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Abstract

We study the possible weights of an irreducible 2-dimensional modular mod p repre-

sentation of Gal(F/F ), where F is a totally real field in which p is allowed to ramify,

and the representation is tamely ramified at primes above p. We describe a set of

possible weights and completely determine the weights in some cases when e = 2,

f = 2.
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Chapter 1

Introduction

The connection between modular forms and Galois representations is one of the most

important and far reaching discoveries in modern number theory. Modular forms

play a key role in the proof of Fermat’s last theorem, the converse direction of the

Herbrand-Ribet theorem, and the Langlands program.

1.1 Background

Definition 1.1.1. Let Sk(N,χ) denote the space of cusp forms on Γ1(N) with char-

acter χ.

Let f ∈ Sk(N,χ) be a eigenform of weight k, level N , character χ, and Fourier

coefficients a`. Let p - N be a prime, and let ε be the reduction mod p of the p-adic

cyclotomic character. Let GQ := Gal(Q/Q) be the absolute Galois group of Q. For

each prime ` let Frob` denote a Frobenius element for `. The work of many people

culminated in the following deep theorem:

Theorem 1. (Eichler-Shimura, Deligne) Let f be as above. Then there is a contin-

uous, semi-simple Galois representation

ρf : GQ → GL2(Fp)

which is unramified at all primes ` - pN , and the characteristic polynomial of ρf (Frob`)

is x2 − a`x+ χ(`)εk−1(`).

By the Chebotarev Density theorem, this implies that the determinant of complex

conjugation is χ(c)εk−1(c) = (−1)k(−1)k−1 = −1. In 1973, Serre proposed a converse

to this statement.
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Conjecture 1.1.2. (Serre) Let ρ : GQ → GL2(Fp) be a continuous, irreducible, odd

representation (one in which the determinant of complex conjugation is −1). Then

ρ ∼= ρf for some modular form f .

Serre also proposed a stronger version of his conjecture in [Ser87] which explicitly

specified the minimal weight and prime to p level of the associated modular form.

Fix a choice of embeddings Q ↪→ Qp and let Ip denote the inertia subgroup of GQp .

Let ω : Ip → µp−1(Qp)→ F×p ↪→ Fp
×

denote the mod p cyclotomic character, and let

ω2 : Ip → F×p2 ↪→ Fp
×

be the niveau 2 fundamental character. If ρ |GQ is semi-simple1

then either

• ρ |Ip ∼
(
ωa 0
0 ωb

)
for unique 0 ≤ a ≤ b ≤ p− 2, or

• ρ |Ip ∼
(
ωa+bp2 0

0 ωb+ap2

)
for unique 0 ≤ a < b ≤ p− 1.

In both cases Serre conjectured that the the minimal weight was k(ρ) := 1 + pa+ b.

Long before Serre’s conjecture was known it was known in almost all cases that

if ρ is modular, then it is modular of the conjectured weight and level ([Edi92],

[Rib90], ...). There has been a great deal of work on Serre’s conjecture in recent years,

culminating in a proof of the full conjecture in the work of Khare-Wintenberger in

[KW09a] and [KW09b], and Kisin [Kis09]. The proof of Serre’s conjecture involves

modularity lifting theorems. One measure of the strength of Serre’s Conjecture is

that it directly implies Fermat’s Last Theorem (i.e., without resort to the Shimura-

Taniyama Conjecture that all elliptic curves over Q are modular [BCDT01]).

1.2 Generalizations of Serre’s conjecture

It is natural to ask if Serre’s conjecture can be generalized to representations of other

Galois groups, such as 2-dimensional mod p representations of GF for a totally real

1The strong form of Serre’s conjecture also includes a combinatorial formula for k(ρ) if not semi-
simple.
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field F . As with the classical case, generalizations of Serre’s conjecture contain two

related but separate problems: the existence of modular lifts and the possible weights

and levels of modular lifts. Although modularity lifting theorems are known for

totally real fields, there is no base case for the inductive arguments used in [KW09a]

and it seems that a proof of the modularity of representations will not be available

in the near future. The weight part of generalizations of Serre’s conjecture have also

received significant interest, and many partial results are known.

In the seminal paper [BDJ10], Buzzard, Diamond, and Jarvis proposed a gener-

alization of Serre’s conjecture for a totally real field F . Naively one might attempt

to replace modular forms with Hilbert modular forms in the formulation of Serre’s

conjecture, but the conjecture would be false since not all continuous, irreducible,

totally odd representations

ρ : GF → GL2(Fp)

arise from Hilbert modular forms of level prime to p. They define modularity in terms

of Shimura varieties, which generalize modular curves. In this context a weight is no

longer an integer, so the authors introduced a generalization of a weight called a Serre

weight.

Let F be a totally real field, with ring of integers OF and residue fields kp for the

places p of F lying above p.

Definition 1.2.1. A Serre weight σ is an isomorphism class of irreducible Fp-representations

of GL2(OF/p). Since

GL2(OF/p) ∼=
∏
p|p

GL2(OF/pep)

any irreducible Fp-representation factors through
∏
p|p

GL2(kp). Therefore Serre weights

have the form σ =
⊗
p|p

σp where σp is an irreducible representation of GL2(kp).

Buzzard, Diamond, and Jarvis say that ρ is modular if ρ occurs as a sub-quotient
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of the étale cohomology of certain Shimura varieties. Subsequent work in [Gee11b],

[GS11b], [BLGG11] and others defines modularity in terms of algebraic modular

forms. We will use this definition for our work.

As in the classical case, the Serre weights of a modular representation contain

information about the structure of the representation. However, unlike the classical

case, a representation will generally be modular of multiple weights and the weights

will not be well ordered. Provided that p is unramified in F , Buzzard, Diamond, and

Jarvis go on to define an explicit set of Serre weights W ?(ρ) that they conjecture is

equal to W (ρ), the set of Serre weights for which ρ is modular.

Schein [Sch08] and Gee [Gee11a] have generalized the description of W ?(ρ) in

[BDJ10] by removing the unramified hypothesis, and recent work in [BLGG11] sig-

nificantly improved our understanding by showing that W ?(ρ) ⊂ W (ρ) for modular

representations. The containment is known to be equality in the special cases where

the places p of F lying above p are either unramified [GLS12] or totally ramified2

[GLS11]. It is currently unknown if equality holds in the general case.

In the tamely ramified case Schein conjectured an explicit set of local Serre weights

W ?
p (ρ) for each place of F lying above p in [Sch08]. We will now recall the set of weights

defined by Schein, in the case when ρ |GFp is irreducible for all places p of F above

p. His original definition was stated abstractly in terms of certain combinatorial data

which he then described concretely. Fix an embedding of Fps ↪→ Fp.

Definition 1.2.2. A fundamental system of niveau s is a set of characters {ψ1, . . . , ψs}

from the inertia subgroup IFp such that ψi : IFp → F×ps ↪→ Fp
×

are induced by local

class field theory, do not factor through F×
pd

for any d < s, and ψpi = ψi+1 for all i.

Let {ωτ}τ be a fundamental system of niveau s and let {ητ̃ , ητ̃ ′}τ be a fundamental

system of niveau 2s with the property that ητ̃ητ̃ ′ = ωτ for all embeddings τ : kp ↪→ Fp.

2Earlier work on the totally ramified case in [GS11a] was limited to the tamely ramified case.
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Definition 1.2.3. Suppose that ρ |Ip is irreducible and has niveau 2s. Then W ?
p (ρ)

consists precisely of those Serre weights at p

σp =
⊗
τ∈I

(det ωτ Symkτ−2 k2p)⊗kp,τ Fp

such that for each τ ∈ I there exists a labeling {τ̃ , τ̃ ′} of its two lifts to k′p and an

integer 0 ≤ δτ ≤ e− 1 such that

ρ |Ip ∼
∏
τ∈I

ωωττ

(∏
τ∈I η

kτ−1+δτ
τ̃ ηe−1−δττ̃ ′ 0

0
∏

τ∈I η
e−1−δτ
τ̃ ηkτ−1+δττ̃ ′

)
where e is the ramification index of p in F .

Schein also defines a set of weights W ?
p (ρ) when ρ |GFp is reducible and decompos-

able, but we will not need to recall it here.

Conjecture 1.2.4. (Schein’s Conjecture) If ρ is tamely ramified at all of the places

lying above p then W (ρ) = ⊗p|pW
?
p (ρ).

1.3 Overview

In this work we use the methods of [GS11b] and [GS11a] to address certain cases where

F is “partially ramified” at p, namely when the inertial and ramification indices are

both 2 and ρ |GFp . Unlike the totally ramified case, we are not able to prove that

W ?(ρ) = W (ρ) in general because the information obtained from our arguments does

not fully determine the weights when f > 1. However, when e = 2 and f = 2 it

is often possible to prove that the actual weights are the conjectured weights. The

outline of this thesis is as follows.

