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ABSTRACT 

This investigation focuses on the stability limit 

of single-story, single-bay portal frames with elastic end 

restraints when subjected to either symmetrical gravity 

distributed loading or equivalent concentrated loads over 

the columns; i.e. simplified loading condition. The non

linear load-deformation behavior of such frames is defined 

in terms of slope-deflection equations which include the 

influence of axial force on member flexural stiffness. 

The stability limit of the frames subjected to distributed 

gravity loading is determined from quasi-static incremental 

load analyses since the equilibrium configuration from 

which buckling takes place is not known in advance. The 

results indicated that the stability analysis method employ

ing load simplification leads to erroneous results for 

frames with height-to-span ratio less than 1. Moreover, 

it is possible for a frame to buckle symmetrically without 

being restrained against lateral displacement. The results 

also indicated that a relatively small rotational restraint 

is sufficient to increase the frame buckling strength to 

almost 85% that of a fixed-based frame. 
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CHAPTER 1 

INTRODUCTION 

Recent advances in structural technology have 

required greater accuracy in the analysis of structural 

systems. The need for greater accuracy in methods of 

analysis stems from the need for demonstrating structural 

safety consistent with economy. 

Consequently, comprehensive accurate methods of 

analysis had to be developed since conventional methods, 

although satisfactory in some cases, have been found in

adequate as they often neglect the effect of certain param

eters for simplicity. In the case of unbraced rectangular 

portal frames, recent design requirements have led to 

investigations of factors influencing the overall stability 

of such frames. 

The analysis of a structural frame is often accom

plished in two phases. First, the force distribution in 

the frame subjected to a specified applied load is deter

mined by a conventional first-order analysis method such as 

moment distribution or slope-deflection. Such analyses are 

termed first-order because the equilibrium equations are 

based on the undeformed frame geometry (i.e., the effects 

1 
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of deformations on the equilibrium equations are neglected) 

and because the load-deformation relationships are con

sidered linear. 

The second phase of the analysis involves an 

examination of the overall stability of the frame as well 

as that of its components. The essential feature in a 

stability analysis, often termed second-order analysis, is 

that the equilibrium equations must be formulated with 

reference to the deformed geometry, which is not known in 

advance, hence, accounting for second-order geometric ef

fects introduced by the change in frame geometry during 

loading. Moreover, the load-deformation relationships 

employed take into account the influence of axial force 

on member flexural stiffness. 

Current design practice is to evaluate the buckling 

load of a frame, loaded as shown in Figure la, after replac

ing the distributed load by two equivalent concentrated 

loads on top of the columns, Figure lb. This leads to a 

great deal of simplification in solving the stability prob

lem and intuitively seems to yield results of acceptable 

degree of accuracy. 

Nonetheless, it should be recognized that there is 

a basic difference between both the simplified and the 

original problem. For the original problem, the frame mem

bers are subjected to a combination of bending moments and 
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Figure 1. Frame typical loading and current design 
practice loading approximation 



axial forces and the analysis requires that one solve a 

nonlinear boundary value problem to determine the equilibri 

um configuration from which buckling occurs. In the simpli 

fied loading case, however, only axial forces are present 

in the frame members at the instant of buckling and the 

equilibrium configuration, namely, the undeformed configura 

tion, from which buckling occurs is therefore known. 

It is generally believed that a frame will possess 

adequate strength when the design is based on conventional 

first-order analysis methods and current design specifica

tion. The methods allow for such simplification provided 

that the effective column length factor, K, is employed, 

the notion being that the effective length factor K will 

account for the frame overall stability [1,2]. The fact 

is, however, that the effective length factor which takes 

into account the influence of axial force on the member rota 

tional stiffness considering idealized support conditions 

fails to consider the support level of fixity as well as 

the change in member geometry during loading. The subject 

of effective length factor design limitations has been 

investigated by others [2,3] who concluded that it is not 

always possible to satisfy overall frame as well as member 

stability using the K-factor nor does it provide for an 

accurate representation of the support conditions. 
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The support level of fixity significantly 

influences the buckling capacity of a structural frame. 

The buckling strength of a pin-supported rigid frame is 

considerably lower than that of an identical fixed support

ed frame; however, it is practically impossible to attain 

either a fully pinned or a fully fixed end support condi

tion in construction. In reality, the column bases provide 

restraint that is intermediate between the two extremes 

depending on the details used in the design and construc

tion of the supports. 

In American practice, pinned column bases are 

specified in the design for most portal frames because the 

construction of suitable foundations for fixed bases usual

ly increases the overall cost. In European practice, how

ever, use is made of the fact that fixed-base frames have 

4 to 5 times the buckling strength of pinned-base frames 

[4,5]. Hence, fixed-base frames are usually specified, 

sometimes at no small expense to the builder. 

The purpose of this investigation is, therefore, 

two fold. First, it is to examine the influence of par

tial end restraints on the buckling strength, of single-

story, single-bay rectangular frames using a method of 

analysis that accounts for the frame nonlinear pre-buckling 

deformations. Second, it is to propose some fundamental 



formulation for the possible modification of design 

specifications, however, consistent with safety and 

economy. 



CHAPTER 2 

HISTORICAL AND LITERATURE REVIEW 

The subject of stability of structural frames is 

best introduced by a brief historical and literature 

review. 

Historically, the first qualitative remarks on 

stability were given by Erone of Alexandria (75 B.C.) [6]. 

Similar descriptions of buckled columns also were found in 

several Leonardo da Vinci (1452-1519) drawings. P. Van 

Musschenbroek's (1693-1761) studies, on the other hand, 

are less well known; however, he determined an empirical 

formula, through systematic experiments on columns, v/hich 

shows that the column critical load is inversely propor

tional to the square of the length [6]. 

D. Bernoulli's (1700-1782) studies on the elastic 

line inspired L. Euler's (1707-1783) research which led to 

the famous column critical load formula 

N (cr) = ̂  
jr 

in which he first defined B as "absolute elasticity" then 

as "stiffness moment," and finally as "bending stiffness 

EI." 
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Previous studies concerned with stability of portal 

frames have concentrated on the buckling strength of such 

frames when subjected to combined lateral and gravity loads. 

The investigations showed that there exists a class of in

herently stiff frames that can be proportioned on the basis 

of first-order analysis. Studies of commonly encountered 

portal frames under the action of increasing gravity loads 

alone have not received the same amount of attention. 

In 1960, T. V. Galambos investigated the effect of 

partial end restraints on the buckling strength of portal 

frames of common proportions [4,5]. His study, however, 

was based on a simplified loading condition whereby a 

distributed uniform gravity load is replaced by equivalent 

concentrated loads over the columns. Consequently, non

linear pre-buckling deformations were not accounted for 

since the only possible pre-buckling equilibrium configura

tion is the undeformed configuration. 

In 1978, J. Iffland looked at modifying the effec

tive length factor,K , to account for column end base 

conditions [8], His study provides a practical approximate 

procedure for determining the equivalent stiffness of a 

footing and a base plate considering variable soil condi

tions. Iffland determined that the restraining influence 

of a foundation like a flat-ended column base plate, even 

when the foundations are designed only for vertical loads, 
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can be very substantial. This constitutes a new 

improvement upon the current design practice described by 

L. Tall [9] in the following: 

Columns of rigid frames may be designed as 
rotationally restrained (fixed) or rotationally 
free (hinged). Pin-connected bases are rarely 
required; instead a flat base plate with a 
single line of anchor bolts on the neutral axis 
of the column is common, and is usually consid
ered to act as a hinge. 

Finally, a review of the Handbook of Structural 

Stability [10J, a reference of all studies up through 1971 

related to the subject of structural stability, revealed 

that no study has exclusively considered the effect of the 

nonlinear pre-buckling deformation behavior in conjunction 

with the influence of partial end restraints on the frame 

buckling strength. 



CHAPTER 3 

THEORY 

Structural frames load-deformation behavior, and 

therefore stability limit, is influenced by several non

linear factors which are generally grouped on the basis of 

geometry, material, and loading. However, of primary 

importance herein are two nonlinear geometrical effects 

that should be included in any reliable method of frame 

stability analysis: 

1. The influence of axial forces on members bending 

stiffness. 

2. The effect of horizontal joint displacement on the 

bending moments and forces, commonly called the 

P-Delta effect. 

The problem of frame instability is directly relat

ed to the frame total stiffness; rotational and shearing 

stiffness. Compressive axial forces reduce the frame mem

bers' rotational stiffnesses whereas the presence of 

horizontal joint displacement influences the frame shear

ing stiffness. Consequently, as the applied loads are in

creased both the rotational and shearing stiffnesses 

10 



decrease and at some load, the structure reaches zero 

overall stiffness and becomes unstable [8]. 

The single-story, single-bay rectangular frames 

examined in this investigation, Figures 2a and 2b, are sub

jected to symmetrical vertical loading only, hence, no 

horizontal joint displacement exists prior to buckling. 

According to the American Institute of Steel Construction 

specifications [11], the basis for maximum strength deter

mination for one-story frames is a routine plastic analysis 

procedure and an overall frame stability analysis under 

factored gravity loads. For frames of such geometry and 

loading, there exists two possible modes of buckling: 

1. Symmetrical buckling mode (snap-through), 

Figure 3a. 

2. Antisymmetrical buckling mode (sidesway), 

Figure 3d. 

In the first mode, the frame maintains a symmetri

cal deformation configuration before and after buckling. 

Typical load-deformation curves for this mode of behavior 

are shown in Figures 4a and 4b. Moreover, the frame ex

periences large changes in geometry at the instant of 

buckling and buckles precipitously by snap through. In 

the second mode, however, the structure initially follows 

its primary path of deformation, curve OA in Figures 4a 
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Figure 4. Frame load-deformation behavior 
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and 4b, until a certain load is reached at which bifurcation 

of equilibrium occurs; that is, two adjacent equilibrium 

configurations are theoretically possible. 

An equilibrium configuration is stable if the 

structure tends to return to that configuration after a 

small disturbance is applied and then removed. An unstable 

configuration is one to which the structure does not tend 

to return after the disturbance is removed. Subsequently, 

at the bifurcation point, lateral deformation may occur and 

the deformation configuration suddenly changes to a differ

ent pattern, Figure 4b, i.e., the frames goes from a sym

metrical to an antisymmetrical deformation configuration 

at the bifurcation load. 

