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ABSTRACT 

A ntmerical solution is given for a small-signal laser ampli

fier with swept gain. The gain pulse moves with velocity less than 

that of the light pulse. The calculation describes the behavior 

of the gain as a function of the velocity of the gain pulse for two 

models of laser amplifiers. The physical systems corresponding to 

these two models are illustrated. An optimal velocity is given for 

each case. 

vii 



CHAPTER 1 

INTRODUCTION 

In short wavelength lasers, where the spontaneous lifetimes 

are very fast, the idea of sweeping the excitation in the direction 

of lasing is of interest (McCorkle, 1972). Considerable attention 

has been given to the study of the swept gain laser amplifiers, where 

the atoms are created sequentially in an excited state; that is, 

at a location on the z axis of the amplifier, an atom is created 

z 
in an excited state at time t = ~. Most of the work done previously 

(F.A. Hopf et al., 1975; Hopf and Meystre, 1975; and Hopf, Meystre 

and McLaughlin, 1976) investigated the case where the gain pulse 

is swept at the velocity of light (i.e., v = c). This gives rise 

to what has been called "Laser Lethargyn; the pulse grows nonexponen-

tially, i.e., as e where a is the gain. This is incompatible 

with laser operation since losses are fixed and the gain will always 

become smaller then the losses. 

The first verification of Lethargy was in the free electron 

laser (H. Al-Abawi et al., 1979) and recently it has been observed 

in laser amplifiers(Chung, Lee and DeTemple, 1981) as well. Lethargy 

involves the expulsion of the electromagnetic pulse from the region 

of gain (H. Al-Abawi et al., 1979). The result is reduction of the 

gain. In the free electron laser an exponential gain is achieved 

1 
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experimentally by a procedure that is equivalent to slowing the gain 

pulse to v < c. 

The topic of this thesis is to study the swept gain amplifier 

with v<c, which is referred to as a "delayed boundary". 

The first part of the study, considers the case of T1 = T2 

>>tQ, where T1 is the level lifetime of the atomic system, Tg is 

the dephasing time of atomic dipoles, and t is the transit time 

(the time atoms take to cross a laser beam). A basic model for the 

amplifier is shown in Figure 1. This figure is a schematic of a 

swept ion beam of the sort described for short-wavelength lasers 

(McCorkle, 1972 ; and Hopf and Bergou, 1982) in which the gain pulse 

moves at a velocity v. An analytic solution is given by Hopf and 

Bergou (1982). The numerical and analytical results show good agreement 

and serve as a check for the computer program used to solve the problem 

presented here. The growth of the pulse is exponential and the behavior 

of the gain as a function of velocity parallels the behavior found 

in the free electron laser (Hopf and Bergou, 1982). A schematic 

of this laser is shown in Figure 2. 

The second part of this study presents the behavior of the 

gain with different boundary velocities for a set of increasing values 

o f  T , .  In  th i s  case  t  >> T ,  > >  T o f  and the  ca lcu lat ion  i s  taken 1 0 12 

to the limit where T^ = 15 Tg. This calculation shows that, as T^ 

is increased, the maximun value of the gain seems to converge toward 

a specific value of the boundary velocity which is different from 
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Figure 1. Basic Model for Amplified Light Pulse by 
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Figure 2. Schematic of Free-Electron Laser. 
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the velocity of light. The expected result was that, as becomes 

much greater than Tg, the maximum gain (c^a'Tg) should have occured 

at v = c (Yariv and Leite, 1963). Hopf and Stenholm (in press) recent

ly gave an analytic solution to the case where >> tQ, Tg arbitrary. 

When the conventional limit (t -> °°) is taken, the result is similar o 

to that of this study and the maximum gain occurs at a velocity dif

ferent from the velocity of light. 

