precision machined

plexiglass cube to accurately define their orientation. Each coil pair is connected to

a Tabor 8026 arbitrary waveform generator which can supply arbitrary time-varying

voltages with a sampling rate up to 100 MHz. These waveform generators are either

connected in series with a 50 Ω resistor or a SRS SIM 954 amplifier depending on the

current and bandwidth requirements. The 50 Ω resistor configuration (see [20] for

more detail) is typically used for quasi-static fields, as in the experiments described

in appendices, and can generate fields up to ∼50 mG in a bandwidth of ∼450 kHz.

Due to the voltage limitation of the waveform generators, a modified configu-

ration is necessary to generate rf fields of comparable magnitude at the frequency

necessary for the experiments described in chapters 4 and 5. Here we remove the

50 Ω resistor which greatly reduces the voltage requirement and, unfortunately, also

reduces the bandwidth of the coil circuit. To partially compensate for the reduction

in bandwidth we use 3 turns per coil, thereby lowering the inductance and increasing

the bandwidth, although the bandwidth is still quite low, with a -3 dB rolloff at ∼25

kHz. The addition of the SRS amplifier gives us the voltage and current necessary

to produce an rf field at 1 MHz with ∼25 mG amplitude.
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While either configuration described in the preceding two paragraphs can gener-

ate static fields, they cannot generate the large and ultra-stable bias field necessary

for the experiments described in chapters 4 and 5. For this task we use an Arroyo

4304 current driver, designed to drive laser diodes, modified for our application.

The Arroyo has several desirable design features: ultra-stable, fast switching, and

high current. The Arroyo is, however, not designed to switch current through an

inductive load, but their engineers were able to custom modify the unit to handle

the modest inductive load, ∼40 µH, of the coils. Again, the 50 Ω resistor is removed

to reduce the voltage requirement. In this configuration, Arroyo connected to a coil

pair, we can generate a static field up to ∼3 G. The custom modification does hin-

der the switching and settling times of the Arroyo current source, and consequently

the field never stabilizes to the requisite ultra-stable 10 parts per million. In order

to further stabilize the field, an additional coil pair is included and connected to a

separate programmable voltage source. Any deviation of the field from the target

value can be measured and compensated for with the extra coil pair (see section

4.1.3 for more detail on stabilizing the bias field). With the extra compensating coil

pair, we can stabilize the bias field to 10 parts per million after an initial ∼7 ms

turn-on time.

3.3.2 Microwave Field Generation

In order to generate a microwave field at the location of the atoms that can be

arbitrarily modulated we use a chain of several off the shelf components, as shown

in figure 3.2. The microwave source is an ultra-stable HP 8672A synthesizer running
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Figure 3.2: Microwave chain

at fsource ≈ 9.2 GHz. The microwave signal first goes through a digital switch,

then a pre-amp, then into a mixer. The other mixer input port is connected to

a Tabor WW2571A arbitrary waveform generator running nominally at flow ≈ 30

MHz. The mixer is designed to be single sideband and so the output frequency

is fµW = fsource + flow with the other frequency components suppressed by 30 dB.

The Tabor WW2571A allows us to arbitrarily modulate the frequency, phase, and

amplitude of the lower frequency signal input to the mixer, which correspondingly

modulates the output signal of the mixer. The output of the mixer then goes through

a power splitter and each of the those two outputs go through a 4 W amplifier and

are finally radiated by microwave gain horns. Splitting the signal allows us to go

through two separate amplifier/horn pairs, which increases the total power radiated,

and also allows us to carefully align the horns to make the resulting intensity pattern

more spatially homogenous at the location of the atoms.

The microwave amplitude never stabilizes to better than 1% during the exper-

iment, and we believe this to be due to a settling in the amplifiers. In order to

stabilize the power, we switch the Tabor modulation signal on 7 ms before the con-
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trol portion of the experiment. The Tabor modulation signal is at flow = 27 MHz

during this period, and so the microwave field is at least 3 MHz detuned from any

atomic resonance and can be ignored. The microwave amplitude stabilizes to a few

percent after that 7 ms waiting period, and then we change the tabor modulation

frequency to bring the field into resonance. A small settling is still present after the

waiting period, and this must be compensated for by applying a small amplitude

modulation to the tabor modulation signal. After the 7 ms waiting period, and with

the compensating amplitude modulation, we can stabilize the microwave amplitude

to a tenth of a percent (see section 4.1.4 for more detail on microwave stabilization).

3.4 Optical Probe and Polarization Spectroscopy

The application of an off-resonant optical probe generates atomic spin dynamics and

allows us to continuously monitor an atomic spin observable. A detailed discussion

of the implementation can be found in previous theses from this group [20, 37] and

only the important features are presented here.

A linearly polarized optical probe field, Sin = S0[1, 0, 0], propagates vertically

along ẑ through the atom cloud so that the relative atom/probe position is un-

changed while the atoms are in free fall. Linear polarization ensures that the un-

wanted vector light shift in Eq. 2.27 is zero. The probe diameter is chosen to be

much larger than the atom cloud so that the intensity is homogeneous across the

atomic ensemble. The portion of the probe beam that interacts with the atoms is

imaged onto an iris preventing any unwanted light from being detected. The beam

is then split into orthogonal linear polarization components by a polarizing beam
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Figure 3.3: Schematic of optical probe and polarimeter.

splitter cube and sent to two ports of a balanced and amplified photodetector, which

measures the difference in the powers of the two polarization components. The beam

splitter cube is oriented 45◦ from the initial probe polarization so the probe is split

equally among the two ports when no atoms are present, giving zero signal. This

configuration measures the difference between the ê45 and ê135 polarization com-

ponents which is the S2 component of the Stokes vector. When needed, a quarter

waveplate can be added to convert circular polarization to linear so the beam splitter

cube splits the σ+ and σ− polarized components of the probe, giving a measurement

of the S3 component of the Stokes vector. Figure 3.3 shows a schematic of the probe

and polarimeter setup.

Under normal operating conditions the rotation angles of the probe Stokes vector

are very small, Θi � 1, and we can write the transformation of the Stokes vector as

Sout = Sin + Θ× Sin (3.1)

We achieve maximum sensitivity in the measurement when the polarimeter analyzes

a direction on the Poincare sphere orthogonal to the input. For horizontal input

polarization, Sin = S0[1, 0, 0], a measurement of the S2 component gives us the
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rotation angle about the S3 axis. That polarization rotation about the S3 axis,

Θ3 ∝ 〈Fz〉, is referred to as Faraday rotation and is thus a measurement of the

atomic magnetization 〈Fz〉. Polarization spectroscopy in that configuration will be

referred to as Faraday spectroscopy. A measurement of the S3 component gives

us the rotation angle about the S2 axis, Θ2 ∝ 〈FxFy − FyFx〉. These polarimetry

measurements can be used to monitor an atomic spin observable continuously and

in real-time, and will be utilized throughout this thesis.

Polarimetry measurements have two primary sources of noise, quantum fluc-

tuations of the probe intensity (shot noise) and technical noise in the detection

electronics (1/f noise). The resulting signal-to-noise ratio (SNR), defined as the

root mean square (RMS) noise fluctuation in the polarimeter output relative to the

largest measured value, is important in many experiments, and we must carefully

consider that when choosing a probe intensity (see section 5.1.2 for more details).

We also typically average many polarimetry signals and filter them to improve the

SNR.

3.5 Stern-Gerlach Measurement

An invaluable measurement tool used throughout this dissertation is a classic Stern-

Gerlach measurement. A detailed discussion of the implementation can be found

in previous theses from this group [36, 38] and only the important features are

presented here.

A large gradient magnetic field turns on and spatially separates the atom cloud

into sub-clouds based on their magnetic quantum numbers. The spatially separated
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Figure 3.4: Stern-Gerlach example signal. After laser cooling, each of the nine
magnetic sublevels in the F=4 subspace are equally populated. The mF=-4 atoms
pass through the resonant probe at the bottom of the vacuum cell first, traveling
faster, and the mF=+4 atoms reach the probe last, traveling slower.

atom clouds then fall through a resonant optical probe near the bottom of the

vacuum cell and a photodiode captures the fluorescence. The probe beam is actually

two co-propagating beams, resonant with the F = 3→ F ′ = 3 and F = 4→ F ′ = 5

D2 transitions, which allows us to detect atoms in all of the 16 magnetic eigenstates.

Turning off one of the two beams allows us to distinguish the two ground state

subspaces. The fluorescence signal contains several peaks of varying height, as shown

in figure 3.4, one for each of the magnetic quantum numbers. These peaks can be fit

to Gaussians and their relative population can be extracted, giving us the diagonal

elements of the single atom density matrix.
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CHAPTER 4

QUANTUM STATE MAPPING

The objective of quantum state mapping is to take an initial state and map it onto

some target state, |ψ0〉 → |ψtarget〉, by applying some set of control fields; we will

only discuss maps between pure states. While certain quantum states are easy to

map between, designing maps between any two arbitrary states is a non-trivial con-

trol problem. In this chapter, we will see an experimental realization of this control

task in the full 16-dimensional ground manifold of cesium using only magnetic fields.

We will begin with a review of the control Hamiltonian, the resulting dynamics, and

the methods for setting and calibrating the Hamiltonian parameters. The next sec-

tion will discuss the numerical design of magnetic field waveforms for performing

any arbitrary state map, and how robustness to field errors can be built into these

waveforms. We will then present experimental results from mapping between mag-

netic eigenstates. The final section will discuss benchmarking the average fidelity

of a selection of arbitrary state maps and present the corresponding experimental

results.

4.1 Control Hamiltonian

The initial state for all experiments described in this chapter is |F = 4,mz = 4〉,

unless otherwise noted. To prepare that state, we first prepare the state with max-
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imum spin projection along ŷ, |F = 4,my = 4〉, using optical pumping (see section

3.2). We then apply a pulsed magnetic field which rotates the state by π/2 about

x̂, giving us the state with maximum spin projection along ẑ. Immediately after

the π/2 rotation, a static bias field along ẑ is switched on, which prevents the state

from precessing due to the background magnetic field. After the bias field stabi-

lizes, we perform our control experiments. We recall the control Hamiltonian for our

system, Eq. 2.22, which contains the hyperfine interaction along with a magnetic

interaction, where the magnetic field consists of a static bias field, two rf fields, and

a microwave field,

H =
[3~Ω0

2
(1 + grel)−

25grel~2Ω2
0

2∆EHF

− ~
2

(∆µW − 7∆rf)
](
P (4) − P (3)

)
+Ω0(1 + grel)F

(3)
z +

grelΩ
2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)−∆rf

(
F (4)
z − F (3)

z

)
+

Ωx

2

[
cos
(
φx
)(
F (4)
x + grelF

(3)
x

)
− sin

(
φx
)(
F (4)
y − grelF

(3)
y

)]
+

Ωy

2

[
sin
(
φy
)(
F (4)
x − grelF

(3)
x

)
+ cos

(
φy
)(
F (4)
y + grelF

(3)
y

)]
+

ΩµW

2

[
cos(φµW)σx − sin(φµW)σy

]
. (4.1)

In order to understand the resulting dynamics and the methods for calibrating the

Hamiltonian parameters, we will examine the various pieces separately.

4.1.1 Bias Field Dynamics and Coarse Calibration

In the presence of a static bias field along ẑ and no rf or microwave fields, the

Hamiltonian is (Eq. 2.10)

H = Ω0

(
F (4)
z + grelF

(3)
z

)
+
grelΩ

2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)
, (4.2)
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where for clarity we have left out the frame transformation used in Eq. 2.14, and

we have ignored terms proportional to (P (4) − P (3)) as they do not contribute to

the spin dynamics since the F = 3 and F = 4 subspaces are decoupled. The first

term in the Hamiltonian is the linear Zeeman shift and results in the two ground

state subspaces Larmor precessing about ẑ with Larmor frequencies ω
(4)
L = Ω0 and

ω
(3)
L = grelΩ0. The second term in the Hamiltonian is the quadratic Zeeman shift

and causes the energy splittings between adjacent magnetic sublevels to be different

for each pair. The mean splitting is the Larmor frequency and beating of the other

frequencies causes a collapse and revival in Larmor precession.

We would like to use Faraday spectroscopy to monitor Larmor precession in real

time and coarsely set Ω0, but since the optical probe is directed along ẑ, giving us

a measurement ∝ 〈Fz〉, we get no signal in that geometry. In order to use Faraday

spectroscopy here, we apply the bias field along x̂ by connecting the bias current

source to the control coils oriented along x̂. We use an initial state with maximum

spin projection along ŷ, instead of ẑ, and so the atomic spins begin precessing im-

mediately after the bias field is switched on. Figure 4.1 shows experimental data

and numerical simulations of Larmor precession in that configuration. Fourier trans-

forming the Faraday spectroscopy signal in real time gives us a coarse measurement

of the Larmor frequency, and we can change Ω0 in real time until we are at the de-

sired value, Ω0 ≈ 2π×1 MHz. For a given electrical current, the control coils along

x̂ produce a ∼12 % smaller field than the coils along ẑ, and so when connecting

the bias current source to the ẑ control coils we use a smaller current to achieve

Ω0 ≈ 2π×1 MHz. In order to set Ω0 more accurately we must use the methods



62

Figure 4.1: Faraday spectroscopy signal of Larmor precession in the presence of a
static bias field of magnitude 2.85 G (Ω0 = 2π × 1.00 MHz) oriented along x̂. Atoms
initially in the state |F = 4,my = 4〉 precess about x̂, with a collapse and revival
due to the quadratic Zeeman shift. Part (a) shows raw experimental data (red),
(b) shows filtered experimental data (blue), and (c) shows a numerical simulation
(green). The overall decay of the experimental data is due to light scattering and
inhomogeneous broadening of the bias field across the atomic ensemble.

discussed in the next section.

4.1.2 RF Field Dynamics and Calibration

With a static bias field and two orthogonal rf fields, the Hamiltonian is

H = Ω0(1 + grel)F
(3)
z +

grelΩ
2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)−∆rf
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z − F (3)
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)
+

Ωx

2

[
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(
φx
)(
F (4)
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(3)
x

)
− sin

(
φx
)(
F (4)
y − grelF

(3)
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)]
+
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2

[
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(
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)(
F (4)
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(3)
x

)
+ cos

(
φy
)(
F (4)
y + grelF

(3)
y

)]
, (4.3)

where we have ignored the terms in Eq. 4.1 proportional to (P (4)−P (3)) as they do

not contribute to spin dynamics since the two ground state subspaces are decoupled.
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We now consider the dynamics in the F = 4 hyperfine subspace with only one non-

zero rf amplitude (Ωy = 0). In that case the Hamiltonian is

H =
grelΩ

2
0

∆EHF

F (4)
z

2 −∆rfF
(4)
z +

Ωx

2

[
cos
(
φx
)
F (4)
x − sin

(
φx
)
F (4)
y

]
. (4.4)

We can see that in the rotating wave approximation, the rf field is effectively a

static field in the [cos
(
φx
)
x̂ − sin

(
φx
)
ŷ] direction with magnitude Ωx/2. Similar

analysis shows that when Ωx = 0 and Ωy 6= 0 the effective static field is in the

[sin
(
φy
)
x̂+ cos

(
φy
)
ŷ] direction with magnitude Ωy/2.

We now discuss a method using Faraday spectroscopy to coarsely set the pa-

rameters, {Ω0,∆rf ,Ωx,Ωy}, in the Hamiltonian. We start with only one non-zero rf

field, Ωy = 0, set the phase to zero, φx = 0, and set the rf frequency very accurately

using a programmable waveform generator, ωrf = 2π × 1.000000 MHz. The atoms,

initially in |F = 4,mz = 4〉, will Larmor precess at the rate ωL =
√

∆2
rf + Ω2

x/4 and

undergo a collapse and revival. We look at the Fourier transform of the Faraday

spectroscopy signal and change the value of Ω0 until ωL is minimized, thereby min-

imizing ∆rf = ωrf − Ω0 and setting Ω0 ≈ 2π× 1 MHz. Once Ω0 and ∆rf are set, we

can set the value of Ωx by simply looking at the peak in the Fourier transform while

changing the applied rf voltage, which gives us a calibration factor that converts

the applied voltage to field amplitude. We then repeat this process for Ωy. This

procedure gives us a coarse calibration of the values of {Ω0,∆rf ,Ωx,Ωy} and does

not need to be performed every day. A more accurate calibration method, however,

must be used every day before the experiment is run.

To set Ω0 and ∆rf more accurately, we use a pulsed rf field followed by a Stern-

Gerlach measurement. We apply a T = 1 ms duration pulse with Ωx = 2π × 1 kHz
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Figure 4.2: RF detuning measurement. The |4,−4〉 population after the 1 ms pulse
is maximized when ∆rf is minimized. The curves are numerical simulations with a
bias field spread δΩ0/2π = {0 Hz (red), 50 Hz (blue), and 75 Hz (green)}. Black
circles are experimental data. The maximum population transfer is smaller than
one due to the presence of the quadratic Zeeman shift. An error in rf amplitude,
Ωx, lowers the maxima of the curves but does not translate them along the detuning
axis.

and Ωy = 0 and so the precession frequency is Ωx/2 = 2π × 0.5 kHz. That pulse is

close to a π rotation when ∆rf = 0, though the non linear Zeeman shift prevents this

from ever being a perfect π rotation. While looking at the Stern-Gerlach signal, we

change Ω0 to maximize the population transfer from |4, 4〉 to |4,−4〉 which minimizes

∆rf and equivalently sets Ω0 = ωrf . An error in Ωx lowers the maximum population

transfer, which still occurs at ∆rf = 0, and so the method is robust to errors in Ωx.

