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ABSTRACT 

A model for capacity expansion planning is presented as a 

nondifferentiable convex program with Imbedded transportation 

problems. This formulation allows the problems to be interpreted in an 

applications oriented fashion. A primal-dual subgradient procedure is 

examined as the solution method and convergence of the method is 

demonstrated. An application in electric utility capacity expansion 

planning is discussed and computational results are provided. 
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CHAPTER 1 

INTRODUCTION 

The purpose of this thesis is to present a methodology for a 

class of capacity expansion problems. Systems that serve a variety of 

demands will be considered with the assumption that the act of meeting 

the demand may be approximated as a one step process (as opposed to 

those with series and/or parallel stages). To illustrate such systems, 

consider a mass transit system in which commuter traffic between various 

points of the city constitutes the types of demand. Here the act of 

meeting the demand is a one step process even though passengers may be 

travelling on more than one route; one may simply view such traffic as 

contributing to the demand between several points In the city. Other 

examples of systems involving a one step process include the generation 

of electricity, the supply of water and many others. Throughout this 

investigation, we will be studying systems which assume primarily the 

following: 

1. All demands are met by one step processes. 

2. Several types of technologies (capacities) may be utilized 

in zseetir3 a particular demand type, 

3. Capacity additions are allowed annually (or with other fixed 

1 
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interval) and considered for a finite number of years in the 

future. 

A. Equipment failures are assumed to cause negligible loss in 

capacity. 

In this chapter a brief review of capacity planning will be 

presented. Then in Chapters 2 and 3 we will analyze a base model in 

which the demand patterns are assumed to be known with certainty for all 

years in the planning horizon. Due to the several technologies that may 

be used, operation costs are quite crucial to the model. Chapter 4 

contains extensions of the base model and suggestions for further 

research including possible applications to problems which have 

probabilistic demands. 

The base model will assume an infinite equipment life and the 

solution method may be classified as a decomposition based subgradient 

procedure. We treat decomposition as a part of the modeling itself as 

opposed to the traditional view of decomposition as a solution 

approach. Furthermore as demonstrated subsequently, the ideas may often 

be interpreted in a highly intuitive fashion, thus enhancing its appeal 

as an applications oriented procedure. 

An Overview of Capacity Expansion Planning 

Beginning in the 1950's operations research methodologies have 

been used to recommend choices of sizes for a capacity increase in order 

to make the best possible investment while meeting a forcasted demand. 
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Here, capacity is a broad term which can refer to many things including 

space, products, or man hours, for example. The models are concerned 

with the sizes of these expansions, the capital investments involved, 

when the expansion should occur, and how it is utilized once procured. 

Some expansions may serve more than one use as will be the case in the 

model which is the object of this thesis. The object of most models is 

to minimize the costs associated with the expansion and the operation 

processes subject to some demand and policy constraints. 

Capacity expansion models have been applied in many areas and 

some of the earlier efforts are documented in Manne (1967). This 

collection of papers covers planning investments in four heavy process 

industries in India during the mid 1960's. These are aluminum, caustic 

soda, cement, and nitrogenous fertilizers. Since then, several 

applications including communication networks (Yaged 1973, Rapp 1969), 

distribution planning (Fong and Srinivasan 1981a,b, Luss 1979), and 

public services such as electrical power (Bessiere 1970, Murphy, Sen and 

Soyster 1981), water resources (O'Laoghaire and Himmelblau 1971) and 

others have appeared in the literature. As discussed in Chapter 2, our 

approach is closely related to Fong and Srinivasan (1981a). A recent 

survey, Luss 1981, includes an extensive list of references (over 125) 

and provides a discussion of the major issues in capacity expansion 

problems. Classification of problem models are also discussed and the 

reader should refer to this work for further details and references in 

regard to these classes of models. 



4 

The major elements of a capacity expansion problem include the 

expansion cost function, the discount rate of money, the operation cost 

function, and the demand function. A general total cost function used 

in capacity expansion models may be written as 

where rfc denotes the discount rate at time t, F(yt,t) is the cost 

of an expansion of size yt at time t, and G(xt,t) is the operation 

cost due to xt units of output at time t. For notational convenience 

the dependence on t, as noted by the subscript, will often be 

suppressed but the reader should find the dependence clear from the 

context• 

function due to economies of scale that occur for large expansion 

sizes. For example the price per square foot to build a new factory 

building decreases as the number of square feet increases. Some cost 

functions commonly used include: 

which is a power cost function exhibiting the economies of scale. The 

function 

T 
C(y,x,T) = I exp(-r t)(F(y ,t) + G(x ,t)) 

t=0 C C C 

The expansion cost function, F(yt,t), is usually a concave 

F(yt,t) - K(t)y® yt > 0, 0 < a < 1 
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is a fixed charge cost function with one term proportional to the amount 

of capacity increase and the other term a charge, such as an 

installation charge, added on. The above function with y raised to 

the a power would be a combination of the fixed charge and economies 

of scale functions. Other functions could indicate a change in 

technology after a certain level of expansion 

If C(t) > A(t) + B(t)g, this function is piecewise concave. 

The operating cost function, G(xt,t), depends upon the level 

of output, which is determined by the demand and the operating 

characteristics of the process and equipment. These factors are often 

governed by stochastic processes such as product demand and equipment 

failure and therefore the use of a deterministic operation cost function 

is often questionable. Hence G(xfc,t) may often be interpreted as the 

expected operating and shortage costs and in some applications, it has 

the same form as a deterministic cost (Murphy et al. 1982). The 
i 

operating cost function is also utilized to account for differences due 

to the choice of different technologies. For example, the cost of 

producing 1 MW hr. of electricity with nuclear generators is 

substantially different from that of using gas turbines. However if 

operating costs do not depend on the particular choice of technology, 

then G(xt,t) may be ommited from the problem since in this case the 

operating costs depend only on the amount of active capacity. 
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The discount rate of money, rt, reflects the marginal cost of 

capital to the firm. This rate is typically the sum of a market risk 

free rate and a price for the riskyness of the investment. In 

deterministic models, it is financially sound to use the risk free rate 

for discounting. However when stochastic aspects are incorporated into 

the models, risk adjusted rates must be used. For single period 

problems Sen et al. (1984) show how one may iteratively use risk 

adjusted rates in mathematical programs for capacity expansion. 

However, Mamie (1967) points out and Luss (1981) reiterates that, in 

practice the choice of r is often subjective. Thus sensitivity 

analysis becomes an important tool for increased confidence in the 

result (Rowse 1981). 

The constraint sets of a capacity planning problem generally 

include the demand constraints and certain policy constraints. The 

simplest demand pattern is the linear form 

D(t) = y + 6t y, 6 > 0 

representing a constant growth rate, 6, over time. Other commonly 

used functions include: 

D(t) » y exp(6t) 

D(t) » B[l-exp(-5t)] 
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D(t) - yfi' 
and 

for p, 6, p > 0. 

The first is a growth rate proportional to the demand volume at any 

point in time and the second represents a decreasing growth rate over 

time with a saturation level of 0. The third represents a geometric 

growth rate with time. The demand function, D(t), if not fully known 

can be treated as a stochastic process and chance constraints used in 

the model. These constraints take the form 

Prob(capacity > demand) > a, 

either collectively for each time period or individually for each demand 

type, where a is a given probability not equal to zero (Vajda 1972). 

