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ABSTRACT 

In this paper the method of error energy reduction 

presented by Gerchberg is examined. A well-known conver

gence proof for the continuous problem is presented and its 

relationship to the discrete problem is examined. 

The basic algorithm is tested for a few different 

one-dimensional objects to determine to what extent it is 

invariant to the type of signal being processed. They 

include a complicated object and an object with edge 

discontinuities. Algorithm parameters such as the discrete 

Fourier transform array size, sample rate, and space-

bandwidth product are varied to determine their effect on 

the algorithm. 

Finally, a number of methods for the acceleration 

of the algorithm are investigated, and promising results 

are obtained for all the test objects. 
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CHAPTER 1 

INTRODUCTION 

This paper discusses the general problem of extrapo

lating a frequency-truncated segment of a space-limited 

signal as posed by Gerchberg (1974) in a recent paper. The 

continuous extrapolation will yield an exact solution in 

theory, because a space-limited continuous spectrum is 

analytic, and an analytic function may be completely 

recovered using analytic continuation. 

Gerchberg calls his algorithm a method of error 

energy reduction (EER). It involves repeated transforma

tions between the spatial and spectral domains, with the 

imposition of an appropriate constraint operator in each 

domain. These operators decompose our signal estimate into 

a summation of linearly independent error and non-error 

components at each iteration. The error energy component 

can then be removed without affecting the non-error 

component. Since the independence of these two components 

is preserved across the Fourier transform by Parseval's 

identity, the error signal will tend to zero as the number 

of iterations tends to infinity. However, the Gerchberg 

algorithm exhibits a slow rate of convergence, and efforts 
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have been made to accelerate the convergence in order to 

make the algorithm tractable in real applications. 

The Gerchberg algorithm has historical significance 

in the energy formulations of Toraldo di Francia in the 

1950s and in the application of prolate spheroidal wave 

functions (PSWF's) to bandlimited extrapolation as posed by 

Slepian and Pollak (1961). Researchers cite numerous 

references prior to 1972 which have contributed to the 

development of bandlimited (BL) extrapolation procedures. 

In 1972 Gerchberg and Saxton published the results 

of their research in the area of electron microscopy. 

Their paper addressed the reconstruction of phase for an 

object given .a priori knowledge of the modulus in both the 

object and spectral domains. Although their paper did not 

directly address the issue of bandlimited extrapolation, 

Gerchberg and Saxton are often credited for the algorithm 

due to their use of alternating constraints in each domain 

of a Fourier transform pair, with the assumption that a 

correction in one domain is translated across the transform 

according to Parseval's theorem. 

There is some question as to the exact origin of 

the Gerchberg algorithm. The literature alternately refers 

to this method as the Gerchberg-Saxton algorithm for 

reasons stated above. Also, the Gerchberg algorithm is 

often treated together with the band-limited extrapolation 
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algorithm, which was first presented by Papoulis in an 

internal report (1973). It was published independently by 

Gerchberg (1974) in a heuristic form, and the formal proof 

of convergence was given by Papoulis (1975). 

The recent explosion of various image and diffrac

tion plane methods for extrapolation of bandlimited signals 

is a direct consequence of the development of a fast 

Fourier transform (FFT) by Cooley and Tukey in 1965. Given 

an N-element transform, the FFT has reduced the number of 

2 complex multiplications from N for the traditional 

discrete Fourier transform (DFT), to only (N/2)log2 n for 

the FFT. For example, our research has been conducted 

using complex one-dimensional arrays of size N = 256. The 

DFT would require 65,536 complex multiplications, whereas 

the FFT requires only 1024. The computational improvement 

is on the order of 64:1. For N = 512, this improvement 

would be 114:1! 

There are several blocks of research based on the 

formulations of Gerchberg, Saxton, and Papoulis which are 

continuing today. These include phase-only and 

magnitude-only signal reconstruction (Hayes et al., 1980; 

Hayes, 1982), acceleration methods (Fienup, 1982; Chamzas 

and Xu, 1984), and elaborations on BL extrapolation methods 

for discrete systems (Jain and Ranganath, 1981; Tom et al., 

1981; Sanz and Huang, 1983a, 1983b, 1983c). 
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Our particular application of the Gerchberg 

algorithm is its discrete implementation as a method for 

superresolution, Superresolution is the process of 

resolving the spectrum of a signal past some diffraction 

limit. We wish to extrapolate the frequency-truncated 

complex spectrum for a space-limited object beyond some 

known portion of that spectrum. 

A typical application occurs in astronomy. We may 

observe a true binary star as a single-intensity point 

source. This "blurring" might be a function of the 

diffraction-limit of our telescope or of atmospheric 

turbulence. The distortion of our true object can be 

modelled as a truncation of its high-frequency spectrum. 

Using the Gerchberg algorithm, we hope to extrapolate this 

truncated spectrum and thereby resolve the detail in the 

spatial domain to indicate that our degraded object is in 

fact a binary star and not a single point source. 

There are problems associated with extending the 

properties of the continuous algorithm to a discrete 

implementation. We will attempt to show that unique 

convergence properties can be extended to the discrete 

problem if proper adjustments are made to the Gerchberg 

algorithm. Any aberration left in the discrete implemen

tation due to noise will be shown to be relatively trivial. 
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Many researchers have adopted the algorithm as 

posed by Gerchberg to the dual problem of extrapolating a 

time-truncated segment of a continuous (or discrete) 

band-limited signal. There is no inherent difference 

between our problem of superresolution and the dual; the 

Gerchberg algorithm is easily modified for this change by 

simply altering the order of operations. However, problems 

seem to arise when we apply additional restrictions to the 

basic algorithm. A typical restriction is to constrain our 

object to be real or positive-real. A positive-real object 

is a valid assumption in many applications of digital image 

processing. However, the real restriction for the spatial 

domain forces our extrapolation to be complex in all cases 

except when the real object has even symmetry (Bracewell, 

1978). In the dual problem, it is only necessary to 

extrapolate a real sequence. The complex extrapolation 

seems to add another "degree of freedom" to an already 

ill-posed problem, and efforts are made to develop 

acceleration techniques that treat the complex sequence as 

two independent (or interdependent) real sequences. 

It is apparent that the Gerchberg algorithm is not 

invariant to the type of signal being processed. Saxton 

(1978) has noted difficulties in processing signals that 

are characterized by a discontinuous object edge. Our 

preliminary research has also indicated that the Gerchberg 



method behaves differently for various object types. It 

also seems to behave differently for specific sampling 

rates, known object supports, known spectral supports, and 

dimensions for the DFT array. We will attempt to quantify 

the effect of varying these parameters on the performance 

of the Gerchberg algorithm. 

It is instructive to note that this paper was 

derived from the specific problem of minimizing the cost of 

sampling a large object in the spatial domain at the 

expense of losing high-frequency data as a function of 

Nyquist sampling criteria. Our target object was a large 

parabolic receiving dish and our goal was to obtain a 

fairly precise measure of phase across the antenna by 

discrete sampling within the surface area of the dish 

itself. 

By developing a feasible method, we hoped to super-

resolve the detail lost by taking an economical number of 

two-dimensional samples. The Gerchberg method of error 

energy reduction was chosen initially because it is 

computationally simple and relies on object and spectral 

constraints which are easily determined for this particular 

problem. The initial research was conducted at the Digital 

Image Analysis Laboratory at the University of Arizona 

using a DEC PDP-11/70 computer. Our data was a 15 x 15 



matrix containing complex phase samples for a parabolic 

dish with a diameter of about 70 meters. 

The Gerchberg algorithm failed for our particular 

data, and questions arose regarding the validity of its use 

in various situations. We decided that a further study of 

the Gerchberg algorithm was a valid research topic in 

itself. 

We have posed several questions about the utility 

of an iterative extrapolation method. (1) Can the converg

ence properties for continuous extrapolation be extended to 

the discrete case? If so, is there a viable connection 

between our discrete and continuous solutions? (2) Can the 

Gerchberg algorithm be shown to be relatively invariant to 

the type of signal it is resolving? (3) Can we find values 

for space-bandwidth product, object sampling rate, and DFT 

array size (discrete Fourier transform) that yield optimal 

performance for the Gerchberg algorithm? (4) Can we 

adequately review the mathematics of the algorithm in order 

to develop effective techniques for accelerating its rate 

of convergence? The remainder of this paper seeks to 

answer these and other questions which arose during the 

course of our research. 

In Chapter 2 we will formulate the Gerchberg method 

of error energy reduction as a practical extension to the 

problem of solving a system of linear equations of the form 
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Y = DX. X represents an ideal object that is passed 

through a severe low pass filter to generate our initial 

object estimate Y. A theoretical basis for the EER method 

will be found in the theory of prolate spheroidal wave 

functions and in a theory for alternating orthogonal 

projections. Chapter 3 introduces a discussion specific to 

establishing convergence criteria for the discrete 

superresolution problem. In Chapter 4, we consider the 

various implementations of the error energy reduction 

method as presented in the literature and we define four 

general techniques for accelerating the basic Gerchberg 

algorithm. We will assemble this information into a 

"flowchart" which should aid researchers in accessing the 

wealth of information now available on this topic. In 

Chapter 5 we will present numerical examples of various 

acceleration techniques in an attempt to answer the 

questions described in this section. In Chapter 6 we will 

present a brief discussion of our results and offer 

suggestions for further research. 



