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ABSTRACT 

The two-dimensional finite element model describing free surface 

flow developed by King and Norton [8,9] was used to study the flow near 

an existing bridge crossing of Poley Creek near Sanford, Alabama. The 

model was formulated to solve steady state flow problems as well as 

dynamic flow problems. This study, which is restricted to steady state 

analysis, determines the spatial distribution of flow and stage at and 

near the existing bridge. The mass continuity performance was checked 

at different locations in the flow domain. The complicated geometry and 

the highly variable roughness in the complex flood plain combine to 

cause appreciable lateral velocities and variations in stage which make 

the problem truly two-dimensional in nature. For this reason, a two-

dimensional model was used to give more accurate values of stages and 

velocities instead of one-dimensional methods presently in use. Field 

data were used to verify the performance of the model. One flood event 

was used to calibrate the model; then another flood event was used to 

verify the model. Comparisons of computed and field data were 

satisfactory. 

ix 



CHAPTER 1 

INTRODUCTION 

A mathematical two-dimensional finite element model (RMA1 and 

RMA2) developed by King and Norton [8,9] was used to study the hydraulic 

effect of an existing highway bridge crossing of Poley Creek near 

Sanford, Alabama. The bridge is located in a heavily vegetated flood 

plain. Therefore, a one-dimensional model would not be adequate in 

describing the complexity of the flow; the more detailed two-dimensional 

model is required. The model solves the momentum equations in the 

horizontal X and Y directions and the continuity equation numerically to 

yield spatial distributions of velocities and water surface elevations. 

The model has the capability to check whether continuity is maintained 

or not for steady state solution at different pre-specified locations in 

the flow domain. The above point is an indication of the ability of the 

finite element solution in approximating the exact partial differential 

equations which govern the flow phenomena. A refinement of the element 

network improves the continuity performance as will be seen later in the 

application of the model. The calibration and verification of the model 

was performed using field data collected by the United States Geological 

Survey for the mentioned bridge and creek with its flood plain. The 

field data consist of (1) velocities, depths, and discharges through the 

bridge opening, (2) peak water surface elevations near the vicinity of 

the bridge, (3) elevation of the ground surface at different sections 

upstream and downstream of the bridge, and (4) one homogeneous roughness 

1 



type for the wooded area. One flood event was used to calibrate the 

model; then the model was verified by simulating the flow conditions 

resulting from another flood event. 



CHAPTER 2 

LITERATURE REVIEW 

2.1 One-Dimensional Models 

When a bridge is built to cross a stream with wide flood plains, 

it is usually economical to build the bridge with an extension of the 

approach embankments out onto the flood plains. In doing so and in the 

event of flood conditions, the embankments will constrict the overbank 

flow, causing the flow to contract as it approaches the bridge openings 

and gradually expand as it leaves the bridge. 

The contraction of the flood flow resulting from the 

constriction of the approach embankments together with the obstruction 

of the bridge piers will result in a rise in the water surface over the 

normal water level and an increase in the flow velocity under the 

bridge. The normal water surface level refers to the depth of water 

prior to the constriction of the flood plain and building of the bridge. 

The rise of water surface upstream near the bridge is referred to as the 

bridge backwater. 

The backwater produced by the bridge might flood improved urban 

areas upstream from the bridge. A shorter bridge is economically 

cheaper, but it might cause severe flood damage and losses. Accurate 

computation of the water surface elevations upstream from the bridge is 

necessary to determine the height of the fill of the embankment if 

traffic is to be maintained, and in designing the embankment if it 

3 
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serves as an overflow weir. Therefore, a reliable method is not only 

warranted for computing water surface elevations, but is essential for 

the hydraulic design of the bridge itself. 

Many computer programs have been used to determine the water 

surface elevations in order to evaluate the flood damage potential and 

to design bridges and channels that accommodate future floods. Eichert 

[3] discussed and compared different computer programs that have been 

developed by different agencies, including federal and state 

governments, and several universities. He stressed the need for a few 

generalized programs that could handle almost all problems in order to 

minimize duplication of effort and to develop many computer programs 

that could be used by many offices. Three main early one-dimensional 

methods were used to study the water surface profile and energy loss 

through a bridge opening. These are: (1) the Bureau of Public Roads 

method, BPR; (2) the United States Geological Survey method, USGS; and 

(3) the Hydrologic Engineering Center method, HEC. Method (3) first 

uses a special routine to calculate the water surface profile either 

upstream or downstream of the bridge opening and then calculates the 

water surface profile through the bridge opening. The above three 

methods are one-dimensional models that have certain limitations in 

their application to an area of small variation in both hydraulic and 

topographic properties. Their application to a place where there are 

large variations in hydrologic and geographic conditions is less 

effective. 

The Bureau of Public Roads method [1] was first published in 

1960, and was based on the results of hydraulic model studies. Limited 
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field data on short bridges were collected by the USGS to verify the 

model results. However, field data collected on bridges in wide flood 

plains showed that the backwater is higher than the value computed by 

the BPR method [1]. As a result, revisions were made to some of the 

design methods in the first publication and a new publication was issued 

in 1970 [2], In the BPR method [2], the backwater expression can be 

obtained by applying the conservation of energy principle between the 

point of maximum backwater upstream from the bridge, Section 1, and a 

point downstream from the bridge where the normal flow has been 

reestablished. Section 4, Figure 1. The above method applies to 

subcritical flow which is mostly found in practice. Applying the energy 

principle between Sections 1 and 4 (Figure 1) 

where h^, is the total energy loss between Section 1 and Section 4. 

Rewriting Equation 1 after substitution of the value h^ in it yields 

(1) 

't " SoL1-4 + hb 

( 2 )  

The loss h^ can be expressed as 

* 
The difference between ~ ̂ 4 = ^1" 



<2> <D 

NORMAL STAGE 

—4—t"— s0L|.4 

Lfc 
: ——: = = =—=—^ 

—I j- Vac y* ACTUAL/WS^^^ CRITXAL DEPJH_ _J yj» 

Figure 1. Flow Through the Bridge (Subcritical Flow). 
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Substitution of the values h^ and h^ into Equation 2 gives 

h* = K*<x2v^2/2g + [(a4vj/2g) - (a1V^/2g)] (3) 

a4 = since the cross-sectional areas at Sections 1 and 4 are assumed 

to be equal. 

From the continuity equation we have 

Vl " A4V4 " A»2V„2 

By substitution of the above quantities into Equation 3, the backwater 

expression becomes: 

h '  -  k * « 2 +  « l [ ' A n 2 / * 4
) 2  "  ( A n 2 / A l ) 2 , ] V L / 2 «  < 4 )  

where 

* 
h^ = total backwater (ft), 

K = total backwater head loss coefficient, 

= velocity head correction coefficient at Sections 

1 and 4, 

<*2 = velocity head correction coefficient at 

constriction, 

- gross water area in constriction measured below 

2 normal stage (ft ), 

Vn2 = average velocity in constriction for flow at 

normal stage or Q/A (ft/sec), 
n2 
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^4 = water area at Section 4 (ft an(* 

= total water area at Section 1, including 

backwater (ft^). 

As stated in the BPR method [2], the value of the total head loss 

coefficient K* depends mainly on the degree of constriction of the 

stream, but is also affected by: 

1. Piers (the number, size, shape, and orientation). 

2. Eccentricity (non-symmetric location of the bridge 

with respect to the valley cross-section). 

3. Skew (the angle of a bridge to the stream). 

]|l 
Therefore, the total value of the backwater coefficient K consists of a 

base value due to constriction, and added values due to the effects of 

piers, eccentricity, and skew. In the BPR [2] report, curves for the 

backwater coefficients are given. 

The United States Geological Survey method, USGS [9], is also 

based on laboratory studies and was verified at a limited number of 

bridge sites. 