The purpose of Chapter 2 is to classify all of the inertial types of parallel poten-

tially Barsotti-Tate lifts of a local representation ρ, and does so using purely local

arguments. The existence of these lifts is related to questions involving finite flat

group schemes. Potentially Barsotti-Tate Galois representations and their reductions
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mod p can be described by certain semilinear algebra objects called (respectively)

strongly divisible modules with descent data and Breuil modules with descent data.

In section 2.2 we explicitly describe the Breuil modules associated to ρ|GFp in the

cases when ρ |GFp is reducible and irreducible, respectively. In section 2.3 we explicitly

construct strongly divisible modules with descent data and coefficients with certain

properties which lift the Breuil modules of section 2.2. The existence of these strongly

divisible modules allows us to conclude that ρ|GFp has potentially Barsotti-Tate lifts

ρ of certain inertial Galois types.

In Chapter 3 we prove global results, beginning with initial definitions and no-

tation. In particular we define what it means for a global representation ρ to be

modular of weight σ, and deduce that if ρ is modular then ρ must be modular of

one or more weights which lie in a set determined by the inertial type of a poten-

tially Barsotti-Tate lift of ρ |GFp . To strengthen this statement, in section 3.3 we use

Buzzard’s weight cycling argument to show that ρ must be modular of at least two

weights. Finally, in section 3.4 we specialize to the case e = 2, f = 2. In this restric-

tive setting, the combination of weight cycling and combinatorics is sufficient to show

that W ?(ρ) = W (ρ) in many cases.
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Chapter 2

Local results

We begin with some definitions. Let K be a finite extension of Qp, with ring of

integers OK containing the maximal ideal p. Let ρ : GK → GL2(E) be a p-adic

representation and let Ip denote the inertia subgroup of GK . If k is any field W (k)

will always denote the Witt vectors of k.

Definition 2.0.1. Let τ : Ip → GL2(Qp) be a continuous representation with open

kernel. We say that a representation ρ : GK → GL2(E) has inertial type τ if the

associated Weil-Deligne representation WDρ satisfies WDρ |Ip ∼= τ .

We are only concerned with tame inertial types, i.e. types τ that are trivial on

wild inertia. Since tame inertia is abelian, a tame type τ will always decompose as a

direct sum of characters τ ∼= χ1 ⊕ χ2.

Definition 2.0.2. A representation ρ : GK → GL2(E) is Barsotti-Tate if ρ is isomor-

phic to a representation arising from the Tate module of a p-divisible group defined

over OK .

Barsotti-Tate representations are crystalline [Fon82], and the property of being

Barsotti-Tate is equivalent to being crystalline with Hodge-Tate weights contained in

{0, 1} [Bre00].

Definition 2.0.3. A representation ρ : GK → GL2(E) is potentially Barsotti-Tate

(respectively crystalline or semi-simple) if there is a finite extension L/K such that

ρ|GL is Barsotti-Tate (respectively crystalline or semi-simple).

Definition 2.0.4. Let τ be an inertial type. We say that a representation ρ : GK →

GL2(E) is parallel potentially Barsotti-Tate of type τ if ρ is potentially Barsotti-Tate,
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has determinant a finite order character of order prime to p times the cyclotomic

character, and the corresponding Weil-Deligne representation, when restricted to Ip,

is isomorphic to τ .

2.1 Breuil modules with coefficients

We begin by summarizing some properties of mod p representations and potentially

semistable representations from sections 3 and 4 respectively of [Sav05]. Let K/L

be a tamely ramified Galois extension of p-adic fields, and let K0 be the maximal

unramified subextension in K. Fix a uniformiser π ∈ K and let E(u) denote the

minimal polynomial of π over K0. Let e′ denote the absolute ramification index of

K. Let k = OK/(π) denote the residue field of K. The p-adic field E, with ring of

integers OE and residue field kE, will be the coefficient field for the representations.

The tools of p-adic Hodge theory make it possible to analyze p-adic and mod-p

Galois representations by studying certain semi-linear objects. There is an anti-

equivalence of categories between the category of Galois stable OL-lattices contained

in representations ρ such that ρ|GL is semi-stable and ρ has Hodge-Tate weights in

{0, 1}, and the category of strongly divisible modules with E-coefficients and descent

data (see section 4 of [Sav05]). When we speak of taking the reduction mod p of a

Galois stable lattice in ρ we shall always mean the semi-simplification of the reduction

mod mE. Reducing such a lattice mod p corresponds to taking the special fiber of

the associated strongly divisible module, an object we call a Breuil module with

kE-coefficients and descent data.

Let ρ be the reduction of ρ mod mE. In order to show that ρ has potentially

Barsotti-Tate lifts we first review some results on strongly divisible modules (resp.

Breuil modules) with coefficients and descent data. This will allow us to explicitly

describe a Breuil module N with coefficients and descent data associated to ρ, which

will occupy all of section 2.2. We can then write down a strongly divisible module N
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whose special fiber is N . From this strongly divisible module we pass back to a Galois

stable lattice, which gives the desired potentially Barsotti-Tate lift by inverting p.

Definition 2.1.1. The category of Breuil modules with kE-coefficients and descent

data from K to L, denoted BrModdd,L consists of quadruples (M,Fil1M, φ1, {ĝ})

where:

• M is a finitely generated (k ⊗Fp kE)[u]/(ue
′p)-module, free over k[u]/ue

′p.

• Fil1M is a (k ⊗Fp kE)[u]/ue
′p-submodule of M containing ue

′M.

• φ1 : Fil1M →M is a kE-linear and φ-semilinear map (where φ : k[u]/ue
′p →

k[u]/ue
′p is the p-th power map) with image generatingM as a (k⊗FpkE)[u]/ue

′p-

module.

• ĝ :M→M are additive bijections for each g ∈ Gal(K/L), preserving Fil1M,

commuting with the φ-, and kE-actions, and satisfying ĝ1 ◦ ĝ2 = ĝ1 ◦ g2 for all

g1, g2 ∈ Gal(K/L), and 1̂ is the identity. Furthermore, if a ∈ k ⊗Fp kE, m ∈M

then g(auim) = g(a)((g(π)/π)i ⊗ 1)uig(m).

The category BrModdd,L is equivalent to the category of finite flat group schemes

over OK together with a kE-action and descent data on the generic fiber from K to

L. For proof of this equivalence see [Sav05], section 4 “Objects killed by p”.

As defined in [Sav05] the functor DK
st,2 is an equivalence of categories between

the category of GL-representations with E-coefficients which are semistable when

restricted to GK and have Hodge-Tate weights in {0, 1}, and the category of weakly

admissible filtered (φ,N)-modules D with descent data and E-coefficients such that

Fil0(K ⊗K0 D) = K ⊗K0 D and Fil2(K ⊗K0 D) = 0.

Let SK be the p-adic completion of the divided power envelope of W (k)[[u]] with

respect to ker(θ), where θ : W (k)[[u]]�OK is given by u 7→ π. It can be realized as

SK =

{
∞∑
j=0

rj
uj

bj/e′c!
, where rj ∈ W (k), rj → 0 as j →∞

}
.
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Define SK,OE = OE ⊗Zp SK . Let Fil1 SK,OE be the closure of the ideal generated by

E(u)j/j! for j ≥ 1. There is a unique continuous Frobenius-semilinear map φ :

SK,OE → SK,OE defined by φ(u) = up and φ(uje
′
/j!) = uje

′p/j!. This map has

φ(Fil1 SK,OE) ⊂ pSK,OE , so we can define φ1 =
(
φ|Fil1 SK,OE

)
/p. We can give SK a

Gal(K/L)-action by defining g(u) = (g(π)/π)u and letting Gal(L/K) act on W (k)

as usual, then extending by p-adic continuity.

Definition 2.1.2. A strongly divisible OE-module with tame descent data from K to

L is a finitely generated SK,OE module N , together with a SK,OE -submodule Fil1N ,

maps N, φ : N → N , and additive bijections ĝ : N → N for each g ∈ Gal(K/L)

satisfying the following conditions:

1. Fil1N contains (Fil1 SK,OE)N ,

2. Fil1N ∩ IN = I Fil1N for all ideals I in OE,

3. φ(sx) = φ(s)φ(x) for s ∈ SK,OE and x ∈ N ,

4. φ(Fil1N ) is contained in pN and generates it as an SK,OE -module,

5. N(sx) = N(s)x+ sN(x) for s ∈ SK,OE and x ∈ N ,

6. Nφ = pφN ,

7. E(u)N(Fil1N ) ⊂ Fil1N ,

8. N(N ) ⊂ JN where J is the ideal
∑∞

j=1
uj

bj/e′c!SK,OE ,

9. ĝ(sx) = ĝ(s)ĝ(x) for s ∈ SK,OE , x ∈ N , and g ∈ Gal(K/L),

10. ĝ1 ◦ ĝ2 = ĝ1 ◦ g2 for all g1, g2 ∈ Gal(K/L),

11. ĝ(Fil1N ) ⊂ Fil1N for all g ∈ Gal(K/L), and

12. φ and N both commute with ĝ for all g ∈ Gal(K/L).
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Set S = SK,OE . By Theorem 4.13 of [Sav05] the functor TLst,2 is an equivalence

of categories between the category of strongly divisible modules with OE-coefficients

and descent data in S ⊗W (k) D
K
st,2(ρ), and the category of Galois stable OE-lattices

in ρ. This equivalence is compatible with reduction mod mE, so that applying TLst,2

to the object (k ⊗Fp kE)[u]/(ue
′p)⊗S/mES (N /mEN ) of BrModdd,L yields a reduction

mod p of ρ (see Section 4 of [Sav05],“Objects killed by p”).

