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ABSTRACT 

A numerical method is developed to determine the transient stress inten

sity factor and crack opening displacement of an interfacial stationary crack in a 

bimaterial plate subjected to time dependent anti-plane shear stress on the sur

faces of the plate. A bimaterial plate of finite length composed of dissimilar elastic, 

isotropic laminae with Griffith type of crack at the interface is analyzed. The in

teraction of waves diffracted at the crack tip with those reflected at the boundaries 

and interface makes the problem very complicated, so the analytical study of this 

problem can not be carried out at the present state of knowledge. However ana

lytical study of plates of infinite length with an interface crack for similar type of 

loading has been performed recently. 

For the numerical method the finite element equations are derived in the 

frequency domain from a variational principle. Quarter-point elements and transi

tion elements are used to model the crack tip singularity. The effect of transition 

element for this problem is also studied. The numerical results obtained from this 

investigation are compared with analytical results to verify the accuracy of the 

method. A finite element code has been developed using FORTRAN language for 

the computation of the results. 

xi 



CHAPTER 1 

INTRODUCTION 

Modern technological progress requires continuous expansion of structural 

material types and improvement of their properties. Demands on materials are of

ten so diverse that they cannot be met by a simple single material acting alone. It 

is frequently necessary to combine laminae of different materials into a composite 

to improve the efficiency of structural members. These materials offer new oppor

tunities to updated designs and fabrication methods. Modern composites have a 

wide range of properties with many advantages over conventional materials. The in

creasing interest in laminated structural components is mainly due to its low weight 

with high strength, stiffness and toughness properties. Unfortunately, due to im

perfections in fabrication or incomplete wetting, flaws or cracks are often formed at 

the interface, which usually have very sharp corners and act as the neucleous of the 

fracture initiation. Thus a small crack may cause failure of a structural component 

and hence of a full system. If the composite materials are to be used effectively in 

high-performance structures, it is necessary to develop accurate reliable predictive 

methods for describing their failure behavior. 

Fundamentals of Fracture Mechanics 

For most purposes of analyzing fracture problems associated with the brit

tle behavior a knowledge of the stress field near the crack front is a prerequisite. The 

amplitude or strength of this field can be described by three parameters K\,Kz and 

Kz known as the stress intensity factors. These factors are associated with three 

primary independent modes of failure (Irwin 1957): Opening Mode I, Shearing 

1 
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Mode II and Tearing Mode III. Irwin (1957,1960) first showed that the stress and 

displacement states in the close neighbourhood of a plane crack in a linearly elas

tic solid under most general loading conditions may be expressed in terms of the 

stress intensity factors. The primary stress components in the crack tip region (Fig. 

1.1) corresponding to the three displacement modes could be expressed in following 

forms: 

°xy = (2^f2W ^ 

°V' = (2^/2/3^ 

In the above, r is the radial distance from the crack tip and the terms /,-(#) (t = 

1,2,3) are functions of the polar angle. The stress field posseses a l/y/r singularity 

at the crack tip. 

Fig. 1.1 Primary stress components 
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Among the many uses of the stress intensity factors in fracture mechanics, 

perhaps their most effective application may be found in study of the so-called crack 

propagation phenomena. Crack propagation can be monitored by the attainment 

of a critical value, Kc, of the stress intensity factor. The quantity Ke is considered 

to be a material property, can be determined experimentally and is termed the 

fracture toughness. The stress intensity factor varies with crack length, specimen 

geometry, load pattern and intensity. So, stress intensity factors can be related 

to load and geometry of a system for determing the subcritical or critical size of 

defects. The above uses of the stress intensity factors to static fracture problems 

may also be applied to fracture problems under dynamic loads and dynamic fracture 

propagation. In dynamic fracture problems, K values are calculated as a function 

of time and is still the most effective factor in representing the cracked-structure 

geometry, the applied load and the subcritical or critical size of cracks. 

Review of Analytical Fracture Mechanics 

In the past two decades considerable progress has been made in solving 

problems of multiphase materials containing cracks or other type of flaws. Williams 

(1959) frist examined the singular character of the stresses around a crack tip at 

the bond line of two materials. Rice and Sih (1965) considered a finite crack at an 

interface of two joined materials subjected to both symmetric and skew-symmetric 

in-plane loadings. A variety of loadings on interface crack in a bimaterial system 

was also studied by Erdogan (1963, 1965). After that, solution to a number of 

bimaterial crack problems have been investigated by England (1965), Malyshev 

and Salganik (1965), Erdogan and Gupta (1971a, 1971b), Chen and Sih (1971), 

Erdogan and Biricikoglu(1973), Goree and Venezia(1977), Comminou (1977,1978), 

Lu and Erdogan (1983a, 1983b), Wang and Choi (1983a, 1983b) and Zhang (1984) 

and many others. Recently, Delale (1985) and Chang (1985) studied the fracture 
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of bonded non-homogenous materials under anti-plane shear. Delale (1985) showed 

that non-homogenity has very significant effect on the fracture of bonded materials. 

In addition to the above mentioned analytical static solutions of cracked composites 

a number of numerical (Walsh 1973, Atluri, Kobayashi and Nakagaki 1975b, Lin and 

Mar 1976, Tong 1977, Apostal et al. 1977, Akin and Swamy 1978) and expermental 

(Slepetez and Carlson 1975, Sih, G.C. edited 1981b) studies are available in the 

literature. 

These analytical, numerical and experimental studies of the behavior of 

composite materials subjected to static loadings helped in developing composites 

with high strength and moduli. The shock absorption capacity of composite ma

terials, i.e. their ability to resist impact loadings, can not be understood from the 

static studies mentioned previously. The prediction of the dynamic behavior of 

composites without considering the cracks will overestimate its strength and may 

cause failure. In reality, cracks of different sizes and shapes are found at different 

locations of materials, specially at interfaces of laminated composites. Interfacial 

crack is one of the most commonly observed flaws in laminated composites. A 

knowledge of the behavior of composite materials at the vicinity of the interfacial 

crack tip is essential to achieve an in-depth understanding of the failure mode of 

composites under dynamic loads. 

Because of the complexities of dynamic crack problems of laminated com-

posities only a few idealized cases are amenable to mathematical treatments. The 

complexities arise from the interaction of waves scatttered by the crack with those 

reflected by the material interface or free surfaces (Sih and Chen, 1981). The 

elasto-dynamic stress analysis in fracture mechanics has mostly been limited to ho

mogeneous isotropic materials (Sih 1968,1977). Some of the works that specifically 

deal with transient responses of stationary cracks are due to Flitman (1963), Sih and 
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Loeber (1969), Mai (1970), Ravera and Sih (1970), Loeber and Sih (1968, 1973), 

Thau and Lu (1971), Sih, Revera and Embly (1972), Kundu and Mai (1984), Keer, 

Lin and Achenbach (1984), to name a few. The importance of the dynamic effect 

depends on the rapidity of loading as compared to the lowest natural frequency 

of the structure. As a rule, if the time required to increase the magnitude of the 

applied load from zero to its maximum value is less than half the natural period of 

the structure, then the formation of stress waves due to the inertia effect should be 

considered in the analytical treatment (Chen and Sih, 1977). In the vicinity of the 

crack, the stresses are intensified as in static loading. This intensification can be 

characterized by the dynamic stress intensity factor (Loeber and Sih, 1968). 

These works developed for the analysis of transient behavior of single 

phase materials have had limited success in characterizing the fracture behavior 

of laminated composites. Investigation on the dynamic behavior of multiphase ma

terials, containing imperfections such as cracks or flaws has been meager as the 

elasto-dynamic stress analysis involves numerous parameters and is very complex. 

However, because of the increasing application of multiphase materials in modern 

engineering structures investigators in recent years have been engaged in developing 

techniques to study the cracked multiphase materials subjected to dynamic loadings. 

Loeber and Sih (1973) investigated the transmission of anti-plane shear waves at an 

interface crack in dissimilar media. In that study the effect on the interfacial crack 

due to dynamic loading with the variation of crack length, wave number, incident 

angle, and mismatch of elastic properties of the adjoining materials were investi

gated. Keer and Luong (1974) and Luong and Keer (1975) obtained the dynamic 

stresB intensity factors for a crack perpendicular to the interface. Atkinson (1977) 

reviewed some dynamic crack problems in dissimilar media. Chen (1977) investi

gated the impact response of a layered composite containing a crack perpendicular 

to the interface. 
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The analytical methods developed in the above investigations applied 

Fourier transform to the space variable and Laplace transform to the time variable. 

The boundary value crack problem is formulated with Btress and displacement con

ditions specified on a half plane, a portion of which represents the crack segment. 

