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ABSTRACT 

A method to obtain an absolute measure of the radius of curvature 

of off-axis paraboloids was investigated. The principle used was the 

measurement of the variation of astigmatism with field that is present 

for conjugates near the center of curvature of a reflecting surface. The 

principle was tested in the laboratory with a sphere and the results are 

discussed. The feasibility of implementation to off-axis paraboloids was 

studied with a computer model. Observations for both single-pass and 

double-pass are made. 

xi 



CHAPTER 1 

INTRODUCTION 

Telescope primary mirrors have customarily been monolithic in 

structure. However with the trend towards larger apertures (greater than 

10 meters) it becomes increasingly impractical to fabricate these mirrors 

as a monolith due to a variety of problems in manufacturing, transporta

tion, support and handling. 

An alternative configuration is to make an array of individual 

mirror segments that collectively form a single aperture. The segmented 

primary mirror will most likely be parabolic (in a classical Cassegrain 

configuration) or near parabolic (Ritchey-Chretien). This means that all 

the mirror segments will be off-axis paraboloids or other off-axis 

aspherics of some form. 

In order to achieve diffraction limited performance, the fabri

cation tolerances on individual mirror segments must be stringent. One 

such tolerance is the allowable range of base radii of curvature of the 

segments (in principle, they should all have the same base radius). It 

is therefore important to develop a test method to measure the absolute 

radius of curvature of the off-axis segments. 

It is the purpose of this thesis to describe an alternative method 

that will determine the radius of curvature of the off-axis segments in

directly from the field curvature and the separation of the sagittal and 

tangential astigmatic focii. 

1 



CHAPTER 2 

MATHEMATICAL TREATMENT 

Spherical Surface 

On-Axis Pupil 

The method used to measure the radius of curvature is based upon 

the fact that the astigmatic fields produced by a spherical reflecting 

surface depend on the radius of curvature of the surface. Consider the 

geometry in Figure 2.1. 

If the surface is tested by placing a point source in the flat 

sagittal field plane, then the amount of astigmatism observed will give 

a measure of the radius of curvature. There is a set of "close skew ray" 

equations which apply to this case. Starting then with Coddington 

(Malacara, 1978, p. 274) equations, an expression for the radius of 

curvature is derived in the following set of expressions: 

n' cos^I' n cos2I n' cosl"" - n cosl 
f " t " 

n" _ n. _ n^ cosl'' - n cosl 
s' s r 

s 

(2.1) 

( 2 . 2 )  

for a reflecting spherical surface 

n=l n'=-l I'=I r =r =r 
t s 

2 



Object 
. "Point Source 

Axis of 

Symmetry 

Spherical 
Mirror 

st 

Sagittal Focus Tangential Focus 

Figure 2.1. Test set-up. 



therefore 

-1 1 2cosI 

where 

(2.3) 
s s r 

-cos2I cos2I 2cosI .. 
—r-7— = —: — (2.4) 

I = the angle of incidence and reflection at the surface 
under test, 

t,t' = the distances of the tangential focus before and after 
reflection along the ray, 

SjS' = the distances of the sagittal focus before and after 
reflection along the ray, and 

r = the radius of curvature of the optical surface. 

The "point source" object is placed in the flat sagittal plane, 

and is displaced in a direction perpendicular to the axis of symmetry by 

an amount "h," where 

s = t = ——- , 
sml 

but 

h = rtanl, 

so 

s = t = ~z" . (2.5) 
cosl 

Substituting this into Eq. (2.3) gives 

-1 cosl 2cosI -cosl 
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therefore 

s = 
cosl 

which is the same as s, and places the sagittal image on the plane at a 

location -h. 

For the tangential image, 

_ _L = I - 2 
t* t rcosl 

- r (cosI -Ml) 

-1 / 2 - cos2I \ 
r \ cosl J 

-1 /1 + sin2I \ 
r \ cosl J 

and therefore 

, r cosl 
1 + sin2I 

The separation of the astigmatic planes, <5gt, measured along the 

ray is given by 

6 = s' - f = 
st 

= r 

r cosl I 
cosl (1 + sin2I) J 

£cosI(l + sin2I) j " (2,6) 

The separation parallel to the axis follows from Eq. (2.6): 

e = 6 . cosl . (2.7) 
z st v 



The radius r is given by: 

6 
r = st 

2sin2I 
cosI(l+sin2l) 

] 
or 

and 

r = e 
z (lsln2l ') <2'8> 

I = arctan (?) • 

where the value of r introduces a second order error and h is half the 

distance between the source and the image. The value of r used within 

the expression is the initial estimate for r, which can be improved by 

iteration. 

Equation (2.8) can be rewritten in terms of h and e as follows: 
z 

sinl = h (2.9) 
/h2+r2 

- 2r h2 
Ez 2h2 + r2 

r + r + =0 . (2.10) 
z 

Taking the positive square root for real values of r, the radius is 

given by: 

r = •— (h + /h2 - 2ez2 ) , (2.11) 
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requiring 

h > y/2 e . (2.12) 
z 

Parabolic Surface 

Off-Axis Pupil 

When the reflecting surface is an off-axis segment of a paraboloid, 

there are two basic test geometries. Figure 2.2 shows the geometry of the 

first set-up, Case A. From Figure 2.2 it can be seen that: 

I = r - Z 
v 

where, 

Z = H
2 

2r 
v 

is the sagitta of a paraboloid. The angle between the normal and the 

optical axis 0, is given by 

6 " tan"' [ry-(K+l) z ]  < 2 - 1 3 '  

where, 

H = the decentration of the segment 

K = the conic constant of the piece, K=-l for a paraboloid. 

The angle a made by the chief ray with respect to the optical axis is: 

a = tan 1 • (2.14) 

It follows from Eqs. (2.13) and (2.14) that the angle of incidence is 

given by: 



Normal to 
Paraboloid 

Optical 
Axis 

Figure 2.2. Off-axis paraboloid geometry, Case A. 



I = 0-a , 

9 

(2.15) 

both 0 and a are positive angles. From the geometry y is given by: 

y = 0+1 (2.16) 

from which 6 ^ is obtained as follows: 
st 

s = t = (2.17) 
sina 

and 
e 
z 

st COSY 

Coddington's Eqs. (2.1) and (2.2) are now modified to be: 

n=l n'=-l 1=1' but r # r 
s t 

sina 
t* r cosl (H-h) 

1 _ 2cosI sinot 
s' r H-h 

s 

solving for t'; 

and solving for s' yields: 

so that, 

6 = t' - s' 
st 

(2.18) 

(2.19) 

(2 .20 )  

r (H-h)cosl 

t = 2(H-h) - rt coslsina (2.21) 

r (H-h) 
a' =  0 / u  .  >  T  —  ( 2 . 2 2 )  

2(H-h)cosl - rg sina 



These formulae require that the decentration H and the vertex 

radius of curvature r be known. 
v 

A second way to look at the off-axis paraboloid which does not 

require knowing these two quantities is to look along the normal. 

Centered Off-Axis Segment 

In Case B, the object is positioned on the normal to the center 

of the off-axis section. There are two images associated with this 

object (Brueggemann, 1968, p. 24). When the on-axis object is at a 

distance equal to the sagittal radius the sagittal image is coincident 

with the object. In the same manner, when the on-axis object is at the 

tangential center of curvature the tangential image falls on the object. 

Figures 2.3 and 2.4 illustrate these two positions. 

For the object located at the sagittal center of curvature the 

following relations hold, see Figure 2.3. 

