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ABSTRACT 

In this work we examine pole-zero modeling and its application 

to transient electromagnetic scattering. In essence, we view the scat

tering object as a transfer function relating the incident and scatter

ed time-domain fields measured at a particular point in space. The 

scattering process is thereby reduced to an input-output relationship, 

which we simulate with a linear difference-equation (LDE) model. The 

optimal difference equation coefficients which result in a "best" model 

fit to the observed data are computed numerically, using an algorithm 

based on the Levenberg-Marquardt procedure. The promise of the pole-

zero approach, as applied to transient electromagnetic scattering, de

rives from the possibility that the LDE model poles comprise a parameter 

set through which we can identify an unknown target. The success of 

pole-zero modeling methods in the areas of speech processing and com

munications supports this possibility. 

x 



CHAPTER 1 

INTRODUCTION 

The body of literature dealing with transient electromagnetic 

scattering has grown steadily since World War II. Some of the princi

pal contributions stem from work begun in the early 1950's concerning 

the effects of the electromagnetic pulse (EMP), produced by nuclear 

detonations. We refer the interested reader to the massive compendium 

of papers edited by Lee [1] dealing with the interaction of EMP and 

electromagnetic and electro-mechanical systems. 

In the early 1970's, Baum [2] formulated the singularity expan

sion method (SEM). The SEM approach essentially gives a decomposition 

of the object response as a sum of complex exponential terms in the 

time domain. The idea of representing the solution as a series of 

exponentials is not new; the Method of Prony [3], dating to 1795, is a 

method of estimation of the parameters of a N-th order linear differ

ence equation (LDE), whereby, in effect, the impulse response is repre

sented by a sum of complex exponentials. 

Baum's original work spawned a plethora of papers dealirg both 

with the practical implementation of SEM and also with mathematical 

issues of existence and uniqueness. Baum has subsequently produced 

many papers dealing with SEM primarily in the Air Force Weapons Labora

tory Interaction Note series [4]. Tesche's [5] classic paper dealing 

with the transient current distributions induced on various thin-wire 

1 
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antennas using the SEM approach is frequently referenced 1n the litera

ture. In more recent developments, Felsen [6] advocates a hybrid repre

sentation for the scattered field, based on alternate spectral repre

sentations of the Green's function. The idea here is to incorporate 

in a single formulation, valid for all times, the advantages of the SEM 

representation, which is more effective at later times, and that of a 

ray-optics type series, which is more suitable at early times. 

Marin [7] has shown that for a large class of simple closed 

electromagnetic scatterers, the object response is a meromorphic func

tion of frequency, that is, the transfer function relating the incident 

and scattered fields is characterized by its zeros and poles. For 

such scatterers, the amplitude and decay rate of each damped sinusoidal 

term comprising the complex exponential series representation for the 

scattered field are governed by the SEM poles of the target. The SEM 

poles represent the complex resonant frequencies of the scattering 

body. The SEM poles are intrinsic to the scattering object and do not 

depend on the source-observer configuration or the time characteristic 

of the incident wave. The fact that the target poles are independent 

of the source-observer geometry is particularly important in radar 

applications where one typically has access only to the backscattered 

field response at a particular aspect angle. 

Most of the literature dealing with the SEM follow two (not 

necessarily equivalent) approaches. The first approach involves the 

solution of the dyadic E-field integral equation (EFIE) or the H-field 

integral equation (HFIE) in terms of the (unknown) surface currents 
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induced on the scatterer. The surface currents are expressed as an 

eigenfunction series of linearly independent modal functions over the 

surface of the scatterer. This method is known as the eigen-mode expan

sion method (EEM). The reader is referred to the papers by Baum [4], 

Dolph [8] and Ramm [9] for detailed discussions of the EEM approach. 

The second approach, which we employ in our analyses, derives from the 

Green's function field formulation. In this case, the SEM singularities 

are identified with the poles of the inverse (integral) operator asso

ciated with the boundary-value problem for the electromagnetic model 

under consideration. Ramm [9], Dolph [8, 10], Baum [4] discuss the 

relationship between the EEM and SEM solutions and the conditions for 

their equivalence. We will consider the Green's function approach in 

chapter 2. 

The concept of applying the formal techniques of signal process

ing and parameter estimation theory to the transient electromagnetic 

identification problem is a comparatively recent development. We find 

Prony's method resurrected and expanded in recent papers and symposia 

by L.W. Pearson, Van Blaricum, and Mittra [11, 12], Van Blaricum and 

Mittra [13, 14], and Dudley [15, 16], In fact, Dudley shows that 

Prony's method is a special case of parametric pole-zero identification. 

Van Blaricum [11, 12, 13] and Mains and Moffatt [17] are perhaps pri

marily responsible for adopting Prony's method to the identification 

of transient signals. Dudley [15, 16] has adopted Ljung's [18] differ

ence-equation formalism to the parametric estimation of transient elec

tromagnetic systems. 
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The application of SEM and parametric modeling to the problems 

of target identification, target recognition and target camouflage is 

of particular interest to the military community. In these applica

tions, one would hope to capitalize on a presumed knowledge of the tar

get poles and their relationship to the physical target characteristics. 

After extraction of the target resonances from the transient radar echo 

signal and perhaps comparing these data with a library of target types, 

one would hope to make a positive object identification. 

In order to gauge the suitability of SEM to the remote sensing 

problem, we must address the following issues: 

1. Under what conditions can the target resonances be accurately 

identified? 

2. How much accuracy do we require for a particular application? 

3. How much noise can our identification algorithms tolerate? 

4. What class of objects are amenable to pole-zero modeling? 

5. What a priori assumptions do we need to make about the target? 

6. How many poles are necessary for target recognition and/or 

target identification? Which ones? 

In chapter 2, we develop the LDE model and show how it gives 

rise to the complex exponential series solution associated with the 

singularity expansion method (SEM). We indicate that the poles of the 

LDE system transfer function are, by construction, identified with the 

SEM poles of the target. 

We consider two canonical electromagnetic scattering structures. 

In chapter 3, we investigate the one-dimensional lossless dielectric 
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slab. A uniform plane wave Impinges on a conductor-backed slab of 

width d at normal incidence. We consider the slab model first because 

it is a very simple scalar model which nevertheless dramatically 

illustrates some of the serious problems associated with pole-zero 

modeling. In addition, the slab model is amenable to immediate physi

cal interpretation, in terms of the scattering mechanisms involved. 

In chapter 3, we also present several numerical case studies which 

demonstrate the high sensitivity of the model pole positions to noise 

added to the signal data. 

In chapter 4, we examine a two-dimensional (scalar) model, the 

perfectly conducting cylinder. The cylinder is illuminated with a 

normally incident H-polarized plane wave pulse. The circular cylinder 

model, since it produces radiation damping, is more complicated than the 

slab model. In addition, the parametric inverse problem is considerably 

more difficult. Part of this difficulty derives from the more complex 

pole structure associated with the cylinder model. Also, the cylinder 

response incorporates a branch cut contribution, absent in one- and 

three-dimensional problems. 

In chapter 5, we present some conclusions about pole-zero 

modeling based on our experience with the slab and cylinder problems, 

and some recommendations for future work. 



CHAPTER 2 

THE LINEAR DIFFERENCE EQUATION MODEL 

2.1 Pole-Zero Modeling: Overview 

In this chapter, we discuss pole-zero modeling and its applica

tion to transient electromagnetic scattering. Our objective is to 

familiarize the reader with the linear difference-equation (LDE) approach 

and to show how the LDE model is related to the SEM exponential series 

representation. The reader is referred to the texts by Papoulis [19] 

and Oppenheim and Schafer [20] for detailed discussions of the theories 

of signal analysis, linear systems, and digital signal processing. 

Ljung [18], and Eykoff [21] discuss theoretical aspects of system 

identification. Dudley [15, 16] applies and extends Ljung's formalisms 

to the parametric modeling of transient electromagnetic systems. 

The system identification problem entails the determination of 

the LDE model that minimizes the difference between the model and pro

cess output time-domain signals in the least-squares sense. In the 

electromagnetic scattering application, the process input and output 

signals consist of scalar components of the incident and scattered 

electromagnetic field, respectively, measured at a particular point 

in space. The target resonances are approximated by the complex poles 

of the transfer function derived from the LDE model. As a simple 

example, consider the following scalar boundary-value problem. Suppose 

that the Green's function G is the solution to 

6 
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(V^ + k^) G (x.» u>; x' ) = - 6 (x - x'), x. X1 e £2+ (2.1a) 

where fi is the region exterior to the scatterer. 

Suppose we have the boundary condition 

= 0 (2.1b) 
X e a 

where ° denotes the scattering surface. (We assume a is smooth and not 

concave.) G(_x, u;x') must also satisfy the Sommerfeld radiation condi

tion 

Tim r [|£ + i kG 
r+co ldr 

= 0 (2.1c) 

where r = |xj. The time convention e1u)t is implicit. 

In this paper, we consider only sources for which the space 

and frequency dependence is separable. Accordingly, the field response 

due to a source distribution A(x1) is given by 

¥ s (x,u>) = F(id) Y * (x, id) (2.2a) 

where 

I * (x, w) = f G(x, u;x') A(x1) dx' 
° 

(2.2b) 
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c 
To obtain (2.2a), we assume that the normal derivative of ^ is zero on 

a. In (2.2), A(jk') is the spatial source distribution and F(w) is the 

Fourier transform of the temporal forcing function. 

The time domain response is given by the inverse Fourier trans

form 

¥S(*. T) • SF F (2.4) 

For the problem defined by 2.1, Lax and Phillips [22] have 

shown that ?s (w) is a meromorphic function of frequency with a count-

ably infinite number of simple poles in the upper-half co-plane. In

voking the Cauchy residue theorem [23], we close the contour (fig. 

2.1) along the arc I+ for t > 0 and along arc I" for t < 0. Assuming 

the integral contribution on I+ and I" is zero in the limit as R tends 

to infinity, we can represent vs(t) as the residue series 

*s(x, t) = u(t) 
00 e-
1 Res {¥ (x,un)> e 

n=-» 

+ I Res {Vs (x, uj[)}e 

1 

i"It (2.5) 

where the w are the poles of the integrand in equ. (2.2b), the wf are 
n * 

the poles of the forcing function F(w), and u(t) is the unit step 
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function. Under the assumptions made, we note that the scattered field 

(2.4) is representable as a complex exponential series. 

Now form the ratio 

IS (X, w) I?(x,w) 
H(w) = — = —2 

v ' Trine ? mMx, *) 
(2.6) 

i nc where v, the frequency-domain impulsive incident wave evaluated at 

the point x, is given by 

* J n c ( x . « )  =  + 60(x. "ix1) A(x') dx' (2.7) 

where 

exp (-ik|x - x.' |) 
Go 4ir[x - x' | 

and 

?1nC (X.») = F(m) SjnC(x,B) 

We view the function H(u) as the transfer function relating the 
i nc 

incident and total scattered response at the point x. Since 1S 

an entire function of frequency, the poles of H(<j) in the finite 
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u-plane are the same as the poles of . We may formally represent 

the impulse response by the inverse Fourier transform 

h ( t )  =  h  f  H ^ ) e 1 u t d «  ( 2 . 8 )  J —CO 

On the basis of the same arguments and assumptions above regarding the 

vanishing behavior of H(oj) on the arcs I+ and I" (fig. 2.1), we may 

express the impulse response as the residue series 

h(t) = u{ t) I Res {H (uj )} (2.9) 
n=-oo 

The poles a)n are the same as those given in equation 2.5. 

