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ABSTRACT

We study the possible weights of an irreducible 2-dimensional modular mod p repre-
sentation of Gal(F/F), where F is a totally real field in which p is allowed to ramify,
and the representation is tamely ramified at primes above p. We describe a set of

possible weights and completely determine the weights in some cases when e = 2,

f=2.



CHAPTER 1

INTRODUCTION

The connection between modular forms and Galois representations is one of the most
important and far reaching discoveries in modern number theory. Modular forms
play a key role in the proof of Fermat’s last theorem, the converse direction of the

Herbrand-Ribet theorem, and the Langlands program.

1.1 Background

Definition 1.1.1. Let Sk(JV, x) denote the space of cusp forms on I'; (N) with char-

acter x.

Let f € Sk(IV,x) be a eigenform of weight k, level N, character x, and Fourier
coefficients a,. Let pt N be a prime, and let € be the reduction mod p of the p-adic
cyclotomic character. Let Gg := Gal(Q/Q) be the absolute Galois group of Q. For
each prime ¢ let Frob, denote a Frobenius element for ¢. The work of many people

culminated in the following deep theorem:

Theorem 1. (Eichler-Shimura, Deligne) Let f be as above. Then there is a contin-

uous, semi-simple Galois representation
pf . GQ — GLQ(FP)

which is unramified at all primes ¢ 1 pN, and the characteristic polynomial ofﬁf(Frobg)
is 22 — agr + Y (0)e1(¢).

By the Chebotarev Density theorem, this implies that the determinant of complex
conjugation is X(c)e*~1(c) = (=1)¥(=1)*"1 = —1. In 1973, Serre proposed a converse

to this statement.



Conjecture 1.1.2. (Serre) Let p : Gg — GLy(F},) be a continuous, irreducible, odd
representation (one in which the determinant of complex conjugation is —1). Then

p = py for some modular form f.

Serre also proposed a stronger version of his conjecture in [Ser87] which explicitly
specified the minimal weight and prime to p level of the associated modular form.
Fix a choice of embeddings Q — @, and let I, denote the inertia subgroup of Gg,.
Let w: I, — up_l(@p) —Fy < pr denote the mod p cyclotomic character, and let
wy I = Fly — pr be the niveau 2 fundamental character. If p|g, is semi—simpl

then either

° p‘IPN (aé] (B”) for unique 0 <a <b<p-—2, or

a+bp
Oﬁ‘ij(w2O wb+ap> for unique 0 <a<b<p-—1.
2

In both cases Serre conjectured that the the minimal weight was k(p) := 1 + pa + b.

Long before Serre’s conjecture was known it was known in almost all cases that
if p is modular, then it is modular of the conjectured weight and level ([Edi92],
[Rib90], ...). There has been a great deal of work on Serre’s conjecture in recent years,
culminating in a proof of the full conjecture in the work of Khare-Wintenberger in
[KW09a] and [KW09b], and Kisin [Kis09]. The proof of Serre’s conjecture involves
modularity lifting theorems. One measure of the strength of Serre’s Conjecture is
that it directly implies Fermat’s Last Theorem (i.e., without resort to the Shimura-

Taniyama Conjecture that all elliptic curves over Q are modular [BCDTO01]).

1.2 Generalizations of Serre’s conjecture

It is natural to ask if Serre’s conjecture can be generalized to representations of other

Galois groups, such as 2-dimensional mod p representations of G for a totally real

IThe strong form of Serre’s conjecture also includes a combinatorial formula for k(p) if not semi-
simple.
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field F'. As with the classical case, generalizations of Serre’s conjecture contain two
related but separate problems: the existence of modular lifts and the possible weights
and levels of modular lifts. Although modularity lifting theorems are known for
totally real fields, there is no base case for the inductive arguments used in [KW09a]
and it seems that a proof of the modularity of representations will not be available
in the near future. The weight part of generalizations of Serre’s conjecture have also
received significant interest, and many partial results are known.

In the seminal paper [BDJ10], Buzzard, Diamond, and Jarvis proposed a gener-
alization of Serre’s conjecture for a totally real field F'. Naively one might attempt
to replace modular forms with Hilbert modular forms in the formulation of Serre’s
conjecture, but the conjecture would be false since not all continuous, irreducible,
totally odd representations

ﬁ: GF — GLQ(FP)

arise from Hilbert modular forms of level prime to p. They define modularity in terms
of Shimura varieties, which generalize modular curves. In this context a weight is no
longer an integer, so the authors introduced a generalization of a weight called a Serre
weight.

Let I be a totally real field, with ring of integers O and residue fields k, for the
places p of F lying above p.

Definition 1.2.1. A Serre weight o is an isomorphism class of irreducible Fp—representations
of GLa(Op/p). Since
GLy(Or/p) = H GL2(OFr/p®)

plp

any irreducible F,-representation factors through H GLa(ky). Therefore Serre weights
plp
have the form o = ® 0, where o, is an irreducible representation of GLa (k).
plp

Buzzard, Diamond, and Jarvis say that p is modular if p occurs as a sub-quotient
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of the étale cohomology of certain Shimura varieties. Subsequent work in |[Geellb],
[GS11b], [BLGGII] and others defines modularity in terms of algebraic modular
forms. We will use this definition for our work.

As in the classical case, the Serre weights of a modular representation contain
information about the structure of the representation. However, unlike the classical
case, a representation will generally be modular of multiple weights and the weights
will not be well ordered. Provided that p is unramified in F', Buzzard, Diamond, and
Jarvis go on to define an explicit set of Serre weights W’ (p) that they conjecture is
equal to W(p), the set of Serre weights for which p is modular.

Schein [Sch08] and Gee [Geella] have generalized the description of W*(p) in
[BDJ10] by removing the unramified hypothesis, and recent work in [BLGGI1] sig-
nificantly improved our understanding by showing that W*(p) € W (p) for modular
representations. The containment is known to be equality in the special cases where
the places p of F lying above p are either unramified [GLS12] or totally ramified?]
[GLS11]. Tt is currently unknown if equality holds in the general case.

In the tamely ramified case Schein conjectured an explicit set of local Serre weights
W, (p) for each place of F lying above p in [Sch08]. We will now recall the set of weights
defined by Schein, in the case when ﬁ|GFp is irreducible for all places p of F' above
p. His original definition was stated abstractly in terms of certain combinatorial data

which he then described concretely. Fix an embedding of F,s < F,,.

Definition 1.2.2. A fundamental system of niveau s is a set of characters {11, ..., 9}
from the inertia subgroup Ir, such that v; : Iy, — F). — pr are induced by local

class field theory, do not factor through IF;d for any d < s, and ¢! = 1,4 for all i.

Let {w;}_ be a fundamental system of niveau s and let {nz,nz}_ be a fundamental

system of niveau 2s with the property that n;n: = w, for all embeddings 7 : k, — F,,.

2Earlier work on the totally ramified case in [GS11a] was limited to the tamely ramified case.
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Definition 1.2.3. Suppose that p|;, is irreducible and has niveau 2s. Then W/ (p)

consists precisely of those Serre weights at p

oy = ®(det wr Symk"f_g kg) by, Fp

Tel

such that for each 7 € I there exists a labeling {7, 7'} of its two lifts to k, and an
integer 0 < 0, < e — 1 such that

kr—140,, e—1—0,
— wr H el Nz Nz 0
1Y ‘Ip ~ HwT ( i T 0 i H e—1—0, kr—1+6+

el rer Mz M1

where e is the ramification index of p in F.

Schein also defines a set of weights W; (p) when p ’GFp is reducible and decompos-

able, but we will not need to recall it here.

Conjecture 1.2.4. (Schein’s Conjecture) If 7 is tamely ramified at all of the places
lying above p then W (p) = ®,, W, (p).

