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ABSTRACT

Effective field theories can be used to describe measurements at e+e− colliders

over a wide kinematic range while allowing reliable error predictions and sys-

tematic extensions. We show this in two physical situations. First, we give a

factorization formula for the e+e− thrust distribution dσ/dτ with thrust T and

τ = 1 − T based on soft collinear effective theory. The result is applicable for

all τ , i.e. in the peak, tail, and far-tail regions. We present a global analysis of

all available thrust distribution data measured at center-of-mass energies Q = 35

to 207 GeV in the tail region, where a two parameter fit to the strong coupling

constant αs(mZ) and the leading power correction parameter Ω1 suffices. We find

αs(mZ) = 0.1135 ± (0.0002)expt ± (0.0005)hadr ± (0.0009)pert, with χ2/dof = 0.91,

where the displayed 1-sigma errors are the total experimental error, the hadroniza-

tion uncertainty, and the perturbative theory uncertainty, respectively. In addition,

we consider cumulants of the thrust distribution using predictions of the full spec-

trum for thrust. From a global fit to the first thrust moment we extract αs(mZ)

and Ω1. We obtain αs(mZ) = 0.1140 ± (0.0004)exp ± (0.0013)hadr ± (0.0007)pert

which is compatible with the value from our tail region fit. The n-th thrust cumu-

lants for n ≥ 2 are completely insensitive to Ω1, and therefore a good instrument

for extracting information on higher order power corrections, Ω′
n/Q

n, from moment

data. We find (Ω̃′
2)

1/2 = 0.74 ± (0.11)exp ± (0.09)pert GeV. Second, we study the

differential cross section dσ/dx of e+e−-collisions producing a heavy hadron with

energy fraction x of the beam energy in the center-of-mass frame. Using a sequence

of effective field theories we give a definition of the heavy quark fragmentation func-

tion in the endpoint region x → 1. From the perspective of our effective field theory

approach we revisit the heavy quark fragmentation function away from the endpoint

and outline how to develop a description of the heavy quark fragmentation function
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valid for all x. Our analysis is focused on Z-boson decays producing one B-meson.

Finally, we will give a short outlook of how we want to apply our approach to de-

termine the leading nonperturbative power corrections of the b-quark fragmentation

function from LEP experiments.
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CHAPTER 1

INTRODUCTION

e+e− collider experiments provide an ideal setting to test the Standard Model of

Particle Physics (SM) and determine its free parameters. From past experiments

like those at the Large Electron Positron Collider (LEP)1 there exists a vast col-

lection of data at a wide range of center-of-mass (c.m.) energies and for various

observables. In addition there are plans for a future e+e− collider, the International

Linear Collider (ILC). What makes the study of e+e− collisions so compelling is the

clean environment which is well suited for precision analysis. Furthermore, theo-

retical calculations of e+e− collisions are often under better control than in hadron

machines like the Large Hadron Collider (LHC).

This work focuses on the part of the SM describing the strong interaction, Quan-

tum Chromo Dynamics (QCD) [2, 3, 4, 5]. Underlying nuclear physics and dominat-

ing the effects of high energy collisions like those at LEP and LHC an understanding

of QCD is crucial for contemporary experimental efforts in both nuclear and high

energy physics. Similar to Quantum Electro Dynamics (QED) where photons medi-

ate the electromagnetic interaction between electrically charged particles, QCD has

gluons that mediate the strong interaction between so-called color charges. There

are six color charged particles in the SM, called quarks. Each comes in three color

charge varieties. Unlike photons which are electrically neutral, gluons carry color

charge and therefore interact with each other. The strength of interaction between

two color charges is dependent on energy scale due to quantum effects. This is analo-

gous to QED, but because of the gluon self interaction the energy dependence of the

interaction is inverted: The strong coupling constant αS becomes smaller for larger

energy scales. This effect called asymptotic freedom is a distinct property of QCD,

which results in a small coupling strength at large energy or short distance and a

1For a complete list of e+e− collider experiments we refer to Ref. [1].
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very large coupling at low energy or large distance. As a consequence color charged

objects form color-neutral bound states, called hadrons. This effect is known as

confinement. QCD therefore has an intrinsic energy scale ΛQCD ∼ O(100MeV) at

which αS becomes O(1) and quarks and gluons bind to form hadrons. As a result

quarks and gluons are not observed as free particles and to study QCD at e+e−

colliders is to study hadron production processes.

To make QCD predictions in collider physics one uses a perturbative expansion

in the renormalized strong coupling constant αS(µ). Observables are expressed in

the form R =
∑∞

n=0 Rnα
n
S(µ). The renormalization scale µ is an unphysical quantity

and the prediction is independent of µ for n → ∞. In practice the series has to be

truncated at a finite n and calculations up to a fixed n are called fixed order (FO)

calculations. The resulting µ-dependence is a residue of this truncation and is used

to estimate the effects of higher order terms. A more detailed introduction into

QCD and Quantum Field Theory (QFT) in general as well as perturbation theory

can be found in the standard literature, e.g. [6, 7, 8].

In the picture of perturbation theory the process of electron positron annihilation

into hadrons can be described as follows: The electron and positron annihilate

and create a virtual photon or Z-boson which decays into a quark and anti-quark

pair. Both particles are very energetic and fragment into many more partons in

a process known as parton showering. When the energies of parton interactions

become O(ΛQCD) they form hadrons. This process is called hadronization. Before

being measured short lived hadrons can further decay. The measured energy in

hadronic final states from e+e− annihilation is not homogeneously distributed but

shows small numbers of collimated groups of particles, called jets. Predicting this

structure is a nontrivial test of QCD. For a nice review of this process and its

implications for QCD see Ref. [1].

The described approach lead to a number of successes for the SM. Nevertheless,

there are some problems especially concerning high precision calculations. An issue

which has become more important in view of increased precision in experimental

measurements and the availability of higher order FO results. While asymptotic
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freedom makes QCD well behaved at high energies it causes the breakdown of per-

turbation theory at scales around ΛQCD, so that effects at scales of O(ΛQCD) are

called nonperturbative. Even for experiments at very high energies where an ex-

pansion in αS seems justified nonperturbative effects can matter. Many interesting

observables are not only sensitive to the hard scattering center but also to the dy-

namics of the parton shower and hadronization. Nonperturbative and perturbative

effects become entangled, destroying the convergence of R and obscuring the physi-

cal picture. The FO predictions might still be adequate in certain kinematic regions

but a complete description would pose a much more stringent test of QCD and

would allow the use of vastly more of the data collected. Furthermore, perturbation

theory can be weakened or even fail if the coefficients Rn in the expansion become

so large that they start to compensate the αs suppression of higher order terms.

Observables which are sensitive to several energy scales show a dependence on loga-

rithms of ratios of these scale. If the scales are well separated the logarithms become

large and convergence breaks down, lowering the accuracy of perturbative results

and making it difficult to estimate the uncertainties.

When focusing on a kinematic region where observables are sensitive to several

separated energy scales Effective Field Theory (EFT) is a powerful organizing tool,

simplifying calculations and clarifying the physical picture. The combination of

multiple EFTs makes it possible to describe even very complex situations dependent

on numerous independent scales.2 Determination of theoretical uncertainties follows

naturally from the EFT description. Moreover, EFTs are systematically improvable

and can be extended if higher accuracy is required. The EFT results are, of course,

only valid for the kinematics the EFT was constructed to describe. This is not really

a drawback since we will show in Chapter 3 how to combine theories of different

kinematic regions to yield a complete picture. We will extend our discussion of EFTs

in Chapter 2. There we will also give brief introductions to two examples, Heavy

Quark Effective Theory (HQET) and Soft Collinear Effective Theory (SCET).

In Chapter 3 we will use SCET to develop a theoretical expression for the differ-

2An example is presented in Chapter 4.
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ential cross section with respect to the observable thrust. This EFT based approach

successfully deals with large logarithms, includes nonperturbative effects and is valid

for all kinematic regions. All this will be done in a manner which allows reliable

predictions of uncertainties and systematic extensions to, in principal, arbitrary

precision. Moreover, we will use our result to perform one of the most precise de-

terminations of αS(mZ) up to date. Beside the quark masses αS is the only free

parameter in QCD and it is an input to every calculation in QCD. The work in

Chapter 3 has been done in collaboration with Riccardo Abbate, André Hoang,

Vicent Mateu and Iain Stewart, and was published in Refs. [9, 10].3

As another application of the EFT approach we study final states including a

hadron which contains a heavy quark in Chapter 4. We use SCET, a massive version

of SCET and a boosted version of HQET to describe the differential cross section

with respect to x, the momentum fraction of the heavy hadron relative to the beam

energy. Our EFT setup is designed for the endpoint region x → 1 but can be

extended to be valid over the whole range of x by applying the same methods as in

Chapter 3. This work is done together with Sean Fleming, Sunghoon Jung, Chul

Kim and Emanuele Mereghetti, and a publication is currently in preparation [12].

In Ref. [12] we also include a fit for the b-quark fragmentation function from data

at a c.m. energy of mZ .

3This work is also discussed in Riccardo Abbate’s Dissertation [11]
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CHAPTER 2

EFFECTIVE FIELD THEORY

Energy scales in high energy physics are fixed by the four-momenta of external

particles, particle masses, and ΛQCD. The nonperturbative scale ΛQCD appears

when low energy QCD effects become important. In kinematic regions where these

scales are well separated1 small parameters are formed by ratios of these scales.

While in FO calculations these small parameters give rise to large logarithms, EFTs

use them to quantify the importance of terms in observables. This is called the

power counting of the EFT.

In the following I will concentrate on EFTs where the underlying theory is weakly

coupled QCD.2 In this case the power counting can be applied directly at the level

of Lagrangians. The effective Lagrangian can be derived by expanding the QCD

Lagrangian in the EFT’s power counting. To make use of the EFT the series ex-

pansion has to be truncated. Which terms have to be kept and which have to be

dropped can be deduced from the power counting and the desired accuracy. Through

the truncation the EFT obtains a dependence on the kinematics it is constructed

for. Hence, compared to other QFTs the new trait of EFT is that it has a specific

kinematics and accuracy associated with it. Focusing on the important physics and

discarding less relevant effects EFTs give a clearer and more intuitive picture of

physical phenomena.

Comparing the EFT Lagrangian to the Lagrangian of the underlying theory one

finds that the EFT Lagrangian preserves the low energy behavior3, but modifies the

high energy behavior. EFTs therefore require that the dynamics at large distances

1Scales separated by a factor of 3 or higher are usually considered well separated.
2In this special situation the underlying theory is known and perturbation theory can be used. I

want to emphasize that the idea of EFT is much more general and not restricted to these conditions.
3In specific, the EFT reproduces all infrared divergences.
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does not depend on details of the dynamics at short distances.4 In other words a

detailed understanding of short distance physics is not necessary. Often the simpler

high energy behavior of EFTs can simplify calculations significantly.

From the EFT Lagrangian one can calculate scattering matrix elements in the

same fashion as for any weakly coupled QFT, using renormalization5, perturbation

theory and Feynman diagrams. Since the power counting is already implemented at

the level of the EFT Lagrangian no further expansions are necessary. As mentioned

before, the EFT Lagrangian, and consequently the resulting scattering matrix ele-

ments, only describe the low energy physics adequately. Hence, to make sure that

the EFT also accounts correctly for high energy effects one introduces high energy

coefficients in the EFT scattering matrix elements. In a procedure called matching

the coefficients are determined by forcing the effective and full scattering matrix

elements to equal each other at a so-called matching scale.6 The matching scale

separates the low and high energy regimes and the EFT is only valid below that

scale.

The fact that EFTs disentangle contributions from different scales naturally gives

rise to factorization theorems. Moreover the simplified picture EFTs provide can

lead to new insights, for example about hadronization or the properties of dense

nuclear matter. Perturbative contributions can be calculated to a specific accuracy

and nonperturbative contributions can be defined as field theoretic matrix elements

within the EFT. This definition is model independent and allows to relate the non-

perturbative effects of different processes and observables to each other. Moreover, in

kinematic regions where the nonperturbative effects are power suppressed they can

be described by power corrections gained from an operator product expansion (OPE)

of the full matrix elements. The power corrections can be determined from fits to

4As stated in Ref. [13]: The precise statement is that the only effect of the high energy theory
is to modify coupling constants in the low energy theory, or to put symmetry constraints on the
low energy theory.

5One advantage of the described method is that one can use mass-independent regulators like
dimensional regularization to regularize ultraviolet divergences.

6The matching coefficients are finite since the ultraviolet divergences are removed by renormal-
ization and the infrared divergences are the same in both theories.
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experimental data and yield a physical prescription to parameterize the nonper-

turbative effects even in kinematic regions where they dominate. Alternatively the

field theoretic matrix elements can be calculated using nonperturbative methods like

lattice gauge theory or the anti de Sitter/conformal field theory (AdS/CFT) cor-

respondence. Furthermore, in EFTs large logarithms can be summed by using the

independence of observables of all matching and renormalization scales, this condi-

tion is formalized in the renormalization group equations (RGEs). Hence, EFTs can

yield more precise results than the underlying theory in the regime in which they

are valid. This is of particular relevance now in the light of the search for the Higgs

and Beyond Standard Model physics which is often relying on precise calculations

of hadronic events.

When matching an EFT onto a strongly coupled theory like QCD at energies on

the order of ΛQCD, expanding the high energy Lagrangian with respect to the EFT’s

power counting is not very useful since in this case one is not able to perform an

expansion in terms of the coupling constant to calculate observables. Instead one can

use the fact that the underlying theory imposes strict constraints onto the symmetry

structure of the EFT. Starting from that one can write down a Lagrangian including

all allowed operators. Using the power counting of the EFT and dimensional analysis

one can quantify the contribution of each term in the Lagrangian and drop all terms

which do not contribute at the level of the imposed accuracy. The coefficients of the

remaining operators are determined by comparison to low energy experiments. An

example is Chiral Perturbation Theory (χPT), a low energy EFT of QCD.

While this work focuses on using EFTs to study low energy effects at high

energy experiments, EFTs also allow to probe for high energy physics at low energy

experiments. All known and relevant physics is summarized in the EFT which makes

the approach sensitive to symmetry constraints or small corrections at low energies

caused by high energy interactions in a model independent way. A nice example is

discussed in Emanuele Mereghetti’s dissertation [14].

Next we consider two specific EFTs of interest to us: Heavy Quark Effective

Theory (HQET) and Soft Collinear Effective Theory (SCET). For a more detailed
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introduction of EFTs in general and many other examples we refer to the review

papers [15, 16, 13].

2.1 Heavy Quark Effective Theory

HQET [17, 18, 19] is designed to describe interactions of a single heavy quark7 with

light degrees of freedom like the dynamics of hadrons containing a single heavy

quark8 at momenta well below the mass of the heavy quark mQ. An example where

heavy meson physics is important is the determination of the CKM mixing angles

of the SM. In the hadron rest frame the heavy quark has to be non-relativistic

whereas the other light partons can be relativistic. Note that the heavy quark is

not completely removed from HQET like, for example, the W-boson mass in Fermi’s

theory of the weak interaction9. But pair production of heavy quarks is not allowed.

The relevant scales in this EFT are the heavy quark mass mQ and the QCD

scale ΛQCD which characterizes the interactions inside the hadron. Consequently

the power counting parameter in HQET is ΛQCD/mQ ≪ 1 and the momentum of

the heavy quark can be split into a large piece proportional to its mass mQ and a

residual piece kµ ∼ O(ΛQCD),

pµ = mQv
µ + kµ , (2.1)

where vµ is the 4-velocity of the heavy quark which satisfies v · v = 1. Given that

the momentum transfer between the heavy quark and the other partons has to be

of O(ΛQCD) the velocity vµ is fixed. This is made explicit in HQET by the field

redefinition

Q(x) = e−imQv·x Qv(x) , (2.2)

7Charm, bottom and top quarks are considered heavy.
8Here the heavy quark can be either a charm or a bottom quark. Top quarks decay before they

can form hadrons due to their short lifetime.
9For details on Fermi’s theory of the weak interaction see, for example, Ref. [15].
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where Q(x) is the field of a heavy quark in QCD. The new field Qv can be split into

large and small components using the projection operators P± = (1±/v

2
),

hv(x) = P+ Qv(x) , h̃v(x) = P− Qv(x) . (2.3)

The large components hv are the HQET fields annihilating a heavy quark with

velocity v. The small components h̃v which create a heavy antiquark with velocity v

get removed from the theory since they are suppressed in the power counting. The

light partons are still described by full QCD fields. Expanding the QCD Lagrangian

in powers of ΛQCD/mQ yields the HQET Lagrangian. At leading order in the power

counting it is

LHQET = h̄v iv ·D hv (2.4)

which is independent of mQ. Since v · D neither depends on the spin nor on the

flavor of the heavy quark HQET exhibits heavy quark spin-flavor symmetry [20,

21] at leading order. The symmetry is connected to the reduction of degrees of

freedom form removing h̃v. It is broken by higher order terms in the power counting.

A consequence of the heavy quark spin-flavor symmetry is that the light parton

wavefunctions in D and B mesons are identical. A more detailed discussion of

HQET can be found in Ref. [22].

2.2 Soft Collinear Effective Theory

SCET [23, 24, 25, 26, 27] describes processes where highly energetic particles inter-

act with backgrounds of much lower energies. As mentioned in Chapter 1 this is

a common scenario at high energy collisions where the final state momentum dis-

tribution exhibits jets plus low energy radiation. In SCET the kinematics is more

complicated than it may seem at first. Beside the obvious scales, the c.m. energy

Q and ΛQCD, there exists another intermediate scale related to the invariant mass
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of the jets. This becomes more obvious in light-cone coordinates

pµ =
nµ

2
p · n̄+

n̄µ

2
p · n+ pµ⊥ =

n̄µ

2
p+ +

nµ

2
p− + pµ⊥ , (2.5)

where p− is the momentum component in a direction ~n projected on the light-cone,

p+ is the component in the opposite direction ~̄n = −~n also projected on the light-

cone and p⊥ is a two component vector in the direction perpendicular to ~n and

~̄n. The light-like 4-vectors nµ = (1, ~n) and n̄µ = (1,−~n) satisfy n2 = n̄2 = 0 and

n · n̄ = 2. The direction ~n is chosen to be close to the momentum direction of the

particle in question.

In light-cone coordinates the momenta of n-collinear particles which make up

a jet in the ~n-direction can be parameterized as (p+, p−, p⊥) = (λ2, 1, λ)Q, where

λ ∼
√
ΛQCD/Q ≪ 1 is the power counting parameter of SCET. The invariant mass

of the jet is proportional to the squared collinear momentum p2 = p+p− + p2⊥ =

λ2Q2 ∼ ΛQCDQ which is much larger than the low energy scale Λ2
QCD. Low energy

interactions between jets in different directions are mediate by so-called ultra-soft

particles10 whose momenta scale like (λ2, λ2, λ2)Q. Therefore SCET involves two

low energy scales, λQ ∼
√

ΛQCDQ and λ2Q ∼ ΛQCD,
11 which explains the more

involved power counting. SCET also contains two gluon fields describing different

kinematical modes, collinear and ultra-soft gluons. One has to be very careful to

avoid double counting between these modes [28].

To construct SCET one splits momenta similar to what was done in HQET

pµ = p̃µ + kµ , (2.6)

where p̃µ = nµ

2
p− + pµ⊥ contains the large pieces and kµ = n̄µ

2
p+ is the residual piece

10Often these ultra-soft particles are just called soft, as we will do in later chapters. Ultra-soft
particles are to be distinguished from soft particles in SCETII, which do not interact with collinear
particles in that theory.

11There are also two types of infrared divergences, collinear and ultra-soft.
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of n-collinear momenta. One redefines the collinear fields

φ(x) =
∑

p̃ 6=0

e−ip̃·x φn,p̃(x) (2.7)

putting the large momentum as a label. Note that in contrast to HQET the label

in SCET can be changed by interactions between two collinear particles. Using the

projection operators Pn = /n/̄n

4
and Pn̄ =

/̄n/n

4
the new n-collinear field can be split into

its large ξn,p̃ and small ξ̃n̄,p̃ components

ξn,p̃(x) = Pn φn,p̃(x) , ξ̃n̄,p̃(x) = Pn̄ φn,p̃(x) . (2.8)

As in HQET the small components ξ̃n̄,p̃ are removed from the theory at leading order

in the power counting. The additional symmetry in SCET arising form the reduced

degrees of freedom corresponds to invariance under helicity transformation12. The

SCET Lagrangian decouples into a n-collinear, a n̄-collinear and a ultra-soft part

LSCET =Lc,n[ξn,p, A
µ
n,q, A

µ
us] + Lc,n̄[ξn̄,p, A

µ
n̄,q, A

µ
us]

+ Lus[qus, A
µ
us] + Ls[qs,p, A

µ
s,q] . (2.9)

The ultra-soft fields are still described by full QCD fields. The Lagrangian and

the resulting Feynman rules were explicitly derived in Ref. [24].13 Through an

additional field redefinition the dependence of the collinear parts on ultra-soft gluon

fields can be completely removed [26]. In SCET the collinear and soft interactions

are decoupled to all orders of αs already at the level of the Lagrangian.

Note that the theory discussed in this section is sometimes also called SCETI to

distinguish from other “types” of SCET. There is SCETII [30] which uses the power

counting λ = ΛQCD/Q and includes soft modes which scale like (λ, λ, λ)Q to describe

more exclusive processes. SCETM [31] is used when the masses of heavy particles

mQ matter, with power counting λm = mQ/Q. Finally, SCETG [32, 33, 34] uses

12The spinor for a spin-up (down) particle is identical to that of a spin-up (down) antiparticle.
13Ref. [29] reproduced these results while providing more details.
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the same power counting as SCETI but also includes so-called Glauber gluons which

scale like (λ2, λ2, λ)Q and serve to mediate interactions between collinear particles

and a soft medium, such as may occur when an energetic quark traverses a dense

nuclear medium.

Initially SCET was developed for B-physics to describe decays of heavy hadrons

to light hadrons in kinematic regions where the light hadronic decay products have

large energy so that HQET is no longer sufficient by itself, Refs. [23, 24, 25, 26].

Since then SCET has proven to be useful for a wide set of applications. It has

been used to revisit multiple QCD factorization theorems [26, 27] and even proved a

factorization theorem for color-suppressed B-mesons decaying into a D-meson plus a

light meson [35] which was not know in QCD before. Refs. [36, 37, 38] studied heavy

quarkonium decays. In Refs. [39, 40, 41] SCET was applied to top quark physics at

the future ILC. Ref. [42] used SCET to resum Sudakov logarithms in electroweak

interactions. The greatest potential for SCET lies in collider physics since current

and future colliders dominantly produce hadrons with energy much larger than their

mass. This includes specific processes like Higgs production [43, 44, 45] but also jet-

physics.

There are two main types of observables in jet-physics, event shapes and jet rates.

SCET has been successfully applied to event shape measurements in Refs. [46, 47]

and Refs. [9, 10]. We will discuss Refs. [9, 10] in detail in Chapter 3. Concerning jet

rates there exists an ambitious endeavor to create a Monte Carlo generator based on

SCET called GENEVA [48, 49]. Finally, Refs. [32, 34, 50, 51, 52] are using SCET

to examine the interaction between energetic jets and dense nuclear medium which

will allow to draw conclusions about the medium. For example, this can be used to

study the Quark-Gluon Plasma at heavy-ion collisions.
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CHAPTER 3

PRECISION DETERMINATION OF αS(mZ) FROM THRUST DATA

A traditional method for testing the theory of strong interactions (QCD) at high-

precision is the analysis of jet cross sections at e+ e− colliders. Event shape dis-

tributions play a special role as they have been extensively measured with small

experimental uncertainties at LEP and earlier e+ e− colliders, and are theoretically

clean and accessible to high-order perturbative computations. They have been fre-

quently used to make precise determinations of the strong coupling αs, see e.g.

Ref. [1] for a review. One of the most frequently studied event shape variables is

thrust [53],

T = max
t̂

∑
i |t̂ · ~pi|∑
i |~pi|

, (3.1)

where the sum i is over all final-state hadrons with momenta ~pi. The unit vector t̂

that maximizes the right-hand side (RHS) of Eq. (3.1) defines the thrust axis. We

will use the more convenient variable τ = 1 − T . For the production of a pair of

massless quarks at tree level dσ/dτ ∝ δ(τ), so the measured distribution for τ > 0

involves gluon radiation and is sensitive to the value of αs. The thrust value of an

event measures how much it resembles two jets. For τ values close to zero the event

has two narrow, pencil-like, back-to-back jets, carrying about half the center-of-mass

(c.m.) energy into each of the two hemispheres defined by the plane orthogonal to

t̂. For τ close to the multijet endpoint 1/2, the event has an isotropic multi-particle

final state containing a large number of low-energy jets.

On the theoretical side, for τ < 1/3 the dynamics is governed by three different

scales. The hard scale µH ≃ Q is set by the e+e− c.m. energy Q. The jet scale,

µJ ≃ Q
√
τ is the typical momentum transverse to t̂ of the particles within each of

the two hemispheres, or the jet invariant mass scale if all energetic particles in a
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hemisphere are grouped into a jet. There is also uniform soft radiation with energy

µS ≃ Qτ , called the soft scale. The physical description of the thrust distribution

can be divided into three regions,

peak region: τ ∼ 2ΛQCD/Q ,

tail region: 2ΛQCD/Q ≪ τ . 1/3 , (3.2)

far-tail region: 1/3 . τ ≤ 1/2 .

In the peak region the hard, jet, and soft scales are Q,
√

QΛQCD, and ΛQCD, and

the distribution shows a strongly peaked maximum. Theoretically, since τ ≪ 1 one

needs to sum large (double) logarithms, (αj
s ln

kτ)/τ , and account for the fact that

µS ≃ ΛQCD, so dσ/dτ is affected at leading order by a nonperturbative distribution.

We call this distribution the nonperturbative soft function. The tail region is pop-

ulated predominantly by broader dijets and 3-jet events. Here the three scales are

still well separated and one still needs to sum logarithms, but now µS ≫ ΛQCD, so

soft radiation can be described by perturbation theory and a series of power cor-

rection parameters Ωi. Finally, the far-tail region is populated by multijet events.

Here the distinction of the three scales becomes meaningless, and accurate predic-

tions can be made with fixed-order perturbation theory supplemented with power

corrections. The transition to this region must be handled carefully since including

a summation of (αj
s ln

kτ)/τ terms in this region spoils the cancellations that take

place at fixed order multijet thresholds, and hence would induce uncertainties that

are significantly larger than those of the fixed-order results.

Recently two very important achievements were made improving the theoretical

description of event shape distributions in e+e− annihilation. First, in the work of

Gehrmann et al. in Refs. [54, 55] and Weinzierl in Refs. [56, 57] the full set of O(α3
s)

contributions to the 2-, 3- and 4-jet final states were determined. These results

were made available in the program package EERAD3 [54]. Second, soft-collinear

effective theory (SCET) [23, 24, 25, 26, 27] provides a systematic framework to treat

nonperturbative corrections [58, 59] and to factorize and compute hard, collinear and
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soft contributions for jet production to all orders in αs [40, 60, 61], building on earlier

all orders QCD factorization results [62, 63, 64]. The SCET framework allows for

the summation of large logarithms at higher orders, as demonstrated by the analytic

calculation of the thrust distribution at N3LL order in Ref. [46, 47].1 In contrast, the

classic exponentiation techniques of Ref. [65] for event shapes have so far only been

carried out to NLL order. Also, the anomalous dimensions in SCET relevant for

thrust are valid over perturbative momentum scales, and there are no Landau pole

ambiguities in the resummation at any order. In addition, as we will discuss in the

body of our paper, SCET provides a rigorous framework for including perturbative

and nonperturbative contributions, which can be used to connect power corrections

in factorization theorems to those in an operator expansion for thrust moments.

Moreover it provides a simple method to simultaneously treat the peak, tail, and

far-tail regions.

In Sec. 3.1 we present an EFT approach for the differential cross section dσ/dτ

which include O(α3
s) corrections, a next-to-next-to-next-to-leading-log (N3LL) re-

summation of large logarithms, and a high precision method developed for simul-

taneously incorporating field theory matrix elements for the power corrections. In

addition we use our formalism in the tail region of the thrust distribution to obtain

a precise determination of αs(mZ). In Sec. 3.2 we consider cumulant moments of the

thrust distribution using that the formalism of Sec. 3.1 is applicable for the entire

range of τ . We perform another high-precision determination of αs(mZ) from a fit

to first moment data. Sec. 3.1 and Sec. 3.2 are published in Ref. [9] and Ref. [10],

respectively.

1The calculation of Ref. [46] also revealed a numerical problem at small τ in the initial fixed-
order results of Refs. [54, 55].
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Table 3.1: Recent thrust analyses which use the O(α3
s) fixed-order results. The the-

oretical component of the errors were determined as indicated, by either: ∗ the error
band method, ∗∗ variation of the renormalization scale µ, or # by a simultaneous
fit to αs(mZ) and α0 (see text for more details). The analyses of Refs. [46, 67] used
thrust data only, while Refs.[66, 68, 69] employed six different event shapes.

Ref. Sum logs Power corrections αs(mZ)

[66] No MC 0.1240± 0.0034∗

[46] N3LL Uncertainty from MC 0.1172± 0.0021∗

[67] NLL Effective coupling model 0.1164± 0.0028#

[68] NLL MC 0.1172± 0.0051∗∗

[69] NLL MC 0.1224± 0.0039∗

3.1 e+e− Thrust Distribution

3.1.1 Introduction

Several determinations of αs in the tail region have been carried out incorporating

the fixed-order O(α3
s) results, which we have collected in Tab. 3.1. They differ on

which event shape data has been used for the fits, on the accuracy of the partonic

resummation of logarithms in the theory formula, the approach for nonperturbative

hadronization effects, and how the theory errors are estimated. It is instructive to

compare the analyses by Dissertori et al. [66, 69] and by Becher and Schwartz [46],

which both used the error band method [70] to determine theoretical uncertainties.

The improved convergence and reduced theoretical uncertainty for αs(mZ) obtained

by Becher and Schwartz indicates that the summation of logarithms beyond NLL

order level is important. Both the analyses by Dissertori et al. and Becher and

Schwartz are limited by the fact that they used Monte Carlo (MC) generators to

estimate the size of nonperturbative corrections.

The use of e+e− MC generators to estimate power corrections is problematic

since the partonic contributions are based on LL parton showers with at most one-

loop matrix elements, complemented by hadronization models below the shower

cutoff that are not derived from QCD. The parameters of these models have been

tuned to LEP data, and thus unavoidably encode both nonperturbative effects as
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well as higher order perturbative corrections. Hence, one must worry about double

counting, and this makes MC generators unreliable for estimating nonperturbative

corrections in higher order LEP analyses. Moreover, purely perturbative results

for event shapes in the MS scheme such as those in Refs. [66, 46, 69, 57] suffer

from infrared effects known as infrared renormalons (see Ref. [71] for a review of

the early literature). These infrared effects arise because fluctuations from large

angle soft radiation down to arbitrarily small momenta are included in the MS

perturbative series and can cause unphysical large corrections already in low-order

perturbative QCD results. On the other hand, the hard shower cutoff protects the

parton level MC from infrared renormalons. Hence one cannot rigorously combine

MC hadronization effects with strict perturbative MS results. From the two points

raised above, we conclude that the αs(mZ) results obtained in Refs. [66, 46, 69]

contain a systematic theoretical error from nonperturbative effects that can be quite

sizeable. We emphasize that this criticism also applies in part to the numerous

earlier event shape analyses which estimated nonperturbative corrections using MC

generators, see Ref. [1] for a review.

The presence of ΛQCD/(Qτ) power corrections in dσ/dτ have been discussed

in earlier literature [72, 73, 74, 75, 76, 77, 78], where it has been argued that the

leading effect is a shift in the thrust distribution, τ → τ − 2Λ/Q with Λ ∼ ΛQCD.

The analyses with the O(α3
s) results, that discuss nonperturbative effects in the

thrust tail region without relying on MC generators are: Ref. [46] which examined a

1/Q power correction in a simple soft function model, but due to the large induced

uncertainty on αs(mZ) does not use it for their final error analysis, and Ref. [67]

which uses the effective coupling model.

For the most accurate data at Q = mZ the change to the extracted αs(mZ) from

including the leading power correction can be quite significant, at the 10% level.

We can derive this estimate by a simple calculation. We first write the cross section

with a shift due to the power correction, (1/σ)dσ/dτ = h(τ − 2Λ/Q). Assuming

h is proportional to αs, and expanding for Λ/Q ≪ 1, one can easily derive that

the change in the αs value extracted from data due to the existence of the power
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Figure 3.1: Plot of h′(τ)/h(τ), the slope of ln[(1/τ)dσ/dτ ], computed from exper-
imental data at Q = mZ . The derivative is computed using the central difference
with neighboring experimental bins.

correction is

δαs

αs

≃ 2Λ

Q

h′(τ)

h(τ)
. (3.3)

The expression in Eq. (3.3) gives a scaling estimate for the fractional change in αs

from an analysis with the power correction compared to one without, using data at

τ . To the extent that the assumptions stated above are realized, the slope factor

h′(τ)/h(τ) should be constant. In Fig. 3.1 we show the slope factor computed from

experimental data at Q = mZ . The figure shows that the slope factor is indeed only

weakly depending on τ in the tail region and we get h′(τ)/h(τ) ≃ −14 ± 4. The

remaining visible variation in τ is related to subleading nonperturbative and higher

power αs effects that are not accounted for in our simple scaling estimate. For a QCD

power correction of natural size, Λ = 0.3GeV, Eq. (3.3) gives δαs/αs ≃ −(9± 3)%

for Q = mZ . The magnitude of this effect makes it important to treat power

corrections as accurately as possible in a fit to thrust data. We will show in later

sections of this work that the relative downward shift in the fitted αs(mZ) due to

nonperturbative effects is indeed at the level of the scaling estimate of −10%.

In the NLL/O(α3
s) analysis by Davison and Webber [67] the nonperturbative
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effects are incorporated through a power correction α0 which is fit together with αs

to the experimental data. The power correction is formulated from the low-scale

effective coupling model of Ref. [79], which modifies αs(µ) below µ = µI = 2 GeV,

and defines α0 as the average value of the coupling between µ = 0 and µI . It is

important that the effective coupling model correctly predicts the Q dependence of

the leading nonperturbative power correction in factorization [79, 63]. This model

also induces a subtraction of perturbative contributions below the momentum cutoff

µI (based on the running coupling approximation) and thus removes infrared renor-

malon ambiguities.2 However the model is not based on factorization, and hence

this treatment of nonperturbative corrections is not systematically improvable. It

is therefore not easy to judge the corresponding uncertainty. Another problem of

the effective coupling model is that its subtractions involve large logs, ln(µI/Q),

which are not resummed. This effects the Q dependence in the interplay between

perturbative and nonperturbative effects.

In this paper we extend the event shape formalism to resolve the theoretical

difficulties mentioned above. Our results are formulated in the SCET framework,

and hence are rigorous predictions of QCD. The formula we derive has a N3LL

order summation of logarithms for the partonic singular αj
s ln

k(τ)/τ terms, and

O(α3
s) fixed-order contributions for the partonic nonsingular terms. Our theoretical

improvements beyond earlier work include:

• A factorization formula that can be simultaneously applied to data in the peak

and the tail regions of the thrust distribution and for multiple c.m. energies Q,

as well as being consistent with the multijet thresholds in the far-tail region.

• In the factorization formula a nonperturbative soft function defined from field

theory is implemented using the method of Ref. [61] to incorporate hadroniza-

tion effects. To achieve independence of a particular analytic ansatz in the

2Another thrust analysis where infrared renormalon contributions have been removed from the
partonic contributions is by Gardi and Rathsman in Refs. [80, 81], which used a principal value
prescription for the inverse Borel transformation of the thrust distribution. Their analysis was
prior to the new O(α3

s) fixed-order computations, and hence was not included in Table 3.1.
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peak region, the nonperturbative part of the soft function uses a linear com-

bination of orthogonal basis functions that converge quickly for confined func-

tions [82].

• In the tail region the leading power correction to dσ/dτ is determined by a

nonperturbative parameter Ω1 that appears through a factorization theorem

for the singular distribution. Ω1 is a field theory matrix element of an operator,

and is also related to the first moment of the nonperturbative soft function. In

the tail region the effects of Ω1 hadronization corrections are included for the

nonsingular corrections that are kinematically subleading in the dijet limit,

based on theoretical consistency with the far-tail region.

• Defining the matrix element Ω̄1 in MS, the perturbative cross section suffer

from an O(ΛQCD) renormalon. In our analysis this renormalon is removed

by using an R-gap scheme for the definition of Ω1 [61]. This scheme choice

induces subtractions on the leading power MS cross section which simultane-

ously remove the renormalon there. Large logarithms in the subtractions are

summed to all orders in αs using R-evolution equations given in Refs. [83, 84].

• Finite bottom quark mass corrections are included using a factorization theo-

rem for event shapes involving massive quarks, derived in Refs. [40, 41].

• QED corrections at NNLL order are incorporated, counting αem ∼ α2
s. This

includes QED Sudakov effects, final state radiation, and QED/QCD renor-

malization group interference.

• The 3-loop finite term h3 of the quark form factor in MS is extracted using

the results of Ref. [85], and is included in our analysis.

• The most important corrections from the axial anomaly are included. The

anomaly modifies the axial-vector current contributions at O(α2
s) by terms

involving the top quark mass.
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Electroweak effects from virtual W and Z loops mostly effect the normalization of

the cross section and so their dominant contribution drops out of (1/σ)dσ/dτ [86,

87]. These corrections are not included in our analysis.

For the numerical analyses carried out in this work we have created within our

collaboration two completely independent codes. One code within Mathematica [88]

implements the theoretical expressions exactly as given in this paper, and one code

is based on theoretical formulae in Fourier space and realized as a fast Fortran code

suitable for parallelized runs on computer clusters. These two codes agree for the

thrust distribution at the level of 10−6.

While the resulting theoretical code can be used for all values of τ , in this

paper we focus our numerical analysis on a global fit of e+e− thrust data in the tail

region, for c.m. energies Q between 35 and 207 GeV, to determine αs(mZ).
3 Our

global fit exhibits consistency across all available data sets, and reduces the overall

experimental uncertainty. For a single Q we find a strong correlation between the

effect of αs(mZ) and Ω1 on the cross section. This degeneracy is broken by fitting

data at multiple Qs. The hadronization uncertainty is significantly decreased by our

simultaneous global fit to αs(mZ) and Ω1. To estimate the perturbative uncertainty

in the fit we use a random scan in a 12-dimensional theory parameter space. This

space includes 6 parameters for µ-variation, 3 parameters for theory uncertainties

related to the finite statistics of the numerical fixed-order results, one parameter for

the unknown 4-loop cusp anomalous dimension, and two parameters for unknown

constants in the perturbative 3-loop jet and 3-loop soft functions. The scan yields

a more conservative theory error than the error band method [70]. Despite this we

are able to achieve smaller perturbative uncertainties than earlier analyses due to

our removal of the O(ΛQCD) renormalon and the inclusion of h3. We also analyze

in detail the dependence of the fit results on the range in τ used in the fit.

The outline of the paper is as follows. In Sec. 3.1.2 we introduce the theoretical

framework and discuss the various theoretical ingredients in our final dσ/dτ formula.

In Sec. 3.1.3 we present the profile functions which allow us to simultaneously treat

3Throughout this paper we use the MS scheme for αs with five light flavors.
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multiple τ regions, and discuss the 6 parameters used for µ-variation in the analysis

of the perturbative uncertainty. In Sec. 3.1.4 we review the parametrization of the

nonperturbative function. In Sec. 3.1.5 we discuss the normalization of our distribu-

tions and compare results at different orders in perturbation theory for: fixed-order

results, adding the log resummation, adding the nonperturbative corrections, and

adding the renormalon subtractions. In Sec. 3.1.6 we discuss the experimental data

and the fit procedure. Our results for αs(mZ) and the soft function moment Ω1

from the global fit are presented in Sec. 3.1.7, including a discussion of the theory

errors. In Sec. 3.1.8 we use our tail fit results to make predictions in the far-tail and

peak regions, and compare with data. Cross checks on our code are discussed in

Sec. 3.1.9, including using it to reproduce the earlier lower precision fits of Dissertori

et al. [66] and Becher and Schwartz [46]. Section 3.1.10 contains our conclusions and

outlook, including prospects for future improvements based on the universality of

the parameter Ω1. The analytic theoretical expressions that went into our analysis

for massless quarks and QCD effects are presented in condensed form in Appendix A.

In Appendix B we use the operator product expansion for the soft function in the

tail region, discussing uniqueness and deriving an all order relation for the Wilson

coefficient of Ω1. In Appendix C we use an OPE for the first moment of the thrust

distribution to show that it involves the same Ω1 at lowest order. Readers most

interested in our numerical results can skip directly to Sections 3.1.6 and 3.1.7.

3.1.2 Formalism

3.1.2.1 Overview

The factorization formula we use for the fits to the experimental thrust data is

dσ

dτ
=

∫
dk

(
dσ̂s

dτ
+

dσ̂ns

dτ
+

∆dσ̂b

dτ

)(
τ − k

Q

)
Smod
τ

(
k−2∆̄(R, µS)

)

+O
(
σ0 αs

ΛQCD

Q

)
. (3.4)
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Here dσ̂s/dτ contains the singular partonic QCD corrections αj
s [ln

k(τ)/τ ]+ and

αj
s δ(τ) with the standard plus-functions as defined in Eq. (A.16). It also con-

tains the singular partonic QED corrections depending on αem which are discussed

in Sec. 3.1.2.8. This dσ̂s/dτ term accounts for matrix element corrections and the

resummation of ln τ terms within the SCET formalism up to N3LL order, which we

discuss in Sec. 3.1.2.3. Our definition of N3LL, N3LL′, and other orders is discussed

in detail in Sec. 3.1.2.2 (see also Tab. 3.2).

The term dσ̂ns/dτ , which we call the nonsingular partonic distribution, contains

the thrust distribution in strict fixed-order expansion with the singular terms ∝
αj
s ln

k(τ)/τ subtracted to avoid double counting. The most singular terms in dσ̂ns/dτ

scale as lnk τ for τ → 0.4 Our implementation of nonsingular terms is discussed in

detail in Sec. 3.1.2.5.

Finally, ∆dσ̂b/dτ contains corrections to the singular and nonsingular cross sec-

tions due to the finite mass of the bottom quark. The b-mass corrections are im-

plemented as a difference of the massive and massless cross sections computed at

NNLL order as discussed in Sec. 3.1.2.7.

The function Smod
τ that is convoluted with these partonic cross sections in

Eq. (3.4) describes the nonperturbative effects from soft gluons including large an-

gle soft radiation [63, 89]. The definition of Smod
τ also depends on the hemisphere

prescription inherent to the thrust variable. This is a hadronic function that enters

in a universal way for both massless and massive cross sections, and is independent

of the value of Q. The universality of Smod
τ in Eq. (3.4) follows from the leading

power thrust factorization theorem [63, 40, 60], and the thrust factorization theorem

for massive quarks in Refs. [40, 41]. Our treatment of the convolution of Smod
τ with

dσ̂ns/dτ yields a consistent treatment of multijet thresholds and the leading power

correction to the operator expansion for the first moment of thrust. Details of our

implementation of power corrections and nonperturbative corrections are discussed

in Sec. 3.1.2.4 and Sec 3.1.4. The function Smod
τ is normalized to unity and can be

4For dσ̂ns/dτ the resummation of ln τ terms is currently unknown. These terms could be
determined with subleading factorization theorems in SCET.
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determined from experimental data. Its form depends on a gap parameter ∆̄ and

additional moment parameters Ωi which are discussed below.

The factorization formula given in Eq. (3.4) can be applied simultaneously in

the peak, tail, and the far-tail regions of Eq. (3.2), i.e. for all τ values. In the peak

region dσ̂ns/dτ is significantly smaller than dσ̂s/dτ , and the full analytic form of the

soft nonperturbative function Smod
τ (k) is relevant to determine the τ -distribution

since µS ≃ ΛQCD. Because µH ≫ µJ ≫ µS, the summation of logarithms of τ is

also crucial to achieve an accurate theoretical description.

For much of the tail region the summation of ln τ terms remains important, al-

though this is no longer the case when we reach τ ≃ 1/3. Likewise, the dominance of

the singular partonic contributions remains as long as τ < 1/3, but the nonsingular

terms become more important for increasing τ (see Fig. 3.7 below). Near τ ≃ 1/3

the nonsingular terms become equal in size to the singular terms with opposite sign.

Since µS ≫ ΛQCD in the tail region the effects of Smod
τ can be parameterized in

terms of the moments

Ωi =

∫
dk

(
k

2

)i

Smod
τ (k − 2∆̄) , (3.5)

where Ω0 = 1 since Smod
τ is normalized. Their importance is determined by Ωi/(Qτ)i

as discussed in Sec. 3.1.2.4, so the first moment Ω1 parameterizes the dominant power

correction and higher moments provide increasingly smaller corrections. The first

moment is defined by

Ω1 ≡ ∆̄ +
1

2Nc

〈
0
∣∣tr Y T

n̄ (0)Yn(0) i∂̂ Y †
n (0)Y

∗

n̄(0)
∣∣0
〉
, (3.6)

where Y †
n (0) = P exp (ig

∫∞

0
ds n · A(ns)), Y †

n̄ is similar but in the 3 representation,

and we trace over color. Here

i∂̂ ≡ θ(in̄ · ∂−in · ∂) in · ∂ + θ(in · ∂−in̄ · ∂) in̄ · ∂, (3.7)
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is a derivative operator5 involving light-like vectors n = (1, t̂) and n̄ = (1,−t̂). Ω1

is the field theory analog of the parameter α0 employed in the low-scale effective

coupling approach to power corrections. Since the renormalon subtractions depend

on a cutoff scale R and the renormalization scale µS, all moments Ωi(R, µS) as well

as ∆̄(R, µS) are scale and scheme dependent quantities. The scheme we use to define

Ω1(R, µS) is described in Sec. 3.1.2.6. In our fit to experimental data we use the

R-gap scheme, and extract the first moment at a reference scale R∆ = µ∆ = 2 GeV,

i.e. we use ∆̄(R∆, µ∆) and hence Ω1 = Ω1(R∆, µ∆). In the factorization theorem

the gap appears evaluated at ∆̄(R, µS) and the scales (R, µS) are connected to the

reference scales (R∆, µ∆) using renormalization group equations.

