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ABSTRACT 

The onset of instability is investigated analytically and numer

ically in triply-diffusive fluid layers. A triply-diffusive fluid is 

one in which the density depends on three stratifying agencies with dif

ferent diffusivities. It is found that, in come cases, three critical 

values of the Rayleigh number are needed to specify the linear stability 

criteria. The multivalued nature of the stability boundaries is con

siderably more interesting, and complicated, than in previous cases. 

Heart-shaped neutral curves are found to exist in some cases. Two in

teresting aspects of the heart-shaped neutral curve are the degeneracies 

in the onset frequency and wavenumber that are caused when the twin 

maxima of the heart-shaped oscillatory neutral curve lie below the mini

mum of the stationary neutral curve. This work complements the earlier 

efforts of Griffiths, who found none of the interesting results obtained 

in the present thesis. 

ix 



CHAPTER 1 

INTRODUCTION 

The study of multiple diffusive convection began with a paper 

by Stommel, Arons and Blanchard (1956) in which a thought experiment 

developed the concept of the "perpetual salt fountain". A "salt foun

tain" would be created by inserting a long, narrow, heat-conducting tube 

vertically through a region of the ocean where relatively salty water 

(created by evaporation) lies above colder, fresher water. Water pumped 

upwards, say, would approach thermal equilibrium with its surroundings 

faster than it would approach concentration equilibrium because the 

walls of the tube present a barrier to salt but not to heat. If the ex

ternally applied pumping is removed, the fluid may still experience an 

upward buoyancy force and maintain the motion of the "salt fountain". 

The flow is drawing on the potential energy derived from the salinity . 

distribution, which will be maintained as long as evaporation continues 

at the sea surface. 

Stern (1960) pointed out that it is not necessary to block the 

transfer of salt entirely, and thus, the highly conducting tube could be 

removed. Similar motions can be set up in the absence of a pipe because 

of the fact that salt diffuses at about one one-hundredth of the rate at 

which heat is conducted. The "salt fountain" is a doubly-diffusive 

phenomenon in which there are only two diffusing stratifying agencies 

(such as temperature and salt concentration) which affect the 

1 
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fluid density. Doubly-diffusive phenomena have been studied by Stern 

(1960), Walin (1964), Veronis (1965), Nield (1967), and Baines and Gill 

(1969), and reviewed by Turner (1974), Schechter, Velarde and Platten 

(1974), Huppert and Turner (1981), and Platten and Legros (1984). 

Singly-diffusive stratifications that lead to convective insta

bility in a fluid, such as temperature differences in a fluid layer 

heated from below, are fairly well understood (Chandrasekhar, 1961; 

Joseph, 1976; Gershuni and Zhukhovitskii, 1973; Platten and Legros, 

1984). When gradients of more than one stratifying agency are present, 

a whole new range of phenomena can arise; and intuition based on simple 

thermal convection can be misleading. Diffusion, which is a stabilizing 

influence in a singly-stratified fluid, can, in the binary or multi-

component cases, act to release the potential energy associated with the 

distribution(s) of the component(s) that are top-heavy. Thus, for exam

ple, instabilities can develop even when the net density decreases 

upwards, in which case the system is hydrostatically stable. A general

ization of the statement due to Turner (1974) leads us to the following 

requirements for the onset of convection via a doubly or multiple-dif

fusive instability mechanism: 

(i) The fluid must contain two or more components having different 

molecular diffusivities. 

(ii) The contributions to the density gradient associated with the 

individual stratifying agencies must not all be parallel; i.e., 

at least one pair must be antiparallel. 
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Of course, convection can still occur by the basic {singly-diffusive, 

singly-stratified) overturning mechanism even when (i) and (ii) are not 

satisfied. 

Triply-diffusive fluid systems have been studied by Griffiths 

(1979a,b,c) and Rudraiah and Vortmeyer (1982). A triply-diffusive fluid 

is one in which the density depends on three stratifying agencies with 

different diffusivities, such as a nonisothermal ternary fluid or an 

isothermal four component fluid. Griffiths (1979a) performed an in

complete analysis, and claimed that, in general, the boundary for 

the onset of instability is closely approximated by two straight lines 

in the R-j-R^ plane, with R^ held constant and that a small concentration 

gradient of the third component with the smallest diffusivity can have a 

significant effect on the nature of the diffusive instabilities. 