1.3 Overview

In this work we use the methods of [GS11b] and [GS11a] to address certain cases where
Fis “partially ramified” at p, namely when the inertial and ramification indices are
both 2 and ﬁ|GFp. Unlike the totally ramified case, we are not able to prove that
W' (p) = W(p) in general because the information obtained from our arguments does
not fully determine the weights when f > 1. However, when e = 2 and f = 2 it
is often possible to prove that the actual weights are the conjectured weights. The
outline of this thesis is as follows.

The purpose of Chapter [2|is to classify all of the inertial types of parallel poten-
tially Barsotti-Tate lifts of a local representation p, and does so using purely local
arguments. The existence of these lifts is related to questions involving finite flat

group schemes. Potentially Barsotti-Tate Galois representations and their reductions
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mod p can be described by certain semilinear algebra objects called (respectively)
strongly divisible modules with descent data and Breuil modules with descent data.
In section we explicitly describe the Breuil modules associated to ﬁ|GFp in the
cases when p |Gpp is reducible and irreducible, respectively. In section we explicitly
construct strongly divisible modules with descent data and coefficients with certain
properties which lift the Breuil modules of section 2.2] The existence of these strongly
divisible modules allows us to conclude that E\GFP has potentially Barsotti-Tate lifts
p of certain inertial Galois types.

In Chapter [3] we prove global results, beginning with initial definitions and no-
tation. In particular we define what it means for a global representation p to be
modular of weight o, and deduce that if p is modular then p must be modular of
one or more weights which lie in a set determined by the inertial type of a poten-
tially Barsotti-Tate lift of o[y, . To strengthen this statement, in section w we use
Buzzard’s weight cycling argument to show that p must be modular of at least two
weights. Finally, in section we specialize to the case e = 2, f = 2. In this restric-
tive setting, the combination of weight cycling and combinatorics is sufficient to show

that W*(p) = W(p) in many cases.



14

CHAPTER 2

LOCAL RESULTS

We begin with some definitions. Let K be a finite extension of Q,, with ring of
integers Ok containing the maximal ideal p. Let p : Gx — GL2(E) be a p-adic
representation and let I, denote the inertia subgroup of G. If k is any field W (k)
will always denote the Witt vectors of k.

Definition 2.0.1. Let 7 : I, — GLy(Q,) be a continuous representation with open
kernel. We say that a representation p : Gx — GlLo(F) has inertial type 7 if the

associated Weil-Deligne representation WD, satisfies WD, |1, & 7.

We are only concerned with tame inertial types, i.e. types 7 that are trivial on
wild inertia. Since tame inertia is abelian, a tame type 7 will always decompose as a

direct sum of characters 7 = y; @ xa.

Definition 2.0.2. A representation p : Gx — GLa(FE) is Barsotti- Tate if p is isomor-
phic to a representation arising from the Tate module of a p-divisible group defined

over Op.

Barsotti-Tate representations are crystalline [Fon82], and the property of being
Barsotti-Tate is equivalent to being crystalline with Hodge-Tate weights contained in

{0,1} [Bre00].

Definition 2.0.3. A representation p : Gx — GLo(F) is potentially Barsotti-Tate
(respectively crystalline or semi-simple) if there is a finite extension L/K such that

pla, is Barsotti-Tate (respectively crystalline or semi-simple).

Definition 2.0.4. Let 7 be an inertial type. We say that a representation p: Gx —
GLay(FE) is parallel potentially Barsotti-Tate of type 7 if p is potentially Barsotti-Tate,
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has determinant a finite order character of order prime to p times the cyclotomic
character, and the corresponding Weil-Deligne representation, when restricted to I,

is isomorphic to 7.

2.1 Breuil modules with coefficients

We begin by summarizing some properties of mod p representations and potentially
semistable representations from sections 3 and 4 respectively of [Sav05]. Let K/L
be a tamely ramified Galois extension of p-adic fields, and let Ky be the maximal
unramified subextension in K. Fix a uniformiser 7 € K and let F(u) denote the
minimal polynomial of 7w over K,. Let ¢ denote the absolute ramification index of
K. Let k = Og/(m) denote the residue field of K. The p-adic field E, with ring of
integers O and residue field kg, will be the coefficient field for the representations.

The tools of p-adic Hodge theory make it possible to analyze p-adic and mod-p
Galois representations by studying certain semi-linear objects. There is an anti-
equivalence of categories between the category of Galois stable Op-lattices contained
in representations p such that p|g, is semi-stable and p has Hodge-Tate weights in
{0, 1}, and the category of strongly divisible modules with F-coefficients and descent
data (see section 4 of [Sav05]). When we speak of taking the reduction mod p of a
Galois stable lattice in p we shall always mean the semi-simplification of the reduction
mod myg. Reducing such a lattice mod p corresponds to taking the special fiber of
the associated strongly divisible module, an object we call a Breuil module with
kg-coefficients and descent data.

Let p be the reduction of p mod mg. In order to show that p has potentially
Barsotti-Tate lifts we first review some results on strongly divisible modules (resp.
Breuil modules) with coefficients and descent data. This will allow us to explicitly
describe a Breuil module A with coefficients and descent data associated to p, which

will occupy all of section We can then write down a strongly divisible module N
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whose special fiber is A. From this strongly divisible module we pass back to a Galois

stable lattice, which gives the desired potentially Barsotti-Tate lift by inverting p.

Definition 2.1.1. The category of Breuil modules with kg-coefficients and descent
data from K to L, denoted BrModyq  consists of quadruples (M, Fil' M, ¢y, {g})

where:

e M is a finitely generated (k ®r, kp)[u]/(u¢?)-module, free over k[u]/u.
e Fil' M is a (k ®r, kp)[u]/u®P-submodule of M containing u® M.

e ¢ : Fil' M — M is a kg-linear and ¢-semilinear map (where ¢ : k[u]/u¢? —
k[u] /u®™ is the p-th power map) with image generating M as a (k®g, kp)[u] /uc®-

module.

e §: M — M are additive bijections for each g € Gal(K/L), preserving Fil' M,
commuting with the ¢-, and kg-actions, and satisfying ¢ o ¢» = g1 o g» for all
91,92 € Gal(K/L), and 1 is the identity. Furthermore, if a € k ®r, kg, m € M
then g(au'm) = g(a)((g(m)/7)' ® L)u'g(m).

The category BrModgq 1, is equivalent to the category of finite flat group schemes
over Ok together with a kg-action and descent data on the generic fiber from K to
L. For proof of this equivalence see [Sav05|, section 4 “Objects killed by p”.

As defined in [Sav03] the functor DJ, is an equivalence of categories between
the category of G p-representations with FE-coefficients which are semistable when
restricted to Gx and have Hodge-Tate weights in {0, 1}, and the category of weakly
admissible filtered (¢, N)-modules D with descent data and E-coefficients such that
Fil’(K ®g, D) = K ®g, D and Fil*(K ®g, D) = 0.

Let Sk be the p-adic completion of the divided power envelope of W (k)[[u]] with
respect to ker(), where 6 : W (k)[[u]] = Ok is given by u — m. It can be realized as

00 Uj .
Sk = {erm, where r; € W(k),r; = 0 as j — oo} :
=0
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Define Sk 0, = Op ®z, Sk. Let Fil! Sk 0, be the closure of the ideal generated by
E(u)?/j! for j > 1. There is a unique continuous Frobenius-semilinear map ¢ :
Skop — Sko, defined by é(u) = u? and ¢(u'®/j!) = w/*?/j!. This map has
d(Fil' S 0,) C pSk.0,, S0 we can define ¢; = <¢|Fﬂl SK,OE> /p. We can give Sk a
Gal(K/L)-action by defining g(u) = (g(7)/m)u and letting Gal(L/K) act on W (k)

as usual, then extending by p-adic continuity.