Finally, in the far-tail region τ ≃ 0.3 the singular and the nonsingular partonic

contributions dσ̂s/dτ and dσ̂ns/dτ become nearly equal with opposite signs, exhibit-

ing a strong cancellation. This is due to the strong suppression of the fixed-order

distribution in the three- and four-jet endpoint regions at τ & 1/3 in fixed-order per-

turbation theory. In this region the summation of logarithms of τ must be switched

off to avoid messing up this cancellation. Here our Eq. (3.4) reduces to the pure

fixed-order partonic thrust distribution supplemented with power corrections com-

ing from the convolution with the soft function. All three regions are smoothly

joined together in Eq. (3.4). The proper summation (or non-summation) of loga-

rithms is achieved through τ -dependent renormalization scales, µJ(τ), µS(τ), and

R(τ) which we call profile functions. They are discussed in detail in Sec. 3.1.3.

In the following subsections various ingredients of the factorization formula of

Eq. (3.4) are presented in more detail. Compact results for the corresponding ana-

lytic expressions for massless quarks in QCD are given in App. A. In Secs. 3.1.2.7

and 3.1.2.8 we describe how finite bottom mass and QED corrections are included

in our analysis. The full formulae for these corrections will be presented in a future

publication.

5Note that i∂̂ is defined in the c.m. frame of the colliding e+e−. One may also write i∂̂ =∫
dη e−|η|ÊT (η) where ÊT (η) measures the sum of absolute transverse momenta at a given rapidity

η with respect to the thrust axis t̂ [63, 90].
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Table 3.2: Perturbative and nonperturbative corrections included in our analysis. a)
Loop orders j for perturbative corrections of O(αj

s). Here cusp, non-cusp, and γµ,R
∆

refer to anomalous dimensions, while matching, nonsingular, and the gap subtrac-
tion δ refer to fixed-order series. For convenience in our numerical analysis we use
the four-loop beta function for the αs running in all orders displayed. b) Nonper-
turbative corrections included in dσ/dτ with implicit sums over i and k. All powers
Ωk/(Qτ)k can be included in the peak region with the function Smod

τ , while only a
fixed set of power correction parameters are included in the tail and far-tail regions.
The row labeled p.c. shows the scaling of the the first power correction that is not
entirely determined by the earlier rows and hence yield corrections to Eq. (3.4).

a) Perturbative corrections

Cusp Noncusp Matching β[αs] Nonsingular γµ,R
∆ δ

LL 1 - Tree 1 - - -
NLL 2 1 Tree 2 - - -
NNLL 3 2 1 3 1 1 1
N3LL 4pade 3 2 4 2 2 2

NLL′ 2 1 1 2 1 1 1
NNLL′ 3 2 2 3 2 2 2
N3LL′ 4pade 3 3 4 3 3 3

b) Nonperturbative corrections with Ωk ∼ Λk
QCD

Peak (any k) Tail and far-tail (k = 0, 1, 2)

dσ̂s

dτ αi
s
lnjτ
τ

Ωk

(Qτ)k
αi
s
lnjτ
τ

Ωk

(Qτ)k

dσ̂ns

dτ αi
s fik(τ)

Ωk

(Qτ)k
αi
s fik(τ)

Ωk

(Qτ)k

dσ̂b

dτ αi
s gik

(
τ,mb

Q

) Ωk

(Qτ)k
αi
s gik

(
τ,mb

Q

) Ωk

(Qτ)k

p.c. αs
ΛQCD

Q αs
ΛQCD

Q

3.1.2.2 Order Counting

In the classic order counting used for fits to event shape distributions it is common

to separately quote orders for the summation of logarithms and the fixed-order

matching contributions. For fixed-order contributions the O(αs) contributions are

called LO, the O(α2
s) contributions are called NLO, etc. This counting is motivated
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from the fact that at tree level the fixed-order thrust distribution vanishes for τ > 0.

For the summation one refers to LL (leading-log) summation if the one-loop cusp

anomalous dimension is used to sum the double Sudakov logs, and NLL (next-to-

leading-log) if the two-loop cusp and the one-loop non-cusp anomalous dimension

terms are also included.

In our analysis the summation orders (LL, NLL, ...) match the classical language.

For the fixed-order contributions we account for the tree level δ(τ) in LL and NLL,

and we include O(αs) corrections at NLL′ and NNLL, etc, as shown in Tab. 3.2a.

In SCET the summation can be carried out at both NNLL and N3LL [46]. The

corresponding loop orders for the anomalous dimensions are also shown in Tab. 3.2a.

Within SCET the summation of logarithms is achieved by renormalization group

evolution and the fixed-order corrections enter as series evaluated at each of the

transition scales µH , µJ , and µS which we refer to as matching or matrix element

corrections. The logs in the singular thrust cross section exponentiate to all orders if

we use y, the Fourier-transformed variable to τ . The orders we consider correspond

to summing the terms

ln
[dσ̃s

dy

]
∼
[
L

∞∑

k=1

(αsL)
k

]

LL

+

[ ∞∑

k=1

(αsL)
k

]

NLL

(3.8)

+

[
αs

∞∑

k=0

(αsL)
k

]

NNLL

+

[
α2
s

∞∑

k=0

(αsL)
k

]

N3LL

,

where L = ln(iy), and the series in the exponent makes clear the structure of the

large logs that are summed at each order.

The nonsingular counting in Tab. 3.2a for the fixed-order series in dσ̂ns/dτ must

be the same as for the matching and matrix element corrections to ensure that

we exactly reproduce the fixed-order cross section when the resummed result is

expanded. Since the relative importance of the log resummation and the nonsingular

terms varies depending on the τ -region, we also consider an alternative “primed”

counting scheme. In the primed counting all series for fixed-order quantities are

included to one higher order in αs. In this counting scheme the O(α3
s) fixed-order
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results occur in N3LL′, which is the order we use for our final analysis.

Also shown in Tab. 3.2a are columns for the fixed-order gap subtractions

δ = δ(R, µ), and the gap anomalous dimensions γµ,R
∆ . These terms are required to re-

move the leading O(ΛQCD) renormalon from the perturbative corrections, while still

maintaining the same level of log resummation for terms in the cross section. The

resummation of these large logarithms is missing in the recent analysis of Ref. [67]

and is discussed further in Sec. 3.1.2.6.

A crucial aspect of our analysis is the inclusion of power corrections in a rigorous

manner through field theoretic techniques. In the effective theory there are several

types of power corrections which arise from the possible ratios of the scales µH , µJ ,

µS, and ΛQCD:

1)
ΛQCD

µS

=
ΛQCD

Qτ
,

2)
µ2
S

µ2
J

= τ ,

3)
ΛQCD

µH

=
ΛQCD

Q
. (3.9)

Any ΛQCD/µJ power correction can be taken as a cross-term between types 1) and

2) for the purpose of enumeration. The type 1 power corrections are enhanced

by the presence of the soft scale and are encoded by the moments Ωk ∼ Λk
QCD of

the soft function. Type 2 are kinematic power corrections that occur because of

the expansion about small τ , and can be computed with perturbation theory. The

importance of these first two types depends on the region considered in Eq. (3.2),

with all terms in type 2 becoming leading order for the far-tail region. Type 3 are

non-enhanced power correction that are of the same size in any region. There are

also cross-terms between the three types.

In our analysis we keep all power corrections of types 1 and 2, and the dominant

terms of type 3. Our treatment of the nonsingular cross section also includes cross-

terms between 1 and 2 in a manner that is discussed in Sec. 3.1.2.4. For the different

thrust regions we display the relevant terms kept in our analysis in Tab. 3.2b. The
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nonsingular cross section corrections fully account for the power corrections of type

2. The factor [ΛQCD/(Qτ)]k in the peak region denotes the fact that we sum over

all type 1 power corrections from the leading soft function. In the tail and multijet

regions we only consider the first three orders: k=0 (partonic result), k=1 (power

correction involving Ω1) and , k=2 (power correction involving Ω2). Here k = 2

terms are used in our error analysis for our simultaneous fit to αs(mZ) and Ω1.

The leading power correction that is not fully captured in all regions is of type 3,

and are of O(αsΛQCD/Q). Since our analysis is dominated by Q = mZ or larger,

parametrically this gives an uncertainty of

[δαs

αs

]
p.c.

∼ ΛQCD

Q
≃ 0.3% (3.10)

in our final fit (taking ΛQCD = 0.3GeV to obtain the number here). This estimate

has been validated by running our fits in the presence of an additional αsΛQCD/Q

power correction.6

3.1.2.3 Singular Partonic Distribution

The singular partonic thrust distribution dσ̂s/dτ contains the most singular terms

∝ αj
s ln

k(τ)/τ and αj
sδ(τ) that arise from perturbation theory. Using SCET one can

derive a factorization theorem for these terms which allows for the resummation of

the logarithmic terms to all orders in perturbation theory. In massless QCD the

factorization formula for the perturbative corrections involving αs reads

dσ̂QCD
s

dτ
(τ) =Q

∑

I

σI
0 H

I
Q(Q, µH)UH(Q, µH , µ)

∫
ds ds′ Jτ (s

′, µJ)U
τ
J (s− s′, µ, µJ)

×
∫
dk′ U τ

S(k
′, µ, µS) e

−2
δ(R,µs)

Q
∂
∂τ Spart

τ

(
Qτ − s

Q
− k′, µS

)
. (3.11)

6To perform this test we include an αs(µns)Λ1/Q correction in the normalized thrust cross
section, vary Λ1 = ±1.0GeV, and perform our default fit to αs(mZ) and Ω1 as described in
Sec. 3.1.6. This variation causes only a ±0.1% change to these fit parameters, which is smaller
than the estimate in Eq. (3.10).
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Here σI
0 is the total partonic e+e− cross section for quark pair production at tree

level from a current of type I = {uv, dv, bv, ua, da, ba} as explained below. Large

logs are summed by the renormalization group factors UH between the hard scale

and µ, U τ
J between the jet scale and µ, and U τ

S between the soft scale and µ.

The choice of µ is arbitrary and the dependence on µ cancels out exactly when

working at any particular order in the resummed expansion. Short distance virtual

corrections are contained in the hard function HI
Q. The term Jτ is the thrust jet

function. The term Spart
τ is the partonic soft function and the δ(R, µS)-dependent

exponential implements the perturbative renormalon subtractions. There are four

renormalization scales governing the factorization formula, the hard scale µH ∼ Q,

the jet scale µJ , the soft scale µS, and the renormalon subtraction scale R. We have

R ∼ µS to properly sum logarithms related to the renormalon subtractions, and

there is also a renormalization group evolution in R. The typical values for µJ , µS,

and R depend on τ as discussed in Sec. 3.1.3.

The total tree level partonic e+e− cross section σI
0 = σI

0(Q,mZ ,ΓZ) depends on

the c.m. energy Q, the Z-mass, and Z-width, and has six types of components, σuv
0 ,

σua
0 , σdv

0 , σda
0 , σbv

0 , σba
0 , where the first index denotes flavor, u = up + charm, d =

down + strange, and b = bottom, and the other index denotes production through

the vector (v) and axial-vector (a) currents. For QCD corrections we have the hard

functions Hv
Q ≡ Huv

Q = Hdv
Q = Hbv

Q , Hua
Q , Hda

Q , and Hba
Q , where the vector current

terms do not depend on the flavor of the quark. For massless quark production the

axial-vector hard functions differ from the vector due to flavor singlet contributions.

All six σI
0 ’s and HI

Q’s are relevant for the implementation of the b-mass and QED

corrections. Since we use data taken for energies close to the Z pole we adopt

i/(q2 −m2
Z + i Q2Γz/mZ) as the Z-boson propagator which is the form of the width

term used for thrust data analyses. The modifications of Eq. (3.11) required to

include QED effects are discussed in Sec. 3.1.2.8.

The hard factor HQ contains the hard QCD effects that arise from the matching

of the two-jet current in SCET to full QCD. For µH = Q we have Hv
Q(Q,Q) =

1 +
∑3

j=1 hj[αs(Q)/4π]j, and the full hard function with ln(µH/Q) dependence is
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given in Eq. (A.6). For the flavor nonsinglet contributions where the final-state

quarks are directly produced by the current one can obtain the matching coefficient

from the on-shell quark vector current form factor, which is known to O(α3
s) [91,

92, 93, 94, 95, 85]. Converting the bare result in Ref. [95] (see also Refs. [85, 96])

to the MS scheme and subtracting 1/ǫkIR divergences present in SCET graphs, the

three-loop non-singlet constant, which is one of the new ingredients in our analysis,

is

h3 = C3
F

[
− 460ζ(3)− 140π2ζ(3)

3
+ 32ζ(3)2 + 1328ζ(5)− 5599

6
+

4339π2

36
− 346π4

15

+
27403π6

17010

]
+ CAC

2
F

[
− 52564ζ(3)

27
+

1690π2ζ(3)

9
+

592ζ(3)2

3
− 5512ζ(5)

9

+
824281

324
− 406507π2

972
+

92237π4

2430
− 1478π6

1701

]
+ C2

ACF

[
505087ζ(3)

243

− 1168π2ζ(3)

9
− 2272ζ(3)2

9
− 868ζ(5)

9
− 51082685

26244
+

596513π2

2187
− 4303π4

4860

+
4784π6

25515

]
+ C2

Fnf

[
26080ζ(3)

81
− 148π2ζ(3)

9
− 832ζ(5)

9
− 56963

486
+

13705π2

243

− 1463π4

243

]
+ CACFnf

[
− 8576ζ(3)

27
+

148π2ζ(3)

9
− 8ζ(5)

3
+

3400342

6561

− 201749π2

2187
− 35π4

243

]
+ CFn

2
f

[
− 832ζ(3)

243
− 190931

6561
+

1612π2

243
+

86π4

1215

]

= 20060.0840− 2473.4051nf + 52.2009n2
f . (3.12)

For nf = 5 we have h3 = 8998.080, which is the value used for our analysis.7

The axial-vector hard functions Hua
Q and Hda

Q are equal to Hv
Q up to additional

singlet corrections that enter at O(α2
s) and O(α3

s). The fact that the SCET hard

functions have these singlet corrections was discussed in Ref. [98]. At O(α2
s) only

the axial-vector current gets a singlet correction. It arises from the axial-vector

anomaly, from suitable cuts of the graph shown in Fig. 3.2 where each axial current

is connected to a triangle. Summing over the light quarks u, d, s, c gives a vanishing

contribution from this graph, but it does not vanish for heavy quarks due to the

7The analytic expression for h3 in Eq. (3.12) is consistent with Eq. (7.3) given in Ref. [97].
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t   , b t   , b

Figure 3.2: Two-loop singlet correction to the axial current. Its cuts contribute to
the hard coefficient and nonsingular terms.

large bottom-top mass splitting [99]. Since for the Qs we consider top-pairs are never

produced, the required terms can be obtained in the limit mb/mt → 0. For the axial

current the hard correction arises from the bb̄ cut and gives Hua
Q = Hda

Q = Hv
Q, and

Hba
Q = Hv

Q +Hsinglet
Q , where

Hsinglet
Q (Q, rt, µH) =

1

3

(
αs(µH)

π

)2

I2(rt) . (3.13)

Here rt = Q2/(4m2
t ) and the function I2(rt) from Ref. [99] is given in Eq. (A.7).

Throughout our analysis we use mt = 172GeV. Hsinglet
Q is a percent level correction

to the cross section at the Z peak and hence is non-negligible at the level of pre-

cision of our analysis. (The uncertainty in the top mass is numerically irrelevant.)

At O(α3
s) the singlet corrections for vector currents are known [85], but they are

numerically tiny. We therefore neglect the O(α3
s) vector current singlet corrections

together with the unknown O(α3
s) singlet corrections for the axial-vector current.

Likewise we do not account for O(α3
s) singlet corrections to the nonsingular distri-

butions discussed in Sec. 3.1.2.5.

The full anomalous dimension of HI
Q is known at three-loops, O(α3

s) [100, 92, 94].

It contains the cusp anomalous dimension, responsible for the resummation of the

Sudakov double logarithms, and the non-cusp anomalous dimension. To determine

the corresponding hard renormalization group factor UH at the orders N3LL′ and

N3LL we need the O(α4
s) cusp anomalous dimension Γcusp

3 which is still unknown

and thus represents a source of theory error in our analysis. We estimate the size of
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Γcusp
3 from the order [1/1] Padé approximant in αs built from the known lower order

coefficients, which is within 13% of the two other possible Padé approximants, [0/2]

and [0/1]. For our theory error analysis we assign 200% uncertainty to this estimate

and hence scan over values in the range Γcusp
3 = 1553.06± 3016.12.

The thrust jet function Jτ is the convolution of the two hemisphere jet functions

that describe collinear radiation in the t̂ and −t̂ directions,

Jτ (s, µ) =

∫
ds′ J(s′, µ) J(s− s′, µ)

=
1

µ2

∞∑

n=−1

Jn[αs(µ)]Ln(s/µ
2) . (3.14)

Here the coefficients Jn are multiplied by the functions

L−1(x) = δ(x) , Ln(x) =
[ lnn x

x

]
+
, (3.15)

where n ≥ 0. Here Ln≥0(x) are the standard plus-functions, see Eq. (A.16). At

O(α3
s) only J−1(αs) through J5(αs) are nonzero. The results are summarized in

Eq. (A.15). In SCET the inclusive jet function is defined as

J(Qr+, µ) =
−1

4πNcQ
Im

[
i

∫
d4x eir·x 〈0|T{χ̄n(0)/̄nχn(x)}|0〉

]
, (3.16)

where the χn are quark fields multiplied by collinear Wilson lines. The hemisphere

jet function has been computed at O(αs) [101, 102] and O(α2
s) [103]. Its anomalous

dimension is known at three loops, and can be obtained from Ref. [104]. At the

order N3LL′ we need the O(α3
s) corrections to the jet function. From the anomalous

dimension we know the logarithmic terms, J0 to J−5 in Eq. (3.14), at three loops.

In the non-logarithmic term J−1 at O(α3
s) there is an unknown coefficient j3 (which

we define as the constant non-logarithmic 3-loop coefficient in the position space

hemisphere jet function). We estimate a range for j3 from the largest value obtained

from the three Padé approximations for the position space hemisphere jet function

that one can construct from the available results. This gives j3 = 0 ± 3000 for the
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range of variation in our theory error analysis. We note that for the O(α3
s) coefficient

h3 the corresponding Padé estimate h3 = 0± 10000 covers the exact value given in

Eq. (3.12).

The renormalization group factors of the thrust jet function U τ
J and thrust soft

function U τ
S sum up large logs involving the jet and the soft scales. The required cusp

and non-cusp anomalous dimensions are fully known at three-loops, but again there

is dependence on the four-loop cusp anomalous dimension Γcusp
3 . This dependence

is included when we scan this parameter as described above in our description of

the hard evolution.

The hadronic thrust soft function Sτ describes soft radiation between the two

jets. It is defined by

Sτ (k, µ) =
1

Nc

〈
0
∣∣tr Y T

n̄ Yn δ(k − i∂̂)Y †
nY

∗

n̄

∣∣0
〉
, (3.17)

where Yn = Yn(0) and Y n̄ = Y n̄(0) are defined below Eq. (3.6). The soft function

factorizes into a partonic perturbative part Spart
τ and a nonperturbative part Smod

τ ,

Sτ = Spart
τ ⊗ Smod

τ , as discussed in detail in Sec. 3.1.2.4. This factorization has

already been used above in Eqs. (3.4) and (3.11).

At the partonic level the soft function is

Spart
τ (k, µ) =

1

µ

∞∑

n=−1

Sn[αs(µ)]Ln(k/µ) , (3.18)

where S−1 to S5 are the only nonzero coefficients at O(α3
s), and Ln(x) is defined

in Eq. (3.15). Results for these Sk(αs) are summarized in Eq. (A.13). Spert
τ was

calculated at O(αs) in Ref. [60, 40]. At O(α2
s) the non-logarithmic correction was

determined in Refs. [46, 105] using numerical output from EVENT2 [106, 107].

The numerical constant that appears in the non-logarithmic O(α2
s) term S−1 is

referred to as s2 (which is defined as the constant 2-loop coefficient in the logarithm

of the position space soft function). We use s2 = −39.1 ± 2.5 [105], and this
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uncertainty is taken into account in our theory error analysis.8 The anomalous

dimension of the soft function is a linear combination of the anomalous dimensions of

the hard and jet functions which can be obtained from the consistency conditions [41,

46]. As for the jet function we need the O(α3
s) corrections to Spart

τ . From its

anomalous dimension we know the logarithmic terms at three loops, namely S0 to

S5 in Eq. (3.18). The only unknown is the O(α3
s) non-logarithmic correction in

S−1, referred to as s3 (which is defined as the constant non-logarithmic term in the

logarithm of the position space hemisphere soft function). Just like for the constant

j3 we estimate a value for s3 from the largest value obtained from the three possible

Padé approximations to the position space soft function that one can construct from

the available results. This yields the range s3 = 0± 500, which we scan over in our

theory error analysis.

As already mentioned, in Ref. [46] an analytic expression for the resummed

singular thrust distribution was presented. Their derivation relies on the Laplace

transform of the jet and soft functions. In our analysis we have derived the resummed

cross section using two independent procedures, performing all convolutions either

in momentum space (as presented in App. A), or in Fourier space. These two

approaches have been implemented in two independent codes and we have checked

that they give exactly the same results. We note that the Fourier transform method

is equivalent to the Laplace procedure used by Becher and Schwartz in Ref. [46]

through a contour deformation, and we find agreement with their quoted N3LL

formula including matrix elements and anomalous dimensions. Furthermore, we

also agree with their result for the fixed-order singular terms up to O(α3
s).

In summary, the singular terms in the thrust factorization theorem are known

at N3LL order, up to the unknown constant Γcusp
3 . The effect of the cusp anomalous

dimension at 4-loops is much smaller than one might estimate, so for numerical

purposes the cross section is known at this order. The constants s3 and j3 only

enter for our N3LL′ order. For the singular terms they predominantly affect the

peak region with spread into the tail region only due to RG evolution. Thus in the

8Note that in Ref. [105] our s2 was called s1.
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tail region the numerically dominant N3LL′ terms are all known. The uncertainties

from Γcusp
3 , s3, and j3 are discussed more explicitly in Sec. 3.1.7

3.1.2.4 Ω1 and Nonperturbative Corrections

In this section we discuss nonperturbative corrections to the thrust distribution

included in our analysis, as shown in Tab. 3.2b (right panel). We focus in particular

on those associated to the first moment parameter Ω1. Our analysis includes the

operator product expansion (OPE) for the soft function in the tail region, and

combining perturbative and nonperturbative information to smoothly connect the

peak and tail analyses. We also discuss our treatment of nonperturbative corrections

in the far-tail region, and for the nonsingular terms in the cross section.

In the tail region where k ∼ Qτ ≫ ΛQCD we can perform an operator product

expansion of the soft function in Eq. (3.17). At tree level this gives [108, 109]

Sτ (k, µ) = δ(k)− δ′(k) 2Ω̄1 + . . . . (3.19)

where the nonperturbative matrix element Ω̄1 is defined in the MS scheme as

Ω̄1 =
1

2Nc

〈
0
∣∣tr Y T

n̄ (0)Yn(0) i∂̂ Y
†
n (0)Y

∗

n̄(0)
∣∣0
〉
. (3.20)

Dimensional analysis indicates that Ω̄1 ∼ ΛQCD. When the OPE is performed

beyond tree level we must add perturbative corrections at a scale µ ≃ k to Eq. (3.19).

The first operator in the OPE is the identity, and its Wilson coefficient is the partonic

soft function. Thus δ(k) → Spart
τ (k, µ) when the matching of the leading power

operator is performed at any fixed order in perturbation theory. Here we derive the

analog for the Wilson coefficient of the Ω̄1 matrix element and prove that

Sτ (k, µ) = Spart
τ (k)− dSpart

τ (k)

dk
2Ω̄1 + . . . . (3.21)

This result implies that the leading perturbative corrections that multiply the power

correction are determined by the partonic soft function to all orders in perturbation
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theory. The proof of Eq. (3.21) is given in App. B. The uniqueness of the leading

power correction Ω̄1 to all orders in the perturbative matching can be derived follow-

ing Ref. [108], and we carry out an all orders matching computation to demonstrate

that the Wilson coefficient is dSpart
τ (k)/dk. At first order in Ω̄1/k ≪ 1 Eq. (3.21)

shows that the perturbative corrections in the OPE are consistent with a simple

shift to Sτ (k−2Ω̄1, µ). This type of shift was first observed in the effective coupling

model [79].

To smoothly connect the peak and tail regions we use a factorized soft func-

tion [61, 64, 82]

Sτ (k, µ) =

∫
dk′ Spart

τ (k − k′, µ) Smod
τ (k′) , (3.22)

where Spart
τ is a fixed-order perturbative MS expression for the partonic soft function,

and Smod
τ contains the nonperturbative ingredients. In the tail region this expression

can be expanded for k′ ≪ k and reduces to precisely the OPE in Eq. (3.21) with

the identification

2Ω̄1 =

∫
dk′ k′ Smod

τ (k′) , (3.23)

and normalization condition
∫
dk′ Smod

τ (k′) = 1 [61]. All moments of Smod
τ (k′) exist

so it has an exponential tail, whereas the tail for Spart
τ (k) is a power law. In the peak

region the full nonperturbative function Smod
τ (k) becomes relevant, and Eq. (3.22)

provides a nonperturbative function whose µ dependence satisfies the MS renormal-

ization group equation for the soft function. In position space the convolution in

Eq. (3.22) is a simple product, making it obvious that Eq. (3.22) provides a com-

pletely general parametrization of the nonperturbative corrections. The complete

basis of functions used to parameterize Smod
τ (k) in the peak region is discussed in

Sec. 3.1.4.

The expression in Eq. (3.22) also encodes higher order power corrections of

type 1 from Eq. (3.9) through the moments 2i Ω̄i =
∫
dk ki Smod

τ (k), which
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for tree level matching in the OPE can be identified as the matrix elements

〈0|trY T

n̄ (0)Yn(0) (i∂̂)
i Y †

n (0)Y
∗

n̄(0)|0〉/Nc. For i ≥ 2 perturbative αs corrections to

the soft function OPE would have to be treated in a manner similar to App. B to

determine the proper Wilson coefficients, and whether additional operators beyond

the powers (i∂̂)i start contributing. The treatment of perturbative corrections to

these higher order nonperturbative corrections is beyond the level required for our

analysis.

Using Eq. (3.22) the hadronic version of the singular factorization theorem which

involves Sτ immediately yields Eq. (3.11) and the first term in Eq. (3.4). The

conversion of Spart
τ (k) and Ω̄1 from MS to a renormalon-free scheme is discussed in

Sec. 3.1.2.6.

Next we turn to the effect of ΛQCD power corrections on the nonsingular terms in

the cross section in Eq. (3.4). The form of these power corrections can be constrained

by factorization theorems for subleading power corrections when τ ≪ 1, and by

carrying out an OPE analysis for power corrections to the moments of the thrust

distribution. In the following we consider both of these.

Based on the similarity of the analysis of power corrections to thrust with those

in B → Xsγ [110, 111], the factorization theorems for the nonsingular corrections

involves subleading hard functions, jet functions and soft functions. They have the

generic structure H
(a,b)
Q (Q, τ, xi)⊗ J

(a)
τ (sj, xi)⊗ S

(b)
τ (Qτ, sj/Q), where the xi and sj

are various convolution variables. Here S
(b)
τ includes the leading order soft function

in Eq. (3.17) as well as power suppressed soft functions. Neglecting nonperturbative

corrections the nonsingular cross section yields terms we refer to as kinematic power

corrections of type 2 in Eq. (3.9). If we do not wish to sum large logs in the

nonsingular partonic terms, they can be treated in fixed-order perturbation theory

and determined from the full fixed-order computations. In the tail region these τ -

suppressed terms grow and become much more important than the ΛQCD/Q power

corrections of type 3 from subleading soft functions. In the transition to the far-tail

region, near τ = 1/3, they become just as important as the leading perturbative

singular terms. In this region there are large cancellations between the singular
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and nonsingular terms (shown below in Fig. 3.7), and one must be careful with the

treatment of the nonsingular terms not to spoil this.

We require the nonsingular cross section terms to yield perturbative corrections

at leading power in ΛQCD that are consistent with the fixed-order results and with

multijet thresholds. Our treatment of power corrections in the nonsingular terms is

done in a manner consistent with these goals and with the OPE for the first moment

of the thrust distribution. To achieve this we use

∫
dk′ dσ̂ns

dτ

(
τ − k′

Q
,
µns

Q

)
Smod
τ (k′), (3.24)

where dσ̂ns/dτ is the partonic nonsingular cross section in fixed-order perturbation

theory, whose determination we discuss in Sec. 3.1.2.5. Eq. (3.24) is independent of

the renormalization scale µns order by order in its series expansion in αs(µns). The

convolution with the same Smod
τ (k′) as the singular terms allows the perturbative

corrections in dσ̂s/dτ+dσ̂ns/dτ to smoothly recombine into the fixed-order result in

the far-tail region as required by the multijet thresholds. Eq. (3.24) yields the second

term in Eq. (3.4). We will treat the conversion of Ω̄1 and Smod
τ to a renormalon-

free scheme in the same manner as for the singular cross section, which again for

consistency requires a perturbative subtraction for the partonic dσ̂ns/dτ that we

treat in Sec. 3.1.2.6.

Note that Eq. (3.24) neglects the fact that not all of the τ dependence in dσ̂ns/dτ

must necessarily be convoluted with Smod
τ . This causes a deviation which is ∼

αsτΛQCD/(Qτ) and hence is at the same level as other power corrections that we

neglect. The largest uncertainty from our treatment of dσ̂ns/dτ arises from the

fact that we do not sum ln τ terms, which would require anomalous dimensions for

the subleading soft and hard functions for these nonsingular terms. These logs are

most important in the peak region, and less relevant in the tail region. The size of

missing higher order nonsingular terms such as log enhanced terms will be estimated

by varying the scale µns.

Our setup is also consistent with the OPE for the first moment of the thrust
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distribution. Eq. (3.4) yields

∫
dτ τ

dσ

dτ
=

∫
dτ τ

[dσ̂s

dτ̂
+

dσ̂ns

dτ̂

]
+
∑

I

σI
0

2Ω̄1

Q
+ . . . , (3.25)

where the ellipses denote O(αsΛQCD/Q) and O(Λ2
QCD/Q

2) power corrections. In

App. C we demonstrate that a direct OPE computation for the thrust moment also

gives the same result, and in particular involves precisely the same matrix element

Ω̄1 at this order. The theoretical expression in Eq. (3.4) simultaneously includes

the proper matrix elements that encode power corrections in the peak region, tail

region, and for moments of the thrust distribution. This implies a similar level of

precision for the multijet region. Although Eq. (3.4) does not encode all αsΛQCD/Q

corrections, it turns out that the ones it does encode, involving Ω1, numerically give

an accurate description of the multijet cross section. (This is visible in Fig. 3.18 and

will be discussed further in Sec. 3.1.7.) This agreement provides additional support

for our treatment of nonperturbative corrections in the nonsingular cross section in

Eq. (3.24).

3.1.2.5 Nonsingular Distribution

The nonsingular partonic thrust distribution dσ̂ns/dτ accounts for contributions in

the thrust distribution that are kinematically power suppressed. We write

dσ̂ns

dτ
(τ) =

∑

I

σI
0 e−2

δ(R,µs)
Q

∂
∂τ f I

(
τ,

µns

Q

)
, (3.26)

with the same superscript I notation for different currents as in Eq. (3.11). The

presence of the δ(R, µS)-dependent exponent arises because Smod
τ depends on Ω1

and we use the same renormalon-free definition for Ω1 as for the singular terms. In

our numerical evaluation we integrate by parts so that the ∂/∂τ derivative acts on

Smod
τ in Eq. (3.4). This exponent is discussed in detail in Sec. 3.1.2.6.

In this section we discuss our determination of the functions f I in pure QCD

with massless quarks, while the generalization to include mb effects is discussed in
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Figure 3.3: O(αs) nonsingular thrust distribution.

Sec. 3.1.2.7 and to include QED effects in Sec. 3.1.2.8. For pure QCD there is one

function f v
qcd = fuv

qcd = fdv
qcd = f bv

qcd for the vector current, and functions fua
qcd = fda

qcd,

and f ba
qcd for the axial-vector currents. In general f I is the partonic fixed-order

distribution where the singular terms which are already contained in dσ̂s/dτ are

subtracted to avoid double counting. Setting the renormalization scale µns = Q

they have the form

f v
qcd(τ, 1) =

αs

2π
f1(τ) +

α2
s

(2π)2
f2(τ) +

α3
s

(2π)3
f3(τ) + . . . ,

fua
qcd(τ, 1) = fda

qcd(τ, 1) = f v
qcd(τ, 1) ,

f ba
qcd(τ, 1) = f v

qcd(τ, 1) +
α2
s

(2π)2
fsinglet

(
τ, rt) , (3.27)

where here αs = αs(Q) and rt = Q2/(4m2
t ). The required results for f I(τ, µns/Q)

can be obtained by shifting αs(Q) to αs(µns) using the fixed-order relation between

these couplings at O(α2
s).

The full O(αs) partonic thrust distribution has been known analytically for a
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Figure 3.4: O(α2
s) nonsingular thrust distribution.
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Figure 3.5: O(α3
s) nonsingular thrust distribution. For simplicity we only show the

data binned with 0.01 bin size.

long time [112]. For the one-loop nonsingular distribution it gives

f1(τ) =
4

3 τ (τ − 1)

[(
− 6 τ 2 + 6 τ − 4

)
log

(
1

τ
− 2

)
+ 9 τ 3

− 3 τ 2 − 9 τ + 3

]
θ

(
1

3
− τ

)
+

4

3 τ
[ 3 + 4 log(τ) ] . (3.28)
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This result is plotted in Fig. 3.3. The kink at τ = 1/3 appears because the full one-

loop distribution vanishes at this value with a nonzero slope, and there is an exact

cancellation between the fixed-order singular and nonsingular one-loop expressions.

For τ > 1/3 the one-loop nonsingular distribution is precisely the negative of the

one-loop fixed-order singular distribution.

The O(α2
s) and O(α3

s) QCD distributions are available in numeric form from

the Fortran programs EVENT2 [106, 107] and EERAD3 [54] (see also Ref. [55,

56, 57]), respectively. These programs are used to derive results for our f2(τ) and

f3(τ) nonsingular distributions in a manner discussed below. At O(α2
s) there is

also the singlet correction fsinglet(τ, r) for the axial-vector contribution arising from

the large bottom-top mass splitting. The three-parton quark-antiquark-gluon cut

from Fig. 3.2 contributes to the nonsingular distribution, and we have included this

contribution analytically [113]. The formula for fsinglet(τ, r) is given in Eq. (A.29).

There is also a contribution from the four-parton cut. Its contribution to fsinglet(τ, r)

is unknown, but it is tiny for the total cross section [99] and can therefore be safely

neglected.

At O(α2
s) we use linear binned EVENT2 results for τ > 0.095 and log-binning

results for τ < 0.095 each obtained from runs with 1010 events and infrared cut-

off y0 = 10−8. For τ > 0.095 (using a 0.005 bin size) the resulting statistical

uncertainties in the nonsingular distribution are always below the percent level

and negligible and we can use an interpolation of numerical tables for f2(τ). For

τ < 0.095 the singular terms dominate the distribution which leads to large can-

cellations and an enhancement of the statistical uncertainties. Here we use the

ansatz f2(τ) =
∑3

i=0 ai ln
i τ + τ

∑3
i=2 bi ln

i τ and fit the coefficients ai and bi to the

EVENT2 output, including the constraint that the integral over the full distribu-

tion reproduces the known O(α2
s) coefficient for the total cross section. The result

has the form f2(τ) + ǫ2 δ2(τ), where f2 represents the best fit and δ2 is the 1-sigma

error function with all correlations included. The term ǫ2 is a parameter which we

vary during our αs-Ω1 fit procedure to account for the error. Here f2 and δ2 also

depend on the coefficient s2 in the partonic soft function Sτ which is known only
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numerically. In Fig. 3.4 we plot the EVENT2 data we used, along with our f2(τ)

with s2 = −39.1. The dashed curves show the result for ǫ2 = ±1, with the region

in between corresponding to the 1-sigma error band.

For the determination of f3 at O(α3
s) we implement a similar approach as for f2,

using results from EERAD3 [54] computed with 6× 107 events for the three leading

color structures and 107 events for the three subleading ones, using an infrared

cutoff y0 = 10−5. We employ linearly binned results with 0.01 bin size for τ > 0.315

(keeping the statistical error below the percent level) and with 0.005 bin size for

τ < 0.315. For the fit for τ < 0.315 our ansatz function has the form f3(τ) =
∑5

i=1 ci ln
i τ and the result has the form f3(τ) + ǫ3 δ3(τ), with f3 being the best fit

and δ3 the 1-sigma error function. The constant ǫ3 is the analog of ǫ2 and is varied

in the error analysis. We note that f3 and δ3 depend on the constant s2 and on

the constants s3 and j3 that account for the unknown non-logarithmic terms in the

O(α3
s) soft and jet functions. This dependence is included in our error analysis. In

Fig. 3.5 we plot the EERAD3 data with bin size 0.01, along with our f3(τ) with

s2 = −39.1, h3 = 8998.08, j3 = s3 = 0. The dashed curves show the result for

ǫ3 = ±1, with the region in between corresponding to the 1-sigma error band.

In our analysis we use the values−1, 0, 1 for ǫ2 and ǫ3 to account for the numerical

uncertainties of our fit functions in the small τ region. The nonsingular partonic

distribution depends on one common renormalization scale µns which is varied in

our theory error analysis as given in Sec. 3.1.3.

3.1.2.6 Gap Formalism

The partonic soft function Spart
τ (k) computed perturbatively in MS has an O(ΛQCD)

renormalon ambiguity. The same renormalon is present in the partonic MS thrust

cross section with or without resummation. This is associated with the fact that

the partonic threshold at k = 0 in Spart
τ (k) is not the same as the physical hadronic

threshold for the distribution of soft radiation that occurs in Sτ (k). One can see this

explicitly in the large-β0 approximation, where it is associated to a pole at u = 1/2
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in the Borel transform [61]

B
[
Spart
τ (k, µ)

](
u ≈ 1

2

)
= µ

16CF e
−5/6

πβ0 (u− 1
2
)

∂

∂k
Spart
τ (k, µ) . (3.29)

This result shows that Spart
τ (k) in the MS scheme suffers from the renormalon am-

biguity for all k ≥ 0. The MS matrix element Ω̄1 defined in Eq. (3.20) also has an

O(ΛQCD) renormalon ambiguity. Together, the renormalon in this power correction

and in the perturbative series for Spart
τ (k) combine to give a soft function Sτ (k) that

is free from this O(ΛQCD) renormalon. If left unsubtracted this renormalon ambigu-

ity leads to numerical instabilities in perturbative results for the thrust distribution

and in the large order dependence for the determination of the soft nonperturbative

function Smod
τ . In this section we resolve this problem by switching to a new scheme

for Ω1. This scheme change induces subtractions on dσpart/dτ that render it free of

this renormalon. We start by reviewing results from Ref. [61].

Consider a class of soft nonperturbative functions with a gap parameter ∆, which

only have support for k ≥ ∆, so Smod
τ (k) → Smod

τ (k − 2∆). Here the MS moment

relation in Eq. (3.23) becomes

2∆ +

∫
dk k Smod

τ (k) = 2Ω̄1 , (3.30)

where ∆ accounts for the complete renormalon ambiguity contained in Ω̄1. We can

now obtain a renormalon-free definition for Ω1 by splitting ∆ into a nonperturba-

tive component ∆̄(R, µS) that is free of the O(ΛQCD) renormalon, and a suitably

defined perturbative series δ(R, µS) that has the same renormalon ambiguity as Ω̄1.

The parameter ∆ is scheme and renormalization group invariant, while ∆̄ and δ

individually depend on the subtraction scale R and in general also on the soft scale

µS. Writing

∆ = ∆̄(R, µS) + δ(R, µS) , (3.31)

the factorization of perturbative and nonperturbative components in Eq. (3.22) be-
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comes

Sτ (k, µS) =

∫
dk′ Spart

τ (k−k′−2δ, µS) S
mod
τ (k′−2∆̄)

=

∫
dk′
[
e−2δ ∂

∂kSpart
τ (k−k′, µS)

]
Smod
τ (k′−2∆̄) . (3.32)

Here the exponential operator induces perturbative subtractions (in powers of

αs(µS)) on the MS series in Spart
τ (k) that render it free of the renormalon. This

exponential modifies perturbative results for the cross section in the manner we

have shown earlier in Eqs. (3.11) and (3.26). The convolution of the nonsingular

cross-section with Smod
τ in Eq. (3.24) now becomes

∫
dk′ dσ̂ns

dτ

(
τ − k′

Q
,
µns

Q

)
Smod
τ (k′ − 2∆̄) . (3.33)

Furthermore, with Eq. (3.32) the result in Eq. (3.30) becomes

2∆̄(R, µS) +

∫
dk k Smod

τ (k) = 2Ω1(R, µS) , (3.34)

where here Ω1(R, µS) is renormalon-free. Combining Eqs. (3.34) and (3.30) we see

that the scheme conversion formula from MS to the new scheme is

Ω1(R, µS) = Ω̄1 − δ(R, µS) . (3.35)

Thus, the precise scheme for Ω1(R, µS) is specified by the choice of the subtraction

series δ(R, µS). Note that in general the gap parameter ∆̄ is an additional non-

perturbative parameter that can be determined together with other parameters in

the function Smod
τ from fits to experimental data. However, in the tail region the

power corrections are dominated by a single parameter, Ω1(R, µS), which encodes

the dependence on ∆̄.

In Ref. [105] a convenient scheme for δ(R, µS) was derived (based on a scheme
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proposed in Ref. [114]) where

δ(R, µ) =
R

2
eγE d

d ln(ix)

[
lnSτ (x, µ)

]∣∣∣
x=(iReγE )−1

. (3.36)

Here Sτ (x, µ) is the position space partonic soft function, and the fact that we write

this result for Sτ rather than for the hemisphere soft function explains the extra

factor of 1/2 relative to the formula in Ref. [105]. The cutoff parameter R, having

mass dimension 1, is a scale associated with the removal of the infrared renormalon.

To achieve the proper cancellation of the renormalon in Eq. (3.32) one has to expand

δ(R, µS) together with Spart
τ (k, µS) order by order in αs(µS). The perturbative series

for the subtraction is

δ(R, µS) = eγER
∞∑

i=1

αi
s(µS) δi(R, µS) , (3.37)

where the δi≥2 depend on both the adjoint Casimir CA = 3 and the number of light

flavors in combinations that are unrelated to the QCD beta function. For five light

flavors the one, two, and three-loop coefficients are [105]

δ1(R, µS) = −0.848826LR , (3.38)

δ2(R, µS) = −0.156279− 0.46663LR − 0.517864L2
R ,

δ3(R, µS) = 0.0756831 + 0.01545386 s2 − 0.622467LR − 0.777219L2
R − 0.421261L3

R ,

with LR = ln(µS/R). We will refer to the scheme defined by Eq. (3.36) as the R-gap

scheme for Ω1.

From the power counting Ω̄1 ∼ ΛQCD one expects that a cutoff R ∼ 1GeV

should be used, such that Ω1 ∼ ΛQCD and perturbation theory in αs(R) remains

applicable. We refer to this as the power counting criterion for R. Since in the tail

region µS ∼ Qτ ≫ 1 GeV the factors of LR in Eq. (3.38) are then large logs. To

avoid large logarithms in the subtractions δi(R, µS) it is essential to choose R ∼ µS,

so that the subtraction scale R is dependent on τ much like the soft scale µS. We
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refer to this as the large-log criterion for R. To resolve the conflict between these

two criteria, and sum the large logs while keeping ∆̄(R, µS ∼ R) renormalon-free, we

make use of R-evolution [83, 84]. Formulas for the gap case were given in Ref. [105]

and are reviewed here. In this scheme ∆̄(R, µ) satisfies an R-RGE and µ-RGE

R
d

dR
∆̄(R,R) = −R

∞∑

n=0

γR
n

(αs(R)

4π

)n+1

,

µ
d

dµ
∆̄(R, µ) = 2ReγE

∞∑

n=0

Γcusp
n

(αs(µ)

4π

)n+1

, (3.39)

so that γµ
∆ = −2eγEΓcusp[αs]. For five flavors the anomalous dimension coefficients

up to three loops are

γR
0 = 0 , γR

1 = −43.954260 , γR
2 = 1615.42228 + 54.6195541 s2 , (3.40)

while the coefficients Γcusp
n are given in Eq. (A.25). The solution of Eq. (3.39) at

NkLL is

∆̄(R, µ) = ∆̄(R∆, µ∆) +ReγEω[Γcusp, µ, R] +R∆e
γEω[Γcusp, R∆, µ∆]

+ Λ
(k)
QCDD(k)

[
αs(R), αs(R∆)

]
, (3.41)

where the resummed ω[Γcusp, µ, µ0] is given in Eq. (A.22) and the resummed

D(k)[αs(R), αs(R∆)] is given in Eq. (A.30). Both the gap subtraction and R-

evolution equations at O(α3
s) depend on the constant s2 which we vary within its

errors in our theory error scan. In our analysis, when quoting numerical results, we

always use the parameter ∆̄(R∆, µ∆) at the reference scales R∆ = µ∆ = 2 GeV to

satisfy the power counting criterion for R. We then use Eq. (3.41) to run up to the

scale R ∼ µS in order to satisfy the large-log criterion. The precise R value is a

function of τ , R = R(τ), and given in Sec. 3.1.3 with our discussion of the profile

functions. The RGE solution for ∆̄(R, µS) in Eq. (3.41) yields a similar solution

for a running Ω1(R, µS) using Eq. (3.34). In Fig. 3.6 we show the result for the
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Figure 3.6: The running of Ω1(R,R) with R = R(τ), plotted as a function of τ for
Q = 35, 91.2, 207GeV.

running Ω1(R,R) with the boundary value Ω1(R∆, µ∆) = 0.323GeV. The anoma-

lous dimension and R(τ) profile function cause an increase in the size of the power

correction for increasing τ and for increasing Q.