Figure 4.2 shows experimental data and numerical simulations from this procedure.

The resolution of the method is determined by the width of the maxima at ∆rf =

0, which decreases with decreasing Ωx. Using Ωx = 2π × 1 kHz keeps the pulse

duration short and allows us to set Ω0/2π = 1 MHz with ∼20 Hz accuracy. The

dynamics during that pulse are also sensitive to any variation in ∆rf across the
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atomic ensemble. The applied rf frequency is precisely known and very constant

across the ensemble, and so any ensemble variation in ∆rf is due to the variation

in Ω0, δ∆rf = δΩ0. We assume that Ω0 follows a Gaussian distribution across the

ensemble, and estimate from the data in figure 4.2 that δΩ0 ≈ 2π × 75 Hz.

The procedure used to set Ωx and Ωy also uses a pulsed rf field followed by

a Stern-Gerlach measurement. This method must be performed after accurately

setting Ω0 and ∆rf because any error in those parameters will affect the accuracy

of the method. For all the control experiments, Ωx = Ωy = 2π × 9 kHz, which is

where we want to set the values. We apply a T = 111.1 µs duration pulse with

Ωx = constant and Ωy = 0, which is closest to a π rotation when Ωx = 2π × 9

kHz. Here ∆rf has a negligible effect on the dynamics since Ωx � ∆rf . We change

Ωx to maximize the population transfer from |4, 4〉 to |4,−4〉 which occurs when

Ωx = 2π× 9 kHz. This procedure is repeated for Ωy and allows us to set Ωx and Ωy

with ∼1% accuracy.

4.1.3 Bias Field Stabilization

The bias field current source, and thus the field produced by that source, relaxes a

small amount during the experiment. In order to produce a bias field that is stable

to 10 parts per million we therefore include a second compensation field. The total

field produced by the bias current source and the compensation field can then be

stabilized to the required level.

In order to measure how much the bias field relaxes, we adapt the method

described in the previous section that uses a 1 ms rf pulse followed by Stern-Gerlach
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Figure 4.3: Bias field stabilization. The red circles are the residual bias field without
compensation, Ω(t)/2π. The red curve is the negative of the applied compensation
field, and is composed of three linear ramps with slopes {225,110,78} Hz/ms and
durations {1.5,1,1.5} ms. The black diamonds (and dashed line) are the residual
bias field with the compensation field. The standard deviation of the bias field with
compensation is 5 Hz.

analysis for accurately setting Ω0. Instead of changing Ω0 to minimize ∆rf , we

change ωrf . Ω0 = ωrf when ∆rf is minimized, which allows us to determine the value

of Ω0 with 1 ms time resolution. We repeat this procedure in a sequence of windows

shifted in time to build up a measurement of the relaxation of the bias field. The

measured bias field has the form Ω0+Ω(t) and we apply a compensation field, −Ω(t),

with an additional Helmholtz coil. We determine the residual field with the same

measurement and we find that we can produce a field that is stable to less than 10

Hz. Figure 4.3 shows the bias field with and without compensation.
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4.1.4 Microwave Field Dynamics and Calibration

With a static bias field and a microwave field, the Hamiltonian is

H =
[3~Ω0

2
(1 + grel)−

25grel~2Ω2
0

2∆EHF

− ~∆µW

2

](
P (4) − P (3)

)
+Ω0(1 + grel)F

(3)
z +

grelΩ
2
0

∆EHF

(
F (4)
z

2 − F (3)
z

2)
+

ΩµW

2

[
cos(φµW)σx − sin(φµW)σy

]
. (4.5)

We examine only the microwave coupled subspace spanned by |4, 4〉 and |3, 3〉. In

that subspace the Hamiltonian is

H =
ΩµW

2

[
cos(φµW)σx − sin(φµW)σy

]
− ∆µW

2
σz, (4.6)

where σz = ~(|4, 4〉〈4, 4|−|3, 3〉〈3, 3|). The density matrix for any state in this d = 2

subspace can be written as ρ = 1
2
(I + w · σ/~), where I = |4, 4〉〈4, 4| + |3, 3〉〈3, 3|

and σ = [σx, σy, σz]. The vector w = [〈σx〉, 〈σy〉, 〈σz〉]/~ is the Bloch vector and lives

in the Bloch sphere. The operators {σx, σy, σz} are angular momentum operators

and so the Hamiltonian in Eq. 4.6 generates rotations of the Bloch vector on the

Bloch sphere. For constant microwave amplitude, phase, and detuning, the Bloch

vector will precess at the generalized Rabi frequency χ =
√

Ω2
µW + ∆2

µW, referred to

as Rabi oscillation.

We now discuss the method used to coarsely calibrate the microwave parameters,

ΩµW and ∆µW, using Faraday spectroscopy. We apply a microwave field with con-

stant amplitude, phase, and detuning, and monitor Rabi oscillation continuously and

in real-time. The optical probe is set ∼500 MHz detuned from the F = 3→ F ′ = 3

D1 transition and thus ∼10 GHz detuned from the F = 4→ F ′ = {3, 4} D1 transi-
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tions. The Faraday signal is M(t) = κ(3)〈F (3)
z 〉+κ(4)〈F (4)

z 〉, where the coefficient κ(3)

is approximately 10 times larger than κ(4) for the chosen probe parameters. With

that configuration the signal is a sinusoid taking on its maximum value when the

atoms are in |3, 3〉 and its minimum value when the atoms are in |4, 4〉, and the peak

in the Fourier transform is at the generalized Rabi frequency, χ. We minimize χ by

changing the applied microwave frequency, ωµW, which sets the detuning ∆µW ≈ 0.

Once the detuning has been minimized we can set the microwave amplitude using

χ ≈ ΩµW. This rough calibration process remains a good starting point for several

weeks, however, a more accurate calibration must be done every day before the

experiment is run.

In order to accurately set ∆µW = 0 we use a spin echo technique where we

apply a series of alternating ±π rotations, a so-called pi-rotary-echo, followed by a

Stern-Gerlach measurement. Here we set ΩµW ≈ 2π × 27.5 kHz and alternate the

microwave phase between 0 and π in a piece-wise constant manner. Each pulse with

φµW = {0, π} has a duration τ = 18 µs and is very close to a ±π rotation about x̂

in the Bloch sphere. The pulse sequence is designed to be robust against errors in

ΩµW. When ∆µW = 0 all the population returns to |4, 4〉 after 2N pulses regardless

of ΩµW, however, a small error in ∆µW will cause population to accumulate in

|3, 3〉. By repeatedly applying this pulse sequence and measuring the final |3, 3〉

population, we can change the applied microwave frequency to minimize the final

|3, 3〉 population and thus set ∆µW ≈ 0. Figure 4.4 shows experimental data and

numerical simulations from this procedure. The resolution of the method is limited

by the width of the minima at ∆µW = 0, which decreases with increasing number
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Figure 4.4: Microwave detuning measurement. The |3, 3〉 population after 30 ±π
pulses is minimized when ∆µW = 0. The curves are numerical simulations with bias
field spread δΩ0/2π = {0 Hz (red), 30 Hz (blue), and 60 Hz (green)}. Black circles
are experimental data.

of pulses. Using 30 pulses, T = 540 µs, we can set ∆µW/2π = 0 with ∼200 Hz

accuracy. It is important to note that there are several minima in the final |3, 3〉

population other than at ∆µW = 0, and it is therefore necessary to perform this

method several times with an increasing number of pulses in the sequence. We first

use 2 pulses, so that the width of the central minima is very wide, and our initial

coarsely set ∆µW is closest to the central minima, then we incrementally work our

way up to 30 pulses. This procedure is also sensitive to any ensemble variation in

∆µW, which gives us a way to estimate δΩ0 independent from the method discussed

in section 4.1.2. Here, we use the fact that the applied microwave frequency has no

spatial variation, δωµW = 0, and we also use δ(Ω2
0/∆EHF) � δΩ0 and grel ≈ −1.

Substituting those into ∆µW = ωµW−∆EHF/~ + 7grel~Ω2
0/∆EHF− (4− 3grel)Ω0, we

find that δ∆µW ≈ 7δΩ0. Using this method we estimate from the data in figure 4.4
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that δΩ0 ≈ 2π× 30 Hz, which is 2 1/2 times smaller than the estimate from section

4.1.2. That discrepancy has never been fully understood.

The procedure to accurately set the microwave resonant Rabi frequency, ΩµW,

uses a pulsed microwave field followed by a Stern-Gerlach measurement. This

method must be used after we have set ∆µW = 0 because any error in ∆µW will

affect the accuracy of the method. We want to set ΩµW = 2π × 27.5 kHz, which is

near the maximum we can achieve and will be the operating point for the remainder

of this chapter. We apply a microwave pulse with constant amplitude, phase, and

detuning for 200 µs which corresponds to an 11π rotation when ΩµW = 2π × 27.5

kHz. We then change the amplitude of the microwave field until the population in

|4, 4〉 after the pulse is minimized, which allows us to set ΩµW = 2π× 27.5 kHz with

an accuracy of 1%.

The microwave amplitude has a small time-dependent settling that must be

compensated for. To determine how the amplitude settles we use the Faraday spec-

troscopy measurement, described earlier in this section, after we have minimized the

detuning. We apply a constant amplitude, phase, and frequency microwave field and

a acquire a Rabi oscillation signal. Offline, we break the signal up into short seg-

ments of a few hundred µs duration and fit a sinusoid to each segment, giving us

a measurement of the Rabi frequency versus time. The microwave detuning has

already been minimized, and so the the observed oscillation frequency is equal to

the resonant Rabi frequency, ΩµW, in a given segment. We fit a convenient function

to find ΩµW(t), and eliminate the time dependence of ΩµW(t) by correspondingly

modulating the amplitude of the Tabor arbitrary waveform generator signal that is
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Figure 4.5: Microwave field stabilization. The red circles indicate the residual
microwave amplitude without compensation. The red curve is a fit to the data,
89 + 270ln(t + 0.5) Hz/ms with t in ms, which is used as the compensating am-
plitude modulation. The black diamonds (and dashed curve) indicate the residual
microwave amplitude with compensation. The standard deviation of the microwave
amplitude with compensation is 14 Hz.

mixed into the microwave drive. We determine the residual microwave amplitude

with the same measurement and we find that we can stabilize the field amplitude to

0.1%. Figure 4.5 shows the microwave amplitude with and without compensation.

4.2 Design of Control Waveforms

The control objective is to map an initial state onto some target state, |ψ0〉 →

|ψtarget〉, in a time T by appropriately modulating some set of parameters in the

Hamiltonian (Eq. 4.1). As discussed in chapter 2, phase modulation of the rf and

microwave fields gives full controllability for our system. Our problem then is to

find a set of time-dependent phases, {φx(t), φy(t), φµW(t)}, that result in the desired

state map after time T , which is a type of optimization problem.



72

Mathematical optimization (see [39] for an introduction) is a process by which

a function is maximized (or minimized) by iteratively choosing input values and

updating the value of the function. For a function of n variables, f(b) where b is

an n-dimensional vector, unconstrained optimization is the following process:

find b0

such that f(b0) ≥ f(b)

for all b ∈ Rn

The function f is often referred to as the objective function. The objective function

may have several local extrema and so the optimization process is used only to find

a local maximum. There is no universal optimization algorithm, instead there are

many different algorithms that are tailored for various kinds of situations in which

the objective function has specific properties. It is therefore important to carefully

choose which optimization algorithm to use, as a bad choice may result in slow

convergence or failure to find a solution at all.

In order to find a set of time-dependent phases that result in a desired state map,

we seek to maximize the fidelity between the target state and the time-evolved

initial state. The objective function in that optimization problem is the fidelity,

which is a function of the rf and microwave phases, F(b) = |〈ψ(T,b)|ψtarget〉|2,

where b = {φx,i, φy,i, φµW,i} is the set phases which are specified at discrete times.

The objective function for this type of optimization problem has been shown to

exhibit a generally trap-free landscape, with no sub-optimal maxima or minima [40],

even in the presence of modest constraints such as those present in our experiment.
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Consequently, we have found that several different optimization algorithms work

efficiently for this problem.

We use the Matlab optimization toolbox to find control waveforms,

{φx,i, φy,i, φµW,i}, that maximize the fidelity for a desired state map. The objec-

tive function takes in a set of phases and first calculates the evolved state by in-

tegrating the Shrodinger equation and then computes the fidelity. The optimizer

(the fminunc function in Matlab) starts with an initial random set of phases, and

iteratively updates them until a locally optimal set is found and the fidelity is max-

imized. We keep the phases piece-wise constant, which greatly improves the speed

of the Shrodinger integration since the time evolution of the state can be found by a

simple matrix exponentiation, |ψ(t + ∆t)〉 = e−iH(t)∆t/~|ψ(t)〉. The transformation,

|ψ0〉 → |ψtarget〉, can always be uniquely specified by 2d − 2 = 30 real numbers.

To ensure that we have the control and flexibility necessary to produce any desired

state map, we specify the phases at discrete times such that we always have at least

40 independent parameters. Figure 4.6 shows an example control waveform found

using the optimizer, along with time-evolved density matrices.

When there are no errors in the applied fields, the numerical optimization con-

sistently results in fidelities above 0.999 for any arbitrary state map with control

time T = 210 µs. The real experimental fields always have imperfections and errors

which can result in a state map fidelity much lower than 0.999. To combat this

issue, we would like to extended the numerical optimization procedure to find lo-

cally optimal control waveforms that are robust against errors in applied fields. The

design of robust control waveforms has been studied in the context of NMR systems
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fidelity at T = 210µs is greater than 0.999.
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[41] and neutral atom qudits [42], though little is know about how the optimization

landscape changes in those cases. We have found that the optimization landscape

appears to maintain the trap-free topology as long as the evolution time and the

number of control parameters is increased. To design robust control waveforms,

we maximize the fidelity averaged over a properly normalized distribution of field

parameters, Favg =
∫
P (a)|〈ψ(a,b, T )|ψtarget〉|2da, where a is the set of field param-

eters we average over and b is the set of control phases. In practice we average over

three values of the bias field, {Ω0,Ω0 ± ∆Ω0}, and three values of the microwave

amplitude, {ΩµW,ΩµW±∆ΩµW}, where ∆Ω0 = 2π× 100 Hz and ∆ΩµW = 2π× 140

Hz, which are both slightly larger than the estimated variations across the atomic

ensemble. We use a uniform probability distribution, as opposed to the expected

Gaussian distribution, which gives protection against ensemble inhomogeneities as

well as constant offsets in the values of Ω0 and ΩµW. Averaging the fidelity over

a distribution of Hamiltonians slows down the optimizer, and using such a coarse

sampling of the distribution limits the slowdown; we have found that the local opti-

mum is still a good solution when using the expected Gaussian distribution sampled

more finely. We are also forced to extend the evolution time from T = 210 µs to

T = 300 µs to ensure that the optimizer converges to a solution with Favg > 0.99.

For more details on the numerical optimization code used to find control phases

for a desired state map, see appendix A.
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4.3 Mapping to Magnetic Eigenstates

A first test for the state mapping protocol is to map from our initial state to each

of the 16 magnetic eigenstates, |4, 4〉 → |F,m〉. Upon completion of a state map we

do a Stern-Gerlach measurement, which allows us to determine the populations of

the 16 magnetic eigenstates in the time-evolved state. The fidelity is the population

in the target magnetic eigenstate of the time-evolved state.

Figure 4.7 shows a sample of Stern-Gerlach signals after mapping to each of the

16 magnetic eigenstates. The actual initial state is a statistical mixture of |4, 4〉

and neighboring magnetic eigenstates (see section 3.2), ρinitial ≈ 0.98|4, 4〉〈4, 4| +

0.02|4, 3〉〈4, 3|, and so we cannot achieve a fidelity greater than 0.98. The Stern-

Gerlach measurement has an estimated uncertainty ∼ 0.01 and we therefore expect

any measured fidelities above 0.99 to be very rare. Figure 4.8 shows a histogram of

fidelities for 32 robust state maps and 32 non-robust state maps, each set contain-

ing two state maps for each magnetic eigenstate designed in separate runs of the

optimizer. The robust state maps perform better than the non-robust state maps

with an average fidelity of 0.97 and 0.96 respectively.
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Figure 4.7: Stern Gerlach signals after mapping to each of the magnetic eigenstates.
States with the same magnetic quantum number m from different F subspaces
appear on opposite sides of the m = 0 state due to the opposite sign g-factors.
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Figure 4.8: Histogram of state maps to magnetic eigenstates using control wave-
forms with (a) and without (b) robustness in the design. The average fidelity is 0.97
and 0.96 in (a) and (b) respectively.

4.4 Mapping to Random Pure States

In order to test the state mapping protocol on a sample of random states, we must

first determine how to numerically generate a collection of uniformly distributed

random pure states. The task of generating a uniformly distributed set of random

pure states is equivalent to sampling points randomly from a sphere, and the uniform

probability measure on a sphere is the Haar measure. To find a Haar-random state,

we create a state vector in which each of the d real and imaginary components are

sampled from a Gaussian distribution with zero mean and unit variance. The state

vector is then normalized and the result is a state that is random with respect to
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the Haar measure [43].

We previously used Stern-Gerlach analysis to determine the state mapping fi-

delity when mapping to magnetic eigenstates. Unfortunately, Stern-Gerlach analysis

will not allow us to measure the fidelity of a Haar-random state. In order to de-

termine how well we can map between any two arbitrary states we will employ

a procedure inspired by randomized benchmarking of quantum gates [44]. That

benchmarking protocol was designed to accurately measure the fidelity of single

qubit quantum gates, independent of any errors in initialization or measurement of

the qubit. The benchmarking procedure begins by applying a sequence of quan-

tum gates, designed so that in the absence of any errors the qubit ends up in an

eigenstate of σz. After the final gate is applied, a measurement of σz is performed.