We now approximate H(ui) by a ratio of polynomials 

Ai p.(u) 

" I ^ T  7  5  T O T  .  1  "  J l 1  

I B J> J 

j=0 J 

= H(u) (2.10) 

This approximation implies [16] that the incident (input) and scattered 

(output) signals are related by the differential equation 
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11 I * 
I A. (4) <i-s(x,t) = I B. (4)° ¥inc (x,t) + R(t) (2.11) 

i=o 1 01 j=o 3 flt 

where R(t) is the error introduced by the model in (2.10). 

If the J zeros of Pj are distinct, then we may decompose H(w) 

by partial fractions of the form 

H(u>) = I (2.12) 
j=l W -

where 

e- = Res {H(w.)} 
J J 

If each uj. lies in the upper-half w-plane, corresponding to a stable 
J 

model, then, applying residue calculus once more, we find that the 

model impulse response can be expressed as the residue series 

h(t) = u(t) I Ci (2.13) 
j=1 J 

We recognize (2.13) as a truncated version of (2.9). The simulated 

output signal fS(t) is given by the time convolution 



r(t) « h(t) © nc (t) 

h(t-t0) *1nc(t0) dt0 (2.14) 

where the spatial dependence on x. and _x' is understood but suppressed. 

The pole-zero approach entails the determination of the coefficients 

An and Bn such that Vs{t) is close to Vs(t) in the least-squares sense, 

over the time interval [0, T]. T is selected so that ¥ = ¥ = 0, for 

t > T. Even though the difference between vs and ¥s may be very small 

over the interval [0, T], the model poles wn often will diverge signi

ficantly from the actual process poles ajn, particularly if noise is 

added to the signal data. This discrepancy is due in part to the sensi

tive exponential dependence of h(t) on the model poles. In addition* 
iu> t 

the complex exponential functions e do not comprise a basis set on 

the interval [0, T]. Consequently, enlarging the model size (i.e. 

more poles) ensures neither a better fit to the process data nor a 

closer approximation to the actual target poles w . 

In the following sections, we develop the discrete-time pole-

zero model. The differential equation model of (2.11) is replaced by 

a difference equation, corresponding to time-sampled signals. 

2.2 The Difference Equation Model 

Consider the linear system block diagram in fig. 2.2. The 

causal input signal x(k) consists of a short-length data record repre

senting the time-sampled incident field intercepted at the observation 
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point. The process output signal y(k) represents the time-sampled 

scattered response also seen at the point. The model output y(k) is 

the simulated output signal when the same input x(k) is applied to the 

model. The signal n(k) represents the noise added to the process output 

signal. The output error is the difference signal y(k)-y(k), denoted 

by e(k) 1n fig. 2.2. In order to simplify notation we assume that all 

signals are sampled uniformly at unit time intervals. 

The linear difference equation model takes the form [15, 16] 

where R(k) is the error which arises when the process data y(k) are 

inserted into the model. R(k) is sometimes called the prediction error 

residual or the equation error. This is to be distinguished from the 

output error residual e(k) in fig. 2.2, which is simply the difference 

y(k) -y(k). 

Our computational objective is to determine the optimal values 

of the difference coefficients An and Bn such that the cost function 

i=o j=o 
I CAi y(k - i) 3 - I [B. x(k - j) ] + R(k) (2.15) 

f(S) = I e2(k) 
k=l 

( 2 . 1 6 )  

is minimized. We have suggested in (2.16) the implicit (non-linear) 

dependence of the cost function on the coefficient vector 



3 .  =  •  •  *  >  B p ,  . . . J  B j )  

14 

(2.17) 

so that, equivalently, we require that 

vf (e) = 0 (2 .18)  

where vf is the gradient vector 

9f 3f 3f 9f 
3AQ * 3A1 ' * * * * 3AJ • 3BQ 

3f 9f 
9 

In other words, we seek the global minimum of the (I + J) - di

mensional cost surface f(,3). We face a problem in that a coefficient 

vector e satisfying (2.18) may correspond to a local minimum. In 

that case, the resultant residual error will be significant and the 

resultant model poles will be meaningless. This problem often occurs 

when the signal data is noisy, in which case many local minima are 

often generated on the cost surface. 

Another problem is that the system of equations (2.18) tends 

to be ill-posed. A popular measure of ill-conditioning of the system 

(2.18) is the condition number |Lmax/Lmin| of the Hessian of the cost 

function f(jj). The Hessian of f(i) is a matrix with elements 

32f(B) 
Tij^ ~ licTiicT 

(2.19) 
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where 

ci e » Aj i Bg t • • • » Bj} 

Lmax and Lmin are the maximum and minimum values attained by 

the eigenvalues of x. Condition numbers on the order of 10^ are not 

uncommon. 

2.3 The Non-Linear Optimization Program NLS 

In order to solve the non-linear optimization problem (2.18) 

we employ the transient system identification package NLS [24]. The 

non-linear optimization problem involves finding at each iteration step 

[24] "a direction vector dm and a positive scalar sm such that if the J — m m 

coefficient vector is perturbed in the direction d^ by a factor sm, the 

cost will be reduced. That is, if jJm+i = jj + smdm then 

F(!mtl) < 

NLS uses a combination of Newton and steepest descent steps as 

it progresses along the cost surface in search of a minimum (hopefully 

the global minimum). Both step types are governed by the Armijo 

step-size rule [25]. The steepest descent step progresses in the dir

ection of the gradient of the cost function f(ji). The rate of conver

gence is very slow in the vicinity of a minimum; for this reason the 

steepest descent step is infrequently used by NLS. Essentially, 

Newton's method consists of approximating f(j?) by the first three terms 

(up to second order) of its Taylor series expansion. The point at 

which the gradient of the approximating function equals zero becomes 
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the next step location. Actually, the simplified procedure described 

here is modified in NLS; the approximating function might be concave 

at the zero-gradient point, leading to a cost increase. The reader is 

referred to [25] for details. 

In order to obtain an initial starting point, NLS first com

putes an initial solution using a linear least-squares algorithm. Al

ternatively, a coefficient file created in a previous run with NLS may 

serve as the initial estimation. We submit to NLS the following infor

mation: 

1. the control file consisting of 24 parameters which govern the 

operation of the program 

2. the input signal data file 

3. the output signal data file 

4. (optional) a model coefficient file generated by a previous 

run with NLS. This coefficient file may be of higher or lower 

order than the order specified in the current NLS run. 

NLS generates, on request, a model coefficient file, a residual signal 

file, and a simulated output signal file. 

2.4 The Exponential Signal Representation 

Having determined the optimal coefficient vector js_ using NLS, we 

must next interpret the model in terms of the physical characteristics 

of the scatterer. As an intermediate step, we develop here the expo

nential series representation directly from the difference equation 

model. In the following chapters, we discuss the relationship between 
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the exponential series representation and the physical target parameters 

for the slab and cylinder electromagnetic models. 

For simplicity, we assume that the data is noise-free and that 

we know the model order. Therefore, the equation error R(k) is zero, 

i.e., y(k) = y(k). The reader is referred to the papers by Dudley 

[15, 16] for a treatment of the general case y{k) = y(k) + e(k). From 

(2.15), we have 

where y(k) is the simulated output signal. Computing the z-transform 

of both sides of (2.20), we obtain the system transfer function 

I J 
I  A.y(k- i )  =  I B.x(k- j )  

i=o j=o J 
(2.20) 

(2.21) 

We then factor the numerator and denominator of (2.21): 

i=o 

where the q. and p. are the zeros and poles of H(z), respectively, and 
J * 
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IQ is a constant. H(z) is then expanded in partial fractions of the 

form 

I  ?i 
« ' A '  p7  ̂

where 

r  ~  Y ( ^ .  
i " j^UT 

z=P< 

We can express each term of H(z) as a geometric progression, provided 

IP1/z| < 1. Then, 

H(z) = I 
i=o 

I 
k=o 

( 2 . 2 2 )  

In general, the series 

F(z) = I f(n)z -n 
n=-» 

(2.23) 
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defines the z-transform pair f(n) «•+ F(z). Comparison of equations 

(2.22) and (2.23) shows that the impulse response is given by 

1 

h(n) = u(n) I r .  p (2.24) 
i=o 

where 

u(n) 

1, n _> 0 

0, n < 0 

Finally, we make the substitution p^ - exp(s^) in (2.24) to obtain 

I 
h(n) = u(n) I exp (s,n) 

i=o 1 1 
(2.25) 

Equation (2.25) is the desired complex exponential series representa

tion. 
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2.5 Filtering Operations 

We make extensive use of the interactive transient-signal 

analysis and plotting package SIG [26]. SIG performs Fourier trans

forms in addition to filtering, scaling and resampling operations. 

Input and output signals are conditioned by SIG prior to 

running the non-linear optimization program NLS. First, the output 

signal mean is removed. This ensures that the d.c. response is zero 

as required from physical considerations. The raw output data will 

generally have a small d.c. component if the time-domain signals are 

derived from synthetic frequency-domain data using an FFT or some other 

numerical transform algorithm. 

Input and output signals are next filtered with a high order 

zero-phase low-pass Butterworth filter. The reasons for filtering are 

as follows: 

1. We wish to impose the condition that all signals are band-

limited, We may then decimate the signals in compliance with 

the Nyquist sampling criterion. It is desirable to decimate 

the signal data as much as possible without introducing alias

ing, since it is less time consuming to run NLS on shorter 

data records. 

2. We wish to suppress high order resonances corresponding to high 

frequency SEM poles with insignificant residues. We find that 

NLS is practically limited in application to 30th order (or 

smaller) models. If the signal dataaretoo rich in resonances, 

all of the model poles tend to be inaccurate. 
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3. Low pass filtering attenuates high-frequency noise components, 

resulting in a larger signal-to-noise ratio. 

In our experimental studies, we choose the low-pass cut-off frequency 

on the basis of an inspection of the magnitude spectrum of the process 

output signal. 

Finally, input/output data are decimated. The re-sampling 

factor is chosen such that the Nyquist criterion is satisfied for the 

bandwidth corresponding to the Butterworth low-pass cut-off frequency. 

2.6 Instabilities; Noise; Reduction of System Order 

In satisfying the optimization criterion (2.18) the coefficient 

vector £n will sometimes "step" through values such that the correspond

ing transfer function H(z) becomes unstable. In some cases, we find 

that the solution will eventually re-enter a stable region without 

operator intervention, provided that H(z) is only mildly unstable in 

the interim regions. If H(z) becomes wildly unstable, NLS will halt; 

the operator then has the options of running the program again with a 

different model size or saving the resultant coefficient set and running 

the subroutine REDUCE. REDUCE creates a new lower order coefficient 

file corresponding to a reduced model size. In effect, partial fraction 

terms corresponding to unstable poles are eliminated. As Goodman [24] 

points out, at a local minimum many of the poles are insignificant. 

