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NOTATION 

depth of the equivalent rectangular stress block 

from top of the compressive fiber. 

gross area of column section 

area of steel at the ith reinforcement bar 

area of reinforcement steel 

overall width of column section 

width of confined core measured to outside of 

hoops 

depth of the neutral axis measured from the top 

of the compressive fiber 

resultant compressive force in the concrete 

distance from compressive face of the column 

section to the. tension steel 

distance from plastic centroid to the tension face 

of the column section 

eccentricity of loading about x, y axis 

Modulus of Elasticity for concrete 

Modulus of Elasticity for steel 

compressive stress in concrete 

compressive cylinder strength of concrete 

steel stress 

stress in steel at the ith reinforcement bar 

xi 



X l l  

f = yield strength of steel 

h = overall depth of column section 

kY, k = relative depth of neutral axis of column section y 

in x, y directions 

H = the effective height of column with respect to 

the minor x-axis 

&ey = the effective height of column with respect to 

the major y-axis 

M = the biaxial flexural strength about the x-axis 
A 

M = the uniaxial flexural strength about the x-axis UA 

M = the biaxial flexural strength about the y-axis 

MUy = the uniaxial flexural strength about the y-axis 

Pu = ultimate load on column section under biaxial 

bending 

P = ultimate load when there is no eccentricity o J 

P = ultimate load when only eccentricity e is present 
UX X 

PUy = ultimate load when only eccentricity e is present 

= force in steel bar 

= spacing between sets of confining hoops 

T = tension force in reinforcement steel 

X, Y = coordinates of concrete compression force from the 

center of column section 

x^, y^ = coordinates of .the steel bar 

Z = slope of falling branch of concrete stress-strain 

model (Equation (62)) 



Xlll 

W = density of concrete psf (Equation (59)) 

3 = ordinate of the contours at the point at which 

the relative moments are equal (Equation (2)) 

3^ = proportion of neutral axis depth over which uni

form compressive stress is assumed 

ec = maximum concrete strain 

= strain at steel bar 

eQ = concrete compressive strain at which maximum 

stress is carried 

Er- , = strain at which stress has fallen to half of Sou 

maximum value for unconfined concrete 

e5oh = additional concrete strain at half of maximum 

stress due to presence of confining reinforcement 

e,.n = confined strain at 50% stress 
50c 

eon = confined strain at 20% stress 
20c 

0 = specific angle of loading about y-axis on column 

section 

Ps = ratio of volume of lateral reinforcement to volume 

of concrete core measured to outside of hoops 



ABSTRACT 

The strength of a reinforced concrete column has 

been studied by many investigators. The problem presented 

by a column subjected to axial load and uniaxial bending 

has been satisfactorily solved, while that of axial load 

and biaxial bending was undertaken using empirical proce

dures . 

Analysis and design of reinforced concrete columns 

subjected to axial load and biaxial bending are the subject 

of this study using the trial and adjustment procedure, 

necessary to find the inclination and depth of the neutral 

axis satisfying the equilibrium equations. 

For this procedure, a computer program using Basic 

FORTRAN Language was developed, and numerical solutions for 

several applications are presented. Solutions were found 

by various methods as well as by the computer program. 

Results obtained from the other methods are compared with 

the computer program results to verify accuracy of the 

program. 

xiv 



CHAPTER 1 

INTRODUCTION 

Columns are structural members used primarily to 

support compressive loads. Until the late 1960's, analysis 

of a reinforced concrete column was based on the working 

stress method for which sections of the members of the 

structure were designed, assuming straight-line stress-strain 

relationships that ensured stresses in the steel and con

crete did not exceed allowable working stresses at service 

loads. The designer's problem was in selecting the section 

(dimension) and the reinforcement, then computing capacity 

of the section, determining that it would be greater than or 

equal to that required. Reinforced concrete columns were 

usually overdesigned by selecting a large cross section and 

more reinforcing steel than necessary to overcome the bend

ing stresses. With the development of the ultimate strength 

method a complete change took place in which the design 

method was based on the actual inelastic proportion of the 

concrete and steel. Based on the ultimate strength method, 

new charts, graphs, and tables were developed to help in 

designing reinforced concrete columns for the axial load 

and uniaxial bending to which they would be subjected. Also, 
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these data were used to design reinforced concrete columns 

subjected to axial load and biaxial bending using the rela

tionship between uniaxial bending and the biaxial bending 

as suggested by Bresler [3]. 

Recently new approaches have been used (as further 

discussed in Chapter 2), to solve the problem of reinforced 

concrete columns subjected to axial load and biaxial bend

ing. In this present study, a new approach using the 

equations given by strain compatibility and equilibrium 

[15] is used to analyze short column sections subjected to 

axial load and biaxial bending, in which the position of the 

neutral axis is assumed, and a trial and adjustment proce

dure is used to find the inclination and depth of the neutral 

axis, thereby satisfying the equilibrium equations as will 

be discussed in Chapter 5. This approach uses governing 

equations, presented herein in Chapter 3 to develop a 

computer program to solve the problem of columns subjected 

to axial load and biaxial bending. The computer program 

written is suitable for the CYBER 175 machine. Explanation 

and applications of the computer program are also presented 

in Chapter 5, with notes, input instructions, and list of 

the computer program in the Appendix. 



CHAPTER 2 

REVIEW OF PREVIOUS STUDIES 

Behavior of reinforced concrete columns subjected 

to axial load and biaxial bending has been the subject of 

lengthy research by many investigators in the United States, 

Canada, and Europe since the 1960's. Several approaches 

based on acceptable approximations have been suggested to 

achieve the solution for reinforced concrete columns sub

jected to axial load and biaxial bending. 

Parme, Nieves and Gouwens [16] suggested that the 

response of a column to biaxial bending must be related to 

the uniaxial resistance of that section. Their approach, 

as discussed by Bresler [3], is that in which the bending 

moments about each axis are related by a single though 

variable exponent 

(M /M )n + (M /M )n = 1 (1) 
*• x' ux; v y uy' 

or 

CM /M jiogO-S/loge + (M /M jlogO.B/logB , 1 
v x ux y uy 

( 2 )  

where 

Mx = the biaxial flexural strength about the x axis 

My = the biaxial flexural strength about the y axis 
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M = the uniaxial flexural strength about the x UA 

axis 

M = the uniaxial flexural strength about the y 
uy 

axis 

3 = the ordinate of the contours at the point 

at which the relative moments are equal 

(Figure lb). 

For design convenience, a plot of the curves gener

ated by nine values of 3 for a column section are given in 

Figure 2. With 3 known, the bending resistance in any 

direction of an eccentrically loaded column can be obtained. 

Parme et al. [16] concluded that the biaxial bending resis

tance of an axially loaded column can be represented 

graphically (Figure la) as a surface formed by a series of 

interaction curves drawn radially from the ultimate load 

(Pu) axis. When the bending resistance is plotted in terms 

of the dimensionless parameters P../P,.., M /M , M /M with 
LI U V y A U A 

the latter two terms designated as the relative moments, 

the ultimate capacity surface generated assumes the shape 

shown in Figure lb where 

Pu = the ultimate load under biaxial bending 

P = the ultimate load when there is no eccentri-
o 

city, and the other parameters are the same 

as previously stated. 



( a )  

Figure 1. Ultimate capacity surfaces [16]. 



Uniaxial Bending Capacity 
about X axis = Mu« 
about Y axis = Muy 

Biaxial Bending Capacity 
about X axis = Mx 

about Y axis = Mv 

Figure 2. Biaxial moment relationship [16]. 



7 

Farah and Huggins [6] presented an integration 

method which can be applied in the case of regularly shaped 

columns such as rectangular or square. According to their 

study, using a continuous fourth-order polynomial fitted by 

the least squares method to stress-strain data obtained from 

uniaxial compression tests of concrete cylinders as shown 

in Figure 3, the following relationship exists: 

fc = W1 (3) 

where 

i = 1, 2, 3, 4 and is constant 

K1 = 0.958 x 103 

K2 = -0.312 x 106 

K3 = 0.306 x 108 

K4 = -0.257 x 109 

f = stress in the concrete (Psi) 
c 
I 

f = maximum stress in the concrete (Psi) 
c 

The ultimate concrete compressive strain is taken 

as 0.004 and the stress corresponding to this strain is 
f 

assumed to be 0.85 f . The section strain distribution is 
c 

determined by the three corner strains, namely £3 

(Figure 4). The origin 0 (<j),^) is taken as the corner 

subjected to the highest compressive strain, with the coor

dinate axes as shown in Figure 5. The strain £(x,y) at any 

point P(x,y) is given by: 
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fe.Jtft.t+k.tf+k.t? 4k.tf) 

1c 

OSS fc 

U 
Strain C 

Figure 3. Concrete stress-strain curve [6]. 



a 
Neglected Tension 

^TfT Ten sjotL——' ITTflWdnK -

c c b 
Face C 

e b 

Figure 4. Stress and strain distribution in section [6], 
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Y 
I 
I 
I 

(0,9) 

(0.^8) 

(0,0) 

Figure 5. Area and limits of integration [6]. 
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5 ( x , y )  =  -  ( 5 1 - C 2 ) J  ( 4 )  

and the corresponding stress: 

£ c C x , y )  =  f ^ K . 5 1 ( x , y )  ( 5 )  

where 

T = the width o£ the section 

B = the depth of the section 

and the other parameters are the same as discussed earlier. 

Considering the element of area dxdy (Figure 5), 

the force AP on the element is: 

AP = fc(x,y)dxdy , 

and the total force P is the sum of the elemental forces: 

rTrf(x) 
fc(x,y)dxdy + Pst (6) 

oo 
where 

P t = force of the steel 

The elemental moment about x-axis is AM where: A 

AMx = fc(x,y)dxdy(| - y) , (7) 

and the total moment M„ is the sum of the elemental moments 
A 

M X = 

Tff(x) B 
£
c(x,y)(j - y)dydx + Mxst 

o o 
( 8 )  

where 



Mxst = "the moment of the steel 

Similarly: 

12 

AM = fc(x,y)dxdy(j - x) (9) 

My * 

fW 

o o 

- x)dydx + Myst 

( 1 0 )  

Solution to the above equations is obtained numeri

cally by first assuming the values for an^ £3* an<^ 

then iterating, using Equations (6), (8), and (10) until 

the correct strains corresponding to the given P, M , and 
A 

My are determined. 