Note that our R-gap subtraction scheme differs from the subtractions in the low-

scale effective coupling model of Ref. [79], which is not based on the factorization of

the soft large angle radiation but on the assumption that the O(ΛQCD) renormalon

ambiguity is related entirely to the low-energy behavior of the strong coupling αs. In

the effective coupling model the subtractions involve logarithms, ln(µ/µI), where µ is

the usual renormalization scale of perturbation theory and µI is the low-momentum

subtraction scale, which is set to µI = 2GeV. The scale µI plays a role very

similar to the scale R in the R-gap scheme. These logarithms are the analogs of

LR in Eq. (3.38) and, since µ ∝ Q these logarithms also become large. In the

effective coupling model an appropriate resummation formalism for large logs in the

subtractions remains an open question.

In Fig. 3.7 we plot the absolute value of four components of our cross section

for our complete QCD result at N3LL′ order in the R-gap scheme at Q = mZ .
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Figure 3.7: Components of the pure QCD cross section. Here Ω1 = 0.35 GeV and
αs(mZ) = 0.114.

The cross section components include the singular terms (solid blue), nonsingular

terms (dashed blue), and separately the contributions from terms that involve the

subtraction coefficients δi, for both singular subtractions (solid red) and nonsingular

subtractions (dashed red). The sum of these four components gives the total cross

section (solid black line). The subtraction components are a small part of the cross

section in the tail region, but have an impact at the level of precision obtained in our

computation. In the peak region at very small τ the solid red singular subtraction

grows to be the same size as the solid blue singular term, and is responsible for

yielding a smooth positive definite total cross section. In both the peak and tail

regions the singular cross section dominates over the nonsingular cross section. But

as we approach the threshold τ ∼ 1/3 for the far-tail region they appear with

opposite signs and largely cancel. This is clear from the figure where individually

the singular and nonsingular lines are larger than the total cross section in this

region. The same cancellation occurs for the singular subtraction and nonsingular

subtraction terms.
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3.1.2.7 Bottom Mass Effects

In this work we implement bottom mass effects using the SCET factorization frame-

work for massive quarks [40, 41]. We include mb-dependence in the kinematics,

which starts at tree level, and in the O(αs) corrections in the partonic singular and

nonsingular distributions. We also account for the resummation of large logs and for

hadronization effects in the mb-dependent terms. The mass dependent factorization

theorem implies that the renormalization group summation of logarithms is iden-

tical to the one for massless quarks, and that all power corrections of type 1 from

Eq. (3.9) are described by the nonperturbative soft function Smod
τ already defined

for the massless case [40, 41]. We have already indicated this with the convolution

∆dσ̂b/dτ ⊗ Smod
τ shown in Eq. (3.4). Since for the numerical analysis in this work

we fit to data in the tail region, where Qτ > 6 GeV, and since the massive quark

thrust factorization theorem implies for the soft scale µS ∼ Qτ > 6 GeV, we do not

have to account for any flavor threshold in the renormalization group evolution and

can always use nf = 5. The mass dependent factorization theorem further implies

that the only nontrivial mb-dependence in the singular distribution arises in the

thrust jet function. Thus the jet scale µJ ∼ Q
√
τ ≫ mb for the region of our fit

and we use the MS bottom mass mb(µJ) to parameterize the mb corrections with

m̄b(m̄b) = 4.2GeV as our input value. Using the MS mass rather than the pole mass

avoids the appearance of large higher order effects related to the O(ΛQCD) pole mass

renormalon.

We implement the partonic bottom mass corrections as an additive term to the

massless partonic N3LL′ cross section. These corrections come from the production

of bottom quarks by the virtual γ or Z,

∆dσ̂b

dτ
=

dσ̂b

dτ
− dσ̂m̄b=0

b

dτ
, (3.42)

where both dσ̂b/dτ and dσ̂m̄b=0
b /dτ are computed at NNLL. Because the effect of

m̄b 6= 0 in ∆dσ̂b/dτ is expected to be a percent level correction to the tail cross

section, we anticipate that the NNLL level of precision suffices. (This is also justified
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a posteriori by the relatively small effect of the mb corrections on our fit results.)

An important aspect in the discussion of the finite quark mass effects is in which

way hadron and heavy quark masses need to be accounted for in the definition of

thrust in Eq. (3.1). In the experimental analyses Monte Carlo generators are used to

convert the actual measurements to the momentum variables needed to compute τ ,

and this conversion depends on hadron masses. Since the final state stable hadrons

are light, these effects are related to nonperturbative physics. Theoretically they

are therefore implicitly encoded within our fit of the nonperturbative corrections.

In the partonic theoretical computation light hadron masses are neglected in the

computation of the τ distribution, and it is consistent to set
∑

i |~pi| = Q in the

denominator of Eq. (3.1).

To understand how the heavy quark masses affect the definition of thrust in

Eq. (3.1) we recall that the partonic computation relies on the inclusive nature of

the measurements and that, experimentally, only light and long-lived hadrons reach

the detectors and are accounted for in the ~pi momenta that enter in computing τ .

Thus for heavy hadrons containing bottom (or charm) quarks, it is their light and

long-lived hadronic decay products that enter the particle sum
∑

i. Due to energy

conservation it is therefore necessary to set
∑

i |~pi| = Q in the denominator of the

thrust definition of Eq. (3.1) for the leading power partonic computations involving

heavy quarks. On the other hand, due to three-momentum conservation, it is con-

sistent to use the heavy quark three-momentum in the numerator of Eq. (3.1) for

the partonic computations. This makes the partonic thrust computations involving

heavy quarks simple because we do not need to explicitly account for the heavy

quark decay in the calculations. Together with the relation
∑

i |~pi| = Q in the de-

nominator of Eq. (3.1) this induces a shift of the observed thrust distribution for b

quarks to larger τ values. Comparing to the massless quark situation, the small-τ

endpoint is moved from 0 to

τmin
b = 1−

√
1− 4m̄2

b/Q
2 , (3.43)
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where here m̄b = m̄b(µJ). At tree level this shifts δ(τ) → δ(τ − τmin
b ). For the

fixed-order result at O(αs) the three-jet endpoint is moved from 1/3 to τ 3jetb =

5/3− 4/3
√

1− 3m̄2
b/Q

2. At leading order in m̄2
b/Q

2 ≪ 1 we have τmin
b = 2m̄2

b/Q
2+

O(m̄4
b/Q

4) and τ 3jetb = 1/3+ 2m̄2
b/Q

2 +O(m̄4
b/Q

4), so the shift is the same for both

endpoints. Numerically, for m̄b = 4.2GeV and Q = (35, 91.2, 207)GeV, τ is shifted

by (0.029, 0.004, 0.0008). This shift is also observed experimentally in flavor tagged

thrust analyses [115, 116, 117].

In the following we outline the method used to compute the partonic dσ̂b/dτ .

Like for the massless case the distribution is divided into singular and nonsingular

parts

dσ̂b

dτ
=

dσ̂s
b

dτ
+

dσ̂ns
b

dτ
. (3.44)

The implementation of the bottom mass effects into the singular distribution dσ̂s
b/dτ

follows the NLL′ analysis in Ref. [41], except that the evolution in the present work is

incorporated fully at NNLL order and that the exact partonic threshold at τ = τmin
b

is accounted for,

dσ̂s
b

dτ
=Q σb

0

(m̄b

Q

)
Hv

Q(Q, µH)UH(Q, µH , µ)

∫
ds ds′ Jτb(s

′, m̄b, µJ)U
τ
J (s− s′, µ, µJ)

×
∫
dk U τ

S(k, µ, µS) e
−2

δ(R,µs)
Q

∂
∂τ Spart

τ

(
Qτ −Qτmin

b − s

Q
− k, µS

)

+ (MS-pole mass scheme change terms) , (3.45)

where σb
0(x) = σbv

0

√
1− 4x2(1 + 2x2) + σba

0 (1 − 4x2)3/2. Perturbative bottom mass

effects in the soft function start at two loops, so at O(αs) S
part
τ remains unchanged.

Since we have m̄b/Q ≪ 1, only the thrust jet function for bottom quark production,

Jτb(s, m̄b, µ) [118], receives modifications from the finite mb. These modifications

lead to a shift of the partonic threshold of the thrust jet function from invariant

mass p2 = 0 to p2 = m̄2
b . In Jτb(s, m̄b, µ) the variable s = p2 − m̄2

b , and the presence

of the mass leads to τmin
b in Eq. (3.45). It also gives a more complicated form for

O(αs) corrections in Jτb involving regular functions of m2
b/s in addition to singular
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terms ∝ δ(s) and [lnk(s/µ2)/(s/µ2)]+ familiar from the massless quark jet function.

More details and explicit formulae can be found in Refs. [40, 41].

The bottom quark mass effects in the nonsingular partonic distribution dσ̂ns
b /dτ

are more complicated since finite mass effects at O(αs) differ for vector and axial-

vector current induced jet production,

dσ̂ns
b

dτ
= e−2

δ(R,µs)
Q

∂
∂τ

[
σbv
0 f v

b

(
τ,

m̄b

Q
,
µns

Q

)
+ σba

0 fa
b

(
τ,

m̄b

Q
,
µns

Q

)]

+ (MS-pole mass scheme change terms) . (3.46)

In our analysis we implement analytic expressions for the nonsingular functions f v
b

and fa
b . The full O(αs) distributions for τ > 0 can be obtained from integrating the

known double differential bb̄ energy distribution for vector-induced and axial-vector-

induced production, respectively, see e.g. Refs. [119, 120].9 The corresponding O(αs)

coefficient of the δ(τ − τmin
b ) term is obtained using the one-loop correction to the

total bb̄ cross section as a constraint. To determine the nonsingular distributions f v,a
b

we proceed much like for the massless case and subtract the singular contributions

expanded to O(αs) from the full O(αs) distribution. Further details and explicit

formulas for f v,a
b will be given in a future publication.

3.1.2.8 QED Corrections

For the electroweak corrections to the thrust distribution we can distinguish purely

weak contributions and QED effects. The dominant effects to jet production from

the purely weak interactions are given by virtual one-loop corrections to the hard

Wilson coefficient HQ. Since the contribution of the singular thrust distribution

dσ̂s/dτ dominates in the τ ranges we use for our fits as well as in the total cross

section σtot =
∫
dτ dσ/dτ (see Fig. 3.7), the purely weak corrections largely drop out

when the distribution is normalized to the total cross section. This is consistent with

the explicit computations carried out in Refs. [86, 87], where purely weak corrections

9Results for bottom mass corrections at O(α2
s) were determined in Refs. [121, 122, 123], but

are not used in our analysis due to the small effect the bottom mass corrections have in our fits.
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were found to be tiny. In our analysis we therefore neglect purely weak effects.

For QED corrections the situation is more complicated because, apart from vir-

tual effects which again largely cancel in the normalized distribution, one also has

corrections due to initial state and final state radiation. In addition, one has to

account for the fact that the treatment of QED effects in the thrust measurements

depends on the experiment. In general, using Monte Carlo simulations, all exper-

imental data were corrected to eliminate the effects from initial state radiation.

However, they differ concerning the treatment of final state photon corrections,

which were either eliminated or included in the corrected data sets. In Sec. 3.1.6

we review information on the approach followed by the various experimental col-

laborations. Since many experiments did not remove final state radiation, we have

configured a version of our code that adds final state photons and QED Sudakov

effects, and does so on an experiment by experiment basis. A parametric esti-

mate of the potential impact of these QED effects on the measurement of αs(mZ)

is ∼ −0.244αem/(CFαs) ∼ −1%, where 0.244 is the average of the square of the

electromagnetic charges for the five lightest flavors.

We implement the leading set of QED corrections to all components that go

into the main factorization formula of Eq. (3.4) in the massless quark limit counting

αem ∼ α2
s to make a correspondence with Tab. 3.2 and remembering to include

cross terms such as terms of O(αemαs). Exceptions where QED corrections are

not included are the gap subtraction δ(R, µS) and the R-evolution equation for the

gap parameter ∆̄. This is because QED effects do not lead to O(ΛQCD) infrared

renormalon ambiguities. Most of the required QED results can be obtained in a

straightforward manner from modifications of the known QCD corrections.

Our implementation of QED effects is briefly described as follows: For the evolu-

tion of the strong coupling we included the O(α2
sαew) corrections to the QCD beta

function. There are also effects from the evolution of the QED coupling αem(µ)

which we define in the MS scheme. In the beta function for the QED coupling αem

we account for the dominant O(α2
em) and the next-to-leading O(α2

emαs) contribu-

tions. For the full singular partonic distribution which includes both QCD and QED
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effects we have

dσ̂s

dτ
=Q

∑

I

σI
0 H

I
Q(Q, µH)U

I
H(Q, µH , µ)

∫
ds ds′ J I

τ (s
′, µJ)U

τI
J (s− s′, µ, µJ)

×
∫
dk U τI

S (k, µ, µS) e
−2

δ(R,µs)
Q

∂
∂τ SpartI

τ

(
Qτ − s

Q
− k, µS

)
, (3.47)

where all factors now depend on the index I due to their dependence on the electro-

magnetic charges qI=uv,ua = +2/3 and qI=dv,da,bv,ba = −1/3. We implement one-loop

QED corrections in the hard factor HI
Q, the jet function J I

τ and the soft functions

SpartI
τ . In the renormalization group evolution factors U I

H , U
τI
J , U τI

S we account for

the one-loop QED corrections to the cusp and the non-cusp anomalous dimensions.

In the nonsingular partonic distribution dσ̂ns/dτ the same approach is employed.

Here the O(αem) contributions that are analogous to the O(αs) terms are included

by writing the full functions f I to be used in Eq. (3.26) as

f I
(
τ,

µns

Q

)
= f I

qcd

(
τ,

µns

Q

)
+

3α(µ) (qI)2

8π
f1(τ) . (3.48)

The 1% parametric estimate and the moderate size of the QED effects we observe

from the results of our fits justifies the neglect of higher order QED effects. A more

precise treatment of QED effects is also not warranted given the level of accuracy of

the Monte Carlo generators used to correct the experimental data. More details and

explicit formulae for the QED corrections discussed here will be given in a future

publication.

3.1.3 Profile Functions

The factorization formula for the singular partonic distribution dσ̂s/dτ in Eq. (3.11)

is governed by three renormalization scales, the hard scale µH , the jet scale µJ , and

the soft scale µS. To avoid large logarithms appearing in the corrections to the hard

coefficient HQ, the jet function Jτ and the soft function Sτ , the corresponding scales
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must satisfy the following theoretical constraints in the three τ regions:

1) peak: µH ∼ Q , µJ ∼
√
ΛQCDQ , µS & ΛQCD ,

2) tail: µH ∼ Q , µJ ∼ Q
√
τ , µS ∼ Qτ ,

3) far-tail: µH = µJ = µS ∼ Q . (3.49)

In the peak region, where the full nonperturbative function Smod
τ is relevant we have

µH ≫ µJ ≫ µS ∼ ΛQCD. In the tail region, where the nonperturbative effects are

described by a series of moments of the soft function we have µH ≫ µJ ≫ µS ≫
ΛQCD. To achieve an accurate theoretical description, we resum logarithms of τ in

the peak and tail region where µH , µJ , and µS are separated. Finally, in the far-tail

region the partonic contributions are described by usual fixed-order perturbation

theory, and a proper treatment of fixed order multijet thresholds requires that the

three µ parameters merge close together in the far-tail region and become equal at

τ = 0.5, with µH = µJ = µS ∼ Q ≫ ΛQCD. Thus in the far-tail region logarithms

of τ are not summed. The merging of µH , µJ , and µS in the far-tail region is of

key importance for the cancellations between singular and nonsingular cross sections

shown in Fig. 3.7. To obtain a continuous factorization formula that is applicable

in all three regions we use τ -dependent renormalization scales, which we call profile

functions. These are smooth functions of τ which satisfy the theoretical constraints

listed in Eq. (3.49).

In addition to the three renormalization scales of the singular partonic distribu-

tion there are two more scales, µns and R. The renormalization scale µns governs

the perturbative series for the function f I contained in the nonsingular partonic

distribution dσ̂ns/dτ . The subtraction scale R arises when we implement the gap

subtractions in the R-gap scheme for Ω1 that remove the O(ΛQCD) renormalon con-

tained in the MS soft function. This R also corresponds to the endpoint of the

R-evolution for ∆̄(R, µS) given in Eq. (3.41). To avoid large logarithms in the sub-

traction δ(R, µS), the value of R needs to be chosen of order µS and is therefore also

a function of τ .
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The factorization formula (3.4) is formally invariant under O(1) changes of the

profile function scales, that is, changes that do not modify the hierarchies. The

residual dependence on the choice of profile functions constitutes one part of the

theoretical uncertainties and provides a method to estimate higher order pertur-

bative corrections. We adopt a set of six parameters that can be varied in our

theory error analysis which encode this residual freedom while still satisfying the

constraints in Eq. (3.49).

For the profile function at the hard scale, we adopt

µH = eH Q, (3.50)

where eH is a free parameter which we vary from 1/2 to 2 in our theory error analysis.

For the soft profile function we use the form

µS(τ) =





µ0 +
b
2t1

τ 2, 0 ≤ τ ≤ t1,

b τ + d, t1 ≤ τ ≤ t2,

µH − b
1−2t2

(1
2
− τ)2, t2 ≤ τ ≤ 1

2
.

(3.51)

Here, t1 and t2 represent the borders between the peak, tail and far-tail regions.

µ0 is the value of µS at τ = 0. Since the thrust value where the peak region ends

and the tail region begins is Q-dependent, t1 ≃ 1/Q, we define the Q-independent

parameter n1 = t1 (Q/1GeV). To ensure that µS(τ) is a smooth function, the

quadratic and linear forms are joined by demanding continuity of the function and

its first derivative at τ = t1 and τ = t2, which fixes b = 2
(
µH − µ0

)
/
(
t2 − t1 +

1
2

)

and d =
[
µ0(t2 +

1
2
)− µH t1

]
/
(
t2 − t1 +

1
2

)
. In our theory error analysis we vary the

free parameters n1, t2 and µ0.

The profile function for the jet scale is determined by the natural relation between

the hard, jet, and soft scales

µJ(τ) =

(
1 + eJ

(1
2
− τ
)2)√

µH µS(τ). (3.52)
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The term involving the free O(1)-parameter eJ implements a modification to this

relation and vanishes in the multijet region where τ = 1/2. We use a variation of

eJ to include the effect of such modifications in our estimation of the theoretical

uncertainties.

For the subtraction scale R the choice R = µS(τ) ensures that we avoid large

logarithms in the δi(R, µS) subtractions for the soft function. In the peak region,

however, it is convenient to deviate from this choice so that the O(αs) subtraction

term δ1(R, µS) = −0.848826 ln(µS/R) is nonzero (see Eq. (3.38)). We therefore use

the form

R(τ) =





R0 + µ1 τ + µ2τ
2, 0 ≤ τ ≤ t1,

µS(τ), t1 ≤ τ ≤ 0.5 .
(3.53)

Imposing continuity of R(τ) and its first derivative at τ = t1 requires µ1 = (2d −
2R0 + b t1)/t1 and µ2 = (−d+R0)/t

2
1. The only free parameter is R0 which sets the

value of R at τ = 0. We take R0 = 0.85µ0 to give the one loop subtraction δ1(R, µS)

the appropriate sign to cancel the renormalon in the peak region. Since our focus

here is not the peak region, we leave further discussion of the appropriate choice of

R0 to a future publication.

In our theory error analysis we vary µns to account for our ignorance on the

resummation of logarithms of τ in the nonsingular corrections. We account for the

possibilities

µns(τ) =





µH , ns = 1,

µJ(τ), ns = 0,

1
2
(µJ(τ) + µS(τ)), ns = −1.

(3.54)

We do not include the choice µns = µS since we find that the choice of this small

scale enhances the nonsingular contributions in an unnatural way.

In total, we have introduced six free parameters which we vary to account for

renormalization scale uncertainties. In our analysis we use the following central
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Figure 3.8: Profile functions for the renormalization scales µJ(τ), µS(τ), and sub-
traction scale R(τ) that appear in the factorization theorem. Shown are results for
the central parameter values at Q = mZ .

values and variations: µ0 = 2+0.5
−0.5 GeV, n1 = 5+3

−3, t2 = 0.25+0.05
−0.05, eJ = 0+1

−1, eH = 2h

with h = 0+1
−1 and ns = (−1, 0, 1). In Fig. 3.8 we show the form of the profile

functions for Q = mZ = 91.2 GeV and all profile parameters at their central values.

The dashed lines represent the functions Q
√
τ and Qτ which were the central choices

for µJ(τ) and µS(τ) used in Ref. [46], but which do not meet in the multijet region.

In order for our profile for µS(τ) to join smoothly onto µH and µJ(τ) it is necessary

for µS(τ) to have a slope ∼ 2Qτ in the tail region. Since ln 2 is not large our profiles

sum the same ln τ ’s as with the choice in Ref. [46], but satisfy the criteria necessary

to treat the multijet thresholds.10

3.1.4 Nonperturbative Model Function

The soft nonperturbative function Smod
τ (k) parameterizes the dominant nonpertur-

bative hadronic effects in the thrust distribution. It describes the hadronization

contributions that arise from how soft hadrons that are radiated in between the jets

10In Ref. [67] where NLL resummation is achieved by exponentiation, the log resummation
is turned off at a predefined threshold τmax with the log-R method [65]. In this approach the
transition to fixed order results in the multijet region differs from ours.
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enter the thrust variable in Eq. (3.1). It is normalized, has the property Sτ (0) = 0,

is positive definite and has support for k ≥ 0. To keep the representation of Smod
τ

as much as possible independent of a particular analytic parametrization we adopt

the approach of Ref. [82] and write the soft nonperturbative function as a linear

combination of an infinite set of basis functions which can in principle describe any

function with the properties mentioned above. The model function we use has the

form

Smod
τ (k, λ, {ci}) =

1

λ

[ N∑

n=0

cn fn

(
k

λ

)]2
, (3.55)

where the basis functions are [82]

fn(z) = 8

√
2z3(2n+ 1)

3
e−2z Pn

(
g(z)

)
,

g(z) =
2

3

(
3− e−4z (3 + 12z + 24z2 + 32z3)

)
− 1, (3.56)

and Pn are Legendre polynomials. For
∑

i c
2
i = 1 the norm of Smod

τ (k) is unity,

Ω0 = 1. The choice of basis in Eqs. (3.55) and (3.56) depends on specifying one

dimensionful parameter λ which is characteristic of the width of the soft function.

With N = ∞ the parameter λ would be redundant, but in practice we truncate the

sum in Eq. (3.55) at a finite N , and then λ is effectively an additional parameter of

the model function.

In this work we fit to experimental thrust data in the tail region where the

predominant effects of the soft model function are described by its first moment

Ω1(λ, ∆̄, {ci}). As explained below, we use the second moment Ω2(λ, δ̄, {ci}) to

validate our error analysis and confirm the validity of neglecting this parameter in

the fit. Since in the tail region the exact form of the soft model function is not

relevant, we take N = 2 setting cn>2 = 0. Variations of the parameter c1 are highly

correlated with variations of λ and are hence not necessary for our purposes, so we



81

set c1 = 0. For this case

Ω1 =∆̄ +
λ

2

[
c20 + 0.201354c0c2 + 1.10031c22

]
,

Ω2 =∆̄2 + ∆̄λ
[
c20 + 0.201354c0c2 + 1.10031c22

]

+
λ2

4

[
1.25c20 + 1.03621c0c2 + 1.78859c22

]
, (3.57)

and the normalization condition c20 + c22 = 1 can be used to eliminate c0 > 0.

Recall that in the soft model function in the factorization theorem we must use

Smod
τ

(
k−2∆̄(R, µS), λ, {ci}

)
where R = R(τ) and µS = µS(τ) are determined by the

profile functions. When we quote numbers for parameters we use ∆̄ = ∆̄(R∆, µ∆)

and hence Ω1,2 = Ω1,2(R∆, µ∆) with reference scales µ∆ = R∆ = 2GeV. The

running between the scales (R, µS) and (R∆, µ∆) is determined by Eq. (3.41).

For our default fit in the tail region only the parameter Ω1 is numerically relevant

so without loss of generality we can take c0 = 1, c2 = 0, and set ∆̄(R∆, µ∆) =

0.05 GeV. In this case all higher moments Ωn>1 are determined as a function of Ω1

and ∆̄. For example we have Ω2 = (∆̄2 − 2∆̄Ω1 + 5Ω2
1)/4 for the second moment.

In Sec. 3.1.7 we analyze the dependence of our fit results on changes of Ω2.

Because c2 has a rather strong correlation to Ω2, we implement these Ω2 variations

by using Eq. (3.57) and setting c2 to nonzero values. In this case we can hold Ω1

fixed by a suitable choice of λ for a given c2.

To obtain results from our code that do not include nonperturbative corrections

we can simply turn them off by setting Smod
τ (k) = δ(k) and ∆̄ = δ = 0.

3.1.5 Normalization and Convergence

The experimental data is normalized to the total number of events. In our prediction

we therefore need to normalize the distribution to the total cross section, i.e. we have

to calculate (1/σ)dσ/dτ . Since the factorization formula in Eq. (3.4) is valid for all

thrust values we have the option to use either the integral of our dσ/dτ distribution

for the norm, or the available fixed-order result for the total hadronic cross section.
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The fixed-order total cross section is

σFO
tot =

∑
σI
0 R

I , Ruv = Rdv = Rua = Rda = RHad ,

Rba = RHad +RA+
α2
s

3π2
I(rt) , Rbv = RHad+RV . (3.58)

Here RHad is the pure QCD cross section for massless quarks, RA,V are mass cor-

rections depending on mb/Q, and I(rt) is the isosinglet correction from the axial

anomaly and large top-bottom mass splitting [99]. Setting µ = Q the QCD cross

sections for massless quarks at three loops is

RHad = 1 + 0.3183099αs(Q) + 0.1427849α2
s(Q)− 0.411757α3

s(Q) . (3.59)

We refer to the review in Ref. [124] for a discussion of the fixed-order hadronic cross

section. We note that the αs series for the fixed-order hadronic cross section exhibits

an excellent and fast convergence. At O(α3
s) the perturbative uncertainty is much

below the permille level and hence entirely negligible for the purpose of our analysis.

In the R-gap scheme in pure QCD, from a numerical analysis at Q = mZ , we

find at N3LL′ order that the integrated norm of the thrust distribution for the

default setting of all theory parameters (see Tab. 3.1.6) gives about 0.99σFO
tot at

O(α3
s). However we also find that the perturbative uncertainty of the integrated

norm (determined by the theory scan as described in Sec. 3.1.6) is about ±2.5%,

which is substantially larger than for the fixed-order cross section. This larger

uncertainty is due to the perturbative errors of the thrust distribution in the peak

region. At N3LL′ order we therefore employ the fixed order cross section to normalize

the thrust distribution we use for the fits.

At the lower orders in the R-gap scheme (N3LL, NNLL′, NNLL, NLL′) we find

that the integrated norm for central theory parameters is more appropriate since

the order-by-order convergence to σFO
tot is substantially slower than that of the rapid

converging fixed-order QCD result in Eq. (3.59). Again we find that the large

perturbative uncertainties in the peak region render the perturbative errors of the
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Figure 3.9: Theory scan for errors in pure QCD with massless quarks. The panels
are a) fixed-order, b) resummation with no nonperturbative function, c) resumma-
tion with a nonperturbative function using the MS scheme for Ω̄1 without renor-
malon subtraction, d) resummation with a nonperturbative function using the R-gap
scheme for Ω1 with renormalon subtraction.

integrated norm larger than those of the fixed-order norm. We therefore evaluate

the integrated norms at the lower orders with the theory parameters fixed at their

default values (see Tab. 3.1.6). This means that to estimate the theoretical errors in

our fits to experimental data at orders below N3LL′ in the R-gap scheme, we vary

the theory parameters only for the distribution and not for the norm computation.

In the MS scheme for Ω̄1 we also adopt the integrated norm at all orders. When we

evaluate the thrust distribution with log-resummation but without nonperturbative

effects we use the same normalization choices as for the R-gap scheme, which makes



84

comparison to earlier work in Sec. 3.1.9 easier. For the situation where the cross-

section is evaluated at fixed-order, without resummation or nonperturbative effects,

we use the appropriate fixed order normalization at each order.

As discussed in Sec. 3.1.6, to compare with the binned experimental data we

integrate our theoretical expression for the distribution (1/σ)(dσ/dτ) over each bin

[τ1, τ2]. A potential alternative is to use theoretical results for the cumulant

Σ(τ) =

∫ τ

0

dτ ′
1

σ

dσ

dτ
(τ ′) . (3.60)

Here one sums large logs of τ rather than τ ′, and the SCET based cumulant has τ

dependent profiles, Σ(τ, µi(τ)). The presence of µi(τ) implies that the derivative of

the cumulant is not precisely equal to the distribution,

d

dτ
Σ
(
τ, µi(τ)

)
=

1

σ

dσ

dτ

(
τ, µi(τ)

)
+

dµi(τ)

dτ

∂

∂µi

∫ τ

0

dτ ′
dσ

dτ ′
(
τ ′, µi(τ)

)
. (3.61)

The difference coming from the second term in Eq. (3.61) can be numerically im-

portant for certain observables. To test this we consider using for the cross-section

integrated over the bin [τ1, τ2] the theoretical expression

Σ(τ2, µi(τ̃2))− Σ(τ1, µi(τ̃1)) , (3.62)

and will examine several choices for τ̃1,2.

One simple possibility is to use τ̃1 = τ1 and τ̃2 = τ2, so that Σ(τ2, µi(τ2)) −
Σ(τ1, µi(τ1)) is used. In this case there is a spurious contribution from outside the

[τ1, τ2] bin associated to the second term in Eq. (3.61),

Σ(τ1, µi(τ2))− Σ(τ1, µi(τ1)) ≃ (τ2 − τ1)
dµi(τ1)

dτ

∂

∂µi

∫ τ1

0

dτ ′
dσ

dτ ′
(
τ ′, µi(τ1)

)
, (3.63)

where the ≃ holds under the approximation that the derivative do not change very

much across the bin. With our default setup the deviation of this simple choice

for the cumulants from our integrated result for the distribution is 2% to 8% for
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τ ∈ [0.1, 0.3], bin-size τ2 − τ1 = 0.01, and Q = 91.2GeV.11 In the far-tail region

τ1 ∈ [0.3, 0.45], where the cross-section becomes small, the deviation grows from

8% to 1000%. The size of the spurious contribution is not reduced by increasing

the bin-size to τ2 − τ1 = 0.05, and is only mildly dependent on Q. Any choice in

Eq. (3.62) where τ̃1 6= τ̃2 leads to a spurious contribution from τ ∈ [0, τ1].

If we instead use τ̃1 = τ̃2 = (τ1 + τ2)/2 then the spurious contribution is identi-

cally zero. In this case the difference between Eq. (3.62) and our integrated thrust

distribution is reduced to 0.5% for τ1 ∈ [0.1, 0.3] and for τ1 ∈ [0.3, 0.45] grows from

0.5% to only 20%. Although dramatically reduced, the difference to the integrated

distribution in the far-tail region is still quite sizeable. This discrepancy occurs

because only for the distribution (1/σ)(dσ/dτ) can the µi(τ) profile functions be

constructed such that they satisfy exactly the criteria discussed in Sec. 3.1.3. Due

to the above issues, and since the binned datasets are intended as representations

of the thrust distribution, we have determined that our approach of integrating the

thrust distribution is conceptually the best.

In the rest of this section we discuss the perturbative behavior of the thrust

distribution in the tail region. The values of the physical parameters used in our

numerical analysis are collected in Eq. (A.4). For our lower order fits we always

use the four-loop beta function in the running of the strong coupling constant, as

mentioned in the caption of Tab. 3.2. Furthermore, we always consider five active

flavors in the running and do not implement bottom threshold corrections, since our

lowest scale in the profile functions (the soft scale µS) is never smaller than 6 GeV

in the tail where we perform our fit.

In Fig. 3.9 we display the normalized thrust distribution in the tail thrust

range 0.15 < τ < 0.30 at the different orders taking αs(mZ) = 0.114 and

Ω1(R∆, µ∆) = 0.35 GeV as reference values, and neglecting mb and QED correc-

tions. We display the case Q = mZ where the experimental measurements from

LEP-I have the smallest statistical uncertainties. The qualitative behavior of the

11For the profile functions used by Becher and Schwartz [46], discussed in section 3.1.9, this
deviation has similar size but opposite sign.
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results agrees with other c.m. energies. The colored bands represent the theoretical

errors of the predictions at the respective orders, which have been determined by

the scan method described in Sec. 3.1.6.

In Fig. 3.9a we show the O(αs) (light/yellow), O(α2
s) (medium/purple) and

O(α3
s) (dark/red) fixed-order thrust distributions without summation of large log-

arithms. The common renormalization scale is chosen to be the hard scale µH . In

the fixed-order results the higher order corrections are quite large and our error

estimation obviously underestimates the theoretical uncertainty of the fixed-order

predictions. This panel including the error bands is very similar to the analogous

figures in Refs. [55] and [57]. This emphasizes the importance of summing large

logarithms.

In Fig. 3.9b the fully resummed thrust distributions at NLL′ (yellow), NNLL

(green), NNLL′ (purple), N3LL (blue) and N3LL′ (red) order are shown, but without

implementing the soft nonperturbative function Smod
τ or the renormalon subtractions

related to the R-gap scheme. The yellow NLL′ error band is mostly covered by the

green NNLL order band, and similarly the purple NNLL′ band is covered by the

blue N3LL one. Moreover the blue N3LL band is within the purple NNLL band.

Compared to the fixed-order results, the improvement coming from the systematic

summation of large logarithms is obvious. In particular we see that our way of

estimating theoretical uncertainties is appropriate once the logarithms are properly

summed. At N3LL and at N3LL′ order the relative uncertainties of these resummed

thrust distributions in the tail region τ ∈ [0.1, 0.3] are about ± 7.8% and ± 4.6%,

respectively.

The results shown in Fig. 3.9c are very similar to panel b but now include also

the soft nonperturbative function Smod
τ without renormalon subtractions, where Ω̄1

is defined in the MS scheme. In the tail region the soft nonperturbative function

leads to a horizontal shift of the distribution towards larger thrust values by an

amount δτ ∝ 2Ω̄1/Q. This is clearly visible by comparing the values at τ = 0.15

where the curves intersect the y-axis. Concerning the uncertainty bands and the

behavior of predictions at the different orders the results are very similar to those
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in panel b.

Finally, in Fig. 3.9d we show the results with summation of large logarithms

including the soft model function with renormalon subtractions, where Ω1 is defined

in the R-gap scheme. In the R-gap scheme the convergence of perturbation theory is

improved, and correspondingly the size of the uncertainties from the same variation

of the theory parameters is decreased. The decrease of the uncertainties is clearly

visible comparing the blue N3LL and the red N3LL′ uncertainty bands with panel c.

The relative uncertainties of the thrust distribution at N3LL and at N3LL′ order in

the tail region τ ∈ [0.1, 0.3] are now about ± 3.4% and ± 1.7%, respectively. This

improvement illustrates the numerical impact of the O(ΛQCD) renormalon contained

in the partonic soft function and shows the importance of eliminating the O(ΛQCD)

renormalon.

3.1.6 Experimental Data and Fit Procedure

Experimental data for thrust are available for various c.m. energiesQ between 14 and

207 GeV. In our analysis we fit the factorization formula (3.4) in the tail region to

extract αs and Ω1. As our default data set we use the thrust range 6/Q ≤ τ ≤ 0.33,

and we only employ data from Q ≥ 35 GeV. The lower boundary 6/Q removes

data in the peak where higher order moments become important, while the upper

boundary of 0.33 removes data in the far-tail region where the αsΛQCD/Q power cor-

rections become more important. We take Q ≥ 35GeV since a more sophisticated

treatment of b quark effects is required at lower energies. The data we use are from

TASSO with Q = {35, 44} GeV [125], AMY with Q = 55.2 GeV [126], JADE with

Q = {35, 44} GeV [127], SLC with Q = 91.2 GeV [128], L3 with Q = {41.4, 55.3,
65.4, 75.7, 82.3, 85.1, 91.2, 130.1, 136.1, 161.3, 172.3, 182.8, 188.6, 194.4, 200.0,

206.2} GeV [115, 129], DELPHI with Q = {45, 66, 76, 89.5, 91.2, 93, 133, 161,
172, 183, 189, 192, 196, 200, 202, 205, 207} GeV [130, 131, 132, 133], OPAL with

Q = {91, 133, 161, 172, 177, 183, 189, 197} GeV [134, 135, 136] and ALEPH with

Q = {91.2, 133, 161, 172, 183, 189, 200, 206} GeV [137]. (For TASSO and AMY

we have separated statistical and systematic errors using information from the ex-
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perimental papers.) All data is given in binned form, and we therefore integrate

Eq. (3.4) over the same set of bins to obtain appropriate theory results for the fit to

the experimental numbers. For the case that either τ = 6/Q or τ = 0.33 are located

within an experimental bin, that bin is excluded from the data set if more than half

of it lies outside the chosen interval. For the Q > mZ data we removed five bins

with downward fluctuations that were incompatible at the > 10-sigma level with

the cross section implied by neighboring data points and other experimental data

in the same region. The list of these bins is: L3 (136.1 GeV): [0.25, 0.275], DEL-

PHI (161 GeV): [0.32, 0.40], DELPHI (183 GeV): [0.08, 0.09], DELPHI (196 GeV):

[0.16, 0.18], ALEPH (200 GeV): [0.16, 0.20].12 Our default global data set contains a

total of 487 bins. In the numerical analysis performed in Sec. 3.1.7 we also examine

alternative global data sets with different τ -ranges.

The data sets were corrected by the experiments to eliminate the QED effects

from initial state radiation using bin-by-bin correction factors determined from

Monte Carlo simulations. The primary aim of these corrections was to eliminate the

effective reduction of the c.m. energy available for the production of the hadronic

final state. In addition, in the data sets from the TASSO, L3 and ALEPH collabo-

rations the effects from final state radiation of photons were eliminated, while they

have been fully included in the data sets from the AMY, JADE, SLC, DELPHI and

OPAL collaborations. It should also be noted that the approaches used by the ex-

periments to treat photon radiation were dependent on the c.m. energy Q. For the

Q = mZ data any radiation of initial state photons is naturally suppressed as the

effective c.m. energy for the hadronic final state gets shifted away from the Z pole.

Therefore no specific photon cuts were applied for the Q = mZ data prior to the

application of the bin-by-bin correction factors. For the data taken off the Z pole for

either Q < mZ or Q > mZ the effects of initial state radiation are substantial and

explicit hard photon cuts were applied in the data taking prior to the application of

the bin-by-bin correction procedure. We therefore consider the Q = mZ data sets

12Four out of these bins lie in our τ ∈ [6/Q, 0.33] default fit range. If they are included in the
default dataset then for our final fit in Eq. (3.68) the χ2 = 439 increases by +81 and the central
fit values show a slight decrease to αs(mZ) = 0.1132 and a slight increase to Ω1 = 0.336GeV.
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as more reliable concerning the treatment of QED effects.

Since the size of the QED effects we find in the measurements of αs and the

soft function moment Ω1 is comparable to the experimental uncertainties (see the

results and discussions in Sec. 3.1.7), a less Monte Carlo dependent treatment of

QED radiation would be certainly warranted. (See Ref. [87] for a recent discussion

of QED radiation based on full one-loop matrix elements.) However, given that the

impact of QED corrections we find for αs and Ω1 is still smaller than the current

theoretical uncertainties from QCD, we use for our default numerical analysis the

theory code with QED effects switched on, as described in Sec. 3.1.2.8. In Sec. 3.1.7

we also present results when QED corrections are neglected for all data sets, and for

the case when they are neglected only for the TASSO, L3 and ALEPH data sets.

For the fitting procedure we use a χ2-analysis, where we combine the statistical

and the systematic experimental errors into the correlation matrix. We treat the

statistical errors of all bins as independent. The systematic errors of the bins are

correlated, but - unfortunately - practically no information on the correlation is

given in the experimental publications. We therefore have to rely on a correlation

model. For our analysis we assume as the default that within one thrust data set, i.e.

for the set of thrust bins obtained by one experiment at one Q value, the systematic

experimental errors are correlated in the minimal overlap model used by the LEP

QCD working group [137, 134]. In the minimal overlap model the off-diagonal

entries of the experimental covariance matrix for the bins i and j within one data

set are equal to [min(∆sys
i ,∆sys

j )]2, where ∆sys
i,j are the systematic errors of the bins i

and j. This model implies a positive correlation of systematic uncertainties within

each thrust data set. As a cross check that our default correlation model does not

introduce a strong bias we also carry out fits were the experimental systematic errors

are assumed to be uncorrelated. Details are given in Sec. 3.1.7.

To estimate the theoretical errors in the αs-Ω1 plane at any order and for any

approximation used for the factorization formula (3.4), we carry out independent

fits for 500 different sets of theory parameters which are randomly chosen in the

ranges discussed in the previous sections and summarized in Tab. 3.1.6. We take
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Table 3.3: Theory parameters relevant for estimating the theory uncertainty, their
default values and range of values used for the theory scan during the fit procedure.

Parameter Default value Range of values

µ0 2GeV 1.5 to 2.5 GeV
n1 5 2 to 8
t2 0.25 0.20 to 0.30
eJ 0 -1,0,1
eH 1 0.5 to 2.0
ns 0 -1,0,1

s2 -39.1 −36.6 to −41.6
Γcusp
3 1553.06 −1553.06 to +4569.18
j3 0 −3000 to +3000
s3 0 −500 to +500

ǫ2 0 -1,0,1
ǫ3 0 -1,0,1

the area covered by the points of the best fits in the αs-Ω1 plane as the theory

uncertainty treated like 1-sigma.13 We emphasize that this method to estimate

theoretical errors is more conservative than the error band method [70] employed

for example in Refs. [46, 66]. However, our method required considerably more

computer power and it was necessary to use the Tier-2 centers at Garching and

MIT, as well as clusters at the MPI and the University of Arizona. In Sec. 3.1.7 we

also present the outcome of other ways to estimate the theoretical error.

It is an important element of our analysis that we carry out global fits to the data

from all values of Q ≥ 35 (and all experiments). This is motivated by the strong

degeneracy between αs and Ω1 in the tail region which can only be lifted when data

from different Q values are simultaneously included in the fits.14 In Fig. 3.10 the

difference dσ/dτ − (dσ/dτ)default is displayed for 0.08 ≤ τ ≤ 0.30 and Q = 35,

91.2 and 206 GeV. Here (dσ/dτ)default is the cross section for the default setting of

the theory parameters with αs(mZ) = 0.114 and Ω1 = 0.35GeV and for dσ/dτ we

13This corresponds to a 1-sigma error (68% CL) in αs as well as in Ω1.
14The presence of this degeneracy is presumably also related to why Monte Carlos that are tuned

to LEP data tend to have smaller hadronization corrections at Q = mZ than at larger Q values.
See Sec. 3.1.9.
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Figure 3.10: Difference between default cross section and the cross section varying
only one parameter as a function of τ . We vary αs(mZ) by ± 0.001 (solid red curves),
2Ω1 by ± 0.1 (dashed blue curves) and c2 by ± 0.5 (dash dotted green curves). The
plot is shown for three different values of the center of mass energy: (a) Q = 35GeV,
(b) Q = 91.2GeV, (c) Q = 206GeV.

vary either αs(mZ) by ± 0.001 (solid red curves) or 2Ω1 by ± 0.1GeV (dashed blue

curves) from their default values. The figures show that in the tail region changes

in αs can be compensated by changes in Ω1. This degeneracy makes it impossible to

determine αs and Ω1 simultaneously with small uncertainties from tail fits that use

data from one Q value (or from a narrow range of Q values). On the other hand, we

see that the correlation is Q dependent when considering a large enough range of Q

values. In our fits it is particularly important to include, apart from the data from

Q = mZ , the low-energy data from JADE, TASSO, and AMY, and the high energy

data from the LEP-II experiments. Although the errors in these analyses are larger

than from the high-statistics Q = mZ run at LEP-I these data sets are essential for
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Figure 3.11: Distribution of best fit points in the αs(mZ)-2Ω1 and αs(mZ)-2Ω̄1

planes. Panel (a) shows results including perturbation theory, resummation of the
logs, the soft nonperturbative function and Ω1 defined in the R-gap scheme with
renormalon subtractions. Panel (b) shows the results as in panel a, but with Ω̄1

defined in the MS scheme without renormalon subtractions. In both panels the
respective total (experimental+theoretical) 39% CL standard error ellipses are dis-
played (thick dark red lines), which correspond to 1-sigma (68% CL) for either
one-dimensional projection.

breaking the degeneracy and simultaneously extracting αs and Ω1.