REDUCE can be used to reduce the system order by eliminating poles 

which contribute insignificantly to the composite output signal. The 

new coefficient file created by REDUCE can in turn be submitted to 
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NLS as a starting point for a new optimization run. This iterative 

process can be repeated until a satisfactory error residual is obtained. 
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CHAPTER 3 

THE SLAB PROBLEM 

3.1 Overview 

We now consider the one-dimensional dielectric slab model, shown 

in figure 3.1. A dielectric slab of thickness d is illuminated by a 

uniform plane wave pulse at normal Incidence. The slab is lossless, 

homogeneous and isotropic with relative permittivity ep and free-space 

permeability uQ. The slab is backed by a perfectly-conducting plate 

at z=-d. The slab-plate combination is infinite in extent in both the 

x- and y- directions. Spatial variation occurs only in the z-direction, 

perpendicular to the slab surface. We assume that the dielectric per

mittivity is constant throughout the frequency range of interest; no 

dispersive effects are considered. The lossless region z > 0 (to the 

right of the slab in the diagram) is characterized by the free-space 

parameters and uQ. The slab model is equivalent to the class of 

2-region TEM transmission lines terminating in a conductive short-

circuit. 

In this section we develop the ray-optic field solution for 

the electric field in region z > 0; this solution form is a representa

tion of wave propagation in terms of wave-packets propagating along 

constant phase wavefronts. In the following section we examine the 

SEM representation. In contrast to the ray-optic approach, each term 

of the SEM series embodies the integrated effect of all the local 

25 
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topological features of the target. The SEM series representation con

verges more rapidly at later times, after the resonant response of the 

target has been fully established. At early times, the ray-optic 

approach is desirable because the ray series representation is compara

tively easy to compute. Also, the ray series is readily interpreted 

in terms of the scattering mechanism involved. This method tends to 

become awkward to apply at later times, when many rays must be accounted 

for. However, for the special case of the one-dimensional slab problem, 

the ray series may be calculated without difficulty at all times. 

The ray-optic formulation for the single-slab model is derived 

as follows. First, the scattering coefficient associated with the slab-

plate combination is expanded in a geometric series (frequency domain). 

From the linear systems viewpoint, this coefficient may be regarded as 

the transfer function relating the incident (input) and scattered (out

put) fields. Next, we multiply the resultant series by F(u), the 

spectrum of the temporal forcing function. Finally, we compute the in

verse Fourier transform of the product, term-by-term, and so arrive at 

the time-domain ray-optic series. 

3.2 The Ray-Optic Representation 

A linearly polarized plane wave of the form 

r inc . r/ \ Jkz Ey = F(w) e (3.1a) 

H x 
(3.1b) 
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impinges on the slab-plate combination at normal incidence. F(u) Is 

the spectrum of the temporal forcing function. The fields in regions 

1 and 2 (figure 3.1) are given by 

[ F(ui) [e^z + r(w) e ^z] , z ^ 0 

y ' iyelkz -i/I~kL 
F(u) [B(oj) e + C(u>) e ] » -d <_ z <_ 0 

where 

k 1 

We define the scattered E-field in region 2 to be 

(3.2a) 

. 8E 
H v s  —  " a f  ( 3 - 2 f a )  X uy 3Z 

Ey
s = F(oj) r(«) e"ikz (3.3) 

so that we may express the total E-field in region 2 as 

Ey = Eyinc + EyS (3'4> 
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where E™0 is given by (3.1). The total H-field in region 2 may be de

composed in a similar fashion. 

The reflection coefficient ris determined by invoking continuity 

of tangential E and H at the slab interface; in addition, we require 

that Ey | z__£j = 0. Lastly, the fields must satisfy the Sommerfeld radia

tion condition. The result for r is well-known: 

e* - i tan (wd & J / c )  
r(«) = - -3i X— 

ey +1 tan ( w d  s y /c) 

or 

R + exp (-2io)de */c) 
r(u) (3.5) 

1 + Rexp (-2i wd eJ / c )  

where 

R = v * - 1  

Er1 + 1 

(3.6) 

and c = speed of light in vacuo. 

We note that the function r is equivalent to an all-pass fil

ter, that is, |r| = 1 for all frequencies. All Fourier components of 

the incident wave are present in the scattered field, phase-shifted 

but without attenuation. We, therefore, anticipate that information 
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in the scattered field concerning the slab will be contained entirely 

in the phase of r. 

Expanding r in a geometric series, we obtain 

r(u) = -R-T T. I [(- R)" exp(-21nd e * / c )] (3.7) 
n=l 

where 

T_ = 1 + R and T+ = 1 - R . (3.8) 

We next compute the inverse Fourier transform of equation (3.2a), term-

wise, using result (3.7), to obtain an expression for the total time-

domain E-field in region 2. We find 

Ey(z»t) = f(t + |)-Rf(t-|)-T+T_ I 
n=l 

(- R)n-1f 
2nd e 

t . i  n  
c c 

I 

(3.9) 

Each term in (3.9) is a time-shifted attenuated version of the incident 

pulse f(t). The incident ray f(t + z/c) arrives at the slab interface 

(z=0) at time t=0. Experimentally, it is desirable to delay the pulse 

so that it arrives at an arbitrary point z' > 0. We replace t by 

t - z'/c and obtain 
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Ey(z,t) = f(t + ̂ ^-)-R(t--^-) 

" T+T" *, n=l 
(- R)""1 f 

z + z' 2nd er 

(3.10) 

If, in addition, we set the observer point z equal to z', then (3.10) 

becomes 

V,-t) = f(t) - Rf(t f) " T+ 
T- I 

n=l 
(-R)"'1 f 1 1 i . i i i v  

c c 

(3.11) 

In (3.11), it is understood that f(t) is a causal function, that is 

f(t) = 0, t < 0 . 

The program SLAB computes the series (3.11) and creates an output signal 

data file, which, together with the incident pulse f(t), is submitted to 

NLS after filtering operations. 

Equation (3.11) is readily interpreted. As noted, the incident 

wave f(t) arrives at the observation point at time t=0. The second term 

Rf(t) represents a wave reflected from but not penetrating the front-

face of the slab. The time delay t-2z/c is the 2-way transit time 
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required for a ray to travel from the point z to the Interface and back 

again. R is the Fresnel reflection coefficient corresponding to a plane 

wave impinging normally on a dielectric half-space. The series terms 

in (3.11) represent successive "trapped" rays within the slab; the n-th 

ray undergoes n 2-way trips before exiting the slab. T+ and T_ are the 

forward and reverse transmission coefficients associated with the slab 

interface. A 180-degree phase reversal in the electric field occurs 

each time a ray is reflected from the conducting back-plate. The time 

delay for each series term represents the transit time required for n 

2-way trips within the slab. We note that the field response at any 

particular time is given exactly by a finite number of ray-optic terms. 

We consider the following numerical example. Suppose the slab 

is 5 meters thick with relative permittivity er = 5.0. We adopt the 

double-exponential temporal pulse 

f(t) = u(t) [exp{-at) - exp(-3t)] (3.12) 

where u(t) is the unit step function. The Fourier transform of f(t) is 

F(w) = (u-ior1-(«-ie)"1 (3.13) 

F(iu) is equivalent to a linear combination of first-order low-pass fil

ters. The bandwidth of F(u>) is determined by the choice of rise and 

fall time constants a and 3. Figures 3.3 and 3.4 show an input pulse 
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and its corresponding magnitude spectrum, where a = 7.5 x 106 and 

13 = 1.2 x 108. 

Figure 3.5 shows the total field (incident plus scattered com

ponents) consisting of 600 samples spaced at 2.0 nanosecond (ns) Inter

vals. The observation point is located 30 meters to the right of the 

slab interface. At time t=0, we observe the incident wave arriving at 

the point. At time Ta = 2z/c = 200 ns, the ray reflected from the front-

face of the slab arrives. At subsequent time intervals of 2der*/c ns, 

beginning at time Tb = 2(z + de^)/c = 274 ns, the trapped ray sequence 

arrives. Note that prior to time » the received signal contains no 

information about the slab thickness d. That is, the observer does not 

sense the back-plate before t= Tb and does not sense the slab-plate 

configuration at all before T_. 
a 

If we locate the observer on the slab interface at z = 0, we 

obtain the response waveform shown in fig. 3.6. The time-domain wave

form for this case has a different appearance than the case z=30 meters 

because the initial reflected wave now combines with the incident wave 

starting at time t=0. However, the time delay between emerging trapped 

rays remains unchanged. 

The coefficient R increases with increasing slab permittivity 

and tends to a limiting value of 1 as er approaches infinity (equation 

3.6). Thus, the trapped ray terms (equation 3.11) are attenuated at a 

slower rate with respect to the index n, as er increases; trapped energy 

remains "trapped" within the slab for a longer period of time. However, 

the total energy of the trapped ray series decreases with increasing 
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slab permittivity due to the fact that the transmission coefficient T+ 

tends to zero as |er| •+ ». That 1s, a greater percentage of the incident 

wave is reflected before it ever penetrates the slab. Figure 3.7 shows 

the total time-domain response with the relative permittivity increased 

from 5.0 to 15.0, with the observer located at the slab interface. 

Trapped rays emerge at a slower rate with increasing slab permittivity, 

owing to the reduced propagation velocity inside the slab. 

For the special case of the lossless slab, the physical target 

parameters, er, and the slab thickness d, can be determined experimental

ly through an algebraic inversion of equation (3.11). Indeed, for 

o < ti7 the total E-field in region 2 is given by 
" V 

During this time period, an observer senses only a slab of 

infinite thickness with relative permittivity er- Since the input 

pulse f(t) is known and since the radar range z can be calculated from 

the time of arrival, (3.14) can be inverted to yield 

Ey{z,t) = f(t)-Rf(t-^) (3.14) 

R = 
f(t)-Ey(z,t) 

(3.15) 

Consequently, by equation (3.6) we have 



f ( t - -^)  +  f ( t ) -E y (z , t )  

E r  f ( t -^) - f ( t )  +  E y (z , t )  
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(3.16) 

The time dependence implied in (3.16) is illusory. By assump

tion, er is time-invariant, so that (3.16) will yield the correct 

value for all time, provided that the signal-to-noise ratio is sufficient

ly large. The remaining unknown parameter d, the slab thickness, can be 

determined by measuring the elapsed time At between the arrivals of the 

first reflected ray and the following ray that penetrates the slab inter

face and undergoes a single reflection off the conducting plate before 

exiting the slab. The arrivals of successive trapped rays are marked 

by abrupt discontinuities in the slope of the received signal (figure 

3.5). The slab thickness d is given by At/(2/e^). 

3.3 The SEM Representation 

In this section we derive the SEM field representation for the 

slab problem. The SEM representation is a global description of wave 

propagation in terms of the steady-state target resonances. For the 

case of the slab model, the SEM representation of the scattered E-field 

is obtained by computing the inverse Fourier transform of the scattered 

field, expressed as a residue series. That is, the transient response 

is expressed as series of damped sinusoids. The slab parameters d and 

are readily deduced from any of the SEM poles through a simple 

inversion relationship. The SEM poles are estimated by employing the 

LDE model described in chapter 2. 