In [GS11b] the authors establish a general result relating the inertial type τ of a

potentially Barsotti-Tate representation ρ : GF → GLn(E) and the descent data on

strongly divisible modules N corresponding to lattices in ρ.

Proposition 2.1.3 ([GS11b], Proposition 5.1). We have τ = χ1 ⊕ · · · ⊕ χn if and

only if there is an S-basis v1, . . . , vn of N such that the descent data acts on N via

ĝ · vi = (1⊗ χi(g))vi for all g ∈ I(K/L).

Corollary 2.1.4 ([GS11b], Corollary 5.2). Let N denote the Breuil module with

descent data corresponding to the πE-torsion in the Barsotti-Tate group corresponding

to ρ |GK . If τ = χ1⊕ . . . χn then N has a (k⊗ kE)[u]/(ue
′p)-basis v1, . . . , vn such that

ĝ(vi) = (1 ⊗ χi(g))vi for all g ∈ I(K/L). (Here e′ is the absolute ramification index

of K).

2.2 Computations with Breuil modules

Let Fp be a finite extension of Qp, with p > 2. Fix a uniformiser πp of Fp and let

q = pf denote the cardinality of the residue field of Fp. Let e > 1 be the absolute

ramification index of Fp. Let ρ : GFp → GL2(E) be the reduction mod p of a

potentially potentially Barsotti-Tate representation ρ with coefficients in a p-adic

field E, with ring of integers OE and residue field kE.

Suppose that ρ has tame principal series type, then the associated Weil-Deligne

representation factors through tame inertia and has the form χ1 ⊕ χ2 where χ1 = χq1
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and χ2 = χq2. Since inertial types are compatible with twisting, we can assume that

ρ has type 1 ⊕ χ for some character χ : Ip → O×E of order q − 1. Since χq = χ we

know that χ 6= 1 where χ is the reduction of χ mod p.

We make several definitions which depend on whether or not ρ is irreducible:

• If ρ is reducible, set L = Fp and let K be the splitting field of up
f−1 − πp over

L.

• If ρ is irreducible, let L to be the unique unramified quadratic extension of Fp

and let K be the splitting field of up
2f−1 − πp over L.

These fields are chosen so that τ(ρ)|IK will be reducible and have trivial inertial type

mod p. We fix a choice of uniformiser $ ∈ K with $e(K/L) = πp.

In order to apply the results of [Sav05] on potentially Barsotti-Tate representa-

tions we require that the coefficient field kE contain k := OK/$; without loss of

generality we can enlarge E in order to assume that k embeds into kE. Fixing a

choice of embedding σ0 : k ↪→ kE allows us to recursively define the other embeddings

via σpi+1 = σi. In the reducible case the character η̄ : Gal(K/Fp) → k× given by

g 7→ g($)/$ (mod $) can be used to define a system of fundamental characters of

niveau f via ωi = (σi ◦ η̄)|Ip for i ∈ {0, 1, . . . , f − 1}. In the irreducible case η̄ gives

rise to a system of fundamental characters of niveau 2f denoted η0, . . . , η2f−1, and

ωi = ηiηi+f . Since the ω0, . . . , ωf−1 form a fundamental system of niveau f , and by

definition χ extends to a character of the Weil group WFp we can write

χ =

f−1∏
i=0

ωcii

where each ci ∈ [0, p− 1] is uniquely determined since χ 6= 1 and σpi+1 = σi. Let ε be

the mod p cyclotomic character. Then we have ε =
∏f−1

i=0 ω
e
i .

We recall from [Sav08] that if M is any (k ⊗Fp kE)-module then M decomposes

as a direct sum M = ⊕d−1i=0Mi, where d = [k : Fp] and Mi is the kE-submodule on
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which multiplication by x⊗ 1 is the same as multiplication by 1⊗ σi(x). There is a

collection of idempotents ei ∈ k ⊗Fp kE such that Mi = eiM and φ(ei) = ei+1.

Suppose that M is a rank 1 Breuil submodule of a rank 2 Breuil module with de-

scent data from L to K which corresponds to a representation with inertial type 1⊕χ.

For any g ∈ Gal(K/L) and v ∈M the descent data acts via ĝ(eiv) = (1⊗χi(g))(eiv)

for some character χi. This defines a set of characters {χ0, χ1, . . . , χd−1}. By corol-

lary 2.1.4, since ρ has inertial type 1 ⊕ χ for each i the descent data corresponding

to g ∈ Gal(K/L) must either act on trivially on ei or via ĝ(ei) = χ(g)ei. Therefore

χi ∈ {1, χ} for all i.

Finally, in both of the following sections if c0, . . . , cf−1 are integers in the range

[0, p−1] we let λ = c0+pf−1c1+· · ·+pcf−1 and let [piλ] denote an integer in the range

[0, pf−1) which is congruent to piλ (mod pf−1), so [piλ] = ci+p
f−1ci+1+ · · ·+pci−1.

2.2.1 The Reducible Case

Assume now that ρ̄ is reducible, so there is a basis in which it can be written

ρ =

(
ψ1 ∗
0 ψ2

)
for characters ψ1 and ψ2 which we will explicitly calculate. As ex-

plained in section 2.1, because ρ is the reduction mod p of a representation whose

restriction to GK is Barsotti-Tate, the p-torsion of the action of GFp on an OE-lattice

in ρ defines a finite flat group scheme H with generic fiber descent data from K to

Fp. Let G be the subgroup scheme of H corresponding to ψ1. By ([Sav08], Theorem

3.5) the Breuil moduleM with decent data to Fp corresponding to G can be written

• M = ((k ⊗Fp kE)[u]/ue(p
f−1)p) · v for some v ∈M,

• ei(Fil1M) = uriMi,

• φ1(u
rieiv) = (1⊗ γi)ei+1v for some γi ∈ k×E ,

• ĝ(
∑f−1

i=0 eiv) =
∑f−1

i=0 (η(g)ki ⊗ 1)eiv for all g ∈ Gal(K/Fp),
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where the ki and ri are integers with ki ∈ [0, pf − 1), ri ∈ [0, e(pf − 1)]. These

coefficients must also satisfy ki+1 ≡ p(ki + ri) (mod pf − 1). Let χi = σi ◦ η̄ki . Then,

as remarked earlier for each i either χi = χ or χi = 1. Let J ⊆ {0, . . . , f − 1} be the

set of i for which χi = χ. If i ∈ J then clearly

ki ≡ pic0 + pi−1c1 + · · ·+ pi+1cf−1 ≡ pi(c0 + pf−1c1 + · · ·+ pcf−1) mod pf − 1

. Recall that we defined λ = c0 + pf−1c1 + · · · + pcf−1, so if i ∈ J then ki ≡ piλ

(mod pf − 1), and i 6∈ J is equivalent to ki ≡ 0 (mod pf − 1).

The value of ki is determined by whether or not i ∈ J , so the relation ki+1 ≡

p(ki + ri) (mod pf − 1) can be used to find restrict the possible values for the ri. The

values for the ri coefficients are constrained by J ,

ri ≡


0 (mod pf − 1) i, i+ 1 ∈ J
0 (mod pf − 1) i, i+ 1 6∈ J
−piλ (mod pf − 1) i ∈ J, i+ 1 6∈ J
piλ (mod pf − 1) i 6∈ J, i+ 1 ∈ J.

Definition 2.2.1. We say that J flips at i if i ∈ J and i + 1 6∈ J , or i 6∈ J and

i+ 1 ∈ J .

If there is no flip at i then we can write ri = (pf − 1)xi for some xi ∈ [0, e]. Recall

that [piλ] is the unique value in [0, pf − 1) which is congruent to piλ mod pf − 1,

so if i ∈ J and i + 1 6∈ J then ri = (pf − 1)xi − [piλ]. If i 6∈ J and i + 1 ∈ J then

ri = (pf − 1)xi + [piλ].

Define

s0 :=
r0p

f + r1p
f−1 + · · ·+ rf−1p

pf − 1
.

We are in the situation of Corollary 4.3 of [GS11b], so the Galois representation

TKst,2(M) coming from the Breuil moduleM is equal to (σ0 ◦ηk0+s0) times an unrami-

fied character. Therefore ψ1|Ip = ηk0+s00 . We can view s0 as pfx0+pf−1x1+ · · ·+pxf−1
plus a linear expression in the ci’s. Write ci(s0) for the coefficient of ci in s0. For each
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flip with i ∈ J and i + 1 6∈ J the coefficient of c0 in rip
f−i is −pf , whereas if i 6∈ J ,

i+ 1 ∈ J the coefficient of c0 in rip
f−i is pf . The net number of flips from 0 to f are

0, so ci(s0) = 0 for all i. Let ci(k0) be the coefficient of ci in k0,

ci(k0) = pf−ici(ki) =

{
pf−i i ∈ J
0 i 6∈ J.