The result of this second part of the study is useful for 

experimental verification in a high power atmospheric pressure Ng 

laser (Godard, 1974). A schematic of this laser is shown in Figure 

3. 
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CHAPTER 2 

EXPONENTIAL GROWTH 
(BEER'S LAW) 

The subject of small signal growth In a laser amplifier has 

received extensive investigation (Lamb, 1960). The calculations 

are usually carried out in the Fourier domain, and the growth is 

characterized by Beer's law, which for a homogenously broadened amplifier 

reads 

i (z ,n)  =  l (o ,n)  e a z  

Z 
where n = t - — is the retarded time, I is the intensity, and 

. » » 

is the gain (a = 2a where a is the gain coefficient and is defined 

in Chapter 3)• The derivation of the field growth is based on the 

critical assumption that the population inversion is slowly varying 

compared to the inverse bandwidth of the amplifier. This condition 

is satisfied by most conventional laser amplifiers. In proposed 

short  wave length  or  x -ray  laser  ampl i f i er  schemes  (F .A.  Hopf  e t  a l . ,  

1975) ,  dev iat ion  from th i s  growth  has  been  predic ted .  The  growth  
j ctz 

rate is nonexponential, going like e*az rather than the usual e , 

provided the gain pulse moves at v = c. This occurs because of the 

combined effects of a finite amplifier bandwidth and rapid inversion 

decay. 

Hopf, Meystre and McLaughlin (1976) have discussed the problem 

of the growth of pulses in the small signal regime of a homogenously 
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in which the gain velocity equals the velocity of light. They give 

a quantum mechanical and semiclassical solution that applies to general 

level decays and allows a discussion of both the normal and Lethargic 

regimes of pulse growth. 

In the free electron laser, an effect similar to laser Lethargy 

in swept gain amplifier has been found; in both cases the gain acts 

such as to push the light to the trailing edge of the gain pulse. 

An exponential gain is achieved by what is equivalent to having a 

"delayed" velocity of the gain pulse; that is, the gain pulse moves 

at v < c. 

Table 1 summarizes the cases that have been studied, up unitl 

recently, concerning the time ranges, velocity been taken, and the 

resultant type of growth of the pulse. 
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Table 1. Summary of Related Studies. 

Reference Case Studied.. Growth of the 
Pulse 

Yariv, Leite t » T.. » T„ O X z 

V = c 

Exponential 

Hopf, Meystre, and 
McLaughlin 

to » Tx = I2 

V = c 

Nonexponential 

A 
T ». T„ = T p / X Exponential 

Hopf, Bergou T1 • T2 " Co 

V < c 

Exponential 

Hopf, Stenholm »  t Q ,  T 2  arbi trary  

v < c 

Exponential 

*Tp is the time duration of the pumping at any fixed position. 



CHAPTER 3 

MATHEMATICAL REPRESENTATION OF THE AMPLIFIER 

The amplifier is described by the semiclassical equations 

9E 
3z =  a 'P  -  kE (1 )  

3n n 
9n " ^ 

which are the Maxwell-Bloch equations in the small signal limit. 

P and E are the complex amplitudes of polarization and field, and 

n is the population inversion. The field has the dimension of frequency 

since the ratio of the dlpole matrix element P over h has been ab

sorbed in its definition. P and n are dimensionless because they 

are defined as 

n(n ,z )  =  |  (P a a "P b b )  • ( 4 )  

n 

P(n ,z )  =  dn'  exp( - (n-n ' ) /T 2 )  E(n ' , z )  n (n ' , z )  (5 )  

where N, the maximum excitation density, expressed as the number 

of atoms per unit volime, it has been introduced for the normalization 

of n; Paa and Pbb are the population matrix elements (Note: the 

9 
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case of a homogenously broadened amplifier is considered in this 

study). The gain coefficient a' with the dimension of —-— is cm sec 

defined as 

° =2i^r <6) 
o 

where v is the frequency of the field. The loss term k in equation 

(1) is ignored through the whole calculation of this work. 

