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ABSTRACT

Some new results in the control of distilliation columns
are presented in this thesis.

In particular, the theory of

Minimum Variance (MV) control, established by Astrom in 1970, is
used as a basis for developing two new control strategies, which
are referred to as Modified Minimum Variance (MMV) control and
Minimum Variance Plus Integral Action (MVI) ontrol.

A modification

of the Inferential Control scheme of Brosilow and Tong has been
obtained which permits application of the above mentioned control
schemes.

A comparison of the performance of these schemes

with

that of the original Inferential Control scheme of Brosilow and Tong
is made by a simulation experiment on a sixteen-plate five-component
distillation column.

These results indicate that the present control

schemes (MMV and MMI) reduce the steady state error for step dis
turbances while reductin also the overshoot in the system response
resulting from an application of the original Inferential Control
schemes of Brosilow.

viii

CHAPTER 1

INTRODUCTION

Distillation is the most widely used method for separating
and purifying liquid mixtures.

This process operates on the basis

of a difference in composition between a liquid and the vapor
formed from that liquid.

If a mixture of two or more components is

heated, a vapor with higher concentration of the more volatile com
ponents is created.

By condensing these vapors and then boiling

again a portion of the condensate, the new vapors will contain a still
higher concentration of the more volatile components.

Therefore, by

successive treatments of this kind, a product with a specific com
position will be obtained from the initial mixture.

The heating

temperature, the amount of the condensate which is evaporated again,
as well as other variables that depend on the equipment where the
process of distillation is carried out, define the composition of the
distilled product.
The process of distillation is carried out in various types
of equipments.

The equipment most commonly used in the industry is

the distillation column.

Depending on the number of final products

obtained in the column, it can be classified as a binary or multiple
distillation column.

Binary columns, which are commonly used in

chemical industries, allow the separation of the mixture into two

1
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components (top and bottom products).
process is called binary distillation.

In this case, the distillation
On the other hand, refinery

processes almost always involve multiple fractional distillation.
In this case, the mixture that is fed into the column
into several components.

is separated

Figure #1 shows a simple or binary distil

lation column.
A simple distillation column is basically constituted
by a preheater, a column, a cooler, an accumulator, and a reboiler.
The overhead vapor leaving the column is sent to the cooler and
collected as a liquid in the accumulator.

A part of the condensate

is returned to the column as reflux, and the remainder is withdrawn
as a distillated product.

Simultaneously, the bottom liquid leaving

the column is heated in the reboiler.

Part of this liquid is

vaporized and injected into the column as boil-up, and the remainder
is withdrawn as a bottom product.

Inside the column there are

horizontal plates whose function is to cause the ascending vapor to
be bubbled through the descending liquid providing an intimate contact
between both phases: vapor and liquid.

This intimate contact will

improve the separation of the mixture.
Like any other system, distillation columns have independent
variables that are used to maintain the specified operation.

Some

of the independent variables usually available for controlling the
column operation are (1) steam supply to the reboiler,

(2) cooling

water supply to the cooler, (3) reflux product, and (4) bottom
product.

See figure ft2 for identification of these variables.

3

The control of distillation columns has become a very important
topic of study as the oil products have reached extremely high prices.
The economic benefits produced by an improvement in existing schemes
could represent a considerable amount of money.

Frequently, dis

tillation columns are operated so that their products are considerably
purer than required in order to avoid the large economic debits derived
from producing out of specification.
In this thesis, we will describe our recent results in
the study of distillation column control.

In order to provide a

logical flow in this presentation, we will first focus our attention
on the dynamic modeling of the column (chapter #2).

A review of the

literature in dynamic modeling of distillation columns as well as the
basic mathematical relations describing the process of distillation
are given in this chapter.

Once this part is covered, we proceed

with the study of recently published control techniques applied to
distillation columns (chapter #3).

Special emphasis is made

on the Inferential Control and Self Tuning Regulator, since these
two approaches constitute the basis of the control systems that will
be developed in detail.
Chapter #4 is devoted to the explanation and development of
the control systems that we have proposed.

This chapter starts with

a detailed presentation of the Minimum Variance strategy.

Then, two

new strategies, which are variations of the original Minimum Variance
control law are introduced.

Basically, our contribution consists in

adding a new action to the Minimum Variance strategy.

This action

4

counteracts the steady state error present when step disturbances
are applied into the system.

The modified Minimum Variance strategies

have been used to synthesize linear controllers which are used to
build our Inferential Control schemes.

The new schemes have been

compared with the one proposed by Brosilow and Tong.
such a comparison are shown in chapter #5.

The results of

Finally, we have the

conclusions which constitute the last chapter of this work.

CHAPTER 2

DYNAMIC MODELING

Modeling is an important first step in the process of
synthesizing a controller for a given system.

An accurate model

can also be used, rather than the actual column, for testing the
synthesized controller.

In this chapter, we will review some im

portant aspects of dynamic modeling of distillation columns.

2.1 Basic Mathematical Relations
A rigorous mathematical model describing how the dynamic
behaviour of a distillation column must contain all the expressions
listed below:
1.

An overall material balance equation for each tray of the column.

2.

Component material balance equations for each tray of the
column (n-1 equations are required for a mixture of n components).

3.

An energy balance equation for each tray of the column.

4.

A vapor-liquid equilibrium equation for each tray of the column.

5.

An equation relating liquid dynamics for each tray of the column.

6.

An equation relating vapor dynamics for each tray of the column.

7.

An equation relating the fluid dynamics of the liquid flowing
between trays.

8.

An equation relating flow and pressure dynamics of the vapor in
the region between trays.

5
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9.

An enthalpy balance equation relating any heat gain and loss in
the region between trays.
As can be seen, the development of a mathematical represen

tation of the dynamics of this process is quite complex.

Neverthe

less, the general opinion is that some simplifications can be made
without affecting the validity of the model.

One of the most common

simplifications is to assume adiabatic operation of the column, which
means that no heat is gained or lost through the column walls.

Well

mixed liquid and vapor phases at each tray of the column is another
simplification

commonly made.

To assume negligible vapor holdup in

the column plates, and negligible vapor and liquid holdup in the
region between them is also a simplification widely accepted.

These

simplifications considerably reduce the number of equations required
for describing

the dynamics of the column.

A detailed mathematical description of the dynamics of a
binary distillation column, i.e. the simplest column, is given here.
Let us start by introducing the notation used in this description,
a

=parameter in exponent of vapor-liquid equilibrium
correlation, °R.

a12»a21

parameter in Van Laar activity coefficient correction

At,Ab

=plate area, sq. ft.

A^

= coefficient in hydraulic expression, gal./min./inch.

B

=parameter in exponent of vapor-liquid equilibrium
correlation, °R

C

=molar heat capacity, B.T.U/lb.mole,°F.
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E

=Murphree plate efficiency based on liquid phase.

F

=feed rate, lb.mole/sec.

g

=gravitational acceleration, 32.2 ft./sec.

Gc

=conversion factor 32.2 lb.(mass)ft.
lb.(force)sec^

%

=liquid holdup at the i-th plate, lb.mole.

H

=residual holdup, lb.mole.

QJ

K

coefficient that gives the influence of vapor rate
on holdup, inches of water/ft./sec.

L-^

=liquid flow rate leaving the i-th plate, lb.mole/sec.

M £,M v

=average molecular weight of liquid or vapor phase.

N

=number of plates in distillation column.

Pi

=pressure at the i-th plate, atm.

p£,pv

=density of liquid or vapor phase, lb./cu.ft.

Ti

=absolute temperature at the i-th plate, °R

Vi

=vapor flow rate leaving the i-th plate, lb.mole/sec.

Xj,

=mole fraction of light component in liquid phase
=mole fraction of light component in vapor phase.

Si

=molar heat vaporization, B.T.U./lb.mole.
l,i=f.

To facilitate the understanding of the mathematical expres
sions describing the dynamics of this basic column, let us also
consider figure 2.1 which shows the vapor and liquid flow rates
entering and leaving the i-th plate of the column.

8

Vi

^i+1
1

t

(i+l)-th plate

i-th plate
t
(i-l)-th plate

Vi-1
Figure 2.1

Finally, the mathematical equations required for the descrip
tion of the dynamics of a binary column are:
1.

Total Material Balance
dH±
= Li+1

+ vi+l

~ Li ~

vi

+ F6if

(2.1)

This equation gives the variation of the overall liquid holdup at
the i-th plate.
2.

Light Material Balance
dCH-jXi)
, —t
= Li+lXi+l + Vi_1Yi_1 - LiXi - ViYi + FXi6if

(2.2)

This equation gives the variation of the more volatile component
liquid holdup at the i-th plate.
3.

Energy Balance
da^Hi)
—di
- Ci+lLi+1T1+1 + (Ci_iTi_i + Ci-l)Vi_i - CiLiTi

- (CiTi + ?i)Vi + CiFTi6if
This equation gives the variation of temperature of the overall
liquid holdup at the i-th plate.
4.

Vapor-Liquid Equilibrium
YiPi = Xi@ie(bl-ai/Ti)
(2.4)

(l-YiJPi =

(l-x£)(ai'e(Va2/T:L)

(2.3)

where

312

f
@i -

el 1 +

a21

a12Xi

2

a2lU-Xi)J

f

;

a2lXi

@i'= e*

ai2(l"Xi)

This equation gives the rate of attainment of equilibrium between
liquid and vapor phases at the i-th plate.
5.