CHAPTER 2 

THE GERCHBERG ALGORITHM 

In this section we develop a general iteration 

equation for the solution of a linear system of equations 

of the form Y = DX. We then extend the general iteration 

equation to the Gerchberg algorithm and offer a 

mathematical proof for his method based on the theory of 

alternating orthogonal projections. This proof is valid 

only for continuous systems, and we develop conditions for 

a discrete proof in Chapter 3. 

The General Iteration Equation 

We wish to solve for Y = DX, where Y, D, and X 

denote complex one-dimensional signals that may be either 

continuous or discrete. Y is the observed output from a 

degradation operator D operating on some ideal signal X, 

and it is our ambition to recover the ideal signal X from 

our measurement of Y and some _a priori information about X. 

In general, a valid solution may be obtained by 

finding the inverse operator D-"'" and solving for X = D ^"Y. 

The closed-form solution is desirable, but the implementa

tion of the inverse operator given an incomplete or 

9 
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approximated knowledge of D may be unsatisfactory (Schafer 

et al., 1981). In many cases a unique solution for X, 

given Y and D, does not exist. These complications suggest 

t h e  u t i l i t y  o f  a l t e r n a t e  a p p r o a c h e s  t o  t h e  s o l u t i o n  f o r  X, 

such as analytic continuation using the Taylor series. 

This approach has been studied (Slepian and Pollak, 1961), 

but for the most part it has been abandoned because it 

relies on analysis using derivatives, which is a very 

noise-sensitive process. 

Iterative methods have received considerable 

attention because physical constraints such as object 

support and positivity are easy to enforce and because 

mathematical characterization of the signal is possible 

(Trussell, 1983). A set of known constraints on the 

solution signal limits the possible outcome of our extrapo

lation to lie within a well-defined region. 

The most general iteration is 

Xk+1 = AXk (1) 

where A denotes a system of constraints that forces a 

unique solution for X, and where k is the iteration 

counter. An example of such a constraint operator may be 

the a_ priori knowledge that our solution signal is positive 

real. In this case X^ would be set to zero everywhere in 

the complex plane except on the positive real axis. This 
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example is obviously trivial because only one iteration is 

required to achieve a stable solution. The stable or 

"fixed-point" solution is denoted as X* and solves the 

equation 

X* = AX* (2) 

In other words, convergence to a fixed-point solution is 

established if X^ -> X# as k -> infinity. 

We can vary the rate of convergence by adding a 

relaxation parameter H. Then Equation (1) becomes 

XR+1 = HAXk + (I - H)Xk (3) 

where I is the identity signal. The technique of relaxa

tion is used to accelerate a slow algorithm or to 

decelerate an algorithm that is unstable. 

The Gerchberg Method of Error 
Energy Reduction (EER) 

The Gerchberg method of error energy reduction is 

an iterative algorithm that consists of repeated transforma

tions between the spatial and frequency domains, with the 

imposition of an appropriate constraint operator in each 

domain. It is shown that a signal estimate can be 

decomposed into a liner combination of error and non-error 

components, where the error component is removed in each 

domain at each iteration by the appropriate constraint 
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operator (Gerchberg, 1974). The spatial-domain constraint 

is the truncation of our estimated solution to an extent 

that is known _a priori. In many applications, the known 

object extent may be determined from measurements of our 

initial object estimate or from a_ priori information about 

the solution. For example, it is known that the size of 

the parabolic dish described in Chapter 1 is about 70 

meters. Overestimation of the object extent is not fatal, 

but it will significantly reduce the rate of convergence 

for the iteration. Underestimating the object extent, 

however, is fatal, because underestimation will force a 

change inside the region of our known spectral segment 

(Gerchberg, 1974; Fienup, 1982). 

In the spectral domain it is assumed that we know a 

truncated portion of the solution spectrum exactly. It is 

then possible to refine the exactness of our solution by 

correcting our estimated spectrum within the known portion 

of the spectrum at each iteration. We effectively merge 

our known data with each spectral estimate. The effect of 

the iteration then is to gradually "build up" an extrapo

lated spectrum outside our known segment. The spectral 

domain constraint refines our estimate in that domain, but 

its more interesting property is that it causes a shift of 

signal energy into the error component of the spatial 

domain. Similarly, the spatial-domain constraint causes a 
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shift of signal energy into the error component of the 

spectral domain. In this fashion it is evident that the 

desired property of error energy reduction can be sustained 

by the successive application of these operators. We will 

elaborate on this point shortly. 

Prior to beginning a formal discussion of the 

Gerchberg algorithm, it is important to establish the 

notation that will be used for the remainder of this paper. 

A list of symbols is presented in Table 1. Figure 1 

presents a graphic representation of the Gerchberg error 

energy reduction method, and Figure 2 shows the algorithm 

with the notation used in our numerical simulations. 

It is also important to note that the goal of our 

research is suitably formulated in either the spatial or 

spectral domain. In the spatial domain, we wish to 

iteratively restore detail to an object estimate with the 

expectation that it will converge to its target solution. 

In the spectral domain, we wish to iteratively extrapolate 

complex spectra beyond the diffraction limit of our known 

spectral segment. It is obvious that the perfect 

restoration of our estimated object is identical to the 

perfect restoration of spectra outside our known segment. 

Hereafter we refer to our problem in terms of spectral 

extrapolation for the purpose of consistency. However, we 



Table 1. List of symbols. 
14 

A System of constraints 

B Truncation boundary of the known spectral segment 

Cg Spectral domain constraints 

C,j, Spatial domain constraints 

D Degradation operator 

F Forward Fourier transform (FFT) 

F ^ Inverse Fourier transform (IFT) 

kth iteration of a signal in the spatial domain 

Relaxation parameter 

I. Error function k 

k Iteration counter 

L Eigenvalue 

m Index in spectral domain 

n Index in spatial domain 

0 A general composite operator 

Pg Truncation operator in the spectral domain 

Trunctation operator in spatial domain 

S S = 2T + 1 the number of samples in our known 
spatial extent 

S S = 2B + 1 the number of samples in our known 
spectral segment 

T Truncation boundary of known spatial extent 

kth iteration of a signal in the spectral domain 

Y A general signal 

Z Acceleration operator 
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Figure 1, Graphic representation of the error energy reduction method (taken from 
Gerchberg, 1974 , p. 711). 
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Figure 2. Alternative graphic representation of the EER 
method. -- Symbols in parentheses correspond 
with the notation in the text. Symbols and 
Gj^ denote the complex sequence at various 
locations in the loop. becomes the next 
input . 



17 

will often refer to the visible improvement of our object 

estimate as a function of the spectral extrapolation. 

We wish to solve for 

x = . (A) 
o B target 

where X , P,, , and X,_ denote complex one-dimensional 
o B' target K 

sequences. XQ is the initial observed spectral-domain 

output from a bandlimiting operator Pg that causes a 

truncation of our target spectrum target* Bandlimitation 

affects the quality of our test signal in the spatial 

domain, as shown in Figure 3. The bandlimiting operator is 

defined as 

PB[m] = 1, |m| < B 

0, 1m| < B (5) 

Similarly, a space-limiting operator P^, is described as 

PT[n] = 1, |n1 < T 

0, | n| > T (6) 

The subscripts B and T specify the extent of trunca

tion in the spectral and spatial domains, and a graphic 

description of these operators is presented in Figure A. 

It is our ambition to recover the entire spectrum ^target 

from our measurement of X olus some a priori information 
o — 

about X. target 
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With our symbols defined as follows: 

F = forward fast Fourier transform (FFT) 

F-"'" = inverse fast Fourier transform (IFT) 

Cg = spectral-domain constraints 

Crj, = object-domain constraints 

(7) 

Gerchberg (1974) describes his algorithm using a composite 

operator 

0 = FCTF~1CB (8) 

where the operations occur in a riaht-to-left fashion. The 

algorithm can then be described as an implementation of the 

general iteration equation 

Xk+1 = 0Xk. (9) 

In Figure 2 we provide for the addition of an acceleration 

parameter Z so that 

0 = ZFCTF_1CB (10) 

The iteration is entered in the spectral domain prior to 

the spectral-domain constraint Cg. 

The well-behaved Gerchberg algorithm exhibits rapid 

convergence for the first 5 or 10 iterations and then slows 

to an asymptotic approach to zero as k -> infinity. 



21 

Gerchberg addresses the issue of convergence for 

his iterative algorithm in a heuristic fashion. He 

emphasizes that the efficacy of his method relies on the 

following: 

1. The limited spectrum equals the true spectrum plus 

an error spectrum, where the error spectrum is zero 

inside our known segment and is the negative of the 

true spectrum outside this known segment. 

2. The algorithm is a linear procedure in the sense 

that its effect on the total spectrum can be shown 

to be a superposition of its effect on the true 

spectrum and error spectrum separately. 

3. The algorithm does not seek to construct the 

spectrum perfectly out to some new diffraction 

limit, but only to reduce the error energy in any 

way and over whatever spectral region it proves to 

be possible. 

A. The known spectral segment is finite in length and 

has zero error energy. Therefore, the error 

spectrum is not analytic and its Fourier transform 

is analytic. In the object domain, the algorithm 

sets all "error object energy" outside our known 

extent to zero. Parseval's theorem ensures that 

error spectrum energy equals error object energy 
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before this truncation is made, so the total error 

energy is reduced by the truncation. 

