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ABSTRACT

The flow rate from a piezometer or packer installation, in
which a constant pressure head is maintained, is examined analytically
and numerically. The partially penetrating borehole is assumed to have
finite dimensions and is situated in a homogeneous anisotropic medium
of infinite thickness and radial extent. For the general case of tran-
sient nonhorizontal flow, the problem is solved numerically by modeling
the flow system with finite elements. A curve matching procedure for
determining horizontal and vertical hydraulic conductivity is investi-
gated. The method has several limitations because the resulting type
curves have similar shapes for conditions of practical interest. It is
concluded that a reliable determination of vertical hydraulic conducti-
vity cannot be made from single borehole tests. The numerical solution
is used to evaluate existing steady-state analytical approximations.

An empirical "shape factor" equation, obtained from the numerical
results, is presented as an improvement to that given by Hvorslev

(1951).
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CHAPTER 1

INTRODUCTION

Hydrologists often rely on constant flow rate pump tests in

single boreholes for in situ determination of hydraulic conductivity.

However, under certain field conditions, the constant flow rate test

may not be feasible. For example:

In geologic materials of low permeability, it may be difficult
to maintain constant flow rates over time due to excessive
pumping pressures (injection tests) or dewatering of the
borehole (withdrawal tests).

Constant flow rate withdrawal tests require the installation
of a pump in the borehole. A pump installation may not be
feasible in small diameter casings.

The equipment required for constant flow rate injection may be
more costly than that of other methods.

Constant flow rate withdrawal tests may not be practical when

low piezometric heads result in excessive pumping lifts.

In situations where constant flow rate tests are not easily performed,

it is commonly more practical to perform a pump test where a constant

pressure head is maintained in the borehole and flow rate is measured

as a function of time.

Figure la shows a typical piezometer installation in which the

tested portion of a borehole is isolated by means of a permanent grout

1
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or bentonite seal. Figure 1b illustrates a packer installation which
temporarily isolates a section of an open borehole by means of pneuma-
tic or mechanical seals. Hydrologists generally use the same mathema-
tical techniques for analyzing hydrological tests conducted in both
types of installations. Since the analytical and numerical solutions
in this paper conform more closely to piezometer installations, the
descriptions which follow will place secondary importance on packer
installations.

Jacob and Lohman (1952) presented a closed form analytical
solution for the special case of transient, strictly horizontal flow,
from a borehole of finite radius. Their solution was based on the
work of Smith (1937) for the analogous heat flow problem. A similar
solution (yielding the same numerical values) was given by Van
Everdingen and Hurst (1949). Strictly horizontal flow may be a
reasonable assumption for any of the following field conditions:

e The tested portion of the borehole fully penetrates a stratum
of constant thickness which is bounded above and below by
materials of much lower permeability.

e The medium is strongly anisotropic with horizontal permea-
bility much greater than that in the vertical direction.

e The length of the tested portion of the borehole is very large
compared to its diameter.

The assumption of strictly horizontal flow is of questionable validity
in situations where none of these conditions is satisfied.

Hvorslev (1951) presented a series of steady-state equations

for the more general case of nonhorizontal flow to a partially



4
penetrating borehole. His equations disregard medium storage and are
based on dimensionless "shape factors" which depend on the geometry of
the tested portion of the borehole and the anisotropy of the medium.
Hvorslev does not show how his equations are derived, nor does he
specifically state all the assumptions utilized. It is therefore
difficult to judge the validity of Hvorslev's method from his work
alone. Furthermore, many of the references cited in his paper are not
readily available.

An apparent contradiction exists between Hvorslev's steady-
state equations and the Jacob-Lohman solution (which indicates that
the system never achieves steady-state). However, constant head field
tests commonly seem to reach steady-state conditions after an initial
transient period.

The purpose of this study is to extend the Jacob-Lohman solu-
tion for the more general case of transient nonhorizontal flow from a
partially penetrating borehole in a medium of infinite thickness and
radial extent. The problem is solved numerically using a saturated
flow, finite element model. Based on the numerical results, a method
is proposed for determining hydraulic conductivity from constant head
tests performed in partially penetrating boreholes. After the tran-
sient solution is obtained, Hvorslev's steady-state approach is evalu-

ated and an improved shape factor equation is proposed.



CHAPTER 2
MATHEMATICAL STATEMENT OF THE PROBLEM

For a homogeneous anisotropic medium of infinite thickness and
radial extent, the flow field about a piezometer installation, in
which a constant head is maintained, is stated mathematically by the

following set of equations (refer to Figure 2):

228 1 2 825 s
G2t PRt St
r>rs-=<z<et) 0 (2-1)
s(r, z, 0) = 0 (2-2)
A(""s Z, t) =0 (2'3)
a(r, o, t) =0 (2-4)
srg, 2, t) =5, -5<z2<5% (2-5)
34 - L L
-a—rlrw-o 2<-52>3 (2-6)

where s is the hydraulic buildup (or drawdown), SS the specific stor-
age, r, the borehole radius, L the length of the tested portion of the
borehole, and Kr and K, are the principal hydraulic conductivities
which have directions parallel to the r and z coordinate axes respec-
tively. Boundary conditions (2-3) and (2-4) imply that the change in
head is zero at an infinite distance from the piezometer. Boundary
condition (2-5) prescribes a constant hydraulic buildup (40) along the

5
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open portion of the borehole and (2-6) specifies a no-flow boundary
elsewhere along the borehole radius.