Buckling does not mean that the frame has neces

sarily collapsed. The slope of the post-buckling branch in 

the load-deformation curve determines the nature of the 

equilibrium configuration beyond the bifurcation point. A 

post buckling equilibrium configuration is either stable, 

characterized by a positive slope on the load-deformation 

curve, or unstable, represented by a negative slope. A 

positive slope characterizes a frame with post buckling 

strength; the frame can carry a load greater than the 

critical load without collapse. A negative slope, on the 

other hand, characterizes a frame with no post-buckling 

strength. This study considers the evaluation of the 
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critical load and its corresponding buckling mode with no 

regard to the post-buckling behavior. 

Frame behavior is characterized by the relation

ship between the applied loads, as they vary during the 

loading history, and the resulting deformations. Thus, 

structural frames can be classified into two types (for 

stability analysis purposes) depending on the type of ap

plied loading and on frame geometry. 

Type I: Geometry of the frame and loading is 

such that the undeformed configuration is 

always an equilibrium configuration. 

The frame in Figure 2a has no transverse load 

acting between the ends of the horizontal member, hence, 

the members experience no deformation prior to buckling 

and the undeformed configuration is always an equilibrium 

configuration. 

Type II: Geometry and loads are such that the 

undeformed geometry is an equilibrium posi

tion only for special loadings (i.e., case 

of no loading). 

The frame in Figure 2b has the same geometry as 

that of Figure 2a. The presence of the uniformly distrib

uted luad induces pre-buckling deformations in the horizon

tal member which are transfered to the vertical members by 
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virtue of the compatibility requirements. When the 

applied loads reach a critical value, the frame buckles 

in one of the two possible modes described previously. The 

equilibrium configuration from which buckling takes place 

is not known in advance since the frame deformations are a 

function of the applied forces and the member rotational 

stiffnesses which also are influenced by member axial forces 

which in turn varies with the applied loads. Thus, to 

evaluate the buckling load, the deformations must first be 

determined and to calculate the deformations, the axial 

loads must be known; it is a coupled problem. 

The main difference in stability analysis between 

Type I and Type II frames is the geometry of the critical 

state of equilibrium. In Type I frames, the critical 

equilibrium configuration is always the undeformed con

figuration and calculations of the buckling load is a 

relatively simple task. In Type II frames, however, the 

critical equilibrium configuration is dependent on the 

magnitude of the applied loads and is not known prior to 

the occurrence of instability. Accurate frame stability 

analysis and the evaluation of the frame buckling loads 

requires the solution of a very complicated set of govern

ing equations. However, for ease of analysis, the practice 

is to approximate a Type II frame as a Type I frame by 

lumping the distributed load into two concentrated loads 
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acting on top of the columns for which the frame 

experiences no pre-buckling deformations. 

Such simplification results in an approximation of 

the critical load since it neglects to account for the 

frame nonlinear pre-buckling deformation. Implicit in this 

approach is the assumption or claim that the calculated 

critical load will be sufficiently accurate. However, few 

analyses exist to back up the claim and, for the problem 

at hand, no analyses have yet been performed to justify 

the approximate approach. 

Hence, the questions of interest become: 

To what extent do the pre-buckling deformations 

influence the frame critical load and mode of 

buckling? 

For what conditions can the approximate method be 

expected to produce satisfactory results? 

How does the partial end restraints affect the 

variation of the frame buckling load? 

Detailed stability analyses are required to study 

frame behavior, and hence to evaluate ratios of physical 

properties; i.e., spans and moments of inertia, for which 

the approximate analysis is applicable. The stability 

equations involved in such analyses are derived from the 
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following equations which represent the basic ingredients 

for all methods of structural analysis: 

1. Compatibility conditions (geometric or forced 

boundary conditions). 

2. Force-displacement relationships (i.e., slope-

deflection equations). 

3. Joint and member equilibrium equations (based on 

the deformed configuration). 

In Type I frames, the stability equations can be 

easily formulated from the above relations. In Type II 

frames, the formulation is more involved since the critical 

equilibrium configuration must first be determined in order 

to evaluate its corresponding critical load and one has to 

resort to another solution approach. 

An effective solution method involves an incre

mental loading procedure in which the stability of the 

equilibrium configuration is studied at every load level. 

An evaluation of the frame deformations at any load level 

must first be accomplished before the stability of the 

equilibrium configuration is tested. The incremental 

analysis is often termed quasi static. The terminology 

follows from the fact that in such an analysis the equa

tions of equilibrium are viewed as equations of motion 
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with inertia terms neglected and time considered as a 

parameter that measures the progress of loads. 

In quasi static deformation, the question for deter

mining the stability of equilibrium becomes: For what load 

if any, can the frame remain in equilibrium in the current 

configuration or undergo a nonzero rate of displacement 

from that configuration with zero rate of loading? 



CHAPTER 4 

INVESTIGATION 

The analyses herein are limited to single-story, 

single bay, rectangular frames with loads and dimensions as 

shown in Figure 5. The theory, however, is applicable to 

other types of frames and load cases. Ideally, it is desir

able to perform stability analyses that take into account 

all possible factors influencing the frame load-deformation 

behavior. However, such is not practical and certain sim

plifications apt to be introduced: 

1. Small deflection theory. 

2. Straight members; no initial curvature. 

3. Linear elastic behavior. 

4. No residual stresses. 

5. Members are inextensional; the effect of member 

axial deformation is small and therefore neglected. 

6. Rigid beam-column joints. 

7. Concentrated loads are concentric to the columns. 

8. Conservative system. 

9. Linear elastic torsional support restraints. 

10. Static nonrepetitive loads. 

11. Shearing deformations are neglected. 

21 
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The following are the frame variable physical 

parameters: 

A. Moments of inertia; beam and columns. 

B. Column height and beam width. 

C. Support fixity (stiffness). 

To keep the study within reasonable limits, the 

frame parameters will be restricted to ranges considered 

to be practical for most design applications, Table 1. 

The selected frames are of such proportions so to represent 

the behavior of common single-story building frames [7,10]. 

The analyses herein are based on the following symmetrical 

vertical loading cases: 

1. Concentrated loads only over the columns. 

2. Uniform distributed load only. 

3. Combination of concentrated and uniform loads. 

A frame subjected to load case 1 (whether it is 

actual loading or load approximation) is classified as a 

Type I frame, whereas a frame loaded by case 2 or 3 loading 

is classified as a Type II frame. In Type II frames, the 

concentrated loads, if present, are applied first and then 

followed by the gradual application of the distributed 

load until the buckling load is reached. This is done to 

represent the frame nonlinear load-deformation curve, i.e., 
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Table 1. Matrix of frames selected for analysis 

V1! 

a\ X 0, ,5 1.0 1.5 2.0 

0.5 1 .0 0.5 0.33 0.25 

1.0 2, .0 1.0 0.67 0.5 

1.5 3. .0 1.5 1.0 0.75 

2.0 - - 2.0 1.33 1.0 

2.5 - - 2.5 1.67 1.25 

3.0 - -- - 3.0 2.0 1.5 

3.5 - -- - 2.33 1.75 

X = h/£ 

I2h 
a = 

The support spring stiffness 3 varies from 0 to ® where 

3 = 0 is a pinned-supported frame 

3 = 00 is a fixed-supported frame 
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approximate the nonlinear curve by a series of small 

straight line segments. 

The analysis assumes that the frame is braced 

against out-of-plane buckling. It is foreseen that exces

sive deformation may cause the beam to be in tension. The 

frames under study, however, are of proportions that such 

behavior is not very likely. The derived equations there

fore will be set up to carry out the analysis for the condi

tion in which all members are subjected to compressive 

axial forces in addition to bending. 

The stability analysis presented in this investiga

tion requires the development of a computer program in 

order to handle the arithmetic and to allow for a suffi

cient number of frames to be analyzed. The program is 

based on the Newton-Raphson solution algorithm [12], which 

accounts for the load-deformation nonlinearity and allows 

for an accurate evaluation of the buckling load. Since 

the stability equations are well behaved, a rapid con

vergence to the correct solution is expected, provided a 

"good" load increment is selected. 



CHAPTER 5 

DISCUSSION OF ANALYSIS 

In Type II frames, the load-deformation 

relationship, defined in terms of the slope-deflection 

equations, constitutes the basic ingredient in the stabil

ity analysis. Slope-deflection equations relate the defor

mations of a member to the forces producing them and 

include the influence of axial force on the rotational 

stiffness coefficients. The other two ingredients of 

frame analysis are the principles of compatibility and 

equilibrium. Compatibility ensures that the various geo

metric restraints at the ends of any member are satisfied, 

and equilibrium requires that the internal and external 

forces balance everywhere in the frame. 

In the analysis, qo represents the uniformly dis

tributed applied load, N represents the concentrated load 

applied at the tops of the columns, and Q is a lateral 

load as shown in Figure 5. 

The symbol p herein designates the member chord 

rotation; g is the support spring stiffness; E is young's 

modulus; I is the moment of inertia; 0 is the angle of 

rotation; I is the bay width; and h is the frame height. 

26 
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•Joint and chord rotations in addition to end moments are 

positive in the clockwise sense. Axial forces, and P2, 

are positive if the member is in compression. 

Compatibility conditions and equilibrium equations 

in stability analysis must be formulated with reference to 

the frame deformed geometry. Following are the frame 

boundary conditions, Figures 6 and 7, that must be satis

fied throughout the frame loading history: 

012 = 01 

043 = 04 

021 = 023 = 62 

032 = e34 = 03 

p l  =  p
3  =  p  =  A / h  

P2 = 0 

Mi2 = -e ei 

m43 = -3 e4 

and 

MF12 = ^F21 = ^F34 = ^43 = 0 

where ^p21' ̂ F34' anc* ̂ F43 are ^xec^ enc* moments due 

to loads between the ends of a member. 