The calculation considers two cases. In the first case, 

the system involves a model in which the atoms are taken to cross 

the laser beam in a time that is short compared to atomic decay times, 

that is, T, = T0 » t . The atoms enter the beam at time n = f-1 & O p 

and exit at n = | + tQ» see Figure 1 and Figure 4. In the time 

interval tQ, the inversion n is constant and is set to unity. The 

1 1 
velocity parameter g is related to the actual velocity v by — = -jj 

+  — T h e  e q u a t i o n s  f o r  t h i s  c a s e  t h e n  r e a d  
c 

dE t — = or P (7) 
dZ 

£ - E (8) 

with the boundary conditions 

P(n ,z )  =  o  n  <  (9)  

E(n ,z )  =  o  n  >  t Q ,  a t  z  =  0  (10)  

n  =  f +  to '  a 1 1  z  
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z 
Figure 4. Gain Channel in the Retarded Time-Space Region. 
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These equations are scaled, see Hopf and Bergou (1982) and Table 

2, to give 

—B= P (11) 
3?b 

f= eB (12) 

B 

with the boundary conditions 

£ 
P<TB - T -V = ° <13) 

o 

e(TB = 6 + ̂  V = ° (14) 

o 

In the second case the time constants are taken such that 

t >> T, > T„. The scaled equations then read o 1 2 

8e 
w - p <15> 

c 

3 ^ = - P  +  e c n  ( 1 6 )  
c 

3n ^2 /tj\ 
1? t " (17) 

c 1 

with the boundary conditions 

P(Tc - F ' ?c> " ° (18) 

o 

= ° (19) 

"0 
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Table 2 summarizes the dimensicnless variables and parameters of 

the previous equations. 
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Table 2. Scaling Systems. 

Physical 
variables 

and 
parameters 

Dimensionless variables and parameters 

First Case Second Case 

2 (space) 

n (time) 

E (field) 

8 (velocity) 

a (gain) 

t (transit time) 

h " "V 

tB " n/to 

eB • E 'o 

" 'o Ct'6 

a 
aB a't 

o " = 1 

5C = ot»T2z 

Tc = n/T2 

ec = e T2 

3^ = a'T2
2g 

a 
ac = a'T, 

T . .V 
° t2 



CHAPTER 4 

(DJffUTATIONAL PROCEDURE 

Gridding System 

The l&xwell-Bloch equations (equations (1) and (2)) have 

been solved numerically using the method of the finite-difference. 

Before the way of solving these equations is discussed in detail, 

the gridded region over which the solution has been taken is described. 

As shown in Figure 5, the space-time region is gridded such 

that ri = o, H, ...., MH and Z = o, G, jG, where G and H are 

the space and time step sizes respectively, M is the nunber of rows, 

and j is the number of columns. The lines ( n = §•) and the first P 

colunn ( at z = o) are the boundaries of the problem. The swept 

z 1 gain boundary is imposed at a time n = —, where represents the 
P P 

slop of this boundary and is proportional to the ratio of the time 

Q 
step size H to the space step size G, that is, 3 = where 3 

0 ri O 

is the scaled velocity. This relationship between the boundary veloc

ity 8 and the gridded step sizes H and G makes this case different 

from the cases that have been studied before, where the swept gain 

boundary hs been imposed at a time n = or 3 -»• 00. In that limit 

the grid system (see Figure 6) is easier to use since H and G are 

independent of each other. With a delayed bouidary, by contrast, 

H and G are coupled; this results in restriction on the nunerical 

calculation, as will be shown in the next sections. 

15 
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Figure 5. Gridded Space-Time Region for Delayed Swept Gain 
Boundary, whose H and G are Coupled. 
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V k  

H * 
Figure 6. Gridded Space—Time Region for Undelayed Boundary, 

whose H and G are Uncoupled. 
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Numerical Method 

Partial differential equations that involve two independent 

variables, such as Z and n in the present case, are usually dealt 

with by the method of characteristics. This method finds special 

lines (or curves in cases other than this) in the Zri plane, called 

the characteristic lines or curves, along which the solution of the 

partial differential equation is reduced to the solution of an ordinary 

differential equation. 

