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ABSTRACT 

Two problems are encountered In bioassay experiments with first 

order serial correlation of errors. Estimates of potency are biased, 

and serial correlation causes variance estimates to be too small. 

Jackknifing was used as an attempt to reduce bias in estimation, and 

both jackknifing and generalized least squares with estimated auto

correlation parameter were used to obtain better variance estimates. 

Monte Carlo simulations were used to evaluate these techniques. Jack

knifing improved bias estimation and gave the best confidence intervals. 

The generalized least squares algorithm, while improving efficiency and 

variance estimation, gave only modest gains over ordinary least squares. 

vi 



1.0 INTRODUCTION 

A problem commonly encountered in biometry is the assessment of 

the potency of one substance relative to another. By potency, we refer 

to the ability of a substance to evoke a desired response. Usually, a 

substance with known potency is compared to a new substance with un

known potency, and the problem is one of assessing the relative potency 

of the two substances. As an example, consider the situation in which 

a company is interested in introducing into the market a drug which 

reduces blood pressure and is less expensive to manufacture than their 

drug currently on the market. The mechanism of action of the two drugs 

is similar enough to consider them as different dilutions of the same 

drug. The company needs to develop guidelines whereby they can suggest 

doses of the new drug that are equivalent to doses of the current drug. 

The process of assessing the amount of one drug equivalent to a speci

fied dose of a standard drug is known as biological assay, or bioassay. 

Notice that the concept of bioassay can be extended to forms of stimulus 

evoking phenomena other than drugs. 

In some bioassay experiments, the nature of the treatment appli

cation technique makes it necessary to administer the dose of the two 

substances being assayed in increasing order of strength (Elashoff 1981) 

instead of randomizing applications of the doses as would commonly be 

done. Consider the experimental situation of Strunz et al. (1978), 

summarized by Elashoff (1981). Four dogs were surgically prepared with 

1 
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gastric fistulas in order to assess the influences of various hepatic 

enzymes on acid output. Because the dogs were very expensive and time-

consuming to prepare, each dog was used for the application of several 

successive doses of each drug. The problem with this type of experiment 

is that the usual analysis of variance assumption of no correlation 

between different applications of the same drug (Eisenhart 1947) is 

violated, since an animal's response to dose level i of a drug given at 

time t may be partially affected by the dose previously given at time 

t-1. This problem of correlation between times of dose administration 

is known as autocorrelation. 

Two problems are encountered in autocorrelated bioassay experi

ments. The estimate of the relative potency of two substances is a 

function of a ratio estimator. Ratio estimators are biased (Cochran 

1977), hence techniques are needed to remove this bias if unbiased esti

mates of potency are desired. This problem of biased estimates is 

present even when there is no autocorrelation. The second problem which 

arises is that autocorrelation can introduce variance estimation biases 

/ 

which may be serious when autocorrelation is high. Variances are 

consistently underestimated under autocorrelation leading to errors in 

inference. The purpose and scope of this thesis is to suggest and 

evaluate several techniques of dealing with the bias inherent in 

potency estimators and the variance estimation problems encountered 

under a simple first order serial correlation model. 



2.0 SERIAL CORRELATION OF ERRORS IN LINEAR MODELS 

2.1 The General Linear Model-independent Errors 

Consider the linear model 

y = X§ + E (2.1.1) 

where y is nx 1 vector of observation, X is an n x p matrix of known 

observations measured without error, 3 is a p x 1 vector of unknown 

parameters, and e is an n x 1 vector of random errors. (2.1.1) is known 

as the general linear m model (Graybill 1976), and a number of common 

statistical techniques are extensions of (2.1.1) with X and B having 

specific forms. Under the assumptions 

E(e) = 0 

Var (e) = I (2.1.2) 

where I is an nxn identity matrix) the Gauss-Markov theorem states that 

the best (uniformly minimum variance) linear unbiased estimator, or BLU, 

of the parameter vector 8, is given as 

§ = (X,X)"1X'£ (2.1.3) 

2 
Graybill (1954) has shown that a best unbiased estimate of a is given 

as 

o2 = -i- (y - XB)'(y " XB) 
n-p -

Eicher (1963) has shown that the variance of B for large values of n 

2 - 1  ~  2  - 1  
approaches a (X'X) , hence an estimate of var (6) is cf (X'X) . Also 

3 is asympototically normal, hence 

® ^oo N(B,a2(X»X)-1) 

3 



2.2 The General Linear Model-autocorrelated Errors 

2.2.1 Generalized Least Squares 

Consider the linear model given in (2.1.1): 

£ = X6. + e. 

Relax the assumptions (2.1.4) so that 

E(e) = 0 
(2.2.1.1) 

Var(e) = CT2V 

where V is a positive definite matrix of known constants. We now see 

that errors in the linear model are not independent but related by 

Var(e., e.) = a2V.. 
i J ij 

where is the i,jth element of V. Aitken (1934) first suggested the 

generalized least squares estimator of 3 as 

£ = (X,V~1X)~1X,V~1£ (2.2.1.2) 

where 

Var (§_) = a2(X,V-1X)"1 (2.2.1.3) 

This result can be obtained by considering the decomposition of V 

(Johnston 1972) 

V = RR' 

r-^r"1 = v-1 

Now make the transformation on the model (2.2.1) 

R-1X = R_1X6_ + R-1E_ 
(2-2.1.4) A A A  v  '  

2. = x A + 



Now notice that 

E[e*e*'] = E[R-1e e'R-1*] 

2 -1 -1 
= O R (V)R 

= o2X 

hence the transformed model (2.2.1.4) can be subjected to least squares 

to get estimates of B, since we haven't the transformed values of g. So 

B = (X*'X*) 

and replacing X* and y*  with R~^y and R-^ and R X, we obtain the 

solution given in (2.2.1.2) and (2.2.1.3). The generalized least squares 

2 
estimates are unbiased, and a can be estimated as 

o2 = ̂  (j* - X*e)'(2* - X*§) (2.2.1.5) 

2.2.2. The Linear Model With First Order Serial Correlation of Errors 

When errors are correlated the conventional method of modelling 

observation y^ is 
i 

y i "  +  u i  

u - OU. , + e. (2-2-2a) 
i l-l x 

The constant p is called the autocorrelation coefficient and repre

sents the correlation of the error u^ with error of the previous 

observation, so-l<p<l. We require the assumptions 

E(e .) = 0 
i 

Var(ei) = a2 

Var (e E.) = 0 (2.2.2.2a) 
i, J 



so that we have (Rao and Miller 1971, Johnston 1972) 

E(U;L) = 0 

Var(ui) = ̂  

= a2 

Var(u.» u.) = ^a2 
l j 

We can then write (2.2.2.1) in matrix form as 

X = X§_ + U 

with 

Var(U) = a2 
u 

= a2V 
u 

1 

P 

P 

1 

n-1 n-2 n-3 
P P P 

( 2.2.2.2b) 

n-1 

n-2 

n-3 

For known p we may use the generalized least squares estimators. 

So let V=RR' and V~1 = R_1,R-1 then 

R_1 = 0 

-P 1 

0 -p 

0 

0 

1 

0 0 

0 0 

0 0 

-p 



and we may calculate B as 

S = (XA'X*)"^*1^* 

where X* = R_1X 

2* = R 2̂, 

We can estimate the error as 

= _1_ (jr*-X*6) ' (X*-X*§) (2.2.2.3) 
U n-p 

and the estimated variance of the parameters as 

Var(B) = a^CX'V^X)"1 (2.2.2.4) 

/\0 _ 1 
= a (x*' x*) 

u 

These estimators share the same properties as those for generalized 

least squares. 

2.2.2.1 Problems with using ordinary least squares (OLS) 

with the autocorrelated model. When there is autocorrelation present 

and the OLS estimator 

§ = (X'X)""3^ 

A 

is used, it can be seen that 3 will be unbiased, just as the generalized 

least squares (GLS) estimator is (Johnston 1972). When autocorrelation 

/\ 

is present the true variance of 8 is 

Var(6) = o2 (X,V"1X)"1X,V"1Z 

1-P2 

but the variance using OLS is 



8 

Var*(B) = a2(X,X)~1X,2 

so we are not considering the contribution of the matrix V to the 

variance of g. Since Var*(8)<Var(8) for |p|>0, we are underestimating 
A 

the variance of 6 (see also Neter and Wasserman 1974:352-356). Notice 
A 

also that our estimate of the variance of 8 will include an estimate 

2 2 ~ 
of a , and using OLS a will also be underestimated, so Var*(8) may 

differ substantially from the true variance of the parameter estimates 

(Rao and Miller 1971, Johnston 1972), especially when |p[ is close to 1. 

