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ABSTRACT

Two imaging techniques and their reconstruction algorithms
developed for obtaining arterial images from studies in vivo are
presented.

These algorithms compensate for the limitations of the

imaging techniques, both of which suffer from a "missing cone" in Fourier
space. A priori knowledge of constant object density and boundedness is
utilized to offset the missing data inherent in these imaging systems.
Although these algorithms were developed for the particular case of
arterial imaging for establishing parameters of

microcirculation

networks, the results can be generalized to several other areas of
imaging. Most notable is reconstruction of various specimens from
microscopic focal series images.

ix

CHAPTER 1

INTRODUCTION

In the

analysis of microcirculation, several parameters are

necessary for a complete and detailed theory of hemodynamics.
Knowledge of vessel diameter, red-cell velocity and concentration,
plasma velocities, and pressures provide one with a basis for determining
the blood-flow properties of a microcirculatory network.

Volume flow

calculations are computed from these parameters, but present theories
assume the arterial lumen to be a right circular cylinder.

Some

experimental observations of fluid flow substantiate the present
arterial model, but some discrepancies with this theory exist in smaller
vessels.

A possible explanation of these discrepancies would be a

noncircular arterial cross section.

Various arterial pressures could

result in irregular shapes which deviate substantially from the present
smooth cylindrical model.

At present, cross-sectional areas used for

volume flow calculations are based on just one measurement, which is
just a diameter of the artery at some chosen point. A nonuniform cross
section would imply varied volume flow and greater velocity differences
between red cells and plasma, since red cells travel in the center of
the flow stream and attain higher velocities than plasma, which travels
near the artery surface and is slowed.

An adjustment of volume flow

would thus accompany any cross-section determination which exhibits an
irregular contour.

Evidence supporting this irregular arterial shape is visible from
electron microscope images of arteries (Carlson, Burrows, and Johnson
1982). These images, however, are of a fixed prepared specimen and may
not represent the shape an artery assumes during flow.

For a more

complete and detailed analysis of hemodynamics, knowledge of this
arterial cross section during blood flow becomes necessary.

An imaging

technique which allows studying the shape of the arteriolar lumen
in vivo is desirable and would permit determination of this possibly
noncircular contour.

Such a technique would allow data to be

accumulated on blood flow with varied conditions and pressures in the
arteries, and possibly resolve the present inconsistencies between theory
and the flow that is observed. At present, Pouiseuille's law is applied
in microcirculation theory, but a deviation from a smooth cylinder would
require replacement with an empirical relationship.

Therefore, a more

detailed theoretical analysis of the hemodynamics of microcirculation
will require data on the shape of an artery along its length so the
present model of a smooth cylinder can be updated where necessary.
Two possible techniques applicable to this arterial imaging
problem

are optical computed

reconstruction.

tomography (CT) and

focal-series

Optical CT is similar to x-ray CT but uses an optical

source for acquiring transmission or attenuation measurements which are
then processed to reconstruct the arterial contour.

Focal-series

reconstruction, on the other hand, utilizes a focal series obtained from
a microscope.

This process involves obtaining a series of images by

focusing through a partially opaque object and digitizing the image
plane.

This series or stack of images is then processed to remove the
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blur inherent in microscopic imaging in an attempt at determining an
arterial cross section.

Both these techniques, however, suffer from the

restriction of possessing a "missing cone" in the Fourier domain, and
postprocessing algorithms are needed to overcome this deficiency once
the data are obtained with either method.

Two algorithms which

incorporate prior knowledge of the object and imaging conditions are used
in this thesis to compensate for the inherent limitaions of each method
in an effort to extract the des ed arterial contour. These two imaging
methods, their limitations, and the reconstruction algorithms to
compensate for these limitations follow. Although these algorithms are
applied to the special case of arterial imaging, the results can be
utilized in various other imaging modes suffering from similar
restrictions.

CHAPTER 2

OPTICAL TOMOGRAPHY

The first imaging technique to consider involves optical
transmission computed tomography (CT) and is depicted in Fig. 2.1. In CT
one illuminates the object with a source and obtains a set of projections
at different angles which are a measure of the transmission
characteristics of the object. These projections measure the attenuation
of the source rays after passing through the object, and if enough
projections are available one can reconstruct the object from its set of
projections.
The physical setup involving a microscope to acquire the
necessary projection data is shown in Fig. 2.2.

Here a microscope with a

large depth of field is used to insure confinement of the impinging light
to the focal spot size throughout the thickness of the tissue.

The

necessary attenuation data are measured from a digitized microscopic
image.

Each point in the digitized image is comprised of weighted

contributions of the object from within the extent of the system point
spread function, which is limited to the confined region.

Due to the

point spread function associated with a large depth of field, each object
point is weighted equally, and therefore, an image point is the sum of
equally weighted object points from within the confined region.
summation of object points is the needed projection.

This

The remaining

projection data set for the required angles can be accumulated by
4

5

source

source

*
source
Fig. 2.1. Simple transmission tomography arrangement.
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Detector array
Digitizer

Fig. 2.2

Physical setup for acquiring projection data.

tilting the microscope stage. A linear slice of each 2-D digitized image
at each angle is taken as the projection data for reconstructing one
slice of the 3-D object.