The piezometer flow rate (Q) is determined by applying Darcy's
law at the borehole radius and integrating along the open portion of

the borehole.

L
, 2
Y
Q(t) = - 2ar_ K, f =(r,» 2, t) dz (2-7)
_L
2

By making the following substitutions in (2-1),

r
ms=/ — (2-8)
Kz
= I -
R = o (2-9)
* 2
Sg = m° S (2-10)

the anisotropic flow equation simplifies to,

*
2 2, S
325 1 94 324 s 94
Kt Ok R (2-11)
2 R 52 Ky

which is simply the isotropic case in an (R, z) coordinate system.
Thus, an anisotropic flow system can be simulated by first determining
the flow field in an "equivalent isotropic medium" of the (R, z) coor-
dinate system with hydraulic conductivity equal to K. and specific
storage equal to SS*, and then transforming the radial coordinates
using equation (2-9). We therefore wish to solve equation (2-11)

subject to the following conditions:
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s5(Ry z, 0) =0 (2-12)
e, 2z, t) =0 (2-13)
5(Ry + @, t) =0 (2-14)
- L L -

b(Rw, z, t) = 4, -38243 (2-15)
34 L

®|, O z<--'é—;z>§ (2-16)

W

A closed-form solution is not available for the mathematical problem
defined by equations (2-11) through (2-16).

For the special case of transient, strictly horizontal flow in
a homogeneous medium of infinite radial extent, the mathematical pro-

blem is given by the following set of equations (refer to Figure 3):

2 S

074 ., 1 94 S 95
08,1098 s 94 r>r;t>0 (2-17)
ar2 r or Kr at W

s(r, 0) = 0 (2-18)
s(es t) = 0 (2-19)
A(rws t) = 50 (2-20)

The problem defined by equations (2-17) through (2-20) was originally
solved by Smith (1937) for the analogous heat flow problem and was
adapted to hydrological units by Jacob and Lohman (1952). The problem
was also solved independently by Van Everdingen and Hurst (1949).
Borehole flow rate is determined by applying Darcy's law at the bore-

hole radius,

Qt) = - 2k L r —f;é(rw, t) (2-21)

The exact solution can be summarized as,
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Q(t) = 2n Kr L Ao QD(tD) (2-22)
where:
Krt
t, = (2-23)
D P 2
S W

QD and tD are parameters termed "dimensionless flow rate" and
"dimensionless time," respectively. Their functional relationship is

shown as a type curve in Figure 4.
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CHAPTER 3
NUMERICAL ANALYSIS

A closed-form solution is not available for the mathematical
problem defined by equations (2-11) through (2-16). Therefore, num-
erical solutions were obtained by modeling the fiow region with the
finite element program FLUMPS using a CYBER 175 computer. FLUMPS dis-
cretizes the space derivatives in the saturated flow equation (eq.
2-1) by a system of triangular elements based on the Galerkin method,
and time derivatives are approximated with finite differences. The
result is a system of simultaneous linear algebraic equations which
are solved by either a point iterative or direct solution method.
FLUMPS employs an adaptive explicit-implicit solution strategy so that
nodes satisfying appropriate stability criteria are solved explicitly,
leading to a considerable saving in computer time.

The size of a time step (At) is controlled automatically by
various parameters including SIVARY, which is the maximum desired
change in head during a time step. At every interior node, the change
in head during the two previous time steps is used to estimate the
projected change in head during the next time step for a given at.

The actual size of the time step is then chosen so that, anywhere in
the mesh, the predicted change in head is close to SIVARY but does not
exceed two times SIVARY. When the time step is completed, the program
calculates the changes in head which actually occurred, and if the

12
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above limit is exceeded, the time step is repeated using a smaller at.
As an additional check, the program calculates the global mass balance
of the system during each time step. If the mass balance error
exceeds a certain percent, the time step is repeated with a smaller At
(Neuman and Narasimhan, 1977).

The printed output of FLUMPS provides information on the net
flow rate into the exclusive subdomain of each node during a time step
as well as flow rate across the boundaries of the flow region. Such
information can be used to calculate the total flow rate across a
given boundary during a time step. For more detailed information
regarding the theoretical development and practical use of FLUMPS, the
reader is referred to Neuman and Narasimhan (1977), Fogg (1979),
Stephens (1979), and Neuman et al. (1982).

Input parameters were chosen to simulate conditions that might
be encountered in the field. Isotropic hydraulic conductivity (K) and

-1 and 10"6

specific storage (SS) were arbitrarily chosen as 10'4 cms
cm'l, respectively. The borehold radius (rw) was set equal to 5 cm
and the prescribed hydraulic buiidup (40) to 10 m.