Rudraiah and Vortmeyer (1982) show that the effect of a porous medium is 

to suppress some regions of convection in the Rayleigh number plane. 

This work reports a variety of interesting phenomena predicted 

by the linear stability analysis for triply-diffusive fluid layers. 

These results were overlooked by Griffiths (1979a) for reasons which 

will be described in Chapter 5. The results are reminiscent of, but 

more interesting than, the simple disconnected neutral curves calculated 

by Pearl stein (1981) for a rotating doubly-diffusive fluid. 



CHAPTER 2 

LINEAR STABILITY ANALYSIS 

In the triply-diffusive problem there are three stratifying 

agencies, whose different diffusivities are denoted by k-j , <2 and Kg. 

Here, ^ and Kg are the molecular diffusion coefficients for two of the 

diffusing chemical components, and k-j is the thermal diffusivity (for a 

nonisothermal ternary fluid) or the third molecular diffusivity coef

ficient {for a four component isothermal fluid). The problem considered 

by Griffiths (1979a) was one in which the density 

was taken to depend linearly on the stratifying agencies, where C^ and 

C3 are concentrations, C-j is a temperature or concentration, 

ated at the reference concentrations (and temperature) denoted by over-

bars. 

It can easily be shown that the full, three-dimensional linear 

stability analysis of a horizontally infinite layer can be restricted to 

a two-dimensional analysis, with a single horizontal wavenumber. A two-

dimensional Cartesian coordinate system is set up with vertical motion 

in the z-direction and horizontal motion in the x-direction. A hori

zontally infinite fluid layer occupies the region between z = 0 and 

z = L. The horizontal boundaries are stress-free and the concentrations 

p  =  p  [ 1  +  £ 6 ^  ( C . - C ^ ) ]  (1) 

are constants, and p is the density of the fluid evalu-

4 
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Cg, C3 arid the temperature (or concentration) are held at the constant 

values C^q and at z = 0 and z = L, respectively. The gradients, 

dC. 

~dz~ = ^CiL " Ci0^/L 

are taken as constants (linear profiles) and the Soret, Dufour and other 

off-diagonal contributions to the heat and mass fluxes are neglected. 

By scaling with L and k-j , the nondimensional parameters , x. and Pr 

(Rayleigh numbers, diffusivity ratios and Prandtl number, respectively) 

are defined by 

L 93j (C.| - C.Q) 
—— (1 - 1, 2, 3), 

1 VK 

Ki 

1 

(i = 1, 2, 3) Tj _ 
1 K-j 

and Pr = — . 
K1 

In the case of an isothermal, four component fluid, Pr is actually the 

Schmidt number for component 1. 

For the Boussinesq approximation, we treat p and p as constants 

except for p in the body force. Here we make the Boussinesq approxi

mation and take the density to depend on the C.'s according to (1). 

This reduces the equations of continuity, momentum, species diffusion 

and heat conduction to 

7 • u = 0, 



3U *| n 

^  +  ( u - v )  U = - - V p + ^ - £ + v V  u  
du ~ P P 

and 

3C. 
gl + u-v = iei v2 C. , (i = 1, 2, 3) . 

Thus, the linearized perturbation equations in dimensionless form are 

< P F T T - ' 2 >  ' 2 *  =  < 2 >  

and 

<W" Ti ?2> 0i = Ri f ( 1 - 1 . 2 . 3 )  (3) 

where the e.'s are nondimensional concentrations and ij* is a two-dimen

sional streamfunction, that upon differentiation gives the velocity 

u = (u, w) = (- !¥•,!£•). The boundary conditions appended to (2) and 
oZ dX 

(3) are 

2 
e = ^ = 14 = 0 at z = 0, 1 (i = 1,2, 3) 

dZ 

By operating on (2) with 

L6 * ^ 

and l e t t i n g  i | »  =  e o t + ^  ^ x X  s i n  m r z ,  w e  o b t a i n  
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{(•p^r + n2Tr2 + k2) ji la + x4(n27r2 + k2)]}(-n27r2 - k2) 
j=l 

o 3 3 2 2 2 
•k z R. n [c + r.(n it + k )] 

i=l 1 j=l 3 

3 

(4) 

where k is the magnitude of the horizontal wavevector J< = (k , 0), and 

n is the vertical wavenumber. 