These conditions reduce the problem to a system of dual integral equations which is 

solved in the Laplace transformed plane for the dynamic stress intensity factor. The 

time inversion is accomplished by a numerical scheme. Transient semi-infinite crack 

problems were also solved by Wiener-Hopf technique (Thau and Lu 1971). Srivas-

tova, Gupta and Palaiya (1978) studied some aspects of the harmonic response of 

a crack at the interface of two half spaces. Neerhoff (1979) was the first person to 

study the diifraction of Love waves by a crack of finite width at the interface of lay

ered half space. Sih and Chen (1980) studied the impact response of a Griffith crack 

located symmetrically in the middle of a layer in between two half spaces. Their 

technique utilizes several symmetry conditions and cannot incorporate any inter-

facial crack because then the symmetry condition is violated. Kuo (1984a, 1984b) 

carried out numerical and analytical studies of transient response of an interfacial 

crack between two dissimilar anisotropic half spaces. In his analytical study he 

reduced the governing equation, boundary conditions, and continuity conditions 

along the interface to a singular integral equation. Solution of the singular integral 

equation was obtained numerically by using Jacobi polynomials. Young and Bogy 

(1985) studied the evaluation of the stress intensity factors of an interfacial crack 

in a layered half space for inplane problems. All these works on cracked multiphase 

materials are limited to infinite full spaces or half spaces or semi-infinite plates with 

semi-infinite or finite size cracks. 
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Review of Numerical Fracture Mechanics 

While analytical solutions for crack problems are available for many config

urations, they are limited to idealized geometries. Hence it is important to develop 

a numerical approch which is capable of determining accurate values for stress in

tensity factors for a wide range of specimen geometries and loading conditions. Over 

the last decade or so, the finite element method has become firmly established as 

a standard procedure for the solution of practical fracture problems. Early studies 

have been carried out by Swedlow (1966), Kobayashi et al. (1969), Tuba (1970) 

and Chan, Tuba and Wilson (1970). They used Linear conventional elements with 

no special attention given to the stress singularity and found that extremely fine 

mesh subdivisions were required in the vicinity of the crack tip. The development 

of higher order isoparametric elements permitted the same order of accuracy with 

coarser mesh subdivisions. 

Tracey (1971) first introduced the special triangular element, which can 

represent the crack tip singularity, obtained from quadrilateral isoparametric el

ements. Wilson (1971) also developed an approach for elastic analysis of crack 

problems by the finite element method. Tracey (1971) employed simple polyno

mial displacement field within a triangular element, this approach was subsequently 

generalized to a family of elements by Tracey and Cook (1977). Blackburn (1973), 

Benzley (1974), Akin (1976) developed several methods to introduce singular strain 

field. Fawkes, Owen and Luxmoore (1979) have critically assessed few of these 

crack tip singularity models for use with isoparametric elements. Pian, Tong and 

Luk (1971), Tong, Pian and Lasry (1973), Tong (1977) and Pian and Moriya (1978) 

have developed and used the hybrid finite elements in crack problems. The idea 

of this approach is to describe the stress field within the element by means of an 

available singular stress field from classical fracture mechanics analysis. Another 
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approach to hybrid formulation is the assumed displacement hybrid method de

veloped by Atluri, Kobayashi and Nakagaki (1975a) and Apostal et al. (1977). 

Byskov (1970) first developed an element formulation based on classical singularity 

functions. Walsh (1973, 1973), Jones and Callinan (1977), Wilson (1971), Koteras 

(1973) and Holston (1976) formulated different elements on the basis of the classical 

crack tip singularity functions. 

The simplest way of obtaining the singularity at the crack tip was indepen

dently presented by Barsoum (1974) and Henshell and Shaw (1975). They showed 

that for eight-node quadrilateral and six-node triangular finite elements the square-

root singularity may be achieved by moving the midside nodes to quarter points from 

their normal position. Bloom (1975) found that eight-node distorted isoparametric 

element is cost effective in calculating stress intensity factors for two-dimensional 

bodies when used in conjunction with the displacement method. Banks-Sills and 

Bortman (1984) showed that excellent results may be obtained with the quadri

lateral quarter-point elements and displacement extrapolation for the computation 

of stress intensity factors. Cruse (1977) described a numerical analysis of fracture 

mechanics problem using Boundary Integral Method (BIM). Ogen and Schiff (1983, 

1985) developed a single super-element to use in the neighborhood of the singularity. 

The above mentioned developments and many others for the analysis of 

cracked structures were mostly applied to homogeneous materials. Atluri et al. 

(1975b, 1978) developed an assumed displacement hybrid finite element procedure 

to use for fracture mechanics analysis of composites. Lin and Mar (1976) have pre

sented hybrid singularity element solutions of the bimaterial crack problems where 

the crack is either parallel or perpendicular to the material interface. Akin and 

Swamy (1978) analysed material interface cracks by a triangular singular element. 

The problem of a stationary crack in a finite elastic body subjected to 

transient loading has been analysed by several investigators with the finite element 
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and finite difference methods (Chen 1975, Aberson, Anderson and King 1977, Glazik 

1978, Mall 1979, Mall et al. 1977a, 1979b, 1980, Kelley and Sun 1979). Aberson, 

Anderson and King (1977), Glazik (1978) and Kelley and Sun (1979) have solved 

various stationary crack elasto-dynamic problems with the help of special singular 

crack tip elements. The time dependent stress intensity factors were determined 

directly from these singular element formulations. Harrop (1978) and Mall (1979) 

employed the quarter point triangular and quadrilateral elements to analyze cracked 

structure under dynamic loads. They found excellent agreement between their 

results and previous investigations ( both numerical as well as experimental) and 

showed the capability and reliability of this simple singular element formulation for 

solving dynamic fracture problems with stationary cracks. Kelley and Sun (1979) 

developed a triangular finite element for the purpose of computing time dependent 

stress intensity factors in stationary cracked panels subjected to dynamic loadings. 

On the other hand, conventional elements at the crack tip have also been successfully 

employed for dynamic fracture analysis (Mall et al. 1979a, 1979b). The dynamic 

stress intensity factor was determined with an indirect procedure in these finite 

element analyses with conventional elements as well as with quarter point singular 

elements (Mall 1979). 

So far most numerical works on interfacial crack problems were limited 

to static cases only. On the other hand, dynamic analyses of crack problems were 

limited to homogeneous materials. To the author's knowledge only Kuo (1982) 

investigated the transient stress intensity factors of an interfacial crack using hybrid 

stress crack tip elements. Kuo (1982) studied the transient response of an interfacial 

crack between two dissimilar elastic, fully anisotropic or orthotropic materials, and 

found good agreement between analytic and finite element results. The anisotropy of 

the composite materials considered in that study was due to the fiber-reinforcement. 



In the present research the transient responses of an interfacial crack be

tween two dissimilar elastic, isotropic materials are studied using the finite element 

method. The Griffith type of crack is considered and a method is developed to 

evaluate the dynamic stress intensity factor for time dependent loading. Only the 

Tearing Mode (Mode III) is considered in this research. For this study, a finite ele

ment code has been developed using eight-node quadrilateral elements. The crack 

tip singularity is achieved by using quarter point elements. 



CHAPTER 2 

THEORY 

In this chapter some basic concepts of fracture mechanics related to this 

research problem are reviewed. The analytic study of the similar type of problem 

considered in this research has been performed by Kundu (1985), and is briefly 

discussed at the end. 

A Crack under Anti-plane Loading 

^ . 

Fig. 2.1 A crack under anti-plane loading 

A crack is subjected to an anti-plane stress field when the stress is applied 

in a direction perpendicular to the crack length and parallel to the crack plane, 

as shown in Fig. 2.1. In this situation crack surfaces slide over each other in the 

^-direction. If the crack propagates under this loading, it is called the Tearing Mode 

or Mode III crack propagation. 

11 
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The displacements uz and u„ are zero under anti-plane loading. The only 

non-zero displacement is uz. So the constitutive relations take the following forms 

_ dux 
aSM = 2fieXM = n— 

dX (2-1) 
. dug 

Oym = 2 neya  = H— 

and the equilibrium equation of motion is given by 

(2-2) 

From equations (2.1) and (2.2) we obtain 

d2uz d2u, _ 2 _ 1 d2u* /23x 

dx2 dy2 * /?2 dt2 { ' 

where /? is the shear wave velocity of the material and is given by 

0 = ̂  (2.4) 

fi = shear modulus, and 

p = density of the material 

Equation (2.3) is the well known wave-equation and is the governing equation of 

motion for anti-plane problem. Hereafter the notation u will be used to denote uz .  

The Crack Tip Stress Singularity 

Equation (2.3) can be solved analytically in terms of an infinite series for 

the static case (right hand side of equation (2.3) is zero) for a semi infinite crack 

following Williams' method (Williams 1957). From this series solution the stress 

and displacement fields near a crack tip in a homogeneous material can be computed 

as 

(0-
Oru = -7== sin = ~°xm (2.5) 

K3 

yjlitr 

# _ K3 [to .  (0\ 
n V V Sm \ 2 / 
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Where r and 0 are defined as shown in Fig 2.2. For dynamic problem the r and 0 

dependence of stress and displacement fields do not change but the stress intensity 

factor K3 becomes a function of time (Chen and Sih, 1977). It can be easily shown 

that the nature of the stress singularity 1/y/r, in Eqn. 2.5, does not change if the 

crack is at the interface of two materials (Appendix A). 