Policy constraints usually include conditions such as upper 

bounds on expansion sizes or perhaps a proportional relationship between 

the capacity increases of different plants. A capacity expansion 

planning problem therefore has the form: 

Minimize C(y,x,T) 

subject to: 

demand constraints t ® 1,2 T 

policy constraints t - 1,2,...,T 

v xt " 0  
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The methodologies for solving a program like the above include 

the Simplex method for problems with linear costs, small planning 

horizons and few variables, decomposition methods for larger problems 

and, as in most cases found in the literature, dynamic programing and 

heuristic methods. Dynamic programing has the disadvantage, however, of 

being infeasible, due to computer storage necessary, for problems with 

more than around three state variables (Bellman and Dreyfus 1962). For 

this reason heuristic procedures have been developed but at a cost of 

being suboptimal methods. Therefore, it is worthwhile to develop an 

exact method with the quality of not being computationally too 

burdensome• 



CHAPTER 2 

NONDIFFERENTIABLE MODELS OF CAPACITY EXPANSION 
PLANNING PROBLEMS 

In this chapter we will first present and motivate a base model 

for a primal problem In capacity expansion planning which has a 

nondifferentlable formulation. Then in the following section an 

application using this approach is analyzed. A nondifferentlable dual 

formulation of the base model and the subgradlent directions for both 

the primal and the dual problems are then presented in the third section 

of this chapter. 

A Primal Problem In Capacity Expansion Planning 

Capacity expansion planning models may be looked upon as 

problems in which acquisition and retirement policies must be chosen in 

such a manner that the total cost of acquisition, operation and 

retirement is minimized. While our approach to these models is general 

enough to allow for retirements, this aspect of the models will be 

suppressed for the sake of expositlonal ease. It suffices to simply 

note that retirements may be included in a manner similar to 

expansion/acquisition. One may regard a capacity expansion model as 

consisting of two sets of variables: expansion and operation. This may 

be likened to the two sets of variables, control and state variables, 

encountered in the literature on optimal control. A plan for expansion 

9 
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automatically (in an implicit fashion) specifies a set of optimum 

operating conditions in the same manner that a specification of the 

controls specifies the trajectory in optimal control problems. It is 

this view of modeling that we term as decomposition modeling. Its main 

computational advantages will become clear subsequently. 

Let Y^, Y2»...,Yt be T vectors denoting the capacity 

expansions In each of the T time periods. Then the problem is: 

* T T 
z « Min Z(Y) = I Ct Y + I F C<y ) (2.1) 

t=l t=l 
(I) 

subject to 0 < Y < Bfc t = 1,2, ...,T, (2.2) 

Y e Rn t = 1,2,...,T. 

In problem (I), Ct is the annualized cost vector at time t of one 

unit of expansion; Bfc is a vector of upper bounds on the expansion 

sizes at time t, and FtCyt) represents the annual operational costs 

in year t due to the given acquisitions. The notation, Tj t, will be 

used throughout to indicate a partitioned vector composed of vectors 

Y^» Y2,...,Yt. Further, the use of a capital letter, H for example, 

without super or sub scripting will Indicate the partitioned vector 

composed of all vectors H^, i=»l,...,T, in the planning horizon T, 

unless otherwise indicated. The operational cost reflects the costs due 

to various operating technologies. We assume a particularly simple 

operating scenario in which the demand for any of the m products can 

be met via the use of any of the n technologies under consideration. 
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Under such operation, the cost may be given by: 

vyt> - < 

+ °» if 1:1 t̂ ie 8et (2.3) 

min : e St(y fc)} otherwise (2.4) 

where, 

s t c y t )  -  » t !  D X t  1 5  I  « k  +  V  
k=l 

(2.5) 

EXt = dt; ( 2 . 6 )  

xt > 0, Xt e R™"1} 

The Matrices D and E together form what is commonly known as a 

transportation matrix with (2.5) and (2.6) denoting the supply and 

demand constraints of the transportation problem. Thus the elements of 

i1 the vector X*. are x which denote the capacity of technology j 
t t 

used in the production of demand i during period t. Furthermore, 

Gt is the operation cost vector at time t, Pfc is a vector of initial 

and previously planned capacities and dfc is the vector of demands. 

For the sake of notational ease, we will use P = 0 throughout our 

presentation, but we remark here that our approach is easily modified to 

the case Pt J® 0. 
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In general, FtCij t) may be obtained by usual methods for 

solving transportation problems (Murty 1976, pp. 289-327). Note that 

problem (I) is a convex program since each FtCyt), t=l,...,T, is 

convex (Geoffrion 1971, p. 10). The interpretation of the 

transportation problem is: Find an optimal way to allocate the available 

plant capacity in such a manner that all of the demand is satisfied at 

minimum cost. 

The above discrete time approach to capacity planning closely 

resembles the discrete time formulations of Fong (1974), Fong and 

Srinivasan (1976, 1981a,b). The aforementioned papers treat the problem 

of multireglon dynamic capacity expansion in which a minimum cost 

schedule of capacity expansions, for m producing regions, is desired 

in such a way as to meet the market demands at n markets over a T-

period planning horizon. Based on linear costs, this problem is modeled 

as a linear program. Rather than solve the problem by the simplex 

method, the authors devise a decomposition scheme and heuristic 

procedures for the problem. While the authors report that the 

decomposition scheme is computationally burdensome the heuristic 

algorithm is shown to be computationally efficient, yielding close to 

optimum solutions. Their method involves solving an Imbedded 

transportation problem at each period t and then exchanging capacities 

between a chosen pair of regions. The approach presented here will also 

involve solving an imbedded transportation problem at each time period 

t, but we will use a subgradient approach to determine the capacity 
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choices. Note that since problem (1) is a nondifferentiable 

formulation, the Bubgradient methodology is a natural choice. 

An Application in Electric Utility Capacity Expansion 

For the purpose of illustrating the applications of problem (I), 

consider the problem a utility company has of satisfying a community's 

demand for electricity for the next T years labeled 1,2,...,T. The 

company has several choices for the generating plants, such as oil, coal 

fired or hydroelectric generators, and must determine the best way to 

minimize the cost of operation and expansion while still meeting the 

demand of each year considered. 

During any given year the demand is time varying and can be 

illustrated best by a load-duration curve (or load curve). Figure la is 

such a curve for an illustrative year t. This curve is a reordering of 

the chronological demand and gives the number of hours in a year, during 

which demand either equals or exceeds some specific load level. For the 

single period case, in the absence of existing capacities, an optimal 

mix of generating equipment can be obtained by the use of break even 

analysis (Anderson 1972). However for the multi-period problem 

considered here a typical analytical strategy is to approximate the load 

curve for each year by step functions as illustrated in Figure lb. In 

this figure (3̂ , 32 and 83 are the chosen step points and d̂ , d2 

and dg are the heights in kilowatts of the load segments. Thus 8̂  

is approximately the amount of time during the year for which the load 
i-1 

is at least £ d. , where d« = 0. Next assume that there are n 
k=0 



Figure la. 

hours 

Load-Duration Curve 

> 

T 

d 

I 
* 

d 

hours 

Figure lb. Discretized Load Curve 
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equipment types and that the load curves, approximated by m load 

segments such as those shown in Figure lb, are to be served in a least 

cost fashion over a T period planning horizon. Let Ct denote the 

1 
annualized cost vector whose elements, cfc , are the per unit cost of 

capacity j brought in year t, yjj, an element of Yfc, is the amount 

of capacity (in kilowatts (kW)) of equipment type j purchased in 

year t, and b*|, an element of B,., is the upper bound restriction t t 

on the number of kW of equipment type j purchased in year t. Then we 

have: 

T T 
Min I C Y + I F (1i ) 

t«l t t t=l t 3 t 

s.t. 0 < Yfc < t=l,...,T 

1 E W 

j=l > • • • >n» 

1=1,•••,m; 

for all i, j.} 

•where for given vectors Yfc , t=l,...,T j 

+ « if StCyt) » 0 

where S 

Hin I  I  ^  fJt 
i-1 J-l -

® j j  ̂ » 

* V 
t<i|t) - »t= ̂  < Ji Vi 

I  -  d j  
J-l 

,«> 0 
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In the evaluation of t*ie °Perati-n8 cost, 3* is the length 

in hours, of demand segment i in year t and f̂  is the operating 

cost per kW hour of capacity j in year t. The variable x*-® is the 

number of kW of equipment j used to serve the demand in segment i in 

i 1 year t. Thus f$t f̂  is the operating cost per kW of equipment j 

1 
serving demand segment 1 in year t. Finally, dfc is the demand in 

kW of load segment 1 in year t. 