Definition 2.1.2. A strongly divisible Og-module with tame descent data from K to
L is a finitely generated Sk o, module N, together with a Sk o, -submodule Fil' AV,
maps N,¢ : NV — N, and additive bijections § : N' — N for each g € Gal(K/L)

satisfying the following conditions:

1. Fil' N contains (Fil' Sk 0, )N,

2. Fil' NN IN = IFil' N for all ideals I in Op,

3. ¢(sx) = ¢(s)o(x) for s € Sk o, and x € N,

4. ¢(Fil' N) is contained in pA” and generates it as an Sk ¢,-module,
5. N(sz) = N(s)x + sN(x) for s € Sk0, and x € N,

6. No = poN,

7. E(u)N(Fil' V) C Fil' V,

8. N(NV) C JN where J is the ideal 377, U}L—;J!SKOE’

9. g(sz) = g(s)g(x) for s € Sk.o,, v € N, and g € Gal(K/L),
10. g1 0 go = g1 0 gz for all g, 9o € Gal(K/L),
11. g(Fil' M) C Fil' N for all g € Gal(K/L), and

12. ¢ and N both commute with g for all g € Gal(K/L).
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Set S = Sko,. By Theorem 4.13 of [Sav05] the functor Ts%,z is an equivalence
of categories between the category of strongly divisible modules with Og-coefficients
and descent data in S @) DL ,(p), and the category of Galois stable Og-lattices
in p. This equivalence is compatible with reduction mod mg, so that applying T’ SLt’Q
to the object (k ®r, kp)u]/(uP) @s/mus (N/mpeN) of BrModgqr, yields a reduction
mod p of p (see Section 4 of [Sav0h],“Objects killed by p”).

In [GS11b] the authors establish a general result relating the inertial type 7 of a
potentially Barsotti-Tate representation p : Gp — GL,(F) and the descent data on

strongly divisible modules A corresponding to lattices in p.

Proposition 2.1.3 ([GS11b], Proposition 5.1). We have 7 = x1 @& -+ @& x»n if and
only if there is an S-basis vy, ...,v, of N such that the descent data acts on N wvia

G-vi=(1®x:i(9))v; for all g € I(K/L).

Corollary 2.1.4 (|GSI11b], Corollary 5.2). Let N denote the Breuil module with
descent data corresponding to the wg-torsion in the Barsotti-Tate group corresponding
toplag- f T=x19...xn then N has a (k® k:E)[u]/(ue/p)—basis Ui, ..., 0, Such that
§(0;) = (1@ x;(9))v; for all g € I(K/L). (Here € is the absolute ramification index
of K).

2.2 Computations with Breuil modules

Let F, be a finite extension of Q,, with p > 2. Fix a uniformiser 7, of F, and let
q = p/ denote the cardinality of the residue field of F,. Let e > 1 be the absolute
ramification index of F,. Let p : Gp, — GL(E) be the reduction mod p of a
potentially potentially Barsotti-Tate representation p with coefficients in a p-adic
field E, with ring of integers Op and residue field kg.

Suppose that p has tame principal series type, then the associated Weil-Deligne

representation factors through tame inertia and has the form y; @ xo where x; = x{



19

and y2 = x4. Since inertial types are compatible with twisting, we can assume that
p has type 1 @ x for some character x : I, = Op of order ¢ — 1. Since x? = x we
know that ¥ # 1 where ¥ is the reduction of x mod p.

We make several definitions which depend on whether or not p is irreducible:

e If p is reducible, set L = F, and let K be the splitting field of w1 — Ty over
L.

e If p is irreducible, let L to be the unique unramified quadratic extension of F,

and let K be the splitting field of w1 — m, over L.

These fields are chosen so that 7(p)|r, will be reducible and have trivial inertial type

mod p. We fix a choice of uniformiser w € K with ww¢&/F)

= .

In order to apply the results of [Sav05] on potentially Barsotti-Tate representa-
tions we require that the coefficient field kg contain k := Ok /w; without loss of
generality we can enlarge E in order to assume that k£ embeds into kg. Fixing a
choice of embedding o : k — kg allows us to recursively define the other embeddings
via 07, ; = 0;. In the reducible case the character 7 : Gal(K/F,) — k* given by
g — g(w)/w (mod w) can be used to define a system of fundamental characters of
niveau f via w; = (0; 07)l;, for i € {0,1,..., f —1}. In the irreducible case 7 gives
rise to a system of fundamental characters of niveau 2f denoted 7o, ..., 727—1, and

Wi = NiNit . Since the wy,...,ws_; form a fundamental system of niveau f, and by

definition x extends to a character of the Weil group W, we can write

|
—

f
= [Jer

~
Il
o

where each ¢; € [0,p — 1] is uniquely determined since ¥ # 1 and o} ; = ;. Let € be

the mod p cyclotomic character. Then we have € = H{:_OI wy .
We recall from [Sav08] that if M is any (k ®p, kg)-module then M decomposes

as a direct sum M = @' M;, where d = [k : F,] and M; is the kg-submodule on
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which multiplication by x ® 1 is the same as multiplication by 1 ® o;(x). There is a
collection of idempotents e; € k ®p, kg such that M; = e;M and ¢(e;) = ;1.

Suppose that M is a rank 1 Breuil submodule of a rank 2 Breuil module with de-
scent data from L to K which corresponds to a representation with inertial type 1®.
For any g € Gal(K/L) and v € M the descent data acts via g(e;v) = (1® xi(g))(ev)
for some character x;. This defines a set of characters {xo, x1,---,X4-1}- By corol-
lary [2.1.4] since p has inertial type 1 @ x for each i the descent data corresponding
to g € Gal(K/L) must either act on trivially on e; or via g(e;) = X(g)e;. Therefore
xi € {1,x} for all 4.

Finally, in both of the following sections if ¢y, ...,cs_; are integers in the range
[0,p—1] welet A = co+p/ ey +- - -+pep_y and let [p'A] denote an integer in the range
[0, p/ —1) which is congruent to p’A (mod p/ —1), so [p‘A] = ¢;+p/~teip1+- -+ pei_y.

2.2.1 The Reducible Case

Assume now that p is reducible, so there is a basis in which it can be written

0 9,

plained in section 2.1 because 7 is the reduction mod p of a representation whose

p= (¢1 *> for characters ¢, and 1 which we will explicitly calculate. As ex-

restriction to Gk is Barsotti-Tate, the p-torsion of the action of G, on an Og-lattice
in p defines a finite flat group scheme H with generic fiber descent data from K to
F,. Let G be the subgroup scheme of H corresponding to ;. By ([Sav08], Theorem
3.5) the Breuil module M with decent data to F, corresponding to G can be written

o M= ((k®p, kg)[u] /uc® =1P) .y for some v € M,
e c;(Fil' M) = u"M;,
o 1(u"ev) = (1® v;)e;41v for some v; € kj,

o (X1 ew) = S ((9)k @ Ve for all g € Gal(K/Fy),



21

where the k; and r; are integers with k; € [0,p/ — 1), r; € [0,e(p/ — 1)]. These
coefficients must also satisfy ki1 = p(k; +r;) (mod p/ —1). Let x; = 0; 0 i7*. Then,
as remarked earlier for each i either xy; = x or x; = 1. Let J C {0,..., f — 1} be the
set of ¢ for which x; =. If ¢ € J then clearly

ki=peo+p et +p e =p(co+p er+ -+ peyr) mod pf — 1

. Recall that we defined A = ¢ +p/~ley + -+ + pep_y, so if i € J then k; = p'A
(mod pf — 1), and i ¢ J is equivalent to k; =0 (mod p/ — 1).

The value of k; is determined by whether or not ¢ € J, so the relation k;; =
p(k;+7;) (mod p/ —1) can be used to find restrict the possible values for the r;. The
values for the r; coefficients are constrained by J,

0 (mod p/ —1) ihi+lelJ

0 (mod p/ —1) ihi+l¢gJ

—p'A (modp/ —1) ieJi+1¢gJ

pPA (modp/ —1) igJi+1el

Definition 2.2.1. We say that J flips at i if i € Jand i+ 1 ¢& J, or i € J and
i+1eJ.