Brondum-Nielsen [4] suggested a method, by writing 

moment and force components equilibriums with respect to the 

axes through the normal force Nu and parallel to arbitrary 

orthogonal x- and y-axes (Figure 6) where the following 

relationships exist: 

f i  =  z < V e : i V s i  "  f  cd 

f 2  -  Z C x 1 - n ) A i a s i  -  f c d  

N u  "  f c d A c  "  z V s i  

(y-e)dAc = 0 

(x-n)dAc = 0 

(11)  

(12) 

(13) 

where 

f^ = moment about the x-axis 

f2 = moment about the y-axis 



£ <rr 

Figure 6, Cracked arbitrary cross section loaded by 
an eccentric axial load [4]. 
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= area of the steel bar 

as^ = tensile stress of the steel bar 

f ̂  = concrete compressive stress 

Ac = concrete area 

Nu = the normal force 

x^, y^ ='coordinate of the steel bar 

The nonlinear equations generated by this technique can be 

solved by a two-dimensional Newton-Raphson iteration using 

finite differences in lieu of the partial derivatives. This 

method is suitable for programmable hand-held calculators. 

Weber [19] used a method for approximating the fail

ure surface based on linear interpolation between the 

capacity for bending on the diagonal and the capacity for 

bending on a principal rxis, including design charts for 

columns with equal bending resistance on both principal axes. 

These charts are limited in scope and not intended to cover 

fully the range of parameters encountered in normal design. 

According to Weber's study, the maximum error for these 

charts was found to be 5.3 percent. 



CHAPTER 3 

BEHAVIOR OF REINFORCED CONCRETE COLUMNS 

General 

Columns are structural members primarily carrying 

axial load. However, most columns are subjected to bending 

moments as well as axial load. Concrete columns can be 

divided into three categories depending on the amount and 

distribution of reinforcing steel: 

1. Plain concrete columns defined as concrete sections 

with no longitudinal steel reinforcement. These 

columns cannot support much load and are not used as 

columns although they can be used as pedestals pro

vided their height is not greater than three times 

their least lateral dimension. The addition of 

longitudinal bars will greatly increase the load-

carrying capacity of these pedestals. Further, 

large increases in strength may be made by providing 

lateral restraint for these longitudinal bars. 

2. Reinforced concrete columns defined as concrete 

sections with longitudinal steel reinforcement near 

the outside faces. Such columns are referred to as 

tied or spiral, depending on the method used for 

15 
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laterally bracing or holding the longitudinal bars 

in place. If the column has a series of closed 

ties, as shown in Figure 7a, it is referred to as a 

tied column. These ties are very effective in 

increasing the column strength and resist 

the tendency of the longitudinal bars to buckle 

outwards under load, which would cause the outer 

concrete cover to spall off, leading to a signifi

cant loss in the load carrying capacity of the 

column. The ties also prevent the longitudinal 

bars from being displaced during construction. Tied 

columns are usually square or rectangular but they 

may be found in other geometric shapes as well. 

If a continuous helical spiral, usually made 

from No. 3 or No. 4 reinforcing bars or heavy wire, 

is wrapped around the longitudinal bars as in Figure 

7b, the column is referred to as a spiral column. 

Spirals are more effective than ties in increasing 

a column's strength. The closely spaced spirals do 

a better job of holding the longitudinal bars in 

place. In addition, they provide better confinement 

for the core concrete, which greatly increases its 

resistance to axial compression. As the concrete 

inside the spiral tends to expand laterally under 

the compressive load, the spiral reinforcement is 



longitudinal 
bars 

tied column spiral column 

concrete 

structural 
steel pipe 

composite column composite column 

Figure 7. Types of columns [14]. 
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put into hoop tension, and the column will not fail 

unless the spiral yields or breaks, permitting the 

core concrete to burst. Spiral columns are normally 

circular but they can also be constructed in squares 

or other polygon shapes. 

3. Composite columns, as in Figure 7c, d, are those con

crete columns that are reinforced longitudinally by 

structural steel shapes, which may or may not be 

surrounded by reinforcing steel bars, or may consist 

of structural steel tubing filled with concrete. 

According to MacGinley [11] , columns are classified 

as "short" or "slender" as described below. 

1. Short columns are those for which effects of the 

length may be ignored. According to the ACI 

Building Code [2] a column is considered short when 

both I /h and & r/b are less than 12 where: ex ey 

£ = the effective height with respect to the 
©X 

major x-axis 

£ey = the effective height with respect to the 

minor y-axis 

b = overall width of the column section 

h = overall depth of the column section. 

Failure of short columns is due to the concrete 

reaching its ultimate compressive capacity. 



2. Slender columns are those for which effects of 

slenderness include buckling, elastic shortening, 

and the secondary moment due to lateral deflection. 

According to the ACI Building Code [2], a column is 

considered slender if the ratio defined in (1) is 

greater than 12. Failure of slender columns is 

usually due to buckling of the column before the 

concrete reaches its ultimate compressive capacity. 

This report focuses primarily on the behavior of 

short reinforced concrete columns subjected to biaxial 

bending. 

Columns Subjected to Axial Load Only 

In actual practice there are no perfect axially 

loaded columns, but a discussion of such members provides 

an excellent starting point for explaining the theory 

involving the analysis of real columns with eccentric loads. 

It has been shown by Richart and Brown [17] and 

Hognestad [7] that the strength of the concrete in an 
I 

axially loaded column is approximately 0.85 fc. Thus the 

ultimate load of an axially loaded column (PQ) is: 

P0 - 0.85 f>g-Ast) • fyAst (14) 

where 
I 

f = compressive strength of the concrete 

A = cross sectional area of the concrete. 
g 



A t = area of the longitudinal steel 

f = yield stress o£ the longitudinal steel 

Columns Subjected to Axial Load 
and Uniaxial Bending 

The combination of an axial load (P ) and bending 

moment (Mu) is equivalent to a load (P ) applied at eccen

tricity e = M /Pu, as shown in Figure 8. 

A rectangular section loaded eccentrically at the 

ultimate load is shown in Figure 9. The equilibrium equation 

obtained from the sum of the internal forces is: 

pu - 0.8 5f^ab • Asty - Asfs (15) 

where 
f 

f = compressive strength of the concrete 

b = the width of the column section 

a = the depth of the equivalent rectangular stress 

block 
f 

Ag = area of the compressive steel 

Ag = area of the tensile steel 

f = stress in the steel 
s 

f = yield stress of the steel 

Figure 10 shows that the plastic centroid is the centroid 

of resistance of the section when all the concrete is compressed 
I 

to the maximum stress (. 85 f ) and all the steel is compressed to 

the yield stress (f ) with uniform strain over the section. 

Taking moments about the left-hand steel (Figure 10) gives: 



AT* 
m—\— 

Jv-
Bending and 

axial  load 

Elevations 

Equivalent 
eccentricallv 

loaded column 

Section — 
i P 

r_ 

Figure 8. Equivalent column loading [15]. 
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= 0.003 

0.85/; 

"X—/i;' |  Plastic 
• centroid 

Section 

1 

Strain 

Stresses 

Equivalent 
stresses 

/; 

tt I 
Resultant 
forces 

C e C .  

Figure 9. Eccentrically loaded column 
section at the ultimate load 
[15]. 



23 

r Plastic 
centroid 

b Section 

1, 

0.002 

0.85/; 

Strain 

Stresses 

External load 

Figure 10. Stress in column section when 
load is applied at the plastic 
centroid [15]. 



0 . 8 S f ' b h ( d - 0 . 5 h )  +  A ' f y ( d - d ' )  
d "  =  £  ,  ?  ( 1 6 )  

0.85£ bh + (A +A )f 
c  s  s J  y  

where d = distance from plastic centroid to the tension 

face of the column section 

d = distance from compression face of the column 

section to the tension steel 

h = depth of the column section 

and all the other terms are the same as defined previously. 

For the column in Figure 9, taking moments about the 

plastic centroid gives: 

p e = 0.85f'ab(d-d"-0.5a) + A'f fd-d'-d") 
U L 5 V 

- Asfsd" (17) 

where 

e = the eccentricity of the ultimate load P from 7 u 

plastic centroid 

and the other parameters are the same as discussed before. 

A "balanced failure" occurs when the tension steel 

just reaches the yield strength and the extreme fiber con

crete compressive strain reaches its maximum at the same 

time. A "tension failure" occurs if the ultimate load Pu 

is less than the ultimate balance load P^. For tension 

failure, the strain in the steel at failure is greater than 

the yield strain. A "compression failure" occurs when Pu 

is greater than P^. For such cases the strain in the steel 



at failure is smaller than the yield strain. Due to the 

lack of ductility, compression failure is not a desired mode 

of failure. 

Columns Subjected to Axial Load 
and Biaxial Bending 

A symmetrically reinforced concrete column section 

subjected to biaxial bending, and corresponding strain, 

stress and force diagrams on the section at the ultimate 

load are illustrated in Figure 11. As mentioned before, for 

a given neutral axis position [15], the strain in the steel 

may be found by considering the similar triangles from the 

strain diagram of Figure 11: 

e e si c 

K
y
h " V " V010 K

y
h 

esl = ec^1 " K^E" " KpT-* (-18') 

Similarly, we have 

V  
es2 £cfl " K b " OT-1 (19'1 x y 

es3 = ecf1 " iqU " "K^F" (20) 

b_tx h_ty 
es4 " ec(1 " T^F" ' C21-) 

where positive strains indicate compression. Knowing the 

strain in the steel, the corresponding stress can be obtained 



Plastic^}-
centroid I  

Neutrdl 

Figure 11. Column section with biaxial bending at the ultimate 
load [15]. 
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from a stress-strain diagram for the steel. From Figure 11, 

for bar 1, the three possibilities are: 

if 
f 

e , > the stress will be f , = f 
si — Eg si y 

or if 
f f 

> es2 > - the stress will be f , = 
s s 

or if • (22) 
f 

es-^ £ - the stress will be fg^ = -fy • 

The same is true for the other bars. Therefore, the steel 

forces are: 

S1 = Asl£sl 

(23) 
S2 ~ As2£s2 

S- = A -f _ 
3 s3 s3 

S A = A . f „ 
4 s4 s4 

where A is the area of the steel bar. The resultant com-
s 

pressive force in the concrete and its position (Cc,X,Y) 

will depend on the shape and area of the equivalent compres

sive stress block are later discussed. 