The first set of constraints simply limits the amount of 

utilization of each equipment type j to the amount of type j 

purchased from time 1 to t. Here existing and previously planned 

capacities have been omitted, as indicated earlier, to ease the 

notation. However, if yjj is the existing capacity of type j and 

p~f is the planned capacity of type j at time t, then by adding 
. t . 
yi + £ pp for each j, j=»l,...,n, to the right hand side of this 
U k=l K 

constraint the total capacity at time t is obtained. Once again we 

note that our methodologies are quite easily modified to such cases and 

hence we will continue to ignore any previously planned and existing 

capacities• 

The second set of constraints requires that the amount of 

capacity of all of the equipment types assigned to load segment 1 must 

equal the demand, d*» at that time t. And finally, all operation 

variables are to be non-negative. 

Assuming st̂ l/t̂  *s nonempty f°r which will be 
n t . m . 

true whenever £ £ y? > £ d (Murty 1976, p. 326), the 
j=l k=l 1=1 

transportation problem can be easily solved in this fashion for each t: 
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Given vectors Y1, Y2,...,YT, starting at the base of 

the load curve for year t, assign first that capacity 

with the lowest operational cost. Then when Its capacity 

is exceeded assign next the capacity with the next smallest 

operating cost and so on, until all demand is satisfied. 

It is easily seen that when the capacity is assigned in this manner, for 
T 

every year, £ F (fy ) is minimized. This assignment method is known 
t=l t t 

as Merit Order Dispatching (Baughman, Joskow and Kamat 1979). For 

illustrative purposes, reference will be made in later sections to this 

application. 

A Nondlfferentiable Dual Problem 

The primal problem (I) is a convex program with a 

nondlfferentiable objective function, and a natural strategy to solve 

problem (I) is therefore the subgradlent method (see Appendix) once a 

subgradlent direction is determined• 

Given a set of expansion sizes, Ŷ , Y2,...,YT, the following 

proposition specifies a subgradlent direction for Z(Y) in (I). 

Proposition 1: 

Let Y be such that St (ij fc) i6 0 for all 

t. Let V e Rn denote an optimal dual solution associated 

with constraints (2.5) in the transportation problem. Then 
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a subgradient, £ =» (̂ ,...,£T), of Z(«) at Y is given 

by: 

k=t 

Proof: First note that the dual to the transportation problem in (2.4) 

with Pt =• 0 is 

t 
Max ( £ Y )V + dU (2.7) 

k=l 

s.t. VfcD + UtE < Gt (2.8) 

V < 0, U unrestricted (2.9) 
t ' t 

Let Y and Y be two sets of vectors of expansion sizes such 

that St Cy fc) £ 0 and Sfc (̂  t) £ 0 for a11 t. Let 

t) he the optimal objective value associated with the 

transportation problem for given Y at time t. Then from 

linear programming duality theory there exists V and U 

such that (2.8) and (2.9) are satisfied and (2.7) is 

maximized. Then for all t, 

( A ^ + ^  < = >  

and similarly, 

< j ?t̂ c + 
k=l 
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for all t. Therefore, 

T T t 
Z(Y) - Z(Y) = I C Y + I {( I Yt)Vt + dfcUt} 

t=l t=l k«l 

•I - j, «J, v5t * dtBt» 
t=l t=l kal 

Now ( I Yfc)V + dtUt < ( I Yfc)V + dtUt, since V and U 
k=l k=l 

maximizes (2.7) at Y for each t. Then, 

T T t 
Z(Y) - Z(Y) > I CtC?t-Yt) + I {( I Yfc)Vt + dtUt} 

t=l t=l k=l 

- I «j \)Vt + dtDt> 
t=l k=l 

T T T 

J  W V +  X  X  v 7 t  t=l t«*l k"t V 

j (0t + J V<VV 
t«l k«t 
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Since the above Inequality holds for all Y such that 

StCy t) £ 0» t»l,...,T, and one has an equality for Y = Y, 

the result follows. | j 

The subgradlent procedure of the Appendix may now be readily 

applied with an appropriate choice of step length. However, one of the 

computational drawbacks of this scheme is that due to the lack of an 

optimality test in the algorithm, stopping rules for the procedure are - ' 

merely speculative* In order to alleviate this problem, one may utilize 

the dual problem. Furthermore, since dual variables provide the basis 

for sensitivity analysis and economic Interpretations, it is essential ' 

that such information be available from any practical procedure. We 

discuss the dual problem below. 

The dual problem that we utilize is a mlnimax dual. Let us 

motivate this dual form. Towards this end, let us first consider a 

lower bounding scheme for Z(Y) as given by (I). Let Y be fixed such 

that S ("U ) £ 0, t=l,2,...,T and let v =» ,\>2,... ,vT) denote a 
T 

subgradlent of the function F(Y) = J F̂ flJ ,.) at Y. We then have 
t=l t i3t 

I Fey ) > I F (y ) + I V (Y -Y > (2.10) 
t=l C C t-1 C ° C t-1 c z c 

Now if Vfc denotes the optimal dual variables associated with (2.7-9), 

then utilizing Proposition 1 we have 

"t - X (2-U) 
k=t 
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Hence from (2.1), (2,10) and (2.11) we have 

Z(Y) > j ctYt + ! c I V(VV + X Ft<vc> 
t=l t°l k=t t=l 

Now utilizing LP duality we have, 

T T T T 
Z(Y) > I CY + I (I V )Y + I d U  ̂W(V,U,Y) (2.12) 

t=l C C t-1 k=t K C t-1 t C 

Hence if V, U are given, a linear function underestimating Z(Y) is 

given by W(V,U,Y) and a lower bound may be obtained by evaluating 

u(V,U) as follows: 

ui(V,U) - Min W(V,U,Y) (2.13) 

t 
s.t. I e Y, > e dt, t=l,2,...,T (2.14) ,  %  n  k  m  t '  » » »  

k=l 

0 < Y < Bt, t=l,2,...,T (2.15) 

Yt  e Rn 

Here e„ and e are vectors whose elements are all 1, and belong to n m 

Rn and Rm respectively. The justification for (2.13-15) is quite 

straightforward: if (I) is feasible, then Yfc must satisfy (2.14-15) 

and hence w(V,U) must yield a legitimate lower bound. We will return 
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to the question of how <i>(V,U) may be evaluated efficiently. Let us 

now turn to formulating a dual problem. 

Note that the dual problem is one of obtaining the best possible 

lower bound from among those linear functions that are admissible. 