If there is no flip at i then we can write r; = (p/ — 1)a; for some z; € [0, €]. Recall
that [p')] is the unique value in [0,p — 1) which is congruent to p‘A mod p/ — 1,
soifi € Jandi+1¢ Jthen r; = (p/f — Da; — [p'A]. Ifi € J and i+ 1 € J then
ri = (pf — Dy + [p'A].

Define
rop/ +rp! Tt rpap
pr -1 '

Sp ‘=

We are in the situation of Corollary 4.3 of [GS11h], so the Galois representation

TX,(M) coming from the Breuil module M is equal to (o 077"t

) times an unrami-
fied character. Therefore 1, \Ip = 77§°+8°. We can view sq as p/zo+p/ "tz +-- +prpg

plus a linear expression in the ¢;’s. Write ¢;(sg) for the coefficient of ¢; in sq. For each
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flip with @ € J and i 4+ 1 & J the coefficient of ¢y in r;p/ = is —p/, whereas if i & J,
i+ 1 € J the coefficient of ¢y in r;p/ =% is p/. The net number of flips from 0 to f are
0, so ¢;(sg) = 0 for all i. Let ¢;(ko) be the coefficient of ¢; in ky,

‘ =i gelJ
(ko) = p' iei(ki) = b
ciky) = o'l {O oy

When ¢ & J the coefficient of ¢; in kg is 0, so

f-1 f—1 Fo1
kot so=) ci-cilko) +) pl M=) plTla+ Y e
=0 =0 ieJ i=0

and 1|7, has the form

-1 f—1
f—ic, ) ) .
dnlyy = = T et™ [ Lot = [T [T 22.1)
1=0

ieJ ieJ =0

It remains to determine which values of x; are valid. All of the r; lie in the range
[0, e(p/ — 1)], which limits the possible values of x; when there is a flip. By definition
we have 0 < [p‘A] < p/ — 1. Observe that if there is no flip at i then r; = (p/ — 1)z;
and there is no restriction on z; beyond the obvious requirement that z; € [0,¢]. If
i€ Jandi+1¢Jthenr; = (p/ —1)x; — [p‘A]. Since [p'A] > 0 this precludes x; = 0.
Ifi g Jand i+ 1 € J then r; = (p/ — 1)a; + [p'\] and the excluded case is x; = e.

This motivates the following definition:

Definition 2.2.2. A set of values {x; | 0 < i < f} is an allowable list (relative to a
set J C{0,...,f —1}) if for each

eifii+leJori,i+1¢Jthenz; €]0,¢,
eifiecJandi+ 1¢ Jthen x; € [1, e,
o ifi¢Z Jandi+ 1€ Jthen z; €[0,e—1].

As usual subscripts are interpreted mod f.
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Remark 2.2.3. If ¢ > p — 1 then 1/, can be any niveau f character.

Proof. Setting J = & assures that there are no flips and the allowable range of each

x; is [0,e] D [0,p — 1]. Then Zf:ol p/~ix; can assume any value in [0,p/ — 1). O

Theorem 2.2.4. Let p : G, — GLa(kg) be the reduction mod mg of a parallel
potentially Barsotti-Tate representation p of type 1 & x. Suppose that X = 1‘[{;01 wit,
where wy, . ..,ws_1 are a fundamental system of niveau f and ¢; € [0,p — 1] for all i.

Suppose that p|;, = (7’%1 7; ) is reducible. Then are two possibilities:
2

1. If e > p—1 then ¥y and Yy can be any inertial characters such that 111 = €.

2. If e < p—1 then Y110y = €X and

-1
Uily, = [Jwi []wi

ieJ 1=0

where J C {0,..., f — 1} and the x; are an allowable list.

Remark 2.2.5. Taking * to be zero it is easy enough to see that all of the allowable

possibilities occur.

2.2.2 The Irreducible Case

We shall now treat the case where p is irreducible. Recall that we defined L to be the

unramified quadratic extension of F,, and let K be the splitting field of w1 —

over L. In this case, plg, = (%1 £ ) with 1y = ¢ for a character ;. As before
2

we examine the possibilities for ¢;|;, via Breuil modules with descent data. There

Ty

will be many Breuil modules with descent data and coefficients corresponding to p,
the primary difficulty in this section will be to find Breuil modules with a specific
structure so that we can construct a lift in section We first prove an analogous
version of equation for 41 |7, when p is irreducible, but in order to construct a
lift we require i € J <= i+ f ¢ J. When e > p— 1 this is straightforward, but when
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e < p — 1 the situation is significantly more difficult and occupies the remainder of
the section.

Let H be the finite flat group scheme with generic fiber descent data from K to
L corresponding to p|g, , and let G be the finite flat subgroup scheme corresponding
to 1. Let M be the Breuil modules with kg-coefficients and descent data from K
to L corresponding to G. By Theorem 3.5 of [GS11a] M has the form

o M = ((k®g, kg)[u]/u®'~DP) . v for some v € M,

e (Fil' M), = u"M,,

o 1(u"ev) = (1®v;)e; v for some v; € ki,

o 9y ew) =330 (1(9)" @ Ve for all g € Gal(K/L),

where the k; and r; are integers with k; € [0,p* — 1), ; € [0,e(p*/ — 1)]. Note that
the allowable ranges of k; and r; are greater than they were in the reducible case
and the character 77 : Gal(K/F,) — k* now has niveau 2f. Let n; = (0; 0 7)|;, for
0 < i< 2f be a system of fundamental characters of niveau 2f; note that n; = n;_;.
Then w; = 0Ny for 0 <7 < f is a system of fundamental characters of niveau f.
As before we can uniquely express Y in terms of a fundamental system of characters

of niveau f,

where each ¢; € [0,p — 1].

Much like the reducible case, the coefficients must satisfy k; 1 = p(ki + 1)
(mod p* —1). Let x; = 0; 0 7*. Then for each i either y; = ¥ or y; = 1. Let
J CH{0,...,2f — 1} be the set of ¢ for which x; = x. Since 7 has niveau 2f but Y

only has niveau f, if ¢ € J we must have

ki = (pf +1)[p'A]  (mod p? — 1)



25

if x; =X (and 0 otherwise).

As before we can write r; = (p*/ — Dy ifiji+1€ Jordi+1¢ J. IfieJ,
i+1¢ Jthenr; = (p* — Day — (pf + D[p'A]; if i ¢ J and i + 1 € J then the
sign is reversed. This forces the same restrictions on when z; can be 0 or e as in the

reducible case, and for the same reasons:

Definition 2.2.6. A set of values {z; | 0 <1i < 2f} is an allowable list (relative to a

set J C {0,...,2f — 1}) if for each i:
e ifii+leJori,i+1¢Jthenz; €]0,¢,
eificJandi+ 1¢ Jthen x; € [1,e],
o ifi¢Z Jandi+ 1€ Jthen x; €[0,e —1].
As usual subscripts are interpreted mod f.

As with the reducible case, we have 1, = 77§°+8° where

. rop® +rp T g p
Sp ‘= p2f—1 .

We regard sy as a linear combination of the x; and ¢;. If © < f then each time there
is a flip from i € J to i + 1 ¢ J the p*~r; term contributes —p?/ (p’ + 1)cy to the
coefficient of ¢y in sy, with the opposite sign for a flip from ¢+ ¢ J toi+1 € J. When
i > f the p?/~ir; term contributes —p/ (p’ + 1)cy. If the net number of flips from 0 to
f are 0, then the coefficient of ¢y in s¢ is 0. If the net flips from 0 to f is 1, then the
net flips from f to 2f are —1, and the coefficient of ¢, in sy is —p/. If the net flips
from 0 to f are —1 then the total coefficient of ¢y in sq is p/. The coefficient of ¢, in

ko is p/ + 1 if 0 € J and 0 otherwise. This yields four possibilities:
e If 0 € J, f € J then the coefficient of ¢ is p’ + 1.

o If0 € J f & J the coefficient is 1.
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e If0 ¢ J, f € J the coefficient is p/.
e If0& J f & f the coefficient is 0.