When i 6∈ J the coefficient of ci in k0 is 0, so

k0 + s0 =

f−1∑
i=0

ci · ci(k0) +

f−1∑
i=0

pf−ixi =
∑
i∈J

pf−ici +

f−1∑
i=0

pf−ixi

and ψ1|Ip has the form

ψ1|Ip = ηk0+s00 =
∏
i∈J

ωp
f−ici

0

f−1∏
i=0

ωxii =
∏
i∈J

ωcii

f−1∏
i=0

ωxii (2.2.1)

It remains to determine which values of xi are valid. All of the ri lie in the range

[0, e(pf − 1)], which limits the possible values of xi when there is a flip. By definition

we have 0 < [piλ] < pf − 1. Observe that if there is no flip at i then ri = (pf − 1)xi

and there is no restriction on xi beyond the obvious requirement that xi ∈ [0, e]. If

i ∈ J and i+ 1 6∈ J then ri = (pf − 1)xi− [piλ]. Since [piλ] > 0 this precludes xi = 0.

If i 6∈ J and i + 1 ∈ J then ri = (pf − 1)xi + [piλ] and the excluded case is xi = e.

This motivates the following definition:

Definition 2.2.2. A set of values {xi | 0 ≤ i < f} is an allowable list (relative to a

set J ⊆ {0, . . . , f − 1}) if for each i:

• if i, i+ 1 ∈ J or i, i+ 1 6∈ J then xi ∈ [0, e],

• if i ∈ J and i+ 1 6∈ J then xi ∈ [1, e],

• if i 6∈ J and i+ 1 ∈ J then xi ∈ [0, e− 1].

As usual subscripts are interpreted mod f .
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Remark 2.2.3. If e ≥ p− 1 then ψ1 can be any niveau f character.

Proof. Setting J = ∅ assures that there are no flips and the allowable range of each

xi is [0, e] ⊇ [0, p− 1]. Then
∑f−1

i=0 p
f−ixi can assume any value in [0, pf − 1).

Theorem 2.2.4. Let ρ : GFp → GL2(kE) be the reduction mod mE of a parallel

potentially Barsotti-Tate representation ρ of type 1⊕ χ. Suppose that χ =
∏f−1

i=0 ω
ci
i ,

where ω0, . . . , ωf−1 are a fundamental system of niveau f and ci ∈ [0, p− 1] for all i.

Suppose that ρ|Ip =

(
ψ1 ∗
0 ψ2

)
is reducible. Then are two possibilities:

1. If e ≥ p−1 then ψ1 and ψ2 can be any inertial characters such that ψ1ψ2 = ε χ.

2. If e < p− 1 then ψ1ψ2 = ε χ and

ψ1|Ip =
∏
i∈J

ωcii

f−1∏
i=0

ωxii

where J ⊂ {0, . . . , f − 1} and the xi are an allowable list.

Remark 2.2.5. Taking ∗ to be zero it is easy enough to see that all of the allowable

possibilities occur.

2.2.2 The Irreducible Case

We shall now treat the case where ρ is irreducible. Recall that we defined L to be the

unramified quadratic extension of Fp and let K be the splitting field of up
2f−1 − πp

over L. In this case, ρ̄|GL =

(
ψ1 0
0 ψ2

)
with ψ2 = ψq1 for a character ψ1. As before

we examine the possibilities for ψ1|Ip via Breuil modules with descent data. There

will be many Breuil modules with descent data and coefficients corresponding to ρ,

the primary difficulty in this section will be to find Breuil modules with a specific

structure so that we can construct a lift in section 2.3. We first prove an analogous

version of equation (2.2.1) for ψ1|Ip when ρ is irreducible, but in order to construct a

lift we require i ∈ J ⇐⇒ i+f 6∈ J . When e ≥ p−1 this is straightforward, but when
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e < p − 1 the situation is significantly more difficult and occupies the remainder of

the section.

Let H be the finite flat group scheme with generic fiber descent data from K to

L corresponding to ρ|GL , and let G be the finite flat subgroup scheme corresponding

to ψ1. Let M be the Breuil modules with kE-coefficients and descent data from K

to L corresponding to G. By Theorem 3.5 of [GS11a] M has the form

• M = ((k ⊗Fp kE)[u]/ue(p
2f−1)p) · v for some v ∈M,

• (Fil1M)i = uriMi,

• φ1(u
rieiv) = (1⊗ γi)ei+1v for some γi ∈ k×E ,

• ĝ(
∑2f−1

i=0 eiv) =
∑2f−1

i=0 (η(g)ki ⊗ 1)eiv for all g ∈ Gal(K/L),

where the ki and ri are integers with ki ∈ [0, p2f − 1), ri ∈ [0, e(p2f − 1)]. Note that

the allowable ranges of ki and ri are greater than they were in the reducible case

and the character η : Gal(K/Fp) → k× now has niveau 2f . Let ηi = (σi ◦ η)|Ip for

0 ≤ i < 2f be a system of fundamental characters of niveau 2f ; note that ηpi = ηi−1.

Then ωi = ηiηi+f for 0 ≤ i < f is a system of fundamental characters of niveau f .

As before we can uniquely express χ in terms of a fundamental system of characters

of niveau f ,

χ̄ =

f−1∏
i=0

ωcii

where each ci ∈ [0, p− 1].

Much like the reducible case, the coefficients must satisfy ki+1 ≡ p(ki + ri)

(mod p2f − 1). Let χi = σi ◦ η̄ki . Then for each i either χi = χ or χi = 1. Let

J ⊆ {0, . . . , 2f − 1} be the set of i for which χi = χ̄. Since η̄ has niveau 2f but χ

only has niveau f , if i ∈ J we must have

ki ≡ (pf + 1)[piλ] (mod p2f − 1)



25

if χi = χ (and 0 otherwise).

As before we can write ri = (p2f − 1)xi if i, i + 1 ∈ J or i, i + 1 6∈ J . If i ∈ J ,

i + 1 6∈ J then ri = (p2f − 1)xi − (pf + 1)[piλ]; if i 6∈ J and i + 1 ∈ J then the

sign is reversed. This forces the same restrictions on when xi can be 0 or e as in the

reducible case, and for the same reasons:

Definition 2.2.6. A set of values {xi | 0 ≤ i < 2f} is an allowable list (relative to a

set J ⊆ {0, . . . , 2f − 1}) if for each i:

• if i, i+ 1 ∈ J or i, i+ 1 6∈ J then xi ∈ [0, e],

• if i ∈ J and i+ 1 6∈ J then xi ∈ [1, e],

• if i 6∈ J and i+ 1 ∈ J then xi ∈ [0, e− 1].

As usual subscripts are interpreted mod f .

As with the reducible case, we have ψ1 = ηk0+s00 where

s0 :=
r0p

2f + r1p
2f−1 + · · ·+ r2f−1p

p2f − 1
.

We regard s0 as a linear combination of the xi and ci. If i < f then each time there

is a flip from i ∈ J to i + 1 6∈ J the p2f−iri term contributes −p2f (pf + 1)c0 to the

coefficient of c0 in s0, with the opposite sign for a flip from i 6∈ J to i+ 1 ∈ J . When

i ≥ f the p2f−iri term contributes −pf (pf + 1)c0. If the net number of flips from 0 to

f are 0, then the coefficient of c0 in s0 is 0. If the net flips from 0 to f is 1, then the

net flips from f to 2f are −1, and the coefficient of c0 in s0 is −pf . If the net flips

from 0 to f are −1 then the total coefficient of c0 in s0 is pf . The coefficient of c0 in

k0 is pf + 1 if 0 ∈ J and 0 otherwise. This yields four possibilities:

• If 0 ∈ J, f ∈ J then the coefficient of c0 is pf + 1.

• If 0 ∈ J, f 6∈ J the coefficient is 1.
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• If 0 6∈ J, f ∈ J the coefficient is pf .

• If 0 6∈ J, f 6∈ f the coefficient is 0.

The only contributions come from the terms in J , so by cyclic symmetry we have

k0 + s0 =
∑
i∈J

p2f−icπ(i) +

2f−1∑
i=0

p2f−ixi

where π : Z/(2f)Z→ Z/fZ is the natural projection map. This furnishes an explicit

description of the character,

ψ1|Ip =
∏
i∈J

η
cπ(i)
i

2f−1∏
i=0

ηxii

Proposition 2.2.7. If e ≥ p−1, then as J varies over the subsets of {0, . . . , 2f − 1}

with i ∈ J ⇐⇒ i+ f 6∈ J and the x0, . . . , x2f−1 vary over the allowable lists for J , the

character ψ1 ranges over all inertial characters for which ψp
f+1

1 = ε χ.