The equilibrium equations can be written as: 

Pu = Cc • S1 • S2 + S3 + S4 t24) 

M
X " Puey=Cc<7 " T> + (S1 + S2'(l " V 

-(S3 + S4)(|- f ) (253 



M y  "  V x  =  
CA - V * ( S -L •  S 3 ) C |  -  t x )  

- CS2 • S4)(b - tx) (26) 

where all terms in these equations are shown in Figure 11. 

The appropriate signs, positive for compression and 

negative for tension, should be substituted into these equa

tions. Also, the area of concrete displaced by the compres

sion steel has not been allowed for in the above equations. 

The small error thus made can be overcome by reducing the 
f 

actual stress in the compression steel by 0.85 fc. There

for, the stress in the compression steel is taken to be 
I 1 

f - 0.85f or f - 0.85f when the compression steel is 
S C j c 

yielding 

Concrete Force Using a 
Rectangular Stress Block 

If the concrete compression forces in a column 

section are to be represented by a rectangular stress block 

(Figure 12a), the five possible locations of the neutral 

axis must be considered, as shown in Figures 12b through 12f. 

In Case 1 (Figure 12b): 

where 

3-^'b < b (27) 

and 

3iKy-h < h (28) 

the area of the concrete upon which the uniform stress 
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S tT ?%S 
kv . b 

c o-P,).e -max >-mox Strain 

(c: Concrete stress strcm relationship 

* W\V-N 
' •  s  X \ \ \  
.«-  \ \ \  

(O Ccse 2 Trcpe:cico! compressed 

o r ec 

(b)Cose * TrfonguJor compressed arec 

k V FC | , 
Srk*-b I [ 

I i £ ' 

f \  ,  (d) Cose 3 Trapezoidal 

compressed arec 

k_b kx .b 

(e) Case £ :  Pentagonal 

corrpr esse d c r ec 

Case 5 :  C ompress ion 

over whole section 

Figure 12. Concrete compressed area for biaxial bending. 



I 
(0.85fc) acts is triangular in shape, and the concrete 

compression force is: 

= Wb'Wh . Cc = Ccl = • °"85fc 

(29) 

In Case 2 (Figure 12c): 

where 

Bl'Kx'b > b (3°) 

and 

ei-iyh < h (3i) 

The area of the concrete upon which the uniform stress 
I 

(0.85f ) acts is trapezoidal and the forces are evaluated 

by taking the differences between the two triangles 

(B1-Kx-b - b) Ce!*Kxb - b) 

"Pi 

(32) 

C 2 = —L-± " -PiK h-0.85f 
C 2 g1Kxb 7 

The net concrete force is: 

Cc = Ccl - Cc2 (33) 

In Case 3 (Figure 12d): 

where 

B1-Kx-b < b (34) 

and 

Pi-Ky-h > h (35) 
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The area of the concrete is the same as in Case 2, and the 

concrete force is: 

(8,-K -h-h)• (8,-K-h-h) 
C = —±—I • —±—L—— . 3 v -b-0.85f 
c5 2 8^-Ky'h K1 x c 

(36) 

and the net concrete force is: 

cc - Ccl - Cc3 (37) 

In Case 4 (Figure 12e) 

where 

3l'Kx'b > b (38) 

and 

81-Ky-h > h (39) 

The area of the concrete upon which the uniform stress 

I 
(0.85fc) acts is pentagonal in shape, and the two negative 

stress triangles considered separately in Cases 2 and 3 

must be included. Thus: 

Cc - Ccl - Cc2 - Cc3 (40> 

In Case 5 (Figure 12f) the complete section carries the 

I 
uniform compressive stress 0.85fc which occurs when the 

f 

distance h in Figure 12f exceeds the column depth h. 

8,-K -hfai-K -b-b) 
h = — I ± * f 41") 
n Bl,Kx*b 

Then, the concrete force is: 



C = 0.85f'-b-h 
c c 
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(42) 

According to Mattock, Kriz and Hognestad [13], the position 

of the resultant compressive force in the concrete,(X, Y), 

from the center of the section, depends also on the five 

possible locations of the neutral axis discussed above. 

For case 1, line AA cuts two adjacent sides, as shown in 

Figure 12b. 

X - 7 T T -  1 ' I T T  <43> 
c c 

where 

X  =  W b  ( 4 4 )  

Y = 3,-K -h (45) 
1 y 

For Case 2, line AA cuts two opposite sides, as shown in 

Figure 12c. 

* = ! - (x[yi * x1/Ac' (46> 

Y = \ - (|[Y1 + VY1 + 1 /Ac-) (47) 

where 

Y1 = C31* Kx-b-bD * Ky-h/3x•Kx-b (48) 

y
2 = 31-Ky-h-y1 (49) 

For Case 3, line AA cuts two opposite sides, as shown in 

Figure 12d. 



X = I - (|[X* + X2(X1 + ^j-)]/Ac) (50) 

Y = \ - (^•[X1 + —•] /Aq) (51) 

XI = CB1,Ky*h-h)-B1Kx-b/B1K -h (52) 

X2 = VVb~Xl (53) 

For Case 4, line AA cuts two adjacent sides, as shown in 

Figure 12e. 

, 2v X?Y, K 

x = (tV1 • "I (54) 

,,2 X,Y2 
• Y = ^)/Ac) " | (55) 

where 

xx = b - ((e^iyh-hre^K^b/fyiyh) 

(56) 

Y1 = h - ((B1-Kx-b-b)-B1-Ky*h/B1-Kx.b) 

(57) 

And for Case 5, equivalent rectangular stress distribution 

covers the entire cross section of the column. 

X = 0.0 (58) 

Y = 0.0 

In all the previous cases, X and Y are the coordinates of 

the resultant compressive force in the concrete from the 

center of the column section. 

where 



CHAPTER 4 

MATERIAL BEHAVIOR 

General 

Most of the design charts for reinforced concrete 

columns [19] were produced using the conventional ACI 

compressive rectangular stress block and extreme fibre 

strain [2] to represent the concrete force in the column. 

However, tests on overreinforced sections with triangular 

compression zones [12] have shown that the ACI rectangular 

stress block and extreme fibre strain gave conservative 

results. In this chapter various alternative for the 

concrete stress-strain relationship are presented to estab

lish the most useful ones. In addition, the stress-strain 

relationship for the reinforcing steel is discussed. 

Stress-Strain Relationship for Concrete 

Compressive Stress Behavior 

The compressive strength of concrete is usually 

obtained from tests on cylinders with a height-to-diameter 

ratio of 2. The cylinders are loaded longitudinally at a 

slow strain rate to reach the maximum stress in 2 or 3 

minutes. The compressive strength attained at 28 days 

usually ranges between 2000 psi and 8000 psi, and the strain 

34 
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ranges between 0.003 and 0.004. The secant modulus of elas

ticity for concrete Ec may be taken as shown in [1] 

Ec = W1,5 33 \Jf[~ (Psi units) (59) 

where W is the density of concrete in pounds per cubic foot, 
f 

and f is the compressive cylinder strength in psi. 

Equivalent Rectangular Stress-Block. The equivalent 

rectangular stress-block recommended by the ACI code [2] for 

the design of flexural members is based on extensive test 

results [13]. This stress block is shown in Figure 13a. 

The maximum concrete compressive strain is 0.003, and the 

uniform stress across the depth of the stress block is 
I 

0.85fc. The portion of the neutral axis depth over which 

uniform stress is assumed, (3,C), depends on the concrete 

compressive strength, where 

C = depth of the neutral axis measured from the top 

of the compression fiber 

= 0.85 for fc £ 4000 psi 

f' - 4000 
3, = 0.85 & q x 0.05 for f > 4000 psi 
1 6.9 c r 

Parabolic-Linear Stress-Strain Relationship. Four 

models are shown in Figures 13b through 13e, respectively 

[18], [5], [7], [9] in which the linear branch is maintained 

at constant stress. These models present an idealized 

representation of the actual behavior of the concrete, 
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Compressive 

1 

(l-p,)x 0-003 0-CC3 

(a) ACI rectangular 
stress block [2] 

Stress 

0-002 0-0035 

(c) CEB-FIP model [5] 

I •-
0-003 s,rQ'n 0-002 

(b) Row's model [18] 

0-15 (I 

" © J 

0-0036 
Strain 

Ec - 12410 +460 f "c (MPo) 

(d) Hognestad's model [7] 

Figure 13. Stress-strain models for concrete in flexure. 
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38 

although they are easier to handle computationally than 

other models. These models give a more accurate represen

tation of the actual behavior of concrete on compression, 

but a problem arises when the maximum moment carried by a 

given section with a given neutral axis position does not 

always occur when the maximum strain is attained at the 

extreme compression fibre, but rather at a lesser strain. Thus 

for analyzing sections using linear stress-strain relation

ship, it is necessary to search iteractively for that extreme 

fibre strain which corresponds to the maximum moment being 

carried. Also, to maintain the total concrete compressive 

force over the compressed areas of flexural members having 

a given strain gradient, the maximum strain and the neutral 

axis depth for those models having a linear branch are 

greater than those for which constant stress is maintained. 

The parameters for the stress-strain models shown 

in Figures 13b through 13e are listed in Table 1, together 

with comparisons of the concrete compressive stresses pre

dicted by these models under a linear strain gradient. The 

comparisons show that Row's [18] model (Figure 13b) gives a 

more conservative (smaller) assessment of the concrete 

stress than the other relationships. However, the strength 

of a section under biaxial bending predicted using the 

various stress-strain models is influenced by the different 

compressive stresses shown in Table 1. 
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Table 1. Comparison of parabolic-linear stress-strain 
models. 