The only contributions come from the terms in J, so by cyclic symmetry we have

2f—1
ko + s = ZPQf*ZCw(i) + Z p* i
icJ i=0

where 7 : Z/(2f)Z — 7/ fZ is the natural projection map. This furnishes an explicit

description of the character,

2f—1
— Cr(3) T
wlllp—an‘ Hm’
i€J i=0

Proposition 2.2.7. Ife > p—1, then as J varies over the subsets of {0,...,2f — 1}
witht € J <= i+ f & J and the xy, ..., 2971 vary over the allowable lists for J, the

character 11 ranges over all inertial characters for which Wffﬂ =€X.

Proof. Let J = {0,...,f—1} and let ;. ; = e — x;. Let X = p/~ oy + p/ 2z, +

-+ x4 then
f—1  2f—1 f—1 f-1 -1 . .
c; T; C; T e—x; ci —1 —1 1— X
ov=[Ine T o = 11w [T wrnics = (H i ) map T
1=0 =0 =0 =0 1=0

which depends only on X (mod p/ + 1). If e > p then as the z; range over [0, ¢] for
0 <i< f—1, and xy_; ranges over [1,e|, X ranges over an interval which includes
[1,p/]. Repeating the process with J = {f,...,2f — 1} allows X to range over an
interval which contains 0. If e = p — 1 then X ranges over an interval which contains

[1,p/ — 1], and we can repeat the process with the compliment of .J. O]

Assume for the rest of the section that e < p—1. Suppose that J has the property
that i € J <= i+ f & J. The determinant condition Wffﬂ = ey implies that

f-1 /-1

Cr (i) Ti+Tipf  — e

| | Wy | | Wy =X1]1w
1=0 i=0

icJ
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which reduces to ;
—1

Ti+T;f—e
Hwi =

=0

This is equivalent to Z{:_Ol p 7 (x; + x4y —e) = 0 (mod p/ — 1), however since
e < p—1and each z; € [0,e] we have z; + x;1 s —e € [—e,e] C [—(p—1),p — 1].
The congruence must actually be equality since )sz;ol P/ iy —e)| <pf =1
Therefore z;; y = e — x;. Although it is possible that J might not satisfy the property

1€ J <1+ f¢&J, we can replace it with a set which does.

Proposition 2.2.8. There is a set J' C {0,1,...,2f — 1} and an allowable system

of coefficients xq, ..., x5, 4 such thati € J' < i+ f & J" and

2f—1
_ Cr (i) x;
il = [ 1] v
ieJ’ =0

Proof. Definethesets S ={i|i< fiie Ji+feJtandT ={i|i< f,i& J i+ f & J}.
We say that i € J is a defect if i € S or¢ € T. Since J is finite it suffices to produce a
set J' and an allowable set of coefficients xj, ..., 25, ; such that J’ has fewer defects
than J and 17, = [Tcp n™ TI 0"
Allowing for the possibility that J may have defects, the determinant condition

1?1 = €Y can be written

f-1

TitTipr—e Ci —Ci _
H w; w; w, ‘=1
i=0 i€S el

Define yo, y1,...,ys—1 to be the exponents,

T+ Tipr—e+¢ 1€ 8
Y= x+ryr—e—c¢ 1€T
T+ Tipr—€ 1 SUT
Since each y; € [—(2p — 3),(2p — 3)], we can write y; = a;p — a;4; for some

a; € {0,%+1} (the subscripts are taken mod f).
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If [,4] € T then [j',j] ¢ J and [’ + f,7 + f] ¢ J. Given such an interval
17/, 4] € T of maximal length, we define J' := JU[j’, j| and construct new coefficients
x}. The details for the case where [j',j] C J and [}’ + f,j + f] C J are almost
identical (with the obvious change that J' := J\ [j’,j]), so we treat the case of
adding an interval from T to J.

Consider the case J = @. It is impossible that z; = 0 for all 7, since this would
imply that 1, is the trivial character, but ¢, has niveau 2. For the same reason not
all of the z; can be equal to e. Since there is no ¢ for which i € J and 1+ f € J, all
of the a; are 0 or —1. We claim that it is possible to choose j such that z;_; +a; €
[0,e — 1]. Assume by contradiction that there were no such j. Then for all j either
(zj_1,a5) = (e,0), or (xj_1,a;) = (0,—1). If (xj_1,a;) = (e,0) then we also have
(Tj4f-1,aj+5) = (e,0) since a; = aj1 5 = 0. But then y;_1 = e —c¢;_1 > —(p—1), so
aj_1 # —1. However, if a; = 0 then (z;_5,a;_1) = (e,0) as well. By induction z; = e
for all 7, which is a contradiction.

Choose j as in the claim. Define J' = {j,..., 7+ f — 1} and let
o 1 =x;— ¢ —pa;+a fori € fjj+ f—1),

® Tjpp1 = Tjrfo1 = G = Py,

® 1l =1+ ay

e 1. = x; for all other i.

Allowability is automatic for the interior of the interval since there are no flips for
these i and by construction z; € [0,¢]. By the choice of j we have 2, € [0,e — 1],
which implies 2, ; | € [1,¢] (these are equivalent statements).

The case J = {0,1,...,2f — 1} is essentially the same and presents no new diffi-
culties.

Now assume that there is a non-defective entry in J. Working with subscripts

modulo 2f as usual, if 7" is nonempty let [j’, j] C T" be a maximal interval (which is
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tosay i —1¢ T and j+1¢T). Define J'=JU{j,...,j}, and define

o o =uw;, —¢; —pa; + a4y for i € [j',7),

e 1 =1; —¢; — paj,
/ —
® Ty = Ty-1+ay,
o 1z = x; for all other i.

The characters 1) and 1" agree by construction, what remains is to show that the new
set of coefficients is allowable. First observe that for i € [j', 7), allowability is not a
concern since

wp =T — ¢ — Y =e— Tirg € [0,¢]

and there are no restrictions on the boundary values since J’ has no flip at i. The
difficulty is to show the allowability of 2 and 7, ;.

Note that if a; = 1 then i € S, and a; = —1 implies 7 € T'.

We first show that 2’ is allowable in J'. The interval [j', j] is maximal, so either
j+leJorj+ f+1¢€J. By definition 2 = e — 2,y — a;11, there are several ways

in which it might not be allowable:

o If 2 = —1 then a;;; = 1 and z;,; = e. But this would be impossible since

j+fé&Jand j+ f+ 1€ J would necessitate z;,5 € [0,e — 1].

e If %, = 0 and is not allowable, then j +1 ¢ J since adding j to J must create a
flip. However, since j+1 ¢ T we must have j+ f+1 € J and xj,; € [0,e — 1],

which would contradict a;; = 0.

o If % = e then it is always allowable since the allowable range in J’ will either

be [1, €] or [0, e].

e If 2, = e + 1 then a;1; = —1 which would contradict the maximality of [j', j].
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Allowability of 2%, _, is straightforward. Replacing [, j] by [j' + f,j + f] if nec-
essary, we can assume without loss of generality that ;' — 1 € J. Then z;,_; € [1, €]

and @, ; € [0, e] which is allowable in J'. O

Since we can always replace J with a set J’ such that i € J <= i+ f € J we

have proved the following theorem.

Theorem 2.2.9. Let p : Gy, — GLa(kg) be an irreducible representation which is
the reduction mod p of a potentially Barsotti-Tate representation with coefficients in

0
Opg and inertial type 1 ® x. Then p|g, = (15 wpf) and there are two possibilities:
1. If e > p—1 then v can be any character such that Q/pr+1 =€X.

2. Ife < p—1 then *' ' = €x and there exists a J C {0,...,2f — 1} withi € J
if and only if i + f € J such that

2f—1
_ Cr(d) i
Ol =[] I
icJ i=0
for an allowable list xy, ..., xop—1, with v; + x;1 ¢ = €.