5. The new error spectrum will have energy in the 

region of our known spectral segment, due to the 

analyticity condition imposed by truncation in the 

spatial domain. By correcting our spectral 

estimate within the known segment, error energy is 

again reduced, and we now have a finite error 

spectrum which is not analytic and must therefore 

have an infinite Fourier transform. 

It is intuitively clear that the Gerchberg algorithm must 

converge by repetitive application of (4)- and (5) above. 

However, his heuristic proof relies heavily on the property 

of analyticity for its validation. For the discrete 

problem the analyticity property vanishes due to sampling, 

and convergence to a unique solution is no longer 

guaranteed. 

The Continuous Proof 

The continuous proof is mathematically justifiable. 

In essence, the constraints Pg and P,p presented by 

Gerchberg are certain alternating orthogonal projection 

operators (Youla, 1978). Given 

Q B  - a - P B> cm 



23 

an iterative procedure for the extrapolation of spectra 

from our known segment XQ is formulated as 

Xk+1 - xo + Wk 

k = 1, 2, . . . (12) 

Reading from right to left. Equation (12) states 

that is created by (1) projecting onto the space 

indicated by our known object extent, then (2) projecting 

the result onto the space outside our known segment of the 

spectrum, and finally, (3) adding our known spectral 

segment to correct the projection onto the space within the 

extent of that segment (Youla, 1978, p. 695). In the 

Gerchberg iteration (1) is realized using the spatial 

truncation operation and (3) is realized using the merge 

operation in the spectral domain. 

The composite operator given by shown to 

represent a truncated Fourier transform, having eigen

vectors that are the prolate spheroidal wave functions, or 

PSWFs (Slepian and Pollak, 1961). The general eigenvector 

equation is 

PTPRX = LX (13) 

and its solution yields eigenvalues L q > , 

where 0 < < 1. Therefore the composite operator is a 

contraction satisfying 
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(PTPB)k _> 0 

as k -> infinity (14) 

and the proof of convergence of the continuous Gerchberg 

algorithm can be completed. 

The foundation for guaranteed convergence of the 

continuous Gerchberg algorithm to a unique solution is 

found in the Contraction Mapping Theorem for functional 

analysis, which states that if operator A: ^+1 = is a 

contraction in some subspace, then a unique fixed point 

solution exists in that subspace such that X* = AX^. 

Furthermore, the general iteration equation will converge 

for every initial Xq in the subspace (Schafer et al., 1981, 

p. 433 ). 



CHAPTER 3 

THE DISCRETE GERCHBERG ALGORITHM 

The convergence of error energy to the zero signal 

for continuous systems using the Gerchberg algorithm is 

well-documented. Our goal therefore is to extend this 

proof to discrete systems. The analyticity property 

vanishes for the discrete problem and a unique solution is 

no longer guaranteed by the continuous proof. Problems 

that arise are caused directly by the imposition of 

sampling criteria, finite register length, and practical 

time limitations. However, we will show that these 

inherent difficulties may in fact pose no real problem. 

Sometimes the effects of digitization are detri

mental. For example, the Newton-Raphson method for finding 

the roots of polynomial equations is very unstable when 

implemented on an 8-bit microcomputer; however, this same 

algorithm performs well on this same machine if we 

initialize our program using double-precision real 

variables. In one case the "reality constraints" have an 

adverse effect on the performance of the algorithm, but in 

the modified case the effects of digital implementation are 

almost negligible. In fact we could choose an index of 

25 
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precision (say, 4 significant digits) that virtually 

eliminates any difference between an ideal and computed 

value, within an arbitrary threshold. 

Although it may be possible to disprove the 

validity of a procedure on paper, such an exercise may 

prove to be irrelevant in practice. In a recent article 

(Stark, 1981) it has been shown that a practical 

implementation of the method of alternating orthogonal 

projections will fail for all but a well-conditioned set of 

signals. Meanwhile, numerous empirical studies have shown 

that the Gerchberg algorithm can be made to yield favorable 

results. A formal proof for discrete convergence then is 

merely an effort to quantify the digital errors and to 

justify their relative insignificance. By a judicious 

choice of acceleration criteria it will generally be 

possible to obtain valid approximation solutions from a 

digital implementation of the Gerchberg algorithm. 

Can we expect to achieve absolute convergence to 

our target object? Probably not, but this is not 

surprising because virtually all useful digital 

implementations generate a small error signal. Instead, we 

wish to determine what conditions are required for a 

discrete sequence to converge to a unique solution having 

only an insignificant bounded error residual. Having 
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quantified the insignificant negative products of our 

digital implementation, we may then ignore them. 

Jain and Ranganath (1981) have observed that the 

discrete Gerchberg algorithm converges not to the zero 

signal but instead to X+, a minimum-norm least-squares 

(MNLS) solution of the form 

X+ = AX+ (15) 

where -> X+ as k -> infinity. The stable solution will 

generally differ from ^target by a small amount that may be 

tabulated as an error residual 

1+ = I(X, - X„ „)2 (16) target' ' 

The algorithm may converge to a unique solution 

that approximates our desired zero error signal for all 

practical purposes, but a large number of iterations may be 

necessary. It is prudent then to focus our research on 

techniques that will accelerate the convergence of the 

Gerchberg iteration without disturbing its convergence 

properties. 

Our search of the literature has revealed a variety 

of conditions that support a proof of convergence for the 

discrete Gerchberg algorithm. Moreover, we have observed 

that the same conditions are often employed as acceleration 

techniques for the basic algorithm. This can be expected 
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because any operation that defines a unique solution 

effectively limits the freedom of the iteration to move in 

the wrong direction. We will present our discussion of the 

discrete problem in a heuristic fashion and direct the 

reader to the references for a more detailed mathematical 

treatment of the various procedures. 

The various techniques for establishing discrete 

convergence may be grouped into one of the following 

categories: 

1. Signal or algorithm conditioning 

2. Added constraints 

3. Proper sampling 

Discrete Convergence by Signal 
or Algorithm Conditioning 

Cadzow (1979) has determined that the sequence of 

approximation error signals Xj( - ̂ target converges to zero 

if the solution spectrum ^target an(^ t'ie initial limited 

segment Xq have the same known object extent. Since Xq 

coincides with an initial spatial-domain estimate Gq that 

is infinite in extent, we must correct Xq using the 

composite operator 

0 = FPtF_1 (17) 

where F~\ P^, and F have been defined in Equation (7). In 

other words, we must ensure that the initial spectrum Xq is 
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space-limited to the same region as ^target" Operator 0 is 

identical to three successive steps of the normal Gerchberg 

algorithm shown in Figure 1 (page 15) and so it is apparent 

that this particular requirement is intrinsic to the basic 

algorithm. Moreover, this modification of Xq is in 

agreement with the Contraction Mapping Theorem discussed in 

Chapter 2, which states that convergence is ensured in some 

space for any initial estimate in that space. We have 

observed that there is no effective difference in the 

performance of the algorithm due to the modification of Xq. 

Cadzow concludes that the Gerchberg extrapolation 

is an extremely noise-sensitive process which may be 

difficult to implement in real applications despite the 

promising results of various numerical simulations. He 

cites two primary sources of noise that are independent of 

noise contained in the signal itself: (1) errors in 

measurement of our known spectrum, and (2) errors 

introduced due to the finite time/space limitations of a 

discrete implementation. A finite error in the measurement 

of our known spectral segment can possibly elicit an 

unbounded error signal (Youla, 1978); therefore, our 

problem of iterative superresolution can almost universally 

be considered as a noise-dependent problem even in the 

absence of additive noise. 
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Discrete Convergence by Added Constraints 

The imposition of additional a_ priori information 

on the solution signal has the effect of regularizing an 

ill-posed problem and may be used to establish convergence 

for the discrete Gerchberg algorithm. Xu and Chamzas 

(1983) suggest the application of a known energy constraint 

to the Gerchberg iteration and they offer a proof of 

convergence for the modified algorithm that is based on the 

discrete prolate spheroidal wave functions. The details of 

this proof may be found in Xu and Chamzas. 

Tom et al. (1981) provide for convergence of the 

discrete Gerchberg algorithm to a minimum-norm solution 

based solely on the non-expansive properties of the 

constraint operators. A non-expansive operator 0 is 

characterized as having eigenvalues less than unity, so 

k 
that 0 -> zero as k -> infinity. Their approach supports 

additional linear or non-linear constraints such as known 

energy and positivity. Their proof requires that the 

number of samples in the initial truncated spectrum is at 

least equal to the number of samples within the known 

object extent. 

Discrete Sampling Considerations 

An underlying requirement for convergence of the 

discrete algorithm to our desired solution is the proper 

sampling of the continuous signal at or above the Nyquist 
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sampling rate. We must ensure that our already noisy 

digital implementation is not aggravated by aliasing 

errors. The dimensions for our simulations are 

unspecified, but we can satisfy the sampling requirements 

for our relatively simple objects by ensuring that at least 

a few points represent each identifiable "segment" of the 

target object. In our experiments, it will be seen that a 

"worst case" sample allows approximately eight points to 

identify any particular segment of a test object. Problems 

arise for objects with discontinuous edges (Saxton, 1978), 

probably because discontinuities require an infinite sample 

rate to be properly represented. 

