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ABSTRAcr 

Finite Element Method is a numerical technique which has been 

used successfully to solve varieties of engineering problems. Advanced 

computers have made it possible to solve for thousands of unknowns in 

a typical problem which result from the basic discretization procedure 

of the finite element method. There are different finite element 

models with variational principle as their basis. 

Displacement finite element method based on the principle of 

stationary (minimum) potential energy has been very widely in use. Even 

though the displacement formulation is simple and easy to adopt on a 

computer, it may lack accuracy in the prediction of stresses. This lack 

of accuracy can be attributed to the fact that the stresses are obtained 

from the displacements through differentiation, a numerical procedure 

which can introduce error in the solution. Driven by this as one of the 

concerns, engineers indulged in finding new techniques to treat stresses 

separately. Results of this effort are finite element models like mixed 

method and hybrid stress method. 

A comparative study of displacement, a hybrid stress and a mixed 

finite element methods has been made here with a view to evaluating 

their performance in problems involving high stress gradients. Using a 

smoothing technique stresses at the nodes are found in the case of 

displacement method. Different problems have been solved which include 

xi 



beam, culvert and a plate with a rigid square inclusion. Results show 

that the hybrid stress method in general predicts stresses better than 

the other two methods while the smoothing procedure helps improve the 

stresses from the displacement method. Only linear elastic cases have 

been considered here and it will be worth extending the study to problems 

involving nonlinearities. 
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CHAPTER 1 

INTRODUCTION 

General 

The analysis of an engineering system requires the 

idealization of the system, the formulation of the governing 

equilibrium equations, the solution of the equilibrium equations and 

the interpretation of the results. The system considered may be 

either discrete or continuous. The actual response of a discrete 

system can be described by the solution for a finite number of state 

variables. In the case of a continuous system, differential equations 

govern the system response. The exact solution of the differential 

equations satisfying all boundary conditions is possible only for 

simple systems, and in general, numerical procedures need to be 

employed to predict the system response. Various numerical methods 

have been developed in the past and one of them is the Finite Element 

Method (FEM). Its history of development is now well documented in 

literature. Extensive applications in many branches of engineering 

have enunciated its versatility and established it as a reliable 

analytical tool. The basic concept underlying the finite element 

method is that of discretization. Here a system is subdivided into a 

finite number of elements of known characteristics. Further 

perception of the system as an assemblage of several elements 

1 



provides an effective mathematical model easily adoptable on a digital 

computer. The rapid advancement in computer technology has enabled a 

high level of automation in the analysis procedure at the stages of 

data input and assimilation of generated results. 

Scope and Objective of the Study 

A physical system often behaves in a manner such that some 

functional depending on its behavior assumes a stationary value. In 

other words, the equations governing the physical phenomenon are often 

found to be stationary conditions associated with some variational 

principle. Variational technique has been extensively used in many 

fields of mathematical physics especially in mechanics (Washizu 1968). 

There are different variational principles like principle of stationary 

(mininum) potential energy, principle of stationary (minimum) 

complementary energy and Hellinger-Reissner principle. Different 

procedures such as displacement, stress hybrid and mixed finite 

element methods can be described using these principles. So many 

other finite element models have been born out of the variational 

principles. The basic variational principles and their modified 

versions, and the finite element models that have been derived from 

them are given in a paper by Pian (1971). This is presented 

diagramatically in Table 1.1 

In this study the aim is to make a comparative study of the 

displacement, hybrid stress and mixed methods in problems involving 

cut-outs and inclusions. Sharp corners are of interest to engineers 

because of high stress gradients in their vicinity. Each of the three 

2 



TABLE 1.1 

MOOEL 

COMPATIBLE 

EQUILIBRIUM 
I 

EQUILIBRIUM 

li 

HYBRID 
STRESS 

HYBRID 
Dl SPLACEMENT 

I 

HYBRID 
DISPLACEMENT 

n 

MIXED 

Classification of Finite Element Methods for Solid Continua 
(Pian 19 71) . 

VAR lA Tl ONAL 
VARIABLES PARAMETERS IN 1r 

UNKNOWNS IN MATRIX 
PRINCIPLE MATRIX EQS . METHOD 

POTENTIAL DISPLACEMENT : {q }: NODAL 
{ q} 

DISPLACE-
ENERGY {1_: (A) {q} DISPLACEMENT MENT 

COMPLEMENTARY STRESS FUNCTION : {P}: NODAL STRESS {P} (FORCE) 
ENERGY {u} z [a] {P} FUNCTION 

MODIFIED STRESS : {u}: [P]{~} {~}: STRESS 
PARAMETER 

{ q} 
DISPLACE-

COMPLEMENTARY BOUNDARY DISPLACEMENT : {q}= GENERALIZED MENT ENERGY 
{ q } : J [ • T ] { u1 } d S 

BOUNDARY 
DISPLACEMENT 

MODIFIED STRESS : {u} = [ P ]{~} {~}= STRESS 

{ q} 
DISPLACE-COMPLEMENTARY BOUNDARY DISPLACEMENT 

PARAMETER 

ENERGY { u 1 } : [ L] { q} 
{q}: NODAL MENT 

DISPLACEMENT 

MODIFIED DISPLACEMENT : {d}= DISPLACEMENT 

POTENTIAL {u} = (c] {d} PARAMETER 
{R} fORCE 

ENERGY BOUNDARY TR A C Tl ON : {R}: TRACTION 
(T) = [M){R} PARAMETER 

DISPLACEMENT: {a}= DISPLACEMENT 

MODIFIED {u} = [c]{d} PARAMETER 

dOUNOARY { } { } { R}: TRACTION 
{ q} DISPLACE-POTENTIAL TRACTION : T : (M) R 

ENERGY PARAMETER MENT 
BOUNDARY DISPLACEMENT : {q}: NODAL 

{u}=[L]{q} DISPLACEMENT 

DISPLACEMENT : 
{q}: NODAL 

{ q} DISPLACE-

{u}=[A]{q} 
MENT 

REISSNER { } Dl SPLACEMENT 
{q }. {s} STRESS : S = NODAL MIXED 

{u}: [N] {s} STRESS 
{s} (FORCE) 

w 
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methods mentioned has its own advantages and disadvantages. One of 

the aims here is to examine how well each method can capture the high 

stress gradients. 



CHAPTER 2 

FINITE ELEMENT METHODS 

Displacement Method 

The displacement finite element method can be regarded as a 

generalization of the displacement method of analysis, which had been 

used for many years in the analysis of beam and truss structures. 

The displacement finite element method is very widely used for the 

solution of practical problems. Practically all major general-purpose 

analysis programs have been written using this formulation because of 

its simplicity, generality and good numerical properties. 

The displacement method is derived on the basis of the 

principle of stationary (minimum) potential energy. In this model, the 

displacements are assumed within a finite element such that they 

satisfy the continuity conditions within an element and along the 

interelement boundaries. The stresses are computed from the gradient 

of the displacement functions. Displacements being the primary 

unknowns and the stresses being the derived quantities, the predicted 

stresses may not be accurate. 

The displacement formulation is well established and a lot of 

work has been done in this area. We will not go into the details of 

this method. Excellent descriptions of the method and its histroy 

exist in books written by such authors as Desai and Abel (1972), Desai 
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(1979), Zienkiewicz (1979) and others. These references provide a 

detailed description of displacement FEM formulations. 

Mixed Finite Element Method 

The mixed FEM formulation is based on Hellinger-Reissner 

variational principle. In this method, the displacement fields and the 

stress fields are assumed independently. The stress field being 

independent, this method has the potential to provide better solutions 

for problems involving large stress gradients. 

Even though the displacements and the stresses are assumed 

independently, there are certain restrictions in their choice. Studies 

done by Mirza and Olson (1980) on generalized plane problems show 

that the following completeness criterion should be satisfied in order 

for a problem to behave well. 

"The strains from the stress approximations should possess at 

least all the strain modes that are present in the strains derived 

from the displacement approximations." 