2.3 Local lifts

We retain the notation of section 2.2 Let N be the rank 2 Breuil module over
(k ® kg)[u]/(u®?) with descent data from K to F, with generators ¥ and w defined
as follows:

For the reducible case let J C {0,..., f — 1} (respectively J C {0,...,2f — 1}
for the irreducible case) and set x; = X if i € J and x; = 1 otherwise. Choose an
allowable list {zo,...,xs_1} (respectively {zo,...,za5_1}) for the set J and X. This
is equivalent to choosing r; € [0, €'] such that y;41 = x;n;*. In the reducible case we
define x;+r = {1,X} \ {xi} as a pure formality; J is still a subset of {0,..., f —1}
and the coefficients for x; and r; should still be read mod f. In the reducible case

this notation is merely for convenience.
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Set 7/ = e — r; and X} = 4. With this notation, A is defined as follows:

e Fil' V is generated by 32/ ue;v and S/ w’ie;w (respectively S22/ urie;v

and zfial U e ).
o ¢1(ueV) = (1 ®7;)ei1? and ¢y (u'ie;w) = (1 ® 7])e; 1.

e j(e0) = (1 ®xi(9))(e0) and g(e;w) = (1 @ Xyt 7)(eW)
where 7;,v; € kj. In the irreducible case let ¢ € Gal(K/F,) be the element fixing w

and acting non-trivially on L, in the reducible case set ¢ = 1. When p is irreducible

we impose the extra conditions:
eicJ<—=i+fe&J
_ !
Ty =Ty

® i = ’Yz{Jrf
e () =w and $(w) = 7.

We will construct a strongly divisible module N with O coefficients and descent
data from K to F, such that N is the reduction mod mg of A. The construction
of NV is almost identical to the construction given in section 6 of [GSIIb], with the
only differences coming from the relatively minor differences in the structure of the
respective Breuil modules. Since there are few changes, the argument is reproduced
here mostly for completeness.

First we recall our standard notation from section 2.2,

e If p is reducible, let L = F}, and let K be the splitting field of w1 — T, over

F,. Let w € K be an element such that o’ 1 = Ty.

e If p is irreducible, let L be the unramified quadratic extension of Fj, and let K

be the splitting field of w1 — my over F,. Let @w € K be an element such that

2
o =,
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Let Ey(u) be an Eisenstein polynomial for m, over Ky = W(k:)[i], and set F(u) =
Eo(u?’ =) or E(u) = Eo(u?”’ =) for the respective cases. Let ¢ be the absolute
ramification index of K. We can write F(u) = u¢ + pF(u) where F(u) is polynomial

1

in u?’ =1 (respectively u?”’~1) over W (k) whose constant term is not divisible by p.

Lemma 2.3.1. Let I be any ideal in O, then Fi' NN IN = IFil' V.

Proof. It suffices to check that e; Fil' N N e, JIN = ¢, Fil' N for each i. There are
two cases, in the first case we have x; = ;11 and the lemma is established as part of
the proof of Theorem 6.1 of [GS11b]. If x; # xi+1 the claim is follows from the proof
of Theorem 6.5 of [GS11al. In general this is a nontrivial step in the construction of

strongly divisible modules with coefficients and descent data. O]

Theorem 2.3.2. There is a strongly divisible module N of inertial type 1 © x with
Op coefficients and descent data from K to F, lifting N

Proof. Let S = Sk o, and define N to be the free S-module generated by v, w. Let
¢; € W(k) ®z, Op be idempotents lifting e; € k ®, kg, and let ¢; : Ko — E be a lift
of o;. The map ¢1 : N' — N will depend on whether x; = Y11, so Fil' A" necessarily
depends on J. Let Fil' A be the sum of (Fil' S)A and submodules M; C e; N defined
as follows.

If xi = Xi+1, let g;h; be a factorization of &;(FEy(u)) in Oglu| into monic polyno-
mials. Since £/Q, is Galois, the polynomial &;(Ep(u)) splits completely and we can
choose g;, h; so that deg(g;) = r;/(p/ — 1) and deg(h;) = r}/(p/ — 1) (respectively
ri/(p* — 1) and r//(p?/ — 1) for the irreducible case). Define G; = g;(u*’~!) and
H; = hy(u?’ 1) (resp. g:(u?”~1) and hy(u?*’~1)); let M; be the submodule generated
by (1 ® G;(u))év and (1 ® H;(u))éw.

If xi # Xi+1, let y;z; be a factorization of —p&;(F'(u)) in Oglu] such that y; € mp
and z; € mg[u], such a factorization is possible because p ramifies in E. Define M;

to be the S-module generated by €;(u}'v + (1 ® y;)w) and &((1 ® 2z;)v + u’iw).
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We define descent data from K to F, on N by first defining the action of g €
Gal(K/L). Let x; be the Teichmiiller lift of x;, define g(e;v) = (1 ® x:(g))esv, and
g(e;w) = (1 ® Xit+7(9))e;w) so that either g(e;v) = e;v and g(e;w) = (1 ® x(g))e;w
or the reverse depending on whether ¢ € J or not. In the irreducible case we also
define ¢(v) = w and $(w) = v. Since e; — e;4¢ under ¢, the descent data satisfies
o lgp = ;p\f = §. Therefore the descent data extends to Gal(K/F}).

The definition of a strongly divisible module includes a map ¢ : N' — N which is
¢ semilinear on S such that ¢; = %¢|Fil1 v is well defined and equal to ¢ : N — N

on the generic fiber of V. If x; = x41 then we require that
¢1((1 @ Gi(u))ev) = Jieipav
¢1((1® H(u))esw) = Fi'eirw
and if y; # x;+1 we must have
or(ei(ui'v + (1 ® y;)w)) = Fieir1v
Sr(ei((1® z)v +u'tw)) = 5/ e w
where 7; and ;" are lifts of 7; and ~+} to O. In the reducible case we require that

Yi+f = Y, in the irreducible case we require ;, ; = J;.

Recall that we defined ¢ = p@(FE(u))™! € S*, so if x; = ;41 we can define
d(eiv) = ¢ o(1 @ Hy(u))Yieip1v
Pleiw) = ¢'o(1 @ Gi(u))Fieiw
If x; # Xxi+1 we define
dlew) = ¢ e (W Fiv — ¢(yi)Yw)
plejw) = ¢ e (W AW — ¢(z)Fw)

Extending this map additively and ¢-semilinearly to the rest of A/ defines a map
¢1 : Fil' N' — N which lifts ¢y of N'. By construction N is a lift of . The same argu-
ment employed in theorem 6.1 of [GS11b], to check that the strongly divisible module
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N constructed there satisfies the remainder of the axioms for a strongly divisible
module laid out in Definition 4.1 of [Sav05], applies to equally well to (N, Fil' A, ¢).
In particular, they show that given (N, Fil' NV, ¢) there is a unique monodromy oper-
ator N : N'— N satisfying the remaining axioms of a strongly divisible module with
coefficients and descent data. By lemma , Fil'! N N IN = IFil' N for any ideal
I C Og.

We require proposition to compute the type of the representation associated
to N. Recall that if p is a potentially Barsotti-Tate representation G — GL,(F)
that becomes Barsotti-Tate over K then D := D[ ,(p) is a weakly admissible (¢, N)-
module (we assume that Ky C F). Let N be a strongly divisible module with descent
data over S contained in S[1/p] ®rye,, £ D and let T be the inertial type of p. By
proposition T=x1D D Xn if and only if there is an S-basis vy,...,v, of N
such that the descent data acts on N via §-v; = (1 ® x;(g))v; for all g € Gal(K/L).

The representation associated to N is p' = T, Sff’z(./\f )[1/p], which is potentially
Barsotti-Tate. By applying proposition m to the basis v/ = ZigJ eV + D ey W
and w' = Y .. ;ev + Ziw e;w we deduce that p’ has type 1 @ x. Although det(p’)
may not be equal to a finite order character of order prime to p times the cyclotomic
character, we can twist p’ by an unramified character with trivial reduction to ensure
that the lift is parallel potentially Barsotti-Tate.