The angle of incidence I is: 

I = tan"1 (2.23) 

The distance along the ray of the sagittal and tangential object which 

is coincident is given by: 

r 
s = t = —At (2.24) 

cos I 

Equations (2.1) and (2.2) become: 

1 _ 2 cosl 
t* r cosl r 

t s 
(2.25) 



Normal to 
Paraboloid 

Normal to 
ParaboloitT 

Figure 2.4. Case B, object at rt> 
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1 _ cosl 
s' r 

s 

solving for t' and s' yields: 

r r cosl 
f = 0 s -77 (2.26) 

2r - r„ cos^I v 
s t 

<2"27> 

The separation of the astigmatic image 6 is: 

6 = ez/cosI (2.28) 

6 = t' - s' 
st 

solving for r 

2r 6 cosl + 2r 2 

rt = 2/ cos^I+6 <2'29> 
s St 

when the object is on-axis, i.e., h=0 and 1=0, r becomes 

2r <5 + 2r 2 

*t = 2r S+ 6 5 <2'30> 
s st 

For the object located at the tangential radius I and s are given by: 

I = tan"1 (2.31) 

S  =  t = ^ I  < 2 ' 3 2 >  



Again, rewriting Eqs. (2.1) and (2.2) 

1 _ 2 cosl 
t* rt cosl r 

1 _ 2cosI _ cosl 
s' r r 

s t 

and solving for t' and s', 

r cosl 

2-cos2! 

noting that, 

and solving for rg yields: 

13 

(2.33) 

(2.34) 

r cosl 
t' = o (2.35) 

S 2r cosl - r cosl (2.36) 
t s 

6gt = t' - s' (2.37) 

2r 2cos2I - 2r.6 cosI(2-coszI) 
= t t st n 

s 2r. - 6 cosI(2-cos2I) 
t st v ' 

when h=0, cosI=l so r becomes 
s 



CHAPTER 3 

LABORATORY TEST 

A feasibility study was conducted using a sphere of known radius 

to test both the measurement and analysis techniques. 

The basic measurement procedure consisted of placing a point 

source at a known distance h, perpendicular to the axis of symmetry, 

from the spherical mirror's center of curvature (i.e., the point of 

retroreflection). The separation (see Eq. 2.7) of the sagittal and 

tangential image positions was then measured. A series of source point 

locations and corresponding image separations were measured. 

Test Set-Up 

Photographs (a) and (b) in Figure 3.1 show the basic experimental 

set-up. An optical rail was used to mount the object and viewing micro

scopes. They were separately supported by x-y-z translational stages. 

A fiber optic eyepiece mounted on the back of a lOx microscope objec

tive served as the point source object. Its diameter was 5 microns. 

The viewing microscope's translational stage was modified to allow 

for rotation in the tangential plane. In addition to the three degrees 

of movement in the x-y-z directions, the stage allowed rotation of the 

microscope for perfect alignment along the chief ray s' (see Figure 3.2). 

14 



(a) 

(b) 

Figure 3.1. Experimental set-up. 

(a) Front view. 
(b) Back view. 

15 
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Hole 

Viewing 
Microscope 

Spherical 
Mirror 

Figure 3.2. Retro-reflection configuration. 

Two dial indicators were used to measure the distance along the rail, h, 

the object was displaced from the axis of symmetry. 

Experimental Procedure 

Establishing the Optical Axis of Symmetry 

Before any measurements of h and ecould be taken the optical 

axis of symmetry of the sphere had to be accurately established. First 

the retroreflection point was located which served as a starting refer

ence. Then the microscope was defocused and the image on either side of 

focus was studied. When the images observed on either side of focus 

remained symmetrical as the focus was changed the axis was established 

because this will only occur when the microscope is being translated along 

the axis of symmetry. 
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Figure 3.3 depicts what the observer sees when looking straight 

down the axis to the defocused image. The innermost circle is the ob

ject point source on which the defocused image and the central obscura

tion of the mirror are superimposed. Once this position was established 

it was repeatable to within .0001". 

The procedure just described•insures that the source microscope 

moves parallel to the optical axis. The translational stages on which 

the viewing microscopes are mounted had been previously aligned to run 

parallel to the optical rail. This leads to a configuration where the 

optical rail is perpendicular to the optical axis, as desired. 

Alignment Along the Chief Ray 

Once the axis was established the source microscope could be dis

placed perpendicular to the axis by measurable amounts h. The viewing 

microscope was displaced in the opposite direction along the rail until 

the tangential (in this case, vertical) image was centered at the eye

piece crosshairs. At this point a tedious alignment procedure was 

followed to insure that: (1) the viewing microscope was properly aligned 

along the chief ray and, (2) no vignetting was introduced (see Figure 

3.4). 

Starting with the tangential image in the field of view, the eye

piece was removed from the viewing microscope. Looking down the barrel 

of the microscope it was rotated until the full mirror was observed. The 

eyepiece was subsequently replaced. The microscope was then appropriately 

displaced along the rail to bring back the vertical tangential image to 

the center of the field of view. The microscope was then translated 
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Defocused Image 

i 

Object Q0ntra| Hole of 
Mirror 

Figure 3.3. Retro-reflected image looking along the optical axis. 

Axis of— 
Symmetry 

Chief 
Ray 

Spherical 
Mirror 

'st 

Figure 3.4. Chief ray alignment set-up. 
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through focus along the established rotated direction and the astigmatic 

images studied. When the images remained lined up along the eyepiece 

crosshairs as shown in Figure 3.5, the microscope was aligned along the 

chief ray. 

This procedure was iteratively performed until the behavior 

shown in Figure 3.5 was obtained. It was not only tedious but it intro-

duced a "rotational error" which will be discussed in Chapter 4. Direct 

measurement of o (see Figure 3.4) was not performed. Rather, the st _ 

microscope moved parallel to the axis and this distance was recorded. 

Figure 3.5. Imagery through focus. 



CHAPTER 4 

DATA AND ERROR ANALYSIS 

General Sources of Error 

Small errors of about 0.01% were introduced due to the misalign

ment of the rail with respect to the axis of symmetry. 

Small errors, AI, in the angle I (see Figure 4.1) were introduced 

due to the movement of the viewing microscope stage parallel to the axis 

of symmetry. Since r >> this effect is small and was ignored. 

However, the more important effect of this change in angle is an 

added uncertainty in the focal position of the astigmatic images. Con

sider the fact that the horizontal sagittal image is no longer centered 

on the microscope crosshairs. This means that the viewing microscope is 

looking at two different regions of focus for the two images. Adding to 

this uncertainty in focus are the diffraction effects introduced by the 

finite size of the point source and the mirror's aperture stop. It is 

the visual determination of the correct focal position that eventually 

limits the accuracy of this method. 

Depth-of-Focus Error 

As was mentioned, a depth-of-focus problem was encountered in 

trying to precisely locate the position of the astigmatic line images. 

To investigate the magnitude of this error alone and its effect on ez, 

one off-axis point (h=1.41 in.) was chosen and ez repeatedly measured as 

20 
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Axis 

AI Parallel 

Figure 4.1. AI angle change. 

as follows. First, the micrometer focusing screw was always turned in 

the same direction to insure that no backlash was introduced. Second, 

for each image location the following positions were recorded: 

(a) just in focus 

(b) definitely in focus 

(c) going out of focus 

(d) just out of focus 

(e) definitely out of focus. 

A total of 250 readings were taken. The five positions listed were 

consecutively measured 5 times each for the two astigmatic images. The 

results are listed in Table 4.1, which contains the following information: 

AF: depth-of-focus, i.e., position (b-d) 

AF: average depth-of-focus for the five sets of readings 
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Table 4.1. Depth-of-focus. 

