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ABSTRACT 

In the beginning sections of this thesis, the 2z inverse Chebyshev 

filter is introduced. Its transfer characteristics are defined in terms 

of passband and stopband magnitude conditions.' Explicit equations are 

generated for the squared magnitude response, the peak return frequency, 

and the peak return magnitude. From these equations and subsequent plots, 

a practical range for the zero frequency is determined for the third 

through the seventh order filters. Circuits realizing the 2z-3p through 

the 2z-7p filters are given. From a discussion on symmetry and circuit 

termination, it is determined that only the terminated, odd-ordered 

filters need be considered. A general ladder network is analyzed and by 

utilizing a reduction process, the component transfer functions are 

formulated. Explicit equations are developed relating these component 

values to the transfer function coefficients. The final results are 

useable equations and computer programs for obtaining the normalized 

circuit components from given response characteristics. 
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CHAPTER 1 

INTRODUCTION 

With current trends as they are, some might consider a thesis 

study on passive filter design inappropriate. Within the past decade or 

so the major emphasis within the field of filter design has shifted from 

passive circuit work toward the more active circuit designs. Here I 

refer to passive circuits as those containing only resistors, capacitors, 

and inductors. The active designs are those having taken advantage of 

microelectronic circuits and concepts in operational amplifier feedback 

theory. This changing emphasis has been toward applying theory of 

already existing response characteristics (such, as Butterworth, Cheby-

shev, elliptic or Cauer, etc.) in an effort to develop circuits which 

are typically smaller and less likely to contain costly inductors and 

transformers. 

Active circuits are constantly being developed to replace the 

more expensive and bulky passive circuits in practically all filter 

applications. Unfortunately, active filters are not well suited for 

certain high power and high noise situations. In certain military ap

plications where electromagnetic pulse interference (EMP) and noise are 

present, active filter circuits containing microelectronic devices are 

more susceptible to failure than the corresponding passive filters. In 

high power audio, radio, and television applications, the low to medium 

power active circuits are seldom used. In addition, high current power 

1 
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supply filtering is typically passive in nature. Though the trend is 

toward that more active design, for these more demanding applications 

passive filter design work continues. 

The work in this thesis project is concerned with a particularly 

interesting passive filter design. Appropriately called a two zero 

inverse Chebyshev filter, this passive circuit is well suited for 

applications where its response characteristics are needed and the 

active filter will not do. 



CHAPTER 2 

DEFINING THE TWO ZERO INVERSE CHEBYSHEV RESPONSE 

The small family of circuits discussed in this particular thesis 

have been classically termed inverse Chebyshev filters. More specific 

cally in this case, two zero inverse Chebyshev filters. As we shall 

soon see, it is very important that we retain this two zero designation. 

A further extension of this name allows us to indicate the order 

of our filter. In this work, as is standard in most filter theory work, 

the order is a measure of the filter's effectiveness. The order is the 

integral power of the transfer function denominator. More specifically, 

it is the number of poles in our electrical/mathematical system. A two 

zero inverse Chebyshev filter with three poles (third order) would be 

called a two zero-three pole inverse Chebyshev filter. For brevity, the 

nomenclature 2z-3p inverse Chebyshev has been adopted, where 2z-3p stands 

for two zero three pole. 

Compared to the True Inverse Chebyshev 

The typical magnitude response of these 2z filters can be de

scribed as having a maximally flat magnitude (MFM) passband with a 

finite, functional zero somewhere beyond in the stop band. This gives 

us the general low-pass characteristic shown in Figure 1. The higher 

the order n, the steeper the rate of attenuation as the frequency co 

approaches infinity. In addition, for a given zero frequency a>z, the 

height of the peak return becomes lower as n increases. The response 

3 
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in the stop band is called an equal ripple response. This is where the 

name inverse Chebyshev originates. 

An inverse Chebyshev filter is characterized as having an MFM 

passband response with an equal-ripple response in the stopband. 

Figure 2 illustrates a typical inverse Chebyshev magnitude response. 

In this case, the higher the order n, the more ripples (peaks and zeros) 

we will have in the stopband. The height of the peak returns (all 

equal) will be determined by a separate parameter (e). Without going 

into all of the complex mathematical details (.Van Valkenburg, 1982), 

consider the following. 

Typical inverse Chebyshev response fits a set of mathematic, in 

fact trigonometric, equations defined within two given domains. One 

domain exists from |x| = 0 to |x| =1, the other from |x| =1 to |x| = <», 

The two domains are coherent at |x| = 1« In mathematical terms, the 

magnitude response is 

i , o2 02Cn2(l/uj) 
T(j«o) r -

where 

and 

1 + e2Cn2 (l/u>) 

Cn(l/io) = cos[n cos *(l/u))], 11 /oj| < 1 

Cn(.l/oj) = cosh[n cosh ^(1/u)], |l/u| > 1, 

These trigonometric formulas Cn are called Chebyshev polynomi-• 

als. The term inverse Chebyshev comes from the fact that the parameter 

1/iti is used in these polynomials instead of <D as would be used for the 

Chebyshev filter response. The parameter e is the one previously 



0 dB 

sec 
2n 

Fig. 2. Classical inverse Chebyshev response 
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mentioned designating the height of the equal ripples of the stopband. 

The inverse Chebyshev response is sometimes called a Chebyshev stopband 

response due to its having the basic Chebyshev ripples in the stopband. 

Notice at this point that the general inverse Chebyshev filter 

and the 2z inverse Chebyshev filter of this project are not all that 

similar. Our 2z inverse Chebyshev has only one zero position and one 

peak return for all order n (see Figure 1). In general, this is not 

true for the classical inverse Chebyshev filter. The inverse Chebyshev 

filter has its maxima and minima (peaks and zeros) at the frequencies 

such that 

= sec(.kir/2n), k = l,2,3,*'*,n. 

For k even, these frequencies correspond to peaks, and for k odd, zeros. 

As an example, the fifth order inverse Chebyshev filter has its 

normalized zeros at = ±1.0515 rps, to^ = ±1.7013 rps, and u)^ = °°. Our 

fifth order 2z-5p inverse Chebyshev has its normalized zeros at OJ = ±UJz 

and a) = 00. In fact, for all n,our 2z-np inverse Chebyshev filter will 

have only one positive finite zero position and n-2 zeros at infinity. 

We will be able to specify uiz to suit our filtering needs. 

It is important that we realize this difference between the 

classical inverse Chebyshev filter and the 2z-np inverse Chebyshev. 

In a true mathematical sense, the 2z-np inverse Chebyshev filter is not 

an inverse Chebyshev filter at all. As we develop our definition of 

this two zero filter, the differences will become even more evident as 
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other characteristics of the 2z-np inverse Chebyshev filter are 

investigated. 

Our two zero filter is called an inverse Chebyshev filter more 

because of its characteristic MFM passband and equal-ripple stopband 

than its mathematical properties. It is important that we make this 

distinction here at the start of our work. Later in Chapter 8 we will 

be interested in the pole positions of the 2z-7p inverse Chebyshev fil

ter. Since our filter response is not developed from the Chebyshev 

polynomials, we cannot derive these pole positions from the classical 

Chebyshev equations. This turns out to be an unfortunate consequence. 

Concluding this point, we can say that by specifying the 2z term 

in our nomenclature, we refrain from confusing our filter with the true 

inverse Chebyshev. In the following sections of this chapter we..will 

develop some generalized information for the 2z inverse Chebyshev filter. 

The 2z-np Transfer Function 

Let us define the transfer function in this instance as the 

ratio of the output voltage to the excitation or input voltage of our 

filter. 

+ o 

Vi(s) 2z Filter 

V_ (s) 

Vo(s) 

T(s) = 



Knowing that the 2z-np filter will have two zeros and n poles, we can 

form a general low pass transfer function, 

K(s + Z i )  (x) (s + z 2 )  
T(s) = 

(s H-p^^Cs +p2)® ®Cs + Pn) 

where K is a scaling factor. 

From Figure 1 we see that our two zeros form a conjugate pair at 

±jto. Multiplying this equation out and grouping into coefficients of 

powers of s, we could get in general 

2 , 
s + a 

T (s) = K© 
n * « n-1- , * n-2 , i t_ * •» s + b ,s + b 0s + ••• + b,s 4* bn n-1 n-2 1 0 

1 2 _1_ 1 
Ka0 „ ^ s + 1 

(x) 
i n , n-1 , n-2 , D0 Is b ,s b „s b,s 

+ + ^ = 1  + ... + 1 + ! 

^0 0 b
0 

b0 

Kag/bp is the D.C. value of T(s). Later in this chapter we will choose 

circuits to realize this transfer function, of which two basic circuits 

will result. One terminated, the other unterminated. For the first 

case we will let the D.C. component Kag/bg =1/2. In the unterminated 

case we will find Kag/bg = 1. Other than this difference, the resulting 

transfer functions will be identical. 

To ease later manipulations of this transfer function, let us 

form a new set of coefficients, a,b,c,d,e,•••, etc. for the coefficients 

in the transfer function. Let us also use K = bg/ag hence Kag/bg = 1, 

and realize that the terminated transfer function TT(s) will equal one 
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half the transfer function T(s), 

Tt(s) = |T(S). C2.1) 

For a standard form let a = l/an, b = l/bnf c = b ,/b„, d = b 0/br>» 
u u n-x u n*-£ u 

etc. This would result in 

, , asz + 1 
T(s) = — —f • (2.2) 

i n * xi i i * i * i b s + cs + ds +•••+! 

As examples, for the 2z-3p inverse Chebyshev transfer function 

we would have 

T(s) = 
as^ + 1 

bs^ + cs^ + ds + 1 

For the 2z-5p inverse Chebyshev, 

T(.s) = 
as^ + 1 

5 4 3 2 
bs + cs + ds + es + fs + 1 

This standardization will help facilitate our work later. 
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The 2z-np Squared Magnitude Response 

2 
The squared magnitude response |T (joj)| , or simply the magnitude 

response, of the given transfer function can be found in the following 

way. We start by substituting ju for s Csteady^-state response) in the 

transfer function. We square and add the resulting real and imaginary 

parts in both the numerator and denominator separately. We then divide 

these results denominator into numerator. This results in an expression 

of the general form 

|T(ja))|2 

B ai 
n 

Notice immediately that uP = 1 and that A Q = B Q = 1 for our standardized 

T(s). Also notice that for the special terminated case 

|TT(jo))|2 = i|T(jaj) |2 . (2.3) 

2 
As an example of this standard technique to find |T(jto)[ take 

the case for the 2z-3p inverse Chebyshev, 

T(s) 
bs^ + cs2 + ds + 1 

2 i -aui + 1 

T (jw) 
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2 CI - aui2)2 
T(joi) = 

ItCJCO) 

(1 - CO)2)2 + CDAJ-BU^)2 

2 4 2 
. 2 a a) - 2aoj + 1 

b2u)6 + Cc2 - 2db)oi4 + (d2 - 2c)o)2 + 1 

2 
Hence, A„ = a , A, = -2a, An = 1, 

= b2, B2 = Cc2 - 2db), B^ = (d2 - 2c), and BQ = 1. 

2 
It is obvious that will always equal a , A^ = -2a, and Ag = 1 for all 

2z-np inverse Chebyshevs. Table 1 contains the parametric equivalents 

of the coefficients B_^ for the other cases up to the seventh order. 

Earlier when we designated the magnitude response we termed it 

maximally flat within the passband. This is true for all 2z-np inverse 

Chebyshevs. In order that this be possible certain conditions must be 

met in the squared magnitude response representation. 

It can be shown (Balabanian and Bickart, 1969) through the use 

of Taylor's series'that to be maximally flat, the coefficients of the 

numerator and denominator of a given function must be equal to each 

other up to,but not including,the highest power of the denominator. 

The coefficient of the highest power co2n in our case is Bn- This means 

in our case that 

B. = A., i = 0,1,2,,n-l 
1 1 ' 



2 
Table 1. Coefficient Equivalents for the Squared Magnitude Function |T(s)| 

Order 
B1 B2 B3 B4 B5 B6 B7 

3rd d2- 2c c2- 2bd b2 

4th e2- 2d d2- 2ce + 2b c2- 2bd b2 

5 th f2- 2e e2- 2df + 2c d2- 2ce + 2bf 
2 

c - 2bd b2 

6th g2- 2f f2- 2eg + 2d e2- 2df + 2cg -2b d2-2ce + 2bf 
2 

c -2bd b2 

7 th h2- 2g g2- 2fh + 2e f2- 2eg + 2dh -2c 
2 
e -2df + 2cg - 2bh d2- 2ce + 2bf c2- 2bd b2 

Normalization and MFM conditions force: 

2 2 
B = (1 - a ) , B , = 0 , B „ = 0 B„ = a , B.. = - 2a 
n n-1 n-2 '2 '1 
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if our magnitude response is to be maximally flat (MFM). Since 

then 

A^ = 0 for i = 3,4,5,***,c 

= 0 for i = 3,4,5,,n^l. 

2 
This results in a magnitude response |T(jio)| of the following form: 

4 2 
9 a„w + a.o) +1 

|T(Jco) | = 2n b  ! 2 ~  '  

B u + B„u + B.u +1 
n 2 1 

and further 

| T (j to) 
â o)̂  - 2aaĵ  + 1 

2n 2 4 . 2 . . 
B a) + a to - 2au) + 1 
n 

2 4 2 2 
Notice here that a w - 2aco +1 = (aw-1)' . 

At this point we invoke a standard normalization that at 

on = 1 rps our squared magnitude response is one half the value we would 

have for u = 0 rps. This is the classical -3 dB normalization at 

a) = 1 rps. Using this normalization, 

| T (j 1) | 2 = ||T(jO)|2. 

Substituting in for u), we find 
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(a - 1)' 

B + (a - 1)' 
n 

1 © (0-1)' 

2  0  +  ( 0 - l ) Z  

which simplifies to 

2(a-l)2 = B + (a-1)2 
n 

and finally, for B^, 

- (a-1)' 

This results in an equation which represents the squared magnitude 

response for all 2z-np inverse Chebyshevs as 

| T ( j w )  
(aw2 - l)2 

, n2 2n , , 2 1 N2 
(a - 1) ID + (atD -1) 

(2.4) 

This equation is a very powerful result. Notice that for w ~ 00 (a-0), 

we have the Butterworth response 



If we let a) = 1/a or u = /1/a , then [T(joi) | = 0. These val

ues of w are the zero frequencies in our 2z-np representation. We label 

these 03z as indicated in Figure 1. There are two other values of sig-r 

nificant interest, the value oimay, called the peak return frequency, and 

IT(joj )|, the magnitude of the peak return at 03 = 03 
IQ3X IQcLX» 

Determining o^^ 

Interestingly enough it is possible to form a very simple equa

tion for o) in terms of the selected 03 and the order n. If we dif-
max z 

2 
ferentiate the squared magnitude function | T (joj) | with respect to o> and 

solve this resulting equation for those values of oi which yield a zero 

result, we will have found the maxima and minima of the |T(j03) | func

tion. There will be minima at OJ = OJ and OJ = » and maxima at to = 0 and 
z 

OJ = The maxima existing at u = %iax are t*16 ones we are looking 

for. 

Let |T(ju))|2 = N(jto)/D(jo)) . Then 

3 1T(3„)|2 „ °(j«> - «(J») MM-

3-0) D(j03)2 

Setting this equal to zero, we can simplify to 

^ - «u.> ̂  

If we now substitute our equivalent D(joi) and N(jo3), we have 
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[ (a - l)2a)2n + (aoj2 - l)2] [2(am2 - 1) (2aoi)] 

= [(am2 - 1)2] [2n(a - 1)2u)2n~1 + 2Cau)2 - 1) (2am)] 

2 
Extracting (4auO from both sides (minima or maxima at u = 0) and (aw - 1) 

from both sides (minima or maxima at u - /T/a = a) ), we get 
z 

, n2 2n , , 2 ,. 2 
(a - 1) a) + (au) - 1) 

, 2 fn(a -1) 2aj2n"1 . , 2 , C\ 
m Caa) _i) + Cau _i)J . 