It was assumed that the piezometer flow rate would be related

to three dimensionless variables:

|

QD = 5 R, T 5 dimensionless flow rate (3-1)
Krt Krt
t, = —3 = dimensionless time (3-2)
D S. R 2 S. r 2
s W S W
L m _
YEIR 20 (3-3)
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The first two dimensionless variables are the same as those given by
the Jacob-Lohman solution. The third dimensionless parameter (Y) is
obtained from a steady-state analytical solution presented in Chapter
4. At various stages of the numerical simulation, parameters defining
the dimensionless variables were altered to verify that Qp Was solely
a function of tD and Y. Thus, the following functional relationship

was confirmed:

QD = 6(tD’ Y) (3'4)

3.1 Mesh Analysis

As a general rule, the accuracy of a numerical scheme
increases as the finite element mesh is made finer. However, a finer
mesh requires more elements and thus more computer time to simulate a
given problem time. The practical application of the finite element
method requires a compromise between desired accuracy and the effi-
cient use of computer time. Mesh analysis is a procedure for select-
ing the coarsest mesh that produces a numerical solution of desired
accuracy and computer efficiency. If the simulated problem has an
exact analytical solution, the mesh is made successively finer until
the numerical solution converges to the analytical solution. If an
exact solution is not available, the mesh is made finer until the
numerical solution ceases to change significantly, at which point an
accurate solution is assumed.

Since the Galerkin method uses linear basis functions, a fine

mesh was required near the borehole where large spatial changes in the
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hydraulic gradient occur and a coarser mesh was acceptable far from
the borehole where changes in the hydraulic gradient are small. The
general approach was to design a relatively coarse "exterior mesh"
which was not altered during the mesh analysis procedure. Between the
open borehole face and the exterior mesh was an "interior mesh" which
was made finer for each successive run. Since FLUMPS allows a
completely arbitrary numbering system, the nodes and elements of the
exterior mesh did not require renumbering as the interior mesh was
altered. Elements of the mesh were composed of triangles and quadri-
laterals. The program automatically divides each quadrilateral into
two triangles by connecting two opposite corners with a line.

Interior meshes were designated A, B, or C depending on the
dimensions of the square elements immediately adjacent to the
borehole. An "A" mesh was the coarsest; its elements at the borehole
were squares having the length r, on each side. Meshes “B" and "C"
were finer with element dimensions rw/z and rw/4, respectively. All
meshes were designed so that the size of the elements became gradually
larger as distance from the open portion of the borehole increased.

In the discussion which follows, the (R, z) coordinate system

is replaced by one based on the following parameters:

- R -
= Z -

where RD and ZD are dimensionless distances in the R and z directions,

respectively.
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3.2 Transient Horizontal Flow

To check the performance of FLUMPS and verify the basic model-
ing procedure, the first numerical simulation was for the case of
‘transient horizontal flow in a homogeneous medium of infinite radial
extent. This corresponds to a piezometer of infinite length (v = =)
or one which fully penetrates a horizontal stratum of constant thick-
ness which is bounded above and below by impermeable boundaries. The
exact analytical solution to this problem is given by the Jacob-Lohman
solution previously discussed.

To completely define the problem in the flow region (R), all
initial and boundary conditions must be specified (see Figure 5).
Hydraulic buildup (4) is defined as the change in head from an initial
steady-state condition. Therefore, any steady-state head distribution
could be used as initial conditions for the numerical simulation.
However, by letting,
0 Zps 0) =0 in R (3.2-1)
the numerically determined head (h) became exactly equal to hydraulic

h (R

buildup. Along T., the open portion of the borehole, a constant
hydraulic head (ho) was prescribed,

h (1, ZD’ t) = ho on Ti (3.2-2)
and on PZ and F3, no-flow boundaries were specified,

3

]
57~ h (R, 0, t) = 0 on T, (3.2-4)

D
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To approximate a medium of infinite radial extent, Ty» was
placed at a large radial distance, so that its presence had a negli-
gible effect on the piezometer flow rate. Since negligible hydraulic
buildup was expected at large radial distances throughout the simula-
tion, this boundary was given a prescribed head of zero,

h (297, Z;, t) = 0 on 1"4 (3.2-5)
The external finite element mesh (MESH-R) and three internal meshes
(A, B, and C) are shown in Plate 1. The composite meshes are desig-
nated MESH-RA, MESH-RB, AND MESH-RC (from coarser to finer).

Satisfactory results were obtained when SIVARY was set equal
to 10.0 cm (one percent of the prescribed piezometer head). Computer
printouts indicated almost identical QD-tD values from each mesh for
dimensionless time greater than one. As observed in Table 1, to
simulate a total dimensionless time of 105, MESH-RA required 11.6
seconds of computer time, compared to 14.4 seconds for MESH-RB and
22.5 seconds for MESH-RC. In all cases, the flux across boundary T4
was negligible, indicating that an infinite medium had been adequately
simulated. The numerical results of MESH-RA are compared to the
Jacob-Lohman solution in Figure 6, where it is observed that the
numerically derived values of QD and tD are in excellent agreement
with the exact analytical solution to the problem.

