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ABSTRACT

Linear digital filtering systems, when implemented
in hardware or on a micro-computer, must use a short word-
length, typically 8-16 bits. Before implementing the
filter, simulation of its behavior on a general purpose
computer can provide insight into the effects of finite
word-length.

Using FORTRAN-based fixed-point simulation tech-
niques, this thesis explores the effects of finite word-
length on the time response of three recursive filter

structures.

ix



CHAPTER 1
INTRODUCTION

The cost reductions and speed improvements achieved
in the digital signal processing of discrete-time (sampled-
data) signals have been given a great impetus through the
availability of MSI and VLSI integrated-circuit technology.
Indeed, conventional continuous-time (analog) signal proces-
sing or filtering systems have become less advantageous,
since digital systems feature potentially lower costs,
higher accuracy and stability, and often comparable speed.

Of the methods and techniques used in digital signal
processing, linear digital filtering is one of the most
important. High-speed digital filters almost invariably
utilize fixed-point digital (usually two's complement)
operations, and it is desirable to use the shortest word-
length (number of bits) to reduce the complexity of the
required digital filter.

Currently, there is considerable interest in using
available micro-processors, for special-purpose digital
filter design; Commercial micro-processors usually have a
limited set of choices of word lengths, normally multiples

of 4 bits. Obviously, if the digital filter designer can use

1



8 or 12 bits instead of, say, 16 bits, he has reduced cost
and complexity.

The input and output of a digital filter are number
sequences, i.e., the input is x(t) = x(nT) and the output is
y(t) = y(nT), where T is a constant sampling time interval,
i.e., t = nT, n an integer. In implementing a digital
filter on a digital computer, the input-output relation may

be represented by a computational algorithm:

M N
y(nT) = ] a,x(nT-kT) - ] b,y(nT-kT) (1.1)
k=0 k=1

The algorithm for implementing the filter is then
defined by a structure or network consisting of an inter-
connection of such basic operational elements as delays,
adders and multipliers. There exist a number of structures
that will result in the same relationship between the input
x(nT), and the output y(nT). By structures we mean a
choice of state-variables implying a particular circuit
topology or choice of operations.

It must be noted that although we tend to say that
the algorithm (1.1) is ‘'linear,' the signal processing
when using finite word-lengths (typically 8-16 bits) is no
longer linear. It is the effect of these non-linearities
that we wish to study by simulation. "Precise prediction

of these effects is often difficult and perhaps the best



approach is to simulate the filter behavior on a general
purpose computer and study the effect of shortening the
word-length empirically" (Wait, 1970, p. 270).

Using the approach outlined above, this thesis will
use time-domain digital simulations to explore the effect

of finite word-length on filter performance.
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CHAPTER 2
DETAILS ON STRUCTURES IMPLEMENTED

Initially the parameters of a recursive digital
filter designed for one of the many available structures
(Antoniou, 1979, pp. 70-83) are obtained with high accuracy.
In the implementation of digital filters with finite word-
lengths, however, it is necessary to introduce some finite
precision, not only in the coefficients of the filters, but
also in the input samples and in the results of arithmetic
operations within the filters. The effect of using finite
word-length is to introduce error in the filter performance.
"The problem of error behavior in digital filtering opera-
tions is very involved and is essentially a non-linear
problem, because such quantizers as needed in the above
description are obviously non-linear devices" (Cappellini,

Constantinides and Emiliani, 1978, p. 161).

Finite Word-Length Considerations

Three major sources of error arise from a finite
word-length implementation of digital filters. These are:
l. Coefficient quantization errors.
2. Input quantization errors.

3. Product quantization errors.
4



Most books on digital signal processing provide details of
these types of error (e.g., Oppenheim and Schafer, 1975).

In digital signal processing, as in most numerical
algorithms, it is necessary to deal with signed numbers.
In the implementation of digital filters, fixed-point two's
complement arithmetic is almost always used (Oppenheim and
Schafer, 1975, p. 406).

Number representations, especially in micro-
processors, use fixed-point arithmetic. Following addition
or multiplication, words are reduced in word-length, usu-
ally by rounding (Antoniou, 1979, pp. 282-283). Rounding
is a non-linear process and its effect on the realization
of a digital filter is to introduce non-linear elements in
its structure (Cappellini et al., 1978, p. 166).

Yet another undesirable effect stemming from the
use of finite register-length arithmetic is known as zero-
input limit-cycle or the "dead-band" effect. It is a
consequence of the non-linear quantizers in the feed-back
loop of the filter (Antoniou, 1979, pp. 296-303).

The obvious way to avoid finite word-length effects
is to use longer word-length, i.e., a large number
of bits in the hardware system. This, of course,
increases the final implementation cost and, in
serial arithmetic implementations, may lower the
achievable speed. Thus it is important to use only
as many bits as are required (Wait, 1970, p. 269).

There are a number of subtle ramifications of the

round-off error problem, which affect the entire filter



design: for example, increasing filter order or decreasing
the sampling time, T, makes the filter behavior more sensi-

tive to round-off errors (Wait, 1970).

The Digital Filter Transfer Function

The transfer function of a digital filter, H(z),
may be defined as the ratio of the z-transform of the out-

put, Y(z), to the z-transform of the input, X(z), or:

e

H(z) = (2.1)

z)

>

The exact form of H(z) can be readily derived from
the difference equation characterizing the filter, from the
filter network, or from the state-space characterization.

Taking the z-transform of (1.1) we have:

M
Y a z~ KT
=0‘k
(2.2)

N
1+ ) byz XT
k=1

_Y(z) _k
T oX(z) T

H(z)

Implementation Considerations

The implementation of a digital filter based upon
the system transfer function, H(z), can assume a variety of
network configurations or structures.

When implementing a digital filter on a general
purpose floating-point computer, e.g., the CDC Cyber 175,

it is usually not necessary to pay close attention to the



type of structure used. This is not true when the same
filter is to be implemented on a mini- or micro-computer,
or using dedicated hardware. Under such circumstances,
factors like speed, cost and word-length become closely
related to the network structure used.

One consideration in the choice between the differ-
ent realizations is computational speed. That is, networks
with thé fewest constant multiplers and the fewest delay
operations are often most desirable; since multiplication
is a time-consuming operation, and each delay element in-
volves the use of a fetch-store operation. A reduction in
the number of constant multipliers means a significant
increase in speed. A reduction in the number of delays also
means a reduction in memory requirements. On the other
hand, the effects of finite register length in the case of
micro-computer realizations of digital filters "depend on
the structure and it is sometimes desirable to use a struc-
ture that does not have the minimum number of multipliers
and delays but is less sensitive to finite register length

effects" (Oppenheim and Schafer, 1975, p. 149).

Structures Implemented

In this thesis three structures will be studied.

These are:

1. Cascade Form (Direct-II realization).



2. Parallel Form.

3. Normal Form.

Figure 2.1 depicts a block diagram representation
of each of the three structures for a second-order filter.