2 2 2n-l 
Subtracting (am - 1) from both sides and multiplying the co term by 

o)/ai, we get 

,,2 2n n(aio2-l)(a-l)2a>2n 
(a - 1) a) = ^ 

2ato 

2 2xi 
Now (a-1) to c an be canceled, resulting in a simpler form, 

2 2 
2aw = n (aw - 1) , 

2 
Solving for ^ , we get 

2  n  / i i  
a) = "7 o\— or a) =/ . 

(n-2)a (n-2)a 

Remember that 1/a = oj 2. Therefore, to = ai This is a maximum 
z z- n—z. 
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as seen from Figure 1. We define this as u = u , that is, 
° max' ' 

/ n 0) = = 0) , 
f n-2 max z f n-2 

(2.5) 

Again, a very powerful and yet simple relationship. 

The Peak Return Magnitude 

The last of the key response characteristics is the peak return 

magnitude. This is the highest point within the stopband proper. 

Knowing the magnitude of this peak return is important if in fact our 

filter application depends heavily upon the stopband characteristics. 

A direct substitution of the value of to into the squared 
max 

magnitude response formula (2.4) will give us an equation we can express 

as | T(jaimay) | . The result is usually expressed in decibels, dB: 

T (jo) ) 
1 max 

= 10 log 
(ail>max - 1) 

t i \2 2n . / 2 iv (a - 1) to + (aw - 1) 
max max 

dB. 

2 2 2 
Remember that a = 1/w and to = to /n/ (n-2), so that (ato -1) = 

z max z max 

( n _ n ̂ = / 2 •> ^ • This gives us, 
n-2 } n-2 

T(jo) ) 
1 max 

= 10 log 
(n-2)' 

i \ 2 2n , _n_ .n ___4_ 

z n-2 (n-2) L IOZ2 

dB. 
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2 
Dividing the numerator and denominator by 4/(n-2) and simplifying 

11 / 2 ,. 2 2n 
C1 /to - 1) 03 , we get 

z z 

to ) 1 max'.1 
= 10 log 

2 2 2n-4 
(o) - 1) 03 
z z 

n n 

4(n-2)n"2 
+ 1 

Inverting the log, we have 

~r n to 

10 log 
max 

( 2 . 6 )  

While this equation may look quite complex, it does grant us the ability 

to relate |T(jo3 )| to oi for a given n. For practical values of OJ , 
iqex z z 

the 1 within the log term of Equation (2.6) for |T(jto )| is negligible. 
m3x 

A compilation of the results of these last two equations, (2.5) 

and (2.6), is given in Table 2. Approximate values for wmax and 

IT(joi )| are given as a function of o) and n. In addition, Figures 3 
HlflX Z 

and 4 are plots of these relations for various values of 03z and n. 
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Table 2. Approximate Relations for and iTCju^^) 

as Functions of n and o)„ 

n to , rps TCjco ) , dB 
max 1 ^ max 1' 

3 u)r /3.00 -10 log I 6.75 u 2(oj 2 - l)2 
2 Z Z 

4 O^/EOO -10 log [16.00 a)z4Ca)z2 - l)2 

g 
5 a) /1.67 -10 log [28.94 uiz Coo2-1)2 Jz vu,z 

6 0)„/T750" -10 log [45.56 to78(io_2 - 1) 

7 a)z/l.40 -10 log [65.88 (jjz^^o)z^ - 1)^ 

max 
=  0) ,  ,/n/ (n-2)rps . 

"  ~ 1 0  l 0 S  

'0.25 nna)z2n"4(a)z2-l)2 n 

(n-2) 
n-2 

dB . 
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Fig. 3. Peak return as a function of ojz for a given n 
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Suitable Values for ujz 

Probably the most valuable information that can be had from the 

formulae and plots of the two previous sections is an insight toward 

practical values of ojz for a given order. The most useable range for wz 

turns out to be that range for which the corresponding peak return magr 

nitude falls between approximately -40 dB (1/100) and -70 dB (1/10,000). 

A value of o)z which, for a given order n, would produce a peak 

return greater than -40 dB (attenuation less than 1/100) would not, for 

most applications, provide enough stopband attenuation. If this were 

the case, the next higher order filter could be used to bring down the 

peak return. As we can see from the equations and plots, for the same 

wz, the higher order filters have lower peak return magnitudes. 

On the other side of the scale, a value of ujz for which the 

peak return is lower than -70 dB (attenuation greater than 1/10,000), 

provides in most cases a greater attenuation than practically needed. In 

this case a lower order, and consequently simpler design, can be used. 

We will need to make use of this useable range in coming chap

ters. One of the solutions to the 2z-7p inverse Chebyshev realizations 

utilizes curve fitting solutions. Since it is not feasible to try to 

fit approximate values for all ooz, it is helpful to know of the most 

practical and useful range. 

Response Considerations and Summary 

The work to this point allows us to completely define the steady 

state magnitude response characteristics of our 2z inverse Chebyshev 

filters. We could easily sketch this magnitude response from the 



relationships formulated in the earlier sections of this chapter. From 

this magnitude response we could specify the necessary conditions 

(n and a)z) which might be required for a given filter application. 

Although we have totally'limited the discussion of this response to its 

low-pass characteristics, standard transformation concepts (Tuttle, 

1958) can be used to apply our results to high-pass and band-pass 

applications. 

One of the greatest advantages of the 2z inverse Chebyshev fil

ter over the Butterworth or Chebyshev filter is the existence of the 

finite zero position directly within the stopband. Having this finite 

zero within the stopband allows us to design a filter for an application 

where we might desire the MFM passband characteristics of the Butter-

worth response, but in addition would like to completely cancel or zero 

an unwanted harmonic or signal within the stopband. 

A second advantage of the 2z inverse Chebyshev filter is in the 

steep transition region between the passband and stopband. Within this 

region, between co = 1 rps and ui = uiz, the slope of the attenuation is 

much greater than the typical 20 dB per decade per pole associated with 

the basic rolloff. From a mathematical standpoint this varies in ac

cordance with the location of the zero frequency. This sharp transi

tion also forces a more maximally flat passband response than that of 

the Butterworth filter. 

Two of the major disadvantages of the 2z inverse Chebyshev 

response are the existence of a peak return within the stopband, and the 

fact that the attenuation as ui approaches infinity after the peak return 

is less than that of similar order Chebyshev and Butterworth filters. 
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The information thus far provides us with the means to determine 

which order 2z inverse Chebyshev, if any, might be useable for a given 

application or design. In the next chapter the circuits used for 

realizing these 2z filters are introduced. 



CHAPTER 3 

THE TWO ZERO INVERSE CHEBYSHEV CIRCUITS 

Third Through Seventh Order 

Our 2z inverse Chebyshev filter is realizable through many pos-r 

sible circuits, some passive and some active. The only requirement is 

that the circuit must produce the basic response of Figure 1. Dealing 

here with just a passive circuit solution, we find that a ladder network 

with a parallel tuned (series fed) inductor-capacitor branch is quite 

desirable. 

The simplest 2z inverse Chebyshev circuit, realizing the unter

minated third order filter, is shown in Figure 5. By adding an output 

load resistor RQ to the circuit we obtain the terminated case shown in 

Figure 6. We can consider the terminated filter of Figure 6 as the gen

eral third order circuit with the unterminated filter of Figure 5 being 

a special case, that is, a terminated filter with Rq = 

The fourth, fifth, sixth, and seventh order general 2z inverse 

Chebyshev circuits are shown in Figures 7, 8, 9, and 10 respectively. 

Notice that all of the circuits given are very similar. In all cases 

the impedance branch Z is tuned to and produces the necessary zero of 

our 2z-np response. Notice that although we have an nth order circuit 

(n poles), we hav.e n+1 reactive components. This is due to the capaci

tor redundancy about the impedance branch Z. The circuits of Figures 6, 

7, 8, 9, and 10 are in fact the simplest passive circuits that both 
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realize the given response and at the same time satisfy an interest in 

symmetry and generalized reduction, which we shall soon develop. 

Terminated Versus Unterminated 

Of the two basic circuits, terminated and unterminated, the ter*-

minated circuit is a more practical design. Most actual, nonideal cir-r 

cuit applications would of necessity include some finite input resistance 

as well as output resistance in their design. Assuming that our filter 

application is nonideal, the loading circuit following the filter will 

in most cases have a finite input resistance. Neglecting this input 

resistance in the analysis and design of the filter could easily result 

in response characteristics far different from those of Figure 1. Rq is 

this input resistance from the subsequent stage and from a realistic 

standpoint should not be made infinite. 

In addition to keeping our analysis practical, there are advan-r-

tages to considering terminated filters over the unterminated ones. It 

is known (Orchard, 1979) that a doubly terminated ladder filter's loss 

response is considerably less sensitive to small component variations 

than that for unterminated or singly terminated filters (our untermina

ted filters are actually singly terminated (R^) and our terminated fil

ters are more properly called doubly terminated filters (R^ and RQ))-

In addition to this low sensitivity for the terminated filters, if we 

consider the termination when we have maximum power transfer (RQ = R^), 

we find that this sensitivity for the internal L's and C's of our cir-^ 

cuit is equal to zero. Orchard's conclusions strongly suggest that, 

given a choice, we would rather use the terminated 2z filter circuits 
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over the unterminated ones. Further, we would like to choose our resis

tors (Ro and R^) such that we may take advantage of the conclusions for 

maximum power transfer. For our circuits, maximum power transfer will 

occur when R„ = R.. 
o 1 

Typically, and unfortunately, circuit analysis of terminated net

works generally involves a more complex set of equations. We will dis

cuss this further in Chapter 4. There is, however, one concession in 

this dilemma. In addition to zero sensitivities, if we allow the termi

nating resistor RQ of the terminated 2z~3p circuit (Figure 6) to equal 

the input resistor R^, our circuit becomes symmetrical. In addition to 

Rq equaling R^, will equal C^. Intuitively we might imagine this 

feature simplifying the resulting analysis. In Chapter 5 we find this 

to be true. 

In addition to the resulting analytical simplification, another 

benefit arises by setting RQ = R^. Obviously a circuit which contains 

duplicate components would be less expensive to construct and maintain. 

This is especially true in large scale production applications. In the 

fifth and seventh order circuits this savings is even more evident as 

more components become equal. 

Considering the circuits for the 2z filters, we observe that 

only the odd order Chebyshev filter circuits can be made symmetrical. 

As an example, consider the 2z-6p filter circuit of Figure 9. Termi

nated with Rq = R^, the circuit is nonsymmetrical. This design will 

have three different inductor values and four different capacitor val

ues. Moving on to the seventh order filter of Figure 10, we are again 

symmetrical (if RQ is set equal to R^). In this instance, we have two 
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different inductor values and only three different capacitor values. 

Notice that while we have added an extra component for the seventh order 

filter, due to the symmetry,we've actually reduced the number of differ

ent valued components. 

A bit of sound engineering judgment comes into play at this 

point. We can say that without considerably added expense, we can sim

plify our work by not considering the even ordered nonsymmetrical 2z-4p 

and 2z-6p inverse Chebyshev filters. If a fourth order filter will suit 

the needs in a given design, the fifth order filter will more than suit 

those same frequency response needs. We also gain the advantages of 

simplified analysis and design. In the fourth order case, there is the 

question of adding an additional yet identical inductor to achieve this 

advantage. Some may consider this a poor tradeoff. In the sixth order 

case, we have only to add a single capacitor to achieve a symmetrical 

circuit. Because a 6th order solution to the 2z inverse Chebyshev has 

yet to be formulated, the tradeoff for this sixth order case is well 

worth the extra identical capacitor. 

In the following chapters we will deal with the solutions to the 

terminated 2z-3p, 2z-5p, and 2z-7p inverse Chebyshev filters. The solu

tions we refer to result in the necessary component values for a given 

circuit and its response. Although solutions to the 2z-3p and 2z-5p 

problems are not difficult or new, they do help to formulate some inter

esting patterns which do aid in solving the 2z-7p circuit. In addition, 

the necessary equations for doing the 2z-3p and 2z-5p problems will fall 

out of the 2z-7p analysis. 



CHAPTER 4 

SEVENTH ORDER SPECIFICS 

As was previously discussed, only the 2z-3p, 2z-^5p, and 2z-7p 

terminated inverse Chebyshev circuits are of practical interest. Given 

the parameters for design, namely n and oiz, we would like to determine 

the component values (C's and L's) for the given circuits which would 

give us the response dictated by n and 01 • In the remaining chapters we 
z 

will develop useable solutions for the 2z-3p, 2z-5p, and 2z-7p inverse 

Chebyshev circuits. As was noted in Chapter 3, working the 2z-7p problem, 

we will be able to formulate the necessary equations for the lower order 

circuits as well. 

General Seventh Order Transfer Function 

The 2z-7p filter circuit has been previously shown in Figure 10. 

We will use concepts in linearity to solve this circuit for its transfer 

function in terms of its components. We will solve for T(s) = 

Vd(s)/V^(s). 

By setting Rq = R^ we can attain symmetry in this problem making 

C^ = C^, = C^, and = L^. While this may seem the logical step to 

help simplify our problem, we will delay meeting this condition until 

after a general solution by linearity is formed. In this way we will 

acquire a set of equations which in general can give us the necessary 

equations for solving the lower order problems. As an example, note 

that if we allow C^ = 0, we would get the sixth order circuit, and if 
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= 0, we get the fifth order circuit, etc. If we simplify our 

solution too soon we will do more work in the long run. 

To generalize the linearity work let us re-establish the seventh 

order circuit. In terms of Y^'s and Z^'s (admittances and impedances) 

we can formulate a general ladder network as seen in Figure 11. We have 

arbitrarily defined the network parameters by numbering them from left 

to right, and the network currents from right to left. 