When the true value of P is not known, then the estimates of 

variance for the parameters may be larger than they should be (Rao and 

Miller 1971. Consider the simple linear model 

y. = 8x. + u. i=l,2,...n 
i i i 

where 

ui = Pui-1 + £ 

Rao and Miller (1971) give the variance of the GLS estimator of 8 in 

terms of p as 

Var <8)=cr2A/£x2 

where 

A = (l-p2)/(l+p2) 

When a value for p is guessed or estimated, call it p*, then the variance 

A 

for 8 is approximately 

Var*(8) ss a2B/Ix2 
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where 

B * 1+4p 2-4pp*+2p2pft2-4pP*^+P*^ 
2 2 ' 

(1+P* ) 

The efficiency of the GLS estimator when compared to the GLS estimator 

with P misspecified is 

A 

Var (B) _ A 

Var*(B) B 

2 2 2 
= q-pz)(i+P*V 

(l+p2) (l+4p*2-4pp*+2p2 p*2^4pp*3+p*4 

Now A<B for all p and p* so the variance will always be overestimated. 

Value of relative efficiency as a function of p* for several values of 

p are shown in Figure 1. 

We may make some preliminary statements about the use of GLS 

estimators for the autocorrelation model. First, the penalty for 

using OLS when the GLS procedure is warranted is paid in deflated 

estimates of variance, which can lead to type I errors in hypothesis 

testing that are much larger than the nominal rate. For example, if 

a was chosen as .05, because standard errors might be much smaller than 

they should be, rejection of Hq when Hq is true could occur more often 

at the .05 level than 5% of the time. If p is known, then GLS should 

always be used. However, if p is estimated from the data, the variance 

can be overestimated for poor estimates of p. With small sample sizes, 

p could be much different than its estimates and loss of precision 

can be substantial (Figure 1). Errors in inference, though, will tend 



I 

-.5 0 .5 1.0 

p* 

Figure 1. Relative efficiency of GLS to GLS when p is 
misspecified as p* for a simple 1-variable 
linear regression through the origin. 
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to be conservative. So to increase inferential power, a good estimator 

of p is needed. 

2.2.2.2 Some methods of estimating p. The precision of the 

GLS estimator can be seriously reduced if poor estimates of p are 

obtained, hence the need for a good method of estimating p is necessary. 

Several methods of estimating p have been suggested in the literature, 

and several are presented here and their evaluations in the literature 

summarized. 

The first method is to minimize the sum of squared residuals, 

e* s y* - £x* 0., i = l,2,..n, with respect to p, then use this as the 
1 i ij 3 

estimator of p (Dhrymes 1971, Park and Mitchell 1980). Thus we have 

5 

ss -

- (i-p2)^ + j^vp^)2 

/S /N 

where e = y. - 7X..8., and 8. has been obtained from OLS. Then, 
i 1 i] J J 

minimizing SS with respect to p, we have 

3pS ~ " 2pel + (ei"pei-l)(_ei-l) 
i=2 

n 

I 
P = 1=2*1*1-1 

n-1 

I a2 (la) 
i=2ei 
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An extension of the above estimator of p can be obtained for grouped 

data, where each group begins a new time series. Since this estimator 

is used later, we give it here as 

a - Ji nb) 

g n-1 

I I e
2 1 

i-1 j*2 ij 

where i indexes groups and j indexes observations within groups, thus 

there are g groups each with n observations. Notice that the residuals 

A 

used in calculating p in (la) or (lb) are from OLS. A number of 

A 

authors have used the following estimator for p (e.g. Rao and Griliches 

1969, Spitzer 1979) 

n 

I e e 
- i=2 i i-1 
P ~ n 2 

^1C) 

This estimator is found by noting the u^ = Pu^_^ + can be considered 

a simple linear regression through the origin (Neter and Wasserman 

1974). The bias of (lc) is given by Rao and Girliches (1969) as, 

approximately, 

e[p-p] - - _9_ 
n-2 
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(lc) Is consistent, but does not minimize the sum of squared errors 

(Park and Mitchell 1980). 

Another approach to estimating p has been to assume the errors 

in the linear model are normal and use a maximum likelihood approach 

(Dhrymes 1971, Beach and MacKinnon 1978, Spitzer 1979). Instead of 

minimizing the sum of squared residuals with respect to p, p is found 

by minimization of 

ss 

(1-P2)l7n 

* - Ix.* 8 .)2. The above minimiza-
i j ^ J 

ion must be done by numerical methods since no closed form expression 

A 

for p can be obtained. Beach and MacKinnon (1978) suggest an efficient 

algorithm for minimizing the above expression. Dhrymes (1971) shows 

that the sum of squares minimization technique and the maximum likeli

hood technique are asymptotically equivalent for large values of n. 

Park and Mitchell (1980) found in their investigation of auto-

correlated regressions that the estimator (la) given in this section 

was preferable to (lc) and to other estimators of p which use auxiliary 

regressions to obtain an estimate (e.g. Durbin 1960). 

2.2.2.3 Evaluation of parameter estimation methods for the 

linear model with autocorrelation. Several authors have used simu

lation experiments to develop guidelines for use of the various tech

niques described in the literature to handle the autocorrelation problem. 

with respect to p, where SS = )(y 



The first study, conducted by Rao and Griliches (1960) compared the 

GLS procedure with p estimated, first suggested by Prais and Winsten 

(1945), to several other methods, including OLS. The methods used 

were all 2 stage estimators. In the first stage OLS was used either 

A 

to compute p directly, or to compute OLS residuals which were then 

A 

used to compute p using (lc) as given in section 2.2.2.2. The values 

A /\ 

of p were then input into algorithms which were used to compute $ 

values. Their study indicated that all of the procedures which 

/\ 

estimated p generally outperformed OLS in terms of bias and relative 

efficiency when the true value of p was in the range |p|> .3. 

Beach and MacKinnon (1978) and Spitzer (1979) both investigated 

the performance of the maximum likelihood (ML) method of estimating p 

and using that estimate to estimate the parameters 6. The models con

sidered in these two papers, and by Rao and Guiliches (1969) all have a 

component of trending of the x variables over time (see Rao and Miller 

1971), though all state that the size of the correlation between 

successive x variables had a relatively small effect on the results. 

Beach and MacKinnon (1978) found that ML outperformed the Cochrane-

Orcutt procedure (Cochrane and Orcutt 1949) which consists of estimating 

p and then doing a least squares analysis using the (n-l)xn matrix 
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Instead of the matrix R ^ given above to transform X and Spitzer 

(1979) found similar results, but also noted that the GLS with estimated 

p (call it PW for Prais-Winsten) generally performed best when 

.2 |p|>.5, while ML was best for <| p|<. 5. 

Park and Mitchell (1980) performed a comprehensive study on 

several estimation methods for autocorrelated data. They use (la) 

in section 2.2.2.2 to estimate p for PW, and suggest an iterative 

scheme in addition to two stage estimation. The iterative algorithm 
A A A 

calculates p from OLS residuals, estimates 3, uses the 6 to calculate 

new OLS residuals, and continues the cycle until successive estimates 

of g are sufficiently close. The iterative PW estimate outperformed 

all other estimators they considered over the range .4<p<.98. They 

also found that estimates of the variance for all the estimators they 

considered significantly underestimated the true variance and hence led 

to overly liberal hypothesis tests. This result differs from the 

simple case examined by Rao and Griliches (1971). A possible reason 

for Park and Mitchells' result lies in the fact that use of the GLS 

A 

estimate of the variance of the $ as given in equation (2.2.2.4) does 

not take into account the fact that the matrix V ^ is estimated from 

A 

the data (see section 2.2.2.2) and hence the covariance between p and 

the error terms is ignored. If that covariance is substantial, the 

variance of the parameter estimates could be substantially under

estimated, hence leading to liberal confidence intervals. 