If the result is such that the qubit is in the correct eigenstate, a fidelity of one is

recorded, and if the qubit is in the other eigenstate a fidelity of zero is recorded.

This process is repeated for many different sequences with different lengths, and the

results are averaged together. Each sequence has a one-time error in initialization

and measurement, and thus the average difference in fidelity between a sequence of

N and N + 1 gates is nearly independent of those errors, instead depending only on

the average single gate error. Randomized benchmarking has proven very useful in

accurately measuring the fidelity of high fidelity quantum gates.

Our procedure for randomized benchmarking of state maps will use several se-

quences of state maps that always begin and end with the state |4, 4〉. The fidelity

after a sequence can thus be measured using Stern-Gerlach analysis. The first state

map in a sequence will be referred to as the initialization map, and last state map
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in a sequence will be referred to as the read-out map. In between the initialization

and read-out maps we perform a sequence of N state maps, and so the full sequence

is

|ψi〉
init−→ |ψ0〉 → |ψ1〉 → ··· → |ψN〉

read−→ |ψi〉, (4.7)

where |ψi〉 = |4, 4〉. Several such sequences with variable number of state maps are

implemented, and the average fidelity as a function of N is found by averaging over

all of the sequences, and is

F(N) =
1

16
+

15

16
(1− 16

15
η0)(1− 16

15
η)N . (4.8)

It is instructive to consider two limits to that equation. If we Taylor expand and

keep terms linear in η0 and η we have

F(N) = 1− η0 −Nη. (4.9)

We see that for small errors the fidelity drops by η after each state map, and η0

is a constant offset in fidelity. We thus identify η as the error per state map while

η0 is the error in initialization/read-out. As N grows large the fidelity relaxes to

1/16. This is to be expected since the error per state map will have compounded

enough to produce a random output state which has average fidelity 1/d = 1/16

with respect to any pure state.

4.4.1 Numerical Investigation of Randomized Benchmarking

Equation 4.8 assumes the fidelities of successive state maps are independent random

variables, and the that the overall fidelity of N successive state maps is therefore
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the product of the N individual fidelities. We will investigate the validity of that

assumption with a numerical experiment. Our goal is to show that, on average,

the error per state map does not depend on the number or nature of preceding

state maps. In order to demonstrate that, we will numerically simulate the random-

ized benchmarking procedure using several different sequences of state maps, in the

presence of several different sets of errors in applied fields.

The numerical experiment uses ten different sequences of state maps of the form

in Eq. 4.7. Each sequence contains N = 4 state maps between Haar-random

states, for a total of 40 state maps (not including the initialization and read-out

maps). We assume a single, realistic initialization error so that the initial state is

ρi = 0.98|4, 4〉〈4, 4| + 0.02|4, 3〉〈4, 3|. We average the fidelities for each of the ten

sequences and fit the function in Eq. 4.8 to extract the error per state map, η. We

also evolve each state map independently, with no initialization error and not in

sequence, and average the 40 actual state map errors, η̄, and compare that to η.

Figure 4.9 shows an example using the errors: ∆rf/2π = 20 Hz, ∆µW/2π = 200 Hz,

and fractional offsets of 0.99, 1.01, and 1.02 in Ωx,Ωy, and ΩµW. In that example,

the average of the 40 actual state map errors is η̄ = 0.01, and the error from

the benchmarking fit is η = 0.0104 ± 0.0006, where the error is statistical and is

calculated by the fitting algorithm (fit in Matlab).

The numerical experiment is repeated for 21,609 different sets of errors formed

by all possible combinations of: ∆rf/2π = {−40,−30, ..., 30, 40} Hz, ∆µW/2π =

{−300,−200, ..., 200, 300} Hz, and fractional offsets of {0.97, 0.98, ..., 1.02, 1.03} in

Ωx,Ωy, and ΩµW. From that large set of errors, 12,133 are thrown out as they result
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Figure 4.9: Example of a numerical simulation of randomized benchmarking. The
circles and dashed curves are examples of three single sequences of state maps. The
black diamonds are the average of all 10 sequences from that numerical experiment,
and the black curve is a fit to the function in Eq. 4.8.

in an average state map error greater than 0.05 which is substantially larger than

what is seen in the data in section 4.4.2; using a different error cutoff changes the

results very little. A histogram of the fractional difference in the state map errors, η

and η̄, is shown in figure 4.10. The histogram shows that the error calculated from

the benchmarking fit is larger than the actual state map error by 25% on average,

with a standard deviation of 34%. If we instead use an error cutoff of 0.1 or 0.02,

the error calculated from the benchmarking fit is 33% or 24% larger than the actual

state map error respectively, both with standard deviations of 36%. This suggests

that the benchmarking fit provides a reasonably accurate estimate of the average

error per state map, and sets a good upper bound on that error.
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4.4.2 Experimental Results of Randomized Benchmarking

We have experimentally tested 10 sequences of state maps of the form in Eq. 4.7

where the initial state is |4, 4〉 and all other states are Haar-random. Each sequence

has N = 4 state maps, and we have designed robust and non-robust versions of each

sequence, giving us a total of 80 state maps between Haar-random states. Figure 4.11

shows the average fidelity versus state map number for both robust and non-robust

sequences. The error per state map from the benchmarking fit is η = 0.0089±0.0005

with robustness designed into the control waveforms and η = 0.023± 0.003 without

robustness. The uncertainty is statistical and is calculated in the fitting algorithm.

Based on the numerical data in figure 4.10, the actual state map errors may be 25%

smaller.
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Figure 4.11: Experimental results of randomized benchmarking of state mapping.
We have an error η = 0.0089± 0.0005 for robust state maps and η = 0.023± 0.003
for non-robust state maps.

4.5 Summary

We have presented an experimental realization of a control scheme that gives com-

plete controllability of the entire hyperfine ground manifold of alkali atoms using

only magnetic fields. Using that control scheme, we have demonstrated the ability

to map between any two arbitrary states in the full 16-dimensional ground manifold

of cesium. That control scheme has several important advantages over previously

demonstrated protocols for manipulating atomic spins. First, the scheme gives full

controllability over the entire hyperfine ground state of an alkali atom, whereas a

previous control protocol was restricted to a single hyperfine subspace [27]. Second,

the scheme eliminates the need for an optical field, and therefore has no decoherence

associated with photon scattering as was present in [18, 27].
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To measure the fidelity of arbitrary state maps with good accuracy, we have

developed a protocol inspired by randomized benchmarking of quantum gates. Us-

ing a simple numerical optimization process, we can design robustness into control

waveforms, which reduces the measured error per state map by a factor of ∼ 2 1/2

and allows us to achieve an average fidelity greater than 0.99 in our experiment.
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CHAPTER 5

QUANTUM STATE TOMOGRAPHY

The goal of quantum state tomography is to obtain an estimate of an unknown quan-

tum state based on a series of measurements performed on an ensemble of identical

copies of the state. Identical copies are obtained by preparing each member of the

ensemble using the same physical process. Information is acquired by measuring

some set observables {Oj} many times, until one has determined the expectation

(or mean) values, {Mj}, for each observable.

In this chapter, we present an experimental realization of quantum state to-

mography in which we accurately estimate the density matrix describing individual

members of an ensemble of identically prepared cesium atoms. We begin with a

review of how we use a continuous measurement in combination with dynamical

control to acquire a measurement record, {Mj}, from such an ensemble. The next

section will discuss how we accurately estimate all the parameters in the full model,

and determine the measured observables, {Oj}. The final two sections will present

experimental results from several quantum state tomography experiments. In par-

ticular, we will compare the performance of the least squares and compressed sensing

state estimation algorithms that were discussed in section 2.5. A detailed discussion

of the theoretical and computational background for this chapter can be found in

the thesis of Carlos Riofŕıo [26], who along with Ivan Deutsch, contributed greatly
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to this work.

5.1 Continuous, Weak Quantum Measurement

In order to acquire information about the quantum state of an ensemble of cesium

atoms, ρ0, we utilize Faraday spectroscopy in combination with dynamical control.

Faraday spectroscopy measures an observable of the form

OF = κ(3)F (3)
z + κ(4)F (4)

z , (5.1)

where the relative strength of κ(3) and κ(4) are determined by probe parameters.

We record a continuous measurement signal, M = 〈OF(t)〉 = Tr[OF(t)ρ0], as we

dynamically evolve the atomic ensemble using phase-modulated rf and microwave

fields. The full evolution of the system is governed by a master equation, see section

2.5.2, which depends on the Hamiltonian (Eq. 2.22) and probe parameters.

In the Heisenberg picture, the state of the atomic ensemble is stationary in time

whereas the measured observable is time dependent and evolves according to

O(t) = V†t [O(0)] , (5.2)

where V†t is a superoperator map, and O(0) = OF. The measurement record is

discretized by a computer data acquisition setup which gives us a system of equations

that must be inverted to solve for ρ0,

Mj = Tr(Ojρ0) + Noise. (5.3)

The data acquisition digitizes the measurement record at a sampling rate of 1 MHz,

and so the time between Mj and Mj+1 is 1 µs.
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5.1.1 Informational Completeness of the Measured Observables

In order for Eq. 5.3 to be invertible, the observables must form an informationally

complete set. A sufficient condition for an informationally complete set is that the

observables span the Lie algebra su(d). The superoperator map that determines

the evolution of the observables is a functional of the rf and microwave phases,

V†t = V†[φx(t), φy(t), φµW(t)], and so we must choose phase waveforms that result in

a set of observables that span su(d). It is unknown how to find phase waveforms

that generate an informationally complete set of observables in the shortest possible

time, however, a random modulation of the phases will almost always generate an

informationally complete set [32]. We restrict the phases to be piece-wise constant,

as was the case in state mapping, and we use one fixed set of randomly generated

phase waveforms in all tomography experiments.

There are d2−1 generators for the Lie algebra su(d), and so we need a minimum

of 255 observables to form an informationally complete set. In our case the mea-

sured observables are not orthogonal due to the finite rate of evolution, and so the

observables measured during the first 255 time steps do not form an informationally

complete set. Furthermore, due to the presence of noise and other experimental

uncertainties, an informationally complete set is not necessarily sufficient to allow

accurate state estimation. The optimal number of measured observables will thus

have to be experimentally determined, and in general depends on the signal-to-noise

ratio (SNR) in the measurement along with other experimental imperfections, see

section 5.4 for more detail.
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5.1.2 Probe Parameters

The choice of probe parameters (intensity, detuning, and polarization) is important

and depends on several considerations. First, we would like to maximize the SNR

in the measurement (see section 3.4) while minimizing probe induced decoherence.

The SNR, however, is proportional to the photon scattering rate [45], and so we

can never maximize the SNR while minimizing the decoherence rate. Second, the

probe intensity is inhomogeneous across the atomic ensemble, and so the intensity

distribution will have to be accounted for to model the probe-driven dynamics. The

intensity distribution is difficult to determine, which causes a discrepancy between

the model and the experiment, and ultimately hinders the performance of quan-

tum state tomography. In choosing probe parameters we must thus make some

compromises.

We choose a nominal probe intensity of 1.2 mW/cm2, which is readily achievable

in the lab, and a probe frequency that is close to resonance with the F = 3→ F ′ = 3

D1 transition. The exact frequency is 438 MHz blue detuned from that transition,

and is chosen so that the scalar light shift of the F = 3 ground state subspace is

zero. The scalar light shift of the F = 4 ground state subspace is very small at

that probe detuning, since the nearest F = 4→ F ′ transition is ∼9.2 GHz detuned,

and so any intensity inhomogeneity has negligible effect on the scalar light shifts

of the two ground state subspaces. We use linear polarization to ensure that the

vector light shift is zero. A tensor light shift is still present, as there is no detuning

that eliminates both scalar and tensor light shifts. The intensity inhomogeneity will

thus have to be included in our full model of the experiment, although small errors
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in the estimated inhomogeneity have less of a detrimental effect on tomography

compared to when the scalar light shift is non-negligible [26]. With those probe

parameters, the photon scattering rate is ∼75 Hz, which is small enough to allow

coherent dynamics over a time window of ∼10 ms. To ensure we have a good SNR,

we average the measurement record from 25 sequential runs of the experiment, then

apply a digital 4th order Bessel bandpass filter with cutoff frequencies 3 kHz and 55

kHz.

5.2 Estimating Unknown Parameters for Theoretical Modeling of the Experiment

A crucial element of the tomography protocol is the ability to accurately determine

the set of measured observables. Any error in the knowledge of {Oj} will directly

result in an error in state estimation. In order to accurately determine {Oj}, we

must know all the parameters in the full model that govern the evolution of OF.

In section 4.1 we discussed how the parameters in the Hamiltonian can be accu-

rately set to their desired values in the state mapping experiment, however, an even

more accurate determination of the parameters is required for high fidelity state

estimation.

We use three separate calibration procedures to accurately determine most of the

parameters in the full theoretical model of our experiment. We start by accurately

setting the probe frequency using saturated absorption spectroscopy, see [46] for

details of that procedure. The probe has a Gaussian profile with radius σprobe ≈ 1.6

mm, and we set the total power using a laser power meter, which coarsely sets

the peak probe intensity, Iprobe = Pprobe/2πσ
2
probe. We then perform all of the
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calibrations discussed in section 4.1 to set the parameters in the Hamiltonian. After

that preliminary calibration process, we apply one of three simple Hamiltonians,

and during the evolution we acquire a Faraday spectroscopy signal. We separately

fit the prediction of our full model to each of the three signals, which allows us

to very accurately estimate several parameters in that model. The initial state for

all three procedures is |3, 3〉, which is achieved with a microwave pulse that maps

|4, 4〉 → |3, 3〉.

The first calibration procedure allows us to accurately estimate

{Ωx, Iprobe, δIprobe, βS}. Here, δIprobe is the gaussian standard deviation of the

intensity distribution across the ensemble, and βS is an overall multiplicative factor

on the signal amplitude. We apply a constant amplitude rf field, Ωx ≈ 2π × 9

kHz and Ωy = 0, with an applied rf frequency of 1.0032 MHz instead of 1 MHz

so that the rf field is resonant with the F = 3 manifold; we recall from section

2.2.1 that grel ≈ −1.0032. In that situation, the atomic spins Larmor precess at

a frequency of grelΩx/2, and undergo a collapse and revival due to the quadratic

Zeeman shift and the tensor light shift. There will also be an overall decay caused

by photon scattering and field inhomogeneities. We estimate {Ωx, Iprobe, δIprobe, βS}

by fitting the prediction of our model to the observed Faraday spectroscopy signal.

Both the observed and fitted signals are bandpass filtered to improve the SNR. We

repeat this procedure with Ωx = 0 and Ωy ≈ 2π × 9 kHz and acquire a second

Faraday spectroscopy signal, and this allows us to estimate {Ωy, Iprobe, δIprobe, βS}.

Figure 5.1 (a) and (b) show examples of experimental data and fits for those two

calibration procedures.



92

-3

-2

-1

0

1

2

3

0 0.5 1 1.5 2 2.5 3 3.5 4

-3

-2

-1

0

1

2

3

0 0.5 1 1.5 2 2.5 3 3.5 40 1 432

Si
gn

al
 (A

rb
. U

ni
ts

)
Si

gn
al

 (A
rb

. U
ni

ts
)

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 10 0.25 10.750.5

Si
gn

al
 (A

rb
. U

ni
ts)

Time (ms)

(b)

(c)

(a)

Figure 5.1: Parameter estimation signals (black curves) and fits (red circles). (a)
and (b) are Larmor precession signals in a constant amplitude rf field, (c) is Rabi
oscillation in a constant amplitude microwave field. The fit parameters in (a) are
Ωx = 2π×8.88 kHz, Iprobe = 1.23 mW/cm2, δIprobe/Iprobe = 0.18, βS = 2.13. The fit
parameters in (b) are Ωy = 2π × 8.93 kHz, Iprobe = 1.23 mW/cm2, δIprobe/Iprobe =
0.20, βS = 2.13. The fit parameters in (c) are ΩµW = 2π× 27.41 kHz, δΩµW/ΩµW =
0.002, ∆µW = 2π × 12 Hz, Iprobe = 1.23 mW/cm2, βS = 2.18.
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In the third calibration procedure, we apply a constant amplitude microwave

field with ΩµW ≈ 2π × 27.5 kHz. The atomic spins Rabi oscillate between |3, 3〉

and |4, 4〉 at the generalized Rabi frequency of
√

Ω2
µW + ∆2

µW. There will be an

overall decay caused by photon scattering and field inhomogeneities. We estimate

{ΩµW, δΩµW,∆µW, δΩ0, Iprobe, βS} by fitting the prediction of our model to the ob-

served Faraday spectroscopy signal. Both the observed and fitted signals are band-

pass filtered to improve the SNR. Figure 5.1 (c) shows an example of the experi-

mental data and fit for that calibration procedure.

The above calibration procedures give us nearly all of the parameters in the full

model. The parameters {Iprobe, δIprobe, βS} are included in more than one of the fits,

which provides a consistency check and allows us to use the average value in our

model. The parameter δΩ0 is necessary for a good fit to the microwave calibration

signal, but has a large uncertainty that is primarily due to the unfavorable topology

of the search landscape. The value that was estimated in section 4.1.2, δΩ0 = 2π×75

Hz, will be used instead. The parameter Ω0 does not appear in any of the calibration

fits, and the value used will be discussed in section 5.4.

5.3 Tomography Procedure and Examples

Our tomography procedure consists of an experimental process followed by com-

putational data analysis. The primary objective of the experimental process is to

measure expectation values of an informationally complete set of observables for a

selection of quantum states. The primary objective of the data analysis is to use

those measurements along with our model of the dynamics to estimate the quantum



94

states.