In this numerical simulation, FLUMPS proved to be an efficient
program that was capable of accurate results for a problem of axially
symmetric, saturated flow. It was further concluded that an "A" type

mesh was sufficiently fine for the case of Y equal to infinity.
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Table 1. Performance of FLUMPS in Simulating Strictly Horizontal Flow

MESH-RA _ MESH-RB MESH-RC
Number of Elements 86 118 182
Number of Nodes 131 164 229
Total Dimensionless Time 105 105 105
Total Number of Time Steps 196 224 259
Total Computer Time (seconds) 11.6 14.4 22.5
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3.3 Transient Nonhorizontal Flow

The next numerical simulation was for the case of transient
nonhorizontal flow from a piezometer with the geometry y = 5. Since
an exact analytical solution is not available for this problem, the
mesh analysis procedure was crucial for interpreting the accuracy of
the numerical results.

The flow region and its associated boundaries are shown in
Figure 7. Since the plane, Z = 0, is a plane of symmetry with

respect to the flow field, only the region Z_ > 0 was considered in

D
the numerical simulation. However, the flow rate calculated by the

program was then one-half the actual piezometer flow rate. As in the
previous case, the initial condition was,

h (RD, Iy, 0) =0 in R , (3.3-1)
Along Tl (the open portion of the borehole) a constant piezometer head
was prescribed,

h (1, ZD, t) = ho on I, (3.3-2)
and F2 was specified a no-flow boundary,

d
—BES h (1, ZD, t) =0 on I’z (3.3-3)

The flow direction would be parallel to the plane of symmetry

represented by F3. Therefore, it was modeled as a no-flow boundary,

3

.é_z__ h (R 0, t) =0 on T (3.3-4)
D

D? 3

Since the medium was assumed to have infinite thickness and radial
extent, F4 and FS were placed at large enough distances to have a

negligible effect on the piezometer flow rate. Steady-state equations



22

5124

384

A

IO T | B T T T T T ’RD
01 2345806 8 10 l\l 385 513
|

|
|
3 Note: Change in scale

Fig. 7 BOUNDARY CONDITIONS FOR NUMERICAL
SIMULATION OF NONHORIZONTAL FLOW (y =5)




23
for non-horizontal flow predict that when ZD and Ry are greater than
500, the hydraulic buildup is less than five percent of the prescribed
piezometer buildup. Steady-state conditions would exist at infinite
time and therefore, for the case of transient flow, the formation
buildup at this dimensionless distance would be less than the steady-
state value. Therefore, the prescribed head boundaries, r4 and r5
were placed at Iy = 512 and Rp = 513, respectively;

h (Ry, 512, t) = 0 on T, (3.3-5)
h (513, Zp» t) =0 on T (3.3-6)

The exterior finite element mesh and three internal meshes are illus-
trated in Plate 2. The composite meshes are designated MESH-5A,
MESH-5B, and MESH-5C (from coarser to finer).

Computer runs were made with each mesh and the results com-
pared. Point "A" in Figure 7 represents a singularity point where the
hydraulic gradient and flux rate both approach infinity. This is
illustrated in Figure 2, where equipotentials are observed to "crowd
together" near the end of the open borehole. The presence of the
singularity point had a significant effect on the stability of the
numerical scheme, causing the heads at nearby nodes to oscillate
between time steps. Since FLUMPS used the change in head from
preceding time steps to calculate the length of the next time step,
the program tended to reduce At so that the amplitude of the
oscillations would not exceed SIVARY. The numerical instability
increased when the mesh was made finer in the vicinity of the
singularity point, and as a result, there was a drastic increase in

computer time for the finer meshes.
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In Table 2, the performance of FLUMPS is compared for the
three meshes. MESH-5A required 27.1 seconds of computer time and 269
time steps to simulate a dimensionless time of 4.Ox104- The runs for
the two other meshes were aborted when 60 seconds of computer time had
elapsed. At 60 seconds, MESH-5B simulated a dimensionless time of
3.3x103 in 350 time steps and MESH-5C simulated 1.7x102 in 1410 time
steps. In both cases, FLUMPS controlled the amplitude of the oscil-
lations by decreasing the time step, but this resulted in a great
increase in computer time.

The numerical results of the three meshes are compared in
Figure 8. The maximum variation in Qy between the meshes is about 7%
and the differences appear to decrease at larger times. The general
trend was for the curve to shift downward slightly as the mesh was
made finer. The discrepancies in the numerical results are not con-
sidered significant if one considers the uncertainties that would
affect constant head tests performed in the field. It was therefore
concluded that the "A" mesh was sufficiently fine to produce numerical
results of desired accuracy for y = 5. The numericai instability of
the finer meshes made them impractical with regard to computer time.
Since "A" meshes were acceptable for both vy =5 and v = =, it was fur-
ther concluded that an "A" type mesh would be sufficiently fine for
all piezometer geometries between those two values.