3.1.7 Numerical Analysis

Having explained all ingredients of the factorization formula (3.4) and the fit pro-

cedure we are now in the position to discuss the numerical results of our analysis

based on a global fit to the experimental data for Q ≥ 35 GeV in the tail region.

In the tail region the dominant power corrections are encoded in the first moment

Ω1, see Eq. (3.6), so we can determine αs(mZ) and Ω1 from a simultaneous fit. In

this section we examine in detail the numerical results of our fits concerning the

treatment of the perturbative, hadronization and experimental errors, QED and

bottom mass corrections and their dependence on the choice of the data set. We

note that the values quoted for Ω1 in the R-gap scheme are given for reference scales

R∆ = µ∆ = 2 GeV, see Sec. 3.1.2.6.
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Figure 3.12: Distribution of best fit points in the αs(mZ)-χ
2/dof plane. Panel (a)

shows the χ2/dof values of the points given in Fig. 3.11a. Panel (b) shows the
χ2/dof values of the points given in Fig. 3.11b.

3.1.7.1 Theory Scan

In Fig. 3.11 the best fit points of the theory parameters scan in the αs-2Ω1 plane

are displayed at NLL′ (brown), NNLL (magenta), NNLL′ (green), N3LL (blue) and

N3LL′ (red) order. The fit results at N3LL′ order include bottom mass and QED

corrections. In Fig. 3.11a the results in the R-gap scheme with renormalon sub-

tractions are shown, and in Fig. 3.11b the results in the MS scheme without gap

subtractions are given.

At each order 500 fits were carried out with the theory parameters randomly

chosen in the ranges given in Tab. 3.1.6. As described in Sec. 3.1.6, we take the

size of the area in the αs-2Ω1 plane covered by the best fit points as a measure

for the theoretical uncertainties. To visualize the theoretical uncertainties we have

colored the respective areas according to the orders. The fit results clearly show a

substantial reduction of the theoretical uncertainties with increasing orders. Explicit

numerical results for the respective central values (determined by the mean of the

respective maximal and minimal values) and the theory errors (determined by half

of the difference between maximal and minimal values) for αs and Ω1 are given
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Table 3.4: Theory errors from the parameter scan and central values for αs(mZ) at
various orders. The N3LL′ value above the horizontal line is our final scan result,
while the N3LL′ values below the horizontal line show the effect of leaving out the
QED corrections, and leaving out both the b-mass and QED respectively. The
central values are the average of the maximal and minimal values reached from the
scan.

Order αs(mZ) (with Ω̄MS
1 ) αs(mZ) (with ΩR−gap

1 )

NLL′ 0.1203± 0.0079 0.1191± 0.0089
NNLL 0.1222± 0.0097 0.1192± 0.0060
NNLL′ 0.1161± 0.0038 0.1143± 0.0022
N3LL 0.1165± 0.0046 0.1143± 0.0022

N3LL′ (full) 0.1146± 0.0021 0.1135± 0.0009

N3LL′
(QCD+mb) 0.1153± 0.0022 0.1141± 0.0009

N3LL′
(pure QCD) 0.1152± 0.0021 0.1140± 0.0008

in Tabs. 3.1.7.1 and 3.1.7.1, respectively. We will consider these theory errors as

1-sigma. At N3LL′ order with Ω1 in the R-gap scheme the theory error for αs(mZ)

is ±0.0009 compared to ±0.0021 with Ω̄1 in the MS scheme. Also at NNLL′ and

N3LL we see that the removal of the O(ΛQCD) renormalon leads to a reduction of

the theoretical uncertainties by about a factor of two in comparison to the results

with Ω̄1 in the MS scheme without renormalon subtraction. The proper treatment

of the renormalon subtraction is thus a substantial part of a high-precision analysis

for Ω1 as well as for αs.

It is instructive to analyze the minimal χ2 values for the best fit points shown

in Fig. 3.11. In Fig. 3.12 the distributions of the best fits in the αs-χ
2
min/dof plane

are shown using the color scheme of Fig. 3.11. Figure 3.12a displays the results in

R-gap scheme, and Fig. 3.12b the ones in the MS scheme. For both schemes we

find that the χ2
min values and the size of the covered area in the αs-χ

2
min/dof plane

systematically decrease with increasing order. While the analysis in the MS scheme

for Ω̄1 leads to χ2
min/dof values around unity and thus an adequate description of

the entire global data set at N3LL′ order, we see that accounting for the renormalon

subtraction in the R-gap scheme leads to a substantially improved theoretical de-

scription having χ2
min/dof values below unity already at NNLL′ and N3LL orders,
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Table 3.5: Theory errors from the parameter scan and central values for Ω1 defined
at the reference scales R∆ = µ∆ = 2 GeV in units of GeV at various orders. The
N3LL′ value above the horizontal line is our final scan result, while the N3LL′ values
below the horizontal line show the effect of leaving out the QED corrections, and
leaving out both the b-mass and QED respectively. The central values are the
average of the maximal and minimal values reached from the scan.

Order Ω̄1 (MS) Ω1 (R-gap)

NLL′ 0.264± 0.213 0.293± 0.203
NNLL 0.256± 0.197 0.276± 0.155
NNLL′ 0.283± 0.097 0.316± 0.072
N3LL 0.274± 0.098 0.313± 0.071

N3LL′ (full) 0.252± 0.069 0.323± 0.045

N3LL′
(QCD+mb) 0.238± 0.070 0.310± 0.049

N3LL′
(pure QCD) 0.254± 0.070 0.332± 0.045
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Figure 3.13: Thrust distribution at N3LL′ order and Q = mZ including QED and
mb corrections using the best fit values for αs(mZ) and Ω1 in the R-gap scheme given
in Eq. (3.68). The pink band represents the perturbative error determined from the
scan method described in Sec. 3.1.6. Data from DELPHI, ALEPH, OPAL, L3, and
SLD are also shown.
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Table 3.6: Theoretical uncertainties for αs(mZ) obtained at N3LL′ order from two
versions of the error band method, and from our theory scan method. The uncer-
tainties in the R-gap scheme (first line) include renormalon subtractions, while the
ones in the MS scheme (second line) do not and are therefore larger. The same
uncertainties are obtained in the analysis without nonperturbative function (third
line). Larger uncertainties are obtained from a pure O(α3

s) fixed-order analysis
(lowest line). Our theory scan method is more conservative than the error band
method.

Band Band Our scan
method 1 method 2 method

N3LL′ with ΩRgap
1 0.0004 0.0008 0.0009

N3LL′ with Ω̄MS
1 0.0016 0.0019 0.0021

N3LL′ without Smod
τ 0.0018 0.0021 0.0034

O(α3
s) fixed-order 0.0018 0.0026 0.0046

with the N3LL′ order result slightly lower at χ2
min/dof ≃ 0.91. This demonstrates

the excellent description of the experimental data contained in our global data set.

It also validates the smaller theoretical uncertainties we obtain for αs and Ω1 at

N3LL′ order in the R-gap scheme.

As an illustration of the accuracy of the fit, in Fig. 3.13 we show the theory thrust

distributions at Q = mZ for the full N3LL′ order with the R-gap scheme for Ω1, for

the default theory parameters and the corresponding best fit values shown in bold in

Tabs. 3.1.7.1 and 3.1.7.1. The pink band displays the theoretical uncertainty from

the scan method. The fit result is shown in comparison with data from DELPHI,

ALEPH, OPAL, L3, and SLD, and agrees very well. (Note that the theory values

displayed are actually binned according to the ALEPH data set and then joined by

a smooth interpolation.)

3.1.7.2 Band Method

It is useful to compare our scan method to determine the perturbative errors with

the error band method [70] that was employed in the analyses of Refs. [66, 46, 69].

In the error band method first each theory parameter is varied separately in the

respective ranges specified in Tab. 3.1.6 while the rest are kept fixed at their default
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values. The resulting envelope of all these separate variations with the fit parameters

αs(mZ) and Ω1 held at their best fit values determines the error bands for the thrust

distribution at the different Q values. Then, the perturbative error is determined by

varying αs(mZ) keeping all theory parameters to their default values and the value

of the moment Ω1 to its best fit value. The resulting perturbative errors of αs(mZ)

for our full N3LL′ analysis in the R-gap scheme are given in the first line of Tab. 3.6.

In the second line the corresponding errors for αs(mZ) in the MS scheme for Ω̄1 are

displayed. The left column gives the error when the band method is applied such

that the αs(mZ) variation leads to curves strictly inside the error bands for all Q

values. For this method it turns out that the band for the highest Q value is the

most restrictive and sets the size of the error. The resulting error for the N3LL′

analysis in the R-gap scheme is more than a factor of two smaller than the error

obtained from our theory scan method, which is shown in the right column. Since

the high Q data has a much lower statistical weight than the data from Q = mZ ,

we do not consider this method to be sufficiently conservative and conclude that

it should not be used. The middle column gives the perturbative error when the

band method is applied such that the αs(mZ) variation minimizes a χ2 function

which puts equal weight to all Q and thrust values. This second band method is

more conservative, and for the N3LL′ analyses in the R-gap and the MS schemes the

resulting errors are only 10% smaller than in the scan method that we have adopted.

The advantage of the scan method we use is that the fit takes into account theory

uncertainties including correlations.

3.1.7.3 Effects of QED and the Bottom Mass

Given the high-precision we can achieve at N3LL′ order in the R-gap scheme for

Ω1, it is a useful exercise to examine also the numerical impact of the corrections

arising from the nonzero bottom quark mass and the QED corrections. In Fig. 3.14

the distributions of the best fit points in the αs-2Ω1 plane at N3LL′ in the R-gap

scheme is displayed for pure massless QCD (light green points), including the bottom

mass corrections (medium blue points) and the bottom mass as well as the QED
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Figure 3.14: Distribution of best fit points at N3LL′ order with Ω1 in the R-gap
scheme in pure QCD (light green), including mb effects (medium blue) and including
mb effects and QED corrections (dark red). Solid circles indicate the central points
for these three cases. The hollow circle represents the central point from the global
fit with QED corrections neglected for the data from TASSO, L3 and ALEPH, but
included for all other data sets.

corrections (dark red points). The distribution of the best fit points with bottom

mass and QED corrections (dark red points) was already shown in Fig. 3.11a. The

large black dots represent the corresponding central values. The corresponding

numerical results are shown at the bottom of Tabs. 3.1.7.1 and 3.1.7.1.

We see that the QED and bottom quark mass effects are somewhat smaller than

the theoretical errors of the N3LL′ analysis but not negligible. Moreover we find

that the qualitative impact of the QED and the bottom quark mass effects is quite

intuitive: The nonzero bottom quark mass primarily causes a horizontal shift of the

thrust distribution towards larger τ values, since the small-τ threshold for massive

quark production is moved to a finite τ value. Here this is compensated primarily by
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a reduced value of Ω1. Concerning QED effects, they cause an effective increase of

the coupling strength in the final state interactions leading primarily to a decrease

of αs in the fit.

As explained in Sec. 3.1.6 the experimental correction procedures applied to the

AMY, JADE, SLC, DELPHI and OPAL data sets were designed to eliminate initial

state photon radiation, while those of the TASSO, L3 and ALEPH collaborations

eliminated initial and final state radiation. It is straightforward to test for the effect

of these differences in the fits by using our theory code with QED effects turned on

or off depending on the data set. Since our χ2 procedure treats data from different

experiments as uncorrelated it is also easy to implement this technically. Using our

N3LL′ order code in the R-gap scheme we obtain the central values αs(mZ) = 0.1136

and Ω1 = 0.318 GeV, indicated by the hollow circle in Fig. 3.14. Comparing to our

default results given in Tabs. 3.1.7.1 and 3.1.7.1, which are based on the theory

code were QED effects are included for all data sets, we see that the central value

for αs is larger by 0.0001 and the one for Ω1 is smaller by 0.006 GeV. This shift is

substantially smaller than our perturbative error, and justifies our choice to use the

theory code with QED effects included as the default code for our analysis.

3.1.7.4 Hadronization and Experimental Error

An important element in the construction of the χ2 function used for our fit pro-

cedure is the correlation model for the systematic uncertainties given for the ex-

perimental thrust bins. The results discussed above rely on the minimal over-

lap model for the systematic experimental errors explained in Sec. 3.1.6. The

1-sigma ellipse based on the central values of Eq. (3.64) and centered around

(αs, 2Ω1) = (0.1135, 0.647 GeV) is shown in Fig. 3.15 by the red solid ellipse. This

ellipse yields the experimental errors and hadronization uncertainty related to Ω1

in our analysis. We find that the size and correlation coefficients of the 1-sigma

error ellipses at N3LL′ order of all fits made in our theory scan are very similar, and

hence we can treat the theory error and these hadronization/experimental errors as

independent.
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The correlation matrix of the red solid error ellipses is (i, j = αs, 2Ω1)

Vij =


 σ2

αs
σαs

σ2Ω1ραΩ

σαs
σ2Ω1ραΩ σ2

2Ω1


 (3.64)

=


 3.29(16) · 10−7 −2.30(12) · 10−5 GeV

−2.30(12) · 10−5 GeV 1.90(18) · 10−3 GeV2


 ,

where the correlation coefficient is significant and reads

ραΩ = −0.9176(60) . (3.65)

The numbers in the parentheses represent the variance from the theory scan. From

Eq. (3.64) it is straightforward to extract the experimental error for αs and Ω1 and

the error due to variations of Ω1 and αs, respectively:

σexp
αs

= σαs

√
1− ρ2αΩ = 0.0002 ,

σexp
Ω1

= σΩ1

√
1− ρ2αΩ = 0.009 GeV ,

σΩ1
αs

= σαs
|ραΩ| = 0.0005 ,

σαs
Ω1

= σΩ1 |ραΩ| = 0.020 GeV . (3.66)

For αs, the error due to Ω1 variations is the dominant part of the hadronization

uncertainty. The blue dashed ellipse in Fig. 3.15 shows the total error in our final

result quoted in Eq. (3.68) below.

The correlation exhibited by the red solid error ellipse in Fig. 3.15 is indicated

by the line describing the semimajor axis

Ω1

41.5GeV
= 0.1213− αs(mZ) . (3.67)

Note that extrapolating this correlation to the extreme case where we neglect the

nonperturbative corrections (Ω1 = 0) gives αs(mZ) → 0.1213. This value is con-
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Figure 3.15: Experimental 1-sigma standard error ellipse (red solid) in the αs-2Ω1

plane. The larger ellipse shows the total uncertainty including theory errors (blue
dashed). The fit is at N3LL′ order in the R-gap scheme for Ω1 using the central
values of the correlation matrix given in Eq. (3.64). The center of the ellipse are the
central values of our final result given in Eq. (3.68).

sistent with the fits in Refs. [66, 69] shown in Tab. 3.1, which are dominated by

Q = mZ where the Monte Carlo hadronization uncertainties are smallest.

3.1.7.5 Individual Theory Scan Errors

It is a useful exercise to have a closer look at the size of the theory uncertainties

caused by the variation of each of the theory parameters we vary in our fit procedure

in order to assess the dominant sources of theory errors. In Fig. 3.16 two bar charts

are shown for the variation of the best fit values for αs(mZ) and Ω1(R∆, µ∆) at

N3LL′ order in the R-gap scheme with our default theory parameters. The bars

show individual up-down variations of each of the theory parameters in the ranges

given in Tab. 3.1.6. The changes of the best fit values related to up variations of

the theory parameters are given in dark blue and those related to down variations
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are given in light green.

We see that the dominant theory uncertainties are related to variations of the

profile functions (n1, t2, eJ , eH) and the renormalization scale parameter (ns) for

the nonsingular partonic distribution dσ̂ns/dτ . The uncertainties related to the

numerical errors of the perturbative constants (s2, s3, j3) as well as the numerical

errors in the extraction of the nonsingular distribution for small τ values, (ǫ2, ǫ3)

are – with the exception of s2 – much smaller and do not play an important role.

The theory error related to the unknown 4-loop contribution to the cusp anomalous

dimension is negligible. Adding quadratically the symmetrized individual errors

shown in Fig. 3.16 for each parameter, we find 0.0006 for αs and 0.029 for Ω1.

This is about 2/3 of the theoretical uncertainty we have obtained by the theory

parameter scan, and it demonstrates that the theory parameter scan represents a

more conservative method to estimate the theory error.

In Fig. 3.16 we have also shown the variation of the best fit values for αs(mZ)

and Ω1(R∆, µ∆) due to variations of the second soft function moment parameter Ω2.

Our default choice for the parametrization of the soft function Smod
τ uses c0 = 1 and

cn>0 = 0 with ∆̄(R∆, µ∆) = 0.05 GeV. In this case λ is the only variable parameter of

the soft model function Smod
τ , and Ω2 is predetermined by Eq. (3.57) with c2 = 0. As

explained in Sec. 3.1.4 we modify Ω2 by setting c2 to nonzero values. It is instructive

to discuss the Ω2 values one should consider. From the Cauchy-Schwarz inequality

one can show that Ω2/Ω
2
1 ≥ 1, giving a strict lower bound on Ω2. This bound can

only be reached if Smod
τ is a delta-function. Moreover, if Smod

τ is positive definite,

vanishing at k = 0, has a width of order ΛQCD, has its maximum at a k value of

order ΛQCD, and has an exponential fall-off for large k, then one finds Ω2/Ω
2
1 < 1.5.

We therefore adopt the range 1 ≤ Ω2/Ω
2
1 ≤ 1.5 as a conservative Ω2 variation to

carry out an error estimate. For our default parametrization we have Ω2/Ω
2
1 = 1.18

and changing c2 between ±0.5 gives a variation of Ω2/Ω
2
1 between 1.05 and 1.35.

We find that the best fit values for αs and Ω1 are smooth linear functions of Ω2/Ω
2
1

which allows for a straightforward extrapolation to the conservative range between

1.0 and 1.5. The results for the variations of the best fit values for αs(mZ) and Ω1
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Figure 3.16: Variations of the best fit values for α(mZ) and Ω1 from up (dark
shaded blue) and down (light shaded green) variations for the theory parameters
with respect to the default values and in the ranges given in Tab. 3.1.6. For the
variation of the moment Ω2 we use Ω2/Ω

2
1 = 1.18+0.32

−0.18 as explained in the text.

for Ω2/Ω
2
1 = 1.18+0.32

−0.18 read (δαs(mZ))Ω2 =+0.00017
−0.00013 and (δΩ1)Ω2 =+0.011

−0.015 and are also

shown in Fig. 3.16. The symmetrized version of these errors are included in our final

results. For our final results for αs(mZ) we add the uncertainties from Ω1 and the

one from Ω2 quadratically giving the total hadronization error. For Ω1(R∆, µ∆) we

quote the error due to Ω2 separately.

3.1.7.6 Final Results

As our final result for αs(mZ) and Ω1(R∆, µ∆), obtained at N3LL′ order in the R-gap

scheme for Ω1, including bottom quark mass and QED corrections we obtain

αs(mZ) = 0.1135 ± (0.0002)exp ± (0.0005)hadr ± (0.0009)pert,

Ω1(R∆, µ∆) = 0.323 ± (0.009)exp ± (0.013)Ω2 ± (0.045)pert GeV, (3.68)
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where R∆ = µ∆ = 2 GeV and we quote individual 1-sigma errors for each parameter.

Eq. (3.68) is the main result of this work. In Fig. 3.15 (blue dashed line) and

Fig. 3.11a (thick dark red line) we have displayed the corresponding combined total

(experimental+theoretical) standard error ellipse. To obtain the combined ellipse

we take the theory uncertainties given in Tabs. 3.1.7.1 and 3.1.7.1 together with

the Ω2 uncertainties, adding them in quadrature. The central values in Eq. (3.68)

are determined by the average of the respective maximal and minimal values of the

theory scan, and are very close to the central values obtained when running with

our default theory parameters. The fit has χ2/dof = 0.91 with a variation of ±0.03

for the displayed scan points. Having added the theory scan and Ω2 uncertainties

reduces the correlation coefficient in Eq. (3.65) to ρtotalαΩ = −0.212. As a comparison

we have also shown in Fig. 3.11b the combined total (experimental+theoretical)

error ellipse at N3LL′ in the MS scheme for Ω̄1 where the O(ΛQCD) renormalon is

not subtracted.

Since our treatment of the correlation of the systematic experimental errors

is based on the minimal overlap model, it is instructive to also examine the re-

sults treating all the systematic experimental errors as uncorrelated. At N3LL′

order in the R-gap scheme the results that are analogous to Eqs. (3.68) read

αs(mZ) = 0.1141 ± (0.0002)exp ± (0.0005)hadr ± (0.0010)pert and Ω1(R∆, µ∆) =

0.303± (0.006)exp ± (0.013)Ω2 ± (0.022)αs
± (0.055)pert GeV with a combined corre-

lation coefficient of ρtotalαΩ = −0.180. The results are compatible with the results of

Eqs. (3.68) and indicate that the ignorance of the exact correlation of the systematic

experimental errors does not crucially affect the outcome of the fit.

3.1.7.7 Data Set Choice

We now address the question to which extent the results of Eqs. (3.68) depend on

the thrust ranges contained in the global data set used for the fits. Our default

global data set accounts for all experimental thrust bins for Q ≥ 35 in the intervals

[τmin, τmax] = [6/Q, 0.33]. (See Sec. 3.1.6 for more details.) This default global data

set is the outcome of a compromise that (i) keeps the τ interval large to increase
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Figure 3.17: The smaller elongated ellipses show the experimental 39% CL error
(1-sigma for αs) and best fit points for different global data sets at N3LL′ order in
the R-gap scheme and including bottom quark mass and QED effects. The default
theory parameters given in Tab. 3.1.6 are employed. The larger ellipses show the
combined theoretical plus experimental error for our default data set with 39% CL
(solid, 1-sigma for one dimension) and 68% CL (dashed).

statistics, (ii) sets τmin sufficiently large such that the impact of the soft function

moments Ωi with i ≥ 2 is small and (iii) takes τmax sufficiently low to exclude the

far-tail region where the missing order αsΛQCD/Q corrections potentially become

important.

In Fig. 3.17 the best fits and the respective experimental 39% and 68% CL error

ellipses for the default values of the theory parameters given in Tab. 3.1.6 are shown

for global data sets based on different τ intervals. The results for the various τ

intervals are each given in different colors. The results for our default global data

set is given in red color, and the subscript “strict” for some intervals means that

bins are included in the data set if more than half their range is contained within

the interval. For intervals without a subscript the criterion for selecting bins close
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to the boundaries of the τ interval is less strict and generically, if the τmin and τmax

values fall in such bins, these bins are included. The numbers in superscript for each

of the τ intervals given in the figure refers to the total number of bins contained in

the global data set. We observe that the main effect on the outcome of the fit is

related to the choice of τmin and to the total number of bins. Interestingly all error

ellipses have very similar correlation and are lined up approximately along the line

Ω1

50.2GeV
= 0.1200− αs(mZ) . (3.69)

Lowering τmin increases the dependence on Ω2 and leads to smaller αs and larger Ω1

values. On the other hand, increasing τmin leads to a smaller data set and to larger

experimental error ellipses, hence to larger uncertainties.

It is an interesting but expected outcome of the fits that the pure experimental

error for αs (the uncertainty of αs for fixed central Ω1) depends fairly weakly on

the τ range and the size of the global data sets shown in Fig. 3.17. If we had a

perfect theory description then we would expect that the centers and the sizes of

the error ellipses would be statistically compatible. Here this is not the case, and

one should interpret the spread of the ellipses shown in Fig. 3.17 as being related to

the theoretical uncertainty contained in our N3LL′ order predictions. In Fig. 3.17 we

have also displayed the combined (experimental and theoretical) 39% CL standard

error ellipse from our default global data set which was already shown in Fig. 3.11a

(and is 1-sigma, 68% CL, for either one dimensional projection). We also show the

68% CL error ellipse by a dashed red line, which corresponds to 1-sigma knowledge

for both parameters. As we have shown above, the error in both the dashed and solid

larger ellipses is dominated by the theory scan uncertainties, see Eqs. (3.68). The

spread of the error ellipses from the different global data sets is compatible with

the 1-sigma interpretation of our theoretical error estimate, and hence is already

represented in our final results.
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Table 3.7: Comparison of global fit results for our full analysis to a fit where the
renormalon is not canceled with Ω̄1, a fit without Smod

τ (meaning without power
corrections with Smod

τ (k) = δ(k)), and a fit at fixed order without power corrections
and log resummation. All results include bottom mass and QED corrections.

αs(mZ)±(pert. error) χ2/(dof)

N3LL′ with ΩRgap
1 0.1135± 0.0009 0.91

N3LL′ with Ω̄MS
1 0.1146± 0.0021 1.00

N3LL′ without Smod
τ 0.1241± 0.0034 1.26

O(α3
s) fixed-order without S

mod
τ 0.1295± 0.0046 1.12

3.1.7.8 Analysis without Power Corrections

Using the simple assumption that the thrust distribution in the tail region is propor-

tional to αs and that the main effect of power corrections is a shift of the distribution

in τ , we have estimated in Sec. 3.1.1 that a 300MeV power correction will lead to

an extraction of αs from Q = mZ data that is δαs/αs ≃ (−9 ± 3)% lower than an

analysis without power corrections. In our theory code we can easily eliminate all

nonperturbative effects by setting Smod
τ (k) = δ(k) and ∆̄ = δ = 0. At N3LL′ order

and using our scan method to determine the perturbative uncertainty a global fit to

our default data set yields αs(mZ) = 0.1241± (0.0034)pert which is indeed 9% larger

than our main result in Eq. (3.68) which accounts for nonperturbative effects. It is

also interesting to do the same fit with a purely fixed-order code, which we can do by

setting µS = µJ = µH to eliminate the summation of logarithms. The correspond-

ing fit yields αs(mZ) = 0.1295 ± (0.0046)pert, where the displayed error has again

been determined from the theory scan which in this case accounts for variations of

µH and the numerical uncertainties associated with ǫ2 and ǫ3. (A comparison with

Ref. [66] is given below in Sec. 3.1.9.)

These results have been collected in Tab. 3.7 together with the αs results of our

analyses with power corrections in the R-gap and the MS schemes. For completeness

we have also displayed the respective χ2/dof values which were determined by the

average of the maximal and the minimum values obtained in the scan.
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Figure 3.18: Thrust distributions in the far-tail region at N3LL′ order with QED
and mb corrections included at Q = mZ together with data from ALEPH. The red
solid line is the cross section in the R-gap scheme using αs(mZ) and Ω1 obtained
from fits using our full code, see Eq. (3.68). The light red band is the perturbative
uncertainty obtained from the theory scan method. The red dashed line shows the
distribution with the same αs but without power corrections. The light solid blue
line shows the result of a full N3LL′ fit with the BS profile that does not properly
treat the multijet thresholds. The short dashed green line shows predictions at
N3LL′ with the BS profile, without power corrections, and with the value of αs(mZ)
obtained from the fit in Ref. [46]. All theory results are binned in the same manner
as the experimental data, and then connected by lines.

3.1.8 Far-Tail and Peak Predictions

The factorization formula (3.4) can be simultaneously used in the peak, tail, and

far-tail regions. To conclude the discussion of the numerical results of our global

analysis in the tail region, we use the results obtained from this tail fit to make

predictions in the peak and the far-tail regions.

In Fig. 3.18 we compare predictions from our full N3LL′ code in the R-gap

scheme (solid red line) to the accurate ALEPH data at Q = mZ in the far-tail

region. As input for αs(mZ) and Ω1 we use our main result of Eq. (3.68) and all
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Figure 3.19: Thrust cross section for the result of the N3LL′ fit, with QED and mb

corrections included at Q = mZ . The red solid line is the cross section in the R-gap
scheme using αs(mZ) and Ω1 obtained from fits using our full code, see Eq. (3.68).
The red dashed line shows the distribution with the same αs but without power
corrections. The short-dashed green line shows predictions at N3LL′ with the BS
profile, without power corrections, and with the value of αs(mZ) obtained from the
fit in Ref. [46]. Data from ALEPH, DELPHI, L3, SLD, and OPAL are also shown.

other theory parameters are set to their default values (see Tab. 3.1.6). We find

excellent agreement within the theoretical uncertainties (pink band). Key features

of our theoretical result in Eq. (3.4) that are important in this far-tail region are i)

the nonperturbative correction from Ω1, and ii) the merging of µS(τ), µJ(τ), and µH

toward µS = µJ = µH at τ = 0.5 in the profile functions, which properly treats the

cancellations occurring at multijet thresholds. To illustrate the importance of Ω1

we show the long-dashed red line in Fig. 3.18 which has the same value of αs(mZ),

but turns off the nonperturbative corrections. To illustrate the importance of the

treatment of multijet thresholds in our profile function, we take the BS profile which

does not account for the thresholds (the BS profile is defined and discussed below

in Sec. 3.1.9), and use the smaller αs(mZ) and larger Ω1 that are obtained from the

global fit in this case. The result is shown by the solid light blue line in Fig. 3.18,
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which begins to deviate from the data for τ > 0.36 and gives a cross section that

does not fall to zero at τ = 0.5. The fact that αs(mZ) is smaller by 0.0034 for the

light blue line, relative to the solid red line, indicates that the proper theoretical

description of the cross section in the far-tail region has an important impact on the

fit done in the tail region. The final curve shown in Fig. 3.18 is the short-dashed

green line, which is the result at the level of precision of the analysis by Becher

and Schwartz in Ref. [46]. It uses the BS profile, has no power corrections, and

has the value of αs obtained from the fit in Ref. [46]. It also misses the Q = mZ

data in this region. The results of other O(α3
s) thrust analyses, such as Davison

and Webber [67] and Dissertori et al. [66, 69], significantly undershoot the data in

this far-tail region.15 To the best of our knowledge, the theoretical cross section

presented here is the first to obtain predictions in this far-tail region that agree with

the data. Note that our analysis does include some O(αk
sΛQCD/Q) power corrections

through the use of Eq. (3.24). It does not account for the full set of O(αsΛQCD/Q)

power corrections as indicated in Eq. (3.4) (see also Tab. 3.2b), but the agreement

with the experimental data seems to indicate that missing power corrections may

be smaller than expected.

Unbinned predictions for the thrust cross section at Q = mZ in the peak region

are shown in Fig. 3.19. The green dashed curve shows the result at the level of

precision in Becher and Schwartz, that is N3LL′, with the BS profile, without power

corrections, and with the value of αs(mZ) = 0.1172 obtained from their fit. This

purely perturbative result peaks to the left of the data. With the smaller value

of αs(mZ) obtained from our fit, the result with no power corrections peaks even

slightly further to the left, as shown by the long-dashed red curve. In contrast,

the red solid curve shows the prediction from our full N3LL′ code in the R-gap

scheme with our central fit values of αs(mZ) and Ω1 given in Eq. (3.68). It clearly

indicates that the value of Ω1 obtained from the fit in the tail region shifts the

theory prediction in the peak region much closer to the experimental data. The

15See the top panel of Fig. 9 in Ref. [67], the top left panel of Fig. 4 in Ref. [66], and the left
panel of Fig. 2 in Ref. [69].
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residual difference between the solid red theory curve and the experimental data

can be attributed to the fact that the peak is sensitive to power corrections from

higher moments, Ωk≥2, which have not been fit in our analysis. In our theoretical

cross section result this would correspond to fitting ∆̄(R∆, µ∆), and a subset of the

higher coefficients ci≥1. The ci≥1 were all set to zero in the curves shown here, and

we leave the presentation of results of this extended fit to a future publication.

3.1.9 Cross Checks and Comparisons

The result for αs(mZ) we obtain from our global N3LL′ analysis in the R-gap scheme

with 487 bins given in Eq. (3.68) is consistent at 1-sigma with the result of Davison

and Webber [67] (αs(mZ) = 0.1164± (0.0022)hadr+exp± (0.0017)pert). They also car-

ried out a global thrust analysis with a total of 430 experimental bins. As explained

in Sec. 3.1.1, in their theory formula nonperturbative effects were included as a power

correction in the effective coupling model which was fit from the experimental data,

and their approach also accounts for a renormalon subtraction of the perturbative

distribution. In these respects their analysis is similar to ours. However, it differs

as their theory formula contains only resummation of logarithms at NLL order, and

it also uses a different renormalon subtraction scheme which is based on the run-

ning coupling approximation for the subtraction corrections and does not account

for the resummation of large logarithms. Moreover the separation of singular and

nonsingular perturbative contributions and method to turn off the log resummation

at large τ is not equivalent to the one we employ. The difference between their

central value and perturbative error and our Eq. (3.68) can be attributed to these

items. Their combined hadronization and experimental uncertainty utilizes an error

rescaling using the value χ2
min/dof = 1.09 obtained for their best fit.

On the other hand, our main result for αs(mZ) given in Eq. (3.68) is smaller

than the results of Dissertori et al. [66] by 2.9-sigma, of Dissertori et al. [69] by

2.2-sigma, and of Becher and Schwartz [46] by 1.6-sigma. (These results are dis-

played in Table 3.1.) In these analyses αs(mZ) was determined from fits to data for

individual Q values and, as explained in Sec. 3.1.1, nonperturbative corrections and
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their associated uncertainty were taken from Monte Carlo generators in Dissertori

et al., or left out from the fit and used to assign the hadronization uncertainty for

the final result in Becher and Schwartz. It is possible to turn off pieces of our theo-

retical code to reproduce the perturbative precision of the codes used in Refs. [66]16

and [46]. It is the main purpose of the remainder of this section to show the out-

come of the fits based on these modified theory codes. We show in particular, that

the main reason why the above results for αs(mZ) are higher than our result of

Eq. (3.68) is related to the fact that the nonperturbative corrections extracted from

Monte Carlo generators at Q = mZ are substantially smaller than and incompatible

with the ones obtained from our fit of the field theory power correction parameter

Ω1. In Sec. 3.1.1 we already discussed why the use of Monte Carlo generators to

estimate nonperturbative corrections in high-precision perturbative predictions is

problematic.

We start with an examination related to the code used by Becher and

Schwartz [46], which has N3LL′ accuracy but does not include power corrections

or renormalon subtractions. This treatment can be reproduced in our factorization

formula by turning off the nonperturbative soft nonperturbative function by set-

ting Smod
τ (k) = δ(k) and ∆̄ = δ = 0. Moreover they used the central scale setting

µH = Q, µJ = Q
√
τ and µS = Qτ . We can reproduce this from our profile functions

for µ0 = n1 = eJ = 0, t2 = 3/2 and eH = ns = 1, which we call the BS profile setting.

The BS profile functions for µJ(τ) and µS(τ) are shown by dashed curves in Fig. 3.8.

(Note that the BS profile setting does not cause µS, µJ , and µH to merge in the

far-tail region and become equal at τ = 0.5, which is needed to switch off the SCET

resummation of logarithms in the multijet region to satisfy the constraints from

multijet thresholds.) Becher and Schwartz set the O(α3
s) nonlogarithmic correction

in the Euclidean hard factor C(−q2) to zero (with HQ = |C(q2)|2 for q2 = Q2 > 0),

which in our notation corresponds to h3 = 11771.50 (somewhat larger than the now

known h3). We also set s2 = −40.1 (see Ref. [105, 46]) and s3 = −324.631 for the

16We do not attempt to reproduce the NLL/O(α3
s) code of Ref. [69] as the final outcome is

similar to Ref. [66].
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Table 3.8: Comparison of the results for αs(mZ) quoted by Becher and Schwartz
in Ref. [46] with results we obtain from our adapted code where power corrections,
the mb and QED corrections, the O(α2

s) axial singlet corrections are neglected. The
O(α3

s) nonlogarithmic constants h3 and s3 are set to the values used in Ref. [46]
as described in the text. We follow the fit approach of Ref. [46] and employ their
profile functions for the nonsingular, hard, jet and soft scales, with results shown in
the column labeled “our BS profile”. In the last column we show results with this
same code, but using our default profile functions. The errors in the third column
are the statistical experimental uncertainty.

BS Our BS Default
Experiment Energy results [46] profile profile

ALEPH 91.2GeV 0.1168(1) 0.1170 0.1223
ALEPH 133GeV 0.1183(37) 0.1187 0.1235
ALEPH 161GeV 0.1263(70) 0.1270 0.1328
ALEPH 172GeV 0.1059(80) 0.1060 0.1088
ALEPH 183GeV 0.1160(43) 0.1166 0.1205
ALEPH 189GeV 0.1203(22) 0.1214 0.1260
ALEPH 200GeV 0.1175(23) 0.1182 0.1224
ALEPH 206GeV 0.1140(23) 0.1149 0.1185
OPAL 91GeV 0.1189(1) 0.1198 0.1251
OPAL 133GeV 0.1165(38) 0.1175 0.1218
OPAL 177GeV 0.1153(33) 0.1160 0.1200
OPAL 197GeV 0.1189(14) 0.1197 0.1241
Average 0.1172(10) 0.1180 0.1221

Global fit (stat.) All Q 0.1188 0.1242

Global fit (stat.+syst.) All Q 0.1192 0.1245

non-logarithmic O(α2
s) and O(α3

s) constants in the soft function (both within our

range of uncertainties). The value for s3 corresponds to setting the O(α3
s) nonlog-

arithmic corrections in the expanded position space soft function to zero. Finally,

we also turn off our QED and bottom quark mass corrections and the O(α2
s) axial

singlet corrections, and use the fixed-order normalization from Eq. (3.59). For the

fit procedure we follow Becher and Schwartz and analyze all ALEPH and OPAL

data for individual Q values in the τ ranges given in their work and account only

for statistical experimental errors in the χ2 functions. The outcome of the fits for

αs(mZ) at N
3LL′ order is given in the fourth column of Tab. 3.1.9. The third column
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shows their central values and the respective statistical experimental errors as given

in Ref. [46]. The numbers we obtain are 0.0001 to 0.0011 higher than their central

values, and we attribute this discrepancy to the nonsingular contributions.17 (Becher

and Schwartz also used a difference of cumulants for their fits, as in Eq. (3.62) with

the choice τ̃1 = τ1 and τ̃2 = τ2, rather than integrating dσ/dτ as we do for the table.

The spurious contribution induced by this choice has a significant effect on the χ2

values, but a small effect on αs(mZ), changing the values shown in the table by

≤ 0.0003. For cumulants that use τ̃1 = τ̃2 = (τ1 + τ2)/2 with no spurious contribu-

tion, the difference from our integrated distribution results is reduced to ≤ 0.0001

for αs(mZ), and χ2 values are almost unaffected.)

The numbers obtained at N3LL′ above are significantly larger than our central

fit result αs(mZ) = 0.1135 shown in Eq. (3.68) obtained from our full code. These

differences are mainly related to the nonperturbative power correction and partly

due to the BS profile setting. To distinguish these two and other effects we can take

the purely perturbative code described above and turn back to our default setting for

the profile functions with the parameters given in Tab. 3.1.6. The results are shown

in the fifth column in Tab. 3.1.9 using again only statistical experimental errors

in the χ2 functions. The αs(mZ) values using our default profile functions are by

0.0028 to 0.0058 larger than for the BS profile setting in the fourth column.18 (The

fifth column results again integrate the distribution over each bin rather than using

differences of cumulants, which for our profile is important for the reasons discussed

in Sec. 3.1.5.19) A similar difference arises from a global fit to our default data

17Becher and Schwartz uncovered a numerical problem with the original EERAD3 code at very
small τ , which correspondingly had an impact on the nonsingular function used in their analysis
which was extracted from EERAD3. When their nonsingular distribution is updated to results
from the new EERAD3 code they become significantly closer to ours, differing by . 0.0002. We
thank M. Schwartz for correspondence about this and for providing us with their new fit values.

18With our full code, which accounts in particular for power corrections and renormalon sub-
tractions, the shift due to the modified profile functions becomes smaller; shifts in αs(mZ) of 0.005
become 0.003.

19Using the cumulant method with τ̃1 = τ1 and τ̃2 = τ2 in Eq. (3.62), which has a spurious
contribution, changes the values in the fifth column of Tab. 3.1.6 by about −0.003 to −0.005. On
the other hand, using the cumulant method without a spurious contribution, τ̃1 = τ̃2 = (τ1+τ2)/2,
changes the values in the fifth column by ≤ 0.0001.
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set of Sec. 3.1.6 using the same fit procedure: For the BS profile setting we obtain

αs(mZ) = 0.1189, while the default profile setting gives αs(mZ) = 0.1242 (second

to last line of Tab. 3.1.9). Using instead the χ2-analysis of our main analysis which

includes the experimental systematical errors we obtain αs(mZ) = 0.1192 for the

BS profile setting and αs(mZ) = 0.1245 for the default profile setting (last line of

Tab. 3.1.9). The latter result is by 0.0110 larger than our 0.1135 central fit result

in Eq. (3.68). This 10% effect is almost entirely coming from the power correction

Ω1. The difference of 0.3% to the full perturbative result of αs(mZ) = 0.1241 given

in Table 3.7 illustrates the combined effect of the QED, the bottom quark mass and

the O(α2
s) axial singlet corrections and the O(α3

s) hard constant h3.

Finally, let us examine the results related to the code used by Dissertori et

al. in Ref. [66], which uses the fixed-order O(α3
s) results without a resummation

of logarithms, but accounts for nonperturbative corrections determined from the

difference of running Monte Carlo generators in parton and hadron level modes.

Since in this work we are not concerned with extracting the parton-hadron level

transfer matrix from Monte Carlo generators, we use in the following our code

neglecting power corrections by setting Smod
τ (k) = δ(k), setting ∆̄ = δ = 0, and

setting µH = µJ = µS. The latter switches off the log resummation factors in

Eq. (3.4) such that only the O(α3
s) fixed order expression remains. We also include

the mb corrections, but neglect QED effects. Since these modifications give us a

code that does not contain nonperturbative corrections, the differences to Ref. [66]

we obtain will serve as a quantitative illustration for the size of the hadronization

corrections obtained by a transfer matrix from the Monte Carlo generators PYTHIA,

HERWIG, and ARIADNE, tuned to global hadronic observables at mZ .

For the fits for αs(mZ) we follow Dissertori et al. [66] analyzing ALEPH data

for individual Q values in the τ ranges given in their work and accounting only for

statistical experimental errors in the χ2 functions. The results of Dissertori et al. and

the outcome for our best fits are given in the third and fourth column of Tab. 3.1.9,

respectively. We have also quoted the respective statistical errors from Ref. [66].

For the high statistics data at Q = mZ our αs(mZ) result is larger than theirs,
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Table 3.9: Comparison of the thrust results quoted in Ref. [66] with our numerical
reproduction. For this numerical exercise we have used their procedure to get the
error matrix for the experimental data. This amounts to considering only the sta-
tistical errors in an uncorrelated way, with the resulting experimental error shown
in the third column. Whereas in the code of Ref. [66] hadronization corrections are
included determined from Monte Carlo simulations our numbers are based on a pure
partonic code neglecting nonperturbative effects. We use the default value for the
scale setting, i.e. µ = Q.

Dissertori et al. Our fixed
Experiment Energy results [66] order code

ALEPH 91.2GeV 0.1274(3) 0.1281
ALEPH 133GeV 0.1197(35) 0.1289
ALEPH 161GeV 0.1239(54) 0.1391
ALEPH 172GeV 0.1101(72) 0.1117
ALEPH 183GeV 0.1132(32) 0.1247
ALEPH 189GeV 0.1140(20) 0.1295
ALEPH 200GeV 0.1094(22) 0.1260
ALEPH 206GeV 0.1075(21) 0.1214

but the discrepancy amounts to only 0.0007 which is a 0.5% shift in αs(mZ). This

illustrates the small size of the nonperturbative hadronization corrections encoded

in the Monte Carlo transfer matrix at Q = mZ . This is clearly incompatible with

the size of the nonperturbative correction we have obtained from simultaneous fits

of αs and Ω1, confirming the concerns on Monte Carlo hadronization corrections

explained in Sec. 3.1.1. Interestingly, with the exception of Q = 172GeV, our fixed-

order results for all Q are relatively stable and close to the result at Q = mZ , while

their αs(mZ) values, which use the transfer matrix for nonperturbative effects, are

systematically lower for Q > mZ by 7 to 13%. Thus the nonperturbative effects from

the Monte Carlo transfer matrix are substantially larger for Q > mZ .
20 The same

behavior is also visible in the results of Ref. [69], which includes NLL resummation

of logarithms. Since the transfer matrix is obtained from Monte Carlo tuned to the

20Note that the weighted average of the Q > mZ thrust results of Dissertori et al. is αs(mZ) =
0.1121 and is consistent with our result in Eq. (3.68) within the larger uncertainties. Also note
that the Q dependence of our Ω1(R,R)/Q power correction is affected by its anomalous dimension,
cf. Fig. 3.6.
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Figure 3.20: Comparison of selected determinations of αs(mZ) defined in the MS
scheme.

more accurateQ = mZ data, we believe that this issue deserves further investigation.

To complete the discussion we use the same fixed-order theory code to quote results

for a global fit to our default data set. Using the fit procedure as described in

Sec. 3.1.6 we obtain αs(mZ) = 0.1300 ± (0.0047)pert. (The corresponding errors

obtained from the error band method are given in the fourth line of Tab. 3.6.)