Tangential (Vertical) cm Sagittal (Horizontal) cm 

AF MID AF MID 

MEASUREMENT SET y/i 

0.004 0.6540 0.011 0.2345 
0.008 0.6540 0.009 0.2335 
0.0045 0.6528 0.007 0.2335 
0.0110 0.6545 0.010 0.2330 

0 .0069 ±0.0033 0.6538 ± 0.0007 0. ,0093 ± 0.0017 0.2336 ± 0.0006 
±47.6% ±0.11% ±18.3% ±0.26% 

MEASUREMENT SET n 
0.009 0.6495 0.012 0.2300 
0.005 0.6500 0.011 0.2305 
0.011 0.6495 0.008 0.229 
0.011 0.6475 0.008 0.229 
0.009 0.6505 0.008 0.2288 

0, .009 ± 0.0024 0.6494 ± 0.0011 0. ,0094 ± 0.0019 0.2295 ± 0.0007 
27% 0.17% 21.1% 0.31% 

MEASUREMENT SET //3 

0.010 0.649 0.010 0.2330 
0.010 0.6550 0.009 0.2305 
0.0076 0.6503 0.0115 0.2308 
0.0095 0.6528 0.009 0.2395 

0, .0093 ± .0011 0.6518 ± 0.0027 0. ,0099 ± 0.0012 0.2395 ± 0.0042 
±12.3% ±0.41% ±12.12% ±1.7% 

MEASUREMENT SET 

0.010 0.6500 0.010 0.228 
0.010 0.6510 0.0075 0.2293 
0.0075 0.6508 0.0086 0.2292 
0.0085 0.6508 0.0090 0.2275 
0.0090 0.6515 0.0010 0.2290 

0. 0090 ± 0.0011 0.6508 ± 0.0005 0. 009 ± 0.001 0.2286 ± 0.0008 
11.8% 0.08% 11.0% 0.35% 
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Table 4.1.—Continued 

Tangential (Vertical) cm Sagittal (Horizontal) cm 

AF MID AF MID 

MEASUREMENT SET itS 

0.010 0.6470 0.0072 0.2292 
0.011 0.6515 0.0075 0.2298 
0.011 0.6475 0.008 0.2290 
0.010 0.6490 0.011 0.2295 
0.011 0.6495 0.010 0.2300 

0.0106±0.0005 0.6489±0.0018 0.0087±0.0017 0.2295±0.0004 
5.2% 0.28% 19.19% 0.17% 
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MID: the mid-focus location given by 

b-d MID = + b 

The last two rows of each table gives: 

(a) the mean of the averages and associated standard deviations 

(b) the percent standard deviation error. 

Several things can be seen in this data. 

(1) The large variation in depth-of-focus AF. The fact that 

this quantity is changing points at the great amount of subjectivity 

involved in trying to discern a well defined in- and out-of-focus position. 

It also emphasizes the need to establish a consistent criterion for 

focusing. 

(2) The sharpness of the astigmatic lines was affected by dif

fraction and higher order aberrations. A typical shape encountered for 

the off-axis points is shown in Figure 4.2. From this we can see the 

uncertainty in determining focus. The in-focus position for a region 

close to point "a" would be different from that of a region close to "b." 

(3) As was mentioned in Chapter 3, the translation of the micro

scope parallel to the optical axis introduces an angle change AI which 

also results in a shift of the sagittal image (see Figures 4.1 and 4.3). 

This image, unlike the tangential image, is no longer centered in the 

microscope's field of view. Consequently, we are not investigating the 

same region of focus for both lines. Since the two lines are not equally 

uniform and sharp a reading error in discerning the exact focal position 
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Figure 4.2. Sagittal image. 

TANGENTIAL SAGITTAL 

Figure 4.3. Effect of moving the microscope parallel to the axis. 



Is introduced. The mid-focal location does not exhibit a variation 

similar to that of AF which is explained by the non-uniformity of the 

astigmatic line images. 

The final value of e from Table 4.2 is 0.1653 ± .00055 in. The 
z 

standard deviation of the mean is 

a = 0.00055/^5 = 0.00025 in. 
e 
z 

a % = 0.33%/ Jb = 0.15% 
e 
z 

Comparing the measured value (ez=0.1653 in.) to the theoretical 

value (ez=0.16502 in.) calculated from Eq. (2.7), the percent error is 

0.17% which is in close agreement with the percent standard deviation of 

the mean (a % = 0.15%). Therefore, e , or the separation of the astig-
z 

matic images measured parallel to the axis of symmetry was obtained to 

within 0.15% of the true value. 

To investigate how the depth-of-focus error in affected the 

radius of curvature, the values of e from Table 4.2 were used in Eq. 
z 

(2.11) to calculate r. The results are listed in Table 4.3. 

The depth-of-focus error in calculating introduced a 0.15% 

error in r. As a check of this number, the percent difference between 

r - — 23.8823 in. and the reference true value of r = 23.929 in. 
measured 

can be calculated. The latter was obtained from a separate measurement 

using a direct technique on an optical bench, which is practical for 

short radii. 
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Table 4.2. Measured e where e % is the percent 
z z r standard deviation. 

Set Ez = midtang " midsag e % 
z 

1 0.1654 ± 0.0036 0.22% 

2 0.1653 ± 0.0005 0.30% 

3 0.1647 ± 0.00197 1.2% 

4 0.1662 ± 0.00037 0.22% 

5 0.1651 + 0.00073 0.44% 

e = 0.1653 ± 0.00055 
z 0.33% 

Table 4 t.3. Calculated radii. 

h (in.) e (in.) 
z 

Radius (in.) 

1.41 0.1654 23.8733 

1.41 0.1653 23.8879 

1.41 0.1647 23.9762 

1.41 0.1662 23.7568 

1.41 0.1651 23.9173 

r = 23.8823 ± 0.0360 or 0.15% 
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The percent difference is 0.19%, in close agreement with the 

percent standard deviation of the mean, 0.15%. 

Rotational Error 

Depth-of-focus was not the only error which entered into the 

determination of As previously mentioned, another error present is 

the "rotational error." 

This' error arises in aligning the microscope to point along the 

appropriate off-axis chief ray. Its effect on and consequently on r 

was isolated in the following manner. For the same off-axis point, i.e., 

h=1.41 in., three alignments were considered (see Figure 4.4). 

Figure 4.4 shows what the objective sees, i.e., what the observer 

sees when the eyepiece is removed from the viewing microscope. The 

alignment procedure described in Chapter 3 was followed for position A. 

Cases B and C are extreme positions that would only occur if the micro

scope were to be displaced along the rail to different off-axis points, 

h, without realigning along the chief ray at each h. Cases B and C 

illustrate the large systematic error that would be introduced in the 

measurement of e if the microscope is not carefully aligned. Measure-
z 

ments of ez for the three positions depicted were made. The depth-of-

focus problem was handled in the manner described previously. The 

results obtained are tabulated in Table 4.4. 

For any measurement of ethere is an associated depth-of-focus 

error and a rotational error. However, from Table 4.5 it can be seen 

that it is the rotational error that can affect the radius calculation 
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Figure 4.4. Rotational alignment. 

In A, the mirror is centered in the field of view. 
In B, the mirror is located at the left edge of the 
field and in C, the mirror is located at the right 
edge of the field. 



Table 4.4. Rotational alignment measurements. 

Tangential Sagittal 

AF MID AF MID 

POSITION A 

0.010 0.6480 0.0110 0.2275 
0.005 0.6475 0.0110 0.2285 
0.007 0.6465 0.0103 0.2268 
0.008 0.6460 0.009 0.2265 
0.0065 0.6468 0.011 0.2265 

0, .0073 ± 0.0019 0.6470 ± 0.0008 0.0105 ±0. 0009 0.2272 ± 0.0009 
25.4% 0.12% 8.3% 0.39% 

POSITION B 

0.008 0.6200 0.0080 0.2460 
0.007 0.6195 0.0095 0.2448 
0.006 0.6180 0.0100 0.2450 
0.0075 0.6180 0.0085 0.2451 
0.009 0.6195 0.010 0.2450 
0.0075 0.6188 0.009 0.2455 

0, .0075 ± 0.001 0.6190 ± 0.0008 0.0092 ±0. 0008 0.2452 ± 0.0004 
13.3% 0.13% 8.9% 0.16% 

POSITION C 

0.010 0.6250 0.011 0.2055 
0.009 0.6255 0.008 0.2030 
0.009 0.6255 0.011 0.2045 
0.008 0.6250 0.010 0.2060 
0.008 0.6260 0.010 0.2060 
0.008 0.6260 0.008 0.2040 

0. ,008 ± 0.0008 0.6255 ± 0.0005 0.0097 ±0. 0014 0.2048 ± 0.0012 
9.4% 0.07% 14.1% 0.58% 
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Table 4.5. Effect of rotational error on the radius where A% is the 
percent difference between the measured value and the 
theoretical value. 