An Interfacial Crack in a Layered Plate 

The geometry of the problem considered in this research is shown in Fig. 

2.3. A layered plate of length 2L is composed of two layers of thicknesses d\ and 

dz. Their densities and shear wave velocities are denoted by pi,p% and 

respectively. A crack of length 2a is located at the interface of the two layers as 

shown in Fig 2.3. The top surface CD is subjected to a uniformly distributed stress 

field oyz = f(t). The bottom surface AB may be totally fixed (Problem 2) or it 

may be subjected to the stress field cvt = f(t) while keeping its two corners A 

and B fixed (Problem 1). Both of these two situations are analysed separately. 

No analytical or numerical solution of this problem is available in the literature. 

However if the length 2L of the plate is increased to infinity an analytical solution 

may be obtained (Kundu 1985). Results of the numerical solution obtained here 

will be compared with the analytical solution. If L is large compared to a, d\ and 

the stress intensity factor (K3) and crack opening displacement(COD) obtained 

by numerical and analytical techniques should be close. 

Analytical Study of an Interfacial Crack in an Infinite Plate 

The governing equation (2.3) takes the following form in frequency domain 

V2U + km*U = 0 (2.6) 



© Longitudinal shear stress in the +ve z-direction 

® Longitudinal shear stress in the —ve ^-direction 

Fig. 2.2 Semi-infinite crack subjected to anti-plane stress field. 
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Fig. 2.3 Geometry of the problem 
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Where, 

V2 is the Laplacian operator in two dimensions, 

km — is known as wave number, 

w is the circular frequency in rad/sec, 

is the shear wave velocities of materials 1 and 2 

U is the Fourier transfrom of displacement u. 

U and u are related by Fourier integral pairs: 

/

°° 

u(x,y,t)e tw tdt 
-OO 

«(a:,y,0 = J U{x,y,u)e~ tw tdu 

Boundary conditions for the infinite plate are given by 

(2.7) 

H I  U tV  = F(u>) at y = —d\ (2.8a) 

H2U,y = F(w) at y = </2 (2.86) 

Where F{u) is the Fourier transform of /(*), the applied stress field. This problem 

has been solved analytically by boundary integral method applying Betti's recipro

cal theorem (Kundu 1985), and is briefly discussed below. 

The crack opening displacement ip[x) is expanded in terms of the Eigen 

functions of Laplace's equation in the co-ordinates of the elliptic cylinder 

n=0 L 

Where 

V^n+ifc) = cos |(2n +1) sin 1 J 

and the coefficients a2n+i are obtained from 

(2.9) 

(2.10) 

" Kn K\z . m ' «1 ' 

Kzz K3 m <*3 

1 • • # 

< • — < 

. Kmn. w tt m -

'  —2iakpa  (A2 — £2) ' 
0 

(2.11) 
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Kmn of equation (2.11) are given by 

Kmn =2 jH ® Jm{ka)Jn{ka)dk (2.12) 

Where Jm and Jn are Bessel functions of first kind of order m and n respectively. 

Q(U\ =  2i?i>72MI(QI2 - 1)(<?22 - 1) [2 

— 1)(Q2
2 + 1) + l*2V2{Ql2 + l)(<?22 — 1) 

for kfc > k 

n  =  ( b *  -  (»•"•) 

for k > kpj 

rij- = t (k2 - kp.2)1/2  (2.146) 

LO 

Qj = exp {itjjdj) j = 1,2 

A2 and fJ2 in equation (2.11) are given by 

A FM [Qi + Q2{(1 - Q1
2)R - (1 + Q12)}] 

* {mi^i (1 - Ql2)(l + Q22) +/*2fc»a(l + — Q22)} 

A2Q22 + *'F(U)Q2 ir  N 
B' Sy— (216a) 

When 

After obtaining 040:3,. ..am from equation (2.11) they are substituted in equation 

(2.10) to obtain the crack opening displacement rj)(x). Then the stress intensity 

factor Kz is obtained from 

KZ = - a3 + a8 - • • •) (2.17) 



CHAPTER 3 

NUMERICAL FORMULATION 

In this chapter the finite element equations for the solution of the inter-

facial crack problem are derived. Some properties of the quarter-point crack tip 

singular elements are also discussed. Geometry and material properties of the plate 

which is considered in the finite element analysis is shown in Fig. 2.3. The plate 

geometry, its material properties, and applied stresses are invariant in z-direction. 

Because of the symmetry of the problem about y-axis, only the right half of the 

plate is considered for the finite element formulation and modelling (Fig. 3.1). The 

finite element equations are derived for Problem 1 (defined in Chap. 2), and with 

a simple modification these can also be used for Problem 2. 

From wave equation (governing equation) and boundary conditions in the 

frequency domain the finite element equations are obtained by variational method. 

Solving this matrix equation gives the unknown nodal displacements in the fre

quency domain. Relating this nodal displacement to the classical solution for dis

placement near the crack tip of a semi-infinite crack, the stress intensity factor 

in the frequency domain is evaluated. The time dependent stress intensity factor 

is then obtained by numerical Fourier inversion technique using the Fast Fourier 

Transform (FFT) routine. 

The main purpose of this research was to develop a computer program for 

the computation of Transient Stress Intensity Factor of Interfacial Crack (TSIFIC) 

under antiplane shear stresses. The program developed will be denoted hereafter 

by TSIFIC. 

17 
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°~xy-f(t) 
O O O 0 o of 

x 

Fig. 3.1 Half of the plate considered for finite element formulation 
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Construction of the Functional from Variational Principle 

A variational principle has been used to derive the finite element equations. 

The governing equation and the boundary conditions in the frequency domain axe 

given below. 

Governing equation: 

U = zr direction displacement in the fourier transformed domain 

m = 1,2 for materials 1 and 2 respectively. 

km = wave number of materials 1 and 2 

Boundary conditions (see Fig. 3.1): 

On FG,BC and DE 

U,ZZ + U.yy + km
2U = 0 (3.1) 

Where, 

axz = 0 or U tX=0 (3.2a) 

On GA and AB 

Oyg =0 or U tV = 0 (3.26) 

On EF 

A»2 U,v = F{u) (3.2c) 

On CD 

Hi U tV = F(w) (3.2 d) 

The stress asg on FG and BC are zero because of symmetry conditions. F(u) is 

the fourier transform of the applied loads f(t). 
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In what follows it is shown that the governing equation (3.1) and boundary 

conditions (3.2) are satisfied by minimizing the following functional, 

n = \fAJ [(f,.)1  + iA 

+ £M f Viz- f Viz (3.3) 
Ml J C D  M2 J E F  

For stationary value of the above functional, S f l  = 0. 

Where, 

6n=U [U,XSU,X + U,ySU,y  - km*U6U] dA 

+ f sudx -  f SUdx 
/*1 J C D  M 2 J E F  

= J J [(U,x6U t S  + U,x tSU) + (U,ySU tV  + U,yySU)] dA 

-  f  [ [U,xx + uyy + km
2U] SUdA + f  SUdx -  ̂  f  SUdx 

J  A  J  M l  J  C D  M 2  J E F  

m
2U]SUdA + u 

+  £ ! i d f  s v i x - ^ ^ - S  6 V i z  
M l  J C D  M 2  J E F  

= - / /  [U tXX  + U tVy  + km
2U] SUdA + J [U lXSUn s  + U,ySUny] dS 

+ f SUdx -  f SUdx 
M l  J C D  M 2  J E F  

-fj [U,zX + u,yy + km
2U] SUdA + J '  [~U,y  + 

Ml J C D  M2 J E F  
Fju) 1 

Ml 

+ / |t/>t f- ^MSUdx- [ U,ySUdx+ [ U%ySUdx 
J E F  L  M 2  J  JG A  JA B  

+  f  U lXSUdy- [ UxSUdy 
JDE JBC+FG 

SUdx 

Clearly S f l  = 0 guarantees the satisfaction of governing equation and boundary 

conditions. 
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Construction of the Finite Element Equation 

For isoparametric element the z-direction displacement U can be written 

as 

{£f} = [W]<t/a (3.4) 

Where, 

[TNT] is the matrix of interpolation functions 

{!/»•} is the vector of nodal displacements 

Differentiating the equation (3.4) with respect to x and y respectively, we get the 

strain-displacement relation as follows: 

{ £ } -ww>  m 

Where, 

[B] is the strain-displacement transformation matrix 

Using equations (3.4) and (3.5) we can write the functional in equation (3.3) as 

n = i jf /mT[B)T \B]{Ui}dA -  ikm*  ̂  j{Ui}T \N}T lN){U t}iA 

+  £ M /  I  

Ml J C D  M2 JE F  

Now, 

60 = J f\B\T[B\4A{Vi}-km* f  f[N}T lN]dA{Ui} 

+ vi/ lN]Tdx ~ / [N]Tdz 
Ml J C D  M2 J E F  

From variational principle, 6fl = 0, we get 

(/^ /\B\T[B\dA -  km* j^f\N\T \N\iA}m 

=  - ~ f  I N \ T d * + ^ l  \ N ] T d x  (3.6 a) 
Mi yco M2 



The stiffness matrix [K] and the load vector {Q} are as follows: 
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'LJlB]T{B]dA wTwdA 

«> = -^ [ mTdx+^1[ \Nfdx 
Ml J C D  M2 J E F  

Where, 

(3.66) 

i; 2 
m ^m3 

/J_2  = liaL 
Pm 

Hm = shear modulus of the m-th layer (m = 1,2) 

pm = density of the m-th layer 

0m = S-wave velocity of the m-th layer 

km = wave number of the m-th layer 

The rest of the analysis can be found in any text book on Finite Element 

Method (Zeinkiewicz 1979, Gallagher 1975, Desai 1979, Desai and Abel 1972). The 

shape functions, Jacobian matrix and its inverse and determinant of the eight-node 

isoparametric element are given in Appendix B. 