The Cascade and Parallel structures are among the
three well-known forms (the third one being the Direct form)
that provide a useful measure of comparison with other
structures. Also, these three forms require fewer multi-
pliers than any of the other forms. The parameters that
define these forms are obtained directly from the system
transfer function, H(z), and the computational complexity
is minimal.

The Normal realization implementation is described by
Mills, Mullis and Roberts (1981, pp. 893-903). Implemented
also as second-order sections connected in tandem (called
Sectional Optimal Structures), it offers a number of advan-
tages over the Cascade form. Normal structures are also
known as '"Coupled Resonators" or "Uniform-grid structures"
(Gold and Rader, 1969, p. 37).

Cascade forms typically suffer from such drawbacks
as large round-off noise, finite register length effects,
e.g., overflow oscillations and large coefficient sensiti-
vities. The use of Normal forms greatly reduces such

effects. The price for these improvements in performance
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Figure 2.1. Three structures implemented. -- (a) Cascade

Form:; (b) Parallel Form; (c) Normal Form.



10
is an increased number of multiplications. A tandem connec-
tion of cascade forms requires 3N multiplications, where N
is the filter order; the Normal form, on the other hand, requires
(N+1)? multiplications (Mills et al., 1981, p. 893).

We assume that a straight-forward design approach
will contain second-order sections as building blocks. Such
sections can be used to implement any rational function by
connecting them in Cascade or in Parallel. The advantage
of using second-order sections lies in the relatively low-
sensitivity of their transfer properties to element varia-
tions. Also they provide flexibility in the choice of compo-
sition of the sub-systems and in the order in which the
sub-systems are cascaded. This ordering of the second-order
sections in the case of Cascade forms becomes important when

finite word-length effects are a consideration.

Cascade Form

The system transfer function (2.2) can be expressed

as a product of second-order functions of the form:

[ 8, + elkz'l + 8,272
H(z) = HO TT ) —3 (2.3)
N+l
where [(———)] means the largest integer contained in (=57).

In writing H(z) in this form the real poles and

real zeros have been combined in pairs. If there is an odd
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number of real zeros, one of the coefficients sz will be
zero. Likewise, if there are an odd number of real poles,
one of the coefficients oy will be =zero.

For N = 2 and BOk = 1, we have:

-

1+ Bllz—l + 6212'2

H(z) = HO ) ) (2.4a)
1l + allz + a212

or

2
4 + B zZ + B

H(z) = HO —=L 21 (2.4Db)
z + o 2 + a21

11

where the gain factor HO represents the gain at a desired

frequency.
The block diagram for a Cascade section, Figure

2.la, is repeated below as Figure 2.2

HO
x(n),__<§}__+{$3

J -0 { 1l

w
o
P

q-P——o—a y (n}

w

1
Lo
& ‘fgy

-Q. ! 21

-
&

Figure 2.2. Second-Order Cascade Realization.
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The ease of implementation of this structure is
apparent when the second-order system function is compared

with the overall network itself.

Parallel Form
As an alternative to factoring (2.2) as a product
of second-order sections, the system function H(z) can be

expressed as a partial fraction expansion in the form:

§=1 1 + B

H(z) = Yo +

= (2.5)

where Yo is obtained by dividing the numerator and denomina-
tor if they are of the same order. Note that (2.5) admits

a real pole, by setting sz = 0 or 15 = = 0.

sz
An alternative form of the system function is a

partial-fraction expansion of subfunctions of the form:

N z + B
H' (2) =5—(25)-= v+ 3 ZA?‘ k (2.6)
O k=1 z° + C z + Dy

where it has been assumed that the coefficient of the denom-
inator quadratic term is unity. Note that for a first-order

section with real poles, we have the form:

B
H' (2) =Yo+;‘—+h5']: (2.7)

For a second-order section in parallel form:
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Figure 2.3.
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' Alz + Bl
Hl(z) =¥ t 3 = (2.8a)
z2° + Clz + Dl
= vy ¥ Hl(Z) (2.8b)

which can be implemented as shown in Figure 2.3.
Higher-order system functions can be implemented by
connecting each second-order section in Parallel, as shown

in Figure 2.4.

Normal Form

The synthesis procedure for Normal structures is
based on a specific state-space description. It has been
shown (Mills et al., 1981, pp. 895-896; Barnes, 1980, pp.
154-159) that explicit expressions for the Normal structure
parameters in terms of the coefficients of the system trans-
fer function can be obtained. Note that 22 scaling (Jackson,
1970, pp. 176-181) is included as an integral part of the
design procedure for dynamic range control.

The block-diagram representation of a general
second-order digital filter is shown in Fiéure 2.1c, and is

repeated as Figure 2.5 below. The corresponding state equa-

tions are:

]
>

a(nT + T) g(nT) + b u(nT)

(2.9)

]
(@]

y(nT) g(nT) + d u (nT)

4

0
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The state-vector g(nT) is second-order, y(nT) and

u(nT) are scalars.

The matrix % is 2x2
? is 2x1
c is 1x2
d is 1x1

x(n) o >

y(n)

a

Figure 2.5. Second-Order Normal Realization.

The design of Normal digital filters shall be
restricted to the case where the filter poles are complex-
conjugates given by A = a + jB, A* = o - jB.

A normal filter with realization {§, b, c, da}

satisfies
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AaT = aTa (2.10)

~ o~

All Normal second-order filters have the state

matrix A given by:

(2.11a)

 p
]

The &, scaling defines b and c.

2
The design process uses the Normal structure (un-
scaled) as an intermediate step.

The unscaled realization is denoted as:

{§o’ ?o' o' d}

For complex poles Ao is given by (2.11la). The

vectors bo and ¢, may be arbitrarily chosen as:

~

~0

0
b = { ] , c_ = rlcos¢ sing] (2.11b)

Consider the second-order transfer function:

q222 + qlz + qQ
H(z) = —5° 5 — (2.12)
zZ2- - 204z + a + B
If (2.12) is expressed as:
d,2 + q
H(z) = @ + 52— | (2.13)

z + plz + p2
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eﬁplicit expressions for the 22—sca1ed Normal realization
(denoted with the subscript N) can be derived (Mills et al.,
1981, p. 895). For a second-order section with a pair of
complex conjugate poles, Al,2 = g + jB, these expressions
take the form:

a -8 sin (o+ ry bl
Ay T P by =¥ a | =
~ B o ~ cos (o+ ry b2
Cy = r/Vy [cos(¢ - 6 - n/4) sin(p -6 - ©/4)]
(2.14a)
L Y
where
v = 1787 2(1-12 )2 T
8 = 1/2 arg (1 - Az)
a L (2.14b)
$ = tan™t [—2——1]
_ql - qu
q, + agq
r2=q§+ (J_-——2 2y2 ’

B

More general expressions for higher-order filter
transfer functions, implemented as cascaded second-order
sections are also available (Mills et al., 1981, p. 900).
Normally the gain constant HO is distributed equally between
each of the second-order sections. 6 is a scaling factor.