Murphree Plate Efficiency
Ei

= Xi+1 -

Xi

;

%+l =

1

;

Eo

=

1

(2.5)

Xi+i - Xf
This equation gives the efficiency of the i-th plate.
6.

Vapor Flow Equation

Ml
Vi - B,!i ? (Pi-Pi+l)Gc - Hi+i
w ~sr ' m
^ RT-i'
L1

}h

(2.6)

~ 8J

This equation gives the flow dynamics of the vapor phase flowing
in the i-th plate.
7.

Plate Hydraulics
% = Hw + AjAgLi - K'Vi

(2.7)

where
K' = K

Az pi My12Ab Py/ Mi

-This equation gives the flow dynamics of the liquid flowing in the
i-th plate.
As is apparent from the previous description, the modeling
of a distillation column still remains very complicated.even for small
columns separating a mixture of only two components.

Nevertheless,

as we will see later in this work, some simplifications are still
possible.

A classification of the models for distillation columns

10
according to their most limiting assumptions has been proposed.

Let

us move into the next section in order to briefly review the models
developed so far, and understand the proposed classification.

2.2 Background
The first attempts to develop a dynamic model for a distil
lation column date back to the early 50's.

Due to the complexity of

the equations required for describing the column operation, many
assumptions were made in order to facilitate the solution.

During the

last 20 years, as powerful computers have been developed, many of the
restrictions initially assumed have been relaxed creating more realis
tic models.
The earliest devised models commonly assume binary mixtures
and "equimolal overflow".

The assumption of "equimolal overflow",

means that there is no enthalpy unbalance between the components of
the mixture.

Consequently, the vapor and liquid flow rates remain

constant through the column (except at the feed plate).

Under this

assumption, the solution of the overall material balance and energy
balance differential equations are not required, and the column
dynamics are described only by the component material balance dif
ferential equations.

Consequently, in the case of a binary distil

lation column only one differential equation per plate is required for
the description of the column dynamics.

Models with these simplifica

tions were widely reported during the 50's.

A good summary of this

kind of model was published by Archer and Rothfus (1) in 1961.
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Huckaba and co-workers (2) relaxed many of the restrictions
assumed in earlier models.

The "equimolal overflow" assumption,

commonly used in previous models, was not made by these authors.
They expressed vapor and liquid enthalpies as linear functions of
the composition.

Nevertheless, the model ignores liquid hydraulics

since constant liquid holdup per plate was assumed.
only two components was also assumed.

A mixture of

The result is a model which

requires only one differential equation per plate to represent the
dynamic behaviour of the column.

This model was experimentally veri

fied for a small pilot scale column operating under certain conditions
for which the assumptions were valid.

The model developed by Huckaba

et. al has been used by several other authors for control studies.
Peiser and Grover (3) developed a model for a binary column
that accounts for thermal and hydraulics transients.

The model

incorporates three differential equations per plate:energy, total
material balance and light material balance.

As we can infer from

this, the model of Peiser and Grover is one of the most complete
representations of the dynamic behaviour of a distillation column
separating a mixture of two components.

This representation is quite

useful when thermal disturbances are of concern or if the system
involves highly nonideal mixtures.
Levy et. al (4) published in 1969 a very complete paper which
summarizes most of the work done until that time.

These authors

classified the models for distillation columns into four categories
according to their most limiting assumptions and the state variables
required for the representation.

The EMC model, the most complete one,
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accounts for composition, hydraulics, and thermal transients.

In

other words, a state variable representation of this model requires
liquid composition, liquid holdup, and temperature as state variables.
The remaining three models are obtained assuming fast energy changes
(EC model), fast holdup changes (MC model), and fast holdup and energy
changes (C model).

See appendix #1 for a listing of the state vari

ables and derived variables in each one of the above mentioned models.
Levy and co-workers also established that the simplest model (C model)
can reasonably describe the dynamic behaviour of the column.

This is

due to the fact that the dominant mode in the column response involves
primarily composition effects rather than thermal or hydraulic effects.
Of course, if thermal or hydraulics transients are of interest the
more complex models must be used.
Sourisseau and Doherty (5) have recently corroborated the
work done by Levy et. al.

According to Sourisseau and Doherty, CMO

and C models (see appendix #1 for equivalence between Sourisseau and
Levy notation) provide a good information of the column dynamics, and
can be recommended for design and control studies.

On the other

hand, CH and CHE models must be used only when the hydraulics or thermal
transients are of interest.

The reason is that C and CMO models use

only a fraction of the computer time required by the more sophisticated
models.

Many other papers on the topic of distillation column

modeling have been published since the first attempts occurred in
the early 50's.

It is not our intention to review all of this work.

However, the majority of the models developed so far have an analogous
model in Levy's classification.

2.3 Linearized Models
Once the mathematical model of the system dynamics has been
determined, we proceed with the simulation in the computer.

A state

variable representation of the system can be obtained from the
mathematical equations that describe the system dynamics.

This

approach is by far the most common method to accomplish the system
simulation.

Specialized computer languages, that use the state

variable representation of the system, have been developed to facili
tate this job.

A considerable reduction in the length of the program

required for the simulation is obtained by using these languages.
This advantage makes this method one of the most common and recommendable ones to perform the simulation of the system.
Such representations should be useful for testing the control
ler instead of the column itself.

For the synthesis of the controller,

however, a less complex model is required.

In general, the synthesis

of the controller is made from a linear model which is obtained from
simple step tests made to the actual column or a computer simulation
of the system.

It is widely accepted that the composition and thermal

transients of a distillation column, around the steady state point,
can be described by a first order lag transfer function, i.e.
600 =

K_
(Ts+1)

U-B-1

where the gain (K) and time constant (T) are determined from simple
tests made to the computer simulation of the column or the column
itself.
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The above model constitutes a simplified representation of
the column behaviour around the operating point.

Self Tuning Regulator

and Brosilow's Inferential Control scheme, two important process
control techniques recently developed, use transfer function repre
sentation of the column for the synthesis of the control law.

In the

next chapter, an extensive review of the above mentioned techniques
as well as other control techniques will be given.

CHAPTER 3

CONTROL TECHNIQUES

We will start this chapter with a brief report on the status
of control techniques in refineries.

After this, a review of the

most recent advances in control theory applied to the control of
distillation columns is presented.

3.1 Status
Before looking at modern control techniques, let us briefly
review some of the most common methods currently used in the chemical
and petroleum industry.

Barkelew (6) reports that Feedforward

Control, Heat Balance Control, and Steady State Optimization of Set
Points are the three most common control schemes used in the industry.
These well established techniques are applied with varying degrees
of success.

Nisenfield and Miyasaki (7) estimated that there were

approximately 150 columns in the United States and Canada controlled
using Feedforward Control.

However, what appears to be a common

factor in all the current applications is the use of single-input
single-output (SISO) control loops.

These techniques require a

combination of individual controllers in order to control the overall
process.

Moreover, no account for multivariable interactions is

achieved with these classical schemes.

This results in a poor control

of processes which turn out to be multivariable or interacting in
nature.
15
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3.2 Modern Control
Research in the application of modern control techniques
to distillation columns using both simulation and pilot scale
experimentation has been conducted during the last few years.
Nevertheless, a completely satisfactory implementation of these
techniques has not been reported so far and efforts are being made
in this direction.

In this section, we will review the application

of some modern control techniques such as Optimal Control, Inferential
Control, and Self Tuning Regulator to simulated or pilot-scale
distillation columns.

3.2a Optimal Control
Optimal Control technique is based on minimizing a performance
index by a proper choice of the controller.

The Optimal Controller

is synthesized using dynamic programming or minimum principle.

The

controller requires complete state measurement or estimation of them.
In the case of linear dynamic systems and a quadratic performance
index, the application of Optimal Control theory yields a linear
feedback control law.

Let us give the expression for the control

law in this case.
Given the state representation of the system
X(t+l)=AX(t)+BU(t)
(3.1)
Y(t)=CX(t)+DU(t)
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where
X(t) is the state vector
Y(t) is the output vector
U(t) is the input vector
t is the discrete time variable taking values 0,T,2T...
Let the criterion by
T
N-l
T
T
J=*SX(N)HX(N)+ ^ h X(t)QX(t) +U(t)RU(t)
t=0

(3.2)

where H, Q, and R are the weighting matrices.
Then the optimal strategy is
*

U(t)=F(t)X(t);

t=0,l...N-l

(3.3)

where F(t) is computed recursively from

T
-IT
F(N-t)=- R+B P(t-1)B B P(t-1)A
T
T
P(t)=Q+F(N-t)RF(N-t)+ V(N-t)P(t-1)V(N-t)
V(N~t)=A+BF(N-t)
P(0)=H
Rafal and Stevens (8) applied Optimal Control technique
to control a three-plate distillation column.

The synthesis of the

controller was based on a discrete time model obtained from the
nonlinear Huckaba model.

The feedback control law obtained requires

measurements of all tray compositions.