A general "A" mesh, containing 426 nodes and 417 triangular/
quadrilateral elements, was designed to simulate borehole geometries

with gamma values up to 50. Although the mesh was relatively effi-

cient for the case of y = 50, numerical instabilities became more



Table 2. Performance of FLUMPS in Simulating Nonhorizontal Flow

(v=5)
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MESH-5A MESH-5B MESH-5C
Number of Elements 226 255 326
Number of Nodes 235 264 335
Total Dimensionless Time 4.0x104 3.3x103 1.7x102
Total Number of Time Steps 269 350 1410
Total Computer Time (seconds) 27.1 58.8 59.0
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significant as smaller gamma values were simulated, resulting in a
drastic increase in computer time. Therefore, separate "A" meshes
were designed for gamma values of 10 and 25. The numerical scheme
continued to lose stability as gamma was reduced, but the correspond-
ing numerical inefficiency was partially offset by a reduction in the
number of nodes and elements (see Table 3). The numerical results are
presented as a family of type curves in Figure 9, and a full-size plot

is given in Plate 3.

3.4 Curve Matching Procedure for Determination of
Hydraulic Conductivity

Jacob and Lohman (1952) describe a curve matching procedure
for determining hydraulic conductivity from constant head tests
performed in single, fully-penetrating boreholes (y = =).- The type
curves in Figure 9 and Plate 3 can be used to extend their method for
the more general case of a partially penetrating borehole in a medium
of infinite thickness and radial extent. Field measurements of Q vs.
t are graphed on logarithmic paper of the same scale as the type
curves. While keeping the coordinate axes parallel, the field data is
translated vertically and horizontally until a type curve is chosen
which offers a "best fit." At any arbitrary match point, the values
of 06, t6, Q', t', and y' are obtained. These match point values can
be substituted into equations (3-1), (3-2), and (3-3) to calculate
medium properties:

(oo Q'
r2n L s, Qp

(3.4-1)



Table 3. Performance
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of FLUMPS for Each "A" Mesh

MESH-5A MESH-10A MESH-25A MESH-50A MESH-RA

Number of Elements
Number of Nodes

Total Dimensionless
Time

Total Number of
Time Steps

Total Computer Time
(seconds)

226 254 352 499 86
235 236 361 508 131
4.0x10% 4.0x10%  4.0x10*  4.0x10% 10°
269 263 297 297 196
27.1  23.5 44.7 77.3 11.6
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S = A (3.3-2)

/K 2r., '
Y
m = T(.f = ——r (3-4-3)

Important limitations are inherent in the graphical procedure.
Because the type curves have segments which are nearly flat, signifi-
cant horizontal translation error can occur, which severely limits the
reliability of calculated specific storage (eq. 3.4-2). In addition,
the type curves have similar shapes for tD values of practical inter-
est. It would therefore be very difficult to select one curve over
another when an attempt is made to fit the field data. Selection of
an improper curve would cause an error in the parameter m, and since
Kz is proportional to the reciprocal of m2, a serious error in verti-
cal hydraulic conductivity could result. It is therefore the author's
opinion that a reliable determination of vertical hydraulic conduc-
tivity and specific storage cannot be made from constant head tests
using a single borehole without observation piezometers.

The calculation of horizontal hydraulic conductivity requires
the selection of a type curve, which ultimately depends on an assumed
value of the parameter m. If the piezometer length is very large
compared to its radius, the calculated value of Kr will not be sensi-
tive to changes in m. For short piezometers, the selection of an
improper value can lead to appreciable error in horizontal hydraulic

conductivity. A hydrogeologic knowledge of the system may enable one

to assign upper and lower bound values to m and in turn to the
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calculated value of K. Such limits can be useful in many practical

applications.



CHAPTER 4
STEADY-STATE ANALYSIS

At large values of dimensionless time, the type curves for
smaller gamma values are nearly horizontal, indicating that the flow
field near the piezometer is close to steady-state. Therefore, at
large times a steady-state approximation should be sufficiently
accurate for practical application. A steady-state approximation may
not be valid for piezometers with large gamma values.

Hvorslev (1951) presented a series of equations to determine
hydraulic conductivity from constant head tests in piezometers of
various geometric shapes. For the piezometer or packer installations

depicted in Figure 1, the most appropriate equation is as follows:

2
gt [T | -

Hvorslev states the following assumptions:

1. uniform permeability

2. infinite soil depth

3. no disturbance, segregation, swelling or consolidation of
soil

4, no air or gas in soil, well point, or pipe

5. negligible hydraulic losses in pipes, well point, or
filter.

32
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He further states that the approximation is based on replacing the
cylindrical piezometer with an elipsoid. Hvorslev describes the loga-
rithmic term in (4.1) as the "shape factor" for that piezometer but
does not present a derivation of this term.

