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ABSTRACT 

The thermal interaction between blood in capillaries and tissue was examined 

numerically using the advection-diffusion equation within the capillaries and conduction 

equation in the tissue. The resulting temperature fields were compared to temperature 

fields computed using the bioheat transfer, conduction and porous medium equations. 

Tissue metabolism was included in all models. For all of the equations above, computa

tions were made for axially symmetric cylinders using a two dimensional alternating 

direction implicit method. The computations for cylinders where capillaries were 

included explicitly (by using the advection-diffusion equation within the capillary) were 

made using equations for a conjugated (thick-walled tube) problem. A simple two 

dimensional capillary bed was also investigated. At the capillary level, conduction was 

found to be the dominant thermal energy transfer mechanism. However, increased blood 

flow in larger blood vessels prevents the extension of this conclusion to anatomical cases 

including larger blood vessels without further investigation. 

x 



CHAPTER 1 

INTRODUCTION 

The cure and control of cancer must be considered one of the highest priorities 

of modern medicine and current medical research. There are twenty active scholarly 

journals de-voted to various aspects of cancer and its treatment as well as many papers 

appearing throughout the literature of medicine, biology and physiology. Hyperthermia 

is one method of treatment under investigation, both alone and in combination with 

drug and radiation therapies. Hyperthermia is the application of energy to tumors in an 

attempt to raise the tumor to a temperature that selectively kills the cancerous tissue. 

In the decade 1975 to 1985, four large international symposia have been held for studies 

or hyperthermia. 

Hippocrates (400 BC) and Galen (200 AD) record the use of very primative 

hyperthermia treatments for surface tumors in the form or red-hot irons and chemical 

caustics. After the Renaissance, numerous case reports appeared of spontaneous tumor 

regression after fevers of about 40 • C lasting for several days. These fevers were due to 

various infectious diseases, including tuberculosis, malaria, influenza and erysipelas (a 

strep infection). [Storm 1983] 

Modern documented evidence of remissions after fevers began to appear in the 

last half of the nineteenth century [Busch 1866]. Febrile therapy was pursued into the 

twentieth century [Bruns 1887, Rohdenburg 1918, Nauts, Fowler, and Bogatko 1953]. 

Other modes or heating, such as very hot baths [Westermark, 1898] and passing high fre

quency currents through tissue [Nagelschmidt 1926] were investigated simultaneously. A 

1 



2 

concensus was reached that the fever itself, and not the infectious disease causing the 

fever, effectively killed the tumor. 

At present, indepth studies of tumor and normal tissue response to heating are 

being carried out on a large scale to discover circulatory and thermoregulatory system 

responses and biochemical responses. [Song 1982, Bull et al. 1982, Robinson, McCulloch, 

and Welton 1982]. 

Due to their abnormal physiology, many tumors are more susceptible to ther

mal injury than normal tissues. Factors influencing this increased suceptibility to ther

mal damage within the tumor proper include relatively poor blood flow, relatively acidic 

environment, possible triggering of the host's imune response by inflamation resulting 

from the thermal stress and other factors still unknown [Song 1983]. The extent of ther

mal injury is dependent on the tissue temperature elevation and the duration of its 

application. Temperatures used for thermal treatment range from 39 to 50 ° C with times 

up to about fifty hours [Dickson and Calderwell 1980]. One of the problems in planning 

hyperthermia treatments for individual patients is determining in advance the tempera

ture field that will occur in the tumor and surrounding tissue. For the thermal treat

ment to be complete by itself, all of the tumor must be subjected to a lethal thermal 

injury with minimal damage to normal tissue. During treatment, the temperature field 

must be closely monitored, which is difficult, as it is not possible to insert an unlimited 

number of temperature probes in the patient. Treatment temperatures recorded during 

treatment can then be used for retrospective evaluation of the thermal stress given to 

the tumor. 

Numerical modeling of the temperature field can be profitably applied to treat

ment planning, temperature monitoring and retrospective evaluation, if adequate 

mathematical models and computer algorithms can be found. The major difficulty in 
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determining temperature fields in living tissue is the inclusion of blood perfusion in the 

mathematical model. Including all of the blood vessels as distinct structures requires a 

number of computations that exceeds the capacity of the computer and the computor. 

Ideally, the information from angiograms, CT scans, X rays and other diagnostic tech

niques should be put into a model of the tissue to be treated. The mathematical 

representation would be formulated by a combination of man and computer. The tem

perature fields for various treatment modalities could be computed and a full plan of 

treatment made. Temperatures recorded during the treatment can provide additional 

checks on the model, as well as the patient. Then the recorded temperatures can be 

reinserted into the models for a retrospective evaluation of the effectiveness of the ther

mal treatment. 

Currently, modeling is being done to duplicate already observed temperature 

fields and to evaluate the capabilities of various instruments used in hyperthermia treat

ments. Various paramenters dependent on blood perfusion are manipulated to reproduce 

the observed temperatures. Almost all of these models use the field equation known as 

the bioheat transfer equation, developed by Pennes [1948]. Questions have been raised 

concerning the application of the bioheat transfer equation in relatively smaller tissue 

volumes. These questions spring from the method used to model the effects of blood 

flow on the tissue temperature. Other methods of including blood perfusion have been 

suggested by various investigators [Chen and Holmes 1980, Bowman 1982, Wulff 1982, 

Klinger 1974]. All of the proposed solutions require more rigorous application of the 

advection-diffusion form of the heat transfer equation, but admit the great practical 

difficulties in doing so. Some modelers are attacking the problem by studying the 

influence of larger blood vessels on the surrounding tissue temperature [Chato 1980, 

Lagendijk 1982]. Jiji, Weinbaum, and Lemons [1984] and Weinbaum, Jiji, and Lemons 
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[1984] are using anatomical and thermal studies of rabbit thighs to devise altered field 

equations amenable to analytic and semianalytic solution for application to superficial 

tissues. 

This investigator proposes to study the effects of blood perfusion on tissue tem

perature by examining numerically the heat transfer interactions between the blood 

vessels themselves, singly and en masse and the surrounding tissue. The first goal of 

this study is a more satisfactory field equation with greater use as a predicting tool. 

A Survey of Thermal Modeling in Perfused Tissue 

Modern thermal modeling of body temperature had its beginnings in studies 

conducted just before and during World War II which investigated the prevention of 

damage to feet and hands in cold climates. A number of experiments were performed 

comparing skin temperature, blood temperature and rectal temperature [Love 1948, 

Bazett et al. 1948, Holling 1939]. Many explanations of the phenomena observed were 

proposed, from the effects of conduction deemed paramount [Gagge et al. 1938] to con

vection being considered most important [Burton and Bazett 1936]. The importance of 

arterial blood precooling due to artery-vein pairing was speculated upon as well [Bazett 

et al. 1948]. 

Pennes [1948] performed a series of experiments observing temperatures in 

human forearms. From this work, he developed the bio-heat transfer equation now in 

widespread use. Pennes combined Fick's second law of diffusion and Fick's perfusion 

equation, deriving an equation for use with any diffusable substance. Fick's second 
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diffusion law is mathematically similar to Fourier's law, as 

ac = Z> v2 C 
dt 

where C is the substance concentration and D is a diffusion coefficient. This equation 

applies to dilute substances with no chemical reactions in progress involving the sub

stance and no significant convection present. Fick's perfusion equation applies the sim

ple principle that the change in any conserved substance is the difference between what 

is present in the arteries going into the tissue and what is present in the veins draining 

the tissue, as 

f  =  F . C . - F , C ,  

where F is the mass flux of the perfusant. Application to thermal energy specifically as a 

substance, with C = pc^T, gives 

p c , ^  =  k v 2 T  + F t C t { T .  -  r ) +  Q  1 . 1  

where Q includes metabolic sources and externally applied sources. Symbols used in this 

report are compiled in Appendix A. 

The development of this equation depends on the a number of assumptions. 

First, the tissue is assumed uniform with respect to internal structures, that is, no struc

tures such as blood vessels or other tubes with directional flow are included. Secondly, 

neither blood flow nor conduction is assumed to be dominant. Third, blood flow is con

served, neglecting the transcapillary and lymphatic flow. Lymphatic flow, as a measure 

of net transcapillary flow, is about 2 to 4 liters per day. Total cardiac output is 5.8 

liters per minute. This gives a whole body lymphatic flow to blood perfusion ratio of 



6 

0.0005 for 4 liters of lymph flow [Milnor 1980]. Thus, the ratio of transcapillary flow to 

blood flow is small in muscle tissue and this assumption is acceptable1. Arterial tem

perature is held constant in time for many uses of this model. Lastly, the venous blood 

and tissue temperatures are assumed identical. Thermal equilibrium is achieved practi-

O 
cally instantaneously in very thin pipes, and the very short dimensionless axial distance" 

of the thermal entry length of the capillary regime indicates an extremely effective heat 

exchanger. 

Pennes model represented an advance over earlier studies, which assumed either 

blood flow or conduction to be negligible. At the time Pennes developed this equation, 

relatively little was known about blood perfusion of tissue. The assumptions above gave 

distinct advantages in that unknown details of the blood blow were not required to 

model temperatures in tissue. Such little known areas as behavior of blood as a fluid in 

vivo, capillary geometries, time variations in the blood flow due to drugs, thermal stimu-

lae and vasomotion did not require further study to begin studying temperature profiles. 

As computers were in their infancy at the time, complicated heat transfer problems asso

ciated with large, blood-carrying structures were difficult to solve. Thus excluding their 

influence on the temperatures computed made the problem tractable. 

Pennes recorded temperature profiles through the forearm experimentaly and 

adjusted the model's single blood flow value until the computed temperature profile 

agreed with the experimental profile to with in about 0.50 C. Assuming complete 

1. Tissues with significant transcapillary flow, such as the kidney [Gottschalk 
and Lassiter 1980], require different assumptions and are not included in the present 
study. 

2. The dimensionless axial distance, x = x/D Pe where D is the hydraulic di
ameter and Pe is the Peclet number, is associated witn estimates of the thermal entry 
length. There is considerable confusion in texts and the literature between x and the 
Graetz number, which has various definitions (including being defined as x*) [Shah and 
London 1978]. Here, Pe = Ux/a = Re Pr. 



equilibrium between blood and tissue took place, his computed blood flow fell in the 

lower part of the ranges measured by other methods. He recomputed the temperature 

profile assuming incomplete thermal equilibrium between blood and tissue and found 

blood flow rates in the upper ranges of those measured by other experimentors. 

The advent of modern, high-speed computers with large memories allowed some 

alteration of the bioheat transfer equation to include observed physiological effects. The 

aonlinearity of temperature-dependent perfusion and metabolism could be introduced. 

Since analytic solutions were not required, perfusion could be made to vary arbitrarily 

over space and time. 

Other experimentors have recorded temperatures and compared them to the 

results of the bioheat transfer equation. For example, Gordon, Roemer, and Horvath 

[1976] used the bioheat transfer equation for connected regions of the body as a whole to 

evaluate a thermal control model for the body's response to cold. Comparison between 

predictions and experimental results for skin and rectal temperatures gives agreement to 

within 1.5 °C everywhere but the hands and feet. Predicted transient arm blood flow 

agrees with observed arm blood flow to within experimental error (5^0 to 20°?). The 

agreement between predicted transient cardiac output and observed cardiac output 

varies between being within 1% and overestimation of cardiac output by as much as 

25%. Emory and Sekins [1982] studied temperature profiles of human thighs in response 

to microwave heating. Their detailed models give excellent agreement in the deeper tis

sue levels and agreement to within 2 0 C in tissues within one centimeter of the surface. 

133 Good agreement between predicted perfusion and perfusion measured by Xe clearance 

was achieved by adjusting the arterial temperature in the fat and muscle layers. 

In the late 1950's a number of experimentors tried to measure blood perfusion 

from the transient temperature profiles generated by a heated probe inserted into the 
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tissue. After a Dumber of model comparisons and a critical review of older data [Perl 

1962 and 1963], Perl collaborated with Hirsch [Perl and Hirsch 1966] to study blood flow 

in dog kidneys by thermal diffusion from heated probes—the thermal clearance method. 

The bioheat transfer equation was used to deduce the blood flow from the recorded tem

peratures. Their experimental results from PAH (para-aminohippurate) clearance stu

dies agreed with the blood flow from thermal clearance methods at lower perfusions. 

Thermal clearance methods continue in use and the various supporting techno

logies in fabrication of probes and electronics have improved. Johnson, Abdelmessih, 

and Grayson [1979] also applied thermal clearance techniques to dog kidneys with agree

ment between predicted perfusion and perfusion applied to the kidney with a pump to 

within 15%. Bowman, Balasubramanian, and Woods [1977] used isolated dogs' hind 

limbs to measure effective thermal conductivity where blood flow could be more exactly 

determined by collection of the venous return. Holmes and Chen [1983] also found 

agreement of their thermal clearance measurements of blood flow in dog kidneys with 

85 microsphere and Kr washout to within 20% in the outer cortex of the kidney. 

The limitations of the bioheat transfer model have become more apparent as 

knowledge of the circulatory system physiology and its interaction with perfused tissue 

has increased. First, flow directionality is removed from the model equation. Any rein-

troduction of flow direction is either very cumbersome or greatly changes the nature of 

the mathematical model. In general, the geometry of the vascular network is not con

sidered and would be difficult to introduce without changing the mathematical nature of 

the equation. The thermal interaction of larger blood-carrying structures, not only with 

solid tissue but also with adjacent blood vessels, is a second point of concern. A large 

blood vessel not only heats or cools surrounding tissue, but also alters the temperature of 

blood in nearby vessels. This precooling of arterial blood and warming of venous blood 
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before return to the heart conserves the body's thermal energy. Since the venous blood, 

arterial blood and tissue temperatures are not computed separately in the bioheat 

transfer equation, such interactions are difficult to include. 

Lastly, the bioheat transfer model assumes that blood and tissue reach equili-

brium instantaneously. Theoretical studies have called this assumption into question for 

vessels larger than capillaries but smaller than small arteries (Chen and Holmes 1980, 

Chato 1980, Lagendijk 1980, Jiji, Weinbaum, and Lemons 1984]. The vessel diameter at 

which the~mal equilibrium between blood and tissue is predicted to occur is dependent 

upon the assumptions made and the flow rates used, lying somewhere in the range 20p 

< d < 250p. Experimental studies are difficult to design and perform, especially for 

vessels of smaller diameter within the range above (d< 200p). Bowman (1980] has done 

in vitro studies with glass tubes in glycerine to study the effect of relatively smaller 

' ( ...._,300p) vessels on thermal probe power deposition rates. His work illustrates the diver-

gence of thermal probe power deposition rates for probes placed near a glass tube with 

flow from the power deposition rates predicted for strictly conduction heat transfer. 

Weinbaum, Jiji, and Lemons [1984] have coupled in vivo temperature observations with 

information from vascular castings taken from the same piece of tissue on which the 

temperature measurements were performed to illustrate the effects of thermally 

significant vessels on the temperature field. All the basic difficulties presented above 

may be investigated by inclusion of advection (convection) terms and the geometry and 

architecture of the circulatory system in the equations describing the temperature field . 

In order to clearly present and discuss the discrepancies between bioheat 

transfer equation modeling predictions and experimental determinations of blood flow 

and temperatures scattered in the modeling literature, Table 1.1 has been developed .. 

Most of the questions raised concerning the applications of the bioheat transfer equation 



Table 1.1. Thermal Modeling Summary 

Table 1.1 summarizes the literature on experimental and modeling studies of tissue 
temperatures and blood flow predictions made from measured temperatures. Particular 
attention is paid to models devised for comparison with experimental studies and 
discrepancies between data and model predictions. 

Almost all data discussed are taken in vivo. Data not taken in vivo are indicated as 
such. Various flow rate measurement techniques have been used. The difficulty associ
ated with assessing and interpreting the existing literature is the relative scarcity of 
blood perfusion rates determined independently, that is, measured directly for the living 
tissue and not determined by adjusting the blood flow to make the bioheat transfer solu
tion match the observed temperature profile. 

The numbers in bracketts [ ] refer to the key list at the end of the table. A dash 
between reference numbers [7-8] indicates comments on a paper made in another paper. 
The current author's comments are in italics. 

Symbols 

T 

d 
BHTE 

u 

field or tissue temperature 
arterial temperature 
venous temperature 
effective conductivity 
blood velocity 
diameter 
bioheat transfer equation 

o 



Tmble 1.1 Thermal Modeling Summary 

Omitted Structure 

or Phenomenon 

Experimental Discrepancies 

Attributed to Omitted Phy

siology* 

Model Inclusions and/or 

Changes 

Comments Experimental and 

Modeling Results and 

Conclusions* 

Flotc directionality 

Some of the observed linear 

slope of k( versus perfusion 

at low perfusion to long 

parallel capilaries (sheep 

spleen, freshly slaughtered 

and perfused with blood 

and Ringers) [10] 

Long parallel capillaries in 

kidney medulla region give 

perfusion underestimation 

from thermal clearance 

method. [2l| 

Porous medium equation 

proposed. Metabolism term 

included. [24,26] 

Demonstrated advection-

diffusion equation solution 

with series of Green's func

tions and perturbation tech

niques. |13) 

Porous medium proposed to 

mask larger structures in 

region of intermediate 

depth. [26] 

Solution analytic, but must 

know advection over entire 

field. [13] 

(Circulation in ipleen leemi 

directional.) 