Proof. Let J = {0, . . . , f − 1} and let xi+f = e − xi. Let X = pf−1x0 + pf−2x1 +

· · ·+ xf−1 then

ψ1 =

f−1∏
i=0

ηcii

2f−1∏
i=0

ηxii =

f−1∏
i=0

ηcii

f−1∏
i=0

ηxii η
e−xi
i+f =

(
f−1∏
i=0

ηcii

)
η
e(pf−1)/(p−1)
2f−1 η

(1−pf )X
f−1

which depends only on X (mod pf + 1). If e ≥ p then as the xi range over [0, e] for

0 ≤ i < f − 1, and xf−1 ranges over [1, e], X ranges over an interval which includes

[1, pf ]. Repeating the process with J = {f, . . . , 2f − 1} allows X to range over an

interval which contains 0. If e = p− 1 then X ranges over an interval which contains

[1, pf − 1], and we can repeat the process with the compliment of J .

Assume for the rest of the section that e < p−1. Suppose that J has the property

that i ∈ J ⇐⇒ i+ f 6∈ J . The determinant condition ψp
f+1

1 = ε χ̄ implies that

∏
i∈J

ω
cπ(i)
i

f−1∏
i=0

ω
xi+xi+f
i = χ̄

f−1∏
i=0

ωei
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which reduces to
f−1∏
i=0

ω
xi+xi+f−e
i = 1.

This is equivalent to
∑f−1

i=0 p
f−i(xi + xi+f − e) ≡ 0 (mod pf − 1), however since

e < p − 1 and each xi ∈ [0, e] we have xi + xi+f − e ∈ [−e, e] ( [−(p − 1), p − 1].

The congruence must actually be equality since
∣∣∣∑f−1

i=0 p
f−i(xi + xi+f − e)

∣∣∣ < pf − 1.

Therefore xi+f = e− xi. Although it is possible that J might not satisfy the property

i ∈ J ⇐⇒ i+ f 6∈ J , we can replace it with a set which does.

Proposition 2.2.8. There is a set J ′ ⊂ {0, 1, . . . , 2f − 1} and an allowable system

of coefficients x′0, . . . , x
′
2f−1 such that i ∈ J ′ ⇐⇒ i+ f 6∈ J ′ and

ψ1|IL =
∏
i∈J ′

η
cπ(i)
i

2f−1∏
i=0

η
x′i
i .

Proof. Define the sets S = {i | i < f, i ∈ J, i+ f ∈ J} and T = {i | i < f, i 6∈ J, i+ f 6∈ J}.

We say that i ∈ J is a defect if i ∈ S or i ∈ T . Since J is finite it suffices to produce a

set J ′ and an allowable set of coefficients x′0, . . . , x
′
2f−1 such that J ′ has fewer defects

than J and ψ1|IL =
∏

i∈J ′ η
cπ(i)
i

∏2f−1
i=0 η

x′i
i .

Allowing for the possibility that J may have defects, the determinant condition

ψq+1 = ε χ can be written

f−1∏
i=0

ω
xi+xi+f−e
i

∏
i∈S

ωcii
∏
i∈T

ω−cii = 1

Define y0, y1, . . . , yf−1 to be the exponents,

yi =


xi + xi+f − e+ ci i ∈ S
xi + xi+f − e− ci i ∈ T
xi + xi+f − e i 6∈ S ∪ T

Since each yi ∈ [−(2p − 3), (2p − 3)], we can write yi = aip − ai+1 for some

ai ∈ {0,±1} (the subscripts are taken mod f).
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If [j′, j] ⊆ T then [j′, j] 6⊂ J and [j′ + f, j + f ] 6⊂ J . Given such an interval

[j′, j] ⊆ T of maximal length, we define J ′ := J ∪ [j′, j] and construct new coefficients

x′i. The details for the case where [j′, j] ⊂ J and [j′ + f, j + f ] ⊂ J are almost

identical (with the obvious change that J ′ := J \ [j′, j]), so we treat the case of

adding an interval from T to J .

Consider the case J = ∅. It is impossible that xi = 0 for all i, since this would

imply that ψ1 is the trivial character, but ψ1 has niveau 2. For the same reason not

all of the xi can be equal to e. Since there is no i for which i ∈ J and i + f ∈ J , all

of the ai are 0 or −1. We claim that it is possible to choose j such that xj−1 + aj ∈

[0, e − 1]. Assume by contradiction that there were no such j. Then for all j either

(xj−1, aj) = (e, 0), or (xj−1, aj) = (0,−1). If (xj−1, aj) = (e, 0) then we also have

(xj+f−1, aj+f ) = (e, 0) since aj = aj+f = 0. But then yj−1 = e− cj−1 > −(p− 1), so

aj−1 6= −1. However, if aj = 0 then (xj−2, aj−1) = (e, 0) as well. By induction xi = e

for all i, which is a contradiction.

Choose j as in the claim. Define J ′ = {j, . . . , j + f − 1} and let

• x′i = xi − ci − pai + ai+1 for i ∈ [j, j + f − 1),

• x′j+f−1 = xj+f−1 − cj−1 − paj−1,

• x′j−1 = xj−1 + aj,

• x′i = xi for all other i.

Allowability is automatic for the interior of the interval since there are no flips for

these i and by construction x′i ∈ [0, e]. By the choice of j we have x′j−1 ∈ [0, e − 1],

which implies x′j+f−1 ∈ [1, e] (these are equivalent statements).

The case J = {0, 1, . . . , 2f − 1} is essentially the same and presents no new diffi-

culties.

Now assume that there is a non-defective entry in J . Working with subscripts

modulo 2f as usual, if T is nonempty let [j′, j] ⊆ T be a maximal interval (which is



29

to say j′ − 1 6∈ T and j + 1 6∈ T ). Define J ′ = J ∪ {j′, . . . , j}, and define

• x′i = xi − ci − pai + ai+1 for i ∈ [j′, j),

• x′j = xj − cj − paj,

• x′j′−1 = xj′−1 + aj′ ,

• x′i = xi for all other i.

The characters ψ and ψ′ agree by construction, what remains is to show that the new

set of coefficients is allowable. First observe that for i ∈ [j′, j), allowability is not a

concern since

x′i = xi − ci − yi = e− xi+f ∈ [0, e]

and there are no restrictions on the boundary values since J ′ has no flip at i. The

difficulty is to show the allowability of x′j and x′j′−1.

Note that if ai = 1 then i ∈ S, and ai = −1 implies i ∈ T .

We first show that x′j is allowable in J ′. The interval [j′, j] is maximal, so either

j + 1 ∈ J or j + f + 1 ∈ J . By definition x′j = e− xj+f − aj+1, there are several ways

in which it might not be allowable:

• If x′j = −1 then aj+1 = 1 and xj+f = e. But this would be impossible since

j + f 6∈ J and j + f + 1 ∈ J would necessitate xj+f ∈ [0, e− 1].

• If x′j = 0 and is not allowable, then j + 1 6∈ J since adding j to J must create a

flip. However, since j + 1 6∈ T we must have j + f + 1 ∈ J and xj+f ∈ [0, e− 1],

which would contradict aj+1 = 0.

• If x′j = e then it is always allowable since the allowable range in J ′ will either

be [1, e] or [0, e].

• If x′j = e+ 1 then aj+1 = −1 which would contradict the maximality of [j′, j].
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Allowability of x′j′−1 is straightforward. Replacing [j′, j] by [j′ + f, j + f ] if nec-

essary, we can assume without loss of generality that j′ − 1 ∈ J . Then xj′−1 ∈ [1, e]

and x′j′−1 ∈ [0, e] which is allowable in J ′.

Since we can always replace J with a set J ′ such that i ∈ J ′ ⇐⇒ i + f 6∈ J ′ we

have proved the following theorem.

Theorem 2.2.9. Let ρ : GFp → GL2(kE) be an irreducible representation which is

the reduction mod p of a potentially Barsotti-Tate representation with coefficients in

OE and inertial type 1⊕ χ. Then ρ|GL =

(
ψ 0

0 ψp
f

)
and there are two possibilities:

1. If e ≥ p− 1 then ψ can be any character such that ψp
f+1 = ε χ.

2. If e < p− 1 then ψp
f+1 = ε χ and there exists a J ⊂ {0, . . . , 2f − 1} with i ∈ J

if and only if i+ f 6∈ J such that

ψ|Ip =
∏
i∈J

η
cπ(i)
i

2f−1∏
i=0

ηxii

for an allowable list x0, . . . , x2f−1, with xi + xi+f = e.

2.3 Local lifts

We retain the notation of section 2.2. Let N be the rank 2 Breuil module over

(k ⊗ kE)[u]/(ue
′p) with descent data from K to Fp with generators v and w defined

as follows:

For the reducible case let J ⊂ {0, . . . , f − 1} (respectively J ⊂ {0, . . . , 2f − 1}

for the irreducible case) and set χi = χ if i ∈ J and χi = 1 otherwise. Choose an

allowable list {x0, . . . , xf−1} (respectively {x0, . . . , x2f−1}) for the set J and χ. This

is equivalent to choosing ri ∈ [0, e′] such that χi+1 = χiη
ri
i . In the reducible case we

define χi+f = {1, χ} \ {χi} as a pure formality; J is still a subset of {0, . . . , f − 1}

and the coefficients for xi and ri should still be read mod f . In the reducible case

this notation is merely for convenience.
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Set r′i = e− ri and χ′i = χi+f . With this notation, N is defined as follows:

• Fil1N is generated by
∑f−1

i=0 u
rieiv and

∑f−1
i=0 u

r′ieiw (respectively
∑2f−1

i=0 urieiv

and
∑2f−1

i=0 ur
′
ieiw).