The SEM Solution (ld +1) 

We reproduce here the equation for the total frequency-domain 

E-field response in region 2 (equation 3.2a)). A multiplicative phase 

factor exp(ikz) is also included, corresponding to the arrival of the 

incident wave at the point z at t=0. Then, 

Ey(z,w) = F(cu) [1 + r(uj)e"2ikz] (3.17) 

where 

R+ exp (-2i oj d e */c) 
rU) rL-r-

1 + Rexp (-2i aid z^/c) 

and 

Equating the real and imaginary parts of the denominator of 

zero we find that the poles of r are 

w ± n  =  — [  ±  j  ( 2 n  -  1 )  +  i  t a n h  ( e r  ) ]  ,  n  =  1 , 2 ,  . . .  
d c „  

r (3.18) 
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But, 

tanh"1 x = ^-ln [(1 +x)/(l - x)]. 

Thus, 

u)+ = C i [±(2n - 1) tt + i In (-p)] , n=l ,2 
±n 2d er* R 

9 • • • 
(3.19) 

We will alternately refer to the Laplace s-plane poles sn which are 

related to the d>n by the transformation 

Thus, the s-plane poles associated with the lossless slab configuration 

lie on a line parallel to the itu-axis in the left-half plane. Figure 

3.8 shows a typical s-pole plot corresponding to (3.20). The slab 

parameters ef and d can be deduced from the SEM poles by inverting 

equation (3.19). The coefficient R is found to be 

so that 

s = —-—r [In R± i (2n - 1) tt ] , n=l,2,... 
2 d e /  

(3.20) 
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-Im {un} (2n - 1) it 
(3.21) 

The slab permittivity er is determined from (3.6). The slab thickness 

d is obtained by solving the real part of (3.19) for d: 

We define the fundamental oscillation frequency f as the 

difference between the imaginary parts of any two successive s-poles 

multiplied by 2ji. The frequency fQ is equal to the reciprocal of the 

transit time required for a trapped ray to complete one round-trip 

circuit inside the slab. The fundamental frequency is proportional to 

the phase velocity in the slab medium and inversely proportional to the 

slab width. We see from (3.20) that f increases as er decreases. 

Also, the pole locus moves away from the Im(s) axis (in the direction of 

the negative real axis) as the refractive index of the slab decreases. 

This corresponds to a decrease in the Q of each complex conjugate pole 

pair sn and s_n» where the Q is defined as 

d = en (2n- 1) 

2 Er* Re {un} 
(3.22) 

(3.23) 
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For a lossless dielectric slab the SEM poles always occur in 

complex conjugate pairs and lie on a line parallel to the imaginary 

axis in the s-plane. Grant [27] considers the lossy slab model. The 

SEM poles of the lossy slab exhibit increased damping with increasing 

oscillation frequency. For a lossy slab, the transcendental equation 

giving the SEM poles cannot be solved in closed-form; numerical search 

techniques must be employed. We do not further consider the lossy 

slab case in this paper. 

The SEM representation of the total E-field in region 2 is 

obtained by computing the inverse Fourier transform of (3.17): 

E y ( 2 , t ) = f ?  f  W  ' W  « '  d "  ( 3 " 2 4 )  

where 

td = t - 2z/c. 

We invoke the Cauchy residue theorem, closing the integral con

tour on I+ in upper half w-plane for t^ > 0 and on I" for t^ < 0 (figure 

2.2). Since lim |rF(w)| = 0(ui-1), there is no contribution to the 
l«h- + 

transform integral on the arcs I and I . No poles are enclosed in 

the LHP, so the solution is zero for t^ < 0. Thus, the scattered E-

field is given by the residue series 
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Ey(Z,t) = 1 
n=-» 

Res {r(tun) F(^n)} 
i id t. n a 

L f * 
+ I Res {r(u ) F(u )>e 

A=1 4 * 

1 Ft " 
1u)a td u(tH) (3.25) 

where u{t) is the unit step function, and the are the poles of F(u>). 

The total E-field observed at z is given by 

E = E 1nc + E* (3.26a) 

» f(t) + E*(z,t) , for z = 0 . (3.26b) 

If the observer is located at the slab interface (z=0), the 

delay time t^ equals t, so that the total field is expressible as a 

sum of exponential terms, each of which is excited at time t=0. If 

the observer is located away from the slab interface (z>0), then the 

initial scattered field component arrives at the observation point 

2z/c seconds after the arrival of the incident wave at the point. We 

have found that it is difficult for NLS to simulate the total field 

response (3.24) with a reasonably sized difference equation model for 

z > 0, the difficulty here is due to the introduction of an additional 

discontinuity in the time derivative of the observed field at time 
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t=2z/c, when the initial reflected field signal arrives. This problem 

can be circumvented by modeling only the scattered field component 

(3.25), with 2 set to zero. This is a reasonable tactic since the 

incident field is known and the radar range z is easily determined. 

We will return to this point in the next section on case studies. 

In order to obtain the explicit SEM representation, we must 

evaluate the residue series in equation (3.25). We define 

G(oj) = r(oj) F{u) (3.27a) 

R+e1!Q / xf'wo-i-i \ (3.27b) 1 0  ( a + 1 o ) ) (  $  +  1  a > )  1 + Re1 

where 

0 = -2iu)der*/c, 

R is given by (3.6), and F(w) is given by (3.13). We rewrite G(ui) as 

the ratio 

G(ui) = q(o))/h(ai) 

where 

q(») = («- e)(R + e1e) 
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and 

h(oi) = (1 + Re^)(o+ ito){3 + icj) 

Since h'U), the derivative of h, does not equal zero at any 

of the poles of G» we can evaluate the residue at a pole di=wn according 

to 

RES{G(wn) > = q(wn)/h'(a)n) (3.28) 

where 

h1 ( uj) = 
2Rd 

exp (-2i o)n d e^/c) (un - ia)(un - ie) 

+ (1 + Rexp (-21 a>n d erVc)(2a>n - i (a-e)) (3.29) 

The second term in (3.29) vanishes. Indeed, 

exp(-2i a>n d er*/c) = exp [ ± i (2n - 1 )tt + In (^)] , n=±l ,±2, 

1 
R 

Thus, we find 
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(R-i)(a- B) exp(i 0) td) 
i RES {G(u )} — (3.30) 

" (2derVc) (wn - 1o)(«n - iB) 

In order to evaluate the residues at the forcing function poles ia and 

i3, it is simpler to use 

RES {6(ia)> = lim (u-la)G(lw) (3.31) 
ciH-ia 

and a similar result for the pole at o)=i$. We find that 

- R + exp (2a d /e /c) 
i RES {G(ia)> = — (3.32) 

1 + Rexp (2adi/e^/c) 

with a similar result for the residue at w=ie. Substitution of results 

(3.30) and (3.32) into (3.27) and (3.25) results in the following 

expression for the scattered E-field: 

Ey(z.t) = I ]ln exp (i ton td) + Aexp (-atd) - Bexp (-ptd)Ju(td) 
n=-» 

(3.33) 

where 

, -1 
I S—(i-R)(»-B) [(«.„" 1«)(un-lB)] (3.34a) 
" 2d/^ R " " 



- R + exp (2ad/e~7c) 
A = i-1— 

1 + R exp (2ad/e^/c) 

- R + exp (23 d e j / c )  
B Ej 

1 + Rexp (26d Er*/c) 

and 

td = t - 2z/c . 

The wn are given by (3.19). Equation (3.34) is the complex exponential 

series representation of the scattered field from the slab. 

Using the symmetry relation iun = (iu_n)* , the sum in (3.33) 

can be expressed over positive values of the index n. In numerical 

computations, we compute the resultant (truncated) series 
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(3.34b) 

(3.34c) 

Ey
S(z,t) -

V 

^  ( R - l ) ( e - „ )  e ~ y t ( i  

- cos[td <y - g)(y - B) - xn
2)] + Xn sin[td(6+ a - 2y)] 

n=l [x„2 + (y - a)2] [*n
Z+(y - B)*] 

R - exp (2a d e fyc -atd R - exp (23 d e */c) -Btj 
+ _^ !__— e' a -—— e 

1 - R exp (2a d er*/c 1 - Rexp (2ed e */c) 
"(tH) 

(3.35) 
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where 

y = Im {u)n} , n = 1, 2, ... 

xn = Re <V 

Figure 3.9 shows the convergence of the expression (3.35) for various 

values of N, corresponding to the case for which er = 5.0, d = 5.Q meters 

and z = 0 (observer at the interface). The reference waveform is gener

ated from the ray-optic series. The largest errors occur in the early 

time data. Conversely, the late time data is dominated by the lowest 

order (n small) pole-pairs. 

3.4 Interpretation of the Forcing Pole Terms 

For a dense slab, the residue contributions from the forcing 

function poles (equation 3.35) predominantly influenece only the front-

face scattering from the slab. As the refractive index of the slab 

becomes large, the transmission of energy into the slab decreases, the 

scattered field is dominated by the front-face reflection. The incident 

wave is reflected from the slab essentially in its original form. The 

incident wave, of course, is characterized by the poles of the forcing 

function. 

We may also interpret the influence of the forcing function 

pole residues in terms of the migration of the slab poles, as the 

slab permittivity is varied. The slab poles, u>n> migrate closer to the 



45 

Re(u) axis (see equation 3.19) as cr increases, so that eventually the 

imaginary part of the on will be less than the least attenuated of the 

forcing function poles. That is, for er sufficiently large, the forc

ing pole residue contributions will decay in time more rapidly than 

the slab pole contributions, the forcing function poles will tend to 

influence primarily the early time response of the slab. Pursuing this 

argument further, we find that in the limit as + to, the factors I 

(equation 3.34) tend to zero, so that the scattered E-field is comprised 

entirely of the forcing pole residues: 

•a t '& t„ 
uUh) 

= -f(t„) 

which we recognize as the field reflected from a perfectly conducting 

sheet. 

In summary, as we decrease the refractive index of the slab, 

the forcing pole terms will have a greater influence on the emerging 

trapped rays which follow the front-face reflection. Figure 3.10 shows 

a plot of the SEM representation for the scattered field E with and 

without the forcing pole residue contributions. The relative permittiv

ity is 35.0, a moderately large value. The input function consists of 

a single decaying exponential 

f(t) = u(t) exp (-7.5 x 10"61) 
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In this case, there 1s a simple forcing function pole at u=i 7.5x10^ . 

The forcing pole term contributes little after 1300 ns, when the first 

trapped ray emerges. For a low contrast case (figure 3.11), with 

er = 3.0, the contribution from the forcing pole term has a greater 

influenece on the late time response. 

3.5 Single Slab Model: SEM Pole Identification 

We now present numerical studies which demonstrate the identi

fication procedure discussed in chapter 2. We consider these cases 

with the following objectives in mind: 

1. Calculate and interpret the model SEM poles for the simple-

slab structure. 

2. Investigate the effects of noise added to the output signal 

data. 

3. Demonstrate the limitations of pole-zero modeling as applied 

to transient electromagnetic scattering. 

As in the previous developments, we employ the double-exponen

tial input pulse 

f(t) = [exp (-at) - exp (-3 t)] u(t) (3.36) 

with a = 0.0075 GHz and 6 = 0.12 GHz 

The pulse parameters a and 3 are chosen so that several SEM resonances 

are included within the passband of the input pulse. If the input 



47 

pulse is too fast, corresponding to a broad spectrum, a prohibitively 

large order difference equation is required to model the output signal 

accurately. 