Vascular castings indi

cate directionality. [26] 

Effect estimated to be 

small. ]10] 



Table 1.1 Thermal Modelios Sommar7 (coo't. Z) 

Omitted Structure Experimental Discrepancies Model Inclusions and/or Comments 

or Phenomenon Attributed to Omitted Phy- Changes 

Spatial variation• itt 

jfo111 

Deviatioll from predicted 

profile shape in human 

forearm. (18( 

a•'I]T and k• . terms Compute ' major vessels 

included in BHTE equation. separately and base llow 

(3( rate and T A on results from 

major vessels. (3( 

Advection terms included in No 11pplication• computed. 

the non solid areas of a mul-

tiphase medium (27(. 

Spatially varying perfusion 

included for tumor sone 

model of Endrich, 

elal. in BHTE equation. (5( 

' Spatial variations in tumor 

and surrounding normal tis

sue, including skin, put into 

BHTE equation. (10( 

Perform volume averaging 

of properties over tissue 

(27(. 

Spatial variation of blood 

llow demonstrated impor

tant in hyperthermia treat

ment protocols. (5( 

Geometries modeled as sim

ple spheres and cylinders. 

(10( 

No applicatiott ca1e1 com

puted. 

Experimental and 

Modeling Results and 

Tumor grown around 

probe. Animal then 

subject to whole body 

hyperthermia. Tumor 

and body temperatures 

in good agreement with 

experiment. (10( 

-t.:) 



Table 1.1 Thermal Modelin1 Summar)" (con ' t. a) 

Omitted Structure Experimental Discrepancies Model Inclusions and/ or 
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Table 1.1 Thermal Modeling Summary (con't. 4) 

Omitted Structure Experimental Discrepancies Model Inclusions and/or Comments Experimental and 

or Phenomenon Attributed to Omitted Phy Changes Modeling Results and 

siology Conclusions* 

Nonuniform heat 

trani/er due to: 

1. Other ve$iel$ Poor agreement between toe input as temporal ramp Ramp parameters adjusted Model blood flow good 

(eounter current warming and blood flow in function. [6] to match observed skin tem to 20% compared with 

exchange) cardiac patients with low perature. [6] occlusion measurements. 

perfusion. [6] [6| 

Legs subjected to refrigera

tion anesthesia cool faster 

than predicted. Metabolism 

included as q = Ae"IT |l6| 

Standard counter current No transfer to tissue. Mag

exchange between isolated nitude of effect most depen

•essel pair. [2] dent on spacing. [2] 

Inadequate prediction of T 

in exercising muscle. [23-7] 

Approximated through T, Ta and Ty preserved as Possible influence region 

integro-dilferential equation variables in the axial direc of counter current 

based on convection only. tion. Zeroth, first and structure noted in fine 

All energy assumed to pass second derivative terms wire thermocouple 

through tissue directly to appear. [26,11] measurements (rabbit 

other vessel. [26,1 lj thigh). [26,25| 



Table 1.1 Thermal Modeling Summary (con't. 6) 

Omitted Structure Experimental Discrepancies Model Inclusions and/or Comments Experimental and 

or Phenomenon Attributed to Omitted Phy Changes Modeling Results and 

siology* Conclusions* 

Counter current exchange Product of velocity and Sloth rete blood flow 

modeled by simple control cross sectional area used as models correct to order 

volume energy balance in input. Exact position and of magnitude. (l7| 

slabs perpendicular to the geometry of vessels not con

axis. [17] sidered. [17] 

Deep tissue temperature 

deviation from predicted 

profile in hnman forearm. 

118] 

Flow rate estimates from 

BHTE in myotardium sub

stantially low, particularly 

close to ^eart wall boun

daries. [9-71 
-

Heat transfer from surface Considered important when When ratio of heat 

area of vesJels and BHTE ratio of heat transfer from transfers is 1, k is 
% 

convection sinks included. surfaces to convective heat lowered by 65%. |l2] 

|12] transfer >.1. (12] 

t. Influence of Thermal profile measured 

arteries on adjacent near glass tube in glycerol 

tinue to illustrate convective effect 

of fluid, [l] 



Table 1.1 Thermal Modeling Summary (con't. () 

Omitted Structure Experimental Discrepancies Model Inclusions and/or Comments Experimental and 

or Phenomenon Attributed to Omitted Phy Changes Modeling Results and 

siology Conclusions* 

Fully thermally developed Invalid for diameter<.5mm 

flow used in constant wall due to lack of axial heat 

temperature slices with flux. [14] 

energy balance on each slice. 

.. 
M 

Thermal inflnence of struc

tures on surrounding tissue 

noted. Fine wire ther

mocouple measurements on 

rabbit thigh. [26,25] 

Fully developed flow with Structures with diameter 

constant wall temperature. influential on surrounding 

|2] tissue. [2,3] 

Incomplete thermal equili Incomplete equilibrium 

brium modeled by equilibra increases estimate of blood 

tion constant 0<k<l as a flow. |18] 

factor in BHTE term. [18] 

Abnormally high perfusion 

deduced near large blood 

vessels in kidneys. [21] 
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heightened contractility of 
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Applicationi in hyperther
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No metabolism or outward 

flux to mask effect included. 

|2) 

For thermography, 

tion not unique. [4] 

Solu-

Effects estimated on 

order JO"4 to 1 * C. [2| 

Lesion predicted detect

able if diameter >1/3 

depth. [4] 
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take the form of speculations on the possible effects of including vessel structures which 

have been commonly omitted. The experimental discrepancies are most often in the 

form of underestimated blood flow as determined by the bioheat transfer equation when 

compared to independently measured values. 

The first column of the table lists the structures and phenomena not included 

in the bioheat transfer equation. The first four areas have been discussed in the litera

ture at some length. Others are included for a more complete list of physical phenomena 

that are present. The second column gives experimental studies where discrepancies in 

temperatures and blood flow between theory and experiment were attributed to the 

structures and phenomena listed in the first column. Column three states methods of 

including these phenomena in mathematical models which have been suggested by the 

studies quoted. Both altering the bioheat transfer equation andusing alternative equa

tions have been suggested. The fourth column contains comments by the author of this 

work (in italics) and the authors of the papers cited. The fifth column contains conclu

sions and results from experiments and models. 

Much of the relevant literature uses the bioheat transfer equation to predict 

blood flow from thermal probe measurements. This is often done by heating a small 

volume of tissue with a thermistor probe and measuring the variation of temperature 

with time—the thermal clearance method. The blood flow is then adjusted in the model 

calculations to give temperatures that agree with those observed. Blood flows measured 

by other methods do not always agree with perfusion predicted in this manner. A brief 

discussion of some of the most clearly documented experiments and their accompanying 

computations follows. For example, Perl and Hirsch [1966] compared predicted bio-heat 

transfer blood perfusion from a transiently heated probe with that found by PAH(para-

aminohippurate) clearance in the kidney. As perfusion increased, the bioheat transfer 
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equation underestimated the PAH perfusion by a factor of 2. The authors then modeled 

the kidney using uniformly spaced discrete small areas of very high perfusion at the 

spacing of the afferent arterioles and more accurately predicted the renal blood flow. 

Likewise, Hernandez et al. [1979] predicted time varying temperature profiles in heart 

muscle during hard work (high contractility and myocardial ischemia) using the bioheat 

transfer model. Their results, reanalyzed by Eberhart, Shitzer, and Hernandez [1980], 

give temperature profiles in agreement with those measured, but at predicted perfusion 

rates substantially lower that the flow meter and microsphere measurements taken 

simultaneously. 

A number of investigators have proposed alternatives to the bioheat transfer 

equation. Chen and Holmes [1980] suggested other ways of including blood perfusion in 

mathematical models that reflect the increased knowledge of the circulatory system. 

These include placing altered conductivity in the diffusion term and explicit inclusion of 

advective terms in addition to the Fick perfusion term now used. They also suggested 

that the influence of larger vessels be individually computed. 

Lagendijk [1982] and Chato [1980] have performed numerical and semianalyti-

cal studies incorporating the effects of large vessels. Lagendijk [1982] and Lagendijk et 

al [1984] have estimated the effects of larger structures on tissue temperature. The 

assumptions made (that is, no axial conduction) limit the application of their tempera

ture profiles, entrance lengths and heat transfer effectiveness numbers to vessels larger 

than 250/x in diameter. For diameters below 250 fi, the Peclet number is less than 10, 

and axial conduction is no longer negligible [Munakata 1975]. Chato [1980] demonstrates 

that heat transfer is most effective in blood vessels with sizes falling at the lower end of 

Lagendijk's study range. Chato also discusses counter current exchange between proxi

mate arteries and veins, resulting in decreased arterial blood temperature. All of these 
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studies make use of various simplifying approximations common in heat transfer studies, 

including neglecting axial conduction, constant wall temperature or constant heat flux 

over the vessel-tissue interface and averages of blood and tissue temperatures in tissue 

perfused by smaller vessels. The absence of thermally developed flow is approximated 

by assuming constant heat flux or constant wall temperature over small segments of 

vessel and using the known engineering solutions for the heat transfer coefficient at the 

tube wall. 

Weinbaum, Jiji, and Lemons [1984] and Jiji, Weinbaum, and Lemons [1984] 

combine semianalytical models with information from vascular castings and measured 

temperature profiles to develop an alternative description of heat transfer in superficial 

tissues. They conclude that, in deeper tissues, incomplete countercurrent exchange 

accounts for most of the heat transfered from arterial blood in thermally significant 

vessels (40-300/i diameter) and call for the development of a model that explicitly com

putes arterial, venous and tissue temperatures, and then uses these temperatures to 

predict the observed temperature. 

Inadequate knowledge of blood flow in tissue poses a continuing problem. 

Experimental measurements of blood flow in tissues smaller than whole organs are 

difficult. For tissues smaller than whole organs the methods in use (Xe clearance, micro

sphere trapping, etc.) give blood flows which exhibit varying differences of as much as 

100%. For examples of this, see Hernandez et al. [1979] and Holmes and Chen [1983]. 

Actual flow meter studies can be done only on large vessels. Radioactive microsphere 

studies of how rapidly the blood goes completely through a network of smaller vessels 

give variable results. Movies of living capillary beds taken through the microscope give 

flow measurements impacted by the non-Newtonian nature of the blood flow. Velocity is 

established by timing the erythrocytes' (red blood cells') travel across the microscope 
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field . However the plasma and the erythrocytes travel at relative velocities with ratios 

anywhere between 1 and 2. The presence of shunts between arteries and veins and the 

variation of the ratio of solid elements to plasma (hematocrit) does nothing but compli-

cate this scenario. 

Predicting temperatures with the bioheat transfer equation usmg measured 

blood flow is seldom if ever done, due primarily to the absence of details of circulatory 

architecture and difficulties in describing the behavior of blood in vessel networks. Phy-

siologists ~re now beginning to examine the details of blood flow using newly developed 

-
quantitative as well as qualitative methods. 

P9tential Mathematical Relations between Perfusion and Temperature 

Ideally, heat transfer in tissue w hould be analyzed usmg the full advection-

diffusion equation with blood velocity, metabolism and external sources and sinks 

included as a function of time and three space dimensions. This should be written as 

aT 
+pep 7it = v•k 'V T - v•cP puT + q + m 1.2 

where T, k, cp, u, q, m, and p are functions of time and space. This equat.ion iu ii.t~ gen

eral form is intractable analytically. Before the advent of modern computers, a realistic 

application of this equation to the circulatory system was impossible numerically. It is 

difficult today if simplifications are not made. A major desirable simplification is to 

reduce the complexity of the mathematical desription of tissue by reducing the number 

of structures (blood vessels, etc.) explicitly included. 
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The primary advantage of this mathematical description is the exact represen

tation of both the solid tissue and fluid without preliminary assumptions about their 

complex thermal interactions. Temperature changes propagate along the blood vessels 

and into the tissue in a physically realistic manner in space and time, coming from the 

point of origin and traveling in the direction of the flow. In principle, structures of 

almost any type be placed at any point in the field. Fluid and solid temperatures are 

easily separated by merely chosing the coordinates of the structure and noting its tem

perature. 

The inclusion of explicitly advective terms bring in numerical instabilities that 

can easily destroy the accuracy of the solution. The very flexibility of allowing the inclu

sion of structures makes implementation difficult in practice, as each structure must be 

explicitly included in the correct position with the proper physical properties. Internal 

boundaries between fluid and solid areas are not always easily realized. The actual tem

perature observed by a thermometer is some average of tissue and blood temperatures 

that is not obvious. 

Paths around these disadvantages rely on the actual physical situation in each 

particular case. Explicitly advective terms do not destabilize numerical schemes to solve 

the advection diffusion equation in low Peclet number regimes (Roache 1982). Modest 

Peclet numbers can be approached with various upwind difference schemes. Fortunately, 

Nature confines herself to lower velocities in the body. Internal boundaries and large 

numbers of similar structures can be replaced by comparing numerical studies of various 

approximations and experimental work with the exact results using the advection 

diffusion equation. 

One possible variant of the fully space dependent advection-diffusion equation 

is the equation commonly used for computing temperature fields in porous media. This 
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equation is of interest because it preserves the directionality of the blood flow by retain

ing explicitly a velocity term. It is also a homogeneous equation in the sense that no 

separate structures carrying fluid are explicitly included. The fluid enters at one boun

dary and departs at the boundary opposite, flowing through randomly distributed, inter

connected small channels in the solid material. In this variation, an estimate of the ratio 

of liquid filled space to total volume is obtained and defined as the void fraction, /. The 

temperatures of the liquid and the solid matrix in which it is flowing are assumed equal. 

This assumption is supported by the theoretical studies and supporting experiments of 

Weinbaum and Wheller [1949] for sweat cooled porous metals. 

Given a void fraction, f, the thermal energy flux (q) in the solid medium can be 

written as 

9qs , l t  ,,d2T 
17 = k* ('-/ >7^ 

In the fluid medium, neglecting conduction, 

D<LF . .  d T  
-ar = pVc" 

The assumption of negligible conduction in the fluid is not acceptable for low Peclet 

number (<~20) applications. Inclusion of conduction in the fluid yields a change in the 

above equation as 

D(LF , , d 2 T  d T  

Thus for a steady state, 
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~ [ k F f  + k s ( i - f ) ] ^ L  +  P V c p ^ -  =  o  

Addition of a source term in the solid material and a change to the time-varying form 

gives 

[ k F f  +  k s { l - f  ) ] $ —  -  p V c p ^  +  m { l - f  ) =  1.3 

This is a one-dimensional form of the advection diffusion equation. 

The porous medium equation is a field equation with no difficult internal boun

daries and no difficulty in the interpretation of a "thermometer" temperature. It has the 

added attraction of preserving directionality of the flow. It is easily extended to three 

dimensions. The numerically difficult Peclet number is still present. Unfortunately, no 

separate fluid and solid tissue temperatures are retrievable, and no large vessel effects are 

included. This equation can be expected to diverge from the exact temperatures as the 

void dimensions increase, causing the fluid and solid temperatures to diverge. At what 

point the blood and tissue temperature difference becomes significant can only be deter

mined by numerical and experimental studies. 

We now present for reexamination, the bio-heat transfer equation, 

PcP^Jf ~ + Fb cb(Ta - T) + Q, 1.1 

where Q includes metabolic and externally applied energy sources. This equation has no 

difficulties with velocity terms and is relatively easy to solve numerically. It is a field 

equation without complicated internal boundary conditions or numerous explicitly 

included structures. Although the venous blood temperature is not accessible, separate 



27 

arterial and tissue temperatures are. The disadvantages in this equation lay entirely in 

the realm of the physiology: no directionality of flow, no representation of large struc

tures, no recoverable venous blood temperature, and the continuous distribution of the 

perfusion that brings heat in from the aether and returns it to the same place. If the 

larger structures present are embedded in the fleld of the bio-heat transfer equation, 

they bring their advection-diffusion equation disadvantages with them. 

This author wishes to reexamine the application of the bio-heat transfer equa

tion by comparing its resulting temperature distributions to those given by other models, 

including particularly the more difficult realization of the advection-diffusion equation. 

After exposition of the methods used in this study, the results from two simple cases fol

low. 



CHAPTER 2. 

ALGORITHMS AND METHODS 

Since this study uses the approach of including the structures within tissue 

explicitly, high spatial resolution models are required to examine the effects of blood flow 

on tissue temperature. Three methods for achieving higher spatial resolution are (1) 

finding the coefficients for a series summation of analytical functions then performing the 

summation at the desired locations, (2) solving finite element equations then using the 

appropriate interpolating functions across the elements to find values at the desired loca

tions, and (3) solving finite difference equations with relatively large numbers of node 

points. 