Substituting the proper boundary conditions in 

the slope-deflection equations results in the following: 
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m23 m32 

? {joxiiErn||( 
P| V23 

"21 

Figure 6. Member forces and moments 



Mg, *23 

Joint No. 2 

M 32 V 

M34^^-

P3 

Joint No.3 

r 
p* 

21 

Joint No. Joint No. 4 

Figure 7. Joint forces and moments 
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EI1 
M12 = [c1e1 + - (CJL + S1)p] (1) 

EI1 
m21 = [c102 + S1e1 - (Cx + s1)p] (2) 

e i 9  

M 23 =  - r  C c 2 0 2 +  s 2 e 3 ]  +  M F23 ( 3 > 

EI ,  

M 32 =  ~T~ ' - C 2 0 3 +  S 2 0 2- '  +  ̂ 32 ^  

EI 
M 

-  Tr  [ C 3 6 3 +  s 3 e 4 -  < C 3 +  S 3 > p ]  ( 5 )  34 

EI 
M, i  [C 3 0 4  + S 3 0 3  -  (C 3  + S3)p] (6 )  
43 h 

In the above equations, the member rotational 

stiffness coefficients, designated by C and S, are func

tions of the member axial force. Equations for the 

evaluation of the coefficients are given elsewhere (equa

tions 27-28) in this report. 

Principles of statics dictate that the frame 

joints and members must satisfy the condition of force 

equilibrium. The joint forces shown in Figure 6 repre

sent the horizontal and vertical components of the in

ternal forces in the frame members. The pertinent 

equilibrium equations for the members, therefore are: 

Member 12: 

M12 + M21 + Plhp " hV21 = 0 (7) 



31 

Member 34: 

M43 + M34 + P3hp " hV34 = 0 <8> 

Member 23: 

q a2 
M23 + M32 + £V32 + = 0 (9) 

q £2 J 

M23 + M32 + £V23 - -V- = 0 (10) 

The joint equilibrium equations as shown in 

Figure 7 are: 

Joint 2: 

M21 + M23 = 0 (11) 

Q + V21 - p2 = 0 <12) 

N - Px + v23 = ° (13) 

Joint 3: 

M32 + M34 = 0 <14) 

P2 + V34 = 0 (15) 

N - p3 - v23 = ° (16) 

Joint 1: 

M12 + P01 = 0 (17) 

Joint 4: 

M43 + 364 = 0 (18) 

The end moment expressions, equations 2 through 

5, as well as the expressions for the shear forces that 
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are derived from equations 7 through 10 are substituted 

into equations 11 through 18 and rearranged to form the 

following equations: 

EI, EI« 

"TT CC102 + S1G1 ~ (C1 + Sl)p] + T [C202 + S203] 

+ Mp23 = 0 <lla) 

EI1 
[(^ + s1)e1 + (cx + s1)e2 - 2(C]_ + S]_)p] 

Plp - P2 + Q = ° (12a) + 

Eio qD^ 
[ (C2 + S2 ) 0 2  + (C2 + S2 ) 0 3 ]  + P1 - N - —tj— = 0 

% 

EI2 EI 

(13a) 

~T~ '-C2e3 + S202-' + ~h^ ̂ C303 + S304 " ^C3 + S3^p-' 

^F23 = 0 (14a) 

EI1 
-j- [(C3 + S3)e3 + (C3 + S3)04 - 2 ( C 3  +  S3)p] 

+ P3P + P2 = 0 (13a) 

Eio q0£ 
—2~ [(C2 + S2)02 + (C2 + ̂ 2)©31 - P3 + N + 2 ~ 0 

(16a) 

EI1 
± [C^ + S102 - (Cx + S1)p3 + 30J_ = o (17a) 
h 

EI, 
-jji- [C304 + S303 - (C3 + S3)p] + g04 = 0 (18a) 
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As a means of simplifying the expressions, the 

equations are rewritten in terms of nondimensionalized 

variables defined as follows: 

0 - n - q°S'3 N - N^2 
Q  E I 2  '  q °  E I 2  '  E T J  

2 2 2 
pi£ _ P — p _ ^ p — -3 

rl EI2 ' 2 EI2 ' 3 EI2 

_ MF23^ = ^32* K = _M_ no^ 
F23 ~ EI2 ' ̂ "32 EI2 ' EI2 (' 

The equations are simplified further by intro

ducing two parameters, a and A, to represent the follow

ing ratios: 

I9h 
—— = a 
I-^i 

I = A (20) 

The fixed-end moments in equations 11a and 14a 

are expressed in the following form [13]: 

qo*2 

MF23 = VT F^u2^ 

qo*2 

^F32 = ~TT~ F^u2^ (21a) 

where 

F(u2) = —j (1 - u2 cot u2) 
u2 
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and u2 is such that 

P2 = 4(U2)2 (22) 

The nondimensionalized values of these fixed-end 

moments are: 

— q & —q £ 
MF23 = E I 2  = 12EI2 F^u2^ = IT" F^u2^ 

"5 O ̂  ^ n ̂  ^ 
MF32 = EI2 = T2ITJ F^u2^ ̂  TI F^u2^ ^21b^ 

Nondimensionalizing equations 11a through 18a 

results in: 

S-j C-j C, S, 
(  —  ) 0 n  +  (  —  +  C o ) 0 9  +  ( S 9 ) 0 ,  -  (  —  +  —  ) p  

a 1 a 2 2 2' 3 a a 

+ Mp23 = 0 (lib) 

C, S, C, S, 2C, 2S, 
( HI + 5x )0l + ( 5X + ca)02 - ( +. ~ 5 T  "  pi)p 

- P2 + Q = 0 (12b) 

q 
(c2 + s2)e2 + (c2 + s2)e3 + p1-n-^=o (13b) 

(s2)e2 + (c2 + ̂  )e3 + ( ̂  )e4 - (  ^  ) P  

- = 0 (14b) 

Co S, Co So 2C, 2So 
( —r + —r ) 0 o ( —r "I" —r )9/ ~ ( —a- —r~ ~ PQ ) P  

aX aX 3 aX aX 4 aX aX 3 

+ P2 = 0 (15b) 
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(16b) 

(C^ + ak)01 + (S1)02 - (Cx + S^p = 0 (17b) 

( 8 2 ) 6 2  ( ^ 3  a k )  ® 4  ~  ( ^ 3  S 3 )  p  =  0  (18b) 

The frame loading consists of a distributed load, 

qo, transverse to the horizontal member, two equal concen

trated loads, N, on top of the beam-columns, and a 

horizontal load Q applied at the joint. In the stability 

analyses the lateral load Q is set to zero. 

The equilibrium equations for the stability analysis 

were derived with reference to the deformed geometry. 

However, as a result of symmetry in frame geometry and 

applied loading, the deformations and internal forces are 

symmetric about the centerline. Hence, equations llb-18b 

are satisfied for: 

Expressions for 0-^ and 0^ in terms of anc^ 03 

are derived from equations 17b and 18b, respectively. 

Thus, 

~ E 3  >  ^ ^  —  P 3  >  P  ®  (23) 

Equation 13b, therefore, leads to: 

= N + qo/2 = 4u^/aX (24) 



02 ~ 

C 3  + ak 

* 

From equation 12b, 

aA(C-^ + ak) (4u^) 

~T 
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(25b) 

(25c) 
(C£ - Sj) + ak(C1 + Sl) 

Equation 25a and the nondimensionalized form of 

Mp23» equation 21b, are substituted in equation lib, thus 

+ c2 -
aC^ + a k 

- S, 
12" 

r F(u0) = 0 

Substituting the expression for 02 into this 

equation and rearranging the terms yields: 

W- - So f = — + C0 -a 2 aC^ + a k 
4u: 

I1 

2 
cf k(Cx + Sx) 

F(u2) = 0 (26) aA(C^ + ak) X(C-^ + ak) 

For any value of applied loads, equation (26) can 

be solved for the value of u2 which in turn permits 

evaluation of the horizontal member axial force, P2, 

equation 22. 

For equation 26 to be solved for the value of u2, 

the stiffness coefficients C and S must first be evalu-

2 2 ated. Given that the axial force P = 4u EI/I , the 
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expressions to compute the stiffness factors in terms of 

the compressive axial force are [13]: 

h = u sin 2u - 2u^ cos 2u (27a) 

k = 2u^ - u sin 2u (27b) 
O 
£ = 1 - cos 2u - u sin 2u (27c) 

hence 
O 

C = | (28a) 
£ 

O 

s = I (28b) 
£ 

where u is in radians. 

The value of u-^ can be calculated from equation 

25a and hence C-^ and S-^ can be determined. The only un

knowns that remain to be determined in equation 26 are C2 

and S2. However, C2 and So are functions of U£, which is 

the unknown being evaluated. 

To solve equation 26 for U2, the Newton-Raphson 

method of root finding is employed [12]. This technique 

is an iterative process by which a trial value is improved 

upon until the required degree of precision is achieved. 

The solution scheme leads to the following formula, which 

is arrived at by expanding the function using Taylor's 

series about the root and neglecting higher order terms: 

„(s+l) _ (s) f(s) nq. 
2 - u2 77Ti7 
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(s+1) (s } 
Where u£ is the improved value of u^ is 

the trial value, f^s^ = f(u2S^), and f1= f'(u2S^). 

It should be noted here that all primes used in this text 

represent derivatives with respect to u. 

Differentiating equation 26 with respect to u 

provides the expression for f'C^). 

f(u2) = 

+ 

— + C0 -
a 2 

C2 " S2 

aC^ + a k 

2 q 

4u2 " 17 

2T " S2 8u, 

a 

C2 S2 L1 " S1 
A(C^ + ak) 

+ 
k(Cx + S±) 

X (C-j^ + ak) 
F' (u 2 )  

in which 

(30a) 

c• = C(1 - C) + 4u 

U ~T 

, _ S(1 - C) , 2u 
u 

(1 - cos 2u) 

sin 2u (31a) 

(31b) 

(32) 

The iterative process starts by assuming a trial 

F'(u) = i (-6 + 3u cot u + 3u2csc2u) 
uJ 

of for a specific value of loading. Equation 29 is 

then applied as many times as needed in order to calculate 

the value of u£ that satisfies equation 26 to the 



desired degree of accuracy. Once the value of u2 is 

evaluated, it is then possible to calculate end moments 

and forces using equations 1 through 18. The frame defor

mations can be evaluated from equations 25a, 25b, and 25c. 



CHAPTER 6 

LOADING 

As discussed previously, the load-deformation 

behavior of Type II frames is nonlinear and the equilibrium 

configuration from which buckling takes place is not known 

in advance. An incremental loading approach that approxi

mates the nonlinear load-deformation curve by a series of 

small straight line segments and allows for an examination 

of the'stability of equilibrium at each load level must 

therefore be employed. 