Kramer (1980) has shown that for most linear models, the GLS 

estimators may not be much more efficient than OLS when autocorrelation 



is present. The only model where GLS significantly improved effi

ciency was for models in which no intercept term was included (e.g. 

regression through the origin). Such models have X matricies which 

do not include a column of ones. These models are usually of little 

interest in most situations. 



3.0 ESTIMATING POTENCY IN THE PRESENCE 
OF AUTOCORRELATED ERRORS 

3.1 Estimation Methods 

From the results of section 2, it can be seen that a variety of 

methods might be used for parameter and variance estimation when auto

correlation is present. From the preceeding discussion, it may be 

concluded that the PW method of estimation appears to be the best 

solution to the autocorrelation problem, though its effectiveness in 

some situations may not greatly improve on OLS. We now consider 

estimation of potency from the standpoint of the linear model, and 

suggest several approaches to the estimation of potency when first order 

serial correlation is present. 

Consider the following bioassay experiment, n experimental units 

are given each of T doses in increasing amounts of a standard substance 

such that the correlation between responses to adjacent doses is ex

pected to be the same. The units are then allowed to reach a baseline 

level, and then each of T doses of a test substance are administered in 

increasing doses in a manner consistent with the administration of the 

standard, so that the correlation between adjacent doses of the test 

is the same as that for the standard. For a dose given at time t, 

the observations at t - 1 and t + 1 are assumed to be only indirectly 

correlated through their correlations with the observation at t. We 

may model the observation of such an experiment at 

17 
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yijk -» + «! + *,-+ B(xyk - ij) + uljt (3.1.1) 

uljk " Uij(k-1) ' + Eijk 

where i = l,2,...n; j = 1,2; and k = 1,2,...T. y represents the grand 

mean, is the effect of the ith experimental unit and represents 

the effect of the standard substance for j « 1 or the test substance 

for j = 2. The adjusted log dose for the jth substance (x , - x.) is 
IjK 2 

used as a covarite. If the response to a given dose of the standard 

substance is r (d), then the equivalent dose of the test substance 

needed to evoke the same response would be nd^, where ir is a parameter 

of proportionality. That is 

r(d1) = r(#d2) 

The parameter ir is called the relative potency of the test substance 

with respect to the standard (Finney 1978), and can be interpreted 

as the number of units of the standard equivalent to 1 unit of the test 

substance. By using log doses in (3.1.) we can assume 

Y2  - Y1  
= 3 log ir 

= BM 

where M = log TT, so we can calculate, assuming natural logs were used, 
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3.1.1. Ordinary Least Squares (OLS) 

Finney (1978) gives the details of potency estimation under the 

assumption 

p = o 

e_k~IIDN(0,cr2) . (3.1.1.1) 

Let y .. and y „ be the response means for the standard and test sub-
« X • • / • 

stances, then we have (Elashoff 1981) 

E(y.2."y.i.) = B log IT + S(x2-x^ 

where x^ is the mean log dose of substance j. If we assume the 

experimental setup is such that X2~x̂  = then an estimator of log ir = 

M is 

m = (y 9 -y , )/b (3.1.2) 
• £m • • X • 

where y 9 -y , and b are least squares estimates of Y9-Y-, and 3, 
«Z i «X • Z X 

respectively. The estimator M is a ratio estimator, and hence is 

biased (Cochran 1977). Ignoring higher order terms in a Taylor series 

expansion, we have 

2 
_ * M a 
E(m-M) = — 

T -v 2 
2nf3 £(x .-x)' 

j=l J 

if we assume that the log doses are scaled so that = x^2k ̂ or 

all i and k. 
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An estimator for potency then, is simply 

TT = exp(m) 

= exp((y „ - y . )/b (3.1.1.3) 
• £* • « X • 

A 

ir is also biased and using the first term of the Taylor series expansion 

we have approximately 

[3, + M(M+2) 

T 2X(«)2."J 

E(ir-T7) = ^ 

2nf5 L 1 2 

where M = log ir. Hence we can see that bias will increase with increas

ing variance and decrease for larger sample sizes (n) or time series 

(T) for both log potency and relative potency estimates. Further terms 

can be added to the expansion (see Appendix B) to determine if higher 

4 

order terms contribute to the bias. 

Fiducial intervals are calculated on log potency using Feiller's 

theorem (Finney 1978) as 

m^my = [m ± ts^V^d-g) + m2V22>*] /'(1-g) (3.1.1.4) 
b 

g = t2s2V22/b2 

Vn = 2/Tn 

V22 = [\ll (Xij k " ̂ 2]_1 

2 
where s is the mean squared error from a 2T x n analysis of variance. 

If t is the l-a/2 percentile of a Student t distribution with (2T-1) 

(n-1) degrees of freedom, then (3.1.1.4) gives 1-a fiducial limits. 



3.1.2 jackkriifed Ordinary Least Squares (JOLS) 

Since the estimate of log potency is biased, the use of the 

jackknife technique may help reduce bias in log potency estimates. 

For certain types of statistics, jackknifing can provide an effective 

way of reducing bias (Miller 1964, Arveson 1969). Jackknifing may also 

provide a method to obtain better estimates of the variation of an 

estimator (Mostellor and Tukey 1977). Hence, jackknifing log potency 

may be an effective way to solve the bias and variance estimation 

problems in bioassay experiments under the first order serial cor

relation model. 

The procedure for estimation using the jackknife estimator is 

as follows. Let 

mn = (y.2. - y.i.)/b 

be obtained from OLS. Let y^ and b^ be the OLS estimates when the 
J 

ith individual is left out of the calculations. Then calculate 

The psuedovalues (Mostellor and Tukey 1977) are 

i 
nm 
n 

o 
(n-l)m^T 

n-i 

so the jackknife estimator of log potency is 

m* = Tm./n 
L I 

(3.1.2.1) 
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m* is asymptotically normal (Miller 1964) with estimated variance 

SI* = E(mi " ®*)2/(n-l) , (3.1.2.2) 

hence, confidence intervals may be odtained using a student t distribu

tion with n-1 degrees of freedom. 

3.1.3 Prais-Winsten (or GLS with Estimated p) Estimator (PW) 

For the model given by equation (3.1.1.) with p=0, we may use 

the Prais-Winsten algorithm to obtain estimates of potency. Solving the 

normal equations (see section 2.2.2) from the GLS solution suggests the 

following procedure. First make the following transformation on the 

x. and y .. 
ijk ijk 

'*.4 1 -V1-" y^l-MX-p 2  
y y l  

Ajk " '"ijk " V -p(xij(k-l) " V 

y*ijk = yijk ~P yij(k-1) K=2,...,T 

Then form the quantities 
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i- -• n 2 n 2 T 
y*.. = \l-p I I y* n + (1-p) III y* 

i=lj=l 1JA i=lj=lk=2 1J 

yi.. = AI1_p ^y*ll + yi2l^ + ̂ 1_p^ J ^/ijk i=1»2»--*n 
jsi.R— 2. 

Now 

y* = Vl-p2 y* + (1-p) I I y* j=l,2 
•J* 1=1 301 i=lk=2 

sxy = I I I y*ik x* 
i=lj=lk=l J 13k ' 

note that we have transformed the log doses (x) so that x^uc=xi2k 

(see Finney 1978). Let SX.. be the sum of the T doses of the ijth 

application of substance j, then SX^ = SX^ = *"*®Xnl = ^Xn2 = ̂ X* S° 

for the transformed model, write 

sx.^/i-p + Cl-P> kI2 *}Jk 

ssx • j, (x«k>2 

2 2 
for any x*., . Let A = (1-p ) + (T-l)(l-p) , then the PW estimators are 

xjk 

v. _ yi.. 6 SX 
1"" 2A ~ 

- v* — " 
y . . i. B SX 

" = ~nA ~A~ 

g = SXy/2n - (SX)y.../2nA— (3.1.3.1) 

SSX - (SX)2/A 



Notice that these estimators only apply when there is no correlation 

between responses to the test and standard substances. 

Now p must be estimated from the data. The sum of squares 

minimizing form of p (given as equation lb of section 2.2.2.2) could 

not be used in the simulations described in section 3.2, since the 

length of time series being considered (T<6) were small and this 

A 

caused the estimator of p to "stick" at boundary values of |p| =1. 