A value of 5 is assumed here;
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From the above, we conclude that the computational
complexity involved in the evaluation of the respective feed-
forward and feed-back coefficients is relatively straight-
forward in the case of the Cascade form, and fairly complex
for the Normal form. The discussion has been restricted
to the case of second-order structures, for by cascading or
paralleling these second-order sections, we can construct
higher-order designs.

The choice of a particular realization depends on
a number of factors, some of them application-oriented.
Considerable interest has been shown by investigators over
the years to arrive at conclusions concerning the advantages
and disadvantages of the various structures. Considerable
literature exists on the subject (Liu, 1971; Crochiere,
1975). There appears to be consensus among the investiga-
fors that although the Cascade form has the least number of
multipliers of any realization, and its implementation is
straight-forward, it is very sensitive to coefficient word-
length, is extremely prone to overflow oscillations, and
has relatively large round-off noise. fhe Normal form, on
the other hand, requires more multipliers ((N+l)2 compared
to 3N, for the Cascade form, where N is the filter order),
but has very low sensitivity to coefficient word-length and

the problem of overflows is almost eliminated. Normal forms
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have been found to be most suitable for narrow-band low-

pass or high-pass filters, whereas Cascade forms are better

suited for wide-band filters (Mills et al., 1981, p. 902).



CHAPTER 3
SIMULATION SOFTWARE

This chapter describes the software déveloped for
implementing the three digital filter structures described
in the previous chapter.

Starting with the transfer function H(z), the imple-
mentation process can be divided into two parts:

1. Evaluate the appropriate parameters that relate
directly to the structure under consideration (e.g.,
the feed-forward, feed-back and direct feed-through
coefficients).

2. Implement the filter structure using the parameters

evaluated above.

The evaluation of these filter parameters must neces-
sarily precede the implementation of the filter structure
itself; therefore, algorithms that outline their evaluation

will be treated first.

Parameter Evaluation
The software developed in this work assumes the

system transfer function H(z) is in rational form:

20
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1l + Fl.z + F2.22 + .. .+ F .zM
H(z) = HO 3 (3.1)
1l + El.z + Ez.z + . . . +E..2

where M < N.

An algorithm describing the evaluation of parameters
for each of the three different structures is outlined below.
The input data to each of the algorithms are the coeffi-
cients of the numerator and denominator polynomials, i.e.,

the F, and Ej and the gain constant HO in (3.1).

Cascade (Direct-II) Form

The Cascade (Direct-II) form of Figure 2.la presents
the most straight-forward method for obtaining the filter
parameters. Once the numerator and denominator polynomials
have been factored into second-order terms, the feed-forward
and feed-back coefficients of the filter are the coeffi-
cients of these terms (Oppenheim and Schafer, 1975, p. 152).

The algorithm works as follows:

Step 1: Separately find all roots of the numerator and
denominator polynomials.

Step 2: Form second-order sections, for both the numer-
ator and denominator polynomials using the roots
evaluated in Step 1. Two cases arise:

a. A pair of complex conjugate roots: X1,2 =laij8

b. A pair of real rootstl = 0, and 12 = az
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In either case a quadratic of the form

z2 + P2 + Q

can be formed where:

2a and 0 =4a" +8 (3.2a)

For case (a): P

+ a (3.2b)

]

For case (b): P ay 2 = a0,

Any second-order section in the Cascade (Direct-II)
form is expressed as:

22 + B,z + 8

1 2
> = (3.3)

+ +
2 a2 + a,

H(z) = HO

where 8y and 62 are the feed-forward coefficients and oy and
a, are the feed-back coefficients. HO is a constant that
scales the input.

Subroutine DSETUP 'accomplishes the task outlined in
Steps 1 and 2 above. Two supplementary routines, SETUPl and
SETUP2 are used to separately factor the numerator and
denominator polyﬁomials. Subroutine PROOT (Shapiro, 1965)
finds the roots of the polynomials. Listing of these rou-

tines are available in Appendix B.

Parallel Form
To implement the Parallel form of Figure 2.1b, the
transfer function H(2z) must be expressed as a partial

fraction:
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H(z) = v + I = (3.4)

The term Yo is obtained by dividing the numerator
and denominator polynomials of H(z) if M = N in (3.1)
(Peled and Liu, 1974, p. 456).

In (3.4), the numerator terms Yok and Yix are the

feed-forward coefficients, B and 82 are the feed-back

1k k

coefficients.
The algorithm used is:
Step 1: If the order of the numerator and denominator.

is the same (i.e., M = N), divide them out, to

obtain:
G. + Go.z + G..2% + . . . Gg.zZ¥1
_ 1 2 3 M
H(z) = Yo + 5 N
E1 + E2.z + E3.z + . . .+ EN+lz
H(z) = Yot Hl(z) (3.5)

Step l: Make a partial-fraction expansion of Hl(z).
Two cases arise:
a. A pair of complex-conjugate roots of the denom-
inator polynomial (Al,2 = a + jB) with a pair
of conjugate residues (Rl,2 = x + jY).

One such second-order factor would be:

Ny, (=) Az + B

Dy1(2) ;2 4 20z + (o2 + 82

Hll(z)

(3.6a)

'
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where

A =2X and B = -2ax - 2B8Y (3.6b)

b. A pair of real roots of the denominator poly-
nomial (xl = 0y, Az = a2) with real distinct
residues (Rl = Xl' R2 = x2). A second-order
factor would be:

Ny (2) Az + B
HlZ(Z) B Dl2(Z) B 22 + (o, + o)z + a.a
1 2 172
(3.7a)
where
A =X + X, and B =o)X + oX, (3.7b)

Comparing one section of (3.4) with either (3.6) or
(3.7), a direct correspondence between the coefficients is
clear.

‘Subroutine PSETUP accomplishes the task of forming
‘the filter parameters. Subroutine PFEXSD (Huelsman, 1972,
pp. 602-604) is used for making the partial-fraction expan-
sion. Root-finding . routines ROOT (Huelsman, 1972, pp. 870-
871) and PROOT (Shapiro, 1965) are also used. A listing of

these routines is available in Appendix B.
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Normal Form
The Normal form, Figure 2.l1c, is restricted to the
case of complex-conjugate pole-pairs, with quadratic numer-
ator terms. A general second-order section in Normal form
would have a transfer function:
q222 +q,2 + qg
H(z) = (3.8)

22 - 202 + az + 32

where o and B are the real and imaginary parts of the com-
plex conjugate pole-pair (Mills et al., 1981).
This procedure assumes a system transfer function
H(z) is available as a product of second-order sections.
The algorithm for evaluating the parameters is:
Step 1: Find the roots of the numerator and denominator
polynomials.
Step 2: Form quadratic terms of the form shown in (3.8).
Step 3: Divide the numerator and denominator polynomials

of each second-order section to obtain:

4,2 + q -
H(z) = 4 + 23 1 (3.9)
z° + plz + p2

Step 4: Form the coefficients that define the structure,

as contained in the state-space description, AN'

~

bN and ¢, in (2.14).

~N
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Subroutine NSETUP accomplishes the task of forming
the parameters in this package. It uses routine PROOT to
find the roots of the numerator and denominator polynomials,
and thus to find the filter parameters. A listing of this

routine is available in Appendix B.