According to Rafal and Stevens

a more practical scheme could possibly be obtained based on measure
ments of a few strategically located trays of a large tower.
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The model developed by Huckaba was also used by Hu and
Ramirez (9) to demonstrate the application of Optimal Control to a
five-plate distillation column.

Control algorithms for linear

discrete time systems with measurable and unmeasurable disturbances
were developed.

The results obtained by using the above mentioned

control algorithms were compared with the ones achieved using two
well-tuned single loop proportional controllers controlling the
overhead and bottom composition respectively.

Better control was

achieved by using the Optimal Control technique.

Again, the

synthesized controllers require measurements of all tray compositions.
Pike and Thomas (10) also applied Optimal Control to a distil
lation column.

Their application, however, attempts to be more

realistic since the developed control law was applied to the actual
system rather than to a computer simulation. The results obtained
show significant improvement in bottom composition control compared
with those obtained by using standard control.
use a different approach.

McGinnis and Wood (11)

They deduced an Optimal Control algorithm

for an eight-plate distillation column based on a reduced model of
the column.

The original state representation of the system was

reduced using the model reduction technique of Anderson (12).

Good

results were obtained by McGinnis and Wood.
More recently, Oakley and Edgar (13) examined the application
of Optimal Control to distillation columns.

They synthesized open

and close loop multivariable controllers using a linearized version
of the Huckaba model.

Open loop controllers were found impractical

due to model errors.

On the other hand, Optimal Feedback controllers

were found quite satisfactory.

Oakley and Edgar made special emphasis

on the need for accurate models in the synthesis of the controllers.
These authors pointed out:

"The major weaknesses of modern control

theory lie in its reliance on good models and reasonably good measure
ments."

3.2b Inferential Control
The selection of the measurements to be used in controlling
a given system constitutes a very important task.

For many industrial

processes, where composition is the variable to be controlled, the
use of an analyzer is required.

However, some negative effects are

introduced by the use of the analyzer such as additional cost, sampling
system, and dead time.

Inferential Control of process usses secondary

outputs (temperature, flow) to infer the effects of unmeasurable
disturbances on the primary process output (product quality).
Temperature is by far the most common alternative measurement to infer
product composition in distillation columns.
One of the most complete papers dealing with Inferential
Control of distillation columns, using temperature as secondary
measurement, has been published by Brosilow, Tong, and Joseph
(14,15,16).

This is a three part paper published in 1978.

In part I

of this work, Joseph and Brosilow developed a static predictor
based on tray temperature measurements.

Since the number of possible

secondary measurements becomes very large as the number of trays in
the column increases, an algorithm was developed to select those

plates that provide a maximum of information.

Joseph and Brosilow

also show the relative insensitivity of the estimator to modeling
errors and measurements noise.
In Part II, Brosilow and Tong incorporate the static predictor
developed in Part I, into a dynamic control scheme.

The proposed

scheme was tested in a simulated dynamic multicomponent distillation
column.

The response of the system under this Inferential technique

was compared with the one achieved by using Weber's Inferential
Control scheme (17) and simple Composition Feedback Control.

Brosilow

and Tong found that their Inferential controller was comparable or
superior to the other tested controllers.

A detailed description of

the Inferential Control scheme proposed by these two authors is given
in appendix #2 since the new control techniques that we have developed
can be regarded as improvements of the basic Inferential Control scheme.
Finally, in Part III, they deal with the design of optimal and suboptimal estimators.

3.2c Self Tuning Regulator
In many practical applications it is difficult to determine
the parameters of the controller since the dynamics of the process
and the disturbances are not known exactly. Therefore, it is
desirable to have a regulator that calculates its parameters based on
an estimated dynamics of the process.
thought of as composed of three parts:

Self Tuning Regulators can be
a process parameter estimator,

a linear controller, and a block which determines the controller
parameters based on the estimated parameters of the system.

The
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linear controller

is synthesized using Optimal Control techniques.

The theory of Self Tuning Regulators (STR) has been applied only to
systems with constant parameters or slowly time varying ones.
The idea of Self Tuning Regulator has been discussed by
several authors.

In 1970, Astrom and Wittenmark (18) developed a

STR algorithm for SISO systems.

This algorithm uses a recursive

parameter estimator, which is based on the least squares method, and
a linear controller synthesized using the Minimum Variance strategy
(also developed by Astrom).

This Minimum Variance strategy for SISO

systems is explained in detail in the next chapter.

More recently,

Borison (19) has expanded the Astrom and Wittenmark approach to a class
of multivariable systems.
Self Tuning Regulator theory has been successfully applied
by Sastry and co-workers (20) to control top product composition of a
binary distillation column.

They use the STR control theory de

veloped by Astrom and Wittenmark.

The results from applying this

technique in both simulated and pilot scale columns were found superior
compared to the ones obtained by using a conventional PI controller.
Tests made in the pilot scale colunn clearly demonstrate the advan
tage of using STR control technique rather than those control
algorithms that cannot adapt to the nonlinear behaviour of the column.
Sastry et al. also pointed out that a practical problem in applying
this strategy is that the parameter estimates can exhibit large
fluctuations during the initial period of operation.

In addition

to this, some steady state errors were observed when applying this
technique.
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Anbumani et al. (21) also applied Self Tuning Regulator
theory to distillation columns.

Anbumani's paper, however, deals

with a multicomponent distillation column.

They use least squares

method for the process parameter estimation, and Stochastic Optimal
Control theory for the synthesis of the linear controller.

Their

approach ensures zero mean steady state error even of the process is
subjected to a constant vector disturbance.

This is achieved thanks

to the inclusion of an integral action in the STR algorithm.

Anbumani

and co-workers use the linear column model proposed by Brosilow and
Tong in order to test the efficiency of their controller.
were obtained by these authors.

Good results

CHAPTER 4

INFERENTIAL CONTROL WITH MINIMUM VARIANCE STRATEGY

4.1 Minimum Variance Controller (MV)
Let us analyze the fundamentals of the Minimum Variance
control theory for single-input single-output (SISO) systems.
Consider the system given by
Y(t+n) + a1Y(t+n-l)+.. +aBY(t) = b^t-k+n-l) +... +bnU(t-k)
+ A[d(t+n) +cid(t+n-l) +..+cnd(t)] (4.1)
where
U(t) is the control variable
Y(t) is the variation of the output around the desired
set point
d(t) is a sequence of independent normal (1.0) random
disturbance
k is given by f/T where f is the time delay and T is the
sampling interval
t is the discrete variable 0,1,2,3....
\,ai,bi,ci are constants.
By defining the forward shift operator as
qY(t) = Y(t+1)

(4.2)
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and the polynomials
A(q) = q^aiq11-1 +...+an
B(q) = bj^q11-1 +...+bn

(4.3)

C(q) = qn + cq11-1 +...+cn
equation (4.1) can be written in the compact form
A(q)Y(t) = B(q)U(t-k) + AC(q)d(t). (4.4)
Let the criterion be
Vx = e[y2(t)]

(4.5)

or
N

Q.
'
VZ=E J. Z
(t)
N t=o

(4.6)

where Y(t), as defined before represents the output variation around
the desired set point.

According to Astrom and Wittenmark the control

signal that minimizes (4.5) and (4.6) also minimizes the variance of
the output.

Such a control signal is given by the following ex

pression (see appendix #3)
U(t) = qkG(q) Y(t)
B(q)F(q)

(4.7)

where F and G are the polynomials
F(q) = qk + fiqk_1 +...+ fk
c(q)

=g

0

qn~1 +

siq n-z

(4.8)
+--'+gn-i

determined from the identity
qkc(q) = A(q)F(q) + G(q).

(4.9)

According to Astrom and Wittenmark the following conditions must be
satisfied
i) the polynomial B has all zeros inside the unit circle
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ii) the polynomial C has also all zeros inside the unit
circle.
These authors also pointed out that if condition i) is not satisfied
the control strategy given in (4.7) will still be a Minimum Variance
strategy.

This strategy will, however, be so sensitive that any

slight variation in the parameters will create an unstable closed
loop system (remember that in our case the parameters of the system
are not estimated).

Other assumptions are that the time delay k is

known and that a bound can be given to the order of the system.

To

determine the MV strategy we require, according to equation (A.7), the
dynamics of the disturbance (i.e. the polynomial C(z)).

Since the

disturbances are considered to be unmeasurable, we cannot find the MV
strategy using equation (A.7).

So let us assume that the system can

be described by an equation such that the coefficient ci=0 for i=l,2 ..n.
In other words, let us assume a disturbance such that the previous
values are not required to determine the present value.

In this case

the equation describing the process looks like:
Y(t+n) + a]Y(t+n-l) +...+ anY(t) = biU(t-k-t-n-l) +...+ bnU(t-k)
+ Ad(t+n).

(4.10)

The problem of computing the MV strategy is simplified if it is noted
that by using identity (A.9) the above equation can be written as
Y(t+k+l)+a1Y(t) +...+ ctmY(t-m+l)= eo U(t) + 3iU(t-l)+...+
eAU(t-K) +D(t+K+1).
where m=n and'&=n+k-&.

The coefficients a^,...,am,B0

calculated using the identity (4.9) (See appendix #4).

(4.11)
&£ are

The disturbance
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D(t+k+1) is called the moving average of order k of the driving noise
d(t).