Hence, the following form, analogous to equation lc of section 2.2.2.2 

was used: 

n 2 T 

„ I I I -  e 
P = i-l.i=lk=2 ijk ij (k-1) ^ 1>3<2) 

n 2 T 0 

i i 14,k 
i=lj=lk=2 3 

An iterative scheme may be used (see Park and Mitchell 1980): 

1. Obtain residulas for OLS; 

2. Calculate p using equation (3.1.3.2); 

3. Obtain new parameter estimates using equations (3.1.3.1) 

and calculate new p using updated estimates of parameters to 

get OLS residuals: 

4. Iterate step 3 until successive values of p differ by less 

than ± .0001. 

In the above procedure, any time (p|>1, the result can be set 

to ±.9999 and the iteration continued. 

Potency can be estimated using equation (3.1.1.3) with the 

estimates of parameters obtained using equations (3.1.3.1). Fiducial 
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limits can then be obtained for log potency by estimating the variance 

using equation (2.2.2.3) which is essentially the same as using the 

OLS technique on the transformed data (yjj^ and x*jk)* 

3.1.4 Jackknifed Prais-Winsten Estimator (JPW) 

The PW procedure for obtaining estimates of potency may also 

be jackknifed as described in section 3.1.2. Calculation of psuedo-

values would involve the use of PW estimates instead of OLS estimates. 

Thus jackknifed estimates of log potency and confidence intervals could 

be obtained using equations (3.1.2.1) and (3.1.2.2). 

3.1.5 Jackknifing Potency 

The jackknife procedure described above uses log potency as 

the statistic for jackknifing, and hence the bias removal properties of 

the jackknife may not apply when the jackknifed estimate of log potency 

is exponentiated to obtain an estimate of potency. An alternative 

procedure would be to exponentiate before jackknifing. That is, 

suppose that we calculate 

iro 
n = exp(mn) 

and also 

= «ep(n£>) 

Then we would have the psuedovalues as 

** -o , . N £ (i) TT. = nTT -(n-1) Tt ' 
in n=l 
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and hence could estimate potency as 

ir* = Jir*/n (3.1.5.1) 

and take the variance as 

s^ = I(^-;*)2/(n-D (3.1.5.2) 

It is not immediately clear that the conditions suggested by 

Miller (1964) hold for this estimator, hence the asympotic normality of 

ir* might be questioned. If normality could be shown to be the asympotic 

distribution of IT*, then confidence intervals could be calcualted as 

before. Note that ir* may be calculated using both OLS and PW methods. 

3.2 Example Analysis 

Elashoff (1981) presented data on an experiment where four dogs were 

given three doses of a standard substance and three doses of a test 

substance. On one test day the three doses of the standard were given 

in increasing order, and on another day the test substance was 

administered in increasing doses. On a given test day we might expect 

that the response to dose currently being administered might be 

influenced by the previous dose. The model given by (3.1.1) was used 

to approximate the data. The estimation methods given in the previous 

section are compared using the data given by Elashoff (1981:476). 

The data are given in Table 1. 

For OLS, the following estimates were obtained: = 

36.27, y.2. = 33.63, b = 16.05. This gave m = 0.1637, hence IT = .849. 
OLb 
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Table 1. Square root of acid output from an experiment comparing a 
standard drug with a test drug. 

Dog 

50 

Standard 

100 

Dose 

200 

(pmol/kg/hr) 

50 

Test 

100 200 

1 36.6 40.2 50.2 31.0 36.8 48.8 

2 28.7 33.7 41.8 8.8 27.2 42.7 

3 9.9 27.7 44.2 20.8 41.6 57.2 

4 28.3 44.8 49.1 28.2 24.2 36.3 

X 25.9 36.6 46.3 22.2 32.4 46.2 

Table 2. Comparisons of 4 estimators using the data in Table 1 

Method Potency Estimate 95% Interval 

OLS .84868 .520 - 1.384 

JOLS .91917 .246 - 3.431 

PW .86601 .528 - 1.420 

JPW .96947 .253 - 3.714 
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Fiducial limits are given in Table 2. Using JOLS, the value of 

m* given was -.0845, hence TJ0LS =.919. Confidence limits are given 

in Table 2. 

The PW solution obtained the estimates = 36.20, y»2* = 

33.89, and b = 16.05. Thus, m = -.144 and = .866. Fiducial limits 

were calculated and are presented in Table 2. JPW gave a value for 

m* of -.0315, and thus = -969, with the confidence interval as 

given by Table 2. 

The estimates of potency given by the 4 estimation methods vary 

widely. There is about a 12% difference between the highest and 

lowest estimates. 95% interval estimates given by the jackknife pro

cedures were over three times wider than the corresponding non-jackknife 

procedures. 

3.3 Monte Carlo Experiment 

From the discussion in section 3.1, it can be seen that there 

are several alternatives for obtaining point and interval estimates of 

potency in a bioassay experiment which involves first order serial cor

relation. In this section a Monte Carlo simulation experiment is 

described which designed to evaluate the various alternative methods 

which might be used in an autocorrelated bioassay analysis. 

3.3.1 Design of the experiment 

A series of simulations were run using the model given in 

equation (3.1.1), 
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yijk = 11 + ai + + B(xijk"S) + "ijk 

Uijk Uij(k-l)p + eijk 

Simulations were run with all possible combinations of the following 

parameter values 

1. a = 0, p = 0 

2. 6 = 1 

3. Y1 = 0, Y2 = log IT 

4. log IT = -0.4, -1.0 

5. T = 3,6,9 

6. n = 6,12 

The were replaced with orthogonal polynomial coefficients whose 

value depended on the length of the time series (T). Several sets of 

data were then generated by varying the parameters IT and p, and by 

varying the sample size (n) and length of the time series (T). 1000 

random samples were obtained for each data set as follows. 250,000 

psuedorandom uniform (0,1) variables were generated on a CDC CYBER 175 

using the FORTRAN V function RAND. These numbers were stored on a 

magnetic tape and read on a HP 1000 computer. A Box-Mueller trans

formation was used to obtain psuedonormal random numbers with zero mean 

and unit variance. Autocorrelated error terms were then constructed 

from these numbers (i.e. the an(* then the data were generated as 

yilk = *k + uilk 

yi2k = log * + *k + Ui2k 
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where 2^ is the kth orthogonal polynomial coefficient (e.g. if T = 3, 

x1 = - 1, x2 = 0, x3 = 1. 

The uniform and normal psuedorandom numbers were subjected to 

several testing procedures and were found to adequately approximate 

expected levels of significance for the tests (Table 3), hence the 

performance of the random number generator was deemed satisfactory. 

3.3.2 Measures of Performance 

Several measures were used to assess the performance of the 

various estimators of potency and log potency. Let 0 be the true value 

of potency or log potency and 0^ be the estimate obtained from the ith 

sample, i = 1,2,... 1000. Average bias (B) was calculated as 

1000 „ 
B = I (0,-0)/1000 

i=l 1 

and percent bias (%B) was 

%B = |B/0 f x 100% . 

Mean squared errors (MSE) were calculated as 

1000. 
MSE = I (0.-0) /1000 . 

i=l 1 

Efficiencies of several estimators relative to OLS (RE) were calculated 

as the ratio of the square root of the MSE of OLS (RMS^g) to the RMS 

of the alternative estimator in question, that is, 

^estimator = ̂ OLS 
RMS „ 

estimator 
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Table 3. Observed type I errors for 3 tests of random numbers obtained 
from 1,000 samples of various sizes. Counts greater than 63 
or less than 37 are significantly different from 50 at the 
0.05 level. 

Normal distribution 
Uniform 

Sample size distribution, x2 t-test for x2 test for 
goodness of fit zero mean unit variance 

10 45 55 51 

50 45 52 53 

100 52 56 64 

150 49 53 55 

200 45 56 53 



The number of times alternative estimators come closer to the true 

value of potency or log potency was used as another measure of 

comparison for the estimators. 

For each sample, 95% confidence intervals (for jackknife 

estimators) or 95% fiducial intervals (for other estimators) were 

generated. The performance of these interval estimators were evaluated 

by considering the number of times the interval calculated from the 

samples failed to include the true paramater value. If the intervals 

are valid 95% intervals then this should occur about 5% of the time 

(50 times out of 1000 samples). 