Computation of coefficients for a solution made up of a series summation of 

functions (the method of weighted residuals due to Galerkin and others) provides a con

tinuous function in an analytical form, even though numerical methods are used to dis

cover the function. The theoretical underpinings and supporting literature are well 

understood and the method has been in use since about 1915. Finlayson [1972] provides 

a clear text with many refernces and examples of its uses. Algorithms for inverting the 

resultant full matrices and sumation of the resulting series of functions are readily avail

able. An increase in resolution requires resumation of the series functions at a different 

point in space. Generally, a small computer can be utilized to acquire solutions to the 

equations. Difficulties arise in implementing nonhomogenous boundary conditions and 

including structures and changes in properties not parallel to one of the coordinate axes. 

The supporting algebra becomes tortuous for areas broken up into many contiguous 

28 



29 

rectangular regions. Any change in geometry and mathematical type of equation 

requires extensive " by hand" work in resetting the problem for computation. 

The finite element method and its applications are described and surveyed by 

Zienkiewicz [1977]. Turner et al. [1956] and Clough [1960] made early successful use of 

the finite element method. Due to its being a relatively newer method, the theoretical 

support, uniformity of notation and extent of the supporting literature of the finite ele

ment method is not as extensive as that of the finite difference method. The resulting 

matrices for solution of the equations tend to be more full than those of finite difference 

methods. As requirement for detail increases, the need for a relatively larger computer 

grows. A change in internal geometry and/or type of equation requires an amount of 

"by hand" work somewhere between that of the Galerkin type methods and the finite 

difference methods. The numerical problems associated with convective transport are 

still present [Zienkiewicz 1977, Lapidus and Pinder 1982] and the remedies for convective 

transport equations (which have a hyperbolic character) bring the amount of work 

required for finite difference and finite element methods into rough equality. 

The finite difference method is described by Mitchell and Griffiths [1980] and 

came into modern use with Richardson's [1910] landmark work [Roache 1982]. The body 

of supporting literature and theoretical study is massive. The matrices generated for 

solution are uniform, sparse and efficiently solved. The advent of the large, fast com

puter has made application of the methods in this class even more practicable than pre

viously. The supporting algebra is straight forward, and the internal geometry easily 

shifted with a relatively small amount of "by hand" work, as compared to the proceed

ing two classes of methods. The author also admits to a greater familiarity with finite 

difference methods. Access to a fast computer with a large memory (Cyber 175) was 

readily available. The many finite difference methods in use allow extension to all three 
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types of partial differential equations, with some methods being useful for parabolic, 

elliptic and hyperbolic equations [Lapidus and Pinder 1982]. Since future use of the code 

developed for this study is envisioned to include applications to time varying and more 

strongly convective transport dependent problems, a finite difference method suitable for 

all three types of partial differential equations was sought for code development. 

Alternating direction implicit (ADI) and locally one dimensional (LOD) methods 

are recommended for use in the solution of parabolic, hyperbolic and elliptic equations in 

two and three dimensions [Lapidus and Pinder 1982]. Numerous works on theory and 

application exist in texts [for example, Lapidus and Pinder 1982, Mitchell and Griffiths 

1982] and in the literature [for example, Birkhoff, Varga, and Young 1962, Aziz and Hel

iums 1967, Douglas 1962]. Alternating direction implicit (ADI) methods take advantage 

of the natural ordering of points in a multi-dimensional system to reduce a fringed tridi-

agonal system to a tridiagonal system. The fringes, arising from differentiation in other 

directions, are put on the right hand side (RHS). The system is iterated, solving each 

direction in turn using the results of the most recent iterations and partial time steps on 

the right hand side. 

The problems in this study all had dominant elliptical characteristics, that is, 

the steady state solution was sought and the convective transport terms were small. No 

three dimensional solutions were computed. A method often chosen for elliptic problems 

is successive over relaxation (SOR) [Birkhoff, Varga, and Young 1962, Mitchell and 

Griffiths 1980]. SOR is easily implemented, but not necessarily the fastest to converge. 

Block and line variations on this method further accelerate convergence in comparison to 

point methods [Birkhoff, Varga, and Young 1962]. For very large, multi-dimensional sys

tems, alternating direction implicit methods converge most rapidly. A comparison of the 

rate of convergence is given in Birkhoff, Varga, and Young 1962. They have the added 
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advantage of being applicable to time dependent problems, as well as steady state prob

lems. The results for the Dirichlet problem on a rectangular region are illustrated in Fig

ure 2.1. The comparison in Figure 2.1 is done by assessing the number of arithmetic 

operations per iteration for each method and normalizing the number of iterations to 

that of point SOR. 

Derivation of the API Method 

Given a partial differential equation of the form 

Auxx + Cuyy + Du t  + Euy + Fu + G = u t  2.1 

We then apply a forward difference in time, as 

« n + 1  =  u n  +  A t  (Aux* + Cuyy + Dux + Euy + Fun + G) 

This equation can be rewritten by grouping the residual on the right hand side into 

terms with derivatives in the x direction and terms with derivatives in the y direction. 

The F term is divided in half, and one half grouped with the x derivative terms and the 

other half with the y derivative terms. The derivative terms in one direction are then 

advanced in time and rearranged to the left hand side as 

- (Au?+ l  + Du•+' + •£«•+') = J£L + (Cu£, +£«,;+£„» +G) 

The G term remains on the right hand side. A forward time step is taken alternately in 

each direction of differentiation. It is accepted practice [Mitchell and Griffiths, 1980] to 
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Figure 2.1 Comparison of the number of iterations required for SOR and ADI 
methods. The number of iterations for each method is normalized with respect to the 
number of arithmetic operations required for one SOR iteration, h = Ax. (From Bir-
khoff, Varga, and Young 1962) 
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call each time step in one direction a half iteration. Thus, a complete iteration is writ

ten as follows 

" " * 1 / 2  -  { A u ? + X ! 2  +  D u s
n + 1 / 2  +  — u  n + 1 / 2 )  

At v " * 2 

=  i 7  +  ( c ^  +  E u v n  +  2 - 2  

^ - ( C u » + * + E u y » + l  +  L u » + > )  

= "n+1/2 + (.Au£+1/2 + Du.n+1/2 + — u n +1/2 + G ) 
At 2 

This scheme is unconditionally stable when subjected to von Neumann analysis [Mitchell 

and Griffiths 1980]. 

Recasting the equations in space centered finite differences gives, for an implicit 

solution in the x direction, 

/ > < / ' / *  +  A  ( « , . « t y  -  2 < ; ' / 2  +  v + t 1 / 2 )  +  ̂ K + V / 2  -  t f )  

A 2 n 

+ = pu'j - Ax*(Cu t"s +Eus"+j«" +G) 2.3 

where /> = Ax /At. The equation in the y direction is similar. Since the ADI scheme 

is unconditionally stable, large time steps may be taken in the computation of a solution. 

In particular, for a steady state solution, p is an "acceleration parameter" used in taking 

large time steps toward an asymptotically convergent solution. In order to further 

accelerate convergence to a solution, the acceleration parameter can be replaced by a 

sequence of parameters as discussed by Birkhoff, Varga, and Young [1962]. The choice 



34 

of these parameters is strongly dependent on the particular problem being solved and is 

something of an art [Mitchell and Griffiths 1980, Roache 1982]. Various parameter 

sequences have been developed by analytical studies for use in pure conduction problems. 

See, for example, Peaceman and Rachford [1955], Douglas [1962], and Wachpress [1966], 

However, the currently employed sets of acceleration parameters are not advantageous 

when a first derivative term (advection term) is present in the differential equation 

[Steger 1984]. The ADI method is still useful for equations containing an advection term 

if a constant p in the range 0 < p < 1 is used. 

As an example, a simple set up for Laplace's equation on the unit square is 

included. The ordering of the mesh points is illustrated in Figure 2-2. Natural ordering, 

used here, has advantages made more obvious by the equations of the system as illus

trated below. The matrix equation of Figure 2.3, taken from the configuration of Figure 

2.2, is for solving the half time step in the x direction. The half time step in the y direc

tion is similarly done. Only the results of the complete time step are deemed accurate. 

Implicit Solution of Blocks of Equations 

Using natural ordering for the two dimensional case, each line of points across 

the rectangle forms a block of equations within the matrix that depends on other lines of 

points only indirectly by way .of the RHS's. Thus each line of node points can be solved 

independently. This approach reduces the number of equations solved at any one time 

and allows the use of implicit solvers. 



Figure 2.2 Natural ordering of node points for use in ADI methods. The scheme 
illustrated is for use in the x direction. For integration in the y direction, the points are 
renumbered parallel to the y axis. 
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Figure 2.3 Realization or conduction problem or Figure 2.2 In finite difference 
equations, x direction half time step. 
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These equations can be easily put m a form compatible with a tridiagonal 

solver, as 

2.4 

where the d .. is made to include the finite difference realization of the differention terms 
I,J 

in the direction of the previous iteration. The algorithm used for the tridiagonal solver 

is a common one [Carnahan, Luther, and Wilkes 1969, Roache 1982, Mitchell and 

Griffiths 1~80]. For a set of equations as 2.4 above, the Gaussian elimination method 

can be streamlined and regularized as below. First the equations 

2.5 

are solved in order of increasing subscript. Then the solution is found by reversing the 

process as 

2.6 

For relatively smaller numbers of diagonally dominant equations, this method is efficient 

and accurate [Carnahan, et al, 1969]. The tridiagonal solver has been tested and found 

good to four significant figures for 2,500 simultaneous equations. These tests were run 

on systems with weak diagonal dominance, ie., 

" I ai ,i I > ~ I ai .i I , ; ~ i 2.7 
j=O 
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For the steady state solutions in this report, convergence of the iterations is 

judged by the root mean square of the difference between two succeeding iterations. The 

tolerance, e, is tested in this report as 

RMS =  V  ' , J  ,  =  2 . 8  
y/N~N~ 

< € 

We have outlined an ADI algorithm for finding solutions for the models 

presented in Chapter 1. The ADI algorithm described above was realized on the Cyber 

175 computer at the University of Arizona Computation Center. Appendix B contains a 

brief description of the code and users guide to the program. Appendix C presents 

numerical test results for one and two dimensional differential equations. Each test 

problem's results were evaluated by point-by point comparison to the corresponding ana

lytic solution. All test problem results were found satisfactory. 

Numerical Difficulties in Solving the Advection-Diffusion Equation 

At this point, difficulties encountered in solving the differential equation of 

interest should be discussed. The model investigated in this report requires solution of 

the advection-diffusion equation, 

+ a v 2r- v (>n,) + -2- = +r1 2 .9 
PC

P 



39 

The advection term can be resolved into two parts, as 

V *(^T) = (V*^) T + 7 #vr 2.10 

= H *v T 

due to conservation of mass, where density is constant. Equation 2.9 then reduces to the 

conservation form of the equation [Roache, 1982] 

A full discussion of the theoretical stability limits and various aspects of the behavior of 

numerical solutions to the advection-diffusion equation is beyond the scope of this work 

and not required for the regime studied in this report. Indeed, a basic discussion of sim

ple cases can run to great length [see Roache 1982, Chapter III]. We shall simply illus

trate the character of the numerical instability and indicate when the solution's accuracy 

is significantly degraded. 

where q is a source term. The homogeneous part of equation 2.12 has a general solution 

of the form, for the steady state case, 

pcp T t  = ks72T - pcpH •vF + g 2.11 

In the one dimensional case, equation 2.11 becomes 

a T„ - uTx 2.12 

+ XU 

T  = A  +  B  e  Q  

where a = k / p c  , the thermal diffusion coefficient. Numerical instability may arise due 

to interaction between roundoff and truncation errors and the solution's direct depen

dence on a positive exponential term resulting from the advection term of equation 2.12. 
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The diffusion term is easily realized in space centered differences as 

T{ _ i  - 2  T{  + T i+ i  

1 =  A  2  —  2 1 3  

A x £  

where Ax is the node point spacing. The advection term is then added to the diffusion 

term. The advection term can be realized in finite differences by a number of means, 

two of which will be examined here. First, the advection term can be realized in space 

centered differences, as 

u 

which is second order accurate. An alternate approach for the advection term is the 

upwind differencing method in which the first derivative is formed only with the node i 

and the node(s) immediately "upwind". The simplest realization of this approach is 

u  

i r , =  - £ - ( r ; - ? > _ , )  2 . i 5  
a  A x  

for u>0 (parallel to x axis), or 

u  

for u<0 (antiparallel to x axis). 
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The upwind differencing method is only first order accurate but has some desir

able stability properties. First derivative terms realized in space centered differences dis

tort the symmetry of the system of finite difference equations by increasing one fringe off 

the diagonal and decreasing the fringe on the opposite side of the diagonal. As the 

coefficients of the first derivative term increase, this distortion erodes diagonal domi

nance of the matrix as measured by equation 2.9 as well as its symmetry, rendering the 

system of equations poorly conditioned for solution by numerical means. The first 

derivative terms realized in upwind differences affect only one fringe, rendering the 

matrix non symmetric but increase the diagonal elements at the same time, helping 

preserve the diagonal dominance of the system. The effects of both differencing schemes 

for the advection terms on the numerical solution are illustrated in the following simple 

numerical experiment. 

A Numerical Peclet Number Test 

A numerical investigation of the stability and accuracy of the differencing 

scheme was carried out using the equation 

v2r--vr=o a.ie 
a  

on the region 

0 < x < 1, 0 < y < 1, 

with boundary conditions 
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T ( 0 , y )  =  0 ,  T { l , y )  =  1  

and 

|I(x,0) = |I(,,l) = 0. 

where u is parallel to the x axis. Realization in finite differences in the x direction for 

equation 2.16 gives 

+  2 T <"  =  0  2 1 7  

for space centered differences on both advection and diffusion terms, and 

+  _U_A£) +  ( 2 +Jf_A£ ) r .  _ j. =  Q  2  jg 

a  a  

for space centered differences on the diffusion term and upwind differences on the advec

tion term. The quantity uAx/a is refered to as the cell Peclet number, Pec and is used 

as an indicator of numerical stability just as Roache [1982] uses the cell Reynolds 

number. Its magnitude determines whether or not equation 2.17 is diagonally dominant 

and thus stable. Computations were performed for both space centered and upwind 

finite difference equations at Pec = .1, .5, 1, 2, 5, and 10. Plots comparing the analytical 

and numerical solutions are presented in Figures 2.4a-d. 

At Pe = .1 (Figure 2.4a), distortion of the matrix is minimal and the actual 

space centered finite difference solution is not distinguishable from the analytical solution 

on this plot. The space centered finite difference solution actually overshoots the ana

lytic solution by 0.01%, which indicates potential future problems with this solution 

method. At this Peclet number, however, the space centered difference solution is more 

accurate than the upwind differencing solution. 
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Figure 2.4 Comparison of upwind and space centered finite difference results for 
equation 2.17: a. Pe_=0.1. The analytic and space centered difference solutions are 
coincident at the resolution of the plot. 
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Figure 2.4 Comparison of upwind and space centered finite difference results for 
equation 2.17: b. Pe ==1.0. 
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Figure 2.4 Comparison of upwind and space centered finite difference results for 
equation 2.17: c. Pe^=2.0. 
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Figure 2.4 Comparison of upwind and space centered finite difference results for 
equation 2.17: d. Pe ==5.0. 
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Figure 2.4b compares the solutions at Pec = 1.0, halfway to the theoretical 

limit of weak diagonal dominance in the space centered case. The space centered 

difference solution is still more accurate than the upwind difference solution, but the 

amount of overshoot has increased. The upwind difference solution remains in the stable 

range under the curve for the analytic solution. 

At Pe^ = 2 (Figure 2.4c), the space centered difference solution has clearly 

overshot the analytic solution while the upwind difference solution is in the stable range 

and, incidently, at its lowest accuracy. The matrix is at the theoretical limit of weak 

diagonal dominance for the space centered differences solution and a 0.01% ripple is just 

beginning to appear in the solution. 

For Pec > 2, the finite difference equation matrix is no longer diagonally dom

inant for space centered differences as measured by equation 2.9. The space centered 

difference solution converges to functions that behave as illustrated in Figure 2.4d. The 

upwind difference solution remains stable and increases in accuracy as the P£ increases, 

as demonstrated in Figure 2.5. Since all Pec in our applications are less than 0.5, space 

centered differences are used exclusively for the remainder of the work. 

The ADI algorithm is a stable one for the solution of the model equations of 

Chapter 1 in the Peclet number regimes of the capillary and the capillary bed. Its accu

racy has been tested by point-by-point comparison to analytic solutions as documented 

in Appendix C and the Peclet number test above. It is flexible and easily used, as 

described in Appendix B. We now have a tested and reliable tool for the study of ther

mal energy transfer mechanisms in the capillary regime. 
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Figure 2.5 Maximum per cent error versus Pec for upwind and space centered 
differences. Instability in the solution -with space centered difference equations first ap
pears at Pec=2.0. 



CHAPTER 3. 