Unless noted otherwise, the observer is located at the slab 

interface z = 0. For the present, the output signal consists of the 

total time-domain electric field (incident plus scattered field com

ponents). All signals are sampled with 600 points at a 2 ns sample 

rate. The slab is 5 meters thick with a relative permittivity of 5.0. 

We have already interpreted the slab response in terms of the 

ray-optic series (3.11). Since the observer is now at the interface, 

the incident wave combines additively with the (negatively signed) ray 

R*f(t- 2z/c) ray beginning at t = 0. At t = 2d er*/c = 74.5 ns the first 

of the sequence of trapped rays arrives, subsequent trapped rays follow 

at 74.5 ns intervals. In figure 3.12, we plot the time-domain scattered 

field response (incident wave component f(t) is subtracted). 

The theoretical s-poles are calculated from (3.20). The poles 

are spaced at 13.4 MHz, with the first resonance at 6.9 MHz. These 

frequencies can be measured directly from the magnitude spectrum of the 

total field (figure 3.13). The real part of the sn equals 2.6E-7 for 

the present case. As noted previously, the modulus of the reflection 

coefficient r (equation 3.5) equals 1 for all frequencies. The maxima 

and minima observed in figure 3.13 occur because the incident field 

has been added to the scattered field, as in equation (3.17); these two 

wave components, when added, produce phase interference. One can show 

that, for the special case z = 0 (observer is located at the interface), 
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the peaks in the magnitude spectrum of the total field (3.17) occur 

at frequencies corresponding to the actual resonances of the slab 

structure. 

Input and output signals are filtered with a 120 MHz 8-th order 

Butterworth low-pass filter and then decimated 2-to-l. The low-pass 

filter cuts off all but the first 8 resonances, corresponding to 8 

complex conjugate pole-pairs. The filtered and decimated input and 

output signals are then submitted to NLS. We initially model with a 

26 x25 order difference equation and then reduce the system size to 

22x21 with REDUCE. 

The program PARTIAL performs a partial-fraction expansion of 

model transfer function H(ui) and produces a pole-residue file. The 

program POLEPLOT plots the model poles in the s-plane with the theoreti

cal poles (generated by the program SLAB) superimposed. The iw-axis 

is scaled in radians per second. The model poles (figure 3.14) agree 

well with the theoretical values except for some deviation as u approaches 

the filter cut-off frequency corresponding to 120 MHz. The process and 

model output signals are indistinguishable (figure 3.15). 

We have pointed out that the first two terms of the ray-optic 

representation, namely, the incident ray term f(t) and the first 

directly reflected ray R*f(t-2z/c) contain no information about the 

slab resonances. It is reasonable to speculate that one might obtain a 

more robust estimation of the SEM poles by suppressing f(t) and possibly 

R*f(t) in the output signal data, assuming z = 0 (observer is at the 

interface). As we discussed previously, we can always recover the 
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total response for the general case z>0, assuming the incident field 

is known. Our experimental results indicate that there is no discernible 

improvement in the estimation of the system poles when either or both 

of the terms f(t) and R f(t) are suppressed in the output data. We 

attribute this to the fact that for z = 0, the total field response (3.33) 

is expressible as a sum of causal exponential terms of the form (2.25). 

But the series (2.25) gives a decomposition of the output signal of a 

LDE model. Therefore, no special problems arise in modeling the total 

field response, beginning at t = 0, using the LDE model. 

3.6 Slab SEM Pole Estimation: Noisy Signals 

We now examine the effect of adding noise to the output signal 

(see figure 2.2). The input is assumed noise-free. The noise signal 

has a Gaussian distribution with zero mean. In order to establish a 

basis for the evaluation of models corresponding to different input 

pulse types and various output noise levels, we define the output 

signal-to-noise energy ratio SNR for transient signals as follows: 

SNR = I y2Ck?At (3.37) 
k=l No At 

where is the noise sample variance, N is the number of sample points, 

and At is the sampling interval. A noise level of x percent is speci

fied, where 

y - M 
x " SNR 

(3.38) 
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Given a noise level x, the required noise variance is determined using 

(3.37). The signal-to-noise ratio, as defined in (3.37) is a function 

of N, the number of time samples. It is necessary to ensure that this 

dependence on N is minimized or at least standardized in trials involv

ing different pulses and noise levels. If we continue sampling signals 

long after they have effectively decayed to zero, we will obtain a de

ceptively low value for the required noise variance; in effect, the sig

nals x(k) and y(k) are zero-padded after some time, while the noise 

signal n(k) continues to be excited. On the other hand, if we pre

maturely truncate the signals x(k) and y(k), then our signal processing 

programs fail and produce invalid results. (The analysis programs per

ceive a step discontinuity following the last sample point.) Therefore, 

we adopt the following criterion for the selection of N: We stop 

sampling after N samples if the energy of the subsequent NQ samples is 

less than lOOq percent of the energy of the first N samples, where NQ 

is a fixed integer value. Thus, N is the smallest integer satisfying 

the inequality 

N+No M 0 o N q 
I y (k) < q I y (k) 

k=N k=l 

where 

0 < q < 1 
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and 

N0» 1 . 

We have found experimentally that Nq = 50 and q = 5.0x10"® give satis

factory results. 

We consider now the case for which 0.5 percent Gaussian noise 

is added to the process output signal. We let er = 5.0 and d = 5 meters, 

with the observer at the interface. The signals are filtered and modeled 

using the same filter and model parameters as in the previous noise-free 

case (section 3.5). The output signal y(k) (figure 3.16) decays to the 

noise level by the time the sixth trapped ray emerges at 447 ns. The 

output magnitude spectrum exhibits marked degradation after 40 MHz (figure 

3.17). Consequently the identified poles (figure 3.18) begin to diverge 

from the theoretical values after the first three pole-pairs. The 

sample variance of the output error signal e(k) is approximately equal 

to the variance of the applied noise signal. With 2.0 percent noise 

added (figure 3.19), we observe a more pronounced deterioration of the 

resonance structure (figure 3.20). The simulated poles (figure 3.21) 

diverge more from the theoretical values after the third pole-pair, both 

in oscillation and attenuation. With 5.0 percent noise (figure 3.22), 

we see a continuation of these trends. The magnitude spectrum (figure 

3.23) is grossly distorted. Only the first pole pair is identified 

accurately (figure 3.24). 
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3.7 The Effects of the System Q on the Pole-Zero Model 

The previous results support the contention that pole-zero 

modeling can be successful in cases where the resonances are distinct 

and pronounced and where the signal-to-noise level is very high. Not 

surprisingly, we find that the LDE model becomes less sensitive to 

noise as the Q of the system poles (equation 3.23) increases. 

As an example, suppose the relative permittivity er is increased 

to 15.0 from 5.0, and the slab width d is decreased to 2.88 meters from 

5.0 meters, so that the electrical width of the slab remains unchanged 

from the previous cases. (The electrical width is defined by the prod

uct der*). From equation (3.20), we observe that the system s-plane 

pole locus shifts toward the iai-axis, while the spacing between poles 

in oscillation frequency remains unchanged. Figure 3.25 shows a com

parison of the total field response with the case for which sr 
= 5 and 

d = 5 meters. The slab response exhibits a more strongly resonant 

behavior, viz, the slab tends to ring longer for the case er=15.0 and 

d = 2.8816. Since the slab tends to resonate for a longer period of 

time, the instantaneous signal-to-noise ratio at later times tends to 

be higher; that is, the scattered field incorporates information about 

the slab resonances for a longer time period. 

Suppose that 2 percent noise is added to the output signal 

(figure 3.26). The pure signal stands out from the noise out to the 

sixth trapped ray and, to a lesser degree, at the seventh trapped ray 

at 520 ns; in the previous case (figure 3.19), with er = 5.0 and d = 5.0 

meters, only four or five trapped rays are discernible. 
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Input and output signals have been subjected to the same filter 

and decimation processing as the noise-free example in section 3.5. The 

resultant model poles generated by NLS, using a 22x22 order model, 

show some improvement (figure 3.27) in accuracy for the first five pole 

pairs (compare with figure 3.21). 
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CHAPTER 4 

CIRCULAR CYLINDER MODEL 

4.1 Overview 

In this chapter, we consider the transient electromagnetic 

response of a perfectly conducting circular cylinder. The cylinder is 

centered at the origin of the x-y plane (figure 4.1). A uniform plane-

wave directed in the negative x-direction impinges upon the cylinder. 

The polarization is such that the H-field is parallel to the cylinder 

axis (H polarization). This is a two-dimensional scalar scattering 

problem; there are no field variations in the z-direction. We consider 

only the back-scattered response in conformity with typical radar detec 

tion applications. 

4.2 Some Issues Concerning the Identification 
of the Cylinder Resonances 

Our fundamental objective is, as with the slab model, to iden

tify the SEM poles. As before, we approach the inverse problem as an 

input-output relationship; the time-domain incident and scattered 

field signals sensed at an observation point comprise the input and 

output fields that are applied to NLS. NLS generates the optimized 

pole-zero model. The resultant model poles are compared with asymptoti 

values derived by Heyman and Felsen [28]. 

The cylinder model, since it produces radiation damping, 

is more complicated than the slab configuration. The parametric 

81 
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inverse problem is considerably more difficult in the following 

respects: 

1. The pole structure associated with the cylinder is more compli

cated than that of the simple-slab model. The SEM pole locus 

for the cylinder spans out radially in infinite layers with in

creasing attenuation throughout the normalized w-plane (figure 

4.2); in the slab case* the poles lie on a single layer parallel 

to the iw-axis (figure 3.8). Consequently, the exterior reso

nances developed on the cylinder are not as prominent as the 

cavity-resonator type oscillations excited inside the slab. 

We shall show that only a few of the most dominant low-frequency 

poles on the least attenuated layer can be estimated accurately 

using pole-zero modeling. 

2. The time-domain scattered field incorporates a branch cut contri

bution ln(w), as well as a pole residue series. The branch cut 

is due to the presence of the Hankel functions and their deriva

tives in the eigenfunction expansion for the scattered field in 

the frequency domain. On the basis of our experimental results, 

we infer that, due to the presence of the branch cut component, 

the scattering from the cylinder is more difficult to simulate 

by pole-zero models. 

3. The ray-optic series derived for the slab model does not gener

alize easily to higher-dimensional problems. We found that for 

the slab case, the first two terms of the ray series consisted 

of the front-face reflection term R*f(t-2z/c) and the incident 
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ray f(t) (see equation 3.11). In contrast, the front-face 

scattering from the cylinder can not be easily isolated from 

the steady-state response characterized by the SEM poles. 

4.3 The Eigenfunction Expansion of the Scattered Field 

We first consider the scattering from the cylinder due to a 

z-directed magnetic line source located at a point, exterior to the 

cylinder. The harmonic time characteristic exp(iu)t) is suppressed. 

The associated Green's function satisfies the following boundary value 

problem: 

-(v2 + k2) G(x,u);x') = 6^r"r ^ «(•-•') (4.1) 

where 

r = |x[ and r' = |x'| 

subject to the boundary conditions 

3G 
3r r=a = 0 (tangential E equals zero at cylinder surface) 

(4.2a) 

G(x,w;x.') 
<t> = <f>. 