The experimental portion of tomography begins with acquiring the calibration

signals described in the previous section. Then, we prepare our ensemble of atoms

in a known test state using the state mapping protocol described in chapter 4.

Immediately after the state map, we apply the random phase modulation waveform

described in section 5.1.1, and acquire a Faraday spectroscopy signal. The optical

probe is turned on 10 µs before the state map is completed so that the initial

transient in the polarimetry detector has settled. The 10 µs delay introduces probe-

driven dynamics, which has negligible effect on the state mapping fidelity in that

short time. We repeat 25 times and average the Faraday spectroscopy signals, giving

us the measurement record for that state. We repeat that process for several different

test states, and in an ∼8 hour run of the experiment we can acquire measurement

records for ∼50 different states (setup and preliminary calibrations comprise the

bulk of that time).

The data analysis portion of tomography starts with the parameter estimation

fits, which typically takes three days on an Apple quad core desktop computer; that

time is limited by the number of master equation integrations needed for accurate

fitting. The parameter estimation procedure does not allow us to determine Ω0,

which is needed to calculate the measured observables, {Oj}. Both state estimation

algorithms, described in sections 2.5.3 and 2.5.4, require {Oj} and so we must deter-

mine Ω0 before we can perform the state estimation. Furthermore, the compressed

sensing error threshold, ε (see section 2.5.4), must also be determined before we can

proceed with all of the state estimations.
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We determine Ω0, {Oj}, and ε with a simple optimization process. We first

choose a “sacrificial” measurement record from our data set, corresponding to a

known, but randomly chosen test state. We calculate {Oj} using our full model with

Ω0 = 2π×106 Hz, then estimate the quantum state with the least squares algorithm.

We calculate the fidelity (Eq. 2.40) between the test state and the least squares esti-

mate, and repeat that process for a small set of values, Ω0/2π = 106±{10, 20, ..., 100}

Hz. We choose the set of observables, and the corresponding value of Ω0, that max-

imize the fidelity. To determine a suitable value of ε, we use the compressed sensing

algorithm to estimate the state using the same sacrificial measurement record as

before. We vary ε and choose the value that maximizes the fidelity. In both opti-

mizations, we use the first 2 ms of the measurement record. Once we have deter-

mined Ω0, {Oj}, and ε, we throw away the sacrificial measurement record from the

data set and run both state estimation algorithms on the remaining measurement

records.

Figures 5.2, 5.3, and 5.4 are examples of quantum state tomography for three

different states. Part (a) in each figure shows the experimental measurement record,

along with the expected measurement record calculated using the known test state

and our full model. It is informative to estimate the quantum state based on a subset

of the total measurement record, as that gives us an idea of how many observables

are needed to obtain a good estimate. Part (b) of the figures show the fidelity when

using the measurement record up to some time t, as a function of t. Part (c) shows

the absolute values of the density matrices for the test state and the estimated

states using the entire measurement records. The fidelity of the compressed sensing
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estimate is better than that of the least squares estimate in all three examples.

Among those examples, the Haar-random state has the lowest fidelity and also the

biggest difference between the compressed sensing and least squares estimates. That

Haar-random state also requires a larger fraction of the measurement record to reach

the best fidelity.

Those examples of quantum state tomography suggest that Haar-random states

are more difficult to estimate than those that are a superposition of a few Zeeman

states. From that, it is reasonable to conclude that estimating a selection of Haar-

random test states is the best way to evaluate the performance of our tomography

protocol.
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Figure 5.2: Quantum state tomography example for |ψtest〉 = |4,−4〉. The fideli-
ties are 0.982 and 0.980 from the compressed sensing and least squares estimates
respectively.
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.

The fidelities are 0.981 and 0.967 from the compressed sensing and least squares
estimates respectively.
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Figure 5.4: Quantum state tomography example for a Haar-random state. The
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respectively.
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5.4 Tomography Results and Discussion

Both the compressed sensing and least squares algorithms can perfectly estimate

any quantum state once the measured observables span su(d). Any deviation from

unit fidelity must be due to some combination of noise in the measurement record

and disagreement between the measured and calculated observables. A state esti-

mation algorithm may be robust to those effects, which would be a very important

feature. Another important feature an algorithm may have is the ability to accu-

rately estimate a state with a set of observables smaller than that required to span

su(d). Pure quantum states require only 2d − 2 real numbers to specify them, as

opposed to d2 − 1 for states with arbitrary purity, and some algorithms may take

advantage of that fact when estimating pure, or nearly pure states.

Figure 5.5 show the average fidelity of quantum state tomography for two sepa-

rate data sets, each consisting of 48 Haar-random test states. For each data set we

have used both the least squares and compressed sensing algorithms, and the data

show several differences in the performance of those algorithms. We see that the

compressed sensing estimation always produces higher fidelities when using enough

of the measurement record. We also see that the least squares fidelity reaches the

maximum at ∼2 ms, after which it continues to drop. That drop in fidelity is due

to the fact that our model does not perfectly agree with the actual experiment. The

disagreement creates incorrect features in the measurement record that the least

squares algorithm attempts to fit, and ultimately damages the estimate. The com-

pressed sensing fidelity also reaches the maximum at ∼2 ms, and appears somewhat
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Figure 5.5: Average fidelities for a selection of 48 Haar random states. Blue is
compressed sensing and red is least squares. (a) and (c) are from one data set,
whereas (b) and (d) are from a separate data set. Both data sets use the same 48
Haar random states, but were taken on separate days. The plots on the right hand
side are identical to that on the left hand side, but zoomed in to show more detail.

less sensitive to the disagreement between experiment and model as it drops in only

one of the two data sets. Figure 5.6 shows the ratio of the errors from the two state

estimation algorithms, averaged over both data sets. We see that as more of the

measurement record is included, and the fidelity reaches its peak value, the least

squares error increases relative to the compressed sensing error.

Figures 5.5 and 5.6 show that neither compressed sensing or least squares pro-

duces a perfect estimate, which is due to noise in the measurement record and dis-

agreement between the measured and calculated observables. The data also shows

that compressed sensing always produces a better estimate than least squares, and
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we conclude that the compressed sensing algorithm is more robust than least squares

in the presence of experimental imperfections.

5.4.1 Numerical Investigations on the Required Number of Observables

The data in figure 5.5 shows that the fidelity from compressed sensing and least

squares estimations reach their maxima at approximately the same time, and thus

with the same number of measured observables. The observables are not mutually

orthogonal due to the finite rate of evolution, and so we require more than d2− 1 to

reach maximum fidelity. The presence of experimental imperfections may also have

further increased the number observables required to reach high fidelity. We per-

form two numerical experiments to investigate the question of how many measured

observables are needed to accurately estimate pure states.

The first numerical experiment uses observables chosen from a set which form

an orthonormal basis of 255 traceless and Hermitian matrices ({Eα} in Eq. 2.53).
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Those observables span su(16) and have the smallest number necessary to form

an informationally complete set; we seek to determine if only a subset is needed

for tomography on pure states. We simulate a measurement record by calculating

the expectation values of those observables for 25 different Haar-random states,

with no measurement noise or uncertainty in the observables. We estimate the

quantum state with both the least squares and compressed sensing algorithms for

each of the 25 simulated measurement records and calculate the fidelity. To reduce

any potential bias in the order of measurements, we repeat this process with 25

random orderings of the observables and then average all of the fidelities. Figure

5.7 shows the average fidelity as a function of the number of observables. We see

that compressed sensing produces a better estimate than least squares when using

a small number of observables, however, both algorithms reach fidelity greater than

0.9999 with the same number. We conclude that for a 16-dimensional Hilbert space,

both algorithms require that we measure the expectation value of a similar number

of observables for accurate estimation of pure states. We also note that all 255

observables are not needed for high fidelity, and so it appears that both algorithms

are taking advantage of the fact that we are working with pure states.

The second numerical experiment, performed by Carlos Riofŕıo, further suggests

that both algorithms require the same number of measured observables for accurate

states estimation, regardless of the size of the Hilbert space. This numerical study

uses a system of N qubits which has Hilbert space dimension d = 2N . The observ-

ables used are chosen from a set that are tensor products of operators acting in each

qubit subspace, Oj = O
(1)
j ⊗ ...⊗O

(N)
j , where each subspace operator is a Pauli op-
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erator or the identity, O
(k)
j ∈ {σ

(k)
x , σ

(k)
y , σ

(k)
z , I(k)}. The observable that is a product

of only subspace identity operators is not allowed, as it would simply measure the

trace which is assumed to be one. That set of d2 − 1 observables span su(d), and

thus have the smallest number necessary to form an informationally complete set. A

single Haar-random state is chosen along with a random ordering of the observables,

and a measurement record is simulated with no measurement noise or uncertainty

in the observables. The quantum state is estimated with both the least squares

and compressed sensing algorithms, and then the fidelity is calculated. Figure 5.8

shows the number of observables necessary for reaching unit fidelity for systems of

N = {1, 2, 3, 4, 5, 6} qubits, which is exactly the same for both compressed sensing

and least squares estimation. The required number of observables is nearly linear

in the Hilbert space dimension which is likely due to the fact we are working with

pure states.
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5.5 Summary

We have experimentally demonstrated a protocol for quantum state tomography

on an ensemble of cesium atoms. The protocol uses a weak, time-continuous mea-

surement on an ensemble in combination with dynamical control to generate an

informationally complete set of observables and measure their expectation values.

A state estimation algorithm uses the resulting measurement record to numerically

calculate an estimate of the quantum state. The experimental data shown in fig-

ures 5.5 along with the numerical studies shown in figures 5.7 and 5.8 lead us to

conclude that both the compressed sensing and least squares algorithms require the

same number of measured observables to produce an accurate estimate of pure,

or nearly pure quantum states. However, the data in figures 5.5 and 5.6 show

that compressed sensing produces a more accurate estimation than least squares
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in our experiment. We therefore conclude that compressed sensing is less sensitive

to measurement noise and uncertainty in the observables, and is thus better when

estimating quantum states that are pure, or nearly pure, in a real experimental

setting.
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CHAPTER 6

SUMMARY AND OUTLOOK

Technological devices that utilize coherent control of quantum dynamics are difficult

to realize and have only just begun to emerge. Those technologies have application

in a range of diverse areas such as information science and precision measurement.

Improving and creating new toolboxes for quantum control and measurement will

no doubt prove invaluable in ushering in the era of quantum technologies. This

thesis presented several experimental developments in the control and measurement

of quantum systems, and we have used cold atomic spins as our platform, as they

provide a well understood and isolated quantum system with which to test.

In chapter 4 we tested a scheme to control the hyperfine spin of alkali atoms, using

only magnetic interactions. That control scheme has several important features.

First, the scheme gives full controllability over the entire hyperfine ground state of

an alkali atom. Second, the scheme eliminates the need for an optical field, and

therefore has no decoherence associated with photon scattering.

In testing the all-magnetic control scheme, we demonstrated the ability to map

between any two arbitrarily chosen states in the 16-dimensional ground manifold

of cesium with greater than 0.99 fidelity. Several important steps were needed to

achieve that level of success. First, we learned how to accurately apply static, rf,

and microwave magnetic fields, and in particular, we can produce a pulsed bias
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magnetic field stable to 10 parts per million. Second, we extended previously devel-

oped numerical search techniques in order to design magnetic field waveforms that

produce a high fidelity state map even in the presence of experimental errors.

In chapter 5 we tested a quantum state tomography protocol that estimates

the atomic hyperfine state averaged over an ensemble of cesium atoms. Using an

optical probe in combination with dynamical control, we can generate an informa-

tionally complete set of observables and measure their expectation values with good

statistics. Utilizing a simple calibration process, we can estimate all the param-

eters in the full model that governs the evolution of the system, which allows us

to accurately determine the measured observables. Given those observables and

the associated measurement records, we can estimate the input quantum state. In

doing so, we have tested two different state estimation algorithms, and found that

the compressed sensing algorithm consistently outperforms the more standard least

squares algorithm.

There are several additional control and measurement tasks that can be ad-

dressed using our toolbox. We can in principle design and implement transforma-

tions on atomic spins that go beyond state maps. Those transformations include

unitary transformations of the entire state space, or unitary transformations of em-

bedded subspaces. Another interesting type of transformation is one that results in

two or more state maps. All of those transformation are possible with our magnetic

control scheme, but there are subtle differences when compared to single state maps.

First, the numerical design of magnetic field waveforms may be more difficult, as

the topology of the optimization landscape does not appear to be as favorable as for
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simple state maps [47]. Second, it is not well understood how robustness to errors

in the control fields can be built into those more general transformations.

An even more general transformation that is possible in a quantum system is a

so-called completely positive map, corresponding to a transfer between two mixed

states of arbitrary purity. A trivial example is the optical pumping described in

section 3.2, which takes any initial state and maps it onto |4, 4〉 with very high

fidelity. The all magnetic control scheme only generates unitary evolution, and is

thus insufficient for the generation of arbitrary completely positive maps. Some kind

of decoherence or relaxation process will have to be introduced in the dynamics in

order to generate arbitrary completely positive maps, and very little is known about

how to do that [48, 49].

Quantum state tomography can be extended to quantum process tomography

in order to verify arbitrary transformations that go beyond state maps. For a

d-dimensional quantum system, it takes d4 − d2 real numbers to parametrize a

completely positive map, whereas it only takes d2 − 1 to parameterize a density

matrix. Estimating a single quantum process for a 16-dimensional state space is thus

much more complicated than estimating a single quantum state. Dealing with that

increase in complexity poses a great challenge for experimental process tomography.
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[32] C. A. Riofŕı, P. S. Jessen, and I. H. Deutsch, “Quantum tomography of the full

hyperfine manifold of atomic spins vis continuous measurement on an ensemble,”

Journal of Physics B, vol. 44, 154007, 2011.



114

[33] D. Gross, Y.-K. Liu, S. T. Flammia, S. Becker, and J. Eisert, “Quantum state

tomography via compressed sensing,” Physical Review Letters, vol. 105, 150401,

2010.

[34] B. Recht, M. Fazel, and P. A. Parrilo, “Guaranteed minimum-rank solutions of

linear matrix equations via nuclear norm minimization,” SIAM Review, vol. 52,

no. 3, pp. 471-501, 2010.

[35] H. Metcalf and P. Van der Straten, Laser Cooling and Trapping. Springer Ver-

lag, 1999.

[36] G. Klose, Density Matrix Reconstruction of a Large Angular Momentum. PhD

thesis, University of Arizona, 2001.

[37] G. A. Smith, Continuous Optical Measurement of Cold Atomic Spins. PhD

thesis, University of Arizona, 2006.

[38] D. L. Haycock, Quantum Tunneling and Coherent Wavepacket Dynamics in an

Optical Lattice. PhD thesis, University of Arizona, 2001.

[39] J. Nocedal, and S. Wright, Numerical Optimization. Springer, 2000.

[40] H. A. Rabitz, M. M. Hsieh, and C. M. Rosenthal, “Quantum optimally con-

trolled transition landscapes,” Science, vol. 303, no. 5666, 2004.

[41] N. Khaneja, T. Reiss, C. Kehlet, T. Schulte-Herbrggen, and S. J. Glaser, “Op-

timal control of coupled spin dynamics: design of NMR pulse sequences by



115

gradient ascent algorithms,” Journal of Magnetic Resonance, vol. 172, no. 296,

2005, and references therein.

[42] B. E. Mischuck, S. T. Merkel, and I. H. Deutsch, “Control of inhomogeneous

atomic ensemble of hyperfine qudits,” arXiv:1109.0146v1 [quant-ph], 2011.

[43] F. Mezzadri, “How to Generate Random Matrices from the Classical Compact

Groups,” Notices of the American Mathematical Society, vol. 54, pp. 592-604,

2007.

[44] E. Knill, D. Leibfried, R. Reichle, J. Britton, R. B. Blakestad, J. D. Jost,

C. Langer, R. Ozeri, “Randomized benchmarking of quantum gates,” Physical

Review A, vol. 77, 012307, 2008.

[45] G. A. Smith, S. Chaudhury, and P. S. Jessen, “Faraday spectroscopy in an

optical lattice: a continuous probe of atomic dynamics,” Journal of Optics B,

vol. 5, pp. 323-329, 2003.

[46] S. E. Hamman, Quantum State Preparation in an Optical Lattice. PhD thesis,

University of Arizona, 1998.

[47] T. -S. Ho, J. Dominy, H. Rabitz, “Landscape of unitary transformations in

controlled quantum dynamics,” Physical Review A, vol. 79, 013422, 2009.

[48] R. Wu, A. Pechen, C. Brif, H. Rabitz, “Controllability of open quantum systems

with Kraus map dynamics, ” Journal of Physics A, vol. 40, no. 681, 2007.



116

[49] A. Oza, A. Pechen, J. Dominy, V. Beltrani, K. Moore, and H. Rabitz, “Op-

timization search effort over the control landscapes for open quantum systems

with Kraus-map evolution,” Journal of Physics A, vol. 42, 205305, 2009.
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APPENDIX A

NUMERICAL OPTIMIZATION CODE FOR DESIGNING STATE MAPS

The numerical optimization code used to find control phases for a desired state map

is written in Matlab, and contains a main script and several functions. The heart

of the optimizer is the objective function, CalculateFidelity, which is repeatedly

evaluated by the search function, fminunc, which comes in the Matlab optimization

toolbox. We present all of the Matlab code used in the optimization process, except

for that contained in fminunc.