Since V, U must satisfy (2.8-9), for all t, the dual problem must 

pick that V, U satisfying (2.8-9) such that <j)(V,U) is maximized, 

1 .e. 

(II) w* =• Max w(V,U) 

s.t. VtD + UtE < Gt t=l,2,...,T (2.16) 

Vfc < 0, Ut unrestricted t=l,2,...,T (2.17) 

Vt e Rn, Ut e Rm. 

The formulation of the dual problem above is a convex program since 

w(V,U), the pointwise minimum of linear functions defined by (V,U), 

is concave. The dual above is also quite easily derived using 

biextremal principles (Rockafellar 1970). To see this, one simply 

reformulates problem (I) as a minimax problem, as is commonly done in 

Benders' decomposition, and then make the observation that (II) is the 

maximin dual to the resulting problem. These steps are made explicit in 

the Theorem below. 

Theorem 1: Let problem (I) have a finite optimum value, z*. Then 

* * * 
ê V.U) < z for all U, V feasible to (II) and w a z . 
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Proof: The first part of the theorem, ti)(V,U) < z follows from the 

fact that W(V,U,Y) underestimates Z(Y) for all feasible 

* * 
Y. Hence let us now show that w = z 

First note that problem (I) is equivalent to 

T T t T 
Min I CtY. + Max { \ ( I Y.)V + £ ILd :V.D + U.E < G , V < 0} 
0<Y t=l C V,U t-1 k«l c t=l C C . 

4* 4* r t t 

Clearly if problem (I) has a finite optimum, then there is 
t 

nothing lost by requiring Y to satisfy ][ enYk > em̂ t * 
k=l 

t=l,2,...,T in addition to satisfying 0 < Yfc < Bfc. Hence 

it follows that (I) is equivalent to 

T T t T 
Min Max £ C I + { I ( I \)Vt + I U d : V D + U E < G , V < 0} 
Y U,V t=l C t=l k=l K c t=l 

(2.18) 

t 
where £ e Yfc > emdt, t=»l ,2,... ,T, (2 .19) 

k=l 

and 0 < Yfc < Bt, t»l,2 T. (2,20) 

Now using (2.19) we note that the inner maximization always has 

a finite value for all Y feasible to (2.19-20) and further 

the feasible region of Y is compact. Hence the conditions of 

the blextremal duality theorem of Rockafellar (1970, Theorem 

37.3) are satisfied and hence a saddle point exists for the 
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problem (2.18). Thus one may Interchange the order of Mln and 

Man and the resulting problem is (II) • | 

efficiently, given V, 0 . Since W(V,U,Y) is a linear function and 

the constraints (2.14-15) have a special form, an equivalent minimum 

cost network flow problem can be solved. However, we can actually do 

better by solving a sequence of at most T "single functional 

constraint" problems. This procedure is described below. 

Next we turn to the question of how <j)(V,U) may be evaluated 

An algorithm to evaluate (i)(V,U) 

STEP 1 Given V and U, solve the following problem: 

Min W(V,U,Y) 

s.t. 0 < Y <5 Bt tal,... ,T 

by making the following assignments for j=l,...,n; 

t=l T 

where cc*' « c*) + Y v.*' is the cost coefficient of 
t t , u. k 

T 

yjj and bjj e Bt. 

k=t 

Then set s=l and go to step 2 
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STEP 2 Check if (2.14) is satisfied for each t, 

tBs,...,T. If so stop. Otherwise find the first 

year, p, such that (2.14) Is not satisfied. 

STEP 3 Let r and q denote indices such that 

cĉ  = Min {cĉ  : yj] £ bj|, j=l,2,...,n, 

t=l,2, ...,p} 

and Increase ŷ  by 

4y B e d - V e Y, 3 m p , L. n k k«l 

STEP 4 If ŷ  + Ay < b̂  set s=»p+l and return to step 2, 

q q 
Otherwise set yj; = b̂  and return to step 3. 

Theorem 2: Let Y represent the capacities determined by the above 
A 

procedure then w(V,U) » W(V,U,Y) . 

A 

Proof: Note if STEP 1 yields a feasible solution, then Y 13 Y as 
A 

given by (2.21), and it is clear uj(V,U) A W(V,U,Y) since this 

problem is a relaxation of the linear program (2.13-15). 

Assume, then, that STEP 2 yields a year p̂  in which (2.14) is 

not satisfied for t=p̂ . Then from sensitivity analysis for 

linear programming (Murty 1976, p. 245-47) the relaxed program 
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presented In step 1 is augmented by the inequality (2.14) for 

t=p̂ . Let this new problem be refered to as P*-. Since the 

new constraint is not satisfied by Y in (2.21), the slack 

variable associated with it is negative and the dual simplex 

method should be used until primal feasibility is obtained. 

"1 
Let Y indicate the solution in the procedure above for 

1 A1 
problem P . If the dual simplex method also obtains Y when 

applied to problem P̂ , optimality is assured. 

Let Yg ° Bg and Yjj = 0 denote the basic and „nonbasic 

variables, respectively, obtained in step 1 with Bg the 

respective upperbounds for these basic variables. Let 

Sjg = Bg - Yg = 0, and Sg = B̂  - Ŷ  » BN be the nonbaslc and 

basic slack variables, respectively, associated with the 

upperbound constraints (2.15) on the basic and nonbaslc 

variables Yg and Ŷ . Then the relaxed problem of step 1 can 

be written as 

Min Z«CCBBB + CCnYn - CCBSN 

s .t. B B 
-S N 

B - Y 
N N 

all variables nonnegatlve. 
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Now when a year p̂  is found for which (2.14) is not 

satisfied, that constraint is introduced in the above as 

eBx YB + "TIj YN " "1 = dpx 

where en and e„ are vectors of ones and zeros which pick 
B1 N1 

out the appropriate variables which can satisfy the demand, 

dp , in year pĵ  . The variable qĵ , is the slack in this 

constraint and is now in the basis with value 

«1 • eB, YB + "K, YN " d PI 

eB1 BB " eB1 SN + eNt YN " dpx < ° 

In order to obtain a q̂  > 0, one can only increase an element 

of Y jj. The dual simplex method picks that yn e Y jj with the 

lowest cost and drives q̂  out of the basis setting q̂  • 0, 

and yn in the basis as ŷ  is 

'b " dPl " eBlBB + eB1SH + 'l " eN1YN 

where YN and ê  are appropriately modified so ŷ  is no 

longer included. Now the slack, ŝ , associated with the 

upperbound constraint on ŷ , is decreased as ŷ  is 
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Increased and will be negative if ŷ  exceeds its 

upperbound, b̂ . Thus since 

"b " bb " + eBjSN + ql 'TljV 

bb ~ (dP, " eB,V " eBSN " «1 + eN,YN 

if ŝ  < 0, the dual simplex method chooses the next entering 

variable from Ŷ , sets a b̂* sb = ® and continues until 

all basic variables are non-negative. Thus the results of the 

dual simplex method and the procedure above are identical for 

l *k— 1 
problem P. Now assume by induction, that Y is optimum 

le-1 *k 
for problem P . We need to show that Y is optimal for 

pk. If is feasible to P̂  then the procedure yields 

"k "k—1 "k w Y » Y and hence Y is optimum for P and we are 

done. Otherwise, the slack variable, qk> associated with the 

constraint (2.14) for year Pk is in the basis with value 

qk " eBkBB ~ eBfcSN + eNfcYN ~ dPfc < ° 

and as before, the dual simplex method Increases variables 

from YN until primal feasibility is reached. Now increasing 

any of these variables from Yjj will never lead to < 0, 

i=l,...,k-l, since 

qi = eB,B„ " eB,SN + eN.YN ~ dP ' 1 is 1 1 1 
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and any increase in an element of % will only increase, 

never decrease q̂ , i°l,...,k-l. Thus the dual simplex method 

will never operate on the previously augmented constraints and 

so solves pk. 