= G(x,u;x') 
<(> = 2mir + $ 

,  m  -  1 , 2 , . .  

(angular periodicity) (4.2b) 



and 
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lim r* (|§ + ikG) = 0 (radiation condition, 2-0) (4.2c) 
9r 

The H-f1eld is related to the potential G by 

Hz = [-i(jeG+grad (z • grad G)] Mz 

Since a/az = 0, the second term vanishes and we are left with 

Hz = -ioieMzG (4.3) 

In Appendix 1, we solve (4.1) through (4.3) by expanding the 

Green's function spectrally in angular harmonics. The result for the 

H-field is well-known: 

H2{x,u);x') = -f Mz I H^(kry) 
n=-°<> 

j „ ( k r < )  

Jn'(ka) 

"M1-

n (ka) 

J n U - • ' )  (4.4) 

where the prime superscript denotes differentiation with respect to 

the argument and where 
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r> = 
< 

max 
min (r.r'J 

Applying the usual far-field source approximations, we obtain the back-

scattered response due to an H-polarized plane wave impinging on the 

cylinder from the positive x-directi on. We proceed as follows: 

1. without loss of generality, set <f>' =0 

2 .  use the asymptotic approximation 

H^(kr) - (|j^) i"n exp(-ikr) 

3. let the amplitude of line source be given by 

Mz = F(u>) exp(ikr'), r' - » , 
k 

where F(to) is the Fourier transform of the temporal forcing function. 

The phase factor exp(ikr'), included in the amplitude Mz, re

sults in a unity plane wave arriving at the origin at time t = 0. Sub

stitution of (1), (2) and (3) in equation (4.4) leads to 
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Hz(r,to) = F(M) exp(ikr) -
®  n  o\ ^ ' ( k a )  
l 1 H(J'(kr) -5U-

n=-» n Hl?Jl (ka) 

exp(iniji) (4.5) 

where we have also used the identity 

exp(ix) = I i"n Jn(r) exp(in<f>), 
n=-® 

with x = r cos . Consequently, the scattered field can be written as 

Hz(r,ii)) = - F(OJ) 
Ji(ka) 

0 H(fJ(ka) n=l n 

J'(ka) 
• -tWtt cos n<|> 

H{Z
n

} (ka) 
(4.6) 

where we have used the symmetry relation 

B„(x) = (-l)n B_n(x) . 
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Bn denotes any Bessel function (or its derivatives) of integer order. 

For the special case F(o>) = l, we denote the H-field response due to an 

impulsive incident plane wave by H6(r,a>). We view Hfi as the system 

transfer function relating the incident and scattered H-field. Me have 

written an algorithm CYLINDER that generates a data file containing 

the real and imaginary parts of the scattered field (4.6) as a function 

of frequency. At each sample frequency, the eigenfunction series is 

truncated to N(w) terms. N is determined such that the partial sum 

satisfies certain convergence criteria. Since the data will be sampled 

non-uniformly in frequency, it is necessary to store the array of 

frequency sample points. The interactive analysis program PLUTO reads 

frequency-domain data, performs inverse Fourier transforms and plots 

selected frequency and time domain data. 

4.4 The Fourier Transform Algorithm LFILON 

We obtain the time-domain scatter response of the cylinder by 

computing the inverse Fourier transform of the eigenfunction expansion 

given by equation 4.6. We employ the algorithm LFILON [29], based on 

Filon's method, to evaluate the transform integral. LFILON is incor

porated as a subroutine in the program PLUTO. In Filon's method, the 

function F(oj) is approximated by a piecewise - continuous sum of 

trapezoids. Papoulis [30] gives an outline of the method in its sim

plest form. Filon's method is particularly well-suited to causal 

functions. We have chosen not to apply the method of residues in 

evaluating the inverse transform because this method entails the compu

tation of the set of theoretical SEM poles in addition to a branch cut 
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integral. In any case, we found LFILON to be accurate and efficient; 

we have experienced no difficulty applying this algorithm to any of the 

causal functions considered in this work. LFILON generates two time-

domain output arrays, FT and FTA, which are identical provided that 

(1) f(t) is causal, (2) the signal to noise ratio is very high, and 

(3) F(u>) is adequately sampled in frequency. If these conditions are 

not satisfied, then FT(t) and FTA(t) will differ; in general, neither 

will equal f{t). This feature provides a useful internal check on the 

operation of the program. 

Suppose that the Fourier transform of a causal function v(t) 

is V(to). We decompose V(u) as 

V(u) = Vr(w) + 1 V.U,) 

where 

Vr(u) • Re{V(w)} 

and 

V1(w) = Im{V(aj)} . 

The equivalence of the signals FT(t) and FTA(t) derives from the property 

that for causal, real time functions, 



v(t) = f ( Vr(ui)C0S(cot) duo 
J »N 

2 
IT 

.00 

V - (oi)sin(u)t) du (4.7) 

FT(t) and FTA(t) correspond to the first and second integrals in (4.7), 

respectively. 

The FTA output file, together with the input signal f(t), is 

submitted NLS for modeling after some preliminary filtering operations. 

We select FTA rather than FT because FTA converges better at early 

times. 

4.5 The Cylinder Response 

Figure 4.3 shows the back-scatter radar cross-section of the 

cylinder (H-polarization), normalized to the geometrical optics cross-

section, as a function of the normalized frequency variable y = ka. 

We note that the cylinder problem is scalable. That is, the choice 

of cylinder radius is arbitrary, provided that the pulse time constants 

are modified appropriately. All equations in this chapter may be con

verted to normalized frequency and time units through the change of 

variables 
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where c = 3x10 meters/sec. (The same remarks apply also to the slab 

model.) 

In figure 4.4, we plot the Hz backscatter frequency-response 

of a cylinder with a radius of 10 meters, with the radial distance from 

the origin to the observation point as a parameter (see (4.6) with 

F(u) = 1). 

To obtain the time-domain scattered H-field, we compute the 

inverse Fourier transform of the expression in equation 4.6: 

H2(r,t) = | exp[iu)(t + td)] F(o)) Hg(r,ti)) du 
i —oo (4.9) 

where 

H 6 ( r , w )  =  H z ( r , a ) )  
F(io) = 1 

(equation 4.6), 

In (4.9), we have included an additional phase factor exp(iwtd) 

so that the initial scattered wavefront arrives at the observer point r 

at the new reference time t = 0. The corresponding time delay is given 

by 

(4.10) 

where, 
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r > a 

and a is the cylinder radius. 

This delay term does not effect the pole-zero model other than to 

introduce the linear phase factor expfiwt^) into the system transfer 

function. Figure (4.5) shows the scattered field magnitude spectrum 

H6(u))F(oj) with r as a parameter. The input pulse is of double-exponen

tial type (figure (4.6)) with a spectrum (figure 4.7) given by 

FW = ' 

where we have chosen a = .075 GHz and e = .12 GHz. 

Inspection of the time-domain response of the cylinder with the 

observer radius r as a parameter (figure 4.8) confirms the following: 

1. The first creeping wave component that circumnavigates the 

cylinder, arrives at the point r at the approximation time 

t =7- (2ir - cos"1 (J) , c = 3xl08 m/s, L v v 

where t^O is the time reference for the arrival of the initial 

specular component at the point r and where a 1s the cylinder 

radius. We observe that tc is a decreasing function of r, for 

r > a. 
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2. The magnitude of the creeping wave component decreases as r 

decreases. This effect is most likely due to destructive phase 

interference which increases as the observer enters the near-

field region of the cylinder. 

3. The creeping wave component is not easily isolated from the 

front-face scattering, which still has a significant non-zero 

value at t = tc (the arrival time of the first creeping wave). 

We have found experimentally that the coupling between the 

front-face scattering and the creeping wave components can be 

reduced but not entirely eliminated through a judicious choice 

of input pulse parameters. This coupling is a consequence of 

the wake phenomenon characteristic of two-dimensional problems. 

4.6 The SEM Poles for the Circular Cylinder 

From equation 4.5, we observe that the exterior resonances of 

the perfectly conducting circular cylinder are the complex frequencies 

satisfying the equation 

H^'(ka) = 0, n = 0, ±1, ±2, ... (4.11) 

We wish to determine the solutions to (4.11) in order to obtain 

a set of reference poles with which we may compare the model poles 

generated by the pole-zero model. Exact analytic solutions to (4.11) 

for the zeros of H'(z) are unavailable; a numerical search algorithm 

must be employed to obtain exact values. Instead, we use the asymptotic 

forms for large order developed by Heyman and Felsen [28], and compare 
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model poles with these values. The asymptotic approximations are quite 

accurate. Only the two lowest order asymptotic pole-pairs exhibit 

significant deviation from the exact values (figure 4.2). 

The scattered field exhibits a branch point at y - wa/c = 0 

due to the logarithmic singularity of the Hankel functions at the origin 

We note that the branch cut chosen by Heyman and Felsen lies on the half 

line y = exp(i7r/2), Im(y) >, 0 . We adopt this particular branch cut in 

order to introduce symmetry relations which, as Heyman and Felsen show, 

facilitate the asymptotic solution to equation 4.11. In choosing the 

branch cut along the positive iw-axis, we have actually defined a new 

function. We also denote this function by H^(z), with the understand

ing that this function is the analytic continuation of the conventional 

Hankel function (with its branch cut lying on the negative real w-axis) 

into the sector - j tt < arg z < -ir . In any case, both functions are 

identical in the sector 0 < arg z < j ; the zeros of either function (or 

its derivative) are the same in this quadrant. Heyman and Felsen 

show that for each index pair n and -n, the SEM poles occur in symmetri

cal pairs satisfying 

Ynp = " Ynp* P = 1»2' •••» <lnl+1> • (4-12) 

where * denotes complex conjugation and »tx> denotes the largest integer 

less than x. For each order pair n and -n, there are p poles lying on 

an arc terminating at the real y axis at y = taa/c = n. The asymptotic 

values satisfy the relation 
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V " " " CP ( YTIP / 2 ) 1 / 3  -  0 ( OP V1/3) (4.13) 

where 

Cp = OP exp(iIT/3) , (4.14) 

and where Op is the p-th zero of the equation Ai'(-x) = 0, and where 

Ai1 denotes the derivative of the Airy function of the first kind. The 

zeros of Ai' are real and negative. A table of zeros is provided in 

Abramowitz and Stegun [31]. The indices n and p are related as in 

equation (4.12). 

We solve equation (4.13) numerically, using Newton-Raphson 

iteration. To obtain a reasonable starting point, we note that away 

from the iu axis, using the relation zc = exp(c Log z), we obtain for 

the real and imaginary parts of Ynp the simultaneous equations 

Re {ynp} + (|0* op cos (|) cos (-J) - sin (|) sin (^) - n = 0 (4.15a) 

Im {ynp} + {£-)* Op cos (^) sin (J) + sin (^) cos (-|) - n = 0 (4.15b) 

where 
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and 

b = tan"^ 
Ynp^ 

np 

The resultant asymptotic values are multiplied by exp(iTT/2) to obtain 

s-plane values. 