3.1.10 Conclusions

In this work we have provided a factorization formula for the thrust distribution

in e+e− annihilation which incorporates the previously known O(α2
s) and O(α3

s)

perturbative QCD corrections and summation of large logarithms at N3LL order

for the singular terms in the dijet limit where the thrust variable τ = 1 − T is

small. The factorization formula used here incorporates a systematic description of

nonperturbative effects with a soft function defined in field theory. The soft function

describes the dynamics of soft particle radiation at large angles. We have also

accounted for bottom mass and QED photon effects for fixed-order contributions

as well as for the summation of QED logarithms. With specifically designed τ -

dependent profile functions for the renormalization scales the factorization formula
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can be applied in the peak, tail and far-tail regions of the thrust distribution. It

has all nonperturbative effects accounted for up to terms of O(αsΛQCD/Q), which

is parametrically smaller than the remaining perturbative uncertainty (< 2% for

Q = mZ) of the thrust distribution predictions in the tail region where we carried

out the fits to the experimental data.

In the tail region, 2ΛQCD/Q ≪ τ . 1/3, the dominant effects of the nonpertur-

bative soft function are encoded in its first moment Ω1, which is a power correction

to the cross section. Fitting to tail data at multiple Qs as we did in this work, the

strong coupling αs(mZ) and the moment Ω1 can be simultaneously determined. An

essential ingredient to reduce the theoretical uncertainties to the level of < 2% in

the thrust distribution is our use of a short-distance scheme for Ω1, called the R-gap

scheme, that induces subtractions related to an O(ΛQCD) renormalon contained in

the MS perturbative thrust cross section from large angle soft gluon radiation. The

R-gap scheme introduces an additional scale that leads to large logarithms in the

subtractions, and we carry out a summation of these additional logarithms with

renormalization group equations in the variable R. The R-gap scheme reduces the

perturbative uncertainties in our best highest order theory code by roughly a factor

of two compared to the pure MS definition, Ω̄1, where renormalon effects are not

treated.

The code we use in this analysis represents the most complete theoretical treat-

ment of thrust existing at this time. As our final result we obtain

αs(mZ) = 0.1135 ± 0.0011,

Ω1(R∆, µ∆) = 0.323 ± 0.051 GeV, (3.70)

where αs is defined in the MS scheme, and Ω1 in the R-gap scheme at the reference

scales R∆ = µ∆ = 2 GeV. Here the respective total 1-sigma errors are shown. The

results with individual 1-sigma errors quoted separately for the different sources

of uncertainties are given in Eq. (3.68). Neglecting the nonperturbative effects
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incorporated in the soft function, and in particular Ω1, from the fits gives αs(mZ) =

0.1241 which exceeds the result in Eq. (3.70) by 9%. This is consistent with a simple

scaling argument one can derive from experimental data, see Eq. (3.3) in Sec. 3.1.1.

Analyses of event shapes with a simultaneous fit of αs and a power correction

have been carried out earlier with the effective coupling model. Davison and Web-

ber [67] analyzed the thrust distribution and determined αs(mZ) = 0.1164± 0.0028

also using O(α3
s) fixed-order input, but implementing the summation of logarithms

only at NLL order (for further discussion see Sec. 3.1.9). Recently Gehrmann et

al. [138] analyzed moments of different event shape distributions, also with the ef-

fective coupling model, and obtained αs(mZ) = 0.1153 ± 0.0029 using fixed-order

perturbation theory at O(α3
s). Both analyses neglected bottom mass and QED cor-

rections. Our result in Eq. (3.70) is compatible with these analyses at 1-sigma, but

has smaller uncertainties.

These results and our result for αs(mZ) in Eq. (3.70) are substantially smaller

than the results of event shape analyses employing input from Monte Carlo gen-

erators to determine nonperturbative effects. We emphasize that using parton-to-

hadron level transfer matrices obtained from Monte Carlo generators to incorporate

nonperturbative effects is not compatible with a high-order theoretical analysis such

as ours, and thus analyses relying on such Monte Carlo input contain systematic

errors in the determination of αs from thrust data. The small effect of hadronization

corrections on thrust observed in Monte Carlo generators at Q = mZ and the cor-

responding small shift in αs(mZ) do not agree with the 9% shift we have obtained

from our fits as mentioned above. For the reasons discussed earlier, we believe Monte

Carlo should not be used for hadronization uncertainties in higher order analyses.

Although our theoretical approach represents the most complete treatment of

thrust at this time, and all sources of uncertainties known to us have been incor-

porated in our error budget, there are a number of theoretical issues related to

subleading contributions that deserve further investigation. These issues include

(i) the summation of logarithms for the nonsingular partonic cross section, (ii)

the structure of the O(αsΛQCD/Q) power corrections, (iii) analytic perturbative
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computations of the O(α2
s) and O(α3

s) nonlogarithmic coefficients s2 and s3 in the

partonic soft function, the O(α3
s) nonlogarithmic coefficient j3 in the partonic jet

function, and the 4-loop QCD cusp anomalous dimension Γcusp
3 . Concerning issue

(i) we have incorporated in our analysis the nonsingular contributions in fixed-order

perturbation theory and estimated the uncertainty related to the higher order loga-

rithms through the usual renormalization scale variation. Further theoretical work

is needed to derive the renormalization group structure of subleading jet, soft, and

hard functions in the nonsingular contributions and to use these results to sum the

corresponding logarithms. Concerning issue (ii) we have shown that our theoretical

description for the thrust distribution contains a remaining theoretical uncertainty

from nonperturbative effects of order O(αsΛQCD/Q). Parametrically, this uncer-

tainty is substantially smaller than the perturbative error of about 1.7% for the

thrust distribution in the tail region at LEP-I energies that is contained in our best

theory code. Furthermore, our predictions in the far-tail region at Q = mZ appear

to indicate that the dominant corrections of this order are already captured in our

setup. Nevertheless a systematic analysis of these subleading effects is certainly

warranted.

To conclude this work we cannot resist comparing our result for αs(mZ) with the

results of a selection of analyses using other techniques and observables, as shown in

Fig. 3.20. We include a N3LO analysis of data from deep inelastic scattering in the

nonsinglet channel [139]21, the recent HPQCD lattice determination based on fitting

Wilson loops and the Υ-Υ′ mass difference [144], the result from fits to electroweak

precision observables based on the Gfitter package [145], analyses of τ -decay data

using fixed-order [146] and contour-improved perturbation theory [147], together

with an average of τ results from Ref. [148]. Finally we also show a collection of

αs-averages from Refs. [148, 149, 150]. The DIS result is consistent with our fit

result, whereas the deviation from HPQCD is 3.5σ. It is interesting to note that

the high energy extractions from thrust and DIS appear to be smaller than the low

21Analyses studying αs with data that depends also on the gluon PDF have been carried out in
Refs. [140, 141, 142, 143].
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energy extractions from Lattice and τ decays.

3.2 Thrust Cumulant Moments

3.2.1 Introduction

In this section we use the theoretical description of Sec. 3.1 which is based on SCET

and has several advanced features, such as:

1. Matrix elements and nonsingular terms at order α3
s using results from [54].

Non-logarithmic terms in the hard function are included at order α3
s as well.

2. Resummation of the singular logarithmic terms to all orders in αs up to N3LL

order.

3. Profile functions (τ -dependent scales µJ , µS, R, µns) that correctly treat the

peak region and account for the multijet boundary condition to ensure that

predictions converge quickly into the known fixed order result in the multijet

endpoint region. They allow an accurate theoretical description over the entire

range τ ∈ [0, 0.5].

4. Description of nonperturbative effects with field theory and a fit to a single

nonperturbative matrix element of Wilson lines Ω1 in the tail region (where

power corrections are described by an OPE).

5. Definition of Ω1 in a more stable R-gap scheme [61, 105] rather than in MS.

This ensures Ω1 and the perturbative cross section are free of O(ΛQCD) renor-

malon ambiguities. An RGE is used to sum large logarithms in the pertur-

bative renormalon subtractions [83, 84]. The fit gives Ω1 with an accuracy of

16%.

6. QED final state corrections at O(α) and NNLL (counting α ∼ α2
s); bottom

mass corrections are included using a factorization theorem with log resum-

mation; O(α2
s) axial-singlet terms arising from the large top-bottom mass

splitting are included as well.
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Our two-parameter global fit in the tail of the thrust distribution in Sec. 3.1 gives

αs(mZ) = 0.1135± (0.0002)exp ± (0.0005)hadr ± (0.0009)pert as well as Ω1 = 0.323±
(0.009)exp ± (0.013)Ω2 ± (0.020)αs(mZ) ± (0.045)pert GeV where Ω1 ≡ Ω1(R∆, µ∆)

is defined in the R-gap scheme at the scales R∆ = µ∆ = 2GeV. For αs the three

uncertainties are the experimental uncertainty, hadronization uncertainty coming

mainly from the determination of Ω1, and the perturbative theoretical uncertainty.

This result for αs is one of the most precise in the literature. It is also one of

the lowest, being 3.9σ away from the 2009 world average [148] and 4.0σ from the

2011 world average [151]. For a detailed discussion of αs(mZ) determinations see

Ref. [152]. The small value of αs(mZ) is directly connected to the non-negligible

correction from Ω1, Sec. 3.1.7.8, whose fit value is of natural size Ω1 ∼ ΛQCD. Given

the discrepancy, further tests of the theoretical predictions for event shapes are

warranted. In this paper we will do so using experimental moments involving the

thrust variable.

The property of the N3LL+O(α3
s) predictions for dσ/dτ in Sec. 3.1 that we will

exploit is that they are valid in both the dijet and tail regions, where singular and

large logarithmic terms in need of resummation arise, and in the multijet region,

where fixed order results without log resummation should be used. That is, they

are valid for all values of τ (an improvement over earlier results at this order).

Important ingredients are the inclusion of the nonsingular terms, important away

from the peak region; the use of profile functions that turn off resummation in the

far-tail region; and the inclusion of a soft function, which is necessary to describe

the peak in the dijet region, where nonperturbative effects are O(1).

We will use the full τ range results to analyze moments Mn of the thrust distri-

bution in e+e− → jets,

Mn =
1

σ

∫ τmax=1/2

0

dτ τn
dσ

dτ
. (3.71)

Unlike for tail fits, the entire physical τ range contributes, providing sensitivity to a

different region of the spectrum. Experimental results are available for many values
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of Q, and the analysis of systematic uncertainties is to a large extent independent

from that for the binned distributions. Thus the outcome for a fit of data for the

first moment M1 to αs(mZ) and Ω1 serves as an important cross check of the results

obtained in Sec. 3.1. The Mn moments are also not sensitive to large logarithms,

and hence provide a non-trivial check on whether the N3LL+O(α3
s) full spectrum

results, which contain a summation of logarithms of τ with a substantial numerical

effect for small τ values, can reproduce this property. We explore this issue both for

central values and for theory uncertainty estimates.

The second purpose of this work is to discuss the structure of higher order power

corrections in thrust moments. We find that cumulant moments M ′
n (cumulants)

are very useful, since they allow for a cleaner separation of the subleading nonper-

turbative matrix elements compared to the Mn moments of Eq. (3.71). Cumulants

include the variance M ′
2 and skewness M ′

3, and we will consider the first five:

M ′
1 = M1 , (3.72)

M ′
2 = M2 − M2

1 ,

M ′
3 = M3 − 3M2 M1 + 2M3

1 ,

M ′
4 = M4 − 4M3 M1 − 3M2

2 + 12M2 M
2
1 − 6M4

1 ,

M ′
5 = M5 − 5M4 M1 − 10M3 M2 + 20M3 M

2
1 + 30M2

2M1 − 60M3
1 M2 + 24M5

1 .

In the leading order thrust factorization theorem the power correction matrix el-

ements for the moments Mn are called Ωm while for the cumulants M ′
n they are

called Ω′
m. ( The Ω′

m are also related to the Ωm by Eq. (3.72) with Mn → Ωn. ) In

particular, the invariance of the cumulants to shifts in τ implies that the M ′
n≥2 mo-

ments are completely insensitive to the leading thrust power correction parameter

Ω1, and hence can provide non-trivial information on the higher order power correc-

tions which enter as Ω′
n/Q

n and as 1/Q2 power corrections from terms beyond the

leading factorization theorem. In contrast, for each Mn≥2 there is a term ∼ αsΩ1/Q
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that for larger Qs dominates over the Ωm/Q
m terms.22

3.2.1.1 Review of Experiments and Earlier Literature

Dedicated experimental analyses of thrust moments have been reported by various

experiments: JADE [127] measured the first moment at Q = 35, 44 GeV, and

in [153] reported measurements of the first five moments at Q = 14, 22, 34.6, 35,

38.3, 43.8 GeV; OPAL [134] measured the first five moments at Q = 91, 133, 177,

197 GeV, and there is an additional measurement of the first moment at Q = 161

GeV [135]; ALEPH [137] measured the first moment at Q = 91.2, 133, 161, 172,

183, 189, 196, 200, 206 GeV; DELPHI [130] has measurements of the first moment

at Q = 45.2, 66, 76.3 GeV, measurements of the first three moments at Q = 183,

189, 192, 196, 200, 202, 205, 207 GeV [154], and at Q = 91.2, 133, 161, 172, 183

GeV [133]; L3 [155] measured the first two moments at Q = 91.2 GeV and other

center of mass energies which are superseded by the ones in [115] at Q = 41.4, 55.3,

65.4, 75.7, 82.3, 85.1, 130.1, 136.1, 161.3, 172.3, 182.8, 188.6, 194.4, 200.2, 206.2

GeV; TASSO measured the first moment at Q = 14, 22, 35, 44 GeV [125]; and

AMY measured the first moment at Q = 55.2 GeV [126]. Finally, the variance and

skewness have been explicitly measured by DELPHI [133] at Q = 133, 161, 172,

183 GeV; and OPAL [135] at Q = 161 GeV. All of the experimental moments will

be used in our fits, with the exception of the results in Ref. [153] and data with

Q ≤ 22GeV where our treatment of b-quark mass effects may not suffice.

In principle the JADE results in Ref. [153] supersede the earlier analysis of this

data reported in Ref. [127]. In the more recent analysis the contribution of primary

bb̄ events has been subtracted using Monte Carlo generators.23 Since the theoretical

precision of these generators is significantly worse than our N3LL+O(α3
s) treat-

ment of massless quark effects and our NNLL+O(αs) treatment of mb-dependent

22The cumulants begin to differ for n ≥ 4 from the so-called central moments, 〈(τ−M1)
n〉. Both

cumulants and central moments are shift independent, but the cumulants are slightly preferred
because they are only sensitive to a single moment of the leading order soft function in the thrust
factorization theorem.

23We thank C. Pahl for clarifying precisely how this was done.
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corrections, it is not clear how our code should be modified consistently to account

for these subtractions. Comparing the old versus new JADE data at Q = 44GeV

one finds M1 = 0.0860 ± 0.0014 versus M1 = 0.0807 ± 0.0016. This corresponds

to a 3.4σ change assuming 100% correlated uncertainties (or a 2.6σ change with

uncorrelated uncertainties). In our analysis we find that the older JADE data pro-

vides more consistent results when employed in a combined fit with data from the

other experiments (related to smaller χ2 values). For this reason our default dataset

incorporates only the older JADE moment data. We will report on the change that

would be induced by using the new JADE data if we simply ignore the fact that the

bb̄ events were removed.

Event shape moments have also been extensively studied in the theoretical liter-

ature. The O(α3
s) QCD corrections for event shape moments have been calculated

in Ref. [156, 157]. The leading Λ/Q power correction to the first moment of event

shape distributions were first studied in [74, 75, 158, 76] often with the study of

renormalons (see [77], and [71] for a review). Ref. [159] made a renormalon analysis

of the second moment of the thrust distribution, finding that the leading renor-

malon contribution is not 1/Q2 but rather 1/Q3. Hadronization effects have also

been frequently considered in the framework of the dispersive model for the strong

coupling [74, 79, 160] 24. In this approach an IR cutoff µI is introduced and the

strong coupling constant below the scale µI is replaced by an effective coupling αeff

such that perturbative infrared effects coming from scales below µI are subtracted.

In the dispersive model the term µIα0 is the analog of the QCD matrix element Ω1

that is derived from the operator product expansion (OPE). Since in the dispersive

model there is only one nonperturbative parameter, it does not contain analogs of

the independent nonperturbative QCD matrix elements Ωn≥2 of the operator prod-

uct expansion. Thus measurements of Ω′
n≥2 can be used as a test for additional

nonperturbative physics that go beyond this framework.

The dispersive model has been used in Refs. [162, 134, 163] together with O(α2
s)

24Another approach to hadronization corrections to moments of event shapes distributions based
on renormalons is that of Gardi and Grunberg [161].
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fixed order results to analyze event shape moments, fitting simultaneously to αs(mZ)

and α0. Recently these analyses have been extended to O(α3
s) in Ref. [138], based

on code for nf = 5 massless quark flavors, using data from [134, 153] and fitting

to the first five moments for several event-shape variables. Our numerical analysis

considers thrust moments, but with a global dataset from all available experiments.

A detailed comparison with Ref. [138] will be made at appropriate points in the

paper. Theoretically our analysis goes beyond their work by using a formalism that

has no large logarithms in the renormalon subtraction, includes the analog of the

“Milan factor” [164, 160] in our framework at O(α3
s) (one higher order than [138]),

and incorporates higher order power corrections beyond the leading shift from Ω1.

We also test the effect of including resummation.

3.2.1.2 Outline

This article is organized as follows: We start out by defining moments and cumulants

of distributions, and their respective generating functions in Sec. 3.2.2, where we

also discuss the leading and subleading power corrections of thrust moments in an

OPE framework. In Sec. 3.2.3 we present and discuss our main results for αs(mZ)

from fits to the first thrust moment M1. In Sec. 3.2.6 we analyze higher moments

Mn≥2. Sec. 3.2.7 contains an analysis of subleading power corrections from fits to

cumulants M ′
n≥2 obtained from the moment data. Our conclusions are presented in

Sec. 3.2.8.

3.2.2 Formalism

3.2.2.1 Various Moments of a Distribution

The moments of a probability distribution function p(k) are given by

Mn = 〈kn〉 =
∫
dk p(k) kn. (3.73)
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The characteristic function is the generator of these moments and is defined as the

Fourier transform

p̃(y) = 〈e−iky〉 =
∫
dk p(k) e−iky =

∞∑

n=0

(−iy)n

n!
Mn, (3.74)

with M0 = 1. The logarithm of p̃(y) generates the cumulants (or connected mo-

ments) M ′
n of the distribution

ln p̃(y) =
∞∑

n=1

(−iy)n

n!
M ′

n , (3.75)

and is called the cumulant generating function. For n ≥ 2 the cumulants have

the property of being invariant under shifts of the distribution. Replacing p(k) →
p(k − k0) takes p̃(y) → e−iyk0 p̃(y), which shifts M ′

1 → M ′
1 + k0 while leaving all

M ′
n≥2 unchanged. Writing

∞∑

N=0

(−iy)N

N !
MN = exp

[ ∞∑

j=1

(−iy)j

j!
M ′

j

]
=

∞∏

n=j

∞∑

R=0

(−iy)jR

R!

(
M ′

j

j!

)R

, (3.76)

one can derive an all-n relation between moments and cumulants of a distribution:

MN = N !

p(N)∑

i=1

N∏

j=1

(M ′
j)

κij

κij! (j!)κij
. (3.77)

Here the κij are non-negative integers which determine a partition of the integer

N through
∑N

j=1 j κij = N , and p(N) is the the number of unique partitions of

N . ( A partition of N is a set of integers which sum to N . Here κij is the number

of times the value j appears as a part in the i’th partition, and corresponds to R

in Eq. (3.76). ) As an example we quote the relation for N = 4 which has five

partitions, p(4) = 5, giving

M4 =M ′
4 + 4M ′

3 M
′
1 + 3M ′2

2 + 6M ′
2 M

′2
1 +M ′4

1 . (3.78)
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In the fourth partition, i = 4, we have κ41 = 2, κ42 = 1, and κ43 = κ44 = 0, and

the factorials give the prefactor of 6. Eq. (3.77) gives the moments Mi in terms

of the cumulants M ′
i , and these relations can be inverted to yield the formulas

quoted for the cumulants in Eq. (3.72). M ′
2 ≥ 0 is the well known variance of the

distribution. Higher order cumulants can be positive or negative. The skewness of

the distribution M ′
3 provides a measure of its asymmetry, and we expect M ′

3 > 0

for thrust with its long tail to the right of the peak. The kurtosis M ′
4 provides a

measure of the “peakedness” of the distribution, where M ′
4 > 0 for a sharper peak

than a Gaussian.25

The shift independence of the cumulants M ′
n make them an ideal basis for study-

ing event shape moments. In particular, since the leading O(ΛQCD/Q) power correc-

tion acts similar to a shift to the event shape distribution [74, 79, 165, 108, 109], we

can anticipate that M ′
n≥2 will be more sensitive to higher order power corrections.

We will quantify this statement in the next section by using factorization for the

thrust distribution to derive factorization formulae for the thrust cumulants in the

form of an operator product expansion.

3.2.2.2 Thrust Moments

We will first make use of the leading order factorization theorem, dσ/dτ =
∫
dp (dσ̂/dτ)(τ − p/Q)Fτ (p), which is valid for all τ . It separates perturbative

dσ̂/dτ and nonperturbative Fτ (p) contributions to all orders in αs and ΛQCD/(Qτ),

but is only valid at leading order in ΛQCD/Q. For this factorization theorem we

follow Sec. 3.1 (except that here we denote the nonperturbative soft function by

Fτ ).
26 We will then extend our analysis to parameterize corrections to all orders in

ΛQCD/Q.

25The cumulants of a Gaussian are all zero for n > 2, and the cumulants of a delta function are
all zero for n > 1.

26Earlier discussions of shape functions for thrust can be found in Refs. [63, 64].
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Taking moments of the leading order dσ/dτ gives27

Mn =

∫ τm

0

dτ τn
∫ Qτ

0

dp
1

σ̂

dσ̂

dτ

(
τ − p

Q

)
Fτ (p)

=

∫ ∞

0

dτ dp θ
(
τm−τ− p

Q

)(
τ +

p

Q

)n 1
σ̂

dσ̂

dτ
(τ)Fτ (p)

=

[ n∑

ℓ=0

(
n

ℓ

)( 2

Q

)n−ℓ

M̂ℓ Ωn−ℓ

]
− E(A)

n − E(B)
n , (3.79)

where σ̂ is the perturbative total hadronic cross section and all hatted quantities are

perturbative. In the last line of Eq. (3.79) we used θ(τm− τ − p/Q) = θ(τm− τ)[1−
θ(p/Q− τm)−θ(τm−p/Q) θ(p/Q+ τ − τm)] to obtain the three terms. In Eq. (3.79)

the term in square brackets is our desired result containing the perturbative M̂n and

nonperturbative Ωn moments

M̂n =

∫ τm

0

dτ τn
1

σ

dσ̂

dτ
(τ) , M̂0 = 1 ,

Ωn =

∫ ∞

0

dp
(p
2

)n
Fτ (p) , Ω0 = 1 . (3.80)

The small “error” terms in Eq. (3.79) are given by

E(A)
n =

n∑

ℓ=0

(
n

ℓ

)( 2

Q

)n−ℓ

M̂ℓ

∫ ∞

Qτm

dp
(p
2

)n−ℓ

Fτ (p),

E(B)
n =

∫ τm

0

dτ

∫ Qτm

Q(τm−τ)

dp
(
τ +

p

Q

)n 1
σ̂

dσ̂

dτ
(τ)Fτ (p) . (3.81)

For the contribution E
(A)
n the p-integral is smaller than 10−30 for any Q for the first

five moments, and hence E
(A)
n ≃ 0. This occurs because Fτ (p) falls off exponentially

for p & 2Ω1 ∼ 2ΛQCD, and hence values p ≥ Qτm = Q/2 are already far out on

the exponential tail. The E
(B)
n term gives a small contribution because the integral

is suppressed by either Fτ or dσ̂/dτ : near the endpoint τ ∼ τm − 2ΛQCD/Q the

27This manipulation is valid when the renormalization scales of the jet and soft function which
implement resummation are µi = µi(τ−p/Q), rather than the more standard µi(τ) used in Sec. 3.1.
Both choices are perturbatively valid, and we have checked that the difference is 0.4% for M1,
rising to 0.8% for M5, and hence is always well within the perturbative uncertainty.
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p-integration is not restricted and Fτ (p) ∼ 1, but dσ̂/dτ is highly suppressed. For

smaller τ the p-integration is restricted and the exponential tail of Fτ (p) suppresses

the contribution. We have checked numerically that at Q = 91.2GeV [Q = 35GeV],

for the first moment the relative contribution of E
(B)
1 compared to the term in square

brackets in Eq. (3.79) is O(10−7) [O(10−6) ], while for the fifth moment E
(B)
5 it is

O(10−6) [O(10−4) ]. This suppression does not rely on the model used for Fτ (p).

Thus E
(B)
n can also be safely neglected.

Within the theoretical precision we conclude that the leading factorization the-

orem for the distribution yields an operator product expansion that separates per-

turbative and nonperturbative corrections in the moments

Mn =
n∑

ℓ=0

(
n

ℓ

)( 2

Q

)n−ℓ

M̂ℓ Ωn−ℓ . (3.82)

For Mn the terms that numerically dominate are M̂n and M̂n−1Ω1/Q. However for

the cumulants M ′
n there are cancellations, and Eq. (3.82) does not suffice due to our

neglect so far of (ΛQCD/Q)j suppressed terms in the factorization expression for the

thrust distribution.

To rectify this we parameterize the (ΛQCD/Q)j power corrections by a series

of power suppressed nonperturbative soft functions, Λj−1Fτ,j(p/Λ) ∼ Λj−1
QCD. Here

Λ−1Fτ,0(p/Λ) = Fτ (p) is the leading soft function from Eq. (3.79). We introduced

the parameter Λ = 400MeV ∼ ΛQCD to track the dimension of these subleading

soft functions. This parameterization is motivated by the fact that subleading fac-

torization results can in principle be derived with SCET [110], and at each order in

the power expansion will yield new soft function matrix elements.

Both the factorization analysis and calculation of cumulants is simpler in Fourier

space, so we let

σ(y) ≡
∫

dτ e−iyτ dσ

dτ
(τ) , Fτ,j(z Λ) ≡

∫
dp

Λ
e−izp Fτ,j

( p
Λ

)
, (3.83)

and likewise for the leading power partonic cross section dσ̂/dτ(τ) → σ̂0(y). The
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factorization-based formula for thrust is then

1

σ
σ(y) =

1

σ̂

∞∑

j=0

(Λ
Q

)j
σ̂j(y)Fτ,j

(yΛ
Q

)
, (3.84)

where σ̂j>0(y) accounts for perturbative corrections in the (ΛQCD/Q)j power cor-

rection. The j = 0 term is equivalent to the result used in Eq. (3.79), Fτ (p) =

ΛFτ,0(p/Λ), and the normalization condition for the leading nonperturbative soft

function is Fτ,0(z = 0) = 1. The terms in Eq. (3.84) beyond j = 0 are schematic since

in reality they may involve convolutions in more variables in the nonperturbative

soft functions (as observed in the subleading b → s γ factorization theorem results

[166, 167, 168, 110, 169, 170]). Nevertheless the scaling is correct, and Eq. (3.84) will

suffice for our analysis where we only seek to classify how various power corrections

could enter higher moments.

The identities σ(y = 0)/σ = 1 and σ̂0(y = 0)/σ̂ = 1 together with Eq. (3.84)

imply

Fτ,j(y = 0) = 0 , for j ≥ 1 . (3.85)

Using the Fourier-space cross section the moments are

Mn = in
dn

dyn

[
1

σ
σ(y)

]

y=0

= in
dn

dyn

[
1

σ

∞∑

j=0

σ̂j(y)
(Λ
Q

)j
Fτ,j

(yΛ
Q

)]

y=0

=
∞∑

j=0

( 1

Q

)j n∑

ℓ=0

(
n

ℓ

)
M̂n−ℓ,j

( 2

Q

)ℓ
Ωℓ,j , (3.86)

which extends the OPE in Eq. (3.82) to parameterize the (ΛQCD/Q)j power correc-

tions. Here the perturbative and nonperturbative moments are defined as

M̂n,j = in
dn

dyn

[
1

σ̂
σ̂j(y)

]

y=0

, Ωn,j =
in

2n
dn

dzn

[
Λj Fτ,j

(
z Λ
)]

z=0

, (3.87)

where M̂n,j is a dimensionless series in αs(µ) and Ωn,j ∼ Λn+j
QCD. In order for M̂n,j to



132

exist it is crucial that our σ̂j(y) and its derivatives do not contain ln(y) dependence

in the y → 0 limit at any order in αs. In τ -space the perturbative coefficients have

support over a finite range, τ ∈ [0, 1/2], and

σ̂j(y) =

∫ 1/2

0

dτ e−iτy σ̂j(τ) . (3.88)

Therefore the existence of
∫ 1/2

0
dτ σ̂j(τ), which is the total perturbative cross section

for j = 0, implies a well defined Taylor series under the integrand in Eq. (3.88), and

hence the existence of M̂n,j. From Eq. (3.85) we have Ω0,j>0 = 0, and furthermore

Ωn,0 = Ωn and M̂n,0 = M̂n.

For the first moment, Eq. (3.86) yields

M1 = M̂1 +
2Ω1

Q
+

∞∑

j=0

M̂0,1+j
2Ω1,1+j

Q2+j
, (3.89)

where the first two terms are determined by the leading order factorization theorem,

while the last term identifies the scaling of contributions from (ΛQCD/Q)2+j power

corrections. Two properties of Eq. (3.89) will be relevant for our analysis: first,

there is no perturbative Wilson coefficient for the leading 2Ω1/Q power correction;

and second, terms from beyond the leading factorization theorem only enter at

O(Λ2
QCD/Q

2) and beyond. For higher order moments, n ≥ 2, we have

Mn = M̂n +
2nΩ1

Q
M̂n−1 +

n(n− 1)Ω2

Q2
M̂n−2 +

2nΩ1,1

Q2
M̂n−1,1 +O

( 1

Q3

)
. (3.90)

Next we derive an analogous expression for the n-th order cumulants for n ≥ 2,

which are generated from Fourier space by

M ′
n = in

dn

dyn

[
ln

σ(y)

σ

]

y=0

. (3.91)
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Eq. (3.84) can be conveniently written as the product of three terms

1

σ
σ(y) =

1

σ̂
σ̂0(y) × Fτ,0

(yΛ
Q

)
×
[
1 +

∞∑

j=1

σj(y)

(
Λ

Q

)j

F τ,j

(
yΛ

Q

)]
, (3.92)

where bars indicate the ratios

σj(y) =
σ̂j(y)

σ̂0(y)
, F τ,j(x) =

Fτ,j(x)

Fτ,0(x)
. (3.93)

From Eq. (3.85) we have F τ,j(x = 0) = 0 for all j ≥ 1. Taking the logarithm of

Eq. (3.92) expresses the thrust cumulants by the sum of three terms

M ′
n = M̂ ′

n +

(
2

Q

)n

Ω′
n + in

dn

dyn

∞∑

k=1

(−1)k+1

k

×
[ ∞∑

j=1

σj(y)

(
Λ

Q

)j

F τ,j

(
yΛ

Q

)]k∣∣∣∣
y=0

. (3.94)

The first two terms involve the perturbative cumulants M̂ ′
n and the cumulants of

the leading nonperturbative soft functions Ω′
n,

M̂ ′
n = in

dn

dyn

[
ln

1

σ
σ̂0(y)

]

y=0

, Ω′
n =

in

2n
dn

dzn

[
lnFτ,0(zΛ)

]

z=0

. (3.95)

The third term in Eq. (3.94) represents contributions from power-suppressed terms

that are not contained in the leading thrust factorization theorem. These terms start

at O(Λ2
QCD/Q

2). At this order only F τ,1 has to be considered. The terms F τ,i>2

do not contribute due to explicit powers of ΛQCD/Q. Concerning F τ,2, it must be

hit by at least one derivative because F τ,2(0) = 0, and hence does not contribute as

well. Performing the n-th derivative at y = 0 and keeping only the dominant term

from the power corrections gives the OPE

M ′
n = M̂ ′

n +
2nΩ′

n

Qn
+ nMn−1,1

2Ω1,1

Q2
+O

(Λ3
QCD

Q3

)
. (3.96)
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Here Ω1,1 is defined in Eq. (3.87). The perturbative coefficient is

M j,1 =

[
ij

dj

dyj
σ1(y)

]

y=0

(3.97)

and so far unknown. For n = 2 the absence of a 1/Q power correction in Eq. (3.96)

was discussed in Ref. [64].

The majority of our analysis will focus on M1 where terms beyond the leading

order factorization theorem are power suppressed. For our analysis of Mn≥2 we

consider the impact of both αsΩ1/Q corrections, and power corrections suppressed

by more powers of 1/Q. When we analyze M ′
n≥2 we will consider both 1/Qn and

1/Q2 power corrections in the fits.

3.2.3 Results for M1

In this section we present the main results of our analysis, the fits to the first mo-

ment of the thrust distribution and the determination of αs(mZ) and Ω1. Prior to

presenting our final numbers in Sec. 3.2.3.4 we discuss various aspects important

for their interpretation. In Sec. 3.2.3.1 we discuss the role of the log-resummation

contained in our fit code, the perturbative convergence for different kinds of expan-

sion methods, and we illustrate the numerical impact of power corrections and the

renormalon subtraction. We also briefly discuss the degeneracy between αs(mZ) and

Ω1 that motivates carrying out global fits to data covering a large range of Q values.

In Sec. 3.2.3.2 we present the outcome of the theory parameter scans, on which the

estimate of theory uncertainties in our fits are based, and show the final results.

We also display results for the fits at various levels of accuracy. Sec. 3.2.3.3 briefly

discusses the effects of QED and bottom mass corrections. Sec. 3.2.4 shows the

results of a fit in which renormalon subtractions and power corrections are included,

but resummation of logs in the thrust distribution is turned off.

For our moment analysis we use the thrust distribution code developed in

Sec. 3.1, where a detailed description of the various ingredients may be found. We

are able to perform fits with different level of accuracy: fixed order at O(α3
s), resum-
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Figure 3.21: Theoretical computations at various orders in perturbation theory
for the total hadronic cross section at the Z-pole normalized to the Born-level cross
section σ0. Here the small blue points correspond to fixed order perturbation theory,
green squares to resummation without renormalon subtractions, and red triangles
to resummation with renormalon subtractions.

mation of large logarithms to N3LL accuracy28, power corrections, and subtraction

of the leading renormalon ambiguity. Recently the complete calculation of theO(α2
s)

hemisphere soft function has become available [171, 172, 173], so the code is updated

to use the fixed parameter s2 = −40.6804 from Refs. [171, 173]. A feature of our

code is its ability to describe the thrust distribution in the whole range of thrust

values. This is achieved with the introduction of what we call profile functions,

which are τ -dependent factorization scales. In the e+ e− annihilation process there

are three relevant scales: hard, jet and soft, associated to the center of mass en-

ergy, the jet mass and the energy of soft radiation, respectively. The purpose of

τ -dependent profile functions for these scales is to smoothly interpolate between the

peak region where we must ensure that µi > ΛQCD, the dijet region where the sum-

mation of large logs is crucial, and the multijet region where regular perturbation

theory is appropriate to describe the partonic contribution. The major part of the

higher order perturbative uncertainties are directly related to the arbitrariness of

28Throughout Sec. 3.2 NnLL corresponds to the same order counting as NnLL′ in Sec. 3.1.
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Figure 3.22: Theoretical prediction for the first three moments at the Z-pole at
various orders in perturbation theory. The blue circles correspond to fixed order per-
turbation theory (normalized with the total hadronic cross section) at O(αs), O(α2

s)
and O(α3

s), green squares correspond to resummed predictions at NLL, NNLL, and
N3LL normalized with the total hadronic cross section, and red triangles correspond
to resummation normalized with the norm of the resummed distribution. For these
plots we use αs(mZ) = 0.114.

the profile functions, and are estimated by scanning the space of parameters that

specify them. The profile functions were discussed in Sec. 3.1.3 and for details on

the parameter scans we refer the reader to App. D. We note that our distribution

code was designed for Q values above 22 GeV.

3.2.3.1 Ingredients

The theoretical fixed order expression for the thrust moments contain no large log-

arithms, so we might not expect that the resummation of logarithms in the thrust

spectrum will play a role in the numerical analysis. We will show that there is

nevertheless some benefit in accounting for the resummation of thrust logarithms.
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This is studied in Figs. 3.21 and 3.22, where for Q = mZ we compare the theoret-

ical value of moments of the thrust distribution obtained in fixed order with those

obtained including resummation. (The error bars for the fixed order expansion arise

from varying the renormalization scale µ between Q/2 and 2Q and those for the

resummed results arise from our theory parameter scan method.)

In Fig. 3.21 we show the total hadronic cross section σ from the fixed order

αs expansion (blue points with small uncertainties sitting on the horizontal line)

and determined from the integral over the log-resummed distribution with/without

renormalon subtractions (red triangles and green squares). Both expansions are

displayed including fixed order corrections up to order αs(mZ), α
2
s(mZ) and α3

s(mZ),

as indicated by the orders 1, 2, 3, respectively. We immediately notice that the

resummed result is not as effective in reproducing the total cross section as the

fixed order expansion. Predictions that sum large logarithms have a substantial

(perturbative) normalization uncertainty. On the other hand, as shown in Sec. 3.1.5,

the resummation of logarithms combined with the profile function approach leads to

a description of the thrust spectrum that converges nicely over the whole physical τ

range when the norm of the spectrum is divided out, a property not present in the

spectrum of the fixed order expansion.

In Fig. 3.22 the expansions of the partonic moments M̂1, M̂2, and M̂3 are dis-

played in the fixed order expansion (blue circles) and the log-resummed result with

either the fixed order normalization (green squares) or a properly normalized spec-

trum (red triangles). We observe that the fixed order expansion has rather small

variations from scale variation, but shows poor convergence indicating that its renor-

malization scale variation underestimates the perturbative uncertainty. For M̂1 the

fixed order and log-resummed expressions with a common fixed-order normaliza-

tion (blue circles and green squares) agree well at each order, indicating that, as

expected, large logarithms do not play a significant role for this moment. On the

other hand, the expansion based on the properly normalized log-resummed spec-

trum exhibits excellent convergence, and also has larger perturbative uncertainties

at the lowest order. In particular, for the red triangles the higher order results are
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Figure 3.23: Theory scan for uncertainties in pure QCD with massless quarks. The
panels are fixed order (top-left), resummation without the nonperturbative correc-
tion (top-right), resummation with a nonperturbative function using the MS scheme
for Ω1 (bottom-left), resummation with renormalon subtraction and a nonperturba-
tive function in the R-gap scheme for Ω1 (bottom-right).

always within the 1-sigma uncertainties of the previous order. The result shows that

using the normalized log-resummed spectrum for thrust, which converges nicely for

all τ , also leads to better convergence properties of the moments. At third order

all the fixed order and resummed partonic moments are consistent with each other.

Since the log-resummed moments exhibit more realistic estimates of perturbative

uncertainties at each order, we will use the normalized resummed moments for our

fit analysis.29

In Fig. 3.23 we show how the inclusion of various ingredients (fixed order con-

29For our most complete theory set up, following Sec. 3.1.5 we normalize the distribution with
the fixed-order total hadronic cross section since it is faster and in this case the norm of the
distribution and total hadronic cross section are fully compatible.
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Figure 3.24: Difference between theoretical predictions with default parameters
for the first moment as function of Q when varying one parameter at a time. The
red solid line corresponds to varying ∆αs(mZ) = ±0.001 and the blue dashed lines
to varying ∆Ω1 = ±0.1, with respect to the pure QCD best-fit values. There is
a strong degeneracy of the two parameters in the region Q > 100 GeV, which is
obviously broken when considering values of Q below 70 GeV.

tributions, log resummation, power corrections, renormalon subtraction) affects the

convergence and uncertainty of our theoretical prediction for the first moment of the

thrust distribution as a function of Q. From these plots we can observe four points:

i) Fixed order perturbation theory does not converge very well. ii) Resummation

of large logarithms in the distribution, when normalized with the integral of the

resummed distribution, improves convergence for every center of mass energy. iii)

The inclusion of power corrections has the effect of a 1/Q-modulated vertical shift

on the value of the first moment. iv) The subtraction of the renormalon ambiguity

reduces the theoretical uncertainty. This picture for the first moment is consistent

with the results of Sec. 3.1 for the thrust distribution.

Another important element of our analysis is that we perform global fits, simul-

taneously using data at a wide range of center of mass energies Q. This is motivated
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by the fact that for each Q there is a complete degeneracy between changing αs(mZ)

and changing Ω1, which can be lifted only through a global analysis. Fig. 3.24 shows

the difference between the theoretical prediction of M1 as a function of Q, when

αs(mZ) or Ω1 are varied by ± 0.001 and ± 0.1 GeV, respectively. We see that the

effect of a variation in αs(mZ) can be compensated with an appropriate variation

in Ω1 at a given center of mass energy (or in a small Q range). This degeneracy is

broken if we perform a global fit including the wide range of Q values shown in the

figure.

Finally, in Fig. 3.25 we show αs(mZ) extracted from fits to the first moment of

the thrust distribution at three-loop accuracy including sequentially the different

effects our code has implemented: O(α3
s) fixed order, N3LL resummation, power

corrections, renormalon subtraction, b-quark mass and QED. The error bars of the

first two points at the left hand side do not contain an estimate of uncertainties

associated with the power correction. Though smaller, the resummed result is com-

patible at the 1-sigma level with the fixed order result. The inclusion of the power

correction is the element which has the greatest impact on αs(mZ); for the MS def-

inition of Ω1 it reduces the central value by 7%. The subtraction of the renormalon

ambiguity in the R-gap scheme reduces the theoretical uncertainty by a factor of

3, while b-quark mass and QED effects give negligible contributions with current

uncertainties.

3.2.3.2 Uncertainty Analysis

In Fig. 3.26 we show the result of our theory scan to determine the perturbative

uncertainties. At each order we carried out 500 fits, with theory parameters ran-

domly chosen in the ranges given in Table D.1 of App. D (where further details may

be found). The left panel of Fig. 3.26 shows results with renormalon subtractions

using the R-gap scheme for Ω1, and the right-panel shows results in the MS scheme

without renormalon subtractions. Each point in the plot represents the result of a

single fit. As described in App. D, in order to estimate perturbative uncertainties,

we fit an ellipse to the contour of best-fit points in the αs-2Ω1 plane, and we inter-



141

Table 3.10: Central values for αs(mZ) at various orders with theory uncertainties
from the parameter scan (first value in parentheses), and experimental and hadronic
error added in quadrature (second value in parentheses). The bold N3LL value above
the line is our final result, while values below the line show the effect of leaving out
the QED and b-mass corrections.

Order αs(mZ) (with Ω
MS

1 ) αs(mZ) (with ΩR−gap
1 )

NLL 0.1173(82)(13) 0.1172(82)(13)
NNLL 0.1159(41)(14) 0.1139(15)(13)

N3LL (full) 0.1153(21)(14) 0.1140(07)(14)

N3LL(QCD+mb) 0.1160(20)(14) 0.1146(07)(14)
N3LL(pure QCD) 0.1156(21)(14) 0.1142(07)(14)

Table 3.11: Central values for Ω1 at the reference scales R∆ = µ∆ = 2 GeV and
for Ω1 and at various orders. The parentheses show theory uncertainties from the
parameter scan, and experimental and hadronic uncertainty added in quadrature,
respectively. The bold value above the line is our final result, while the N3LL
values below the horizontal line show the effect of leaving out the QED and b-mass
corrections.

Order Ω1 (MS) [GeV] Ω1 (R-gap) [GeV]

NLL 0.504(157)(45) 0.500(153)(45)
NNLL 0.405(82)(47) 0.413(43)(44)

N3LL (full) 0.318(75)(49) 0.377(39)(44)

N3LL(QCD+mb) 0.310(74)(49) 0.369(34)(44)
N3LL(pure QCD) 0.350(67)(49) 0.402(35)(44)

pret this as 1-sigma theoretical error ellipse. This is represented by the dashed lines

in Fig. 3.26. The solid lines represent the combined (theoretical and experimental)

standard error ellipses. These are obtained by adding the theoretical and experi-

mental error matrices which determined the individual ellipses. The central values

of the fits, collected in Tables 3.2.3.1 and 3.2.3.1, are determined from the average

of the maximal and minimal values of the theory scan, and are very close to the

central values obtained when running with our default parameters. The minimal

χ2 values for these fits are quoted in Table 3.12 as well. The best fit based on our

full code has χ2/dof = 1.325 ± 0.002 where the range incorporates the variation
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Table 3.12: Comparison of first moment fit results for analyses with full results
and Ω1 = ΩRgap

1 , with Ω1 and no renormalon subtractions, without power correc-
tions, and at fixed order without power corrections or log resummation. The first
number in parentheses corresponds to the theory uncertainty, whereas the second
corresponds to the experimental and hadronic uncertainty added in quadrature for
the first two rows, and experimental uncertainty for the last two rows.