The loading sequence is as follows: the concen

trated loads N, if present, are first applied followed by 

the gradual application of the distributed load q starting 
O 

from zero until the critical buckling load is reached. An 

incremental change in the value of the distributed load is 

defined by Aq . The increment can be thought of as a 
O 

change of loading with respect to time where q^ is the 
O 

load rate. Thus, 

Aq = q At 
O O 

Subsequently, a change in qo, influences all relat

ed forces and deformations such as the axial force, P^, 

the change in which can be calculated from 

40 
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_ _ _ <3 + Aq 4(un + Au-,)' 
P, + APn = N + -a-* a- = —. — 
11 2 a\ (33) 

From the above equation, the corresponding change 

in the value of u^, designated as Aup can be evaluated as 

follows: 

Au^ =  -u^ +  / u \  +  aX Aq /8 

Next, the value of the horizontal member axial 

force or, equivalently, ̂  is determined using the Newton-

Raphson technique in which convergence is dependent upon 

the "quality" of the first trial. An expression must be 

derived to estimate the change in the value of U£ due to 

an increment in loading; Aq . 
O 

Towards this end, the function f(u-^, ^; q ) = 0 

(Equation 26) is expanded about the point u-^, U2, q in a 

Taylor's series. For a small increment in load, i.e., Aq , 
O 

both Au-^ and A^ are assumed to be sufficiently small that 

higher order terms are neglected and the truncated series 

reduces to: 

6f * 3f 
3u, 

Au-^ + 3f' 
3ur 

AU 2  +  
3f' 
3q 

from which 

AU2 - <5U2 = -
3 f A , 3 f A — 
3^17 Aul + 3f" qo 

J -  n  

Aq - 0 
O 

Sf 
3u0 

(34) 
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where <Su2 is the initial estimate of the change in u2 due 

to a change in loading, Aq . The initial trial of u9 to o 

be used in Equations 26 and 29 is: 

C D  _  u. U2 + Su2 (35a) 

Equation 30a is used to calculate 3f/Su2- Equa

tions for the evaluation of 6f/6un and <Sf/Sq are as 
J -  C  

follows: 

3f 

3un 

CJ 2(aC1 + a2k) S1 S| + aS2 C[ 

a (cxC-^ + a2k) 
4 U r  

q 
o_ 

12 

aX 

aX C{ (C2 - S2) 

(C1 + ak) (2C^C| - 2SjSp 

(aX (C-^ + ak))2 

Xk (C1 + ak) (C[ + Sj) 

(aX (C-^ + ak))' 

XkC[ (C1 + s1) 

(X (C1 + ak))2 

(X (C1 + ak))' 

F(U 9 )  (30b) 

3f 

Sq 

1 

12 

2 2 
C1 " S1 k (C1 + sp 

aX (C^ + ak) X (C-^ + ak) 
F(U2) (30C )  

In both equations, and S^, C2 and S2 are the 

stiffness coefficients associated with u-^ and u2 of the 

last load level. Once u-^ and u2 are evaluated, the frame 

axial forces, P-^ and I>2, can be calculated. Equation 34 

can be used at all times except when q = 0 since 
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3f/8u2 = ^ " ôr u2 = ^' ên u2 = » t̂ ie initial estimate 

of AU2 = u2^ 0̂ tained from a rearrangement of Equation 

26 in which F(u2) = 1. Thus 

u 
(1) _ C2 - S2 L1 bl + 

k (CX + S-^ 

(C^ + ctk) X (C^ + oik) 

+ 2 -
aC-^ 4- a k 

1/2 

(35b) 

Where C-^ and S-^ are evaluated with reference to u-^ 

of q =0 and N > 0. 
o — 

An appropriate point to start the analysis from is 

that of the unloaded frame for which = ]?2 = = 0 and 

for which the frame geometry is known. Depending on the 

type of loading, the calculations can proceed in one of two 

ways. First, if the frame is subjected to uniform load 

only, i.e., case 2 loading, then the values of the follow

ing variables at the initial calculation stage are [12] : 

C1 = 4, Sx = 2 

C2 = 4, S2 = 2 

u-̂  = u2 = 0 

F(U2) = 1, F'(u2) = 0 

Second, if the frame is subjected to a combination 

of uniform and concentrated loads, i.e., case 3 loading, 

then [12]: 
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c
2 = 4, s2 = 2 

u2 = 0 

F(u2) = 1, F'(U2) = 0 

/col 
ul ~ J ~T~ 

Using the new values of u-^ and u2 the stiffness 

coefficients and S^, C2 and S2 are then recalculated and 

the initial value of u2 is improved upon using Equation 29. 



CHAPTER 7 

STABILITY ANALYSIS 

The equations for determining the stability of the 

symmetric equilibrium configurations are derived from the 

rate equilibrium equations that are formulated by differ

entiating equations lib through 18b with respect to 

time. Thus, 

C1 S1 ( -rj- + ) P 

+  M .  
F23 0 (11c) 

C1 S1 < + 7TT a X  a X  

+  T T -  P 1 > P  -  i 2  +  «  -  0  (12c) 

(C2 + 82)62 (^2 ^2 2 ^2 ^2^®3 ^2 ^2^®3 

•i. i. 
+ Pl - N - = 0 (13c) 

45 
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<s2)e2 + s2e2 + (c2 + ̂  )e3 + (c2 + ̂  )e3 

So S- . Co So 
+  (  —  )  0 ,  +  (  —  )  0 ,  -  (  —  +  —  )  p  

^ a 4 a 4 a a ' 

C S 
- ( — + — )p - = 0 (14c) K a a 'K F23 

Co S^ Co Sq . Cq Sq 
( + EX )03 + ( 5X + £X )03 + ( SI + 5a )e4 

Cq Sq . 2Cq 2Sq ^ 2Cq 
+ ( 5DC + 5X )04 " ( ST + IT - P3)p " ( ST 

2S, _ ^ 

+ "5T " V3y" + P2 " 0 <15c) 

(C£ + S£)02 "f" (C2 82)62 (^2 ®2^®3 ^2 ^2 0̂3 

91 
- P 3 + N + ^ - = 0  ( 1 6 C )  

(C1)0]_ + (Cx + ak)^ + (^>02 + (si>®2 " (<̂ 1 + ®l)p 

- (Cx + Sj_)p = 0 (17c) 

(83)03 + ̂ 3 0̂3 + ̂ 3 0̂4 + ̂ 3 + 01̂ -)e4 ~ ^3 + ̂ 3 p̂ 

- (C3 + S3)p = 0 (18c) 

where 

dC, . dC, dun 

Ci _ ^1 du — P1 ^1 ̂ 1 ' an(̂  
1 dP-L 1 dul dP x 1 1 1 

S2 ~ S2 u2 
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The foregoing rate equations are used in 

determining the critical state of equilibrium for which 

there exists at least one nonzero rate of change in defor

mation for zero rate of loading; i.e., q = 0. Due to sym

metry of loading, geometry, and stiffness, the conditions 

of 02= -63, P=0, and P^ = P^ = N + q0/2 govern the 

deformation behavior up to the critical load. These rela

tions combined with equations 25a and 25b, 17c and 18c give: 

- Sx  (C-j^ + ak) + S1C1  

(Cx  + ak)2  
+ 

-S, 

(C-^ + ak) 

+ 
Ci + sx 

(C-^ + ak) 

- S^CCj + ak) + 

(C3  + ak)2  

C3 + S3 

0 O  +  
-S, 

(C^ + ak) 

(C^ + ak) 

Substituting these relations and those from 

equations 25a and 25b in equations 11c through 16c yields: 
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- SA ^ - s1s1(c1 + ck) + sfo c 
a(C, + ak) ! ,„s 2 a 2 a(C, + ak)' 

- S, 
C1 , , S1 
a + ̂ 2 a(C, + ak) 

e
2 + (s2 0̂3 

+ (c, + s1) °1 _ 1 
a(C, + ak) a 

p  +  M f 2 3  =  0  did) 

- SlCl - S,S, - 0,8,(0, + ak) 

aA(C, + ak) + aA (C, + ak) + aA(C;L + ak)Z 

+ 
C1S1C1 

- 3,3,(0, + ak) 
*- -i 75— + j  

aA(C, + ak)z aA(C, + ak) aA(C, + ak)^ 

2 * 
S1 C1 

C1 S1 
+ 5X + a! 

" C1S1 , " S1 , C1 
aA(C, + ak) aA (C, + ak) aA 

+ 
aA 

+ (Cj + sp aA(C, + ak) + aA(C, + ak) 

2_ 
aA + P-, P2 = 0 (12d) 

^2 ^2^ 03^ ^1 = ^ 
(13d) 
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S3S3 
- S3S3(C3 + ak) + 

„ "a C2 a(C3 + ak) + ak) 

C 
+ S, ^2 + (82)62 

3 3 
a + ̂ 2 a(C3 + ak) 

+ (c3 + s3) a(C3 + ak) a P - Mp23 = 0 (14d) 

" S3C3 S3S3 - CgSg (C3 + ak) 

tX(C3 + ak) aA(C3 + ak) ax(C3 + ak)2 

C3S3C3 S3S3(C3 + ak) 
q2 p 
3 3 

aA(C3 + ak)2 aA(C3 + ak)2 aA(C3 + ak)2 

i _ fl 
aA aA 

C3S3 
- s: 

aA(C3 + ak) aA(C3 + ak) 

+ ^ i 
a X  a X  

+ (c3 + s3) 1A(C3 + ak) 

+ 
aA(C3 + ak) aA 

+ P. p + P9 = 0 (15d) 

2  + S2) (02 + 0g) ~ P3 = 0 (16d) 
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Equations 13d and 16d lead to the result that 

P^ = -P3. therefore, C-^ = -C^ and S-^ = -S3. Since 

P^ = P~ the relations C-^ = and S-^ = S3 continue to 

hold true. With the aid of these relations, adding equa

tions lid to 14d and 12d to 15d gives: 

2 
a 

SA , - Vi(ci+ ak>+ si=i 
'1 ~ (Cx + ak) + (Ĉ  + ak)' 

+ 
C1 S1 
~ + C2 aCC^ + ak) + S2 

( 0 2  +  e
3 )  

+ 2 a (C^ + ak) - 1 
(CX + Sx) p = 0 (36) 

_2_ • , * , ~ cisi(ci + ak) C1S1C1 

aA 1 1 + ak)2 CC1 + ak)2 

2 .  
- S,S1 (C-, + ak) S,C1 S,C1 

+ (C, + ak)2 + (Cl + ak)2 ~ 

S1S1 
(C-ĵ  + ak) 

)0 + -ir-
2 aA 

-C1S1 
CCX + ak) " (C1 + ak) 

+ + sx (e 2  + e 3 )  + 2 aX <C1 + V 

(C-̂  + ak) (Ĉ  + ak) 
+ P, p = 0 

(37) 
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Similarly, subtracting equations lid from 14d 

and 12d from 15d gives, 

2 (C2 - S2) 0£ ~*~ 
51 C1 

a ^2 a(C^ + ak) ^2 

(02 - 03) + 2Mp23 (38) 

aA 
" C1S1 
(C1 + ak) " <CX + ak) + C1 + S! 