MODEL DESCRIPTION AND RESULTS 

This course of study is designed to examine the applicability of the bioheat 

transfer equation using numerical simulations of the heat transfer processes in tissue. 

The results of computations from the various models of Chapter 1 will be examined in 

the chronological order in which the computations were performed to highlight some of 

the conceptual difficulties encountered in this study. Since the applicability of the 

bioheat transfer equation is to be examined, comparison cases must be available that 

include the actual structures and conditions present in tissue and are still workable on 

the computer. These requirements encouraged the investigator to "start small", and so 

this report examines results for the smallest circulatory vessels—the single capillary and 

the capillary bed branching from a single arteriole to a single venule. 

Crude Field Equation Studies 

First a crude sensitivity study was performed to examine the overall behavior 

of the field equations in a geometry consistent with the dimensions of a capillary and its 

surrounding tissue cylinder. Three basic models (Figure 3.1a-c) were computed in order 

to give a range of solutions for comparison of the thermal energy transfer mechanisms' 

effects on the temperature. The field equations used were those of conduction, bioheat 

transfer and the porous medium equation modified as discussed in Chapter 1. Material 

properties of all the models in Figure 3.1 are presented in Table 3.1. The properties in 
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Table 3.1 Material Properties Used for Models in Figures 3.1, 3.4, and 3.6 

Property Symbol Value Source 

Thermal Conduc
tivity 

k 1.24 XlO"3 cal/sec-C-cm Charm and Kurland 1974 

Density P 1.00 gm/cm3 density of water 

Specific Heat c p 0.98 cal/gm-C Charm and Kurland 1974 

Metabolism m 0.4 cal/gm-rain Eberhart [1980] 

Perfusion w 0.04 gm/cm -sec Cravalho [1980] 

Capillary velocity u 0.1 cm/sec Consistent with w above and 
Burton [1972] 

Capillary radius r cap 5/i consistent with w and Burton 
(1972) 

Tissue radius r. lis 50ji consistent with w 

Tissue cylinder 
length 

1 100 (i 

Node Spacing Ax 5 n selected 
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Table 3.1 roughly correspond to those of moderately active skeletal muscle. The thermal 

conductivity, specific heat and density of blood and muscle tissue differ by less than ten 

percent and were set equal to simplify computation. The models in Figure 3.1b and c 

use the same blood flow per unit volume. In the case of the bioheat transfer equation 

the flow enters uniformly distributed over the field. In the porous medium model, the 

flow enters uniformly distributed over the left boundary of the cylinder. 

The model in Figure 3.1a is a simple conduction model with a uniformly distri

buted source at the strength of metabolism in moderately active muscle. This 

corresponds to tissue with no blood flow, and is used as the basis of comparison for 

every model in this group of models. The cylinder has uniform properties and boundary 

conditions of zero flux at the outer radius. T is fixed at the ends of the cylinder. Com

putations were made with T^ fixed at each of the temperatures listed in Figure 3.1a. 

These temperatures correspond to temperature gradients of OC/cm, lC/cm, IOC/cm and 

lOOC/cm respectively. Gradients of IOC/cm can be present in hyperthermia treatments 

[Cetas 1984]. All of the nonzero gradient cases show profiles that are linear in space to 

better than 0.0001 C. The cause of this is apparent upon examination of the zero gra

dient case. The analytic solution for the conduction field equation and boundary condi

tions T. = T_ = 36C is 
L K 

where 1 is the cylinder length and x=0 is the center of the cylinder axis. The parame

ters in Table 3.1 substituted into equation 3.1 give a centerline temperature of 

36.0000672C. 

Figure 3.1b illustrates the model using the bioheat transfer equation as the field 

equation instead of simple conduction. This model represents tissue with uniformly 
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distributed blood flow appropriate for skeletal muscle and an arterial blood temperature 

of 37C. The boundary conditions used in Figure 3.1a, the simple conduction model, are 

repeated. All of the nonzero gradient cases show profiles linear to better than 0.001C, 

For the zero gradient case, the analytic solution for the bioheat transfer field equation in 

the configuration of Figure 3.1b is 

TL - -j 
T  =  ; - ( e ^ *  +  e - ^ 1 )  -  —  3.2 

VA± -VTI A 
e  +  e  

where 

w c „  
A  =  —  

and 

m , a r S = — + ATA, 

Ta is the arterial blood temperature. The parameters in Table 3.1 substituted into 

equation 3.2 yield a centerline temperature of 36.00046C. The addition of blood flow 

increases the amount of thermal energy present, but does not increase the temperature 

by more than 0.001C for any case discussed above. 

The temperature profiles for the bioheat transfer model were recomputed at 

~10 times the perfusion in Table 3.1 for the boundary conditions presented in Figure 

3.1b. The temperature profiles acquired are presented in Figure 3.2. A ten fold increase 

in perfusion in the bioheat transfer model is required to generate temperatures that are 

more than 0.01C higher than conduction model temperatures at the capillary level. The 
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CONDUCTION BHTE 

Figure 3.2 Temperature profiles for the Bioheat Transfer Model with enhanced 
perfusion. 
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profiles of Figure 3.2 show maximum differences of 0.12C at a gradient of lC/cm and 

maximum differences of 0.015C at a temperature gradient of IOC/cm. This increased 

3 * perfusion of 0.4 gm/cm -sec is well above an estimated maximum for active skeletal 

Q 
muscle of 0.03 gm/cm -sec [Milnor, 1979], and is more than five times the kidney perfu-

sion of 0.07 gm/cm -sec [Ganong 1973]. 

We now attempt to apply the porous medium equation to the tissue cylinder. 

Since the outer radius is insulated, the problem is one dimensional and the porous 

medium equation in the cylinder axis direction for the steady state is written as 

where 

_ p V c (  

f r  r ~  

and 

kp ksolid / ) ~l~ kf /u,'^ / 

The subscript P indicates properties and quantities belonging to the porous medium. 

Recall that, in this model, the fluid and the solid have the same temperature within the 

porous medium. Thus, 

T P  =  C l P e * p *  +  C 2 P  +  m}l~J ) x 3.4 
Kp t;p 

We now compute the solutions using the boundary conditions of Figure 3.1a-b. Since 

the Peclet number is very low (ul/a = Pe = 0.029), the non zero gradient cases of the 
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porous medium equation should show linear profiles, which they do to better than 

0.0001C. The zero gradient case has analytic solution 

T  m l ( l - f  )(e°"-l)  t  t h ( l - f ) x  ]  T  3 5  

k P t P { e * " - i )  b t p  1  

with maximum temperature at 

1  ,  ,  e ^ ' - l ,  
*«•» ?f,ln( i(p > 

For the parameters in Table 3.1, Xmax is at 50.01/1 and the maximum temperature is 

36.000064C. 

If one uses the simple Dirichelet (fixed temperature) boundaries at 36 C from 

the previous models, the arterial blood temperature can not be introduced since no 

separate solid and fluid temperatures are present. Arterial blood temperatures should be 

introduced somewhere, and the boundary conditions are the sole option available. If one 

simply allows the fluid to bathe the solid, the solid will assume the temperature of the 

fluid and then rise about 0.0001C to reflect the thermal energy added by metabolism. In 

this case, the arterial blood temperature dictates the solid temperature and removes any 

basis of comparison with the preceeding two cases. Thus a new scheme must be devised 

if the arterial temperature is to be introduced. 

In order to have some basis of comparison, the cylinder end where the fluid 

exits is held at 36 C. This boundary being fixed, the temperature at the other end of 

the cylinder will be determined by the approaching fluid, the source strength and the 

fluid and solid material properties. The approaching fluid is governed by an equation 

similar to equation 3.3 but with no thermal energy source, as axial conduction is not 

automatically negligible. Thus, for the subscript F indicating fluid properties and 



quantities, 

d x 2  d x  

where 

d2TF dTF 

+ €f —Z— = 0 3 6 

£F — 

pVcp 

The arterial temperature can be introduced as the fluid temperature at x = -oo, ie. 

7>(-oo)= T A  ( = 37C )  

and, since the thermal energy fluxes must match between the fluid and the solid at the 

boundary, 

dTF dTP 

kF —-— = kP —-— at x =0. 3.7 
o x  a x  

The solution in the fluid is 

T p  =  C i p  e ^ r  + C o p  3.8 

Boundary conditions in the solid are 

T s ( t ) =  T b  ( — 36C) 

and 

T S{ 0 ) = T L  3.9 

T. is to be found later by matching boundary conditions at the approaching fluid 
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interface using equation 3.7. Substitution of equations 3.4 and 3.6 into equations 3.6,7 

and 9 and subsequent solution of the system gives 

TL = T o o  +  C IF 3.10 

where 

and 

CT F  = TB  -C,p(e? ' - l)-r c  

ClP — 

(  > n ip m(l-/  )l  
{Tb-t-) + T̂  + ̂ T7~ 

(e f 5 ' - l)  + 
kP £p 

kF£F 

The arterial temperature enters through the boundary condition in an indirect fashion. 

The position of an arbitrary temperature in the approaching fluid is then (from equation 

3.8) 

x  = — •  In 
(T-T J 

C  IF 
3.11 

Similarly, the position in the porous medium of an arbitrary temperature can be found 

by extracting the root of equation 3.4, where 

oo IF ~ ^ IP 3.12 

The temperature profiles for the conduction, bioheat, advection medium and porous 

medium models with zero temperature gradient are compared in Figure 3.3a. The 

approaching fluid-solid interface temperature is T^ = 36.0024 C. Note the effect of the 
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Figure 3.3 Temperature profiles for the Porous Medium Model: a. Profiles 
within the porous medium. 
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Figure 3.3 Temperature profiles for the Porous Medium Model: b. Profile 
withm the approaching fluid. 
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fluid temperature on the solid temperature in the porous medium model. The upstream 

influence of the fixed boundary temperature at x=l is illustrated in Figure 3.3b. In the 

approaching fluid, 36.99 C is reached 14.5 cm upstream. Introducing the arterial tem

perature at infinity makes realistic comparisons to the bioheat transfer model difficult. 

It also brings out the possible impact of a fixed surface temperature (as skin exposed to a 

constant temperature bath) on the upstream blood temperature if the porous medium 

model is found to be applicable. 

The boundary condition that includes the fluid temperature more accurately 

reflects the original derivation and physical case of sweat cooled porous metals by Wein-

baum and Wheeler[1949|. We shall label the upstream-fluid-temperature-included case 

as the "porous medium model" and label the simpler fixed temperature boundary case as 

the "advection medium model". 

The First Single Capillary Model 

The classic geometry used in the single blood vessel case, here for the capillary, 

is that of the Krogh cylinder [Krogh, 1919] illustrated in Figure 3.4. Krogh used this 

model to examine oxygen transport. Krogh's geometry approximates the capillary-tissue 

configuration of skeletal muscle. The tissue region is assumed to be homogeneous. The 

entire cylinder is assumed to be axially symmetric, and the energy flux through the 

cylinder perimeter is assumed to be zero. 



Krogh Cylinder Capillary Model 
Tissue: 

T(B) = 36 C. 

Blood: 
T(B) = 37 

TCV'VT = M 

l-KV-VT + V/>^ VT = 0 

TISSUE 

INSULATED PERIMETER 

T(B) = 

Figure 3.4 Single Capillary Model 
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Figure 3.5. Temperature contours for the first capillary model (Figure 3.4). 
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A capillary model based on Krogh's model is presented in Figure 3.4. This is 

the first truly two dimensional model presented. Here the conduction equation is used 

for the tissue cylinder and the advection diffusion equation for the blood vessel region. 

The arterial blood temperature is introduced by setting the boundary temperature at the 

capillary entrance equal to the arterial blood temperature of 37 C. The tissue nodes at 

the blood entrance end of the cylinder and the blood and tissue nodes at the exit end of 

the cylinder are fixed at 36 C. The blood velocity is consistent with the perfusion rate 

in Table 3.1. A comparison of the capillary model temperatures presented in Figure 3.5 

and the simple conduction model profile of Figure 3.3 brings out the differences near the 

arterial "hot spot". 

At this point the author, wishing to more clearly delineate the influence of the 

boundary conditions on the temperature fields, devised three other models and computed 

the temperature fields. The material properties of Table 3.1 were used for the models in 

Figure 3.6. First, the simple conduction model was modified to include the arterial hot 

spot of the capillary model while all blood flow was excluded (Figure 3.6a). Subtraction 

of the modified conduction model temperature field from the capillary model tempera

ture field resulted in |AT| < 0.00112 C, this maximum occuring in a node next to the 

boundary hot spot. Contours of the differences are presented in Figure 3.7. Solutions of 

the advection medium and bioheat transfer models with the boundary conditions of 3.6a 

produced temperature fields indistinguishable from the conduction model fields to 0.0001 

C. Second, the arterial hot spot was moved from the capillary entrance to the outer 

nodes on the blood entry end as shown in Figure 3.6b to make a hot ring. Solutions for 

this boundary configuration with the conduction, bioheat transfer, and advection 

medium models produced temperature fields indistinguishable to 0.0001 C. Subtraction 

of the conduction hot ring from the capillary model hot ring solution (velocity in the 
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Figure 3.7 Contours of temperature differences between the Single Capillary and 
Modified " Hot Spot" Conduction Models. 
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Figure 3.8 Contours of temperature differences between the Single Capillary 
with a " hot ring" and the Modified " Hot Ring" Conduction Model 
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Figure 3.9 Contours of Temperature differences between the Insulated Capillary 
and Simple Conduction Models. 
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center retained) produced |AT| < 0.00018C. Contours of the differences are presented in 

Figure 3.8. Third, the boundary hot spot was removed from the capillary model and 

replaced with an insulated condition at the hot spot nodes. The model is presented in 

Figure 3.6c. The thermal energy from the blood flow was introduced as an energy source 

in the same manner as metabolism into the insulated nodes at the capillary entrance, 

that is, by adding a term to the insulated nodes to give the equation 

Wpc p  T a  

k V T + m +  £  =0 3.13  

where N is the number of nodes with perfusion and W is the total perfusion required by 

the cylinder. The blood flow velocity was retained in the capillary and the thermal 

energy could be carried downstream with the blood flow, provided it didn't seep away by 

conduction into the tissue. The resulting differences between the insulated entrance 

capillary model and the simple conduction model have a maximum |AT| < 0.023C. The 

difference contours are presented in Figure 3.9. 

Results of the Crude Field Equations and First Single Capillary Models 

The temperature fieids found for each model presented above indicate 

differences in the amount of thermal energy stored in the tissue. All of the perfused 

models (bioheat transfer, advection medium, porous medium, capillary and insulated 

capillary) have the same blood flow rate per unit volume. The temperature fields for the 

zero temperature gradient case of each model listed are presented in Tables 3.2a-e. If 

one computes the temperature differences at each node over the whole field between the 
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Table 3.2 Temperature Fields a. Advection Medium Model 

T(C) x(/*) T(C) 

36.000000 55 36.000067 
36.000013 60 36.000065 
36.000024 65 36.000061 
36.000034 70 36.000056 
36.000043 75 36.000050 
36.000050 80 36.000043 
36.000056 85 36.000034 
36.000061 90 36.000024 
36.000065 95 36.000013 
36.000067 100 36.000000 
36.000067 

T(r,x) = T(x); 11 radial nodes, 21 axial nodes 

Ell(7(*,.)-36<7) 
.'-o 

7.76 X 10"3C 
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Table 3.2 Temperature Fields b. Bioheat Transfer Medium 

*(#») T(C) X ( f i )  T(C) 

0 36.00000 
5 36.00008 
10 36.00016 
15 36.00023 
20 36.00029 
25 36.00034 
30 36.00038 
35 36.00041 
40 36.00044 
45 36.00046 
50 36.00046 

55 36.00046 
60 36.00044 
65 36.00041 
70 36.00038 
75 36.00034 
80 36.00029 
85 36.00023 
90 36.00016 
95 36.00008 
100 36.00000 

T(r,x) = T(x); 11 radial nodes, 21 axial nodes; symmetric about x=50f i  

21 
+TE = gll(r(z,)-36C) 

1 — 0  

= 5.31 X 10"2C 
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Table 3.2 Temperature Fields c. Porous Medium Medium 

T(C) x(/i) T(C) 

0 
5 

10 
15 
20 
25 
30 
35 
40 
45 
50 

36.00240 
36.00238 
36.00216 
36.00204 
36.00192 
36.00180 
36.00168 
36.00156 
36.00144 
36.00132 
36.00120 

55 
60 
65 
70 
75 
80 
85 
90 
95 

100 

36.00108 
36.00096 
36.00084 
36.00072 
36.00060 
36.00048 
36.00036 
36.00024 
36.00012 
36.00000 

T(r,x) = T(x); 11 radial nodes, 21 axial nodes; not symmetric 

+TE 
E i  i ( r ( x , ) - 3 6 C )  
i - i  

= 0.2772 C 
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Table 3.2 Temperature Fields d. Capillary Hot Spot Model 

5 10 15 20 25 

36.4688 36.3975 36 .1117 36.0413 36 .01*9 36.0103 
36.2248 36.1902 36 .0971 36.0501 ?6 .0279 36,0171 
36.1201 36.1060 36 .0715 36.0457 36 .0296 36.0202 
36.0725 36.0666 36 .0522 36.0394 36 .0280 36.0208 
36.0497 36.0460 36 .0393 36.0318 36 .0 25 2 36.0202 
36.0355 36.0342 36 .0308 36.0265 36 .0224 35.0190 
36.0275 36.0268 36 .0250 36.0225 36 .0199 36.0175 
36.0223 36.0219 36 .0208 36.0193 36 .0177 36.0161 
36.0187 36.0184 36 .0177 36.016* 36 .0157 36.0147 
36.315 9 36.0157 36 .0153 36.0147 36 .0140 36.0133 
36.0137 36.0136 36 .0133 36.0129 36 .0124 36.0119 
36.0118 36.0117 36 .0115 36.0113 36 .0110 36.0106 
36.0101 36.0101 36 .0099 36.0098 36 .0095 36.0093 
36.0086 36.0085 36 .0084 36.0083 36 .008? 36.0080 
36.0071 36.0071 36 .0070 36.0069 36 .0068 36.0067 
36.0056 36.0056 36 .0056 36.0055 36 .0054 35.CO 54 
36.0042 36.0042 36 .0042 36.0041 36 .0041 36.0040 
36.0028 36.0028 36 .0028 36.0028 36 .0027 36.0027 
36.9014 36.0014 36 .0014 36.0014 36 .0014 36.0014 

- i  
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Table 3.2 Temperature Fields d. Capillary Hot Spot Model (con't.) 