The Gerchberg iteration has been shown to fail 

(Gerchberg and Saxton, 1972) because of inadequate sampling 

in either domain. The problem stems from the fact that the 

spatial sampling interval AT and the spectral sampling 

interval AB are related by 

AB = 1/(NAT) (18) 

where N represents the number of samples in the FFT array. 

The duration of the function must be infinite in at least 

one domain, and therefore at least one of the domains will 

be presented in a distorted way. The severity of the 

problem appears to vary for different test objects, and the 

amount of distortion may be a function of how much energy 
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is distributed in the high-frequency lobes of the test 

spectrum. 

Equation (18) indicates that oversampling in one 

domain can cause "undersampling" in the other domain, and 

there may exist an optimum sampling rate that best portrays 

the information contained in both domains. This is the 

basis of our experimental search in Chapter 5 for optimal 

regions of space-bandwidth product. 

Some convergence criteria directly related to 

sampling and numerical dimensions have been presented. 

Hayes et al. (1980) have shown that the length of the 

Fourier transform array must be at least twice the length 

of the sampled object in order to ensure convergence. Tom 

et al. (1981) have shown that the number of samples 

defining our known spectral segment must be greater than or 

equal to the number of samples defining our known object 

extent. 

Van Hove et al. (1983) have observed that the 

Gerchberg algorithm is strongly dependent on the dimension 

of the FFT array, and the size required is typically much 

larger than the size of the data for one-dimensional 

signals. They have used FFT arrays of size 1024 to 

superresolve a 47-point spatial-domain sequence. An 

increase in the FFT array size for a fixed object dimension 



33 

has the effect of increasing the sample rate in the 

spectral domain. 

Once a discrete solution has been established for 

the Gerchberg algorithm, the question remains as to whether 

this solution is at all related to the continuous problem 

that created it. Sanz and Huang (1983b, p. 1278) have 

shown that the continuous and discrete solutions can be 

related by a rather general theorem on interpolation by 

means of bandlimited functions. They conclude that the 

discrete extrapolation approaches the continuous 

extrapolation as the sampling rate approaches infinity. 

Moreover, they note that an exact solution can only be 

expected in the limit and they stress that the result of a 

real application will generally yield a minimum-norm 

solution. 



CHAPTER U 

THE DEVELOPMENT OF EXPERIMENTAL TECHNIQUES 
AND ACCELERATION ALGORITHMS 

In this chapter we design a set of experiments to 

test the Gerchberg algorithm for various object types and 

for some of the acceleration schemes described in the 

literature. First we develop an appropriate set of test 

objects and specify the error functions used to monitor 

algorithm performance. Then we examine various accelera

tion methods in order to develop a set of enhancements for 

the basic Gerchberg algorithm. 

Specification of Test Objects 

Questions have arisen regarding the specification 

of test objects used in numerical simulations. The 

rect/sinc transform pair and the dual impulse function are 

commonly used, but they do not adequately address the 

problems associated with more arbitrary shapes that may 

occur in real applications. 

There is overwhelming evidence in the literature 

that the Gerchberg algorithm is signal dependent. Saxton 

(1978) has noted that the algorithm may fail for any test 

object having a discontinuous edge. Others have noted that 

34 
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convergence may only be ensured for specific well-

conditioned signals (Cadzow, 1979; Stark et al., 1981). 

The rect/sinc pair has been shown to exhibit specifically 

good convergence because it is an example of a well-

behaved set of objects having a PSWF-like series expansion 

(Cadzow, 1979). 

In all cases, we have designed asymmetric objects 

to avoid the potential for stagnation of the algorithm. 

When an iteration stagnates it may cease to converge to a 

solution and stop at some arbitrary fixed point. 

Stagnation may occur if the test signal in one domain is 

real and symmetric, because its transform will also be 

symmetric/real and all phase information is lost (Gerchberg 

& Saxton, 1972). On the other hand, an asymmetric/real 

signal in one domain becomes Hermi tian (even magnitude, odd 

phase) across the Fourier transform (Bracewell, 1978). 

Apparently, the information contained in the signal phase 

is very important for convergence to be realized. This 

point has been discussed by Hayes (1982) in his examination 

of magnitude- and phase-only signal reconstruction. 

The test object must be represented in all cases by 
t 

an adequate number of samples in order for Nyquist criteria 

to be satisfied. The sampling rate must be adequate to 

describe each identifiable feature of the test object with 

at least a small number of evenly spaced samples. 
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Five test objects have been designed to address the 

goals of our research that were started in Chapter 1. The 

objects are shown in Figure 5 and they will be referred to 

as 0B0-0B4. The reader is advised to consult Figure 5 

frequently as we continue our development of experimental 

algorithms. 

0B0, OBI and 0B2 are asymmetric dual impulse 

functions having approximately equal energy. However, the 

object edge discontinuity graduates from discontinuous 0B0 

to semi-triangular OBI and finally to triangular 0B2. In 

part 5, results are obtained using these objects that 

address the effects of object edge discontinuities. 

0B3 is an arbitrary function designed to simulate a 

one-dimensional slice of a complicated image. A successful 

extrapolation here would indicate that the Gerchberg 

algorithm may be useful in real applications. 

OBA is a simple rect function that has been 

included as a yardstick to verify and/or compare our 

results with the results obtained by others. 

Specification of Error-measuring Criteria 

Various authors have offered schemes for evaluating 

error and error improvement of iterative extrapolation 

methods. The selection of an error-measuring criterion 

appears to be straightforward; we generally implement a 

normalized least-squares technique of the form 
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Figure 5 The specification of test objects (left) and 
their magnitude spectra [right). -- Energy 
magnitude is plotted as a function of space, 
and magnitude spectrum is plotted as a function 
of frequency. (a) 0B0; (b) OBI; (c) 0B2 ; 
(d) 0B3; and (e) 0B4. 
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Figure 5 - - Continued 
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y 2 
(observed - expected) 

error =-5 (19) 
£ (expected) 
R 

where R represents an appropriate range for the summation. 

However, the selection of error-measuring criteria is a 

complex problem that has its own set of considerations. 

First of all, a distinction must be made between 

convergence of the iterative algorithm and convergence of 

the algorithm to a desired solution. We say that an 

algorithm has converged when further iterations yield no 

significant change in a signal estimate. However, there is 

no guarantee that we have obtained our desired solution. 

To measure the convergence of our algorithm to an arbitrary 

fixed point we use an error function defined as 

I lxk - xil2 Tk = • r- <2°> 
I 

Equation (20) measures the effect of the spectral-domain 

constraint, where X^ is the signal entering the constraint 

operator and X'^ is the output. This relationship is shown 

in Figure 3. Convergence of the algorithm to an unspeci

fied solution is indicated when there is no error energy 

left to be removed by the constraint operator. 
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To measure the convergence of our spectral estimate 

to the desired solution spectrum we use a different error 

function 

I I X. . - X, | 2 

I I X t a r B e t l  

Equation (21) quantifies the visible agreement between our 

current spectral estimate and the target spectrum. It has 

been our observation that the "visible error" in (21) and 

the "algorithm error" in (20) are closely related, but 

others (Fienup, 1982) have observed cases where visual 

agreement is much more satisfactory than the algorithm 

convergence would indicate. Separate error measures for 

algorithm convergence and visual agreement between image 

and target are recommended. 

Since the goal of these experiments is to restore 

detail to a diffraction limited image, our success depends 

on the convergence of Equation (21) to zero or to a small 

minimum norm solution. Acceleration methods should not 

derive gradient information from Equation (21), because we 

would then be adapting an algorithm in the direction of a 

known solution. However, an acceleration method could 

derive its gradient from Equation (20) and still use 

Equation (21) as the ultimate measure of success. 
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In the spatial domain our signal is known to be 

asymmetric real in all cases, and an error function in that 

domain is designed to measure the single-intensity 

magnitude at each iteration. In the spectral domain a 

distinction must be made between a single-intensity 

measurement of phase or magnitude spectrum and the 

two-intensity measurement of the complex spectrum. The 

two-intensity measurement is shown in Equation (21) and a 

suitable single-intensity measurement may be formulated as 

I [|*kJ - IXtargetl]2 

r 

'target 
Ixk = n — (22) 

k  I |x. ^ 

It is well-known that an asymmetric real object 

uniquely specifies its complex Hermitian spectrum. The 

magnitude spectrum for that object does not uniquely 

specify its phase spectrum, and therefore a two-intensity 

error function should be used in the spectral domain. In 

the spatial domain the choice of whether to use a one- or 

two-intensity measurement is arbitrary, but a one-intensity 

measurement is consistent with the real property of the 

object. 

A simple numerical example of two points in complex 

space shows how it is possible for the magnitude spectrum 
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to diverge at the same time that the complex spectrum is 

converging properly. 

Given 

Pk = 1.5 + j2.4 

pk + l = 1,8 + j1*9 

p .  „ = 2 . 0 + j 2 . 0 f  •^target J 

II, = 0.005587 
k 

II. , = 0.02640 
k+1 

and 

12. = 0.05125 
k 

I2k+1 = °-006250 t23) 

In (23) p^ represents the current complex estimate of a 

solution point Ptarget» an^ Pfc+1 t^ie next estimate. The 

single-intensity magnitude error II increases by a factor 

of 4.7 while the two-intensity complex error decreases by a 

factor of 8.2. In this simple example the iteration has 

caused a significant phase improvement from p^ to Pj4+^ at 

the expense of a relatively insignificant divergence of the 

magnitude. 