The Hydrologic Engineering Center method, HEC [4], uses 

different bridge flow routines to find the change in energy and 

variation of flow surface elevations through the bridge. The low flow, 

orifice flow (pressure flow), weir flow, and a combination of these 

flows are described in the method. In the HEC method [4], and for low 

flow conditions (i.e., the water surface is not in contact with the low 

cord of the bridge), the energy losses due to the presence of piers can 

be evaluated using the momentum principle. Applying the momentum 

principle between Sections 1 and A in Figure 2 results in 
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(p <§> 9 dp (|) 
» i i ii 

• i i i| 
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» i > 
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Figure 2. Flow Past Bridge Pier. 
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(5) 

where 

Q = discharge (ft^/sec), 

p = fluid density (lb-sec^/ft^» 

vl»v^ = mean velocity at Sections 1 and A (ft/sec), 

Pl»0A = momentum coefficients, 

Î'Aa = cross-sectional area of flow (ft 

y = unit weight of fluid (lb/ft^), 

yx y^ = vertical distance from water surface 

to centroids of Sections 1 and A (ft), and 

F = forces exerted by piers on the flow (lb). 

Rewriting Equation 5 after dividing it by y and substitution of Q/A for 

v results in 

Q^/gA^ + A^y^ - - A^y^ = F/y ( 6 )  

The values of and pA are assumed to be equal to 1. The 

forces exerted by piers on the flow are given in [4] as static and 

dynamic forces. The static force can be expressed as ^A ̂ y ^) , and the 

dynamic force as (Cp/2) (Apj/Aj)(Q2/gA1) where 

Ap^ = projected area of the piers, 

7P1 = d istance from water surface to centroid of Â , and 
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Cp = drag coefficient. 

After substitution of the above two factors in Equation 6 and solving 

for momentum flux at Section A, the following result is obtained 

Ma = 02/gA i  + Aa;a - - Api;pl * Ô gÂ Aj - C„/2 Apl) (7) 

In the same way, the momentum principle can be applied between Sections 

3 and B. Therefore, the momentum flux at Section B can be given as 

Mg = Q2/gAB + AByR = A3y3 - Ap3yp3 + Q2/gA3 (8) 

By neglecting the forces exerted by piers between Sections A and B, the 

momentum flux at these two sections and all intermediate sections is 

constant. Therefore, 

where 

M2 = Q2/gA2 + A2y2 

Equations 5, 7 and 8 can be combined to give 



Alyl ~ Aplypl + q2/84(A1 - V2 Apl} = °2/gA2 + A2y2 

12 

= A. 
3y3 Ap3yp3 

+ Q2/gAa (10)  

Equation 10 can be expressed by the three curves in Figure 3 which 

relate the momentum flux in the constriction to upstream depth y^, depth 

in the constriction y^, and the downstream depth y^. 

Different flow conditions can occur in the constriction, as 

shown in Figure 4. Flow in Figures 4a, 4b and 4c is subcritical, while 

in Figure 4d, 4e and 4f the flow is supercritical. The HEC method [4] 

determines the water surface profile by using the following steps: 

1. Using Figures 3a and 3c and for a previously 

calculated upstream or downstream depth, the 

momentum flux in the constriction is determined. 

2. The critical momentum flux is determined in the 

constriction. 

3. By comparing the momentum fluxes in Steps 1 and 2, 

the flow type can be determined from Figure 4. 

4. Then the water surface profile can be determined 

by using the correct portion of Equation 10. 

The HEC method deals also with pressure flow, weir flow, and a 

combination of these flows. Figure 5 can be used to determine the 

existence of the pressure flow or the combined flow. The controlling 
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'CHIT, 

MOMENTUM FLUX IN CONSTRICTION , Me 

Figure 3. Relation of Momentum Flux in Constriction 
to Depths: (a) Upstream From; (b) Within; 
(c) Downstream From the Constriction 
(after Eichert, 1970). 
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Figure 4. Different Flow Conditions in Constriction 

(after Eichert, 1970). 
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Combined Pressure and Weir Flow 
Weir Flow, Q=CLH3/2

N 

Top of Roadwa 

Low Flow 
Control 

Pressure Flow, 

Q = y2gR7R" 

Theoretical 

i^-Low Chord 

Discharge 

Figure 5. Controlling Type of Flow (after Eichert, 1970) 
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type of flow can be determined by computing the energy grade elevation. 

The two basic formulas for the pressure flow and the weir flow are shown 

in Figure 5. 

2.2 Two-Dimensional Models 

The three methods described in the preceding paragraphs are 

one-dimensional models that give satisfactory results in regions of 

small variation in hydrologic and topographic properties. However, when 

these variations become large, the application of the three methods is 

less effective since the flow becomes two-dimensional, and therefore, a 

two-dimensional model is required. 

A number of two-dimensional models have been used to simulate 

the behavior of water movement in a complex floodplain. One of the 

techniques in use is the link-node method, which was designed and used 

at the Delft Hydraulics Laboratory. In this method [11], the channel 

and floodplain system is represented by nodal points (storage basins) 

connected by links (conduits) with friction and inertia. Typical node 

and link configurations are shown in Figure 6. These nodal points and 

conduits are identified by parameters such as surface area, node 

elevation, channel width, length, and roughness. Equation 11 is the 

continuity equation which describes the storage effects in the nodes. 

3A/3t + dQ/dX = 0 (11) 

Equation 12 is the momentum equation describing the conveyance of water 

in the conduits 
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Figure 6. Typical Node and Link (after Vrengdenhil, 1973). 
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6Q/St + 3/dx (pQ2/As) + gAs dhjdx + g q|q|/C2RAs = 0 (12) 

inertia pressure friction 
terms term term 

where 

A = cross-sectional area, 

Q = discharge, 

t = time, 

x = location, 

Ag = conveying cross-section, 

hg = water level, 

C = Chezy coefficient, 

R = hydraulic radius, 

3 = coefficient for non-uniform distribution of 
velocity, and 

g = acceleration due to gravity. 

In the link-node method the water system can be discretized as shown in 

Figure 7; the nodal points are located throughout the flood plain and 

the river, and they are connected by one or more conduits to represent a 

fictitious two-dimensional flow in the horizontal plan. Equations of 

continuity and momentum cannot be solved analytically; therefore, an 

approximate solution was used to solve these equations at specified 

locations and at certain intervals of time. This method is called the 

finite difference method. Equations 11 and 12 can be rewritten in 

difference form equations which could be solved to yield the rate of 



FLOODPLAIN BOUNDARY 

RIVER LINK 

Figure 7. Link—Node Network. 
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change of head and discharge for successive time levels. In using the 

finite difference scheme, it is necessary to examine the accuracy and 

stability which are important properties of the scheme [11]. The 

accuracy is related to the error in replacing the differential equations 

by the difference equations, and can be improved by reducing the time 

and space intervals. The stability is related to the growth or decay of 

a numerical error from one time step to another. Concerning the 

stability criteria, two different schemes can be used: the explicit and 

implicit finite difference schemes. The implicit scheme is more useful 

because it is unconditionally stable for any chosen time and space 

interval. On the other hand, the explicit scheme is conditionally 

stable, and the time step depends on the stability criterion. The 

stability criterion could be described as [11] 

At < Ax/ >1 gh 

where 

t = time interval, 

Ax = channel length, and 

^1 gh = celerity of wave. 

The above relationship is also known as the Courant condition. As with 

any mathematical model, boundary conditions are needed in the link-node 

method for the purpose of simulation. These boundary conditions are: 

(1) the water surface elevations which represent the downstream boundary 

condition, (2) the variation of discharge with time which represents the 

upstream boundary condition, and finally, (3) the initial condition. 
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The finite difference method has certain limitations in complex 

spatial domains since it is not easy to represent the geometry of the 

domain. However, another method called the finite element method can be 

used successfully in such complex domains. To provide background about 

the application of the finite element method, the following paragraphs 

describe the governing basic equations needed for application of the 

method. 