If this condition is not satisfied, the element equations will 

be singular even after the appropriate boundary conditions have been 

applied. Olson (1983), on the basis of eigen value analyses done on 

triangular and rectangular elements with various combinations of 

interpolations for the displacements and the stresses, has shown that 

the correct three zero eigen values for the expected rigid body modes 

u = constant, v = f1 
u = f1 , v = constant and 

u = -cy , v =ex 

6 
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are obtained only for the displacement-stress oanbinations which 

satisfy the completeness criterion mentioned earlier. In this study, 

the cases where more than three zero eign values were obtained, the 

extra eign values corresponded to the number of modes present in the 

strains derived frcm the assumed displacements that were not contained 

in the strains from the assumed stresses. Further, the stresses in the 

eigen vectors for these extra zero eigen values are always zero. These 

extra modes are called mechanisms since the elanent exhibits an apparent 

strain without any stress. 

The finite element procedure used in this study, Desai et al. 

(1982), Lightner (1981), uses an eight-noded isoparametric element with 

quadratic stresses and quadratic displacements which satisfy the 

completeness criterion. Olson (1983) has shown as an example that a 

mixed rectangular element with biquadratic displacements and bilinear 

stresses has four zero eigen values and thus can lead to mechanism. 

The Hellinger-Reissner variational functional on which the mixed 

formulation is based can be expressed in terms of stresses and 

displacements as 

V = [a. . u. . - h a. . D. na. -x . u. ] dv L I} 1,3 ijk£ k!> i iJ 
V 

T. u. dA -
l l 

S S 
a u 

a. . n. (u. - u.) dA (2.1) 
i j  j  l  i '  
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V = Hellinger-Reissner functional 

aij = stress tensor 

= displacement tensor 

^ijk£ = stcain-stress tensor 

x± = body force per unit volume 

S = surface on v/hich tractions are known 
a 

TV = prescribed surface tractions 

Su = surface on which displacements are known 

u. = prescribed displacements 

The stress and displacement fields which reader the function 

stationary subject to the appropriate boundary conditions will be the 

solution to the boundary value problem. This can be expressed by 

6V (u,o) = 0 

The stationary value found cannot be proven to be an extremum value 

unlike the case of the minimum potential energy principle or the 

complementary energy principle. 

Assuming that the displacement boundary conditions are 

identically satisfied, Eq. (2.1) can be written as 

V = 
Coij Vj " h °ij %, - xi Uj.] <* 

dA 
( 2 . 2 . )  
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The stress and displacement fields are assumed independently as 

{a} = [N ] {an> (2.3a) 

{u} = [Nu] {q} (2.3b) 

where 

[N ] = interpolation matrix for stresses 

[N ] = interpolation matrix for displacements 

{a } = vector of nodal stresses 
n 

{q} =. vector of nodal displacements. 

Then the strains are 

{e } = [B] {q} (2.3c) 

Substituting Eqs. (2.3) into Eq. (2.2) and writing in matrix 

form, we get 

V = {o }T [N ]T [B] {q} - h (a }'X [N t [D] [N ]{O  }  -no no a ii 
,T R*T NT 

X [Uj {q} dv - T [N ] {q} dA (2.4) 
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where 

[d] = strain-stress trasformation matrix 

[x] = body force per unit volume 

[t] = specified surface tractions. 

Taking the variation of the functional with respect to 

displacements and stresses as independent variables, leads to 

iT Sv = [NA]T [B] (Q} 

- ([njt [d][na]{an}) {6an} -

{6an} + ([B] [Nq] { o n } ) {6qn} -

v 

([x]T [Nu] {<5Q}) dv - ([T] [NU]) (6q} dA 

(2.51 

Equating Eq. (2.5) to zero for a stationary value leads to the 

following set of element equations: 

where 

00" 

[s_,lT [o] au 

[S ] L au 
< 

/ > 

V 
> 

•S 
{0} 

> 

[o] {Q} 
\ / 

( 2 . 6 )  

[S ] = -
l aaj [N0] [D] [No] dV 

v 

[S ] = L auJ 

{Q} = 

[Na] [B] dV 

v 

[x] [Nu] dV + [T ] [Nu] dA 

V 

(2.7) 

( 2 . 8 )  

(2.9) 
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Assembling the element stiffness and element nodal vectors, global 

stiffness equations can be obtained. The system of equations then can 

be solved for displacements and stresses simultaneously. 

Hybrid Method 

Introduction 

The term hybrid was coined by Pian to signify elements which 

maintain either equilibrium or compatibility in the element and satisfy 

comr:atibility or equilibrium respectively along the interelement 

boundary. Different possibilities exist for formulating hybrid 

solution approaches. One of them is the hybrid stress method. In 

this formulation compatible displacements are assumed on the element 

boundary. Within the element, stresses are assumed in terms of 

undetermined parameters. The stress variations assumed satisfy the 

equations of equilibrium. Prior to the assemblage process, the stress 

parameters are eliminated at the element level. The unknowns being 

the nodal displacements only, comp.1tational simplicity of the 

displacement-based finite element formulation is preserved. 

Description of the Hybrid Stress Model 

The hybrid stress model is derived from the modified 

complementary energy functional Arne· It can be expressed as 

AIOC: = I [ 1 
n V 

n 

+ 1 
s 

an 

T. u. dS 
l l (2.10) 
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where 

Dijk& = strâ n-stress or compliance tensor 

0 stress tensor, 

T. = surface tractions, 
a.  

= prescribed boundary tractions along the boundary 

san» 

= boundary displacement and 

Sn = entire boundary of subregicn Vn. 

In this model, the stress distributions within an element are 

assumed in terms of undetermined parameters {$} as 

{a} = [P] {6} + [Pg] (Bg) (2.11) 

Here, the matrices [P] and [Pg] are functions of the coordinates. 

The equilibrium equation can be written as 

o. . . +• F. = 0 (2.12) 
i-u r d i 

where Fj_ are the tody forces. 

The first part [P] {3}, in the expression for {0}, must satisfy 

the homogeneous part of the equations of equilibrium and the second part 

[pB] { 3B } forms the particular solution. 

The surface tractions due to the assumed stress fields can be 

expressed as 

T. = o.  .  n .  (2.13) 
1 id : 
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where rij denotes the direction cosine of the normal to the boundary. 

The displacements on the element boundaries are expressed in 

terms of interpolation functkais [L] and the generalized displacements 

as 

{u> = [L] {q} (2.14) 

. Substituting Eqs. (2.11) and (2.14) into (2.10) gives 

11^ = 1 (3S (3>T [H] {P} + [B]T [HB]{BB) - {B} [ G ] {Q} 

(2.15) 

n 

+ {Q)T {ql + Cn) 

where 

[H] = [p] [D] [P] av 

v n 

[hg] = [P] [D] [PB] <3V 

V n 

[G] = [R] [L] dS 

>n 

[g^] = [rg] m ds 

S, 'n 

{Q}T = -{3G) [GG] + [T]T [L] dS 

So n 

cn = * ( [PG] [D] [PB] dV) {SG) 

V 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

n 
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Here is a scalar-constant. 

The matrices [R] and [ Rg] can be obtained by substituting the 

coordinates of the element boundaries into the matrices [P] and [PB] 

respectively. 

Taking the variation of Amc with respect to {£} and setting the 

resulting expressions to zero, the vector {6} can be expressed in 

terms of the displacements { q) as 

{g} = [H]'1 <[G] {q} - [Hg] [eB}) (2.22) 

Substituting Eq. (2.22) into Eq. (2.15), the modified 

complementary energy functional Amc can be expressed only in terms of 

the displacements {q ) as 

where 

Amc = " ̂ {h {q}T [K] {q} ~ {Q]T {qJ 4 V (2,23) 
n 

[K] = [G]T [H]"1 [G] , (2.24) 

{Q} = [G]T [H]"1 [Hg] {3g} + {Q) , (2.25) 

Bn = h {eB}T [HB]T tH]"L ̂  {0B} " Cn (2*26) 

Here, [K] is the element stiffness matrix, {Q } is the equivalent 

nodal force vector and ̂  is a scalar constant. 
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Global stiffness matrix and the load vector of the system are 

obtained by the assembly process. Applying the boundary constraints, 

the nodal displacements can be solved for. 



CHAPTER 3 

DESCRIPTION OF ELEMENTS 

Solid Element-Displacement Model 

An eight-noded isoparametric element is used in the 

displacement model. We will not go into the details of this familiar 

element. Detailed theoretical development of this element can be 

found in the books by the authors like Zienkiewicz (1979), Desai and 

Abel (1972), Lightner (1979), Desai and Lightner (1979). We will next 

study about the solid elements used in the mixed and hybrid models. 