4,7 Line Source; Dispersion and Wakes 

An interesting, albeit difficult,aspect of the two-dimensional 

problem is the presence of the wake that trails behind the wavefront 

propagated by a line source. In the case of scattering from a cylinder, 

the secondary field may be considered to be due to a superposition of 

multipole line sources located at the center of the cylinder [32]. It 

follows that a wake is also manifested in the fielc! scattered by a 

cylinder. The wake adversely affects the performance of the pole-

zero model. The wake phenomenon is closely related to the branch cut 

contribution that arises when one computes the time-domain response of 

the cylinder using the calculus of residues. The branch cut stems from 

the logarithmic singularity of the Hankel functions at the origin. We 

find experimentally that the pole-zero model tends to allocate dominant 

poles in an attempt to model the branch cut integral component of 

the scattered field. 

In order to gain insight into the nature of the wake, we con

sider the field radiated by a magnetic line source. The electric 
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vector potential due to a z-directed impulsive magnetic current filament 

is given by 

M ( U) )  
Az = "TT~ H 0 (kR) (4.16) 

M2 denotes the amplitude of the line source with 

Mz « Mq F(u) 

where F(w) is the Fourier transform of the temporal forcing function 

and where is a constant. R is the radial distance from the field o 

point to the source. The H-field is related to A® by 

Hz = -i<D£ (4.17) 

Substitution of (4.16) into (4.17) gives 

H, - - 2? »(2)(kR) [iu)F(oj)] (4.18) 
Z H L 0  

We use the identity [31] 

H'2 ' (O>) = — 
0 H K#(i> 
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where s = iw, to obtain an alternate representation for the radiated 

field: 

M 
Hz • - Ko <f> (4.19) 

Kq has the integral representation 

K„<z) = e~zt(t2-l)~* dt, |arg z| <n/2 

2 -4 Thus, KQ( Z ) is the Laplace transform of (t - 1 )  . We also note that 

F(s) is the Laplace transform of f'(t). Therefore, invoking the convolu

tion theorem for Laplace transforms, we find that the H-field may be 

expressed as the convolution 

H, = -  M f '(t@u( t  ";R/C)  5-r 
2 0 2„[tZ - (R/cn* 

(4.20) 

Alternatively, we may re-group factors in equation (4.19) now with the 

derivative operator io> operating on the Hankel function. After some 

tedious reductions, we obtain: 

M 
Hz - £ 

'u(t - R/c) _ c s(t - R/c) 

[t2 - (R/c)2]3/2 [t2-(R/c)Z]1/Z 

(4.21) 
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Equation (4.21) can be shown to be consistent with results obtained by 

Morse and Feshbach [33] for acoustic waves. 

Figures 4.9 and 4.10 show the magnitude and phase spectra for 

the H-f1eld excited by a filamental double-exponential current pulse, 

with the observer radial distance as a parameter. The wave function 

generated by a magnetic filament current with time characteristic f(t) 

and observed at a distance R from the source is a smoothed broadened 

version of f'. From equation (4.21), we observe that the impulse 

response is non-zero at the point R for all time t > R/c. That is, the 

outgoing wavefront is followed by a wake. The presence of the wake is 

characteristic of two-dimensional propagation and is absent in one and 

three dimensions. In contrast, the pulse shape remains unchanged as 

it propagates away from the source in add-dimensional spaces, because 

the free-space Green's function in these cases is characterized by a 

Dirac delta function, in contrast to the weaker singular behavior of 

equations (4.20) or (4.21). 

4.8 A Note on Causal Plane Wave Functions 

In this paper we have considered plane-wave sources of the form 

H^nc(x,w) = F(u)) exp(-ikx) (4.22) 

where F(to) is the transform of a causal function. 
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If fF{0)| > 0, as 1s the case for the double-exponential pulse, 

then the plane wave (4.22) is physically unrealizable, as 1t has a d.c. 

component. (Assume propagation in free-space.) Indeed, the H-field 

due to a filimental current radiating in free-space has the following 

form. In the far-field, the first-order asymptotic term is given by 

Hz(x,u>) = Aqoj ^ V(oj) exp(-ikx) , 

where V{w) is the spectrum of v(t), the temporal forcing function. AQ 

is a complex constant. We observe that there is no causal function v(t) 

such that the product F(u>) = <d*V(w) corresponds to a causal function in 

the time domain. Our use of the form (4.22) is justified from the system 

identification standpoint because the factor ^ also occurs as a multi

plicative factor in the expression for the scattered field. In principle, 

the square root factor is de-convolved from the model transfer function 

by our system identification algorithms (recall equation 2.6). In any 

case, we suppress the square root factor in both the incident and scat

tered field signals before they are submitted for modeling. 

4.9 Cylinder Case Studies: SEM Pole Identification 

Case (1) 

We consider an H-polarized plane wave with time characteristic 

f(t) = "iii (e"at - e~3t) 
max 
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where 

fmax = max< 0J 

and 

a = 0.85 xlO8 , 9 = 0.12xl09 . 

The plane wave propagates in the negative x direction and impinges on 

the cylinder, as in section 4.3. The observation point is located on 

the positive x-axis at a radius of 30 meters. The cylinder radius is 

10 meters. The pulse parameters a and e are chosen so that the first 

few dominant cylinder resonances are included within the passband of 

the temporal forcing function. 

We submit the frequency-domain scattered field data (equation 

4.6) to PLUTO, which computes the inverse Fourier transform. The result

ant input (incident field) and output (scattered field) time-domain 

signals consist of 400 samples at 2 ns intervals. The time-domain 

response is plotted in figure 4.11. The scattered waveform changes 

sign at about 40 ns, a consequence of the fact that the d.c. response 

must be zero. A sequence of creeping waves spaced at 209 ns intervals 

arrives at observation point. The first creeping wave arrives at 

t = 195 ns. Only the first creeping wave is visible. Subsequent 

creeping waves arriving at 404, 613, ... ns are attenuated due to 

radiation loss. 



101 

We filter the input and output signals with a 10-th order 

Butterworth low-pass filter. The filter cut-off frequency is 20 MHz. 

The 20 MHz cut-off is chosen in order that the six lowest order pole-

pairs on the least attenuated pole layer are passed unattenuated by the 

filter (figure 4.12). The signals undergo two passes through the filter 

(forward and reverse), in order to obtain a zero-phase filter character

istic. The equivalent filter is non-causal. Consequently, we find it 

necessary to zero-pad the signals, beginning with the first sample 

point, before filtering. By zero-padding the signals, we ensure that the 

filtered signals do not exhibit a step discontinuity at the first sample 

point. Figures 4.13 and 4.14 show the input and output signals after 

filtering. These signals are zero-padded with 140 zeros. The filtered 

signals are then decimated 4-to-l, resulting in a new sampling rate of 

8 ns. The Nyquist criterion is easily satisfied at this sampling rate. 

The filtered and decimated signals are submitted to NLS for 

modeling. After some experimentation, we select a difference-equation 

model of order 18x17. Figure 4.15 shows a comparison of the theoretical 

versus model output signals, while figure 4.16 shows the output error 

signal. The output error signal has a maximum amplitude on the order of 

0.5 percent of the peak value of the output signal. We submit the LDE 

coefficient file produced by NLS to the program PARTIAL. PARTIAL com

putes the partial fraction expansion of the system transfer function 

and generates a pole-residue file. 

The model and the theoretical (asymptotic) s-plane poles are 

plotted in figure 4.17. The ito-axis is scaled in radian frequency. 
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The plot window (iw-axis) is set approximately equal to the filter band

width corresponding to 1.26E8 rad/sec. Since no model poles occur in 

the interval between 1.E8 and 1.26E8 rad/sec, only a 1.E8 rad/sec 

window is displayed. The model pole seen on the a-axis, as well as 

the conjugate pair located near the ito-axis, are artifacts of the model

ing procedure. These poles have insignificant residues. We find that 

in reducing the model size, the program REDUCE will often introduce one 

or two low-residue model poles on the o-axis. We speculate that such 

poles are produced in compensation for small alignment errors caused 

by signal truncation. The remainder of the model poles (not seen in 

figure 4.17) are spurious and lie outside the filter pass-band. The 

exact cylinder poles are more attenuated and higher in oscillation fre

quency than the asymptotic values for the first few lowest order pole 

pairs (see figure 4.2). Therefore, the first few model pole pairs 

lying on the least attenuated layer are actually more accurate than they 

appear to be in figure 4.17. None of the poles on the more attenuated 

layers nor those lying outside the filter passband are successfully 

identified. 

Case (2) 

We repeat case (1) with the low-pass filter opened to 50 HMz. 

By increasing the Butterworth cut-off frequency, we incorporate addition

al resonances in the output signal (figure 4.18). We find it prudent 

to decrease the sampling interval from 8.0 ns to 4.0 ns. After perform

ing a few iterations of the NLS/REDUCE cycle, we select a 28x27 order 

difference-equation model. The theoretical and model output signals are 
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compared in figure 4.19. The output error signal is small, as in Case 

(1). Figure 4.20 shows a comparison of asymptotic and model poles for 

Case (2). Again, the plot window (iw-axis) is set approximately to 

the radian frequency corresponding to the filter cut-off. The higher 

order poles are inaccurately estimated; in addition, the first four pole-

pairs on the least attenuated layer, which were accurately estimated in 

Case (1), now diverge significantly from the theoretical values. Evi

dently, NLS cannot accurately model the more richly resonant output 

signal, even though the model size was increased to accommodate more 

poles. 

Case (3) 

We consider now the performance of the pole-zero model as a 

function of the radial observation distance. In Case (1), we consider

ed the r=30 meters case. Here, we examine the r=ll and r= 250 meters 

cases. The temporal function, as well as the signal processing param

eters, are the same as in Case (1). One might expect to see an improve

ment in the accuracy of the model poles, as the observer moves away 

from the cylinder; the time-domain waveforms plotted in figure 4.8 

seem to indicate an increase in the creeping wave component as the obser

vation distance increases. However, we find experimentally that there 

is little change in the accuracy of the model poles as r is varied. 

Before submittal to NLS for modeling, all signals in this exper

iment are zero-padded at time t = 0 with 140 zeros, filtered at 20 MHz 

and decimated 4-to-l, as in Case (1). The final sampling rate is 8.0 

ns. For each case (r=ll and r = 250 meters), we select an 18x17 order 
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IDE model. As expected, the resultant output residual error signals are 

small; the residual error sample variances are 3.4E-9, 2.6E-9 and 

1.27E-9 for the 11, 30 and 250 meter cases, respectively. This suggests 

a trend toward smaller residuals as the observation distance increases. 

However, our statistical base is far too limited to draw any meaningful 

inferences from these results. The cost of the entire identification 

procedure on the VAX system, including computation of the theoretical 

time-domain responses, runs from $20. to $40., precluding a number of 

repeated trials. 

In any case, no particular trends are suggested in the resultant 

model pole estimations (compare figures 4.17, 4.21 and 4.22). Actually, 

the estimated poles for the r = 250 meters case appear to be more inaccu

rate than those for the r = 30 case, for this particular choice of model 

size and filtering parameters. 