Position e ± Stand. Dev. A% r %Ar 
z 

A 0.1653±0.00047 0.17% 23.8879 0.17% 

B 0.1472±0.00035 10.80% 26.8642 12.27% 

C 0.1656 1 0.00051 0.35% 23.8441 0.35% 

the most if not properly handled. Fortunately, it should be noticed that 

with very careful alignment the effect of the rotational error can be 

minimized quite nicely. This is seen in position A where the magnitude 

of the associated percent difference (0.17%) is approximately the same as 

the case when only depth-of-focus is taken into account. On the contrary, 

the problem presented by the depth-of-focus in measuring is not so 

easily minimized. 

Combined Errors 

From Eq. (2.11) an expression for the percent standard deviation 

of the mean in measuring r can be derived: 

=J[te/7hJ+[(f/7h]2 (4-1} 
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where 

3r 
8e 

-h2 2h 
- —5- Ai2-2e2 

ez Ai2-2e 2 ez z 

z 

(4.2) 

l£ 
3h 

2h 

'z e v1i2-2e 2 
z z 

+ 
»4i2-2e 2 

z 
(4.3) 

For: h = 1.41 in. 

e = 0.16502 in. 
z 

r = 23.929 in. 

( 8 s  / r )  *  = 6.1446 (I /r) -1-«836 

a = 0.000246 which is the error introduced by depth-of-
z 

focus alone. 

= 0.001 which is the error introduced in repeating the 

zero position of the measurements. This results in 

% = °-2%-

Consequently, r can be measured to within 0.2% of the true 

value if the astigmatic separation is measured in the manner described 

for one off-axis field position, h. 

Notice that for this final calculation, the error in e was that 
z 

of depth-of-focus alone. The rotational error was ignored because with 

very careful alignment this error can be reduced to a negligible amount. 
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Looking at the present standard deviation of the mean for r 

introduced by errors in measuring h and ez separately: 

(7)' • 

It is observed that their magnitudes are comparable. This in

dicates the importance in trying to reduce sources of errors in measuring 

both h and e . 
z 

One way to reduce the uncertainty in h is to make measurements 

of ez at several off-axis positions, n. This procedure would reduce 0^ 
Z °h 

to a very small value since goes as — leaving as the final limitation 

in measuring r visually, the depth of focus error. That is, r can be 

measured to 0.15% (see Eq. 4.4). 

At this point a slight digression is in order. When the test was 

first conducted, measurements of 6 for different object heights were 

taken. The radius r was calculated from the data in an iterative fashion 

using a computer in the following manner: 

1. The program read a set of measured h and 6 . 

2. Equation (2.8) was solved for 6 and an analytical was calcu

lated for each pair of h versus 6 „ for an initial estimated value r st 

of r. 

3. The RMS error of 6 „ and 6' was obtained for different estimated 
st st 

radius of curvatures. 

= 0.15% 

0.14% 

(4.4) 

(4.5) 
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A plot of EMS error versus r is shown in Figure 4.5 where a 

minimum for the RMS error yields the true value of r. Figure 4.6 is a 

plot of the measured points versus the best-fit theoretical curve. 

From these two figures one would conclude that the radius can 

be measured to 1 part in 12000. However this was not the case in this 

set of measurements. The radius was checked by an independent measure

ment to be 23.929 ± 0.0008 in. Since the data taken consistently con

verged to the same radius, it indicated the presence of a systematic 

error. It was at this point that the careful alignment procedure 

described in Chapter 3 was followed. 

The basic idea in applying the test is to take many sets of 

readings of h versus & and then to do a best fit to the radius. This 
st 

procedure will converge to an answer but it may be erroneous if care has 

not been taken to eliminate all sources of systematic error. This mea

surement concept is appropriate for obtaining a precise radius, but only 

when systematic errors are removed. 
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Figure 4.5. Radius r versus RMS. 
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Figure 4.6. Object displacement versus 
astigmatic image separation. 



CHAPTER 5 

OFF-AXIS PARABOLOID 

As was discussed in Chapter 2 there are two basic geometries of 

the test set-up for the off-axis paraboloid. In Case A the object is 

positioned in a plane containing the vertex center of curvature. In 

Case B the object is placed along the normal at either the sagittal or 

the tangential center of curvature planes. Case A will be the subject 

of Chapter 5, while Case B will be discussed in Chapter 6. 

Case A Single-Pass 

The off-axis paraboloid in single-pass was studied with the aid 

of a computer to investigate the nature of the imaging in the presence 

of large aberrations. 

When the source is placed in a plane containing the center of 

curvature of a 4 meter diameter, f/1.5 parent paraboloid, the returning 

wavefront has predominantly a large amount of spherical aberration. 

Since astigmatism is the aberration of interest which will be used to 

infer the principal radii of curvature, the system was stopped down to 

an off-axis segment with a diameter of 200 millimeters at f/60 (Figure 

5.1). 

Tables 5.1 and 5.2 show the amount of Seidel astigmatism, coma, 

and spherical aberration in the test configuration. These results were 

obtained as follows: 
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SAGITTAL 
PLANE 

—v 

TANGENTIAL 
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PARABOLA 

Figure 5.1. Case A, off-axis paraboloid. 
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Table 5.1. Aberrations vs. object displacement h. 

Sphere F/60, H = 1000.0 mm. 

h (mm) 
y 

50 100 150 200 225 250 

Astigmatism (X) 0.025 0.098 0.222 0.395 0 .500 0 .617 

Coma (A) 0.0 0.0 0.0 0.0 0 .0 0 .0 

Spherical 
Aberration (X) 0.0 0.0 0.0 0.0 0 .0 0 .0 

£z (mm) 0.4127 1.6525 3.7215 6.6213 8 .3832 10 .3533 

Table 5.2. Aberrations vs. 
paraboloid. 

object displacement, h, Case A off-, axis 

H (mm) hy(mm) 50 100 150 200 225 250 

1000 Astigmatism 
(X) 

9.797 9.738 9.631 9.474 9.378 9.269 

1000 Coma (X) 0.981 0.981 0.984 0.987 0.987 0.987 

1000 Spherical 
Aberration 
(X) 

0.024 0.025 0.025 0.025 0.025 0.025 

1000 e (mm) 
z 

168.7053 167.4520 165.5298 162.6569 160.8986 158.9254 

1750 Astigmatism 
(X) 

30.069 30.071 30.025 29.932 29.868 29.792 

1750 Coma (X) 1.7190 1.7220 1.7280 1.7340 1.7370 1.740 

1750 Spherical 
Aberration 
(X) 

0.025 0.025 0.025 0.025 0.025 0.025 

1750 ez (mm) 533.2581 532.5992 531.0434 528.5865 527.0188 525.2244 
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1. The system was modeled with the ACCOSV (ACCOSV User's Guide, 

Scientific Calculations, Inc., 1970) lens design program. 

2. The system was then analyzed with the Optical Sciences Center's 

FALCON program (Loomis, 1981). FALCON has the capability of 

fitting any reasonable wavefront with Zernike polynomials (Born 

and Wolf, 1975). The program samples the exit pupil and gener

ates a matrix of optical path difference data between a perfectly 

spherical wavefront and the true wavefront. It then generates 

a polynomial approximation to the aberrated wavefront using a 

set of Zernike polynomials. 

In Figures 5.2 and 5.3 astigmatism is plotted versus h, the dis

placement of the object from the axis of the parent conic along the y 

direction. As expected, for a sphere astigmatism increases quadratically 

with object height. For the off-axis paraboloid, on the other hand, as 

the object is displaced from the axis the amount of astigmatism decreases. 