αs(mZ) χ2/(dof)

N3LL with ΩRgap
1 0.1140(07)(14) 1.33

N3LL with Ω
MS

1 0.1153(21)(14) 1.33
N3LL, no power corr. 0.1236(39)(03) 2.03
O(α3

s), fixed order, no power corr. 0.1305(39)(04) 2.52
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± ® perturbative error
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3L fixed-order

0.1299 ± 0.0038

+ N3LL summation

0.1245 ± 0.0038

+ Power Correction

0.1156 ± 0.0021

+ R-scheme

0.1142 ± 0.0007 + b-mass & QED

0.1140 ± 0.0007

Figure 3.25: Evolution of the best-fit values for αs(mZ) from thrust first moment
fits when including various levels of improvement with respect to fixed order QCD.
Only points at the right of the vertical dashed line include nonperturbative effects.

from the displayed scan points at N3LL. The fit results show a substantial reduction

of the theoretical uncertainties with increasing perturbative order. Removal of the

O(ΛQCD) renormalon improves the perturbative convergence and leads to a reduc-

tion of the theoretical uncertainties at the highest order by a factor of 2 in Ω1, and

factor of 3 in αs(mZ)
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Figure 3.26: Distribution of best-fit points in the αs(mZ)-2Ω1 and αs(mZ)-2Ω1

planes. The left panel shows results including perturbation theory, resummation
of the logs, the soft nonperturbative function, and Ω1 defined in the R-gap scheme
with renormalon subtractions. The right panel shows the same results, but with Ω1

defined in the MS scheme, and without renormalon subtractions. In both panels the
dashed lines corresponds to an ellipse fit to the contour of the best-fit points to deter-
mine the theoretical uncertainty. The respective total (experimental+ theoretical)
39% CL standard error ellipses are displayed (solid lines), which correspond to 1-
sigma (68% CL) for either one-dimensional projection.

To analyze in detail the experimental and the total uncertainties of our results,

we refer now to Fig. 3.27. Here we show the error ellipses for our highest order

fit, which includes resummation, power corrections, renormalon subtraction, QED

and b-quark mass contributions. The green dotted, blue dashed, and the solid red

lines represent the standard error ellipses for, respectively, experimental, theoretical,

and combined theoretical and experimental uncertainties. The experimental and

theory error ellipses are defined by ∆χ2 = 1 since we are most interested in the 1-

dimensional projection onto αs. The correlation matrix of the experimental, theory,
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Figure 3.27: Experimental ∆χ2 = 1 standard error ellipse (dotted green) at N3LL
accuracy with renormalon subtractions, in the αs-2Ω1 plane. The dashed blue
ellipse represents the theory uncertainty which is obtained by fitting an ellipse to the
contour of the distribution of the best-fit points. This ellipse should be interpreted as
the 1-sigma theory uncertainty for 1-parameter (39% confidence for 2-parameters).
The solid red ellipse represents the total (combined experimental and perturbative)
uncertainty ellipse.

and total error ellipses are (i, j = αs, 2Ω1)

Vij =


 σ2

αs
2σαs

σΩ1ραΩ

2σαs
σΩ1ραΩ 4σ2

Ω1


 , (3.98)

V exp
ij =


 1.93(15) · 10−6 −1.18(13) · 10−4 GeV

−1.18(13) · 10−4 GeV 0.79(13) · 10−2 GeV2


,

V theo
ij =


 5.56 · 10−7 1.85 · 10−5 GeV

1.85 · 10−5 GeV 5.82 · 10−3 GeV2


 ,

V tot
ij =


 2.49(15) · 10−6 −0.99(13) · 10−4 GeV

−0.99(13) · 10−4 GeV 1.37(13) · 10−2 GeV2


,
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where the experimental correlation coefficient is significant and reads

ρexpαΩ = − 0.96(14) . (3.99)

Adding the theory scan uncertainties reduces the correlation coefficient in Eq. (3.99)

to

ρtotalαΩ = − 0.54(8). (3.100)

In both Eqs. (3.99) and (3.100) the numbers in parentheses capture the range of

values obtained from the theory scan. From V exp
ij in Eq. (3.98) it is possible to extract

the experimental uncertainty for αs and Ω1 and the uncertainty due to variations of

Ω1 and αs, respectively:

σexp
αs

= σαs

√
1− ρ2αΩ = 0.0004 ,

σexp
Ω1

= σΩ1

√
1− ρ2αΩ = 0.013 GeV ,

σΩ1
αs

= σαs
|ραΩ| = 0.0014 ,

σαs
Ω1

= σΩ1 |ραΩ| = 0.044 GeV . (3.101)

Fig. 3.27 shows the total uncertainty in our final result quoted in Eq. (3.103) below.

The correlation exhibited by the green dotted experimental error ellipse in

Fig. 3.27 is given by the line describing the semimajor axis

Ω1

32.82GeV
= 0.1255− αs(mZ) . (3.102)

Note that extrapolating this correlation to the extreme case where we neglect the

nonperturbative corrections (Ω1 = 0) gives αs(mZ) → 0.1255.
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3.2.3.3 Effects of QED and the b-Mass

The experimental correction procedures applied to the AMY, JADE, SLC, DELPHI

and OPAL data sets were typically designed to eliminate initial state photon radi-

ation, while those of the TASSO, L3 and ALEPH collaborations eliminated initial

and final state photon radiation. It is straightforward to test for the effect of these

differences in the fits by using our theory code with QED effects turned on or off

depending on the data set. Using our N3LL order code in the R-gap scheme we

obtain the central values αs(mZ) = 0.1143 and Ω1 = 0.376 GeV. Comparing to our

default results given in Tabs. 3.2.3.1 and 3.2.3.1, which are based on the theory

code were QED effects are included for all data sets, we see that the central value

for αs is larger by 0.0003 and the one for Ω1 is smaller by 0.001 GeV. This shift is

substantially smaller than our perturbative uncertainty. Hence our choice to use the

theory code with QED effects included everywhere as the default for our analysis

does not cause an observable bias regarding experiments which remove final state

photons.

By comparing the N3LL (pure massless QCD) and N3LL (QCD +mb) entries in

Tabs. 3.2.3.1 and 3.2.3.1 we see that including finite b-mass corrections causes a very

mild shift of ≃ +0.0004 to αs(mZ), and a somewhat larger shift of ≃ −0.033GeV

to Ω1. In both cases these shifts are within the 1-sigma theory uncertainties. In

the N3LL (pure massless QCD) analysis the b-quark is treated as a massless flavor,

hence this analysis differs from that done by JADE [153] where primary b quarks

were removed using MC generators.
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Figure 3.28: First moment of the thrust distribution as a function of the center
of mass energy Q, using the best-fit values for αs(mZ) and Ω1 in the R-gap scheme
as given in Eq. (3.103). The blue band represents the perturbative uncertainty
determined by our theory scan. Data is from ALEPH, OPAL, L3, DELPHI, JADE,
AMY and TASSO.

3.2.3.4 Final Results

As our final result for αs(mZ) and Ω1, obtained at N3LL order in the R-gap scheme

for Ω1(R∆, µ∆), including bottom quark mass and QED corrections we obtain

αs(mZ) = 0.1140 ± (0.0004)exp ± (0.0013)hadr ± (0.0007)pert,

Ω1(R∆, µ∆) = 0.377 ± (0.013)exp ± (0.042)αs(mZ) ± (0.039)pert GeV, (3.103)

where R∆ = µ∆ = 2 GeV and we quote individual 1-sigma uncertainties for each

parameter. Here χ2/dof = 1.33. Eq. (3.103) is the main result of this work.

In Fig. 3.28 we show the first moment of the thrust distribution as a function of

the center of mass energy Q, including QED and mb corrections. We use here the

best-fit values given in Eq. (3.103). The band displays the theoretical uncertainty
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Figure 3.29: Comparison of αs(mZ) and Ω1 determinations from thrust first moment
data (red) and thrust tail data (blue). The plot corresponds to fits with N3LL
accuracy and in the R-gap scheme. The tail fits are performed with our improved
code which uses a new nonsingular two-loop function, and the now known two-loop
soft function. Dashed lines correspond to theory uncertainties, solid lines correspond
to ∆χ2 = 1 combined theoretical and experimental error ellipses, and wide-dashed
lines correspond to ∆χ2 = 2.3 combined error ellipses (corresponding to 1-sigma
uncertainty in two dimensions).

and has been determined with a scan on the parameters included in our theory, as

explained in App. D. The fit result is shown in comparison with data from ALEPH,

OPAL, L3, DELPHI, JADE, AMY and TASSO. Good agreement is observed for all

Q values.

It is interesting to compare the result of this analysis with the result of our earlier

fit of thrust tail distributions in Sec. 3.1.7.6. This is shown in Fig. 3.29. Here the red

upper shaded area and corresponding ellipses show the results from fits to the first

moment of the thrust distribution, while the blue lower shaded area and ellipses show

the result from fits of its tail region. Both analyses show the theory (dashed lines)

and combined theoretical and experimental (solid lines) standard error ellipses, as
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well as the ellipses which correspond to ∆χ2 = 2.3 (68% CL for a two-parameter fit,

wide-dashed lines). We see that the two analyses are compatible.

3.2.4 Fixed Order Analysis of M1

It is interesting to compare the result of our best fit with an analysis where we do

not perform resummation in the thrust distribution, but where power corrections

and renormalon subtractions are still considered. This is achieved by setting the

scales µH , µS, µJ , µns in our theoretical prediction all to a common scale µ ∼ Q.

We use R for the scale of the renormalon subtractions and renormalization group

evolved power correction. Finally we will neglect QED and b-mass corrections in this

subsection. Up to the treatment of power corrections and perturbative subtractions,

the fixed order results used for this analysis are thus equivalent to those used in

Ref. [138].

The OPE formula for the first moment in the R-gap scheme for this situation is

given by

M1 = M̂Rgap
1 (R, µ) +

2Ω1(R, µ)

Q
,

Ω1(R, µ) = Ω1 + ∆̄(R, µ)− ∆̄(R∆, µ∆) , (3.104)

In Eq. (3.104), the Ω1 with no arguments is the value determined by the fits, which

is in the R-gap scheme at the reference scale µ∆ = R∆ = 2GeV. Here ∆̄(R, µ) is the

running gap parameter, and ∆̄(R, µ) − ∆̄(R∆, µ∆) is used to sum logarithms from

(R∆, µ∆) to (R, µ) in Eq. (3.104). The analytic expression for ∆̄(R, µ)− ∆̄(R∆, µ∆)

can be found in Eq. (3.41) (see also [105]. The perturbative M̂Rgap
1 is related to the

perturbative MS result by

M̂Rgap
1 (R, µ) = M̂MS

1 (µ) +
2 δ(R, µ)

Q
,

δ(R, µ) = eγER
3∑

i=1

αs(µ)
iδi(R, µ) , (3.105)
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where the subtractions terms, Eq. (3.38), are [105]

δ1(R, µ) = −0.848826LR ,

δ2(R, µ) = −0.156279− 0.46663LR − 0.517864L2
R ,

δ3(R, µ) = − 0.552986− 0.622467LR − 0.777219L2
R − 0.421261L3

R , (3.106)

with LR = ln(µ/R). In Eq. (3.105) δ(R, µ) cancels the O(ΛQCD) renormalon in

M̂MS
1 (µ), and it is crucial that the coupling expansions in both these objects are

done at the same scale, αs(µ), for this cancellation to take place. The relation to

the MS scheme power correction is Ω1 = Ω1 + δ(R∆, µ∆), and the OPE in the MS

scheme at this level is

M1 = M̂MS
1 (µ) +

2Ω1

Q
. (3.107)

In the MS result there are no perturbative renormalon subtractions (and thus no

log resummation related to the renormalon subtractions) and the parameter Ω1 has

a ΛQCD renormalon ambiguity.

We will perform fits to the experimental data following the same procedure

discussed in the previous section. Using Eq. (3.104) we consider two cases, i) R ∼ Q

where Ω1 is renormalization group evolved to R and there are no large logarithms

in the renormalon subtractions, and ii) fixing R at the reference scale, R = 2GeV,

in which case large logarithms are present in the renormalon subtractions. We will

also consider a third case, iii), using the MS-OPE of Eq. (3.107). Results for these

fits are shown in Tabs. 3.2.4 and 3.2.4. For all cases χ2/dof ≃ 1.32.

For case i) we take R ∼ µ ∼ Q, so there are no large logarithms in the δ(R, µ)

of Eq. (3.104), and all large logarithms associated with renormalon subtractions are

summed in ∆̄(R, µ)− ∆̄(R∆, µ∆). Here we estimate the perturbative uncertainty in

αs(mZ) and Ω1 by varying the renormalization scale µ and the scale R independently

in the range {2Q,Q/2}. We use one-half the maximum minus minimum variation as

the uncertainty, and the average for the central value. The results for both αs(mZ)



151

Table 3.13: MS scheme values for αs(mZ) obtained from various fixed order analyses.
The first value in parentheses is the uncertainty from higher order perturbative
corrections (obtained by the method described in the text), while the second value
is the combined experimental and hadronization uncertainty.

Order O(α2
s) O(α3

s)

(i) R-gap, R-RGE 0.1159(27)(14) 0.1146(06)(14)
(ii) R-gap, FO Subt. 0.1185(63)(15) 0.1138(20)(14)
(iii) MS for Ω1 0.1278(124)(19) 0.1186(38)(14)

Table 3.14: Ω1 or Ω1 values obtained from fixed order analyses at various orders.
The first value in parentheses is the uncertainty from higher order perturbative
corrections (obtained by the method described in the text), while the second value
is the combined experimental and hadronization uncertainty.

Order O(α2
s) O(α3

s)

(i) R-gap, R-RGE 0.407(8)(45) 0.400(8)(45)
(ii) R-gap, FO Subt. 0.216(126)(133) 0.359(42)(62)
(iii) MS for Ω1 0.388(62)(47) 0.350(54)(44)

and Ω1 are fully compatible at 1-sigma to our final results shown in Eq. (3.103).

The agreement is even closer to the central values for the fits without QED or b-

mass corrections in Tabs. 3.2.3.1 and 3.2.3.1, namely αs(mZ) = 0.1142(07)(14) and

Ω1 = 0.402(35)(44). The one difference is that the perturbative uncertainty for

Ω1 in Tab. 3.2.4 is a factor of three smaller. The case i) results in the table also

exhibit nice order-by-order convergence, and if one plots M1 versus Q (analogous to

Fig. 3.22) the uncertainty bands are entirely contained within one another. In order

to be conservative, we take our resummation analysis in Eq. (3.103) as our final

results (with its larger perturbative uncertainty and inclusion of QED and b-mass

corrections).

For case ii) we take R ∼ 2GeV and µ ∼ Q as typical values, so there are large

logarithms, ln(R/Q), in the δ(R, µ) renormalon subtractions. The central value

for αs(mZ) at O(α3
s) is again fully compatible with that in Eq. (3.103). Here we

estimate the perturbative uncertainty in αs(mZ) by varying µ ∈ {2Q,Q/2} and

R = 2±1GeV. Due to the large logarithms the perturbative uncertainty in αs(mZ)
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for case ii), shown in Tab. 3.2.4, is three times larger than for case i). It is also

compatible with the difference between central values at O(α2
s) and O(α3

s). To

estimate the uncertainty for Ω1 we only vary µ, which leads to the rather large error

estimate for Ω1 shown in Tab. 3.2.4. The contrast between the precision of the

results in case i), to the results in case ii), illustrates the importance of summing

large logarithms in the renormalon subtractions.

For case iii), where the Ω1 power correction is defined in MS we do not have

renormalon subtractions (and hence no large logs in subtractions). Due to the

poor convergence of the fixed order prediction for the first moment, seen from the

blue fixed order points in Fig. 3.22, it is not clear whether varying µ in the range

{2Q,Q/2} gives a realistic perturbative uncertainty estimate. Hence we determine

the perturbative uncertainty for case iii) in Tabs. 3.2.4 and 3.2.4 by varying µ in

the range {2Q,Q/2} and multiply the result by a factor of two. The perturbative

uncertainties for αs(mZ) are a factor of two larger than in case ii). The central

values for αs(mZ) in case iii) are also larger, but are compatible with those in case

ii) and Eq. (3.103) within 1-sigma.

It is interesting to compare our results to those of Ref. [138], which also performs

a fixed order analysis atO(α3
s), and incorporates subtractions based on the dispersive

model.30 Here the subtractions contain logarithms, ln(µI/µ), where µI ∼ 2GeV

and µ ∼ Q, that are not resummed. From a fit to M1 in thrust they obtained

αs(mZ) = 0.1166 ± 0.0015exp ± 0.0032th where the first uncertainty is experimental

and the second is theoretical. Our corresponding result is the one in case ii), and the

central values and uncertainties for αs(mZ) are fully compatible. The perturbative

uncertainty they obtain is a factor of 1.6 larger than ours. It arises from varying the

renormalization scale µ ∈ {2Q,Q/2}, the O(α2
s) Milan factor M by 20%, and the

infrared scale µI = 2 ± 1GeV in the dispersive model. In our analysis there is no

precise analog of the Milan factor because our subtractions and R-gap scheme for Ω1

30On the experimental side, Ref. [138] uses only the new JADE data from [153] and OPAL data.
In our analysis the new JADE was excluded, but we utilized a larger dataset that includes ALEPH,
OPAL, L3, DELPHI, AMY, TASSO and older JADE data. This may have a non-negligible impact
on the outcome of the comparison.
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fully account for two and three gluon infrared effects up to O(α3
s) that are associated

to thrust. Other than this, the difference can be simply attributed to the differences

in subtraction schemes which have an impact on the µ scale uncertainty. Finally,

note that we have implemented the analytic results of Ref. [138] and confirmed their

µ and µI uncertainties.

3.2.5 JADE Datasets

As discussed in Sec. 3.2.1 our global dataset includes thrust moment results from

ALEPH, OPAL, L3, DELPHI, AMY, TASSO and the JADE data from Ref. [127]. In

this section we discuss the impact on the results in Secs. 3.2.3 and 3.2.4 of replacing

the JADE data from Ref. [127] with moment results from an updated analysis carried

out in Ref. [153], which removes the contributions from primary bb̄ pair production

and provides in addition measurements at Q = 14 and 22 GeV. In Fig. 3.30 we show

the data for M1, including the JADE results from Refs. [127] and [153]. The most

significant difference occurs at Q = 44GeV. Our analysis will treat these datasets

on the same footing without attempting to account for the effect of removing the

bb̄’s.

For our analysis here, with theory results at N3LL+O(α3
s), we continue to ex-

clude center of mass energies Q ≤ 22 GeV as in Sec. 3.2.3. The dependence of the

global fit result on the data set for M1 is shown in Fig. 3.31. Theoretical uncertain-

ties are analyzed again by the scan method giving the central dots and three inner

ellipses, while the outer three ellipses show the respective combined 1-σ total ex-

perimental and theoretical uncertainties. Using all experimental data but excluding

JADE measurements entirely gives the fit result shown by the upper blue ellipse.

This result is compatible at 1-σ with the central red ellipse which shows our default

analysis, using the Ref. [127] JADE M1 measurements. Replacing these two JADE

data points by the four Q > 22GeV JADE M1 results from Ref. [153] yields the

lower green ellipse (whose center is ≃ 1.5-sigma from the central ellipse). For this fit

the χ2/dof increases from 1.33 to 1.52 demonstrating that there is less compatibility

between the data. For this reason, together with the concern about the impact of
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Figure 3.30: Experimental data for the first moment of thrust. The solid line
corresponds to the result from the first row of Tab. 3.2.4, and uses a fixed order code
with power corrections in a renormalon-free scheme, but no resummation (neither
QED nor bottom mass corrections).

removing primary bb̄ events with MC simulations, we have used only JADE data

from Ref. [127] in our main analysis.

A similar pattern is observed using the fixed order fits of M1 discussed in

Sec. 3.2.4. In this case it is also straightforward to include the Q = 14, 22GeV

JADE data from Ref. [153]. If these two points are added to our default dataset

(which contains Q = 35 and 45 GeV as the lowest Q results for M1) then we find

αs(mZ) = 0.1155 ± 0.0012 and Ω1 = 0.361 ± 0.035GeV with χ2/dof = 1.3. This is

compatible at 1-sigma with our final pure QCD result in Tab. 3.2.3.1. If we include

the entire set of JADE data from Ref. [153] instead of those from Ref. [127] then

we find αs(mZ) = 0.1166± 0.0012 and Ω1 = 0.306± 0.033GeV with χ2/dof = 1.6,

very similar to the values observed for the green lower ellipse in Fig. 3.31. Hence,

overall the fixed order analysis does not change the comparison of fits with the two

different JADE datasets.
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Figure 3.31: Fit results when using ALEPH, DELPHI, OPAL, L3, AMY, TASSO,
but no JADE data (upper blue ellipse), when also including JADE data from
Ref. [127] (red central ellipse) [ our default data set ], and when instead including
the JADE data from Ref. [153] (green lower ellipse). The ellipses here correspond
to 1-sigma for two parameters (68% CL).

3.2.6 Higher Moment Analysis

In this section we consider higher moments,Mn≥2, which have been measured experi-

mentally up to n = 5. From Eq. (3.90) we see that these moments have power correc-

tions ∝ 1/Qk for k ≥ 1. Since for the perturbative moments we have M̂n/M̂n+1 ≃ 4–

9, we estimate that the 1/Q2 power corrections are suppressed by 9ΛQCD/Q which

varies from 1/8 to 1/44 for the Q-values in our dataset, Q ≥ 35GeV. Hence, for the

analysis in this section we can safely drop the 1/Q2 and higher power corrections

and use the form

Mn = M̂n +
2nΩ1

Q
M̂n−1 . (3.108)
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Figure 3.32: Predictions for the higher moments M2, M3, M4, M5 using the best fit
values from Eq. (3.103), and our full N3LL+O(α3

s) code in the R-gap scheme, but
with QED and mass effects turned off. The central points use different symbols for
different moments.

By using our fit results for αs(mZ) and Ω1 from Eq. (3.103) we can directly

make predictions for the moments M2,3,4,5. This tests how well the theory does at

calculating the perturbative contributions M̂2,3,4,5. The results for these moments

are shown in Fig. 3.32 and correspond to χ2/dof = 1.3, 2.5, 0.8, 1.1 for n = 2, 3, 4, 5

respectively, indicating that our formalism does quite well at reproducing these

moments. The larger χ2/dof for n = 3 is related to a quite significant spread in the

experimental data for this moment at Q & 190GeV. Note that we also see that the

relation Mn/Mn+1 ≃ 4–9 is satisfied by the experimental moments.

An alternate way to test the higher moments is to perform a fit to this data. Since

we have excluded the new JADE data in Ref. [153], we do not have a significant

dataset at smaller Q values for the higher moments. With our higher moment
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Table 3.15: Numerical results for αs from one-parameter fits to the Mn moments.
The second column gives the central values for αs(mZ), the third and fourth show
the theoretical and experimental errors, respectively. Since Ω1 was fixed for this
analysis we do not quote a hadronization error.

n αs(mZ) ∆th[αs] ∆exp[αs] χ2/dof

2 0.1149 0.0009 0.0005 1.24
3 0.1157 0.0009 0.0005 1.87
4 0.1151 0.0011 0.0010 0.39
5 0.1156 0.0015 0.0010 0.23

dataset the degeneracy between αs(mZ) and Ω1 is not broken for n ≥ 2, and one finds

very large experimental errors for a two-parameter fit already at n = 2. However we

can still fit for αs(mZ) from data for each individual Mn≥2 by fixing the value of Ω1

to the best fit value in Eq. (3.103) from our fit to M1. For this exercise we use our

full N3LL+O(α3
s) code, but with QED and mass effects turned off. The outcome is

shown in Fig. 3.33 and Tab. 3.15. We find only a little dependence of αs on n, and

all values are compatible with the fit to the first moment within less than 1-sigma.

This again confirms that our value for Ω1 and perturbative predictions for M̂n≥2 are

consistent with the higher moment data.

In Ref. [138] a two-parameter fit to higher thrust moments was carried out

using OPAL data and the latest low energy JADE data. For n = 2 to n = 5

the results increase linearly from αs(mZ) = 0.1202 ± (0.0018)exp ± (0.0046)th to

αs(mZ) = 0.1294 ± (0.0027)exp ± (0.0070)th respectively, and the weighted average

for the first five moments of thrust is αs(mZ) = 0.1208 ± 0.0018exp ± 0.0045th.

The results are fully compatible within the uncertainties, and there is an indication

of a trend towards larger αs(mZ) extracted from higher moments. In our analysis

we do not observe this trend, but our results should not be directly compared since

we have only performed a one parameter fit. After further averaging over results

obtained from event shapes other than thrust Ref. [138] obtained as their final result

αs(mZ) = 0.1153 ± 0.0017exp ± 0.0023th. This is again perfectly compatible with

our result in Eq. (3.103).
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Figure 3.33: One-parameter fits for αs(mZ) to the first five moments. We use our
full set up with power corrections and renormalon subtractions, but with QED and
mass corrections turned off. The value of Ω1 is fixed from Eq. (3.103). The error
bars include theoretical and experimental errors added in quadrature (not including
uncertainty in Ω1).

3.2.7 Higher Power Corrections from Cumulant Moments

In this section we use cumulant moments as defined in Eq. (3.96) to discuss the

presence of higher power corrections and their constraints from experimental data.

There are two types of power corrections that are relevant for the cumulants, those

defined rigorously by QCD matrix elements which come from the leading thrust fac-

torization theorem, Ω′
n, and those from our simple parameterization of higher order

power corrections in Eq. (3.84), Ωn,j≥1. For the latter a systematic matching onto

QCD matrix elements has not been carried out and the corresponding perturbative

coefficients have not been determined.

For the second cumulant M ′
2 both types of power correction contribute to the
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leading 1/Q2 term in the combination

Ω̃′
2 = Ω′

2 +M1,1 Ω1,1 . (3.109)

Without a calculation of the perturbative coefficient M1,1 we cannot argue that

either one dominates, and hence we keep both of them. In terms of this parameter

the OPE with its leading power correction for the second cumulant becomes simply

M ′
2 = M̂ ′

2 +
4 Ω̃′

2

Q2
, (3.110)

where M̂ ′
2 is computed from our leading order factorization theorem, see Eq. (3.80).

For the third cumulantM ′
3 the power correction from the leading thrust factorization

theorem is 1/Q3, while that from the subleading factorization theorem is 1/Q2, so

M ′
3 = M̂ ′

3 +
6M2,1 Ω1,1

Q2
+

8Ω′
3

Q3
. (3.111)

where we keep both of these power corrections.

For our analysis we assume that the perturbative coefficients M1,1 and M2,1

get contributions at tree-level, and hence that their logarithmic dependence on Q

is αs-suppressed. Thus for fits to M ′
2 and M ′

3 we consider the three parameters

Ω̃′
2, M2,1 Ω1,1, and Ω′

3. Our theoretical expectations are that (Ω′
n)

1/n ∼ ΛQCD and

(Ω1,1)
1/2 ∼ (Ω′

n)
1/n.

Since most of the experimental collaborations provide measurements only for

moments we computed the cumulants using Eq. (3.72). To propagate the errors to

the n-th cumulant one needs the correlations between the first n moments, both

statistical and systematical. Following experimental procedures we estimate the

statistical correlation matrix from Monte Carlo simulations. These matrices are

provided in Ref. [174] for Q = 14, 91.3, 206.6GeV.31 The computation of these

matrices does not depend on the simulation of the detector and hence can be a

31We thank Christoph Pahl for providing details on the use of correlation matrices for moments.
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Figure 3.34: Prediction of cumulants using our best-fit values for αs(mZ) and Ω1

from the fit to the first thrust moment. The band includes only the theoretical
uncertainty from the random scan. The theory prediction includes QED and mass
corrections, and uses our default model, which translates into the following values
for higher nonperturbative power corrections: Ω′

2 = Ω2
1/4, Ω

′
3 = Ω3

1/8, Ω
′
4 = 3Ω4

1/32,
Ω′

5 = 3Ω5
1/32.

priory employed on the data provided by any experimental collaboration. It was

found that statistical correlation matrices depend very mildly on the center of mass

energy, and our approach is to use the matrix computed at 14GeV for Q < 60GeV,

the one computed at 91.3 for 60GeV ≤ Q < 120GeV and the one at 206.6GeV

for Q ≥ 120GeV. The systematic correlation matrix for the moments is estimated

using the minimal overlap model based on the systematic uncertainties, and then

converted to uncertainties for the cumulants. We use this method even for the few

cases in which experimental collaborations provide uncertainties for the cumulants

directly, since we want to treat all data on the same footing. In these cases we have
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Table 3.16: Determination of power corrections from fits to M ′
2 and M ′

3. All values
in the table are in GeV. Columns two to four correspond to central value, theo-
retical uncertainty, and experimental uncertainty, respectively (the latter includes
both statistical and systematic errors added in quadrature). The values displayed
correspond to the linear combinations in Eq. (3.112), which for M ′

3 diagonalize the
experimental error matrix.

Central ∆th ∆exp
χ2

dof

(Ω̃′
2)

1/2 0.74 0.09 0.11 0.72
(Θ2)

1/2 1.21 0.10 0.22
0.93

(Θ3)
1/3 −2.61 0.15 1.51

checked that the results are very similar.

To some extent the prescription we employ lies in between two extreme situa-

tions: a) moments are completely uncorrelated, and b) cumulants are completely

uncorrelated. Situation a) corresponds to the naive assumption that the moments

are independent. Situation b) is motivated by considering that properties like the

location of the peak of the distribution (∼ M1), the width of the peak (∼ M ′
2), etc.

are independent pieces of information. By assuming moments are uncorrelated one

overestimates the errors of the cumulants. This would translate into larger exper-

imental errors for our fit results and very small χ2/dof. Assuming that cumulants

are uncorrelated induces very strong positive correlations between moments, which

then leads to small uncertainties for the cumulants, especially for the variance, and

larger χ2/dof values. With the adopted prescription we use one finds a weaker pos-

itive correlation among moments, which translates into a situation between these

two extremes.32

For our analysis we use our highest order code as described in Sec. 3.2.3, but

without QED and b-mass effects, and take the value αs(mZ) = 0.1142 obtained

in our fit to the first moment data with this code (see Tab. 3.2.3.1). Since we are

analyzing cumulants M ′
n≥2 the value of Ω1 is not required, and there is no distinction

32One might also construct the correlation matrices using the statistical and systematic errors
from the thrust distributions themselves. Bins in distributions are statistically independent and
systematic correlations are estimated using the minimal overlap model. Unfortunately this can
introduce biases, and we thank Christoph Pahl for clarifying this point.
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Figure 3.35: Determination of power corrections from fits to data. On the ver-
tical axes we display the n-th experimental cumulant with the perturbative part
subtracted M ′

n − M̂ ′
n. The error bars shown are experimental (statistical and sys-

tematic combined) added in quadrature with perturbative errors from the random
scan over the profile parameters. The top-left panel shows the fit to Ω̃′

2/Q
2, and the

top-right panel shows the fit to M2,1 Ω1,1/Q
2 and Ω′

3/Q
3 through the linear combi-

nations in Θ2,3. The bottom two panels for n = 4, 5 show a simple fit to M3,1Ω1,1

and M4,1Ω1,1 taking Ω′
4 = Ω′

5 = 0.

between having this parameter in MS or the R-gap scheme. Hence in order to fit

for higher power corrections we use our purely perturbative code in the MS scheme.

Thus all of the power correction parameters extracted in this section are in the

MS scheme, and in particular we do not carry out renormalon subtractions beyond

O(ΛQCD). The perturbative error is estimated as in Sec. 3.2.3, by a 500 point scan

of theory parameters (see App. D).

Before we fit for the higher power corrections, we will check how well our fac-

torization theorem predicts the experimental cumulants using a simple exponential

model for the nonperturbative soft function (the model with only one coefficient
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c0 = 1 from Refs. [9, 82]). This model has higher power corrections that are deter-

mined by its one parameter Ω1: Ω
′
2 = Ω2

1/4, Ω
′
3 = Ω3

1/8, Ω
′
4 = 3Ω4

1/32, Ω
′
5 = 3Ω5

1/32.

Results are shown in Fig. 3.34, where good agreement between theory and data is

observed.

For the M ′
n in Fig. 3.34 we also observe that M ′

n+1/M
′
n ∼ 1/10, so the (n+1)-th

order cumulant is generically one order of magnitude smaller than the n-th order

cumulant.

Next we will fit for the power correction parameters Ω̃′
2, M2,1 Ω1,1, and Ω′

3. To

facilitate this we consider the difference between the experimental cumulants M ′
n

and the perturbative theoretical cumulants M̂ ′
n, namely M ′

2 − M̂ ′
2 and M ′

3 − M̂ ′
3.

From Eqs. (3.110) and (3.111) these differences are determined entirely by the power

correction parameters we wish to fit. The results are shown in Tab. 3.16 and the

upper two panels of Fig. 3.35. From theM ′
2−M̂ ′

2 fit a fairly precise result is obtained

for (Ω̃′
2)

1/2. Its central value of 740MeV is compatible with ∼ 2ΛQCD, and hence

agrees with naive dimensional analysis. Interestingly, we have checked that including

a constant and 1/Q term in the second cumulant fit one finds that their coefficients

are compatible with zero, in support of the theoretically expected 1/Q2-dependence.

For the fit to M ′
3 − M̂ ′

3 there is a strong correlation between Ω′
3 and M2,1 Ω1,1

even though they occur at different orders in 1/Q. Since the χ2 is quadratic in these

two parameters we can determine the linear combinations that exactly diagonalize

their correlation matrix:

Θ2 ≡
[
6M2,1

0.07

]
Ω1,1

4
+ (0.3105GeV−1) Ω′

3 ,

Θ3 ≡ Ω′
3 − (0.3105GeV)

[
6M2,1

0.07

]
Ω1,1

4
. (3.112)

Note that these combinations arise solely from experimental data. We have

presented the coefficients of these combinations grouping together a factor of

(6M2,1/0.07), which is close to unity if 6M2,1 ≃ M̂1. The results in Tab. 3.16

exhibit a reasonable uncertainty for Θ2, but a large uncertainty for Θ3. Hence, at
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this time it is not possible to determine the original parameters Ω′
3 and M2,1 Ω1,1

independently. As in the previous case, the fit does not exhibit any evidence for a

1/Q correction, confirming the theoretical prediction for this cumulant.

In Fig. 3.35 we also show results for cumulant differences M ′
n − M̂ ′

n versus Q

for n = 4 and n = 5. In all cases n = 2, 3, 4, 5 the perturbative cumulants M̂ ′
n

are the largest component of the cumulant moments M ′
n, as can be verified by the

reduction of the values by a factor of 2–3 in Fig. 3.35 compared to the values in

Fig. 3.34. We also observe an order of magnitude suppression between the (n+1)’th

and n’th terms, (M ′
n+1 − M̂ ′

n+1)/(M
′
n − M̂ ′

n) ∼ 1/10. For n = 4, 5 the OPE formula

in Eq. (3.96) involves both 2nΩ′
n/Q

n terms and terms with non-trivial perturbative

coefficients: (2nMn−1,1Ω1,1)/Q
2 + . . . (where here the ellipses are terms at 1/Q3

and beyond). If the former dominated we would expect a suppression by 2ΛQCD/Q

for the (n+1)’th versus n’th term. The observed suppression by 1/10 is less strong

and is instead consistent with domination by the 1/Q2 power correction terms in

the n = 4, 5 cumulant differences. This would imply [(n+1)Mn,1]/[nMn−1,1] ∼ 1/10

and could in principle be verified by an explicit computation of these coefficients. In

Fig. 3.35 we show fits to a 1/Q2 power correction, which are essentially dominated

by the lowest energy point at the Z-pole. The results are
√
8M3,1 Ω1,1 = 0.20±0.08

from fits to M ′
4 and

√
10M4,1 Ω1,1 = 0.07±0.06 from fits to M ′

5. These values agree

with our expectation of the ∼ 1/10 suppression between the two Mn,1 perturbative

coefficients.

In this section we have determined the 1/Q2 power correction parameter Ω̃′
2 with

25% accuracy, and find it is 3.8σ different from zero. For the higher moments there

are important contributions from a Ω1,1/Q
2 power correction, which appears to even

dominate for n ≥ 4. Clearly experimental data supports the pattern expected from

the OPE relation in Eq. (3.96).

3.2.8 Conclusions

In Sec. 3.2 we have used a full τ -distribution factorization formula developed in

Sec. 3.1 to study moments and cumulant moments of the thrust distribution. Per-
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turbatively it incorporates O(α3
s) matrix elements and nonsingular terms, a resum-

mation of large logarithms, lnk τ , to N3LL accuracy, and the leading QED and

bottom mass corrections. It also describes the dominant nonperturbative correc-

tions, is free of the leading renormalon ambiguity, and sums up large logs appearing

in perturbative renormalon subtractions.

Theoretically there are no large logs in the perturbative expression of the thrust

moments, and when normalized in the same way the perturbative result from the full

τ code with resummation agrees very well with the fixed order results. Nevertheless,

when the code is properly self normalized it significantly improves the order-by-

order perturbative convergence towards the O(α3
s) result. In particular, the results

remain within the perturbative error band of the previous order, in contrast to what

is observed using fixed order expressions. This lends support to the theoretical

uncertainty analysis from the code with resummation.

From fits to the first moment of the thrust distribution,M1, we find the results for

αs(mZ) and the leading power correction parameter Ω1 given in Eq. (3.103). They

are in nice agreement with values from the fit to the tail of the thrust distribution

in Eq. (3.68). The moment results have larger experimental uncertainties, and these

dominate over theoretical uncertainties, in contrast with the situation in the tail

region analysis of Sec. 3.1. Repeating the M1 fit using a fixed order code with no

ln τ resummation, but still retaining the summation of large logs in the perturbative

renormalon subtractions, yields fully compatible results for αs(mZ) and Ω1.

Using a Fourier space operator product expansion we have parameterized higher

order power corrections which are beyond the leading factorization formula, and

analyzed the OPE both for moments Mn and cumulants M ′
n. In the moments the

Ω1/Q power correction from the leading factorization theorem enters with a per-

turbative suppression in its coefficient, and dominates numerically over higher 1/Q

corrections. In contrast, the cumulants M ′
n≥2 depend on higher order cumulant

power corrections Ω′
n/Q

n from the leading factorization theorem, and are indepen-

dent of Ω1/Q, . . . , Ω′
n−1/Q

n−1. Data on these cumulants appear to indicate that

they receive important contributions from a 1/Q2 power correction that enters at
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a level beyond the leading thrust factorization theorem. Thus the OPE reveals

that cumulants are appealing quantities for exploring subleading power corrections.

We performed a fit to the second cumulant and determined a non-vanishing Ω̃′
2/Q

2

power correction with a precision of 25%.
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CHAPTER 4

HEAVY QUARK FRAGMENTATION FUNCTION

4.1 Introduction

Fragmentation functions for hadrons containing heavy quarks are an important in-

put for the production of heavy mesons at collider experiments. They provide the

connection between partonic and hadronic picture by describing the probability that

a parton fragments into a certain hadron containing the heavy quark. One can use

factorization theorems to split the cross section of high energetic processes into a

partonic function, calculated perturbatively, convoluted with a fragmentation func-

tion [175]. The predictive power of this approach comes from the universality of the

fragmentation function. Once determined in one process the same fragmentation

function can be used in other processes. To warrant universality a careful definition

of the fragmentation function is essential. Since the fragmentation function contains

both perturbative and non-perturbative effects a systematic approach is needed to

separate them. As pointed out in Ref. [176] the standard practice of factorizing the

fragmentation function into a perturbative piece and a nonperturbative piece (used

for example in Ref. [177]) does not work in the kinematic region x → 1 where the

energy carried by the heavy hadron gets close to the beam energy in the center of

mass frame. In this region the perturbative series suffers from logarithms of (1− x)

in addition to the logarithms of the ratio Q2/m2
Q which can be resummed to all

orders in perturbation theory using the DGLAP evolution equations [178, 179, 180].

Ref. [176] performed a systematic factorization analysis resulting in a thorough

decomposition of the heavy quark fragmentation function into perturbative and

nonperturbative pieces. They used effective field theory techniques and a two step

matching procedure. In the first step QCD is matched at the hard scale mQ onto

a “partially quenched” version of QCD where real and virtual heavy-quark pairs
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have been integrated out. As a result only one fragmentation function describing

the fragmentation of the heavy quark to a heavy hadron is left in the theory and

all calculable x dependences are extracted out of the resulting fragmentation func-

tion. As a second step the “partially quenched” version of QCD is matched onto

Heavy Quark Effective Theory (HQET) [17, 18, 19] at the same hard scale mQ.

This corresponds to an expansion in (1 − x) ∼ ΛQCD/mQ. HQET allows to calcu-

late O(ΛQCD/mQ) power corrections to the fragmentation function via subleading

terms in HQET. This was successfully done for the heavy-quark Parton Distribution

Function (PDF) in inclusive B-meson decays to light hadrons [102, 181, 182]. The

HQET fragmentation function is then factorized into a perturbative part, obtained

from an on-shell calculation in HQET, and a non-perturbative model based on the

shape function extracted from the B̄ → Xsγ photon spectrum.

In this thesis we translate the approach in Ref. [176] into the language of Soft

Collinear Effective Theory (SCET) [23, 24, 25, 26, 27] and extend the treatment of

non-perturbative effects. We also include effects due to the jet recoiling from the

heavy hadron in the limit x → 1 and resum logarithms of (1 − x). We use a three

step matching: In the first step, which is discussed in Sec. 4.2.1, we match QCD onto

SCETI integrating out virtualities of order Q
2. This expansion in λ =

√
1− x results

in a factorization of the form HI · Jn̄ ⊗Dq/H ⊗ S with hard, jet, fragmentation and

ultra-soft function. The mass of the heavy quark mQ can be neglected. The hard

function results from the matching calculation and the jet and soft functions can

be calculated perturbatively. The second step, Sec. 4.2.2, is matching SCETI onto

SCETM [31] where λ ∼ mQ/Q. This integrates out the jet at virtuality Q2(1 − x),

and the dependences on the heavy quark mass mQ is included. The factorization

yields HM · D̃q/H ⊗ S̃. Note that the fragmentation function stays unchanged since

there are no physical effects above the scale mQ other than the evolution between

the scales Q and mQ, and there is no ultra-soft function in SCETM. However there is

still the SCETI ultra-soft function S. If ΛQCDQ/mQ ∼ mQ, which is approximately

the case for B-meson production at the Z0-pole, S can be matched directly onto S̃,

the soft function in SCETM. Sec. 4.2.3 explains the final matching step of SCETM
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onto boosted HQET (bHQET) in which scales at the mass of the heavy quark mQ

are integrated out. The heavy quark fields are still contained in the theory but

production of real and virtual heavy quark pairs is not allowed anymore. bHQET

provides an additional expansion in ΛQCD/mQ.

Like Ref. [176] we factorize the HQET fragmentation function in a perturba-

tive and a non-perturbative part. Instead of a model we use a complete basis of

functions for the non-perturbative piece as described in Refs. [82] and follow the

approach used in Chapter 3. For x away from the end point a finite number of

basis functions is sufficient to describe the nonperturbative power corrections. In

the region where x is neither very large nor very small we can use an Operator Prod-

uct Expansion (OPE) in (1 − x) to relate these finite parameters to the moments

in (1 − x) of the nonperturbative heavy quark fragmentation function. Since we

define the nonperturbative heavy quark fragmentation function within field theory

we can compare nonperturbative effects of different experiments. Furthermore, we

subtract the leading renormalon ambiguity arising in the pole mass scheme by us-

ing the R-scheme [83] to define the heavy quark mass. Large logarithms between

the lowest perturbative scale and the renormalon subtraction scale R are resummed

using R-evolution [84]. This method is described in more detail in Sec. 4.4.

We complement our description in the endpoint, Sec. 4.2, by revisiting the region

away from the endpoint from the perspective of our EFT in Sec. 4.3. In Sec. 4.5 we

explain how we aim to use our EFT approach to obtain a consistent prescription for

the heavy quark fragmentation function valid for the entire range of x and discuss

possible applications to LEP experiments.

4.2 Formalism in the Endpoint x → 1

We are considering the differential cross section dσ/dx of the hard scattering process

e+e− → H(pH) +X involving a hadron H with momentum pH containing a single

heavy quark with mass mQ at high center-of-mass (c.m.) energy Q ≫ mQ ≫ ΛQCD.

The momentum fraction of the heavy hadron relative to the primary final-state
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Figure 4.1: Sketch of an event in the endpoint x → 1.

parton is

x =
2 pH · q

q2
=

2EH

Q
, (4.1)

which has to be less than 1. In the c.m. frame x equals the energy fraction of the

beam energy carried by the heavy hadron. All other final state particles are treated

inclusively.

Fig. 4.1 sketches the kinematics in the endpoint x → 1 where the heavy quark,

which carries most of the energy in one hemisphere, recoils from a jet with invariant

mass square (1 − x)Q2 (collinear). There are also low energy interactions between

the heavy hadron and the jet with momentum fluctuations of (1 − x)2Q2 (soft),

and between the partons of the heavy hadron with momentum fluctuations of Λ2
QCD

and a high momentum component of O(ΛQCDQ/mQ) due to the boost of the heavy

hadron (soft-collinear). Adding the soft background to the jet does not change the

parametric size of the invariant mass square, so the momentum square of all final

state particles beside the heavy hadron is p2X ∼ (1 − x)Q2 ≪ Q2. The observable

dσ/dx is not sensitive to jet physics. For example, there can be jets present for

small x but dσ/dx is not sensitive to their dynamics. Nevertheless, the observable

is sensitive to the momentum square of all final state particles beside the heavy

hadron p2X , which coincides with the recoiling jet in the endpoint. The sensitivity

to p2X gives rise to large logarithms of (1− x) in the perturbative expansion. Hence
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the jet in the endpoint must be included in our description. Note that even in the

endpoint dσ/dx is still insensitive to the specifics of the jet.