Cornwell (in Zanger, 1953) derives an equation for steady-
state flow from a borehole which leads to the Hvorslev equation. It
is presented here with some modifications. Consider a continuous
point source of strength b, under steady-state conditions, in an
equivalent isotropic medium of infinite horizontal and vertical
extent. The flow field is described by Darcy's law in spherical

coordinates as,

- 2 ds
b=-4n Kr 3" T3 (4-2)

where a is spherical distance from the point. After integration, the

boundary condition 4(«) = 0, is applied,

s(a) = 21 (4-3)

For the transformed cylindrical coordinate system in Figure 10, the
hydraulic buildup 4(R,z) resulting from a point source at (0,£) is

determined by substituting,

a= JRZ 4 (z - €)2 (4-4)

Then, (R, z) = b 1 (4-5)
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Because Darcy's law is a linear differential equation with respect to
4, the buildup resulting from two or more point sources is simply the
sum of the buildups from each point source. Therefore, a piezometer
of length L can be replaced with an equivalent 1ine source of constant
strength ¢ per unit length as shown in Figure 10. In this case, the
strength of an infinitesimal portion of the line source is equal to

c d&. Then,

N

SR, 2) = 5= de (4-6)
I K f =Sy

[]
-

By letting y = £-z, the integral can be evaluated as follows:

% s -
[ dé S R— TN (4-7)
\/R2 + (z - E)z ,/RZ + _y2
L L L
T2 "2 % "2 ¢

Since ¢ is a constant, the total flow rate is simply Q = cL. Making

the appropriate subsitutions and simplifying results in,

L, L,,
s(R, 2) = ﬁr—r sinh™ (2o—) + sinh™! (20 (4-8)

Equation (4-8) describes equipotential surfaces that have the shape of

confocal prolate spheroids with foci at (0, L/2) and (0, -L/2). While
this is a reasonable buildup distribution at some distance from the
piezometer, it does not exactly describe the equipotential surface of

the piezometer itself, which is a cylinder of length, L, radius "

’
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and hydraulic buildup 84° To simulate this boundary condition, an
elipsoidal equipotential surface must be assigned the prescribed
buildup in such a way that the flow rate is best approximated.

Approximation 1. Cornwell (and apparently Hvorslev) used the approxi-

mation A0-= b(Rw, 0) to simulate the actual boundary condition. In

effect, the cylindrical piezometer is replaced with the prolate

spheroid shown in Figure 1la. Substituting into (4-8) results in,

= -J— i -1 L._
oTTmk L™ (7R (4-9)

The archyberbolic sine function has the following identity,

sinh™! (y) = In (y + J1 + yz ) (4-10)

making this final substitution, where y = L/2R = mL/2r, and solving

for Kr results in the Hvorslev equation,

7
) mL mL.
ke =z L s, ‘"l:z PV ) } (4-1)

"w

Approximation 2. If Ao = A(Rw, L/2), the piezometer is replaced by

the prolate spheroid shown in fig. 11b. Then

% = z;—%;-[ [sinh™! (0) + sinh™! (%;)] (4-11)
Simplifying and solving for Ky results in,
2
=—Q 1 mL mL }
Ky 2n L 52 In r, " 1+(rw) (4-12)

Approximation 3. The following approximation has been proposed by

Neuman (personal communication),
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] [

AR , z) dz (4-13)

N

In this case, an averaged value of A(rw, z) along the borehole face is

assigned the prescribed buildup 4,,

(3] [
o

L,

-2

5,2 —2—| [ sin”lE—) dz+  sinh 122 N 275 4l (4-19)
4n Kr‘L w

L
2

N

e o—ed

The definite integrals can be evaluated by noting that,

b b

[ sinhl (%;) dy =l:y sinh™! (%;) -JP R E

(4-15)

a a

In the first integral, y = L/2 - z and in the second, y = L/2 + z.

Carrying out the interpretation gives,

L L,
8, = ___£L__§ - (% - z) sinh™} (2 ) + (2 +2) sinh™! (2 R )
4n Ko L w W
L
2 2 2
L 2 V/ L, \2
+ V/(i-- z) + Ry - (2 +2z)° + R, L (4-16)
2

Simplifying and solving for K. results in the final equation,

2 r
Kp = o [0+ 1+ (B2 ) -1+ ) + A (4-17)
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The preceding analyses can be summarized by the following general
equation,

K, = 52— ©
ro2nls, (4-18)

where the shape factor (C) is a parameter that depends solely on the
geometry of the cylindrical piezometer and the anistropy of the
medium. Since v = mL/2rw, the three approximations result in the

following shape factors,

n (v +/1 +12) (4-19)

) %-1n (2v + [1+a¥% ) (4-20)
1
3= (@v+ J1+477) - Jl+=54+53 (4-21)

4y

(]
1]

[
L]

o
H

4,1 Comparison with Numerical Results

Since C = l/QD at steady-state, a fourth shape factor (CN) can
be approximated by using the numerical values of QD at the largest
simulated time. Values of this numerically derived shape factor are
compared with the analytical shape factors in Figure 12. The numeri-
cal results suggest an error in Hvorslev's shape factor of 14 to 19
percent for gamma values between 5 and 50 and an error of 6 to 7.5
percent in the shape factor derived from approximation 3. Since
values of QD would be expected to decrease slightly at larger times,
CN may underestimate the true shape factor by a small amount. There-

fore the stated errors can be considered maximums.
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Values of the numerical shape factor plot as a straight line
on semi-logarithmic paper and linear regression yields the following
empirical relationship:

CN = ,923 In (v) + .440 (4.1-1)
where,

5 < v<50
Equation (4.1-1) is presented here as an improvement to the
analytically derived shape factors.