By linearity we let 

VQ = 1 (volt) NOTE: Z± ^ 1/Y± 

In general, from Figure 11, 

V1 - VP + X1Z4 

v2 = Vi + i3z3 

V3 - V2 + V2 

V. = V, + I,Z.. 
1 3 7 1 

We also have that 

Ii = V Y. 
1 o 4 

!2 = vly3 

X3 - h + 1Z = VoY4 + V1Y3 
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*4 = V2Y2 

I  = 1 + 1  =  V Y + V Y + V Y  
5 3 4 o 4 13 2 2 

X6 " Vl 

I  =  I  +  T  =  V Y  +  V Y  +  V Y  +  V Y ,  
7 5 6 ox4 ̂  13 ̂  2 2 3 1 

Substituting these currents into the previous equations for V^, V2> and 

V3, we get 

V1 = 1+Y4Z4 

V2 = 1 + y4z4 + Y4z3 + y4y3z4z3 + Y3Z3 

and finally, 

1 + Y4Z4 + Y4Z3 + Y4Y3Z4Z3 + Y3Z3 + Y2Z2 + Y4Y2Z4Z2 

+ Y4Y2Z3Z2 + Y4Y3Y2Z4Z3Z2 + Y3Y2Z3Z2 + Y3Z2 + Y4Y3Z4Z2 

VI = 1 + Y4z4 + Y4z3 + Y4Y3Z4Z3 + Y3z3 + Y2z2 + Y4Y2z4z2 

+ Y4Y2Z3Z2 + Y4Y3Y2Z4Z3Z2 + Y3Y2Z3Z2 + Y3Z2 

+ Y4Y3Z4Z2 + Y4Z2 + YXZ! + Y4YXZ4ZX + Y4Y1Z3Z1 

+ Y4Y3Y1Z4Z3Z1 + Y3Y1Z3Z1 + Y2Y1Z2Z1 + Y4Y2Y1Z4Z2Z1 

+ Y4Y2Y1Z3Z2Z1 + Y4Y3Y2Y1Z4Z3Z2Z1 + Y3Y2Y1Z3Z2Z1 

+ Y3Y1Z2Z1 + Y4Y3Y1Z4Z2Z1 + Y4Y1Z2Z1 + Y2Z1 

(continued on next page) 
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+ + y4y2z3zj_ + y4y3y2z4z3zi + y3y2z3z1 

+ j3z1 + y4y3zaz1 + y4za. (4.1) 

Reorganizing, we can write in a more ordered representation: 

V. = Y4(z4 + Z3 + z2 + ZX) 

+ Y3(Z3 + Z2 + ZI) 

+ Y2(Z2 + ZI) 

+ yiczi) 

+ Y4Y3(Z4Z3 + z4z2 + z4z2) 

+ Y4Y2(Z4Z2 + Z3Z2 + Z3Z^ + Z4Z^) 

+ Y4Y1CZ3Z1 + z4zx + z2zx) 

+ Y3Y2CZ3Z2 + Z-JZP 

+ Y3Yi(Z2ZL + z3zx) 

+ Y2Y1(Z2Z1) 

+ Y4Y3Y2(Z4Z3Z2 + Z4Z3ZL) 

+ Y4Y3YI(Z4Z3ZX + Z4Z2ZI) 

+ Y4Y2Y: (Z3Z2Z1 + z^zp 

+ y3y2y1<z3z2z1> 

+ Y4Y3Y2Y1(z4z3z2z1) 

+ 1. (4.2) 

Of course, the transfer function T(s) will be the reciprocal of this V^, 

since T(.s) = VQ(s)/Vi(s) = 1/Vi(.s). 
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At this point we have a general transfer function solution to 

the ladder network of Figure 11, or for that matter any possible subset 

of this network. Notice the usefulness of this general result. If any 

branch Z_, is equal to zero, that branch is a short circuit. In addi

tion, if any branch Y^ is equal to zero, it is an open circuit branch. 

Using this facility we can easily reduce this general solution to obtain 

the necessary set of relations for the sixth, fifth, fourth, and third 

order terminated and unterminated 2z inverse Chebyshev filters. For 

that matter, we can obtain the equations for any circuit having this 

basic ladder form. 

After obtaining the correct set of relations for T(s), we will 

want to substitute the proper component equivalents C, L, and R for the 

Y^ and Z^. In the case of the 2z inverse Chebyshev circuits, we will on

ly have to do the seventh order substitution. As we will see shortly, 

Y^ and Z^ are fractional parametric quantities. This results in a very 

tedious substitution problem for all the 2z circuits. The substitution 

and simplification process needs to be done very carefully and usually 

repeated to ensure that it is correct. 

General 2z-7p Transfer Function 

We will only have to do the component substitution and simplifi

cation for the seventh order circuit. Once this is done,we will be able 

to use the previously mentioned facility (for Y^ and ZS) of short and 

open circuits for the C's and L's to form the transfer functions of the 

lower order filters. We will also find that by letting Rq = » in the 

final result, we will form the proper equations for the unterminated 
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cases. Note that we have still not made use of the possible symmetry 

simplification by letting = R^. Again, 

to - v°cs) 
v±G0 v±Cs) 

and in the seventh order case 

Y1 = Cls Z1 " Ri 

— C ^ s  — l^s 

Los 
Y- — C.s Z« — « 
34 3 L2C3 s 2  +1 

RnC cs + 1 
Y4 " 24 = L3S 

Following the substitution process step by step serves little 

purpose. The work is quite lengthy and considering that the bulk of the 

work is that of simplifying fractional algebra, we will show just one 

intermediate result (common denominator form) and the subsequent final 

form. 

Substituting these component equivalents for the Y^'s and Z^'s 

and further simplifying the work by forming the common denominator 

2 
Rq(L2C3S +1) (which becomes the numerator of our transfer function 

T(s)), we get 



^ 1 n q 9 
r (l2c3s2 + 1) cl3s + l2l3c3s +l2s +l1s + l1l2c3s +ri + ril2c3s > 

r o C4s , 3  ? 
• R (L2C3S2 + 1) CL2S + LIS+LIL2C3S +Ri + RiL2C3s ) 

kqc2s o 2 
9 ~~ (Li s 4" Li LoCoS 4* Rj + R.LoCoS ) 

R0(L2C3s z  +  1) 1  1 2 3  ii23' 

RoCls 2 
5 cri + ril2c3s^) 

r0(l2c3s^ + 1) 

r o G4c5s2 + c4s Ink o  

R0(L2C3s2+1) ^L2L3S +l iL3S +L1L2L3C3S + R^s + R^L-^s ) 

r O ^ 2 ^ 5 s ^  +  c 2 s  9  A o  

r0(l2c3s2 + 1) (l1l3s +l!l2l3c3s +i-1i'28 +ril2s + ril3s 

+ RJLOLOCOS3) 

R0C1C5S2 + C1S 

r0(l2c3s2 + 1) (Ril2s + Ril3s + Ril2l3c3s +rjl^s+ril1l2c3s3) 

ro^2^4s^ .  2  
5 (LIL2S +R:tL2s) 

R0(L2G3s2+l) W 1 l 

r0clc4s2 n 
r (L2C3s2 + 1) ^Ri.LlS + RiL1L2C3s + RiL2s) 

RqC1g2s2 3 
9 5 (R-sLi s + Rj Li LoCoS ) 

R
0 ( L 2

C 3 S 2  +  1 )  1 1  1  1  2  3  

R C2C4CSS3 + C2C4S2 O r. 

e0C12c3s2+1) (l112l3s +sli.2l.3» ) 

r-c1c4c5s3+c1c4s2 9 2 / 
r 2+ (RiL2L3s +RiL1L3s +RiL1L2L3C3s ) 

(continued on next page) 
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rqc1^2^5s^ + clc9s^ o o /. 
+ 5 =— (ril1l2sz + ril1l3s/ + ril1l2l3c3s^) 

Bfe (L2C3s + 1) 

rqcic2cas^ o 
+ °9 (RiL1L2s2) 

R0(L2C3s +1) 

r0c1c2c4c5s4 + c1c2c4s3 3 
+ n cr-flilolos ) 

Ro<l2c3s +1> 

R LOC-js2 + R 
+  q  j  

9 — .  ( 4 . 3 )  
r
o(l2c3s +1) 

We can further simplify this work into a final form in the subsequent 

powers of s. Again, just the final form is given. For the numerator of 

V^(s) in powers of s we get 

s7 => R0RiLiL2L3C1C2C4C5 + R0RiL1L2L3C1C2C3C5 + RoRiLiI^I^CiC^Cs 

(4.4) 

+ ro'-i1^2^3^2^4^5 ^o:^jl^j2^j3^2^3^5 ^o^j! l2l3c3c4c5 (4.5) 

s5 => R0RiLiL2CiC2C4 + R0RiLiL2CiC2C5 + RoRiLiL3CiG2C5 + R0RiL2L3ClC4C5 

+ r0ril1l3c1c4c5 + r0r1l1l2c1c2c3 + r0ril2l3c2c4c5 

+ RqR^L2L2Cj[C3C4 + RoR£L2L3C^C3C5 + R0R£LiL2QlC3C5 

+ rqr^l2l3c2c3c5 + r0r;jl2l3c3c4c5 + lj^l2l3c2c4 

+ l^l2l3g2g3+ l^l2l3g3c4 (a.6) 
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4 
. s ^ RjLiL2C].C2 + Ri^lI^C]^ + R1L2L3C1C4 + RjLiI^C]^ + R-jL2L3C2C4 

+ R1L1L2C1C3 + RiL2L3C1C3 + RiL2L3C2C3 + RiL2L3C3C4 + RoL^I^^^ 

+ R0L1L3C2C5 + R0L2L2C2C5 + R0L2L3C4C5 + RgL^I^C^Cij + RQL2L2C2C3 

+ RoLiL2C3C4 + RoL2L3C3C5 + R0I4L2C3C5 (4.7) 

3 
s => R0R£LiCiC2 + R0R£L2CiC4 + RoR-jLiC]^ + R0RjL2C2C4 + R0R.jLiCiC5 

+ R0R^L3CiC5 + R0R-jIi3C2C5 + RoR;jL2C2C5 + R0R1L3C4C5 + RoRiL2CiC3 

+ rgril2c2c3 + r0r.jl2c3c4 + r0r-jl2c3c5 + ror^i^cj^ + i4l2c2 

+ L1L3C2 + L2L3C4 + L1L3C4 + LiL2C3 + L2L3C3 (4.8) 

=> r^i^c^ + r^i^c^ + r^l^ci + ril2c2 + r-il3c2 + r1l3c4 + r.jl2c3 

+ rql2c3 + r0l2c2 + r0l2c4 + r0l1c4 + rol2c5 + r0l2c5 + ̂)l3c5 

(4.9) 

s1 =*> RoR^j + R0R1C2 + R0R1C4 + R0R1C5 + Lx + L2 + L3 (4.10) 

s° =f R± + Rd (4.11) 

and of course in the numerator of V^(s) we have 

2 0 
s R0L2C3 and s => Rg. 

This general solution to the 2z-7p transfer function is very powerful. 

We can see the reasoning behind delaying any work on the lower order 2z 

filters. 
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Unterminated 2z-3p Reduction Example 

From the previous result for V_^(s), and consequently the transfer 

function T(s), we can formulate the component transfer functions for any 

2z-np terminated or unterminated inverse Chebyshev filter. If we divide 

all the terms in the transfer function, numerator and denominator, by 

Rq and let Rq = 00 , we can readily formulate the unterminated equations. 

By allowing any of the components and/or to be equal to zero, we 

can obtain the necessary equations for the lower order problems. This 

is the same facility of short and open circuit branches that we pointed 

out for the and in the generalized ladder model in the beginning 

of this chapter. 

As an example, for a third order filter we would let 

C1 = c5 = ° 

and L1 = l3 - 0 . 

The capacitors become open circuit branches, and both inductors become 

short circuit branches. The generalized formulaes for V^(s) from the 

previous pages are reduced to the following forms. For this third order 

problem, the 4th, 5th, 6th, and 7th powers of "s" are zero. That is, 

s7 =* 0 

s6 =* 0 

s"* =*» 0 

and s^ =* 0 . 
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The remaining powers of "s" reduce to 

s3 *> RoR1L2C2C4 + RoRiL2C2C3 + RoR1L2C3C4 (4.12) 

s2 » RtL2C2 + RJLjCJ + R012C3 + (4.13) 

s1 =• RoR.C2 + RR±C4 + Lj (4.14) 

and =*> R. + R (4.15) 
i o 

in the numerator of V^(s), and to 

s2 => RL,C. 
o  Z  J  

and s^ =*> R 
o 

in the denominator. If we divide T(s) = 1/V^(s) by Rq in both the 

numerator and the denominator, and then let R = <*> , we will have formed 
' o 

the component transfer function for the 2z-3p unterminated filter. 

In this reduction example, we would obtain for the powers of "s" 

in the transfer function 

( Next page •+ ) 
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3 
s ^ b = (4»16) 

s 2  =s> c = L2C3 + L2C4 (4.17) 

s1 =5> d = C2 + C4 (4.18) 

in the denominator and 

s2 =* a = L2C3 (4.19) 

in the numerator of T(s). The coefficients a, b, c, and d are those 

from the standardization we made in Chapter 2, that is, 

• \ as + 1 
T (s) = 

bs^ + cs^ + ds + 1 

For this unterminated filter we can solve explicitly for the 

element values in terms of a, b, c, and d. From Equations (4.16) and 

(4.19) we have 

b = C2(L2C3 + L2C^) + aC4. 

Using Equation (.4.17), c = L2C3 + L2C4, we get 

b = cC2 + aC4 (4.20) 

and from Equation (.4.18) we have that 

C2 = d — . 
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Substituting this C2 into Equation (4.20), we have that 

b = cd - cC^ + aC^ 

and further solving for we get 

b - cd 
(4.21) 

We use Equation (4.18) to get C2 as 

C2 = d - c4 (4.22) 

Equations (4.17) and (4.19) give us 

c = a + L2C4, 

and solving for L2 we get 

(4.23) 
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Finally, from Equation (.4.19), we know that 

(4.24) 

These resulting equations, (4.21) through (4.24), are of little 

use to us since we have concerned ourselves primarily with the termi

nated 2z filters. This example serves to demonstrate the results for 

an unterminated case when we allow RQ = °°, and for the processes of ele

ment value formation used in the next chapter. 



CHAPTER 5 

EXPLICIT ELEMENT RELATIONSHIPS 

In the last section of the previous chapter we demonstrated the 

basic procedures used in reducing the general 2z-?7p transfer function 

to a lower order problem and solving for the explicit element or compo

nent relationships. In this chapter we will use the same techniques to 

solve the terminated 2z-3p, 2z-5p, and 2z-7p filter circuits for their 

component relationships. 

Component Relationships for the Terminated 2z-3p Filter 

In this chapter we are concerned with those terminated 2z cases 

when Rq = R^ and our circuits become symmetrical. For the third order 

filter we would have, in addition to the reduction C^ = C5 = L^ = L3 = 0, 

R0 = Rjl = 1 (ohm) and by symmetry C2 = C4. Equations (4.12) through 

(4.15) of the last chapter would result in 

s^ => L2C22 + 2L2C2C3 

s2 => 2L2C2 + 2L2C3 

s1 => 2C2 + L2 

s° => 2. 

Remember that the terminated transfer function T^(s) was equal to one 

half the unterminated transfer function T(s). For this reason, from our 

49 
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standardization in Chapter 2 we get 

s3 => 2b = L2C22 + 2L2C2C3 (5.1) 

s2 => 2c = 2L2C2 + 2L2C3 (5.2) 

s1 => 2d = 2C2 + L2 (5.3) 

and in the numerator, 

s° *> a = L2C3 . (5.4) 

Substituting a for L2C3 from Equation (5.4) into the equation for 2b 

(5.1), we have 

2b = C2(L2C2+2a). (5.5) 

Simplifying Equation (5.2) as L2C2 = c-a and substituting this into 

Equation (5.5), we get 

2b = C2(c+a). 

Solving this result for C2, we have 

2b /c ^ 
C o  =  .  (5. 6 )  

c + a 

Notice that this is not the same solution for C2 as that con

tained in Appendix A. 



51 

The 2b/(.c + a) can be simplified using the relationships between 

a, b, c, and d formed by forcing normalized MFM passband conditions on 

|T(jto)|^- We defined this technique early in Chapter 2. From Table 1, 

for the third order filter response, 

b2 = (1 - a)2 (.5.7) 

c2 - 2db = a2 (.5.8) 

d2 - 2c = -2a. (5.9) 

From Equation :(5.8) we have for 2b 

c2 - a2 (c + a) (c - a) 
Zo = — = : 

so that 

2b c - a 

c + a 

From Equation (5.9) we have 

d2 = 2(c - a) . 

By dividing both sides by 2d we get 

A - c ~a 
2 d * 

(5.10) 
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Substituting this result for (c-a)/d into Equation (.5.10) we see that 

2b d 

c + a 2 ' 

and so from Equation (5.6) for C2 we have 

(5.11) 

This is the relation contained in Appendix A for C2. Using this result 

and Equation (5.3) for 2d, we can write 

2d = d + Ln 

or 

(5.12) 

Again for from Equations (5.12) and (5.4), 

(5.13) 

From Equations (5.11), (5.12), and (5.13) we have the necessary 

explicit equations for determining the element values for the 2z-3p 
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terminated inverse Chebyshev filter. In this case, only the transfer 

function coefficients a and d are needed to form these element values. 