30 35 40 45 50 

36.0065 
36.0115 
36.0146 
36.016? 
36.0166 
36.0163 
36.0156 
36.0148 
36.3137 
36.0126 
36.0115 
36.0103 
36.0091 
36.0079 
36.0066 
36.0053 
36.0040 
36.0027 
36.0013 

36.0046 
36.0086 
36.0114 
36.0132 
36.0141 
36.0144 
3 6 . 0 1 4 ?  
36.0137 
36.0130 
36.0121 
36.0111 
36.0101 
36.0099 
36.0077 
36.0065 
36.0052 
36.0040 
36.0027 
36.0013 

36.0037 
36.0070 
36.0096 
36.0114 
36.0126 
36.0131 
36.0132 
36.0130 
36.0125 
36.0117 
36.0109 
36.0099 
36.0098 
36.0076 
36.0064 
3£i.O05l2-
36.0039 
36.0026 
36.0013 

36.0032 
36.0062 
36.0066 
36.0105 
36.0117 
36.0124 
36.0127 
36.0126 
36.0121 
36.0115 
36.0107 

.36.0098 
36.00*7 
36.0076 
36.0064 

-36.0052.  
36.0039 
36.0026 
36.0013 

36.3031 
36.0050 
36.0084 
36.0102 
36.0115 
36.0122 
36.0125 
36.0124 
36.0120 
36.0114 
36.0106 
36.0097 
36.0087 
36.0076 
36.0064 
36.0052 
36.0039 
36.0026 
36.0013 

11 radial nodes, 19 axial nodes; differences for nodes on boundary = 0. 

-  E E(r(* , , ry)-36C) 
l / — l  

4.386 C 

00 



Table 3.2 Temperature Fields 

r 

X 

0 5 10 

5 36 .00?3 36.0018 36.0000 
10 36 .0039 36.0007 36.0002 
15 36 •  0034 36.0004 36.0002 
20 36 .0002 36.0002 36.0001 
25 36 .0031 36.0001 36.0001 
30 36 .0001 36.0001 36.0001 
35 36 .3001 36.0001 36.0000 
40 36 .0000 36.0000 36.0000 
45 36 .3000 36.0000 36.0000 
50 36 .0030 36.0000 36.0000 
55 36 .0000 36.0000 36.0000 
60 36 .0030 36.0000 36.0000 
65 36 .0030 36.0000 36.0000 
70 36 .0030 36.0000 36.0000 
75 36 .0030 36.0000 36.0000 
80 36 .3030 36.0000 36.0000 
85 36 .0000 36.0000 36.0000 
90 36 .0000 36.0000 36.0000 
95 36 .0000 36.0000 36.0000 

e. Insulated Capillary Model 

15 20 

36.0000 
36.0001 
36.0001 
36.0001 
36.0001 
36.0001 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0100 
36.0000 
36.0003 
36.0000 
36.0000 
36.0000 
36.0000 

36 .0000 
36.0000 
36.0001 
36.0001 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 

16.0*500 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 
36.0000 



Table 3.2 Temperature Fields e. Insulated Capillary Model (con 't.) 

r 30 35 40 45 50 

X 

5 l6.0000 36.00f'l0 36.0000 ~6.0000 · .3·6 .o·o·:J o-
10 f,.OOOC 36.0000 36.0000 3h.OOOO 36.0000 
15 36.0()0(' 36.0000 36.0000 16.0000 36.00l0 
20 36.0000 3&.0000 36.0000 3&.0000 36.00()0 
25 36.0000 36.0000 36.0000 36.0000 36.0000 
30 3b.O'lOC 3&.0000 36.0000 36.01)00 36.0000 
35 16.01)0(' 36.0000 36.gooo 36.0000 36.0000 
40. 36.0000 3~.0000 36. 000 36.0000 36.0000 
45 3~.0000 36.0000 36.0000 36.0000 36.00)0 
50 36.0·00(l 36.0000 36.0000 36.000!) 36.0000 
55 36.0000 36.0000 36.0000 36.0000 36.0000 
60 36.000(' 3&.0000 36'. 0000 36.0000 36.0000 
65 36.0000 36.0')00 36.0000 3h.OOOO 36.()0:)0 
70 36.0000 36.0000 36.0000 3t:.OOOQ 36.0000 
75 36.0000 36.01)00 36.0000 36.000~ 36.0000 
80 36.1)1)00 3&.0000 36.0000 36.0000 36.0000 
85 36.0000 36.0000 36.0000 36.0000 36.!)000 
90 36.0000 36.0000 36.0000 36.0000 36.0000 
95 36.0()00 36.0000 36.0000 36.0000 36.0000 

' 11 radial nodes, 19 axial nodes; differences for nodes on boundary = 0. 

+TE 
19 11 - E E ( T (xi , r j ) - 36 C ) , 

i=lj=l 
- 9.93Xl0-3C 
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model studied and the simple conduction model of Figure 3.1a and then sums the tem

p erature differences, one acquires an estimate of the thermal energy deposited in the tis

sue as a result of the deviations of the model studied from the simple conduction model 

to the thermal energy transfer mechanism of that model. These estimates of stored ther

mal energy are labeled "+TE" in Tables 3.2a-e. 

The simple conduction model of Figure 3.1a has a uniform temperature field of 

36.0000C. The blood temperature is not included anywhere in the advection medium 

model (Table 3.2a) and the simple conduction temperature field is reproduced. The 

bioheat transfer model (Table 3.2b) also produces essentially the simple conduction 

model temperature field. Both the metabolism and the blood flow terms are still too 

weak as thermal sources to show any effect on the temperature field with the boundary 

conditions used in this model. Judging from the temperature fields of Tables 3.2c and d, 

more thermal energy is stored in the temperature fields of the porous medium and capil

lary models than in the bioheat transfer model temperature field. This extra energy 

enters the field through the boundaries by conduction from the upstream arterial blood. 

The seemingly arbitrary boundary configuration of the capillary model draws 

attention to an assumption commonly used in the bioheat transfer model, that is, that 

the blood enters the tissue at some fixed temperature, here 37 C, and instantly comes to 

equilibrium. No provision is made in the bioheat transfer model for the conduction of 

thermal energy from further upstream in addition to the thermal energy carried by the 

blood itself. The no-upstream-conduction case is illustrated by the insulated capillary 

model of Figure 3.6c, with the resultant temperature field presented in Table 3.2e. The 

+TE values in Tables 3.2a-e imply that the presence of any higher fixed temperature 

alters the temperature fields, and the spatial proximity of the fixed arterial temperature 

strongly influences the capillary temperatures. The shorter the distance between the 
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capillary region and a structure of fixed higher temperature, the more energy the capil

lary and its associated tissue cylinder receive bv conduction from the hotter structure. 

The results of these crude test cases indicated to the author that, since conduc

tion was demonstrated to dominate thermal energy transfer in the capillary regime, the 

conduction hot spot model should be compared to the capillary model for a range of flow 

rates. This was done in order to gauge the impact of perfusion alone on the temperature 

field. Its use as a comparison could then be extended beyond the single capillary model 

to determine where the conduction hot spot model and structured models explicitly 

including blood vessels showed differences which might be detectable in a laboratory 

experiment. 

A Refined Single Capillary Model 

The parameters used for the crude capillary model were revised to specifically 

reflect those of human skeletal muscle in moderate activity, as discussed by Robinson 

[1980]. Parameters for moderately active muscle were chosen in an attempt to enhance 

the effect of perfusion on the temperature fields. The tissue cylinder size (and therefore 

the capillary spacing) was decreased to a radius of 25/i to reflect the increased number of 

capillaries with steady blood flow in moderately active skeletal muscle. Metabolism was 

also increased. The tissue cylinder was shortened to 50fi in an attempt to reflect muscle 

contraction. Blood velocities were altered to be consistent with increased perfusion. The 
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parameters and properties used are listed in Table 3.3. Plug flow was used in the capil

lary. The boundary conditions for the previous capillary model are preserved in the 

revised capillary model. The conduction hot spot model of Figure 3.6a was used as a 

basis for comparison and was revised to reflect the changes of Table 3.3 inside the tissue 

cylinder. The effects of perfusion on the temperature field were investigated both by 

doubling the blood velocity and by halving the tissue volume in the cylinder. Each of 

these methods doubles the perfusion in a unit volume. The use of both methods com

bined quadruples the perfusion in a unit volume. 

The differences in degrees Celsius between the revised capillary model cases and 

the conduction hot spot model are contoured in Figure 3.10. A case with "normal" tis

sue volume and blood velocity is presented in Figure 3.10a. Doubling the perfusion by 

halving the tissue volume, as in Figure 3.10c, does not change the temperature difference 

contours. Either doubling the perfusion by doubling the blood velocity, as in Figure 

3.10b, or quadrupling the perfusion by doubling the blood velocity and halving the tissue 

volume, as in Figure 3.10d, gives temperature differences larger than the lower velocity 

cases of Figures 3.10a and c. Both doubled velocity cases give the same temperature 

differences. Thus, the doubled velocity and consequently doubled Peclet number has the 

same impact on the temperature field in the steady state case even though the tissue 

volume is changed. All of the refined single capillary model cases yield point by point 

temperature differences of less than 0.005 C over the entire field. The maximum 0.0049 

C difference appears in a 10/1 by Ihp region at the blood vessel entrance in the high velo

city cases. All other temperature differences are less than 0.002 C for all the refined sin

gle capillary model cases. 



Table 3.3 Material Properties for the Revised Capillary Model* 

Property Symbol Value Source 

Metabolism m 0.017 w/cm3 Robinson [1980] 

Perfusion 
Figure 3.10a 
Figure 3.10 b&c 
Figure 3.10 d 

w 

0.013 cm /gm-sec 
0.02"? cm3/gm-sec 
0.055 cm3/gm-sec 

Robinson [1980], Ganong [1973] 

Capillary vrlocity 

Figure 3.10 a&c 
Figure 3.10 b&d 

u 

0.028 cm/sec 
0.056 cm/sec 

wl , rtii 

* = n ( r ^ P *cap 

Capillary radius r 
cap 

5 ii consistent with Burton [1972] 

Tissue radius 

Figure 3.10 a&d 
Figure 3.10 c&d 

r. tis 

25 (i 
n.bft 

consistent with perfusion as in 
capillary velocity formula 

Tissue cylinder 
length 

1 ' 50 (i 

Node Spacing Ax 2.5/1 selected 

*k, /» and cp are as in Table 3.1. 
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Figure 3.10 Contours of temperature differences between the Modified "Hot 
Spot" Conduction and Refined Capillary Models at various perfusions: a. "Normal" 
perfusion. 
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Figure 3.10 Contours of temperature differences between the Modified "Hot 
Spot" Conduction and Refined Capillary Models at various perfusions: b. Twice 
"normal" perfusion by doubled velocity. 
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Figure 3.10 Contours of temperature differences between the Modified "Hot 
Spot" Conduction and Refined Capillary Models at various perfusions: c. Twice "nor
mal" perfusion by halved tissue volume. 
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Figure 3.10 Contours of temperature differences between the Modified "Hot 
Spot" Conduction and Refined Capillary Models at various perfusions: d. Four times 
"normal" perfusion by doubled velocity and halved tissue volume. 
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Since future applications to hyperthermia treatments are planned, solutions to 

all of the revised capillary models and the matching revised conduction hot spot models 

were recomputed including a power deposition rate of 2 W/cm . A common power 

deposition rate for hyperthermia treatment is 0.2 W/cm [Cetas, 1984]. Metabolism is 

on the order of 0.02 W/cm Guyton [1979]. The capillary model temperature profiles 

were subtracted from the conduction hot spot model temperature profiles. The point by 

point temperature differences were the same as those in Figure 3.10. Due to the short 

tissue cylinder and fixed boundary temperatures, the maximum rise in temperature due 

to power deposition is < 0.0012C. 

The Capillary Bed Model 

A two dimensional study of a capillary bed idealizing the relatively simple vas

cular architecture of skeletal muscle was made. A sketch of a skeletal muscle capillary 

bed taken from a photograph is presented in Figure 3.11. Scanning electron micrographs 

of vascular castings are contained in an atlas of body tissue by Kessel and Kardon 

[1979]. Further discussion of architecture of the microvasculature is found in Zweifach 

[1961]. The actual geometry used in the model computed is shown in Figure 3.12. The 

number of capillaries, the capillary lengths, diameters and spacings and the dimensions 

of the pre- and post-capillary structures has been taken from Figure 3.11 and sources 

within the physiology literature [Gross 1984, Fronek and Zweifach 1978, Papenfuss 1984]. 

Again, the nodes at the blood entry point are fixed at 37 C and the remaining nodes on 
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f igure 3.11 Sample skeletal muscle capillary bed. [Gross 1984] 



^ ~ 7 < 9 X s O  

Tb=36 

thss37_ 

Tb-36 

A X ®  2 . 5 / 2  22.5/i 

TISSUE 

47.5/i 

1. 

I 

% 
I 
Q. 

ia^oojtg 

T 
am 

•Si 

S 

aiMa 
:::"l;i;iiii;iiii;iiiijj 

mMm 
i r 

40 fJ 

v: 

I 

f 
a« 

5 

T TMRNIMMIIM 

12.5(1 22.5/i 

* 

£ 

25/i 

t- 10/i 

o-
to 
CM 

Tb=36 

J=300/i 

tions. 

5T/ax= ° 

Figure 3.12 Capillary Bed Model geometry. Ax is the node spacing for calcula- 00 
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the left and right boundaries are fixed at 36 C. The upper and lower boundaries are 

insulated. 

The blood flow velocities were computed using a microvascular model by 

Papenfuss [1984]. Blood velocities in a network of small vessels are difficult to compute 

for reasons rooted in the fact that blood is a non-Newtonian suspension of fluid (plasma) 

and non-rigid particles (erythrocytes) undergoing pulsatile flow in a network of elastic 

walled pipes whose inner diameter is on the order of one to a few particle diameters. 

Relatively up to date surveys of the current understanding of blood rheology are 

presented by Gaehtgens [1977] and Schmid-Schoenbien [1977]. 

Papenfuss' model uses a network approach to generate a system of equations 

made non-linear through the dependence of viscosity on velocity and vessel diameter. 

This model of blood flow was developed for use in chemical species and nutrient tran

sport studies. In the microcirculation, hematocrit, and with the hematocrit blood viscos

ity and blood flow rates, depend on the absolute diameter of the vessels and the relative 

diameter of two vessels at a bifurcation. Experimental studies of blood viscosity and 

hematocrit by Albrecht et al. [1979] and Kanzow, Pries, and Gaehtgens [1982], and the 

relative fractions of plasma and erythrocytes traveling down each vessel at divergent 

bifurcation points by Klitzman and Johnson [1982] and Gaehtgens, Pries, and Albrecht 

[1979] are incorporated into the network flow model. 

The model puts the vessel lengths, diameters and bifurcation points into a 

topological network problem as described by Acton [1970]. The pressures and velocities 

are computed in the network using conservation of mass, resistance to flow by the blood 

vessels and the zero sum of pressure in a fluid over a closed path. Viscosity is dependent 

upon hematocrit, temperature and protein concentration. Resistance to flow in the 

vessels is influenced by the relative diameters of the vessel and the erythrocyte. 
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Hydrostatic pressure and hematocrit are computed everywhere in the network. Velocity, 

vessel diameter and hematocrit are considered uniform between bifurcation points. 