Under this assumption the MV strategy is then simply
U(t) = _1_ [aiY(t)+...+amY(t-m+1)]
Bo

- 3lU(t-l)-...-g£U(t-£) (4.12)

4.2 Steady State Error in Minimum Variance Controllers
Now that we have a better understanding of the concept of
Minimum Variance, let us analyze the steady state error or the system
under a MV controller.

Suppose the system to be controlled is in the

form shown below.

D(t)
Y(t)

where
U(t) is the control signal
Y(t) is the variation of the output around the desired set
point
D(t) is the disturbance
C(z) is the transfer function in the Z domain that relates the
control signal and the output
Suppose now that the disturbance D(t) is applied into the system.

By

substituting the MV control law given in equation (4.12) into the
equation that describes the process (4.11), we find:
Y(t+k+1) = D(t+k+l)

(4.13)

which means that the output at the stage t+k+1 is equal to the moving
average of order k of the driving noise d(t).

Consequently, for pulse

disturbances the steady state error of the system will be equal to
zero.

For random disturbances with zero mean the expected error will

also be equal to zero.

Nevertheless, for step disturbances some steady

state error will be present in the system.

Two modifications of the

original MV controller are presented in the following section of this
chapter.

The new versions, which constitute our original development,

were established in order to eliminate the above mentioned steady
state error for step disturbances.

4.3 Minimum Variance Plus Integral Action Controller (MVI)
An obvious way to eliminate the steady state error for step
disturbances consists in adding integral action to the MV controller,
i.e.
U(t) = Um(t)+Ki

t
^ Y(j)
j=o

(4.14)

where Um(t) is the MV control law given by (4.12).

The value of the

integration constant Ki must be chosen such that the process output
quickly converges to the desired value.

Let us analyze the output of

the system for the initial sampling intervals in order to determine
the value of Ki that accomplishes such a goal.
disturbance is applied into the system.

Since no control action

exists at this moment, we have
Y(o) = D(o)

(4.15)

At t=T, the output of the system is given by
Y(T) = D(T)+Yi(T)

(4.16)

Suppose at t=0, the

where D(T) is, according to equation (4.13), the resulting action of
the MV strategy.

On the other hand, Yi(T) is the contribution of the

new integral part added to the controller.

The system response due to

this integral part at the instant t=T can be expressed as
Y ±(T) = KiY(o)2)- 1 [c (z)]/

(4.17)

Xt=T

But notice that
^-l[c(z)L = 3-I [Co+C1Z-l+...+CnZ-n]/ = Ci
7t=T
t=T

(4.18)

where Ci is the value of the time function ^) -1 [c (z)] at the sampling
instant t=T, i.e.
Ci = lim z[c (z)-Co]
z->°°

(4.19)

where
Co = lim C(z)

Z->co
Therefore
Yi(T) = KiY(o)Ci

(4.20)

Suppose that we want to drive the output deviation to zero at the very
first sampling instant, i.e.
Y(T) = D(T)+Yi(T) = 0

(4.21)

Therefore
K^o)^ = -D(T)

(4.22)

We know from equation (4.15) that

Y(0)=D(0).

D(0)=D(T) since D(t) is a step disturbance.

We also know that

Consequently, the value

of Ki that accomplishes such a goal is
Ki = -1/Ci

(4.23)

where Cj is calculated from the equations given in (4.19).

4.4 Modified Minimum Variance Controller (MMV)
Another way to eliminate the steady state error for step
disturbance is by using the estimation of the disturbance, which is
available in the inferential scheme (see appendix #2), equation (7),
in addition to the MV strategy, i.e.
U(t) = Um(t)+KmD'(t)

(4.24)

where again Um(t) is given by equation (4.12) and D'(t) is an es
timation of the step disturbance D(t) whose amplitude is unknown.
Additionally, Km is a constant calculated such that the following
condition is accomplished
limY(t) = 0
t-x»

(4.25)

In order to find Km, let us analyze the system response.

We know

that
Y(t) = D(t) + Yv(t)

(4.26)

where D(t) is the resulting action of the minimum variance strategy
and Yv(t) is the contribution of the new part added to the controller.
Additionally, we know that
Yv(t) = ^)-1[c(z)KmD''(z)]

(4.27)

where D (z) is the z-transform of the estimated step disturbance
D (t).

Since we want to eliminate the steady state error,
lim Y(t) = 0
t-x»

(4.28)

which means that
limYv(t) = -d
t-*»

(4.29)

where d is the amplitude of the step disturbance D(t).

By sub

stituting equation (4.27) in equation (4.29) we get
lim
t-K»

V1[C(z)KmD'(z) = -d

(4.30)

Applying final value theorem, we have
Km limf"c(z)D'(z) (z-l)l
z->l L
z J

= -d

(4.31)

Now, let us assume that the estimation of the disturbance, D(t), is
good enough such that we can consider its z-transform in the form
D'(z) = d"z
(z-1)

(4.32)

where d' is the estimated value of the amplitude of the disturbance.
Hence equation (4.31) becomes
Kmd"'limC(z) = -d
z->l

(4.33)

Note that the best selection of Km is, according to equation (4.33)
Km = - limC(z) -1
z-*-l

(4.34)

4.5 Inferential Control Using Minimum Variance Strategy
In appendix #2 we have described in detail the inferential
control scheme proposed by Tong and Brosilow.

It may be recalled that

the idea of these authors consists in feeding into the system an
estimate of the disturbance which is previously passed through a
controller Gi(s).

This controller is a stable approximation of the

inverse of the transfer function that relates the control signal and
the process output.

Our idea consists in building an estimation of

process output which is used by the already discussed MV strategy,
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or one of the new versions, to generate the control signal.
control scheme is presented in the following block diagram.

Our

Yd(s) U(s)
C(s)
d(s)

Y(s) (primary process output)
(composition)

Ud(s)

(disturbance)

P(s)
0(s) (secondary process output)
(temperature)
o

P(s)

d(s)

C(s)

(estimation of the primary
process output)
Y(s)

G*(s)
Fig. #4.1
As can be seen in the above block diagram, we develop an
estimate of the disturbance exactly as Brosilow and Tong scheme does
(see appendix #2).

In our case, however, the estimation of the dis

turbance is not immediately

fedback into the system, but is used to

build an estimation of the output Y(s). i.e.
Y(s)=C(s)U(s)+d(s)

(4.35)
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where C(s) is an estimation of the transfer function C(s).

Then,

the estimation of the output, Y(s), is used by the linear controller
G*(s) to generate the control signal i.e.
U(s)=G*(s)Y(s).

(4.36)

The controller G*(s) can be synthesized using any of the techniques
previously discussed in this chapter.

In the following chapters, we

will compare the control scheme of Brosilow and Tong with four
different versions of our. proposed scheme.

The different versions are

obtained by using MV, MMV, MVI, and LQR strategies for the synthesis
of the controller G*(s).

4.6 Comparison with other Approaches
In this section we will compare the presently developed
control methods with the Inferential Control scheme of Brosilow and
with other recently developed techniques.

As already mentioned, the

control scheme that we proposed is a

modified version of the one

developed by Brosilow and Tong (15).

Our idea consisted in intro

ducing Optimal Control principles in the Inferential Control scheme of
Brosilow and Tong.

The result is a specific procedure for the design

of the controller G*(s).

This eliminates the ambiguity existing in

Brosilow's approach with respect to the selection of the ap
proximating transfer functions in the controller synthesis.
In addition to this, the system response for step, pulse and
random disturbances was improved when the proposed scheme was used,
with the controller G*(s) (see'figure #4.1) synthesized using MMV
strategy.

The steady state error obtained when using the above
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mentioned scheme and the one developed by Brosilow and Tong (15)
was quite similar.
scheme was applied.

However, the overshoot was reduced when the proposed
It is also important to mention that our In

ferential Control scheme uses the estimator developed by Brosilow and
Joseph (14).

Consequently, any instability condition resulting from

a wrong estimation of the disturbance, which would occur only in the
case of a bad estimation of the transfer functions C(s) or P(s),
would affect both schemes in the same way.
Sastry and Seborg (20) applied Minimum Variance technique
to control the top composition of a distillation column.
approach, however, is different from ours.
parameters of the system.

Their

They estimate on line the

In our case, we calculate them from the

transfer function representing the column behaviour.
that the composition was measurable.

They also assumed

Consequently, no estimation from

temperature measurements was required.

Finally, Sastry and Seborg

also mention the existence of some steady state error for step dis
turbance.

Nevertheless, no formal solution was given to this problem.

Anbumani et al. (21) propose a control method which has many
similarities with our stretegy.

They use, as we also do, the linear

transfer function model developed by Tong (22) for the synthesis of
the controller.

Their control scheme also uses temperature measure

ments rather than the compositions. They also introduce Optimal
Control concepts for the design of the controller.

Finally, their

control method, as well as ours, ensures zero steady state error
for pulse or step disturbances.
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Of course some differences exist between their strategy
and ours.

First, they assumed composition and temperature are related

through a constant matrix.

In other words, they assumed a static

estimator for the disturbance.

This is the case with Weber's

Inferential Control scheme (17), but it is not the dynamic estimator
developed by Brosilow's (14).