There is an object location for which the astigmatism introduced by moving 

the object off-axis balances the astigmatism in the surface of the piece 

itself. This behavior is illustrated in Figure 5.1. For small object 

displacements the sagittal and tangential focal planes are two separate 

flat surfaces. As h becomes larger S"" and T' curve and their separation 

goes to zero. 

In the spirit of analyzing the nature of both the imagery and the 

Zernike polynomial fit to the OPD of the wavefront, the source was dis

placed in both the ±x and ±y directions as shown in Figure 5.1. The 
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Figure 5.2. Astigmatism vs. object displacement 
h for a sphere. 
Sphere H = 1000 mm. 

H=1000mm. H=1750mm __ 

h (mm) 

Figure 5.3. Astigmatism vs. object dis
placement h for an off-axis •£-
paraboloid. 



41 

results are plotted in Figure 5.4 and listed in Tables 5.3 and 5.4. 

Several interesting results were observed. 

1. As was pointed out, when the object is moved in the ±y 

direction the amount of astigmatism reduces and eventually goes to zero. 

This can be explained by looking at the geometry of the test set-up. 

Since the sagittal curvature is steeper than the tangential curvature, 

as the object is moved in the y direction the pupil in the y direction 

becomes foreshortened which reduces the tangential aperture radius rt-

The difference in radius between rg and r is lessened and the astigmatism 

decreases. On the other hand, when the object is moved in the ±x 

direction, it is the sagittal radius which is foreshortened, making the 

apparent curvature in that direction look even steeper. Consequently, 

the difference in the principal radii increases and so does the astig

matism. A sphere on the other hand, has equal principal radii of curva

ture and displacing the object in either the x or y directions results 

in one curvature appearing steeper than the other which leads to astig

matism regardless of which way the object is moved. 

2. Tables 5.3 and 5.4 list the actual Zernike coefficients for 

astigmatism along with the equivalent amount of Seidel astigmatism. 

FALCON uses 5 basic relations to calculate the 4th order Seidel aberra

tions from the Zernike coefficients. Astigmatism is obtained by: 

W222 = 

9 = 55 tan_1 (=1&) 
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Figure 5.4. Astigmatism vs. object displacement in x and y. 
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Table 5.3. Aberrations vs. object displacement in y direction h , off-
axis paraboloid. ^ 

hy (mm) 225 50 0 -50 -225 

r22 -4.6888 -4.8985 -4. 9038 -4.8849 -4.6308 

Astigmatism (a) 9.378 
90° 

9.797 
90° 

9. 808 
90° 

9.770 
90° 

9.262 
90° 

Coma (a) 0.987 
90° 

0.981 
90° 

0. 978 
90° 

0.326 
90° 

0.972 
90° 

Spherical 
Aberration (a) 0.025 0.024 0. 024 0.024 0.024 

Table 5.4. Aberrations vs. object displacement in x direction h , off-
axis paraboloid. 

h (mm) 
x 

225 50 -50 -225 

R2A 

R22 

Astigmatism (x) 

Coma (a) 

-5.1477 

+0.0307 

10.296 
89.8' 

0.978 
89.8' 

-4.9159 0 

0.0068 -4.9038 

9.832 
90' 

9.808 
90' 

0.979 0.978 
89.9° 90° 

-4.9159 

-0.0068 

9.832 
-90° 

0.979 
90.1' 

-5.1477 

-0.0307 

10.296 
-89.8' 

0.978 
90.2' 

Spherical 
Aberration (a) 0.024 0.024 0.024 0.024 0.024 
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Notice that when the object is displaced in the y direction, 

astigmatism oriented at 0° or that represented by R22 is the only 

component present. For the object displaced in the x direction a 

combination of astigmatism oriented at 0°, R22 and astigmatism oriented 

_ 2  
at 45°, R2 are both present. This effect becomes a useful alignment 

tool. If the object deviates from the y axis as it is being displaced 

the orientation of the astigmatism would be seen to rotate from 0° and 

could thus be corrected. 

Finding the Best-Fit Surface 

The single-pass test set-up as depicted in Figure 5.1 has four 

experimental parameters: 

1. the decentration of the piece, H 

2. the vertex radius of curvature, r 
v 

3. the conic constant, K 

4. the tilt of the measurement plane, £. 

To investigate how an uncertainty in these parameters affects 

the Zernike fit and how they combine, the following analysis was per

formed. 

The lens design program ACCOSV has some very useful routines 

to do the analysis. From previous program runs (Table 5.2), the amount 

of astigmatism W222 an̂  the corresponding astigmatic separations versus 

object height were obtained. A ray defined aberration specifying the 

exact amount of astigmatism was entered in the program and used to find 

the best fit surface defined by the conic constant K of the surface 



which results in the specific astigmatism given. In the same manner, 

the program can solve for the best-fit surface given a certain amount 

of astigmatism as a function of the decentration H, or object distance, 

d. 

Figure 5.5 and Table 5.5 show the results of iterating to find 

K, for several object heights. In about 10 iterations the conic constant 

arrived at is the expected value for a paraboloid, K=-l. 

Now consider the effect of having an uncertainty in the decentra

tion H of the off-axis paraboloid. This means that we do not know 

exactly what segment of the parent parabolid is being measured. Again 

this case was set up in ACCOSV. The program was given the amount of 

astigmatism for two object heights and was asked to solve for the best-

fit surface that would have the predefined amount of astigmatism as a 

function of H (see Tables 5.6 and 5.7). From Figure 5.6 we can see that 

only for H=1000 mm is K=-l. For H>1000 mm, K<-1, and the surface would 

be a hyperboloid. For H<1000 mm K>-1 and the surface would be ellipsoid 

of revolution about the major axis. These two solutions hold as long as 

the astigmatic foci are larger than r. If the foci fall inside the 

vertex radius of curvature with K>-1, the surface would be an ellipsoid 

of revolution about the minor axis. The point is that for a certain 

amount of measured astigmatic focal shift there is more than one conic 

surface that could be a solution unless the decentration H is well known. 

A variation of this set-up was to keep K constant but vary H and 

observe the change in astigmatism. Figure 5.7 shows the results for two 

object heights, h=50 mm and h=200 mm. The amount of astigmatism increases 
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Figure 5.5. Conic constant versus iteration cycle. 
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Table 5.5. Conic constant K versus object displacement h. 

Iteration 
hy (mm) 

Cycle 10 50 200 

1 -6.0477 -6.0518 -6.0668 

2 -1.7910 -1.7888 -1.7808 

3 -1.1193 -1.1185 -1.1157 

4 -1.0179 -1.0177 -1.0170 

5 -0.90992 -0.91078 -1.0025 

6 -0.99797 -0.98670 -0.98733 

7 -0.99969 -0.99801 -0.99813 

8 -1.0015 -0.99970 -0.99972 

9 -1.0002 -1.0015 -0.99995 

10 -1.0000 -1.0002 -0.99999 

11 -1.0000 -1.0000 -1.0000 
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Table 5.6. Conic constant vs. paraboloid decentration, h = 50 mm. 

Iteration 
(mm) 

Cycle H = 950 H = 990 H = 1010 H = 1050 

2 -2.2708 -1.8865 -1.6904 -1.2901 

4 -1.1690 -1.0441 -0.99294 -0.90877 

6 -1.1111 -1.0209 -0.98052 -0.90713 

8 -1.1078 -1.0203 -0.98031 -0.90712 

10 -1.1079 -1.0203 -0.98031 -0.90712 

Table 5.7. Conic constant vs. paraboloid decentration, h = 200 mm. 

Iteration 
(mm) 

Cycle H = 950 H = 990 H = 1010 H = 1050 

2 -2.2656 -1.8791 -1.6819 -1.2792 

4 -1.1679 -1.0434 -0.99236 -0.98052 

6 -1.1111 -1.0209 -0.98049 -0.90704 

8 -1.1079 -1.0203 -0.98029 -0.90703 

10 -1.1080 -1.0203 -0.98029 -0.90703 
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Figure 5.6. Conic constant vs. paraboloid decentration. 
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Figure 5.7. Astigmatism vs. paraboloid decentration. 
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as a function of increasing H. This result makes sense realizing that 

as the segment is chosen farther from the vertex of the parent conic the 

piece becomes more toroidal. 