Solid Element-Mixed 

We have already seen in Chapter 2, the general procedure for 

the derivation of element equations from the Hellinger-Reissner 

variational principle. The element equations consist of the 

submatrices tS J and [SoU]. In the formulation considered, [SaQ ] and 

[Sou] take the form as shown below. 

^ - - n 
-1 -1 

d11[m] d12[m] dI3[m] 

d21[m] d22[m] d23[m] 

d31[m] d32[m] d33m 

JIdsdt 

16 
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where 

M - 8 x 8 symmetric coefficient matrix 

= strain-stress constitutive model 

IJ | — determinant of the Jacobian matrix 

t = element thickness 

[Ny] [0] 

[0] [N ] dsdt 

1 
[N ] [N ] L xJ L yJ 

(3 .2) 

where [Nx] , [Ny] are 8x8 coefficient matrices which are functions of 

the x and y nodel coordinates, respectively. The various terras of the 

eight-node element stiffness matrix are too lengthy and complex to be 

shown here. For further details, the reader may consult Lightner 

(1981), Desai and Lightner (in press). Figure 3.1 shows the element 

used in the mixed method with the associated degrees of freedom. 

Solid Element-Hybrid 

The eight-node solid element used in the hybrid program is shoi/n 

in Pig. 3.2. The stress distribution within an element is assumed as 

[Sargand (1981), Desai, et al. (1982), Desai and Sargand (1984)] 

+ B14t5 + e15s"t 4- B16st4 + 617s3t2 + B18s2t3 
(3. 3) 
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Figure 3.2 8-Node Hybrid Element 
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where 

<j> = Airy stress function 

B,, = undetermined parameters 
1' 2 18 

s, t = local coordinates. 

For a reliable and consistent solution, a minimum number of 

's should be included in a stress field. In order to assure the 

existence of a solution for 3's, the number of 's to be included is 

based on the following criterion, Pian and Tong (1968): 

n >_ (m-r) 

where 

n = total number of g's for an element, 

m = total number of generalized displacement 

for an element and 

r = total number of rigid body degrees of freedom. 

Having defined the Airy stress function, the stress components 

can be computed by taking the second derivatives of the function 

with respect to x and y. The stress vector {a} is 

f d2<P 1 
' « 

ax 

W T 

sy2 
0 

n2 
- ay = . d <p 

o . + - py 

dx 

2 
— 9 <j) 

axy 9x9y 
» , 

0 
X 
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P = unit weight of the solid and 

y = elevation or overburden. 

The secxxid derivatives of $ with respect to x and y can be determined as 

where 

[B] - [J]"1 x (A1-A2-A3) x [[jf]-1 (3.5) 

[B] = 

a2(i> 

ax2 

a24> 
ax ay 

a2<p 

Sxay 

ijt 
2 

ay 

(3.5a) 

c^] = 

92(j) 

as2 

a2ft 
asat 

3s3t 

32<T 

at2 

(3.5b) 

32k 

3s2 
ac_ 
9s3t 

32X 

at 

(3.5c) 

[A3] ay 

& 
3s2 

3JL-
asat 

ilil 
asat 

at2 

(3.5d) 



The interpolation functions used for the transformation of coordinates 

are: 

= h (1 + ssi) (1 + tt^) (ss^ + tt^ - 1) for i = l, 3, 5, 7 , 

= h (1 - s2) (1 + tt^) for i = 2, 6 

N± = h (1 + ss^ (1 - t2) for i = 4, 8 (3.6) 

where i denotes the values of s and t at node i. 

The displacement components on each side of an element in the 

x and y directions are expressed as 

{u} = [L] {q} (3.7) 

where 

, , T  r l l  2 2 3 3 4 4-i {u} = [u , v , u , v , u , v , u , v J 

T 
<3 = ^' q3' q4' q5' q6' q7' q8' q9' q10' qll' (3.8) 

q12' q13' q14' qi5' ̂ 16(vector of 00(331 displacements) 

(3.9) 

and 
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With the stresses and the displacements described as discussed 

previously, the matrices [P], [H] and [G] (see Chapter 2) can be 

evaluated numerically. 

In Eq. (2.25), the first term which is the equivalent nodal 

force vector can be calculated during the computation of the element 

stiffness matrix. The second term {Q>, which is due to prescribed 

surface tractions, can be evaluated as 

— tx 
6 1 

1^2 

(Q) = I + ̂ 2' 

1^1 

1^2 

i nvj +1y2> (3.11) 

where £ = length of the side. 

Interface Element 

Introduction 

When a system to be analyzed consists of different materials, 

the junction between the materials deserves special attention. The 

junction or the interface behavior involves relative motions. In order 

to understand the load transfer mechanism between unlike materials, 



the interface behavior should be taken into account. Now a days 

composite materials are being used widely and some of them represent 

systems with inhomogeneous inclusions. In many geomechanics problems, 

dissimilar materials are in contact, e.g., soil-footing, soil-tunnel 

lining, etc. During loading and unloading contact surfaces undergo 

different modes of deformation such as slip, non-slip, opening 

(debonding) and closing (rebonding). An interface element should be 

capable of permitting these relative movements. In the following 

sections the interface element used for the buried pipe and culvert 

problems is described. 

Thin-Layer Interface Element 

In all the three methods a regular isoparametric eight-noded 

element with small finite thickness called the thin-layer element, 

proposed by Desai et al. (1984) is used as an interface element. Both 

displacement model and the hybrid model use the same interface 

element formulated using assumed displacement. Despite the fact that 

the interface elements are derived from the displacement method, 

assembling of interface elements with the hybrid stress elements does 

not cause any problem because the variation of the displacements on 

the boundaries of both types of elements is identical (quadratic). 

The displacement and the hybrid methods use the following 

constitutive matrix for a plane strain case. 

cl c2 ~ 

[c] = c2 cl ~ 

25 

0 0 G (3.12) 
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where 

- E(l-v) 
"1 (1+v)(l-2v) 

c„ = Ev 
2 (1+v)(l-2v) 

E = elastic modulus, v = Poisson's ratio and G is the Shear modulus. 

The Mixed method uses the inverse of [C] given by 

2 

[D] = 

l-\ -v(1+v) 

-v (1+v) 1-v 
E 

The strength of the interface is governed by 

1 
G 

(3.13) 

T = c + CT tan D> 
max an (3.14) 

where 

t = maximum bond strength 
max ^ 

c = adhesion on the interface a 

0^ = normal stress on the interface and 

= friction angle of the interface 

Figure (3.3) shows the thin-layer element. 

The values of G, ca and 4, can be found from results of direct 

Shear tests, Fig. 3.4a. For example G is computed as (see Fig. 3.4b) 

G =  T / O  

where 
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4 

Figure 3.3. Thin-Layer Interface Element 
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Figure 3.4b Deformation at the Interface 
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where 

T = VA 

Fs = Shear force 

A = Contact area 

0 = u^t 

ur = relative displacanent 

t = thickness of the interface element 

Failure of the interface element can be caused by shear 

stress on the interface exceeding Tmax or opening of the contact 

surface. In general, the interface shear behavior is highly dependent 

on the normal load. Since the present study is concerned with only 

linear problems, sophisticated interface elements were not used. For 

details on different interface elements and their application, the 

reader may refer to the paper by Desai et al. (1984). 

Stress Smoothing 

In many finite element problems, the quantities of primary 

engineering interest involve the function derivatives and in many 

instances, especially with lower order elements, these derivatives do 

not possess inter-element continuity. The analyst is, therefore, 

faced with the problem of interpreting quantities which have 

histogram-type distributions. To deal with the numerically 

discontinuous model of a physically continuous system, a procedure 

called 'smoothing technique' is adopted. The discontinuous functions 

are smoothed in a least square sense. There are two smoothing 

procedures referred to as 'global' (Fig. 3.5a) smoothing and 



1 local 1 (Fig. 3.5b) smoothing. In global smoothing, the smoothing 

procedure is carried out over the whole of the finite element domain 

whereas each individual element is separately smoothed in the local 

procedure. 

In the displacement method, the stresses are disoont.inuous 

29 

between elements because of the nature of the assumed displacement 

variation. A typical stress distribution is shown in Fig. (3.5a). Even 

though nodes are the most useful output locations for stresses, for a 

nu~rerically integrated isoparametric element, the integration p:>ints are 

the best stress sampling points. In the present study, the mixed and 

hybrid procedures are capable of giving the rroal stresses. In order to 

canpare the performance of the displacement metl'nd with the other two 

methods, we need to get the results, especially the stresses, at the 

ncxie p:>ints. This can be done in different ways. Some of them are: 

1. N::>dal averaging. We can take the average of the rroal 

stresses of all elements meeting at a common node. This is economical 

and simple rut pays rx:> attention to the size of adjacent elements. This 

may fX)t be applicable to all problems, Hinton and Campbell (1974). This 

procedure will grossly underestimate the stresses in problems involving 

sudden high stress gradients. 