Component Relationships for the Terminated 

2z-5p Filter 

In the terminated 2z-5p reduction of the general 2z transfer 

function we find that the circuit in Figure 10 becomes Figure 8 if we 

allow = C5 = 0. In addition, for the terminated symmetrical case 

when RQ = = 1 (ohm), C2 = C4 and Lj = L3. From the coefficient 

standardization in Chapter 2 and the basic equations for the transfer 

function, Equations (4.4) through (.4.11) reduce to 

s7 => 0, s^ => 0, 

s5 =*> 2b = L12L2C22 + 2L12L2C2C3 (5.14) 

s4 =>• 2c = 2L^L2C2^ + 4L^L2C2C3 (5.15) 

s3 2d = L2C2^ + 2L^2C2 + 2L2C2C3 + 2L^L2C2 + 2L^L2C3 
(5.16) 

s2 => 2e = 4LXC2 + 2L2C2 + 2L2C3 (5.17) 

s1 => 2f = 2C2 + 2Li + L2 (5.18) 

s° => 2 

and in the numerator of T(s) we have 

s2 =s» a = L2C3 (5.19) 

and finally 

s° 1. 
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The set of equations above is the exact same set of equations we 

would get if we solved the circuit of Figure 8 by linearity. The reduc

tion from the seventh order circuit equations simplifies our work as a 

whole. If we had only desired the 2z-5p equations we would not have gone 

to the trouble of setting up the seventh order circuit. It is more the 

fact that we want a useable 2z-7p solution that the 2z-3p and 2z-5p 

problems can be formed by reducing the general set of equations. 

To solve these fifth order equations, we rewrite Equation (5.17) 

using Equation (5.19) for L2C3 as 

e = C2(2L! +L2) + a. (5.20) 

By rearranging Equation (4.41) we can get 

2L2 + L2 = 2f - 2C2. 

Substituting this into Equation (5.20), we can form a quadratic equation 

in C2> 

e = C2(.2f - 2C2) + a 

or 

2C22 - 2fC2 + (e-a) = 0. 

Forming a quadratic solution, we find 
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2f ± Af2 - 8(e -a) 

or 

' 2  ~  

± - 2(e - a) 
(5.21) 

If we now utilize the equations from Tdble 1 for the fifth order 

2 
normalized MFM response, we find in particular the equation for u) 

becomes 

f2 - 2e = -2a 

or that 

f2 - 2(e - a) = 0. 

Hence the radical of Equation (5.21) is always zero, and the equation 

reduces nicely to 

(5.22) 

Looking back at Equations (4.37) and (4.38) for b and c, we find by in

spection that 

(5.23) 
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By substituting the relation above for C2, Equation (5.22), into the 

equation for f, Equation (5.18), we get 

2f = f + 2Li + L2 

or that 

L2 = f - 2Lx . (5.24) 

Finally as always, from Equation (5.19) for a, 

(5.25) 

Notice here that these equations for the 2z-5p terminated inverse Cheby-

shev filter are as simple and straightforward as those for the 2z-3p 

filter. We will find the results of the 2z-7p case represented in much 

the same way. 

Look back for a second at the formation of the quadratic equation 

1 9 
in C2- We formed this quadratic equation from the s and sz terms 2e and 

2f. We will be able to do the same thing in the 2z-r7p terminated problem 

in the next section, and in fact we could have formed a similar quadr 

ratic in C2 for the 2z-3p case of the last section, as follows. 



57 

From the s2 and s-^- terms, Equations (5.2) and (5.3), we have for 

L2 from the s* relation 

L*2 ~ 2 (d " C2) • 

Substituting this into Equation (5.2) and using Equation (5.4) for L2C3, 

we get 

c = 2C£(d - C2) + a. 

Written as a quadratic in this becomes 

2C22 = 2dC2 + (.c - a) = 0. 

Forming the quadratic solution, we have 

2d ± ^4d2 - 8(c - a) 

2 ~ 4 

or 

d + ^d2 - 2(c - a) 
C 2 =  2 •  

In this case, from Equation (5.9), the maximally flat conditions force 

d2 - 2c = -2a 

or 

a2 - 2(c - a) = 0. 
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Notice again that the radical in the equation above for is again 

equal to zero. Hence, as stated before, 

From this observation it may be worth trying to form a quadratic 

for C2 in the 2z-7p filter, and looking for a zero radical from the 

maximally flat condition relations. Indeed this works, as we shall 

soon see. 

Component Relationships for the Terminated 

2z-7p Filter 

The seventh order component solution is the most difficult of 

those odd ordered filters done here. The solutions to the 2z-3p and 

2z-5p problems have set up a possible pattern which may help solve this 

seventh order case. Once we have the reduced symmetrical equations, 

we can try forming a quadratic in and investigating the radical. 

For the terminated 2z-7p inverse Chebyshev filter we will let 

Rq = = 1 (ohm) as before. By symmetry this will set Cj^ = C5, C2 = C4, 

and Lj, = L3. The resulting standardized equations in a, b, c, •••, h 

become 

s7 => 2b = 2Li2L2Ci2C2C3 + Li2L2C12C22 

s6 => 2c = 4L12L2C1C2C3 + 2L12L2C1C22 

(5.26) 

(5.27) 
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s5 => 2d = 4L1L2C1C2C3 + 2l1l2G12c3 + 2L1L2C12C2 

+ 2LI2CI2CO + 2L1
2L2C2C3 + 2LIL9C1C J1 *-1 ^2 

+ Lj2L2C22 

J1 2 1 2 

(5.28) 

2e — 4LjL2C^C2 + 4L^L2C^C3 + ̂ ^1 ^1^2 

+ 4L^L2C2C3 + 2L^L2C22 (5.29) 

=> 2f = 4L1C1C2 + 2LiL9Ct + 2LiL9C9 + 2L9CtC 1^2u3 j11j2^2 j2 1 2 

+ 2L]Ci2 + 2Li2C2 + 2L2C1C3 + 2L2C2C3 

+ L2Ci2 + L2C22 (5.30) 

s2 = 2g = 4LjC2 + 2L2C2 + 4LjCi + 2L2C3 + 1L2^1 (5.31) 

s1 =s> 2h = 2 C l  + 2C2 + 2Li + L2 (5.32) 

su => 2 

and in the numerator of T(s) we have 

s ^ a — L2C3 (5.33) 

Before forming the quadratic in C2, notice that we can easily 

solve for Cj^ (as was done for in the 2z-r5p) from Equations (5.26) and 

(5.27), namely that 

(5.34) 

I 
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1 2 
Now forming the quadratic in C2» from the sa and s terms, as mentioned 

earlier, we rewrite the equation for 2g, Equation (5.31), as 

g = C2(2L1+L2) + (2L^ +L2) + L2C3 . 

Rearranging and substituting from Equation (5.33) for L2C3, 

g = (C1+C2)C2L1+L2) + a . (5.35) 

Equation (5.32) can be solved for 2L^+L2 as 

2La+L2 = 2h - 2(C1+C2) . 

Substituting this result into g above, we get 

g = (C1+C2)(2h - 2(0!+C2)) + a . 

Expanding this and forming a quadratic equation in C2 yields 

g = 2hC1 + 2hC2 -IC^ -40^2 - 2C22 + a 

or 

2C22 + (AC2 - 2h)C2 + (2C-L2 - 2^2 + g - a) = 0 . 

Forming the quadratic solution, we get 



61 

2 
. (5.36) 

This relation for C2 looks quite hopeless. Since we have the 

value for C^, we have reduced the equations to a useable form for C2. 

We now have equations for and C2 in terms of the transfer coeffi-!-

cients a, b, c, d, h. We might be tempted to leave the solution 

for C2 as is, if not for the previous observation made in the 2z-3p and 

2z-5p solutions. In both of the earlier problems the radical in the C2 

solution, formed by the s^ and s2 terms of the transfer function, re

duced to zero. We should investigate this possibility here in the 2z-7p 

solution. 

Multiplying out the terms under the radical in Equation (.5.36), 

we have 

Substituting this back into Equation (5.36) for the terms in the. radical 

we get 

4CX2 - 4C]h + h2 - 4CX2 + ACjh - 2g + 2a. 

Canceling like terms, this reduces to 

h2 - 2g + 2a. 

-(2Ct -h) ± ^h2 - 2g + 2a 
(5.37) 

2 
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Again, from Table 1 in Chapter 2 and the maximally flat response condi-

2 
tions for the w terms in the numerator and denominator of the magnitude 

function |T(joj)| , we have 

h2 - 2g = -2a 

or 

h2 - 2g + 2a = 0. 

Again we have this same fortuitous relationship that the radical 

in the quadratic representation of C2 is equal to zero. This results in 

an equation for C2 from Equation (5.37) of the form 

(5.38) 

In the remainder of this section we will work toward a solution 

for Lj_. From we can easily obtain L2 and of course C3. It is not 

easy to explain the reasoning behind the steps chosen. To a certain 

extent they come from a trial-and-error attempt taking many, many pages 

and as many hours to obtain. Once a solution is found, however, it 

seems obvious and easily explained. For example, take the following 

solution for . 

From the set of initial relations, Equations (5.26) through 

(5.33), as in previous solutions, we look for algebraic relationships and 

simplifications. Looking at the relations for 2d and e, we find many 

terms which are very similar. If we multiply the equation for e, 
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Equation (5.29), by and subtract 'it from the equation for 2d, Equa

tion (5.28), we will observe a considerable number of terms 

canceling, 

2d = 2L1L2C12C2 + 2L1L2C12C3 + 2L12C12C2 + 4L1L2C1C2C3 

+ 2L2L2C3C22 + 2L]2X2C2C3 + L1ZL2C22 (5.39) 

and rearranged from the equation for e, 

C1e = 2L1L2C12C2 + 2L1L2C12C3 + 2^2^202 

+ 2L1L2C1C2C3 + L1L2C1C22 . (5.40) 

If we subtract Equation (.5.40) from Equation (5.39), we have 

2d — C^e = 2L^L2C^C2C3 + L^L2Cj^C2 + 21^ L2C2C3 + L2C22. 

We can simplify this by grouping as 

2d - Cxe = +C2) + LjL2CjC2(2C3+C2) . (5.41) 

Stepping back for a second, the equation in c, Equation (5.27), can be 

simplified as 

c = 1^212(^02(2C3+ C2) . (5.42) 
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Dividing both sides of this equation by C^, 

= L12L2C2C2C3 + C2). (5.43) 

We observe that this result in c / C ±  is the first term in Equation (5,31). 

If we divide both sides of relation (5,27) by Lj instead of C^, we get 

= L1L2C1C2(2C3 + C2) (5.44) 

and this result is the second term in Equation (5.31). Substituting the 

last two results, Equations (5.43) and (5.44), into Equation (5.31) and 

solving for Lj_, we will have 

2d - C,e = 4- + y~ 
1 l1 

and finally 

L, = ;— . (5.45) 
1 2d - C^e - c/C^ 

We might consider this a final result, yet further simplification is 

possible. 

Once again we call on the set of equations in Table 1, Chapter 2, 

expressing the normalized MFM response relations between a,b,c,d, ..., and 

h. In particular we are interested in the equation formed by equating 

the coefficients of the u)^ terms in the numerator and denominator of 

J T (joj) | ̂. This relationship is 
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- 2db = 0 

or 

. 2  _  = 2db. (5.46) 

Going back to the equation for C^, namely Equation (5.34) or = 2b/c, 

o 
and forming the relationship that c/C^ = c /2b, we will be able to sub-

2 
stitute a new relation for c/C-^, in our results for . Since c = 2db 

from Equation (5.46), 

c 

C, 

2db 

2b 
= d. 

We can substitute this result for c/C^ into L^, Equation (5.45), as sug

gested above and arrive at 

or 

2d - Cie - d 

(.5.47) 

Solving now for L2 and C^, from Equation (.6,32) for 2h we have 

2h = 2C-L + 2C2 + 2Lj + L2 

or 

L2 = 2h - 2 C 1  -  2G2 - 2Lr (5.48) 
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From our results for C2 we know that 

C = - - C 

which we can rewrite as 

2Ci + 2C2 = h. 

Substituting this result into the previous result for L2, Equation (5A8)3 

we get 

L2 = 2h - h - 2L-L 

or as a final form 

(5.49) 

As usual, for C3 we have from "a" of Equation (5.33): 

(5.50) 
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Observations of the 2z Component Solutions 

Considering that solutions to the terminated 2z-3p and 2z-5p 

inverse Chebyshev circuits had already been known, we may wonder why we 

went to the trouble of solving them earlier in this chapter. As we 

found out working through the solutions to the third and fifth order 

filters, there seemed to be certain useful patterns developing. 

We found very handily that when forming the equations for C2, we 

1 o 
could form a quadratic equation of known parameters from the s-1 and s 

terms of the transfer function denominator. In addition, we found that 

within this quadratic solution the radical terms were always forced to 

zero by the conditions which gave us a normalized MFM passband response. 

We made use of this development in solving our seventh order problem. 

We suggest that this information be of use to the individual wishing to 

work out solutions to the other, higher order, terminated symmetrical 

inverse Chebyshev filters. 

There is another useful property which appears in the higher 

order problems. It seems that the coefficients of the highest order 

powers of s (s11 and s11 *) in the denominator of T(.s) are very similar. 

These coefficients are b and e in our standardized form. In the termi

nated 2z-5p and 2z-7p realizations, the quotients of these two coeffi

cients represent a rather simple expression for the input inductor (L^) 

and the input capacitor (C^) of the two cases respectively. This quo

tient leads to an expression which turns out as = 2b/c for the sym

metrical 2z-5p filter and C^ = 2b/c for the 2z-7p filter. 

For the terminated 2z-3p realization there is no leading input 

capacitor or inductor before C2- While the two coefficients in this 
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case, Equations (5.1) and (5.2), are indeed very similar, the quotient 

of the two terms does not lead to a useable result. 

Though not shown here, it appears that there is a similar rela

tion for the unterminated, nonsymmetrical 2z-4p, 2z-5p, 2z-6p, and 2z-7p 

filters. In these cases the expression is b/c instead of the terminated 

circuit expression 2b/c. More than likely these expressions hold for 

all 2z filters of the given ladder network greater than third order. 

Probably one of the most obvious results was that in all cases, 

for both the terminated and unterminated 2z filters, the numerator co-

2 
efficient of s was always equal to L2C3. We found a = L2C3 to be true 

for each filter. This is an expected result. We know that the imped

ance of the L2-C3 branch of our circuit will become infinite (an open 

circuit) when our frequency (u) is equal to This produces a 

zero or null in our magnitude response at this frequency. Earlier in 

Chapter 2 we defined this frequency as toz and found it later to be equal 

to l//a. From this we can see that 

wz = us* = 1//l2c3 

or 

a — 

as expected. 

As a final observation in this section we find that the coeffi

cient of the s^ power in our T(s) denominator is related to the compo

nents of our circuit in an interesting fashion. We would expect the s^ 

term to be made up of simple first order terms of C-^'s and L^'s. These 
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are the only terms capable of the s^- power form. In the general seventh 

order formulation, we can see from Equation (4.10) that this coefficient 

is 

s1 => RoR^ + R0RiC2 + RQRtC4 + R^^ + ̂  + L2 + L3. 

We can of course reduce this to any 2z circuit, terminated or unterminated 

(seventh order or less). Two observations: First, as we can see above, 

all of the capacitors and inductors of the chosen circuit except for C3 

are contained in this coefficient. Second, for the unterminated cases 

(divide through by RQ, set RQ = »), the coefficient is made up solely of 

the capacitors, the inductors drop out. 