Stress-Strain 
Model Row [18] 

CEB-FIP 
Code [5] 

Hognestad 
[7] 

Kent6jPark 
[9] 

Maximum stress .85f; l.Of; .85^ l.Of' c 

Strain at maximum 
stress e 

0 
.002 .002 1.7f>c .002 

Maximum strain .003 .0035 . 0038 
3+f'/3.45 

c 

145^-1000 

Stress at maximum 
strain 

. 85f' 
c 

l.Of' c . 723^ •sof; 

Note: All the models in this table are for unconfined 
concrete. 
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Stress-Strain Model for Confined Concrete. Tests 

done by Kent and Park [9], and Iyengar, Desai and Reddy [8] 

show that confinement of concrete by small to moderate quan

tities of lateral reinforcement in the form of rectangular 

hoops enhances the maximum stress obtained by concrete in 

compression. The slope of the falling branch of the stress-

strain model (Figure 13f) is affected by the presence of 

confining reinforcement. This model is the same as a para-
I 

bolic portion up to the maximum stress of l«0fc corresponding 

to a strain of eQ = 0.002, and a linear branch whose slope 

depends on the content and spacing of the lateral reinforce

ment, i.e., for eQ < 0.002. 

£c = £c [7002 " C07002^ (-60-) 

For 0.002 < ec < e2Qc 

where 

and 

where 

fc = fc [1 - Z(ec - 0.002)] (61) 

Z = + 0,5 Tnuv? (62) 
e50u e50h " °-002 

3.0 + f'/3.45 
e50u = T-2 (63) 
iUU 145f - 1000 

e50h = 0.75pJ b" / Sh (64) 



fc = concrete cylinder strength in MPa 

fc = stress in the concrete 

e5ou = strain at which stress has fallen to half of 

maximum value for unconfined concrete 

e5oh = additional concrete strain at half of maximum 

stress due to presence of confining reinforce 

ment 

e20e = confine<i strain at 20% stress 

Z = slope of falling branch of concrete stress-

strain model 

p = ratio of volume of lateral reinforcement to 

volume of concrete core measured to outside 

of hoops 
tl 

b = width of confined core measured to outside of 

hoops. 

= spacing of hoops 

The cover concrete is assumed to follow the same 

stress-strain model as the confined core until the descend 
? 

ing branch of the model has fallen to 0.5fc at which stage 

it spalls and carries no further load. 

Quadratic Stress-Strain Relationship. The quadrat 

functions derived by Kriz and Lee [10] from the data of 

Mattock, Kriz and Hognestad [13] were utilized for some of 

the analyses performed by Kriz and Lee [10]. These func

tions have the form: 



f2 + Ae2 + Bfe + Cf + De = 0 (65) 

where 

The coefficients A, B, C and D depend on the 

concrete cylinder strength as listed in Table 2, 

and 

f = concrete stress 

e = concrete strain 

The quadratic stress-strain function was assumed to 

be equally valid in relation to triangular or trapezoidal 

compression zones as for the rectangular compression zones 

from which the models were derived. It is necessary to 

search for the extreme fiber strain which results in the 

maximum moment being carried in any given situation. 

For the development of the computer program in this 

thesis the ACI [2] rectangular stress block with Hognes-

stad's model [7] for maximum strain greater than 0.003, was 

used to represent the concrete force in the column. 

Tensile Stress Behavior 

The tensile strength of concrete, generally less 

than 20% of the compressive strength, can be obtained 

directly from tension specimens. However, because of the 

difficulties of holding the specimens to achieve axial 

tension and the uncertainty of secondary stress induced by 



Table 2. Coefficients for quadratic stress-strain relationship. 

Concrete 

£c (MPa) 

(lb/in2) 

Strength 

6.9 

(1000) 

13.8 

(2000) 

20.7 

(3000) 

27.6 

(4000) 

34.5 

(5000) 

41*5 

(6000) 

A -3.348 -40.19 -163.2 -547.2 -1633 -2677 

B -40.19 -17.59 -23.68 -24.96 -8.246 26.06 

C -8.701 -22.69 -46.55 -98.32 -216.6 -304.3 

D 83.00 385.5 1073 • 2709 6551 9503 

Strain at 
stress e 

0 

maximum Q .00176 0.00174 0.00181 0.00187 0.00192 0.00196 

Maximum stress 

f /f' 
max c 

1.053 1.011 0.985 0.965 0.952 0.940 

f2 + Ae2 + Bfe + Cf + De = 0 

where f = concrete stress in MPa 

e = concrete strain x 1000 
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the holding devices, the direct tension test is infrequently 

used, even for research purposes. 

The tensile strength of concrete may be measured 

indirectly in terms of the computed tensile stress at which 

a cylinder placed horizontally in a test machine and loaded 

along a diameter will split. The tensile stress across the 

diameter at the splitting load is found from the relation

ship 2P/ (irhd), where 

P = the applied load at splitting 

h = the length of the cylinder 

d = the diameter of the cylinder 

The tensile strength in flexure, known as the modulus 

of rupture f , is computed from the flexural formula M/Z, 

where M is the bending moment at the failure of the specimen 

and Z is the section modulus of the cross section. The 

split cylinder tensile strength usually ranges from 501 to 

75% of the modulus of rupture. 

Because of the low tensile strength of concrete, 

contribution of concrete in tension is usually ignored in 

calculating the flexural strength of reinforced concrete 

members. 

Stress-Strain Relationship for Steel 

Typical stress-strain curves for reinforcing steel 

bars used in reinforced concrete construction (Figure 14) 
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Figure 14. Typical stress-strain curves for steel 
reinforcement [15]. 



were obtained from steel bars loaded monotonically in 

tension. The curves exhibit an initial linear elastic 

portion, a clear yield point followed by a yield plateau. 

The length of the yield plateau depends on the grade of 

steel utilized. This yield plateau is followed by a strain 

hardening region until the steel reaches its ultimate ten

sile stress. The modulus of elasticity of the steel is 

given by the slope of the linear elastic portion of the 

curve. The modulus of elasticity of steel reinforcement E 
' s 

is generally taken as 29 x 10^ Psi. 

For this study, the strain hardening of steel was 

ignored and the behavior of reinforcing steel was modeled 

as a bilinear curve. 



CHAPTER 5 

COMPUTER PROGRAM AND APPLICATION 

General 

The computer program, developed in this study, was 

based on an approach using the equations given by strain 

compatibility and equilibrium [15] with a trial and adjust

ment procedure to find the inclination and depth of the 

neutral axis satisfying the equilibrium equation as discussed 

in the following section. 

In order to check the accuracy of the computer pro

gram, a few examples were solved using both the computer 

program and other methods. The results of these comparisons 

are also presented in this chapter. 

Computer Program 

The computer program developed for this study uses 

the following procedure to compute the ultimate capacity of 

reinforced concrete columns. First, by assuming eccentricity 

(ev), (O of the ultimate load (P ) about both x and y axes, a v u 

the angle of loading is calculated with respect to y-axis 

(9) (Figure 11). Second, neutral axis position is assumed 

(Ky), and the forces in the steel, concrete, and the ultimate 

47 
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load (Pu) are calculated by using Equations (18) and (24). 

Equations (25) and (26) are used to satisfy the equilibrium 

of the moments for that neutral axis position. Rotation of 

the neutral axis is necessary to achieve the equilibrium 

moments satisfying the calculated ultimate load (P ). 

Another position for the neutral axis will be assumed, 

with the same angle of loading, in order to calculate the 

ultimate load for such neutral axis position. After calcu

lating several points for the different neutral axes posi

tions, an interaction diagram for the reinforced concrete 

column will be plotted for the assumed angle of loading. 

Further instructions for the input data and a list of the 

program are presented in the Appendix. 

Application 

There was a lack of available data which presented 

a problem in choosing more examples to check the computer 

program results. Most of the available data were used to 

analyze reinforced concrete column sections for a fixed 

eccentric load which ignored the importance of the ultimate 

capacity of the section. Two examples are present here to 

analyze the problem of reinforced concrete columns subjected 

to axial load and biaxial bending, comparing the results 

with the computer program. 
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Example 1 

The example given by Winter and Nilson [2 0], shown 

in Figure IS, was used to analyze reinforced concrete columns 

subjected to axial load and biaxial bending. Winter and 

Nilson solved this problem using the column charts for axial 

load and uniaxial bending to calculate the capacity of the 

section for axial load and biaxial bending, using the 

expression suggested by Russian Code discussed by Bresler 

[3]. 

This section was analyzed using the computer program 

developed for this study (Figures 16 and 17). The results 

of Winter and Nilson [20] as well as the program are pre

sented in Table 3. 

Example 2 

The example given by Park and Paulay [15], also 

shown in Figure 18, was used to analyze reinforced concrete 

columns subjected to axial load and uniaxial bending, which 

also was used to analyze the column section for axial load 

and biaxial bending. Park and Paulay's solution to this 

problem is shown below, including the calculation of several 

"typical" points on the axial load vs. moment diagram, using 

equations discussed in Chapter 3. 

Balance failure occurs when the tension steel just 

reaches the yield strength and the extreme fiber concrete 

compressive strain reaches the maximum strain at the same 



50 

2-5 in 

—> 

A 1 
• • -+LA 

12 in - 17 in 

' 
.1 f 

y t 
• 9 

* « 

. 
2.5 m 

t 
2© in 

ex = 17 in As = 1 in2 

ey = 3 in = 4000 Psi 

b = 20 in f = 60,000 Psi 

h = 12 in Es = 29 x 103 ksi 

Figure 15. Cross section for Example 1. 
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Figure 16. Bending about xyaxis for Example 1. 
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Table 3. Comparison of Winter and Nilson results with the computer 
program. 

Winter and Nilson [20] Computer Program 

0 PuW e
x(in) e

y (in) 0 PU(KD e
x(in) ey(in) 

580 0.0 3.0 2° 569.2 .1047 3.0 

197 17.0 0.0 88° 183.7 17 .5937 

171 17.0 3.0 80° 170.1 17 3.0 

Uniaxial Bending QO 

About x-Axis 

Uniaxial Bending qno 
About y-Axis 

Biaxial Bending 80° 

Note: 0 = angle of loading with respect to y-axis. 
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Figure 18. Cross section of Example 



time (Point B in Figures 19 and 20). Tension failure 

occurs when the ultimate load (P ) is less than the balance 

load (P^), and when the tension steel yields (Point E in 

Figures 19 and 20). Compression failure occurs when the 

ultimate load (Py) which is greater than the balance load 

(P^), and the tension steel does not reach the yield strain 

(Point F in Figures 19 and 20). Point A (in Figures 19 and 

20) presents the ultimate load at its maximum value when 

eccentricity is zero. Point C (in Figures 19 and 20) pre

sents the ultimate load when it reaches a value of zero. 