2. Changing Gauss point values. After finding the 

displacements, strains are evaluated as 

{s } = [B] {q} 

At this stage, [B] is evaluated by substituting the oorner I=Oint values 

for the Gauss points; e.g., (-1, -1) for (-.57735, .57735) in the case of 



UNSMOOTHED STRESS 
GLOBALLY SMOOTHED 

Figure 3.5a Unsmoothed and Globally Smoothed 
Stresses 

LOCALLY SMOOTHED 

UNSI'lOOTHED 

Figure 3.5b Unsmoothed and Locally Smoothed 
Stresses 



a 2 x 2 integration. Nodal stresses can then be obtained from these 

strains. 

3. Stress smoothing. Stresses obtained at the integration 

points can be smoothed using a least square procedure to get nodal 

stresses. The finite element displacement method itself may be 

viewed as a weighted least squares error procedure where the errors 

are those between the exact stresses and the approximate finite 

element stresses, Hermann (1972). Hinton (1974) has (demonstrated that 

this works well for plane stress and plane strain problems, 

especially in conjunction with reduced integration technique. 

In two dimensional elasticity problems, reduced integration 

technique has been successfully used to obtain better stress results. 

In fact, for a bilinear quadrilateral finite element, Kelly (1979) has 

shown that a "transformation from a compatible displacement model to 

a stress equilibrium model occurs when the order of numerical 

integration is reduced". Kelly has shown that a bilinear compatible 

quadrilateral (Lagrange type) element maintains stress continuity 

across the element boundaries when the order of integration is reduced 

from 2 to 1. 

Again, of the two smoothing procedures, local smoothing is 

preferable mainly because it is economical and easy to include in a 

program. This local smoothing procedure has been adopted to obtain 

the nodal stresses and an example of a cantilever beam is given in 

section 4.1. 
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For an eight-node parabolic isoparametric element, (Hinton, et 

al. (1975)), smoothed nodal stresses can be obtained from the stresses 

at Gauss points using the following relation: 

°1 a b c d °I 

°2 b a b c °II 

°3 c b a b °III 

°4 b c b a °IV 

where o 1# o2 , a3 and a 4 are the nodal smoothed stresses (Fig. 

3.5b) a t om and °IV are the Gauss P°int stresses. 



CHAPrER 4 

VERIFICATIONS AND APPLICATIONS 

4.1 Cantilever Beam Problem 

Problem Definition 

In this section, a simple cantilever beam problem is considered 

to compare the performance of the three finite element methods. The 

beam analyzed and its associated properties are shown in Fig. (4.1.1). 

The main objective here is to obtain the nodal stresses for the 

displacement method using the "local smoothing" technique described in 

Chapter 3 and compare it with the results from the other methods. 

The cantilever beam considered is subjected to a uniformly 

distributed load of 1 lb. inch (175.12 N m). From the beam theory it is 

known that the end deflection is given by 

4 4 . 
w1 1 x 10 x 12 0 .125 in . 

YB = 8EI = 8 x 120000 = (0. 318 an.) 

The maximum bending moment occurs at the support and it is given 

by 

w1 2 
= -2- = = 50 ir1. lb. 

(5.645 N.rn) 

Maximum bending stress at A} = MY 1 1 T = 50 X 2 X 2 

= 300 psi 

(2070 KPa) 

33 
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Finite Element Analysis 

The cantilever beam has been analyzed by using the three finite 

element methods with a mesh containing 5 elements (Fig. 4.1.1), The 

results are given in the Tables 4.1.1 and 4.1.2. In the case of the 

hybrid method, stresses are found both at the integration points and the 

nodes. 

Comparing first the end deflection given by the three finite 

element methods with the beam theory solution, it is seen that the 

agreement is quite close. However, the hybrid method is closer to the 

beam theory solution than the displacement method solutino. The reason 

for this is that "when a compatible model and a hybrid stress model 

involve the same boundary displacement approximation (in this case, both 

methods assume a quadratic displacement variation), the latter is always 

more flexible" (Pian 1971). That is why the end deflection from the 

hybrid method is slightly higher (0.1259 in.) than the displacement 

solution (0.1231 in.) and the beam theory solution (0.1250 in.). 

Next, results for the bending stress at the support (Table 4.1.2) 

indicate that the mixed and hybrid methods yield reasonable results. Of 

particular interest is the displacement method stress resut obtained 

using the "local smoothing" technique. It gives a stress value which is 

closer to the beam theory solution with less than 1% error. In the 

problems considered subsequently, the smoothing technique has been used 

to evaluate the nodal stresses for the displacement method. 

The computer CPU times taken by the three methods for stiffness 

formulation and solution are given in Table 4.1.3. Obviously, hybrid 

method takes the most amount of time with mixed and displacement 



Table 4.1.1 End Deflection 

1 in = 2.54 cm 

Method Deflection (in) 

DISP. 
MIXED 
HYBRID 
BEAM THEORY 

0.1231 
0.1229 
0.1259 
0.1250 

Table 4.1.2 Stress at A and at Intg. point close to 

1 psi = 6.9 KPa 

Method Stress (psi) 

DISP. AT INTG. POINT 216.00 
DISP. SMOOTHED 298.22 
HYB. AT INTG. POINT 250.00 
HYB. AT THE NODE A 296.00 
MIXED AT THE NODE A 282.30 
BEAM THEORY 30 0.00 

Table 4.1.3 Computer Time CPU (Stiffness & Solution) 

Method Time (Sees) 

DISP. 0.809 
HYBRID 3.190 
MIXED 1.038 
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methods following in that order. It is the inversion of the matrix [H] 

(Equation 2.24), for every element that takes a lot of time. Improved 

programming techniques [in evaluating [H] (equation 2.16)] can help save 

time. Pian (1982) indicates that by recognizing identical elements in the 

[H] matrix, computing effort could be optimized and as a result, the 

computer time needed to evaluate the stiffness matrix reduced. 

4.2 Sandwich Problem with Interface Element 

Problem Definition 

In this section a plane strain problem including an interface is 

considered. The problem consists of a single interface element 

sandwiched between two solid elements (Fig. 4.2.1a). Figure 4.2.1b 

shows two solid elements without interface. The aim here is to see 

how the three finite element methods perform in the presence of an 

interface element. The elements are subjected to two different 

vertical tractions. The properties of the solid and interface elements 

are 

Solid 

E = 10000 psi (69x103 KPa) 

v = 0.3 

Interface 

E = 1000 psi (69x102 KPa) 

v = 0.3 

G = 20 psi (138 KPa) 

t = 0.1 in (0.254 cm) 
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1000 pti 

®T 
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o.i in 

k 

JL z 10 in. (25.4. cm) 

Figure 4.2.1a Sandwich Element 
with Interface 

2000 pti 
1000 psi 

Figure 4.2.1b Sandwich Element 
without Interface 
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Finite Element Results 

Displacements and stresses are found using the three finite 

element methods. The vertical displacements of two typical points A 

and B with and without interface are shown in Fig. (4.2.2). It can be 

seen that significant relative movements have occurred between the two 

solids due to the provision of the interface element. The displacement 

predictions of the three methods (Table 4.2.1) are not very different 

from one another. But, as one would expect there is some difference in 

the stresses (Table 4.2.2) with the mixed method predicting the highest 

value of Oy at node 8. The same linear interface used in this problem 

has been used in the square culvert problem to be discussed later. 

4.3 Buried Pipe Problem 

Problem Definition 

In this section, analysis of a circular cylindrical shell 

embedded in an elastic medium is considered. A closed-form solution 

for this problem has been given by Burns and Richard (1964). The 

closed form solution utilizes Michelle's formulation of Airy's stress 

function for the medium and an extensional bending theory for the 

cylinder. Plane strain condition is assumed and the notation used in 

the derivation is shown in Fig. (4.3.1). The problem considered reduces 

to the free cavity case if the shell stiffnesses become zero and a 

rigid inclusion when the stiffness becomes infinity. 