The dual, problem (II), has an interesting economic meaning if 

interpreted as follows. Let firm A be faced with the capacity planning 

primal problem in which the operation cost *s c*ue t0 t*ie 

consumption of one or more resources in production* For simplicity, 

suppose that the only significant operation cost is due to labor. Next 

consider another firm B that is involved in the manufacture of plant 

equipment. Que to certain union contracts, firm B is not allowed to lay 

off any workers; however firm B has an enormous surplus of trained 

personnel that is presently unutilized. Firm B therefore sees the 

opportunity to increase its revenues by offering certain services to 

Firm A. Firm B offers to supply firm A with enough trained personnel to 

enable firm A to meet the demand for the products. Thus if firm B 

offers these services at a c6st of Ut per unit of demand served, then 

firm B generates dtUt In revenue. Furthermore, firm B considers 

providing firm A with a rebate of Vt in the maintenance contract. 

With the above variable definitions, problem (2.13-15) is firm A's 

problem of acquiring enough capacity so as to meet the demand at minimum 

cost. Thus to(U,V) is the cost to firm A of a proposal (U,V) . 

Dually, this is also firm B's revenue, where the prices (V,U) satisfy 

(2.16-17). 
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Notice that without the maintenance rebate Vt, i.e. Vt = 0, firm B 

cannot earn maximum revenue, in general. 

The dual problem (II), like the primal problem (I), is also a 

nondlfferentiable convex program and one may solve it too by the 

subgradient method. Subgradient directions for the dual variables, V 

and U, at given V, U can be specified by the following proposition. 

Proposition 2: 

Let V, U be such that (2.16-17) are satisfied for 

all t. Let Y denote an optimal solution associated with 

(2.13-15). Then a subgradient, C " (C » C ) of w( . ) " at 
V U 

V and U, where C = (S ), and 
V \ vT 

= (?_ >•••»?_ )» is given by 

U U1 UT 

-  I  \  
V k=l 

C  (2 .22)  

K_ = d,- . 
Ut 

The proof is similar to that presented In Proposition 1. 

The procedure presented in the next chapter will utilize a 

primal-dual subgradient approach to the problem. 



CHAPTER 3 

SUBGRADIENT OPTIMIZATION 

111 this chapter a procedure using both the primal and dual 

problems is presented in detail. Justification for a choice of step 

size is given and convergence of the algorithm is proven. Computational 

results are then presented and discussed. 

The Subgradlent Procedure 

Let II = (V,U) be the vector of variables in the dual problem 

(II) such that the first n x T elements are for t=l,...,T, and 

the next m x T elements are those of Ut for t=l,...,T, and 

consider the following iterative procedure. 

Yk+1 ••• Ay o PY(Yk - Xk$k) (3.1) 

nk+1 - Ajj O Pn(nk + Ykck) (3.2) 

Py(Y) Indicates the projection of Y onto (2.2) and Pjj(II) is the 

— 1 k k 
projection of II onto (2.17). The step sizes, X > 0  and y  > 0 ,  

and the maps Ay and Aj[ will be presented subsequently. 

The projections, Py(*) anc* a*one do not guarantee new 

vectors, Y and II, feasible to their respective problems, that is 

31 
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St(yt) nonempty and Vfc and Ut satisfying (2.16) for all t. Note 

from (2.3) that for an infeasible Y, the subgradient is unbounded and 

this violates all known conditions required for the convergence of 

subgradient procedures. Ideally a projection onto 

L = {Y;StCy ) 0, 0 < Y < Bfc, t=l,...,T} in the primal case, and 

R » {H: 2.16-17 is satisfied} in the dual case, would be desirable. 

These, in general, are not easy projections since they involve certain 

specialized quadratic programming problems (Wolfe 1976). Instead we 

choose to maintain primal and dual feasibility by adjusting the 

projected vectors In such a way that feasibility to the respective 

constraints is maintained. In (3.1) and (3.2) above these adjustments 

are indicated by the mappings Ay and An. The primal and dual 

adjustments will be detailed separately below. 

It has been noted that Ŝ Ctj t) is nonempty for each t as 

long as the sum of the capacities available in each time period is 

greater than or equal to the sum of the demands at that time. Thus if 

If V Ip 
Py(Y - X £ ) is such that ) is empty for some t=q, then the 

following implied constraint is violated 

The adjustment is as follows: 

Step 1 Increase each capacity in (3.3), not already 

equal to Its upperbound, by the ratio of unsatisfied demand 

to the number of these capacities. 
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Step 2 If any of these capacities exceed their 

upperbounds, set them equal to their upperbounds and return 

to Step 1. Otherwise the problem is feasible for that t=q. 

Thus if the above is followed for each year in which the updated Y is 

infeaslble, the resulting Y will always be in the feasible region of 

(I). It is clear that the above adjustments lead to a feasible Ŷ +̂ . 

Note that these adjustments follow the subgradlents corresponding to the 

violated constraints of the form (3.3). 

The dual variables of problem (II) can also be adjusted 

easily. Each of the constraints in (2.16) is of the form: 

ut + Vt < st̂  for a11 i'3»t (3'4> 

with u* and vj) the dual variables associated with the ith demand 

constraint and the jth supply constraint, respectively, of the primal 

problem at time t. The subgradient is again the gradient and is (1,1) 

for each constraint in (2.16). Thus if + is such that 

(3.4) does not hold for some triple, (i, j, t), adjust the dual 

variables as follows: 

Subtract from the present projected value of the variables 

involved, half the violated amount. 

If this formula is followed each time a constraint in (2.16) is violated 

k+1 
the new II obtained will always be feasible to problem (II) • 
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If one considers solving the Primal and Dual problems 

simultaneously, the optimal difference in objective values, 

it it it 
iJj = z - to , is of course 0. Thus at each iteration one could move 

the primal and the dual variables according to (3.1) and (3.2) 

respectively, and stop whenever the difference in objective values is 

close to 0. 

k k The step sizes, X and y , now need to be specified. We 

propose the following: 

xk = Yk - &{Z(Yk) - a>(nk)}/(| |sk| |2 + | |ek| I2) (3.5) 

where $ is an element in (0,2) and k indicates the kth iteration 

of the subgradient scheme, (3.1) and (3.2). Justification for these 

step sizes will be presented in the following section. At this point a 

summary of the proposed method is presented. 

INITIALIZATION Set k»0, starting with feasible initial 

k V vectors Y and IT, perform the following 

STEP 1 Solve the subproblems F(Ŷ ) and w(Ilk) 

k k 
and obtain the subgradlents £ and £ . 

If termination criterion is met, stop. 

Otherwise, go to 2. 
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Find the step sizes by (3.5) 

STEP 3 Calculate the vectors - Xk£k, and 

tf<+1 - n" + Ykck. 

-k+1 
STEP 4 Perform the projections ) and 

Pn(nk+1). 

STEP 5 Check for feasibility with respect to (2.19) 

and (2.16), and appropriately adjust the 

primal and dual variables as described above 

to obtain and JIk+̂ . Let k 11 k + 1 

and return to Step 1. 