The nominal distance the source is placed from the vertex of the 

parent paraboloid is rv» the vertex radius of curvature. This implies 

that both the radius and the location of the vertex is known. If r is 
v 

not known exactly, the astigmatism changes as a function of object dis

tance, d. Figure 5.8 shows the nature of this change for two object 

heights. For h=50 mm the astigmatism as a function of d is greater than 

for h=200 mm. This is understandable in view of the fact the astigmatism 

decreases as the object is displaced farther from the axis in the y 

direction. 

Figure 5.9 and Tables 5.8 and 5.9 show the results obtained.when 

the program was asked to find the conic constant of the surface that 

best-fits a given amount of astigmatism for different object distances. 

For d<12000 mm, K>-1, the surface is ellipsoidal and for d>12000 mm, 

K<-1, the surface is a hyperboloid. 

The previous results can be combined to observe the interdepen

dence of the different parameters. One such way is to define a certain 

amount of astigmatism, and as a function of object distance d, solve for 

the decentration, H that would define the particular parabolic off-axis 

segment. From Figure 5.10 we can see that for an object height h=50 mm 

there is a combination of object distance and segment decentration which 

keep the astigmatism constant. 
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Table 5.8. Conic constant vs. object distance, h = 50 mm. 

Iteration 
Cycle d = 11950 

d (mm) 

d = 11990 d = 12010 d = 12050 

2 -0.75536 -1.5817 -1.9961 -2.8280 

4 -0.47538 -0.90149 -1.0600 -1.4891 

6 -0.47637 -0.90136 -1.0925 -1.4902 

. 8 -0.47537 -0.90136 -1.0940 -1.4902 

Table 5.9. Conic constant vs. object distance, h = 200 mm. 

Iteration 
Cycle d = 11950 

d (mm) 

d = 11990 d = 12010 d = 12050 

2 -0.75136 -0.90085 -1.9874 -2.8164 

4 -0.47385 -0.90071 -1.0609 -1.4905 

6 -0.47385 -0.90071 -1.0930 -1.4916 

8 -0.47385 -0.90071 -1.0940 -1.4916 



54 

1050 " 

I 

I 1000 

2 
H 
Z 
W 
u 
w Q 

950 -

h =50 

11990 12000 12010 

OBJECT DISTANCE d(mm) 

Figure 5.10. Decentration vs. object distance. 

From the previous studies it is evident that knowing H and rv is 

essential to be able to interpret the astigmatism data that would be ob

tained. Looking at the off-axis segment as described in Case B avoids 

the problem of knowing H and r^. However, before proceeding into that 

discussion it is instructive to look at this set-up in double-pass. 

Case A Double-Pass 

One of the first questions that evolves in trying to appropriately 

simulate the double-pass set-up with the computer was the choice of retro-

reflector and its relative position in the system. 

Consider the following: after leaving the point source the 

spherical wavefront is reflected by the off-axis paraboloid which 
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introduces (predominantly) astigmatism. As shown in Figure 5.11 there 

are two focal planes associated with the reflected wavefront. This 

wavefront must now be reflected back to the paraboloid for final conver

gence at the observation plane. It is important that the retroreflecting 

element introduce no aberrations of its own so that the astigmatism 

detected is that of only the off-axis paraboloid. The most convenient 

surface to use as a retroreflector is a sphere. The question now is, 

what radius? Several possibilities were investigated. 

(a) A retroreflecting sphere whose radius equals the separation of 

the astigmatic images, 6 

(b) Retroreflecting spheres whose radii are integral multiples of 

<5 „• st 

(c) A flat at the midplane of the astigmatic images. 

The two astigmatic images formed by the paraboloid constitute 

two objects for the retroreflecting sphere. This means the sphere can 

only focus one of them at any one time. The sphere was first positioned 

to focus the sagittal rays then repositioned to focus the tangential 

rays. The results are listed in Tables 5.10 and 5.11. Table headings 

SAG and TANG indicate the retroreflecting sphere's two focii. 

Looking at these results notice first that when the retro

reflecting sphere is focused on S' and its radius is the astigmatic 

separation 6 , the aberrations are essentially cancelled. To understand 

this result refer to Figure 5.12b. The sagittal rays 3 and 4 reflected 

from the paraboloid come to a focus at S', then strike the sphere at 



Observation Plane 

st 

•^Flat at 
Midfocus 

focused at S 
st 

focused at T' 
st 

Figure 5.11. Double-pass configuration. 



Table 5.10. Aberrations vs. RR sphere radius for h = 0.0. 

R = 6 . = 169.05 mm R = 10 6 t R= Flat 
st st 

Sphere 
Focus 

MIDFOCUS 

Unvignetted Pupil 
Size (mm) 129.2497 305.125 99.7723 122.8085 101.1791 

Astigmatism (X) 0.420 117.976 22.433 26.695 20.033 

Coma (X) 0.021 29.316 2.520 3.261 0.021 

Spherical 
Aberration (X) -0.432 2.105 0.069 0.100 0.053 

Vignetted Pupil 
Size (mm) 99.6585 99.6170 99.7723 98.9199 98.9754 
% rays blocked 8% 67.6% 0% 20% 1.6% 

Astigmatism (X) 0.230 12.994 22.433 17.336 19.169 

Coma (X) 0.015 1.431 2.520 1.809 0.021 

Spherical 
Aberration (X) -0.042 -0.218 > 0.069 0.063 0.049 



Table 5.11. Aberrations vs. RR sphere radius for h = 200. 

R = 6 = 
St 

167.46 mm R = 10 
5st 

R = Flat 

Sphere 
Focus 

S' T' S' T' MIDFOCUS 

Unvignetted Pupil 
Size (mm) 130.6418 304.8780 99.7825 121.9716 100.8012 

Astigmatism (X) 0.441 113.192 21.396 25.397 19.166 

Coma (X) 0.021 29.442 2.499 3.219 0.033 

Spherical 
Aberration (X) -0.470 2.104 0.070 0.099 0.053 

Vignetted Pupil 
Size (mm) 
% rays blocked 

99.7749 
8% 

99.4139 
67.6% 

99.7825 
0% 

99.6397 
19, 

96.6345 
.2% 1.6% 

Astigmatism (X) 0.238 12.456 21.396 16.962 18.351 

Coma (X) 0.015 1.404 2.499 1.845 0.030 

Spherical 
Aberration (X) -0.046 -0.167 0.070 0.064 0.049 

Ui 
00 



Pupil Radius = 100.8012 mm 

Ray 
Coordinate •^coordinate n̂un̂  

1 0 99.62883 

2 0 -99.67374 

3 99.99714 -0.02289 

4 -99.99714 -0.02289 

1' 0 -97.59161 

2 '  0 98.37612 

3' -101.00252 0.08899 

4' -101.00252 0.08899 

(a) 

Figure 5.12. Anamorphic pupils. 