There is a very interesting property which occurs for the sym

metrically terminated 2z filters. For these filters, the sum of the in

ductors in the circuit adds up to half the value of the s^ coefficient; 

the capacitors (except for C3) add up to the other half.. This means 

that, in general, for RQ = R^ = 1 (ohm), 

Ci + C2 + C4 + C5 = Li + L>2 + L3 = 1/2-of 

the coefficient of s^. Since = C5, C2 = C4, and = L3, we have 

2Cl + 2C2 = 2Lj_ + L2. 

This is a very interesting and useful observation. 
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After we have designed a circuit for our given needs, we might 

check our work by separately summing up the inductor values and capaci

tor values (except C3) to see if they are equal. In addition, these 

sums should equal one half the coefficient for s^ in the denominator of 

T(s). This can be seen in Equations (5.11) and (.5.12) for the 2z-3p 

circuit, in Equations (5.22) and (.5.24) for the 2z-5p circuit, and in 

Equations (5.38) and (5.49) for the 2z-7p circuit. We can check the 

value for by verifying the resonance with L2 for the desired <dz as 

mentioned in an earlier observation. It is evident that this kind of 

development tool is extremely useful. In problems of this complex 

nature, verifications such as this are always handy. 

This entire chapter has been devoted to finding equations which 

relate the circuit components to the coefficients of a given transfer 

function. We were pleased to find such simple relationships. These 

relationships are of little value if we cannot specify the coefficients 

of that transfer function. This is the purpose of the remaining chap

ters: to be able to formulate the coefficients of the transfer function 

for the odd-ordered terminated 2z-np inverse Chebyshev filters. 



CHAPTER 6 

THIRD ORDER COEFFICIENT DEVELOPMENT 

In the previous chapter we derived some very powerful, yet simple 

equations for relating the values of the circuit elements to the coeffici

ents of the transfer functions. These explicit equations we derived are 

exact. There are no approximations in the results. 

When we start a typical filter problem we seldom know what the 

transfer function is. In some cases we know the poles and the zeros that 

make up a particular set of response characteristics. In other cases we 

know some of the characteristics of the desired magnitude, phase, or tran

sient response, but don't know the locations of the poles and zeros. If 

we knew the pole and zero locations, we could easily form the transfer 

function. 

In the 2z-np inverse Chebyshev designs, we know pre

cisely what the frequency response characteristics are (Chapter 2). For 

a given design, we even know the location of our zeros. Unfortunately, 

we do not know the pole positions within our system. 

For our 2z filter designs here we will look into three possible 

methods for obtaining the coefficients of the needed transfer functions. 

The first method will be by direct algebraic manipulations of the coef

ficient relationships contained in Table 1 of Chapter 2. These coeffi

cient relationships are a direct result of an effort to fit our transfer 

function to the desired magnitude response. In Chapter 8, a second 
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method is developed by reforming the necessary parts of our transfer 

function from the poles and zeros of the magnitude response function. 

This is an interesting property, but unfortunately requires extensive 

computer facilities. Also in Chapter 8, we investigate a third method 

for obtaining the transfer function coefficients by approximating our 

desired component values with curve fitting solutions. These are natural

ly approximations and are, in fact, limited to only a small range of pos

sible values. 

magnitude response in full detail. We required a normalized MFM response 

and formulated the necessary conditions that our squared magnitude re

sponse function |T(ju)|2 would follow. These coefficient relationships 

and the necessary conditions for each filter are contained in Table 1 by 

order (3rd through 7th). 

give us these necessary relationships between our desired component 

values and the coefficients of our standardized transfer function. Re

peated here, they are 

Manipulating the Coefficient Relationships 

In Chapter 2 we defined what we called our 2z'inverse Chebyshev 

For the third order problem,Equations (5.11), (5.12), and (5.13) 

(5.11) 

(5.12) 

and (5.13) 

2 

Our standardized transfer function is 
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±T(s) = as2 + 1 
2 ^ 3  2  

bs + cs + ds + 1 

Our coefficient relationships from Table 1 are 

b2 = (1-a)2 (6.1) 

c2 - 2db = a2 (6.2) 

2 
and d - 2c = -2a . (6.3) 

Notice from (5.11), (5.12), and (5.13) above that the only coef

ficients we need to define our component values are a and d. We have pre

viously defined "a" as the reciprocal of our zero (u ) squared, 
z 

1 
a - n . 

id 2 
z 

In this equation, ui^ • is a known parameter, defined by 

our filter problem. We now need to formulate a relationship for d from 

our known conditions. 

From (6.3) we can get that 

2 
d - 2c = a 

-2  

Squaring both sides we have 

.4 . .2 , . 2 2 
d - 4d c + 4c = a 

2 
Equating this equation to a in (6.2) we can get the following rela

tionship : 
4 2 2 2 

d - 4d c + 4c = 4c - 8db . 
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Cancelling 4c from both sides of this equation, simplifying and dividing 

through by d we obtain 

d3 - 4dc + 8b = 0 . (6.4) 

Now from (6.3) we can get c as 

- d2 + 2a 
c ~ 2 

Substituting this c into the previous equation we have 

d3 - 2d3 - 4ad + 8b = 0. 

Simplifying this equation and using b = (1-a) from (6.1) we get the final 

expression, 

d3 + 4ad - 8(1-a) = 0 . (6.5) 

.This equation gives us d in terms of known parameters, namely "a" or our 

zero, co . 
z 

In Chapter 2 we discussed appropriate values for uj which we felt 
z 

were practical values. As it turned out, we decided that those values 

for a) which resulted in a peak return response between approximately 
z 

-40dB and -70dB were appropriate. From Fig. 4 we see this range of 

for the third order response is from approximately to = 3rps (a = .1111) 
z 

to approximately to =11 rps (a = .0083). Fig. 12 is a plot of Equation 
z 

(6.5) for a few values of to between 1 and 00. 
z 

From Fig. 12 we can see the stability of our cubic function (6,5) 

over our u = 3rps to » = llrps range. It will be easy for us to iter-
z z 

ate this cubic toward a zero solution for d. We can see that for all 

to > Irps, our function has only one positive real root, simply d. 
z 



+ 4 --

f(d) 

2.1 1.5 1.7 

3 
Fig. 12. d + 4ad - 8(1 - a) as a function of d for a given to a given 

Ln 
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Notice that as u •> 00, d -»• 2 and as u •* 1, d ->• 0. For our practical 
z z 

3rps to 11 rps range, d varies from d = 1.846 to d = 1.989, a small 

range indeed. 

A very clean and fast iterative solution in this case can be 

formulated by solving (6.5) for d and successively iterating that solution 

(6 .6 )  upon itself# d* = /8(l-a) - 4ad . 

We start with a value of d = 2 (<o = «) substituted into the right hand 
z 

side for a given "a". Take the positive result for d" and resubstitute this 

into the right sida again. Typically, 3 or 4 iterations will yield a use

able result to within .001%. 

A Third Order Example 

As an example, let us find the component values for a normalized 

2z - 3p inverse Chebyshev filter with a zero at 3 rps. 

Solution: oi = 3rps 
z 

a = (1/3)2 = 1/9 = .lllll 

From (6.6) d' = y/7.lllll - • 44444d 

Starting at d = 2, 

d = 2 d" = 1.83928 Ad = 8% 

d = 1.83928 d' = 1.84629 Ad = .4% 

d = 1.84629 d' = 1.84599 Ad = .02% 

d = 1.84599 d' = 1.84600 Ad = .0007% 

Very quickly we have that d « 1.8460. From our equations for the termi

nated third order elements, (5.11), (5.12) and (5.13) we have 

C2=C4= | = 1.8460/2 = 0.9230 Farads, 

= d = 1.8460 Henries, . 
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and C = — = .1111/1.8460 = .0602 Farads. This is a very fast and accur-
3 2 

ate method for solving the terminated 2z-3p inverse Chebysev filter. 

For those who demand a more exact solution, we could solve the 

cubic equation in (6.5) for d. We will not work out all of the details 

for the solution to a cubic equation (Adams, 1922). Instead, we will site 

the solution for the positive real d root in our equation as 

d 
4/3a j , 

= —— sinh sinh <i-4. 

In terms of a) this is 
z 

d 
4/r.. 1 

= sinh 
3u> 3 
z 

sin"1 

(6.7a) 

(6.7b) 

For those who do not have ready access to hyperbolic functions. 

where 

d = "IT [(*f/x2+1)1/3 ~ & + ^2+1)_1/3], 
z 

3u> /3 „ 

x = —r2 (tn -1). 
z z 

(6.7c) 

It might not take nearly as long to do the three or four iterations as 

to substitute into this result. For programmable calculator applications, 

the previous iterative technique is the more memory-saving technique. 

In our previous example, we found d = 1.8460 for a) = 3. From 

(6.7) above we find d = 1.846002 appropriately. 

Figure 13 is a plot of d for various values of in our range. 

Figures 14, 15, and 16 are plots of the resulting component values for 

this terminated 2z-3p inverse Chebyshev filter. 
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CHAPTER 7 

FIFTH ORDER COEFFICIENT DEVELOPMENT 

Manipulating the Coefficient Relationships 

We will attempt to form the same type of solution here as was 

done for the 2z-3p filter.- Equations (5.22) through (5.25) give us the 

necessary relationships between the desired component values and the co

efficients of the transfer function. Again we will repeat them here for 

easy reference. 

c = c = — 
2 4 2 (5.22) 

h - s - f  < 5 - 2 3 '  

and 

L2 = f-2Lx (5.24) 

C, = F . (5.25) 
3 L2 

For the terminated 2z-5p filter our standardized transfer function is 

1 1 as2 + 1 

2' ~ "2® 5 4 3 2 
bs + cs + ds + es + fs + 1 

Our coefficient relationships from Table 1, Chapter 2 being 

f2 - 2e = -2a (7.1) 

e2 - 2df + 2c = a2 (7.2) 

d2 - 2ce + 2bf = 0 (7.3) 
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and 

c2 - 2db = 0 (7.4) 

b2 = (1-a)2 . (7.5) 

From the component relationships for this 2z-5p filter (5.22) 

through (5.25) above, we see that our components are completely defined 

by the coefficients a, b, c, and f. As before, a is known. From 

Equation (7.5) above we will have that b = (1-a) and we are left with the 

task of relating c and f to these known parameters. This task is not 

nearly as simple as it was for the 2z-3p case. 

Credit is given to William J. Kerwin (University of Arizona, 

Tucson) for having developed the resulting formula for relating the coef

ficient c to known parameters. His result is much like that of (7.8) 

still to come. Some of the necessary steps which would have led to that 

result are given below. 

2 
From (7.1) we can solve for e as 

2 2 
2 _ (f + 2a) 
e ~ 4 

Multiplying this equation out and substituting the result into (7.2) for 

e2 we have 

f^ + f2a " 2df + 2c = 0 . 

This is the first of two necessary equations. Multiplying both sides of 

(7.1) by c and subtracting (7.3) we get 

f2c + 2ac - d2 - 2bf = 0. 

This is a quadratic equation in f. We can solve for the quadratic solution 
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and obtain the second necessary equation 

±V? - ( 2 a - f '  • (7.7) 

From (7.4) we know that d = — , hence Equations (7.6) and (7.7) become 
zb 

f4 j. p2 c2f + - n —  +  f  a  -  —  + 2 c - 0  (7.8a) 

where f from (7.7) is 

- I  *Y b
2 , , c3 
" 2a + 4p (7.8b) 

Equations (7.8a) and (7.8b) form a complex polynomial equation in a, b, 

and c. Since we know a and b directly, we can iterate (7.8a) for the 

possible roots (c). Then from a, b, and c we can form f in (7.8b). 

Once again we make note of a practical range for w for the 

2z-5p inverse Chebyshev. From Fig. 4 we find this range to be from ap

proximately w = 1.9 rps to oiz = 3.8 rps. Fig. 17 is a plot of Equation 

(7.8a) for various values of to . Notice how quickly the curves approach 
z 

the to = 00 curve for small changes in to . Plotting the function helps 
z z 

us understand the limitations of any iterative technique. 

Figure 17 is plotted for the positive radical in (7.8b). We 

have not given the plot for (7.8a) using the negative radical for (7.8b). 

The reason for this is that there are no positive real roots (c) for the 

function in (7.8a) when (7.8b) is formed with the negative radical (ex

cept at c = 0). There are three positive real roots for the function 

in the domain of practical values for to • One of the roots is at c = 0, 
z 

the other two roots are seen in Fig. 17. From typical values of these 
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two roots, it appears that the upper root is the one we want. 

Once we have c, we can get f from (7.8b). Though we do not need 

the other coefficients, we might formulate them as follows. From 

f and a, using (7.1), we can get an expression for e, 

f2 + 2a 
^ * 

From c and b using (7.4) we get an expression for d, 

From these values for a,b,c,d,e, and f, we can verify the roots 

in the two remaining equations (7.2) and (7.3). We find that the upper 

root, and the values for the coefficients from that root, fit these two 

equations. As it turns out, the lower root of our results does not fit 

the expression in (7.2). This is why we chose the upper root as the 

proper root. 

A Solution By Iteration 

For this particular solution a binomial type of iterative pro

cess will work most effectively. In this type of iteration, we straddle 

the desired root f(c) = 0 with two values of c (cl and c2); one for which 

f(cl) > 0 and the other for which f(c2) <0. We continually split this 

region in two until we are sufficiently close to the desired root. 

Our particular problem in this case works very well with this 

type of iteration. One of the initial tasks in the iteration process is 

to find the two values of c needed to straddle the root. From Fig. 17, 

we notice that there are no roots greater than approximately c = 3.3. 
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This is only an estimate, but a safe one at that. We know that for all 

a) , c = 3.3 will result in a positive result (f(c) > 0) for (7.8a). This 
z 

becomes our initial value for cl. To find c2 we simply walk backward from 

cl till we find a value for (7.8a) which is negative. It is most impor

tant that our steps backward are small enough so as not to step completely 

over the lower root, after which we will not find an appropriate c for 

which (7.8a) is negative. We can insure this will not occur if we keep 

our steps shorter than the distance between the closest pair of roots. 

The distance between the upper two roots of Fig. 17 becomes short

er as oj approaches 1 rps. We have noted that w =1.9 rps is the small-
z z 

est practical value for 10 . Choosing a value below this, say ui =1.2 rps, 
z z 

we find that the two roots are approximately 0.20 units apart. This be

comes our appropriate step size for determining c2 moving backward from 

cl = 3.3. 

The subroutine which accomplishes this task of determining the 

upper root c is given in Appendix B. This is not the fastest method for 

finding this root, but once cl and c2 are found, the routine will 

iterate to within .001% in approximately 10 - 15 iterations. This accur

acy is measured as the difference between successive values for the root. 

The complexity of (7.8a) and (7.8b) make this method impractical 

by hand. Computer facilities of some degree are recommended. A program

mable calculator will do handily. 

An example of a component design is not included.here as was 

done for the 2z-3p filter. Figures 18 and 19 are plots of the resulting 

coefficients c and f as functions of u> from the iteration program. 
z 



Figures 20, 21, 22, and 23 are plots of the resulting component values 

for tn =1.5 through oj =4.5 rps. 
z z 
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CHAPTER 8 

SEVENTH ORDER COEFFICIENT DEVELOPMENT 

From the evident increase in complexity between the 2z - 3p and 

2z - 5p coefficient solutions, we might expect increased difficulty in 

the 2z-7p realization. Indeed, the resulting expressions are very com

plex. The resulting equations do not iterate quickly, and we investigate 

two other possible solutions as alternatives. 

necessary relationships between the desired component values and the co

efficients of our standardized transfer function for the seventh order 

filter. As was done for the earlier problems, we repeat the equations 

here. 