If we consider an element of fluid with dimensions dx, dy, and 

dz, then the continuity equation and the equations of motion for 

incompressible fluid can be written in the following form as given by 

Mehaute [10] 

< i 3 >  

Momentum in the x and y direction 

p(|a + u|u + 3u + W3U) = + (fl£a + ah. + 
dt ox 3y dx a 2 a 2 a 2 (14) 

ox oy o x  

p(|i + uF + 3v 
at dx rlT d y  4̂ ) oz 

= Z±B. 
fly 

+ H < 
.2 
d  v  

ax2 
ah 

ay2 
+ ̂ > 
az 

(15) 

where 
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P instantaneous value of pressure. 

dynamic viscosity of fluid 

P fluid density, and 

u,v,w = instantaneous velocity components in x, y, and z 

directions. 

Equations 14 and 15 are the Navier-Stokes equations which are valid for 

laminar vicious flows but have to be modified for the case of turbulent 

flow. The instantaneous values will be equal to the sum of a mean value 

with respect to large time interval and on other fluctuating term. Or, 

we can say 

u = u + u' (16) 

V = V + v' (17) 

w = w + w' (18 )  

p = p + p' (19) 

where 

mean velocity in the i, y, and z directions over 

the time interval At, 
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p = mean pressure over the time interval. At, 

u',v',w' = velocity fluctuations with respect to the mean value 

in the x,y,z directions, and 

p' = fluctuation in pressure. 

The mean quantities are defined below: 

1 At 

"  '  U  '  n d t  ( 2 0 )  

= — ^ 

At 1 

o 
v dt (21) 

w = x 4; 
At 1 w dt 

P = 
- At 

h i  p dt 

(22)  

(23) 

= — A/ 
At J 

o 

dt = 0 
(24) 

1  A t  

-  h  ' * •  
o 

dt = 0 
(25) 
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" »' dt * o (26) 

p' = & r p' " - o (27) 

Substituting Equations 16 through 18 into the continuity equation 

results in 

^ <u'+u) + ̂  (v'+v) + ̂  (w'4^) = 0 (28) 

or 

|a + as. + aa + 4ui + ̂ i + ̂ ri=0 (29) 
ox 3y 9z oz fly a  z  

The process of averaging can be applied to the various terms of Equation 

29 by using the relationships in Equations 20 through 27. For example. 

evaluation of the term ̂  will give: 

AN = _1_ AR = J_ JL AR  ̂ - TO-
3x At f 3x 3x At 3x (30) 

o o 

and the term gives: 
ox 
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A r  3n' A¥ _ 3 1 
' TF dt ~ aT At 

At 
/ 
o 

dt = 0 
(31) 

In the same way, the other terms in Equation 29 can be evaluated. 

Therefore, the final form of the continuity equation for mean motion 

becomes 

f- + + I* = 0 (32) 
ox oy a  z  

In the same way, the values of u, v, w, and p in the momentum equations 

can be expressed in terms of their mean values plus their fluctuating 

values. That is using Equations 16 through 19. Also, the process of 

averaging can be done by using the relations in Equations 20 through 27. 

The final form of the momentum equations in x and y directions for 

turbulent flow is: 

P<f? + ̂  + v^+wf) ft d x  d y  d z  

. „ (aS + iS + iS, 
dx »J* z„2 .2 

-p(fl*r,lL + + â Lai) 
d x  d y  d z  

(33) 
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 ̂ + aiz + aii, 
8y 3z2 8y2 

p(dn'y.' + flv'v' + flv' w '  ̂  
9x 9y 9z 

(34) 

Equations 33 and 34 are the Reynold's equations for turbulent flow. 

They are similar to the Navier-Stokes equations except that another term 

has been added and that the other terms are expressed in their mean 

values. The last terms on the right-hand-side of the Reynold's 

equations are called the Reynold's stresses. To evaluate the Reynold's 

stresses, Boussinesq introduced the concept of a turbulent exchange 

coefficient (e). For the case of uniform flow in the x direction, the 

value of (e) is defined by 

(35) 

then the shear stress becomes 

t = <n + e) (36) 

in turbulent flow e >> (i and so the viscous terms in Equations 33 and 34 

can be omitted; then Equation 36 can be written as 



- 6 fa 
d y  

27 

(37) 

By substituting Boussinesq's approximation into Reynold's equations, 

considering only the two dimensions x and y in the horizontal plane, the 

following results are obtained: 

p ( f ?  - »£• * * +« «.«> ot 3x 9y 3x xx ^^2 xy ̂ 2 (38) 

(3i + - isL + - ix) = raiL+ six aix 
P 3t " 8* V ay' 3x 8yy ay2 ®yx 0x2 (39) 

where 

6 = the turbulent exchange coefficients. 

The two-dimensional form for the continuity equation 33 and the 

equations of momentum 38 and 39 can be written as follows (after 

dropping the bar notation): 

I s  + = 0 (40) 
ox fly 

iLs. + „<L& + v3u + ia£_ fi* lis. _ = 

at ax d y  p  d x  p ,  2 p -  2 (41) 
ox oy 
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9v , _ 3v , „ 9v . 1. 3j) _ eYY SLJL _ g2v = 0 
3t 3x d y  p  d y  p  ^ 2 p a^2 (42) 

Equations 40, 41 and 42 are exact relationships that can be applied to 

any moving fluid if certain boundary forces are added. These boundary 

forces are (1) the bottom friction force, (2) the surface wind force, 

and (3) the Coriolis force. Surface wind force can be neglected if we 

have a small surface area and low wind velocities. Also, the effect of 

the Coriolis force can be disregarded. The bottom friction force can be 

expressed as 

p gu / 2, 2 s. 1/2 
Fbx " +v ' (43) 

2 . 2x1/2 
(44) 

where 

Fbx = the force per unit volume due to bottom friction 

in the x direction, 

Fby = the force per unit volume due to bottom friction 

in the y direction, 

C = Chezy coefficient, and 

h = the depth of water. 
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The pressure term — of Equation 41 can be expressed as 
p o x  

+  ( 4 5 > 

Also, the same pressure term in Equation 42 takes the form 

i = a + k —- (46) 
p 6y 8  I f  B  d y  ^ 0 ;  

vhere = elevation of bottom. 

The final form of the basic equations for a two-dimensional 

horizontal flow can be stated as the continuity equation: 

H * h 
(th) 

* i f  
(vh) " 0 (47) 

Equations of Motion: 

ft * ° H + V If + 8 £ + 8 If 

- ̂  ̂ ̂ C»2 - v2>1/2 - 0 (48) 
f S*2 " d72<?8Pk 
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I l  +  v f f  +  g l 7  +  g  dy ~  

l z 2 ^ v _ l i x £ v  +  _ s v _ ( 2 +  2 \ l / 2  
o  o o o o ' 

= 0 
(49) 

Having determined the final form of the governing equations, the 

next step is application of the finite element method in construction of 

a horizontal model. In this method, the domain of interest as shown in 

Figure 8 is divided into a finite number of subdomains, namely elements, 

which are usually of triangular or quadrilateral shape. Depending on 

the element type, the values of the unknown variables are calculated at 

nodes which may be at the vertices, along the sides, or in the interior 

of the elements. The value of the unknown variables within the element 

can be found by using an interpolation function. The values of the 

unknowns in Equations 47, 48, and 49 are the velocities (u) and (v) and 

the depth (h). By using (M) as the quadratic interpolation function for 

the velocity and (N) as the linear function for the depth, we have 

U = [N] {u} V = [N] (v) h = [M] {h} 

where the velocities (u) and (v) are found on the six nodes and the 

depths on the vertices only (see Figure 9). 