The model is applicable to vessels of diameter < 100/i. Vessel walls are rigid 

and slug flow is assumed. Pulsatile flow is not included. Tapering of the vessels can be 

forced by inserting a node and changing the diameter. Results of the Papenfuss model 

for perfusion at the level of active skeletal muscle for the network are included on Figure 

3.12. 

For purposes of comparison, the temperature field was recomputed using the 

conduction equation with no internal structures but including metabolism and duplicat

ing the boundary conditions on the perimeter. The temperature fields of the capillary 

bed model and its matching conduction model were differenced point by point as before. 

The differences are contoured in Figure 3.13. Point by point subtraction of the capillary 

bed temperature field and its matching conduction model show maximum differences of 

less than 0.08 C. The region of temperature differences, 0.01 C < AT < 0.08 C, lies in 

an ellipse 100// by 90p, with the long axis centered on the entering artery. A repeat 

computation of solutions for both the capillary bed and conduction models with uniform 

power included at 2 W/cm produced the same difference contours as in Figure 3.13. 

The results of the capillary bed model indicate that conduction is the dominant 

thermal energy transfer mechanism of the capillary bed regime. The largest difference in 

t h e  t e m p e r a t u r e  f i e l d  i s  i n  t h e  h i g h e s t  v e l o c i t y  r e g i o n ,  p o i n t i n g  t o  c o n v e c t i o n  a s  t h e  

second most influential thermal energy transfer mechanism in the capillary bed regime. 
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Figure 3.13 Contours of temperature differences between Capillary Bed Model to 
and matching conduction model. 



CHAPTER 4. 

GENERAL DISCUSSION, SUMMARY AND CONCLUSIONS 

This study was performed as a pilot project to develop methods and skills for a 

more extensive three dimensional study of thermal energy transfer in perfused tissue. 

Chapters 2 and 3 have described the methods developed in the pursuit of this goal and 

the results acquired. This chapter is devoted to a discussion of the difficulties encoun

tered in interpreting the results, the application of the results in the laboratory, insights 

into the physics of heat transfer at the capillary level and conclusions drawn from the 

results of Chapter 3 in light of the discussions in the first parts of this Chapter. 

Difficulties in Interpretation of Results 

A basic difficulty encountered in this research was allowing for the possibility of 

different blood and tissue temperatures, that is, incomplete thermal equilibrium between 

blood and tissue as suggested by Chen and Holmes [1980], Laegendijk [1982], Weinbaum, 

Jiji, and Lemons [1984], and Jiji, Weinbaum, and Lemons [1984]. Each model in this 

report introduces an arterial temperature in a different fashion. The porous medium 

model introduces an arterial temperature through the boundary conditions, but does not 

allow different fluid and solid temperatures within the tissue. The bioheat transfer 

model includes a fluid temperature as the blood enters the tissue. However, the bioheat 

transfer equation does not allow study of the fluid temperature behavior within the tis

sue, as an assumption of instantaneous thermal equilibrium between blood and tissue is 
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made. Of the models presented here, only the capillary structure model allows for dis

tinct fluid and solid temperatures throughout the tissue, both temperatures being recov

erable since the blood vessel's position is known. 

Preserving all of the blood vessels explicitly within the descriptive equations 

requires perhaps excessive computational effort for tissue pieces of a size appropriate for 

experimental comparisons. A field equation description and its accompanying lower spa

tial resolution lessens the computational effort, but finding an appropriate field equation 

returns one to the difficulties of computing both blood and solid tissue temperatures. 

Both temperatures might be computed using a two phase model of the type used for 

packed beds [Seinfeld and Lapidus 1974]. Such models require an equation for the 

process(es) in the solid in space and time, another equation describing the process(es) in 

the liquid in space and time, and one or more equations coupling the processes in the 

liquid and the solid to close the system of equations and obey various physical laws, 

most often those of conservation of mass and/or energy. The greatly increased complex

ity of solution over the single descriptive equation case is apparent. Conceptual 

difficulties present themselves here, as the details of the heat transfer processes between 

the liquid and the solid are not readily available. Such details might be found by solving 

the conjugated problem for the structures present in the medium in question under con

ditions commonly found in that medium. The capillary model presented here is an 

excellent example of a conjugated problem. The question now becomes one of develop

ing a two phase model at the capillary level, using the capillary model here, or simply 

using one of the existing models to describe the temperature field of the capillary bed to 

acceptable accuracy. For experimental comparisons and predictive studies in living tis

sue, acceptable accuracy must be judged in light of the accuracy of temperature meas

urement possible in the laboratory and/or clinic. 



95 

A second difficulty arose in gaining some measure of what constituted a conduc

tion dominated problem. Rephrasing this, at what point does a source of thermal 

energy, constant in time, cause measurable change in the temperature field inside an 

object of finite size? For a conducting medium with boundaries at a uniform tempera

ture, or possibly some fraction of the boundary insulated, the maximum increase in tem

perature is 

2 k  

(from equation 3.1), where Q is a uniform, volumetric source of thermal energy, L is a 

characteristic length and k is the thermal conductivity. If the boundary temperature is 

not uniform, a dimensionless number was used by Sparrow, Goldstien, and Jonsson 

[1964] for temperature profiles in quiescent fluid layers, as 

QL'  

2 k  [ T X - T 2 )  
NS = .tr „ . 4.2 

Ng is thus a measure of the maximum increase in temperature above the linear conduc

tion profile as compared to the change in temperature across the domain, giving the tem

perature profile 

T — T  2 
=  1 -  x  +  N s  (X -X 2 )  

7V7\ 

where X = x/L and Tj > T^. The author will call the source strength number. 

The behavior of temperature profile with source strength number is illustrated in Figure 

4.1. The temperature profile impact must then be judged by the sensitivity of the ther

mometer in the particular physical situation. 
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N,> 0 

Figure 4.1 Source strength number, N_, and its influence on temperature 
profiles, (from Sparrow, Goldatien, and Jonsson [1964]) 
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Impact oil Laboratory Studies 

In order to assess the impact of these results on laboratory and clinical studies, 

a statement of what temperature differences are measurable is now given. Under exceed

ingly good conditions, the National Bureau of Standards can calibrate thermometers to 

O.OOIC or somewhat better in the temperature range of interest here. Cetas, Conner, 

and Manning [1980] report calibrations of thermocouple thermometers used in living tis

sue accurate to 0.01C. Conditions present in hyperthermia treatments and studies of 

living tissue restrict accuracy to 0.1C at best [Cetas 1984]. Thus for purposes of apprais

ing the models presented here, any temperature differences less than 0.01C will be con

sidered undetectable and any temperature differences such that 0.01C<AT<0.1C will 

be considered marginally detectable. These two thresholds of detectability are chosen to 

reflect optimal experimental conditions, with the caveat that actual detectability thres

holds may not be so favorable. The question of what temperature is actually measured 

when a thermometer of relatively large proportions is inserted into the tissue will not be 

addressed in this report. We shall simply evaluate detectability for an ideal thermome

ter. 

Examination of the results in Chapter 3 shows only two instances of detectable 

differences between cases studied. First, the bioheat transfer model of Figure 3.1b with a 

ten fold increase in perfusion shows detectable differences from the conduction model of 

Figure 3.1a, as illustrated in Figure 3.2. The second instance is that of the simple con

duction model with zero temperature gradient and the capillary model of Figure 3.4, as 

illustrated in Figure 3.5. When the simple conduction model is modified to include the 

boundary conditions of the capillary model (Figure 3.6a), all detectable differences 
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between the conduction and capillary models vanish, as illustrated in Figure 3.7. The 

field equation models (advection medium, conduction and bioheat transfer) under gra

dients of lC/cm, IOC/cm and lOOC/cm produce temperature fields indistinguishable 

from each other to better than 0.001C at normal perfusion. The hot spot and hot ring 

boundary conditions applied to the conduction, bioheat transfer, advection medium and 

capillary models at zero temperature gradient also produce temperature fields indistin

guishable from each other to better that 0.0001 C. None of the comparisons of tempera

ture fields that have the same boundary conditions show detectable differences between 

the temperature fields. The capillary bed model temperature fields and those of the con

duction model with identical geometry and boundary conditions shows one small region 

of marginally detectable temperature differences, as illustrated in Figure 3.13. 

The source strength number, Ng, is now adapted to quantify the influence of 

blood flow and metabolism on the temperature field over a tissue thickness equal to the 

cylinder length. Let the blood perfusion be included as a net source uniformly distri

buted over the field, 

Q =  wpc p (T i n l e t -T 0 U t l e t ) .  

Then an estimate of the perfusion level required to impact the temperature distribution 

can be made that includes only thermal energy convected in with the blood. The models 

used in this study can be evaluated using this approach as described below. In the insu

lated capillary model (Figure 3.6c) 

Q =  th +  pVi r r e
2

a p c p (T A -T 0 )  4.3 

where TQ is the boundary temperature. The capillary model of Figure 3.4 could include 

Q as 
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Q =  m +  f V ' T ^ ' '  T£.1(T H S -T L  ) 4.4 
7r 

where T„e is the blood temperature at the entrance hot spot. The porous medium model 
H o  

(Figure 3.1c) includes Q as 

Q  =  m  +  "  r £ l ( T s - T L )  4.5 
7 T  

and the bioheat transfer model (Figure 3.1b) as 

Q = m + pwc p {T A -T B )  4.6 

where Tg is taken to be the lowest boundary temperature, thus giving an upper bound 

to the impact on the temperature field. Use of T0 as the highest boundary temperature, 

assuming that TA > T0, would give a lower bound to the impact of the source terms on 

the temperature field. Arguments could be made for a myriad of boundary temperatures 

between these two extremes. 

The source strength numbers for the cases in this study, using Q's as in equa

tions 4.3-4.0, are compiled in Table 4.1. Note that the high perfusion bioheat transfer 

model cases that were found to produce detectable changes in the temperature field have 

the highest source strength numbers. The porous medium case has the third highest 

source strength number. However, a fraction of 0.0024 C is not a detectable tempera

ture change. The capillary bed model, with a marginally detectable difference from its 

corresponding conduction model has the fourth highest source strength number. 



Table 4.1 Source Strenth Numbers for the Models of this Study* 

Figure Model wt T 
B,max 

T inlet T outlet Ns Q Eqn./ 

(C) (C) (C) Ng Eqn. 

3.1a Conduction 0.000 36.0 — — 0.0000046 m/4.1 
3.1a with ramp 0.000 36.1 — " 0.00164 m/4.2 

3.1b BHTE 0.040 36.0 37.0 36.0 0.00174 4.6/4.1 
3.1b with ramp 0.040 36.1 37.0 36.0 0.016 4.6/4.2 
3.1b high w 0.400 36.01 37.0 36.0 1.58 4.6/4.2 

3.1b high w with ramp 0.400 36.1 37.0 36.0 0.144 4.6/4.2 

3.1c Porous, T =37C 00 0.040 36.0024 36.0024 36.0 0.069 4.5/4.2 

3.4 Capillary 0.040 37.0 37.0 36.0 0.00174 4.4/4.2 

3.6a Conduction HS 0.000 37.0 — — 0.000164 m/4.2 

3.6b Conduction HR 0.000 37.0 — — 0.000164 m/4.2 

3.6c Insulated Capillary 0.040 36.0 37.0 36.0 0.000049 4.3/4.2 

3.11 Capillary Bed 0.065 37.0 37.0 36.0 0.0246 4.4/4.2 

3.10a Revised Capillary 0.013 37.0 37.0 36.0 0.000169 4.4/4.2 

3.10b Rev. Capillary, 2Xw 0.028 37.0 37.0 36.0 0.000318 4.4/4.2 

3.10d Rev. Capillary, 4Xw 0.055 37.0 37.0 36.0 0.000584 4.4/4.2 

* m = 0.017WVcm3, Tn . = 36.0 C. 
f w in gm/cm -sec. 'min 
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Comments on Capillary Thermal Energy Transfer 

All of the results in the previous chapter point to conduction as the dominant 

mode of thermal energy transfer in the capillary and capillary bed for the problems stu

died. The crude first case studies of Figures 3.1 and 3.4 indicated the overwhelming 

influence of the boundary conditions and relative lack of sensitivity of the temperature 

fields to the field equations (advection medium, conduction or bioheat transfer) used 

under physiologically realistic conditions in the capillary bed. This conclusion is sup

ported by the results of the models in Figure 3.6 between the conduction hot spot and 

conduction hot ring models to the advection medium, bioheat transfer and capillary 

models with hot spots of the same temperature in the same position on the boundaries. 

We isolate the blood flow of a single capillary and examine its impact on the 

temperature field. Here the insulated capillary model is useful because it allows the 

examination of the blood and tissue temperature within the capillary-tissue cylinder, and 

it also uses a mathematical description that preserves the assumption of the bioheat 

transfer equation that the blood enters the capillary at arterial temperature and has no 

further thermal interaction with the blood remaining in the artery. The insulated capil

lary results of Table 3.2e, compared with the results of Table 3.2d, indicate the weakness 

of blood flow as a thermal energy source at the capillary level at physiologically realistic 

perfusion rates when the boundary conditions and tissue dimensions presented here are 

used. 

Thus the temperatures of the blood and tissue in the capillary regime are dic

tated by the temperatures of the adjacent structures and/or environment. The thermal 

energy coming in with the tissue blood supply is insufficient to alter the tissue 
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temperature significantly over the length of the capillary. The studies varying perfusion 

done with the refined capillary model, Figure 3.10, point to increased velocity, not 

increased number of capillaries flowing, as the more important factor increasing the 

impact of blood perfusion on the temperature field. This result indicates that the 

impact of blood perfusion on the temperature field may become measurable for larger 

blood vessels, as discussed by a number studies, the most recent being that of Jiji, Wein-

baum, and Lemons [1984]. The capillary bed model temperature fields further support 

this projection in that the largest temperature differences found (for realistic perfusion 

rates) occur in the entrance arteriole region where velocity is high. 

Caveats and Conclusions 

The author now states the conclusions drawn from this study. The results 

seem to imply that, since conduction is the dominant thermal energy transfer mechanism 

and the influences of other thermal energy transfer mechanisms are below the limit of 

detection discussed here, a simple conduction field equation can be used for temperature 

field computation in the capillary bed. The capillary blood flow is, of course, still 

present, but its impact on the temperature field is not large enough to warrent either 

developing a more complex two phase field equation or including the capillary structure 

explicitly in the tissue description. 

Three questions must be raised here. First, it can be argued that all of the 

cases studied were doomed to be conduction dominated by the choice of geometry and 

boundary conditions. The results of Table 4.1 support this criticism. However, the 
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assessment of Table 4.1 and the results in Chapter 3 are entirely consistent with the 

short entry lengths and minimal capillary thermal impact found by other investigators 

using different methods (for example, Jiji, Weinbaum, and Lemons [1984], Chato [1980] 

and Chen and Holmes [1980]. Results of the models computed for the capillary have 

explicitly illustrated the consequences of the bioheat transfer equation's basic assump

tions governing thermal energy transfer. The assumption of equilibrium between blood 

and tissue is amply supported by the insulated capillary model temperature profiles 

(Table 3.2e). The implied assumption of no conduction from upstream is questionable in 

light of the results from the capillary models of Figure 3.4 and 3.10. 

Second, how can these results be extended? Since the vessel size at which ther

mal impact on tissue becomes significant is not an obvious conclusion of the present 

work, the author wishes to avoid extrapolation of the conduction-dominant conclusion to 

the regime of arterioles and small arteries. The entrance arteriole in the capillary bed 

model shows marginally detectable temperature differences which indicate a break down 

of the simple conduction model beyond the capillary regime. Other investigators [Jiji, 

Weinbaum, and Lemons 1984, Chen and Holmes 1980, Laegendijk 1982, Chato 1980] 

have indicated that the small arteries are the most effective thermal energy transfer 

structures in tissue, with blood and tissue already in thermal equilibrium before the 

blood enters the capillaries. Thus, no attempt to extend the results of the capillary 

regime to the regime of larger vessels should be made. 

Thirdly, since metabolism and blood flow are known to have impact on the tis

sue temperature fields, at what tissue length scale do temperature fields show the impact 

of these processes? Examination of Figure 4.1 indicates that in order to produce tem

perature fields with detectable differences, N„ ~ 1 for ATn = T„ - T„ . = lc, a 
S B  B m a x  B m i n  

difference from the linear conduction profile of about ,2C. If ATD = 0.1C, then Nc ~ 
D b 



Table 4.2 Tissue Length Scales as a Function of Perfusion and Ng 

w 
gm/cm3 

ATe(w) 
ATe(m) 

ATp 

C 
atb 
c 

Ns 
AT(C) 

C 
L(cm) 

cm 

0.04 10.0 1.0 1.0 1 0.2 0.24 

0.04 10.0 1.0 0.1 1 0.2 0.24 

0.04 10.0 1.0 0.01 1 0.2 0.24 

0.04 1.0 0.1 1.0 1 0.2 0.56 

0.04 0.1 0.01 1.0 1 0.2 0.75 

o 
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10 for a 0.2C temperature difference. For the same 0.2C temperature difference with 

ATd = 0.01C, N„ ~ 100. Table 4.2 presents results of solving Equation 4.4 for L as a 
B o 

3  
function of AT„ at the perfusion rate of 0.04 gm/cm -sec. The second column indicates 

r 

the ration of thermal energy advected in by the blood flow and thermal energy produced 

by metabolism at 0.017 w/cm . Tissue lengths on the order of 0.5 cm would include 

arterioles and small arteries. In the regime of the arterioles and small arteries, an 

assumption of uniform deposition of thermal energy is questionable. The presence of 

thermally significant structures becomes increasingly probable. 