Filter Implementation

Once the filter parameters have been evaluated, the
next step is to implement the appropriate filter structure.

The basic arithmetic operations involved in the
implementation of digital filters are addition, multiplica-
tion, and delay. These operations, therefore, form the
basic building blocks for implementing filter structures.

Explicit routines developed by Dr. J. V. Wait (TAD
Users Manual, in preparation) for simulating fixed-point
arithmetic were used in the simulations. These routines,
called SHADD, SMULT, OVER, QUAN, IQUAN and FRAC are capable
of adding or multiplying two problem variables, checking for
register overflow, and quantizing numbers to a specific
register length, using rounding. They also simulate one's-
and two's-complement and signed-magnitude implementations,
and binary (left-right shift) scaling.

These routines are in the form of function sub-

programs to be directly called by the user.
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Function SHADD

SHADD is the summing routine. It has four arguments,
X, Y, NSHIFT and I. X and Y are the two problém variables
to be added, NSHIFT is a right shifting factor (not used in
the simulation process), and I is an index on overflow in
the quantizer. NBA is the number of bits used by the quan-
tizer for rounding. If NBA is positive, the sum of X and Y

is rounded to NBA bits. NBA has been set to NBITS.

For example, to add two problem variables A and B and

return a sum S1, the specific command is:

S1 = SHADD (A, B, 0, 1)

Function SMULT

SMULT is the multiplication routine. It has three
arguments: X, Y, and I, where X and Y are the two problem
variables to be multiplied, I is an index on the quantizer
to keep track of overflow. Each problem variable is rounded
to NBM bits before being multiplied together to give a pro-
duct with 2NBM bits. During the quantizing process the
problem variable is checked to insure that its value lies

within the range -1 < X < (1 - —Eéﬁ__)' otherwise an over-

2 1l
flow message is printed out. NBM has been set to NBITS.

For example, to multiply two numbers A and B and

return a product Pl, the specific command would be:

Pl = SMULT (A, B, I)
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Symbolically the operations of addition and multi-

plication can be represented as shown in Figure 3.1.

A

a. b.
Figure 3.1. Symbolic representation of an Adder and a
multiplier. ~- (a) An Adder; (b) A Multiplier.
Implementing the Delay
Another basic building-block in the implementation
of digital filters is the delay element. A unit delay can
be implemented very easily in FORTRAN. A memory register
whose entire contents are shifted on command (e.g., a time
increment) acts like a delay. Two such shift-registers
connected in tandem and working on a "shift and store"
principle can be used to implement a pair of delays.
The principle of operation of a pair of delays is
demonstrated below in Figure 3.2.
Pigure 3.2a shows 2 delays in Cascade with the 2
associated state variables, X1 and X2.
In a recursive system, the next state of X2 or
X2(n+l) is a function of the present state X2(n) and/or
Xl(n) along with possibly the input. Similarly, the output

of a recursive system depends on at least one or more of
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X2(n+1) 77 X2 __ Z X1(n)

a.

Sll_ __/

Figure 3.2. Simulating a tandem connection of two delays.

-— (a) Symbolic diagram; (b) Flow diagram.
these states. Once these computations have been performed,
the state X1(n) is not needed.

Figure 3.2b shows how two memory registers SRl and
SR2 can be used to simulate delay elements. SR2 contains
the state X1(n) and SRl the state X2(n). TEMP is a tempo-
rary location for retaining X2 (n+l).

Prior to incrementing the time index n, the contents
of SR1 and SR2 need to be changed. A two-step procedure,
outlined in Figure 3.2b, accomplishes this:

Step 1: shift the contents of SR1 to SR2.
Step 2: Transfer contents of temporary location TEMP to

SR1.

Before incrementing the time index n, the procedure

outlined in Steps 1 and 2 is repeated.
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Example

The operation of the addition and multiplication
routines, SHADD and SMULT, and a delay element are shown
below for a first-order filter section. |

Suppose the filter has a transfer function H(z)

given by:

z + a
z 4+ B’

H(z) = HO HO, « and B < 1 (3.10)

A block diagram description of this section is as

shown in Figure 3.3 below:

HO
U X(n+l) oUT
“——é—ﬁ"@ &= D
SHIFT
A REGISTER !
Z'|
! &
———(§)-—— FFI
FBI X (n) .
SR1

Figure 3.3. First-Order Section.

The outputs of the adders, multipliers and delay
are indicated in Figure 3.3, and are defined below:
Ul = SMULT(U, HO, 1) [Input scaled by HO]
FBl1 = SMULT (SR1, -B, 2) [Feed-back coefficient
multiplied by present

system-state]
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FFl1 = SMULT (SR1l, a, 3) [Feed-forward coefficient
multiplied by present
system-state]

ERR = SHADD (Ul, FBI, O, 1) [Error term or the next
system-state]

OUT = SHADD (ERR, FFl, O, 2) [Output based upon present
and next state]

SR1 = ERR [Transfer ERR content to

SRI. This effectively
delays the next state to

obtain the present state]

No explicit time dependence has been shown above. A time
index becomes necessary in an actual filter simulation, for
computing the output OUT. If more than one section is
connected together in Cascade or in Parallel, an additional
index is required.

Listings of the simulation routines for the three
structures implemented are available in Appendix B (sub-
routines CASCAD, PARLEL and NORMAL) .

In the simulation of the Cascade and Parallel forms
no scaling of the filter parameters is required to prevent
overflows. The input to the first second-order section in

the case of these two realizations is scaled down by the

gain term HO, which forms part of the system transfer
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function. An additional scaling factor given by 2'ISHIFT,

where ISHIFT is a positive integer, is used to further scale
down the input. Note, in typical FORTRAN compilers, multi-
plying by a power of 2.0 is effectively a binary left-shift
and eliminates conversions of variable type from fixed to
floating.

Because the Normal realization has £, scaling in-
cludéd as part of the parameter evaluation process, no input

scaling is used in its implementation.

The Register Overflow Problem

In spite of the precautions listed above, the
numerical values of some of the feed-forward and feed-back
coefficients in all three simulations will occasionally
cause the multipliers to overflow. Since each such coeffi-
cient is the input to a multiplier, and must be less than
one in magnitude, some way to handle such coefficients needs
to be devised. The method adopted here is straight-forward.

Example:

Suppose a filter has a z-domain transfer function:

22 + 22 + 1 = HO gz + Alz + A2
3 =

z° - 1.887z + 0.986 z2 + Blz + B2

H(z) = 0.02475

If this transfer function were implemented in Cascade

form, it becomes immediately obvious that the coefficients
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Al, A2 and Bl may not be directly used as inputs to multi-
pliers.
A block diagram of such a filter would look as shown

in Figure 3.4 below:

ouT

B2 =-0.986/ Z | a2=1.0 T

Figure 3.4. Second-Order Section in Cascade Form Based on
(3.11).
If each of the coefficients with magnitudes greater
— than or equal to one are divided by an integer number large

enough to reduce their magnitude to a value less than one,
the filter implementation becomes possible.