To apply the above equations (Eqn. 3.6a, 3.6b) in Problem 2 the only 

modification needed is in the load vector {(?}, where the first term is zero; in 

that case the anti-plane shear stresses are only applied on the upper surface EF. 

Alternatively, the same equation (Eqn. 3.6a) can be used directly, because fixing 

all the nodes on surface CD automatically nullify the effects of the applied stresses 

on the surface. 

Finite Element Modeling of Plate with Interfacial Crack 

The strain or stress singularity of the crack tip can be achieved by quarter 

point triangular or quadrilateral elements developed by Hanshell and Shaw (1975) 

and Barsoum (1976). They independently showed that l/y/r singularity can be 
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achieved by simply placing the mid-side nodes, near the crack tip, at quarter points. 

The main advantage of this quarter-point element is that a cracked structure may 

be modeled with the similar elements (serendipity quadrilateral isoparametric el

ement) throughout its domain, there is no need to incorporate special crack tip 

elements. Moreover, these elements in their non-singular formulation satisfy the 

essential convergence criteria, namely, inter-element compatibility, constant strain 

modes, continuity of displacements, and rigid body modes. They also pass the patch 

test (Barsoum 1976). In the present research the bimaterial plate with interfacial 

crack will be modeled by eight-node isoparametric elements, where the crack tip 

singularity will be obtained by quarter-point elements. 

Singularity of the Quarter-point Element 

The quadratic isoparametric element of Figure 3.2 will be considered to 

show the power of singularity of the quarter-point element. The desired strain 

singularity can be introduced at node 1 (crack tip) by moving the mid-side nodes 2 

and 8 to the quarter positions. For mathematical simplicity we will consider only 

the edge 1- 3, defined by rj = — 1. The shape functions for nodes along the edge 1-3 

are (Appendix B) as follows: 

Locating the origin at node 1 and denoting the length of edge 1-3 as /, we can write 

*i = -§€(i - 0 

Ni = (l- (') (3.7) 

For isoparametric element we can write 

(3.8) 

X\ =0, x% = 1/4, xz = I (3.9) 
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Crack tip 

Fig. 3.2 Quadratic quarter-point element 

L 

31 
4 

Fig. 3.3 Triangular quarter-point element 



25 

From (3.8) and (3.9), we get 

x = ( i - a i + ^ ( i + f v  

Or, 

f = - i + * V r  

The displacement variation along edge 1-3 can be written as 

u = —-£(l — £)t*i + (1 — £2)t*2 + -£(1 + 0U3 

Substituting the value of £ from (3.10) into the above eqation gives, 

+ L{~1+2Vt) (2vf) "3 
Direct strain in the x-direction is then 

4l 2 4l 
u2 

du 1 3 4 
+ 

2 4' 
C x ~ d i ~  2 .y/xl '  I 

+ 
.va 1 

1 
+ 2 

1 4 
L v^ + Tj 

«3 

(3.10) 

(3.11) 

(3.12) 

From equation (3.12) we see that the square-root singularity along edge 1-3 is ob

tained by moving the mid-side node to the quarter-point. Similarly, the square-root 

singularity can be obtained along edge 1-7. 

Hibbit (1977) and Barsoum (1977) showed that for quadratic elements the 

strain variation within the element is not of the form l/\/r, which is only along the 

element edges. So, they recommended the use of collapsed triangular quarter-point 

element in the crack tip zone where 1/y/f singularity is obtained along any ray 
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within the element as well as along the edge. But later Ying (1982) and Banks-

Sills and Bortman (1984) showed that in the quarter-point eight node isoparametric 

element the stresses are 1 fy/f singular within the element in a small region adjacent 

to the crack tip. 

The singular behavior of the quarter-point triangular element along the ray 

within the element can be easily shown by the following derivation. The quarter-

point triangular element developed by Barsoum (1976) was formed by coalescing 

nodes 1, 7 and 8 of the quadrilateral element (Fig 3.3) and moving mid-side nodes 

near the crack tip to the quarter-points adjacent to the crack tip node which is 

considered to be the coalesced node. 

Along the z-axis {ij = 0) we have 

Xs = X4 = xs = I 

For isoparametric element, using equation (3.13) and (3.14), we can write 

Ni = N3  = Jfs  = f/ r  = -i(i  -  (') 

Ni=N$=i(i  -  a 

« i = ^ ( i + o  

f» = ̂ (i -  e) 

(3.13) 

Locating the origin at node 1, 

X I = X 7 = X B  = 0 

x2  = x6= 1/4 (3.14) 

x = (l- e J)j- i (l-£J)l +  i (l + {)l 

or, 

(3.15) 
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The displacement distribution along the z-axis is given by 

8 

U =  ̂ 2N iUi 
»=i 

Expanding the above relation and using (3.13) we get 

u = - j(l - £2)(ux + u3 + u6 + u7) + i (l - £2)(u2 + u6) 
4 L 

+ + 0tt4 + 2^ ~ ̂ )Us 

Now ui = u7 = ug, we get the strain distribution as 

du dti d£ 1, x  
Ci = = ~Q£~fe ~ y(2ui — 2u2 + U3 + U5 — 2ue) 

^=(3ui — 2u2 + «3 — + us - 2ue) (3.16) 
2\lx 

It is seen that the strain component exhibits the square-root variation along rays 

within the element. 

Use of Transition Element with the Quarter-point Crack Tip Element 

When we use quarter-point triangular or quadrilateral elements to model 

the crack tip, the singular behavior at the crack tip is limited only to the quarter-

point element. The principal parameter affecting the accuracy of the calculated 

stress intensity factor is the ratio of the crack tip element length to crack length 

(I/a). For a very small value of I/a the singular behavior is limited to a small 

region; then it gives erroneous results. This is due to the non-singular behavior of 

neighbouring elements which are located within a small distance from the crack tip. 

Lynn and Ingraffea (1978) first identified this problem and developed the transition 

element with l/y/r type singularity out side of its domain. They showed that a 

transition element can be easily constructed by simply shifting the side-nodes to 

some properly calculated points within the middle one-half of the element sides. 



28 

To describe the development of transition element of Lynn and Ingraifea 

(1978) a one-dimensional element (Fig 3.4) is considered which may form a side 

of an eight-node isoparametric element. The three nodes of this element which 

are designated by the non-dimensional variables s = 0, p, and 2, are mapped into 

£ = —1, 0, and 1 in the £ scale, respectively. 

We can write the transformation equation as 

s = ai + <12^ + 03C2 (3*17) 

Substituting the values of s and £ into equation(3.17), we will get three simultaneous 

equations, from which ai,a2 and <13 are found as ai = p,02 = 1 and <13 = 1 — p. 

Then from equation(3.17) we get 

« = P+£ + (l"P)£2  (3.18) 

Solving for £ from the above equation, we get 

- l  + v/l-4(l-p)(p-*) 
* 2(1-p) 

Then, 

d t _  1 
ds y^l-4(l-p)(p-5) 

Since the element displacement function is represented in an analogous manner using 

the form of equation(3.17), it has been shown (Hanshell and Shaw 1975, Barsoum 

1976) that the stress or strain squre-root singularity is obtained when 

1 — 4(1 — p)(p — a) = 0 

or, 

* P 4(1 - p) 
(3.19) 
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Fig. 3.4 Quarter-point element (1) and transition element (2) 
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The quarter-point crack tip singularity element is obtained by setting 8 = 0 (point 

of singularity) and solving for p. Thus we get p = 1/2 (quater-point of element side). 

In case of transition element the singularity point is located outside the element, 

say s = —q, as shown in Fig. 3.4. Substituting s = — q in equation (3.19) and 

solving for p, we find 

(1 — q) ± \/[q2  + 2q) .  .  
p = * -— - (3.20) 

£ 

Lynn and Ingraifea (1978) showed that only the positive sign of equation (3.20) is 

correct. This equation relates the location, p, of the transition element side node 

to the point, q, outside the element domain, at which 1/y/f singularity is sensed. 