The section was also analyzed using the computer 

program developed for this study (Figures 19 and 20). The 

results of Park and Paulay [15] as well as the program are 

presented in Tables 4 and 5. 

For the biaxial bending of the same section using 

the method based on approximation for the shape of the 

interaction surface [15], and using Russian Code [3]: 

where 

Pu = ultimate load under biaxial bending 

Pux = ultimate load when only eccentricity e^ is 

present (i.e., load applied at point 1 of 

Figure 21) 
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Figure 19. Bending about x-axis for Example 2. 
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Computer results 
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Figure 20. Bending about y-axis for Example 2. 



Table 4. Comparison of the results for bending about y-axis for 
Example 2. 

Park and Paul ay [15] Computer Program 

Point 0 p
uCi) MuyCK~in) 

e Cin) 0 P (K) 
u 

t—
\ c
 

•H 1 
v—

/ 

HZ 

e (in) 

A 90° 1319.6 0.0 0.0 88° 1319.6 0.0 0.0 

F 90° 800 3.77xl03 4. 71 88° 790.6 3.67x103 4.71 

B 90° 519.7 4.95xl03 9.52 88° 507 4.77xl03 9.52 

E 90° 300 4.52xl03 15.07 88° 298.5 4.46xl03 15.07 

C 90° 0.0 2.56xl03 OO 88° 0.0 2.56xl03 OO 

Note: 0 = angle of loading with respect to y-axis 



Table 5. Comparison of the results for bending about x-axis for 
Example 2. 

Park and Pauley [15] Comput er Program 

Point 0 PU(K) M (K-in) 
uxv J e (in) 0 p

u(K) Mux(K"in) 
e (in) 

A 0. 0° 1319.6 0.0 0.0 2° 1319.6 0.0 0.0 

F 0. 0° 800.0 3.27xl03 4.08 2° 798 3.24xl03 4.08 

B 0. 0° 519.7 4.15xl03 7.98 2° 490.3 3.90xl03 7.98 

E 0. 0° 300.0 3.72xl03 12.39 2° 303.6 3.73xl03 12.39 

C 0. 0° 0.0 2.56xl03 00 2° 0.0 2.56xl03 OO 

Note: 0 = angle of loading with respect to y-axis 
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Figure 21. Bending about x, y-axes for 
Example 2. 



61 

PUy = ultimate load when only eccentricity e is 

present (i.e., load applied at point 2 of 

Figure 21) 

PQ = ultimate load when there is no eccentricity. 

Using the balance point (e = 9.52, e = 7.98) to calculate x y 

the biaxial bending: 

1 _ 1 . 1 1 . 4.078 
p 
u 

519.7 519.7 1319.6 1319.6 

1 1 
F~ 
u 323.565 

Pu = 
323.565K 

which checks with = 328.26K from the computer program 

(Figure 21) . 

Discussion of Results 

The computer program developed in this study was based 

on equations utilized to calculate the ultimate capacity for 

reinforced concrete columns subjected to axial load and 

biaxial bending. For that reason, the angle of loading with 

respect to y-axis (0) is used to be equal to 2° to calculate 

the ultimate capacity of the sections under axial load and 

uniaxial bending about the x-axis. The angle of loading 

with respect to y-axis (e) equals 88° for calculating the 

ultimate capacity of the sections under axial load and 

uniaxial bending about the y-axis. This approach shows some 



difference between the values in Tables 3 to 5 for uniaxial 

bending. Also, these comparisons show that the difference 

in values between the computer program and the other two 

methods is greater in the case of uniaxial bending about the 

minor y-axis. In general, the average percentage of error 

in the case of uniaxial bending is about 3%, while the 

results for the computer program and the other methods for 

biaxial bending, was very close, as shown in Tables 3 to 5. 

The method used in the computer program considered the dis

play of the steel in the compressive concrete, as mentioned 

before. It also ignored the hardening of the steel, which 

made the computer program results more accurate and effective 

than the results of the other methods for analyzing column 

section under biaxial bending. 



CHAPTER 6 

CONCLUSION 

A method has been presented for the analysis of 

reinforced concrete columns subjected to axial load and 

biaxial bending. The approach used in analyzing reinforced 

concrete columns subjected to axial load and biaxial bending 

was based on a trial and adjustment procedure to find the 

inclination and depth of the neutral axis to satisfy the 

equilibrium equations. It may be concluded that the analy

sis of reinforced concrete columns subjected to axial load 

and biaxial bending can be handled satisfactorily by the 

computer approach. Moreover, the use of the computer 

program developed in this study makes it possible to enlarge 

the scope of analysis to handle a large range of problems 

not feasible for hand calculation because of the difficulty 

in dealing with the trial and adjustment procedures. The 

credibility of the computer program generally depends upon 

comparison of the numerical results with known results. 

Where those comparisons were made, the results indicated a 

high degree of reliability for the computer program. 

For a more complete analysis, further work might be 

carried out to investigate the effects of the shape of the 
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cross section, such as a circular section or an L-shaped 

section when subjected to axial load and biaxial bending. 

The effect of buckling in a long reinforced concrete column 

might also be investigated. 



APPENDIX 

COMPUTER DATA INPUT AND NOTES 
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I. READ Problems Card 

Notes: Columns Entry-

Free format N, number of problems 

II. READ Concrete Properties Card 

Notes: Columns 

Free format 

Entry 

B, width of the section 

H, depth of the section 

FC, compressive cylinder 

strength of the concrete 

ECMAX, maximum strain in the 

concrete 

III. READ Eccentricity Card 

Notes: Columns 

Free format 

Entry 

EX, Eccentricity of the load 

in the x-direction 

EY, Eccentricity of the load 

in the y-direction 

IV. READ Steel Properties Card 

Notes: Columns Entry 

(1) Free format NBN, bar number 

AS, bar area 

EE, modulus of elasticity of 

steel 

YSS, yield strength of steel 
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V. READ Bars Coordinate Card 

VI 

VII 

Notes: Column 

(2) Free format 

Entry 

NBN, bar number 

XX, x-coordinate of bar 

from plastic centroid 

YY, y-coordinate of bar 

from plastic centroid 

READ Assumption of N.A. Card 

Columm 

Free format 

Notes 

(3) 

(4) 

(5) 

READ Plot Card 

Notes Column 

(6) Free format 

Entry 

EK1, the assumed depth of 

N.A. '(Factor W.R.T. 

depth of the section) 

DKY, increment to shift N.A, 

DTHY, increment to rotate 

N.A. (in radian) 

Entry 

NOPT, option of plot 

C D  ( 2 )  

(3) 

(4) 

Notes 

A blank card should procede each of these two 

data sets to indicate the end of the data set. 

EK1, should be assumed, so that the first position 

of the neutral axis (N.A.) covers the entire 

section (i.e., increasing the value of EK1). 

DKY, should be assumed, so that the value of 

EK1/DKY should be integer. 
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DTHY, should be assumed very small when the angle 

of loading (tan"* EX/EY) is close to zero or 90°. 

NOPT =0, for NO plot 

= 1, for plotting the ultimate load vs. 

ultimate moment 

= any number, for plotting: 

ultimate load vs. ultimate moment, 

ultimate load vs. ultimate moment 

about x-axis, 

ultimate load vs. ultimate moment 

about y-axis. 
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PROQRAM COLUMN<INPUT. OUTPUT.PLOT,TAPE2-INPUT.TAPEl-OUTPUT. TAPE99-
1PLOT) 

C 
C «•#«*« WRITTEN BY ADEL BANJAR - 02/05/83 
C 
C 
C ftftftftftftftftftftftftftftftftftftftftftttftftftftftftllftftttftftftftftftftftftftftftftftftftftftft 
C ftft ft# 
C ftft ftftftftftftftftftftftftftftftftftftftftftftftftftftftft ft# 
C ft# ft# DISCLAIMER STATEMENT ft# ## 
C ft# ft«#««#ft###«####ft««««#««ftftttft# ftft 
C ftft «ft ' 
C ftft ft* 
C ftft THE COMPUTER PROGRAM.COLUMN. MAS WRITTEN BY ftft 
C ftft ADEL BANJER. UNIVERSITY OF ARIZONA/ CIVIL END- ft# 
C ftft INEERINO DEPARTMENT. ftft 
C ft# ITS USE BY OTHERS IS SUBJECT TO THE FOLLOUI- ft# 
C ftft NO CONDITIONS: ft# 
C ftft (1> CONSULTING SERVICE AND ASSISTANCE ft# 
C ftft WITH PROGRAM CONVERSION BE NEEDED, ftft 
C ftft (2) NO WARRANTY 13 EXPRESSED OR IMPLI- ftft 
C ftft ED AS TO THE ACCURACY. USEFULNESS. ftft 
C ftft OR COMPLETENESS OF THIS PROGRAM. ftft 
C ftft ftft 
C ft«##ft»»ft######«##################ft######«##########ft 
C 
C " COLUMN UNDER AXIAL LOAD AND BIAXIAL BENDING " 
C THE FOLLOWING INTERNAL VARIABLES SERVE TO PROVIDE CONTROL OF IN 
C ECMAX- MAX. STRAIN IN THE CONCRETE 
C FC- COMPRESSIVE CYLINDER STRENGTH OF THE CONCRETE 
C B- WIDTH OF THE COLUMN 
C H- DEPTH OF THE COLUMN 
C EX. EY-ECCENTRICITY OF LOADING ABOUT X. Y AXIS (FROM PLASTIC 
C CENTROID ) 
C NBN- BAR NUMBER 
C A- AREA OF THE BAR 
C EMODS- MODULUS OF ELASTICITY FOR STEEL 
C FY- YIELD STRENGTH OF STEEL 
C X. Y- X. Y-COORDINATE OF THE BAR (FROM THE PLASTIC CENTROID) 
C EK1- THE ASSUMED DEPTH OF N. A. (FACTOR W.R.T. DEPTH OF 
C THE SECTION) 
C DKY- INCREMENT TO SHIFT N. A. 
C DTHY- INCREMENT TO ROTATE N. A. 
C PU- ULTIMATE LOAD 
C UM- ULTIMATE MOMENT 
C UMXC- ULTIMATE MOMENT ABOUT X-AXIS 
C UMYC- ULTIMATE MOMENT ABOUT Y-AXIS 
C EXF.EYF- ECCENTRICITY OF THAT LOAD (FROM PLASTIC CENTROID) 
C N0= NUMBER OF TIMES TO SHIFT N. A. 
C EKY- DEPTH TO N. A. (FACTOR W. R. T. DEPTH OF THE SECTION) 
C EKXe WIDTH TO N. A. (FACTOR W. R. T. WIDTH OF THE SECTION) 
C THY^ THE ANGLE OF LOADING ON THE COLUMN WITH Y-AXIS 
C XP> YP= DISTANCE OF N. A. TO Y.X-FACES OF SECTION 
C SST= TOTAL FORCES OF STEEL 
C DX,DY= DISTANCE OF BAR TO Y. X-FACES OF SECTION 
C ES« STRAIN IN THE BAR 
C FS- STRESS IN THE BAR 
C 38- FORCE IN THE BAR 
C BXB- WIDTH TO N. A. 
C BYH- DEPTH TON. A. 
C AC- AREA OF THE COMPRESSIVE CONCRETE 
C XC.YC- CENTER OF THE COMPRESSIVE CONCRETE 
C PC- COMPRESSIVE FORCE IN CONCRETE 
C EMX.EMY- EXTERNAL MOMENT ABOUT X.Y-AXIS 
C UMX.UMY- INTERNAL MOMENT OF THE BARS ABOUT X.Y-AXIS 
C EERX.EERY- ERROR IN X.Y-DIRECTION 