( 0 .  

- 2P2 = 0 (39) 

Differentiation of P^, equation 24, with respect 

to time results in: 

P1 = 
® ulul 
aA 

Substituting this expression into equation 13d, 

yields the expression for u-^: 

U1 = 
- (C2 + S2) (©2 0g) â  

3 
(40) 

U-i 

The rate of change of the fixed end moment is: 

3H, 
M. F23 

)[-<q /12) F(u,)] . 

F23 dur U r  3Ur U r  (41) 
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Substituting the expression for F' 0^) as given 

by equation 32 into equation 41 yields: 

^23 " 5^ „ 2 ~ u0 tan u0 ~ c^.2  ̂ uiri Ur 
U r  

Employing equations 25c, 40, 41, and the relations 
I • I • I • • I • 

Ci = C^u-^ S, = SjU^ C2 = C2u2 > ^2 = ̂ 2U2' ecluat:i-ons 36 

through 39 reduce to: 

(C-^ + ak) u^aA^ 

(C^ - S^) + aXCC^ + Sx) un 

(c2 + s2) 

2 S1S|(C1 + ak) - S^c|. 

7 " C1 
(C1 + ak)Z 1 

Ci 
+ IT + C2 " a(Cl + ak) + S2 

(02 + 63) 

+ 2 
a (C-j^ + ak) - 1 

(Cx + Sx) P = 0 (36a) 
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2 2 2 
(C-L + ak) u^a A 

(C^ - S^) + ak(C1 + S1) U] 

(c2 + s2) 

2 S1S|(C1 + ak) - S^C-, + S-jC^C., + ak) 1"1 " 

(C^ + ak)' 

+ C1S1(C1 + ak) - C1S1C1 

(C1 + ak)2 
C1 " S1 

^1^1 ~ ^1 
(C1 + a-ET + C1 + S1 (02 + 63) 

+ 2 (^ + s1) 
C1 + S1 

(C^ + ak) - 2 

+ aA P-, p = 0 (37a) 

C1 _ sj 
a ^2 a(C^ + ak) ^2 

(0' 

+ 2 
4U-2 ~~2 u0 tan u0 u2 2 2 

1 
. 2 sin Ur 

+ 
(C2 - s'2) [aA(C1 + ak) 4u^J 

(C2 - S^) + ak(Cx + S1) 

u
2 = ° (38a) 
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a X  

~ 
C1S1 ~ °1 

C1 + S1 + (C1 + ak) 

2 

( 0 -

- I6U2 U2 = 0 (39a) 

Equations 36a through 39a represent the rate 

equations of equilibrium for quasi static deformations. 

The quantities 62, 63, and p are the displacement rates 

whereas ̂  represent the rate of the beam axial loading. 

The critical load is achieved when the equations have a 

nontrivial solution for zero rate of loading, i.e., 

when q = 0. The equations at critical load can be pre-
O 

sented in the following matrix form: 

lll 

21 

and 

'11 

21 

12 

22 

12 

22 

5 2 + 6 3 

32 3 

Ur. 

•V ' 

0 

0 

0 

J S 

O
 

' 

(40) 

(41) 

Since the equilibrium configuration from which 

buckling takes place is not known in advance, the analysis 

must start from the state of zero loading, i.e., the 

undeformed geometry. The determination of the stability 



of the equilibrium configurations, hence, translates 

into evaluating the determinant of both matrices at the 

various load levels. The limit of stability is attained 

when one or both of the determinants is equal to zero, 

i.e., when equations 40 and/or 41 have a nontrivial solu

tion. 

The determinant of the coefficient matrix of 

equation 40 is designated as Da and that of equation 41 

as Db. At critical loading, if Da = 0 and Db ̂  0, then 

0£ - 63 = 0 and U2 = 0, but 62 + 63 ̂  0 and p + 0. Con

sequently, at this load value the bifurcation critical 

load is reached and the frame buckles in a sidesway mode. 

In the other case, if Da ̂  0 and Db = 0, then 

&2 - 63 ̂  0 and ̂  ̂ 0, which indicates a snap through 

buckling mode. If, however, both Da and Db are zero, 

then the frame buckles in a mode which is an arbitrary 

combination of both the sidesway and snap through modes. 

The foregoing represents the formulation of 

stability analysis for Type II frames in which, due to 

frame geometry and type of loading, deformations occur 

prior to buckling. In the case of portal frames with 

pure concentrated loads over the columns; case 1 loading, 

i.e., Type I frame, the governing stability equation can 

be obtained from the Type II frame stability equations 

by setting q = 0. Such frames stability limit is 
O 



controlled by the sidesway buckling mode [5]. The 

expression for determining the sidesway buckling land 

for Type I frames is: 

8(un)2(cr) 
2N, s = 2P, (cr) = i, 
(cr) 1^ ' a.X 

where u^(cr) is computed from: 

f = 
(c1 + s1)< 

+ ak + ak 

(cx + s1)< 

C1 + 6a " (Cx + ak) 

- 2(CX + Sx) 

+ (2ux)' = 0 

The value of u-^(cr) in the above transcendental 

equation is evaluated using the Newton-Raphson technique 



CHAPTER 8 

RESULTS AND DISCUSSION 

All the frames investigated herein buckled in 

either a sidesway or snap-through mode and none developed 

tension in the horizontal member. For frames that experi 

ence moderate to large deformation prior to buckling, the 

validity of small deflection theory becomes questionable. 

Nevertheless, the results provide a useful qualitative 

understanding of the performance of such frames (see 

Appendix A). 

Shown in Figure 8 is the relationship between 

q (cr) and frame height-to-span ratio, A, for different 
O 

values of For values of A  ranging from 0.5 to 1.5 

a slight change in A  results in a significant change in 

q (cr). However, for A greater than 1.5, the influence 
O 

is significantly less. In Figure 9, the relationship 

between q (cr) and A is shown for different values of 
O 

a (a = I^h/1.^1) and for which the above influence is very 

much the same. 

The analysis results indicate that frames with A  

greater than 1 buckled by sidesway, Appendix A. 

Depending on support level of fixity and ^/Ii ratio, 
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q„(cr) 

45.0--

41.20 

36.0--

30.01 
(excessive + 

deformation) 

27.0--

18.0- -

9.0--

41.08 

« Sidesway buckling 

4- Snop-through buckling 

23.70 

2.0 >| 

Figure 8. qQ (cr) vs. A, for k = 20, fj = 0, 

I? 
^ = 0 . 5  a n d  1 .  5  
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*To(cr)| 

30.0--

24.0- -

18.0--

12.0- -

6.0--

NOTE-All buckling loads were associated with 
sidesway buckling mode. 

(excessive deformation) 

(X = I.O 

(X=2.0 

+ + + + H >-
0.4 0.8 1.2 1.6 2.0 ^ 

Figure 9. q (cr) vs. X ,  for k = 20, N = 0, a = 1 and 2 



however, certain frames with X  less than 1 experienced a 

snap-through buckling mode while others buckled by side-

sway, Figures 8 and 10. Moreover, the buckling load, 

q (cr), corresponding to a X value for which buckling was 
O 

by snap-through was lower than or about equal to the buck

ling load associated with a higher X value but for which 

sidesway was the governing buckling mode. Thus, as exempli

fied in Figure 10, there exists a distinct X value that 

separates the two buckling modes and at which maximum 

q (cr) is attained. 
O 

The influence of ^/I-^ the nondimensionalized 

buckling load, q (cr), is illustrated in Figure 11. A 
O 

similar relationship between a and q (cr) is shown in 
O 

Figure 12. The value of q (cr) is sensitive to any changes 
O 

in either ^^l or a ŵ en ̂ 2^1 or a are ̂ ess t*1311 1 anĉ  

less so otherwise. 

The relationship between horizontal member axial 

force, J?2' an̂  frame made of buckling is illustrated in 

both Figure 13 and Table 2. As indicated, the value of 

a t  b u c k l i n g ,  d e c r e a s e s  f r o m  1 5 . 7 3  t o  1 0 . 2 7  t o  6 . 1 2  a s  X  

changes from 0.5 to 0.6 to 0.7 respectively. The value of 

q (cr) at X = 0.5 and X = 0.6 is essentially the same, 
C 

however, the corresponding buckling modes are different. 

For X = 0.5, buckling is by snap-through and is 387° of 

q (cr) whereas for X = 0.6, buckling is by sidesway and 
O 
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50 

-|- snap through buckling 
o sidesway buckling 

58.37 

56.09 

50.09 

49.78 

_L L_ 
0.6 0.7 0.8 0.9 

V-f  

Figure 10. q (cr) vs. A, for k = N = 0, and - 0.2 
1 
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S.(cr) 
note -All buckling loaas wero 
N0T sideswoy buckling mode. 
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Figure 

2.0 l Z  
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qo(cr) vs. -q. f°r 
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30.0- -

24.0- • 

18.0- -

I2 .0- -

6.0--

NOTE-All buckling loads were associated with 
sidesway buckling mode. 