Comparisons made by Brosilow and co

workers established that their dynamic estimator performs better than
the one developed by Weber.

Secondly, they do not use the MV strategy

for the synthesis of the controller.

Their control law was deduced

using Stochastic Optimal control theory for a given performance index.
Finally, Anbumani and co-workers estimate on line the parameters of
the system rather than calculate them from the linear model of the
column.

CHAPTER 5

SIMULATION AND RESULTS

In the previous chapter of this thesis we introduced the
concept of Minimum Variance control developed by Astrom in 1970.

In

addition to this known control law, we introduced two new versions
of this concept.

The new versions were developed in order to elimi

nate the steady state error resulting in the application of the
original Minimum Variance control law.

The original strategy (MV)

and the new versions (MMV and MVI) as well as the Optimal Linear
Quadratic Regulator (LQR) strategy were used to synthesize linear
controllers which were used in the Inferential Control scheme that
was developed.

The resulting schemes as well as the one proposed by

Brosilow and Tong were used to control the overhead butane composition
of a simulated sixteen-plate five component distillation column, and
the performance characteristics were compared.
A transfer function model of the column was used for the
synthesis of the controllers.

Such a linear model was obtained by

Tong (22) from step tests made to a simulation of the full nonlinear
model of the column operating at the conditions listed on the next
page:
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FEED
COMPONENTS

FEED
COMPOSITION

Ethane

.03

.125

.000

Propane

.20

.782

.021

Butane

.37

.093

.456

Pentane

.35

.000

.458

Hexane

.05

.000

.0065

Feed Stage:

DISTILLATE
COMPOSITION

BOTTOM'S
COMPOSITION

8th stage from the reboiler

Feed Flow Rate:
Reflux Ratio:

7.71 mole/min., as a saturated liquid

0.75

Column Vapor Flow:
Column Pressure:

7.26 mole/min

1.72 MPa (250 lb/in. abs)

The full nonlinear model of this sixteen-plate, distillation
column was developed in 1958 by Admunson et al. (23) under the
assumption of "constant molal overflow" and no hydraulic lag.

A

complete description of the transfer function model developed by Tong
is given in appendix #5.

Since our objective is the control of the

percentage of butane present in the product leaving the top of the
column, the MV, MMV, MVI, and LQR controllers were synthesized from
the transfer function that relates the reflux flow of the column
(control signal) and the overhead butane composition (process output),
i.e.
C(s) = -.173
70s+l

(5.1)

Once the transfer function is identified, the next step in the
synthesis of the controller is to get the equivalent transfer function
in the z domain to which the corresponding expressions for the MV, MMV,
MVI, and LQR strategies are applied.

Details of the synthesis of

such controllers are given in appendix #6.

The controller used by

Brosilow and Tong in their Inferential Control scheme for this particu
lar case is described by the following transfer function.
Gi(s) = -5.78(70s+l)
lOs+1

(5.2)

As can be seen, the controller transfer function is an approximation
of the inverse of the transfer function C(s).

We can also note that

the following condition is satisfied.
Gi(o) = l/C(o)

(5.3)

The control schemes mentioned before were tested in a
simulated distillation column.

The same mathematical model used for

the controller synthesis was used for the computer simulation of the
column.

The transfer functions relating the reflux ratio (control

signal) and the disturbances with the overhead butane composition
(primary process output) were used for the

simulation.

In addition

to these transfer functions, we also used the ones relating the reflux
ratio and the disturbances with the temperature of the 14th plate
(secondary process output).

We chose this plate because the tempera

ture measurement at this point minimizes the estimation error.

In

other words, the temperature of the 14th plate alone provides the
information required by the estimator of Brosilow and Joseph to
accurately infer the composition transients.

However, this is not the

common case since a set of temperature measurements is usually
required to obtain the desired information.

For this particular case

the estimator proposed by Brosilow and Tong is described by the fol
lowing transfer function.
E(s) = .0045(66s+l)
70s+l

(5.4)

The recursive equations required for the computer simulation
were obtained from the equivalent transfer functions in the z domain.
Basic was the computer language used for the implementation of the
column model and the controllers.

The computer program used for such

a simulation is given in appendix #7.

As can be seen the program allows

us to choose the control scheme to be used as well as the type of
disturbance to be applied.

Let us now proceed with the description

and analysis of the several tests made with the above mentioned
control scheme.
In the first test, we compared the column performance under
Brosilow1s Inferential Control scheme and four different variations
of our proposed scheme when a step disturbance was applied into the
column.

The variations in our scheme result, as mentioned earlier,

from using different strategies for the synthesis of the linear
controller G*(s) (see figure #4.1).

The step disturbance consisted

in an increase of 10% in the propane feed flow rate.

It is also

important to mention that for this test we assumed perfect estimation
of the transfer functions C(s) and P(s).
C(s)=C(s) and P(s)=P(s).
table #1 and figure #3.

In other words, we assume

The results of this test are shown in

AO

From table #1, we can see that the steady state error obtained
when the MVI or MMV strategies were used are comparable to the one
obtained with the Inferential Control scheme of Brosilow and Tong.
Figure #3 shows that the overshoot, however, was considerably increased
when the scheme of Brosilow and Tong was used.

The reason for this is

that at the beginning of the column response the transfer function
of the controller used by Brosilow and Tong in their scheme (Gi(s)) is
not a good approximation of the inverse of the process transfer
function (C(s)).

This results in a big overshoot in the system response.

Once the steady state is reached, the ideal condition in Brosilow's
control scheme is also reached.

It is, the approximation mentioned

earlier becomes an equality resulting in a small steady error (see
appendix #2, equations (15) and (16)).

On the other hand, we can

see from table #1 that the system steady state error was considerably
reduced when we use the presently developed MVI or MMV strategies
rather than the MV or LQR strategies.

This was expected to happen

since MMV and MVI strategies have been established in order to counter
act the steady state error for step disturbance resulting in the
application of the MV strategy.
The second test was a repetition of the first test with the
exception that a pulse disturbance was applied into the column.

The

pulse disturbance consisted in an increase of 10% in the propane feed
flow rate during an interval of time of 10 minutes.

The results of

this second test are shown in table #2 and figure #4.

Figure #4 shows

that the column performs better under the MV and MMV controllers
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when a pulse disturbance is applied into the system.

A strong fluctua

tion at the beginning of the column response was observed when the
column was controlled using the MVI strategy.
integral action present in the MVI controller.

This is due to the
As we recall, the value

of the integration constant (Ki) was chosen such that the system error
under a step disturbance is quickly corrected.

Unfortunately, this

value of Ki does not turn out to be optimal for pulse disturbances.
On the other hand, a large overshoot was again observed when the column
was controlled with the scheme proposed by Brosilow and Tong.

These

two undesirable features were eliminated when the MV or MMV controllers
were used.
The column performance was also superior under MV and MMV
controllers when a random disturbance was applied into the system.
The random disturbance consisted in a random variation of the propane
feed flow rate within plus and minus 5%.

The results of this third

test are shown in table #3 and figure #5.
Test #4 was quite similar to the first test.

In this case,

however, the step disturbance consisted in a 10% increase in the butane
feed flow rate.

The results of this test were identical to the ones

obtained in the first test.
MMV and MVI strategies.

That is, the column behaved better under

Under these strategies the overshoot of the

column response was considerably reduced.

The results obtained when

using the MV and LQR strategies are not shown since it was already
established in test #1 that the other schemes perform better than the
MV and LQR strategies.

The same situation applies to the remaining
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tests.

See table #4 and figure #6 for details of the results of the

test #4.
In tests #5, #6, and #7 we examined the stability of the
system when the transfer function P(s) and C(s) were not perfectly
estimated.

In test #5, we assumed the steady state gain of the

transfer function P(s) equal to 38 rather than the nominal 36.

This

variation in the transfer function gain equally affected the steady
state error of the system under all the control schemes tested.

The

steady state error was increased, but the system response did not
become unbounded.

Results of this test are shown in table #5 and

figure #7.
In test #6 we modified the system dynamics by increasing the
steady state gain of the estimator (E(o)=E(s)/s=0) by a factor of 10
and reducing by the same factor the steady state gain of the transfer
function that relates the disturbance and the temperature at the 14th
plate.

In this case, the system response becomes unbounded even though

the same incorrect value for P(o) was assumed in all control schemes.
The results of the test #6 are shown in table #6 and figure #8.
Finally, the last test consisted in assuming the steady state gain of
the transfer function C(s) equal to -.150 rather than the nominal -0.173.
In this case, the system response becomes unbounded independent of the
scheme used to control the column.
in table #7 and figure #9.

Results of this test are shown

CHAPTER 6

CONCLUSIONS

Dynamic simulation using a state variable representation of
the system derived from the differential equations that describe the
system dynamics is the most appropriate and recommendable way to perform
this task.

However, in the case of distillation columns such an approach

results in complex representations even for small columns separating
a mixture of only two components.
Synthesis of controllers using these representations of the
column becomes very difficult when we move into larger columns with
multicomponent mixtures.

Model reduction techniques become necessary

at this point.
Synthesis of controllers based on representations of column
dynamics in the frequency-domain appear to be more practical.