It is important to state clearly that the computations here are unique in that 

no assumptions have been made that would compromise their precision. Axial conduc

tion has been included in the fluid and the solid, as is demanded by the low Peclet 

number regime. Neither constant wall temperature nor constant wall heat flux has been 

assumed, thus matching the actual heat transfer situation in the tissue cylinder. This 

work supports the predictions of less precise studies in the capillary regime. The agree

ment between the current and previous investigations both confirms the approximations 

made by previous investigators and strengthens the credibility of the approach used by 

the current investigator. 

For these reasons, the impact of conduction and convection on the temperature 

fields must be more cautiously stated. In light of the above discussion, we now conclude 

that: 

1) At the capillary level, boundary conditions have great impact on the temperature 

fields, overwhelming the influence of blood flow in both the direct introduction of 

flow in a tube and introduction of the same amount of blood flow through the 

bioheat transfer field equation. 
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2) Conduction from upstream is potentially significant. The presence of any higher 

fixed temperature, even positioned at infinity as in the porous medium case, has 

significant impact of the temperature field. 

3) In the capillary region, the blood flow by itself can no.t carry as much thermal 

energy as conduction 

The examination of thermal energy deposition in the regime of the arterioles and small 

arteries, the next logical step in the pursuit of a more complete understanding of thermal 

energy transfer in perfused tissue, is now in progress. 



APPENDIX A 

SYMBOLS USED 

The following table represents an effort to minimize confusion over the heavy 

use of symbols in this thesis. Notation is uniform over the thesis except as indicated by 

reference to a particular page, chapter or appendix within a particular table entry. 

Table A.l Symbols Used 

Symbol 

a 

A 

ADI 

b 

P 

C 

ip 

2p 

if 

'2f 

Explanation Restrictions 

coefficient in tridiagonal algorithm Chapter 2 

coefficient in general linear second order partial Chapter 2 
differential equation 

Alternating Direction Implicit method 

coefficient in tridiagonal algorithm Chapter 2 

coefficient in tridiagonal algorithm Chapter 2 

specific heat at constant pressure 

substance or quantity Chapter 1 

coefficient in general linear second order partial Chapter 2 
differential equation 

coefficient in solution of porous medium equation Chapter 3 

coefficient in solution of porous medium equation Chapter 3 

coefficient in solution of porous medium equation Chapter 3 

coefficient in solution of porous medium equation Chapter 3 

107 
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Table A.l Symbols Used—Continued 

Symbol Explanation Restrictions 

d coefficient in tridiagonal algorithm Chapter 2 

d diameter. For a blood vessel, inner diameter. 

D diffusion coeficient Chapter 1 

D coefficient in general linear second order partial Chapter 2 
differential equation 

D„ hydrolic diameter 

E coefficient in general linear second order partial Chapter 2 
differential equation 

f void fraction, (volume of space)/(total volume) 

F mass flux Chapter 1 

F coefficient in general linear second order partial Chapter 2 
differential equation 

G coefficient in general linear second order partial Chapter 2 
differential equation 

k thermal conductivity 

1,L length of (tissue) cylinder 

m metabolism 

N total number of node points in a space direction 

Ng source strength number, defined in Chapter 4 

Pe Peclet number, RePr 

Pec cell Peclet number, uAx/a 

Pr Prandtl number 

Q, Q total energy source strength 

q thermal energy flux 

q energy source strength not including metabolism 



109 

Table A.l Symbols Used—Continued 

Symbol Explanation Restrictions 

Re Reynolds number 

RHS right hand side 

RMS root mean squared uncertainty 

SOR successive over relaxation method 

r radius 

t time 

T temperature 

u,U,V velocity 

x* dimensionless axial distance, defined on page 6 

w blood perfusion per unit volume 

X normalized x coordinate, x/L 

Greek and Mathematical 

a Coefficient in tridiagonal algorithm Page 37 

a  thermal diffusion coefficient, c p / k  
P  '  

0 Coefficient in tridiagonal algorithm Page 37 

7 Coefficient in tridiagonal algorithm Page 37 

Ax, At space and time step size, respectively 

£ first derivative term coefficient in the porous 
medium equation. Defined on pages 57 and 59 

p  density 

p  acceleration parameter for the ADI method Pages 33-34, 
Appendix B 
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Table A.l Symbols Used—Continued 

Symbol Explanation Restrictions 

V gradient 

V* divergence 

o 
V  Laplacian operator 

Superscripts 

x direction node point number 

y direction node point number 

time step number 

Subscripts 

a, A arterial 

B boundary 

cap capillary 

F of the fluid, porous medium 

HS of the Hot Spot Model 

HR of the Hot Ring Model 

n of the greatest node number 

P of the fluid and solid together, porous medium 

R right side 

S of the solid, porous medium 

tis tissue 

t derivative with respect to time 

i, i±l 

j, j±l 

n, n±l, n±l/2 



I l l  

Table A.l Symbols Used—Continued 

Symbol Explanation Restrictions 

v,V venous 

x,xx first and second space derivatives, x direction 

y, yy first and second space derivatives, y direction 



APPENDIX B 

GUIDE TO PROGRAM MAY 

This program and accompanying subroutines make up a general purpose equa

tion solver for use in iterative solution of partial differential equations. The subroutines 

and files are currently set up for Alternating Direction Implicit (ADI) methods, but the 

fully modular programming allows easy modification to other iterative methods. Figure 

B.l charts the program flow. 

All coding is done in FORTRAN77 with few machine specific options. These 

options will be discussed within the documentation of the specific routines involved. 

The program requires one sequential input file per direction of solution and creates one 

direct access scratch file for each input file. Currently one output file is generated with 

the same format as the input file. A small general data file is also used. 

File Structures 

Input files are structured as below. One is needed for each direction. These are 

currently in ASCII (user-readable) 80 character records as follows. 

112 
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I Read initial parameters, file names. 

jld. 
FWRIT 
Attach input files. Rewrite as direct 
access files. 

INSET 
Check for input inconsistencies and 
errors. 

no 

INRSET 
Set up first RHS from y direction 
file. 

SITER 
Complete ADI time step performed. 
See Figure B.lb. 

Number 
of iterations exceeded or 

onvergence? 

LWRIT 
Write final file in y direction as 
sequential file. 

Print output file and STOP. 

Figure B.l Flow chart for program MAY a. Main program MAY 



enter 

End of x file! no 

yes 

End of y file? ,no 

yes 

return 

RDR 
Read y 
(scratch file). 

row 

WTR 
Write y 
(scratch file). 

row 

RDR 
Read x 
(scratch file). 

row 

TWEAK 
TRIDIG 

WTR 
Write x 
(scratch file). 

row 

CRMS 
Compute AT for 
RMS. 

TWEAK 
Adjust boundary 
conditions. 

TRIDIG 
Solve system. 

SWITCH 
Change RHS to y direc-
tion. 

RSIDE 
Compute RHS from x 
half of time step. 

RSIDE 
Compute RHS from y 
direction half time step. 

SWITCH 
Change RHS to x direc
tion. 

Figure B.l Flow chart for program MAY b. Subroutine SITER 
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Record 1: 80 character label 

Record 2: 8 ten character integer parameters as follows. 

-Word 1: direction flag, 1 for u, 2 for v file. 

-Word 2: number of words per record segment (used to set up internal scratch files) 

-Word 3: number of rows present 

-Word 4: number of numbers per row (columns present) 

-Word 5: number of iterations performed (used in output file only) 

-(Remaining flags blank for future use.) 

Record 3: 8 ten character real parameters, as below. 

-Word 1: minimum initial T value 

-Word 2: maximum initial T value 

-Word 3: row spacing (Ay) 

-Word 4: point (column) spacing (Ax) 

-Word 5: tolerance for convergence (used in output file only) 

-Word 6: value of p  used (used in output file only) 

-(Remaining parameters blank for future use.) 

Then follows IPAR(3) groups of 80 character records of ten character numbers. 

Each group contains (5*IPAR(4) + 6) numbers in the following order. 

-IPAR(4) initial values of unknowns 

-IPAR(4) A's 
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-IPAR(4) B's 

-IPAR(4) C's 

-IPAR(4) D's 

-6 boundary condition inputs. 

Output files are structured as input files. Consult the discussion at the end of this 

Appendix and in Appendix C for the implementation of boundary conditions. 

The small general data file is also made up of 80 character records. It is read 

from LUI(=5). This includes 

Record 1: 80 character label or comment 

Record 2: 8 ten character file names. First the input file names, then the internal 

scratch file names, then the output file name. All files but the internal scratch files 

are assumed to be formated, sequential ASCII files . The internal files are binary 

direct access files. 

Record 3: 8 ten character status flags for the files named in record 2. The input files 

should be status "OLD", and the output and scratch files, status "NEW1'. 

Record 4: 8 ten character integer parameters as follows: 

-Word 1: number of input files 

-Word 2: maximum number of iterations allowed 

-Word 3: record length of internal scratch files 

-(Remainder blank for futtlre use.) 

Record 5: 8 ten character real parameters as follows: 
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-Word 1: tolerance for convergence between iterations 

-Word 3: fixed value of p for acceleration (current configuration) 

-(Remainder blank for future use.) 

Printed output is generated in records of 130 characters or less on 

The internal scratch files are binary, direct access files made up of IPAR(3) 

(IPAR(4)*5 + 6) words in the same order as the input files. Record i in 

corresponds with record i-f 3 in the accompanying input file. 

Individual program units 

PROGRAM MAY. The main program contains the main control stream and common 

blocks as follows: 

/UCBLO/ 

UCOEFF(625) 5 large blocks, (currently 125 words) for T, A, B, C, and D of one file seg

ment (in order) 

BC(6) left and right boundary conditions 

/SCARY/ 

RHS( 125,125) a two dimensional array of right hand sides for the AD1 solver. The first 

subscript is always the point (column) subscript. 

LUP(=6). 

records of 

these files 
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BT(125) A scratch array, used for transfer and /? in TRIDIG 

GM(125) A scratch array, used for transfer and 7 in TRIDIG 

BP(125) A scratch array used for altered B's (inclusion of the acceleration factor) 

/PARBLO/ 

NCT,NCD,NCH a 20 word flag array 

IPAR(8,6) storage of the file IPAR's. The second subscript indicates the file number 

PAR(8,6) storage of the file PAR's. Again the second subscript is the file number 

/LABLO/ 

PLABL(8,6) character labels from the files. 

Coding notes: The RMS processed in line 49 is a sum of the squares of the residuals 

found by subtracting two consecutive iterations. Subroutine CRMS performs the com

putation of the residuals and summation of the squares. 

FUNCTION CRMS. Residuals are computed, squared and summed for one row. 

SUBROUTINE FWRIT. Files are converted from input format to internal scratch files. 

The subroutine input parameters are as follows: 

LUP print out file logical unit 

LU input logical unit number 

NFL total number of input files 

IS subscript of input file to be copied 
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FNAM, FSTAT name and status of input file 

LUF logical unit number of internal scratch file 

FNAMO, FSTATO name and status of internal scratch file 

The input file is read and records 4 onward are copied to the direct access file. The 

input file is not accessed after this point. 

SUBROUTINE INSET. Initial error checking is performed. Error messages are gen

erated and a graceful termination performed if obviously faulty input is found. 

SUBROUTINE INRSET. Right hand sides are computed for the first iteration. 

SUBROUTINE LWRIT. The final results are written to an external file (in input for

mat) for preservation. Input parameters for the subroutine are as below: 

LUP printer output logical unit 

LUI logical unit number for direct access scratch file 

LUO logical unit number for sequential output file 

FNAM, FSTAT name and status of output file 

A print out of the current output file is generated. 

SUBROUTINE RDR. This subroutine reads one file segment from an internal scratch 

file. 
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SUBROUTINE RSIDE. The right hand sides are computed for the current iteration. 

Input parameters for the subroutine are as follows: 

LUP printer logical unit number 

RHOI value of acceleration parameter 

DELXYS appropriate ratio of row and column physical spacing 

RHS right hand sides of equations. This is an output. It includes the computed right 

hand sides for the next iteration, which will be in the other direction. 

SUBROUTINE SITER. SITER drives the iteration subroutines. Inputs are as follows: 

LUP printer logical unit number 

LUU u direction file logical unit number 

LUV v direction file logical unit number 

RHO acceleration parameter 

DELXY Ax/Ay and Ay/Ax 

RMS sum of squares of residuals between iterations 

SUBROUTINE SWITCH. This subroutine exchanges the x and y directions of the RHS 

array. 

SUBROUTINE TRIDIG. The solution of each row is found with the tridiagonal 

algorigthm of Chapter 2. (See the discussion in the algorithm section.) Solution is 

returned in the GAMMA array. 
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SUBROUTINE TWEAK. Boundary conditions and acceleration parameters are 

included in the equations for solution in TRIDIG. Inputs are as follows: 

RHOI acceleration parameter 

N number of points in the line current 

NB current line number for use with boundary condition insertion in RHS array (R here) 

Consult the section on insertion of boundary conditions at the end of this appendix and 

the more extensive discussion in Appendix B. 

SUBROUTINE WTR. This subroutine writes the current values of temperature for one 

file segment to an internal scratch file. 

Boundary Condition Insertion and Implementation 

The boundary conditions are implemented for the first and last points of the 

line, respectively, as 

RHS = current RHS - A(1)*BC(1) - BC(2)*XX(1) - BC(3)*XX(2) 

RHS = current RHS - A(N)*BC(4) - BC(5)*XX(N) - BC(6)*XX(N-1) 

The values of the unknowns (XX array) are the values from the previous iteration writ

ten to the internal scratch file in the current direction. These boundary conditions are 

applied in the direction of the current iteration. A constant boundary condition (Diri-

chlet type) is inserted by using the A(l) or C(N) as for an internal point and inserting 

the 
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boundary temperature with a positive sign in the BC(1) or BC(2) slot in the input file 

for the line desired. 

Normal derivative boundary conditions may be implemented in a number of 

ways. Perhaps the simplest is to assume that the boundary temperature is equal to the 

closest regular node and make the appropriate analytical changes in the A, B, and C 

arrays. In this case, the BC variables for the boundary in question are all zero. Another 

method is to use the BC parameters to put in conditions explicitly dependent on the 

current values of the immediately interior nodes. Appendix C discusses the insertion of 

boundary conditions in more detail. 



APPENDIX C 

TEST CASES 

The ADI solver was used on various test cases and the results compared to ana

lytic solutions. Each case is discussed below, with the boundary conditions implemented 

and the results acquired. A number of cases with various boundary conditions on a rec

tangular region were run. All test cases were run on either unit square geometry or a 

rectangle with sides in the x direction twice the length of those in the y direction. The 

case numbers below have correspondingly numbered figures which illustrate the 

geometry and boundary conditions. Computed and analytic solutions with differences 

between the two solutions for the one dimensional cases (Test Cases 1-9) are given in 

tables with numbers corresponding to the figures showing their geometry. For example, 

Figure C.l illustrates Test Case 1 and Table C.l gives the computational results. The 

two dimensional cases (Test Cases 10-12) have boundary conditions and geometry illus

trated in the "a." figures (for example, C.lOa), computed contours of the solution in the 

"b." figures and contours of 

Test Cases 1-5 and 10-12 illustrate solutions of the two dimensional Laplace 

equation as 

V2 T =  0 C.l 

which becomes the finite difference equation 

- r , j  -  r , + u  -  r , , , - . ,  +  2 T i t i  -  r 1 > i + 1  =  9A,2 C.2 

123 
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if Ax = Ay. Various boundary conditions are used. Test Cases 1-5 deal only with vari

ous boundary conditions and have no sources. Test Cases 6-9 have metabolic and 

bioheat transfer sources. Test Cases 10-12 are two dimensional cases without sources. 

In Case 1, the top and bottom boundaries are insulated. The left temperature 

is fixed at 100 and the right at 10. The insulated boundaries are implemented implicitly 

as 

T i , -1  =  r ; ,2 a n d  T i ,»  +1 =  T i .n -1  0 3  

where T^ j and T^ are virtual points one node spacing beyond the insulated edge. 

This gives for each block in the y direction 

,4(1) = C { N )  = 0 , 5(1) = B { N )  = 2 and A { N )  =  C ( N )  =  -2 C.4 

The constant temperature boundary conditions are simply translated to the RHS. 

Table C.O presents explicitly input parameters for the ADI solver for Case 1. 