Walters [12] found that different interpolation functions for 

velocity and head proved to have the following advantages over the use 

of the same interpolation functions: (1) an improvement in the 
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Boundary of 

a Region 
Nodal 
Points 

Figure 8. Discretization of a Domain 

K ( u , v , h )  

M ( u t v )  N(u,v> 

J  ( u t v , h )  (u,v,h) I 

( u , v )  

Figure 9. Basic Element for Fluid Flow (after King 
and Norton, 1983). 
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computational efficiency, and (2) the large improvement in the accuracy 

of the water surface elevation; however, there was slight degradation in 

the accuracy of the velocity field. The velocity field is important in 

water quality modeling, but might not be very important in our 

application since our main concern is the computation of an accurate 

value of water surface elevation. As has been stated, the value of 

depth (h) varies linearly over the element and hence 

( h i  
k = [Mi Mj Mk] hj 

\\ 
in which £s a iinear function of x  and y such that Mj = 1 at node i 

and zero at nodes j and k. The same is true about M. an(j jfv. jj. ^. 
J 1' J 

an(* are nodal unknown values of depth. Figure 10 shows the shape 

functions for a triangle. Similarly, the values of the velocities (u 

and v) vary as quadratic functions over the element (six nodes). If we 

consider the velocity U, then: 

U = [N. Nj Nk Nl NM NN]^ ̂  

in which is a quadratic function of x and y such that Nj = 1 at node 

i and zero at all other nodes. The same is true about N.. n, . N» . N... 
j* k L M* 

an(* 'i* ^j' uk' ̂ L' ̂ M' an<* are no<*al unknown values of the 

velocity (U). 



10 Shape Fimctl°^o82)t 
Figuxe 10. Zienkiewicz, 19«2> 

Triangle (after 
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Two methods are available to formulate the finite element 

solution [6]: (1) the variational principle, which may be difficult to 

find, and in many cases might not exist, and (2) the weighted residuals 

(Galerkin) method, which is based on the minimization of the residual 

left after an approximate solution is substituted into the equation 

governing the problems. Or, we can say 

/ R W dA = 0 
A 

where 

R = residual or error that results from approximating 

the exact function by the trial function, and 

W = a weighting function. 

When the weighting function (W) is the same as the interpolation 

function, then what we have is the Galerkin scheme. By using the 

Galerkin method of weighted residuals, the continuity equation (48) and 

the equations of motions (49 and 50) are multiplied by the corresponding 

interpolation function and integrated over the element. Or, we can say 

for the continuity equation 

fl = / [M]T <iA> + (vh)J dA = 0 
(50) 

For the momentum in the x direction 
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_ ISL ahk + (U2 + v2)l/2} dA = 0 
P Sy2 C2h 

(51) 

and the momentum in the y direction 

_ Izi aiv + _gy_ (u2 + v2)l/2} dA = 0 
P dx2 C2h 

(52) 

Equation 51 and 52 contain some higher order derivative terms. 

Integration by parts (Green's Theorem) can be used on these higher terms 

to reduce them to first order and also to produce certain natural 

boundary conditions. Application of Green's theorem to Equations 51 and 

52 results in 
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f
2 = / [N]T fj dA + / [N]T u dA + / [N]T v|^ dA 

A A A y 

+  f  IN]T g §7 dA + / [N]T g -tT dA - / [N]T Is S ds 
A A P S 

+ ̂  / fj IN ]T dA - —^ / [N]T Is Sy ds 
p A dx x p s 3y 

+ _Xi y |u [N ]T dA + f  [ N ] -
P A 0y 7 A 

(u2+v2)1/2 dA 
CI 

= 0 
(53) 

f
3 = / [N]T jjj dA + / 
3 A 3t A 

[N]T . |f dA + / [N]T v dA 
a 

w Z 6 
+  f  [N]T g J2* dA + / [N]T g dA - -J* /  [N]T ^ s ds 

A A 9y P s 9x x 

8 
<• 3v 

A 3x 
[Nx] dA - [Nl1!2 3y 

S ds 

-J* / IN ]T dA+ / [N]T (u2 + v2)172 
p A 37 y A C h 

dA = 0 
(54) 

Equation 50, which is the equation of continuity, can be written as 
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'l - ( [M]T ft dA / [M]T 
A 0X 

dA +  f  [M]T bfl dA + 

[M]T v|| dA + / [M]t h|^ dA = 0 
A 

(55) 

where an(j are the direction cosines of the outward normal to the 

surface S. 

For steady-state conditions, the time dependent terms are 

dropped from Equations 53, 54, and 55. The integration in these 

equations can be performed for the linear function (M) in closed form 

solution and in the case of the quadratic function (N), analytic 

integration is too lengthy and impractical. Therefore, numerical 

integration is used. We can say 

q 
/ u(x,y) dA = A £ wju(xj, yj) 
A i=l 

where 

A = area of the triangle, 

= weighting factor, 

xi»yi = coordinate locations for evaluation of u, and 

q = number of integration points. 

Reference [13] gives the appropriate number of integration points and 

their location for triangular elements. Equations 54 and 55 contain 

non-linear terms which can be solved by different methods, including the 

Newton-Raphson method. The finite element formulation for Equations S3, 



38 

54, and 55 can be given in the following matrix form (steady-state 

conditions): 

[KJ {Un} + [D(u)] {Un) = {R}  (5 6 )  

where 

[K] = the linear terms, 

[D(u)l = the non-linear terms, 

= unknown vector, and 

{R} = forcing function vector. 

The non-linear terms in Equation 56 can be solved using the Newton-

Raphson method. Using this method. Equation 56 can be written as 

{fm} = [K]{Um} + [D(um)] CUm) - £R} (57) 
n n 

where 

f = an error function, and 

m = the iteration number. 

The correction AU is found for the previous solution. Then, 

[J"] {AUm+1} = {fm} (58) 
n 

where 

{Um+1} = {Um + AUm+1} 
n n n 

(59) 
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(60) 

where J™ is called the Jacobian. 
ij 

To use the Newton-Raphson method, the basic Equations S3,  54,  

and 55 should be differentiated with respect to each of the independent 

variables (u, v, and h). The resulting matrix is called the Jacobian or 

the element coefficient matrix. It can be expressed in the following 

form. 

3 columns 6 columns 6 columns 

3 rows 

6 rows 

6 rows 

££i 
3h 

111 
3h 

3£3 
3h 

dJl 
3u 

3f2 

3u 

f*3 
3u 

dJl 
3v 

3£2 
3v 

3f3 

3v 

(61) 

Then all the element coefficients are assembled into a global matrix. 

The global matrix is then modified to take into account the boundary 

conditions. The equations are then solved for the values of Ah, Au, and 

Av at all the nodes. New values of h, u, and v are then computed and 

the cycle repeated till a convergence criterion is met. 



CHAPTER 3 

MODEL DEVELOPMENT 

3.1 Model Description 

The two-dimensional flow model (RMA1 and RMA2) developed by King 

and Norton [7,8] solves the continuity and momentum equations using the 

Galerkin method of weighted residuals, the seven-point Gaussian 

quadrature, and the Newton-Raphson iteration scheme. The model uses a 

quadratic function for interpolating the velocity and a linear function 

for interpolating the depth. The solution in time is handled by an 

implicit finite-difference scheme. The model permits the use of curve-

sided elements in places where such elements are needed. The x-

coordinate, y-coordinate, and elevation of each element node are 

supplied to RMA1 which acts as a preprocessor and provides the data for 

subsequent use by RMA2. Upstream, downstream, and other boundary 

conditions should be supplied for RMA2. Using the output data from 

RMA1, RMA2 gives the spatial distribution of velocity in both x and y 

directions and the head at each node in the water body. RMA2 has the 

capability of checking the continuity errors at pre-specified locations 

in the flow domain. 