Self

Tuning Regulator and Inferential Control, two of the most up-to-date
techniques in process control, are synthesized from transfer function
models.
The control of distillation columns offer great challenges in
the application of the two techniques mentioned above.

On the one

hand, distillation is a process whose primary output (product quality)
is unavailable or difficult to measure, but it offers easily measurable
secondary outputs such as temperature.

On the other hand, the nonlinear

behaviour of the column necessitates the application of schemes
A3
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based on representations of the system whose parameters are estimated
on line.
Both techniques (Inferential Control and Self Tuning Regulator)
have been successfully applied in simulated and pilot scale distilla
tion columns.

A great interest in these modern control techniques is

presently evident and considerable research in the development and
implementation of these is under progress.
By introducing Optimal Control theory into the control scheme
proposed by Brosilow and Tong, we have been able to improve the response
of the system.

The system performance was improved not only for step

disturbances but also for pulse and random disturbances.
MMV strategy proved to be the most efficient control law
due to the improvements resulting in the system performance.

Its

major limitation is the assumption made about the dynamics of the
disturbance.

MVI strategy is recommended for those cases where MMV

strategy does not perform very well.
The control scheme that we have proposed as well as the one
developed by Brosilow and Tong become unstable under certain conditions.
The design of the estimator is very important for the stability of the
system.

In general we want to keep down the gain of the estimator by

choosing those plates where the secondary measurements are strongly
affected by the disturbance.

Another source of instability is a high

gain in P(s) which occurs when the control effort affects the secondary
measurements much more than it affects the product quality.

These

45

are the limitations of the present schemes based on the inferential
control idea.
All the tests were made on a linear model of the column.

The

model was obtained by Tong from a nonlinear simulation of the column
and involves some approximations.

Future research directed to test

the proposed control schemes in the original nonlinear model will
be very interesting.

APPENDIX ill

Levy's Classification

MODEL

MOST LIMITING
ASSUMPTION

C

Fast energy and
holdup changes

EC
MC

STATE
VARIABLES

DERIVED
VARIABLES

STEADY
VARIABLES
L,V,H,T,P

X

y

Fast holdup
changes

T,x

L,V,y

H,P

Fast energy
changes

H,x

L,V,y

T,P

T,H,x

L,V,P,y

EMC
where:

x:fraction of the light component in the liquid phase.
y:fraction of the light component in the vapor phase.
H:holdup per plate.
T:temperature.
L:liquid flow rate.
V:vapor flow rate.
P:pressure.
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Analogy Between Sourisseau and Levy Notation

Levy

Sourisseau

C Model

CMO Model

Not Defined

C Model

MC Model

CH.Model

EC Model

CE Model

EMC Model

CHE Model

APPENDIX #2

Inferential Control Scheme Proposed by
Brosilow and Tong
Brosilow and Tong proposed an Inferential Control scheme whose block
diagram is presented here
U(s)
Yd(s)
Gi(s)

C(s)

•o
(s) +

d(s)

Y(s) (Primary Process Output)
(Composition)

Ud(s)(Disturbance)
P(s)
P(s)
0(s) (Secondary Process Output)
(Temperature)

De

control
system

process

From the above block diagram we can see that the frequency-domain
representation of the process is given by
T
Y(s)-B (s)Ud(s)+C(s)U(s) (1)
T
0(s)=A (s)Ud(s)+P(s)U(s). (2)
The estimator satisfies
A(s)E(s)=B(s)+R(s) (3)
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where R(s) define the estimation error associated to the estimator,
since
estimation error = R(s)0(s).

(4)

The steady state gain of the estimator, i.e. E(o), is chosen such
that

IJ R(o)11

is minimized.

The response of the process output

to the unmeasured disturbances is denoted by
T
d(s)=B (s)Ud(s).

(5)

The estimated effects d(s) is given by
T
d(s)=E (s)[o(s)-P(s)U(s)].

(6)

Substituting equation (2), (3), and (5) in equation (6), we get
T
T
d(s)=E (s){A (s)Ud(S ) + I P ( S )- P(s)]u(s)}
T
T
T
=E (s)A (s)Ud(s)+E (s)I P(s)-P(s)]u(s)
(7)
T
T
T
= [ B ( S ) + R (s)]Ud(s) + E (s) [P(s)-P(s)] U(s).
Finally
T
T
d(s)=d(s)+R (s)Ud(s)+E (s)[P(s)-P(s)]u(s).

(8)

Clearly, smaller values of R(s) and (P(s)-P(s)] yield better ap
proximation of d(s). The response of the control effort to a dis
turbance is given by
U(s)=Gi(s)[Yd(s)=d(s) J

(9)

or
T
U(s)=Gi(s)Yd(s)-Gi(s){d(s)+R (s)Ud(s)+
T
E (s)[ P(s)-P(s)] U(s)>.

(10)

50

Rearranging we get
T
-1
U(s)={I+Gi(s)E (s)[p(s)-p(s)]} Gi(s)[Yd(s)-d(s)T
-R (s)Ud(s)].

(11)

Therefore the process output is given by
Y(s)=C(s)U(s)+d(s)

(12)

or
T
Y(s)=C(s)F(s)Gi(s) f_Yd(s)-R (s)Ud(s)] +[l-C(s)
F(s)Gi(s)]d(s)

(13)

where
T
-1
F(s)={I+Gi(s)d(s)E (s)[P(s)-P(s)]} .

(14)

When P(s)=P(s) over the frequency range of interest then F(s)=I,
and the system is stable provided that the original process is stable
and the controller Gi(s) is stable.

The best choice for Gi(s) is,

according to equation (13).
-1

-1

Gi(s)=F (s)C (s).

(15)

It will generally not be possible to implement (15) because of the
elements of the transfer function C~^(s) cannot be realizable, such as
pure differentiators.

Thus in general, Gi(s) will be a stable

approximation of [c(s)F(s)]
However, £he steady state gain should be chosen such that
Gi(o)F(o)C(o)=I.

(16)

If (16) is satisfied, then the steady state error for a step dis
turbance will be
Y («)-Yd(00)=-R(o)Ud(o).

(17)
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Since a small lfR(o)|| is achieved through the proper design of the
estimator, then the steady state error given by (16) will also be
small.

APPENDIX #3

Deduction of the Minimum Variance
Control Law
Consider the following linear discrete time system
A(q)Y(t) = B(q)U(t-k) + AC(q)d(t)

(1)

where
U(t) is the control variable
Y(t) is the output
d(t) is a sequence of equally distributed normal (0.1)
random variables.

It is also assumed that d(t) is

independent of Y(t-l),Y(t-2),..U(t-l),U(t-2)..
k is given by the integer part of f/T where f^ is the time
delay and T is the sampling interval
t is the discrete variable 0,T,2T,3T...
A,ai,bi,ci are constants
and the polynomials
A(q) = qn + a^qn ^ +...+an
B(q) = b^q11"-'- +...+bn

(2)

C(q) = q n + c 1 q 11- ^ +.. .+c n
Let us also define the polynomials
F(q) = qk + fxqk

1

+...+fk
(3)

G(q) = go^11"1

+

Zl<ln~2

+#

* *+Sn-l

determined from the identity
qkC(q) = A(q)F(q) + G(q)
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(4)

Let the criterion be
Vx = E[Y2(t)]

(5)

or
V2 = EI NZ * 2 <t)
'
N t=0

(6)

In order to specify the control problem completely, it is also
necessary to define the admissable control strategy.

A control

strategy is admissable if the value of the control variable at the
time t, U(t), is a function only of the outputs observed up to time
t, i.e. Y(t),Y(t-l)

and the previously applied control signals

U(t-l),U(t-2),...
Now that the control problem has been completely specified,
let us examine the solution of it.

We will first determine a control

strategy wuch that the criterion (5) is minimized, and we will then
show that this strategy also minimizes the criterion (6).

By multi

plying equation (1) by F(q) we get
F(q)A(q)Y(t) = F(q)B(q)U(t-k) + AF(q)C(q)d(t)

(7)

By using identity (4), equation (7) becomes
[qkC(q)-G(q)]Y(t) = F(q)B(q)U(t-k) + AF(q)C(q)d(t) (8)
or
Y(t+k) = G'(q)Y(t) + q~kF(q)B'(q)U(t) + D(t+k)
where
G'(q) = G(q)/C(q)

B'(q) = B(q)/C(q)
D(t+k) = AF(q)d(t)

(10)

(9)

D(t+k) is known as the moving average of order k-1 of the
driving noice d(t).
Substituting equation (9) in equation (5) we get
E["Y2(t)]=E[[G'(q)Y(t-k) + q-*F(q)B'(q)U(t-k)] 2J +

(11)

2E[D(t)[G'(q)Y(t-k) + q-kF(q)B'(q)U(t-k)]]+ E[D2(t)]
Since d(t) has zero mean and is independent of Yft-l")-..-UCt-l)....
(notice that D(t+k) also satisfies these conditions), the second term
on the RHS vanishes and equation (11) becomes
E[Y2(t)] =e[[g' (q)Y(t-k) + q-kF(q)B'(q)U(t-k)J2]+ E[D2(t)] (12)
This equation is minimized for the control strategy
U(t) = qkG"(q)Y(t) _ qkB(q)Y(t)
F(q)B'(q)
F(q)B(q)

(13)

Thus the problem is solved for the criterion (5).
the criterion (6).