• φ1(u
rieiv) = (1⊗ γi)ei+1v and φ1(u

r′ieiw) = (1⊗ γ′i)ei+1w.

• ĝ(eiv) = (1⊗ χi(g))(eiv) and ĝ(eiw) = (1⊗ χi+f )(eiw)

where γi, γ
′
i ∈ k×E . In the irreducible case let ϕ ∈ Gal(K/Fp) be the element fixing $

and acting non-trivially on L, in the reducible case set ϕ = 1. When ρ is irreducible

we impose the extra conditions:

• i ∈ J ⇐⇒ i+ f 6∈ J

• ri = r′i+f

• γi = γ′i+f

• ϕ̂(v) = w and ϕ̂(w) = v.

We will construct a strongly divisible module N with OE coefficients and descent

data from K to Fp such that N is the reduction mod mE of N . The construction

of N is almost identical to the construction given in section 6 of [GS11b], with the

only differences coming from the relatively minor differences in the structure of the

respective Breuil modules. Since there are few changes, the argument is reproduced

here mostly for completeness.

First we recall our standard notation from section 2.2.

• If ρ is reducible, let L = Fp and let K be the splitting field of up
f−1 − πp over

Fp. Let $ ∈ K be an element such that $pf−1 = πp.

• If ρ is irreducible, let L be the unramified quadratic extension of Fp and let K

be the splitting field of up
2f−1−πp over Fp. Let $ ∈ K be an element such that

$p2f−1 = πp.
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Let E0(u) be an Eisenstein polynomial for πp over K0 = W (k)[1
p
], and set E(u) =

E0(u
pf−1) or E(u) = E0(u

p2f−1) for the respective cases. Let e′ be the absolute

ramification index of K. We can write E(u) = ue
′
+ pF (u) where F (u) is polynomial

in up
f−1 (respectively up

2f−1) over W (k) whose constant term is not divisible by p.

Lemma 2.3.1. Let I be any ideal in OE, then Fil1N ∩ IN = I Fil1N .

Proof. It suffices to check that ei Fil1N ∩ eiIN = eiI Fil1N for each i. There are

two cases, in the first case we have χi = χi+1 and the lemma is established as part of

the proof of Theorem 6.1 of [GS11b]. If χi 6= χi+1 the claim is follows from the proof

of Theorem 6.5 of [GS11a]. In general this is a nontrivial step in the construction of

strongly divisible modules with coefficients and descent data.

Theorem 2.3.2. There is a strongly divisible module N of inertial type 1 ⊕ χ with

OE coefficients and descent data from K to Fp lifting N .

Proof. Let S = SK,OE and define N to be the free S-module generated by v, w. Let

ẽi ∈ W (k)⊗Zp OE be idempotents lifting ei ∈ k⊗Fp kE, and let σ̃i : K0 → E be a lift

of σi. The map φ1 : N → N will depend on whether χi = χi+1, so Fil1N necessarily

depends on J . Let Fil1N be the sum of (Fil1 S)N and submodulesMi ⊂ eiN defined

as follows.

If χi = χi+1, let gihi be a factorization of σ̃i(E0(u)) in OE[u] into monic polyno-

mials. Since E/Qp is Galois, the polynomial σ̃i(E0(u)) splits completely and we can

choose gi, hi so that deg(gi) = ri/(p
f − 1) and deg(hi) = r′i/(p

f − 1) (respectively

ri/(p
2f − 1) and r′i/(p

2f − 1) for the irreducible case). Define Gi = gi(u
pf−1) and

Hi = hi(u
pf−1) (resp. gi(u

p2f−1) and hi(u
p2f−1)); let Mi be the submodule generated

by (1⊗Gi(u))ẽiv and (1⊗Hi(u))ẽiw.

If χi 6= χi+1, let yizi be a factorization of −pσ̃i(F (u)) in OE[u] such that yi ∈ mE

and zi ∈ mE[u], such a factorization is possible because p ramifies in E. Define Mi

to be the S-module generated by ẽi(u
ri
i v + (1⊗ yi)w) and ẽi((1⊗ zi)v + ur

′
iw).
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We define descent data from K to Fp on N by first defining the action of g ∈

Gal(K/L). Let χ̃i be the Teichmüller lift of χi, define ĝ(eiv) = (1 ⊗ χ̃i(g))eiv, and

ĝ(eiw) = (1 ⊗ χ̃i+f (g))eiw) so that either ĝ(eiv) = eiv and ĝ(eiw) = (1 ⊗ χ̃(g))eiw

or the reverse depending on whether i ∈ J or not. In the irreducible case we also

define ϕ̂(v) = w and ϕ̂(w) = v. Since ei 7→ ei+f under ϕ̂, the descent data satisfies

ϕ̂−1ĝϕ̂ = ĝpf = ĝ. Therefore the descent data extends to Gal(K/Fp).

The definition of a strongly divisible module includes a map φ : N → N which is

φ semilinear on S such that φ1 = 1
p
φ|Fil1N is well defined and equal to φ1 : N → N

on the generic fiber of N . If χi = χi+1 then we require that

φ1((1⊗Gi(u))eiv) = γ̃iei+1v

φ1((1⊗Hi(u))eiw) = γ̃i
′ei+1w

and if χi 6= χi+1 we must have

φ1(ei(u
ri
i v + (1⊗ yi)w)) = γ̃iei+1v

φ1(ei((1⊗ zi)v + ur
′
iw)) = γ̃i

′ei+1w

where γ̃i and γ̃i
′ are lifts of γi and γ′i to O×E . In the reducible case we require that

γ̃i+f = γ̃i, in the irreducible case we require γ̃′i+f = γ̃i.

Recall that we defined c = pφ(E(u))−1 ∈ S×, so if χi = χi+1 we can define

φ(eiv) = c−1φ(1⊗Hi(u))γ̃iei+1v

φ(eiw) = c−1φ(1⊗Gi(u))γ̃′iei+1w

If χi 6= χi+1 we define

φ(eiv) = c−1ei+1(u
pr′i γ̃iv − φ(yi)γ̃

′
iw)

φ(eiw) = c−1ei+1(u
pri γ̃′iw − φ(zi)γ̃

′
iw)

Extending this map additively and φ-semilinearly to the rest of N defines a map

φ1 : Fil1N → N which lifts φ1 ofN . By constructionN is a lift ofN . The same argu-

ment employed in theorem 6.1 of [GS11b], to check that the strongly divisible module
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N constructed there satisfies the remainder of the axioms for a strongly divisible

module laid out in Definition 4.1 of [Sav05], applies to equally well to (N ,Fil1N , φ).

In particular, they show that given (N ,Fil1N , φ) there is a unique monodromy oper-

ator N : N → N satisfying the remaining axioms of a strongly divisible module with

coefficients and descent data. By lemma 2.3.1, Fil1N ∩ IN = I Fil1N for any ideal

I ⊂ OE.

We require proposition 2.1.3 to compute the type of the representation associated

to N . Recall that if ρ is a potentially Barsotti-Tate representation GF → GLn(E)

that becomes Barsotti-Tate over K then D := DK
st,2(ρ) is a weakly admissible (φ,N)-

module (we assume that K0 ⊂ E). Let N be a strongly divisible module with descent

data over S contained in S[1/p] ⊗K0⊗QpE
D and let τ be the inertial type of ρ. By

proposition 2.1.3 τ = χ1 ⊕ · · · ⊕ χn if and only if there is an S-basis v1, . . . , vn of N

such that the descent data acts on N via ĝ · vi = (1⊗ χi(g))vi for all g ∈ Gal(K/L).

The representation associated to N is ρ′ := T
Fp

st,2(N )[1/p], which is potentially

Barsotti-Tate. By applying proposition 2.1.3 to the basis v′ =
∑

i 6∈J eiv +
∑

i∈J eiw

and w′ =
∑

i∈J eiv +
∑

i 6∈J eiw we deduce that ρ′ has type 1 ⊕ χ. Although det(ρ′)

may not be equal to a finite order character of order prime to p times the cyclotomic

character, we can twist ρ′ by an unramified character with trivial reduction to ensure

that the lift is parallel potentially Barsotti-Tate.

The final step is to check that the labeled pairs of Hodge-Tate weights of ρ′ are

{0, 1}, but this follows from the same argument used at the end of theorem 6.1 of

[GS11b].
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Chapter 3

Global results

3.1 Notation

Let F be a totally real number field with a unique place p lying above an odd prime

p. Fix a uniformiser πp of Fp and let q = pf denote the cardinality of the residue

field k of Fp. Let ρ : GF → GL2(Fp) be an irreducible representation. In order to use

modularity lifting theorems we assume throughout that ρ |GF (ζp)
is irreducible. In the

special case of p = 5 we need the additional hypotheses that the projective image of

ρ is isomorphic to PGL(F5) and [F (ζp) : F ] = 4.