If the coefficients A2 and Bl are divided by 2 and
Al by 3 and additional adders provided so that the final
result remains unaffected, the structure would look as shown

in Figure 3.5.



0.02475

IN F —)— ouT

1.887/2.0

zZ

-0.986 [7]1.0/2.0

S i .

U

Figure 3.5. Second-Order Section in Cascade Form with
Additional Adders to Prevent Overflow.

Note that the above method suggests:

3X = (1 + 2)X where X is any multiplying factor

or one addition and a shift are needed.

The price paid is a two-fold increase in the number
of adders as compared to the unrealizable structure shown
in Figure 3.4.

In general, if a coefficient o has magnitude in
excess of unity and is divided by an integer I, then I-1
additional adders will need to be included in the structure
to enable the coefficient a to be accommodated within the
structure and prevent overflows at multiplier inputs.

The operation of addition compared to that of multi-
plication requires a fraction of the time and therefore does

not significantly increase the computational time.
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The same technique has been used in the implementa-
tion of the Parallel and Normal forms. It must be pointed
out that the method outlined will prevent overflows only if
the filter coefficients lie within the limits for which the
structure has been designed. Table 3.1 gives the maximum
allowable values for the coefficients of the three struc-
tures. These allowable limits on coefficient values were
obtained during this study by simulating a variety of narrow-
and wide-band digital filter transfer functions of up to
sixth-order.

To investigate the system response, three inputs
will be used. These are:

l. A step input, u(n) = A, of magnitude A to be speci-
fied by the user.
2. A sinusoidal input, u(n) = A sin(nwT), where A and
wT are under user control.
3. A broad-band random input generated as follows:
A random number generating function RANF (which

returns a real random number between 0 and 1) and a

user supplied argument X, are combined in routine

RANDOM such that:

Random (X) X if RANF > 0.5

Random (X) -X if RANF < 0.5
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Table 3.1. Table with maximum allowable values for coeffi-
cients in a second-order section for the three
structures.

Structure Magnitude of Maximum
Type Coefficients Allowable Value

AO 0.9

Al 2.9
Cascade A2 1.9

Bl 2.9

B2 0.9

¥O 0.9

yOl1 1.9
Parallel v1ll 0.9

gll 2.9

21 0.9

SIGMA 0.9

OMEGA 0.9

Bl 0.9
Normal

B2 0.9

Cl 5.9

c2 5.9
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The simulation software described here is by no
means unique. Various programs for designing digital filters
that meet frequency and time-domain specifications are avail-
able in the literature (e.g., FAD Users Manual, Version 1,
19817'Antoniou, 1979, Appendix B; Programs for Digital Signal
Processing, 1979, Sec. 6.4). Of the three sources cited,
Antoniou lists a time-domain analysis program for which the
system specifications are made in a way similar to those
adopted here. However, the program is implemented specifi-
cally for a 16 bit mini-computer (HP 9825A) using HPL lan-
guage and no control over the word-length is provided to the
user. It implements only the Cascade and Parallel forms.

The simulation software developed in this thesis, on the
other hand, uses standard FORTRAN, making it portable.

Also, it gives control to the user over the word-length used
in the simulations, and includes a third structure, the
Normal form, allowing a more effective comparison between
structures.

In this chapter, details of the various software
components, how they relate to the implementation of a
filter, and a simple method of avoiding overflows at inputs
to multipliers have been presented. In the following chap-
ter the software will be tested using simulated fixed-point
filter transfer functions and the effect of round-off on

the time response will be investigated.



CHAPTER 4

TEST EXAMPLES

To illustrate the usefulness of the software, three.
examples will be considered in this chapter. The first
example is a second-order, equal ripple, low-pass Chebyshev
filter; the second is a sixth-order, low-pass filter; and the

third example is a second-order band-pass filter.

Example 1

A second-order, 1.0 dB, equal-ripple magnitude
(Chebyshev) low-pass filter with a passband of 0 to 1 rad/s
has a s-domain transfer function (Huelsman, 1980, pp. 29-39)

given by:

H(s) = —5 1 (4.1)
s + 1.097734s + 1.102510

Using the Matched-z transformation (Antoniou, 1979,
p- 175), with a sampling time T = 1 sec., the corresponding

z-domain transfer function is:

2
H(z) = — 0.15278491 (2 + 2z + 1) (4.2)

z" - 0.72248469z + 0.33362422

where the gain term is chosen for a D.C. gain of unity.

Using a Cascade form, Figure 2.la, the filter

38
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response to a step-input of magnitude 0.5 is investigated.
Figure 4.1 shows a typical output.

The first simulation run, which uses a word-length
(NBITS) of 32 bits, will be used as a benchmark. Subsequent
simulations use 24, 16, 12, and 8 bits.

Figure 4.la shows a listing of the input parameters;
Figure 4.1b shows the feed-forward and feed-back coefficient
for the Cascade form. Note that these coefficients have been
obtained using high precision and no quantization is in-
volved. Figure 4.1lc gives a listing of the filter response
to a step-input of magnitude 0.5; Figure 4.1d plots the
response, and Figure 4.le plots the error-function defined

as:

Error(n) = y(n) 32 bits ~ Y(n)NBITS (4.3)

The results show that as the word-length NBITS is
reduced, the response no longer approaches a correct steady-
state. For NBITS = 16 and 12, the final values of the out-
put show errors of 0.036% and 0.879%, respectively. For
NBITS = 8, the final output becomes oscillatory, with a
maximum error of 3.1%. These errors in response can be
explained by noting the effect of rounding on the filter
input. For the Cascade form, the 0.5 step-input is scaled
down by the gain factor HO = 0.15278490. Before 0.5 and

0.15278490 and multiplied by function SMULT, they are



Figure 4.1. The second-order, 1.0 dB equal-ripple magnitude

low-pass digital filter function (4.2) is sub-
jected to a step-input of magnitude 0.5 for a
Cascade form.

Simulation parameters.

Feed-forward and feed-back coefficients. These have
been obtained using high precision.

A listing of the response as the word-length is
reduced.

A plot of the response versus time for the simulations
using varying word-length. Note that for NBITS = 8,
curve marked 1, the response oscillates about the final
value.

A plot of the error function (4.3) versus time as the
word-length is changed. Graphs marked 1 are for 24 and
16 bits; graph marked 2 is for 12 bits; and graph marked
3 is for 8 bits.
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Figure 4.1c.
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quantized to the respective word-length. Figure 4.2 shows
the section of the Cascade form, Figure 2.la, being referred
to above.

Quantized values of HO for 16, 12, and 8 bits are:

Q[HO) ¢ pipe = 0-1527709961
o[HOl,, pits = 0-1525878906
= 0.15234375

O[HO) g 1its

where Q[.] is the quantized value of HO for the indicated
number of bits. The step-input of 0.5 is not affected by
quantization.