We have decided to tabulate the two-intensity 

spectral error only in the region of the extrapolation 

interval for two important reasons: 

1. A successful extrapolation of complex spectra 

beyond the known diffraction-limited segment is 
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equivalent to the successful restoration of detail 

to our degraded object estimate. 

2. Our initial spectral estimate Xq is zero outside 

the known segment in all cases. Therefore the 

two-intensity error function is normalized to unity 

in all cases and a comparison of the results for 

various trials is simplified. 

Acceleration Methods for the 
Gerchberg Algorithm 

The main obstacle to the applicability of the 

Gerchberg algorithm to real-world problems is its slow rate 

of convergence. In our trials at least 50 iterations have 

been required to fully resolve the coarser details of a 

test signal, and we estimate that perhaps thousands of 

iterations under optimum conditions would be necessary to 

resolve the finer details. At approximately one second per 

iteration for the one-dimensional, 256-point, complex 

sequences used in our simulation, it is obvious that the 

time required to process a typical two-dimensional image 

would be impractical. We must implement acceleration 

methods for the Gerchberg algorithm that do not affect its 

convergence properties. 

Given an iterative method of successive approxima

tions 
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X. , , = AX + X. (24) 
k+1 ok v ' 

it is obvious that we have no real control over the rate of 

convergence (ROC) to a fixed-point solution X*. We may 

wish to accelerate or retard the ROC under various 

conditions. If an iteration produces sluggish results, 

acceleration is obviously warranted. Similarly, extremely 

fast convergence is often accompanied by instability and 

deceleration may be necessary. Convergence may be 

controlled by adding a RELAXATION parameter H to Equation 

(24) such that 

Xk+1 - HAXo + (1 - H)Xk (25) 

Underrelaxation is the process of slowing down the 

rate of convergence. For example, if H = 0, then Equation 

(25) becomes 

xk+i - xk (25) 

.and the rate of convergence is zero. Similarly, for H = 1 

Equation (25) becomes 

X k + 1  "  A X o  < 2 7 >  

In this case an iterative relationship no longer exists and 

no useful solution can be expected. This is the 

overrelaxed case. 
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Adaptation is the process of refining a relaxation 

parameter at each iteration so that the error of the 

signal estimate is minimized. An adaptive relaxation 

parameter is generally controlled by the algorithm and 

searches the gradient of an error function for the optimum 

step size in that direction. can also be manually 

adjusted. 

The steepest descent method is a common implementa

tion of ADAPTIVE RELAXATION. It relies on the computation 

of an optimum step along an error gradient vector at each 

iteration. Improved results using steepest descent have 

been indicated (Hayes, 1982, p. 149; Chamzas and Xu, 1984). 

The conjugate gradient method has been shown to be 

a faster alternative to the steepest descent method 

(Fienup, 1982; Jain and Ranganath, 1981). The mathematical 

distinction between the two methods is unclear, but 

essentially the conjugate gradient method yields an optimal 

system of successive approximations in the direction of the 

gradient (Faddeev and Faddeeva, 1963, p. 393). Empirical 

evidence supports the fact that a conjugate gradient offers 

significantly faster convergence. 

It may be possible to achieve acceleration by 

pre-processing the initial signal estimate before it is 

applied to the Gerchberg algorithm. Examples of SIGNAL 

CONDITIONING include dynamic range expansion to enhance the 
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detail of a noise-free initial estimate (Saxton, 1978), or 

noise reduction to "clean up" a noisy initial estimate 

before starting the algorithm (Jain and Ranganath, 1981, 

p. 837). 

Any operation that defines a unique solution 

effectively limits the freedom of the iteration to move in 

the wrong direction. Therefore, the application of 

ADDITIONAL CONSTRAINTS to the basic Gerchberg algorithm can 

be expected to enhance its performance. Positivity in 

either domain is a useful additional constraint that has 

been shown to enhance the performance of the Gerchberg 

algorithm in some cases (Stark et al., 1982). 

We will describe nine different acceleration tec h-

niques that have appeared in the literature and show how 

they may be grouped into one of the following categories: 

1. non-adaptive relaxation 

2. adaptive relaxation or gradient search 

3. signal conditioning 

4. added constraints 

Figure 6 presents the nine acceleration algorithms 

called ALG0-ALG8 in the format of an organizational flow

chart , and the reader is advised to consult this figure 

frequently as we continue our discussion. 



ALGOi BASIC GERCHBERG 
ALGORITHM 

ALGlt BASIC GERCHBERG ALGORITHM 
WITH SPATIAL POSITIVITY CONSTRAINT 

added 
constraints 

spatial 
domain 

positivity 
operator 

non-
adaptive 
relaxation 

adaptive 
relaxation 

signal 
conditioning 

ALGZi ADAPTIVE 
STEEPEST 
DESCENT 

ALG3t MODIFIED CONJUGATE 
GRADIENT SEARCH 

ALGfc. NON-ADAPTIVE 
STEEPEST DESCENT 
OF PHASE GRADIENT 

ALG5. 
DETAIL 
ENHANCEMENT 
IN THE 
SPATIAL 
DOMAIN 

ALG61 ENERGY CONSTRAINT WITH 
ADAPTIVE BOUNDARIES 

ALG7t SIMPLE ENERGY CONSTRAINT 

ALG81 PIECEWISE SPECTRAL 
EXTRAPOLATION 

gure 6. Organizational flowchart for nine acceleration algorithms described 
in the text. 
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The chart is entered at ALGO, which is the basic 

Gerchberg algorithm shown in Figure 2. Each block 

indicates an operation that is somehow added to ALGO to 

create a desirable enhancement. For example, we form ALG1 

by adding a spatial-domain positive-real operator to the 

spatial-domain constraint C,p in Figure 3. ALG1 is the 

basis algorithm for all further enhancements. 

In the next tier there are four blocks that 

indicate the type of enhancement to be added to ALG1 in 

order to form a more sophisticated algorithm. Note that 

these blocks correspond with the four definable methods of 

acceleration described in Steps 1-4 above. The appropriate 

enhancement is generally implemented in Figure 3 in the 

block labelled "acceleration operator." ^k+1 represents 

the end of one iteration for the algorithm and the 

two-intensity visible error function in Equation (21) is 

calculated at this point. Moreover, the error is 

calculated in the extrapolation interval outside our known 

spectral segment only. is then modified by the 

appropriate acceleration operator such that 

where 

X"k+1 - ZXk+1 (28) 

Xk+1 - FCTF"lcBXk <29> 
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The order of operations in Equation (28) is from right to 

left, and the positive-real operator has been included in 

C^,. becomes the input for the next iteration. 

For example, ALG8 in Figure 6 is defined as a 

method of piecewise extrapolation that has been formed from 

ALGO by adding a spatial positivity constraint and an 

unspecified additional constraint. The specifics of the 

additional constraint operator will be described shortly; 

it is important only to understand the process of the 

flowchart at this time. 

ALGO: The Basic Gerchberg Algorithm 

ALGO is the basic Gerchberg method presented in 

Chapter 2. It consists only of repeated transforms with 

the imposition of a constraint operator in each domain. 

This is a special case of Youla's alternating orthogonal 

projections, and a formal convergence proof has been given. 

For ALGO, the object domain constraint corrects the 

estimated object to zero outside its known extent. A real 

object constraint is implied because our initial targets 

are positive, real, and asymmetric in all cases; however, 

no specific positive-real operator is enforced. The 

spectral domain constraint corrects the estimated spectrum 

only to the known portion of that spectrum. These 

constraints are applied at each iteration. 
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ALG1: Gerchberg Algorithm with Spatial 
Positivity Constraint 

ALG1 is a simple modification of ALGO that includes 

a positive-real operator in the spatial domain. It is an 

example of acceleration by added constraints, and its 

effectiveness is well-documented in the literature. 

Therefore it is treated separately from all further 

enhancements and will be considered as a permanent 

extension of the Gerchberg algorithm. We impose the 

positive-real constraint by truncating all imaginary values 

and all real values that are less than zero. This 

operation may be viewed as a projection of a signal in 

complex space onto the positive real axis: 

Re(X) = Re(X) , X > 0; 

Re(X) =0, X < 0; 

Im(X) = 0 (30) 

ALG1 is the basis algorithm for all subsequent algorithms 

ALG2-ALG8. 