3.3.3 Simulation Results 

For each of the combinations of parameter values described 

above, 1000 data sets were generated and for each data set 4 estimates 

of log potency (M) were calculated and 6 estimates of potency GO were 

generated. For log potency we calculated: 

1. OLS - ordinary least squares estimate 

2. PW - Prais-Winsten estimate 

3. - jackknifed OLS estimate 

4. - jackknifed PW estimate 

For potency we calculated: 

1. OLS - exponentiated OLS estimate of M 

2. PW - exponentiated PW estimate of M 

3. JOLSj - exponentiated JOLS^ estimate of M 

4. JPW^ - exponentiated JPW^ ESTIMATE OF M 
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5. JOLS - jackknifed estimated of ir using OLS 
IT 

6. JPW^ - jackknifed estimate of n using PW 

The complete results of the simulations are given in the tables 

in Appendix A. Only the general patterns will be discussed here. 

3.3.3.1 Log Potency (M). Analytic estimates of bias using 

the Taylor series approximation indicated that the OLS estimator of 

M would have a negative bias of around 4% for T = 3, n = 6, and p = 0 

(Table 4). This bias decreases with increasing T and n, but increases 

for smaller M. Biases calculated from the simulations were usually 

very similar to the analytic approximations for T = 3, but tended to 

be a little higher for T = 6. 

Table 4. Analytic approximations of bias of log potency (M) using 
OLS estimator with no serial correlation, and a 2 = 1, $ = 1.' 

T = 3 T = 6 

M  n  =  6  n  =  1 2  n  =  6  n = 1 2  

-0.4 -.0167 -.0083 -.0004 -.0002 

-1.0 -.0417 -.0208 -.0012 -.0006 

Generally, bias was reduced by increasing sample size (n) or dose 

series length (T) when using the OLS estimator of M (Table A.2). As the 

value of M was increased, however, bias increased. Increasing serial 

correlation also caused an increase in bias in the OLS estimator. The 

same patterns were evident in the PW estimator. When p = 0, OLS tended 

to have slightly less bias than PW; however as p increased, PW tended to 
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have have slightly less bias than PW; however, as p increased, PW tended 

to have a smaller bias than OLS. The JOLS^ estimator of M generally had 

smaller biases as T changed from 3 to 6, but this pattern was less 

evident when n=12. Bias in JOLS^ decreased slightly with increased n 

when T = 3, but increased slightly when T = 6. The JOLS^ estimator was 

generally more biased at the smaller value of M, and no regular pattern 

of bias reduction was evidence as p was increased. JOLS^ appeared to 

reduce bias when compared to OLS for T = 3, and there appeared to be no 

change when T = 6. No regular trend emerged for bias reduction using 

JPW^j as T and n were increased, but a slight increase in bias was 

evident with a decrease in M. JPW.,, tended to reduce bias relative to 

both OLS and PW when T = 3, and there appeared to be little difference 

between JPW., and JOLS,,. 
M M 

As serial correlation increased, PW tended to come closer to 

the true value of M than OLS, especially when p = .9 (Table A.3). 

JOLSM and both regularly came closer to M than OLS did, and did so 

much more often than PW. JOLS,, and JPW,, varied quite a bit in which 
MM 

estimator beat OLS more often, and no pattern of which did better 

could be detected. 

MSE of the OLS estimator usually decreased with increases in 

T, and substantial decreases in MSE were indicated with increased n 

(Table A.4). There was a slight, but regular MSE increase when M was 

changed from -0.4 to -1.0 and with increasing p there was substantial 

MSE increases. Increased values of T and n were accompanied by lower 

MSE for PW. Usually PW had larger MSE for smaller M and as with OLS, 
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MSE increased with increasing p. MSE for PW were slightly larger than 

OLS when p = 0, and tended to be slightly smaller with nonzero p. 

As with OLS and PW, increases in T and n were accompanied by drops in 

MSE for JOLSJJ. The patterns for increasing p and decreasing M were 

similar for JOLS^ MSE when compared with OLS. JOLS^ regularly had 

smaller MSE than the corresponding OLS estimator, and PW generally had 

slightly smaller MSE than JOLS^ when p>0 and T = 6. *®5E followed 

the same patterns as JOLS^, and regularly had smaller MSE than PW. 

When p = .4 and K = 3, n = 12 or when K = 6 and p = .4, JPW^ had 

slightly smaller MSE than JOLS^. When p = .9 MSE for JPW^ were con

sistently smaller than JOLS^. 

Relative efficiencies (RE) of PW to OLS were >1, and became 

better at p = .9 (Table A.5). The greatest increase in efficiency over 

OLS was about 4% at p = .9, T=6, and n = 12. J0LSM always had RE > 1 

and seemed to be better for smaller sample sizes and time series lengths. 

RE for JOLS^j were higher than PW for these situations, but at K = 6 

and p =0, PW had higher RE than JOLS^. Patterns in RE for JPW^ were 

similar to those for J0LSM> RE for were higher than both PW 

and JOLS., when T = 6, p = .4, and always when p = .9. 
M 

When p = 0, OLS fiducial intervals covered the true value of 

M 95% of the time (Table A.6). When p = .4, the intervals were too 

narrow and missed M from 15 to 20% of the time. This problem was 

seriously aggravated when p = .9, with 25 to 40% of the intervals not 

covering M. PW fiducial intervals were always too narrow. However, 

when p ^ 0, they tended to be wider than OLS intervals, though 
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still missing M from 10 to 18% of the time. Both JOLS., and JPWw 
M M 

confidence intervals tended to be slightly conservative, though coverage 

was usually not significantly different from 95%. 

3.3.3.2 Relative Potency (u). The Taylor series approximation 

of bias in the OLS estimator under no autocorrelation had a significant 

1 2 
term of order /n (Table 5). The approximation indicated that a 

small bias could be expected for small sample sizes (n = 6, T = 3), 

and that increasing n and T would reduce bias. The analytic approxi

mations when compared with the numerical results suggested that higher 

order terms in the"Taylor series might need to be considered (Table 5, 

Table A.7). 

For the OLS estimator of ir, increasing T and n usually resulted 

in smaller biases (Table A.8). Unlike the results obtained for log 

potency, when M decreased bias in OLS also decreased. Increases in p 

caused serious biases in OLS with biases over 40% with p = .9 and n = 6. 

The patterns of bias reduction or increase for PW, J0LSM, and 

were nearly identical to those of OLS. PW was usually slightly less 

biased than OLS when p> 0. JOLS., was nearly equivalent to OLS, but 
M 

tended to have slightly higher bias for p = 0. JTPWM was nearly 

equivalent to the other estimators, but tended to have slightly more 

bias at zero autocorrelation. Both the JOLS and JOW estimators led 
TT IT 

to dramatic decreases in bids when compared to the other 4 estimators 

of potency. There appeared to be some overcompensation by these 

estimators. For example, at p = .9, PW had large positive biases while 

JPW had negative biases at least 1/2 the size. When p = .9, JPW had 
77 IT 
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Table 5. Analytic approximations of bias potency (ir) using OLS esti
mator. Approximations based on first term and first and 
second order terms. p=0, a2=l, 3=1.% Contribution 
of second term in parantheses. 

First order term First and second order terms 

T n ir=.67 TT=.37 TT=.67 TT=.37 

3 6 .0096 .0026 .0130 (26%) .0036 (28%) 

12 .0048 .0013 .0057 (16%) .0015 (13%) 

6 6 .0091 .0049 .0094 (3%) .0050 (2%) 

12 .0045 .0024 .0046 (2%) .0025 (4%) 

\ 
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slightly less bias than JOLS , while at p = .0, the reverse was true. 
*rr 

Increasing T and n reduced the (absolute) bias of these two estimators, 

and decreasing M also reduced bias. Increasing p caused serious bias 

increases at p = .9 for n = 6, with 12 to 20% biases still existing in 

JOLS and JPW . Hence, though JOLS and JPW offered substantial 
IT IT IT IT 

bias reductions, they still were seriously biased under small sample 

sizes and high autocorrelation. 

Patterns for PW, JOLS^, and JPW^ being closer to IT than OLS 

were essentially equivalent to the patterns demonstrated by these 

estimators when used to estimate M (Table A.3, Table A.9). JOLS^ 

and JPW^ were consistently less close to than OLS, many times signifi

cantly so. This suggests that when these two estimators were close to 

TT, they were very close but otherwise they were slightly farther away 

2 
than OLS. The estimated variance of these two estimators (MSE-bias ) 

was consistently less than OLS, which seems to substantiate this sug

gestion. 