A Step Size Choice and Convergence of the Method 

Choice of a suitable step size in subgradient optimization has 

been investigated in the literature. Before justifying the choice 

(3.5), a few related results will be presented in this section. The 

convergence of (3.1-2) under the step length choice (3.5) is also proved 

here. 

Consider the problem of (I); B. T. Poljak (1967) has shown that 

using the method of the Appendix under the conditions 

lira Xk = 0, I Ak = » 
k+e» k°»l 

(3.6) 



36 

Nk 
there exists a subsequence, {Y }, such that the objective function in 

(I) converges in the limit, to the optimum objective value z . One 

choice of step size that conforms to (3.6) is Xk • 1/k, k = 1,2 

We found this step to perform very poorly, since convergence is very 

slow. Bazaraa and Sherali (1982) have developed a procedure to select 

step sizes which conform to conditions (3.6) but at the expense of 

increasing the amount of computations needed in the method. General 

functions of this sort do not take into account very much information 

from the particular problem at hand. 

Ideally a desirable step size would be one which guarantees that 

at each iteration the new point is closer to an optimum point, in the 

Euclidean norm sense, than the previous one. In another paper, Poljak 

«fc 

(1969) has shown that if z is the optimum objective value of (I) 

and Z(Yk) is the current value at iteration k, if 

0 < Ak < 2 (z* - Z(Yk))/||Ek||2 (3.7) 

then 

||(Yk - AkSk)-Y*|| < ||Yk - Y*|| 

V * £ 
and Z(Y ) + z where Y is an optimum point of (I). In order to 

A 
apply (3.7), however, one has to know z a priori which is Impossible 

in most cases. Held, Wolfe and Crowder (1974) have used step sizes, 



37 

with good results, which substitute an overestimate of z in the case 

of a Min problem. They point out, however, that this choice of step 
00 
n 

size will not insure convergence since the requirement, 2.  ̂ = 00 , in 
k»l 

(3.6) above will not be satisfied for such step sizes* We utilize (3.7) 

by noting that if the primal and dual problems are solved 

simultaneously, as suggested earlier, the optimum difference is known. 

Hence the step 

0 < xk < 2 (Z(Yk) - u(nk))/(||ek||2 + ||sk||2> (3.8) 

Jf 
and together with y = X , conforms to (3.7). The step size in (3.5) 

is in the interval of (3.8). 

We now proceed to the issue of convergence of the algorithm. 

The following definition will be useful. 

Definition 1: A sequence {Dk} of elements of R? is Fejerian 

relative to a set N £ R*5 if ||s-Dk+*J| < jjs-Dk|| for k • 1,2,... 

and for arbitrary s e N. 

Theorem 3: Let 0 • (Y,n) indicate a vector of primal and dual 

"ft A 
variables, and let 0 • (Y , H ) be an optimum vector of primal and 

dual variables. Then if Ak m yk and they satisfy (3.8) in the 

procedures Indicated by (3.1) and (3.2), the sequence {9 } is 

Fejerian with respect to the optimal set, that is 
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* k+1 ii i i * It 
0 - 0 I I < 9 - 0K 

Proof: Let 0k+1 => (Yk+1, nk+1). If 

0k+1 = (PY(Yk - xkck), Pn(nk + yk?k)), 

that is no adjustments are needed for the primal and dual 

variables, then the result is well known (Poljak 1969, Held and 

Xarp 1971). Therefore assume that this is not the case. We 

will show that the sequence of points generated by the primal 
* 

adjustment is also Fejerian with respect to the optimal set 

and only note here that the dual adjustment requires an exactly 

analogous approach. 

As stated earlier in this chapter, the adjustment of 

the primal variables is an application of the subgradient 

method with respect to the violated constraints. Thus we will 

assume this procedure and show that the valid step sizes 

~k+l 
correspond to the moves in the adjustment. Let Y be the 

It It tc ~k+l 
vector obtained after projection of Y - X £ . Thus Y is 

feasible to (2.2). Let r indicate the first year for which 

Yk+'" is infeasible to (2.19). Let ê  be defined such that 

1 1 the components of e£ are 1 if ŷ  < b̂  and 0 

otherwise. Next consider the function 

T 00 - I ê Y 
r t=l C C 

(3.9) 
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~k-HL 
The subgradient of T (•) at Y is unique and is the 

gradient, a vector &r ® (e{»e2J" * *»er»0»0»•••>0) whose last 

T-r elements are 0. Then 

~k+l, . A k̂+1 . „ v n Y (r) = Y + a3r, a > 0. 

We desire 

| | y *  -  Y k + l(r)|| < | | Y * - Y k + 1 | |  (3.10) 

where Y *  is again an optimum point of problem (I)• Thus 

Y k + 1 ( r ) | | 2  =  | | Y *  -  ( Y k + 1  +  a 3 r ) | | 2  

- ||Y* - ̂ H2 + a[a| | Br| | 2 - 2£Jr(Y* - Yk+1)] 

< ||Y* - Yk+1||2 + a[a||3r||2 - 2(T.(Y*) - Tr(Yk+1)]« 

Therefore if 

0 < a < 2(T.(Y*) - Tr(Yk+1))/||0r||2 

(3.10) is satisfied. Let e'1 = e„ - e*. Then t n t 
* r * * 

T ( Y ) > e d  -  V  e ' * Y  s i n c e  Y  i s  f e a s i b l e ,  a n d  
r m r t 
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r 
£ e'1 B . So, if a satisfies 
t=l c c 

0 < a < 2(e d 
m r 

I e«' B - T (Yk+1))/||fJ ||2 (3.11) 
t=l 

(3.10) holds. Since ||̂ r|(̂  simply counts the number of 

capacities that can be used to satisfy the demand and the 

numerator in (3.11) is twice the unsatisfied demand, the 

adjustments made with map Ay will never require a step which 

exceeds the upperbound in (3.11). Hence each iteration of the 

adjustment process, Ay, results in a point closer (in the 

Euclidean norm) to the optimum set. The above is valid for 

each year an adjustment is made and therefore obtained 

after all adjustments will be closer to the optimum vector 

* it k+1 * 
Y than Y"- was. H can be shown to be closer to II in 

a similar fashion. Therefore we have 

Theorem 3 leads directly to the following theorem on the 

convergence of method (3.1-2) and (3.5). Let iKO indicate the 

difference between primal and dual objective function values. 

Theorem 4: A sequence, {0k}, constructed according to (3.1-2) and 

(3.5) is such that 

iji(0k) + ip(6*) - 0 

while 0 
,k is convergent to some minimum point 0 • 
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Proof: The following proof is a particular case of a proof in 

Poljak (1969, Theorem 1). Recall the development in the proof 

of Theorem 3 above and the definition of the subgradlent of a 

convex function. Then using A and P to indicate both the 

primal and dual adjustment and projection maps and the step 

size of (3*5), we have: 

< 

< 

!i„k «*ii2 , ,.kN2i i/•Jt kvl|2 „,k,,_k ks/.k „* - I 10 - 6 (I + (X ) ||(E ,s )|| - 2X (5 ,5 )(e -0 ) 

< |ek - e*| |2 + (xk)2||(sV)||2 - 2xk(1|f(Qk) - /) 

|ek - 9*112 + e2(z(Yk) - ta(nk))2/| |uk,?2)| |2 

-23(Z(Yk) - 0)(nk))2/||(?k,5k)||2 

- 11ek - 0*112 + <f}2 - 2B)(z(Yk) - w(nk))2/| | (£k»ek)| |2. 