AO 
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3.2 Site Description 

The bridge site is located at Covington County road crossing 

Poley Creek near Sanford, Alabama, as shown in Figure 11. Data for 

Poley Creek consists of (1) one homogeneous roughness type for the 

wooded area, (2) ground elevations at several sections upstream and 

downstream from the bridge (points of significant changes in cross-

sectional elevations); and (3) peak water surface elevations along the 

highway embankment and along the cross-sections. The peak water surface 

elevations are associated with two flood events recorded in the vicinity 

of the bridge. The flood of December 21, 1972, had a peak discharge of 

1860 ft /sec and recurrence interval of 2 years, and the flood of March 

12, 1973 had a peak discharge of 4818 ft^/sec and recurrence interval of 

11 years. The surveyed cross-sections are considered valid for both 

flood events. The reach in the vicinity of the bridge is almost 

straight and heavily vegetated. Since the cross-sectional area of the 

creek is small and has no defined boundary (vanishing in some places and 

becoming a part of the flood plain), it was not modeled separately from 

the flood plain. Rather it was taken as one part of the flood plain. 

The width of the flood plain near the site of the bridge is 

approximately 1080 ft. 



BASE FROM U.S.G.S. 1971 

Figure 11. Study Reacli, Poley Creek Near Sanford 

Alabama. 
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3.3 Construction of Networks 

The initial finite element network to represent the flow region 

of Poley Creek is shown in Figure 12a. Successive refinements of the 

network are shown in Figure 12b and 12c. The flow boundaries along the 

sides are approximated by straight lines. The dotted lines are the 

flood boundaries observed by the USGS for the 1972 and 1973 flood 

events. Construction of the network elements is based on laying out the 

larger-size elements in places where little variation of flow parameters 

is expected and smaller-size elements in places where significant 

variation is expected. These variations, as would be expected, are 

significant adjacent to the bridge constriction and are of less 

importance in the regions of gradually varying flow upstream and 

downstream of the bridge. Networks with 34, 64 and 94 elements were 

used, as shown in Figures 12a, 12b, and 12c. 

3.4 Boundary Conditions 

At the limit of the study area at the upstream end, the boundary 

condition was taken as the discharge per unit width. The flow at each 

node was estimated and then adjusted until the total computed flow was 

correct. The downstream boundary condition was taken as the measured 

water surface elevations. Since there is no significant lateral 

variation in the measured downstream water surface elevation, the water 

surface elevation was assumed to be horizontal. The measured values of 

the downstream water surface elevation were 231.4 ft and 233.0 ft 

corresponding to discharges of 1860 ft^/sec and 4818 ft^/sec, 



LINES OF CONTINUITY CHECKS 
1 1 n i 

89 74 
69 63 

26 32 

46 

27 
33 90 85 

80 J 6 
57 m 

32 70 

22 28 34 
23 

28/ 
A 53 

35 16 / 20, 
,58 

.65 
33 24 

49 92 
82 29 •66 29 

60 34 77. 43 55 36 26 
i67 

30 ,30 
24 88 83 37 44\ 93 

26 78 
68 25 S e a l *  20 

45 73 
0 100 ZOO 300400 ft 38 

Figure 12a. Finite Element Network (34 Elements). 

4> 
•P-



© ©ffxf) 

153 135 

114 

89. 48 48 154 
37 

22 

155 

156 

$ 
o 
_l 

157 

u. 
I-
z> 
O 

158 

159 

160 

64 

56 161 143 47 
S e a l *  

124 38 0 100 200 300 400 ft 58 24 

Figure 12b. Finite Element Network (64 Elements). 

•c-
Ul 



213 I  6 9  

154 
70 

85 75 -47 - 55 214 107 
23 

37 

2,5 -A" 

216 

217 

218 ~B 

219 

220 

94 
221 

64 201 50 36 69 
Scal t  22 "9 137 172 

0 100 200 300 400 ft 

Fignre 12c. Finite Element Network (94 Elements). 

ON 



respectively. The boundary condition at the straight lines which 

confine the fluid system, where no flow enters or leaves the system, 

a parallel flow condition, with the flow moving along the boundary. 



CHAPTER 4 

MODEL APPLICATION 

4.1 Calibration and Verification of the Model 

In order to use the model, it must first be calibrated to 

reproduce field conditions. The term calibration can be defined in the 

following way. Since the model is based on a number of assumptions and 

it contains certain parameters such as the Manning coefficient and eddy 

dynamic viscosity coefficients, the model has to be calibrated. These 

parameters (which can be known or unknown values) are adjusted so that 

the model results fit the observed results for a known situation or 

event. 

The model was calibrated using the measured data for the flood 

of December 21, 1972 (1860 ft^/sec). Figure 13 shows the results of the 

calibration. The value of the Manning coefficient and the values of the 

eddy dynamic viscosity coefficient obtained in the calibration run were 

used to simulate the flood of March 12, 1973 (4818 ft^/sec). Figure 14 

shows the results of the simulation. 

The solution was obtained in the following way. After getting 

the correct data from RMA1, a leak test was made for RMA2 to ensure that 

no missing nodes or poorly formed elements occurred. This test was done 

by setting the values of the flow at the upstream boundary equal to 

zero. The values of the velocity obtained later at each node were equal 

to zero. This indicates that the mesh is complete and sound. The next 

48 



o 
Ki 
ro OJ COMPUTED 

231.8 x OBSERVED 

>-
en 
< 
o 
z 
3 
o 
CD 

< 
llJ 
cr 

te 

o 
Q 

231.4 

231.4 

23*93 
232.14x 

232.24 
x 

232.30 

<o 
ro 

ro CM 

in 
ro CM 

[(231.4 ̂  

to 
f-

00 

CM 
ro cm 

<M 
to CM 

232.41 

cd m 
W W (\j ® 
JO JJ> IO CM N W N io 

CM 

Li i I N CM 

OUTFLOW 

Figure 13. Calibrated Water Surface Elevations Q = 1860 CFS. 





Scole 

100 200 300 400 feet 

*234.55 

234.3 

233.44x 

X235.66 

236.23 
x 

236.16 
- _x 

>-
cr 
< 
o 
z 
3 
O 
CD 

< 
LLI 
Crz 
H 
co 
CL 
3 

IT) 

to 
CM 

.1. 

CD 

fO 
CVI 

235.0 
X 

0> 

i 
CM 

N 
O 
in 
ro 
CM 

235.86 
x J 236.13 v, 

— j  

INFLOW 





I 

• COMPUTED 
(VJ 

I 

234.5 x OBSERVED 

234.2 x 

234.46 

234.66 

234.59 
>" (233.0 

234.68 

234.92. 
233.68 

Z> 

233.52 

235.42. 

234.12 
234.84 <233.0 to 

236.5 

233.56 
$p 
3*in roro 
CVJCU 

N-o> 
CM* 
ro 
CM 

in GO 
CM in to 

ro 
M 

234.91 

fO 
CM 

to 
CM ro 

CM 
ro 
CM 235.4 * < 233.0 234.56 

OUTFLOW 

Figure 14. Simulated Water Surface Elevations Q = 4818 CFS. 





23<?-5i 

-g—237.1 

237.25 

237.33 

237.5 

237.9 

238.0 

$ 238.163 

8 
ro 
o 
o 

<ji 
o 
o 

s 
o 

a © 

CO r>  
o  

UPSTREAM BOUNDARY 

Ol 
o 





51 

!.tep was to introduce the measured values of flow upstream and water 

surface elevation downstream. The model initially assumes still water 

with the water surface elevation at each node equal to the downstream 

water surface elevation The method resulted in negative depths, 

especially in the upstream part of the flow region where shallow areas 

exist. To overcome this difficulty which caused a convergence problem, 

the initial water surface elevation was set higher than most shallow 

water areas. It was necessary to relocate some nodes, to adjust the 

ground surface elevation of some of the relocated nodes, and to refine 

the network in order to reduce the error and to obtain acceptable 

solutions. This point could be expressed as follows: in the process of 

approximating the flow boundaries along the sides as a straight line, 

some of the nodes on these lines were located outside the delineated 

flow boundaries given by the USGS. It happened that the ground surface 

elevation of some of these nodes is higher than the water surface 

elevation at the same location. This resulted in wrong negative 

meaningless values of water surface elevation. So it was necessary to 

relocate these nodes, or in other words to push the lines which contain 

these nodes inside the flow boundaries as a first remedy. Or, in some 

cases, to lower the ground surface elevation at some nodes on the 

boundaries by a small amount like (0.3) ft as a maximum. 