ALG2: Adaptive Relaxation by Steepest Descent 

ALG2 is an example of adaptive relaxation by 

steepest descent presented by Chamzas and Xu (1984) in a 

recent correspondence. A real-valued steepest descent 

parameter is determined at each iteration by a 

complicated series of calculations that will not be 
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reproduced here. The spectrum in the extrapolation 

interval is then adjusted by to effectively minimize an 

error function of the form 

= l Xtarget " Vkl 2  <31> 

We have stated that a steepest descent method 

should not derive gradient information from an error 

function of this type, because we would be adapting the 

algorithm in the direction of the known solution. However, 

the ingenuity of ALG2 rests in the fact that the necessary 

gradient information has been derived only from information 

that is readily available. That is, the algorithm has the 

effect of minimizing Equation (31) without actually relying 

on a knowledge of the target solution! The development of 

a closed-form gradient function is extremely difficult and 

ALG2 is among the few complete adaptive algorithms that we 

have found in the literature. This is why we have chosen 

to distinguish between adaptive and non-adaptive relaxation 

in our classification of acceleration techniques. It will 

be seen in Chapter 5 that many of the non-adaptive 

techniques exhibit superior performance to this algorithm, 

and the addition of a closed-form gradient function to some 

of these algorithms can be expected to yield excellent 

results. 
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tends to stray from unity initially but it 

approaches unity in the limit, suggesting that the 

Gerchberg algorithm naturally approaches the line of 

steepest descent. A value for greater than unity 

indicates that the convergence is slow enough to merit 

acceleration. Similarly, a value for less than unity 

indicates that the convergence is unstable and needs to be 

slowed down. 

ALG3: Modified Conjugate Gradient Search 

ALG3 is described in the literature as a modified 

conjugate gradient method (Fienup, 1982). It is 

non-adaptive because the relaxation parameter is not 

controlled by an error function. Its classification as a 

gradient search method relies on the assumption that the 

Gerchberg method converges naturally to a fixed point 

solution, and that we are merely accelerating convergence 

in the natural direction. Acceleration is accomplished by 

calculating the step from X^ to ^ and increasing the 

magnitude of the step in the same direction. This 

operation is formulated as 

xk+i" - xk + Hk<xk+i - V <32> 

The relaxation parameter controls the step size in the 

direction of the natural gradient, and acceleration may be 

accomplished manually by setting greater than unity. 



54 

Similarly, can be decreased to regularize an unstable 

algorithm. 

It is important to note that we are extrapolating a 

complex spectrum that is a linear superposition of real and 

an imaginary sequences 

X1k+i" - X1k + HMxlk+i - XV! 

X2k+i" - X2k + HVX2k+i - XV' <33> 

where 

xk = X1k + jX2k (3*' 

and 

Hk = Hlk + jH2k (35) 

If HI = H2 then Equation (33) is identical to Equation 

(32). However, we now have an additional degree of control 

over the performance of the algorithm. Our complex formula

tion for ALG3 allows us to optimize the performance for the 

real spectrum and imaginary spectrum independently. ALG3 

could be modified to a steepest descent method by adding a 

closed form error function that controls H^. More work 

should be done in this area. 

ALG4: Non-adaptive Steepest Descent of 
Phase or Magnitude Spectrum 

Fienup presents a steepest descent method which 

searches the gradient of the magnitude spectrum 
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GRAD [ x (  = 2[X k  - X k + 1] (36) 

with a step size controlled by such that 

X" . = X, - H. GRAD, , (37) 
k + 1 k k | x | x ' 

He then proves that this technique is trivial because it is 

identical to three successive steps of the basic Gerchberg 

:Ti algorithm: F ^CTF. His observation is intuitively clear 

because 

Xk+1 - F_lcTFXk <38> 

and the err or at X, , is known to be less than the error at 
k+1 

X^ by the error energy reduction property of the Gerchberg 

algorithm. However, Fienup has made the important 

observation that the optimum step size in the direction of 

this gradient is the double step. In other words, the 

basic Gerchberg algorithm should be allowed to converge in 

its natural direction at up to twice its natural rate. We 

have observed that a step size of 2.0 for various 

acceleration trials yields optimal results. The inclusion 

of the spectral constraint Cg in the iterative loop merely 

enhances the convergence of the first three steps. 

A gradient search as a function of phase is also 

presented. The goal of this non-adaptive steepest descent 

algorithm, which we call ALG4, is to search the gradient of 

the phase spectrum at each iteration for a minimum error 
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solution. The estimated phase spectrum is recalculated at 

each iteration as 

9" k +i - ek " Hk G R A De < 3 9  

where the gradient of the phase spectrum is 

GRAD e  = -|X kl|X k + 1|sin(S k + 1  - B k) (40) 

The gradient search is performed after the first three 

steps of the Gerchberg algorithm as before. The implemen

tation of a steepest descent for the phase spectrum then 

creates an algorithm that effectively performs a gradient 

step for both magnitude and phase. 

ALG5: Signal ConditioninR by Detail 
Enhancement in the Spatial Domain 

ALG5 present an example of acceleration by means of 

signal conditioning. In this algorithm we preemphasize the 

detail of the object estimate in the spatial domain using 

an operator that performs a dynamic range expansion around 

the mean of the estimate. The algorithm is allowed to run 

for a few iterations with the expansion operator in place. 

The expansion is then reduced or removed and the iteration 

is allowed to continue. The enhancement of detail in the 

spatial domain causes an enhancement of energy in the high 

frequency spectrum, while the DC and low-frequency 
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components are relatively unaffected. A convenient 

expansion operator is presented by Saxton (1978) as 

G"k = Gk[l + Hk(Gk - u)] (41) 

where Gk is the object estimate, u is the mean of the 

object estimate, and Hk is the parameter that controls the 

degree of expansion. G"k then is the expanded object 

estimate. 

It has been reported that this algorithm enhances 

the convergence for relatively simple signals. Preliminary 

studies using various test signals have yielded unpredict

able results, and we will leave further research in this 

area to others. 

ALG6: Energy Constraint With 
Adaptive Boundaries 

An example of acceleration by additional con

straints has been presented (Xu and Chamzas, 1983). The 

permissible energy for the solution spectrum is a bounded 

region that gradually "tightens" around the optimal 

solution as the iteration progresses. An adjustment of the 

error bounds occurs only when either the lower or upper 

boundary condition is violated. A main advantage of this 

algorithm is that the authors have established a formal 

proof for discrete convergence to a unique solution that is 

based on the discrete prolate spheroidal wave functions. 
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However, it is a very complicated algorithm and the details 

are omitted here. The reader is directed to the reference 

for a detailed description of this algorithm. 

ALG7: A Simple Energy Constraint in 
the Spatial or Spectral Domain 

ALG7 is our simple approach for imposing an energy 

constraint in either domain of the Gerchberg algorithm. We 

assume that the energy for the solution signal in either 

domain is known and we scale our current estimate appropri

ately at the end of each iteration. In the spatial domain, 

an energy correction is made after the completion of the 

spatial-domain constraint C,p as follows: 

1. Calculate 

= the energy magnitude for our current 

spatial domain estimate within the known object 

extent. 

^target = known energy magnitude of the 

target object 

2. E i = E_ /E, 
scale target k 

3. Multiply the current spatial estimate by Escaie 

( 4 2 )  

A single-intensity energy constraint in the spectral domain 

is equivalent to the above procedure because energy is 
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conserved across a Fourier transform by Parseval's 

identity. 

A more interesting consideration is the development 

of a two-intensit y or complex energy constraint in the 

spectral domain. It is our belief that a correction of 

spectral energy to known separate constraints for the real 

and imaginary components may significantly improve the 

convergence of the algorithm. 

ALG8: Piecewise Spectral Extrapolation 

It has recently been observed that the high 

spatial-frequency components of a test object tend to be 

more profoundly affected by degradation and restoration 

procedures than are the low-frequency components (Rushforth 

and Frost, 1980). A suggestion has been made to 

arbitrarily bandlimit the maximum allowable frequency of 

the spectral extrapolation and to concentrate the effects 

of our algorithm within this limited region. We have 

designed ALG8 to perform an extrapolation within a limited 

region outside our known spectral segment. When satisfac

tory convergence has been obtained within this region we 

remove our upper bound and proceed until the entire 

spectrum has converged. An inherent problem with this 

algorithm lies in the fact that we initialize our procedure 

with simultaneous space- and band-limiting constraints, 
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which is a direct violation of the rules for causal 

signals. 

The arbitrary upper limit is established by setting 

the values of our current spectral estimate beyond this 

limit to zero at each iteration until satisfactory 

convergence within this region has been obtained. Then we 

remove the upper limit and proceed with the normal 

Gerchberg algorithm until convergence has again been 

obtained. 



CHAPTER 5 

NUMERICAL EXAMPLES 

In this chapter we present the results of numerical 

simulations that are based loosely on the algorithms 

described in Chapter 4. We wish to address the questions 

posed in Chapter 1: 

1. Can we establish a proof for convergence of the 

discrete Gerchberg algorithm to a unique solution? 

2. To what extent is the Gerchberg algorithm variant 

or invariant to the type of test object it is 

processing? Can we expect this algorithm to be 

effective in real applications where the signals in 

question are considerably more complicated than our 

simple test signals? 

3. What are the effects of various algorithm 

parameters such as sampling rate, FFT array size, 

and space-bandwidth product of the test signal on 

the Gerchberg algorithm? 

A. To what degree can we expect certain acceleration 

techniques to enhance the performance of the basic 

algorithm? 

61 
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Our experimental design has evolved from an 

exploratory process to a more systematic approach as a 

result of questions which arose through the course of this 

research. Therefore, there is little homogeneity among the 

various procedures that have been utilized in the past 

several months. However, our most recent experiments are 

based on a consistent design that we will describe below. 

The iterative algorithm is straightforward and 

requires little elaboration here. An examination of 

Figure 3 illustrates that we enter the iterative loop just 

prior to our spectral domain constraint. This convention 

was chosen because it is consistent with algorithms 

presented in the literature. 