2 2 2 Observing that = 1 and letting yp = n tt + k , this becomes 

= yn^p + yn^Pr + yn^ ^ a + yn - R 
a + y 

n 
2 a + r2yn " 3 a + x3yn * 

Setting a = iu and rearranging, we obtain 

Ri • 

3 2 
y: Pr - to y 

k2 Pr 

2 2 2 2 
IL _ R 

T2yn + U1 
R 

T3yn + W 

2 2 2, 2 " "3 2 2 , 2 To V + to T* y + ti) 2 Jn 3 Jn 

+ iojy 
n 

yn(Pr+1) (t2 - 1) (t3 - 1) 

k2 Pr 
- R 2 2 v2 . Z 

t2 yn + w 

- R 3  2  2 , 2  
T3 yn 

(5) 

which can be written as 

R-j = f-j (k jw »Pr »t2 » »R2»R^ »n) 

luyn^2^*w'''r'T2,T3'^2,^3sn^ 

where u is the frequency and f-j and f2 are real-valued functions of the 

indicated arguments. Equation (5) is used to find the critical 
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value(s) of R-j which must be real, by requiring either w = 0 or 

f 2 - 0 .  

The w = 0 case corresponds to steady onset with one temporal 

eigenvalue crossing the imaginary axis at a = 0, Thus» 

c Vn R9 
R l  = - T - T " T -  ( 6 )  

1 kr 2 3 

is the Rayleigh number above which the layer is unstable with respect 

to steady onset. To find the critical wavenumber corresponding to R^, 

we set the derivative of (6) with respect to k equal to zero, obtaining 

3R^ 3yJ;(2k) k2 - y^(2k) 

3k k4 

which, with y„ = n * + , implies k = — . Thus, the critical Ray-
n SZ 

leigh number for steady onset is 

• x of 4 Ro R<j 
Ds,crit _ 27tt 2 3 
R1 " 4 " t2 " t3 

where it is only necessary to consider n = 1. 

For oscillatory onset, tu is nonzero which requires f2 = 0 in 

(5), giving 

(Pr + l) „ ( t 2 ' 1 )  
r  

( l 3 - 1 1  _  
y"Vjr T| + 

= 0 . 

2 
This can be rewritten as a dispersion relation which is quadratic in to 
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yn(Pr + 1) + t»j2[y^(Pr + 1)(t^ + t2) + k2Pr{R2(l - t2) 

+ R3(l - t3>}] + y2Cy^(Pr + 1) TgTg + k2Pr{R2(l - t2) t2 

+ Rg(l - t3) T2>] = 0 (7) 

and can also be written as 

a(k2) + B(k2) to2 + y(k2) = 0 . (8) 

Equation (8) implies that if B(k2) < 0 and y(k2) > 0, then 

2 there may be two real positive values of u , which leads to the possi

bility of having the oscillatory onset at two different frequencies 

(and different critical Rayleigh numbers) at a given wavenumber. The 

necessary conditions for the existence of two frequencies are: 

0 < R3(l - T3)(t2 - T3) 

and 

0 < R2(l - T2)(t3 - T2) 

2 2 
which are found from the conditions &(k ) <0 and y(k ) > 0. 

To find the critical value(s) of R-j, we begin by rewriting the 

growth rate equation (4) as a polynomial in the complex growth rate o: 

yn(o + ynPr)(a + yn)[o2 + oyn(t2 + t3) + t2t3 y2] 

- k2Pr{R-|[a2 + oyn(t2 + t3) + t2t3 y2] + R2[a2 

+ ayn(l + t3) + t3 y2] + R3[a2 + ayn(l + t2) + t2 y2]} = 0 
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2 2 2 with yn = k + n 77 . We then set a = ito and separately equate the real 

and imaginary parts to zero to get 

- Ay;! f, - k2Pr(R, + f2)) + yJjPrtyj! f3 - k2[R,f3 + f4]) = 0 

and 
(9a) 