As stated previously, the steady-state analytical approxima-
tions define equipotentials that have the shape of confocal prolate
spheroids. A useful equation is obtained by dividing equation (4-8)
by (4-18) and solving for the ratio (s/s,). In terms of dimensioniess

distances, the resulting equation is,

Z -1
(A/AO) = L [%1nh'1 (Y§+ D) + sinh”} (Jﬁ———g{} (4.1-2)

2C D D

For approximation 3, the shape factor is given by equation (4-21).
Figure 13 shows the distribution of hydraulic buildup given by (4.1-2)
using shape factor C3 for v = 10. Figure 14 shows the buildup
distribution given by the numerical results. The equipotentials for
the two plots are quite different next to the borehole, but become
more similar at increasing distances from the borehole. Although not
shown, the equipotentials are almost identical for (A/Ao) < 0.2.

To evaluate the distribution of hydraulic flux along the
borehole, the dimensionless flow rate contributed by a node at the

borehole face is defined as,
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Qy

U = 53— — (4.1-3)
DN 2r Kr Ao

where QN is the volumetric flow rate per borehole length represented
by the node. The sum of Q> for all nodes defining the open portion
of the borehole, is equal to Q). Figure 15 shows the distribution of
flux along the borehole for various values of gamma based on the
numerical results. At the singularity point, QDN assumes a large
value, which is expected since the hydraulic gradient theoretically

approaches infinity.

4.2 Multiple Rate Testing

When conducting permeability tests in a borehole, it is common
practice to perform a series of tests at different prescribed heads.
For steady-state conditions, equation (4-18) predicts a linear
relationship between prescribed head (Ao) and flow rate (Q), as shown

in Figure 16a. In this case,

5—) Q = BQ (4.2-1)

where B is the slope of the line. If field data plot as a straight
line on a graph of 4, vs. Q, hydraulic conductivity can be calculated

by solving B for Kr’

K = =%

r* W IB (4.2-2)

At higher flow rates, the graph is sometimes observed to devi-
ate from a linear relationship, as shown in Figure 16b. This situa-

tion may result from nonlinear or turbulent flow inside the borehole
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and/or within the medium near the borehole. Rorabaugh (1953) suggests

the following equation for nonlinear flow conditions:

5, = BQ + AQ" (4.2-3)

where A and n are empirical constants. The term BQ represents the
hydraulic buildup resulting from linear flow and AQ" is the additional
buildup attributed to nonlinear flow. It is assumed that nonlinear
flow is confined to a relatively narrow region adjacent to the bore-
hole and that the remainder of the flow system is characterized by
linear flow conditions (i.e., described by Darcy's law). Equation

(4.2-3) can be rewritten as,
*0
Tog (5— - B) = (n-1) log Q + log A (4.2-4)

which indicates that a plot of log (AO/Q - B) vs. log Q should be a
straight line, provided that the correct value of B is used.
Rorabaugh suggests the following procedure for calculating values of
the unknown parameters:
1. Plots of (4./Q - B) vs. Q are made on logarithmic paper
for various values of B.
2. The value of B which yields a straight line is chosen and
equation (4.2-2) is used to calculate K.
3. The slope of the line equals (n-1) and the intercept (at
Q=1) is equal to A.
Values of n calculated by this method generally range from 2 to 3.
Figure 16c shows a graph for which hydraulic conductivity

increases with prescribed head. This situation can occur in fractured
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media where apertures increase as a result of higher pore pressure.
The significance of turbulent flow cannot be interpreted from a

response of this type.

4.3 Error Analysis

In a field situation, piezometer tests are subject to measure-
ment errors. Borehole radius, or more specifically the "effective
borehole radius" may be increased by drill bit wobble, caving of the
borehole wall, and unintentional well development. It may be
decreased by the infiltration of drilling fluids or development of a
mudcake. Piezometer buildup may be overestimated due to head losses
in the casing, well screen, or granular formation stabilizer, and flow
rate is subject to error by the flow measuring device.