Manipulating the Coefficient Relationships 

Equations (5.34), (5.38), (5.47), (5.49), and (5.50) detail the 

(5.34) 

(5.38) 

c 
(5.47) 

d-^e 

(5.49) 

and c 
a 

(5.50) 
3 L 

2 

For the 2z-7p filter, our standardized transfer function is 

|T(s) - i® 
, 7 ,  6  5  4  3  2  
bs + cs + ds + es + fs +gs + hs +1 
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Our necessary coefficient relationships from Table 1 in Chapter 2 are 

h2 - 2g = -2a (8.1) 

g2 - 2fh + 2e = a2 (8.2) 

f2 - 2eg + 2dh -2c = 0 (8.3) 

e2 - 2df + 2cg - 2bh = 0 (8.4) 

d2 - 2ce + 2bf = 0 (8.5) 

c2 - 2db = 0 (8.6) 

and b2 = (1-a)2 . (8.7) 

From the earlier equations relating the transfer function coef

ficients to the desired terminated 2z-7p component values, we can see 

that most of the coefficients are needed to define the desired values. 

Fortunately, most of the coefficients can easily be expressed in terms 

of the others. As we shall soon see, given a or m , we will only need 
z 

to determine the coefficients c and h. All of the other coefficients 

can be defined in terms of these subsequent values. 

As before, a is directly related to the desired zero frequency 

and from (8.7) above we have b in terms of a. Manipulating the remain

ing relationships, we discover that a system of two equations in the two 

variables c and h is the simplest form we can obtain. From these two 

equations we can double iterate to a useable solution. Developing this 

system we start by solving (8.2) for e as 

2 2 
e = 2fh + aZ -
6 2 
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2 
Solving (8.1) for g and substituting this into the above equation we 

have 

e = 3fh - f ^ (8.8) 

Solving for e in a different equation (8.5), we get 

d2 + 2b f 

2c * 

Equating this result for e to the previous relation for e in (8.8), we 

would arrive at function of f in two unknowns, 

d2 + 2bf 8fh - h4 - 4h2a 

2c 8 

Solving for f we get 

ch4 + 4ch2a + 4d2 

£ " —rss) <8-9) 
2 

Q 
From (8.6) we know that d = —, and since a and b are known quantities, 

ZD 

the equation for f above is a function of only two unknowns, c and h. 

This makes e of Equation (8.8) a function of only two unknowns also. 

As we mentioned above, d is a function of the unknown c and from (8.1) 

we find that g is also a function of only one unknown h. Hence, our 

system of coefficients has been reduced to a system of only two unknowns. 

The two equations (8.3) and (8.4) have not been used in our re

duction process. If we substitute the equivalent relationships for each 

of the coefficients, in terms of a, b, c, and h, into these two equations 

we will form two equations in two unknowns. Unfortunately, the system 

is not linear and not easily reducible. Again we will look toward an 

iterative solution to get the desired results. 
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A Solution By Double Iteration 

The process for iteration in this case is called a double itera

tion. This means simply that we apply our iteration techniques to two 

different sets of relations and in a sense, iterate the two solutions 

toward each other. 

In our problem, our two unknowns are c and h. We start by making 

some initial estimate for the two unknowns. From these initial values and 

the values for a and b, we calculate the other variables from Equations 

(8.6) for d, (8.1) for g, (8.9) for f, and finally (8.8) for the variable 

e. Notice that the equation for f must be formed before we can solve for 

e. We substitute all of these variables into one of the two equations 

(8.3) or (8.4). Keeping one of the unknown variables constant (c or h), 

we iterate on the other variable looking for the roots of the equation. 

Once we find the correct value or root, we iterate on the second unknown 

variable in the other remaining equation. 

We repeat this process, back and forth, until we observe the de

sired accuracy in both unknowns. This accuracy can be measured in terms 

of the percentage change in the unknown variables from one set of itera

tions to the next. 

Once again, we look to Fig. 4 for an appropriate and practical 

range for coz in this 2z-7p filter. Our -40 dB to -70 dB peak return 

range occurs when u is between approximately 1.4 rps and 2.4 rps in our 
z 

normalized system. 

Fig. 24 is a plot of (8.3), our first equation, as a function 

of c for the correct values of h at the given tu . Fig. 25 is a plot of 
z 
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the second equation (8.4) as a function of h, this time for the correct 

values of c at a given w . Figures 26 and 27 are similar plots of the 
z 

second equation (8.4) for c and the first equation (8.3) for h. 

From Figures 24 and 25, we see three possible real positive roots 

for c in (8.3) and h in (8.4). As it turns out, only the center roots in 

these equations are the correct roots. The other two roots do not satis

fy all of the equations (5.1) through (5.7) simultaneously. We will call 

this set of iteration equations (c iterated in (8.3), h iterated in (8.4)) 

Iteration Set A. 

In Figures 26 and 27 we can see only two possible real positive 

roots for c in the second equation (8.4) and h in the first equation 

(8.3). We will call this set of equations Iteration Set B. In this set 

of iterations only the upper roots of the equations satisfy all of the 

relations (8.1) through (8.7) at the same time. 

Of the two sets, it appears that Iteration Set B is of the sim

plest form. From a binomial standpoint it is easier to iterate to this 

outer root than to one between two other roots. This is especially true 

if all three roots are close to each other, making it possible to con

verge on the wrong solution. In addition, though it appears that we 

have a well-defined boundary for the ranges of c and h, in truth we do 

not. Figures 24 through 27 are plots in one variable with the other 

variable at its true value. When we start our problem we do not know 

either of the two true values. Ranges for successive values of c and h 

as we approach the true values deviate from the illustrated ranges. 
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All of the c and h curves in Set B are positive above approxi

mately 5 units. If we use a binomial iteration technique we will need to 

secure two values of our iteration variable that straddle the desired up

per root. Initially, c = 5 and h = 5 can be the upper points. A negative 

straddle point can be found to the left by stepping backward, as done in 

the 2z-5p problem. As before, we need to be careful of our step size as 

we search to the left for our negative point. We need to be sure not to 

step over the lower root and miss the negative points. 

For the range in u from approximately to = 1.3 to u = °°, we can 
z z z 

see from the figures that the shortest distances between roots occur for 

the lower values of to . Iterating for c in (8.4) we find the closest 
z 

pair of roots (to =1.3 rps) to be approximately 0.4 units apart. Itera-
z 

ting for h in (8.3) this closest distance is approximately 1.0 units. 

Using these initial conditions we can easily formulate a computer pro

gram to solve this double iteration. The program that realizes this 

double iteration is illustrated in Appendix C. Basically, we invoke the 

same program as we did for the 2z-5p iteration for each half of the 

double iteration in this problem. 

Results from this double iteration form the plots of the coef

ficients c and h and the resulting element values as found in Figures 

28 through 34. We will use some of these results later as a comparison 

in another method. In the last section of this chaDter we will need 

these values to form the curve fit solutions. 
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Problems With the Double Iteration 

One of the biggest drawbacks of typical double iteration is the 

slowness to which the process will converge toward a solution. Individ

ually each half of the double iteration will converge quite rapidly as 

seen in the 2z-5p solution. For example, if we start out with a 10% 

bound on our solution or root, we will split this bound in half with each 

iteration. This is a direct property of the binomial iteration. Start

ing at 10%, we would have a .001% bound in approximately 15 iterations. 

Since it takes approximately 15 iterations for our binomial to 

converge, our double iteration takes about 30 iterations per cycle. Un-

fortuately, it takes about 100 cycles back and forth to achieve a final 

accuracy of .001% in both variables c and h. Totally,this requires ap

proximately 3000 iterations. 

For a computer or minicomputer, 3000 iterations per value is not 

a serious problem. For the given program, smaller personal computers or 

microcomputers take about five minutes to converge. For a hand-held pro

grammable calculator, this particular solution is timewise impractical. 

We can cut down the total number of iterations in a number of 

different ways. First of all, do we really need our accuracy to within 

.001%? This accuracy is about 10 to 100 times as good as needed for a 

practical component or element value. 

In order to form the component value or for this 2z-7p 

filter, we see from (5.47) that the coefficient e is needed. From (8.8) 

we found that f was needed to form e and from (8.9) we get f in terms of 

c and h. Looking closely at these equations we can see that indeed with 
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all the multiplications and powers, any error in c and h will quickly com

pound into the value of L^. We use to find the component values for 

and C^. An error in would be reflected into these values as well. 

Without showing all of the mathematical details, we find that a 

1% error in c and h will produce approximaely 10% error in the value for 

e and consequently L^, 1^, and C^. If we would like our component values 

to be within about 0.1% we would have to calculate c and h to about .01%. 

This will reduce the total number of required iterations to around 1000. 

Typically, we like to over-specify our parameters and to be safe, we have 

chosen an accuracy of .001%. For a full size computer, 1000 versus 3000 

iterations is a small savings, and for a hand-held calculator, 1000 iter

ations is still far too many. 

If we wanted, we could reduce the required number of iterations 

by applying the high accuracy specifications to the problem only when we 

started getting near our final solutions for c and h. We find that we 

do not need our intermediate estimates to be extremely accurate, as they 

will change considerably on each iteration of the other variable. 

Our real problem here is the set of equations, not the technique. 

Few iteration schemes work better than a binomial iteration. Our equa

tions which form our variables, and those which we iterate for the roots, 

are evidently not sensitive enough to small changes in c and h to form 

a rapid convergence. It is difficult to enhance this sensitivity with

out sacrificing accuracy. Since there are other solutions to this prob

lem, we will not pursue this iterative process further. If indeed com

puting facilities are available, this iteration will work well. The 

binomial iteration technique is very accurate and fairly straightforward. 



114 

Solving the Magnitude Function for the 

Roots of the Transfer Function 

One method of forming the coefficients of our transfer function 

would be to simply multiply all of the poles of our system together form

ing the denominator, and all of the zeros together forming the numerator. 

In a sense, this is how we defined the transfer function earlier. In our 

case here for the 2z-7p inverse Chebyshev, 

K (s+z.)®(s+z ) 
T(s) = 1 ^ 

(s+P j )®(s+p2)®(s+p3)®(s+p4)(g)(s+p5 )g)(s+p6;@(s+p7) 

where K is a scaling factor such that our D.C. magnitude is equal to one. 

In terms of our standardized coefficients, K = b/a. 

As our notation implies, we have two zeros and seven poles. As 

we discovered previously, our two zeros are a complex pair located at 

+ai . These zeros give us the coefficient a in the numerator. The coef-
- z 

ficients b through h are formed by the seven poles in the denominator. 

Unfortunately, we do not know the positions of the poles for this filter, 

nor do we have any direct way of calculating them. 

While we do not know the locations of the coles of the transfer 

function, we can formulate the poles of our squared magnitude function 

I T (jcxi) [ . If we could somehow relate the roots in the denominator of 

the squared magnitude function to the roots in the"denominator of the 

transfer function, we would be able to reform the coefficients b through 

h by simply multiplying our pole or root factors together and simplifying. 

We defined the squared magnitude function fT(jui)!2 in Chapter 2 

by presenting a proceedure for obtaining it. Mathematically that 
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procedure was equivalent to the expression 

fT(jai) f 2 = T(jw) ® T(-jui) . (8.10) 

To simplify the following steps, let us just concern ourselves 

with the events occurring in the denominator of our functions. The de

nominator of our function T(s) would be in general, 

__ n , _ n-1 _ n-1 , _ 2 t „ 1 , _ 
B s  + B  , s  + B  _ s  + . . . +  B „ s  +  B t s  +  B n  .  
n n-1 n-2 2 10 

We could write it in terms of its factors as 

(s+A+Bj)x(s+C+Dj)x(s+E+Fj) ... (8.11) 

where the continuation is obvious and any of the variables A,B,C,D, ... 

can be negative or zero. Some of the factors in (8.11) will be complex 

conjugates of each other. Now if we form [T(jto) f2 by Equation (8.10) 

we would have in the denominator, 

(jw+A+Bj)x(-jtu+A+Bj)x(jw+C+Dj)x(-jw+C+Dj) ... and so on. Multiplying 

this expression out partially (just those terms of similar variables) 

and we obtain 

(a)2+A2+B2+2ABj)x(o2+C2+D2+2CDj)x(a)2+E2+F2+2EF.1,> . . . etc. 

All of the cross terms in jw and -jto cancel. 

At this point we can draw upon the following observation. The 

denominator of fT(jto) | will be formed by the products of these terms in 

2 
(8.12). We can say that this denominator will be a function of o> . 

2 
Further, the roots of the denominator in to will be, by (8.12), 
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R£ = - (A2 - B2 + 2ABj) 

- -(C2 - D2 + 2CDj) 

Rg = -(E2 - F2 + 2EFj) 

R^ = -(G2 - H2 + 2GHj) 

and so on, depending on the initial number of terms in the denominator of 

t 

T(s). Looking back at the roots of the denominator in the original T(s), 

from (8.11), we have 

Rj_ = -(A+Bj) 

R2 = -(C+Dj) 

R3 = -(E+Fj) 

R4 = -(G+Hj) 

and so forth. Notice almost obviously that -R^ = /-R? (8.13) 

We define R. as the roots in s of the denominator of the transfer func-
1 

tion T(s), and R^ as the roots in u) of the denominator of |T(juj)[2. 

This is a most incredibly powerful result for us in our coefficient de

termination. We are able to specify fT(jm)f2 for our 2z filters exactly. 
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We know that the denominator of the function [T(joj)[2 from Chap

ter 2, Equation (2.4) is 

2 2n 2 2 
(a-l) to + (ato -1) or expanded as 

(a-l)2ui2n + a2<o4 - 2aui2 + 1 . (8.14) 

Using any good complex root solving routine we can calculate the roots of 

2 
this denominator in terms of to . From those roots and relation (8.13) we 

can formulate the roots of the denominator of T(s). From these roots, or 

poles, we can obtain the coefficients b through h. Actually, b is al

ready known, and in our 2z-7p design we only truly need the values c 

and h. 

As it turns out it will be extremely beneficial, and not all that 

more costly, to formulate all of the coefficients of our transfer func

tion. A general computer program which will generate these coefficients 

can be useful in other related problems. The program which reconstructs 

the denominator coefficients from our known magnitude function is con

tained in Appendix D. 

A Lin-Bairstow (Huelsman, 1972) complex root solving routine is 

used to find the necessary from the magnitude function. We solve for 

R. from these roots and then reconstruct the coefficients in the second 
x 

half of the program. As a useful finale, the component values are 

calculated for any of the 2z-3p, 2z-5p, or 2z-7p inverse Chebyshev filters. 



118 

Comparison of the Root Technique 

to the Binomial Iteration 

The values used to plot Figures 28 through 34 came from the double 

iteration technique of an earlier section. The values of the coefficients 

were calculated to an accuracy in the eighth decimal place. A computer 

with double precision caoabilities was used to make this possible. While 

this is surely more accurate than necessary, it gave us very accurate 

plots, and for our use here, good values for comparison. 

Let us choose an arbitrary value for in this seventh order 

case and see how our root solving technique measures up. We might note 

here that the root solving program was only run to six decimal place 

approximations. 