A.1 Main Script

The main script begins the numerical optimization process. The script begins by

initializing the optParams structure, which contains all the parameters required by

the rest of the code. The script then creates several files to which optimization

results will be written. The end of the script calls the OptimizeWaveform function,

which in turn calls the Matlab optimization function fminunc.

1 % This i s the main s c r i p t that beg ins the proce s s o f f i n d i n g a s e t o f

2 % phases r e s u l t i n g in a d e s i r e d s t a t e map

3

4 % Load units , and note that f r e q u e n c i e s have a f a c t o r o f 2 p i in them

5 load ( ' Units . mat ' ) ;

6
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7 % Create i n i t i a l and t a r g e t s t a t e s

8 i n i t S t a t e = ze ro s (16 ,1 ) ; %i n i t i t i a l s t a t e vec to r

9 i n i t S t a t e (1 , 1 ) = 1 ; %I n i t i a l i z e F=4,m=4

10 initName = 'F4m4 ' ;

11 t a r g e t S t a t e = ze ro s (16 ,1 ) ; %t a r g e t s t a t e vec to r

12 t a r g e t S t a t e (5 , 1 ) = 1 ; %Use F=4,m=0

13 targetName = 'F4m0 ' ;

14

15 % General Parameters

16 g r e l = +1.0032; %r e l a t i v e g f a c t o r ( g3/g4 ) WITHOUT MINUS SIGN ! ! ! !

17 totalTime = 300∗ us ; %t o t a l time o f evo lu t i on

18 sampleTime = 10∗ us ; %the sampling time f o r the Schrodinger i n t e g r a t o r

19 maxIterat ions = 10 ; %max number o f i n i t i a l s e eds to be opt imized

20

21 % Microwave Parameters

22 mwAmp = 27.5∗kHz ; %rab i f requency f o r f o r s t r e t c h e d s t a t e t r a n s i t i o n , with 2 p i

23 mwPhaseTime = 10∗ us ; %microwave phase f l i p p i n g time

24

25 % RF Parameters

26 r fFreq = 1000∗kHz ; %angular frequency , with 2 p i

27 rfAmp = 9∗kHz ; %r f Larmor frequency , with 2 p i

28 rfPhaseTime = 20∗ us ; %r f phase f l i p p i n g time time

29

30 % I n i t i a l i z e parameters i n to ' opt params ' data s t r u c t u r e

31 optParams . i n i t S t a t e = i n i t S t a t e ;

32 optParams . t a r g e t S t a t e = t a r g e t S t a t e ;

33 optParams . g r e l = g r e l ;

34 optParams . totalTime = totalTime ;

35 optParams . sampleTime = sampleTime ;

36 optParams .mwAmp = mwAmp;

37 optParams . mwPhaseTime = mwPhaseTime ;

38 optParams . rfAmp = rfAmp ;

39 optParams . rfPhaseTime = rfPhaseTime ;

40 optParams . r fFreq = r fFreq ;

41 optParams . f i d e l i t y = 0 ;
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42

43 % Create the Hamiltonian ope ra to r s

44 [ ops , f i e l d V a r I n f o ] = MakeOperators ( optParams ) ;

45 optParams . fxUp = ops . fxUp ;

46 optParams . fyUp = ops . fyUp ;

47 optParams . fzUp = ops . fzUp ;

48 optParams . fxDown = ops . fxDown ;

49 optParams . fyDown = ops . fyDown ;

50 optParams . fzDown = ops . fzDown ;

51 optParams .mwSx = ops . sigmaX ;

52 optParams .mwSy = ops . sigmaY ;

53 optParams . upProj = ops . upProj ;

54 optParams . downProj = ops . downProj ;

55 optParams . hammyZero = ops . hammyZero ;

56 optParams . f i e l d V a r I n f o = f i e l d V a r I n f o ;

57

58 % I n i t i a l i z e the RF & mW c o n t r o l waveforms

59 optParams . po in t s = round ( optParams . totalTime /optParams . sampleTime ) ;

60 optParams . t imes = ze ro s (1 , optParams . po in t s ) ;

61 optParams . rfWave = ze ro s (2 , optParams . po in t s ) ;

62 optParams .mwWave = ze ro s (1 , optParams . po in t s ) ;

63

64 % Make the save f i l e and inc lude parameters

65 saveFileName = s t r c a t ( targetName , ' f rom ' , initName , i n t 2 s t r ( totalTime /us ) , . . .

66 ' us ' , i n t 2 s t r ( rfPhaseTime/us ) , ' us ' , i n t 2 s t r (mwPhaseTime/us ) , ' us ' , . . .

67 i n t 2 s t r ( sampleTime/us ) , ' us ' , i n t 2 s t r (mwAmp/kHz) , ' kHz ' , . . .

68 i n t 2 s t r ( rfAmp/kHz) , 'kHz . mat ' ) ;

69 save ( saveFileName , ' optParams ' ) ;

70

71 % Make temporary f i l e s f o r sav ing r e s u l t s from each i t e r a t i o n

72 f o r interationNum =1: maxIte rat ions

73 % These are temporary f i l enames that we use as an input to our opt imize r .

74 tempName = s t r c a t ( saveFileName , ' ' , i n t 2 s t r ( interationNum ) , ' . mat ' ) ;

75

76 tempSaveFileNames{ interationNum} = tempName ;
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77 save ( char ( tempSaveFileNames{ interationNum }) , ' optParams ' ) ;

78 end

79

80 % Enter the func t i on that w i l l c r e a t e and opt imize randomly seeded waveforms

81 f o r interationNum = 1 : maxIte rat ions

82 f o r k = 1 : s i z e ( tempSaveFileNames , 1 )

83 optResu l t s = . . .

84 OptimizeWaveform ( char ( tempSaveFileNames{k , interationNum }) , saveFileName ) ;

85 end

86 end

A.2 Optimization Function

The OptimizeWaveform function is called by the main script. That function first

determines if results from a previous run of the optimizer are good enough, in which

case it returns to the main script. If no previous results are good enough, a random

seed optimization variable is generated and input to the Matlab function, fminunc,

which begins the optimization. Upon exiting fminunc, results are written to a file

and returned to the main script.

1 % This func t i on takes an input f i l e from tempFileName , gene ra t e s a seed

2 % waveform then opt imize s the waveform and s t o r e s i t to s a v e F i l e

3 % c o n d i t i o n a l on the new f i d e l i t y being h igher than whatever was

4 % p r e v i o u s l y in s a v e F i l e . Function outputs the f i d e l i t y .

5 f unc t i on b e s t F i d e l i t y = OptimizeWaveform ( tempFileName , s a v e F i l e )

6

7 % Load s a v e F i l e and see i f the opt imized f i d e l i t y i s a l r eady good enough ,

8 % i f not then run the opt imize r again

9 load ( s a v e F i l e ) ;

10 p a s t F i d e l i t y = optParams . f i d e l i t y ;
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11 i f p a s t F i d e l i t y > 0 .99

12 b e s t F i d e l i t y = p a s t F i d e l i t y ;

13 d e l e t e ( tempFileName ) ; %remove temp f i l e

14 e l s e

15 load ( tempFileName ) ;

16

17 % Object ive func t i on to opt imize ( minimize negat ive o f f i d e l i t y )

18 f i d e l i t y = @( optVar iab l e s ) −C a l c u l a t e F i d e l i t y ( optParams , optVar iab l e s ) ;

19

20 % Random seed , should be in {0 ,2 p i }

21 randomVariables = ...

2∗ pi ∗ rand (1 , optParams . f i e l d V a r I n f o (1 )+optParams . f i e l d V a r I n f o (2 ) ) ;

22

23 % Set opt imize r opt ions

24 searchOpt ions = opt imset ( 'TolX ' ,1 e−4, ' TolFun ' ,1 e−4, 'MaxFunEvals ' , 1 5 0 0 0 0 , . . .

25 ' MaxIter ' ,10000 , ' Display ' , ' i t e r ' , ' OutputFcn ' , @searchStopFn ) ;

26

27 % Enter the Matlab opt imize r

28 be s tVar i ab l e s = fminunc ( f i d e l i t y , randomVariables , searchOpt ions ) ;

29

30 % Make and save opt imized waveforms

31 [ rfWave ,mwWave] = MakeFields ( optParams , be s tVar i ab l e s ) ;

32 optParams . rfWave = rfWave ;

33 optParams .mwWave = mwWave;

34

35 % Calcu la te and save the f i d e l i t y

36 optParams . f i d e l i t y = C a l c u l a t e F i d e l i t y ( optParams , be s tVar i ab l e s ) ;

37

38 % Save i f t h i s i s b e t t e r than the prev ious optimium

39 i f optParams . f i d e l i t y > p a s t F i d e l i t y

40 save ( saveF i l e , ' optParams ' ) ;

41 e l s e

42 b e s t F i d e l i t y = p a s t F i d e l i t y ;

43 end

44 d e l e t e ( tempFileName ) ; %remove temp f i l e
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45 end

A.3 Objective Function

The objective function, CalculateFidelity, contains the Shrodinger integrator that

evolves the initial state and calculates the fidelity with the target state. The op-

timization variable is optVariables, which is a vector of unconstrained real valued

numbers, and is what the function fminunc iteratively updates until the fidelity is

maximized.

1 % This func t i on takes the opt imiza t i on v a r i a b l e s and c r e a t e s r f & uW

2 % waveforms then evo lv e s the i n i t i a l s t a t e and c a l c u l a t e s the f i d e l i t y .

3 % Average the f i d e l i t i e s over a d i s t r i b u t i o n o f e r r o r s to c r e a t e robust

4 % waveforms .

5 f unc t i on f i d e l i t y = C a l c u l a t e F i d e l i t y ( optParams , optVar iab l e s )

6

7 % Make the f i e l d s f o r the g iven opt imiza t i on v a r i a b l e s

8 [ rfWave ,mwWave] = MakeFields ( optParams , optVar iab l e s ) ;

9

10 % Pul l out a l l the parameters from optParams , ¬%5 f a s t e r than p u l l i n g them

11 % out in each step in the time evo lu t i on loop below

12 h y p e r f i n e S p l i t t i n g = 2∗ pi ∗ (9 .19263 e9 ) ;

13 dt = optParams . sampleTime ;

14 po in t s = optParams . po in t s ;

15 g r e l = optParams . g r e l ;

16 mwAmp = optParams .mwAmp;

17 rfAmp = optParams . rfAmp ;

18

19 mwSx = optParams .mwSx;

20 mwSy = optParams .mwSy;
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21 fxUp = optParams . fxUp ;

22 fyUp = optParams . fyUp ;

23 fzUp = optParams . fzUp ;

24 fxDown = optParams . fxDown ;

25 fyDown = optParams . fyDown ;

26 fzDown = optParams . fzDown ;

27 upProj = optParams . upProj ;

28 downProj = optParams . downProj ;

29

30 i n i t S t a t e = optParams . i n i t S t a t e ;

31 t a r g e t S t a t e = optParams . t a r g e t S t a t e ;

32 rhoTarget = ( t a r g e t S t a t e ∗ ta rge tSta t e ' ) ;

33

34 % Create d i s t r i b u t i o n s o f RF/uW ampl itudes and/ or detunings

35 % Amps in terms o f f r a c t i o n s NOT abso lu te va lue s l i k e kHz

36 % Detunings ARE in abso lu t e va lue s : rad ians / second , angular f requency

37 r fDet s = 2∗ pi ∗ [ −100 ,0 ,100 ] ;

38 rfAmps = 1 . 0 0 ;

39 mwDets = 0 ;

40 mwAmps = [ . 9 9 5 , 1 . 0 0 0 , 1 . 0 0 5 ] ;

41

42 avgCounter = 0 ;

43 rhoFina l = ze ro s (16 ,16) ;

44

45 % Loop over r f and uW amps and detunings and evo lve the s t a t e

46 f o r rfDetLoop = 1 : l ength ( r fDet s )

47 r fDet = r fDet s ( rfDetLoop ) ;

48 biasFreq = 2∗ pi ∗1 e6 − r fDet ;

49

50 % Make Bre it−Rabi Hammy with d i f f e r e n t b i a s st rength , keeping app l i ed

51 % r f f requency 1 MHz

52 breitRabiHammy = biasFreq ∗(1− g r e l ) ∗ fzDown − . . .

53 ( fzUp∗ fzUp−fzDown∗ fzDown ) ∗( g r e l ∗ biasFreq ∗ biasFreq ) / . . .

54 h y p e r f i n e S p l i t t i n g ;

55 mwRWAHammy = ( upProj − downProj ) ∗ . . .
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56 (1.5∗(1− g r e l ) ∗ biasFreq + 12.5∗ g r e l ∗( b iasFreq ∗ biasFreq ) / . . .

57 h y p e r f i n e S p l i t t i n g ) ;

58 hammyZero = breitRabiHammy + mwRWAHammy;

59

60 f o r rfAmpLoop = 1 : l ength ( rfAmps )

61 dRFAmp = rfAmps ( rfAmpLoop ) ;

62

63 f o r mwAmpLoop = 1 : l ength (mwAmps)

64 dmwAmp = mwAmps(mwAmpLoop) ;

65

66 f o r mwDetLoop = 1 : l ength (mwDets)

67 % Link r f and mw detuning

68 mwDet = rfDet ∗7 ;

69 %mw dets ( mw det loop ) ;

70

71 p s i F i n a l = i n i t S t a t e ;

72 f o r k = 1 : po in t s

73 hammy = hammyZero . . .

74 + 0.5∗dRFAmp∗rfAmp∗ cos ( rfWave (1 , k ) ) ∗ . . .

75 ( fxUp−g r e l ∗fxDown) . . .

76 − 0 .5∗dRFAmp∗rfAmp∗ s i n ( rfWave (1 , k ) ) ∗ . . .

77 ( fyUp+g r e l ∗fyDown) . . .

78 + 0.5∗dRFAmp∗rfAmp∗ s i n ( rfWave (2 , k ) ) ∗ . . .

79 ( fxUp+g r e l ∗fxDown) . . .

80 + 0.5∗dRFAmp∗rfAmp∗ cos ( rfWave (2 , k ) ) ∗ . . .

81 ( fyUp−g r e l ∗fyDown) . . .

82 + 0.5∗dmwAmp∗mwAmp∗ . . .

83 ( cos (mwWave(1 , k ) ) ∗mwSx + s i n (mwWave(1 , k ) ) ∗mwSy) . . .

84 − r fDet ∗( fzUp−fzDown ) − . . .

85 0 . 5∗ (mwDet−7∗ r fDet ) ∗( upProj−downProj ) ;

86

87 p s i F i n a l = expm(−1 i ∗dt∗hammy) ∗ p s i F i n a l ;

88 end

89 rhoFina l = rhoFina l + ( p s i F i n a l ∗ ps iF ina l ' ) ;

90 avgCounter = avgCounter + 1 ;
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91 end

92 end

93 end %RF amp loop

94 end %RF det loop

95

96 % Calcu la te the f i d e l i t y

97 rhoFina l = rhoFina l /avgCounter ;

98 f i d e l i t y = t ra c e ( ( sqrtm ( rhoTarget ) ∗ rhoFina l ∗ sqrtm ( rhoTarget ) ) ) ˆ2 ;

99 f i d e l i t y = r e a l ( s q r t ( f i d e l i t y ) ) ;

A.4 Auxiliary Functions

The functions MakeOperators and make gend are used to create all the operators

needed by the Shrodinger integrator in CalculateFidelity.

1 % Ths func t i on makes a l l o f the ope ra to r s that go in to the r f and microwave

2 % Hamiltonian

3

4 f unc t i on [ ops , f i e l d V a r I n f o ] = MakeOperators ( optParams )

5 fup = 4 ;

6 fdown = 3 ;

7

8 dim = 2∗( fup+fdown+1) ;

9 dimUp = 2∗ fup +1;

10 dimDown = 2∗ fdown+1;

11

12 % Make angular momentum opera to r s

13 upAng = make gend ( fup ) ;

14 downAng = make gend ( fdown ) ;

15

16 g r e l = optParams . g r e l ;

17 r fFreq = optParams . r fFreq ;
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18 mwAmp = optParams .mwAmp;

19

20 h y p e r f i n e S p l i t t i n g = 2∗ pi ∗ (9 .19263 e9 ) ;

21

22 r fVars = 2∗( round ( optParams . totalTime /optParams . rfPhaseTime ) ) ;

23 mwVars = ( round ( optParams . totalTime /optParams . mwPhaseTime) ) ;

24 f i e l d V a r I n f o = [ r fVars , mwVars ] ;

25

26 % Make a l l o f the ope ra to r s in gthe Hamiltonian

27 % Use the standard convention , (4 ,3 , . . . , −3 , −4)

28 fxUp = [ upAng . jx , z e r o s (dimUp , dimDown) ;

29 z e ro s (dimDown , dimUp) , z e r o s (dimDown , dimDown) ] ;

30 fyUp = −[upAng . jy , z e r o s (dimUp , dimDown) ;

31 z e ro s (dimDown , dimUp) , z e r o s (dimDown , dimDown) ] ;

32 fzUp = −[upAng . jz , z e r o s (dimUp , dimDown) ;

33 z e ro s (dimDown , dimUp) , z e r o s (dimDown , dimDown) ] ;

34 fxDown = [ z e r o s (dimUp , dimUp) , z e r o s (dimUp , dimDown) ;

35 z e ro s (dimDown , dimUp) ,downAng . jx ] ;

36 fyDown = −[ z e r o s (dimUp , dimUp) , z e r o s (dimUp , dimDown) ;

37 z e ro s (dimDown , dimUp) ,downAng . jy ] ;

38 fzDown = −[ z e r o s (dimUp , dimUp) , z e r o s (dimUp , dimDown) ;

39 z e ro s (dimDown , dimUp) ,downAng . j z ] ;

40 sigmaX = ze ro s (dim , dim ) ; sigmaY = ze ro s (dim , dim) ;

41 upProj = ze ro s (dim , dim ) ; downProj = ze ro s (dim , dim) ;

42 sigmaX (1 ,10 ) = 1 ; sigmaX (10 ,1 ) = 1 ;

43 sigmaY (1 ,10 ) = − i ; sigmaY (10 ,1 ) = i ;

44 f o r k = 1 :9

45 upProj (k , k ) = 1 ;

46 end

47 f o r k = 10:16

48 downProj (k , k ) = 1 ;

49 end

50

51 % Make the Bre it−Rabi Hamiltonian with the quadrat i c approximation

52 breitRabiHammy = rfFreq ∗(1− g r e l ) ∗ fzDown − . . .
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53 ( fzUp∗ fzUp−fzDown∗ fzDown ) ∗( g r e l ∗ r fFreq ∗ r fFreq ) / h y p e r f i n e S p l i t t i n g ;

54

55 % Make the constant p i e c e o f the uW RWA Hamiltonian

56 mwRWAHammy = ( upProj − downProj ) ∗ . . .