Using the inflow of 1860 ft^/sec and downstream water surface 

elevation of 231.4 ft, the model was calibrated (using 94 elements). 

The assumed value of the Manning coefficient and estimated values of the 

eddy dynamic viscosity coefficients were adjusted by trial and error 

until the computed water surface elevations matched the measured water 



surface elevations as closely as possible (Figure 13). The calibrated 

value of the Manning coefficient was 0.18. This value seems to be 

reasonable since the flow region is heavily wooded. It was found that 

the values of the computed head were affected greatly when the value of 

the Manning coefficient is lowered or raised. This indicates that the 

roughness coefficient is dominant in the flow region. Figure 15 

demonstrates this fact where the values of the computed water surface 

elevation are changed greatly when the Manning coefficient is increased 

from n = 0.1 to n = 0.18. The magnitude n = 0.18 is the value which 

gives the best correspondence between the computed and measured points, 

as can be seen from Figure 15. One value of roughness was assigned to 

all elements in the flow domain since the data supplied by the USGS 

indicates one homogeneous roughness for the whole area. 

The calibrated values of the eddy dynamic viscosity coefficient 

and the value of the Manning coefficient are shown in Table 1. The 

element type in column one refers to the regions in the network shown in 

Figure 16. As shown in Table 1, the values of the eddy dynamic 

viscosity coefficient ranged from 0.14 to 0.2 lb-sec/ft^ where the 

higher values are assigned to places where more turbulence is expected. 

These values are more or less realistic and could be considered to 

represent the real physics of the problem since they are close to rough 

magnitudes which can be estimated from e = p u' & where (u') is a 

fluctuating velocity, (p) density of water and (5-) is a mixing length of 

a particle of fluid. 
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Table 1. Eddy Dynamic Viscosity Coefficients and Manning Coefficient 
Obtained from Calibration Run 

Element 
Type 

X-X Eddy Vis 
lb-sec/ft^ 

X-Y Eddy Vis 
lb-sec/ft? 

Y-X Eddy Vis 
lb-sec/ft? 

Y-Y Eddy Vis 
lb-sec/ft 

Manning 
Coefficient 

1 0.14 0.14 0.14 0.14 0.18 

2 0.15 0.15 0.15 0.15 0.18 

3 0.16 0.16 0.16 0.16 0.18 

4 0.2 0.2 0.2 0.2 0.18 

5 0.16 0.16 0.16 0.16 0.18 

6 0.15 0.15 0.15 0.15 0.18 

7 0.14 0.14 0.14 0.14 0.18 

8 0.14 0.14 0.14 0.14 0.18 

U1 
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Figure 16. Regions of Network with Similar Characteristics. 
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A notion of the estimation of the parameters (u') and (1) can be 

drawn from the data given by the USGS for the studied reach. For 

example, the value of (£) can be taken at the maximum as the measured 

depth of water for the place where the value of (e) is to be estimated. 

The other parameter to be estimated is the value of the fluctuating 

velocity (u') which can be evaluated by relating its value to the values 

of the average velocity given for the region. 

In estimating the values of the eddy dynamic viscosity one 

should remember that these values have significant magnitudes near the 

bridge opening where the turbulence, velocity, and gradient of velocity 

are high. The sensitivity of these parameters diminishes with the 

distance away from the bridge opening. This discussion will help in 

estimating the values of the eddy dynamic viscosity for the purpose of 

using them for calibrating the model since there are no measured values 

for the concerned area that could be used in calibration. 

An order of magnitude analysis was performed on the values of 

the eddy dynamic viscosity to see if they are dominant in the flow 

region. Different sets of eddy dynamic viscosity coefficients, as shown 

in Table 2, were used starting from small values corresponding to the 

eight element types shown in Figure 16 and ending with some high 

unrealistic values which do not represent the real physics of the 

problem. The same calibrated value of Manning coefficient n = 0.18 was 

used with all sets. The values of the eddy dynamic viscosity in sets 2, 

3, and 4 could be used as acceptable values since their magnitudes are 

close to the calibrated values (Set No. 1). It was noticed that there 
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Table 2. Different Sets of Eddy Dynamic Viscosity 

Set Values of the eddy dynamic viscosity corresponding to the 
No. eight element types, lb-sec/ft^ 

1 2 3 4 5 6 2 8 

1 0.14 0.15 0.16 0.2 0.16 0.15 0.14 0.14 

2 0.34 0.35 0.36 0.40 0.36 0.35 0.34 0.34 

3 0.64 0.65 0.66 0.70 0.66 0.65 0.64 0.64 

4 1.34 1.35 1.36 1.40 1.36 1.35 1.34 1.34 

5  5 6 7 8 7 6 5 5  

6 10 80 200 300 200 100 80 1.0 

7 10 150 400 500 400 300 150 10 

8 20 200 500 600 500 400 200 20 
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were no changes in the values of the computed water surface elevation 

from these sets (2, 3, and 4) as shown in Figure 17. This indicates 

that the values of the eddy dynamic viscosity are not dominant in the 

flow region and they coald be neglected. This also suggests that the 

convective terms in the momentum equations are dominant. In Figure 17, 

the computed water surface profiles were drawn along the bridge opening 

centerline for the eight different sets of eddy dynamic viscosity. As 

shown in the figure, Set No. 1, which is the calibrated values, gives 

the best agreement between computed and measured points, and Sets No. 2, 

3, and 4 are equally good. The values in Sets No. 2, 3, 4, and perhaps 

Set No. 5 could be used as acceptable values since they are close to the 

estimated ones and considered as realistic representation of the physics 

of the problem. 

Some investigators [7,8] use high values of the eddy dynamic 

viscosity for the purpose of enhancing the numerical stability of the 

program. Such high values can be considered as empirical and do not 

represent the physics of the problem. Although no problem of 

instability was experienced in our solution that would require using 

such high values, it was thought necessary to demonstrate the effect of 

using such high values on the computed water surface elevation. Using 

such high values will increase the effective shear stress between the 

blocks of the moving fluid. This will result in decreasing the velocity 

of flow and increasing the depth of flow. The effects of the high 

values in Sets No. 6, 1„ and 8 are also shown in Figure 17. From this 
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figure and considering the effect of the values of the eddy dynamic 

viscosity on the computed head, it is noticeable that these values are 

sensitive in the vicinity of the bridge where the turbulence, velocity, 

and velocity gradient are high. Starting at the downstream boundary 

with all the water surface profiles at the same elevation, the 

sensitivity of the values of the eddy dynamic viscosity increased in 

moving upstream toward the bridge opening, as shown in Figure 17. The 

sensitivity of these values reduces on the upstream of the bridge as can 

be seen from the reduction in slope of that portion of the water surface 

profiles between check lines 2 and 1. 

After a successful calibration run of the December 1972 flood, 

the model needed verification, that is to say needed to be operated to 

simulate another flood event. The model was verified for the March 1973 

flood using 94 elements with inflow of 4818 ft^/sec and downstream water 

surface elevation of 233.0 ft. The same value of the Manning 

coefficient and the same values of eddy dynamic viscosity coefficients 

obtained in the calibration run were used in the verification run. 

Justification for using the same values of eddy dynamic viscosity for 

the bigger flood was based on finding that these values are not dominant 

in the flow region when they were increased to some reasonable values as 

shown in the sensitivity analysis. Therefore, even if their values were 

raised because of more turbulence caused by the bigger flood, the 

results would not change. Use of the same calibrated Manning 

coefficient can be justified in the following way. The model was 

calibrated using the small flood which occurred on December 21, 1972. 