The load considered is a surface pressure acting at "infinity" 

from the inclusion. The practical depth of burial for which the closed 

form solution is applicable is determined by finding where the 
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Table 4.2.1 Y-Displacement (in) 1 in = 2.54 cm 

WITH INTERFACE WITHOUT INTERFACE 

NODE DISP. HYBRID MIXED NODE DISP. HYBRID MIXED 

6 -1.83 -1.83 -1.86 6 -1.89 -1.88 -1.94 

7 -1.69 -1.72 -1.68 7 -1.68 -1.71 -1.65 

8 -1.58 -1.51 -1.63 8 -1.27 -1.21 -1.26 

12 -1.20 -1.14 -1.22 

13 - 0 . 7 7  -0.71 -0. 73 

17 -0.89 -1.27 -1. 24 12 -0.85 -0.87 -0.87 

18 -1.24 -0.92 -0.92 13 -0.92 -0.89 -0.88 



Table 4.2.2 Stresses Along the Interface (1 psi =6.9 KPa) 

Without Interface With Interface 

STRESS DISP. UN- DISP. DISP. UN- DISP. 
NODE SMOOTHED SMOOTHED MIXED HYBRID NODE SMOOTHED SMOOTHED MIXED HYBRID 

3 297 249 580 565 3 372 418 600 603 
5 200 5 165 

<j 8 131 167 166 73 8 50 314 11 49 
X 10 304 359 290 379 

11 227 
13 2 330 118 213 

3 1609 1284 1353 1412 3 1769 1523 1527 1684 
5 1475 5 1726 

a 8 1799 1828 1746 1457 8 1982 1524 2046 1871 
Y 10 949 827 815 903 

11 882 
13 931 1261 827 834 

3 33 186 130 158 3 36 204 61 119 
5 86 5 50 

X 8 34 188 46 150 8 16 20G 40 53 
xy 10 99 89 45 97 

11 58 
13 9 234 100 41 
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resulting stress and displacement distributions become essentially the 

free-field distributions. Depending upon the properties of the shell 

relative to the medium this depth may vary from two to three times the 

diameter of the cylinder. 

The closed form-solution considers two limiting conditions 

concerning the behavior at the soil-structure interface. The first case 

is the bonded or no-slip case. In this case no relative displacement 

between the soil and the cylinder is assumed to occur. So the 

displacements in the cylinder and the soil are equal at the interface. 

The second case is the full-slip condition where the soil is free to 

slip along the cylinder. 

Considering only the bonded case, the various expressions 

derived by Burns and Richard are given below: 

Bonded Case 

N = PR {B [1-a *] + C [1+a,,*] cos 20} (1) 
O 

M = PR2 {c/6 [l-ao] +C/2 [l-a2*-2b2*] cos 20} (2) 

V = {U-a2*4 (2C/B) b2*] sin 20} (3) 

Where 

a * = re-i 
O UF + B/C 

* - C (1-UF) VF - (C/B) UF+2B 
a2 ~~ (1+B) "VF-t-C (VP+l/B) UF+2 (1+C) 

_ (B+CUF) VF-2B 
2 (1+B) VF+-C (VF+l/B) UF+2 (1+C) 



with 

and 

Where 

UF (l+K) M*R 
= 

Ec Ac 

VF (1-K) t1*R3 
= 

6 Ec Ic 

K = v/1-v 

M* 
Es(l-v) 

= (1+ ) (1-2 

N = normal thrust 

M = bending moment 

P = the surface pressure 

45 

( 4) 

(5) 

( 6) 

(7) 

r = radial distance from the center of the cylinder 

R = radius of the cylinder 

e = angle counterclockwise from spring line 

Es = modulus of elasticity for soil 

u = Poisson's ratio for soil 

M * = constrained modulus of soil 

K = coefficient of lateral earth pressure at rest for soil 

Ec = modulus of elasticity for cylinder 

Ic = moment of inertia per unit length of cylinder 

UF = extensional flexibility ratio between soil and cylinder 

VF = bending flexibility ratio between soil and cylinder 

Finite Element Analysis 

For the purpose of comparing the performance of the finite 

element methods,. a soil-structure system (buried pipe) as shown in the 

Fig. (4.3.2) is considered. The soil medium is considered to be 
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homogeneous and linearly elastic and the pipe (shell) is also assumed to 

be linearly elastic. 

The closed form solution considers different combinations of 

bending (VF) and extensional (UF) flexibilities. But, in this problem, 

for UF = 2, VF = 100, vs = 0.33 and Es = 3000 psi, the properties E and v 

of the pipe are calculated using the equations 4 to 7. This results in 

an idealized soil-structure system, the finite element model of which is 

shown in Fig. (4.3.3). The thin layer interface element has also been 

considered around the pipe. Assuming perfect bond between the soil and 

the pipe, displacements and stresses are found using the displacement 

and mixed finite element methods. The results are presented in the 

Tables 4.3.1 through 4.3.4. Figures 4.3.4 through 4.3.7 show the spatial 

attenuation of displacements and stresses. 

Discussion 

The closed form solution of Burns and Richard (1964) presents 

the results in a non-dirnensionalized form. Non-dimensionalized 

M*d displacement is given by —— where "d" is the displacement, M* is 

constrained modulus, p is applied pressure and r is the radial distance. 

a r 
Non-dimensionalized radial stress is — . Tables 4.3.1 and 

P 

4.3.2 show that there is not much difference in the displacements 

predicted by the displacement and mixed methods. They are plotted in 

Figs. 4.3.4 and 4.3.5. Both of them agree well with the closed-form 

solution. 
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Table 4.3.1 Displacement Along the Spring Line (Fig. 4.3.3) 

(lm = 39.37 in) 

DISP. MIXED EXACT 

Node disp. M*d disp. M*d M*d 

d xlO"3̂  Pr xlO-3^ pr pr 

35 0.232 0.350 0.226 0.340 0.360 

113 0.115 0.096 0.111 0.091 0.100 

139 0.063 0.035 0.060 0.034 0.030 

153 0.029 0.013 0.028 0.010 0.010 

d = x displacement 

Table 4.3.2 Displacement Along the Crown Line (Fig. 4.3.3) 

DISP. MIXED EXACT 

Node disp. M*d disp. M*d M*d 

d xl0~^in pr xl0~^rw Pr Pr 

43 0.125 1.886 0.126 1.896 1.960 

121 0.157 1.284 0.157 1.287 1.244 

147 0.205 1.155 0.205 1.156 1.084 

183 0.291 1.090 0.291 1.090 1.030 

d = y displacement 



50 

Table 4.3.3 Radial Sress Along the Spring Line 

DISP. MIXED EXACT 

Node Unsmoothed Smoothed 

35 - 0.751 0.812 0.715 0.810 

113 0.612 0.609 0.598 0.590 

139 0.563 0.562 0.556 0.530 

171 0.546 0.545 0.538 0.510 

Table 4.3.4 Radial Stress Along the Crown Line 

DISP. MIXED EXACT 

Node Unsmoothed Smoothed 

43 0.359 0.428 0.393 0.390 

121 0.886 0.862 0.874 0 . 830 

147 0.959 0.944 0.966 0. 940 

183 0.997 0.988 1.010 0. 980 
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Next, considering the radial stresses (Tables 4.3.3 and 4.3.4), 

it is seen that the results from the two finite element methods are in 

good agreement with the analytical solution. The stresses along the 

crown (Table 4.3.4) indicate that for the particular combination of UF = 

2 (extensional flexibility) and VF ,= 100 (bending flexibility), load 

reduction occurs due to positive arching (See Fig. 4.3.7). The 

displacement vectors plot (Fig. 4.3.8) also indicates this arching. It 

can be seen from the displacement pattern that the soil above the pipe 

deforms more than the soil on the side. The soil on either side of the 

pipe tends to resist the relative displacements and shear stresses are 

mobilized between the soil particles such that load will be drawn away 

from the pipe resulting in positive arching. 

The interaction loads are given by the normal and tangential 

stresses at the interface. The inclusion considered here is a circular 

cylindrical pipe with a smooth geometry and there are no sharp corners. 

This could be the reason for the good comparison of results between 

the displacement and mixed methods. 

4.4 Square Culvert Problem 

Problem Definition 

The problem considered here is that of a square culvert. This 

has been purposefully chosen because the sharp corners of the culvert 

are points of singularity and high stress gradients occur around them. 