The above equation(3.20) which is used to locate the mid-side node of transition 

element was originally derived by Lynn and Ingraifea (1978). They applied it to 

some problems to verify their development. In their work one transition element 

layer surrounding the crack tip element was considered and significant improvement 

in accuracy was obtained in the range 0.025 < l/a < 0.3 where / is the length of 

singular crack tip element along a ray and a is the crack length. Their work shows 

that for l/a < 0.25, the use of transition elements in the calculation of crack tip 

stress intensity factors enables higher numerical accuracy. 

Michavila and Gaveta (1984) used the transition elements with quater-

point crack tip elements to calculate the stress intensity factor and found significant 

decrease of error. They modeled the cracked structure using one and two transition 

elements and showed that the numerical accuracy is improved by a very small 

amount for two transition elements as compared to one of such elements. The 

conclusion of their study is that the application of transition quadratic elements 

in two dimensions is always successfull for l/a < 0.3. However use of transition 

elements is not that effective for l/a > 0.3. 



31 

Optimum Size of the Quarter-point Crack Tip Element 

The effect of singular element size was previously studied by Lynn and 

Ingraffea (1978) and Ingraffea and Manu (1980). In both studies, triangular quarter-

point elements surrounding the crack tip were employed with an outer mesh of 

quadrilateral elements. Lynn and Ingraffea (1978) analysed a double-edge crack 

specimen, where singular crack tip element size was examined with and without 

a singular transition element layer, for 0.0277 < 1/a < 0.3. When the transition 

elements were not cosidered the error of the stress intensity factor increased from 

4% to 45% when l/a decreased from 0.3 to 0.0277. For the same values of l/a, the 

error with transition elements varied form 2% to 4%. Ingraffea and Manu (1980) 

investigated three point bend specimen without transition elements to obtain the 

optimum size of the quarter-point triangular element. Calculations were made for 

0.03 <l/a< 0.2 with errors varying between 8% for l/a = 0.2 and 1% for l/a = 0.03. 

In this case, with finer grid they got more accurate results, which is in contrast to 

earlier investigation of Lynn and Ingraffea (1978). 

Banks-Sills and Bortman (1984) also solved problems with different l/a ra

tios. For a central cracked rectangular specimen, with one hundred of eight noded 

isoparametric elements and three-hundred and forty-one nodal points, they cal

culated stress intensity factor for 0.1 < l/a < 0.3. They used the quarter-point 

distorted elements only and the method of extrapolating the stress intensity factor 

at r = 0. In their work error was observed between 1.6% to 1.8%, with an increase 

in error for the smallest and largest singular elements. When they used Shih's 

formula (Shih et al. 1976) for stress intensity factor calculation, the error varied 

between 3.3% and 5.5%. They also investigated the three point bend specimen, and 

found the percentage error between 1.8% to 2.7% for 0.1 < l/a < 0.3 with distorted 

element and displacement extrapolation method. With Shih's formula the error 



was between 9.2% and 15.8%. Since they found that the element size does not have 

much influence on the result if extrapolation method is adopted and the square-root 

singular stress behavior is well represented in all cases considered, they suggested 

to use extrapolation method with quarter-point quadrilateral elements. Michavila 

and Gavete (1984) found from their investigations that with transition elements the 

crack tip element with l/a < 0.3 gives better results. They recommended the value 

of l/a between 0.1 and 0.2. 

The quarter-point crack tip element can represent a radial variation of 

stress from the crack tip as a sum of 1/y/r singular term and a constant finite 

stress term. A cracked body generally possesses in the vicinity of the crack tip 

a stress field which is the sum of the singular term and a finite stress term which 

varies non-linearly. In the domain of the quarter-point element the non-linear stress 

variation is represented by the element's constant stress term. If the element is large 

it gives substantial error. As the size of the quarter-point element is reduced the 

error in representing the finite stress term decreases. However, then the region 

of the element mesh in which the 1/y/r stress term is represented also decreases. 

Again if the elements adjacent to the crack tip elements can not represent the 1/y /r 

variation of stress a new source of error is introduced as the crack tip element size 

decreases. Above comments hold even when transition elements are used adjacent 

to the crack tip elements. The transition elements like their crack tip element 

partners can only represent the sum of the 1/y/r term and a constant stress term. 

As the standard elements can not represent the 1/y/r term, the transition elements 

can not represent the spatially varying finite stress terms. Because of this problem 

Harrop (1982) suggested to set up an optimum mesh design maintaining balance 

between the representation of both singular and finite stress components. He also 

observed that the optimum crack tip element size will vary with type of structure. 
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Quarter-point Triangular Element Versus Quadrilateral Element 

Barsoum (1976) first showed that the triangular quarter-point elements 

give better results than quadrilateral quarter-point elements. He also demonstrated 

that in case of triangular elements the stress is singular along any ray from the crack 

tip, whereas in case of quadrilateral element the stress is singular only along the 

edges. Shih, deLorenzi and German (1976) also found in their investigation that 

triangular elements are more accurate than quadrilateral elements. According to 

Hibbitt (1977), the reason for the better performance of triangular elements than 

the quadrilateral elements is that the strain energy of the quadrilateral element is 

unbounded, whereas that in the triangular element is bounded. Later, Ying (1982) 

proved that Barsoum's (1976) and Hibbitt's (1977) statements are incorrect. Ying 

(1982) showed that the stresses are square-root singular on all rays emanating from 

the crack tip in a quadrilateral element also. He also showed that the strain energy 

of a quater-point quadrilateral element is bounded. Banks-Sills and Bortman (1984) 

re-examined the quarter-point quadrilateral element and found that the behavior 

of the stresses is square-root singular on all rays emanating from the crack tip in 

a small region of the element and the strain energy of the element is bounded. 

They showed that the use of quarter-point quadrilateral elements give excellent 

results and does not have any poor behavior associated with it. They also found 

that the triangular elements yields some improvement but at the expense of mesh 

convenience. Although it is easier to construct finite element meshes in problems 

with varying crack lengths using a quadrilateral crack tip element, the collapsed 

triangular quarter-point element was always found to be preferred (Barsoum 1977, 

Lynn and Ingraffea 1978, Yamada et al. 1979, Harrop 1978, Pu, Hussain and 

Lorensen 1978, Hussain, Vasilakis and Pu 1981, Peano and Pasini 1982, Kuo, Saul 

and Levy 1983) as in all cases it yields better results than quadrilateral one. When 
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the triangular quarter-point element edges are straight lines it yields most reliable 

results. 

Determination of Ka Value Using Finite Element Results 

When the finite element analysis is complete the displacements and stresses 

everywhere can be found. Equating these displacements or stresses and the classical 

series expansions of displacements or stresses near a crack tip the value of the stress 

intensity factor can be determined. Evaluation of the stress intensity factor using 

the analytic expressions for the displacement variation along rays emanating from 

the crack tip was originated by Kobayashi et al. (1969). For the anti-plane case the 

expression for Kz can be written as follows 

/i = shear modulus 

r = radial distance from the crack tip 

u = anti-plane displacement of a point on the ray 

0 = angle of the ray 

The simple procedure of extrapolation is to evaluate Kz by equation (3.21) at a 

number of node points along a radial line emanating from the crack tip. The fi

nal stress intensity factor is obtained by extrapolation to r = 0. The notion of 

extrapolation procedure was introduced by Chan et al. (1970). This extrapolation 

method has been employed in many investigations including the works on isopara

metric elements (Barsoum 1976, Banks- Sills and Bortman 1984). In the same 

way, analytical stress expressions and finite element stress results can be used to 

extrapolate the value of the stress intensity factor. This procedure is due to Chan 

(3.21) 

Where, 
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et al. (1970) and has been applied by Watwood (1970). The study of Broekhoven 

(1975) showed that results obtained from the stresses are less accurate than those 

obtained from the displacements. This is because of the fact that the stresses in 

an assumed-displacement solution are themselves of lower accuracy compare to the 

displacements. In this study the crack opening displacement (COD) is used to 

evaluate the stress intensity factor as was done by Kobayashi et al. (1969). 

Let us consider points A and B (Fig.3.5) on the crack surfaces at equal 

distances from the crack tip. Applying the analytical expression of displacement 

(Eqn. 2.5) to the points A and B, where 6 = ir and —n respectively, we get 

Where, (u^ — u#) is the crack opening displacement. 

The equation (3.24) can be used with extrapolation method to evaluate the stress 

intensity factor. 