Consider a dependent variable Y which is a function of n inde-
pendent random variables, each with a mean and a variance,

Y= 90X, X5 eee Xp) (4.3-1)
If Y is expanded into a Taylor series, a first order approximation of
its variance is given by,

2

99
VAR [Y] = (573) VAR [Xj] (4.3-2)

J

n™M3

1

where the derivatives are evaluated at the mean values of the inde-
pendent variables (from Benjamin and Cornell, 1970, p. 184).
For steady-state conditions, the isotropic hydraulic

conductivity is given by,

K [.923 1n(?|'r;—) + .440] (4.3-3)
w

=—-Q
2n L éo
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If Q, 39 and r, @re assumed to be independent random variables, the

the variance of K is approximated by,

2

2 Q Cy
VAR [Q] + ( 5—) VAR [s.]
Y

VR K] = () [
0

2
+.8519 () var [rw]:] (4.3-4)

w

As an example, let the mean values of the variables be the parameter

values used in the numerical simulation for vy = 10:

K=10"%cm s
4, = 1000 cm
rw ™ 5 c¢cm
L = 100 cm
CN = 2.56
and solving (4.3-3) for flow rate,
Q= 24.5 cm’ s7F

For this numerical example, assume the standard deviations of Q, 5
3

0’
and ry are 1.5 cm s'l, 20 cm,and 1 cm, respectively. The variances
are, |
VAR [Q] = (SD[QI)? = 2.25
VAR [4,1 = (SD[4,1)2 = 400.
_ 2
VAR [r,1 = (soLr,])

Substituting into (4.3-4),

1.0

VAR [K] =9.33 x 10”11

and the standard deviation of K is,

SD [K] = /VARTK] = 9.7 x 1076 cm 571
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which represents a random error in hyraulic conductivity of about 10%.
In this example, the measurement errors in equation (4.3-3) would

probably be unimportant compared to uncertainties in the physical

model.



CHAPTER 5
CONCLUSIONS

A constant head test performed in a single, partially pene-
trating borehole is not considered an optimal method for determining
hydraulic properties of a porous medium. Indeed the analytical and
numerical solutions presented in this study point out significant
limitations to the method. However, constant head tests can offer
logistical advantages under certain field conditions, and thus the
practicing hydrologist is commonly called on to analyze data of this
type.

An exact analytical solution is given by Jacob and Lohman
(1952) for the special case of transient horizontal flow from a fully
penetrating borehole and Hvorslev (1951) presents a steady-state
approximation for partially penetrating boreholes. Unfortunately, an
exact analytical solution is not available for the general case of
transient flow from partially penetrating boreholes. The purpose of
this study has been to obtain a numerical solution for this more
general case.

The following conclusions can be made, based on the numerical
results:

® Reliable values of vertical hydraulic conductivity and

specific storage cannot be determined from constant head

51
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tests performed in single boreholes without observation
piezometers.

Calculated values of horizontal hydraulic conductivity
have some degree of uncertainty because selection of a
type curve (or shape factor) depends on an assumed value
of the parameter m. This uncertainty can be reduced by
constructing a piezometer with a large length-to-radius
ratio.

Approximately steady-state conditions are approached more
rapidly in partially penetrating boreholes with small
length-to-radius ratios. Following an initial transient
period, a steady-state analysis is sufficiently accurate
for practical application.

Large amounts of time may be required for approximately
steady-state conditions to exist in boreholes with large
length-to-radius ratios. Fully penetrating boreholes
never approach steady-state.

A steady-state shape factor equation (derived from the
numerical results) is presented as an improvement to that
given by Hvorslev. However, Hvorslev's analytical shape
factors differ from the numerical results by no more than
20 percent.

In many field situations, the uncertainties resulting from
measurement errors will probably be unimportant compared

to uncertainties in the physical model.



Constant head pump tests are potentially useful from a logistical
standpoint. However, the interpretation and analysis of test data

requires a certain degree of caution.
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APPENDIX
NOMENCLATURE

spherical distance (L)
empirical constant
strength of point source (L3 T71)

slope of linear portion of ('5o vs. Q) graph (TL'Z)

strength of line source per unit length (L2 T'l)
steady-state shape factor (dimensionless)
hydraulic head (L)

prescribed hydraulic head (L)

isotropic hydraulic conductivity (LT'l)

principal hydraulic conductivity in radial direction (LT'l)

principal hydraulic conductivity in vertical direction
-1
(LT77)

Tength of open portion of borehole (L)

Ky

. (dimensionless)
z

empirical constant

flow rate (L3 1)

flow rate at match point (L3T'1)

= dimensionless flow rate (dimensionless)

dimensionless flow rate at match point (dimensionless)

54



55
flow rate per unit length contributed by node (L2T'1)
dimensionless flow rate contributed by node (dimensionless)
radial distance (L)

radius of borehole (L)

# = transformed racdial distance for an equivalent isotropic
medium (L)
%— = dimensionless radial distance for an equivalent
W

isotropic medium (dimensionless)

transformed borehole radius for an equivalent isotropic
medium (L)

hydraulic buildup (L)
prescribed borehole hydraulic buildup (L)

specific storage (L'l)

mzss = transformed specific storage for an equivalent
isotropic medium (L'l)

standard deviation of the random variable Y

time (T)

time at match point (T)

Kr t Kr t
o v il I dimensionless time (dimensionless)
Ss Ry SsTw

dimensionless time at match point (dimensionless)
variance of the random variable Y

vertical coordinate (L)

%— = dimensionless vertical distance (dimensionless)
W



L . ool

(dimensionless)
2Rw 2rw

value of gamma for selected type curve (dimensionless)
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