C EERT- TOTAL ERROR 
C NOPT- OPTION OF PLOT: 
C 0* NO PLOT 
C 1* PU VB UM 
C ANY NUMBER- PU VB UM .PU VB UMXC . PU V8 UMYC 
C 
C *«••* 
c 

DIMENSION Xd50).Y(150). XP(190). YP(190).EM0D(190). FY(190) 
DIMENSION DX(150)> DY(190)> BXB(150)> BYH(150)• HH(190)< EKY(150) 
DIMENSION EKX(190>,ESd 50). FS(150).SS(190).PU(150). UMXd50) 
DIMENSION UMY(190). UM(150).EMX(150)> EMY(150).A(190). EMODS(150) 
DIMENSION EERX(150)> EERY(150). EERT(150). UMXC <150) • UMYC(150)< EXF(15 
10)> EYF(ISO) 

C 
C 
C 
C 

URITE(1.100) 
100 F0RMAT(1H1.///. 9X, 'NUMBER OF THE PROBLEMS'.//) 

C 
C *«»•» READ NUMBER OF PROBLEM 
C 

READ(2.«)N 
URITEd.101)N 

101 FORMAT( 19X. 13) 
DO 10 L-l.N 
URITEd. 200) 

200 FORMAT(//. 9X. 'MATERIAL TYPES'.//) 
URITEd. 201 > 

201 FORMAT(9X.'CONCRETE PROPERTIES'.//) 
URITEd. 203) 

203 FORMATdOX. 'WIDTH', 9X. 'DEPTH'. SX. 'CYLINDER STR. '. 3X. 'MAX. STRAIN') 
C 
C**»» READ CONCRETE PROPERTIES 
C 

READ(2.»)B.H.FC.ECMAX 
URITEd. 204>B. H. FC. ECMAX 

204 FORMAT(//. 5X. KF10. 4. 5X ) ) 
URITEd. 300) 

300 FORMAT(//. 5X. 'LOAD ECCENTRICITY') 
URITEd. 301 ) 

301 FORMAT(//, 5X. 'X-ECCEM. '.5X, 'Y-ECCEN. ') 
C 
C»*«# READ LOAD ECCENTRICITY 
C 

READ(2. *)EX. EY 
URITEd. 302>EX.EY 

302 FORMAT(//. 2(F10. 4. 5X>) 
URITEd. 400) 

400 FORMAT(//. 5X. 'STEEL PROPERTIES') 
URITEd. 401) 

401 FORMAT(//. 5X. 'BAR NO. '.6X. 'AREA'.SX. 'MODULUS OF ELAS. '.4X. 'YIELD S 
1TR. ') 

C 
C***« READ STEEL PROPERTIES 
C 

NBS-0 
3 CONTINUE 
READ(2.*)NBN. AS. EE. YSS 
IF(NBN. EQ. 0)00 TO 4 
NBS-NBS+1 
A(NBN)»AS 
EMODS(NBN)-EE 
FY(NBN)»YSS 



WRITE * 1. 402)NBNiA(NBN).EMODS(NBN), FY(NBN> 
402 FORMAT*//, 5X. 13, 6X, 3<F10. 4. 9X>> 

00 TO 3 
4 CONTINUE 
WRITE*1.403>NBS 

403 FORMAT *///. 5X, 'NO. OF BARS -'.IS) 
WRITE( 1,500) 

300 FORMAT* 1H1,//» 5X> 'THE BARS AND ITS COORD') 
WRITE(1.501) 

501 FORMAT*//. 5X, 'BAR NO. ',BX, 'X-COORD'. 7X, 'Y-COORD') 
C 
C»»«« READ BARS COORD. 
C 

3 CONTINUE 
READ<2. •)NBN» XX. YY 
IF<NBN. EQ. 0)00 TO 6 
X(NBN)»XX 
Y*NBN)=YY 
WRITE(1,502)NBN. X(NBN). Y(NBN) 

502 FORMAT*//. 6X,13. 8X. 2CF10. 4. 5X)) 
00 TO 5 

6 CONTINUE 
WRITE*1, 600) 

600 FORMAT<////,5X, 'ASSUMTION OF NEUTRAL AXIS') 
WRITE<1.601) 

601 FORMAT(//. SX, 'EK1 '. UX, 'DKY'. 11X. 'DTHY') 
C 
C«*«« READ ASSUMTION OF N. A. 
C 

READ(2.•)EK1. DKY. DTHY 
WRITEd. 602)EK1. DKY. DTHY 

602 FORMAT<//. 5X. 3(F10.7> 5X >) 
C 

READ OPTION OF PLOT 
C 

READ(2.«) NOPT 
WRITE( 1.603) NCIPT 

603 FORMAT*//. 5X.'OPTION OF PLCIT=\I3> 

CALL SHIFT*EK1, DKY,DTHY.EX.EY.NBS.NOF. B, H. FC. ECMAX. PU. UMXC, UMYC. UM 
1, X,Y.FY.EMODS, A.EXF. EYF) 
WRITE*1. 700) 

700 FORMAT*1HI. //.20X. 'THE RESULT OF THE LOADS AND THE MOMENTS') 
WRITE*1.701) 

701 FORMAT*//.7X. 'ULTIMATE LOAD'.SX, 'X-MOMENT', 10X, 'Y-MOMENT',7X. 'ULT 
IIMATE MOMENT'.3X. 'X-ECCEN'.tOX. 'Y-ECCEN') 
DO 7 K«=2, NOF 
WRITE*1. 702) PU*K). UMXC*K).UMYC*K). UM*K). EXF(K). EYF*K) 

702 FORMAT*//.6<2X.F15. 4)) 
7 CONTINUE 

IF*NOPT. EQ. 0) 00 TO 9 
CALL CURVE(PU. UM. UMXC, UMYC, NOF, NOPT) 

9 CONTINUE 
10 CONTINUE 

8T0P 
END 



SUBROUTINE SHIFT(EK1. DRY. DTHY.EX.EY.NBS.NOF.B. H. FC. ECMAX. PU. UMXC. U 
1MYC,UM. X.Y.FY. EMODS. A. EXF. EYF > 

C 
SUBROUTINE SHIFT TO SHIFT N. A. ALONG THE RESULTANT ECCENTRICITY 

C 
DIMENSION EKY<190>.EKX(150)>XP<150).YP<150). PU<150» 

C 
C«*«*« NUMBER OF TIMES TO SHIFT N. A. 
C 

N0-EK1/DKY 
NOP-NO+1 
DO 100 J-l.NOP 
EKX(J>-0. O 
EKY<J>-0. 0 

100 CONTINUE 
C 
C*««»* CALCULATE THE POSITION OF N. A. 
C 

EKY(1)-(EK1+DKY> 
NOF-1 
DO 300 I"2.NOP 
THY-ATAN(EX/EY> 
EKY(I)HEKY(1-1>-DKY 
EKX(I)-(EKY(I)*H)/<B»TAN(THY)» 
XP(I>«(<EKY(I)«H)-(<H/2)-<(B«EY)/(2*EX)))> *C03(THY)*SIN < THY) 
YP <I)•((EKY(I)*H) —(XP(I)*TAN< THY)>) 
CALL MOMENT(I. EKY. EKX. XP. YP. NBS. THY.DTHY. B. H. FC. ECMAX. 
IPU. UMXC.UMYC. UM. EX. EY.X. Y.FY.EMODS. A.EXF. EYF. NOF) 
IF(PU<I). OT. 0. 0) GO TO 200 
GO TO 400 

200 EKY(I)"EKY(I-1)-DKY 
300 CONTINUE 
400 RETURN 

END 



SUBROUTINE STEEL(NBS, I, B. H, X. Y. ECtlAX. EKX. EKY. EMODS. FY. A. FC. SST. SS) 
C 
C*#*» SUBROUTINE STEEL TO CALCULATE THE TOTAL FORCE IN STEEL 
C 

DIMENSION X(150).Y(150).EKX(150).EKY(150). EMODS(150). FY(150). A(150 
1). SS(150).ES(150).FS(150). DX<150). DY(150) 

C 
C 

SST-O. O 
IF (EKY (I). GT. 0.0) CO TO 300 
EKY<I)•—1. 0#EKY<I) 