H >-
0.6 1.2 1.8 2.4 3.0 (X 

Figure 12. q (cr) vs. a, for k = 20, ET = 0, 

A = 1 and 1.5 



41.20 
40 41.08 • snap-through buckling 

o sideswoy buckling 

30 
1. (cr) 

20 

15.73 

10.26 

6.12 

0.5 0.6 0.7 0.8 0.9 1.0 ^ = j 

Figure 13. (cr) and P2 vs. X, for k = 20, N = 0, and 

Io 
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Table 2. Variation of with X  and mode of buckling 

X  q (cr) F ?  / q  (cr) det(A) det(B) Mode 
o Z 2. o 

0.5 41.201 15.733 38% 5.158 -0.034 Snap-through 

0.6 41.081 10.269 25% 0.000 37.132 Sidesway 

0.7 33.959 6.122 18% 0.000 47.614 Sidesway 

For 
k = 20.0 
I2/I1 = 0.5 



P„ is 25% of q (cr). Since the change in q (cr) is 
/. Q O 

insignificant, the 13% reduction in the value of P2 at 

buckling is a result of the change in the mode of buckling. 

The variation of member axial forces P^ and P£ with 

respect to the distributed vertical loading, q , is shown 
O 

in Figures 14 and 15. The vertical member axial force, 

P, , varies linearly with q and is always equal to 0.5 (N+q ) 
•L o o 

regardless of A, or suPPort level of fixity, k. In 

the case of the horizontal member axial force, P2, the 

variation is nonlinear for A = 0.5 and P2 at buckling is 

about 0.3 of q (cr), Figure 14. For A = 1.5, the behavior 
O 

is linear and at buckling P9 is only 0.05 of q (cr), Figure Z o 

15. In Type I frames P^ is zero except at buckling, hence, 

the influence of P2 on the stability limit is neglected. 

The relationship between the applied loading, q , 
O 

and the resulting deformations is presented in Figures 16 

and 17. The load-deformation behavior is exemplified in 

terms of the variation in joint rotations 0-^ and during 

loading. In Figure 16, A = 0.5 and the load-deformation 

behavior is nonlinear especially when q approaches q" (cr) 
O O 

at which softening become apparent, i.e., system loses 

stiffness rapidly. The load-deformation nonlinearity when 

A = 1.5, shown in Figure 17, is not as severe. The magnitude 

of the joint rotations is, however, a function of A, 

12/Ij, and support level of fixity. 
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20.0- -
<X= r~-

I6.0--

I2 .0- -

8.0--

4.0--

33.84 5. 20.30 27.07 13.53 6.77 

Figure 14. Axial forces P-^ and P2 vs. q. , for k = 10, 

N = 0, a = 0.5, and X = 0.5 



68 

2.8--

2.1- -

I.4--

0.7--

1.26 2.52 5.05 3.78 6.31 

Figure 15 . Axial forces P-^ and P£ vs. q , for k = 10, 

N = 0, a = 1.5, and X = 1.5 
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l@l I,dg (Yodians) 

0.60- -

<X = 

0.48--

0.36--

0.24--

0.12--

33.84 q, 6.77 20.30 13.53 27.07 

Figure 16. Joint rotations | 0-jJ, 02 vs • q , for k 

N = 0, a = 0.5, and A= 0.5 

= 10 
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l©j I, ©g (radians) 

O.I5--

0.12- -

0.09--

0.06--

0.03--

1.26 2.52 3.78 5.05 

Figure 17. Joint rotations j 0^|,62 vs. q , for k = 10, 

N = 0, a = 1. 5 , and X ~ 1. 5 



The influence of support level of fixity, k, on 

frame buckling strength is illustrated in Figures 18 

through 22. In general, the buckling strength, q (cr), 
O 

increases monotonically from that of a pinned-base frame, 

k = 0, to q (cr) of a fixed-base frame, k = <=°. In fact 
O 

85% of the buckling strength of a fixed based frame is 

attained for a relatively small support restraint. As 

shown in Table 3, the ratio of the buckling strength when 

k = 20 to the buckling strength of a fixed base frame 

varies from 85% to 97% as a (a = ^h/I-^Jl) change, from 

0.5 to 3 regardless of the value of X. Hence, there are 

two parameters influencing the ratio of q (cr) correspond-
O 

ing to any support fixity level to q (cr) of a fixed-base 
O 

frame, the first being the support level of fixity, and 

the second is the ratio. 

Figures 18 and 22, however, display an interesting 

phenomena: for low values of k, the frame buckling 

strength increases with increasing support stiffness and 

buckling is by sidesway. When the support stiffness 

reaches a specific level, the mode switches to that of 

snap-through and q (cr) suddenly decreases. Such behavior 
O 

is only experienced by frames with X  less than 1 and for 

which severe nonlinear pre-buckling deformations are pres

ent. Furthermore, as the support level of fixity increases 
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28.0--

21.0- -

Sidesway buckling mode 
Snap-through buckling mode 

* Frame experiences relatively large deformations 
in this range. 

14.0 

7.0-

20 40 60 80 100 K 

Figure 18. q (cr) vs. k, for X = 0.5, and N = 0 
O 
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NOTE-All buckling loods were associated with sidesway 

25.0 

0c=0.5 

20.0+ 

15.0+ 
ot=I.O 

10.0+ 

Oc=2.0 

5.0 

20 40 60 80 100 K 

Figure 19. q (cr) vs. k, for A = 1, and N = 0 
O 
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NOTE-All buckling loods were associated with sidesway 
buckling mode. 

20.0- -

I6.0--

I2.0--

=̂1.0 

8.0--

oc = l.5 

4.0 

r 

20 40 60 80 100 K 

Figure 20. q (cr) vs. k, for X  =  1.5, and N = 0 
O 
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°( = 0.25 
36.0--

Sidesway buckling mode 
Snap-through buckling mode 

27.0--

18.0 

9.0--

100 K 80 40 20 60 

Figure 22. q (cr) vs. k, for X  = 0.5, and N = 0 
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Table 3. Ratio of qo(cr) to qo (cr)^=oo in percent, for 

k = 10, k = 20, and for sidesway buckling 
only 

qo(cr)/qo(cr)k= 

a  \  X  0.5 1.0 1.5 2.0 

k = 10. ,0 0.5 75 75 75 

1.0 * 85 85 85 

1.5 89 89 89 89 

2.0 - 91 91 91 

2.5 - 93 93 93 

3.0 - 94 94 94 

k = 20. ,0 0.5 85 85 85 

1.0 Vf 92 92 92 

1.5 94 94 94 94 

2.0 - 95 95 95 

2.5 - 96 96 96 

3.0 - 97 97 97 

*Frame buckled in snap-through 



beyond that support stiffness level, the frame overall 

stiffness increases however q (cr) continues to decrease. 
O 

It is possible that in these cases deformations have 

reached a point at which the theory is no longer valid. 

Therefore, a more accurate theory of analysis must be em

ployed to determine if the phenomena is real or only 

apparent. 

A study of the behavior of both stability deter

minants , Dq and , indicates that behaves nearly 

linearly as q approaches q (cr), whereas D, is clearly 
o o D 

nonlinear from the start, Figure 23. Further study of 

this point and a more accurate method for the evaluation 

of the buckling load when reach zero, i.e., snap-

through governs the buckling mode, is needed. 

The nonlinear load-deformation behavior for frames 

with X less than 1, i.e., shallow frames, is clear and 

significant and is a function of the support level of 

fixity. The ultimate limit design state for such frames 

would more likely be excessive deformation (serviceability 

criteria) or plastic hinge formation rather than buckling, 

since a low height-to-span ratio is often indicative of 

high buckling strength. Furthermore, such frames often 

have a high beam-column relative stiffness that provides 

greater resistance to column end rotation leading to a 

higher buckling strength. 
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Da and Db 

50--

40--

30--

Da 

20--

10--

q.tcr) 

50 30 40 20 

Figure 23. Determinant a and b (Da and Db) vs. qo, for 

k = 11.0, JT = 0, a = 0.25, and X = 0.5 
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A study of the results obtained by Type I and Type 

II frame analysis indicated that the stability limit pre

dicted by both methods for those frames with X greater than 

1 is essentially identical. However, this is not the case 

for some frames with X less than 1. In fact appreciable 

difference exists in both the predicted buckling strength 

and mode of buckling obtained by Type I frame analysis for 

which sidesway buckling controls the stability limit as 

compared to Type II analysis. This is best illustrated for 

a frame in which X = 0.5, ̂ 2̂ 1 = an<̂  ̂  = -̂ he 

buckling strength, N(cr), predicted by Type I frame analy

sis is 24.12 whereas q (cr)/2 determined from Type II 
O 

analysis is 15.97 and is associated with snap-through 

buckling, Appendix A. 

Thus, the simplified loading analysis, Type I 

analysis, produces sufficiently accurate results only for 

a specific range of frames; those which are flexible 

enough to buckle by sidesway. The stability limit of 

frames with height-to-span ratio less than 1, however, 

must be carefully examined and nonlinear analyses become 

essential. 

Values of N(cr) and q (cr) for various frames with 
O 

different X, ̂ /Ip support level of fixity, k, and dif

ferent load combinations have been considered and are 

provided in tabular form in Appendix A. 



CHAPTER 9 

CONCLUSION 

This study investigated the influence of the 

nonlinear load-deformation behavior on the stability of 

single-story, single-bay, geometrically symmetric portal 

frames with elastic end restraints. 

A frame buckling load is a function of the control-

ing type of instability and is dependent upon the type of 

loading, the frame geometry, and the relative stiffnesses 

of the frame members and supports. The results of the 

analyses performed lead to the following conclusions. 

The influence of the members axial forces on the 

frame stability limit is of great importance and should not 

be neglected. The horizontal member axial force at buck

ling can only be accurately evaluated if a nonlinear 

stability analysis, i.e., Type II frame analysis, is 

performed. A significant observation herein is the dramat

ic change in the horizontal member axial force, P2, due to 

a slight change in the A (A=h/£) provided such a change in 

A influences the buckling mode. In the case of snap-

through buckling, it is quite possible that once the 

81 
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critical load is exceeded, the horizontal member goes into 

tension. 

The results of both methods of analysis are essen

tially identical with no definite demarcation except when 

X is less than 1 for which Type I frame analysis is 

inadequate. In general, however, Type II frame analysis 

reflects more closely the frame actual critical load and 

mode of buckling. 

Type II frame analysis evaluates the frame deforma

tions throughout the loading history whereas Type I 

neglects all pre-buckling deformations. Furthermore, Type 

I frame analysis is based on the assumption that the snap-

through buckling load is always greater than that of the 

sidesway mode, hence, the stability equation is formulated 

with reference to the sidesway buckling mode. Such an 

assumption is invalid since Type II frame analysis 

indicated that frames with X less than 1 may have a snap-

through buckling load that is considerably lower than the 

sidesway buckling load predicted by Type I analysis. 