•*V„ f5 + »yn(yn
3 f6 - k2Pr(R,f7 + f8» - o Ob) 

where 

^1 = t2t3 + + *'^t2 + t3^ + 

f2 - r2 + R3 

f3 = t2t3 

f4 = R2t3 + R3T2 

f5 = Pr + 1 + t2 + t3 

fg = TgTgtPr + 1) + Pr(Tg + 

f7 = T2 + t3 

fg = Rgd + t3^ + R3^ + t2^ * 

On the oscillatory neutral curve, w vanishes only at the bifurcation 

points, so elsewhere (9b) can be divided by w to yield 

„ > . f *  -  f p ; ( R ^ + f * ' .  „ o )  
5 yn 

Substituting (10) into (9a), we obtain 

6 3 

^ f f 9  +  ̂ r  P r ^ f 1 0 R l  + f l l ^  +  P r 2 ^ R l f 7 + f 8 ^ R l f 1 2 + f 1 3 ^  =  0  

(11) 
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where 

f9 = f 6  "  f l f 5 f 6  +  P r  f 3 f 5  

-tl
 

o
 tl -2f

6
f7 + f5f6 + f-j V7 " f f2 

3 5 

fn = "2f6f8 + f2f5f6 + flf5f8 
- f f2 

4 5 

f 1 2  =  f 7 " f 5  

f 1 3  =  f8 * f2f5 * 

Equation (11) can be written as F,(k, R,) = 0, so that at the extremal 
8F1 values of R-j, = F-j = 0, which gives 

2 yj;(3k2 - y ) 3  2 ,  
—!L-5 2_ [2fg y3 + kZPr(f10Rn + f,,)] = 0 

Thus, the extremal values of R-j occur at 

3k2 - yn = 0 (12a) 
n 

or 

2fg + k2Pr(f10R., + f^) = 0 . (12b) 

For the first case, (12a) yields 

yn _ 27n4Ti4 

which is substituted into (11) to obtain 

.4_4 -joq«8_8 
'9 Pr2f7f12R?+ [Pr2'f7f13 + f8f12» +2ZTI- Pr flo] R1 +22TTL- fS 

4 4 
+ Hr-pr fll + Pr"Vl3 

27n tt pr f +Pr2fcf,0 = 0 . (13) 
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For fixed values of Tg» t^, R2, R3 and Pr, {13) is a quadratic in R.j 

which has zero, one, or two real solutions. For each solution, the 
p 

sign of w in (10) must be checked to see whether the frequency is real. 

Thus, there may be zero, one, or two physically meaningful extremal 

values of R-j on the oscillatory neutral curve for ^ = ~ (3k^ - yn = 0). 

In the other case, rearrangement of (12b), followed by substi

tution into (11) yields 

Rl'-4f7f9f12 " f10-' + Rl'-41Vf7fl3 + f8f12^ " 2f10fl 1 ̂  

+ 4Wl3 ' f?i = 0 ' (14) 

p 
Again, (14) may have zero, one, or two physically meaningful (w >.0) 

n tt 
extremal solutions at wavenumbers other than k = — . By defining 

f 

/2 

~pr(fioRl + fll* 
14 " 2fg 

we can rewrite (12b) as 

(n2ir2 + k2)3 - k2f14 = 0 (15) 

where n2u2 + k2 = y . It can be shown that (15) has only zero or two 

positive roots. Thus, for each physically meaningful value of R-j that 

satisfies (12b), there are two extrema on the oscillatory neutral curve 

with k f — . If there are two extrema (k ^ —) at one R, and two ex-
/2 ft 1 

trema at k = — , then it is easily shown that the oscillatory neutral 

curve is heart-shaped, a conclusion confirmed by numerical computation. 



CHAPTER 3 

NUMERICAL PROCEDURE 

Two numerical schemes were used in this work; one was used to 

find the neutral curves, while the other was used to determine the 

stability boundaries. 