The soil-culvert system is shown in Fig. (4.4.1). This is just a 

hypothetical problem. No closed-form solution is available for this. 
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Figure 4.4.1 Soil-Culvert System 
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The properties of the soil and the culvert (concrete) assumed are: 

Soil 

E = 2.67 x 104 KPa (3860 psi) 

v = 0.37 

G = 6.894 x 102 KPa (100 psi) 

Concrete 

E = 2.85 x 10^ KPa (4.75 x 10^ psi) 

v = 0.25 

t = 0.1m 

The system is subjected to a surface pressure of 0.600 KPa. 

Finite Element Analysis 

The culvert problem has been analyzed using two meshes, one 

without any interface element, and the other with a thin layer 

interface element. In both cases, only a quadrant of the system is 

considered. Figure (4.4.2) shows the finite element mesh for the case 

without an interface element. It has 60 elements and 213 nodes. The 

finite element mesh with an interface is shown in Fig. (4.4.3). It has 

70 elements and 245 nodes. The interface thickness is 0.5 cm and the 

thickness to width ratio (t/B) is approximately 1/40. 

Regarding the boundary conditions, all the nodes along the 

boundaries AB and DE are set on rollers satisfying the symmetry 

conditions. Nodes in the rest of the mesh are not restrained in any of 

the degrees of freedom. Stresses and displacements are obtained using 

the three finite element procedures. 
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Discussion 

Displacement results are given in Tables 4.4.1 through 4.4.3. 

The vertical displacements from the two cases, interface and no 

interface, indicate that hybrid and mixed displacements are always 

higher than those from the displacement method. This is because, in 

the displacement method, the value of the potential energy with a given 

approximation function is higher than the exact value. Consequently, 

the displacements are lower than the exact displacements. The assumed 

displacement functions although continuous within elements, provide an 

approximate distribution of displacements. This introduces additional 

supports and makes the structure stiffer. 

From Table 4.4.3 one can note that the provision of interface 

elements results in higher values of displacements even though the 

increase in the displacements is not too high. (Note the values 

underlined in Table 4.4.3). Displacement plots are given in Figures 

(4.4.4) through (4.4.6). 

Next, considering the stresses, (Tables 4.4.4 to 4.4.5) 

generally there is not much difference between the results obtained 

from the mesh with interface and the mesh without the interface. This 

is understandable because only a linear elastic case with a linear 

interface element is considered. No redistribution of stresses is done 

either. But, among the three methods the hybrid method seems to give 

higher values for normal stress; note the values underlined in table 

4.4.4. Variations of the normal and shear stresses are plotted in the 

Figures 4.4.7 through 4.4.18. The stress concentration near the corner 



Table 4.4.1 X-Displacements Along AFE (xlO~^m) (lm = 39.37 in) 

Without Interface With Interface 

NODE* DISP. MIXED HYBRID NODE* DISP. MIXED HYBRID 

1 -1.420 -2.830 -1.830 1 -1.285 -2.464 -1.565 

21 -1.140 -2.370 -1.540 24 -1.002 -1.759 -1.280 

41 -0.310 -1.020 -0.690 47 -0.182 -0.349 -0.453 

61 0.820 0.850 0.490 70 0.913 1.206 0.669 

81 1.150 1.400 0.870 93 1.209 1.457 0.988 

101 0.360 0.170 0.430 116 0.372 0.330 0.455 

121 0.710 1.230 0.780 139 0.723 1.027 0.801 

141 0.810 1.020 0.850 162 0.813 0.972 0.870 

161 0.650 0.600 0.680 185 0.657 0.705 0.693 

181 0.350 0.280 0.360 208 0.349 0.361 0.366 

201 0.000 0.000 0.000 231 0.000 0.000 0.000 

*Nodes 1 to 201 in mesh without interface correspond to nodes 1 to 231 in 

mesh with interface. 



Table 4.4.2 Y-Displacements Along AFE (xlO~^m) dm - 39.37 in) 

Without Interface With Interface 

NODE DISP. MIXED HYBRID NODE DISP. MIXED HYBRID 

1 0.000 0.000 0.000 1 0.000 0.000 0.000 

21 0.076 0.078 0.081 24 0.075 0.091 0.079 

41 0.010 0.113 0.111 47 0.096 0.181 0.104 

61 -0.036 0.027 -0.021 70 -0.043 -0.051 -0.035 

81 -0.262 -0.190 -0.232 93 -0.273 -0.331 -0.250 

101 -0.699 -0.542 -0.677 116 -0.714 -0.698 -0.699 

121 -3.006 -3.869 -3.500 139 -3.069 -3.883 -3.611 

141 -5.691 -6.862 -6.354 162 -5.784 -7.207 -6.530 

161 -9.869 -12.259 -10.726 185 -9.997 -12.728 -10.986 

181 -12.229 -15.535 -13.162 208 -12.371 -15.897 -13.463 

201 -12.979 -16.600 -13.936 231 -13.125 -16.907 -14.250 



3 

23 

43 

63 

83 

103 

123 

143 

163 

183 

203 

Table 4.4.3 Y-Displacement Along L-M-N (xl0~6m) (lm = 39.37 in) 

Without Interface With Interface 

disp. mixed hybrid node disp. mixed hybrid 

0.000 0.000 0 .000 3 0.000 0.000 0.000 

-0.217 -0.254 -0.218 26 -0.215 -0.358 -0.215 

-0.369 -0.449 -0.377 49 -0.364 -0.564 -0.365 

-0.345 -0.500 -0.347 72 -0.334 -0 .749 -0.324 

-0.029 -0.093 -0.150 95 -0.014 -0.392 -0.122 

0.126 0.130 0.160 118 0.148 0.134 0.192 

-1.820 -1.430 -2.090 141 -1.870 -1.903 -2.165 

-4.480 -5.150 -5.090 164 -4.560 -5.570 -5.240 

-9.260 -11.690 -10.090 187 -9.390 -12.000 -10.340 

-12.070 -15.440 -12.990 210 -12.210 -15.720 -13.300 

-12.980 -16.600 -13.930 233 -13.120 -16.910 -14.250 
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Table 4.4.4 Normal Stress Along A-F-E (KPa) 6.9 KPa = 1.0 psi 

Without Interface With Interface 

DISP. MIXED HYBRID NODE DISP, MIXED HYBRID 

0.246 

0.095 

0.748 

-0.518 

-4 .150 

" 2 0 . 6 0 0  

0.350 

0 . 8 0 0  

1.270 

0.030 

0.160 

0.468 

-0.289 

1.240 

-4.200 

-11.260 

•50.650 

9.730 

3.900 

1.060 

0 . 2 0 6  

0.640 

0.706 

1.070 

2 . 8 8 0  

•18.990 

-45. 010 

•77.800 

0.597 

1.190 

1.920 

0.069 

0.204 

1 

24 

47 

70 

93 

116 

139 

162 

185 

208 

231 

0.243 

0.360 

1.200 

-4.830 

-5.530 

-36. 0 0 0  

9.900 

2 .  6 0 0  

0.170 

0.310 

0.470 

1.690 

0.830 

0.090 

-3.750 

-11.400 

- 5 0 . 9 0 0  

9.650 

0 . 8 0 0  

1.170 

0.350 

0.310 

0.493 

1.290 

6.730 

•15.700 

-45.000 

-78.200 

0.550 

1.819 

1.920 

0 . 0 6 0  

0.190 

CTl 
00 



Table 4.4.5 Shear Stress Along Section L-M-N (xlO-3 KPa) 6.9 KPa = 1 psi 

Without Interface With Interface 

NODE * DISP. MIXED HYBRID NODE DISP. MIXED HYBRID 

3 3.130 10.400 8.600 3 2.870 16.300 9.300 

23 12.000 17.200 18.800 26 18.500 22.300 15.800 

43 51.500 56.100 52.600 49 44.000 51.700 48.900 

63 96.800 161.900 144.700 72 85.600 133.900 149.200 

103 296.400 322.700 342.300 118 279.800 298.500 310.400 

123 37.600 36.500 29.700 141 32.600 34.200 26.700 

143 9.600 6.800 10.800 164 8.700 6.100 8.950 

163 7.800 8.100 8.200 187 6.900 7.020 7.100 

203 3.900 7.300 3.300 233 3.400 6.980 2.970 

* 

Nodes 3 to 203 Without Interface Correspond to Nodes 3 to 233 with Interface. 



point is so high that a steep peak can be seen near it while the rest 

of the region appears flat. 
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Figures 4.4. 7 to 4.4.18 in the following pages show the plots 

of the variations of the normal and shear stresses. Some of the 

figures (4.4.7, 4.4.9, 4.4.11 and 4.4.13) show the stress variation over 

the whole region of the soil-culvert system. Since near the corner of 

the culvert the contours look congested, an area A-B~~o' (l.Sm x l.Sm) 

has been zoomed for further details. The program SURFACE II (Sampson 

1978) used for plotting the results, labels the contours only if there is 

a minimum clearance between them. That is the reason why we see only a 

few contours having been labeled (the number represents the value of the 

contour). 