The error function used to monitor convergence in 

our trials is a two-point observable error function in the 

spectral domain of the form 

I = 1 |Xt"set -
k  y x 1 2  

1 target 1 

and the summation is implemented in the extrapolation 

interval outside our known spectral segment only. The 

error is tabulated at in Figure 3 just prior to the 

acceleration operator. 

As we have previously mentioned, perfect restora

tion of spectrum in the extrapolation interval is identical 
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to the perfect restoration of detail to our estimated 

object. Therefore, Equation 43 is also a good indication 

of how well our object estimate visibly agrees with its 

target. A two-point or complex error function has been 

selected instead of a one-point magnitude error function to 

preserve information about both phase convergence and 

magnitude convergence. 

A second useful error-measuring criterion measures 

the error improvement for a particular trial and is defined 

as 

initial error for a particular trial ( 44 ) 
final error for a particular trial 

The final error for any given simulation is obviously 

related to the initial error, and Equation (44) provides a 

degree of normalization for the various values of initial 

error. We have chosen a fixed stopping criterion of 50 

iterations for most of our trials. This particular value 

represents a computational time that is feasible for most 

applications. 

Experiment 1: An Evaluation 
of Experimental Dimension 

and Space-bandwidth Product 

In this experiment we want to determine if there 

are regions of space-bandwidth product for our test objects 

that exhibit optimal performance when processed by the 

basic Gerchberg algorithm (ALGO). We will normalize the 
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FFT array size to unity and represent it with N = 256 

discrete samples. Referring to Figure 4, the number of 

samples within our known object is 

S = 2T + 1 (45) 
o v ' 

and the number of samples within our known spectral segment 

is 

Ss = 2B + 1 (46) 

The space and bandwidth dimensions are defined as S^AT and 

SgAB respectively, where the sampling intervals AT and AB 

are related by 

AB = 1/(NAT) (47) 

Therefore we may define our space-bandwidth product (SBP) 

as 

SBP = S S /N (48) 
o s 

Equation (48) states that the space-bandwidth product is 

equal to the product of the number of samples within our 

known object extent times the number of samples within our 

known spectral segment, normalized by the size of the FFT 

array. 

We tested the Gerchberg algorithm for numerous 

combinations of S and S and determined that optimal 
os r 
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regions of space-bandwidth product do exist, although their 

characteristics vary somewhat for different test objects. 

Figure 7 presents a trial performed using 0B3 as shown in 

Figure 5. The error improvement at 50 iterations 

is tabulated as a function of various spatial and spectral 

dimensions, and optimal error improvement is shown in 

repetitive, evenly spaced bands of about 3.5, 11.4, 19.3, 

and 27.0 normalized units. 

A few general observations can be made about the 

characteristics of optimal SBP regions under various condi

tions: 

1. The location of an SBP region tends to decrease as 

the number of iterations increases. For example, 

the dominant region for 0B2 moved from about 3.9 

units at 10 iterations to 3.5 units at 50 

iterations. 

2. The increase in error improvement within an optimal 

region appears to be a function of how well the 

test object responds to the Gerchberg algorithm. 

For example 0B0 and 0B2 respond well to the 

algorithm in general and show significant improve

ment within the SBP regions. On the other hand, 

0B3 is a difficult object to process and 

subsequently its SBP regions are significantly 

weaker. 
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Figure 7. Optimal regions of space-bandwidth product 
(SBP) for 0B2 after 50 iterations of the basic 
Gerchberg algorithm (ALGO). --

_T a . ^ initial error 
EI A error improvement = error at 50 iterations 

and is normalized to an arbitrary value. 
SoSs SBP = —jq— , where DFT array size N = 256 samples. 
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3. The optimal SBP regions are evenly spaced. The 

most pronounced region is the one with the smallest 

product, and they tend to become weaker as their 

product values increase. 

The locations of optimal SBP regions appear to 

coincide with the locations of spectral lobes for a given 

test signal. If a spectral lobe is partially specified at 

the edge of our known spectral segment, the extrapolation 

tends to restore the rest of the lobe almost perfectly. 

Therefore, error improvement will be optimal for values of 

SQ and Ss that cause a spectral lobe to be partially 

contained within the known spectral segment. 

A similar study was conducted to test the effect of 

varying the overall dimension of our problem. FFT array 

sizes of N/2, N, and 2N were used where N = 256. S and S OS 

in the object and spectral domains were scaled similarly. 

We found no significant differences in the behavior of the 

algorithm for these various dimensions and decided to 

continue our experiments using the 256-point FFT in order 

to be consistent with research conducted prior to this 

test. 



68 

Experiment 2: The Effects of Object 
Edge Discontinuities 

The deleterious effect of object edge discontinui

ties is clearly demonstrated in Figure 8. Normalized 

mean-squared error is plotted as a function of the number 

of iterations for the basic Gerchberg algorithm with a 

spatial positivity constraint (ALG1). OBI and 0B2 exhibit 

a similar inonotonic decreasing behavior, whereas the 

discontinuitous dual impulse 0B0 shows very poor 

convergence. It will be seen that 0B0 generally does not 

respond well to acceleration techniques. OBI and 0B2 do 

respond well to the acceleration techniques. The magnitude 

spectra for OBI and 0B2 are very similar, with most of the 

spectral energy concentrated in the low-frequency spectrum. 

The magnitude spectrum for 0B0 is more evenly distributed, 

and a large amount of energy near the edges of the FFT 

array may be the cause for the observed difficulties. 

Experiment 3; The Effect of Various 
Acceleration Techniques on the 

Gerchberg Algorithm 

In this last section we present the results of 

numerical simulations for a few of the acceleration schemes 

presented in Chapter A. In all cases the test object is 

described by 47 samples and the initial spectrum is 

truncated to 17 samples. We conduct our studies using 

256-point complex one-dimensional arrays. A stopping 
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Figure 8. Error convergence for the first 50 iterations 
of the basic algorithm (ALG1). 
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criteria of 50 iterations is consistently used, and each 

iteration takes approximately one second to process. 

Before elaborating on the specific acceleration 

algorithms, a number of general observations can be made: 

1. The dimensions for our simulations have been chosen 

to ensure that the initial object estimates are 

sufficiently degraded to merit processing. 

However, the degraded estimates must contain enough 

information to characterize the target solution. 

If the initial estimate is specified below some 

arbitrary threshold, we have observed that the 

convergence of the Gerchberg algorithm will be 

poor. 

2. The discontinuous dual impulse 0B0 and the compli

cated object 0B3 respond poorly to acceleration 

schemes in almost all cases. We are not overly 

concerned about the sluggish behavior of 0B0, 

because we can soften the discontinuities with an 

appropriate window function and expect to obtain 

improved results. However, we must concern 

ourselves with the poor behavior of 0B3, because 

the potential of the Gerchberg algorithm in real 

applications depends on being able to obtain 

reasonable results with a test object of this type. 
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3. The "continuous" dual impulses OBI and 0B2 respond 

very well to various acceleration techniques. It 

has also been observed that they generally respond 

in a nearly identical fashion. The similarity 

between these two objects has aliowed us to 

eliminate OBI from the final tests and use 0B2 

exclusively to describe the behavior of 

"continuous" dual impulse functions applied to the 

Gerchberg algorithm. 

We suspected that OBI and 0B2 would behave in a 

similar fashion because of similarities in their 

magnitude spectra. Moreover, most of the energy is 

concentrated in the low-frequency spectra. Since 

very little energy appears near the edges of the 

FFT array, we expect the distortion of our estimate 

due to finite space limitations to be minimal. 

4. The simple rect function 0B4 responds extremely 

well to the acceleration techniques in all cases. 

It has been cited as a specific example of a 

well-conditioned signal having a PSWF-like se ri es 

expansion. It is also a very simple object that 

bears no resemblance to the complicated signals we 

would expect to find in real applications. We have 

therefore eliminated 0B4 from the final tests. 
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5. The degree of improvement that can be expected for 

an acceleration scheme appears to be directly 

related to how well the signal in question responds 

to the unaccelerated algorithm. This observation 

has been described in our discussion of 

space-bandwidth product, where the strength of an 

optimal SBP region was shown to be directly related 

to the responsiveness of the particular test object 

to the basic Gerchberg algorithm. 

Many of our simulations are conducted using 0B2 

because it responds well to most of our algorithms 

and a visible comparison of these techniques can be 

made. Figure 8 shows the results of the first 50 

iterations of the basic Gerchberg algorithm (ALG1). 

The results for 0B0-0B4 are plotted and they 

support the general observations we have described 

in (2) through (4) above. 

6. An acceleration technique generally enhances the 

convergence of a test object in the early 

iterations and the convergence behavior of the 

unaccelerated algorithm is approached in the limit. 

An example of this behavior can be seen in 

Figure 9. 

7. In all cases our problem is formulated as the 

extrapolation of complex spectra beyond a 
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diffraction limit for an object that is known to be 

asymmetric-real. Because an asymmetric-real object 

uniquely specifies its complex Hermitian spectrum, 

we believe that a two-intensity or complex accelera

tion parameter in the spectral domain will exhibit 

superior performance to a single-intensity or real 

acceleration parameter in that domain. We also 

suspect that a complex acceleration parameter in 

the spectral domain will outperform a real accelera

tion parameter in the spatial domain. Both 

hypotheses have been verified by our numerical 

simulations. 