The final step is to check that the labeled pairs of Hodge-Tate weights of p’ are
{0,1}, but this follows from the same argument used at the end of theorem 6.1 of

[GSTTH).
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CHAPTER 3

(GLOBAL RESULTS

3.1 Notation

Let F' be a totally real number field with a unique place p lying above an odd prime
p. Fix a uniformiser 7, of F, and let ¢ = p/ denote the cardinality of the residue
field k of F,. Let p: Gp — GLy(F,) be an irreducible representation. In order to use
modularity lifting theorems we assume throughout that p|q ey 18 irreducible. In the
special case of p = 5 we need the additional hypotheses that the projective image of
p is isomorphic to PGL(F;) and [F((,) : F| = 4.

We recall from [GS11a] what it means for p to be modular of a given weight.
Let D be a definite quaternion algebra with center F' which is ramified at all infinite
places of F' and at a set of finite places > which does not contain p. Fix a maximal
order Op of D and for each place v € ¥ fix an isomorphism (Op), — M5(Op,). For
any finite place v let 7, denote a uniformiser of F;,.

Let U = [[,U, C (D ®p A?)X be a compact open subgroup, with each U, C
(Op)x. We assume that U, = (Op)x for all v € .

Take A a topological Z,-algebra. Fix a continuous representation o : U, —
Aut(W,) with W, a finite free A-module. We view o as a representation of U by
letting U, act trivially for v { p. Fix a character ¢ : F* \ (AL)* — AX such that
for any finite place v of F, 0| .03, is multiplication by ¥~!. We can view W, as a
U(AL)*-module by letting (AL)* act via ¢~ 1.

Let S, (U, A) denote the set of continuous functions

f: DX\ (D®p AL =W, (3.1.1)
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such that for all g € (D ®p A%)* we have
flgu) = o= (w) f(g) for all u € U,

fgz) = ¥(2)f(g) for all z € (AL)*.

Choose U sufficiently small in the sense of ([BLGG11], section 2), so that the functor
Wy = So is exact in W,.

Let S be a set of finite places containing >, p, and the primes v for which U, #
(Op)x. Let Tgfljl" = A[T,, Sy]vgs be the polynomial ring in the formal variables T, S,,.
Define a left action of (D @ AL)* on S, (U, A) by (gf)(z) = f(zg). We can view
Sos(U, A) a T#¥-module by letting S, act via the double coset U (7 2 ) U and T,
via U (T V) U. These are independent of the choices of m,. We will write T, (U, A)
or T, (U) for the image of Ty in End S, 4 (U, A).

Let m be a maximal ideal of T&J. We say that m is in the support of (o, 1))
if Syp(U,A)m # 0. Now let O be the ring of integers in @p, with residue field
F = Fp, and suppose that A = O in the above discussion, and that o has open
kernel. Consider a maximal ideal m C Tg“g which is induced by a maximal ideal
of Ty, (U, O). Then there is a semi-simple Galois representation p,, : Gp — GLy(IF)
associated to m which is characterized up to conjugacy by the property that if v € S
then p,|ay, is unramified, and if Frob, is an arithmetic Frobenius at v then the trace
of p,,(Frob,) is the image of T, in F.

We can now define what it means for a representation to be modular of some

weight.

Definition 3.1.1. We say that p is modular of weight o if for some D, S, U, v, and
m as above, with U, = GLy(Op,), we have S, (U,F)n # 0 and p,, = p.

Assume from now on that p is modular of some weight, and fix D, S, U, ¥ and m

as in the definition. Write W (p) for the set of weights of 7.
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The local representation o, has a concrete description. Fix an embedding 7y :
ky — Fp, and let 7, = 190 Frob,;f for 0 < ¢ < f, where Froby, is an arithmetic

Frobenius on k,. It is a standard fact that the isomorphism classes of irreducible

[F,-representations of GLy (k) are given by

-1
= (Sym™: (k,*) ® det™) @y, - F, (3.1.2)

%

~

O (mo,...,ms_1),(no,....,ng_1)

Il
o

where 0 < m; < p—1,0 < n; < p—1 and not all of the m; are p — 1 ([BL94],
Proposition 1). Note that this differs slightly from the notation used in [BDJ10] and
[SchOg].

3.2 Inertial local Langlands correspondence

In order to relate the set of Serre weights W (p) of a modular representation and
the set of inertial types 7 such that p has a parallel potentially Barsotti-Tate lift of
type T we review some properties of the inertial local Langlands correspondence from
Henniart’s appendix to [BM02] and [EGHTI].

Let K be a finite extension of @, with ring of integers Ok and residue field k.
Fix a reciprocity map 7x : Wx — K> given by sending a geometric Frobenius to a

uniformiser of K, and write Arty : K* = W2,

Definition 3.2.1. Let Ag(n) be the set of of isomorphism classes of smooth irre-
ducible Q,-representations of GL,(K). Let Gx(n) be the set of of isomorphism classes
of n-dimensional Frobenius—semisimpl @p—representations of the Weil-Deligne group

of K.

Local Langlands correspondence: There is a canonical bijection

reck : Ax(n) — Gi(n).

LA representation of the Weil group (or more generally the Weil-Deligne group) of a non-
archimedean local field is Frobenius-semisimple if Frobenius acts semisimply.
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Let 0 € Gg(n) be an n-dimensional Frobenius-semisimple representation and let
rec; (o) be the corresponding representation of GL,, (K). If there are quasi—character
X1, -+ Xn Of K* such that o = y; 07, @ - -+ @ X, © Tie then recy’ (o) is the principal
series m(X1,- .-, Xn)- This correspondence is compatible with twists; if y : K* — @px
then
recy (Y 0 Tx) ® ) = (x o det) ® recy’ (o).
Let B, (k) be the Borel subgroup of upper triangular matrices in GL,, (k). When

restricted to the inertia subgroup Ix the (inertial) local Langlands correspondence

take the following form:

Proposition 3.2.2 ([EGHII], Proposition 2.4.1 (ii)). Suppose that  is an irreducible
admissible smooth representation of GL,(K) over Q,. If w|ar,(ox) contains the prin-

cipal series representation
GLy(k
IndBn(k()) (X1® - ® Xn)

for some distinct characters x; : k* — @px, then

n
rec ()|, = @ Xi o Attt
i=1

and N(m) =0 for the monodromy operator on .

By definition if p has inertial type xi @ x2 then the action of the associated
Weil-Deligne representation on inertia is x1 @ x2. Under the inertial local Langlands
correspondence such p correspond to the principal series 7(x1, x2) := Indg%fp) (1 ®
X2)-

Let JH(V) denote the set of Jordan-Holder factors of V. By Lemma 3.4 of [GS11al,
p is modular of some weight ¢ € JH(LL(7)) if and only if 5 has a lift p such that
P|GFp is parallel potentially Barsotti-Tate of type 7.

2In this context a quasi-character is a continuous homomorphism K> — @p.
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3.3 Weight cycling

In this section suppose that p is modular and has a non-ordinary lift of type 7.

In the previous sections we explicitly described the inertial types 7 of the form
1® x for which ﬁ|GFp has a parallel potentially Barsotti-Tate lift. We will use a weight
cycling argument to show that certain weights entail other weights, which strengthens
our conclusion to show that p is modular of at least two potential weights.