The resolution associated with this technique

is limited by the fact that resolution and depth of field are inversely
proportional.

Also, this technique assumes the ray paths are straight

and, therefore, refraction is neglected.

Following accumulation of the

necessary attenuation measurements, inverting and

processing the

acquired projection data are performed to obtain the arterial cross
section.

Inverting Projections
Consider the nonhomogeneous medium in Fig. 2.3, which represents
one slice through the artery.

Beam attenuation through the object is

given by Beer's law as

M(r) dl

where * and

are

(2.1)

the transmitted and incident beams, 1 is a straight

line (refraction neglected) joining source and detector, and u(r) is the
2-D spatial representation of the attenuation of the object. Taking the
natural logarithm of both sides makes the equations linear, and the
resulting quantity X^(xr) is known as the projection or the Radon
transform of the attenuation distribution u(r):

u(x,y)

Fig- 2.3. 2-D object described by attenuation distribution y(x,y). Source
and detector rotate with xr>yr frame. Rays are parallel to
the yr axis.
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*<|>(xr) = -ln( *^Xr)) =

U(r) dyr

(2.2)

Inverting Eq. (2.2) would make reconstruction of an object from its
projections possible.
First take the one-dimensional Fourier transform of the
projection A$(xr), which is denoted by A^(£r), as

V5r)

=

X$(xr)e~2iriSrxr

dxr

li(r)e-2iri£rxr dxrdyr ,

(2.3)

where (Cr»Iir) are the Fourier-domain variables conjugate to (xr,yr). The
last equation can also be written as

l<K5 )
r

u(r) e-2ffi(5rxr + irYr) dxrdyr |r,r=o ,

= F2{ u(r)}|
nr=0 ,

(2.4)

which is just the two-dimensional Fourier transform of the object
evaluated along the line nr=0.

Thus each 1-D Fourier transform of an

object projection gives a particular slice of the 2-D Fourier transform

of the object.

This is known as the central-slice theorem since a 1-D

Fourier transform of an object's projection is equivalent to a slice of
the object's 2-D transform at an angle perpendicular to the directon of
the projection.

Thus, if one obtains a set of projections over an

angular range of n, one essentially has the entire 2-D spectrum of the
object and thus the object. Therefore, projections over an angular range
of ir contain enough information to reconstruct the object, and various
ways of reconstructing an object from its projections can be found
(Herman 1980).

However, if one does not have the complete set of

projection data over the necessary angular range of ir, artifacts will
appear in the reconstructed image.
The artery-imaging case is depicted in Fig. 2.4 with an artery
imbedded in the tissue.

The microscope stage is tilted to cover the

angular range. However, this tilting is limited to about 90°, or 45° each
side of the vertical.

Projections over this angular range contain

information of the object's spectrum only in the cone shown in Fig. 2.5.
Therefore, limited angle tomography implies a "missing cone" in 2-D
Fourier space, and overcoming this limitation becomes necessary for
reconstructing the arterial cross section.
Previous attempts at overcoming this "missing cone" inherent in
limited-angle tomography have not been totally successful.

However,

unlike most tomographic imaging cases, obtaining an arterial image does
not involve reconstructing subtle contrast differences within the object.
Only location of a relatively high-contrast boundary is necessary for a
cross-sectional determination.

The added advantage of filling the

arterial lumen with plasma or a contrast agent such as a plasma dye

max

Fig. 2.4. Allowable projection angles for attenuation measurements
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also exists.

Therefore, the material inside the artery is homogeneous,

and this a priori knowledge of constant object density can be
incorporated into the reconstruction algorithm to compensate for the
inherent problem of the missing data cone in the Fourier domain.

The Reconstruction Algorithm
To reconstruct the arterial image from an insufficient data set,
a Monte Carlo iterative algorithm which perturbs individual image pixels
will be used.

The algorithm to be used is known as "simulated

annealing" and has been recently utilized by Smith (1985) to reconstruct
coded nuclear-medicine Images from deficient data sets. One first forms
an intial estimate of the object to be reconstructed from the acquired
data set.

In this case the inital estimate will be formed from a

backprojection (Barrett and Swindell, 1981).

Next one calculates the

corresponding data set for the estimate (projections in this case).

A

measure of difference between these two data sets is then calculated.
This difference criterion can be mean square error or absolute error or
whatever one chooses, with the chosen quantity being defined as the
energy E.
This algorithm involves perturbing one pixel of the present
image estimate by adding or subtracting a grain of brightness to this
pixel and then observing the effect of this pixel change on the
estimate's data set.

Fig. 2.6 shows the change in the estimates

projection data set for a certain pixel changes.

If this pixel change

lowers the difference (energy E) between the measured projections and
the estimate's projections the new pixel is accepted into the

14

•

//I

#2 •

estimate's projections
measured projections

Fig 2.6. Change in the estimate's projections caused by two different
pixel changes. A grain added at it 1 brings the projections
closer, and a grain subtracted at //2 increases the error
between projection sets.
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reconstruction and the estimate and its projection set are updated.
However, if the pixel change increases the difference criterion E between
measured and estimated projections, it is not necessarily rejected but
rather accepted with the probability factor

P(AE) = exp(-AE/kT) ,

(2.5)

where AE is the change in the difference criterion E, k is a constant set
equal to 1 and T is an effective temperature lowered during the
reconstruction.