Since there is no stress in the culvert opening, a flat region 

can be seen in all the 2-D plots and the contours also stop around the 

culvert. Near the culvert corner due to high stresses peaks can be 

seen in the figures. Also, due to the relatively high magnitude of the 

peak stress, the stresses over the rest of the domain appear almost 

flat. The stress contours are not to scale and they provide only a 

qualitative representation of the stress variation. 

4.5 Infinite Plate with a Square Rigid Inclusion 

Problem Definition 

The stress analysis of an infinite plate containing a rigid 

square inclusion subjected to uniform stress field is considered in this 

section. Analytical solution to this problem using the complex 
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variable method has been given by Chang and Conway (1968). The authors 

have used Muskhelishvili's comlex variable method in conjunction with 

the Schwartz-Christoffel conformal mapping technique to obtain the 

solution of this problem. The advantage of Schwartz-Christoffel 

transformation is that it enables the mapping functions to be expressed 

in a series form. The interior or exterior of a polygon can be mapped 

to the inside or outside of a unit circle by a Schawartz-Christoffel 

transformation 

z = w(s) 

where 

S = p e1 and p,0 are polar coordinates. 

Consider a rigid inclusion in an infinite plate. A conformal 

transformation of the area outside of the inclusion onto the inside of 

a unit circle can be done using a mapping function of the form 

z = w(c) = c(~£~ + a regular function) . 

For a rectangular inclusion, the function can be expressed as 

, . w U )  - C , - i - + s £  +  

(a2-a2) (a-a) 5 (4.5.1) 
80 1 " •' 

where 

a = e2klTi; a = e-2̂ 17̂  and k is the value characterizing the 

ratio of the sides of the rectangular inclusion, k = % corresponds to a 

square inclusion. 
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The right-hand side of the equation (4.5.1) is an infinite 

series. Since only a finite number of terms can be considered in 

reality, the inclusion (rectangle or square) will have slightly curved 

sides and rounded corners. Retaining sufficient number of terms of the 

series, one can obtain a contour of desired straightness on the sides 

and radius of curvature at the corners. 

The radius of curvature at the corner of a square inclusion 

versus the number of terms 'n' in the mapping function used by Chang 

and Conway is given in Pig. (4.5.1). It is seen that the convergence to 

a right angle at the corner is initially quite fast, but becomes slower 

with increase in 'n'. The shape of the inclusion is plotted in Fig. 

(4.5.2) for n = 3 and n = 10. Chang and Conway observed that the 

normal stress on the horizontal and vertical sides of the inclusion 

showed very little (less than 1%) deviation when the number of terms 

n was increased from 10 to 20. 

Solving the plane stress problem consists of finding two 

analytic functions <)> (z) and p (z) to represent stress function. The 

stress components are given by 

°0 + op = 2[$( o  + V i O  ]  

2s2 
°0 " °p+2lTp9 - - 2 —j—T—. [u (c) ' (?) -0)' U) <F U) ] 

p ^ 1 c / 

where and op are the normal stress components and TpQ is the 

shearing stress with reference to polar coordinates, and 
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$(c) = 4>' (s) ™(c) = lLLd_ 
$ U )  C O -  ( C )  '  0 ! '  ( ? )  

The radial and tangential displacements in. the ^-plane are 

given by 

2y I Ui • U) I (u +iv J = J- ^TTT) U(0- =t*' U)-*U) 
P 9 P a>'(£) 

where u and v are x and y direction displacements in the 

z-plane and k is given by 

k = -^-7— for plane stress . 1+v c 

In the present study n = 15 is assumed. A square inclusion 

with a side length 12 inches (30.48 cm) is considered in an infinite 

plate subjected to a uniform stress as shown in Fig. (4.5.3). Figure 

4.5.4 shows a quadrant of the plate. For n = 15 and a = 6 inches, 

(15.24 cm) the radius of curvature p at the corner of the inclusion can 

be obtained from the curve given in Fig. (4.5.1). p/a for n = 15 and a 

6 inches (15.24 cm) is 0.009, which gives p = 0.054 inches (0.137 cm). 

Finite Element Analysis of Mesh I 

One quadrant of the plate is considered for analysis due to the 

symmetry in geometry and loading. The problem has been analyzed using 

two different meshes. The first mesh Fig. (4.5.5) has 65 elements and 

232 nodes. No rigid inclusion material has been considered in this mesh 

but the nodes along EFA (nodes 1 to 17) are fixed by constraining the 

degrees of freedom. Nodes along AB and DE are supported on rollers 
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Figure 4.5.5 Finite Element Mesh with 6 5 Elements 

(Mesh I) 



thus taking care of the symmetry conditions. This simulates a rigid 

inclusion. 

Discussion of Results for Mesh I 

Normal and shear stresses obtained from the finite element 

analysis are given in Table 4.5.1. ~ in the table is the nona 

89 

dimensionalized distance where S is measured along AFE (Fig. 4.5.5) and 

'a' is one half the length of the square inclusion. s 
-=1 corresponds to a 

the corner point of the inclusion. Closed-form soutions as obtained 

from the plots given in the paper by Chang and Conway (1968) are also 

included in the Table 4.5.1, for comparison. Comparing the normal 

stresses, the results from the three finite element methods agree well 

with the closed-form solution. Near the corner which is a point of 

singularity, however, hybrid method gives higher value for the normal 

stress. Shear stresses are also in good agreement with the closed-

form solution over most of the length of ~' except near the corner. a 

The highest value of 2.43 for the shear stress given by hybrid method 

is closer to the closed form solution with n = 5 terms (2.40) than the 

solution with n = 10 terms (4.08). Normal stress and shear stress 

plots are given in Fig. (4.5.6) and Fig. (4.5. 7). 

Displacements along the section I-J-K (nodes 18 to 26) are 

presented in Table 4.5.2. Closed-form solutions for displacements are 

not available, but the agreement of results from the three methods is 

good. 



Table 4.5.1 Normal and Shear Stresses - Mesh I (1 psi = 6.9 KPa) 

Normal Stress (psi) Shear Stress (psi) 

NODE 
s 
a 

Disp.** 
Unsmoothed 

Disp. 
Smoothed Hybrid Mixed 

Closed 
Form* 

Disp. 
Unsroothed 

Disp. 
Smoothed Hybrid Mixed Closed 

Form* 

17 0.000 1.19 1.16 1.20 1.10 0.21 0.01 0.01 0.00 0.00 0.00 

13 0.830 1.29 1.41 1.53 1.34 1.50 0.08 0.12 0.16 0.05 0.19 

11 0.991 1.41 1.96 2.75 2.68 2.69 0.39 0.31 0.25 0.55 0.44 

9 0.997 2.52 2.67 4.71 3.30 2.69 0.41 0.42 0.47 0.61 4.08 

7 1.009 -0.40 -0.45 -0.98 -0.56 -0.38 0.88 1.26 2.43 1.65 4.08 

5 1.116 -0.01 -0.12 -0.05 -0.17 -0.30 0.37 0.55 0.65 0.51 0.65 

3 1.420 0.14 0.12 0.11 0.13 0.07 0.07 0.32 0.33 0.30 0.33 

1 2.00 0.14 0.13 0.13 0.15 0.10 0.00 0.00 0.00 0.00 0.00 

Measured from Figure 4 of the paper by Chang (1968). 