For the neutral stability curves, the transport properties (Pr, 

Tg and t3) along with R2 and R3 were held fixed. There are three types 

of curves that could be found: (i) a stationary neutral curve with an 

oscillatory neutral curve connected at bifurcation points (see Chapter 4, 

Figures 10 and 11), (ii) a stationary neutral curve along with a 

closed oscillatory neutral curve (see Chapter 4, Figures 12-16), and 

(iii) a stationary neutral curve with no oscillatory neutral curve (see 

Chapter 4, Figure 17). The curves were determined by finding bifurcation 

points or points of infinite slope on the oscillatory curve. If no such 

points were found, then no oscillatory neutral curve can exist because 

such a curve must be either connected to the stationary neutral curve at 

bifurcation points or be closed and have points of infinite slope. Only 

the stationary neutral curve is drawn if there is no oscillatory neutral 

curve. If there were two bifurcation points and no points of infinite 

slope, then the stationary neutral curve is drawn and the oscillatory 

neutral curve need only be calculated for wavenumbers between the two 

bifurcation points. If there were points of infinite slope, then the 

oscillatory neutral curve is only calculated between these points 

13 
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regardless of bifurcation points as the wavenumbers at which points of 

infinite slope occur are always less than and greater than, respectively, 

the smaller and larger wavenumbers at which bifurcation occurs. 

In the calculation of stability boundaries, the transport pro

perties (Pr, Tgj T3) along with R2 or R3 were held fixed. The stability 

boundaries were plotted in the R^ - R3 or R-j - R2 planes. The station

ary stability boundary was found first by 

ps,crit _ 27A4 R2 R3 
1 " 4 - t2 * r3 

where n = 1. 

The stability boundary for the onset of oscillatory instability 

was found from the quadratic (13) having solutions 

0  -g2  ±/gj£ - 4g!g3 

rl± = 29l '1 

2 where g-| = Pr fyf^ 

n  2 r ,  ,  *  *  \  ,  2 7  A 4  Pr f1n g2 = Pr (f?f13 + f8f12) + 10 

729n8tr8fQ 27A4 Pr fn ? 
g3 = ^ ^ + Pr fgf13 . 

This result is only valid if c/ (calculated from (10)) is non-negative. 

If the oscillatory neutral curve has extrema at two wavenumbers where 

kl* ^2* "v w2 are rea^» then ri can •fr°und from ho)- if 

~pr(fiori + fll^ . 27a4 

2fg 4 

then the oscillatory neutral curve is heart-shaped. 
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In all of the results that follow, the value of the vertical 

wavenumber n is set to 1 for the oscillatory neutral curves. Although 

the validity of this assumption has not been established conclusively 

for the triply-diffusive case, it has been proved that consideration of 

n = 1 is sufficient for the Benard problem (Chandrasekhar, 1961), the 

rotating Benard problem (Chandrasekhar, 1961), and the doubly-diffusive 

case (Baines and Gill, 1969). Also, for the rotating doubly-diffusive 

case {Pearlstein, 1981), exhaustive numerical work proved that n = 1 

was the only relevant case for all parameter values examined. 



CHAPTER 4 

RESULTS 

Certain triply-diffusive systems exhibit behavior not seen in 

singly- or doubly-diffusive systems. One example, discussed later in 

this section, is that of a triply-diffusive layer that requires three 

critical Rayleigh numbers to specify its stability properties. For 

other parameter values, not only are three critical Rayleigh numbers 

required to specify the linear stability criteria, but also the oscil

latory neutral curve is heart-shaped. These two results have important 

consequences and will be discussed in this section. 

In previous work done on the triply-diffusive problem, Griffiths 

(1979a) only describes stability boundaries which require a single 

critical value of R-j to determine linear stability or instability when 

the transport properties and R2 and R^ are fixed. He overlooked the 

cases for which three critical values of R-| are needed and also the 

existence of closed, disconnected, heart-shaped oscillatory neutral 

curves. 