Stress intensity factor can also be determined directly from the crack tip 

quadrilateral or triangular quarter-point elements as was shown by Shih, deLorenzi 

and German (1976). We will derive here the formula to determine the value of K 

directly from the crack tip element using crack opening displacement for anti-plane 

situation of the cracked structure. For the quadrilateral element of Fig 3.2, the 

displacement along edge 1-3 can be obtained from equation (3.11) as 

(3.22) 

(3.23) 

From (3.22) and (3.23), the expression for Jf3 is obtained as 

(3.24) 

(3.25) 



Fig. 3.5 Crack at the interface of two bonded material 

surface B 

Fig. 3.6 Crack tip finite element model of interface crack 
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in which x  has been replaced by the radial distance from the crack tip, r. For trian

gular element of Fig 3.3 evaluation of displacement along the radial edge will again 

result in the expression (3.25). The analytical expression for the displacement vari

ation along the rays emanating from the crack tip in the vicinity of the singularity 

is given by 

tt=Jf3^\/?sln(i) (3-26) 

The expression for the stress intensity factor can then be evaluated by equating the 

coefficients of y/r in (3.25) and (3.26). Thus 

(0 = ^~~3Ul + 4"2 ~ (3.27) 

Applying the equation (3.27) to the upper and lower crack faces of Fig. 3.6 we get 

Kz — y — = (—3uia + 4U2A - U3a)/VI (3.28) 
M2 V 7T 

—Kz \ f  — =  (—3ttiJ3 + 4t*2B ~ b)/v^ (3.29) 
Ml V v 

Combining equations (3.28) and (3.29) 

^ _ m1m2 /* 4(u2a - u2b) - («3a - «3b) ,o 
K° -  mT«V2 7i (3-30)  

Where, («2a — u2b) and (u3A — u3B) are the crack opening displacements of the 

surfaces A and B of Fig 3.6 at nodes 2 and 3 respectively. Using equation (3.30) 

we can evaluate the stress intensity factor directly from nodal displacements of the 

element. 



CHAPTER 4 

NUMERICAL RESULTS 

In this chapter numerical results for crack opening displacements (COD) 

and stress intensity factors (SIF) are presented. These results are compared with 

analytical results obtained from the study of interfacial crack in an infinite plate 

(Kundu 1985). 

Plate Dimensions and Material Properties 

The example problem considered for input in the program TSIFIC is shown 

in Fig. 3.1, where the full length of the plate is 12 km and of the crack is 2 km. 

Material proprties of the layers (Fig. 3.1) of the plate are given in Table 4.1. 

Table 4.1 Geometry and material properties of plate 

Material Thickness, Density, 5-wave velocity, 

No. d(km) p(gm/cc) /?(km/sec) 

1 2 2.2 3.77 

2 1 8.9 2.32 

Above dimensions and material properties are chosen so that the numerical 

results can be compared with analytical results obtained by Kundu (1985). Two 

problems (Problem 1 and 2) are solved with the same geometry but with two types 

of boundary conditions as was mentioned in chapter 2. In Problem 1 the two far 

ends of the bottom surface are kept fixed, and in Problem 2 the entire bottom 

surface is fixed. 
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Loading Function 

The time dependence of the exciting load considered here is given by 

m (4,, 

where, P  defines the peak value, which will be set equal to 1 for all calculations. 

This loading function is identical to the one considered by Kundu (1985) in his 

analytical study. The variation of the excitation load is shown in Fig. 4.1. Fourier 

transform of the excitation load (Eqn. 4.1) is given below: 

""-SB-t-s))'"-

-{^(--3)}] 
In the limit as u> goes to zero, F(cj) is given by 

*V) = j£r (4-3) 

o 

o 

3"? 
o 

o 
•—i 

CC 
»—o 
t—|C3 

Fig. 4.1 The excitation load 
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Calculation Steps 

The calculations are performed in two steps. In the first step COD and 

SIF are computed for F(u/)=1 (see Eqn. 3.6a). This is performed by the computer 

program TSIFIC. In the second step another program SCAT5 is used to compute 

F(w) and to multiply the output of the first program by F(w) for a given loading 

function and then to obtain the time history by Fourier inversion of the spectrum 

numerically by Fast Fourier Transform (FFT) routine. The program TSIFIC in

volves all finite element analyses and is the more expensive one. However for a 

particular geometry of the problem this program is required to execute only once 

in the first step. For different loading functions only F(u>) changes and thus effects 

of change of the loading function can be studied by running the second program 

different times for different 

Optimization of the Crack Tip Element Size 

To obtain the optimum crack tip element size calculations have been car

ried out with I/a = 0.5,0.25,0.125,0.625,0.03125, and 0.015625. The calculations 

are made for both the problems (Problem 1 and 2) at frequencies 0.2,1.0,2.0 and 

2.5 Hz. Triangular quarter-point crack tip elements with one layer of transition 

elements are used in the finite element meshes. Four of the six meshes mentioned 

above are shown in Figs. 4.2 through 4.5. The results are given in Tables 4.2 and 

4.3. The plots of the results at 0.2 Hz frequency of both the problems are shown 

in Figs. 4.6 and 4.7. From the results it is found that in all the cases the COD 

and SIF gradually converges with decreasing I/a ratio. The same phenomenon 

was observed by Ingraffea and Manu (1980), while investigating the optimal size 

quarter-point triangular element in the three-point bend specimen. From the obser

vations and conclusions of other investigators (Lynn and Ingraffea 1978, Michavila 

and Gavete 1984) and from this study, it was decided to use mesh (Fig. 4.5) 
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Fig. 4.2 Mesh "a™ , l / a  =  0.5, 30 elements, 105 nodes. 

Fig. 4.3 Mesh "b", //o = 0.25, 38 elements, 131 nodes. 



\ / 
fh if 

\ 

Fig. 4.4 Mesh "c", l/a = 0.125, 46 elements, 157 nodes. 

Fig. 4.5 Mesh "d", l/a = 0.0625, 54 elements, 183 nodes. 



TABLE 4.2 

Optimizing crack tip element in Problem 1 

FREQUENCY Hz 0.2 1.0 2.0 2.5 
l/a SIF SIF SIF SIF 
0.5 2.940 -3.991 3.566 1.767 
0.25 2.828 -3.899 4.147 7.147 
0.125 2.783 -3.976 4.144 11.793 
0.0625 2.764 -4.052 4.152 11.727 
0.03125 2.757 -4.098 4.224 11.655 
0.015625 2.754 -4.124 4.280 11.666 

l/a COD COD COD COD 
0.5 0.084 -0.186 -0.015 0.008 
0.25 0.084 -0.199 -0.034 0.016 

0.125 0.084 -0.200 -0.050 0.035 
0.0625 0.084 -0.200 -0.051 0.036 
0.03125 0.084 -0.200 -0.052 0.036 
0.015625 0.084 -0.200 -0.052 0.036 



TABLE 4.3 

Optimizing crack tip element in Problem 2 

FREQUENCY Hz 0.2 1.0 2.0 2.5 
l/a SIF SIF SIF SIF 
0.5 18.396 -0.335 0.105 -0.586 
0.25 17.697 -0.307 0.084 0.603 
0.125 17.406 -0.265 0.092 0.873 
0.0625 17.285 -0.241 0.101 0.763 
0.03125 17.234 -0.230 0.108 0.700 
0.015625 17.215 -0.224 0.112 0.112 

l/a COD COD COD COD 
0.5 0.526 0.006 0.010 0.001 
0.25 0.527 0.004 0.012 -0.054 

0.125 0.527 0.004 0.012 -0.087 
0.0625 0.527 0.004 0.012 -0.092 
0.03125 0.527 0.004 0.012 -0.092 

0.015625 0.527 0.004 0.012 0.012 
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with If a = 0.0625 for the evaluation of transient responses of an interfacial crack 

under anti-plane strain. 

SIF bv Extrapolation Method and from Crack Tip Element 

Stress intensity factor has been determined by using Chan's (1970) ex

trapolation method and Shih's (1976) method at frequencies 0.2,1.0,2.0 and 2.5 

Hz. The results of Problem 1 are shown in Tables 4.4 through 4.7. In these tables 

abbreviated symbols are used to represent the elements used for crack tip singularity 

modelling. Abbreviations are described below: 

TQ stands for triangular quarter-point element, 

TC for Triangular Conventional (regular six-node) element, 

QQ for Quadrilateral Quarter-point element, 

QC for Quadrilateral Conventional (regular eight-node) element 

2 T for 2 layers of Transition element 

IT for 1 layer of Transition element, etc. 