MSE for OLS usually were smaller with smaller T, and substantial 

MSE reductions occurred with increased n (Table A.10). There was a 

large reduction in MSE with smaller M, unlike the situation for log 

potency. These patterns were consistent for PW, J0LSM> J°LS^, 

and PW usually had smaller MSE than OLS when p >0, expecially 

when T = 6. JO^S^ had consistently lower MSE than OLS and PW, 

except when p > 0 and T = 6. PW generally had smaller MSE than JOLS^. 

JPW,, consistently had lower MSE than OLS, PW, and JOLS when p > 0. 
M M 



JOLS and JPW usually had smaller MSE than the other four estimators 
IT IT 

and this trend was more pronounced as p increased. When p > 0, 

usually smaller MSE than JOLS . 
TT 

Relative efficiency (RE) of PW with respect to OLS tended to 

increase with increases in T and n (Table A.11). Slight decreases in 

RE were noticed with decreased M. Generally when p was increased, RE 

of PW increased, and gave nearly 8% increase in efficiency when p = .9 

and T = 6. RE of JOLS^ generally decreased with increasing T and n, 

as well as with decreased M. Under autocorrelation and K = 6, JOLSw 
M 

was relatively less efficient than PW. RE of JPW^ tended to decrease 

with increases in both n and T, and with smaller M. As p increased, 

RE of JPW„ increased, and at p = .9 it had better RE than PW or JOLS.,. 
M M 

The patterns for JOLS and JPW were similar to those for J0LS„, and 
it IT M 

JPWj^. However, both JOLS^ and PW^ had consistently higher RE than 

either PW, JOLS^, or When p = 0, JOLS tended to be slightly 

better than JPW , while the opposite appeared to be true for p > 0. 
IT 

As p = .9 these estimators offered 20 to 50% increases in efficiency 

over OLS. 

Confidence and fiducial intervals on p for OLS, PW, JOLS., and 
M 

JPW^j had identical coverages as those of their respective intervals 

on M, hence they are not reported here. Intervals using JOLS^ and 

JPW were consistently too wide (Table A.6). This pattern was 
IT 

exaggerated by increasing p. JOLS^ and had better intervals than 

PW, and when p > 0, also did better than OLS. However, JOLS., and JPW., 
MM 

were consistently the best in terms of coverage, being, if anything, 

slightly conservative. 
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3.4 Discussion and Conclusions 

At the outset of this thesis two potential problems with bio-

assay experiments with first order autocorrelation were mentioned. 

First, the estimators of log potency and relative potency were known to 

be biased, especially in the range of sample sizes encountered in bio-

assay experiments. Second, autocorrelation was expected to introduce 

bias in variance estimation for OLS. The results of the simulations 

indicated that these problems were encountered in the sample data sets 

generated with autocorrelated error terms. Several further complications 

also appeared in the simulations. For instance, it was apparent that 

autocorrelation not only increased bias in variance estimation, as 

indicated in the interval estimation results (Table A.6), but also 

contributed a great deal of bias to point estimation. That is, the 

bias inherent in the ratio estimator of log potency and the exponenti

ated ratio estimator of relative potency were aggravated by serial 

correlation. 

Several methods of dealing with the bias problems and auto

correlation problems were evaluated, and the success of these methods 

in alleviating the problems must be evaluated in the context of the 

desired use of the estimates obtained from the experiment. The 

purpose of some experiments may be to obtain estimates of potency which 

are to be compared with a hypothesized potency. In this context, 

accurate confidence intervals would be desirable. In other experiments, 

good point estimates of relative potency might be desired for use as 

conversion factors in preparing equivalent doses of the two substances. 



The method of analysis might be different for these two situations 

based on the simulation results presented above. In the first case, 

JOLS^j would be the appropriate technique, since the confidence intervals 

generated by the method appeared to perform well in all situations 

examined. It is computationally simpler to use than which appears 

to give nearly equivalent results. When point estimates of relative 

potency are needed OLS, PW, JOLS^, and all appear to be seriously 

biased and much less efficient than the two alternative estimators 

which jackknife directly on potency. The only reservation for re

commending these two estimators is that they appeared to be closer to 

IT less often than OLS, even though they were less biased and much more 

efficient. This situation could arise if on the average JOLS (or JPW ) 
ir TT 

were only slightly worse than OLS when it was worse, but when it was 

closer it was substantially closer. seems to perform slightly 

better than JOLS when autocorrelation is serious. 
ir 

Some cautions for using the jackknife procedure appear to be 

suggested from the simulation results. Jackknifing was effective in 

reducing bias for the estimators of log potency, however did nothing 

to remove bias if the jackknifed estimate were exponentiated to obtain 

an estimate of relative potency. The proper procedure for removing 

bias from a relative potency estimate is to use the jackknife procedure 

on the exponentiated ratio estimate, rather than on the ratio estimate 

and then exponentiating the result. Notice that in the Taylor series 

approximation of bias of the relative potency statistic, the term of 

1 2 
order /n adds a major contribution to bias. Though the jackknife 



tended to remove this bias, the conditions under which the jackknife 

estimate tends to approach normality appeared to be violated (Miller 

1964, Arveson 1969) and hence confidence intervals using the t dis

tribution did not obtain adequate coverage of IT. 

The use of the PW algorithm appeared to reduce bias regularly, 

though slightly, in both point estimates and variance estimates when 

autocorrelation was present, as found by Park and Mitchell (1980). 

Using PW estimators also improved efficiency relative to corresponding 

OLS estimators for large values of p, with a maximum of about 4% in

crease at p = .9. Bias reduction was often too small to overcome 

serious biases, and even though efficiency was improved, large MSE were 

not reduced greatly by using PW. As expected from previous consider

ations, when no autocorrelation was present, use of PW lead to slight 

losses in efficiency and increases in bias. Both in the present study, 

and in the study of Park and Mitchell (1980), inferences based on PW 

estimates of variance were much too liberal with type I errors being as 

much as 20% higher than the nominal 5% level. These potential problems 

with the PW estimator, combined with extra computation required, may 

not balance the modest gains in efficiency and bias reduction obtained 

from its use. 



APPENDIX A 

SIMULATION RESULTS OF A MONTE CARLO 
EXPERIMENT TO EVALUATE VARIOUS METHODS 
OF ESTIMATING LOG POTENCY AND RELATIVE 

POTENCY IN BIOASSAY EXPERIMENTS 
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Table A.l. Bias-log potency 