At this time of the year (winter), the trees which cover the area are 

bare of branches and could give less resistance to the flow. In the 

bigger flood, which happened on March 12, 1973 (spring), the branches of 

the trees probably had leaves and this could increase the resistance to 

the flow. But at the same time, we have higher depth of flow which 

calls for a smaller Manning coefficient. Then what we have is a balance 

between the effect of the leaves which increase the resistance to flow 

and the effect of increasing the flow depth which decreases the 

resistance to flow. This could be a good reason for using the 

calibrated value of the Manning coefficient for the verification run. 

Results of the simulation run for the March 1973 flood are shown in 

Figure 14. In this figure the contour lines represent lines of equal 

water surface elevation. 

To have an idea about how close the calculated water surface 

elevations are to those measured, the percent error between these values 

was determined for the simulation run (measured points for the 

simulation run are shown in Figure 12). Tables 3 and 4 show the percent 

error in the calculated lateral water surface elevations just upstream 

(check line 3) and downstream (check line 4) of the roadway embankment. 

The average percent errors were 5.22% and 8.6%, respectively. Figures 

18 and 19 show the measured and the calculated water surface elevations 

along the two check lines for both the calibration and the simulation 

runs. For the other remaining points upstream and downstream in the 

flood plain. Tables 5 and 6 show that the average percent errors are 
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Table 3. Percent Error Between Measured and Calculated Lateral Water 
Surface Elevations on Upstream Side of Roadway Embankment 
(check line 3) for the Simulation Run Q = 4818 CFS. 

Node 
No. 

Calculated 
Water Surface 
Elevation (ft) 

Measured 
Water Surface 
Elevation (ft) 

Ground 
Surface 

Elevation (ft) 

Error = 
Measured -
Calculated 

% 

Error 

137 237.134 237.02 231.3 -0.114 -1.99 

136 236.976 236.91 230.65 -0.066 -1.05 

135 236.819 236.77 230.00 -0.049 +0.72 

133 236.729 no measured 
point 

- - -

131 236.845 235.98 230.00 -0.865 -14.50 

129 237.210 236.20 229.99 -1.01 -16.30 

127 237.307 237.36 231.01 +0.053 +0.83 

125 237.328 237.40 231.25 +0.072 +1.17 

average % of 
error = 5.22 
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Table 4. Percent Error Between Measured and Calculated Lateral Water 
Surface Elevations on Downstream Side of Roadway Embankment 
(check line 4) for the Simulation Run Q = 4818 CFS. 

Node Calculated Measured Ground Error = % 
No. Water Surface Water Surface Surface Measured - Error 

Elevation (ft) Elevation (ft) Elevation (ft) Calculated 

119 235.326 235.40 231.1 +0.074 +1.72 

118 235.60 235.43 231.1 -0.170 -3.92 

117 235.875 236.5 231.1 +0.625 +11.57 

115 236.118 no measured - - -
point 

113 235.883 235.42 231.1 -0.463 -10.71 

111 235.369 234.92 230.65 -0.449 -10.51 

109 235.136 234.66 231.08 -0.472 -13.18 

107 235.120 no measured - -
point 

average % of 
error = 8.6 
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Table 5. Percent Error Between Measured and Calculated Water 
Elevations for the Points Upstream of the Flood Plain 
for the Simulation Run Q = 4818 CFS. 

Calculated Measured Ground Error = % 
Water Surface Water Surface Surface Measured - Error 
Elevation (ft) Elevation (ft) Elevation (ft) Calculated 

237.201 236.97 230.65 -0.231 -3.65 

237.208 237.19 230.91 +0.018 +0.285 

237.339 237.37 231.10 +0.031 +0.49 

237.776 237.59 231.0 -0.186 -2.82 

237.786 237.71 231.0 -0.076 -1.13 

238.163 238.75 231.08 +0.087 +1.13 

238.163 238.36 230.10 0.197 +2.38 

238.165 238.52 230.90 0.355 +4.65 

average % of 
error =2.06 
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Table 6. Percent Error Between Measured and Calculated Water 
Elevations for the Points Downstream of the Flood Plain 
for the Simulation Run Q = 4818 CFS. 

Calculated 
Water Surface 
Elevation (ft) 

Measured 
Water Surface 
Elevation (ft) 

Ground 
Surface 

Elevation (ft) 

Error = 
Measured -
Calculated 

% 

Error 

234.914 234.79 230.21 -0.124 -2.70 

234.914 234.68 230.09 -0.234 -5.09 

235.02 234.91 230.65 -0.11 1 l/
l 

00
 

234.674 234.84 227.39 +0.166 +2.22 

234.684 234.56 230.78 -0.124 

00 CO 1 

234.629 234.59 229.70 -0.039 -0.79 

234.630 234.46 229.24 -0.17 -3.25 

234.632 234.20 230.71 -0.432 -12.3' 

234.352 234.12 228.68 -0.232 -4.26 

233.652 233.56 227.86 -0.092 -1.61 

233.056 233.52 227.75 -0.136 -2.3 5 

233.662 233.68 228.75 +0.018 +0.36 

233.971 233.0 228.39 +0.029 +0.62 

232.965 233 .0 226.34 +0.035 +0.52 

232.978 233.0 228.19 +0.022 +0.45 

average % of 
error = 2.83 
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2.06% and 2.83%, respectively. The mean value of all the above values 

of the average percent errors is 4.67%. This percent error is 

acceptable and it is within the practical range since there might be 

less accuracy in the prototype measurements. 

To examine the configuration of the water surface profiles in 

the flow region, longitudinal and transverse sections were taken at 

different locations in the flow domain. Figure 12c shows the location 

of these sections. Figure 20 shows the longitudinal water surface 

profiles at sections A-A', B-B', C-C', D-D', and E-E' for the simulation 

run. As shown in the figure, the maximum difference in water surface 

elevation between the upstream and the downstream boundaries is 5.163 

ft. From the same figure, the values of the longitudinal slope of water 

surface between check lines 1 and 2, and 6 and 7 are 5.06 x 10 ̂  and 1.2 

_3 x 10 , respectively. Also from the same figure, the complexity of the 

flow at and near the bridge opening between check lines 5 and 2 can be 

seen. The water surface profiles in this region are shown at a large 

scale in Figure 21. In Figure 21, flow along the upstream side of 

roadway embankment travels in a normal direction to flow through the 

bridge opening as shown by the arrows. This action will increase the 

velocity in the contracted flow which travels toward the bridge opening. 

The pressure head will drop as can be seen along the section C-C' 

between check lines 3 and 2. A drawdown area toward the bridge opening 

can be observed at the bounded area between sections B-B', and C-C' 

although the limits of this area extend beyond these two sections. 
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The contraction of the flow upstream and through the bridge 

opening causes a loss of energy- As the flow travels downstream of the 

bridge opening, the contracted flow begins to expand causing greater 

energy loss due to turbulence action and boundary friction. The flow 

downstream of the bridge opening is concentrated toward the left side as 

can be seen from Figure 14. In Figure 14, the contour lines along the 

left bank downstream of the bridge opening are located farther 

downstream than near the right bank. A more clear idea about the 

configuration of the water surface profiles can be drawn from Figures 

22, 23, 24, 25, and 26. In these figures, the computed lateral water 

surface elevations and measured points were drawn at check lines 1, 2, 

5, 6, and 7 for both the calibration and the simulation runs. As shown 

in Figures 22 through 25 there are no significant changes in the 

computed lateral water surface elevations. This could be attributed to 

the fact that the studied region is straight and not of a meandering 

nature and has a constant roughness. Also, these lines are far from the 

immediate effect of the bridge opening, and they can be considered to be 

located in the zones of gradually varied flow where the flow is governed 

by its weight and by the boundary friction. A noticeable variation in 

lateral water surface elevation can be seen in Figure 26, as well as in 

Figures 18 and 19 discussed previously. the variations in lateral water 

surface elevations in these figures are due to the effect of the bridge 

opening where the flow is governed by the bridge constriction. 
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Figure 27 shows the plot of the velocity field for the 

simulation run. Since there are no measured values for the velocity in 

the flow region except at the bridge section, and even those are for 

lower discharge than the peak, the values of the computed velocity were 

considered to be acceptable. Figure 27 indicates that the simulated 

flow directions are realistic. Such plots are important in analyzing 

complex flow fields and in indicating the places of higher velocities 

which could be of potential trouble due to scouring around the bridge 

piers or the abutments. In the simulation run, the maximum velocity 

obtained was 3.1 ft/sec at node 123 at the bridge opening. Although the 

value might not be considered dangerous, values of maximum velocities in 

places such as under a proposed bridge can give the designer a good idea 

about the potential trouble in width or location of bridge opening. 