Now 

42 

H k + 1  *11  6 7 0 11 is monotonically decreasing we must have 

( z < y k )  -  w(nK ) ) / | | ( e k ,ck ) |  |  + o 

Hk+1 A * | 9 - 0 + -« which is impossible since: 

||0k+l _ 0* j 12 < | | e*11"1 _ 0*'l 2 

+  ( P 2 - 2 & ) [ { ( Z ( Y k " 1 ) - 0 3 ( n k " 1 ) ) 2 / |  I 2 }  

- {(z(Yk) - u(nk))2/|I(5k,ek)|I2}] 

O „*11 2 <||e°-e || 

k 
+ o2 - 2e) i {(ZCY1) - coot1))2/!!̂ 1,?1)!!2} 

tends to for $ e (0,2) . Also since ||(£k»?k)|| is 

k k bounded we must have, as desired, Z(Y ) - u(II ) + 0. 

k k — Further, since {0 } is bounded, {9 } is convergent to 0 

and 

K6) a if'C®*) • | | 

Thus while the.Simplex method guarantees monotonic decrease of 

the objective function for a minimization problem, the subgradient 
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method guarantees monotonic decrease In distance, in the Euclidean norm 

sense, to an optimum solution. 

Computational Results 

To test the success of the algorithm we decided to choose a 

capacity planning problem in which the operating costs are obtained from 

relatively easy transportation problems. The electric utility capacity 

planning problem discussed in Chapter 2 is one such problem. We were 

interested in obtaining a solution to within 1% of the optimum, which 

can be estimated by our algorithm based upon the difference 0 

Z(Y) - ui(II). Results for this application are summarized in Table 1. 

We were interested in the number of iterations needed to reach within 1% 

of optimum. The table also Indicates how far from optimum the initial 

feasible solution was. The computer code which we developed uses a 

modification of the algorithm not discussed so far* Since it is 

relatively easy to compute a lower bound for the primal problem, we did 

so for each obtained by the algorithm. Thus, let V,U denote the 

dual variables associated with the transportation problems for given 

Tfk. Then the lower bound is obtained by evaluating U)(V,U) • Then if 

this bound was better than any previously found by the dual iterations 

the dual algorithm resumes iterations starting with V,U . This 

modification reduced the number of iterations and is not limited to this 

application 
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The results are quite encouraging, especally those of the large 

problems for which the method was designed* These reached to within 1% 

of optimum in a maximum of 119 iterations. These are about the same 

sizes used by Fong and Srinivasan (1981a) in evaluating their heuristic. 
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TABLE 1 

COMPUTATIONAL RESULTS 

// of # of 
Problem Demand Plant Planning Equivalent % away from # iterations 

Types Types Horizon LP SizeU) optimum at 
K=l(b) 

to within 1% 
of optimum 

1 2 3 5 25 x 45 44.38 40 
2 2 3 5 25 x 45 71.50 16 
3 2 3 5 25 x 45 23.17 235 
4 2 3 5 25 x 45 ** 

5 2 3 5 25 x 45 41.78 98 
6 2 3 5 25 x 45 60.69 516 
7 2 3 5 25 x 45 ** 

8 2 3 5 25 x 45 6.65 31 
9 2 3 5 25 x 45 105.9 26 
10 2 3 5 25 x 45 ** 

11 4 6 10 100 x 300 21.15 106 
12 4 6 10 100 x 300 15.36 149 
13 4 6 10 100 x 300 41.66 147 
14 4 6 10 100 x 300 32.90 65 
15 4 6 10 100 x 300 29.27 90 
16 4 6 10 100 x 300 28.58 124 
17 4 6 10 100 x 300 53.51 571 
18 4 6 10 100 x 300 34.45 100 
19 4 6 10 100 x 300 45.20 68 
20 4 6 10 100 x 300 25.19 46 
21 10 15 25 625 x 4125 25.04 119 
22 10 15 25 625 x 4125 19.07 75 
23 10 15 25 625 x 4125 19.47 105 
24 10 15 25 - 625 x 4125 22.71 71 
25 10 15 25 625 x 4125 17.85 111 
26 10 15 25 625 x 4125 24.23 52 
27 10 15 25 625 x 4125 19.13 88 
28 10 15 25 625 x 4125 20.43 53 
29 10 15 25 625 x 4125 24.13 86 
30 10 15 25 625 x 4125 28.86 96 

**reuched within 2% of optimum in 1000 iterations 
(a) (// Constraints) x 0 Variables) In Cannonical Form Linear Program 

(b) -£X_X — (2 a best upperbound) 
z 



CHAPTER 4 

EXTENSIONS AND CONCLUSIONS 

In the first section of this chapter a few of the features of a 

more general problem in capacity expansion will be discussed. Then in 

the following section, an extension of the subgradient method to 

problems with probabilistic demands with known distribution functions is, 

considered. A summary of the main results of this thesis follows. 

Extensions to More General Problems 

Some straighforward generalizations of the base model (given as 

problem (I) in Chapter 2) are discussed in this section. In particular, 

we show how one may account for a) planned and existing capacities and 

b) deterioration and retirement. 

For the case in which planned and existing capacities must be 

considered, the calculation of operating costs in the primal problem are 
t 

altered by adding the term Q « (Yn + £ P. ) to the supply constraints 
k=l 

in the transportation problem. For this case the primal subgradient as 

specified by Proposition 1 is not altered. With regard to the dual 
T 

problem the term £ added to the objective function 
t=l 

W(V,U»Y). Hence the subgradient for the dual problem is also altered 
t 

by adding the vector Q to the vector 7 Y,,. 
t k=l K 

Suppose one wishes to consider the optimum strategy to solve a 

capacity planning problem which must consider deterioration and eventual 
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retirement of the capacities. Assume, for example, that a capacity j 

acquired in year t, is able to produce efficiently in years up to and 

1 1 including year t + t where tj is the useful life of the capacity 

j, and after that time this capacity can no longer be used. Such a 

case could occur, for example, when an employee retires or when a piece 

of equipment is used only until either deterioration begins or a new 

technology previously planned for can be Installed. Then problem (I) is 

valid If the right hand side of the supply constraint is altered to 

reflect the retirements. Thus (2.5) becomes 

D!t 4 X + V k=l 

With (X̂  - <<£t, «£t>-

1 if t < k + 

"kt 
if t > k + t ,̂ j = 

and I denotes an indentity of size n x n. Therefore (2.5) is the 

special case when = T for j m l,...,n. In the dual problem, the 
t t 

term £ Y. is replaced by £ a. I(Y. + P. ). Further, the process 
k-1 * k-1 

of adjustment Ay should be modified in such a manner that if a given 

year, say q, has its demand constraint violated, then one adjusts, for 

each equipment j, only those variables ŷ  such that t + t*' > q. 
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If deterioration is considered then ot̂ t ranges over the 

interval [0,1]. Thus if the production capability of capacity j 

j j 
deteriorates by a fraction A each year for a finite life of x 

yearo (this is straight line deterioration) then 

\ Â (T̂ +k-t) t < + k 

•2t 
otherwise 

For example, if one has 10 unite of capacity j at time k and its 

production capability deteriorates by 10% each year for a finite life of 

10 years, then when one considers serving the demand of year k + 5 

only 

yk " °k k+5 yk " *1̂ 10 + k ~<k+5))10 = 5 units 

of capacity j acquired in year k will contribute to satisfying the 

demand in year k+5. Once again the dual problem and the process of 

adjustments Ay must be altered appropriately. 