We recall from [GS11a] what it means for ρ to be modular of a given weight.

Let D be a definite quaternion algebra with center F which is ramified at all infinite

places of F and at a set of finite places Σ which does not contain p. Fix a maximal

order OD of D and for each place v 6∈ Σ fix an isomorphism (OD)v
∼→ M2(OFv). For

any finite place v let πv denote a uniformiser of Fv.

Let U =
∏

v Uv ⊂ (D ⊗F Af
F )× be a compact open subgroup, with each Uv ⊂

(OD)×v . We assume that Uv = (OD)×v for all v ∈ Σ.

Take A a topological Zp-algebra. Fix a continuous representation σ : Up →

Aut(Wσ) with Wσ a finite free A-module. We view σ as a representation of U by

letting Uv act trivially for v - p. Fix a character ψ : F× \ (Af
F )× → A× such that

for any finite place v of F , σ|Uv∩O×Fv is multiplication by ψ−1. We can view Wσ as a

U(Af
F )×-module by letting (Af

F )× act via ψ−1.

Let Sσ,ψ(U,A) denote the set of continuous functions

f : D× \ (D ⊗F Af
F )× → Wσ (3.1.1)
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such that for all g ∈ (D ⊗F Af
F )× we have

f(gu) = σ−1(u)f(g) for all u ∈ U,

f(gz) = ψ(z)f(g) for all z ∈ (Af
F )×.

Choose U sufficiently small in the sense of ([BLGG11], section 2), so that the functor

Wσ 7→ Sσ,ψ is exact in Wσ.

Let S be a set of finite places containing Σ, p, and the primes v for which Uv 6=

(OD)×v . Let Tuniv
S,A = A[Tv, Sv]v 6∈S be the polynomial ring in the formal variables Tv, Sv.

Define a left action of (D ⊗F AfF )× on Sσ,ψ(U,A) by (gf)(z) = f(zg). We can view

Sσ,ψ(U,A) a Tuniv
S,A -module by letting Sv act via the double coset U

(
πv 0
0 πv

)
U and Tv

via U ( πv 0
0 1 )U . These are independent of the choices of πv. We will write Tσ,ψ(U,A)

or Tσ,ψ(U) for the image of Tuniv
S,A in EndSσ,ψ(U,A).

Let m be a maximal ideal of Tuniv
S,A . We say that m is in the support of (σ, ψ)

if Sσ,ψ(U,A)m 6= 0. Now let O be the ring of integers in Qp, with residue field

F = Fp, and suppose that A = O in the above discussion, and that σ has open

kernel. Consider a maximal ideal m ⊂ Tuniv
S,O which is induced by a maximal ideal

of Tσ,ψ(U,O). Then there is a semi-simple Galois representation ρm : GF → GL2(F)

associated to m which is characterized up to conjugacy by the property that if v 6∈ S

then ρm|GFv is unramified, and if Frobv is an arithmetic Frobenius at v then the trace

of ρm(Frobv) is the image of Tv in F.

We can now define what it means for a representation to be modular of some

weight.

Definition 3.1.1. We say that ρ is modular of weight σ if for some D, S, U , ψ, and

m as above, with Up = GL2(OFp), we have Sσ,ψ(U,F)m 6= 0 and ρm
∼= ρ.

Assume from now on that ρ is modular of some weight, and fix D,S, U, ψ and m

as in the definition. Write W (ρ) for the set of weights of ρ.
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The local representation σp has a concrete description. Fix an embedding τ0 :

kp ↪→ Fp, and let τi = τ0 ◦ Frob−ikp for 0 ≤ i < f , where Frobkp is an arithmetic

Frobenius on kp. It is a standard fact that the isomorphism classes of irreducible

Fp-representations of GL2(kp) are given by

σ(m0,...,mf−1),(n0,...,nf−1) :=

f−1⊗
i=0

(
Symmi(kp

2)⊗ det ni
)
⊗kp,τi Fp (3.1.2)

where 0 ≤ mi ≤ p − 1, 0 ≤ ni ≤ p − 1 and not all of the mi are p − 1 ([BL94],

Proposition 1). Note that this differs slightly from the notation used in [BDJ10] and

[Sch08].

3.2 Inertial local Langlands correspondence

In order to relate the set of Serre weights W (ρ) of a modular representation and

the set of inertial types τ such that ρ has a parallel potentially Barsotti-Tate lift of

type τ we review some properties of the inertial local Langlands correspondence from

Henniart’s appendix to [BM02] and [EGH11].

Let K be a finite extension of Qp with ring of integers OK and residue field k.

Fix a reciprocity map τK : WK → K× given by sending a geometric Frobenius to a

uniformiser of K, and write ArtK : K×
∼→ W ab

K .

Definition 3.2.1. Let AK(n) be the set of of isomorphism classes of smooth irre-

ducible Qp-representations of GLn(K). Let GK(n) be the set of of isomorphism classes

of n-dimensional Frobenius-semisimple1 Qp-representations of the Weil-Deligne group

of K.

Local Langlands correspondence: There is a canonical bijection

recK : AK(n)→ GK(n).

1A representation of the Weil group (or more generally the Weil-Deligne group) of a non-
archimedean local field is Frobenius-semisimple if Frobenius acts semisimply.
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Let σ ∈ GK(n) be an n-dimensional Frobenius-semisimple representation and let

rec−1K (σ) be the corresponding representation of GLn(K). If there are quasi-characters2

χ1, . . . , χn of K× such that σ = χ1 ◦ τK ⊕ · · · ⊕ χn ◦ τK then rec−1K (σ) is the principal

series π(χ1, . . . , χn). This correspondence is compatible with twists; if χ : K× → Qp
×

then

rec−1K ((χ ◦ τK)⊗ σ) = (χ ◦ det)⊗ rec−1K (σ).

Let Bn(k) be the Borel subgroup of upper triangular matrices in GLn(k). When

restricted to the inertia subgroup IK the (inertial) local Langlands correspondence

take the following form:

Proposition 3.2.2 ([EGH11], Proposition 2.4.1 (ii)). Suppose that π is an irreducible

admissible smooth representation of GLn(K) over Qp. If π|GLn(OK) contains the prin-

cipal series representation

Ind
GLn(k)
Bn(k)

(χ1 ⊗ · · · ⊗ χn)

for some distinct characters χi : k× → Qp
×

, then

recK(π)|IK ∼=
n⊕
i=1

χi ◦ Art−1K

and N(π) = 0 for the monodromy operator on π.

By definition if ρ has inertial type χ1 ⊕ χ2 then the action of the associated

Weil-Deligne representation on inertia is χ1 ⊕ χ2. Under the inertial local Langlands

correspondence such ρ correspond to the principal series π(χ1, χ2) := Ind
GL2(Qp)

B(Qp)
(χ1⊗

χ2).

Let JH(V ) denote the set of Jordan-Hölder factors of V . By Lemma 3.4 of [GS11a],

ρ is modular of some weight σ ∈ JH(LL(τ)) if and only if ρ has a lift ρ such that

ρ|GFp is parallel potentially Barsotti-Tate of type τ .

2In this context a quasi-character is a continuous homomorphism K× → Qp.
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3.3 Weight cycling

In this section suppose that ρ is modular and has a non-ordinary lift of type τ .

In the previous sections we explicitly described the inertial types τ of the form

1⊕χ for which ρ|GFp has a parallel potentially Barsotti-Tate lift. We will use a weight

cycling argument to show that certain weights entail other weights, which strengthens

our conclusion to show that ρ is modular of at least two potential weights.

The weights of a modular representation are limited–but not determined by–lifts

of tame types, so we begin with a digression to talk about Jordan-Hölder factors of

certain mod p representations. If V is a p-adic representation, then V will denote

the semi-simplification of the reduction mod p of a lattice in V . Let B(k) be the

Borel subgroup of upper triangular matrices in GL2(k). Given a pair of characters

χ1, χ2 : Fpf → Fp we write χ1 ⊗ χ2 : B(Qp)→ Fp for the inflation of χ1 ⊕ χ2 viewed

as a representation of the torus. Let S denote the set of embeddings of Fpf ↪→ Fp

and let τ̃ denote the Teichmüller lift of τ . Recall that σ~mJ ,~nJ was defined in (3.1.2).

Proposition 3.3.1. ([Dia04] Proposition 1.1). Let V = Ind
GL2(Qp)

B(Qp)
(1⊗

∏
τ τ̃

cτ ) with

0 ≤ cτ ≤ p− 1 for each τ ∈ S. Then V ∼
⊕

J⊂S σJ where σJ = σ~mJ ,~nJ with ~mJ and

~nJ defined as follows:

mJ,τ =

{
0 if τ ∈ J
cτ + δJ(τ) if τ 6∈ J

nJ,τ =

{
cτ + δJ(τ)− 1 if τ ∈ J
p− 1− cτ − δJ(τ) if τ 6∈ J

where δJ(τ) is the characteristic function of J (p) = {τ ◦ Frob |τ ∈ J}. Moreover the

non-zero σJ are inequivalent.3

Definition 3.3.2. We say that a representation ρ : GFp → GL2(Qp) is ordinary if

ρ|Ip is an extension of a finite order character by a finite order character times the

cyclotomic character.