200 IF(EKX(I). GT. 0. 0) GO TO 300 
EKX <I)•—1. 0*EKX(I) 

C 
INITIALIZATION 

C 
300 DO 400 J-l.NBS 

DX(J)-0. 0 
DY(J)-0. 0 
ES(J)-0. 0 
FS(J)«0. 0 
SB(J)-0. 0 

400 CONTINUE 
C 
C«»*»* CALCULATION OF STRAIN AND STRESS OF STEEL 
C 

DO 900 IB-l.NBS 
DX(IB>=(B/2)-X(IB) 
DY(IB)"(H/2)-Y(IB) 
ES(IB)-ECMAX#(1. 0-(DX<IB)/ ( E K X(I)»B))-(DY(IB)/ (EKY(I)»H))) 
FS(IB)™ES(IB )#EI"!ODS(IB) 
IF(FS(IB). CE. FY(IB)> 00 TO 700 
IF(FS(IB>. LE. (FY(IB)»(-l. 0))) GO TO 600 
1F(FS(IB). GT. 0. 0) GD TO 500 
SS(IB)=FS(IB)*A<IB) 
GO TO 800 

900 SS(IB)™(FS(IB)-(.85*FC))*A(IB) 
GO TO BOO 

600 SS(IB)»-1. 0«FY(IB)»A(IB) 
GO TO 600 

700 SS(IB)«(FY(IB)-(. 85»FC))»A(IB > 
800 SST=SST+SS(IB) 
900 CONTINUE 

RETURN 
END 



SUBROUTINE AREA<I, THY. EKX. EKY.B.H.FC.SST.PU.PC. YC. XC) 
C 
C**## SUBROUTINE AREA TO CALCULATE AREA.RESULTANT COMPRESSIVE FORCE 
C IN THE CONCRETE AND THE EXTERNAL LOAD 
C 

DIMENSION EKX(150). EKY(150). PU(150). BXB(150). BYH(150)> HH(150> 
C 
C****» INITIALIZATION 
C 

BXB(I>-0. 0 
BYH(I>*0. 0 
HH<I)-0. 0 
BXB(I>"0. S5*EKX(I)«B 
BYH(I)»0. 85«EKY(I> #H 
HH(I>-0. 83»EKY(I)#H*(<O. B5«EKX(I>«B>-B)/(0. B5«EKX<I)*B> 

C 
C***»» CALCULATION OF COMPRESSIVE CONCRETE'S AREA.CENTER.FORCE 
C 

IF(BXB(I). LE. B> 60 TO 1000 
IF(BYHd). LE. H) CO TO 1200 
00 TO 1400 

1000 IF(BYHd). LE. H> 00 TO 1100 
GO TO 1300 

1100 AC"(0. 85**2)*EKY(I> *EKX <I)*H*B/2 
XC-(B/2>-(0. 85*EKX<I)*B/3> 
YC-<H/2)-<0. 85*EKY(1)*H/3) 
PC-AC*0. B5#FC 
00 TO 1600 

1200 ACl-<0. B5**2>*EKYm«EHX<I >*H*B/2 
AC2-(((0.85*EKX<I}*B)-B)**2)*0. B5*EKY<I>«H/<2*0. B5*EKXU >*B) 
AC-AC1-AC2 
PC-AC«0. B5*FC 
Yl-(<0. B5*EKX(I)*B)-B)*0 B5*EKY<I)*H/<0. 85*EKXU)*B> 
Y2-<0.85*EKY(I)»H >-YI 
XC-(B/2>-(((<B**2)/'2>*(Yi+(Y2/3)))/AC) 
YC-(H/2)-<(<B/2)*< <Yl**2> + <Y2*<Yl + <Y2/3))>)>/AC> 
00 TO 1600 

1300 ACl-<0. B5**2)*EKY<I>*EKX<I>*H»B/2 
AC2-<(<O. 89«EKY<I>«H)-H)**2)*0. B5*EKX< I > *B / <2*0. 85*EKY(I)*H) 
AC-AC1-AC2 
PC»AC*0. B5»FC 
X1=<<0. 85*EKY<I)*H)-H)*0 B5*EKX(I)»B/(0. B5*EKY(I>*H> 
X2»<0. 85*EKX<I>*B)-X1 
XC»(B/2)-(<<H/2>*<<Xl**2) + <X2MXl + <X2/3))> >)/AC) 
YC=(H/2)-<(<(H**2)/2)*(X1+(X2/3)))/AC) 
GO TO 1600 

1400 IF(HH(I). OE. H) GO TO 1500 
ACl-(0.85**2)*EKY<I)*EKX <I)*H*B/2 
AC2=(((0. 85*EKX<I)*B)-B)*«2)*0. B5*EKY(I>*H/<2*0. 85»EKX(I)*B) 
AC3=<((0. B5»EKY(I>*H)-H>»*2>*0. 85*EKX(I)*B/<2*0. 85*EKY(I)*H) 
AC=AC1-AC2-AC3 
PC=AC*0.85*FC 
Xl=B-(((0. 85*EKYCI)*H)-H)«0 B5*EKX<I>*B/(0. 85*EKY<I>*H)) 
Yl=H-(((0. B5*EKX<I>*B)-B>«0. 85*EKY<I)*H/<0. B5*EKX<I>*B)> 
XC=( < ((B«#2)«H/D)-( (XI »«P>*Y1 /<!.)>/AC >-<B/2> 
YC-(<<B*<H**2)/2>-<Xl*<Yl**2>/6>>/AC)-(H/2) 
00 TO 1600 

1500 AC«B*H 
PC«AC*0. 85*FC 
XC-O. 0 
YC«0. 0 

1600 PU<I>-0. O 
C 
c****» CALCULATION OF LOAD 
C 

PU(I)-PC+SST 
RETURN 
END 



SUBROUTINE MOMENTCI. EKY. EKX, XP. YP. NBS. THY. DTHY, B.H.FC. ECMAX. P 
1U. UMXC.UMYC.UM.EX. EY. X. Y. FY. EMODS. A. EXF.EYF.NOF) 

C 
C»»»* SUBROUTINE MOMENT TO CALCULATE THE EXTERNAL,INTERNAL MOMENTS AND 
C TO SATISFY THE EQUILIBRIUM 
C 

DIMENSION X(1S0>. Y(150>. XP(150),YP(150)> EXF(150),EYF(150) 
DIMENSION EKY(150>, EKX(150) 
DIMENSION 8S(150). PU(150), UMXC(150). UMYC<150). UM(150). EMX <150) 
DIMENSION EMY(150). EERX(150). EERY(150).EERT(150)> UMX(150).UMY(150) 

C 
C *«*• INITIALIZATION 
C 

COUNTX-O 
CC0UNTX=0 
BCOUNTX-O 
BCCONTX-O 
COUNTY-O 
CCOUNTY-O 
BCDUNTY-0 
BCCONTY-O 
EXF<I)»EX 
EYF(I)-EY 

1600 CALL STEEL(NBS.I.B.H. X. Y. ECMAX. EKX, EKY,EMODS, FY, A, FC.SST, SS) 
CALL AREA(I,THY, EKX, EKY, B. H, FC.SST, PU. PC. YC. XC) 

C 
CALCULATION OF EXTERNAL MOMENTS 

C 
EMX (I )»0. O 
EMY(I)«0. 0 
EMX( I )«"PU(I )*EYF( I > 
EMY(I)BPU(I)»EXF(I) 
UMX (I )"0. 0 
UMY(I)-0. 0 

C 
C**»«» CALCULATION OF INTERNAL MOMENTS 
C 

DO 1700 JJ»1. NBS 
UMY(I)"UMY(I)+(SS(JJ)#X(JJ)> 
UMX(I)-UMX(I)+(SS(JJ)#Y<JJ)) 

1700 C. fTINUE 
IF(ABS(UMX(I)). CT. 0001) GO TO 1S00 
UMX(I)"0. 0 

1800 IF(ABS(UMY(I)). OT. 0001) GO TO 1900 
UMY (I )=0. 0 

1900 UMXCm-O. 0 
UMYC(I)"0.0 
UMXC(I)=UMX(I)+(PC»YC) 
UMYC(I)»UMY(I)+(PC«XC) 

C 
C#»»*» CALCULATION OF EQUILBRIUM'S ERROR 
C 

EERX(I)»0. 0 
EERY(I)=0. 0 
EERT(I)=0.0 
IF((EMX(I)-UMXC(I)). NE. 0. 0) CO TO 8000 
EERX<I)-0. 0 
CO TO 2200 

2000 IF(PU(I). LT. 0. 0) CO TO 2100 
IF(EMXd). EO. 0. 0) CO TO 2600 
EERX(I)«(EMX(I)-UMXC<I))/EMX(I) 
00 TO 2200 

2100 EERX(I)-(EMX(IKUMXC(I))/EMX<I) 
2200 IF((EMY(I)-UMYC(I)). NE. 0. 0) CO TO 2300 

EERY(I)-0. 0 
CO TO 2500 

2300 IF(PU(I). LT. 0. 0) 00 TO 2400 
IF(EMY(I).EO. 0. 0) CO TO 2600 



EERY(I)-(EMY<I>-UMYC<I> >/EMY<I) 
00 TO 3500 

2400 EERY(I>«(EMY<I)+UMYC<I))/EMY(I) 
2500 EERT(I)»EERX<I)**2+EERY<I>#»2 

IF(EERT(I).LE.(0. 0002)) 00 TO 3500 
2600 IF(PUU>. OT. O. 0> 00 TO 2700 

EXl—1.0*<UMYC(I>/PU<I>> 
EYl—1. 0»(UMXCU>/PU(I> > 
OO TO 2800 

2700 EX1"<UHYC(1)/PU(1)) 
EY1-<UMXC<I)/PU(I>> 

2800 IF<(EX1-EY1). EQ. 0. O) 00 TO 2900 
IF(EY1. EG. 0. O) 00 TO 2900 
1F((EX1/EY1). EQ. (EX/EY)> 00 TO 3500 

2900 COUNTX-COUNTX+1 
IF(EXIEQEX) OD TO 3200 
EYF<I>-EY1 
EXF(I>»EYF(I)*<EX/EY) 
IF(CCOUNTX. OT. 0) 00 TO 3100 
IF(COUNTX. OT. 1) 00 TO 3000 
XF(EXFd). LT. EXl) 00 TO 3100 