Case (4): The Behavior of the Eigenfunction Term-Pairs 

Suppose the frequency-domain output signals consists of the Nth 

partial sum of the eigenfunction series (4.6). That is, N = 0 corresponds 

to the truncated series including only the n = 0 term, N = 1 includes both 

the n = 0 and n = l terms, and so forth. We consider the cases N = 0S 

N = 1 and N = 6. In Cases (1) and (2) above, we effectively limited the 

numbers of resonances present in the signal by adjusting the cut-off 

point of the low-pass filter and by judiciously selecting the input 

pulse. In the present case, we focus attention on select groups of 

resonances by including only a small number of eigenfunction terms. We 

do not ascribe any physical meaning to the partial eigenfunction sums. 
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Figure 4.23 shows the impulse response magnitude spectrum with 

only the m^O term. In this and the following cases, the cylinder 

radius is fixed at 10 meters and the field point is located 30 meters 

from the cylinder center. F(w), as well as the signal processing and 

modeling parameters, are the same as In Case (1). The observed spectral 

maxima and minima are not due to poles (the m = 0 term contributes none), 

but are due rather to oscillations in ^(ka) = -JQ
1 (ka) (refer to equa

tion 4.6). Indeed, for ka » 1, 

J0'(ka) 

H(^'(ka) 
H(^(kr) kp- cos (ka - 3 it/4 ) 

The cosine period is consistent with the 15 MHz interval observed 

between the magnitude minima, with a = 10. If we include the n = l term 

as well, the magnitude spectrum shown in figure 4.24 results. The 

cosine oscillations prevail with the same period. An additional peak 

f 211 
appears, due to the zero-pair of (ka) . These zeros have an 

oscillation frequency near 4 MHz. As more eigenfunction terms are 

included, the parital eigenfunction sum must converge to the spectral 

response previously plotted (figure 4.4), with r=30 meters. Using a 

double-exponential input pulse, we obtain the time-domain output signals 

of figures 4.25 and 4.26 corresponding to the N = 0 and N = 1 cases, 

respectively. It appears that the individual eigenfunction terms are 

causal in pairs, although we have not proven this. We submit the time-

domain signals corresponding to the N = 1 case to NLS for modeling. We 
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find that a 12x11 LDE model results in a satisfactory fit to the data 

(figure 4.27) with a residual error on the order of l.E-4. The resultant 

model poles (figure 4.28) are close to the theoretical values, if we 

adjust for the error between the asymptotic and theoretical values, for 

the first pole pair. 

For the N = 6 case (figure 4.29), the results are less encouraging. 

In this case, we open the Butterworth filter to 50 MHz so that the first 

6 pole pairs on the least attenuated layer are passed by the filter. 

Despite the fact that an 18x17 LDE model results in a small output 

error, we find again that the pole-zero model apparently cannot accurate

ly estimate more than the first few dominant cylinder resonances (figure 

4.30). 

Case (5) 

In this experiment, we employ a modulated input pulse (figure 

4.31) of the form 

f(t) 
sin at cos 6t, 0 < t < n/a 

0 , otherwise 

where we have chosen 

a = 2.85x 107 , 3 = 1.142 x 108 . 

We note that the function f(t) has compact support in time; its 

Fourier transform, therefore, has no poles in the finite u-plane. The 
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magnitude spectrum of f(t) is shown in figure 4.32. This pulse effec

tively band-pass filters the impulse response of the cylinder. 

The following is a description of the experiment. The cylinder 

radius is 10 meters. The observer is located 25 meters from the cylinder 

origin on the positive x-axis. An H-polarized plane-wave impinges on 

the cylinder from the positive x-direction. The input pulse and scatter

ed field response (incident field is suppressed) is zero-padded starting 

at t = 0 with 140 zeros. The sampling interval is 1.6 ms. Input and out

put signals are filtered (forward and reverse) with a 10-th order Butter-

worth low-pass filter. We consider two cases: (1) the Butterworth 

high-frequency cut-off is set at 25 MHz and (2) the cut-off is set at 

50 MHz. The filter signals are decimated in time 4-to-l, resulting in 

a final sampling interval of 6.4 ns. The unprocessed cylinder response 

is shown in figure 4.33; the corresponding magnitude spectrum is shown 

in figure 4.34. 

In the 25 MHz cut-off case, we model with a 22x21 order differ

ence-equation model (figure 4.35). In the 50 MHz cut-off case, we 

choose a 26x25 order model (figure 4.36). The residual output error 

is minute in both cases. Although we are successful in isolating the 

front-face reflection from the creeping wave components, in time, the 

resultant model poles (see figures 4.37 and 4.38 for the 25 and 50 MHz 

cases, respectively) show no improvement over the results obtained using 

the double-exponential pulse (compare with figures 4.17 and 4.20). 
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

Our results indicate that the pole-zero modeling of transient 

electromagnetic scattering can be successful in cases where the object 

resonances are distinct and pronounced and where the signal-to-noise 

ratio is very high. Our numerical studies suggest that the estimated 

SEM poles tend to model the data rather than the target, if these condi

tions are not satisfied. The high noise sensitivity of the model poles 

severely limits the suitability of the pole-zero model, as applied to 

the transient target identification problem. 

In the case of the cylinder, additional difficulties arise 

due to the wake phenomenon characteristic of two-dimensional geometries. 

In an apparent effort to model the branch cut component of the scattered 

field, the pole-zero model fails to estimate accurately all but a few 

of the cylinder resonances. It would, therefore, be useful to evaluate 

numerically the branch cut integral contribution in order to isolate 

that component from the meromorphic signal component. This is tantamount 

to evaluating the inverse Fourier transform using the residue calculus 

rather than integrating on the real u-axis, as we have done. We would 

also recommend examination of the acoustic sphere problem, where the 

branch cut issue does not arise. The acoustic scattering from a sphere 

is relatively simple to formulate. This problem exhibits the interesting 
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dispersive (creeping wave) character of the cylinder, without the 

additional difficulties due to the branch cut contribution. 

In the cases of the lossless slab and the two-dimensional 

cylinder models, we found that the physical characteristics of the tar

get could be determined from the SEM poles through certain inversion 

relationships, provided that an a priori knowledge of the target type is 

assumed. The extension to more complicated objects, particularly 

those which exhibit corners and edges, is unclear; it is unlikely 

that the object poles can be related to the physical properties of the 

object in a one-to-one fashion in the general case, even if one were 

to assume that the object resonances could be estimated accurately. 

In this paper we employed primarily the double-exponential 

type pulse. A systematic study of the influenece of the input pulse 

waveform might reveal ways to further optimize the performance of the 

pole-zero model when the signal data is noisy. We found that in the 

case of the cylinder model, we could isolate the wave reflected from 

the front-face of the cylinder from the creeping wave component in 

time using a modulated pulse. However, this separation did not result 

in a substantial improvement in the estimation of the cylinder resonances. 



APPENDIX 

THE SCATTERED FIELD FROM A CIRCULAR CYLINDER 
DUE TO A MAGNETIC LINE SOURCE 

We begin with Maxwell's equations: 

(1)  V X H = iweE 

(2) V x E = -iuyH = zMz 

The primary source is a z-directed magnetic line current. 

In cylindrical coordinates, the curl of an arbitrary vector A 

is given by 

(3) v x A = r .*±i. 
r a<|> 3z + $ 

3A„ 3A 

az 
_z 
ar 

+ z 
9(rA.) 

r ar r d<t> 

Equating field components in euqations (1) and (2), we obtain the 

following set of first order partial differential equations 

( i )  
1 8(rH±l 1 3Hr . , , . — tt~ = lweE. r ar r 9<(> 

(ii) -T# 
9H 

ar = 
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(Iii) i 1 3Hz 
r 34* lloeEr 

(iv) 1 9Er 
r 3r ~ r a<j> •itupHz - Mz 

(v) 
3Ez 

(»1) 1^..^ 

Substitution of (ii) and (iii) into (iv) gives 

1 J_ 
r ar 

ii 
ar 

1 3 H g + -4 —J- + k H = iojeM 
r 3* 

or, 

(4) (V2  + k2) H = iideM 

Similarly, substitution of (v) and (vi) into (i) yields 

(5) (v2 + k2) Ez = 0 

Thus, only the H-wave mode is excited. 
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The associated Green's function problem is formulated as 

fol1ows: 

(6) -(v2 + k2)G = 1 J_ 
r ar 

paZ(3 

- V '  

+ 1 lfG + k2G 

r 9<T 

The boundary conditions on G are: 

(7a) = 0 (tangential E equals zero at the cylinder sur-
i— a 

face) 

(7b) G 
•8i ((>=<(> 0+2(IITT 

,m=l,2,... (angular periodicity) 

(7c) ^ r* (aG/3r + ikG) = 0 (Sommerfeld rediation condition) 

We expand G as a Fourier series, 

G = I A e L n n=-® 
i n<#> 

Multiply both sides of the resultant equation (6) by e~^m<f\ and inte

grate in <(>from 0 to 2ir to obtain, 
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JL 
ar r — A ar m k 2 r - £  m 2irr e 

or 

(8)  ar r — 6m 
ar r k2r- ,m - (r-r1) 

r 

where 

(9) G* = 2v 

For r f r', equation (8) is Bessel's equation of order n. Thus, we 

seek a closed form solution for G^I of the form r 

(10) Gn = 
r 

' A H^(kr) + B Hv'J(kr) , r < r' n n 

C H^(kr) , r > r' 

.0), 

where, 

H^(x} = Jn(x) - i Yp(xJ 

and 

H(^(x) • Jn(x) + 1 Vn(x) 



The boundary condition (7a) implies that 
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H(^(ka) 
(11) A = B an , where an = -

3B(^'(kr) 
We adopt the notation 6n'(kx0) = —^ 

x=xQ 

where Bn is any integer order Bessel function. 

The "jump" condition at r«r' requires that 

39r 

(12) "jf 
r=rj 

^r 
ar r=r' 

where rj is the value of r as r -*• r* from outside the cylinder and 

r^ is the value of r as r + r1 from within. 

This implies 

(13) C H^'tkr') - A H(^(kr') - B H^tkr) = -

Lastly, we invoke the continuity condition, 

(14) 
r=r! T 

= 9. 
r=ri 
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which implies 

(15) A H^(kr') + B H^(kr') = C H^(kr') 

Equations (12), (13) and (15) comprise a linear system of three equa

tions in the unknowns A, B and C. 

Using the Wronskian relation 

(16) H<J> (x> H^'U) - H1*' (x) HlJ''(x) = -

we obtain 

(17) 0=^ an H^(kr') " H^(kr') 

(18) A = 
T H(n)(kr,) an 

(19) B - - A = . JjL H(^(kr') 
n 

Substitution of (9), (10), (17), (18) and (19) gives the desired 

result, 

(20) G = - | I H(^)(kr>) [H^(kr<) - a^^^krj] 
n=-m 
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where 

H(J)'(ka) 

and 

r> = max {r,r'} 
< min 

Thus, 

2 00 

(21) H - -I^S = - Mz I H<2)(kr>) [H^tkr^ • « 
n=-°° 

If we had assumed the form 

gm = A H^)(kr) + b Jn(kr) for r<r' 

in equation (10), then we would merely replace H^(kr) by J^(kr) 

everywhere it appears in the preceeding derivation. We would then use 

the Wronskian relation 

- -fi 



to obtain the equivalent result: 

<22» Hz - - Mz I H(n)(kr>> [Jn<kr<> + bn 
n=-°° 

where 

J„(ka) 

Equation (22) is the representation given by Harrington [32]. 
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