The spectrum of x can be divided into three regions with different power count-

ing:

peak region: Q ≫
√
1− xQ ≫ (1− x)Q ∼ mQ ≫ ΛQCD ,

tail region: Q ≫
√
1− xQ ≫ (1− x)Q ≫ mQ ≫ ΛQCD , (4.2)

far-tail region: Q ∼
√
1− xQ ∼ (1− x)Q ≫ mQ ≫ ΛQCD .

The relation of these scales lead to four independent power corrections. Power

corrections of ΛQCD/((1 − x)mQ) are especially important in the endpoint x → 1,

but are of order ΛQCD/mQ for small x. They are encoded in the moments of the

nonperturbative fragmentation function. The kinematic power corrections of (1−x)

are the trade off for using the SCETI expansion in (1−x). These power corrections

are negligible in the endpoint x → 1 but become large for small x. In Sec. 4.5.1

we will discussed how these power corrections can be recovered to all orders by

combining the EFT calculations in the endpoint with the QCD calculations valid

away from the endpoint. The additional power corrections mQ/Q and ΛQCD/mQ

are the same in all regions of x and come from the expansions used in SCETM and

bHQET, respectively.

In this section we give a factorization theorem in the endpoint x → 1, more

specifically in the region where the differential cross section peaks and nonpertur-

bative effects dominate, (1− x) ∼ ΛQCD/mQ. In Sec. 4.3 we describe the situation

away from the endpoint and in Sec. 4.5.1 we outline how to extend our prescription

to be valid also for smaller x.
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The factorization theorem in the end point is

dσ

dx
= σ0 HQ(Q, µQ, µ)Cm(mQ,

Q

mQ

, µm, µ)

×
∫

dr−n̄ dr−n Jn̄(Qr−n̄ , µJ , µ)S(q
−
r − r−n̄ − r−n )SQ/H(r

−
n )

+O(
ΛQCD

mQ

) +O(
mQ

Q
) . (4.3)

Sec. 4.2.1 details factorization in SCETI, which removes hard momentum fluctua-

tions of O(Q2) from the theory and describes the jet, the energetic parton which will

fragment into the heavy hadron, and soft interactions between them. The match-

ing to QCD is also given. At lower momentum fluctuations the heavy quark mass

becomes non-negligible whereas the invariant mass of the jet can be treated as a

high energy scale and can be removed from the theory. This is done by switching

to SCETM. In Sec. 4.2.2 the factorization in SCETM and its matching onto SCETI

are discussed. In order to describe the heavy quark fragmentation function at scales

below mQ we can remove the mass mQ by matching to a bHQET fragmentation

function, Sec. 4.2.3. bHQET also allows to factorize nonperturbative dynamics of

the heavy quark inside the hadron. These effects become important at the scale

ΛQCD where the heavy quark field hadronizes. Advantages of the EFT approach

are that it allows the use of RGE methods to resum large logarithms of ratios of

the scales present in the problem, Eq. (4.2), and to include power corrections in a

systematic manner.

4.2.1 Matching onto SCETI

In this section we outline the factorization in SCETI. We will look at the differential

cross section d2σ
dxdη

. As before,

x =
2 pH · q

q2
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is the energy of the heavy hadron over the beam energy in the c.m. frame and can

take on values in the range 2MH/Q ≤ x ≤ 1. The pseudorapidity

η =
1

2
ln

( |~pH |+ pLH
|~pH | − pLH

)
(4.4)

is energy independent and is therefore independent from x. Not integrating over

the pseudorapidity right away allows us to easily implement experimental rapidity

cuts. In addition the light-cone direction n can be expressed in terms of η and φ in

a simple way

nµ =

(
1,

cosφ

cosh η
,
sinφ

cosh η
, tanh η

)
. (4.5)

We start the derivation of the factorization formula from the differential cross

section with respect to the three momentum of the heavy hadron

dσ(e+e− → H +X) =
1

2Q2

∑

i

Li
µν

d3~pH
(2π)3 2E~pH

∑

X

〈0 | jµi
†(0) |H +X〉

× 〈H +X | jνi (0) |0〉 (2π)4 δ(4)(q − pH − pX) . (4.6)

Here Li
µν is the leptonic tensor and i stands for either the vector or axial vector

current. The phase space of the heavy hadron can be expressed in terms of x,

pseudorapidity and azimuthal angle:

d3~pH =
xQ3

8 cosh2η

√
x2 − 4M2

H/Q
2 dη dx dφ , (4.7)

where we perform the integration over the angle φ. The currents in SCETI are

jµi (y) →
∑

ω,ω̄

C(ω, ω̄) ei(ωn·y−ω̄n̄·y)/2 χ̄n,ω(ỹ)Y
†
n (ỹ) Γi Yn̄(ỹ)χn̄,ω̄(ỹ) , (4.8)

with χ̄n,ω = ξ̄nWnδω,P̄ †
n̄
and χn̄,ω̄ = δω̄,P̄n̄

W †
n̄ξn̄. Here ξn,n̄ are the collinear SCETI

fields, Wn,n̄ are the collinear Wilson lines and P̄ are label momentum operators
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defined in the same way as in Ref. [27]. The soft Wilson lines are defined as

Yn(y) = P̄

{
exp

[
−i g

∫ ∞

0

ds n · A(snµ + yµ)

]}
,

Y †
n (y) = P

{
exp

[
i g

∫ ∞

0

ds n · A(snµ + yµ)

]}
. (4.9)

Matching onto the SCETI currents gives the differential cross section in SCETI

dσ

dx dη
=

Q

16 (D − 1) (4π) cosh2η

∑

i=V,A

Li Tr

[
Γ̄µ
i

n/

2
Γiµ

n/

2

]
|CI(Q, µ)|2

×
∫

dr−n̄ dr−n
1

x
Jn̄(Qr−n̄ , µ)S(q

−
r − r−n̄ − r−n , µ)Dq/H(r

−
n , µ) , (4.10)

where Li = (gµν − qµqν/q2)Li
µν . The jet function is defined as

Jn̄(Qr−n̄ , µ) =
1

Q

∫
dỹ+

4π
e

i
2
r−n̄ ỹ+ Tr〈0 | χ̄n̄,−n·q(ỹ

+)
n/

2
χn̄(0) |0〉 . (4.11)

The partonic soft function is

S(r−s , µ) =
1

N

∫
dỹ+

4π
e

i
2
r−s ỹ+ 〈0 | Tr

[
Y †
n̄ (ỹ

+)Yn(ỹ
+)Y †

n (0)Yn̄(0)
]
|0〉 , (4.12)

where N is the number of colors. The fragmentation function of a hadron containing

a heavy quark is, following the definition in Ref. [183],

Dq/H(r
−
n , µ) =

xD−3

2N

∫
dỹ+

4π
e

i
2
r−n ỹ+ Tr〈0 | χn,n̄·q̃(ỹ

+) a†Hn(x)
aHn(x) χ̄n(0)

n/

2
|0〉

=
xD−3

2N

∑

X

Tr〈0| δn̄·q̃,P̄n̄
δ(n̄ · qr − r−n )χn(0) |HX〉〈HX| χ̄n(0)

n/

2
|0〉 (4.13)

where n̄·q ≈ n̄·pH/x ≈ n̄·pH+(1−x) n̄·pH which corresponds to a label momentum

of n̄ · q̃ = n̄ ·pH and a residual momentum of n̄ · qr = (1−x) n̄ ·pH . a†Hn(x)
and aHn(x)

are interpolating fields creating and annihilating the hadron field Hn(x).

The jet function Jn̄ and the Wilson coefficients CI are the same as for thrust
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(Chapter 3 and App. A). The O(αs) results are

CI(Q, µ) = 1 +
αs

4π
CF

[
− ln2 µ

2

Q2
− ln

µ2

Q2
(3 + 2i π)− 8 +

7

6
π2 − 3i π

]
, (4.14)

Jn̄(Q
2(1− z), µ) = δ(1− z) +

αs

2π
CF

{
δ(1− z)

[
ln2 µ

2

Q2
+

3

2
ln

µ2

Q2
+

7

2
− π2

2

]

− 1

(1− z)+

[
2 ln

µ2

Q2
+

3

2

]
+ 2

( ln(1− z)

1− z

)
+

}
. (4.15)

The anomalous dimensions of CI and Jn̄ can be defined as

γC(µ) = −Γcusp ln
µ2

Q2
+ γ̂C , (4.16)

γJ(z, µ) = δ(1− z)
[
2 Γcusp ln

µ2

Q2
+ γ̂J

]
− 2 Γcusp

(1− z)+
, (4.17)

where Γcusp =
∑

k(αs/(4π))
k Γk is the cusp anomalous dimension. Its first two

coefficients are [184]

Γ0 = 4CF , Γ1 = 4CF

[ ( 67

9
− π2

3

)
CA − 10

9
nf

]
, (4.18)

where nf is the number of flavors. The leading results of γ̂C,J in αs can be calculated

from Eqs. (4.14) and (4.15). They are γ̂
(0)
C = −αsCF (3 + 2iπ)/(2π) and γ̂

(0)
J =

3αsCF/(2π). One can evaluate CI and Jn̄ at their physical scales, removing the

logarithms in Eqs. (4.14) and (4.15), and relate these results to the outcome at any

other scale via their renormalization group equations (RGEs). This yields

|CI(Q, µF )|2 = exp
[
−4S(µF , µH) + 2 a[Reγ̂C ](µF , µH)− 2 a[Γcusp](µF , µH) ln

µ2
F

Q2

]

× |CI(Q, µH)|2 . (4.19)

The numerical evolution relation for Jn̄ can be found in in App. A.
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4.2.2 Matching onto SCETM

The factorization in SCETM looks very similar to the one in SCETI, Eq. (4.10):

dσ

dx dη
=

Q

16 (D − 1) (4π) cosh2η

∑

i

Li Tr

[
Γ̄µ
i

n/

2
Γiµ

n/

2

]
HM(Q, µ)

×
∫
dr−n

1

x
S̃(q−r − r−n , µ) D̃q/H(r

−
n , µ) (4.20)

There is no ultra-soft function in SCETM since all ultra-soft Wilson lines are con-

tracted to the same point in space-time and therefore cancel. The new hard func-

tion HM now includes physics at the scale Q as well as the jet physics at the scale
√
1− xQ:

HM(z → 1, Q, µ) = |CI(Q, µ)|2 Jn̄(Q2(1− z), µ), (4.21)

The heavy quark fragmentation function looks identical to Eq. (4.13)

D̃q/H(r
−
n , µ) =

xD−3

2N

∑

X

Tr〈0| δn̄·q̃,P̄n̄
δ(n̄ · qr − r−n )χn(0) |HX〉〈HX| χ̄n(0)

n/

2
|0〉

=
xD−3

2N

∑

X

Tr〈0| δ(n · pH
x

− n · iD) ξn |HX〉〈HX| ξ̄n
n/

2
|0〉 , (4.22)

but a different power counting is applied in SCETM, λ = mQ/Q. For the def-

inition of the soft function S̃ the ultra-soft Wilson lines Yn in Eq. (4.12) have

to be replaced by soft Wilson lines Sn in which the gluon momenta scale like

(λ, λ, λ)Q ∼ (mQ,mQ,mQ) and they are completely decoupled from the collinear

particles.

Moving from SCETI to SCETM removes virtualities of O((1 − x)Q2). Since

the ultra-soft contributions from SCETI describe fluctuations of O((1 − x)2Q2) ≪
O((1 − x)Q2) they are still dynamical degrees of freedom within SCETM. How to

evolve them to the scale m2
Q is not obvious. Therefore we restrict ourselves to the

situation of B-mesons at the Z0-pole. For this specific situation ΛQCDQ/mQ ∼ mQ

and in the endpoint (1−x)Q ∼ ΛQCDQ/mQ the ultra-soft scale is approximately the
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mass scale. Then the ultra-soft function in SCETI matches onto the soft function

in SCETM and there is no extra evolution between the scales (1− x)Q and mQ. In

addition we can combine the soft function S with the fragmentation function Dq/H

in SCETI and match directly onto the combination of S̃ and D̃q/H in SCETM.

App. E gives a more detailed introduction to SCETM. After the field redefinition

in Eq. (E.8), the covariant derivative in the delta function can be split n · iD =

n · iDc + Wnn · iDW †
n into a piece Dc including the SCETM collinear gluon fields

with a momentum scaling of (m2
Q/Q,Q,mQ) and a piece D containing soft-collinear

gluon fields whose momenta scaling is suppressed by a factor ΛQCD/mQ compared to

the collinear gluons. Even though the soft-collinear gluons seem power suppressed

in the endpoint region 1−x ∼ Λ/m the difference of the two dominant terms in the

delta function is n · pH/x− n · iDc ∼ n · pH/x−mn · v ∼ O(QΛ/m). Hence we can

not neglect the soft-collinear contributions in the endpoint. This can also be seen

in the matching calculation matching of SCETM onto bHQET.

In practice including the soft-collinear modes corresponds to separating the mo-

mentum bin where momentum fluctuations are p2 = m2
Q + mQΛQCD ≈ m2

Q(1 +

ΛQCD/mQ) and the large terms in the delta function cancel. Setting the renor-

malization scale to mQ introduces large logarithms in the parts of the factorization

theorem with physical scales different from mQ. These logarithms can be resummed

by using the evolution functions, Eqs. (4.19) and (4.36). Note that fixing the mo-

mentum fluctuations to mQ removes the production of heavy quark pairs from the

theory which is very similar to what Ref. [176] did by introducing their “partially

quenched” version of QCD.

4.2.3 Matching onto bHQET

HQET describes a heavy parton bound in a hadron in the hadron rest frame. The

parton momentum can be decomposed as

pµR = mQ vµR + kµ
R , vµR =

nµ

2
+

nµ

2
, (4.23)



178

where vR = (1,0) is the velocity of the heavy quark in the rest frame. mQ is

the heavy quark mass and the light-cone vectors nµ and nµ satisfy n2 = n2 = 0

and n · n = 2. The residual momentum in HQET scales as (n · kR, n · kR, k⊥
R) =

(ΛQCD,ΛQCD,ΛQCD).

bHQET describes a heavy parton bound in a hadron carrying high momentum,

so this situation is related to a heavy hadron in its rest frame by a boost. When the

heavy quark in the hadron rest frame is boosted along the n-direction, the velocity

vµ and the residual momentum kµ can be simply obtained by the replacement of

nµ → n · v nµ and nµ → n · v nµ, where n · v = (n · v)−1 = n · p̃/mQ. This yields the

momentum of the heavy quark in the hadron moving in the n-direction:

pµ = n · p̃n
µ

2
+

m2
Q

n · p̃
nµ

2
+ kµ = mQv

µ + kµ , vµ =
n · p̃
mQ

nµ

2
+

mQ

n · p̃
nµ

2
, (4.24)

where n · p̃ ∼ Q is the large label momentum of the heavy quark. The residual

momentum of the boosted quark scales like kµ = (QΛ/mQ,mQΛ/Q,Λ) but still

describes soft fluctuations of the quark in the hadron with virtuality Λ2
QCD. App. F

gives further details on bHQET.

Matching onto bHQET the SCETM heavy quark collinear field, ξn, can be rede-

fined in terms of the boosted heavy quark field

∑

p̃

δp̃,mQv e
−ip̃·x

(
W †

nξn

)
=

√
n · v
2

e−imQv·x hv,n . (4.25)

hv,n is an on-shell heavy quark with velocity

vµ(n · P ,mQ) =
n · P
mQ

nµ

2
+

mQ

n · P
nµ

2
, (4.26)

where the derivative operator n · P returns mQ n · v = 2EH ∼ O(Q), the energy of

the heavy quark which can not be changed since momentum fluctuations in bHQET

are too small. Note that the normalization and the spin property of the heavy quark

field in bHQET is hv,n|hv,n〉〈hv,n|h̄v,n = n/. This is different from the corresponding
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quantity in HQET in the boosted frame

hv|hv〉〈hv|h̄v = 1 + v/ = 1 + n · v n/

2
+

1

n · v
n/

2

∼ n · v n/

2
=

n · v
2

hv,n|hv,n〉〈hv,n|h̄v,n , (4.27)

where n·v ∼ O(Q/mQ). Eq. (4.27) shows that the leading term inmQ/Q only differs

by a normalization factor. Subleading terms are expected to differ since bHQET

was matched onto SCETM where subleading terms in mQ/Q of the heavy quark

spinor are dropped.

In matching SCETM onto bHQET the factorization theorem is modified by a

further factorization of the fragmentation function

D̃q/H(x) =Cm(mQ, µ)
xD−3

2N

∑

X

Tr
n · v
2

× 〈0| δ(MHn · v
x

−mQn · v − n · iD)hv,n |HX〉〈HX| h̄v,n
n/

2
|0〉

=Cm(mQ, µ)SQ/H(x, µ) . (4.28)

The hard bHQET coefficient Cm describes momentum fluctuations higher than mQ

and is determined by matching onto SCETM. It should be independent of the

momentum fraction x. As discussed in Sec. 4.2.2 it is important to keep the n · iD
term in the delta function. SQ/H is the fragmentation function of the heavy hadron

in bHQET. Decoupling all the soft-collinear interactions from the heavy quark field

using hv,n = Sv h
(0)
v,n yields

SQ/H(ω, µ) =
∑

X

xD−3

4N
Tr〈0| δ(MH

x
−mQ − n · i∂

n · v ) (S†
nSvh

(0)
v,n)(0) |HX〉

× 〈HX| (h̄(0)
v,nS

†
vSn)(0)

n/

2
|0〉

=
∑

X

xD−3

4N

∫
dt

2π
eiωv·n̄t 〈0|

(
S†
n̄Svh

(0)
v,n

)
(tn̄) |HX〉

× 〈HX|
(
h̄(0)
v,nS

†
vSn̄

)
(0)

n/

2
|0〉 , (4.29)
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where Sn,v are the soft Wilson lines [26] defined as

Sv(x) = P exp

(
ig

∫ x

−∞

ds v · Aa
s(sv

µ)T a

)
, vµ = nµ, vµ . (4.30)

ω = n̄·k
n̄·v

with k being the residual momentum of the heavy quark, pQ = mQv + k.

ω has support on [Λ̄,∞) where Λ̄ = Mh − mQ is the residual mass of the heavy

hadron. The relation ω = MH

x
− mQ was show in Ref. [185]. At parton level the

bHQET fragmentation function reads SQ/Q(x) = δ(1− x) +O(αs).

We define the anomalous dimension of the fragmentation function SQ/H as

γS = δ(1− z)
[
−Γcusp(αs) ln

µ2

m2
+ γ̂S(αS)

]
+

2Γcusp(αs)

(1− z)+
, (4.31)

where Γcusp is the cusp anomalous dimension. The anomalous dimension is the

same at hadronic level, SQ/H , and partonic level, SQ/Q, since all renormalization

scale dependence is already contained in the partonic fragmentation function SQ/Q.

Therefore we can extract the anomalous dimension from the partonic fragmentation

function

SQ/Q(x, µ) =

∫ 1

x

dz

z
K(z, µ)S

(0)
Q/Q(

x

z
) , (4.32)

where

K(z, µ) = δ(1− z) +
αs

2π
CF

[
δ(1− z)

(
ln

µ2

m2
Q

− 1

2
ln2 µ2

m2
Q

− π2

12

)

+
2

(1− z)+

(
ln

µ2

m2
Q

− 1
)
− 4

( ln(1− z)

1− z

)
+

]
+O(α2

s) . (4.33)

The RGE for SQ/H is

µ
d

dµ
SQ/H(x) =

∫ 1

x

dz

z
γS(z)SQ/H(

x

z
) , (4.34)
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with the anomalous dimension

γS = µ
d

dµ
K(z, µ) =

αs

π
CF

[
δ(1− z)

(
1− ln

µ2

m2

)
+

2

(1− z)+

]
. (4.35)

This anomalous dimension is the same as the one of the shape function in B → Xsγ

in the endpoint region [23]. Refs. [186, 176] claim that this should be true to all

orders in αs based on the operator structure in both cases. The nonperturbative

effects contained in the matrix elements can, of course, be different.

Using Eq. (4.31) the RG evolution of the bHQET fragmentation function can be

computed employing a Laplace transform [187]. It is [176, 188]

SQ/H(x, µF ) = exp[−2S(µF , µS) + a[γ̂S](µF , µS)]
e−γEηS

Γ(ηS)

( µF

mQ

)−ηS

×
∫ 1

x

dz

z
(1− z)−1+ηS SQ/H(x/z, µS) , (4.36)

where µF ∼ mQ is the factorization scale and µS ∼ ΛQCD is the hadronization scale.

Since µF > µS, ηS = 2aΓC
(µF , µS) must be positive. The resummation factors S, af

are

S(µ1, µ0) =

∫ α1

α0

dα

b(α)
Γcusp(α)

∫ α

α1

dα′

b(α′)
, a[f ](µ1, µ0) =

∫ α1

α0

dα

b(α)
f(α) , (4.37)

where b(αs) = gβ/(2π) = dαs/d lnµ and αi = αs(µi).

Next we extract the matching coefficient in Eq. (4.28)

Cm(mQ, µ) =
D̃q/Q(x, µ)

SQ/Q(x, µ)

= 1 +
αs

2π
CF

( 1

2
ln

µ2

m2
Q

+
1

2
ln2 µ2

m2
Q

+ 2 +
π2

12

)
+O(α2

s) , (4.38)

where D̃q/Q(x) is the the partonic piece of D̃q/H(x) in Eq. (4.22). For this calculation

we used that at parton level the SCETM fragmentation function in the endpoint

Eq. (4.22) equals the singular terms of the SCETM fragmentation function away
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from the endpoint Eq. (4.47), which is given in Eq. (4.51). Combining Eq. (4.34)

and (4.38), we find the RG behavior of the fragmentation function

µ
d

dµ
D̃q/H(x, µ) =

∫ 1

x

dz

z
γD(z, µ) D̃q/H(

x

z
, µ)

=

∫ 1

x

dz

z

[(
µ
d

dµ
Cm(mQ, µ)

)
δ(1− z)SQ/Q(

x

z
, µ) + γS(z, µ) D̃q/H(

x

z
, µ)

]

=

∫ 1

x

dz

z

[
αs

π
CF

(3
2
δ(1− z) +

2

(1− z)+

)
+O(α2

s)

]
D̃q/H(

x

z
, µ) . (4.39)

This is the DGLAP splitting kernel, Eq. (4.45), in the limit x → 1, as expected.

4.3 Fragmentation Function away from the Endpoint x → 1

In this section we review the QCD approach to heavy quark fragmentation, which is

valid in the region away from the endpoint x → 1. The QCD factorization theorem

for the structure function FZ = dWZ/dx, which is valid to all orders in αs, is

FZ(x,Q,mQ) =
∑

i

∫ 1

x

dz

z
Hi(z,Q, µ)Di/H(

x

z
,mh, µ) , (4.40)

where Q = mZ and mQ is the heavy quark mass. The subscripts i = Q, Q̄, q, q̄, g

represent the active parton fragmenting into the heavy hadron, where Q and q

are the heavy and light quarks, respectively. The hard function Hi contains all

hard interactions with fluctuations of Q2 and can be thought of as the parton level

structure function.

At LO in αs, WZ equals 1 at parton level and hence the structure function

FZ = dWZ/dx = δ(1− x). Hi is also know at NLO [189, 190] and NNLO [191, 192,

193, 194, 195]. HQ and Hg expanded at NLO are

HQ(z,Q, µ) = δ(1− z) +
αs

2π
â
(1)
Q (z,Q, µ) +O(α2

s) , (4.41)

Hg(z,Q, µ) =
αs

2π
â(1)g (z,Q, µ) +O(α2

s) . (4.42)
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with [196]

â
(1)
Q (z,Q, µ) = CF

{
ln
Q2

µ2

[3
2
δ(1− z) +

1 + z2

(1− z)+

]
+ (1 + z2)

( ln(1− z)

1− z

)
+

− 3

2

1

(1− z)+
+ 2

1 + z2

1− z
ln z +

3

2
(1− z) + 1 +

( 2

3
π2 − 9

2

)
δ(1− z)

}
.

(4.43)

Since Dg/H is of O(αs), we can ignore gluon contributions to the structure function

at NLO. Light quarks i = q, q̄ and the heavy anti-quark i = Q̄ also do not contribute

at NLO since Hi is of O(α2
s). Hence, at O(αS) the only contribution to the heavy

hadron fragmentation comes from the heavy quark1.

In QCD large logarithms of the ratio m2
Q/Q

2 can be resummed using the RGE

µ
d

dµ
HQ(x,Q, µ) =

∫ 1

x

dz

z
γH(z,Q, µ)HQ(

x

z
,Q, µ) . (4.44)

Solving for the anomalous dimension yields

γH(z,Q, µ) = −αs

π
CF

[ 3
2
δ(1− z) +

1 + z2

(1− z)+

]
, (4.45)

which is also known as DGLAP splitting2.

These results can also be reproduced in the EFT set up. Using the fragmentation

function in SCETM, Eq. (4.22), we can drop the soft-collinear contributions in the

delta function due to the power counting away from the endpoint. Hence,

δ
(n · pH

x
− n · iD

)
= δ
(n · pH

x
− n · iDc

)
+O

( Λ

mQ

)
(4.46)

= Wn δ
(n · pH

x
− n · P

)
W †

n +O
( Λ

mQ

)
,

where we used the identity f(n · iDc) = Wn f(n · P)W †
n in the second equality.

1Note that at NLO the heavy quark can only be produced at the primary vertex.
2There is a sign difference to the usual definition.
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Keeping the leading term in Eq. (4.46), we can define the fragmentation function

away from the endpoint as follows:

D̃q/H(x) =
xD−3

2N

∑

X

Tr〈0| δ(n · pH
x

− n · P)W †
n ξn |HX〉〈HX| ξ̄nWn

n/

2
|0〉 . (4.47)

Next we perform the matching of SCETM onto bHQET. Away from the end-

point (1 − x)mQ is much larger than the hadronization scale ΛQCD and therefore

all perturbative physics is already covered in SCETM. Hence one can perform the

factorization of perturbative and non-perturbative physics in SCETM. Nevertheless,

the matching onto bHQET gives additional insight into nonperturbative physics. In

particular, we will see in bHQET that the nonperturbative effect away from the

endpoint is just a normalization constant. Employing the matching condition of the

heavy quark field, Eq. (4.25), and using that at the matching scale µ ∼ mQ the term

n · P in the delta function of Eq. (4.47) becomes mQn · v, which is fixed in bHQET,

we obtain the bHQET fragmentation function away from the endpoint at tree level

SQ/H(x) =
xD−3

2N

∑

X

Tr
n · v
2

〈0| δ(MHn · v
x

−mQn · v)hv,n |HX〉〈HX| h̄v,n
n/

2
|0〉

= δ(1− x)
1

4N

∑

X

Tr〈0|hv,n |HvX〉〈HvX| h̄v,n
n/

2
|0〉 . (4.48)

For the the second equality we used the Lorentz invariant relation |H〉 =
√
MH |Hv〉

and ignored the mass difference Λ̄ = MH − mQ between the heavy hadron and

the heavy quark. As mentioned before the matrix element in Eq. (4.48) describes

purely nonperturbative effects and can be used as definition for a nonperturbative

normalization factor

χH =
1

4N

∑

X

Tr〈0|hv,n |HvX〉〈HvX| h̄v,n
n/

2
|0〉. (4.49)

More about this can be found in Sec. 4.4.1. Combining Eq. (4.48) with perturbative
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corrections we get

D̃q/H(x, µ) = Cq/Q(x, µ)χH = D̃q/Q(x, µ)χH , (4.50)

where Cq/Q is the matching coefficients of bHQET which equals exactly the parton

level fragmentation function of SCETM.

The result for parton level fragmentation function D̃q/Q and Wilson coefficients

Cq/Q at NLO is [197]

Cq/Q(x, µ) = δ(1− x) +
αs

2π
CF

[
1 + x2

1− x

(
ln

µ2

m2(1− x)2
− 1
)]

+

+O(α2
s) (4.51)

= δ(1− x)
[
1 +

CF αs

2π

(3
2
ln

µ2

m2
+ 2
)]

+
CF αs

2π
(1 + x2)

[ 1

(1− x)+

(
ln

µ2

m2
− 1
)
− 2
( ln(1− x)

1− x

)
+

]
+O(α2

s) .

To obtain this result one has to be careful to not forget about the difference in the

wave function renormalization in SCETM and bHQET, (Rξ −Rh)/2. In MS scheme

Rξ = 1− αs

4π
CF

( 2

ǫIR
+ 3 ln

µ2

m2
+ 4
)
, Rh = 1− αs

4π
CF

2

ǫIR
. (4.52)

Applying Eq. (4.51) to the renormalization group equation Eq. (4.44),

µ
d

dµ
Dq/H(x, µ) =

∫ 1

x

dz

z
γD(z, µ)Dq/H(

x

z
,Q, µ) , (4.53)

we obtain the anomalous dimension for the fragmentation function

γD(z, µ) =
αs

π
CF

[ 3
2
δ(1− z) +

1 + z2

(1− z)+

]
. (4.54)

Evolving the fragmentation function from the scale Q to an arbitrary scale µ ≥ mQ,

the heavy quark mass does not affect the renormalization behavior and therefore

we recover the DGLAP evolution. Compared to Eq. (4.45), we easily see γD(z, µ)+

γH(z, µ) = 0, which confirms that the structure function is scale-independent.
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4.4 Nonperturbative Effects

4.4.1 Nonperturbative Physics away from the Endpoint

From Eq. (4.48) we introduced the nonperturbative parameter χH , which describes

the hadronization of the heavy quark

χH =
1

4N

∑

X

Tr〈0|hv,n |HvX〉〈HvX| h̄v,n
n/

2
|0〉

=
1

4N
Tr〈0|hv,n |Hv〉〈Hv| h̄v,n

n/

2
|0〉 . (4.55)

Note that χH is a scale-independent parameter and it satisfies
∑

H χH = 1.

If we consider fragmentation at parton level with a free heavy quark final state,

the corresponding parameter χq becomes

χq =
∑

H

χH =
1

4N
Tr〈0|hv,n |hv,n〉〈hv,n| h̄v,n

n/

2
|0〉 = 1

4N
Tr
(
n/
n/

2

)
= 1, (4.56)

and hence the parton level fragmentation is SQ/H(x) = δ(1− x).

4.4.2 Complete Basis for Parametrization of Nonperturbative Effects in

the Endpoint

We write the HQET heavy fragmentation function Eq. (4.29) as a convolution of a

partonic piece SQ/Q which can be calculated perturbatively and a hadronic nonper-

turbative piece Shadr
Q/H

SQ/H(ω, µ) =

∫ ∞

Λ̄

dω′ SQ/Q(ω − ω′, µ)Shadr
Q/H(ω

′) . (4.57)

Note that in the partonic picture the background of soft light partons does not effect

the hard interactions and therefore in the perturbative calculation the hadron and

heavy parton mass are equal, MH = mQ. This means that Λ̄ = 0 and the SQ/Q

has support on [0,∞). On the other side SQ/H still has support on [Λ̄,∞) only. To
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make this more explicit we use a different variable ω̂ = ω− Λ̄ which has support on

[0,∞). Eq. (4.57) becomes

SQ/H(ω̂, µ) =

∫ ∞

0

dω̂′ SQ/Q(ω̂ − ω̂′, µ)Shadr
Q/H(ω̂

′ − Λ̄) . (4.58)

The residual mass Λ̄ in Eq. (4.58) acts like a low energy cut off in the same way as

the gap in jet production discussed in Ref. [61].

For Shadr
Q/H(ω

′) we use a complete orthonormal basis of function as described in

Ref. [82]

Shadr
Q/H(ω̂

′, λ, {ci}) =
1

λ

[ N∑

n=0

cn fn

(
k

λ

)]2
, (4.59)

where the parameters ci are normalized
∑

i c
2
i = 1 and the basis functions are

fn(y) = 8

√
2y3(2n+ 1)

3
e−2y Pn

(
g(y)

)
,

g(y) = 1− 2

3

(
3 + 12y + 24y2 + 32y3

)
e−4y . (4.60)

Here

Pn(y) =
1

2nn!

dn

dyn
(y2)n (4.61)

are the Legendre polynomials. λ is a dimension one parameter. In case of N = ∞
the model is independent of λ and for finite N it is just an additional parameter.

So far we have defined the heavy quark massmQ = mpole
Q in the pole mass scheme.

This is problematic since the pole mass is sensitive to long-distance dynamics and

therefore the residual mass Λ̄pole = Mh−mpole
Q is as well. Using the pole mass in the

perturbative calculations therefore introduces an ambiguity into the factorization of

long- and short-distance physics in Eq. (4.57) which makes the position of the peak

in the soft function unstable. This is known as O(ΛQCD) renormalon ambiguity [198,

199]. To remove this ambiguity one has to switch to a suitable short-distance mass
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scheme. This is done by introducing an additional scale at which perturbative short-

distance and nonperturbative long-distance physics are separated, the subtraction

scale R. The pole mass can then be replaced by mpole
Q = mR

Q(R, µ) + δmQ(R, µ)

with mR
Q(R, µ) independent of long-distance effects below R. The shift δmQ(R, µ)

has to be defined in a way that it cancels all infrared dependences of the pole mass.

In the renormalon free mass scheme the residual mass is defined as Λ̄R(R, µ) =

Mh −mR
Q(R, µ) and relates to Λ̄pole = Mh −mpole

Q as

Λ̄R(R, µ) = Λ̄pole + δmQ(R, µ) (4.62)

where δmQ(R, µ) = mpole
Q − mR

Q(R, µ), as before. Following Ref. [61] we move all

infrared effects of the pole mass, contained in δmQ(R, µ), from the partonic soft

function SQ/Q to the hadronic soft function Shadr
Q/H and use the definition of the

renormalon free residual mass in Eq. (4.62). The factorization Eq. (4.58) becomes

SQ/H(ω̂, µ) =

∫
dω̂′ SQ/Q(ω̂ − ω̂′ + δmQ, µ)S

hadr
Q/H(ω̂

′ − Λ̄R)

=

∫
dω̂′

[
eδmQ

∂
∂ω̂ SQ/Q(ω̂ − ω̂′, µ)

]
Shadr
Q/H(ω̂

′ − Λ̄R) , (4.63)

where both Λ̄R and δmQ depend on the subtraction scale R and the renormalization

scale µ. All expressions in the large brackets will be expanded in a perturbative

series.

Ref. [105] developed a scheme based on a proposal in Ref. [114] called R-scheme.

In addition to canceling the renormalon ambiguity the R-scheme has a consistent

anomalous dimension and renormalization group equation. This is necessary to

resum large logarithms of R/µ. The definition is based on the condition

ReγE d
d ln(iy)

[
ln S̃Q/Q(y, µ)

]∣∣∣
y=(iR eγE )−1

= 0 , (4.64)

where S̃Q/Q(y, µ) = eiyδmQ SQ/Q(y, µ) is the Fourier transformed of SQ/Q(ω̂+δmQ, µ)
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and yields

δmQ(R, µ) = −ReγE d
d ln(iy)

[
lnSQ/Q(y, µ)

]∣∣∣
y=(iR eγE )−1

. (4.65)

This gives

δmQ(R, µ) = eγER
∞∑

i=1

αi
s(µ) δm

i
Q(R, µ) , (4.66)

with

δm1
Q(R, µ) = −CF

(
4 + 8 log

R

µ

)
. (4.67)

Since R is the scale at which one separates perturbative and nonperturbative

physics and acts as a low energy cutoff for the perturbative series one wants to

choose R in a way so its low but still in the perturbative regime. R ∼ 2 GeV

therefore would be a good choice. On the other side in the OPE region away from

the endpoint x → 1 the renormalization scale µ can be much larger than R. This

causes large logarithms of R/µ which also have to be resummed. This was pointed

out and solved in Refs. [83, 84]. We will follow their approach. Note that we have

two RGEs in the R-scheme. One in R and one in µ

R
d

dR
Λ̄pole = 0 , µ

d

dµ
Λ̄pole = 0 . (4.68)

This lets us define anomalous dimensions

R
d

dR
Λ̄R(R,R) = −RγR

Λ̄R
[αS(R)] , µ

d

dµ
Λ̄R(R, µ) = −Rγµ

Λ̄R
[αS(µ)] . (4.69)

Note that if we want to evolve Λ̄R(R1, µ1) → Λ̄R(R2, µ2) we will do that in three

steps: Λ̄R(R1, µ1) → Λ̄R(R1, R1), Λ̄R(R1, R1) → Λ̄R(R2, R2) and Λ̄R(R2, R2) →
Λ̄R(R2, µ2). The RGEs were solved in general in Refs. [83, 105].
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4.5 Outlook

In this section we want to outline our future agenda for this project. In Sec. 4.5.1

we will give a brief overview of how to use the methods in Chapter 3 to combine

our EFT approach in the endpoint x → 1, Sec. 4.2, with the QCD result away

from the endpoint, Sec. 4.3, to gain a heavy fragmentation function valid in the full

x spectrum. We will discussed applications of our results to LEP experiments in

Sec. 4.5.2.

4.5.1 Extending the Description to the Full x-Spectrum

To make the EFT description in the endpoint applicable for small x, in principal,

we could calculate subleading contributions in the EFT and extent its validity to

arbitrarily small x. In practice this is not feasible. Fortunately we know what

these subleading contributions are, up to a certain order in αS, because they are

contained in the QCD calculation, Sec. 4.3, which is a good description for x away

from the endpoint. It is convention to call the terms which are leading order in

the EFT power counting, and therefore dominant in the endpoint region, singular

contributions. All other contributions in the QCD calculation which are negligible

in the endpoint are called non-singular contributions. The nonsingular terms of the

differential cross section can be calculated by subtracting the singular perturbative

pieces gained from the EFT calculation in the endpoint, Eq. (4.3), from the full

perturbative QCD result, Eqs. (4.40) and (4.44). Performing this subtraction one

has to be careful and use an EFT calculation which only reproduces the singular

terms present in the QCD calculation. In Sec. 3.1.2.5 this meant one had to turn

resummation off in the EFT calculation to reproduce the fixed-order QCD result.

Here the situation is a little more complicated since even the QCD result contains

resummation of logarithms of mQ/Q in form of the DGLAP evolution. Therefore

we have to turn off all resummation but the resummation of logarithms of mQ/Q

in the calculation for the singular terms. If an analytic expression in perturbative

QCD exists the nonsingular terms can alternatively be extracted by dropping the
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singular pieces in the QCD result.

After extracting the non-singular contributions we can add them to the EFT

description in the endpoint and therefore recover power corrections in (1−x) which

are important in the small x region. In addition, to make the EFT approach valid

for the entire x spectrum one has to introduce profile functions similar to Sec. 3.1.3.

Profile functions are x-dependent renormalization scales which enforce the correct

resummation of large logarithms for all x. Specifically they make sure that for small

x the exact DGLAP resummation is recovered. We will need six profile functions,

one for each scale: the hard scale µH , the jet scale µJ , the soft scale µS, the mass

scale µm, a scale µbHQET below mQ and the renormalon subtraction scale R. For

large x all scales are separated while for small x we have µH ∼ µJ ∼ µS ∼ Q ≫
µm ∼ µbHQET ∼ R ∼ mQ.

There is one further subtlety in combining the description in the endpoint and

away from the endpoint, namely the question of how to connect the combined pertur-

bative result discussed here with a nonperturbative fragmentation function. Clearly

the nonperturbative fragmentation function in the endpoint discussed in Sec. 4.4.2

is not just a normalization constant as it is away from the endpoint, Sec. 4.4.1. For

our calculations we will apply the nonperturbative fragmentation in the endpoint,

Sec. 4.4.2, to all x. While this rather naive prescription will correctly describe the

convolution between the the nonperturbative function and the singular cross section

it can not be interfered that the same convolution holds for the non-singular cross

section. The size of the mistake we are making by treat the non-singular terms the

same as the singular terms is αS(1 − x) · ΛQCD/((1 − x)mQ) = αSΛQCD/mQ. This

is of the same size as other terms we neglect and therefore justifies our treatment.

The nonperturbative fragmentation function described in Sec. 4.4.2 has an in-

finite number of parameters. In practices we can only use a finite number and for

example the two parameter model used in Ref. [176] works well to describe the non-

perturbative physics in our situation. To obtain a more systematic parameterization

of the nonperturbative physics we will perform an OPE in (1− x) in the tail region

where such an expansion is justified. The OPE parameters are connected to the
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moments in (1−x) of the nonperturbative fragmentation function and therefore can

be related to the parameters of the complete basis in Sec. 4.4.2. Furthermore, higher

moments are more strongly suppressed and the OPE gives a systematic parametriza-

tion of the nonperturbative fragmentation function. Another advantage of the OPE

method is that it yields field theoretic expressions for the parameters which can be

used to compare fragmentation functions in different processes or to perform direct

calculations using nonperturbative methods. This procedure is similar to the one in

Sec. 3.1.2.4.

4.5.2 Application to LEP Experiments

We want to use our formalism to study the B-meson fragmentation function at

x → 1 using data at the Z-pole [200, 201, 202, 203]. Ref. [177] analyzed heavy meson

fragmentation functions, including B-meson fragmentation at energy mZ , using a

QCD calculation combined with a nonperturbative model. They found evidence for

large non-perturbative effects in the relation between the D∗ fragmentation function

at the Υ(4S) and Z0 energies. Unfortunately, for the B-mesons there only exists

data at the Z0 energy and these effects can not be seen. Nevertheless, there are

some small discrepancies in the x → 1 region between ALEPH and SLD data. Our

systematic approach allows to study if the leading effects are caused by higher order

power corrections or a renormalon ambiguity. At first we will restrict ourselves to the

analyses of the B-meson data and leave the D-meson data for a future publication.

The reason is that for B-meson production at the Z0-pole the scales (1 − x)Q ∼
QΛ/mQ and mQ coincide which simplifies the theoretical description. Also it is

expected that there is a relation between the B-meson fragmentation function and

the D-meson fragmentation function because of heavy-quark symmetry, and our

formalism might help find such a relation.



193

CHAPTER 5

CONCLUSION

In this work we showed that effective field theories can be used to describe measure-

ments at e+e− colliders over a wide kinematic range while allowing reliable error

predictions and systematic extensions.

In Chapter 3 we have provided a factorization formula for the thrust distribu-

tion in e+e− annihilation based on soft collinear effective theory. Perturbatively it

incorporates O(α3
s) matrix elements and nonsingular terms, a resummation of large

logarithms to N3LL accuracy for the singular terms in the dijet limit, and the lead-

ing QED and bottom mass corrections. Our approach also includes a systematic

description of nonperturbative effects with a soft function defined in field theory,

is free of the leading renormalon ambiguity, and sums up large logs appearing in

perturbative renormalon subtractions.

To make our factorization formula applicable for all τ = 1− T , i.e. in the peak,

tail, and far-tail regions, it is essential that all effects which matter at any τ are

included. For example, even though the nonsingular contributions are negligible for

small τ they become of equal size with the singular terms in the far-tail region. The

opposite is true for the nonperturbative soft function which is dominant in the peak

region and power suppressed away from the peak. As a result, in the tail region

the dominant effects of the nonperturbative soft function are encoded in its first

moment Ω1, which justifies our two parameter tail-fit. The resummation of singular

logarithmic contributions, while also important for small τ , is disrupting the subtle

cancellation between singular and nonsingular terms in the far-tail region. To avoid

this problem it is necessary to make the resummation sensitive to the thrust variable.

This was done by designing τ -dependent profile functions for the renormalization

scales. Profile functions are critical to extend our EFT approach over the full τ -

spectrum.
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Our theoretical approach represents the most complete treatment of thrust at

this time, and all sources of uncertainties known to us have been incorporated in

our error budget. The analyses of both the thrust distribution in the tail region and

the cumulants of the full thrust distribution show nice order-by-order perturbative

convergence towards the O(α3
s) result. In particular, the results remain within the

perturbative error band of the previous order, in contrast to what is observed using

fixed order expressions. This supports our estimation of theoretical uncertainties.

An essential ingredient to reduce the theoretical uncertainties in both analyses is

our use of a short-distance scheme for Ω1, called the R-gap scheme, that induces

subtractions related to an O(ΛQCD) renormalon contained in the MS perturbative

thrust cross section from large angle soft gluon radiation. The R-gap scheme to-

gether with the summation of large logarithms connected to the scheme’s additional

scale reduces the perturbative uncertainties in our best highest order theory code

by at least a factor of two compared to the pure MS definition, Ω̄1.

Since the EFT approach allows to make separate uncertainty estimations for each

contributions to the final result the relative importance of higher terms of different

contributions can be quantified. For example, one can estimate the importance of

higher nonperturbative power corrections compared to higher order perturbative cor-

rections. In particular, our thrust distribution predictions in the tail region accounts

for all nonperturbative effects up to terms of O(αsΛQCD/Q), which is parametrically

smaller than the remaining perturbative uncertainty (< 2% for Q = mZ). In our

cumulant analysis we studied higher order power corrections which are beyond the

leading factorization formula. Data on these cumulants appear to indicate that they

receive important contributions from a 1/Q2 subleading power correction. A fit to

the second cumulant determined a non-vanishing power correction with a precision

of 25%.

The value of αs(mZ) obtained from our EFT approach is one of the most precise
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up to date. From our global fit to the thrust distribution in the tail region we obtain

αs(mZ) = 0.1135 ± 0.0011,

Ω1(R∆, µ∆) = 0.323 ± 0.051 GeV. (5.1)

Our global fit to the first moment of the thrust distribution yields

αs(mZ) = 0.1140 ± 0.0015,

Ω1(R∆, µ∆) = 0.377 ± 0.059 GeV. (5.2)

For both results αs is defined in the MS scheme, and Ω1 in the R-gap scheme

at the reference scales R∆ = µ∆ = 2 GeV. The respective total 1-sigma errors are

shown. The results with individual 1-sigma errors quoted separately for the different

sources of uncertainties are given in Eqs. (3.68) and Eq. (3.103), respectively. The

two results in Eqs. (5.1) and (5.2) are consistent as was shown in Fig. 3.29. The

moment results have larger experimental uncertainties, and these dominate over

theoretical uncertainties, in contrast with the situation in the tail region analysis.