The case where the fluid layer's transport properties are set 

at Pr = 10.2, x2 = 0.22, and t3 = 0.21 gives rise to an interesting 

phenomenon. Figure 1 shows the stability boundary as a function 

of R2 for fixed R3 = 814.1119. This boundary can be examined separately 

in three regions of R2. The first region is the range of simple oscil

latory onset, which, for these values of Pr, t2, and R^, occur for 

16 
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Figure 1. Stability boundary for R^ri'^ as a function of Rg for fixed 

R3. R3 = 814.1119, Pr = 10.2, t2 = 0.22 and x3 = 0.21. 
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R2 < -944.55. Here, oscillatory instability sets in at a lower value 

of R-j than does stationary instability. The third region is the range 

of steady onset, R2 > -943.15. In this region, the onset of motion oc

curs via a stationary instability. The second (middle) region is the 

most interesting and is shown enlarged in Figure 2. It is seen that the 

stationary and simple oscillatory portions of the stability boundary do 

not merely intersect, but instead give rise to a multivalued 

^crit _ Clirve in region 2. For -944.55 < R2 < -943.15, it is clear 

that three critical values of R-j are needed to specify the linear sta

bility criteria. Thus, in this range of R2, as R^ is increased from 

stable values below the lowest branch R-j -j of the stability boundary, 

the layer becomes unstable, regains its stability (on a linear basis) 

upon crossing branch R^ 2, and finally becomes unstable again above the 

(upper) steady onset branch. 

Moreover, the stability boundary in Figure 2 is qualitatively 

different from the multivalued R^nt - R2 stability boundaries found in 

the rotating doubly-diffusive case (Pearlstein, 1981) in the following 

respect. In the rotating doubly-diffusive problem, multivalued stability 

boundaries correspond either to three values of R^nt for a given R2 or 

three values of R2 for a given R-j. In no case were both Rayleigh num

bers multivalued functions of each other. In the triply-diffusive case, 

however, such a situation does occur. This would seem to be of consid

erable interest from the standpoint of unusual hysteretic behavior. 
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Figures 3 and 4 show R-j - R2 stability boundaries for Rg equal to 

800.0 and 830.0, respectively. These stability boundaries do not have 

the multivaluedness for the critical values of R.| as did the case in 

Figure 2. This shows that the range for multiple critical values is not 

only narrow for R 2 ,  but also for Rg.  

Figures 5 through 8 show R-j - Rg stability boundaries for var

ious fixed values of R2 and the same values of Pr, t2 and Tg. Figures 6 

and 8, which enlarge'the most interesting portions of Figures 5 and 7 

respectively, show that in these cases, three critical values of R-j are 

needed to specify the linear stability criteria for some finite range 

of Rg.  

Figures 9 through 17 show the evolution of neutral stability 

curves for the same transport properties (Pr = 10.2, t2 = 0.22 and 

t3 = 0.21). Here, Rg has been fixed at 814.1119 and R2 is varied. 

Figures 9 through 11 show that the oscillatory neutral curve is' connected 

to the stationary neutral curve at two bifurcation points which move 

closer together as R2 is increased, as is the case in the doubly-

diffusive case with (Pearlstein, 1981) and without (Baines and Gill, 

1969) rotation. The oscillatory neutral curve loses its singlevalued 

character (Figure 11), which has no physical significance because the 

single critical R^ remains at the minimum of the oscillatory neutral 

curve. Between Figures 11 and 12, the bifurcation points move together 

and coalesce, resulting in the formation of a closed, heartnshaped 

oscillatory neutral curve which becomes disconnected from the stationary 

curve. 
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In Figures 13 and 14, the twin maxima (R° vs. k) of the closed, 

heart-shaped, disconnected, oscillatory neutral curve move below the 

minimum of the stationary neutral curve. The significance of the heart-

shaped neutral curve in Figure 14 is twofold. First, as in the rotating 

doubly-diffusive case (Pearlstein, 1981), three critical values of R-j 

are needed to specify the stability criteria. Second, as R^ is decreased 

below the minimum on the stationary neutral curve and approaches the 

twin maxima on the oscillatory neutral curve, the onset of oscillatory 

instability occurs at two different wavenumbers and, as discussed later, 

at two different frequencies, at the same value of R-j. As Rg is changed 

in Figures 14 through 16, the closed oscillatory neutral curve loses its 

heart-shapedness and becomes a closed convex curve. Three critical 

values of R-j are still required, however. In Figures 16 and 17, the 

closed oscillatory neutral curve collapses to a point and disappears, 

leaving only the stationary neutral curve. 