The routine used in the computer program solves characteristic 

equations of the form 

to = (20) 

which in the simpliest way gives 

yMmyn*hf(xn'yn)' <21> 

where 

h = Vl ~ *n ' C22> 

In applying this method to the dimensionless Maxwell-Bloch equations, 

one gets 

^M,j+1 = ?M+l,j +G(PM+l,j) (23) 

P„,1 . = PM . + H (a. . il. . - P„ .) (24) M+l,j M,j M, j M, j 



For a certain column (j), there is a set of M equatons of the form 

(20) to be solved numerically for both e and P. The P's are calculated 

by proceeding along the vertical characteristic lines and the e's 

by proceeding along the horizontal characteristic lines as shown 

in Figure 5. Starting with the first column at the boundary z = 

o, where e and n have been given together with the initial values 

e(1), n(1), and P(1), P is calculated using the values of P, e, and 

n of the previous grid point in equation (24). Using the calculated 

Pand e values of the first column and moving a step of size G in 

the z direction, or along the horizontal characteristic lines, the 

values of the e's at the second column are obtained from equation 

(23). Now by using these values of e's together with the initial 

value P(1) = o at t = - in equation (24) and proceeding along the 
P 

vertical characteristic line again, another 3et of M values for each 

e and P is calculated. The calculations continue in the same way 

for the rest of the region of interest. 

The gain is taken to be the ratio of the interaction energy 

(the energy transfered from the atomic system to the field) to the 

total energy of the field, at a certain position z. In other words 

The integrals are calculated using the trapezoidal method for integra

tion. The same calculations are repeated for other boundaries (other 

(25) 
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values of the velocity 3 ) .  The values of the gain, have been considered, 

are constant with distance z since the region of exponential growth 

CLZ (I = IQe ) is of interest. Two curves showing the region of constant 

gain with distance z for two arbitrary chosen velocities are given 

in Figures 7a and 7b. 

Limitations of the Numerical Method 

A point worthy of notice is the dependence of the boundary 

velocity on the step sizes H and G simultaneously, which lead to 

the coupling in the accuracy of calculating the previous differential 

equations (23) and (24). On the other hand the step size H is related 

to the transit time t , where t = HM. In the case of small step 0 0 .  

size H and large tQ, this relationship implies a restriction on the 

computer capacity allowed. As an example it is difficult to study 

cases with large values of g, which means large values of G, because 

of the difficulty in calculating equation (23), since the error factor 

in calculating the differential equations (23) and (24) are of the 

order of 0(G) and 0(H) respectively. This difficulty, represented 

by the coupled error sources H and G, is clearest around the broad 

peak of the curves [discussed in Chapter 5 (see Figure 10)] where 

the error factor becomes comparable to the difference in the values 

of the successive gains. 
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Figure 7. Gain as a Function of Distance Curves, 

a .  F o r  c a s e  8 = 6 .  
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Figure 7. Continued 

b. For case 8 = 2. 



CHAPTER 5 

RESULTS 

For the transit-time broadened laser amplifier case, the 

values of the scaled gain, aB as a function of are given in Figure 

8. From the curves one sees that the maximum gain a = 0.428 occurs 
D 

at 0 »9 which agrees closely with the prediction of Hopf and Bergou 

(1982). Their analysis predict an optimum gain (<* = 0.43a'to at 

3=9). The behavior of the electric field as a function of time 

T(-1<T<1) for various values of the gain CL, or alternatively for 
a 

various values of 3Q, are given in Figure 9. This gives a qualitative 

agreement with Hopf and Bergou as well. 

In the second part of the calculation, represented by Figure 

10, one can see that as T^ increases with respect to Tg the bandwidth 

of the curves narrows and the optimum gain converges toward the velocity 

S « 2. Mo 

Seme of the numerical results for a selected case is given 

in Tables 3, 4, 5 and 6. 