For oiz = 2 rps the double iteration routine gives us the follow

ing coefficient values. 

a = 0.250000 

b = 0.750000 

c = 3.461982 

d = 7.990214 

e = 11.877035 

f = 12.261764 

g = 8.823807 

and h = 4.140968 • 

Substituting these coefficient values into the equations for the com

ponent values, we get for our normalized 2z-7p filter, 



C1 = c5 = 

C2 - C4 = 

C3 = 

L1 - L3 -

L2 = 

0.433278 

1.637206 

0.146497 

1.217225 

1.706517 (Farads and Henries), 

From the complex root solving routine in Appendix D, and noting the 

absolute error to the results above, we get 

a 
= 
0.25000 (.00000 %) 

b 
= 
0.75000 (.00000 %) 

c 
= 

3.461982 (.00001 %) 

d 
= 

7.990215 (.00000 %) 

e 
= 

11.877037 (.00002 %) 

f 
= 

12.261766 (.00001 %) 

g = 8.823808 (.00001 %) 

and h 
= 
4.140968 (.00000 %) 

For the component values, 

and 

C1 = C5 

II o
 

433278 (.00001 %) 

C2 = 
C4 = 1. 637206 (.00001 %) 

C3 
= 0. 146497 (.00004 Z) 

L1 = L3 
= 1. 217225 (.00002 %) 

L2 
= 1. 706518 (.00004 %) (Farads and Henries) 
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For a practical problem this error is absolutely negligible. The compo

nent values are identical to six decimal places. As it turns out, this 

accuracy holds true for oiz for as low as 1.1 rps all the way out to 

infinity. 

We mentioned earlier that the double iteration technique took bet

ter than five minutes to converge on a small microcomputer. This complex 

root solving technique described here takes under fifteen seconds to do 

the same job. A hand-held programmable calculator can solve the problem 

in about four or five minutes. 

We can easily use this root concept to solve the 2z-3p and 2z-5p 

problems as well. We can, in fact, formulate the transfer function for 

any order 2z inverse Chebyshev. Without too much in the way of program 

alterations we can formulate the transfer function for any problem if we 

2 
can express the squared magnitude response in terms of polynomials in oj . 

In the next section, we complete our work by developing a set of 

curve fitting equations for this 2z-7p filter. This will give us a solu

tion which requires little in the way of computer facilities. 

Curve Fit Solutions 

As a final method in solving this 2z-7p problem, we investigate a 

technique which can give us good results without the need for extensive 

computer software. We will attempt to arrive at a set of suitable curve 

fitting equations which will approximate our component values over the 

desired practical range for to (approximately 1.4 to 2.4 rps). 
z 
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For this range a host of possible functions can be used to ap

proximate the component curves. With the exception of the component C^» 

the component curves are very similar. They have the same basic shape 

within the same domain. We can easily calculate the value for from 

a proper value for L0 and the known parameter m . In fact, since we want 
^ z 

the resonant frequency of the branch to be ^ we must calculate 

from oiz = l/Zl^C^. From an estimate in I^, this will insure that we have 

the proper zero. With this in mind, we need not look for an approximate 

fit to the Cg curve. 

Many different functions were examined to see which might fit the 

curves best. These functions included equations in second, third, and 

fourth order Lagrange polynomials (Moursund and Duris, 1967), inverse hy

perbolic tangents, displaced elliptical functions, triginometric sinusoi-

1 
dal and sampling functions, logarithms, and power series. As it turns 

out, the solution which most closely fits the desired results over the 

given range for u was a function in logarithms. By looking at the plots 

of our component values for this seventh order problem, we see the resem

blance to a log function. None of the other possible functions could fit 

the sharp bend, characteristic in log functions, that we see in our 

curves for the lower values of id . 
z 

A very general first order £og function might be 
i5 

Y = A£og_ C(:X-D) + E . (8.15) 
J3 

This equation appears to have five degrees of freedom in the constants 

A,B,C,D, and E. We can, however, reduce this formula as follows (£n is 

natural log base e). 
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£ o g _ ( X )  =  - 5 — a n d  s i n c e  £ n ( B )  w i l l  b e  a  c o n s t a n t ,  w e  c a n  a b s o r b  i t  
B Jen Q13,/ 

into the constant A resulting in 

Y = A£n [C(X-D)] + E. (8.16) 

We also know from other rules for logarithms, 

Y = Mn CC(X-D) 1 = A£n(C) + A£n (X-D) 

Since A and C are constants, A£n (C) is a constant and we can absorb 

this into the constant E in (8.16). We get a resulting general equation 

of 

Y = A£n (X-C) + E . 

Where we thought we previously had five constants, we really only had 

three. With a change in constants we write 

Y = A£n (X-B) + C . (8.17) 

For our 2z-7p application here, Y will become the desired component value 

while X is the given value for ui • To solve for the constants A, B, and C, 
z 

in (8.17) we have to set up three equations using three sets of points 

from our component curves Y^, Y^, Y^, such that 

Y = A£n (X + B) + C , 

Y2 = A£n (X2 + B) + C , 

Y3 - A£n (X + B) + C. 

Solving this system in three unknowns, by subtracting Y^ from Y^ we can 

cancel C 

Yj - Y2 = A£n(Xj+B) - A£n (X2+B) 

or 

' x  

Yx - Y2 = A£n 
1+B 

LVB 
(8.18) 
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Doing the same thing for Y2 and we have 

Y2 - Y3 = A£n 

X2+B 

X3+BJ 
(8.19) 

Dividing (Y2~Y3^ *-nto we cancel A. and result in 

Y - Y 
2JL _2 
Y - Y 
2 3 

= £ n 

w~ 
X2+B 

Lx3+B 

Y 1  "  Y 2  
for a given set of points, ——v  is a constant, call it K^. Simplifying 

the above result we have 

Y - Y 
*2 3 

LX3
+BJ 

rxx+B 

X2« 
(8.20) 

For simplicity, let us express the left side of this equation as a func

tion of B, 

( 8 . 2 1 )  

We can then solve equation (8.20) for B as a function of itself. Here, 

a(B) = 
Xj + B 

X2 + B 

leading to a(B)X2 + Ba(B) = + B or that 

B = 
a(B)X2 - Xj 

1-a(B) 

(8.22) 

with a(B) defined above in (8.21). For given sets of X.^ and Y^ we can 

quickly iterate for B. Using equation (8.18) and B we can calculate A. 

From these results and (8.17) we can eet the constant C. 
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We will use the curve of figure 30 as an example. In an effort 

to force our solution to fit our curve we should try and choose our 

X_^ and resulting Y^ at three critical locations for o^. One or the points 

should be at the low end of our <*> domain, another at the higher end. If 
z 

we choose a third point right on the fast changing bend in our curve we 

should be able to fit the function for quite well. 

There are an infinite number of three pairs of points between 

(o = 1.4 rps and uj = 2.4 rps. To make the work a bit easier, we will 
z z 

choose the lower point at = to = 1.4 rps and the upper point at 

X„ = 03 =2.4 rps. We can then proceed by moving the center point back 
J z 

and forth until we obtain the closest fit for our curve. For the com

ponent curve, this occurred at approximately X = co =1.65 rps. 
z z 

We get the values for Y^ from our work with the binomial itera

tion technique. We find there 

Xl = 1.40, Y = 0.415933642 

X2 = 1.65, Y2 = 0.426336118 

and X3 = 2.40, Y3 = 0.437242782 . 

Substituting these values into (8.22), iterating for B, solving for A in 

(8.18), and for C in (8.17), we get 

A = 0.0101759629 

B = -1.259508591 

and C = 0.4359050776 . 

Our resulting equation for in four significant figures becomes 
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C1 = 1.0176xl0~2 £n(u2 - 1.2595) + 0.4359 (8.23) 

Using the same for C2> from the binomial iteration, the three 

pairs become 

Xx = 1.40, Y1 = 1.419316661 

X2 = 1.65, Y2 = 1.546831507 

and X3 = 2.40, Y3 = 1.690984747 . 

These values give us A, B, and C as 

A = 0.1405307727 

B = -1.230832212 

and C = 1.669020764 

This results in an approximation for C2 as 

C„ = 1.4053xl0_1£n(iD - 1.2308) + 1.6690 
2 z 

(8.24) 

For Lj, Xx = 1.40, Yj = 1.17261915 

and 

X2 = 1.65, Y2 = 1.199482984 

X3 = 2.40, Y3 = 1.227297291 , 

resulting in A = .0257758385 

B = -1.263795565 

and C = 1.224005818 , 

giving us for , 
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L. = 2.5776 x 10~2£n(a) -1.2638) + 1.2240 
1 z 

and finally, for L, 

(8.25) 

X1 - ̂  • Yi 

X2 = 1.65 , Y2 

X3 = 2.40 , Y3 

1.325262307 

1.547369283 

1.801860475 , 

with A = 0.2502123092 

B = -1.225110283 

and C = 1.761532412 . 

The resulting equation for L2 is 

L„ = 2.5021 x 10-1£n (oj -1.2251) + 1.7615 
Z z 

(8 .26)  

As stated earlier, we can get once we know I>2 from the relationships 

o 
that a = L_C„ and a = l/<i . This gets us C. as 

2 3 z 3 

C3 = 0) 
(8.27) 

z 2 

In all cases, we chose to use the same values for X^, X2> and X^. 

As it turned out, these points worked fairly well in all four cases. If 

we moved the center point X2 to the right, the component values for the 

lower oi overshot and were inaccurately fit. If we moved X_ to the left 
z 2 

of 1.65 rps the points between toz = X2 and wz = X^ were undershot. 
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These solutions are accurate to approximately ±0.5% over the en

tire range of ai from 1.4 rps to 2.4 rps. kl% total tolerance bound will 
z 

be of no consequence in our terminated 2z-7p inverse Chebyshev filter. 

When we allow Rq = our reactive component sensitivities are zero, as 

mentioned in Chapter 3. With a zero sensitivity, a 1% error bound is more 

than sufficient. 

Figure 35 is a composite plot of the percentage difference between 

these curve fit solutions and the more accurate binomial iteration solu

tions. From this plot, we see just how close these approximations are 

within our range for coz. 

This curve fitting solution gives us yet a third method to calcu

late the desired component values for the terminated 2z-7p inverse Cheby

shev filter. This last method is intended as a simple means of getting 

the solutions to our problem without requiring extensive computer facil

ities. Any calculator with log functions can be used to calculate these 

component values in a rather short time. The other methods discussed for 

the 2z-7p filter were not practical by hand calculations. 
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Fig. 35. 7th order curve fit error 
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CHAPTER 9 

SUMMARY AND CONCLUSIONS 

In concluding this thesis, we have successfully accomplished the 

task of defining and analyzing a small family of two zero inverse Cheby-

shev filters. We have concerned ourselves with the magnitude response 

characteristics and the circuits and components which produce that mag

nitude response. There are other considerations, such as transient re

sponse, phase response, and a sensitivity analysis of our circuits and 

designs, which we have yet to consider. Individually, each of these 

topics could easily encompass entire thesis studies in themselves. 

Undoubtedly, the magnitude analysis done here is the most rele

vant and practical of the response characteristics. A sensitivity or 

stability analysis would have to come next to determine if the given re

sults are physically realizable. In our case, we are confident that the 

terminated 2z-3p, 2z-5p, and 2z-7p circuits that we analyzed are indeed 

quite stable. In Chapter 3 we discussed the low sensitivity results for 

terminated two-port filters. In addition, we can see from the plots of 

the component values for each filter that there are no dramatic fluctua

tions or unstable values over our useable ranges. For the most part, 

our curves are smooth and partially linear. Because of the simplicity 

of the curves, we were able to formulate a good curve fit approximation 

for the 2z-7p filter problem. 

129 
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Even by only considering the magnitude characteristics and circuit 

solutions, we have accomplished quite a task in this thesis. For the ter

minated 2z-3p, 2z-5p, and 2z-7p filters we can calculate the necessary, 

normalized component values for any practical design characteristics 

which fit our MFM passband and finite zero stopband response. 

In Chapter 2 we developed a set of equations which could complete

ly specify our magnitude characteristics for each filter. From a given 

zero and desired minimum stopband attenuation, we can determine the mini

mum filter order necessary to produce these conditions. We can also work 

the problem backwards, as an analysis, to determine the minimum stopband 

attenuation for a given order and zero as well. 

All of the work done in Chapters 4 and 5 are paramount to solv

ing the inverse Chebyshev designs. We developed a very general ladder 

network model which helped to limit the need for redundant work. In ad

dition, this model will be of use to others, as this ladder network en

compasses a great number of filter designs. From this model we were able 

to develop the explicit component/coefficient relationships needed to 

actually build the 2z-np inverse Chebyshev circuits. 

The resulting component/coefficient relationships have been re

assembled in Appendix A. In addition to the terminated symmetrical re

sults of this thesis, we have included the other known relations 

developed for the 2z-np inverse Chebyshev filter. All of these results 

can be verified through reduction and simplification of the general 

2z-7p circuit (Fig. 10). The component relationships in Appendix A 

are exact. 
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Chapters 6, 7, and 8 of this thesis are dedicated to solving our 

systems for the transfer function coefficients in terms of known magni

tude response characteristics (namely n and ID ). For the 2z-3p coeffi-
z 

cient solution we noted a simple iteration formula which, in 3 or 4 

iterations, could give us useable and accurate values for the needed 

coefficients. In addition, we included three forms of exact cubic solu

tions for accomplishing the same task. 

The fifth order coefficient solution involved a binomial itera

tion technique. In approximately 10 to 15 iterations, we could achieve 

considerable accuracy in determining the coefficient values for the 

2z-5p inverse Chebyshev filter. 

While the 2z-3p and 2z-5p solutions are relatively simple, the 

seventh order situation is a bit more complex involving three different 

methods of component solution. The first method was a very slow but 

accurate binomial double iteration routine. Unfortunately, we need ap-

proximatley 3000 iterations for each value of A second method in

volved a root solving, polynomial formulating solution to arrive at the 

desired coefficient values. This program (Appendix D) has been general

ized to solve the third and fifth order problems as well. Unlike the 

binomial iteration method, this routine is quite fast. 

As a final solution to the seventh order problem we developed 

four logarithmic curve fitting solutions for the component values. These 

formulas were accurate to within approximately ±0.5% within our desired 

range for u)^. 
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As mentioned previously, there is yet considerable analysis that 

could be done for these 2z-np inverse Chebyshev filters. In this thesis, 

we have developed the necessary tools and equations to define and con

struct the 2z-np filters for that analysis. 



APPENDIX A 

This appendix contains the explicit component equations for the 

2z inverse Chebyshev filters whose solutions are known. The components 

are those of Fig. 10. Component values equal to zero indicate a reduction 

from Fig. 10. The general transfer function is of the form 

T(s) = ag2 + 1 : 
u s ;  , n  .  n - 1  .  ,  n - 2  

bs + cs + ds + . . .+ 1 

The resulting component relationships in terms of the normalized transfer 

functions are shown in Table 3. R =1 indicates the terminated filter. 
o ' 

while R = » indicates the unterminated case. 
o 
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Table 3. Known component/coefficient relationships for the 2z-np inverse Chebyshev filters. 