Figure 18 is a schematic description of how the critical 

value(s) of the Rayleigh number R-j and the critical wavenumber kc change 

as Rg is varied. The transport properties discussed above were used to 

produce the schematic. The lower curve from A to B shows the lowest 

point on the oscillatory neutral curve, which, in this range of R2, is 

still connected to the stationary neutral curve at the two bifurcation 

points. Points E, G and F occur at the value of Rg for which the twin 

maxima of the heart-shaped oscillatory neutral curve are at the same value 

of R-j as the minimum of the stationary neutral curve. The curves from 

E to D and from F to D correspond to the maxima of the heart-shaped 
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oscillatory neutral curve which approach each other and coalesce at D, 

yielding a closed convex oscillatory neutral curve. The point C is 

where the oscillatory neutral curve collapses to a point and, as R2 is 

increased, ceases to exist. The ray beginning at G and passing through 

H corresponds to the minimum of the stationary neutral curve on the 

semi-infinite range of R2 for which stationary onset can occur. An ex

ample of the cross-section at the plane P is shown in Figure 14. 

A graph of the onset frequency for the range of R2 in which 

three critical values of R-j are required is shown in Figure 19. Point 

B, at the right, is the onset frequency at the value of R2 at which the 

disconnected oscillatory neutral curve collapses to a point. The curve 

from B to A is the onset frequency that occurs at the minimum of the 

oscillatory neutral curve. The curve from B to E is the onset frequency 

at the maximum of the closed, convex oscillatory neutral curve found in 

this region. At point E, the closed convex oscillatory neutral curve 

flattens out at the top and then becomes heart-shaped as R2 is decreased. 

The curves from E to C and E to D correspond to the onset frequencies 

at the twin maxima of the heart-shaped neutral curve. The points C and 

D line up at the value of R2 where the twin maxima of the heart-shaped 

neutral curve move above the minimum of the stationary neutral curve, 

thus leaving only one onset frequency at the minimum of the oscillatory 

neutral curve, corresponding to the branch BA. 

Another interesting triply-diffusive case occurs when the trans

port properties are set at Pr = 2.0, t2 = 2.0 and Tg = 0.6666, with R2 

set at R2 = 7874. Figures 20 and 21 show the oscillatory neutral curve, 
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Figure 21. Oscillatory neutral curve with two bifurcation points. 
R2 = 7874.0, R3 = 1300.0, Pr = 2.0, = 2.0 and 

Tg = 0.66666. X = bifurcation point. 
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at each wavenumber lying below the stationary neutral curve, to which it 

is attached at two bifurcation points which are moving toward each other 

as Rg increases. When Rg is increased further (Figure 22) for the 

present values of Pr, r2> Tg and Rg, the two bifurcation points coalesce 

and part of the closed oscillatory neutral curve lies above the station

ary neutral curve. In Figures 22 through 25, the upper branch of the 

oscillatory neutral curve closely follows the stationary neutral curve 

and remains largely above it. As Rg is increased in Figures 26 and 27, 

the oscillatory neutral curve loses its heart-shapedness and becomes a 

closed convex curve; part of it remains above the stationary neutral 

curve. In Figures 28 through 31, the oscillatory curve moves below the 

minimum of the stationary curve, so that three critical values of R-j are 

now needed. If Rg is increased further, the oscillatory neutral curve 

collapses to a point and disappears. 

In the next case examined, the transport properties were set at 

Pr = 7.0, t2 = 0.011, and Tg = 0.003. Stability boundaries were exam

ined for a wide range of Rg and Rg. Figure 32 shows the stability 

boundary when Rg is set at Rg = -10^ and Rg is set at values varying 

from -5 x 105 to 5 x 105. The left-most segment of the stability 

boundary (Rg < 8 x 10^) has a slope of approximately -0.876. In the 

second region, the slope changes smoothly from -0.876 to -71.6 as Rg is 
4 4 ~ increased to approximately 1.1 x 10 . The third region (1.1 x 10 < Rg 

< 1.355 x 105) has a slope of approximately -71.6 throughout. The first 

three segments of the stability boundary correspond to onset at the 

minimum of the oscillatory neutral curve and the fourth segment, 
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Figure 22. Oscillatory neutral curve with no bifurcation points. The 
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Figure 23. Closed, heart-shaped oscillatory neutral curve. 
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Figure 24. Closed, heart-shaped oscillatory neutral curve. Rg = 7874.0, 