From the above, it becomes clear that the input to
the filter at the point marked X on Figure 4.2 will be dif-
ferent for each word-length. The values of the product, PX'

at point X for 16, 12, and 8 bits are:

Py 16 bits = 0.076385498
Py 12 bits = 0.076416015
Py 8 bits 0.078125

As a result, thefilter output, for 16, 12, or 8 bits,
cannot be expected to reach a final value of 0.5; hence the
percentage errors noted earlier are obtained. The oscilla-

tions obtained for 8 bits, Figure 4.1d, are a consequence of
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Figure 4.2. A section of the Cascade form.

using quantization in fixed-point arithmetic. The effect of
such quantizations is to introduce non-linearities in the
filter structure, causing a periodic error at tﬁe output.
Such limit-cycle effects arise because quantization forces
the polesvof the system to move to the unit circle (Oppenheim
and Schafer, 1975, pp. 418-423).

The digital filter function (4.2) was driven by two
additional inputs: a sinusoidal input, u(n) = 0.5 sin(n) and
the random broad-bané input described in Chapter 4. Figure
4.3 shows the response to these inputs.

The Parallel and Normal forms were also tested for
the same three inputs. Figure 4.4 shows the responses for
the Parallel form, and Figqure 4.5 for the Normal form. To
illustrate better the effect of reducing the word-length,
plots of the error function (4.3) are also included.

An analysis of the three structures in terms of the

maximum percentage of relative error, |e(n) |, based upon

max
the three inputs, is made. The relative error function,

Ie(n)maxl, is defined as:



Figure 4.3.

Response and Error function plots for simula-
tions of the digital filter function (4.2):

a Cascade form is used. -- Each response plot
has results of simulations for 32, 24, 16, 12,
and 8 bits. Each error function plot is ac-
cording to (4.3). Driving functions used are
a sinusoidal input u(n) = 0.5 sin(n) and a
random broad-band input (see text).

a. Response to a sinusoidal input.

b. Error function versus time for the response plotted in
Figure 4a above.

c. Broad-band random function used as input.

d. Response to a broad-band random input.

e. Error function versus time for the response plotted in
Figure 4c above.
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Figure 4.4. Response and Error function plots fof simula-

tions of the digital filter function (4.2):
Parallel form is used. -- Each response plot
has results of simulations for 32, 24, 16,
12, and 8 bits. Each error function plot is
according to (4.3).

Response to a step-input. Curve marked 1 is for 32,
24, 16, and 12 bits. Curve marked 2 is for 8 bits.

Error function versus time for the response plotted in
4.4a above. Dark line (marked 1) is for 32, 24, 16,
and 12 bits. Curve marked 2 is for 8 bits.

Response to a sinusoidal‘input.

Error function versus time for the response plotted in
4.4c above. Curve marked 1 is for 32, 24, 16, and 12
bits. Curve marked 2 is for 8 bits.

Response to a broad-band random input.

Error function versus time for the response plotted in
4.4e above. Curve marked 2 is for 3 bits.
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Figure 4.5.

Response and Error function plots for simula-
tions of the digital filter function (4.2);

a Normal form is used. -- Each response plot
has results of simulations for 32, 24, 16, 12,
and 8 bits. Each error function plot is
according to (4.3).

a. Response to a step-input. Curve marked 1 is for 8 bits.

b. Error function versus time for the response plotted in
4.5a above. Curve marked 1 is for 8 bits.

c. Response to a sinusoidal input.

d. Error function versus time for the response plotted in
4.5c above. Curve marked 1 is for the word-lengths up
to 12 bits. Curve marked 2 is for 8 bits.

e. Response to a random input.

f. Error function versus time for the response plotted in
4.5e above. Curve marked 1 is for the word-lengths up
to 12 bits. Curve marked 2 is for 8 bits.
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| = ly(m) 35 pieg = Y™ ypios!
max Y1) 35 pits

|e(n) x 100 percent,

(4.4)
the value of n corresponding to the largest absolute value
of the numerator factor. Table 4.1 summarizes the results
for the three structures.

Results of the analysis show that for the digital

filter function (4.2), the Parallel form gives least error
for up to 8 bits, followed by the Normal form, with the

Cascade form usually showing maximum sensitivity to the

effects of using finite word-length.

Example 2

A sixth-order, low-pass filter will be considered
here. This example will be used to demonstrate how a high-
order digital filter function can be simulated by using
second-order sections connected in cascade (for the Cascade
and Normal forms) or in parallel (for the Parallel form).
It will also be used to compare the Cascade, Parallel and
Normal forms in'terms of their sensitivity to finite word-
length effects.

A sixth-order, low-pass Butterworth filter has a
s-domain transfer function (Oppenheim and Schafer, 1975, p.
215):

0.12903
(5240.36405+0. 4945) (s2+0.99455+0. 4945) (s2+1.35855+0 . 4945)

H(s)=

(4.5)
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Table 4.1. A comparison of the three structures based upon

the maximum percentage relative error,le(n)maxl,

for the low-pass filter of 4.2. -- Results are
based on the effect of changing the word-length
(NBITS) as the filter is subjected to three
standard inputs.

¥y 3y pive - Y gpopel

le(n)maxl = o) £2222 - x 100 %
Yinl32 bits
|e(n)mazl
Number of Bits
Type of
Structure Input 24 16 12 8
Step 0.002 0.042 0.99 6.7
Cascade Sine 0.0002 0.067 1.33 13.5
Random 0.0017 0.064 1.10 15.2
Step 0.0 0.028 0.26 12.1
Parallel Sine 0.0002 0.076 0.95 10.5
Random 0.0002 0.0004 0.61 10.0
Step 0.0 0.03 0.36 7.6
Normal Sine 0.0002 0.05 1.35 45
Random 0.0 0.053 0.537}1 12.3
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Using the Matched-z transformation (Antoniou, 1979, p. 175),
with a sampling time, T = 1 sec., the corresponding z-domain

transfer is:

Ho(z6 + a z5 + a z4 + a z3 + a 22 + a.z + a,.)
_ 1 2 3 4 5 6
H(z) = —% 5 2 3 2
(z° + blz + bzz + b3z + b4z + bSZ + b6)
(4.6)
where
HO = 0.000485498
al = 6 bl =-3.3636809
a, = 15 b2 = 5,0688387
a3 = 20 | b3 =-4,27633882
a4 = 15 b4 = 2.10690555
a5 = 6 b5 =-0.57073848
a6 = 1 b6 = 0.06608585

Figures 4.6c, 4.6f and 4.6i, respectively, show
second-order sections of the Cascade, Parallel, and Normal
forms connected to implement (4.6).

In this example only the system response to a step-
input will be investigated. Figures 4.6a through 4.6f show
the simulation results for the Cascade, Parallel, and Normal
networks and a 0.5 step-input.