The extrapolation method at frequency 0.2 Hz are shown in Figs. 4.8 and 4.9. In 

both the figures (4.8 and 4.9) the SIF obtained by Shih's method are plotted on 

the y-axis for comparison. It can be seen from Tables 4.4 through 4.7 that the 

use of transition element does not have significant effect for this problem. However 

for some other problems transition elements may improve accuracy of computation 

significantly (Lynn and Ingraffea 1978, Michavila and Gavete 1984). To find the 

time history response of COD or SIF we need to find the response spectrum at a large 

number of frequency points and it becomes very laborious and also expensive if we 

use the extrapolation method. From the above results (Tables 4.4 through 4.7) we 

see that the difference between the SIFs obtained from the two methods is minimum 

when triangular quarter-point elements are used with or without transition elements 



TABLE 4.4 

SIF at / = 0.2 Hz Problem 1 

CRACK TIP 
E1EMENT USED 

SIF BY 
EXTRAPOLATION 

SIF FROM CRACK 
TIP ELEMENT 

TQ+2T 2.74 2.764 
TQ+1T 2.74 2.764 

TQ 2.74 2.764 
TC 2.58 -

QQ+2T 2.73 2.606 
QQ+1T 2.73 2.606 

QQ 2.73 2.608 
QC 2.60 -

TABLE 4.5 

SIF at / = 1.0 Hz Problem 1 

CRACK TIP 
E1EMENT USED 

SIF BY 
EXTRAPOLATION 

SIF FROM CRACK 
TIP ELEMENT 

TQ+2T -4.13 -4.052 
TQ+lT -4.13 -4.052 

TQ -4.13 -4.053 
TC -3.84 -

QQ+2T -4.16 -3.823 
QQ+1T -4.27 -3.822 

QQ -4.26 -3.826 
QC -3.93 -



TABLE 4.6 

SIF at / = 2.0 Hz Problem 1 

CRACK TIP 
E1EMENT USED 

SIF BY 
EXTRAPOLATION 

SIF FROM CRACK 
TIP ELEMENT 

TQ+2T 4.30 4.133 
TQ+1T 4.33 4.152 

TQ 4.35 4.153 
TC 3.82 -

QQ+2T 4.39 3.895 
QQ+1T 4.40 3.896 

QQ 4.30 3.901 
qc 4.02 -

TABLE 4.7 

SIF at / = 2.5 Hz Problem 1 

CRACK TIP 
E1EMENT USED 

SIF BY 
EXTRAPOLATION 

SIF FROM CRACK 
TIP ELEMENT 

TQ+2T 11.75 11.693 
TQ+1T 11.79 11.727 

TQ 11.79 11.730 
TC 10.76 -

QQ+2T 12.00 10.973 
QQ+1T 12.00 10.963 

QQ 12.00 10.974 
QC 11.00 -
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in the frequency range considered. This difference varies between 0.5% to 4.1%. So 

in this research Shih's method has been used with triangular quarter-point elements 

and one layer of transition elements to determine the SIFs. 

Effect of the Plate Length 

To study the effect of plate length on the crack response, the COD and 

SIF have been calculated for different plate length/crack length ratios at different 

frequencies for both the problems. The results at frequencies 0.2 and 2.5 Hz are 

shown in Table 4.8 and plotted in Figs. 4.10 through 4.13. The results show the res

onances at different frequencies for different lengths. Because of the time limitation 

this resosnance phenomenon is not studied in this research. For plate length/crack 

length ratio of 6.0 the results of Problem 1 is found close to the analytical results 

at the frequency range of our interest. This plate length has been considered for 

calculating transient SIF and COD and for comparison with the analytical results. 

Crack Opening Displacement (COD) 

The COD of the plate of 12 km long with crack length of 2 km has been 

calculated at frequency 0.2 Hz for both the problems. The results are shown in 

Figs. 4.14 and 4.15. In figure 4.14 the COD obtained from analytical study and 

that from numerical study of Problem 1 are compared. It is seen that the shapes of 

the COD from the two studies are almost same and also the magnitudes are close. 

Response Spectra and Time History of COD 

The response spectra of COD obtained from analytical and numerical stud

ies are shown in Figs. 4.16 through 4.19. The calculation have been made for 129 

frequency points with 0.02 Hz interval for r = 5.0 and 0.1 sees. These two durations 

are considered so that the results obtained from numerical analysis at low (r = 5.0) 



TABLE 4.8 

Effect of plate length 

FREQUENCY Hz 0.2 2.5 0.2 2.5 
PROBLEM 1 1 2 2 

l/a SIF SIF SIF SIF 
19.0 2.739 1.369 14.523 -2.174 
13.0 3.152 1.210 14.617 -11.121 
7.0 2.716 0.800 16.196 -1.604 
6.0 2.783 11.793 - -

5.0 2.761 0.163 19.900 -0.207 
3.0 2.459 1.322 70.921 -2.950 
l/a COD COD COD COD 
19.0 0.083 -0.003 0.440 -0.069 
13.0 0.096 -0.010 0.443 -0.094 
7.0 0.082 -0.040 0.490 -0.068 
6.0 0.084 0.035 - -

5.0 0.084 0.009 0.602 -0.089 
3.0 0.075 -0.029 2.141 -0.061 



cn 

(M - ,oj 

CM 

ll_ 

6.20 
PLATE 

9.40 
PLATE LENGTH/CRACK LENGTH 

12.60 15.80 19.00 
LENGTH 

Fig. 4.10 Effect of plate length in Problem 1 (/ = 0.2 Hz). 

u_ 

6.20 
PLATE 

9.40 
PLATE LENGTH/CRACK LENGTH 

12.60 15.80 19.00 
LENGTH 

Fig. 4.11 Effect of plate length in Problem 1 (/ = 2.5 Hz). 



8 

o 

CM 

CM 

CO - -cn 

12.60 
LENGTH 

19.00 
PLATE LENGTH/CRflCK LENGTH 

6.20 15.80 3.00 
PLATE 

Fig. 4.12 Eifect of plate length in Problem 2 (/ = 0.2 Hz). 

CM 

CM 
oo 

Li_ 

t—t 
• CM 

COT 

2.00 5.40 
PLATE 

12.20 
LENGTH 

19.00 8-80 
PLATE LENGTH/CRACK LENGTH 

15.60 

Fig. 4.13 Effect of plate length in Problem 2 (/ = 2.5 Hz). 



54 

co 

m 

cc 

-<9.. 
Zo 
uj 
d_ 
o 

0.20 0.40 0.60 0.80 1.00 
CRACK LENGTH 

Fig. 4.14 Comparison of analytical and numerical COD. 

M 
CO 
o 

i—i 

lu q_cd 
or.. 

cj cc 
cm 
t_) 

o o 

0.20 0.40 0.60 0.80 1.00 
CRACK LENGTH 

Fig. 4.15 COD of Problem 2. 



55 

o 

6' 

.s 
=3° 

h-
CJ 
LU 
Q_ 
cog 
IxJo' 
CO 

o q_ 
CO 
LU CD 
ado 

0.00 
^ ,— 

0.51 1.02 1.54 
FREQUENCY (HZ) 

2.05 2.56 

Fig. 4.16 Response spectrum of analytical study for r = 5.0 sees. 

+ 
0.51 1.02 1.54 

FREQUENCY (HZ) 
2.05 2.56 

Fig. 4.17 Response spectrum of Problem 1 for r = 5.0 sees. 



56 

0.51 1.02 1 
FREQUENCY (HZ) 

2.05 2.56 

Fig. 4.18 Response spectrum of analytical study for r = 0.1 sees. 

<o 

o 

o 

(_) 
LLI q_ 
CD uj 

FREQUENCY (HZ) 

Fig. 4.19 Response spectrum of Problem 1 for r = 0.1 sees. 



and high(r = 0.1) frequencies can be compared with analytical results. From Figs. 

4.16 through 4.19 we see that the major peaks occur at the same frequency values 

for both analytical and numerical computations. The verification of the numerical 

results become more clear if we observe the time history of COD shown in Figs. 

4.20 through 4.23. The numerical and analytical results are plotted in the same 

scale so that they can be compared easily. For r = 5.0 sees (Figs. 4.20 and 4.21) we 

see that the first peak, which is the highest peak for this duration of excitation load, 

occuring at the same time in both the figures. This highest peak is obtained at time 

close to r/2. In the analytical result (Fig. 4.20) it can be seen that the subsequent 

peaks gradually decay with time. But in numerical results (Fig. 4.21) the peaks 

after the first one do not decay monotonically. This is because in the numerical 

study we solved the problem of plate with finite length, whereas in the analytical 

study the plate considered was of infinite length. In the finite plate the stress waves 

diffracted from the crack tip are again reflected at the boundaries and interface, 

and then return to the cracked region. This reflected stress waves are responsible 

for larger crack openings at times beyond 10 seconds (Fig. 4.21). For T = 0.1 sees 

(Figs. 4.22 and 4.23) the first peak in both the numerical and analytical results are 

found to occur at the same time. However, in the numerical result the peak seems 

to be cut off while inverting the spectrum numerically by Fast Fourier Transform 

routine with a discrete number of points. In the numerical study decaying is ob

served when the results are plotted upto 50 sees, as shown in Figs. 4.24 and 4.25. 

These results are calculated at 65 frequency points with 0.02 Hz frequency interval. 