We will now consider

Consider the situation at the time N-l.

The

outputs Y(N-l), Y(N-2),.. have been observed and the problem is to
determine the control signal U(N-l).

Since U(N-l) only influences

the last term of the performance index, i.e.
N
Y2(t) = 1 E[Y2(N)]
N t=N
N

(14)

'l Z

It is apparent that the strategy found before is also optimal for
the new loss function at t=N-l.
We also find
_1 E[Y2(N)] = 1 .
N
N
Now consider the situation at t=N-2.

(15)

The output signal Y(N-2),

Y(N-3),.. have been observed and the problem is to determine U(N-2).

Since U(N-2) only influences the last two terms of the loss function,
it should be chosen to minimize
N
_1 Z
Y2(t) = 1 E[ Y2(N) + Y2(N~1)]
N t=N-l
N

(16)

If the optimal strategy is applied at this stage we find

N
1 E
Y2(t)
N t=N-l

JL
N

I+E[Y2(N-I)]

(17)

Therefore, the optimal law (13) minimizes criterion (6) for all t.

APPENDIX #4

Rearrangement of the Process Equation to Facilitate the
Calculation of the Minimum Variance Strategy
In appendix #3 the equation describing the process dynamics was
expressed, after some manipulations, in the following form
Y(t+k) - G'(q)Y(t) = q-kB'(q)F(q)U(t-k) + D(t+k)

(1)

where
G'(q) = G(q)/C(q)
B'(q) = B(q)C(q)
D(t+k) = AF(q)d(t)
By setting all Ci=0 for i=i,2,3... equation (1) becomes (see appendix
#2, equation (2))
Y(t+k) - q~nG(q)Y(t) = q-n_kF(q)B(q)U(t) + D(t+K)

(2)

From equation (3) in appendix #3, we find that
-q~nG(q) = a^q--*- + a2q-2 +•...+anq-n

(3)

where
= -go
a2 =

"§1

an

~®n-l

and also from equation (2) in appendix #3
q -n- k p ( q ) B ( q )

= Bpq-1 +

$iq-2 +

+ 3"n+k-l Qn~k

where
30,$^

&n+k-l

depend on the value of k.

56

(4)
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Substituting these polynomials in the process equation (2), we get
Y(t+k)+ct1Y(t-l)+...+anY(t-n)=f30U(t-l)+

+3IJ+k_1U(t-n-k)+

D(t+k)

(5)

or
Y(t-Hc+l)+a1Y(t)+...+anY(t-n+1)=$0[U(t)+3iU(t-l)+...+
$n+kU(t-n-k+1)]
where
Si = B£/60
62 " 62/B0
•
•
^n

=

fyn/^o

Equation (6) is in the desired form.

(6)

APPENDIX #5

Transfer Function Model Used for
the Column Simulation
The following transfer function model, developed by Tong in 1974,
was used for testing and comparing our proposed control schemes and
the one developed by Brosilow and Tong.

+
U(s)
'+

Y(s) (Primary Process Output)
(Composition)

T
B(s)

(Disturbance)

Ud(s)
T
A(s)
+
>

0(s) (Secondary Process Output)
(Temperature)
From the above block diagram we can see that the form of the linear
model is

Y(s)=B (s)Ud(s)+C(s)U(s)

(1)

T
0(s)=A (s)Ud(s)+P(s)U(s)
where Y(s)= Y^(s)Y2(s)
05(3)

U(s)= Ui(s),..,115(s)

The disturbances

U^(s),..,115(s)

T

and 0(s)= Oi(s),..,

are variations in the

nominal feed flow rate of the five components (ethane(1), propane(2),
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butane(3), pentane(4), and hexane(5)).

The various parameters of the

model are given in the following sections.
a.

Transfer Functions B(s) and C(s) for the Overhead Butane and
Bottom's Propane

Yi

^i

^i2

^iz

^i4

^i5

Y1

-.188
72s+l

-.163
72s+l

.0199
70s+l

.0043
80s+l

.0020
85s+l

Y2

.0174
15s+l

.0259
13s+l

.0045
4s+l

-.00029
3s+l

-.00099
3s+l

Yi

cil

ci2

Y1

-.173
70s+l

.0305
75s+l

Y2

.015
18s+l

-.00768
7s+l

= overhead butane composition.
Y2 = bottom's propane composition.
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b.

Transfer function A(s) and P(s) for the temperatures on plates

1,3,8,14 and 16.

Stage#

a±1

ai2

ai3

ai4

ai5

1

-7.99
9s+l

-9.78
9s+l

-5.28
5s+l

3.59
8s+l

6.09
5s+l

3

-11.29
12s+l

-15.91 -4.23
12s+l 5s+l

3.63
8s+l

4.75
5s+l

8

-18.28
5s+l

-16.43 -0.47
10s+l 5s+l

3.96
3s+l

4.60
1.5s+l

14

-42.02
50s+l

-35.92
70s+l

4.45
65s+l

1.10
70s+l

0.46
75s+l

16

-50.47
25s+l

-25.26
75s+l

3.15
70s+l

0.68
78s+l

0.32
80s+l

Stage//

P-j^i

P^2

1

7.47
8s+l

2.70
4s+l

3

9.80
15s+l

3.79
5s+l

8

8.20
30s+l

2.30
18s+l

14

36.0
65s+l

6.82
70s+l

16

30.0
67s+l

3.46
70s+l

APPENDIX #6

Synthesis of Controllers
This appendix is devoted to the synthesis of the MV, MVI, MMV,
and LQR controllers for a fifteen-plate distillation column whose
linear model is given in appendix #5.

The theory supporting these

control schemes has been explained earlier in this thesis.
start with the synthesis of the MV controller.

Let us

The transfer function

that relates the reflux ratio (control signal) and product composition
at the top of the column (output of the system) is described by
C(s)=0.173
70s+l

(1)

After including a zero order hold, the equivalent transfer function
in the z-domain is given by
(2)

where
-T/70
&=e
This transfer function leads us to the recursive equation
Y(t)-&Y(t-l)=-0.173(l-&)U(t-l)

(3)

By adding the disturbance D(t) we get
Y(t)-&Y(t-l)=-0.173(l-&)U(t-l) +D(t)
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(4)

From equation (4) and equation (4.12), we find that the Minimum
Variance strategy is given by

&Y(t)
Uffl(t)=
0.173(1-&)

where
-T/70'
&=e

(5)

Now, let us continue with the synthesis of the MVI controller.
As described earlier the control signal for a MVI controller is
given by
t
U(t)=Um(t)+Ki z Y(i)
i=0
where
-1
Ki=-{limz[C(z)-CoJ }
Z-X»

and
Co=lim C(z)
z-*»
Therefore applying these formulae we get

t
U(t)= &Y(t)
+ Ki E Y(i)
0.173(l-&)
i=0
where
Ki=
1
0.173(l-&)
-T/70
&=e

(7)

63

For MMV controller we have
U(t)=Um(t)+KmD'(t)
where
-1
Km=-[limC(z)]
z-)-l
Evaluating these formulae we get

U(t)=
&Y(t)
+KmD"(t)
0.173(l-&)
where
Km= 1
0.173

(9)

-T/70
&=e

Finally let us work out the case of the LQR controller.

From

equation (3), which describes the process dynamics with no dis
turbance present, we find the state representation of the system as
X(t+l)=&X(t)+U(t)
Y(t)=-0.173(l-&)X(t)
where
-T/70
&=e

(10)
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From the state equation we find the matrices A, B, and C
A=&
B=1

(11)

C=-0.173(l-&).
By substituting these values into the control equations given in
(3.3) and setting R=H=Q=1, we get the following control law
A
U (t)=F(t)X(t)
where F(t) is computed recursively from the equation
F(N-t)=-&P(t-1)
1+P(t-1)

(12)

2
2
P(t)=[&+F(N-t)J P(t-l)+l+F(N-t)
P(0)=1.