p: 0 .4 .9 

Mithod T n N: -.4 -1 -.4 -1 -.4 -1 

OLS 3 6 -.0207 -.0450 -.0241 -.0476 -.0348 -.0513 

12 -.0066 -.0199 -.0087 -.0226 -.0121 -.0249 

6 6 .0040 .0038 .0049 .0043 .0039 .0021 

12 .0045 .0043 .0070 .0066 .0151 -.0095 

PU 3 6 -.0248 -.0491 -.0255 -.0489 -.0315 -.0482 

12 -.0082 -.0216 -.0084 -.0224 -.0108 -.0236 

6 6 .0047 .0044 .0060 .0054 .0047 .0030 

12 .0043 .0042 .0064 .0060 .0126 -.0069 

jolsM 3 6 .0065 .0140 .0008 .0091 -.0126 -.0009 

12 .0036 .0041 • .0015 .0016 -.0019 -.0014 

S 6 .0043 .0048 .0052 .0058 .0048 .0051 

12 .0048 .0049 .0075 .0076 .0162 -.0077 

JP^ 3 S .0016 .0092 •0013 .0069 -.0084 .0028 

12 .0023 .0031 .0022 .0023 -.0003 .0002 

6 6 .0044 .0049 .0056 .0061 .0052 .0055 

12 .0045 .0048 .0067 .0069 .0133 -.0049 



Table A.2. Percent bias for log potency 

p: 0 .4 .9 

Mithod T n M: -.4 -1 -.4 -1 -.4 -1 

OLS 3 6 5.17 4.49 

12 1.65 1.99 

6 6 1.02 0.3S 

12 1.12 0.43 

6.04 4.76 

2.19 2.27 

1.23 0.43 

1.75 0.66 

8.70 5.13 

3.02 2.49 

0.97 0.01 

3.78 0.94 

PW 3 6 6.21 4.91 

12 2.06 2.16 

6 6 ' 1.16 0.44 

12 1.08 0.42 

6.37 4.89 

2.10 2.24 

1.49 0.54 

1.60 0.60 

7.86 4.82 

2.69 2.36 

1.18 0.31 

3.16 0.69 

J0LSM 
^ 3 6 1.63 1.40 

12 0.84 0.41 

6 6 1.08 0.48 

12 1.19 0.49 

0.19 0.91 

0.38 0.16 

1.31 0.58 

1.87 0.76 

3.14 0.09 

0.47 0.14 

1.20 0.51 

4.05 0.77 

JPVL 
" 3 6 0.40 0.92 

12 0.59 0.31 

6 6 1.09 0.49 

12 1.14 0.48 

0.32 0.69 

0.56 0.23 

1.41 0.61 

1.68 0.69 

2.09 0.28 

0.06 0.02 

1.31 0.55 

3.33 0.48 



Table A.3. Number of times beat OLS, log potency 

O: 0 .4 .9 

Method T n M -.4 -1 -.4 •1 -.4 •1 

PW 3 6 458 * 465* 493 489 557* 560* 

12 532* 528 506 514 507 510 

6 6 503 490 497 493 564* 552* 

12 478 475 533* 519 566* 574* 

•10LS 
M 

3 6 593* 547* 592* 562* 605* 578* 

12 605* 510 603* 530 598* 585* 

6 6 547* 554* 538* 536* 529 531* 

12 520 527 531* 522 536* 539* 

JPWM 3 5 565* 533* 571* 550* 598* 605* 

12 571* 548* 573* 552** 567* 580* 

6 6 518 506 504 514 551* 547* 

12 481 467* 536* 527 565* 575* 

• Different fro* SOO at o » .05. 



Table A.4. Mean squared error-log potency 

p: 0 .4 .9 

Method T n H -.4 -1 -.4 -1 -.4 -1 

OLS 3 6 .1469 .1802 

12 .0691 .0930 

6 6 .0573 .0587 

12 . 0290 . 0296 

.2788 . 3134 

.1278 .1514 

.1309 .1331 

.0673 .0683 

.8145 .8520 

.3748 .3979 

.7326 .7355 

.3787 .3454 

PW 3 6 .1523 .1864 

12 .0690 .0931 

6 6 .0576 .0590 

12 .0291 .0297 

.2830 .3182 

.1277 .1511 

.1299 .1321 

.0654 .0665 

.7951 .8329 

.3702 .3931 

.6879 .6899 

.3496 .3205 

J0LS 3 6 .1251 .1511 
St 

12 .0655 .0859 

6 6 .0571 .0585 

12 .0290 .0296 

.2468 .2724 

.1214 .1416 

.1304 .1326 

.0671 .06B2 

.7386 .7656 

.3581 .3778 

.7282 .7309 

.3774 .3444 

JPW 3 6 .1288 .1553 
M 

12 .0654 .0859 

6 6 .0574 .0588 

12 .0291 .0297 

.2480 .2747 

.1211 .1412 

.1294 .1316 

.0652 .0663 

.7185 .7469 

.3534 .3730 

.6809 .6828 

.3478 .3191 



Table A.5. Relative efficiency - log potency 

pt 0 .4 .9 

Method T n M: -.4 -1 -.4 -1 -.4 -1 

P W  . 3 6  . 9 8 2 2  . 9 8 3 3  

12 1.0007 .9995 

6 S .9976 .9979 

12 .9979 .9961 

.9930 .9921 

1.0010 1.0010 

1.0038 1.0039 

1.0140 1.0136 

1.0121 1.0114 

1.0062 1.0061 

1.0321 1.0325 

1.0409 1.0381 

J0LSM 3 6 1.0839 1.0921 

12 1.0271 1.0403 

6 6 1.0015 1.0015 

12 1.0003 1.0005 

1.0629 1.0726 

1.0264 1.0340 

1.0021 1.0021 

1.0008 1.0009 

1.0501 1.0550 

1.0231 1.0263 

1.0030 1.0030 

1.0018 1.0015 

JPW 3 6 1.0683 1.0774 
H 

12 1.0284 1.0406 

6 6 .9990 .9995 

12 .9986 .9987 

1.0604 1.0680 

1.0276 1.0355 

1.0057 1.0058 

1.0154 1.0194 

1.0647 1.0680 

1.0300 1.0330 

1.0373 1.0379 

1.0435 1.0404 
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Table A.6. Observed type I errors (%) for CI's - potency 
(First 4 are same for log potency). Percents 
greater than 6.3 or less than 3.7 different 
from 5.0 at a = .05. 