It is therefore safe to conclude that Type I frame 

stability analysis is sufficiently accurate for frames with 

X greater than 1 since such frames buckle before the pre-

buckling deformations reach significant magnitude. How

ever, for frames with X less than 1 for which load 

simplification is involved, i.e., substitute two 
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concentrated loads over the columns for the uniform 

distributed load, Type I frame analysis can lead to erroneous 

unconservative results. 

Furthermore, any small change in the value of the 

beam stiffness for values of a less than 1. has a pro

nounced effect on the frame buckling strength, however, the 

influence diminishes for values of a greater than 1. 

Frames with low X and ^^l values possess higher buck

ling strength than those in the higher range, and the 

possibility of a snap-through buckling decreases as the 

ratio of ^/"'"l i-ncreases-

In the case of support level of fixity the re

straining influence of the foundations, even when the 

footings are designed for vertical loads only, can increase 

the critical buckling strength considerably. It is overly 

conservative not to account for the influence of the sup

port stiffness since typical column-base details may pro

vide sufficient restraint to boost the frame buckling 

strength to 85% that of a fixed-base frame. On the other 

hand, it is uneconomical to provide a fixed support for 

single-story portal frames. 

The analyses in this research were based on small 

deflection theory and the assumption that axial and shear

ing deformations can be neglected. In the vicinity of the 

critical load the deformations may become sufficiently 
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large that small deflection theory is no longer valid and 

a more refined theory is required. 

In summation, it is indeed true that the stability 

of a frame is dependent upon the physical properties of 

that frame and its type of loading. The member axial 

forces and support level of fixity significantly influence 

the frame stability limit and hence cannot be neglected. 

The stability analysis method employing load simplifica

tion leads to erroneous results when used for frames with 

A less than 1. It is also quite apparent that it is 

possible for a frame to buckle symmetrically without being 

restrained against lateral displacement. 

Design Guide 

The objective herein is to provide the designer 

with practical, design-oriented recommendations for 

determining the stability limit of single-story, single-

bay, rectangular frames. 

Buckling loads for Type I and Type II frames, 

q (cr) and N(cr) respectively, may be obtained directly 
O 

from the tables provided in Appendix A. For Type II 

frames, the tables include the buckling loads and govern

ing buckling mode even when the loading comprise of both 

concentrated and distributed loads. 



Furthermore, buckling of Type II frames with X  

and ^/^"l Sreater than 1 is always governed by the sides 

way mode, When load combination is involved, the follow 

ing expression can be used to determine the critical 

distributed buckling load, q (cr): 
O 

For specific value of a, X ,  and k 

w q <cr> 
« + o = i 

N(cr)- = 0 qo(cr)̂  = Q 
O 

Hence, the value of q (cr) when N = 0 must first 
O 

be determined followed by the evaluation of N(cr) when 

q =0. The expression results in an underestimate of 
O 

the frame buckling strength, q (cr). Another useful 
O 

expression for such frames is the following: 

For a specific value of a and k 

h „ q.2<cr) 

X2 q . (cr) 
o -L 

where q (cr) and q n (cr) are the frame buckling loads 
O 1 O ̂  

corresponding to and X^ respectively. 

The stability limit of frames with X  and 1 ^ / 1 ^  

less than or equal to 1 should be carefully analyzed for 

that such frames nonlinear load-deformation behavior is 

often accompanied by a snap-through type of buckling. 
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Finally, the frame tmckling load q (cr) can be 
0 

calculated from the following expression: 

q (cr) = q (cr) EI9/&^. 
O O ^ 



APPENDIX A 

DESIGN TABLES 

The tables herein provide the buckling load, in a 

dimensionless form, for the various frames selected for 

this study. The ratio N/N(cr) represents the ratio of the 

applied concentrated load to that of a fixed-base frame, 

as calculated from Type I analysis. 

Note: 

ALPHA = Igh/IjA 

LAMBDA = h/Jl 

N = N£,2/EI2 

q = q = q£3/El2 
O 

K = gA/EI2 

where 3 is the rotational spring stiffness 

(§ denotes a snap-through mode of buckling. 

** denotes that the frame experienced large deforma

tions prior to buckling. 

* the frame buckled under the action of the applied 

concentrated loads, i.e., the concentrated loads 

exceeded N(cr) 

87 
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FRAME PROPERTIES 

ALPHA =0.50 
LAMBDA = 0.50 

TYPE I ANALYSIS 

N(cr) -for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

5.688 18.043 20.620 23.338 24.121 

TYPE II ANALYSIS 

q<cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 11.095 ik*S) **3 **3) ** 3 

0.2 1.6S6 23.209 29.545 ** 5) **3 

0.4 * 16.115 20.821 25.417 26.612 

0.6 * 6.883 11.749 16.692 18.060 

0.8 * * 2.541 7.667 9.112 

1.0 * • * * * 

N(cr) = 24.121 
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FRAME PROPERTIES 

ALPHA = 1.00 
LAMBDA =0.50 

TYPE I ANALYSIS 

N(cr) -for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

3.643 12.515 13.550 14.503 14.758 

TYPE II ANALYSIS 

q(cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 7.129 #* ** *# ** 3 

0.2 1.353 18.644 20.602 ** ** 

0.4 * 12.915 14.906 16.708 17.185 

0.6 * 7.159 9.169 11.001 11.489 

0.8 * 1.387 3.410 5.261 5.756 

1.0 * * * * 0.001 

N (cr) = 14.758 
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FRAME PROPERTIES 

ALPHA = 1.50 
LAMBDA = 0.50 

TYPE I ANALYSIS 

N(cr) -for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

2.669 9.548 10.107 10.597 10.726 

TYPE II ANALYSIS 

q(cr) -for the •following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 5.234 18.731 ** ** ** 

0.2 1.027 14.536 15.624 16.570 16.816 

0.4 * 10.332 11.424 12.377 12.626 

0.6 * 6.120 7.216 8.174 8.425 

0.8 * 1.903 3.001 3.964 4.215 

1.0 * * * * 0.000 

NCcr) = 10.726 
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FRAME PROPERTIES 

ALPHA =0.50 
LAMBDA = 1.00 

TYPE I ANALYSIS 

N(cr> -for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

2.844 9.022 10.311 11.669 12.060 

TYPE II ANALYSIS 

q(cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 5.596 17.867 20.438 23.112 23.B69 

0.2 0.850 13.092 15.660 18.341 19.103 

0.4 * 8.316 10.880 13.566 14.332 

0.6 * 3.538 6.098 8.788 9.558 

0.8 * * 1.314 4.007 4.781 

1.0 * * * * * 

N (cr) = 12.060 



92 

FRAME PROPERTIES 

ALPHA = 1.00 

LAMBDA =1.00 

TYPE I ANALYSIS 

N(cr) for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

1.821 6.257 6.775 7.251 7.379 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 3.575 12.393 13.432 14.381 14.634 

0.2 0.678 9.470 10.507 11.455 11.708 

0.4 * 6.547 7.581 8.528 8.782 

0.6 * 3.624 4.655 5.601 5.855 

0.8 * 0.701 1.728 2.674 2.928 

1,0 * * * * * 

N(cr> = 7.379 



93 

FRAME PROPERTIES 

ALPHA = 1.50 

LAMBDA = 1.00 

TYPE I ANALYSIS 

N(cr) for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

1.335 4.774 5.054 5.299 5.363 

TYPE II ANALYSIS 

q(cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 2.620 9.447 10.006 10.494 10.621 

0.2. 0.514 7.325 7.882 8.370 8.497 

0.4 * 5.202 5.758 6.245 6.373 

0.6 * 3.079 3.634 4.121 4.248 

0.8 * 0.957 1.511 1.997 2.124 

1.0 * * * * * 

N(cr) = 5.363 



94 

FRAME PROPERTIES 

ALPHA =2.00 

LAMBDA =1.00 

TYPE I ANALYSIS 

N(cr) -for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

1.052 3.854 4.029 4.179 4.217 

TYPE II ANALYSIS 

q(cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 2.068 7.624 7.972 8.269 8.346 

0.2 0.410 5.955 6.303 6.600 6.677 

0.4 * 4.287 4.633 4.930 5.007 

0.6 * 2.618 2.964 3.261 3.33B 

0.8 * 0.950 1.296 1.592 1.669 

1.0 * * * * * 

N (cr) = 4.217 



95 

FRAME PROPERTIES 

ALPHA = 2.50 

LAMBDA = 1.00 

TYPE I ANALYSIS 

N(cr) -for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.B68 3.229 3.349 3.450 3.476 

TYPE II ANALYSIS 

q(cr) -for the following 

elastic restraints (K> 

N/N(cr > PINNED 10 20 100 FIXED 

0.0 1.708 6.389 6.626 6.826 6.877 

0.2 0.340 5.013 5.250 5.450 5.501 

0.4 * 3.637 3.874 4.074 4.125 

0.6 * 2.262 2.498 2.698 2.750 

0.8 * 0.887 1.123 1.323 1.374 

1 . 0  *  •  *  #  *  

N(cr) = 3.476 



96 

FRAME PROPERTIES 

ALPHA =3.00 

LAMBDA = 1.00 

TYPE I ANALYSIS 

N(cr) -for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.738 2.778 2.865 2.937 2.956 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints (K) 

N/N(cr> PINNED 10 20 100 FIXED 

0.0 1.455 5.497 5.669 5.813 5.850 

0.2 0.290 4.327 4.499 4.643 4.679 

0.4 * 3.157 3.328 3.472 3.509 

0.6 * 1.987 2.158 2.302 2.339 

0.8 * 0.817 0.988 1.132 1.169 

1.0  *  *  *  *  *  

N(cr) = 2.956 



FRAME PROPERTIES 

ALPHA =0.50 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N(cr) for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

1.B96 6.014 6.873 7.779 8.040 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 3.737 11.974 13.718 15.544 16.063 

0.2 0.567 8.773 10.509 12.331 12.851 

0.4 * 5.572 7.300 9.118 9.639 

0.6 * 2.370 4.090 5.905 6.426 

0.8 * * 0.881 2.692 3.214 

1 . 0  *  *  *  •  *  

N(cr) = 8.040 



98 

FRAME PROPERTIES 

ALPHA = 1. 00 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N(cr) for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