The weights of a modular representation are limited—but not determined by-lifts
of tame types, so we begin with a digression to talk about Jordan-Holder factors of
certain mod p representations. If V is a p-adic representation, then V will denote
the semi-simplification of the reduction mod p of a lattice in V. Let B(k) be the
Borel subgroup of upper triangular matrices in GLy(k). Given a pair of characters
X1, X2 Fpr — F, we write x; ® X2 : B(@p) — F, for the inflation of x; ® yo viewed
as a representation of the torus. Let S denote the set of embeddings of F,; < F,

and let 7 denote the Teichmiiller lift of 7. Recall that o5, 5, was defined in (3.1.2)).
GLQ(@p) ~Cr y
B(@,) (1®[[. 7) with

0<c¢, <p—1 foreachte€S. ThenVN@JcsaJ where 05 = o, 5, with m; and

Proposition 3.3.1. ([Dia04] Proposition 1.1). Let V = Ind

1y defined as follows:

N 0 ifred
I cr+05(m) iftEJ
— cr+0y(1)—1 ifred
T el —bilr) ifrdd

where §;(7) is the characteristic function of JP) = {1 o Frob|r € J}. Moreover the

non-zero oy are inequivalent[]

Definition 3.3.2. We say that a representation p : G, — GLy(Q,,) is ordinary if
plr, is an extension of a finite order character by a finite order character times the

cyclotomic character.

3The convention here is for Sym ™' = 0.
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Definition 3.3.3. Let 7 be a tame inertial type, define o(7) := Indg%p;(ﬂ.

The Jordan-Hélder factors of o(7) follow from proposition and twisting.

Weight cycling arguments date back to Buzzard and state that if p is modular, then
it must be modular of at least two weights. Previous weight cycling arguments tended
to be context specific, but Emerton, Gee, and Herzig recently proved a much more

general weight cycling result for n-dimensional representations. In their notation,

Proposition 3.3.4 ([EGHII], Proposition 2.3.1). Suppose that V is a weight and m
is a smooth G(F')-representation. Suppose that € X.(T)_ and let t = p(w). Then
we have the following commutative diagram, where the map on the right is induced
by Frobenius reciprocity and the map on the top s injective.

(V @5, ) s (Ind% e VV® @ F,) "

Ty w

(V ®Fp 7T)K

Specializing their result (and notation) to the context of this work we have the

following.

Corollary 3.3.5. Suppose that p is modular of weight o and possess a non-ordinary

parallel potentially Barsotti- Tate lift, then p is modular of at least two weights in o (7).

Proof. By proposition [3.3.4] we have the following commutative diagram, where the
map on the top is injective, the map on the right is surjective, but the map T fails to

be injective because p has a non-ordinary lift.

S(U,0)m ————— S(U,0(7))m

T~

S(U,0)m
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From this we can conclude that S(U,0)n # S(U,0(T))m, s0 S(U, 0" ) — S(U,0(T))m

for some ¢’ # o. Hence p is also modular of weight o O

3.4 The casee=2, f =2

For small e, f it is possible to give a more explicit description of the set of weights.
For this section we impose the additional assumption that [F' : Q] = 4 and there is
unique place p of F' lying above p.

Let p be an irreducible modular representation of Gg and let e = f = 2 for the
ramification and inertial indices of p. We assume that the inertial type of p|Gp, is
T =1®wj'wi'. We require that p[g,, is generic in the sense that ¢; € [2,p — 3] for all

i, and p > 5. Under these assumptions we able able to compute W (p) in some cases.

Definition 3.4.1. Let x1,x2 : [, — pr, define I(x1,x2) = Ind 2(Qp (X1 ® X2)

where y; is the Teichmiiller lift of ;.
Lemma 3.4.2. The Jordan-Hélder factors of I(1,wi’wi') are
JH(I(1, wiwi)) = {0(0,0).(corer)s T(corer).(r—1=cop—1—e1)> T(0,e141),(co1p—2—e1)> O (co+1,0),(p—2—corc1—1) }
This is a special case of proposition [3.3.1}
Corollary 3.4.3. More generally, the Jordan-Holder factors ofm ar:
{U(a,b),(cfa,dfb); O(c,d),(p—1—cta,p—1—d+b)» T (c1,b),(p—2—c+a,d—b—1)» U(a,d+1),(cfa71,p727d+b)}
where the subscripts for the twists are taken mod p* — 1.

Each weight in I(1,w’wi") appears as a Jordan-Holder factor for 4 types, however
two of those types are 1 & wi’wi' and wi’wi* @ 1, so by symmetry it suffices to check

whether p has a lift of one specific type 7" per Jordan-Hélder factor. If any of the o

4One can regard o(, 1) (c.q) as det TP ®@ Sym®(F2) ® (Sym®(F,2) o Frob).
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appear in the Jordan-Holder factors of a type 7/ for which p has no such lift then 5
cannot be modular of weight o. For these 7/ it is always possible to algebraically find

suitable choices of J and x;, however the x; may not be allowable.

o If plgy, does not have a lift of type wPW! T @ wh WS then it is impossible to

be modular of weight o (0,0),(co.c1)-

e If plg,, doesnot have a lift of type wy’ Gwi" then it is impossible to be modular

of Weight O (co,c1),(p—1—co,p—1—c1)-

o If ﬁ|GFp does not have a lift of type wgo_lwf_l ® Wt then it is impossible to

be modular of weight o(g.¢,41),(co—1,p—2—c1)-
co+1 -1 c1—-1

e If pley, does not have a lift of type wy’™ @ wp wi'” " then it is impossible to

be modular of weight o (c+1,0),(p—2—co,c1-1)-

Since the relevant types are not of the form 1 @& Y we must revisit allowability in

a more general context.

Lemma 3.4.4. Under the hypotheses of this section, if p is modular of type wg‘)wfl D

(e 0
p|Ip_ 0 ¢p2

¢ = (H n?') (Hnd> T A

ieJ igJ

for a set J C {0,...,3} such thati € J <= i+2¢ J and allowable x; € [0,2].

wywit then it can be written

for

Proof. This follows from proposition [2.2.8 and twisting. O]

If 5 has inertial type wiPw™ © wPws" let J be the set of i for which X, = wiw".



In the associated Breuil module we have

co+pe 1€ J1=0,2
pco+c 1€ Ji=1,3
do+pdy i¢ Ji=0,2
pdo+dy 1 ¢ Ji=1,3.

i =
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Recall that r; = p~*k; 1y — k; (mod p? — 1). We define A = dy — ¢y + p(d; — ¢;) and

write [pA] = dy — ¢1 + p(do — ¢p). We have

(

Il
|
>

i

\

The allowable range of x is therefore

/

[0,1]
[1,2]
xo € 4 [1,2]
[0,1]
[0,2]

\

and the allowable range of 7 is

(

[
[
r1 € 4|
[
[

]
]
]
]
]

\

A 1eJi+1¢ Ji1=0,2
pA  ieJi+1¢ Ji=1,3
1€ Ji+1e Ji=0,2
—pA i ¢ Ji+1eJi=13
0 No flip at ¢

0eJ 1€ JA>0
0eJ,1€J <0
0€J,1eJA>0
0€J,1eJA<0
No flip at 0

No flip at 1

Whether p has a lift of each of these specific types depends on the z; and J. To

determine if p has a lift of type 7’ it suffices to determine if the associated J' and x/

a

are allowable. If p has a lift of type wy

Wit B wgowgl then we can write

<HJ mCi) (IJI g bi) (g e

! ! ! /
TO—Ty T1—T To—TO T —T1
) o T Up) Ui
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Remark 3.4.5. For some combinations of J and x; the associated representations
have lifts of all four types. In these case we can only assert that p is modular of two
of the four specified weights. We have stayed within the case ¢; € [2,p — 3] since
otherwise p has more lifts and some of the weights are not regular (in the sense of

[Geellb]). This case appears elusive for nearly all J and x;.

Our arguments for the e = 2, f = 2 case rely on combinatorics to show that lifts
of certain types are impossible in order to rule out weights. Since this is primarily
accomplished through certain boundary restrictions on when the x; may be 0 or e,
these methods do not apply to most representations when e > 2. Weight cycling and
eliminating weights through combinatorics are also unlikely to be successful when
f > 2 since the number of Jordan-Holder factors of W grows exponentially,

so new approaches are required.
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