B 0 .4 .9 

Method T n H -.4 -1 -.4 -1 -.4 -1 

O L S  ' 3  6  5 . 0  4 . 9  

12 6.2 6.7 

6 6 5.7 5.7 

12 5.a 5.3 

15.5 13.6 

16.9 14.1 

18.0 18.0 

19.8 19.3 

31.3 25.4 

28.4 24.7 

44.0 43.6 

41.1 41.0 

PH 3 6 11.4 7.1 

12 10.9 7.6 

6 6 9.3 8.6 

12 8.6 6.9 

13.5 9.1 

13.6 8.9 

11.1 10.7 

9.7 8.8 

17.9 13.8 

16.1 13.4 

18.5 17.7 

18.6 13.4 

J0LSh 3 6 4.1 4.2 

12 5.1 6.0 

6 6 4.8 4.5 

12 5.7 5.8 

3.5 4.7 

5.1 5.5 

4.7 4.5 

5.4 5.6 

4.0 4.1 

4.4 4.7 

4.1 4.1 

5.5 3.3 

JPWM 3 6 3.4 3.6 a 

12 4.6 5.8 

6 6 5.1 4.8 

12 5.2 6.0 

3.2 4.0 

5.5 5.6 

4.4 4.4 

5.4 5.2 

4.0 4.0 

4.5 4.5 

4.3 4.4 

5.3 3.1 

J0LST 3 6 6.2 6.3 

12 6.9 6.7 

6 6 6.4 6.3 

12 5.2 5.2 

8.3 8.0 

7.6 7.6 

7.3 7.2 

5.1 5.6 

13.4 13.3 

11.2 11.6 

12.9 13.1 

10.7 9.8 

JPWT 3 6 5.7 6.4 

12 6.5 6.5 

6 6 5.8 6.0 

12 5.2 5.1 

8.3 7.9 

7.5 7.9 

7.8 7.3 

5.4 5.4 

14.1 13.2 

11.1 11.1 

12.4 11.8 

10.1 10.2 



Table A.7. Bias potency 

p- 0 .4 .9 

Method T n M: -.4 -1 -.4 -1 -.4 -1 

O L S  ' 3 6  . 0 3 3 3  . 0 1 3 6  

12 .0185 .0091 

6 6 .0221 .0123 

12 .0128 .0071 

.0776 .0366 

.0373 .0189 

.0482 .0266 

.0277 .0152 

.2869 .1482 

.1273 .0674 

.2932 .1603 

.1482 .0646 

PW - 3 6 .0319 .0129 

12 .0174 .0085 

6 6 .0226 .0126 

12 .0127 .0071 

.0779 .0367 

.0375 .0190 

.0486 .0268 

.0266 .0147 

.2824 .1459 

.1288 .0673 

.2716 .1484 

.1355 .0602 

JOLS 3 6 .0465 .0323 
H 

12 .0243 .0172 

6 6 .0222 .0126 

12 .0130 .0073 

.0857 .0533 

.0424 .0268 

.0483 .0271 

.0280 .0156 

.2745 .1563 

.1270 .0738 

.2909 .1601 

.1486 .0651 

JPV„ 3 6 .0441 .0311 

12 .0235 .0168 

6 6 .0223 .0127 

12 .0129 .0073 

.0846 .0528 

.0429 .0271 

.0482 .0271 

.0268 .0150 

.2704 .1542 

.1286 .0738 

.2679 .1473 

.1355 . 0608 

JOLS 3 6 -.0075 -.0030 T 

12 .0021 .0018 

6 6 .0027 .0018 

12 . 0035 . 0054 

-.0236 -.0070 

-.0006 .0005 

.0010 .0011 

.0055 .0084 

-.1580 -.0580 

-.0198 -.0073 

-.1014 -.0531 

-.0025 -.0193 

JPW 3 6 -.0128 -.0055 
IT 

12 .0009 .0012 

6 6 .0026 .0018 

12 .0033 .0052 

-.0256 -.0079 

.00002 .0009 

.0014 .0013 

.0049 . 0076 

-.1513 -.0555 

-.0170 -.0058 

-.0878 -.0464 

-.0021 -.0163 



Table A.8. Percent bias for potency 

p: o .4 .9 

Htthod T n H: -.4 -1 -.4 -1 -.4 -1 

OLS 3 5' 4.97 3.70 

12 2.76 2.48 

6 6 3.30 3.34 

12 1.91 1.92 

11.58 9.93 

5.56 5.14 

7.20 7.24 

4.13 4.13 

42.81 40.28 

18.99 18.33 

43.73 43.56 

22.11 17.55 

PW 3 6 4.76 3.50 

12 2.59 2.32 

6 S 3.37 3.42 

12 1.90 1.92 

11.62 9.98 

5.60 5.17 

7.26 7.37 

3.97 3.99 

42.13 39.65 

18.94 20.06 

40.52 40.34 

20.23 16.37 

JOLS 3 5 6.94 8.78 
n 

12 3.62 4.66 

6 6 3.31 3.44 

12 1.94 1.99 

12.78 14.49 

6.33 7.28 

7.20 7.30 

4.17 4.24 

40.94 42.49 

19.21 18.30 

43.79 43.53 

22.17 17.69 

JPWu 3 6 6.58 8.44 
n 

12 3.51 4.56 

6 6 3.33 3.45 

12 1.92 1.98 

12.63 14.35 

6.41 7.36 

7.19 7.35 

4.00 4.07 

40.35 41.93 

19.19 20.06 

39.96 40.04 

20.21 16.52 

JOLS 3 6 1.13 0.82 
* 

12 0.31 0.49 

6 6 0.41 0.50 

12 0.52 0.54 

3.52 <1.90 

0.09 0.15 

0.14 0.29 

0.82 0.84 

23.56 15.77 

2.95 1.98 

15.13 14.44 

0.38 -5.25 

JPW 3 6 1.91 -1.50 
* 

12 0.14 0.33 

6 6 0.39 0.49 

12 0.49 0.52 

3.82 2.14 

0.002 0.24 

0.21 0.35 

0.72 0.76 

22.58 15.09 

•».54 1.58 

13.10 12.60 

0.32 4.42 



Table A.9. Number of times beat OLS, potency 

p: 0 .4 .9 

Method T n M: -.4 -1 -.4 -1 -.4 -1 

PW 3 6 459+ 465+ 493 489 557* 560* 

12 533* 528 506 514 507 510 

6 6 503 490 498 493 564* 552* 

12 477 475 533* 519 566* 574* 

JOLSM 3 6 593* 544* 591* 562* 605 577* 

12 605* 510 603* 530 598* 585* 

6 6 547* 554* 538* 536* 529 531* 

12 520 527 531* 522 536* 539* 

JPWM 3 6 566* 531* 569* 549* 598* 604* 

12 511 548* 573* 552* 567* 580* 

6 6 518 506 504 514 551* 547* 

12 481 467* 536* 527 566* 575* 

JOLS. 
IT 

3 S 485 465* 445* 454* 396* 406* 

12 486 497 473 494 442* 433* 

6 6 494 492 467 474 412* 413* 

12 498 492 483 484 449* 419* 

JPM* 3 6 480 443* 451* 447* 402* 409* 

12 501 501 472 487 447* 441* 

6 6 488 486 482 474 435* 435* 

12 494 489 519 517 473 453* 

* Different from 500 at a «.05. 



Table A.10. Mean squared error - potency 

o: 0 .4 .9 

Method T n H: -.4 -1 -.4 -1 -.4 -1 

OLS 3 5 .0693 .0224 .1707 .0477 1.1039 .2884 

12 .0325 .0123 .0665 .0224 .2954 .0879 

6 6 .0279 .0086 .0712 .0218 1.0026 .2982 

12 .0137 .0042 .0340 .0104 .3029 .0779 

PW 3 6 .0706 .0227 .1724 .0482 1.0663 .2792 

12 .0323 .0123 .0668 .0225 .2949 .0881 

6 6 .0279 .0086 .0705 .0216 .8494 .2535 

12 .0138 .0042 .0330 .0101 .2739 .0703 

J0LSH. 3 6 .0652 .0224 .1550 .0475 .9273 .2655 

12 .0318 .0123 .0648 .0225 .2809 . .0866 

6 6 .0278 .0086 .0709 .0217 .9737 .2917 

12 .0137 .0042 .0340 .0104 .3027 .0777 

3 6 .0658 .0226 .1550 .0476 .8981 .2577 

12 .0317 .0123 .0652 .0226 .2807 .0869 

6 6 .0278 .0086 .0701 .0216 ' .8187 .2456 

12 .0138 .0042 .0330 .0101 .2734 .0699 

JOLS 3 6 .0575 .0212 .1245 .0378 .4853 .1199 

12 .0303 .0121 .0575 .0206 .1776 .0584 

6 6 .0261 .0081 .0609 .0188 .4542 .1399 

12 .0133 .0041 .0314 .0096 .1966 .0486 

JPW„ 
B 

3 6 .0591 .0215 .1223 .0379 .4579 .1154 

12 .0302 .0121 .0579 .0207 .1785 .0589 

6 6 .0261 .0081 .0602 .0186 .4077 .1243 

12 .0133 .0041 .0305 .0094 .1837 .0452 



Table A.11. Relative efficiency - potency 

p. 0 .4 .9 

Method T n M: -.4 -1 -.4 -1 -.4 -1 

PH 3 6 .9910 .9923 

' 12 1.0020 1.0016 

6 6 .9984 .9983 

12 .9978 .9977 

.9950 .9946 

.9976 .9980 

1.0043 1.0046 

1.0142 1.0138 

1.0170 1.0164 

1.0009 .9987 

1.0865 1.0847 

1.0515 1.0527 

JOLS 3 6 1.0310 .9996 
It 

12 1.0105 1.0008 

6 6 1.0013 1.0000 

12 1.0000 .9988 

1.0495 1.0031 

1.0125 .9982 

1.0021 1.0005 

1.0003 .9995 

1.0906 1.0423 

1.0256 1.0073 

1.0147 1.0111 

1.0003 1.0008 

JPW„ 3 6 1.0260 .9949 
M 

12 1.0128 1.0024 

6 6 1.0007 .9994 

12 .9982 .9977 

1.0495 1.0010 

1.0098 .9958 

1.0074 1.0063 

1.0152 1.0138 

1.1082 1.0580 

1.0259 1.0055 

1.1066 1.1020 

1.0524 1.0552 

JOLS 3 6 1.0976 1.0266 

12 1.0060 1.0103 

6 6 1.0332 1.0310 

12 1.0176 1.0170 

1.1712 1.1233 

1.0749 1.0416 

1.0808 1.0758 

1.0408 1.0394 

1.5076 1.5511 

1.2897 1.2262 

1.4859 1.4601 

1.2412 1.2661 

JPW^ 3 6 1.0828 1.0188 

12 1.0371 1.0111 

6 6 1.0334 1.0310 

12 1.0161 1.0145 

1.1820 1.1218 

1.0719 1.0391 

1.0868 1.0831 

1.0553 1.0560 

1.5521 1.5813 

1.2862 1.2216 

1.5681 1.5489 

1.2840 1.3129 



APPENDIX B 

TERMS IN THE TAYLOR SERIES EXPANSION 

OF BIAS IN POTENCY 

Potency is a nonlinear estimator and the higher order terms were 

expected to contribute to bias estimation. Including the next term in 

the Taylor series expansion, we have 

( 

E(ir-w) = ir a2 )l M(M + 2) (• + 

|_2nf3 |T 2l(x-x)2f 

o (_4_ . 12 + 12M + 2M2 M4 + 12M3 + 36M2 + 24M ( 

SnV \ T2 T I(x-x)2 ^(I(x-x)2)2 ) J  

The 2 term adds about 25% of the total approximation for bias 
n 

in estimating ir for small sample sizes when using OLS in the absence of 

first order serial correlation. Even higher order terms may be needed, 

since the approximation is only about 50% of the bias calculated in 

simulations. 
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