1.214 4.172 4.517 4.834 4.920 

TYPE II ANALYSIS 

q(cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 2.384 8.281 8.979 9.618 9.788 

0.2 0.452 6.328 7.023 7.660 7.830 

0.4 * 4.374 5.066 5.702 5.872 

0.6 * 2.421 3.110 3.744 3.914 

0.8 * 0.468 1.154 1.787 1.957 

1.0 * * * * * 

N(cr) = 4.920 



99 

FRAME PROPERTIES 

ALPHA = 1.50 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N(cr) for the following 

elastic restraints (K> 

PINNED 10 20 100 FIXED 

0.890 3.183 3.369 3.533 3.576 

TYPE II ANALYSIS 

q(cr> for the following 

elastic restraints CK) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 1.747 6.306 6.6S0 7.007 7.092 

0.2 0.343 4.889 5.261 5.588 5.673 

0.4 * 3.471 3.843 4.169 4.254 

0.6 * 2.054 2.425 2.750 2.836 

0.8 * 0.638 1.007 1.332 1.417 

1.0  *  *  *  *  *  

N(cr) = 3.576 



100 

FRAME PROPERTIES 

ALPHA =2.00 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N(cr) for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.701 2.569 2.686 2.786 2.812 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 1.379 5.087 5.319 5.51B 5.569 

0.2 0.273 3.973 4.205 4.403 4.455 

0.4 * 2.859 3.091 3.289 3.340 

0.6 * 1.746 1.977 2.175 2.226 

0.8 * 0.633 0.863 1.061 1.112 

1.0 * * * * * 

N(cr) = 2.812 



101 

FRAME PROPERTIES 

ALPHA =2.50 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N(cr) -for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.579 2.153 2.232 2.300 2.317 

TYPE II ANALYSIS 

q(cr) -for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 1.139 4.261 4.420 4.553 4.587 

0.2 0.227 3.344 3.502 3.635 3.670 

0.4 * 2.426 2.584 2.718 2.752 

0.6 * 1.509 1.667 1.800 1.834 

0.8 * 0.592 0.749 0.883 0.917 

1.0  *  *  •  *  *  

N(cr) = 2.317 



102 

FRAME PROPERTIES 

ALPHA =3.00 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N(cr> -for the -Following 

elastic restraints (K> 

PINNED 10 20 100 FIXED 

0.492 1.852 1.910 1.958 1.971 

TYPE II ANALYSIS 

q(cr) -For the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 0.970 3.666 3.781 3.877 3.901 

0.2 0.193 2.885 3.000 3.096 3.121 

0.4 * 2.105 2.219 2.315 2.340 

0.6 * 1.324 1.439 1.535 1.559 

0.8 * 0.544 0.659 0.754. 0.779 

1.0  *  #  *  *  *  

N(cr) = 1.971 



103 

FRAME PROPERTIES 

ALPHA =3.50 

LAMBDA = 1.50 

TYPE I ANALYSIS 

N<cr) -for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.42S 1.624 1.668 1.705 1.714 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 0.845 3.217 3.304 3.376 3.395 

0.2 0.169 2.538 2.625 2.697 2.715 

0.4 * 1.859 1.946 2.018 2.036 

0.6 * 1.180 1.267 1.339 1.357 

0.8 * 0.501 0.588 0.660 0.679 

1.0  *  *  *  •  *  

N (cr) = 1.714 



104 

FRAME PROPERTIES 

ALPHA =0.50 

LAMBDA = 2.00 

TYPE I ANALYSIS 

N(cr) for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

1.422 4.511 5.155 5.834 6.030 

TYPE II ANALYSIS 

q (cr) •for the •f ol lowing 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 2.804 8.996 10.310 11.690 12.083 

0.2 0.426 6.591 7.898 9.274 9. 667 

0.4 * 4.1B6 5.486 6.857 7.250 

0.6 * 1.781 3.074 4.441 4.834 

0.8 • * 0.662 2.025 . 2.417 

1.0 * * * * * 

N(cr) = 6.030 



105 

FRAME PROPERTIES 

ALPHA = 1.00 

LAMBDA = 2.00 

TYPE I ANALYSIS 

N<cr) for the -following 

elastic restraints (K) 

PINNED 10 20 

0.911 3.129 3.388 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints (K> 

N/N(cr> PINNED 10 20 100 FIXED 

0.0 1.789 6.216 6.741 7.221 7.349 

0.2 0.339 4.749 5.272 5.751 5.879 

0.4 * 3.283 3.803 4.281 4.409 

0.6 * 1.817 2.335 2.811 2.939 

0.8 * 0.351 0.866 1.341 1.469 

1 . 0  *  •  *  *  *  

N<cr) = 3.690 

100 FIXED 

3.626 3.690 



106 

FRAME PROPERTIES 

ALPHA = 1.50 

LAMBDA =2.00 

TYPE I ANALYSIS 

N(cr> -far the •following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.667 2.387 2.527 2.650 2.68; 

TYPE II ANALYSIS 

q<cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 1.311 4.731 5.012 5.258 5.322 

0.2 0.257 3.668 3.948 4.193 4.257 

0.4 * 2.605 2.8B4 3.128 3.192 

0.6 * 1.541 1.820 2.064 2.128 

0.8 * 0.478 0.756 0.999, 1.063 

1.0 * * * * * 

N (cr) = 2.682 



107 

FRAME PROPERTIES 

ALPHA =2.00 

LAMBDA = 2.00 

TYPE I ANALYSIS 

N(cr) -for the -following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.526 1.927 2.014 2.0S9 2.109 

TYPE II ANALYSIS 

q(cr) for the -following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 1.034 3.816 3.990 4.139 4.17S 

0.2 0.205 2.980 3.154 3.303 3.342 

0.4 * 2.145 2.319 2.467 2.506 

0.6 # 1.310 1.4B3 1.632 1.670 

0.8 * 0.475 0.648 0.796 0.835 

1.0  *  *  *  *  *  

N (cr) = 2.109 



108 

FRAME PROPERTIES 

ALPHA =2.50 

LAMBDA = 2.00 

TYPE I ANALYSIS 

N(cr) -for the -fDllowing 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

0.434 1.615 1.674 1.725 1.738 

TYPE II ANALYSIS 

q(cr) -for the -following 

elastic restraints <K) 

N/N<cr) PINNED 10 20 100 FIXED 

0.0 0.854 3.196 3.315 3.415 3.441 

0.2 0.170 2.508. 2.627 2.727 2.753 

0.4 * 1.820 1.938 2.038 2.064 

0.6 # 1.132 1.250 1.350 1.376 

0.8 * 0.444 0.562 0.662 0.687 

1 . 0  •  *  *  *  *  

N(cr) = 1.738 



109 

FRAME PROPERTIES 

ALPHA =3.00 

LAMBDA =2.00 

TYPE I ANALYSIS 

N(cr) for the following 

elastic restraints <K) 

PINNED 10 20 100 FIXED 

0.369 1.389 1.432 1.469 1.478 

TYPE II ANALYSIS 

q<cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 0.728 2.750 2.836 2.908 2.926 

0.2 0.145 2.164 2.250 2.322 2.341 

0.4 # 1.579 1.665 1.737 1.755 

0.6 * 0.994 1.080 1.152 1.170 

0.8 * 0.408 0.494 0.566 0.585 

1.0  *  *  *  *  *  

N (cr) = 1.478 



110 

FRAME PROPERTIES 

ALPHA =3.50 

LAMBDA =2.00 

TYPE I ANALYSIS 

N<cr) for the following 

elastic restraints <K) 

PINNED 10 20 100 FIXED 

0.321 1.218 1.251 1,279 1.286 

TYPE II ANALYSIS 

q(cr) for the following 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 0.634 2.413 2.478 2.532 2.546 

0.2 0.126 1.903 1.96B 2.023 2.037 

0.4 * 1.394 1.459 1.513 1.527 

0.6 * 0.884 0.950 1.004 1.018 

O.B * 0.375 0.440 0.494 . 0.508 

1.0  *  *  *  *  *  

N ( c r )  =  1.286 



Ill 

FRAME PROPERTIES 

ALPHA = 1.50 

LAMBDA =0.50 

TYPE I ANALYSIS 

N(cr) -for the following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

2.669 9.548 10.107 10.597 10.726 

TYPE II ANALYSIS 

q(cr) for the fallowing 

elastic restraints (K) 

N/N(cr) PINNED 10 20 100 FIXED 

0.0 5.234 18.731 19.810 20.744 20.986 

0.2 1.027 14.536 15.624 16.570 16.816 

0.4 * 10.332 11.424 12.377 12.626 

0.6 6.120 7.216 8.174 8.425 

0.8 * 1.903 3.001 3.964 4.215 

1.0 * Hi »• * 0.000 

N(cr> = 10.726 



112 

FRAME PROPERTIES 

ALPHA = 1.00 

LAMBDA =0.50 

TYPE I ANALYSIS 

N(cr) -for the •following 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

3.643 12.515 13.550 14.503 14.758 

TYPE II ANALYSIS 

q (cr) for the following 

elastic restraints (K> 

N/N(cr) PINNED 10 20 100 FIXED 
O
 

•
 

o
 7.129 24.323 26.199 27.674 27.575 

0.2 1.353 18.644 20.602 22.350 22.806 

o
 

a
 

•f
c>

 

id 12.915 14.906 16.708 17.185 

o
 

•
 

* 7. 159 9.169 11.001 11.489 

o
 

CO
 

* 1.387 3.410 5. 261' 5.756 

1.0 * * * 4< 0.001 

N < cr) = 14.758 



113 

FRAME PROPERTIES 

ALPHA =0.50 

LAMBDA =0.50 

TYPE I ANALYSIS 

N(cr) -for the -follawing 

elastic restraints (K) 

PINNED 10 20 100 FIXED 

5.688 18.043 20.620 23.338 24.121 

TYPE II ANALYSIS 

q (cr) for the following 

elastic restraints (K) 

N/N(cr> PINNED 10 20 100 FIXED 

0.0 11.095 836 33.476 32.272 31.933 

0.2 1.686 25.209 29.545 31.124 30.847 

0.4 * 16.115 20.821 25.417 26.612 

0.6 * 6.883 11.749 16.692 18.060 

0.8 * • 2.541 7.667 9.112 

1.0 * * * * * 

N ( c r )  =  2 4 . 1 2 1  
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