57 ( 1.5∗(1− g r e l ) ∗ r fFreq + 12.5∗ g r e l ∗( r fFreq ∗ r fFreq ) / h y p e r f i n e S p l i t t i n g ) ;

58

59 % Make the AC Zeeman S h i f t s , i gno r e smal l e f f e c t o f Bre it−Rabi on detuning

60 acZeemanHammy = ze ro s (16 ,16) ;

61 acZeemanHammy(11 ,11) = (42/224) ∗mwAmp∗mwAmp/( r fFreq ∗(3−2)∗(1+ g r e l ) ) ;

62 acZeemanHammy(12 ,12) = (30/224) ∗mwAmp∗mwAmp/( r fFreq ∗(3−1)∗(1+ g r e l ) ) ;

63 acZeemanHammy(13 ,13) = (20/224) ∗mwAmp∗mwAmp/( r fFreq ∗(3−0)∗(1+ g r e l ) ) ;

64 acZeemanHammy(14 ,14) = (12/224) ∗mwAmp∗mwAmp/( r fFreq ∗(3+1)∗(1+ g r e l ) ) ;

65 acZeemanHammy(15 ,15) = (3/224) ∗mwAmp∗mwAmp/( r fFreq ∗(3+2)∗(1+ g r e l ) ) ;

66 acZeemanHammy(16 ,16) = (1/224) ∗mwAmp∗mwAmp/( r fFreq ∗(3+3)∗(1+ g r e l ) ) ;

67

68 hammyZero = breitRabiHammy + mwRWAHammy;

69

70 ops . fxUp = fxUp ;

71 ops . fyUp = fyUp ;

72 ops . fzUp = fzUp ;

73 ops . fxDown = fxDown ;

74 ops . fyDown = fyDown ;

75 ops . fzDown = fzDown ;

76 ops . fx = fxUp − g r e l ∗fxDown ;

77 ops . fy = fyUp − g r e l ∗fyDown ;

78 ops . f z = fzUp − g r e l ∗ fzDown ;

79 ops . sigmaX = sigmaX ;

80 ops . sigmaY = sigmaY ;

81 ops . upProj = upProj ;

82 ops . downProj = downProj ;

83 ops . breitRabiHammy = breitRabiHammy ;

84 ops .mwRWAHammy = mwRWAHammy;

85 ops . acZeemanHammy = acZeemanHammy ;

86 ops . hammyZero = hammyZero ;
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1 % Make d−dimens iona l angular momentum opera to r s

2 f unc t i on Anggen = make gend ( s )

3 d = 2∗ s +1;

4 Anggen . jx=ze ro s (d) ;

5 f o r m=1:d

6 f o r n=1:d

7 i f (m+1==n)

8 Anggen . jx (d−m+1,d−n+1)=(1/2)∗ s q r t ( ( d−m) ∗m) ;

9 Anggen . jx (d−n+1,d−m+1)=(1/2)∗ s q r t ( ( d−m) ∗m) ;

10 end ;

11

12 end ;

13

14 end ;

15

16 Anggen . jy=ze ro s (d) ;

17 f o r m=1:d

18 f o r n=1:d

19 i f (m+1==n)

20 Anggen . jy (d−m+1,d−n+1)=−i ∗ (1/2) ∗ s q r t ( ( d−m) ∗m) ;

21 Anggen . jy (d−n+1,d−m+1)=i ∗ (1/2) ∗ s q r t ( ( d−m) ∗m) ;

22 end ;

23

24 end ;

25

26 end ;

27

28 Anggen . j z=diag ([− s : s ] ) ;

29 c l e a r m n d

The function MakeFields takes the optimization variables and creates the rf and

microwave phase waveforms.
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1 % Make the r f & uW waveforms from the opt imiza t i on v a r i a b l e s

2 % Rf waveform i s phaseX , phaseY and uW waveform i s phase

3 f unc t i on [ rfWave ,mwWave] = MakeFields ( optParams , optVar iab l e s )

4

5 totalTime = optParams . totalTime ;

6 dt = optParams . sampleTime ;

7 po in t s = round ( totalTime /dt ) ;

8 rfWave = ze ro s (2 , po in t s ) ;

9 mwWave = ze ro s (1 , po in t s ) ;

10

11 r fVars = optParams . f i e l d V a r I n f o (1 ) ; %number o f RF modulation po in t s

12

13 % Put the opt imiza t i on v a r i a b l e i n to s epara t e ar rays f o r RF & mW

14 r f = ze ro s (2 , r fVars /2) ;

15 r f ( 1 , : ) = optVar iab l e s ( 1 : r fVars /2) ;

16 r f ( 2 , : ) = optVar iab l e s (1+ r fVars /2 : r fVars ) ;

17 mw( 1 , : ) = optVar iab l e s ( r fVars+1:end) ;

18

19 % Create coa r s e RF & mW time ve c t o r s : t imes when the phases jump

20 r fTimes = 0 : totalTime / length ( r f ( 1 , : ) ) : totalTime−totalTime / length ( r f ( 1 , : ) ) ;

21 mwTimes = 0 : totalTime / length (mw( 1 , : ) ) : totalTime−totalTime / length (mw( 1 , : ) ) ;

22

23 % These w i l l determine how many samples per modulation segment

24 rfUpsampleFactor = round ( ( rfTimes (1 , 2 )−r fTimes (1 , 1 ) ) /dt ) ;

25 mwUpsampleFactor = round ( (mwTimes (1 , 2 )−mwTimes (1 , 1 ) ) /dt ) ;

26

27 % Make RF waveforms , use cummulative sum f o r b e t t e r g rad i en t ascent

28 rfThetaX = cumsum( r f ( 1 , : ) ) ;

29 rfThetaY = cumsum( r f ( 2 , : ) ) ;

30 upsampledRFThetaX = r e c t p u l s e ( rfThetaX , rfUpsampleFactor ) ;

31 upsampledRFThetaY = r e c t p u l s e ( rfThetaY , rfUpsampleFactor ) ;

32 rfWave ( 1 , : ) = upsampledRFThetaX ;

33 rfWave ( 2 , : ) = upsampledRFThetaY ;

34

35 % Make uW waveforms
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36 mwTheta = cumsum(mw( 1 , : ) ) ;

37 upsampledmwTheta = r e c t p u l s e (mwTheta , mwUpsampleFactor ) ;

38 mwWave( 1 , : ) = upsampledmwTheta ;

The function searchStopFn is used by fminunc and checks to see if the fidelity is

greater than 0.999, and if so the optimizer stops.

1 % This func t i on i s c a l l e d by the opt imize r a l l ow ing the opt imize r to qu i t

2 % i f the f i d e l i t y i s g r e a t e r than 0 .999

3 f unc t i on stop = searchStopFn (x , optimValues , s t a t e )

4 stop = f a l s e ;

5

6 % Check i f o b j e c t i v e func t i on i s l e s s than −0.999

7 i f optimValues . f v a l < (−0.999)

8 stop = true ;

9 end
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APPENDIX B

QUANTUM CHAOS AND THE QUANTUM KICKED TOP

The quantum description of nature is more fundamental than the classical descrip-

tion, and so it must reproduce classical physics in some limit. Originally formu-

lated by Niels Bohr [50], the “correspondence principle” states that in the limit of

large quantum numbers, quantum physics should reproduce classical physics. That

quantum-classical correspondence remains unclear in certain instances, however, and

one particular case is when the classical dynamics are chaotic.

In classical physics, chaotic dynamics are characterized by hypersensitivity to

initial conditions; chaotic trajectories will diverge exponentially for slightly different

initial conditions [51]. Quantum mechanics does not allow a similar definition due to

the uncertainty principle and the fact that unitary evolution preserves the overlap

between quantum states. This apparent disconnect presents a challenge to the

correspondence principle, and has motivated a long-standing search for signatures

of classical chaos in the corresponding quantum dynamics.

We present an experimental realization of the quantum kicked top, and in par-

ticular, we observe dynamics directly in quantum phase space for which the corre-

sponding classical dynamics are chaotic. The quantum dynamics are restricted to

the F = 3 ground state subspace of cesium, and are therefore deep in the quantum

regime. Surprisingly, we still find good correspondence between the quantum and
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classical dynamics. We find direct evidence that generation of entanglement is a

signature of chaos.

B.1 Published Paper

The following reprint was originally published in the journal Nature:

S. Chaudhury, A. Smith, B. E. Anderson, S. Ghose, P. S. Jessen, “Quantum

signatures of chaos in a kicked top,” Nature, vol. 461, pp. 768-771, 2009.
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LETTERS

Quantum signatures of chaos in a kicked top
S. Chaudhury1, A. Smith1, B. E. Anderson1, S. Ghose2 & P. S. Jessen1

Chaotic behaviour is ubiquitous and plays an important part in
most fields of science. In classical physics, chaos is characterized
by hypersensitivity of the time evolution of a system to initial con-
ditions. Quantum mechanics does not permit a similar definition
owing in part to the uncertainty principle, and in part to the
Schrödinger equation, which preserves the overlap between
quantum states. This fundamental disconnect poses a challenge to
quantum–classical correspondence1, and has motivated a long-
standing search for quantum signatures of classical chaos2,3. Here
we present the experimental realization of a common paradigm for
quantum chaos—the quantum kicked top2,4— and the observation
directly in quantum phase space of dynamics that have a chaotic
classical counterpart. Our system is based on the combined elec-
tronic and nuclear spin of a single atom and is therefore deep in the
quantum regime; nevertheless, we find good correspondence
between the quantum dynamics and classical phase space struc-
tures. Because chaos is inherently a dynamical phenomenon, special
significance attaches to dynamical signatures such as sensitivity to
perturbation1,5 or the generation of entropy6 and entanglement7,8,
for which only indirect evidence has been available9–11. We observe
clear differences in the sensitivity to perturbation in chaotic versus
regular, non-chaotic regimes, and present experimental evidence
for dynamical entanglement as a signature of chaos.

In classicalmechanics, the stateof aphysical system is specifiedby a set
of dynamical variables—for example, the position andmomentum of a
point particle—whose values define a point in phase space. Regular
motion is associated with periodic orbits in phase space, whereas chaos
is characterized by complex, aperiodic trajectories that diverge exponen-
tially as a function of initial separation. This description of states and
timeevolution is fundamentally incompatiblewithquantummechanics,
where conjugate observables such as position and momentum cannot
take on well-defined values at the same time. However, it is still possible
to represent a quantum state in phase space, in the form of a delocalized
quasi-probability distribution whose evolution is governed by the
Schrödinger equation12. This suggests an experiment in which one
prepares an initial minimum uncertainty state centred on a point in
phase space, subjects it to a desired evolution, measures the quantum
state at successive points in time, and observes the degree to which the
dynamically evolving quantum phase space distribution reflects the
classical phase space structures. Experiments of this type can be simu-
lated with classical waves3, but are very challenging for true quantum
systems because of the overhead involved in state preparation, control
and reconstruction. Quantum versions that accomplish several of the
steps have been performed with cold atoms in laser standing waves13,14,
and in this Letter we complete the entire programme by including full
quantumstate reconstruction andvisualizing thedynamics via complete
phase space distributions. Placing the emphasis on dynamics comple-
ments the much larger body of experimental work on energy level
statistics in a broad range of physical systems15–17.

The experimental tools required to study quantum chaos directly
in phase space have recently become available for the physical system

consisting of the spin angular momentum of a single 133Cs atom in
the F5 3 hyperfine ground state18–20. To take advantage of this, we
have implemented a very popular model system known as the ‘kicked
top’, consisting of a spin Fwhose dynamics is governed by a periodic
Hamiltonian:

H~BpFy
X?

n~0
f t{nt! "zB k

2Ft
F2
x !1"

In the simplest case, the kick f is a d-function, and each period of the
classical evolution breaks down into a rotation about the y axis by a
fixed angle p, followed by a twist (a rotation about the x axis by an
angle proportional to Fx). The parameter k determines the degree to
which the dynamics are regular or chaotic. In our experiment, the
rotation is performed by applying a short magnetic field pulse,
whereas the twist is induced by the a.c. Stark shift (light shift) from
a laser field tuned near the D1 resonance at 895 nm (ref. 18). Because
the magnitude of the spin is conserved, phase space is a spherical
surface on which each point represents a particular orientation of
the spin, and the classical evolution can be visualized by a stroboscopic
plot showing the state at times t5 nt. Figure 1 shows such a phase
space plot for our kicked top, with parameters p5 0.99 and k5 2.0.
We see immediately that the phase space is mixed, with one large
island of regularmotion in the Fy, 0 hemisphere, two smaller islands
in the Fy. 0 hemisphere, and a sea of chaos almost everywhere else.

To visualize a quantum state of the kicked top in phase space, one
can expand it in a basis of spin-coherent states jh,wæ, which are mini-
mum uncertainty states with maximum projection in the directions

1College of Optical Sciences, University of Arizona, Tucson, Arizona 85721, USA. 2Department of Physics and Computer Science, Wilfrid Laurier University, Waterloo, Ontario N2L
3C5, Canada.
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Figure 1 | Stroboscopic phase space plot for a classical kicked top.
Trajectories are obtained by integrating the classical equations of motion
and plotting the position of the spin after each kick. Depending on the
starting point, states follow regular orbits (red), or move along chaotic
trajectories (blue). Motion across the boundaries between regular and
chaotic regions is classically forbidden. For this plot p5 0.99 and k5 2.0,
resulting in amixed phase space that contains both regular islands of various
sizes and a sea of chaos. The Fy, 0 and Fy. 0 hemispheres are shown
separately, respectively left and right.
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given by the polar and azimuthal angles (h,w) and thus the closest
quantum approximation to a classical spin. This produces theHusimi
quasi-probability distribution,Q(h,w)5 (2F1 1)Æh,wjrjh,wæ/4p, where
r is the density operator for the quantum state (pure or statistical
mixture)21. Q(h,w) is a normalized, everywhere positive function that
comes as close as possible to a classical probability distribution in phase
space.

We use as a starting point for our kicked-top experiments an
ensemble of laser-cooled Cs atoms prepared by optical pumping in
a desired spin-coherent state r0< jh,wæÆh,wj. In a given run of the
experiment, eachmember of the ensemble is subjected to n periods of
the kicked-top Hamiltonian, and the entire density operator for the
final state is experimentally reconstructed19. The process is repeated
for 0# n# 40, in order to build up a stroboscopic record {rn} for the
evolving quantum state. Finally, we carry out the entire procedure for
a series of initial states. To obtain a visual quantum–classical com-
parison, we convert each data set {rn} into Husimi distributions to
obtain a ‘stop-motion movie’ of the evolution of the state. Figure 2A
shows selected frames from a movie obtained for an initial spin-
coherent state centred on the stable island near Fx/F5 1 in the
Fy. 0 hemisphere. Successive frames clearly show the phenomenon
of dynamical tunnelling, wherein the quantum system oscillates
between two regions of phase space even though motion through
the chaotic sea is classically forbidden13,14. The observed tunnelling
period is in good agreement with a prediction based on decomposi-
tion of the initial state into Floquet eigenstates (Supplementary

Information). It is also clear that the tunnelling oscillation dephases
after roughly one period. This is a sign of imperfections in our experi-
ments, mainly a 5% variation in k due to laser intensity variation
across the ensemble, decoherence induced by spontaneous light
scattering (,1 photon per 15 kicks), and background magnetic
fields. Our data are in good quantitative agreement with a full master
equation calculation that includes these imperfections.

An additional, useful visualization of data of the type displayed in
Fig. 2 can be achieved by averaging theHusimi distribution overmany
cycles. The result is a single plot showing the parts of phase space
accessible fromagiven initial state. Figure2Cshows40-periodaverages
for three initial states, which together illustrate the remarkable degree
to which our quantum kicked top reflects the boundaries between
regular and chaotic regions in classical phase space. Although this is
to be expected for systems in the mesoscopic regime, it is somewhat
surprising that our deeply quantum mechanical spin should do so.