Rg = 1350.0, Pr = 2.0, Tg = 2.0 and tg = 0.66666. 
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Figure 25. Closed, heart-shaped oscillatory neutral curve. R2 

R3 = 1400.0, Pr = 2.0, t^ ~ 2*0 and tg = 0.66666. 
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Figure 26. Closed, flattened heart-shaped oscillatory neutral curve. 
R2 = 7874.0, R3 = 1700.0, Pr = 2.0, t2 = 2.0 and 

Tg = 0.66666. 
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Figure 27. Closed, convex oscillatory neutral curve. R2 = 7874.0, 

Rg = 1850.0, Pr = 2.0, tg = 2.0 and = 0.66666. 
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Figure 28. Closed, convex oscillatory neutral curve. Rg = 7874.0, 
R3 = 1900.0, Pr = 2.0, x2 = 2.0 and x3 = 0.66666. 
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Figure 30. Disconnected, closed, convex oscillatory neutral curve. 
R2 = 7874.0, R3 = 2300.0, Pr = 2.0, t2 = 2.0 and 

tg = 0.66666. 
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Figure 31. Disconnected, closed, convex oscillatory neutral curve 
R2 = 7874.0, R3 = 2500.0, Pr = 2.0, t2 = 2.0 and 

Tg = 0.66666. 
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(Rg > 1.355 x 105), is for onset at the minimum of the stationary neu

tral curve. This last region begins with a sharp change in slope at 
5 Rg = 1.355 x 10 , where the two bifurcation points of the oscillatory 

neutral curve coalesce on the stationary neutral curve, and the oscil

latory neutral curve vanishes. The smooth change in slope, between the 

4 first two segments, occurs around Rg = 10 , which is of the same order 
5 of magnitude but of opposite sign as Rg. Changing Rg to -10 , we find 

5 that the smooth change in slope occurs around R2 = 10 , which is again 

of the same order of magnitude but of opposite sign as R^. The neutral 

curves, both oscillatory and stationary, have their minimum values at 

the wavenumber k = — ; and, where it still exists, the oscillatory 
/I 

curve is connected to the stationary curve at two bifurcation points. 

For the first case where R^ = -lo\ the frequency of the oscillations 
4 decreases at a faster rate as Rg is increased until Rg = 1.008 x 10 , 

where the frequency begins to decrease at a slower rate (see Figure 33). 
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CHAPTER 5 

CONCLUSIONS 

The triply-diffusive fluid layer can exhibit some interesting 

results that would not be expected from intuition based on the Benard 

or doubly-diffusive problems. One result is the necessity for three 

critical values of R-j to specify stability criteria; another is the 

existence of heart-shaped oscillatory neutral curves. These results were 

overlooked by Griffiths (1979a) because the range in which they occur 

is small and also because he did not sufficiently investigate the dis

persion relation 

a(k^) 03^ + p(k^) + v(k2) = 0 . (8) 

2 This equation shows that under the right conditions [e(k ) < 0 and 
p 

y(k ) > 0), there may be two frequencies and, hence, two different 

critical values of R° at a given wavenumber which, along with the criti

cal value of R-j associated with the stationary instability, give a total 

of three critical values of R-| which may be needed to specify linear 

stability criteria. These results show the importance of checking the 

neutral curves of multicomponent systems very carefully. 

In a second case examined, it was found that the heart-shaped 

oscillatory neutral curve can detach and move above the stationary neu

tral curve before changing into a closed convex curve. 
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Another set of transport properties discussed constitutes the 

case where the stability boundaries have three distinct, virtually con

stant slopes. The first segment has a relatively flat slope which im

plies that R-j is relatively insensitive to changes in R2 in this region. 

In this region, the frequency is high and is dropping at an increasing 

rate. The change in slope occurs near R2 = -R3, which is also where the 

frequency becomes low and continues to decline, but at a decreasing rate. 

This work assumes the mode number, n = 1, is always the critical 

one, but one should note that the validity of this has not been proved. 
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