Our result in the tail region, Eq. (5.1), is compatible with earlier analyses of event

shapes with a simultaneous fit of αs and a power correction defined in the effective

coupling model, but has smaller uncertainties. These results and our result for

αs(mZ) are substantially smaller than the results of event shape analyses employing

input from Monte Carlo generators to determine nonperturbative effects. Neglecting

the nonperturbative effects incorporated in the soft function, and in particular Ω1,

from the fits gives αs(mZ) = 0.1241 which exceeds the result in Eq. (5.1) by 9%.

This is consistent with a simple scaling argument one can derive from experimental

data, see Eq. (3.3) in Sec. 3.1.1. It is interesting to note that the high energy

extractions from thrust and DIS [139] appear to be smaller than the low energy

extractions from Lattice [144] and τ decays [146, 147].

In order to further validate our results from Chapter 3, Eqs. (5.1) and (5.2), it
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would be interesting to apply the high-precision approach using soft-collinear effec-

tive theory to other event shape distributions and their moments and cumulants.

Examples of interest include the heavy jet mass event shape [204, 205, 206, 207, 47],

the C-parameter, angularities [208, 209], as well as more exclusive event shapes like

jet broadening [210, 211, 212, 213, 214]. For many of these event shapes it has been

proven field theoretically that the same parameter Ω1 describes the leading power

corrections in the tail region [108], although there might be caveats related to the

experimental treatment of hadron masses [215, 81]. Thus, one has the potential to

extend the analysis done here to include additional data without additional param-

eters. Other event shape moments were considered at O(α3
s) in Ref. [138] in the

context of the dispersive model for the 1/Q power corrections.

In Chapter 4 we have presented another application of the EFT approach. We

used multiple EFTs to define the heavy quark fragmentation function in the kine-

matic endpoint x → 1 and outlined how the same methods as in Chapter 3 can

be applied to extend the prescription to the entire kinematic range. Our results

can be used to analyze the data of B-meson production in Z0-decay from LEP ex-

periments. We are also confident that our approach can be extended to situations

where ΛQCDQ/mQ 6∼ mQ. This will allow us to study the large nonperturbative ef-

fects in the relation between the D∗ fragmentation function at low and high energy

discovered by Ref. [177].
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APPENDIX A

FORMULAE

In this appendix we collect all the remaining formulas used in our analysis for the

case of massless quarks. The total hadronic cross section at tree level at the energies

we are considering is

σ0(Q) =
∑

q 6=top

[ σq
ax(Q) + σq

vec(Q) ] , (A.1)

where Q is the c.m. energy. For a quark of flavor q the tree level axial-vector and

vector cross sections are

σqa
0 = Nc

4πα2

3Q2

Q4(v2e + a2e)a
2
q

(m2
Z −Q2)2 + Q4

m2
Z

Γ2
Z

, (A.2)

σqv
0 = Nc

4πα2

3Q2

[
e2q −

2 eqvqve Q
2(Q2 −m2

Z)

(m2
Z −Q2)2 + Q4

m2
Z

Γ2
Z

+
Q4(v2e + a2e)v

2
q

(m2
Z −Q2)2 + Q4

m2
Z

Γ2
Z

]
,

where eq is the electric charge of the quark, and

vq =
T q
3 − 2 eq sin

2 θW
sin(2 θW )

, aq =
T q
3

sin(2 θW )
. (A.3)

Here T q
3 is the third component of the weak isospin, and θW is the weak mixing

angle. For our numerics we use the following values:

sin2 θW = 0.23119 , mZ = 91.187GeV , ΓZ = 2.4952GeV ,

mt = 172GeV , mb = 4.2GeV , α(mZ) = 1/127.925 . (A.4)
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A.1 Singular Cross Section Formula

To simplify the numerical evaluation of the singular part of the differential cross

section given in Eq. (3.11) we take µ = µJ so that U τ
J (s− s′, µJ , µJ) = δ(s− s′) and

express the result in the following form

∫
dk

dσ̂s

dτ

(
τ − k

Q

)
Smod
τ

(
k − 2∆̄(R, µS)

)
= Q

∑

I

σI
0 H

I
Q(Q, µH)UH

(
Q, µH , µJ

)

×
∫

dk P
(
Q,Qτ − k, µJ

)
e−2δ(R,µS)

d
dk Smod

τ

(
k − 2∆̄(R, µS)

)
, (A.5)

where the perturbative corrections from the partonic soft function,

jet function, and soft evolution factor are contained in P (Q, k, µJ) =
∫
ds
∫
dk′ Jτ (s, µJ)U

τ
S(k

′, µJ , µS)S
part
τ (k − k′ − s/Q, µS). The integrals in P

can be carried out explicitly so that it is given by a simple set of functions. The soft

nonperturbative function Smod
τ (k − 2∆̄) is discussed in Sec. 3.1.4, and in Eq. (A.5)

we have integrated by parts so the derivative in the exponential with the δ(R, µS)

acts on this nonperturbative function. HI
Q, Jτ , S

part
τ and exp(−2δ(R, µS)d/dk) (cf.

Eq. (3.37)) involve series in αs(µh), αs(µJ), and αs(µS) with no large logs, and in

our numerical analysis we expand the product of these series out, order-by-order in

αs. This expansion is crucial for Spart
τ (k, µS) and exp(−2δ(R, µS)d/dk) since it is

needed to allow the renormalon in the two series to cancel.

For simplicity where possible we give ingredients in a numerical form for SU(3)

color with nf = 5 active flavors. The vector hard function to O(α3
s) is [91, 92, 93,

94, 95, 85]

Hv
Q(Q, µ) = 1 + αs(µh)

(
0.745808−1.27324LQ−0.848826L2

Q

)
+ α2

s(µh)
(
2.27587

− 0.0251035LQ − 1.06592L2
Q + 0.735517L3

Q + 0.360253L4
Q

)

+ α3
s(µh)

(
0.00050393h3 + 2.78092LQ − 2.85654L2

Q − 0.147051L3
Q

+ 0.865045L4
Q − 0.165638L5

Q − 0.101931L6
Q

)
, (A.6)
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where LQ = ln µh

Q
and from Eq. (3.12) we have h3 = 8998.080. Our axial-vector hard

function for b quarks has an extra two-loop singlet piece from the large top-bottom

mass splitting, Hba
Q = Hv

Q+Hsinglet
Q . Hsinglet

Q was given in Eq. (3.13) and involves the

real function [99]

I2(rt) = 10Φ(rt)
2 + 6γ(rt) +

π2

3
− 1

r2t

{
Cl2[2 Φ(rt)]Φ(rt) + Cl3[2 Φ(rt)]− Φ(rt)

2

− ζ(3)
}
− 2

rt

{
2Φ(rt) Cl2[4 Φ(rt)]− 2Cl3[2Φ(rt)] + Cl3[4Φ(rt)]

+ [4γ(rt) + 3]Φ(rt)
2 + ζ(3)

}
+

√
1

rt
− 1

{
4(4h(rt) + γ(rt))Φ(rt)

+ 4Cl2[4 Φ(rt)]− 6Φ(rt)− 6Cl2[2Φ(rt)]−
Cl2[2Φ(rt)] + 2γ(rt)Φ(rt)

rt

}
,

(A.7)

where rt = Q2/(4m2
t ) and

Φ(rt) = arcsin(
√
rt) , γ(rt) = ln(2) +

1

2
ln(rt) ,

Cl2(x) = Im[Li2(e
ix)] , Cl3(x) = Re[Li3(e

ix)] ,

h(rt) = ln(2) +
1

2
ln(1− rt) . (A.8)

The resummation of large logs from µH to µJ is given by UH(Q, µH , µJ) in

Eq. (A.5) which is the solution of the RGE for the square of the SCET Wilson

coefficient [24]

UH(Q, µH , µ) = e2K(ΓH ,γH ,µ,µH)

(
µ2
H

Q2

)ω(ΓH, µ,µH)

, (A.9)

and the functions ω and K are given in Eqs. (A.22) and (A.23) below.

Finally using results for the convolution of plus-functions from Ref. [82] we have
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the momentum space formula

P
(
Q, k, µJ

)
=

1

ξ
E

(τ)
S

(
ξ, µJ , µS

) ∞∑

n,m,k,l=−1
m+n+1≥k

k+1≥l

V mn
k Jm

[
αs(µJ),

ξQ

µ2
J

]
Sn

[
αs(µS),

ξ

µS

]

× V k
l

[
− 2ω(ΓS, µJ , µS)

]
L−2ω(ΓS ,µJ ,µS)

l

(k
ξ

)
. (A.10)

This result is independent of the dummy variable ξ.1 Here E
(τ)
S (ξ, µJ , µS) encodes

part of the running between the jet and the soft scale [216, 188],

E
(τ)
S (ξ, µJ , µS) = exp

[
2K(ΓS, γS, µJ , µS)

] ( ξ

µS

)−2ω(ΓS ,µJ ,µS) exp
[
2γE ω(ΓS, µJ , µS)

]

Γ
[
1− 2ω(ΓS, µJ , µS)

] .

The sum in Eq. (A.10) contains coefficients of the momentum space soft and jet

functions. Shifting the plus-functions so that they have common arguments gives

J(p−k, µJ) =
1

p−ξ

∞∑

m=−1

Jm

[
αs(µJ),

p−ξ

µ2
J

]
Lm

(k
ξ

)
,

S(k, µS) =
1

ξ

∞∑

n=−1

Sn

[
αs(µS),

ξ

µS

]
Ln

(k
ξ

)
. (A.11)

Here the thrust soft function coefficients are

S−1[αs, x] = S−1(αs) +
∞∑

n=0

Sn(αs)
lnn+1 x

n+ 1
,

Sn[αs, x] =
∞∑

k=0

(n+ k)!

n! k!
Sn+k(αs) ln

k x . (A.12)

1When convoluted with Smod
τ we evaluate the right-hand side of Eq. (A.10) for ξ = Qτ −

2∆̄(R,µS) which simplifies the final numerical integration.



201

The soft function is known to O(α3
s) except for the constant s3 term [60, 40, 46, 105]

S−1(αs) = 1 + 0.349066αs + (1.26859 + 0.0126651 s2)α
2
s

+ (1.54284 + 0.00442097 s2 + 0.00100786 s3)α
3
s ,

S0(αs) = 2.07321α2
s + (4.80020− 0.0309077 s2)α

3
s ,

S1(αs) = − 1.69765αs − 6.26659α2
s − (16.4676 + 0.021501 s2)α

3
s ,

S2(αs) = 1.03573α2
s − 0.567799α3

s ,

S3(αs) = 1.44101α2
s + 9.29297α3

s ,

S4(αs) = − 1.46525α3
s ,

S5(αs) = − 0.611585α3
s . (A.13)

Note that s2 and s3 are the O(α2,3
s ) coefficients of the non-logarithmic terms in the

series expansion of the logarithm of the position space thrust soft function. The

coefficients appearing in the shifted thrust jet function are

J−1[αs, x] =J−1(αs) +
∞∑

n=0

Jn(αs)
lnn+1 x

n+ 1
,

Jn[αs, x] =
∞∑

k=0

(n+ k)!

n! k!
Jn+k(αs) ln

k x , (A.14)

and are known up to O(α3
s) except for the constant j3 term [101, 102, 181, 103, 104,
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46]

J−1(αs) = 1− 0.608949αs − 2.26795α2
s + (2.21087 + 0.00100786 j3)α

3
s ,

J0(αs) = −0.63662αs + 3.00401α2
s + 4.45566α3

s ,

J1(αs) = 0.848826αs − 0.441765α2
s − 11.905α3

s ,

J2(αs) = −1.0695α2
s + 5.36297α3

s ,

J3(αs) = 0.360253α2
s + 0.169497α3

s ,

J4(αs) = −0.469837α3
s ,

J5(αs) = 0.0764481α3
s . (A.15)

The L distributions are defined as [n ≥ 0]

La
n(x) =

[
θ(x) lnn x

x1−a

]

+

=
dn

dan
La(x) , (A.16)

La
−1(x) = L−1(x) = δ(x), and for a > −1

La(x) =

[
θ(x)

x1−a

]

+

= lim
ǫ→0

d

dx

[
θ(x− ǫ)

xa − 1

a

]
. (A.17)

In Eq. (A.10) we use the coefficients [82]

V n
k (a) =





a
dn

dbn
V (a, b)

a+ b

∣∣∣∣
b=0

, k = −1 ,

a

(
n

k

)
dn−k

dbn−k
V (a, b)

∣∣∣∣
b=0

+ δkn , 0 ≤ k ≤ n ,

a

n+ 1
, k = n+ 1 ,

(A.18)
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and the coefficients

V mn
k =





dm

dam
dn

dbn
V (a, b)

a+ b

∣∣∣∣
a=b=0

, k = −1 ,

m∑

p=0

n∑

q=0

δp+q,k

(
m

p

)(
n

q

)
dm−p

dam−p

dn−q

dbn−q
V (a, b)

∣∣∣∣
a=b=0

, 0 ≤ k ≤ m+ n ,

1

m+ 1
+

1

n+ 1
, k = m+ n+ 1 ,

(A.19)

where

V (a, b) =
Γ(a) Γ(b)

Γ(a+ b)
− 1

a
− 1

b
. (A.20)

Special cases not covered by the general formulae in Eqs. (A.18) and (A.19) include

V −1
−1 (a) = 1 , V −1

0 (a) = a , V −1
k≥1(a) = 0 , V −1,n

k = V n,−1
k = δnk . (A.21)

A.2 Evolution Factors and Anomalous Dimensions

The evolution factors appearing in Eqs. (A.9), (A.10), and (A.11) are

ω(Γ, µ, µ0) = 2

∫ αs(µ)

αs(µ0)

dα

β(α)
Γ(α) (A.22)

= −Γ0

β0

{
1

3

α3
s(µ0)

(4π)3

[Γ3

Γ0

− β3

β0

+
Γ1

Γ0

(β2
1

β2
0

− β2

β0

)
− β1

β0

(β2
1

β2
0

− 2
β2

β0

+
Γ2

Γ0

)]
(r3 − 1)

+ ln r +
αs(µ0)

4π

(Γ1

Γ0

− β1

β0

)
(r − 1) +

1

2

α2
s(µ0)

(4π)2

(β2
1

β2
0

− β2

β0

+
Γ2

Γ0

− Γ1β1

Γ0β0

)
(r2 − 1)

}
,
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and

K(Γ, γ, µ, µ0)− ω
(γ
2
, µ, µ0

)
= 2

∫ αs(µ)

αs(µ0)

dα

β(α)
Γ(α)

∫ α

αs(µ0)

dα′

β(α′)
(A.23)

=
Γ0

2β2
0

{
4π

αs(µ0)

(
ln r +

1

r
− 1
)
+
(Γ1

Γ0

− β1

β0

)
(r − 1− ln r)− β1

2β0

ln2 r

+
αs(µ0)

4π

[(Γ1β1

Γ0β0

− β2
1

β2
0

)
(r − 1− r ln r)− B2 ln r +

(Γ2

Γ0

− Γ1β1

Γ0β0

+ B2

)(r2−1)

2

+
(Γ2

Γ0

− Γ1β1

Γ0β0

)
(1−r)

]
+

α2
s(µ0)

(4π)2

[[(Γ1

Γ0

− β1

β0

)
B2 +

B3

2

](r2−1)

2

+
(Γ3

Γ0

− Γ2β1

Γ0β0

+
B2Γ1

Γ0

+ B3

)(r3 − 1

3
− r2 − 1

2

)
− B3

2
ln r

− β1

2β0

(Γ2

Γ0

− Γ1β1

Γ0β0

+B2

)(
r2 ln r − r2 − 1

2

)
−B2

(Γ1

Γ0

− β1

β0

)
(r − 1)

]}
,

where r = αs(µ)/αs(µ0) depends on 4-loop running couplings, and the coefficients

are B2 = β2
1/β

2
0 − β2/β0 and B3 = −β3

1/β
3
0 + 2β1β2/β

2
0 − β3/β0. These results are

expressed in terms of series expansion coefficients of the QCD β function β[αs], of

Γ[αs] which is given by a constant of proportionality times the QCD cusp anomalous

dimension, and of a non-cusp anomalous dimension γ[αs],

β(αs) = −2αs

∞∑

n=0

βn

(αs

4π

)n+1

,

Γ(αs) =
∞∑

n=0

Γn

(αs

4π

)n+1

, γ(αs) =
∞∑

n=0

γn

(αs

4π

)n+1

. (A.24)

The coefficients for nf = 5 are [217, 218, 219, 220, 104, 221]

β0 = 23/3 , β1 = 116/3 , β2 = 180.907, β3 = 4826.16,

Γcusp
0 = 16/3, Γcusp

1 = 36.8436, Γcusp
2 = 239.208 . (A.25)
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For the unknown four-loop cusp anomalous dimension we use the Padè approxima-

tion assigning 200% uncertainty:

Γcusp
3 = (1± 2)

(Γcusp
2 )2

Γcusp
1

. (A.26)

The anomalous dimensions for the hard, jet, and soft functions are [65, 222, 104,

188, 94, 223, 224]

ΓH
n = −Γcusp

n , ΓJ
n = 2Γcusp

n , ΓS
n = −Γcusp

n ,

γH
0 = − 8, γH

1 = 1.14194, γH
2 = − 249.388,

γJ
0 = 8, γJ

1 = − 77.3527, γJ
2 = − 409.631,

γS
n = − γH

n − γJ
n . (A.27)

To determine the strong coupling αs(µ) in terms of αs(mZ) at 4-loops with 5

light flavors we use

1

αs(µ)
=

X

αs(mZ)
+ 0.401347248 lnX +

αs(mZ)

X

[
0.01165228 (1−X)

+ 0.16107961 lnX
]
+

α2
s(mZ)

X2

[
0.1586117 (X2 − 1) + 0.0599722 (X + lnX

−X2) + 0.0323244 {(1−X)2 − ln2 X}
]
, (A.28)

where X = 1+αs(mZ) ln(µ/mZ)β0/(2π) and the displayed numbers are determined

from the βi in Eq. (A.25). The form in Eq. (A.28) agrees very well with the numerical

solution of the beta function equation.

A.3 Nonsingular Cross Section Formula

At O(α2
s) there is an axial singlet contribution to the nonsingular terms through

the three-parton cut of Fig. 3.2, which is given by the function fsinglet appearing in

Eq. (3.27) for f ba
qcd. The result for this function can be extracted from results in
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Ref. [113] and reads: [rt = Q2/(4m2
t )]

fsinglet
(
τ, rt) =− 64

3
θ

(
1

3
− τ

)[∫ 2(1−τ)

1+τ

dy y g(y − 1, rt) + (1− 3 τ)
(1 + τ)

2
g(τ, rt)

]
,

g(τ, rt) =
2 rt

[√
1−rt τ
rt τ

sin−1
(√

rt τ
)
−
√

1−rt
rt

sin−1
(√

rt
)]

+
[
sin−1

(√
rt τ
) ]2

4 rt (1− τ)2

−
[
sin−1

(√
rt
) ]2 − rt log(τ)

4 rt (1− τ)2
. (A.29)

A.4 R-evolution

Finally we display here the function D(k) [83] which appears in the solution in

Eq. (3.41) of the R-RGE equation for ∆̄(R,R):

D(k)(α1, α2) = eiπb̂1
k∑

j=0

(−1)jSj × [Γ(−b̂1 − j, t1)− Γ(−b̂1 − j, t2)] , (A.30)

which is real since the complex phase eiπb̂1 cancels the imaginary part coming from

the incomplete Gamma functions, defined as

Γ(c, t) =

∫ ∞

t

dxxc−1e−x . (A.31)

Here k is the order of the matrix elements (that is k = 0 for NLL′ and NNLL,

k = 1 for NNLL′ and N3LL, and k = 2 for N3LL′. For lower orders D(k) = 0). In

Eq. (A.30) we have defined

ti = − 2π

β0αi

, b̂1 =
β1

2β2
0

, S0 = 0 , S1 =
γR
1

(2β0)2
,

S2 =
γR
2

(2β0)3
− 2β2

0β1 + β2
1 − β0β2

16β6
0

γR
1 , (A.32)

where the R-anomalous dimensions γR
i were given in Eq. (3.40).
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A.5 Total Hadronic Cross Section

The total hadronic QCD cross section, can be evaluated in fixed-order perturbation

theory with µ ≃ Q, and was given in Eq. (3.58) with the vector QCD results given

in Eq. (3.59). The function appearing in the singlet contribution in Eq. (3.58) at

O(α2
s) is [99]

I(rt) =
−Φ(rt) Cl2[2 Φ(rt)]− Cl3[2 Φ(rt)] + ζ3

r2t
(A.33)

+

√
1

rt
− 1

(
2 [ 1− γ(rt) ]Φ(rt)− Cl2[2 Φ(rt)]

rt
+ 2Cl2[2 Φ(rt)]

+ 2 [ 2 γ(rt)− 3 ]Φ(rt)

)
+ 6 γ(rt) + 2Φ(rt)

2 − 4Φ(rt)
2 + 1

rt
− π2

3
,

where the necessary functions appear in Eq. (A.8). Note that we have dropped the

four particle cut contribution I4 = π2/3 − 15/4 since we have not accounted for it

in the O(α2
s) nonsingular distribution.
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APPENDIX B

SOFT FUNCTION OPE MATCHING

To derive Eq. (3.21) we must demonstrate uniqueness of the power correction Ω1

and derive its perturbative Wilson coefficient to all orders in αs. We carry out these

two parts of the proof in turn.

Since the operator appearing in the matrix element Ω1 is non-local, the proof of

uniqueness is more involved than for a typical OPE where we could just enumerate

all local operators of the appropriate dimension. Here we are integrating out per-

turbative soft gluons in Sτ (k, µ), while retaining nonperturbative soft gluons. The

hierarchy between these soft gluons is in their invariant masses, k2 ≫ Λ2
QCD. This

process can not introduce Wilson lines in new light-like directions, nor additional

Wilson lines following paths in n and n̄. Thus the Wilson lines will be the same

as those in the full theory operator, Eq. (3.17). Additional Wilson lines could only

be induced by integrating out collinear or hard gluons, which would yield power

corrections suppressed by the hard or jet scales. The second point to demonstrate

is that dimension one combinations of derivatives other than i∂̂ do not lead to new

nonperturbative matrix elements at this order. The key is that for derivative op-

erators inside our vacuum matrix element involving Wilson lines, boost invariance

along the thrust axis relates all matrix elements to Ω1 [108]. The proof relies on

boost invariance along the thrust axis of derivative operators inside the vacuum

matrix element. To see this one defines the transverse energy flow operator ET (η)
by its action on states [63, 90]

ET (η)|X〉 =
∑

i∈X

|~k⊥
i | δ(η − ηi) |X〉 . (B.1)

Any dimension one derivative operator we might wish to consider, such as n · ∂,
n̄ · ∂, ∂t, ∂z, . . ., or combinations thereof, are given by an integral

∫
dη h(η) ET (η)
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for an appropriate rapidity function h(η). For example, for the thrust derivative i∂̂

we have h(η) = e−|η|. Boost invariance implies [108]

Ω̄1 =
1

2Nc

〈
0
∣∣tr Y T

n̄ (0)Yn(0) i∂̂ Y
†
n (0)Y

∗

n̄(0)
∣∣0
〉

=

∫
dη

h(η)

2Nc

〈0
∣∣tr Y T

n̄ (0)Yn(0) ET (η+η′)Y †
n (0)Y

∗

n̄(0)
∣∣0
〉

=
1

Nc

〈0
∣∣tr Y T

n̄ (0)Yn(0) ET (η′)Y †
n (0)Y

∗

n̄(0)
∣∣0
〉
, (B.2)

for arbitrary η′. The same steps hold for any other derivative operator and function

h(η), and different choices only affects the constant calculable prefactor. This suffices

to show the second point.

To derive an all orders expression for the Wilson coefficient of Ω1 we construct

an analog of the OPE matching done for the soft function in B → Xsγ [102]. The

proof is considerably simpler for B → Xsγ because the OPE in that case yields local

HQET operators. Nevertheless the thrust soft function can be manipulated such

that a similar strategy can be used. Using the thrust axis we define hemisphere a

where p+ < p− and hemisphere b where p− < p+. Consider the soft function written

as a matrix element squared

Sτ (k, µ) =
1

Nc

∑

X

δ(k −ka+
s −kb−

s ) tr 〈0|Y T

n̄ (0)Yn(0)|X〉〈X|Y †
n (0)Y

∗

n̄(0)|0〉 , (B.3)

where the trace is over color, ka+
s = n·paX is the total plus-momentum of the particles

in state X in hemisphere a and kb−
s = n̄ · pbX is the minus-momenta of particles in

X in hemisphere b. To carry out the OPE we need to consider a state that has

overlap with the operator in Eq. (3.20). Thus we could replace the vacuum by very

soft nonperturbative gluons with momenta of O(ΛQCD) and then consider matrix

elements with perturbative gluons having momenta ∼ k ≫ ΛQCD. Since the OPE

is independent of the particular states we choose, we will instead consider a simpler

alternative in the following.
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First we write the matrix element in Eq. (B.3) as

tr
〈
0
∣∣Y T

n̄Yn

∣∣X
〉〈
X
∣∣Y †

nY
∗

n̄

∣∣0
〉
=
〈
0
∣∣ζ̄n̄Y

T

n̄Ynζn
∣∣Xunvn̄

〉〈
Xunvn̄

∣∣ζ̄nY †
nY

∗

n̄ζn̄
∣∣0
〉
, (B.4)

where ζn and ζn̄ are non-interacting collinear fields whose contractions with the

sterile quark un and anti-quark vn̄ are chosen with a normalization to reproduce the

original matrix element (and a sum over their color correctly reproduces the trace).

Here un should be thought of as a very energetic collinear quark in hemisphere a

with large label momentum p−n , and zero residual momentum. The large momentum

is conserved by soft interactions from the Wilson lines due to the SCET multipole

expansion. Here the plus-momentum of un is included into ka+
s , but is zero and

does not contribute to the δ-function. The same is true for vn̄ which has zero

minus-momentum, large label p+n̄ momentum, and is always in hemisphere b. We

introduced un and vn̄ so that we can use them to systematically add a very soft

momentum to the end of the Wilson lines (at ∞). They provide a convenient state

with which to carry out the OPE, because there is nonzero overlap taking only the

1 out of the Wilson lines, Y . In particular they allow us to perform the OPE and

pick out the i∂̂ present in Ω̄1 at tree level, without the necessity to add explicit soft

gluons with momenta ≪ k.

To carry out the OPE we now give un a very small soft momentum ℓ+ and

vn̄ a very small soft momentum ℓ−, and denote them by uℓ
n and vℓn̄ respectively.

These particles are kept on-shell by adjusting their large label ⊥-momenta so that

ℓ+ = p2n⊥/p
−
n and ℓ− = p2n̄⊥/p

+
n̄ . Due to the multipole expansion these ⊥-momenta

have no influence on diagrams with perturbative soft gluons having momenta k ≪
pn⊥ = −pn̄⊥. The Wilson line propagators reduce to the same as before, such as

p−n
k+p−n + ℓ+p−n + p2n⊥

=
1

k+
. (B.5)

This property is familiar in SCET where soft couplings to energetic collinear quarks

in SCET remain eikonal for any values of the quark’s large momenta by using the

equations of motion, as long as the final particles are on-shell. Thus at any order
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in perturbation theory, with any number of soft gluons and soft quarks of momenta

∼ k in the matrix elements, the only change caused by ℓ± is on the δ(k−ka+
s −kb−

s )

in Eq. (B.3) which is shifted to δ(k− ℓ− ka+
s − kb−

s ), where ℓ ≡ ℓ+ + ℓ−. Expanding

with ℓ ≪ k the matrix element with this choice of state evaluates to

Spart
τ (k − ℓ, µ) = Spart

τ (k)− dSpart
τ (k)

dk
ℓ+ . . . . (B.6)

At lowest order in emission of very soft gluons ∼ ΛQCD the corresponding matrix

element in the lower energy theory is

1

Nc

〈0|ζ̄n̄Y
T

n̄Ynζni∂̂
∣∣uℓ

nv
ℓ
n̄

〉〈
uℓ
nv

ℓ
n̄

∣∣ζ̄nY †
nY

∗

n̄ζn̄
∣∣0
〉
= ℓ . (B.7)

Virtual radiative corrections do not correct this result since they are scaleless and

vanish in pure dimensional regularization. Thus we can identify ℓ → 2Ω̄1 in

Eq. (B.6), and this then yields the stated result for the OPE in Eq. (3.21).
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APPENDIX C

OPERATOR EXPANSION FOR THE FIRST THRUST MOMENT

For moment integrals of the thrust distribution over τ ∈ [0, 1/2] there is not a

hierarchy of scales that induces large logs, and one may formulate the theoretical

result in terms of an expansion in αs and ΛQCD/Q. The zeroth moment of thrust

is just the total cross section for e+e− → hadrons, and the power corrections are

formulated in terms of the well known OPE [225]. For higher moments the fact that

thrust constrains a non-trivial combination of final state momenta makes carrying

out an OPE more difficult. For example, when we weigh the integral by a power of

thrust it is not possible to collapse all propagators to a point, so the nonperturbative

parameters are no longer constrained to be given by a basis of local operators. In the

effective coupling model [79] the same nonperturbative parameter α0 that appears

for the thrust distribution, also occurs in the first moment. However it is not clear

to what level of accuracy this carries over to a field theoretical description of power

corrections derived from QCD. In this appendix we show how one can carry out an

OPE for the 1st moment of the thrust distribution, and demonstrate that at leading

order it only involves the same nonperturbative matrix element Ω1 from Eq. (3.6).

To carry out an OPE for the thrust moment we can work order by order in

the hard αs(Q) expansion, and analyze direct computations where we couple soft

nonperturbative gluons to hard partons in Feynman diagrams. The appropriate

non-local operator(s) appearing in the expansion will be identified by the structure

of the amplitudes in this computation. In the following discussion the soft gluons

will not be treated as final state particles for which there is a phase space integral,

but rather as a means of probing the structure of the nonperturbative operator.

The lowest order graphs with zero or one soft gluon and a virtual photon current

(for simplicity) are shown in Fig. C.1. Here kµ ∼ ΛQCD is soft, and pµ ∼ Q,

p′µ ∼ Q are hard momenta. To carry out the OPE we calculate and square the
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Figure C.1: Amplitudes for zero and one soft gluon.

on-shell amplitude, Mµ
hMν

h, where µ, ν are the virtual photon current indices.

We sum over the final quark/antiquark spins since these particles are hard and

are being integrated out. On the other hand the gluon vector indices α, α′ are left

uncontracted and are used to help in identifying the operator for the nonperturbative

matrix element. For simplicity, the indices α and α′ are suppressed in writing down

the amplitudes below. We start out without making restrictions on the number of

gluons coming from Mµ
h and Mν∗

h , which corresponds to directly matching onto

the nonperturbative operator, without considering the final vacuum matrix element

which gives a nonperturbative parameter. Since p2 = p′2 = k2 = 0 the denominators

of the propagators in the one gluon graphs reduce to 2p · k and 2p′ · k. In the

numerators we can drop /k’s relative to the large /p and /p′. The interference between

the zero and one gluon amplitudes gives

Mµ
hMν∗

h = Nctr[/pγ
µ/p′γν ]

2gTA

Nc

[
p′α

p′ · k − pα

p · k

]
. (C.1)

The interference with one gluon from each of Mµ
h and Mν∗

h is

Mµ
hMν∗

h = Nc tr[/pγ
µ/p′γν ]

g2TATB

Nc

[
pαpα

′

(p · k)2 +
p′αp′α

′

(p′ · k)2 − (pαp′α
′

+ p′αpα
′

)

(p · k)(p′ · k)

]
. (C.2)
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Continuing in this fashion with any number of gluons from Mµ
h and any number

from Mν∗
h we always find the tree level amplitude squared with no soft gluons,

Nc tr[/pγ
µ/p′γν ], times an amplitude from the soft gluons.

Since the hard quarks are on-shell and back-to-back their four-momenta are given

by light-like vectors along the thrust axis,

pµ = nµ n̄ · p
2

, p′µ = n̄µn · p
2

, (C.3)

up to power corrections beyond those considered here. Here nµ = (1, t̂) and n̄µ =

(1,−t̂) are identical to the n and n̄ appearing in Eq. (3.6). Using Eq. (C.3) the soft

gluon amplitudes in Eqs. (C.1) and (C.2) are eikonal with precisely the right factors

to come from the Y
T

n̄ (0), Yn(0), Y
†
n (0), Y

∗

n̄(0) in the Ω1 matrix element in Eq. (3.6).

For the first moment observable we can focus on amplitudes that have the same

number of gluons in Mµ
h and Mν∗

h , and at least one gluon for the i∂̂ operation in

Eq. (3.6) to act on. Since the gluon is soft, the factor of τ in
∫
dτ(τ/σ)(dσ/dτ) is

given by

τ = min
[2p · k

q2
,
2p′ · k
q2

]
=

1

Q
min

[
n · k, n̄ · k

]
(C.4)

=
1

Q

{
n · k θ(n̄ · k−n · k) + n̄ · k θ(n · k−n̄ · k)

}
,

and is exactly equal to i∂̂ given in Eq. (3.7) acting on the soft gluon in Fig. C.1.

Hence in the first moment of thrust we find that τ together with the soft gluon

amplitude give precisely 2Ω1/Q, with the vacuum matrix in Eq. (3.6) (where the

trace comes from the sum over color for the final state quarks). The remaining

Nc tr[/pγ
µ/p′γν ] amplitude goes together with the two-body phase space to yield the

tree level cross section σI
0 . Together these results yield Eq. (3.25) for the lowest

order OPE for the first moment of thrust.
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APPENDIX D

THEORY PARAMETER SCAN

In this Appendix we describe the method we use to estimate uncertainties in our

analysis. We will briefly review the theoretical parameters which determine the

theory uncertainty. We will also describe the scan over those parameters and the

effects they have on the fit results.

The complete set of theoretical parameters and their ranges of variation are

summarized in Table D.11. Besides the parameters associated with the profile func-

tions discussed in Sec. 3.1.3, the other theory parameters are Γcusp
3 , j3, s3, and ǫ1,2.

The cusp anomalous dimension at O(α4
s), Γ

cusp
3 is estimated via Padé approximants

and we assign a 200% uncertainty to this approximation. j3 and s3 represent the

nonlogarithmic 3-loop term in the position-space hemisphere jet and soft functions,

respectively. These two parameters and their variations are estimated via Padé ap-

proximations. The last two parameters ǫ2 and ǫ3 allow us to include the statistical

errors in the numerical determination of the nonsingular distribution at two (from

EVENT2 [106, 107]) and three (from EERAD3 [54]) loops, respectively.

At each order we randomly scan the parameter space summarized in Table D.1

with a uniform measure, extracting 500 points. Each of the points in Fig. 3.26

is the result of the fit performed with a single choice of a point in the parameter

space. The contour of the area in the αs-2Ω1 plane covered by the fit results at

each given order is fitted to an ellipse, which is interpreted as a 1-sigma theoretical

uncertainty. The ellipse is determined as follows: in a first step we determine the

outermost points on the αs-2Ω1 plane (defined by the outermost convex polygon).

We then perform a fit to these points using a χ2 which is the square of the formula

1Table D.1 is exactly the same as Table 3.1.6 with the exception that the parameter s2 is left
out. After we performed our tail-fit s2 was determined analytically in Refs. [171, 173] and therefore
did not contribute to the theoretical error of our first moment fit.
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Table D.1: Theory parameters relevant for estimating the theory uncertainty, their
default values and range of values used for the theory scan during the fit procedure
of the first moment fit.

Parameter Default value Range of values

µ0 2GeV 1.5 to 2.5 GeV
n1 5 2 to 8
t2 0.25 0.20 to 0.30
eJ 0 −1, 0, 1
eH 1 0.5 to 2.0
ns 0 −1, 0, 1

Γcusp
3 1553.06 −1553.06 to +4659.18
j3 0 −3000 to +3000
s3 0 −500 to +500

ǫ2 0 −1, 0, 1
ǫ3 0 −1, 0, 1

for an ellipse:

χ2
ellipse =

∑

i

[
a (αi − α0)

2 + 4 b (Ωi − Ω0)
2 + 2 c (αi − α0)(Ωi − Ω0) − 1

]2
. (D.1)

Here the sum is over the outermost points, and coordinates for the center of the

ellipse, α0 and Ω0, which are fixed ahead of time to the average of the maximum

and minimum values of αs(mZ) and Ω1 in the scan. We then minimize χ2
ellipse to

determine the parameters a, b, c of the ellipse.

One could further express the coefficients a and b by

a =
1 +

√
1 + 4 c2 ∆α2 ∆Ω2

2∆α2
, b =

1 +
√
1 + 4 c2 ∆α2 ∆Ω2

8∆Ω2
, (D.2)

where ∆α and ∆Ω are just the half of the difference of the maximum and minimum

values of αs(mZ) and Ω1, respectively, on the ellipse. Setting ∆α and ∆Ω to the

corresponding values obtained from the fit points of the scan (i.e. the perturbative

errors) the coefficients a and b can be fixed and only c remains as a free parameter.

The minimization of χ2
ellipse in Eq. (D.1) gives almost identical results regardless of
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Figure D.1: Impact on parameters of the M1 fit from variations of the best-fit values
for αs(mZ) and Ω1 values in the ranges given in Table D.1. The dark shaded blue
regions represent values of the parameters larger than their default values, the light
shaded green regions where the parameters are smaller than their default values.

whether or not Eqs. (D.2) are imposed.

In Fig. D.1 we vary a single parameter of Table D.1 keeping all the others fixed

at their respective default values, and we plot the change of αs(mZ) and Ω1 as

compared to the values obtained from the first moment thrust fit with the default

setup. In the figure, the dark shaded blue area represents a variation where the

parameter is larger than the default value, and the light shaded green one where the

parameter is smaller. The largest uncertainty is associated with the variation of the

hard scale, eH . The value of αs(mZ) is similarly affected by the uncertainty of the

profile function parameters, the statistical error from the numerical determination of

the 3-loop nonsingular distribution from EERAD3 [54], and by the parameter j3. It

is rather insensitive to the variation of the 4-loop cusp anomalous dimension and the

statistical error from the determination of the 2-loop nonsingular. The value of Ω1

is mainly sensitive to the profile function parameters and ǫ3, but is quite insensitive

to j3.
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APPENDIX E

MASSIVE SOFT COLLINEAR EFFECTIVE THEORY

Soft collinear effective theory with mass (SCETM) [31] is designed to describe a

boosted heavy quark system with virtuality m2
Q, for example a hadron consisting

of heavy and light quarks. The heavy quark is energetic, Q is much larger than

mQ, and a systematic power expansion in mQ/Q or ΛQCD/Q can be performed. In

SCETM hard degrees of freedom with p2Q ∼ Q2 are integrated out and the remaining

degrees of freedom have virtualities of m2
Q and residual fluctuations of Λ2. Collinear

particles such as the boosted heavy quark still have a large momentum component

of order Q. Their momentum scales as

pµc = (n · pc, n · pc, p⊥c ) ∼ (Q,
m2

Q

Q
,mQ) . (E.1)

The covariant derivative containing collinear gluons can be written as

iDµ
c = Pµ + gAµ

n , (E.2)

where Pµ is a derivative operator which picks out the large momentum components,

called label momentum, of collinear field.

The full QCD heavy quark field can be matched onto SCET fields such as

q(x) =
∑

pc 6=0

e−ipc·xqn(x) =
∑

pc 6=0

e−ipc·x
(
ξn(x) + ξn(x)

)
, (E.3)

where qn has been decomposed by the spinor projections (n/n//4)qn = ξn and

(n/n//4)qn = ξn, with n/ξn = n/ξn = 0. Using the equation of the motion ξn, which is
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suppressed by mQ/Q, can be expressed in terms of ξn

ξn =
1

n · iD
(
iD/⊥ +mQ

) n/

2
ξn . (E.4)

Combining Eqs. E.7, E.3, and E.4 yields the SCETM Lagrangian for the quark sector

LSCETM
= ξ̄n

[
n · iD + iD/⊥

1

n · iDD/⊥
] n/
2
ξn −m2

Q ξ̄
1

n · iD
n/

2
ξn

+mQ ξ̄n

[
iD/⊥,

1

n · iD
] n/
2
ξn . (E.5)

In order to describe residual fluctuation of the heavy quark field with momenta

pSC ∼ (ΛQCDQ/mQ,ΛQCDmQ/Q,ΛQCD) we introduce a covariant derivative which

includes interactions with soft-collinear gluons

iDµ = i∂µ + gAµ
sc . (E.6)

The full covariant derivative in SCETM becomes

iDµ = iDµ
c + iDµ . (E.7)

Because iDµ is suppressed compared to iDµ
c in each component, soft-collinear con-

tributions do not have to be considered at leading order in 1/Q. But they matter if

one also wants to integrate out the off-shellness of O(m2
Q) in order to study effects

at lower energies, like hadronization of the heavy quark.

Expanding the SCETM Lagrangian by powers of ΛQCD/mQ, in terms of iDc and

iD, the collinear gluons can be redefined as

gÂµ
n = gAµ

n −W [iD,W†] , (E.8)

in order to guarantee gauge invariance order by order. The hatted field is the
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redefined field, and W can be expressed as

W = P exp
(∫ x

−∞

ds n · (An + Auc)(ns)
)[

P exp
(∫ x

−∞

ds n · Auc(ns)
)]†

, (E.9)

where ‘P’ donates path-ordering. This is analogous to what has been done in

Ref. [226]. However, we have further redefined the n · An component using

n · An ≫ n · Asc. For the simplicity we will from now on drop the hat on the

new field, i.e. Ân → An. Then W in terms of the new fields is the same as the

collinear Wilson line

Wn(x) = exp
[ −g

n · P + iǫ
n · An(x)

]
= P exp

[
ig

∫ x

−∞

ds n · An(ns)
]
. (E.10)

The covariant derivate in SCETM can then be rewritten as iDµ → iDµ
c +WniD

µW †
n.

Gauge symmetry in SCETM can be separated into symmetries for each kinematic

mode, i.e. collinear and soft-collinear symmetries. This is the same as in massless

SCET, Ref. [26]. Under collinear gauge transformations soft-collinear fields act like

background fields such that

Aµ
n → Uc (A

µ
n + Aµ

sc)U
†
c +

Uc

g
[(Pµ + i∂µ), U †

c ]− Aµ
sc , Asc → Asc . (E.11)

The gauge transformations for the soft-collinear gauge bosons are the same as in

QCD

Aµ
n → Ur A

µ
n U

†
r , Asc → Ur A

µ
sc U

†
r +

Ur

g
[i∂µ, U †

r ] , (E.12)

where we used the commutation relation [Pµ, Ur] = 0 since Ur does not depend on

large (label) momentum components.
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APPENDIX F

BOOSTED HEAVY QUARK EFFECTIVE THEORY

Plugging Eq. (4.25) into Eq. (E.5) and integrating out the collinear gluon fields An

the bHQET Lagrangian can be obtained

LbHQET =
n · v
2

{
h̄v,n

( mQ

n · v + n · iD + iD/⊥
1

mQn · v + n · iDiD/⊥
) n/

2
hv,n

−m2
Q h̄v,n

1

mQn · v + n · iD
n/

2
hv,n

+mQ h̄v,n

[
iD/⊥,

1

mQn · v + n · iD
] n/
2
hv,n

}
, (F.1)

where 1/(mQn · v + n · iD) can be expanded in powers of ΛQCD/mQ such that

1

mQn · v + n · iD =
∑

k=0

1

mQn · v
( n · iD
mQn · v

)k
. (F.2)

Applying this to expand LbHQET to subleading order in ΛQCD/mQ gives

LbHQET =
n · v
2

{
h̄v,n

(
n · iD +

1

(n · v)2 n · iD
) n/

2
hv,n

+
1

mQ n · v h̄v,n iD/⊥ iD/⊥
n/

2
hv,n −

1

mQ (n · v)2 h̄n,v

[
iD/⊥, n · iD

] n/
2
hv,n

− 1

mQ (n · v)3 h̄v,n (n · iD)2
n/

2
hv,n

}
+O

(Λ2
QCD

m2
Q

)
, (F.3)

where the first term is leading order and the other terms are power-suppressed and

therefore subleading. The sum of covariant derivatives in the leading term can be

simplified to

n · iD +
1

(n · v)2 n · iD =
2

n · v v · iD . (F.4)
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This leads to

LbHQET = h̄v,n v · iD
n/

2
hv,n +

1

2mQ

h̄v,n

(
iD/⊥ iD/⊥ + n · iD n · iD

+
[n · iD
n · v , iD/⊥

]) n/

2
hv,n +O

(Λ2
QCD

m2
Q

)
, (F.5)

where the last term in Eq. (F.3) was reorganized using

h̄v,n (n · iD)2
n/

2
hv,n = h̄v,n n · iD

(
2n · v v · iD − (n · v)2 n · iD

) n/

2
hv,n

∼ −(n · v)2 h̄v,nn · iD n · iD n/

2
hv,n . (F.6)

If we would consider higher order correction in αs in the matching, the higher

dimensional operators in Eq. (F.5) would have nontrivial Wilson coefficients.
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