In recent years, much attention has been directed towards dynami-
cal signatures of chaos in quantum systems. One candidate is the
sensitivity to perturbation, which can be quantified by the decay in
overlap between quantum states evolving according to two slightly
different Hamiltonians, and which can potentially reflect the classical
Lyapunov exponent22. The spin in our experiment is too small for the
overlap to undergo exponential decay, but different sensitivities to
perturbation should still be reflected in the decay of the purity of the
spin density operator, as each spin evolves with a slightly different
value ofk, and is coupled to the environment through light scattering.

cbaC
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data
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40322418
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Figure 2 | Quantum phase space (Husimi) distributions for a quantum
kicked top. Stroboscopic illustration of dynamical evolution, showing
selected experimental snapshots from the first 40 periods of the kicked-top
Hamiltonian. The period number is indicated in each frame. A, The initial
state is a spin-coherent state centred at Fx/F5 0.70, Fy/F5 0.70, Fz /
F520.16, where it is mostly contained within the boundaries of the lower
of the pair of islands in the Fy. 0 hemisphere of Fig. 1. The state undergoes
roughly 1.5 periods of dynamical tunnelling before coherence is lost. The
state is almost entirely confined to the Fy. 0 hemisphere, which is the only
one shown. B, The initial state is a spin-coherent state centred at
Fx/F520.94, Fy/F5 0.31, Fz/F520.16, where it is mostly contained
within the chaotic sea. The state spreads into the chaotic regions but
generally avoids the regular islands. Both hemispheres are shown.

C, 40-period averages of evolvingHusimi distributions. a–c, The initial states
are spin-coherent states centred at a, Fx/F5 0.70, Fy/F5 0.70, Fz/F520.16
(island in the Fy. 0 hemisphere, same asA), at b, Fx/F520.94, Fy/F5 0.31,
Fz/F520.16 (in the chaotic sea, same as B), and at c, Fx/F5 0,
Fy/F520.99, Fz/F520.16 (large island in the Fy, 0 hemisphere). The
upper data set is the observation from experiments, while the lower data set
is the prediction of a full theoretical model taking into account decoherence
and k variation. In combination, the quantum phase space distributions
reflect the classical phase space structures of Fig. 1 with remarkable fidelity.
To enhance contrast, the Husimi distribution in each image has been
rescaled to fit the interval [0,1]. Each quantum state is experimentally
reconstructed with a fidelity of ,90%.

NATURE |Vol 461 |8 October 2009 LETTERS

769
 Macmillan Publishers Limited. All rights reserved©2009



137

Figure 3 shows the experimentally measured state purity, Tr[r2], as a
function of period number, for two different initial states. As
predicted, the purity decays at very different rates in regular and
chaotic regions.

For systems with multiple degrees of freedom, it has been argued
that classical chaos is linked to the dynamical generation of entan-
glement in the quantum system23,24. Our atomic spin is the sum of
electron and nuclear spins, F5 S1 I. It is therefore natural to test if
the entanglement generated between the two is a reliable signature of
chaos. Here we use the linear entropy SLE~1{Tr r2e

! "
as our entan-

glement measure, where re is the reduced density operator for the
electron spin. This is reasonable as long as the overall state is nearly
pure. In our experiment, SLE reaches steady state after just a few kicks
(Supplementary Information), and the 40-period average therefore
serves as a convenient and robust measure of the entanglement
generated by the dynamics. Figure 4 shows a significant dip in
ÆSLEæ and correspondingly less entanglement generation for initial
states localized in regular regions compared to those in the chaotic
sea. This is (to our knowledge) the first experimental evidence that
the purely quantum property of entanglement is a good signature of
classical chaos. Note that whereas the signature is very clear for initial
states in the large regular island in the Fy, 0 hemisphere, it is less
apparent for states located on the small island in the Fy. 0 hemi-
sphere. This loss in contrast occurs because the latter become entang-
led by dynamical tunnelling, and is therefore linked to the deeply
quantum nature of our small spin. Contrast is further reduced by the
sensitivity of tunnelling to k variations and decoherence, which is
apparent from the difference between our perturbation-free and full
models (Supplementary Information). Tunnelling will be suppressed
for much larger spins, and it is reasonable to assume that the distinc-
tion between regular and chaotic regions will be more universal in
that regime.

Our laboratory realization of the kicked topwith atomic spins points
theway to further studiesofquantumchaos in the timedomain.Weare
currently working to extend our control andmeasurement tools to the
entire hyperfine ground manifold of the Cs atom25, which will provide
access to the full state space for the coupled electron–nuclear spins.
Besides increasing the size of state space by more than a factor of two,
this will offer a more powerful platform for the study of entanglement
as a quantum signature of chaos26. To reach the semiclassical limit of
very large spins, one can in principle implement a kicked-top
Hamiltonian for the collective spin of an atomic ensemble, with the
twisting interaction induced either byultracold collisions27, or by coup-
ling the spins to a shared mode of a quantized electromagnetic field28.

Ultimately, this could allow experiments to address some of the most
important outstanding questions related to quantum–classical corres-
pondence, such as how to recover classical (chaotic) dynamics in open
quantum systems subject to decoherence22 or weak measurement29.

METHODS SUMMARY
We prepare a spin ensemble by capturing and laser cooling,107 Cs atoms in a
magneto-optical trap and optical molasses. The atoms are released into free fall,
and optically pumped into an F5 3 spin-coherent state with respect to a fixed
axis. A set of precision coils driven by arbitrary waveform generators apply time-
dependent magnetic fields in a bandwidth of ,200 kHz, and generate fast and
accurate rotations through the magnetic interaction gFmBB?F, where gF is the
Landé g factor for the spin F and mB is the Bohrmagneton.We usemagnetic field
pulses to prepare spin-coherent states along desired directions, and to perform
the rotation in the kicked-top Hamiltonian. The continuous twist is induced by
the a.c. Stark shift in a linearly polarized, monochromatic laser field, leading to
an effective ground state Hamiltonian of the form BjF2

x (ref. 18). In our experi-
ment the magnetic kick duration is 17 ms, the peak Larmor frequency is 15 kHz,
the twisting strength j5 2p3 533Hz, and the kicked-top period is t5 100ms
for k5 2.0. The finite duration of the magnetic kick causes overlap of the rota-
tion and twisting parts of the evolution, but this does not significantly alter the
character of the dynamics and is easily taken into account in the equations of
motion. The rotation, p5 0.99, is chosen to maximize the size of the islands in
the Fy. 0 hemisphere, and to allow a spin coherent state to be contained mostly
within one of these.
Following n periods of the kicked-top Hamiltonian, the information needed

to reconstruct the final spin density operator with a fidelity of,90% is acquired
during a single 2-ms phase of continuous weak optical measurement and
dynamical control. Details regarding nonlinear spin dynamics, quantum control
and quantum state reconstruction, and the theoretical modelling of spin
dynamics, can be found in previous work published by our group18,19,30.
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Figure 3 | Sensitivity to perturbation as a quantumsignature of chaos. The
purity of the spin density operator, Tr[r2], shown as a function of the period
number. a, Initial state localized on the large island in the Fy, 0 hemisphere
(same data set as in Fig. 2C, c). b, Initial state localized in the sea of chaos
(same data set as in Fig. 2C, b). Red circles are experimental data and the
green lines are the predictions of a full model. As expected, perturbations, in
the form of decoherence and k variation across the ensemble, reduce the
purity much faster for a state in the chaotic sea. Experimental error bars,
61 s.d.
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Figure 4 | Entanglement as a quantum signature of chaos. Entanglement
between the electron and nuclear spins is quantified by the linear entropy,
SLE~1{Tr!r2e ", of the electron reduced density operator. It is averaged over
40 periods of the kicked-top Hamiltonian, and shown as a function of the
centre of the initial spin coherent state |h,wæ. a, Theoretical prediction for
Schrödinger evolution, corresponding to an ideal situation without
perturbations (no decoherence or k variation). Colours indicate the value of
ÆSLEæ. b, Experimental measurements performed for states lying along the
green cross-section in a. Also shown are the predictions of a full model (solid
green line) and the perturbation freemodel (dashed blue line) used in a. The
black dashed line is the linear entropy of a minimally entangled pure state in
the F5 3 manifold. A marked contrast in dynamically generated
entanglement can be seen between regular and chaotic regions.
Experimental error bars, 61 s.d.
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APPENDIX C

THREE-AXIS MEASUREMENT AND CANCELLATION OF BACKGROUND

MAGNETIC FIELDS

Experiments with cold and ultracold atomic gases often require very precise control

of the total magnetic field that couples to and drives the atomic spins. That makes

accurate cancellation of the (generally time-dependent) background magnetic field

an important limiting factor in experiments. Suppression of background magnetic

fields is typically done using passive magnetic shielding, or through measurement and

active cancellation. We demonstrate an alternative approach in which we synchro-

nize the experiment with the power-line cycle, and contributions to the background

field from power-line components and from magnetization and eddy currents in the

apparatus are measured once and subsequently compensated with an applied field.

Our scheme uses an ensemble of cold atoms as an in situ probe to measure the

background magnetic field separately along three orthogonal axes. By applying a

simple magnetic field pulse sequence and monitoring polarization spectroscopy in

real-time, we can measure a single orthogonal component of the background field

with a sensitivity of a few tens of µG in a bandwidth of ∼1 kHz. We subsequently

apply a compensation field, which results in a residual field below ∼50 µG rms.

That level of background field suppression was critical for the experiment described

in appendix B.
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Abstract
Many experiments involving cold and ultracold atomic gases require very precise control of
magnetic fields that couple to and drive the atomic spins. Examples include quantum control
of atomic spins, quantum control and quantum simulation in optical lattices, and studies of
spinor Bose condensates. This makes accurate cancellation of the (generally time dependent)
background magnetic field a critical factor in such experiments. We describe a technique that
uses the atomic spins themselves to measure dc and ac components of the background field
independently along three orthogonal axes, with a resolution of a few tens of µG in a
bandwidth of !1 kHz. Once measured, the background field can be cancelled with three pairs
of compensating coils driven by arbitrary waveform generators. In our laboratory, the
magnetic field environment is sufficiently stable for the procedure to reduce the field along
each axis to less than !50 µG rms, corresponding to a suppression of the ac part by about one
order of magnitude. This suggests that our approach can provide access to a new low-field
regime in cold atom experiments.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Magnetic fields play an important role in the production,
manipulation and study of cold and ultracold atomic gases.
A particular experiment may require a near-zero field
environment or a very accurate applied field. In either case,
control of the total field requires a high level of background
field suppression, and the degree to which this can be
accomplished is often a key limitation. One important example
is quantum information processing and quantum simulation
with qubits encoded in field sensitive atomic spin states. Field
sensitive states are required for spin-dependent atom transport
in optical lattices [1], and thus for studies of quantum walks [2]
and the generation of entanglement via controlled collisions
[3, 4]. In such experiments, background magnetic fields limit
the time and distance over which coherence and entanglement
can be maintained. Similarly, recent demonstrations of site-

resolved atom addressing in optical lattices use field-dependent
states [5–7], and background fields limit the spatial resolution
and fidelity of control. Going beyond qubits, the fidelity of
quantum control and measurement of larger atomic spins is
also fundamentally limited by background fields [8–10]. A
second important example is the study of spinor condensates
[11], where many predictions have been made regarding novel
ground states [12, 13], magnetic response [14] and dynamical
control [15, 16] near zero magnetic field. To reach this as
yet inaccessible regime, background magnetic fields must be
suppressed to a level where the Zeeman energy is negligible
compared to the spin-dependent interaction energy. In a typical
experiment with 87Rb atoms in an optical dipole trap this may
correspond to fields of a few tens of µG or less [17]. Spinor
condensates in much higher magnetic fields have been studied
extensively [17–23], but even in this regime the ability to

0953-4075/11/205002+07$33.00 1 © 2011 IOP Publishing Ltd Printed in the UK & the USA
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observe critical features of the dynamics can in some cases be
affected by magnetic field stability.

Background magnetic fields are typically suppressed
by passive magnetic shielding, or through measurement
and active cancellation. The latter is often preferable in
experiments that require good optical access and/or rapidly
time-varying applied fields. Conventional magnetometers
cannot be placed at the position of the atom cloud, but it is
possible in principle to interpolate the field from measurements
with an array of sensors and cancel it in real time using
negative feedback [24]. Such schemes are limited by time-
varying field gradients and by the sensitivity and bandwidth
of compact, affordable magnetometers, and cannot deliver the
performance required for the most demanding experiments.
Alternatively, the experiment can be synchronized with the
power-line cycle, and contributions to the background field
from dc and ac power-line components and from magnetization
and eddy currents in the apparatus can be measured upfront
and compensated with an applied field. In an environment
where these field components are dominant and stable, this
approach can yield surprisingly good results. In this paper,
we describe a novel technique whereby the cold atom sample
itself is used as an in situ probe to measure the background
magnetic field separately along each of three orthogonal axes,
with a sensitivity of a few tens of µG in a bandwidth of
!1 kHz. Three pairs of compensating coils driven by arbitrary
waveform generators are subsequently used to cancel the
measured field, and a second measurement verifies that the
residual field is below !50 µG rms. Our scheme uses a
spin-echo technique to single out one of three orthogonal
field components, and reads out the spin dynamics in real
time by measuring the resulting polarization modulation of a
weak, far-off-resonance optical probe. We emphasize that the
technique has been developed to meet a critical need in cold
atom physics, rather than as a general purpose magnetometer.
General purpose magnetometry with hot [25], cold [26–28]
and ultracold [29] atomic gasses has a considerable history,
and it remains to be seen if the ideas outlined here might prove
useful in this context.

The remainder of this paper is structured as follows.
In section 2, we describe our experimental setup, including
the optical readout of spin dynamics. Sections 3 and 4
describe how we use spin echoes to measure and cancel
field components that are transverse and longitudinal (parallel)
to the probe propagation direction, respectively. Section 5
describes how we measure and cancel the time-dependent
background field. Finally, in section 6 we summarize our
findings.

2. Experimental setup

Our apparatus consists of a vapour cell magneto-optic trap
(MOT) and optical molasses, capable of preparing a sample
of !107 Cs atoms at temperatures as low as 3 µK. To reduce
eddy currents and residual magnetization, we use an all glass
vapour cell, our MOT coils are wound on a teflon support, and
all magnetic or conductive materials are kept at a distance of
at least 15 cm from the atom sample. The vapour cell and

MOT coils sit inside a precision-machined plexiglass housing
that holds three pairs of 7"" #7"" square coils in near-Helmholtz
configurations. These coil pairs generate magnetic fields along
three precisely defined orthogonal directions, which we choose
as the x, y, and z axes of our coordinate system. Driving
each pair with an arbitrary waveform generator, we can apply
fields up to 50 mG per axis, with a bandwidth of !350 kHz
and an accuracy better than 1%. The primary use of these
‘control’ coils is to generate time-dependent fields for quantum
control of atomic spins [9], but they are also the source of spin-
echo pulses during field measurements, and ac compensation
fields during subsequent experiments. Cancellation of the
dc background field is performed with another, much larger
set of ‘nulling’ coils that surround the entire apparatus. The
experiment is triggered at a fixed point in the ac power cycle,
so that the power-line contribution to the background field
remains constant from one repetition to the next. The size of
our atom sample and its motion during the short duration of
the experiment are small enough that spatial inhomogeneity of
both the applied and background fields can be ignored.

At the beginning of a measurement cycle we turn off
the MOT coils and hold the atom sample in optical molasses
for 15 ms, sufficient for the MOT field and associated eddy
currents to decay completely. The MOT/molasses beams are
then extinguished and the atom sample released into free fall.
At this point, we use a combination of optical pumping and
Larmor precession in a pulsed magnetic field to initialize atoms
in an F = 3 state with maximum projection of the spin along
a desired direction. An optical probe, initially polarized along
the x direction and tuned in the vicinity of the Cs 6S1/2 $
6P1/2 (D1) transition, is passed through the atom sample along
the z (vertical) direction, and the resulting spin-dependent
change in its polarization state is measured with a low-noise
polarimeter. Because our atom sample has low-to-moderate
optical density on resonance, OD ! 1, the spin–probe coupling
is too weak to generate significant entanglement, and its effects
can be viewed as separate transformations of the spin and probe
degrees of freedom. Even so, for an atom with F > 1/2, the
spin–probe interaction is both rich and complex (see [30] for
details), and we highlight only a few of the relevant features
here.

For a probe detuning much larger than the hyperfine
splitting of the 6P1/2 excited state, the dominant effect
is Faraday rotation of the probe polarization. We
determine the polarization rotation by measuring the power
difference between the linear polarization components along
(x ± y)/

%
2, and obtain a signal

MFar(t) " OD

!/"
&Fz't , (1)

where ! is the detuning and " = 4.7 MHz is the natural
linewidth. This is the basis for our measurements of magnetic
fields transverse to the probe axis. Fields along the probe axis
conserve &Fz' and must be accessed by measuring a different
spin observable. In principle, this can be done with a second
probe beam propagating along, e.g., x and measuring &Fx',
but for technical reasons this is inconvenient to do in our
setup. We instead tune our probe beam between the F " = 3
and F " = 4 manifolds of the 6P1/2 state, where the rank-2

2



153

J. Phys. B: At. Mol. Opt. Phys. 44 (2011) 205002 A Smith et al

tensor component of the atomic polarizability is substantial.
In this situation the atom sample becomes birefringent, and the
resulting ellipticity of the probe polarization reflects the spin
state. We determine the ellipticity by measuring the power
difference between the components of circular polarization
and obtain a signal

MBiref(t) ! OD

(!/")2
!FxFy + FyFx"t . (2)

This signal is sensitive to longitudinal magnetic fields, going
through two full periods each time the spin Larmor precesses
by 2# around the probe axis.