1 REM
APPENDIX #7
2 REM
3 REM **##********#**#****#*#*###****#*##**###**#**#*#***##*#**###*#######**#**
10 REM #*#*#.*****#*****#****##*******».###***#####.###*#****#*#********.**********
20 REM
THIS PROGRAM SIMULATES THE DVNRMIC BEHAVIOUR OF A SIXTEEN-PLATE,
30 REM
FIVE COMPONENTS, DISTILLATION COLUMN UNDER BROSILOW AND TONG Cl>,
40 REM
MMVC2> MV<3>/ MVIC4), RND LOR (5) INFERENTIAL CONTROL SCHEMES WHEN
50 REM
A 8TEPC1), PULSE<2>. AND RANDOM DISTURBANCE IS APPLIED. THE
60 REM
DISTURBANCES ARE IN ALL THE CASES VARIATIONS IN THE PROPANE FEED
70 REM
FLOW RATE INVECTED TO THE COLUMN.
80 REM #*##*#***#*.#*######*####*#**#**#####*#*#*#**#*##*##**####*****#*#*****#*
90 REM ####***#*****#*:**********INITIftL VALUES*#****#***#*******#***#**#******#
95 DIM F(350),PC350>
100 PRINT"ENTER SAMPLING PERIOD"
110 INPUT T
120 PRINT"ENTER TVPE OF CONTROLLER"
130 INPUT B
140 PRINT"ENTER TVPE OF DISTURBANCE"
150 INPUT G
160 PRINT"ENTER P<0>"
170 INPUT PS
160 PRINT"ENTER TP"
190 INPUT TP
200 PRINT"ENTER C<0>"
210 INPUT C0
220 PRINT"ENTER TC"
230 INPUT TC
240 KI=-<TC/T+1VC0
1000 REM ##******#*****#*####**##DVNAMIC SECTION####*#####**#*#*****##**#*#****
1010 IF B=5 THEN 1030
1020 GO TO 110O
1030 PC0>=1
1040 FOR K=1 TO 350
1050 F C 350-K >=-EXPOT/70 > #PC K-1VCI +P < K-1 > >
1060 P C K >=< EKP <-T/70 >+F C350-K > >* <EXP0-T/70 >•+F< 350-K > > *P <K-1 >+1+F C 350-K>*F<350-K >
1070 NEXT K
1100 FOR 1=1 TO 350 STEP T
1208 IF G=1 THEN UD=.154:GDT0 1700
1300 IF 6=2 THEN 1500
1400 UD=. 154#<.5-RNDC1>> '• GOTO 1700
1500 IF I>10 THEN UD=0 ; GOTO 1700
1600 UD=.154
1700 DN<=-. 163* <1-EXP C-T/72 > > #UD+EXPC-T/72 > #D : D=DN
1B00 HN=-35.92* <1-EXP(-T/70)> #UD+EXP C-T/70>#H
1900 PN=HN+M-N : P-H+M-N
2000 EN«4.5E-03*<66/77#PN+ <11/77-EXF C-T/77)> *P > +EXP <-T/77 > #E : H=HN
2100 V«=D+A
2200 VN=i00*V/.093
2300 PRINT I ..VN
2400 IF B=1 THEN UN=-C7*EN-C6+EXPC-T/10>>#EVC0+EXPC-T/10>*U:U=UN:E=EN:GOTO 2900
2500 E«EN ; SE=E+SE : V=E+C
2600 IF B=2 THEN U=-l/C0#E-EXP(-T/TC>#V/CC0*a-EXP<-T/TC)> > : GOTO 2900
2700 IF B=3 THEN U=-EXPC-T/TC > *V/<C0*< 1-EXPC-T/TC > >) : GO TO 2300
2800 IF B=4 THEN U=KI* tl SC+SE > -EXP C -T/TC) #V/ C C0* C1-EXP <-T/TC)> > : GOTO 2300
2850 IF B=5 THEN U=(F(I-1)*V)/C.173#<EXPC-T/70>-l>>
2900 CN=C0*<1-EXPC-T/TC >>#U+EXPC-T/TC>#C:C=CN:SC=C+SC
3000 AN=-.173#<l-EXP<-T/70^*U+EXPt-T/70>*A:A=AN
3100 MN=36*C1-EXPC-T/65;>#U+EXPC-T/65)#M:M=MN
3200 NN=P0* <1-EXP C-T/TP > > #U+EXP <-T/TP > #N:N=NN
3300 NEXTI
3400 END
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reboiler

Figure #1
Binary Distillation Column

cooling water
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reboiler
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Figure #2
Variables used for controlling
the column operation
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Figure #6
10% butane feed flow step
disturbance. P(o)=36. C(o)=-.173
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Figure #7
10# propane feed flow step
disturbance. P(o)«08. C(o)=-.173
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Figure #8
10% propane feed flow step
disturbance. E(o) was increased
1 0 times. P(O)*38. C(O)=-.1?3
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Figure #9
10# propane feed flow step
disturbance. P(o)=36. C(o)=-.l73
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TABLE #1
Output deviation for a +10% propane feed flow step disturbance.
P(o)=36. C(o)=-.173

t

LQR

MV

MMV

MVI

Bros.

1 -0.372 -0.372 -0.372 -0.372 -0.372
2 -0.502 -0.418 -0.414 -0.097 -0.707
5 -0.746 -0.550 -0.532 -0.134 -1.520
10 -0.950 -0.784 -0.708 -0.417 -2.400
30 -1.515 -1.306 -1.192 -0.964 -3.279
50 -1.805 -1.591 -1.420 -1.241 -3.021
100 -1.903 -1.681 -1.413 -1.316 -2.086
150 -1.671 -1.444 -1.125 -1.072 -1.385
200 -1.410 -1.185 -0.833 -0.805-0.922
250 -1.204 -0.973 -0.611 -0.596 -0.634
350 -0.974 -0.759 -0.365 -0.360 -0.358
500 -0.862 -0.630 -0.251 -0.250 -0.248
700 -0.839 -0.607 -0.227 -0.227 -0.227
950 -0.837 -0.605 -0.225 -0.225 -0.225

TABLE #2
Output deviation for +10% propane feed flow pulse disturbance.
P(o)=36. C(o)=-.173

t

MV

MMV

MVI

Bros.

1

-0.372 -0.372 -0.372 -0.372

5

-0.550 -0.532 -0.223 -1.520

10

-0.748 -0.708 -0.417 -2.400

11

-0.412 -0.368 -0.008 -2.151

12

-0.401 -0.357 -0.396 -1.926

13

-0.390 -0.347 -0.383 -1.722

14

-0.379 -0.337 -0.373 -1.537

15

-0.369 -0.327 -0.363 -1.378

20

-0.320 -0.281 -0.314 -0.744

50

-0.115 -0.088 -0.111 +0.172

100 +0.024 +0.039 4*0•026 +0.172
200 +0•049 -0.053 -0.049 +0.076

TABLE #3
Output deviation for a +,-5% propane feed flow random disturbance.
P(o)=36. C(o)=-.173

t

MV

MMV

MVI

Bros.

1

+0.092 +0.153 -0.133 +0.059

2

-0.145 +0.064 +0.240 +0.116

3

+0.168 +0.175 -0.054 +0.280

4

-0.071 +0.048 +0.059 +0.287

5

-0.126 +0.203 -0.216 +0.262

6

-0.013 +0.172 +0.212 +0.206

7

-0.141 +0.194 -0.029 +0.192

8

+0.152 -0.099 +0.156 +0.060

9

+0.027 +0.052 -0.074 +0.226

10

+0.187 -0.053 -0.123 +0.049

11

-0.137 -0.096 +0.294 +0.199

12

-0.038 -0.095 -0.189 +0.130

13

+0.115 +0.023 +0.126 -0.050

14

-0.103 +0.096 -0.149 +0.088

15

+0.172 +0.065 +0.133 +0.210

16

+0.072 +0.070 +0.103 +0.230

17

+0.089 +0.089 -0.058 +0.105

18

+0.019 +0.019 -0.101 +0.250

TABLE #4
Output deviation for a +10% butane feed flow step disturbance.
P(o)=36. C(o)=-0.173

t

MV

MMV

MVI

Bros.

1

+0.086 +0.086 +0.086 +0.086

2

+0.092 +0.091 +0.011 +0.163

5

+0.109 +0.105 +0.034 +0.348

10

+0.130 +0.125 +0.054 +0.512

30

+0.205 +0.177 +0.123 +0.681

50

+0.237 +0.196 +0.154 +0.580

100

+0.232 +0.168 +0.147 +0.317

150

+0.186 +0.111 +0.100 +0.164

200

+0.141 +0.060 +0.055 +0.075

250

+0.107 +0.023 +0.020 +0.025

350 +0.069 -0.016 -0.019 -0.017

TABLE #5
Output deviation for a +10% propane feed flow step disturbance,
P(o)=38. C(o)=-.173

t(min)

MMV

MVI

Bros.

1

-0.372

-0.372

-0.372

10

-0.716

-0.428

-2.400

30

-1.267

-1.048

-3.303

50

-1.603

-1.436

-3.119

100

-1.916

-1.831

-2.491

150

-1.907

-1.864

-2.097

200

-1.817

-1.793

-1.866

250

-1.728

-1.717

-1.730

350

-1.617

-1.614

-1.605

TABLE #6
Output deviation for a 10% propane feed flow step disturbance.
E(o) was increased 10 times. P(o)=36. C(o)=-.173

t(min)

MMV

MVI

Bros.

1

-0.372

-0.372

-0.372

10

-0.684

-0.529

-2.406

30

-1.055

-1.754

-3.520

50

-1.297

-3.000

-3.959

100

-2.423

-5.628

-5.666

150

-4.335

-7.316

-7.232

200

-6.296

-8.287

-8.200

250

-7.780

-8.815

-8.783

350

-9.143

-9.237

-9.230

TABLE #7
Output deviation for a +10% propane feed flow step disturbance
P(o)=36. C(o)=-.15

t(min)

MMV

MVI

Bros.

1

-0.372

-0.372

-0.372

10

-0.280

-0.055

-2.232

30

+0.034

+0.298

-2.372

50

+0.434

+0.640

-1.412

100

+1.476

+1.588

+0.701

150

+2.325

+2.385

+2.027

200

+2.919

+2.952

+2.818

250

+3.304

+3.322

+3.279

350

+3.685

+3.690

+3.693
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