Figures 4.6c and 4.64 show a listing and a plot of
the response. For NBITS = 12 and 8, a zero or "null"»re—

sponse is obtained. Using an analysis similar to that of



Figure 4.6. The sixth-order, low-pass filter function (4.6)
is simulated using the Cascade, Parallel, and
Normal forms and driven by a step input
u(n) = 0.5. -- Response plots shown in the
following pates and described below are for
simulations using 32, 24, 16, 12, and 8 bits.
Error function plots according to (4.3) are
also included.

a. Simulation parameters.

b. Feed-forward and feed-back coefficients for a tandem
connection of the Cascade second-order sections.

c. Cascade network.

d. Response plot for the Cascade network. Curves marked
1 are for 32, 24, and 16 bits. "Null" responses, curves
marked 2, are obtained for 8 and 12 bits.

e. Error function versus time for the response plotted in
4.6d above. Curves marked 1 are for up to 16 bits.
Curves marked 2 are for 12 and 8 bits.

f. Parallel network.

g. Response plot for the Parallel network. Curves marked
1l are for 32, 24, 16, and 12 bits. Curve marked 2 is for
8 bits.

h. Error function versus time for the response plotted in
4.6g above. Curve marked 1 is for 8 bits.

i. Normal network.

j. Response plot for the Normal network. Curves marked 1
are for 32, 24, 16, and 12 bits. Curve marked 2 is for
8 bits.

k. Error function versus time for the response plotted in
4.6j above. Curve marked 1 is for a word-length of up
to 12 bits. Curve marked 2 is for 8 bits.



THAX= 50,0 M= 6 N= 6
U=1l.0

NBITS=32
ARG2= 1.0 HO=

+ 00000000
6,00000000
F( 3)= 15.00000000
F( 4)= 20.00000000
FU 5)= 15.00000000
600000000
1.00000000

= 06608585
E( 2)s <=,57073848
E( 3)= 2.10690555
El 4)= ~4,276338382
El 5)= 5.,06883873
E( 6)= ~3,36308090
€( 7)== 1.00000000

NUNSER JF SECOND ORDER SECTIONS= 3
STRUCTURE TYPE=DIRECT

NUMBER OF BITS (NBITS) FOR 2ND. RUN= 24
NUMBER OF BITS (NBITS) FOR 4TH. RUN= 12

Figure 4.6a.

ISHIFT= 0
+0004 85498

NUM3ER OF dITS (NBITS) FOR 3RUe. RUN=
NUMBER OF BITS (NBITS) FOR 5THe RUN=

GRAF=]1.0
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A0
1.0000000
1.0000000
1.0000000

FEED~-FORWARD AND FEED-BACK COEFFICLIENTS

Al A2 Bl 82
1.9946698 9944930 -.9972958 «2570716
2.0053086 1.0053370 ~1.0691760 03699456
2.0000216 «9999933 =142972092 6948908

Figure 4.6b.
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CASCADE NETWORK

I II ITI
Boy = 1-0 Bog = 1-0 Boz = 1-0
Bp = 2-0 By = 2.0 Byg = 2.0
Byy = 1.0 Byp = 1.0 By3 = 1.0
ay, = -0.9973 0y, = -1.0691 a)5 = -1.2972
a,, = 0.2571 a,, = 0.3699 0,; = 0.6948

Figure 4.6c.
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PARALLEL NETWORK

u(n)

II

ITI

_— et e e e — — — o wm ewe m—— m— e e e em— e e

Y, = 0-000485498

I
Yo = 1-4095
Yy = -0-4907
By, = -0.9973
B, = 0.2571

Figure 4.6f.
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= -1.4568

= 0.8376
= -1.0692

= 0.3699

III
Yo3 = 0.0519
Yi3 = ~0.2422
813 = -1.2972
823 = 0.6949
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NORMAL NETWORK

I

I

1

I

l

| |

| |

| |

| I
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, l

. | |

I I1 l

| 1
o, = 0.4986 | o, = 0.53458 | o 0.64860
w; = 0.09177 | ., = 0.29011 | w, = 0.52364
by, = 0.18245 | by, = 0.18532 | by, = 0.140749
b,; = 0.16169 | b,, = 0.12673 | b,y = 0.06781
¢y, = -3.7189 | cy, = -0.6675 | cy3 = 0.23544
ey = 5.78111 | cy, = 2.8767 | cy3 = 2.97155
Figure 4.6i. d = 0.078595 | d=0.078595 | d = 0.078595
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Example 1, these results will be shown to be a consequence
of using a short word-length in forming the system input.
Referring once again to Figure 4.2, the quantized values of

HO for 12 and 8 bits are:

Q[Ho]12 bits = 0-0

As a result, the product Px, which is the input to the system
for these two word-lengths, is zero and therefore a zero sys-
tem response is obtained.

For 16 bits, the guantized value of HO is:

Q[Ho]16 bits = 0.000473023

which has been rounded down from the high-precision value of
0.000485498. As a result, the steady-state response shows
an error of 1.3%.

For the Parallel and Normal forms, the effects of
finite word-length were less severe. No zero or '"null"
responses were obtained. Table 4.2 summarizes the results
in terms of Ie(n)maxl at steady-state.

Results of this example have demonstrated the useful-
ness of the simulation software for studying a high-order
digital filter. Thé Cascade form has once again been shown
to be extremely prone to finite word-length effects, and its

response highly dependent on the value of the gain term, HO.
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Table 4.2. A comparison of the three structures based upon
the maximum percentage relative error, |e(n)max|,
for the sixth-order low-pass filter function
4.6. -- Results are based on the effect of
changing the word-length (NBITS) as the filter is
subjected to a step-input of magnitude 0.5. Note
the blank entries correspond to zero response.

le(n) oyl
Number of Bits
Type of
Structure Input 24 16 12 8
Cascade Step 0.025 1.32 - -
Parallel Step 0.0003 0.021 0.91 12.5
Normal Step 0.0001 | 0.059 | 0.29 5.2
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The Parallel and Normal forms perform much better, and in
most cases the latter is less sensitive to the effects of
finite word-length. Also, compared to the second-order
system of Example 1, the sixth-order system is more suscep-

tible to the effects of rounding.

Example 3

A second-order band-pass filter with a Quality Factor
(Q) of 10, a center frequency of W, of 1 rad/sec has a

s-domain transfer function:

H(s) = — = (4.7)

s” + 0.1s + 1

Using the Bilinear transformation (Antoniou, 1979, p. 178)
and a sampling time T = 0.1 sec., the corresponding z-domain

transfer function is:

2
H(z) = ——0:0497509 (z© - 1) (4.8)

z° - 1.98010779z + 0.9900498
where the constant gain is chosen such that at oT = 0.1, the
overall gain is 10.

The filter function (4.8) is exposed to the three inputs
discussed earlier in Example 1. Figures 4.7a and 4. 7b show the
pertinent outputs for the Normal form and a sinusoidal input.
Figures 4. 7c through 4. 7f show plots of the response and the error
function (4. 3) for the Parallel form, and a broad-band random

input, and also for the Cascade formand a step input. Table 4.3



Figure 4.7. The second-order, band-pass digital filter func-

f.

tion (4.8) is simulated using the Normal, Parallel,
and Cascade forms and driven respectively by a
sinusoidal input u(n) = 0.5 sin(n), a random
broad-band input, and a step input, u(n) = 0.5. --
Response plots shown in the following pages and
described below are for simulations using 32, 24,
16, 12, and 8 bits. Error function plots accord-
ing to (4.3) are also included.