3000 CALL ROTATCXd. XP, YP. THY. DTHY, EXF. EKY. EKX. B. H. BCOUNTX. EXl J 
00 TO 1600 

3100 CCOUNTX-CCOUNTX+1 
CALL ROTACCX <I.XP,YP, THY.DTHY.EXF.EKY.EKX. B, H. BCCONTX. EX 1) 
00 TO 1600 

3200 IF<EY1. EQ EY) 00 TO 3500 
EXF<1>eEX1 
EYF(I >*»EXF{I >/ (EX/EY > 
COUNTY-COUNTY+1 
IF(CCOUNTY. OT. 0) 00 TO 3400 
IF(COUNTY. OT. 1) CO TO 3300 
1F(EYF(I>.OT.EYl) CO TO 3400 

3300 CALL ROTATCYU, XP, YP, THY. DTHY, EYF. EKY, EKX. B. H, BCOUNTY. EYl) 
GO TO 1600 

3400 CCOUNTY-CCOUNTY+1 
CALL ROTACCY(I, XP, YP, THY, DTHY,EYF.EKY, EKX.B.H,BCCONTY, EYl) 
00 TO 1600 

3500 UM(I)"(UMXC(I)*»2+UMYC(I)#«2>**0. 5 
NOF=NOF+1 
RETURN 
END 



SUBROUTINE ROTATCXlI,XP/VP/THY.DTHY, EXF, EKY» EKX. B, H. BCOUNTX. EXl) 
DIMENSION XP(150>. YP<ISO). EKY<ISO). EKX<ISO). EXF<150) 

C 
C*««ft* ROTATION OF N.A. CLOCK WISE IF EQUIL. IN X-DIRECTION NOT SATISFY 
C 

IF<BCOUNTX. OT. 0) 00 TO 100 
IF(EXF(I). LT. EXl) CO TO 100 
THY-THY+DTHY 
EKY(I)"(YP(I)+(TAN(THY)«XP(I)))/H 
EKX(I)-CEKY(I)»H)/(B»TAN(THY)) 
RETURN 

100 BCOUNTX-BCOUNTX+1 
CALL BISECX(BCOUNTX.THY,DTHY.EXF.EKY.EKX. I. XP. YP. B. H, EXl> 
RETURN 
END 
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SUBROUTINE BISECX<BCOUNTX.THY.DTHY, EXF. EKY. EKX, I. XP. YP. B. H. EX1) 
DIMENSION XP <150)iYP(150)> EKY(150)>EKX<150).EXF<150) 

C 
BISECT ANCLE OF ROTATION CLOCK WISE 

C 
IF(BCOUNTX. CT. 1) CO TO 200 
XR=THY 
XL=THY-DTHY 

100 THY=0. 5»(XL+XR) 
EKY <I) = (YP <I) + <TAN(THY)*XP(I> >) /H 
EKX(I)=(EKY(I)*H)/(B*TAN< THY >) 
RETURN 

200 IF(EXF<I). CT. EX1) GO TO 300 
XR-THY 
CO TO 100 

300 XL=THY 
GO TO 100 
END 



8UBR0UT1NE ROTACCX(I,XP,YP.THY. DTHY,EXF, EKY. EKX,B. H. BCCONTX, EX1) 
DIMENSION XP(150), YP<ISO), EKY(1 SO). EKX<150), EXF<150) 

C 
ROTATION OF N. A. COUNTER CLOCK WI8E IF EQUIL. IN X-DIRECTION 

C NOT SATISFY 
IF(BCCONTX. OT. 0) 00 TO 100 
IF(EXF(I>. OT. EX1) 00 TO 100 
THY-THY-DTHY 
EKY<I)>(YP(I)+(TAN(THY)«XP(I)))/H 
EKX(I)-<EKY(I>#H>/(B«TAN<THY)) 
RETURN 

100 BCCONTX-BCCONTX+1 
CALL BISECCX(BCCONTX. THY. DTHY. EXF. EKY, EKX, I, XP. YP. B.H. EX1) 
RETURN 
END 



SUBROUTINE BISECCX<BCCONTX.THY. DTHY. EXF.EKY,EKX.I. XP,YP. B. H. EX1 
1) 
DIMENSION XP<150>. YP<150). EKY(150). EKX(150),EXF(150) 

C 
BISECT ANGLE OF ROTATION COUNTER CLOCK WISE 

C 
IF(BCCONTX. GT. 1) CO TO 200 
XR=THY 
XL»THY+DTHY 

100 THY=0. 5*(XL+XR > 
EKY<I>«=<YP<I > + <TAN(THY)»XP< I>))/H 
EKX(I)»<EKY(I)*H>/(B#TAN(THY)> 
RETURN 

200 IF(EXF(I). LT. EXi > GO TO 300 
XR=THY 
GO TO 100 

300 XL=THY 
CO TO 100 
END 
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SUBROUTINE ROTATCYtI. XP. YP. THY. DTHY,EYF.EKY.EKX, B. H. BCOUNTY, EYl) 
DIMENSION XPUSO), YP (150), EKY< 150). EKX< 150), EYF< 150) 

C 
ROTATION OF N. A. CLOCK WISE IF EGUIL. IN Y-DIRECTION NOT SATISFY 

C 
IF(BCOUNTY. CT. 0) 00 TO 100 
IF(EYFd). QT. EY1> 60 TO 100 
THY-THY+DTHY 
EKY(I>«(YP(I)+(TAN<THY)*XP(I)))/H 
EKX(I)-(EKY(I)«H)/<B«TAN(THY)) 
RETURN 

100 BCOUNTY-BCOUNTY+1 
CALL BISECY(BCOUNTY. THY, DTHY. EYF,EKY.EKX,I,XP, YP. B, H. EYl> 
RETURN 
END 



SU3R0UTINE DISECYCDCOUNTY.THY.DTHY. EYF. EKY. EKX, I. XP. YP. B. H, EY1) 
DIMENSION XP <150 >.YP <150),EKY< 150). EK X <150 >, EYF< 150 > 

C 
C###»* BISECT ANGLE OF ROTATION CLOCK WISE 
C 

IF(BCOUNTY. GT. 1) GO TO 200 
XR=THY 
XL=THY-DTHY 

100 THY=0. 5*<XL+XR) 
EKY(I)«(YP<I) + (TAN < THY)» XP < I)))/H 
EKX(I)=(EKY(I)*H)/(B»TAN(THY)) 
RETURN 

300 IF(EYF<I). LT. EY1) GO TO 300 
XR=THY 
GO TO 100 

300 XL=THY 
GO TO 100 
END 



SUBROUTINE ROTACCVd. XP. VP, THY. DTHY. EYF. EKY. EKX. B. H. BCCONTY. EVl > 

DIMENSION XP(150)i YP(150>. EKY(ISO). EKX(150).EYF(150) 
C 
C*«*«* ROTATION OF N. A. COUNTER CLOCK WISE IF EQUIL. IN Y-DIRECTION 
C NOT SATISFY 

IF(BCCONTY. OT. 0> 00 TO 100 
IF(EYF<I). LT. EVl) 00 TO 100 
THY-THY-DTHY 
EKY(I)•(YP(I)+(TAN(THY>*XP(I)> >/H 
EKX <I)"(EKV(I)*H)/<B»TAN(THY)> 
RETURN 

100 BCCONTY-BCCONTY+1 
CALL BIBECCY(BCCONTY. THY, DTHY, EYF. EKY, EKX,I,XP. YP.B.H.EY1) 
RETURN 
END 
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SUBROUTINE BISECCY(DCCONTY.THY.DTHY. EYF. EKY, EKX. I. XP,YP. B. H,EY1 
1) 
DIKENSION XP <150). YP(150 >. EKY<150). EKX <150). EYF(150 > 

C 
C*«*«* BISECT ANGLE OF ROTATION COUNTER CLOCK WISE 
C 

IF(BCCONTY. QT. 1) GO TO 200 
XR=THY 
XL=THY+DTHY 

100 THY=0. 5*(XL+XR) 
EKY<I) = (YP(I) + (TAN(THY)*XP <I))>/H 
EKX <I> = < EKY<I)*H)/< B»TAN<THY)) 
RETURN 

200 IF(EYF(I). GT. EY1) GO TO 300 
XR=THY 
00 TO 100 

300 XL=THY 
GO TO 100 
END 



8UBR0UT1NE CURVE<PU, UM.UMXC. UMYC. NOF#NOPT> 
DIMENSION PU(150), UMXC(150).UMYC<150). UM(ISO) 

>«* PLOT THE RESULTS 

CALL NAMPLT 
CALL QIKSET (6. 0- 0. O. O. 0, 7. 0.0. 0,0.0) 
IF(NQPT. EO. 1) CO TO 3 
CALL QIKPLT(UMXC(2). PU(2)> NOF-1. '*ULTIMATE MOMENT ABOUT X-AXIS (KI 
IPS-INCHES)*'» '"ULTIMATE LOAD (KIPS)*', '*INTERACTION DIAGRAM FOR CO 
2LUMN UNDER BIAXIAL BENDING*') 
CALL PLOT(—7. 0. 1. 5. -3) 
CALL GLINE(UMXC(2). PU(2)>-(NOF-1 i>14) 
CALL ENDPLT 
CALL GIKSET(&. 0. 0. O, O. O. 7. 0. 0. 0. 0. 0) 
CALL QIKPLT(UMYC(2).PU(2). NOF-1,'*ULTIMATE MOMENT ABOUT Y-AXIS (KI 
1P8-INCHES)*'.'"ULTIMATE LOAD (KIPB)*'.'*INTERACTION DIAGRAM FOR CO 
2LUMN UNDER BIAXIAL BENDING*') 
CALL PLOT(-7. 0. 1. 5.-3) 
CALL QLINE(UMYC(2).PU(2).-(NOF-1). 14) 
CALL ENDPLT 
CALL 0IKSET(6. 0. 0. 0. O. O. 7. O. O. 0. 0. 0) 

3 CALL QIKPLT(UM(2)i PU(2)< NOF-1. '*ULTIMATE MOMENT (KIPS-INCHES)*'. '* 
1ULTIMATE LOAD (KIPS)*'.'*INTERACTION DIAORAM-COLUMN WITH BIAXIAL B 
2ENDIN0*') 
CALL PLOT(—7. O.I. 3.-3) 
CALL QLINE(UM(2).PU(2)>-(NOF-1). 14) 
CALL ENDPLT 
RETURN 
END 
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