Stress at Integration Point 

Close to the Node 
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Table 4.5.2 Displacements Along I-J-K (Mesh I) 1 in = 2.54 cm 

X-Disp. (X10"7 in) Y-•Disp. (xlO~7 in) 

NODE DISP. HYBRID MIXED DISP. HYBRID MIXED 

19 0. 000 0.000 0.000 0.128 0.144 0.151 

19 1.040 1.030 0.999 0.070 0.095 0.166 

20 1.920 1.990 1.860 -0.078 -0.019 0.020 

21 4.300 4.580 4.300 -0.910 -1.210 -0.757 

22 6.270 6.510 6.460 -2.610 -2.740 -2.700 

23 3.160 3.570 2.980 -1.640 -1.840 -1.600 

24 1.810 1.730 1.700 -0.508 -0.546 -0.437 

25 1.540 1.510 1.490 -0.258 -0.253 -0.219 

26 1.430 1.400 1.400 0.000 0.000 0 .000 
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Finite Element-Analysis for Mesh II 

The second mesh considered (mesh II - Fig. 4.5.8) for the 

analysis has 68 elements and 237 nodes. The inclusion material has 

been considered in the finite element discretization. The material is 

assigned high values (compared to the rest of the plate) of E and v 

equal to 6 x 109 psi (41.4 x 10^ KPa) and 0.49 respectively. For the 

plate, E is 2 x 10^ psi (13.8 x 10^ KPa) and v is 0.25. Nodes 1 to 17 

are not restrained and the nodes along BC and EF (Fig. 4.5.8) are 

supported on rollers. This simulates a highly stiff but deformable 

inclusion. 

Discussion of results for Mesh II 

Normal and shear stresses for this mesh from the three finite 

element methods are given in Table (4.5.3). Variation of normal and 

shear stresses are given in Fig. (4.5.9) and Fig. (4.5.10). 

Displacements along the section I-J-K are presented in Table (4.5.4). 

C 
Normal stresses for different values of —, from the three finite 

a 

element methods seem to be quite reasonable/ considering the results 

C 
from closed form solution. Near the corner of the inclusion where — 

approaches the value 1, the stresses are singular. The closed-form 

solution with 10 terms gives a maximum value of only 2.69 psi (18.56 

KPa). Hybrid method gives as high as a value of 13.5 psi (93.15 KPa), 

near the corner, higher than the values given by displacement (2.88 psi 

(19.87 KPa)) and mixed (3.30 psi (22.77 KPa)) methods. This shows that 

hybrid method is capable of predicting high stress gradients better. 
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Figure 4.5.8 Finite Element Mesh with 68 Elements 
(Mesh II) 



Table 4.5.3 Normal and Shear Stresses - Mesh II (1 psi = 6.9 KPa) 

Normal Stress (psi) Shear Stress (psi) 

NODE s 
a 

Disp.** 
Unsmoothed 

Disp. 
Smoothed Hybrid Mixed Closed 

Form* 
Disp. 

Unsmoothed 
Disp. 

Smoothed Hybrid Mixed Closed 
Form* 

17 0.000 1.19 1.19 1.20 1.16 1.21 0.01 0.01 0.00 0.00 0.00 

15 0.580 1.29 1.24 1.28 1.24 1.31 0.08 0.05 0.07 0.02 0.11 

13 0.830 1.53 1.41 1.62 1.26 1.50 0.17 0.11 0.14 0.13 0.19 

9 0.997 1.49 2.60 3.59 3.30 2.69 0.87 1.02 3.27 0.73 4.08 

7 1.009 -0.39 -0.42 -0.48 -0.57 -0.38 1.12 0.87 1.35 1.50 4.08 

3 1.420 0.10 0.09 0.10 0.14 0.07 0.24 0.36 0.33 0.26 0.33 

1 2.000 0.13 0.13 0.13 0.15 0.10 0.05 0.05 0.00 0.00 0.00 

*Measured from Figure 4 of the paper by Chang (1968). 

Stress at Integration Point 

Close to the Node 
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Figure 4.5.9 Normal Stress Along S 

Note: Seme computed values for the three methods 
are too close; for details see Table 4.5.3 
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• S/o 

A DISP 

• HYBRID 

• MIXED 

_ CLOSED FORM n=lO 

... CLOSED FORM n » 5 

Figure 4.5.10 Shear Stress Along S 

Ifote: Seine ccmputed values for the three methods 
are too close; for details see Table 4.5.3. 



Table 4.5.4 Displacements Along I-J-K (Mesh II) 

X-Disp. (xlO-7 in) Y -Disp. (xlO 7 in) 

NODE DISP. HYBRID MIXED DISP. HYBRID MIXED 

18 0.000 0.000 0.000 0.127 0.140 0.153 

19 1.040 1.030 1.010 0.064 0.087 0.116 

20 1.940 2.020 1.970 -0.087 -0.035 -0.032 

21 4.310 4.600 4.390 -0.918 -1.230 -0.784 

22 6.270 6.540 6.770 -2.590 -2.760 -3.090 

23 3.170 3.600 3.080 -1.630 -1.860 -1.590 

24 1.820 1.760 1.690 -0.512 -0.563 -0.535 

25 1.550 1.530 1.500 -0.261 -0.262 -0.216 

26 1.420 1.400 1.400 0.000 0.000 0.000 
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Shear stress results Table (4.5.3) show that the closed-form 

solution gives the maximum value of shear stress (4.08 psi (28.15 KPa). 

Of the finite element methods, hybrid method again gives 3.27 psi (22.56 

KPa) for the shear stress. Displacement and mixed methods yield 2.60 

psi (17.94 KPa) and 1.50 psi (10.35 KPa) for the maximum shear stress. 



CHAPTER 5 

SUMMARY AND CONCLUSIONS 

' Each of the three finite element methods considered in this 

study has as its basis a variational principle. Only the displacement 

method has a bound. It has a lower bound and the solution approaches 

the exact value with mesh refinement. But, neither the Mixed method 

nor the Hybrid stress method is bounded. 

Regarding displacements, Hybrid and Mixed methods predict 

higher values than the displacement method because the displacement 

formulation leads to a stiffer structure. Displacement is the primary 

variable (or one of the primary variables) in all the three methods. In 

the case of Mixed method both displacement and stress are the primary 

variables whereas in the Hybrid stress method displacements are 

primarily solved for and the stresses are obtained independent of the 

displacements through undetermined parameters. 

As for the stresses, the displacement method with a quadratic 

displacement assumption provides only a linear variation of stresses. 

Mixed method because of the independent (quadratic) stress assumption 

provides a quadratic variation of stress. Hybrid method also avoids the 

error due to differentiation of displacements to get the stresses. One 

fact to note here is that the stresses are not continuous across the 

elements in the case of the hybrid method because the stresses are 

101 
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obtained as {a} = [P] (8), where the matrix [P] depends on the 

coordinates of the nodes of the element considered. 

Considering now the problems solved, 

1) The cantilever beam problem indicates that Hybrid and Mixed 

methods give better results for both displacement and stress. The 

stress result in the case of the displacement method can be improved 

by using the "smoothing technique" described in section 3.5. However, 

it should be noted that the Hybrid method takes more computer time 

than the other two methods. 

2) In the case of "buried pipe" problem which has a smooth 

circular geometry both displacement and mixed methods yield results 

which agree well with the closed form solution. Positive arching is 

indicated (for the flexibilities chosen for the soil and the pipe) by 

the variation of stresses along the crown and the displacement pattern 

shown in Fig. 4.3.8. 

3) The problem of a square culvert and the plate with a rigid 

square inclusion under plane stress have been chosen to represent 

stress concentration problems. They have been analyzed to compare the 

performance of the finite element methods. While the latter has an 

analytical solution, the former one does not. The stresses in the case 

of the rigid inclusion problem, for both meshes agree well with the 

analytical solution over most part of the interface (between the 

inclusion and the plate) except near the corner as shown in Figures 

4.5.6, 4.5.7, 4.5.9 and 4.5.10. Near the corner, the Hybrid method gives 
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as high a value of 13.5 for the normal stress for the mesh II - higher 

than the values given by the displacement and mixed methods. 

High stress concentrations in the culvert and rigid inclusion 

problems can be avoided by rounding up the corners; yet, there are some 

problems like sheet metal and wire drawing industries and simulation of 

excavation where stresses are important and a method with stresses as 

the primary variables will be a better choice. Research in the area of 

fracture mechanics has led to techniques to improve the performance of 

the displacement method. Displacement based isoparametric elements 

can be improved by adopting such methods as collapsing the sides or 

quarter point method (Bathe 1982, Barsoum 1976, 1977). 

Only linear problems have been considered in this thesis. It 

will be worth considering the evaluation of the three methods when 

nonlinear it ies are involved. 
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