Numerical Simulation Using ALG2 

The method of adaptive relaxation by steepest 

descent (ALG2) was tested as it appears in Xu and Chamzas 

(1984), except that we added an expansion parameter of 3.0 

to the algorithm to enhance the effect of Hjt at each 

iteration. 

The expansion operation is implemented as 

TEMPORARY = 1 - Hk; 

TEMPORARY = 3.0 x TEMPORARY; 

H,r
k = 1 - TEMPORARY (49) 

or in a simpler form: 
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For example, if = .9750 then H"^ = .9250. 

0B0, 0B2, and 0B3 were applied to the algorithm and 

only 0B2 showed a noticeable improvement in its rate of 

convergence. The results of the trial for 0B2 are shown in 

Figure 9. ALG2 converges faster than ALG1 in the first few 

iterations, but it approaches the behavior of ALG1 in the 

limit. | 
» 

Numerical Simulation Using ALG3 

The modified conjugate gradient method (ALG3) in 

Equation (33) was tested for Hl^ = ALG3 did not 

significantly improve the convergence of 0B0. However, the 

convergence of both 0B2 and 0B3 was improved. The results 

for 0B3 appear in Figure 10. 

An interesting property of ALG3 for both objects is 

that it appears to perform better than ALG1 in the limit, 

as opposed to performing better for only the first few 

iterations and then approaching the behavior of ALG1. 

In all our trials, a double-step acceleration 

parameter Hl^ = H2^ = 2.0 appears to offer the best 

performance and a value greater than 2.0 causes 

instability . 

Valuable results were obtained for ALG3 when we 

exerted independent control over the acceleration of the 

real and imaginary components of the complex spectrum. We 

conducted an exploratory search for an optimum combination 
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Figure 9. Error convergence of 0B2 using the adaptive 
steepest descent algorithm (ALG2), compared 
with the basic algorithro (ALG1). 
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Figure 10. Error convergence of 0B3 using the modified 
conjugate gradient algorithm (ALG3)f for 
different values of the real acceleration 
parameter H = HI = H2. 
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of HI and H2 and found that a temporary over-acceleration 

of one component followed by several unaccelerated 

iterations for both components yielded a significant error 

improvement for all our test objects, including the 

discontinuous dual impulse 0B0. In one trial we set HI 

equal to 1.0 and H2 = 2.92 for ten iterations, followed by 

30 iterations with both HI and H2 set to unity. The energy 

in the imaginary spectrum became unbounded and forced the 

error function to a value approaching the upper limit for 

our computer. When the over-relaxation was released, 

however, 0B0 converged rapidly to a stable solution having 

an error of only .1628 at 40 iterations. This is 1.8 times 

better than the best results obtained using the basic 

Gerchberg algorithm. 

In the spatial domain the quality of the converg

ence manifested itself as a visible "ringing" or Gibb 

effect, indicating a very close approximation of the 

discontinuities inherent in the test object. The spatial-

domain behavior for 0B0 is shown in Figure 11 and the final 

error for different values of the over acceleration 

parameter H2 is shown in Figure 12. 

A similar trial was conducted for 0B3. This time 

we achieved our best results by setting the i maginary 

parameter H2 to 1.0 and over-accelerating the real spectrum 

for ten iterations. Excellent results were obtained and 
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( a )  

(b) 

C O  

Figure 11. Comparison of spatia1-domain estimates at 50 
iterations using ALG1 and ALG3 complex. --
(a) Target object 0B0; (b) Object estimate 
using ALG1; and (c) Object estimate using 
complex ALG3. 
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Figure 12. Error convergence of 0B0 after 50 iterations 
of the complex modified conjugate gradient 
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Figure 13 shows the final error for different values of the 

over acceleration parameter HI. 

There appears to be no easy way to determine the 

best combination of HI and H2 in a given situation, nor is 

there an easy way to determine how many iterations should 

occur before an over-acceleration is released. It seems 

that for various test objects either the real or imaginary 

component of the spectrum dominates the convergence and 

proper over-acceleration enhances its dominant effect. 

Numerical Simulation Using ALG7 

Our simple energy constraint (ALG7) was tested in 

the spatial domain and no significant results were 

obtained. However, the application of separate energy 

constraints for the real and imaginary components in the 

spectral domain yielded significant results for 0B2. 

Figure 14 shows that convergence for 0B2 was greatly 

accelerated in the first 15 iterations with no significant 

improvement thereafter. No measureable improvement was 

indicated for 0B0 or 0B3 using this method. 

Numerical Simulation Using ALG8 

The piecewise extrapolation algorithm (ALG8) was 

tested for our complicated object 0B3 and very good results 

were obtained. First we conducted an exploratory search 

for the best value for the upper extrapolation limit. In 
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Figure 14. Error convergence of 0B2 using the complex 
simple energy constraint algorithm (ALG7), 
compared with the basic algorithm (ALGl). 
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many cases the application of an upper limit improved 

convergence for a few iterations and then the algorithm 

grew unstable. Given our initial spectrum of 17 samples, 

we found that an extrapolation limit of 55 samples yielded 

excellent results for 0B3. The iteration exhibited 

convergence with no indication of instability at 100 

iterations. The surprising result occurred when we 

released the upper limit and let the iteration continue for 

100 additional iterations. The convergence of the error 

function was relatively unaf fected by the release of the 

extrapolation limit and virtually no spectrum appeared 

beyond the original 55 extrapolated samples in the next 100 

iterations ! . 

In essence we applied an additional constraint to 

our algorithm that the desired solution spectrum must 

contain no energy beyond 55 samples. The algorithm 

apparently found a unique solution that is nearly identical 

to the target solution for 55 samples and also satisfies 

the added constraint that no measurable energy exists 

beyond this point. This trial was successful because we 

found a value for the upper extrapolation limit that "zeros 

in" on the stable approximation solution. Moreover, the 

upper limit bounds a region that contains most of the 

energy found in the target spectrum. Therefore the amount 

of distortion created by spectral truncation beyond the 
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upper limit is minimal, and the convergence of the lower 

and middle frequencies is greatly accelerated. In 

Figure 15 the error convergence is shown for 200 iterations 

of ALG1 and ALG8. Figure 16 compares the results obtained 

for 200 iterations of ALG1 and ALG8 in the spatial domain. 
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Figure 15. Error convergence of 0B3 using the piecewise 
spectral extrapolation algorithm (ALG8)t 

compared with the basic algorithm (ALGl). 
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(a) 

(b) 

(c) 

Figure 16. Comparison of spatial-domain estimates of 0B3 
at 200 iterations using ALGl and ALG8. --
(a) Target object 0B3; (b) Object estimate 
using ALGl; and (c) Object estimate using ALG8. 



CHAPTER 6 

CONCLUSION 

It has been shown that the discrete Gerchberg 

algorithm will generally converge to a minimum-norm 

solution. Moreover, the discrete and continuous solutions 

for the same problem are related by a general theory on 

interpolation by means of bandlimited functions, and the 

discrete solution approaches the continuous solution in the 

limit as the sample rate approaches infinity. 

There is much skepticism surrounding the problem of 

superresolution for discrete signals because in principle 

there is no unique solution for an extrapolation procedure. 

A finite error in the measurement of our known portion of 

spectrum can yield an unbounded error or a solution that is 

much different than the one we desire. However, in our 

study of the piecewise extrapolation algorithm we have 

shown that sometimes we may actually benefit from finding 

an errant approximation solution, if it is a minimum-norm 

solution in the region(s) containing most of the signal 

energy. The low-energy regions of the approximation may be 

totally inaccurate but their effect on the total conver

gence is minimal. 
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We have also shown that optimal regions of space-

bandwidth product do exist where the error improvement 

within those regions is significantly enhanced. Because 

they have predictable characteristics, it may be possible 

to design our algorithm such that the test signal lies 

within one of the regions. The algorithm was shown to be 

relatively invariant to the overall dimension of the 

problem, and so the dimensions could be altered to create 

the desired space-bandwidth product. 

Acceleration algorithms have been developed to 

enhance the slow rate of convergence that is characteristic 

of the Gerchberg algorithm. Although we have found that 

the basis algorithm is very signal-dependent, virtually all 

our test signals have responded well to at least one of the 

acceleration schemes presented. We may therefore conclude 

that the Gerchberg method of error energy reduction can be 

made to work for a large class of signals. 

Perhaps the most significant result of our research 

concerns our development of acceleration algorithms in the 

spectral domain that exert independent control over the 

real and imaginary components. These algorithms have 

greatly improved the convergence of complicated signals and 

they may play a big part in establishing the applicability 

of the algorithm. More work should be done in this area. 
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Future research should also concentrate on finding 

closed form gradient step functions. The addition of these 

functions to some of the complex acceleration algorithms 

can be expected to yield excellent results. 

It has been suggested (Fienup, 1982) that the 

Gerchberg algorithm can be used for any problem in which 

the partial constraints can be quantified in each of two 

domains. The Fourier transform pair is commonly used 

because it has certain properties that complement the 

Gerchberg algorithm. However, there are problems asso

ciated with applying the Fourier transform to the discrete 

problem. It may be worthwhile to consider using 

alternative transform pairs that were designed for a 

digital environment. 
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