(a) Flat at midfocus. 
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Pupil Radius=130.6481mm 

Ray 
Coordinate V coordinate 

1' 0 -131.52801 

2' 0 69.78593 

3" 98.96312 -10.37611 

4" -98.96312 -10.37611 

4'< 
/ 

f  
/ 

Pupil Radius=304.8780mm 

Ray 
coordinate coordinate 

1' 

2' 

3' 

4' 

0 

0 

304.39328 

-10.59644 

66.96202 

-130.29475 

-10.59644 

-304.39328 

(c) 

Figure 5.12.—Continued 

(b) R=6 focused at S'. 
(c) R=6S. focused at T'. 

st 

\ 



1 

4 

2 

Pupil Radius=99.7825mm 

1 

4' 

Pupil Radius=121.9716mm 

Ray X 
coordinate 

y 
coordinate 

r 0 74.58065 

2- 0 -81.29265 

3' 99.88503 -1.14556 

4' -99.88503 -1.14556 

(d) 

Ray 
Coordinate V coordinate 

1' 0 96.09124 

2' 0 -102.99541 

3' 122.11895 -1.19150 

4' -122.11895 -1.19150 

(e) 

Figure 5.12.—Continued 

(d) R=106 focused at S'. 
(e) R=106S. focused at T". 

st 



normal incidence and retroreflect. (This is exactly true only for a 

small bundle of rays centered at the chief ray. However, if the amount 

of aberration is small this is still applicable.) The tangential rays 1 

and 2 whose focus T" is at the vertex of the retroreflector flip sides 

so that upon reflection from the paraboloid a second time the rays strike 

the paraboloid on opposite sides from the first reflection effectively 

nulling the aberration. This is because in the direction of the flip if 

the wavefront was advanced after the first bounce it will be retarded by 

the same amount after the second bounce and the aberration will cancel, 

1.e., all rays will traverse the same optical path distance. 

Secondly, notice that when the retroreflecting sphere of radius 

^ t> is focused on T* the returned pupil becomes quite ellipsoidal. In 

this geometry the tangential rays are retroreflecting (notice 1, 1' and 

2, 2' are on the same side in Figure 5.12c), while the sagittal rays are 

not. The anamorphic nature of the pupils for this configuration creates 

a problem in fitting the Zernike polynomials. Since these polynomials 

are orthogonal only over the unit circle, the program assumes the pupil 

is circular and it extrapolates the data to fit over a circle whose radius 

is the semi-major axis of the ellipse. This leads to erroneous values for 

the individual aberration coefficients. 

In reality it is the piece itself that constitutes the aperture 

stop, determining the size of the bundle of rays that are reflected 

through the system. This is accomplished in the computer model by intro

ducing real circular clear apertures on the reflecting surfaces. The 

resulting pupil sizes, the percent number of rays blocked, and the 
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aberration coefficients are listed in Tables 5.10 and 5.11. It is seen 

then, that in order to obtain an accurate representation of the aber

rations in the wavefront with the Zernike polynomials it is important to 

keep the reflected pupil as circular as possible. 

As the radius of the retroreflecting sphere was increased the 

pupils become more circular for both focus locations. This is because 

the rays are now incident on the sphere at smaller angles and therefore 

are reflected back on themselves more precisely (see Figures 5.12d and e). 

It was also observed that the astigmatism fit in the limit of infinite 

radius approaches twice the value of the single-pass case. 

To avoid the use of a sphere with a very large radius which 

becomes rather impractical, a flat was placed at the midplane between the 

astigmatic images. This results in circular pupils, as desired. The 

astigmatism fit was about twice the single-pass value and the odd order 

aberrations were essentially cancelled. 

To understand this behavior, consider the geometry shown in 

Figures 5.12a and 5.13. The tangential rays 1 and 2 which focus at T "  

reflect off the flat and focus at T" which is at the same location as 

S'. Sagittal rays 3 and 4 focus at S' then are reflected by the flat and 

appear to come from S" which is at the location of T'. From a geometri

cal point of view the images have been interchanged. Since the rays have 

also flipped sides, odd order (antisymmetric) aberrations like coma 

cancel and symmetric aberrations like astigmatism are doubled. 

Figure 5.14 is a plot of astigmatism as a function of the retro-

reflecting sphere's radius of curvature. The basic points discussed are 

illustrated there. 
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Figure 5.13. Flat retroreflecting element. 
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In conclusion, looking at the off-axis parabolic section by 

placing the source at the center of curvature of the parent paraboloid 

has the major disadvantage that the decentration H of the segment and 

the vertex radius rv must be accurately known. 



CHAPTER 6 

CENTERED OFF-AXIS SEGMENT 

A more practical way to look at the parabolic off-axis segment 

is to illuminate the piece looking down its axis of symmetry and refocus 

the object so that it is coincident with one of the astigmatic images. 

When this is done the geometry of Figures 2.3 and 2.4 results. Table 6.1 

lists the aberration coefficients in single-pass for two object heights. 

As expected there is little difference in the results between Case A and 

Case B. In fact, from the geometry of the two set-ups discussed in 

Chapter 2 it is seen that the basic difference is the orientation of the 

plane in which the object is translated (the x,y plane). Consequently 

the observations made for the single-pass of Case A are still applicable 

here. It also follows that the double-pass results are also similar, see 

Table 6.2. 

To summarize: 

1. Astigmatism decreases when the object is moved away from the axis 

in the tangential plane and it increases when the object is 

translated in the sagittal plane. 

2. If the object deviates from the tangential plane the astigmatism 

will appear to rotate from 0° indicating misalignment of the 

object. 

3. In the double-pass set-up having a retroreflecting sphere with a 

radius of curvature equal to the astigmatic separation 6 t» which 
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Table 6.1. Aberrations vs. object location F/60 single-pass. 

Object at r 
s 

Object at r 

Seidel 
Aberrations ( X )  

h = 0 h = 200 
y  

h = 0 h = 200 
y  

Astigmatism ( X )  9.706 9.322 9.706 9.325 

Coma ( X )  0.960 0.963 0.960 0.960 

Spherical 
Aberrations ( X )  0.024 0.024 0.023 0.024 

(mm) 168.4139 161.6340 166.0988 159.5046 

Table 6.2. Aberration 

F/60, h=0. 

fit for double-•pass object at r . 
s 

Radius R = 6 _ focused at S' 
St 

R = Flat 

Pupil Size (mm) 129.6405 99.6863 101.1826 99.0268 

Astigmatism ( X )  0.418 0.228 19.964 19.122 

Coma ( X )  0.018 0.015 0.030 0.027 

Spherical 
Aberrations ( X )  -0.436 -0.042 0.053 0.049 
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focus the sagittal rays, results in a null configuration. 

4. If the sphere is refocused to retroreflect the tangential rays 

the returning pupil becomes much too oblique for an accurate 

determination of the Zernike polynomial coefficients. 

5. For larger radii of curvature, the sphere retroreflects both the 

sagittal and tangential rays such that the returning pupils 

become more circular and the astigmatism approaches twice the 

single-pass value. 

6. If a flat is placed at midfocus the pupil is reversed so that the 

odd order aberrations cancel while the even aberrations double in 

magnitude. 

Application to an F/30 System 

In order to study the nature of the Zernike fit to wavefronts 

having larger amounts of aberrations the system was opened up to f/30. 

This section investigates the application of the test set-up to a system 

where other aberrations besides astigmatism are apparent. 

Up to this point the first eight Zernike terms were used to fit 

the wavefront. These were sufficient to best-fit the astigmatism. If 

the wavefront could be continuously sampled, using higher order terms in 

the fit would not change the low order coefficients. Since this is not 

the case the terms are not orthogonal and change slightly when more terms 

are added. In the presence of large aberrations the higher order Zernike 

terms are no longer very near zero. Since the sampling is not continuous 

the number of terms used in the fit affects the coefficients. 
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The f/30 piece was analyzed in both configurations (Case A and 

Case B) for both single-pass and double-pass. The results are listed in 

Tables 6.3, 6.4 and 6.5. As expected in single-pass Cases A and B are 

very similar. However, notice that for the retroreflecting sphere of 

radius 6 focused at S' the residual amount of astigmatism is consider

ably larger than for the f/60 piece. The reason for this is that in the 

presence of a larger amount of astigmatism the sphere is no longer a 

true retroreflector. Only a small bundle of rays close to the chief ray 

fall normal to the sphere and are truly retroreflected. The flat at mid-

focus doubles the astigmatism as it did in Case A. However the resulting 

amount of astigmatism is so large that it becomes extremely difficult to 

measure. 