Another important thing that could be examined from Figure 27 is 

the existence or the absence of the zone of separation downstream of the 

bridge abutments. In this region there is a possibility that the flow 

separates into a jet in the middle with two eddy zones at the left and 

right. However, the separation is associated with reverse velocities at 

the two eddy zones, and such reverse velocities are not shown in the 

figure. Therefore, the program did not show any separation. In the 

field, this might be attributed to the heavily vegetated area downstream 

of the bridge that inhibits separation. The existence or the absence of 

a separation line is important to the hydraulics of the bridge. 
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Figure 27. Velocity Field for Simulation Run Q - 4818 CFS. 
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4.2 Results of a Simulation Run with the Bridge Removed 

In order to calculate the magnitude and location of backwater 

due to the bridge, the bridge and approach embankments were removed, and 

the model was operated for the same flood of March 12, 1973 (discharge 

of 4818 ft°/sec and downstream water surface elevation of 233.0 ft). 

The same value of Manning coefficient and eddy dynamic viscosity 

coefficients obtained in the calibration run were used in this case. 

Results of the simulation are shown in Figure 28, which shows the 

lateral water surface elevations at the specified seven check lines. 

There is no variation in lateral water surface elevation along 

check lines 1, 2, 5, 6 ,  and 7, but a small variation can be noticed 

along check lines 3 and 4 where the profiles sloped toward the left 

bank. However, an average horizontal line could be taken as 

representative for each of the seven lines. To determine the backwater 

and its location, water surface profiles with and without the bridge 

were drawn at the centerline of the bridge opening as shown in Figure 

29. These data indicate there are two zones of normal flow upstream and 

downstream of the flow region, and the flow in these zones is considered 

to be gradually varied. In the upstream part, the slope of the water 

surface profile without the bridge is = 6.78 x 10~^» and the slope 

of the bed of the channel is - g#21 x 10~^* the downstream part, 

the slope of the water surface profile without the bridge is S = 1 22 
wz • 

x 10~4, and the slope of the channel bed is = 1.48 x 10-^* 

Therefore, we can say that we have almost uniform flow in these two 

zones. The maximum backwater produced by the bridge is 1.2 ft, as 
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determined graphically from Figure 29, and it is located 227 ft upstream 

from the upstream side of roadway embankment. The backwater in terms of 

the velocity head is 8, where maximum velocity through the bridge is 3.1 

ft/sec. 

4.3 Influence of Network Refinement 

In the finite element method, the numerical solution 

approximates the exact solution to the partial differential equations 

which govern the flow phenomena. Because of this approximation, the 

continuity equation is not satisfied at each node. A refinement was 

made in the network to examine the variation of the solutions for the 

three networks with 34, 64, and 94 nodes as shown in Figures 12a, 12b, 

and 12c. All three networks were subjected to the same upstream flow of 

4818 ft /sec and downstream water surface elevations of 233.0 ft. The 

value of the Manning coefficient and the values of the eddy dynamic 

viscosity coefficient obtained in the calibration run were used for the 

three networks in checking the performance of the continuity equations. 

Seven continuity check lines were used, as shown in the three networks. 

Table 7 gives the percentage of the inflow at the specified check lines 

for the three networks. Results shown in Table 7 indicate that the 

continuity performance improved with successive increase in the number 

of elements in the network. For example, the value of the percentage of 

flow at check line 4 was improved from 46.5% to 98.1%. In comparing 

continuity errors, it can be seen that the percent error is largely 

reduced in going from network 12a to 12b, with only a small further 
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improvement in going from network 12b to 12c. This indicates that more 

refinement is needed in network 12b if the error is to be reduced to an 

acceptable level. In examining the results of the three networks, it 

was noticed that the values of velocity and depth changed in the three 

successively detailed networks. The improvement was due to using more 

nodal points in the solution process, especially in places where large 

variations in the velocity and depth are expected. It should be noted 

that continuity is maintained at the inlet and outlet of the flow domain 

and deviates from the inlet at internal sections. 

Table 7. Continuity Checking for the Three Networks. 

Check Lines Percentaee of Inflow 
Network 12a Network 12b Network 12c 

1 100.0 100.0 100.0 

2 112.7 104.3 101.8 

3 88.1 91.1 92.1 

4 46.5 90.4 98.1 

5 118.0 105.9 103.2 

6 114.6 100.7 99.4 

7 100.0 100.0 100.0 

Gee and MacArthur [5] indicate that curve-side elements can 

improve the continuity performance. These types of elements are 

required in places such as at the lateral boundaries (shore lines). 

Representation by curve-sided elements in places where it is needed not 

only improves the continuity performance but gives more realistic flow 



than using straight-sided elements. However, there were no extreme 

curvatures in the lateral boundaries in our study reach that would 

require the use of such elements. 



CHAPTER 5 

SUMMARY 

5.1 Conclusions 

The use of a two-dimensional finite element model to study flow 

near a bridge located in a complex flood plain gives reasonable results. 

The following points can be inferred from the experience of using a 

two-dimensional model: 

1. For the steady-state condition, application of the model 

gives reasonable results. There was good agreement between the measured 

and the computed water surface elevations. The average percent error 

between the measured and the calculated heads was 4.67. This percent 

error is acceptable and it is within the practical range. 

2. It was found that the Manning coefficient was dominant in 

the flow domain. The values of the computed water surface elevation 

were affected greatly when the Manning coefficient was varied. 

3. Reasonable values of eddy dynamic viscosity, which were 

estimated and considered to represent the real physics of the problem, 

have a negligible sensitivity on the computed water surface profile. 

This indicates that the eddy dynamic viscosity coefficient does not 

dominate the flow region and therefore, the convective terms in the 

momentum equations are significant. TJnrealistically high values have 

been used by some investigators to overcome numerical instability which 
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might be encountered in some solutions. The instability problem was not 

experienced in this study. 

4. It was found that plots such as the velocity field were 

necessary in analyzing areas of complex flow direction and in indicating 

places of high velocities. These velocities, as would be expected, are 

high at the bridge opening where scouring would take place around bridge 

piers and abutments. Another phenomenon that can be examined from the 

velocity field is the existence or the absence of the separation zone 

downstream of the bridge abutments. The program indicated no reverse 

velocities downstream of the bridge abutment implying that there is no 

zone of separation. 

5. In the process of checking the continuity error, it was 

observed that the continuity performance was improved by refinement of 

the network area, i.e. adding more nodal points. This resulted in the 

improvement of the nodal velocity and water surface elevation. 

5.2 Recommendations for Further Studies 

For further work, the following points can be investigated. 

1. Selecting a more complex area which includes a river 

with its flood plain to check performance of the 

model for the unsteady-state condition. 

2. Using the isoparametric elements, a complex geometry 

can be approximated by curve-sided elements which 

give better results than straight-sided elements. 

This point could be studied for a more complex area. 



Compare the results obtained from the finite element 

model vith results that can be obtained by other 

methods such as the finite difference method. 
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