Table C.O. Input for Test Case 1. 

node • u file v file 

A B C D A B C D 

first -1 2 -1 100 0 2 -2 0 

inner -1 2 -1 0 -1 2 -1 0 

last -1 2 -1 10 -2 2 0 0 
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Computations for this case and the insulated left and right face with constant 

temperatures top and bottom are presented in Tables C.l and C.2. The analytic solu

tion for this case is linear in the direction of the fixed temperatures. The solutions are 

exact to within the accuracy of the output. 

Tables C.3 and C.4 show the results for the rectangular regions illustrated in 

Figures C.3 and C.4, respectively. Note that case C.4 is at double the resolution of case 

C.3. Insulating the ends of the long travel (x direction here) effects the accuracy of the 

solver. Increasing the number of points returns the accuracy to that of the square case 

(C.2). The phenomenon discussed in the following paragraph influences this difficulty in 

achieving the same accuracy for the same solution slope illustrated here. 

Although not physically ambiguous, the problem with all boundaries insulated 

is mathematically ambiguous and numerically inaccurate. If all four sides are insulated 

and the solver is started with a non-uniform temperature distribution, the numerical 

solution behaves as if it were dependent on p. The distribution below was used with the 

corresponding average temperature for uniform conditions as 

To = 40 sin-^- siny C.5 

2 l 

Tavg  = 40 JJsin—siny dxdy = 8.452 
oo 2 

However, the solver converges to various average temperatures around 8.452. This is the 

result of a combination of a mathematical ambiguity—any constant value is a solution of 

the equation. This ambiguity gives rise to a persistant numerical error dependent on the 

time step size and therefore on p. This is discussed by Mitchell and Griffiths [1980, pgs 

51-53]. 
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100 

•'XWX'X-X'X-X-XV.V.V - - . • • • • 

Figure C.l. Geometry and 
boundary xonditions, Test Case 1. 

Figure C.2. Geometry and 
boundary conditions, Test Case 2. 

100 

Figure C.3. Geometry and 
boundary conditions, Test Case 3. 

Figure C.4. Geometry and 
boundary conditions, Test Case 4. 



Table C.l Computed Solution Comparison, Test Case 1. 

Difference X Computed Analytic 

10 90. 9995 91.OOOO 
20 82. 0007 82. OOOO 
30 72. 9993 >73. OOOO 
40 64. 0003 64. OOOO 
30 34. 9998 33. OOOO 
60 46. 0001 46.OOOO 
70 37. OOOO 37. OOOO 
80 28. 0000 28.OOOO 
90 19. 0000 • 19. OOOO 

. 0005 
0007 

. 0007 
OOOS 

. 0002 
OOOl 

. OOOO 

.OOOO 

. 0000 

Table C.2 Computed Solution Comparison, Test Case 2. 

Analytic y Computed 

0.10 0.9100E+02 
0.20 0.8200E+02 
0.30 0.7300E+02 
0.40 0.6400E+02 
0.50 0.5500E+02 
0.60 0.4600E+02 
0.70 0.3700E+02 
0.80 0.2800E+02 
0.90 0.1900E+02 

0.9100E+02 
0.8200E+02 
0.7300E+02 
0.6400E+02 
0.5500E+02 
0.4600E+02 
0.3700E+02 
0.2800E+02 
0.1900E+02 

Difference 

-0.4547E-12 
-0.4547E-12 
-0.4547E-12 
0.0000E-00 
0.0000E-00 

-0.2274E-12 
-0.2274E-12 
-0.4547E-12 
-0.4547E-12 
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Table C.3 Computed Solution Comparison, Test Case 3. 

x Computed Analytic Difference 

to 93. 4800 93. 3000 . 0200 
2G 90. 9600 91. OOOO . 0400 
30 86. 4400 86. 3000 . 0600 
40 81. 9200 82. OOOO . 0800 
SO 77. 4100 77. 3000 . 0900 
60 72. 9000 73. OOOO . 1COO 
|70 68. 3900 68. 3000 . 1 100 
80 63. 8800 64. OOOO . 1200 
90 59. 3700 39. 3000 . 1300 

1. 00 34. 8700 33. OOOO . 1300 
1. 10 30. 3700 30. 3000 . 1300 
1. 20 43. 8800 46. OOOO . 1200 
1. 30 41. 3900 41. 3000 . 1 lOO 
1. 40 36. 9000 37. OOOO . lOOO 
1. SO 32. 4100 32. 5000 . 0900 
1. 60 27. 9200 28. OOOO . 0800 
i. 70 23. 4400 23. 3000 . 0600 
i. SO 18. 9600 19. .0000 . 0400 
i. 90 14. 4800 14. 3000 , .0200 



Table C.4 Computed Solution Comparison, Test Case 4. 

y Computed Analytic Difference 

0.05 95.4998 95.5000 0.0002 
0.10 90.9996 91.0000 0.0004 
0.15 86.4994 86.5000 0.0006 
0.20 81.9993 82.0000 0.0007 
0.25 77.4991 77.5000 0.0009 
0.30 72.9990 73.0000 0.0010 
0.35 68.4989 68.5000 0.0011 
0.40 63.9998 64.0000 0.0012 
0.45 59.4998 60.0000 0.0012 
0.50 54.9987 55.0000 0.0012 
0.55 50.4998 50.5000 0.0012 
0.60 45.9988 46.0000 0.0012 
0.65 41.4998 42.5000 0.0011 
0.70 36.9990 37.0000 0.0010 
0.75 32.4991 32.5000 0.0009 
0.80 27.9993 28.0000 0.0007 
0.85 23.4994 23.5000 0.0006 
0.90 18.9996 19.0000 0.0004 
0.95 14.4998 14.5000 0.0002 
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Case 5 consists of a fixed left T and insulated long faces with a convection 

boundary condition on the right side. For the boundary flux 

q = -kTx  = h (T, -  T^) C.6 

Thus 

k 
T oo + ^n-l 

A xh 
T r  =  r - C . l  

A ,h 

where A is the node spacing. The analytic solution for this case is then 

k T l  
T + — 

00  h L 

Tr  ~ k C '8  

1 + TL 

is the temperature for the right side, and the profile within the material is linear. 

Results for this case are presented in Table C.5. 

Casesr 6 and 7 are illustrations of Poisson's equation with a uniform source. 

Implementation of the boundary conditions is identical. The source term is included in 

the d. .'s for each node. If the equation is in the form 

v2r = -f o.» 

and the rectangle extends from -x to +Xq, the analytic solution is 

T = "4 (T- - T"'+ r° 010 



Figure C.5. Geometry and boundary conditions, Test Case 5. 

Figure C.6. Geometry and boundary conditions, Test Case 6. 

37 
a - 2 &  

37 

Figure C.7. Geometry and boundary conditions, Test Case 7 



Table C.5 Computed Solution Comparison, Test Case 5. 

y Computed Analytic Difference 

0.10 95.6100 95.6107 0.0007 
0.20 91.2200 91.2204 0.0004 
0.30 86.8400 86.8301 -0.0099 
0.40 82.4500 82.4398 -0.0102 
0.50 78.0600 78.0495 -0.0105 
0.60 73.6700 73.6592 -0.0108 
0.70 69.2800 69.2689 -0.0114 
0.80 64.8900 64.8786 -0.0117 
0.90 60.5000 60.4883 -0.0120 
1.00 56.1100 56.0980 -0.0123 
1.10 51.7200 51.7077 -0.0126 
1.20 47.3300 47.3174 -0.0129 
1.30 42.9400 42.9271 -0.0132 
1.40 38.5500 38.5368 -0.0135 
1.50 34.1600 34.1465 -0.0038 
1.60 29.7600 29.7562 -0.0041 
1.70 25.3700 25.3659 -0.0044 
1.80 16.5900 16.5853 -0.0047 
1.90 12.2000 12.1950 -0.0050 
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Table C.6 Computed Solution Comparison, Test Case 6. 

x Computed Analytic Difference 

. lO 

. 20 

. 30 

. 40 

. 30 

. 6 0  

. 70 

. 80 

. 90 
1. OO 
1. 10 
1. 20 
1. 30 
1. 40 
1. SO 
1. 60 
1. 70 
1. 80 
1. 90 

lO. 3800 
10. 7200 
11.  0200 
11. 2800 
11. SOOO 
11. 6800 
11. 8200 
11. 9200 
11.  9800 
12. OOOO 
11. 9800 
11. 9200 
11. 8200 
11. 6800 
11. SOOO 
11. 2800 
11. 0200 
10. 7200 
10. 3800 

lO. 3800 
10. 7200 
11.  0200 
11. 2800 
11. 9000 
11. 6800 
11. 8200 
11. 9200 
11.  9800 
12. OOOO 
11. 9800 
11. 9200 
11. 8200 
11. 6800 
11. 5000 
11. 2800 
11. 0200 
10. 7200 
10. 3800 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 

Table C.7 Computed Solution Comparison, Test Case 7. 

x Computed Analytic Difference 

10 38. SOOO 
20 64. OOOO 
30 - 86. SOOO 
40 106. OOOO 
SO 122. SOOO 
60 136. OOOO 

• 70 146. 3000 
80 134. OOOO 
90 138. 3000 

l". 00 160. OOOO 
-1. 10- 138. 3000 

1. 20 134. OOOO 
1. 30 146. SOOO 
1. 40 136. OOOO 

-1. .30— - 122. 3000 
1. 60 106. OOOO 

' 1. 70 86. 3000 
1. 80 64. OOOO 

-1-.90 _ 38. SOOO 

38. 
64. 
86. 

106. 
122. 
136. 
146. 
134. 
138. 
160. 
138. 
134. 
146. 
136. 
122. 
106. 
86. 
64. 
38. 

300O 
OOOO 
3000 
OOOO 
3000 
OOOO 
3000 
OOOO 
3000 
OOOO 
3000 
OOOO 
3000 
OOOO 
SOOO 
OOOO 
3000 
OOOO 
SOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 

. OOOO 
. OOOO 
.OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
. OOOO 
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The results indicate agreement to within rounding of the output format noise on the 

computer for both a weak source and a strong source. The weak source is approxi-

mately that of metabolism at .028 w/cm . The strong source corresponds to a power 

3 deposition rate of 2 w/cm as discussed in Chapter 3. 

In Test Cases 8 and 9, the bio-heat transfer equation is solved with the two 

source strengths of Test Cases 6 and 7. These cases have fixed temperature boundary 

conditions. The equation solved is 

v2r -™\{T - T.) = -j- c" 

The insulated boundary conditions reduce the solution to one dimension. For T^ = T^, 

and x=0 placed in the center, the analytic solution is 

b 

T l  + U  b  T = ~— + 

e  
2 + e  

2  

w here 

X = w—j- and b = - T w-j-
k k k 

Results for this case with the insulated boundaries in the long direction are presented in 

Tables C.8 and C.9. Table C-8 indicates agreement to within the output format for a 

metabolic level source with fixed boundaries at 35 ° K, arterial temperature of 37 0 K 

and perfusion rate of 1 kg/m /sec. Table C.9 shows agreement to .3° K for a tolerance 

of .001 (.2%) for a 2 w/cm power source. This is somewhat above the output format 

level of .1 0 K. 
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W= I KG/M3-SEC 

3 7  Q = 0 . 0 3 W / C M 3  37 

Figure C.8. Geometry and boundary conditions, Test Case 8. 

37 

w = i KG/M3-SEC 

0=2.0 W/CM3  37 

Figure G.9 Geometry and boundary conditions, Test Case 9. 
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Table C.8 Computed Solution Comparison, Test Case 8. 

x Computed Analytic Difference 

. 10 

. 20 

. 30 

. 40 

. 30 

.60 

. 70 

. 80 

. 90 
1 . OO 
1 . io 
1 . 20 
1 . 30 
1 . 40 
1. . SO 
1. . 60 
I. 70 
1 .  80 
1 .  90 

33. 4300 
33. 7900 
36. 1000 
36. 3700 
36. 6000 
36. 7800 
36. 9200 
37. 0200 
37. 0800 
37. lOOO 
37. 0800 
37. 0200 
36. 9200 
36. 7800 
36. 6000 
36. 3700 
36. 1000 
33. 7900 
33. 4300 

33. 4194 
33. 7861 
36. 1030 
36. 3727 
36. 3974 
36. 7788 
36. 9184 
37. 0173 
37. 0764 
37. 0960 
37. 0764 
37. 0173 
36. 9184 
36. 7788 
36. 3974 
36. 3727 
36. 1030 
33. 7861 
33. 4194 

— • 0106 
. 0039 
. OO30 
0027 
0026 
0012 
0016 
0027 
0036 
0040 
0036 
0027 
0016 
0012 
0026 
0027 
0030 
0039 
0106 

Table C.9 Computed 

X Computed 

• 10 57.5785 
• 20 77.3115 
• 30 94.3711 
• 40 108.8897 
• 50 120.9834 
• 60 130.7490 
• 70 138.2646 
.80  143.5903 
.90  146.7688 

1 .00 147.8255 
1 .10 146.7688 
1 .20 143.5903 
1 .30 138.2646 
1  .40  130.7490 
1 .50 120.9834 
1 .60 106.8897 
,1.70 94.3711 
1 .80 77.3115 
1  .90  57.5785 

Analytic Difference 

57.5959 
77.3429 
94.4108 

108.9363 
121.0357 
130.9058 
138.3248 
143.6529 
146.8328 
147.8900 
146.8328 
143.6529 
138.3248 
130.9058 
121.0357 
108.9363 

94.4108 
77.3429 
57.5959 

.0175 

.0314 

.0397 

.0466 

.0523 

.0566 
.0602 
.0626 
•  0640 
•  064 5  
.0640 
.0626 
•  3 6 3  2  
.0568 
.0523 
.0466 
•  0397 
.0314 
.0175 
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Cases 10-12 are the first true two dimensional test of the solver. The solution 

for all four sides held at fixed temperatures with one side hotter than the rest is often 

discussed in various text books (see for example Greenburg [1978]) and is 

^  sink  (2n  + l ) i r— s in  (2n  + 1 ) t t —  

T { x , y )  =  T <.U + -  T , m  I v 5 _JL C.,3 
n =°  (2n  +1)  s inh  (2n  + l )7 r— 

a  

The "analytic" solution for comparison with the ADI solution was generated by sum

ming the series of equation C.9 to 35 terms. A comparison sum of 45 terms was not dis

tinguishable from the sum of 35 terms to eight digits. Results of this case with one side 

of the rectangle hot in each direction are presented in Figures C.10 and C.ll. The 

change in sign of the error indicates that the resolution of Ax = 0.1 is too low for the 

geometry and boundary conditions of Test Cases 10 and 11. The maximum error is 

|*+-0.6. 

Test Case C.12 is a rerun of Test Case 11 at double the resolution. In Test 

Case 12 the error does not change sign indicating that the resolution of Ax = 0.05 is 

within the capabilities of the solver. Note the inaccuracy at the corners influenced by 

the double valued temperature from the adjacent hot and cold sides. This inaccuracy is 

dependent on close proximity to the double-valued corners, and is moved closer to the 

corners by increasing the resolution. As the resolution is increased, however, the magni

tude of the error present in the nodes nearest the corners increases. This phenomenon is 

illustrated by the error of +6.0 at the node closest to the double valued corner. This 

type of error can be removed only by smoothing the temperature change at the corners. 

A simple average of the two temperatures at the corner node itself is not seen by the 

ADI solver, since the corner point is no explicitly included in the calculations for fixed 

boundary temperatures. 
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100 

10 

ditions. 
Figure C.IO. Computations for Test Case 10. a. Geometry and boundary con-

Figure C.IO. Computations for Test Case 10. b. Computed solution contours. 



—.2 

r.Z 

Figure C.IO. Computations for Test Case 10. c. Difference contours. 
CO 
to 
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10 10 

Figure C.ll. Computations for Test Case 11. a. Geometry and boundary con
ditions. 

50 

75 

Figure C.ll. Computations for Test Case II. b. Computed solution contours. 



Figure C.ll. Computations for Test Case 11. c. Difference contours. 



142 

10 

ditions. 
Figure C.12. Computations for Test Case 12. a. Geometry and boundary con-

r. 

Figure C.12. Computations for Test Case 12. b. Computed solution contours. 



Figure C.12. Computations for Test Case 12. c. DifiFerence contours. 
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Figure C.13 illustrates a case including nodes of fixed temperature within the 

equations to be solved. The system of equations includes an equation of the form 

= TJ I X E D  C.14 

From equation 2.3, equation C.14 is split as 

| r . „ t , / 2 =  r . » .  0 1 5  

in the x direction, and in the y direction, 

_ l _ y n + l  f  J _  j ' n + 1 / 2  
2 »'./  1  f ixed 2 •>/ 

Failure to perform this splitting results in fixed temperature nodes of half the intended 

fixed temperature! 
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X 

Symbol x direction r direction 

+ inner node 0 flux 
• fixed T inner node 

fixed t 0 flux 

* inner node matched flux 
• fixed T matched flux 
x 0 flux inner node 
• fixed T inner node 
-V inner node 0 curvature 
e 0 flux 0 curvature 
9 fixed T 0 curvature 

Figure C.13. Internal fixed temperature node boundary implementation. 
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