In analytical solution (infinite length plate) the geometric damping is the 

cause of decay of the crack opening displacement as time increases. For the plate 

of the finite length considered for numerical calculations the stress waves are re

turned to the crack region after reflection at the boundaries; so the decay in the 
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response was not expected. But we can observe that the resonance peaks are of 

finite magnitude (Fig. 4.17 and 4.19). In other words resonance peaks are damped 

out because of the numerical computation. This causes the decay in the transient 

crack response (Figs. 4.24 and 4.25). 

Comparing the time history plots of COD obtained from analytical and 

numerical studies we see that resonable results can be obtained for the type of 

problem solved here using the numerical scheme developed in this research. 

Critical Duration of Excitation Load 

To find the critical duration of the excitation load the calculation of time 

history of COD have been performed for r = 5.0,4.0,3.0,2.0,1.0,0.5 and 0.1 sees. 

The plots are shown in Figs. 4.26 through 4.32. The highest peak values are plotted 

in Fig. 4.33, and it is found that the critical value of r for this problem is 3.0 sees. 

It is also found that for r greater than or equal to the critical value the first peak is 

the highest peak and for r less than the critical value the highest peak occurs after 

the first peak. 

Transient SIF and Stress at a Point 

The main purpose of this research is to calculate the transient stress in

tensity factor, which is an important parameter for monitoring crack propagation. 

The results of time history of SIF calculated for r = 5.0 and 0.1 sees are shown in 

Figs. 4.34 and 4.35. It is observed from Figs. 4.26 and 4.34 that except for the 

numerical values the curves are identical in all other respects. The time history of 

the shear stress at a point (9th Gauss point of the crack tip element just right of 

the crack tip and above the interface) are shown in Figs. 4.36 and 4.37. These plots 

are similar to the plots shown in Figs. 4.34 and 4.35. So if SIF were computed from 

the stress value instead of dispalcement value we would have obtained the similar 
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curve. This may be considered as an another check of the accuracy of the numerical 

method developed here. 

Transient Responses in Problem 2 

To observe the transient behavior of interfacial crack under anti-plane 

strain situation with the bottom surface of Fig. 3.1 totally fixed (Problem 2) calcu

lations have been carried out at 65 frequency points with 0.04 Hz frequency interval. 

The transient COD, SIF and Stress at a point are plotted in Figs. 4.38 through 

4.40. From these results we see that the first peak, which is the highest peak, is oc-

curing at r/2 for r = 5.0 sees as was observed earlier in Problem 1. But the number 

of peaks occured upto 25 sees seems to be half of the number of peaks in Problem 

1. This is because, in Problem 2 the plate vibrates about the fixed base, whereas 

in Problem 1 the plate vibrates about some line close to the mid-line between the 

plate surfaces. So, in Problem 2 the vibrating length is greater than in Problem 

1; i.e. the plate in Problem 2 is less stiffer them that in Problem 1. The gradual 

decay of peaks as was found in analytical results are also observed here. Another 

point to note here is that the value of the second peak compared to the first one is 

not that small as was observed in Problem 1. The similar nature of curves in Figs. 

4.38 through 4.40 prove that the nature of transient SIF will not change even if it 

is evaluated from stress instead of displacement. 
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Fig. 4.38 Transient COD of Problem 2 for T = 5.0 sees. 
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CHAPTER 5 

SUMMARY, CONCLUSION AND DISCUSSION 

In this research an effort has been made to study the behavior of interfacial 

crack in a bimaterial plate subjected to time dependent anti-plane shear stresses 

on the surfaces of the plate. A numerical scheme using finite element method has 

been developed. Quarter-point and transition elements have been used to model 

the crack tip singularity. It has been observed that the transition elements do not 

improve the computed results significantly for the problem considered here. 

Comparing the numerical results with those obtained from analytical stud

ies (Kundu 1985) it can be concluded that the numerical scheme developed here is 

an acceptable scheme in determing the transient SIF, which is an important param

eter in fracture mechanics. The dynamic magnification of COD has been studied for 

different durations of the excitation load. It is found that for impact type of loading 

there is a critical duration of the applied load for which dynamic magnification is 

maximum. 

The analytical method developed by Kundu (1985) cannot incorporate in

tersecting cracks or plates of finite length. With some modifications the technique 

developed here can be used to study the response of a crack intersecting the in

terface. This program can also be used for more complex geometries and boundry 

conditions. Thus the numerical scheme developed here is more versatile than the 

analytical sheme. 

In this research work the response of only one crack has been studied. 

Effects of multiple cracks oriented at different angles intersecting the interface is 

a more realistic model of damaged composite plate. Future investigations may be 

directed to study such models. 
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APPENDIX A 

Stress Singularity at the Interface Crack Tip 

To obtain the order of stress singularity at the interfacial crack tip under 

antiplane stress field we will consider the Fig. A.l, where the semi-infinite crack 

lies along the x-axis. The origin is taken at the tip of the interfacial crack between 

two dissimilar isotropic, elastic materials. The shear moduli of the mateials are Hi 

and H2 respectively. The antiplane static shear stress are applied at infinity. 

0 © © 

Fig. A.l Semi-infinite crack subjected to anti-plane stress field 

The boundary conditions and continuity conditions are as follows: 

Boundary conditions: 

aez1 = 0 at 0 = —IT (A.la) 

c$z
2 = 0 at 9 = 7r ( A .  16) 
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Continuity conditions: 

u#
l = u,2 at 6 = 0 (A2a) 

o$M
l = a$a

2 at 0 = 0 (A26) 

Where, 

superscripts 1 and 2 stand for materials 1 and 2 respectively. Hereafter uz will be 

written as u. The governing equation of this problem is given by 

V2u = 0 (A3) 

Substituting the Williams' function 

« = rA+1F(0) ( A A )  

in the governing equation and then solving, we get 

u1 = rA+1 [oi sin {(A + 1)0} + 02 cos {(A + 1)0}] (A.5) 

u2 = rA+1 [fla sin {(A + 1)0} + 04 cos {(A + 1)0}] (-a-6) 

Where, u1 and u2 are the displacements in materials 1 and 2 respectively. 

Using the constitutive relations in polar co-ordinates, 

H du 
oe, = 2pe0s = -Jq 

du 
a rM = 2fie rM = n — 

(-4.7) 

and boundary conditions (Eqn. A.l) and continuity conditions (Eqn A.2), we get 

ai cos {(A + l)jr} + 02 sin {(A + 1)tt} = 0 M-8) 

03 cos {(A + l)?r} + a< sin {(A + l)7r} = 0 (A9) 



a 2 = <14 

MlOl = M2O3 

Replacing a3 and a4 from equation (A.9) by (A. 10) and (A. 11), we get 

H\a\ cos {(A + 1)tt} — #*202 sin {(A + 1)tt} = 0 

For non-trivial solutions of ai and a-i in equations (A.8) and (A.12) 

det 
cos{(A + l)7r) sin{(A + l)vr} 

mi cos {(A + 1)tt} -/i2sin{(A + 1)tt} 
= 0 

or, 

2(^1+^2) sin(27rA) =0 

From (A.13), we get 

So, we can write 

A = -
2' 

n  = 0,±1,±2,.. .etc 

« = £rf+lf»w 
n 

Of), = ̂ 2r*Gn(0) 

n 

orz = £r*g„(0) 
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(A. 10) 

(-A-H) 

(A.12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

It can be easily shown that in equations (A.16) and (A.17) the terms corresponding 

to n = — 1 is the dominating term, among the acceptable ones. So, the stress terms 

have the square root singularity at the vicinity of the interfacial crack tip. 



APPENDIX B 

Shape Functions 

Ni = 

N2 = 

N3 = 

N< = 

n6 = 

NQ — 

N7 = 

N8 = 

-l < £ < 1 

-i <n < l 

-0( i  -*?)( i+e+»*)/4 

-^( l -n) /*  

+ 0( l -*»)(f-1- l ) /4  

+ 0( l -»? 2 ) /2  

+ 0(1 + »?)(£ + »? -l)/4 

-e2)(l + «7)/2 

-  0(i  + *)(-£+ «? - i ) /4  

-0( l -^ 2 ) /2  
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Jacobian Matrix and its Inverse and Determinant. 

dNj  _  dNj  dx  dNidy  
d£  dx  d£  dy  d£  

dNi  =  dNidx  dNj  dy  
dr f  d x  dr j  d y  dr j  

i 

We will need the relation 

dNj  )  
d x  

dNj  
dy  

"  d x  dy  rdNi 1 ajv, 

• 
dl at I ax I dx 
dx  dy  1 dNi 

. d r j  d r j. I ay J . dy > 

dx  dx  

•dy  dy .  

dNi 

= it1 25. 

dNi ' 

From the above equations the value of [J]-1 can be given by 

dy dy  

fJ|-» = J_ 
1 J U\ 

d t j  d (  
dx  dx  

"dij 

_ JL [ *^22 —Jl2 1 
m-Jai Jul 

Where, 

dx  j, - v* _ V* dNi v J dV 

dx ^ v t dy v 

«f ft* 

dy  y>* 3JV,' 

dn 

\ J \  5f") 
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