3The convention here is for Sym−1 = 0.
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Definition 3.3.3. Let τ be a tame inertial type, define σ(τ) := Ind
G(Qp)

B(Qp)
(τ).

The Jordan-Hölder factors of σ(τ) follow from proposition 3.3.1 and twisting.

Weight cycling arguments date back to Buzzard and state that if ρ is modular, then

it must be modular of at least two weights. Previous weight cycling arguments tended

to be context specific, but Emerton, Gee, and Herzig recently proved a much more

general weight cycling result for n-dimensional representations. In their notation,

Proposition 3.3.4 ([EGH11], Proposition 2.3.1). Suppose that V is a weight and π

is a smooth G(F )-representation. Suppose that µ ∈ X∗(T )− and let t = µ($). Then

we have the following commutative diagram, where the map on the right is induced

by Frobenius reciprocity and the map on the top is injective.

(V ⊗Fp
π)K

(
IndKK∩tK V

N−µ(k) ⊗ Fp

)K

(V ⊗Fp
π)K

Tµ,$

Specializing their result (and notation) to the context of this work we have the

following.

Corollary 3.3.5. Suppose that ρ is modular of weight σ and possess a non-ordinary

parallel potentially Barsotti-Tate lift, then ρ is modular of at least two weights in σ(τ).

Proof. By proposition 3.3.4 we have the following commutative diagram, where the

map on the top is injective, the map on the right is surjective, but the map T fails to

be injective because ρ has a non-ordinary lift.

S(U, σ)m S(U, σ(τ))m

S(U, σ)m

T
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From this we can conclude that S(U, σ)m 6= S(U, σ(τ))m, so S(U, σ′)m ↪→ S(U, σ(τ))m

for some σ′ 6= σ. Hence ρ is also modular of weight σ′.

3.4 The case e = 2, f = 2

For small e, f it is possible to give a more explicit description of the set of weights.

For this section we impose the additional assumption that [F : Q] = 4 and there is

unique place p of F lying above p.

Let ρ be an irreducible modular representation of GF and let e = f = 2 for the

ramification and inertial indices of p. We assume that the inertial type of ρ |GFp is

τ = 1⊕ωc00 ωc11 . We require that ρ|GFp is generic in the sense that ci ∈ [2, p− 3] for all

i, and p ≥ 5. Under these assumptions we able able to compute W (ρ) in some cases.

Definition 3.4.1. Let χ1, χ2 : Ip → Fp
×

, define I(χ1, χ2) := Ind
GL2(Qp)

B(Qp)
(χ̃1 ⊗ χ̃2)

where χ̃i is the Teichmüller lift of χi.

Lemma 3.4.2. The Jordan-Hölder factors of I(1, ωc00 ω
c1
1 ) are

JH(I(1, ωc00 ω
c1
1 )) =

{
σ(0,0),(c0,c1), σ(c0,c1),(p−1−c0,p−1−c1), σ(0,c1+1),(c0−1,p−2−c1), σ(c0+1,0),(p−2−c0,c1−1)

}
This is a special case of proposition 3.3.1.

Corollary 3.4.3. More generally, the Jordan-Hölder factors of I(ωa0ω
b
1, ω

c
0ω

d
1) are4:

{
σ(a,b),(c−a,d−b), σ(c,d),(p−1−c+a,p−1−d+b), σ(c1,b),(p−2−c+a,d−b−1), σ(a,d+1),(c−a−1,p−2−d+b)

}
where the subscripts for the twists are taken mod p2 − 1.

Each weight in I(1, ωc00 ω
c1
1 ) appears as a Jordan-Hölder factor for 4 types, however

two of those types are 1⊕ ωc00 ωc11 and ωc00 ω
c1
1 ⊕ 1, so by symmetry it suffices to check

whether ρ has a lift of one specific type τ ′ per Jordan-Hölder factor. If any of the σ

4One can regard σ(a,b),(c,d) as det a+bp ⊗ Symc(Fp2)⊗ (Symd(Fp2) ◦ Frob).
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appear in the Jordan-Hölder factors of a type τ ′ for which ρ has no such lift then ρ

cannot be modular of weight σ. For these τ ′ it is always possible to algebraically find

suitable choices of J and xi, however the xi may not be allowable.

• If ρ|GFp does not have a lift of type ωc00 ω
p−1
1 ⊕ ωp−10 ωc11 then it is impossible to

be modular of weight σ(0,0),(c0,c1).

• If ρ|GFp does not have a lift of type ωc00 ⊕ωc11 then it is impossible to be modular

of weight σ(c0,c1),(p−1−c0,p−1−c1).

• If ρ|GFp does not have a lift of type ωc0−10 ωp−11 ⊕ ωc1+1
1 then it is impossible to

be modular of weight σ(0,c1+1),(c0−1,p−2−c1).

• If ρ|GFp does not have a lift of type ωc0+1
0 ⊕ ωp−10 ωc1−11 then it is impossible to

be modular of weight σ(c0+1,0),(p−2−c0,c1−1).

Since the relevant types are not of the form 1⊕ χ we must revisit allowability in

a more general context.

Lemma 3.4.4. Under the hypotheses of this section, if ρ is modular of type ωd00 ω
d1
1 ⊕

ωc00 ω
c1
1 then it can be written

ρ|Ip =

(
φ 0

0 φp
2

)
for

φ =

(∏
i∈J

ηcii

)(∏
i 6∈J

ηdii

)
ηx00 η

x1
1 η

2−x0
2 η2−x13

for a set J ⊂ {0, . . . , 3} such that i ∈ J ⇐⇒ i+ 2 6∈ J and allowable xi ∈ [0, 2].

Proof. This follows from proposition 2.2.8 and twisting.

If ρ has inertial type ωd00 ω
d1
1 ⊕ ωc00 ωc11 let J be the set of i for which χi = ωc00 ω

c1
1 .
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In the associated Breuil module we have

ki =


c0 + pc1 i ∈ J, i = 0, 2

pc0 + c1 i ∈ J, i = 1, 3

d0 + pd1 i 6∈ J, i = 0, 2

pd0 + d1 i 6∈ J, i = 1, 3.

Recall that ri ≡ p−1ki+1 − ki (mod p2 − 1). We define λ = d0 − c0 + p(d1 − c1) and

write [pλ] = d1 − c1 + p(d0 − c0). We have

ri ≡



λ i ∈ J, i+ 1 6∈ J, i = 0, 2

pλ i ∈ J, i+ 1 6∈ J, i = 1, 3

−λ i 6∈ J, i+ 1 ∈ J, i = 0, 2

−pλ i 6∈ J, i+ 1 ∈ J, i = 1, 3

0 No flip at i

The allowable range of x0 is therefore

x0 ∈



[0, 1] 0 ∈ J, 1 6∈ J, λ > 0

[1, 2] 0 ∈ J, 1 6∈ J, λ < 0

[1, 2] 0 6∈ J, 1 ∈ J, λ > 0

[0, 1] 0 6∈ J, 1 ∈ J, λ < 0

[0, 2] No flip at 0

and the allowable range of x1 is

x1 ∈



[0, 1] 1 ∈ J, 2 6∈ J, [pλ] > 0

[1, 2] 1 ∈ J, 2 6∈ J, [pλ] < 0

[1, 2] 1 6∈ J, 2 ∈ J, [pλ] > 0

[0, 1] 1 6∈ J, 2 ∈ J, [pλ] < 0

[0, 2] No flip at 1

Whether ρ has a lift of each of these specific types depends on the xi and J . To

determine if ρ has a lift of type τ ′ it suffices to determine if the associated J ′ and x′i

are allowable. If ρ has a lift of type ωa00 ω
a1
1 ⊕ ωb00 ωb10 then we can write(∏

i∈J

ηcii

)(∏
i∈J ′

η−bii

)(∏
i 6∈J ′

η−aii

)
η
x0−x′0
0 η

x1−x′1
1 η

x′0−x0
2 η

x′1−x1
3 = 1.
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Remark 3.4.5. For some combinations of J and xi the associated representations

have lifts of all four types. In these case we can only assert that ρ is modular of two

of the four specified weights. We have stayed within the case ci ∈ [2, p − 3] since

otherwise ρ has more lifts and some of the weights are not regular (in the sense of

[Gee11b]). This case appears elusive for nearly all J and xi.

Our arguments for the e = 2, f = 2 case rely on combinatorics to show that lifts

of certain types are impossible in order to rule out weights. Since this is primarily

accomplished through certain boundary restrictions on when the xi may be 0 or e,

these methods do not apply to most representations when e > 2. Weight cycling and

eliminating weights through combinatorics are also unlikely to be successful when

f > 2 since the number of Jordan-Hölder factors of Ind(1⊗ χ) grows exponentially,

so new approaches are required.
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