Capacity Expansion Planning with Probabilistic Demands 

One area which could be looked at in more detail than will be 

attempted here, is .the extension of the primal-dual subgradient method 

to problems involving probabilistic demands. Here we will only develop 
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the primal method for problem (I) with probabilistic demands with known 

distribution functions. We begin by defining Problem (I*) as 

T T 
(!•) Min Z'(Y) = I C.Y + J E(F«J)) 

t=l C t-1 

0 < Y < Bt t » 1,2,...,T 

Y e Rn t - 1,2,.. .,T 

where E(») indicates the expected value, Fj.Ojj.) is now a random 

variable as defined by (2.3-4) since d̂  is a vector of random 

variables, and all other notation is as in Chapter 2. This can be 

looked upon as a Two Stage Program (Kolbin 1977). Let us assume that 

there exists a finite q* for each demand d* such that q* Is the 

smallest number for which P(d* > q*) =0. Then the first stage 

decision, Y, satisfying 

, Z, en \ > It t-l.—T <4-1) 
k=l 

can be made using the subgradient procedure. 

Consider a first stage plan satisfying (4.1). Let H be the 

smallest set such that P(H) ™ 1. Suppose we solve the following for 

every h e H 



50 

f£(Y) = Min Gfc Xt(h) 

t 
s.t.DX(h)< I (Yk) 

k"! 

E Xt(h) - dt(h) 

Xt(h) > 0 

The associated dual problem for every h e H is 

h t 
nJ(Y) = Max I YkV(h) + dt(h)Ut(h) 

k=l 

s.t. V fh)D + U (h)E < G 
t t t 

Vt(h) < 0, unrestricted 

|_ 1_ 
Then by LP duality theory ffc(Y) ™ IIt(Y) for all h e H . We then 

have E(Ft(̂ t)) = E(ft(Y)) - E(nt(Y)). Let Y and Y be two feasible 

first stage plans, then 
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T T T T 
Z'(Y)-Z'(Y)= I CtVt + I E(Ft(gt) - I CY - £ ECF^)) 

t=l t̂ l t=l t=l 

T T 
- I <v<*f ~ V + I [E(n.(?)) - E(n (Y))] 
t=i c c c t=i c c 

T T t 
a I Ct(Yt - Y ) + J [EC I \?t00 + d (h)ff (h)) 
t=l t=l k=l 

t 
-EC X Y.V<h> + dt.Ch>U1.(h))] 

k=l C 

T T t 
> I - V + I IEC I V (h) + d (h)U (h)) 
t-1 Z C t t-1 k=«l C Z 

t 
-E( X V,(h) + d (h)U (h))] 

k=l c c 

= I CAT - Y ) + I E(V (h)) ( I (% - Y )) 
t=l t=l kal 

T T 
= I [C + I E(V (h))](Y - Y ) 
t»l c k=t K c c 

Since the above Inequality holds for all Y such that Ŝ (̂ j ) £ 0 for 

all realizations dt(h), t = T, and one has equality for 

Y » Y, a subgradient at Y is £ • (f̂ , S2,...,£T) where 

T 
<L = [C + I E(V (h))] 
' * k-t * 

In some applications, such as in electric utitity capacity 

planning, these dual variables may be obtained by the solution of an 
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equivalent single transportation problem for each t as in the 

deterministic case (Murphy et al. 1982). In general the task of 

obtaining the above subgradient is quite tedious. One such approach is 

presented below. 

Let the distribution of the random variables d* be known and 

assume that they are independently distributed. The strategy is as 

follows. Let Y denote a feasible first stage plan, that is 
l. — 
St0l) ) £ 0 for all h e H, t » 1,2,...,T. Suppose one wishes to 

approximate the solution of (I') by taking M or fewer random samples 

from each distribution in each year t. Then one way to sample in an 

intelligent fashion would be the following: 

Generate a random variate d* according to the known 

distributions; check whether this new vector dt falls into a 

range of demands for which an optimum solution has been 

obtained previously. If it does repeat the above. Otherwise 

solve the transportation problem with the demand equal to dfc 

and obtain the dual variables V(dt) associated with the 

supply constraints for this dfc. Next determine the range of 

variation for each i *" 1,*.. .,m, for which the current 

dual solution (to the transportation problem) remains optimum 

and store this range. Then determine the probability that d* 

is in this range; weight each element of V(d£) by the product 

of these probabilities and store this vector as V(k). Set 

k = k + 1 and repeat the above until either M samples have 
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been used to solve the transportation problems or the range of 

variation of each d* is covered. The dual variable vector 

E(V ) is then the sum of the V(k), for 1 < k < M. 
t 

For very large M, the above process will determine the dual variables 

necessary for the subgradient procedure, however, it is time consuming 

to solve the transportation problems. An alternative approach would be 

to use a heuristic procedure in which M Is small. One such 

approximation is to replace all demands by the expected demands and then 

simply solve one transportation problem for each t. 

Conclusion 

In this thesis a nondifferentlable model for capacity expansion 

planning over a T-period planning horizon has been presented and 

investigated. This modeling made selection of the subgradient method a 

natural choice as the solution method. Concern over a stopping 

criterion led to our search for a lower bounding scheme. From the lower 

bound, a nondifferentlable dual problem was motivated. We have shown 

that solving these two problems together make it possible to choose a 

step size at each iteration of the subgradient method which guarantees 

convergence to an optimum point by a sequence of points which decrease 

in distance from the optimum set at each iteration. 

The procedure, outlined in Chapter 3, is based on the special 

structure of the problems and calls for the solution of T 

transportation problems In the primal case and in the dual case, a 
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relatively quick algorithm evaluates the dual objective. In addition, 

feasibility is maintained at each iteration by the application of 

another simple algorithm in both cases. 

An application in electric utility capacity planning was 

presented in detail and computational results for this application look 

very encouraging. Our methodologies can be applied to quite general 

problems providing for planned and existing capacities, deterioration 

and retirement. We have also considered the extension of these methods 

to problems with stochastic settings and we encourage further research 

Into this area. 



APPENDIX 

This appendix contains a brief explanation of the subgradient 

minimization method. It essentially uses the survey by B. T. Poljak 

(1977). Other papers which the reader might find helpful include Held, 

Wolfe, and Crowder (1974), Agmon (1954) and Poljak (1967). 

The subgradient of a convex function f on Rn at x e Rn is 

the n-vector u if f(y) - f(x) > u (y-x) for all y e Rn . In the 

case where f is differentiable at x the subgradient is unique and is 

the gradient. 

The subgradient minimization method for f(x) on Rn is an 

iterative process of the form 

xk+l = xk ~ xkuk 

where is a chosen step size. 

A minimization problem with constraints can be written in the 

following form 

min f(x) 

g(x) < 0 

x e Q S R 

(A.l) 

where f and g are continuous convex functionals and Q is a convex 

closed set. The following specifies the next iterate. 
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xkH - V*k - Vk> 

r uf i f  g(xk) < o 

8k \ u if g(x ) > 0 , 
 ̂gk K 

where Pq is the projection operator on Q and and Uĝ  are 

subgradients of f(x) at x, and g(x) at x, respectively. 
k k 

Problems with more than one constraint, ĝ (x) < 0, i=l,...,m, can be 

put in the form of (A.l) in the following way 

g(x) «= max g, (x) 
i 1 

or 

m 
g(x) = I max(0,g.(x)) 

i=l 1 

The set Q is usually assumed to be of a simple form which will 

allow for an easy projection. A set of upper and lower bounds on the 

variables is one such set. Ways of choosing the step size, are 

discussed in some of the papers referenced above. 
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