Filter C^ 
L1 L2 

2z-3p 

2z-3p 

2z-4p 

2z-4p 

2z-5p 

2z-5p 

2z-7p 

0 d-C, 

0 d/2 

0 d-C, 

0 e-C, 

a/L b-cd 
2 a- c 

C2 

d-b-de 

a/L„ 

a/L 

a/L, 

c-e-dL, 

c-ae 

d-a 

b/c c Lla(f cl) q 

Lite-a-L^f-C!)] 2 12 

1 0 f/2 

1 2 b/c h/2-C1 

a/L. 

a/L, 

d-cie 

c-a 

C, 

a/b 

c/d e-L 

e-a-LiCf-Ci) 0 

2b/c f-2L, 

h-2L, 
d-C^e 



APPENDIX B 

BINOMIAL ITERATION PROGRAM FOR THE 2Z-5P INVERSE CHEBYSHEV 

1000 REM ITERATION PROGRAM D.HENRY <1982) 
1010 REM 2Z-5P INVERSE CHEBYSHEV 
1020 REM 
1030 REM -EE- DIFFERENCE ACCURACY 
1040 REM -DX- STRADDLE POINT STEP SIZE 
1050 REM -CI- UPPER POINT 
1060 REM -C2- LOWER POINT 
1070 REM 
1080 EE= 1E-04 

1090 DX=-.20 : REM INITIALIZATION 
1100 Cl=3.3 : C=C1 

1110 INPUT" 5TH ORDER , INPUT WZ "$WZ 
1120 A=1/WZ/WZ : B=l-A 

1130 REM 
1140 C1=C 

1150 C=C+DX : REM LOOP TO FIND LOWER 
1160 GOSUB 1270 : REM STRADDLE POINT C2 . 
1170 IF Y>=0 THEN 1140 
1180 C2=C 

1190 REM 
1280 C=<Cl+C2)/2 
1210 IF <C1-C2)< EE THEN 1310 
1220 GOSUB 1270 
1230 IF Y<0 THEN C2=C : REM BINOMIAL ITERATION 
1240 IF Y>0 THEN C1=C 
1250 GOTO 1200 
1260 REM 
1270 F=B/C+SQR<B*B/C/C-2XA+C*C*C/4/B/B> 
1280 Y=F*F*F*F/4+FSFXA-C*CXF/B+2*C 
1290 RETURN : REM SUBROUTINE FOR FCC) 
1300 REM 
1310 PRINT 
1320 PRINT " FOR WZ = ";WZ;" THE ROOT C IS ";C 
1330 C2=F/2 : L1=2XB/C : L2=F-2XL1 : C3=A/L2 
1340 PRINT 
1350 PRINT " C2 = C4 = ";C2 

1360 PRINT " LI = L3 = •;L1 
1370 PRINT " L2 = ";L2 
1380 PRINT H C3 = 8;C3 
1390 END 
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leee 
1010 

1020 

1030 

1040 
1050 
1060 
1070 

1080 
1090 
1100 
1110 

1120 
1130 
1140 
1150 
1160 
1170 
1180 
1190 

1200 
1210 
1220 
1230 
1240 
1250 
1260 
1270 
1280 
1290 
1300 
1310 
1320 
1330 
1340 
1350 

APPENDIX C 

DOUBLE ITERATION PROGRAM FOR THE 2Z-7P INVERSE CHEBYSHEV 

REM ITERATION PROGR^ D.HENRY <1983) 
REM 2Z-5P INVERSE CHEBYSHEV 
REM 
REM -EE- DIFFERENCE ACCURACY 

REM -EF- FINAL COEFFICIENT ACCURACY 
REM -DC- C STRADDLE POINT STEP SIZE 
REM -DH- H STRADDLE POINT STEP SIZE 
REM -Cl- UPPER POINT 

REM -C2- LOWER POINT 
REM -Hl- UPPER POINT 
REM -H2- LOWER POINT 
REM -RC- RESULT FROM C ITERATION 
REM -RH- RESULT FROM H ITERATION 
REM 
EE=. 01 

DC=-.40 : REM INITIALIZATION 
DH=-1.0 
Cl=5 : C=C1 
H 1=5 : H=H 1 

INPUT" 7TH ORDER , INPUT WZ 0;WZ 
INPUT" INPUT ITERATION ACCURACY ";EF 
A=1/WZ/WZ : B=l-A 

REM 
C1=C 

C=C+DC : REM LOOP TO FIND LOWER 
60SUB 1780 : REM STRADDLE POINT C2 . 
IF RC>=0 THEN 1230 
C2=C 

REM 
C=<Cl+C2)/2 

GOSUB 1780 
IF ABS(C1-C2> < EE THEN 1360 
IF RC<0 THEN C2=C s REM BINOMIAL ITERATION 
IF RC>=0 THEN C1=C 
GOTO 1290 
REM 

COMPUTER PROGRAM CONTINUED NEXT PAGE 
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1370 
1380 
1390 
1400 
1410 
1420 
1430 
1440 
1450 
1460 
1470 
1480 
1490 
1500 
1510 
1520 
1530 
1540 
1550 
1560 
1570 
1580 
1590 
1600 
1610 
1620 
1630 
1640 
1650 

1660 
1670 
1680 
1690 
1700 
1710 
1720 
1730 
1740 
1750 
1760 
1770 
1780 
1790 
1800 
1810 
1820 
1830 
1840 
1850 
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H=H+DH 
GOSUB 1780 
IF RH>=0 THEN 1360 
H2=H 

REM 

REM LOOP TO FIND LOWER 
REM STRADDLE POINT H2 . 

H=<Hl+H2>/2 
GOSUB 1780 
IF ABS<H1-H2>< EE THEN 1490 
IF RH<0 THEN H2=H : REM BINOMIAL ITERATION 
IF RH>=0 THEN H1=H 
GOTO 1420 

REM 
IF ABSCH-HH) OR ABSCC-CC) > EE THEN 1510 
EE=EE/10 : DC=DC/10 : DH=DH/10 
HH=H : CC=C 

IF EE > EF THEN 1230 : REM CYCLE ACCURACY ? 
REM 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 

FOR W2 = n;WZ 

THE ROOT C IS ";C 

THE ROOT H IS U;H 

THE COEFFICIENTS A,B,C,D,E,F,G,H ARE: 
A = H;A 
B = " ;B 

PRINT » C = "jC 
PRINT " D = ";D 
PRINT 
PRINT " F = 
PRINT " G = 

REM OUTPUT 

E = »jE 

";F 

50 
PRINT " H = M;H 
C1=2XB/C : C2=H/2-Cl 
L1=C/(D-C1XE> : L2=H-2*L1 

PRINT 
CI = C5 = ";C1 
C2 = C4 = 
LI = L3 = 

C3=A/L2 

PRINT " 
PRINT " 
PRINT " 
PRINT " 
PRINT " 
STOP 
REM 

" ;C2 

" ;L1 
L2 = U;L2 
C3 = ";C3 

D=CXC/2/B 

F=<CXHXHXHXH+4XCXHXHXA+4XDXD)/8/<CXH-B) 
E=<DXD+2XBXF)/2/C 
G=HXH/2+A : REM FORMULA SUBROUTINE 
RC=EXE-2XDXF+2XCXG-2XBXH 
RH=FXF-2XEXG+2XDXH-2*C 

RETURN 
END 



1010 
1020 
1030 
1040 
1050 
1060 
1070 
1080 
1090 
1100 
1110 
1120 
1130 

1140 
1150 
1160 
1170 
1180 
1190 
1200 
1210 
1220 
1230 
1240 
1250 
1260 
1270 
1280 
1290 
1300 
1310 
1320 
1330 
1340 
1350 
1360 
1370 
1380 
1390 

APPENDIX D 

ROOT / COEFFICIENT PROGRAM FOR THE 22-7P INVERSE CHEBYSHEV 

REM ROOT / COEFFICIENT FORMULATION D.HENRY 
REM 22-7P INVERSE CHEBYSHEV FILTER <1983) 
REM 
DIM A(10), B( 10) , C(10), D< 10) 
DIM Cl<12),C2(12),P1<10),P2<10) 
REM 
REM INITIALI2ATION AND INPUT 
REM 
PRINT" ROOT/COEF ROUTINE " 
INPUT" 22-NP ORDER N (N = 3 TO 7) ";NX 
INPUT" INPUT THE DESIRED W2 " ;W2 
INPUT" ROOT ACCURACY ";EE 
AA=1/WZ/WZ : BB= 1-AA 
FOR 1'/.=4 TO NV. : A(IV.)=0. : NEXT I V .  
A<NX+1)=BB*BB : A<3)=AAXAA : A(2)=-2*AA : A<1) = 1 

REM 
REM PROGRAM CONTROL 

GOSUB 1290 :REM OBTAIN ROOTS 
GOSUB 2050 :REM FORM COEFFICIENTS 
FOR l'/.=3 TO N2X+2 
A< I/i-2)=Cl< I/O/CI (2) :REM N0RMALI2E RESULTING 
NEXT IV. :REM COEFFICIENTS 
A(NX+1)=AA 

GOSUB 2600 sREM FORMULATE COMPONENTS 
END :REM THAT'S IT !!! 
REM 
REM COMPLEX ROOT SOLVING ROUTINE 
REM 
N0X=NX 
N1X=N0X+1 
IF ABS(A(1))>1.E-06 THEN 1400 
FOR IV.= 1 TO N0X 
A( I/i)=A< l'/.+ 1) 
NEXT IV. 
P1<N0X)=0. : P2<N0X)=0. 
N0X=N0X-1 

IF N0X=0 THEN RETURN 
N15*=N0X+1 
GOTO 1310 
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1409 IF m'/.=2 THEN 1940 : REM COMPLEX ROOT SOLVING 
1410 IF N0X<2 THEN 1970 : REM ROUTINE ADAPTATION. 
1420 1TA=<3 : REM <HUELSMAN, 1978) 
1430 Q1=A<1)/A<3) 
1440 Q2=A(2)/A<3) 
1450 lT/.=lT/.+ i 

1440 B<Nl/0=A<Nl/0 
1470 C(N1X)=0. 
1480 D(Nl/0 =0. 
1490 B<N0/O=A(N0/O -Q2XB(Nl/0 
1500 C<N0JO=-B<N1X) 
1510 D(N0X)=0 

1520 IF N0X<4 THEN 1610 
1530 FOR IX=1 TO N0X-3 
1540 my.=my.-v/. 
1550 M1%=M0X+1 
1560 M2X=M0X+2 
1570 B<M0X)=A(M0X)-Q2*B<MIX)-QlXB(M2/0 
1580 C<M0X)=-B(M1X)-Q2*C<M1X)-Q1*C<M2>0 
1590 D<M0X)=-B<M2X)-Q2XD(M1X)-Q1XD<M2X) 
1600 NEXT I 'A 
1610 QA=A(1)-Q1*B<3) 
1620 QB=A<2)-Q1*B<4)-Q2*B<3) 
1630 Gl=-B<3)-Q1*C<4)-Q2£C<3) 
1640 G2=-B<4)-Q1*D<4)-Q2*D<3) 
1650 G3=-Q1XC(3) 
1660 G4=-B<3)-Q1*D<3) 

1670 DT=G1XG4-62XG3 
1680 D1=<-G1*QA+G3XQB)/DT 
1690 D2=<G2*QA-G4*QB)/DT 
1700 Q1=Q1+D1 
1710 Q2=Q2+D2 
1720 IF ABS(D2XEE THEN 1750 
1730 IF ITX > 100 THEN 1990 
1740 GOTO 1450 
1750 IF ABS(Dl)>EE THEN 1730 
1760 DC=Q2*Q2-4.*Q1 
1770 IF DC<0 THEN 1830 
1780 DR=SQR<DC) 
1790 P1(N0/O = <-Q2+DR)/2. s P2<N0JO=0. 
1800 P1 <N0/i-1)=< -Q2-DR) /2. : P2<N0X-1)=0. 
1810 N0tt=N0X-2 

1820 GOTO 1870 
1830 DR=SQR<-DC) 
1840 Pl<N0X.)=-Q2/2 : P2<N0/O=DR/2. 
1850 P1 <N0/i-1) =-Q2/2 : P2<N0K-l)=-DR/2. 
I860 N0X=N0X-2 



1890 
1900 

1910 
1920 
1930 
1940 
1950 
I960 
1970 
1980 
1990 
2000 
2010 
2020 
2030 
2040 
2050 
2060 
2070 
2080 
2090 
2100 
2110 
2120 

2130 
2140 
2150 
2160 
2170 
2180 
2190 
2200 
2210 
2220 
2230 
2240 
2250 
2260 
2270 
2280 
2290 
2300 
2310 
2320 
2330 
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IF N0X=0 THEN RETURN 
N1X=N0X+1 
FOR l'/.= l TO NIX 
A<IX)=B<IX+2) 

NEXT IX 
IF N0X<2 THEN 1970 
IF N0X>2 THEN 1420 
Q1=A<N0X-1)/A<N0X+1) 
Q2=A<N0X)/A<N0X+ 1) 
GOTO 1760 
Pl< 1)=-A< 1)/A<2) s P2< 1)=0. 

RETURN 
PRINT "ROOT CONVERGENCE PROBLEMS " 
RETURN 
REM 
REM REFORM DENOMINATOR POLYNOMIAL FROM 
REM THE ROOTS OBTAINED ABOVE 

FOR IX=1 TO NX 
K1=.5*<SGR<P1<IX)XP1<IX)+P2<IX)*P2<IX))-Pl<IX)) 
K2=.5* < SQR< P1<IX)*P1<IX)+P2<IX)XP2<IX))+P1 <IX)) 
P1<IX)=SQR<K1) 
P2<IX)=SQR(K2) : REM COMPLEX SQUARE ROOT 

NEXT IX 
REM 
N2X=0 

FOR IX=1 TO NX+2 
C1(IX)=0. : C2<IX)=0. 

NEXT IX 
C1(2) = 1 : REM POLYNOMIAL FORMULATION 
FOR IIX=1 TO NX : REM INITIALIZATION 
IM=P2(IIX) : RE=P1<IIX) 
IF IMME-04 THEN 2310 
REM 
N2X=N2X+1 
NM=RE 
GOSUB 2450 

GOSUB 2500 : REM REAL ROOT FACTOR 
NM=1. 

GOSUB 2450 
GOSUB 2550 
NEXT IIX 
RETURN 
REM 
NM=REXRE+IMXIM 
N2X=N2X+1 

GOSUB 2450 



2340 
2350 
2360 
2370 
2380 
2390 
2400 
24 IG 
2420 
2430 
2440 
2450 
2460 
2470 
2480 
2490 
2500 
2510 
2520 
2530 
2540 
2550 
2560 
2570 
2580 
2590 
2600 
2610 
2620 
2630 
2640 
2650 
2660 
2670 
2680 
2690 
2700 
2710 
2720 
2730 
2740 
2750 
2760 
2770 
2780 
2790 
2800 
2810 
2820 
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GOSUB 2500 
NM=2*RE 
N2X=N2X+1 

GOSUB 2450 
GOSUB 2500 : REM COMPLEX ROOT FACTOR 
NM=1. 

GOSUB 2450 
GOSUB 2550 
IIX=II/i+l 
GOTO 2280 
REM 
FOR I'/.=2 TO N2X+2 
C2< I'/.) =C2< I'/.) +C1 < I'/.) XNM 

NEXT V/. : REM MULTIPLY ROUTINE 
RETURN 
REM 
FOR l'/.=N2Y.+2 TO 2 STEP -1 
C l < I X ) = C l < r / - l >  
NEXT IV. : REM SHIFT ROUTINE 
RETURN 

REM 
FOR V/.=2 TO N2X+2 
C1(IX)=C2(IX) : C2< 1/0=0. 

NEXT IV. : REM RELOCATE POLYNOMIAL 
RETURN 
REM 
REM OUTPUT ROUTINES FOR THE ' 
REM 2Z-NP COEFFICIENTS AND ODD 
REM ORDERED 22 COMPONENTS 
REM 
PRINT : PRINT 
PRINT M THE COEFFICIENTS <A,B,C ) ARE : " 
PRINT 
FOR IX=NXM TO 1 STEP -1 : PRINT A<I/.> s NEXT IV. 
PRINT 
IF N"/=4 OR Ny.=6 THEN RETURN 
IF NX=3 THEN 2730 
L1=2*BB/A<4> : IF NX=5 THEN 2730 
C1=2*BB/A<6> : L1=A<6)/<A<5)-A<4>XC1) 
L2=A<1>-2*L1 : C3=AA/L2 : C2=A(l)/2-Cl 

PRINT s PRINT 
PRINT " FOR N = ";N/<5" AND W2 = u ;W2 : PRINT 
PRINT " CI = C5 = "jCl 
PRINT " C2 = C4 = ";C2 
PRINT " LI = L3 = ";L1 
PRINT " L2 = ";L2 
PRINT " C3 = " ;C3 
RETURN 
END 
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