For our choice of (linear) probe polarization, the probe
induces a spin-dependent light shift of the form

HA = $(2)h̄%sF
2
x , (3)

where %s ! (!/")#2 is the rate of photon scattering per atom
and where $(2) is a parameter that depends on the rank-2 tensor
polarizability and thus on the precise probe frequency and
details of the atomic transition. This nonlinear Hamiltonian
causes a periodic collapse and revival of the mean spin [31],
which is undesirable in this context. In our setup, we are
able to perform Faraday measurements, equation (1), with
a sufficient signal-to-noise ratio at modest probe power and
detunings up to 100 GHz, where the timescale for the first
nonlinear collapse is much longer than the total measurement
time. By contrast, the birefiringence signal, equation (2), and
nonlinear spin Hamiltonian both depend on the rank-2 tensor
polarizability and thus scale in the same way with probe power
and detuning. As a result, we have been unable to find working
conditions for which the nonlinear collapse can be ignored. In
this situation, it is necessary to model the entire spin dynamics
including nonlinear effects in order to understand how the
latter affect our magnetic field measurements. See section 4
for further details.

3. Transverse field measurement

We initiate a measurement of the background magnetic field
along a transverse axis (e.g. the x axis) by rotating the atomic
spins so they are spin-up along z, |&0" = |F = 3,mz = 3".
Following that, we apply a series of n pulses of magnetic
field along the measurement (x) axis, each having Larmor
frequency 'P = 2# $ 17.5 kHz (B % 50 mG) and duration
( = 2#/'P = 57.0 µs, and with the entire pulse train
comprising a measurement window of duration T = n( . The
sign of the applied field is alternated from pulse to pulse
(figure 1), so that the spins go through alternate rotations
by #2# and +2# around the field axis. This so-called 2#
rotary spin-echo sequence was originally developed by the
NMR community [32] and has proven useful in other contexts
including the manipulation of cold atom qubits [33]. In our
protocol it is key to isolating and measuring only the field
component along the desired measurement axis.

To understand how the rotary echo is used to generate a
measurement signal, consider first the case of zero background
field. In this situation the direction of rotation is always
reversed exactly when an atom returns to the spin-up
state, and the Faraday signal MFar(t) is a perfect sinusoid

Figure 1. Schematic of a rotary echo-pulse sequence. The
magnitude of the applied magnetic field is constant in time but
changes sign once per time interval ( , generating a series of
alternating #2# and +2# rotations around the field axis. In our
setup B % 50 mG, corresponding to a Larmor period ( = 57.0 µs.

(a) (b)

(c) (d)

Figure 2. Time-dependent polarization signals and corresponding
power spectra in a transverse field measurement. In the absence of a
background field, the signal from sequential rotations by #2# and
+2# is indistinguishable from standard, unidirectional Larmor
precession, resulting in a sinusoidal signal (a) and a power spectrum
with a single peak at the Larmor frequency (c). In the presence of a
background field (280 µG in this example) kinks develop in the
sinusoidal signal (b) and sidebands appear in the power spectrum
(d). The signals and power spectra shown here are averaged over
50 runs of the experiment.

indistinguishable from Larmor precession in a constant field
(figure 2(a)). The power spectrum then consists of a single
‘carrier’ at frequency 1/( (figure 2(c)). For a constant,
non-zero background field along the measurement axis, the
alternating pulse angles are ±2# + 'B( , where 'B is the
background Larmor frequency, and successive reversals of
rotation occur at points increasingly far from the spin-up
state. As a result, MFar(t) develops a series of ‘kinks’
(figure 2(b)), and those give rise to sidebands in the power
spectrum that are shifted from the carrier frequency by ±1/2(

(figure 2(d)). A measurement of the background field can then
be obtained by manually adjusting a compensating field to
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(a) (b)

(c) (d)

Figure 3. Power versus background field along the measurement
axis, for the carrier (green/diamonds), and for the low-frequency
(red/circles) and high-frequency (blue/triangles) sidebands. Lines
and symbols correspond to numerical simulation and experimental
data, respectively. In (a) and (b) the measurement axis is in the
transverse direction, and the measurement windows are T = 1 ms
and T = 4 ms, respectively. In (c) and (d) the measurement axis is
in the longitudinal direction, and the pulse durations are T = 1 ms
and T = 4 ms, respectively.

minimize the sidebands and null the total (average background
plus compensating) field.

Figures 3(a) and (b) show calculated and measured powers
in the carrier and sidebands as a function of a deliberately
applied background field, and in particular the steep drop
in the sideband powers near the zero field. Both these
minima grow sharper with increasing measurement duration
and/or increasing number of rotary echo pulses, leading to a
tradeoff between measurement sensitivity and bandwidth as
one would expect. In the laboratory, we typically average
the power spectra from a few tens of repetitions, both to
improve our signal-to-noise ratio and to reduce the sensitivity
to field fluctuations that are not correlated with the ac power
cycle. Even so, with a cycle time near 1 s for our cold
atom experiment, it is possible to perform the basic sideband
minimization and field nulling routine in real time. In practice,
we are able to determine the point of minimum sideband power
and thus measure the background field to within ±35 µG for
a measurement window T = 1 ms, and to within ±9 µG for a
measurement window T = 4 ms.

It is important to consider how our measurement protocol
is affected by errors in the magnetic field pulses that drive the
rotary echo. Asymmetry between positive and negative echo
pulses mimic the presence of a background field, but can be
easily detected by measuring the coil currents directly, and if
necessary removed by reprogramming the arbitrary waveform
generator. Alternatively, the problem can be diagnosed by

Figure 4. Measurement error versus rotary echo pulse angle, for
transverse (blue/circles) and longitudinal (red/triangles) field
measurements. Lines and symbols correspond to numerical
simulation and experimental data, respectively. As the pulse angle
deviates from 2! the measured field is shifted from the true value.

switching the leads to the relevant control coils between two
consecutive measurements of the field, and looking for changes
in the apparent background field. In our case, there is no
indication that pulse asymmetry contributes significantly to
the overall measurement uncertainty. A second possibility is
that the pulse areas, while equal, correspond to rotations by
±(2! + "), perhaps due to imperfect calibration of the control
coils. All rotary echoes are inherently robust against such
angle errors—the atom still returns to the spin-up state after
every other pulse—but the Faraday signal will have kinks and
the power spectrum will contain sidebands even in the absence
of a background magnetic field. In spite of this, both numerical
simulation and experiments with deliberately introduced angle
errors show that the minimization of the sideband power
remains a good way to determine the background field.
Figure 4 shows the measurement error resulting from a
given pulse angle error, defined as the shift in the required
compensating field. In our setup, the estimated uncertainty
in the pulse angle is ±0.5%, corresponding to a measurement
error of ±13 µG, which is less than our signal-to-noise-limited
resolution.

It is known from NMR spectroscopy that 2! rotary echoes
are robust not only against angle errors, but also against
errors in the frequency of the driving field [32]. In our
case, the equivalent of a frequency error is a non-zero field
orthogonal to the measurement axis. This suggests that our
measurement should be close to uni-axial, unaffected by the
presence of orthogonal fields. Numerical simulations, as well
as experimental measurements in the presence of deliberately
applied orthogonal fields, confirm that the compensating field
required to minimize sideband power shifts only very slightly,
as shown in figure 5. The resulting measurement error remains
below 35 µG for orthogonal fields up to !8 mG, far beyond
anything normally present in our apparatus. To fully appreciate
how small this effect is, consider an alternative scheme in
which we apply a constant rather than pulsed field along the
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Figure 5. Error in a transverse field measurement due to the
presence of an orthogonal background field. The lines and symbols
correspond to numerical simulation and experimental data,
respectively.

measurement axis, and then measure the shift in the overall
Larmor frequency ! resulting from a background field along
the measurement axis. In that case, the effect of orthogonal
fields is also reduced because they add in quadrature with the

bias field, ! =
!

!2
P + !2

!. However, for our value of !P, a
8 mG orthogonal field would lead to a measurement error of
650 µG, a nearly twenty-fold increase relative to the rotary
echo protocol!

Finally, it is worth noting that an orthogonal field large
enough to produce a significant measurement error also leads
to a large increase in sideband power even at the most optimal
compensating field. This serves as a convenient warning that
a field measurement should not be trusted. In this situation,
we resort to a simpler scheme, wherein we use our dc nulling
coils to minimize Larmor precession in the absence of other
applied fields. This usually suffices to reduce the overall, time-
averaged background field well below the 8 mG threshold. Of
course, once we have used our protocol to null the entire three-
dimensional background field, the orthogonal fields present in
subsequent iterations of the measurement will be insignificant.

4. Longitudinal field measurement

As outlined in section 2, background fields parallel to the
probe (z) axis must be measured using the birefringence
signal, equation (2). To initiate a measurement, we rotate the
atomic spins so they are parallel to the (x + y)/

"
2 axis and

thus the expectation value #FxFy + FyFx$ and MBiref(t = 0)

take on their maximum value. Following that, we apply the
2" rotary spin-echo sequence along the z axis, and proceed
just as for transverse fields. Figures 6(a) and (b) show the
birefringence signal for zero and non-zero background fields,
respectively, differing from the Faraday signals in transverse
fields (figure 2) mainly by oscillating at twice the Larmor
frequency and undergoing a nonlinear collapse in amplitude

(a) (b)

(c) (d)

Figure 6. Time-dependent polarization signals and corresponding
power spectra in a longitudinal field measurement. In the absence of
a background field the sequence of ±2" rotations produces a
sinusoidal signal at twice the Larmor frequency (a), with a
superimposed collapse due to the spin-dependent light shift. The
corresponding power spectrum contains a single peak (c). In the
presence of a background field (430 µG in this example) kinks
develop in the sinusoidal signal (b) and sidebands appear in the
power spectrum (d). The signals and power spectra shown here are
averaged over 50 runs of the experiment.

due to the spin-dependent light shift, equation (3). The power
spectra (figures 6(c) and (d)) consist of a carrier at frequency
2/# , and sidebands shifted by ±1/2# . Longitudinal fields can
now be measured in the same way as transverse fields, i.e.
by applying a compensating field along the z-axis until the
sideband power is minimized. Figures 3(c) and (d) show
the calculated and measured carrier and sideband powers
versus background field, including minima near zero field of
comparable width to those for transverse fields.

The accuracy of longitudinal field measurements
are subject to the same limitations as transverse field
measurements. Most importantly, the basic resolution limit,
given by our ability to determine the point of minimum
sideband power, is similar to that for transverse fields (±35 µG
for T = 1 ms, ±9 µG for T = 4 ms). Pulse angle errors
and orthogonal background fields also play similar roles. As
shown in figure 4, the measurement error resulting from pulse
angle errors is slightly larger, about ±15 µG for our estimated
±0.5% uncertainty in the pulse angle. Figure 7 shows the
measurement error as a function of orthogonal background
fields. Note that, in contrast to the case of transverse fields,
the error for a longitudinal field depends on the direction
of the orthogonal field, presumably because both the signal
MBiref(t) and the nonlinear light shift Hamiltonian HA break
the rotational symmetry in the x-y plane. Even so, we can
still tolerate an orthogonal field as large as %5 mG before the
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(a) (b)

(c) (d)

Figure 7. Error in a longitudinal field measurement due to the
presence of an orthogonal background field. Lines and symbols
correspond to numerical simulation and experimental data,
respectively. The orthogonal field is at an angle of 0! (a), 45! (b),
90! (c) and 135! (d) with respect to the x axis.

corresponding error exceeds our 35 µG resolution limit. As is
the case for transverse fields, it is straightforward in practice
to ensure that orthogonal fields are well below this limit.

5. AC background field measurement and
cancellation

Our basic protocol for measuring background magnetic fields
in short-time windows can be used to map out time-dependent
fields with a time resolution given by the window width.
In practice, measuring the field for even a single time step
requires a few runs of the experiment, so the approach is
limited to fields that are stable and reproducible from run to
run. In our apparatus there is no significant contribution from
residual magnetization or eddy currents, and the background
field is dominated by dc and ac power-line components whose
amplitude and phase are to a good approximation stable
over time. This can be easily verified with a three-axis
fluxgate magnetometer placed near the vapour cell. It is
then straightforward to ensure reproducibility by triggering
the start of each run at a fixed point in the 60 Hz power-
line cycle. To map out the time-dependent field in a given
direction, we perform a series of measurements spaced by the
window width T. We then fit this time series to a function
containing dc, 60, 120, 180 and 240 Hz components, with the
various amplitudes and phases as fit parameters. To cancel
the background field in subsequent experiments, we subtract
the fit from whatever field is being applied by the arbitrary
waveform generator and control coils for that axis. Figure 8
shows an example of the measured three-axis ac field during

Figure 8. Example of ac power-line background fields in our
laboratory, along directions x (red), y (blue) and z (green) before
(solid lines/solid symbols) and after (dashed lines/open symbols)
cancellation. Symbols indicate experimental data, solid lines are fits
including dc and ac power-line components. The rms ac fields
before (after) cancellation are 301 µG (38 µG) along x, 140 µG
(39 µG) along y and 223 µG (34 µG) along z.

a 10 ms interval, before and after cancellation. Empirically,
we have found that the ac components of our background field
tend to be stable over a period of many days, provided that we
do not change the location or the on/off status of any electronic
equipment in our lab. In that case it suffices to re-measure and
cancel them once a week. The dc component is not as stable
and must be re-measured and cancelled daily. Overall, during
periods when the magnetic field environment is quiet (nights or
weekends), the cancelled background fields can remain below
"50 µG rms per axis for several hours; similar but slightly
worse performance can be achieved during standard working
hours.

Finally, we note that time dependence can affect individual
field measurements in non-intuitive ways. For fields similar
to those in figure 8, the time dependence can be considered
roughly linear across any 1 ms measurement window. For our
parameters, numerical simulations show this will result in field
estimates that are shifted from the mid-point value by 20% of
the field change across the window, with a positive (negative)
slope causing a negative (positive) offset. As a result, the
measured time-dependent fields turn out to be practically
undistorted but shifted in time by "200 µs relative to the true
fields. For our modest ac fields, this discrepancy is below the
measurement accuracy, and we see no statistically significant
difference in the cancelled fields whether we take the time shift
into account or not. Much larger ac fields might, however,
require two or more iterations to achieve good cancellation.

6. Summary and outlook

We have implemented and tested a protocol to perform
in situ measurement and cancellation of dc and ac background
magnetic fields in a cold atom experiment. The protocol
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starts with a spin-polarized atom sample, applies a 2!

rotary spin-echo sequence and observes the resulting spin
dynamics via polarization modulation of an optical probe. A
background field along the spin-echo axis of rotation leads to
distinctive sidebands in the power spectrum of the polarization
modulation. These sidebands can be minimized by cancelling
the background field with a known applied field, thereby
yielding a measurement of the original background field.
Three-axis measurements can be performed by repeating the
basic protocol with different spin-echo axes of rotation, and
time-dependent fields can be mapped out by measuring the
field in a series of short-time windows. Once measured, a time-
dependent field can be cancelled by adding a compensating
field. In this fashion, we routinely cancel our background
field to below 50 µG rms per axis, limited by measurement
resolution and the stability of the dc and ac power-line fields.
In our laboratory, the approach has proven adequate for several
demanding experiments involving non-trivial quantum control
of atomic spins [8–10]. Most recently, we have used a similar
approach to measure and stabilize a dynamically switched
3G magnetic bias field in a quantum control experiment now
underway in our group [34]. Preliminary results indicate that,
by cancelling power-line components and compensating for
transient effects following turn-on of the bias field, we are
able to stabilize the total field (bias plus background) to within
30 µG (one part in 105), and to set its value with an accuracy
of 60 µG.

We expect that our magnetic field measurement and
cancellation procedure will work at least as well in experiments
with quantum degenerate gases. In particular, the larger on-
resonance optical density of these atomic samples should
lead to much better signal-to-noise ratios in the polarimetry
measurement [35], and thus allow better measurement
sensitivity and/or higher bandwidth. Provided that such
experiments are performed in magnetic field environments
that are both quiet and stable, this may provide access to
a new low-field regime for quantum simulation and spinor
condensate physics.
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and Bloch I 2003 Nature 425 937

[4] Anderlini M, Lee P J, Brown B L, Sebby-Trabley J,
Phillips W D and Porto J V 2007 Nature 448 452

[5] Lundblad N, Obrecht J M, Spielman I B and Porto J V 2009
Nature Phys. 5 575

[6] Karski M, Förster L, Choi J-M, Steffen A, Belmechri N, Alt
W, Meschede D and Widera A 2010 New J. Phys. 12 065027

[7] Weitenberg C, Endres M, Sherson J F, Cheneau M, Schauss P,
Fukuhara T, Block I and Kuhr S 2011 Nature 471 319

[8] Smith G A, Silberfarb A, Deutsch I H and Jessen P S 2006
Phys. Rev. Lett. 97 180403

[9] Chaudhury S, Merkel S, Herr T, Silberfarb A, Deutsch I H
and Jessen P S 2007 Phys. Rev. Lett. 99 163002

[10] Chaudhury S, Smith A, Anderson B E, Ghose S and Jessen P S
2009 Nature 461 768

[11] See, for example, Pethick C J and Smith H 2002 Bose-Einstein
Condensation in Dilute Gases (Cambridge: Cambridge
University Press)

[12] Law C K, Pu H and Bigelow N P 1998 Phys. Rev. Lett. 81 5257
[13] Ho T-L and Yip S K 2000 Phys. Rev. Lett. 84 4031
[14] Koashi M and Ueda M 2000 Phys. Rev. Lett. 84 1066
[15] Pu H, Raghavan S and Bigelow N P 2000 Phys. Rev. A

61 023602
[16] Duan L-M, Cirac J I and Zoller P 2002 Phys. Rev. A 65 033619
[17] Chang M-S, Hamley C D, Barrett M D, Sauer J A, Fortier K

M, Zhang W, You L and Chapman M S 2004 Phys. Rev.
Lett. 92 140403

[18] Stenger J, Inouye S, Stamper-Kurn D M, Miesner H-J,
Chikkatur P and Ketterle W 1198 Nature 396 345

[19] Schmaljohann H, Erhard M, Kronjäger J, Kottke M,
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