23 



24 

0.500 

0.428 
0.400 

a 
B 

0.300 

0.200 

0.100 

A 

J i i i i i i I I » ' • 
2 4 8 10 12 14 16 

Figure 8. Gain vs. Square Root of the Boundary Velocity 
for the Case T, = T„ » t . 
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bandwidth of 
the curves 
at half=max. 0.421 

0.312 

0.250 

(a) 

Figure 10. Gain vs. Boundary Velocity for Increasing 
Values ot T^. 
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Table 3. Numerical results of the case T, = T„»t scaled transit time = 1. 
1 A O  

V H G M j g 

5 .02 .1 50 300 .381468 

6 .01 .06 100 500 .413899 

7 .025 .175 40 171 .422626 

8.5 .0312 .2656 32 111 .425563 

9 .02 .18 50 166 .428255 

10 .0166 .166 60 180 .426065 

12 .025 .3 40 300 .414010 

14 .04 .56 25 54 .398993 

25 .005 .125 200 400 .342128 

50 .002 .1 500 700 .3614 

.100 .0025 .25 400 400 .194250 

200 .005 1. 200 200 .140438 

250 .0025 .625 400 480 .126476 

3q = v (scaled velocity) 

g = otD (scaled gain) 
is 



Table 4. Numerical results of the case = 1 scaled transit time = 9. 

H M g 

2 

3 

4 

5 

6 

7 

8 

9 

11 

12 

15 

25 

50 

. 2  

.05 

.02 

.03 

.06 

.04 

.05 

.03 

.04 

.02 

.04 

.03 

.015 

.4 

.15 

.08 

.15 

.36 

.28 

.4 

.27 

.44 

.24 

.60 

.75 

.75 

45 

180 

450 

300 

150 

225 

180 

300 

225 

450 

225 

300 

600 

.1697 

.250061 

.2824 

.301463 

.312954 

.3109 

.3121 

.3056 

.3014 

.2926 

.2860 

.2528 

.2006 

3 ' = v scaled velocity 

g = c*c scaled gain 



Table 5. Numerical results of the case = 6 T^> scaled transit time = 18. 

v H G M g 

1 .05 .05 360 .4592 

2 .04 .08 450 .6059 

3 .05 .15 360 .6042 

4 .02 .08 900 .5753 

5 .03 .15 600 .5529 

6 .06 .36 300 .5400 

7 .04 .28 450 .5128 

8 .05 .4 360 .4985 

9 .03 .27 600 .4741 

0 ' = v scaled velocity 

g = scaled gain 



Table 6. Numerical resultes of the case = 10 Tscaled transit time = 30. 

V H G M g 

: l 0.05 0.05 600 0.5925 

2 0.04 0.08 750 0.6872 

3 0.05 0.15 600 0.6652 

4 0.02 0.08 1500 0.62328 

5 0.03 0.15 1000 0.5943 

6 0.06 0.36 500 0.5775 

7 0.04 0.28 750 0.5460 

8 0.05 0.4 600 0.5287 

9 0.02 0.27 1000 0.501 

3 1 = v scaled velocity 
o 

g = scaled gain 



CHAPTER 6 

CONCLUSION 

A numerical solution to the problem of a laser amplifier 

with a delayed swept gain has been given for the first time. The 

solution gives useful information regarding the pulse amplification 

problem. 

The numerical method, that has been used, is accurate enough 

to give a close result to that of the analytic methods given by Hopf, 

Bergou, and Stenholm. 

The most important result of this work is the unexpected 

convergence of the optimum gain (2a1T^) toward a velocity other than 

the velocity of light. This is important, first, because it contra

dicts Yariv and Leitt's analysis of the amplified pulse propagation 

at the velocity of light, and second, because from the practical 

viewpoint, it would be useful to know the optimum velocity of the 

gain pulse in building a laser amplifier similar to that of Figure 

3. 

The other conclusion is that exponential growth of the pulse 

has been shown to be achieved nunerically, provided the gain pulse 

moves at a velocity less than the velocity of light. 
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