Response plot for a Normal form and a sinusoidal input.
Curves marked 1 are for 32, 24, 16, and 12 bits. Curve
marked 2 is for 8 bits.

Error function versus time for the response plotted in
4.7a above. Dark base line is for 24 and 16 bits. Curve
marked 1 is for 12 bits. Curve marked 2 is for 8 bits.

Response plot for a Parallel form and a broad-band random
input. Curves marked 1 are for 32, 24, 16, and 12 bits.
A zero or "null" response was obtained for 8 bits (see
text).

Error function versus time for the response plotted in
4.7c above. Dark base line is for 24 and 16 bits. Curve
marked 1 is for 12 bits. Curve marked 2 is for 8 bits.

Response plot for a Cascade form and a step input. Curves
marked 1 are for 32, 24, 16, and 12 bits. A null response
was obtained for 8 bits.

Error function versus time for the response plotted in
4.7e above. Dark base line and curve marked 1 are for
24, 16, and 12 bits. Curve marked 2 is for 8 bits.
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Table 4.3. A comparison of the three structures based upon
the maximum percentage relative error,le(n)max|,
for the band-pass filter of 4.5. -~ Results are
based on the effect of changing the word-length
(NBITS) as the filter is subjected to three
standard inputs. Blank entries correspond to
responses that suffer from 'dead-band' effects.

letn) _ .|
Number of Bits
Type of

Structure Input 24 16 12 8
Cascade Sine 0.76 8.3 >100 -
Random 0.011 1.6 |[>100 | -

Step 0.004 1.3 21 -

Parallel Sine 0.048 11.5 >100 -
Y Random 0.019 17.9 25 -
Step 0.003 0.25 1.9 70

Normal Sine 0.004 0.83 9.1 |>100
Random 0.0009 0.56 7.3 48
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summarizes results of the simulations as reflected by the

Results show that the Normal form performs satisfac-

maximum percentage of relative error, Ie(n)max
torily for a word-length of up to 12 bits, showing an error
of less than 10%. The Cascade and Parallel forms, on the

other hand, become unstable or show errors in excess of 20%

for 12 bits.

For both the Cascade and Parallel forms, the inputs

3 ana 2_7, respectively, to pre-

had to be scaled down by 2~
vent overflows. This explains the zero or "null" responses
for 8 bits for these two structures. In summary, it can be
said that for narrow-band filter functions the Normal form
should be preferred over the Cascade and Parallel forms.

Appendix A shows the card deck setup for a typical

simulation run on the CDC Cyber 175.

Summary and Conclusions

Results of the simulations tend to support the com-
ments made earlier in Chapter 2 regarding the sensitivity of
the Cascade form to finite word-length effects (Example 3).
These effects become even more pronounced for higher-order
filter functions (Example 2). For wide-band filter func-
tions (Example 1), no significant difference in performance
was observed between the three structures. While the Para-
llel form generally performs better than the Cascade form,

it is also not suitable for narrow-band filter functions.
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From the examples studied, it appears that the use
of input scaling for dynamic range control is a primary
cause for deterioration in performance, as the word-length
is reduced, for both the Cascade and Parallel forms. Since
the Normal form has 12 scaling included in its design; it
‘is least susceptible to dynamic range problems.

Besides the three structures investigated in this
report, other structures such as the Wave Digital filter
(Fettweis, 1971) and the Gray-Markel Lattice filter (Gray
and Markel, 1973) have also been shown to have low sensi-
tivity to finite word-length effects (Taylor and Marshall,
(1981) . ’

This report has shown the advantages of the simula-
tion of finite word-length effects, and also the effective-
ness of simulation as a tool in the analysis and design of

fixed-point digital filters.



APPENDIX A

CARD DECK SETUP FOR A TYPICAL
RUN ON THE CDC CYBER 175
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The user may only specify data in a prescribed
fashion to be outlined below. This data could be on separ-
ate cards or as a DEC-10 file.

Suppose a second-order, low-pass Butterworth filter

with a transfer function of the form:

_ N(z) _ _0.0023293288 (2% + 22 + 1)  _
D(z) =~ ,2 _ ; 85880613z + 0.86812344

H(z)

HO (E3.z2

(F3.z2

+ E2.2 + El)
+ F2.z + Fl)

is to be implemented as a Cascade structure and the fesponse
to a step input of magnitude 0.5 is to be investigated.
NBITS is initially set to 32 bits:; subsequent runs use 24,
16, 12 and 8 bits, respectively.

The data cards/data file will be of the form:

22
50.0
2.0
2.0
32.0
4.0
1.0
0.5
0.0
0.0023293288
0.0
1.0
2.0
1.0
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0.8681234454

-0.85880613

1.0
20.0
16.0
12.0
8.0
DIRECT

A couple of things need to be noted:

1.

Except for the first and last data cards, all the
oﬁher numbers are real.

The information on CARD 1 must be in columns 1 and 2.
Except for the structure type (last card), all the other

data must remain within the first 20 columns.

A breakdown of each card and the information it con-

tains is as shown below:

CARD 1:

CARD 2:

CARD 3:

CARD 4:

CARD 5:

CARD 6:

Total number of cards in data deck/data file.
TMAX. Simulation time for each run. [120 is the
upper limit on TMAX.]

Order of Numerator Polynomial N(z) [Max. = 10]
Order of Denominator Polynomial D(z) [Max. = 10]
Number of bits (NBITS) for first run [Cyber 175 is
limited to a maximum of 60 bits].

Shifting factor for input. [Used orly for Direct

and Parallel forms.]
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CARD 7: Value for type of input:
1.0 = Step; 2.0 = Sine; 3.0 = Random
CARD 8: Magnitude of Max. Value of Input [should remain
less than 1.0].
CARD 9: Angular frequency in radians (Only for Sine input.
Maybe left equal to 0.0 otherwise).
CARD 10: Gain for zero passband loss (HO).
CARD 11: Flag for Calcomp/Printronix Plotter

0.0

Line Printer Plot

1.0 Line Printer Plot and Calcomp/Printronix

(TMAX must be set to 80)

The nektthreecmrds contain the coefficients of the
Numerator polynomial in ascending order. Maximum number of
coefficients is 11.

CARD 12: Coefficient of z° (or constant term) = El

+

CARD 13: Coefficient of z = E2

CARD 14: Coefficient of 22 = E3

The following three cards contain the coefficients
F(.) of the denominator polynomial in ascending order.
[Maximum number of coefficients is 11l.]
CARD 15: Coefficient of z® (or constant term) = Fl
CARD 16: Coefficient of z = F2

CARD 17: Coefficient of 22 = F3



CARD 18:

CARD 19:
CARD 20:
CARD 21:

CARD 22:

94
Number of bits for second run [if set to 0, only
1 simulation run will be made].
Number of bits for third run.
Number of bits for fourth run.
Number of bits for fifth run.
Structure type.

Other possibilities are PARALLEL or NORMAL.
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SIMULATION SOFTWARE LISTING
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