Inferring the Radii 

The advantage of Case B lies in the ease of positioning the 

object. This is accomplished by refocusing the object so that it is co

incident with one of the two astigmatic images. The object is then dis

placed perpendicular to the established axis of symmetry and the 

astigmatism is measured as a function of h. Eqs. (2.29) and (2.38) can 

be used to infer the two principal radii of curvature. Notice that the 

required angle I depends on the object's distance to the segment so a 

long distance measurement still has to be made. However, it is not this 

distance alone that determines the radii of curvature. FALCON was used 

to simulate the geometry just described and the astigmatic separation was 

obtained for 10 object heights. The results are listed in Tables 6.6 and 

6.7 including the average radii obtained. 



Table 6.3. F/30 aberration fit for single-pass. 

Object at rg Object at r Object at r^ 

h = 0 h = 200 h = 0 h = 200 h = 0 h = 200 
y  y  y  

Astigmatism (X) 

Coma (X) 

Spherical 
Aberrations (X) 

e (mm) 
z 

38.807 

7.6770 

0.376 

168.4139 

37.276 

7.6980 

38.807 

7.6770 

37.287 

7.6670 

39.225 

7.830 

0.379 0.373 

161.6340 166.0988 

0.377 0.391 

159.5046 169.012 

37.898 

7.890 

0.395 

162.6569 



Table 6.4. F/30 double-pass aberration fit, h=0. 
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R = 
6st 

focused at S' 

Object at rg Object at r Object at r 
J  V 

Pupil Size (mm) 198. 4396 322.9575 322.9597 322.1968 

Astigmatism (A) 2. 642 7.478 7.478 7.507 

Coma (A) 0.  0810 0.303 0.306 .312 

Spherical 
Aberrations (A) -0 .  501 -11.821 -11.821 -11.790 

Table i 6.5. F/30 double-pass, h=0. 

R = Flat at Midfocus 

Object at rg Object at r 
V 

Pupil Size (mm) 198.4136 202. 3601 200 .9674 

Astigmatism (A) 76.819 79. 098 80 .332 

Coma (A) 0.2340 0. 2460 0 .270 

Spherical 
Aberrations (A) 0.787 0. 845 0 .840 



Table 6.6. Tangential radius fit. 
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Object at rg 

h (mm) I 6st rt 

0 0.0 168.4139 12125.21676 

40 0.190326 168.1435 12125.21678 

80 0.380647 167.3324 12125.21680 

120 0.570960 165.9805 12125.21677 

160 0.761260 164.0884 12125.21676 

200 0.951544 161.6563 12125.21676 

r = 12125.21677 

x,y = decentration of the segment (Polster, 1970) 
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Table 6.7. Sagittal radius fit. 

Object at r 

h (mm) I 6st 
r 
s 

0 0.0 166.0988 12041.59461 

40 0.189013 165.8358 12041.59460 

80 0.378022 165.0469 12041.59458 

120 0.567022 163.3721 12041.59458 

160 0.75601 161.8918 12041.59459 

200 0.944982 159.5263 12041.59459 

r = 
s 

12041.59459 

r , = 12041.59458 
theoretical 
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In theory it is possible to determine the radii quite accurately. 

It should be pointed out that the astigmatic separation 6 used in the 

equations were obtained from the FALCON output directly. These are 

calculated by doing a Coddington type trace. They are not obtained by 

fitting the exiting wavefront with Zernike polynomials and then using the 

astigmatism coefficients to infer 6 • The latter would be the approach 

taken if a real test of this method were implemented. The separation of 

the astigmatic images would be obtained from the astigmatism measured 

from an interference pattern. 

These results also assume no errors in alignment or object dis

tance measurements. This, of course, would not be the case in a real 

test set-up. To obtain an idea how an error in positioning the object 

affects the results, the object was defocused different amounts in front 

and behind the object's nominal position at the sagittal center of 

curvature. The separation of the astigmatic images was then obtained as 

a function of h. Figure 6.1 shows that for any object height, decreases 

as the object is translated away from the test piece. This effect results 

in a systematic error in the calculated radius, see Table 6.8. Notice, 

for example, that for the object located at distances less than rg = 

12041.59458 the tangential radius r calculated as a function of h is 

smaller than the real value and gets consistently smaller as h increases. 

The opposite is observed for the object located at distances longer than 

r . 
s 

Another way to look at these results is to notice that for a 

change in of approximately 2 mm due to an error in object position, 
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170 

h =6Omm 

O 165 

h =120mm " N 

h =160mm -

160 
h =200mm 

12010 12050 12090 

d, OBJECT DISTANCE TO VERTEX 

Figure 6.1. vs. object distance. 
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Table 6.8. r vs. object distance • 

Object Distance (mm) 

h (mm) 12010 • 12041.59458 12090 

0 12094.06237 12125.21676 12172.95887 

60 12094.06001 12125.21676 12172.96242 

120 12094.05293 12125.21677 12172.97301 

160 12094.04556 12125.21676 12172.98402 

200 12094.03609 12125.21676 12172.99816 

the radius changes by as much as 80 mm. To minimize this error several 

sets of e 
7. 
versus h could be taken, repositioning the object each time 

and then averaging the results. Figure 6.2 shows how W222 changes in 

double-pass for an uncertainty in the object's position. The plot shows 

the results for both a flat at midfocus (h=0) and a sphere of radius 

equal to 6 (several values of h). Notice that the flat is less sensi

tive to an error in object distance than the sphere. Also notice that 

the sphere becomes more sensitive to this error as the object's height 

is increased. 

In the double-pass cases discussed above, when the retroreflecting 

element was a sphere of radius 6 , the radius of the element was adjusted 

as h was increased. We know that the astigmatism is decreasing for an 

object being displaced in the tangential plane. Therefore, the retro

reflecting sphere's radius was changed as a function of h so that the 
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Figure 6.2. Astigmatism in double-pass vs. object distance. 
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sphere remained a true retroreflector. In actuality, one would use one 

sphere of an average radius that would be the best compromise. Figure 

6.3 shows the effect on W222 f°r a sphere of constant radius (r=6gt) • 

For comparison, the results for a sphere of radius r=6gt were included. 

. 8  

R= 6, 
st 

. 6  

.4 

R=6 
st 

. 2  

40 120 160 200 

h (mm) 

Figure 6.3. Astigmatism in double-pass vs. object displacement. 



CHAPTER 7 

SUMMARY AND CONCLUSIONS 

In testing of a sphere the technique has been demonstrated experi

mentally to work to an accuracy of 0.15%. The concept is appropriate for 

obtaining a precise measurement of the radius, when all sources of 

systematic error are removed. 

For the off-axis parabolic segment the principal radii of curva

ture rg and r can be obtained to an arbitrary accuracy as long as the 

separation of the astigmatic images 6 is obtained to the same accuracy, 

and sources of systematic error are removed. 

There are two basic ways of implementing the test: 

(a) In choosing the retroreflecting element, it must be kept in mind 

that large amounts of aberrations are difficult to read and 

analyze. It is therefore advantageous to try to null as much of 

the aberrations as possible. This is accomplished with a retro-

reflecting sphere of radius 6 • For practical reasons a sphere 

of some average radius may be chosen, which best retroreflects 

the beam for different off-axis positions of the objects. 

(b) A flat can be used as a retroreflector, instead of a sphere. 

However, this choice doubles the even aberrations. 

In setting up the test, possible sources of error that affect the deter

mination of 6 . are: 
st 

80 
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(a) the exact positioning of the object's distance to the test 

piece. 

(b) exact displacement of the object perpendicular to the established 

axis of symmetry. 

(c) alignment of the retroreflecting element. 

In general an effort should be made to ensure that the test process does 

not introduce constant errors that are not observable in the measurements. 

On the basis of the analysis performed and keeping in mind the 

points made, it would be instructive to set up an actual experimental 

test of the off-axis parabolic segment using interferometric techniques. 

Extreme care must be exercised when digitizing the interferograms to 

ensure an accurate determination of 6 . 
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