Acceptance of new image pixels which increase E is to

prohibit the estimate from becoming stranded at a local minimum instead
of a global minimum during the reconstruction.

Initially T is high to

increase the probability of accepting pixels which increase E, but it is
lowered during the reconstruction as the estimate settles around some
minimum. Decisions on lowering T are made to keep the reconstruction at
equilibrium, which implies that the energy exhibits small oscillations
around some constant value as shown in Fig. 2.7.

In addition, the

perturbing grain size is also lowered during the reconstruction from its
intial value of about 5% of the dynamic range of the system. Decisions
on lowering the grain size are made when the percentage of accepted
pixels of the present grain size is below a certain threshold, which for
the following reconstructions is set at 20%.
Incorporation of the a priori knowledge of constant object
density, due to inserting a contrast dye or pure plasma into the artery,
is also implemented during this pixel perturbation process.

From a

backprojected image, an initial contour and density for the artery is

16

Attempts at placing a grain

Fig. 2.7. Energy during the annealing process. Points 1-5 are where the
reconstruction is in equilibrium and where the temperature is
lowered.
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assumed.

An initial cylindrical cross section suffices.

This initial

estimate is now perturbed by adding or subtracting boundary pixels. Any
contour pixel addition is assigned the present constant density value,
and the change in the difference criterion is calculated.

This new

object pixel is accepted or rejected according to the rules stated above,
the estimate's projections are updated with a pixel change, and then an
adjacent boundary pixel is checked next.

Any possible boundary pixel

subtraction involves assigning the present pixel a random value with a
mean equal to the average background value.

Acceptance or rejection

also depend on AE with this new pixel value and the above rules.
Initially, not all boundary pixels are checked for subtraction; but, as
fewer constant-density c&gect pixels are added, the probability of
checking each boundary pixel for subtraction increases.
pixel is checked when no new boundary pixels are added.

Every boundary
This entire

process of adding and subtracting constant-density object pixels
continues until a reasonable agreement between estimate and measured
projections is achieved.
After some number of boundary scans, a density-change attempt is
also required unless the constant density is somehow known. In the case
at hand, the only assumption is that the object (artery) is of constant,
unknown density, and therefore this constant density must also be
randomly perturbed for the correct contour estimate.

A density change

just involves adding or subtracting the same grain to each constantdensity object pixel and then summing the individual pixel contributions
to the change in E. During each density check, the density which agrees
best with the known data is accepted.

Although establishing the constant-density object contour is the
final goal, just object boundary perturbations and density perturbaitions
are inadequate.

Since non-object pixels (pixels ouside the arterial

contour) also contribute to the measured projections, a reasonable
agreement between the estimate and the real object outside the constant
density contour remains necessary.

Therefore, these non-object pixels

are perturbed during an image raster scan process, whereas constantdensity object pixels are added or subtracted during a boundary scan,
which constitutes one revolution around the constant density contour.
The ratio of boundary scans to image raster scans and density change
attempts is a parameter varied in an empirical manner.

Computer Simulation Results
The above algorithm has been applied to reconstruct computersimulated images of constant-density objects (arteries) from their
projections.

The initial estimate is formed from the known projections

by estimating a uniform background from the vertical projection, which is
in each projection set.

Also, from a backprojecticn the location and

size of the constant density object are estimated.

A circular object is

assumed with a chosen initial density, and this object is superimposed
upon the estimated background. The chosen initial density is immaterial,
since at the start of the reconstruction the density which fits the data
best is assigned to the object.

Fig. 2.8 shows the original object and

an initial estimate formed from the projections. An initial circle with
an area roughly equal to the object's area was estimated from the
backprojection.

A more accurate initial estimate will enable the

19

a

b

Fig. 2.8. Desired contour and the initial estimate.
(a)

The desired contour to reconstruct from its projections.

(b)

Circular constant density object on a uniform background.
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algorithm to determine the correct density early in the reconstruction.
Determination of a density very close to the correct object density was
very necessary for arriving at the actual object contour, and earlier
determination resulted in improved reconstructions. Therefore, a density
check is made before the pixel-perturbing process is begun.
As a first attempt at reconstructing the object contour, there
was no incorporation of the a priori knowledge of constant object
density.

The initial estimate was just the uniform background without

the estimated circular contour.

The pixels were raster scanned and a

grain was added or subtracted to the present pixel value, and accepted
according to AE.
First, a 5% grain size and no annealing (T=0) were used.

Fig.

2.9 shows reconstructions with these parameters for various allowed tilt
angles (see Fig. 2.4) and with 1% Foisson noise added.

Each

reconstruction represents 30 passes over the image, and for the 90° and
75° case, the actual contour is approached.

However, for the 60° case

and definitely for the 45° case, the missing cone is evident from the
inadequate estimation of the horizontal ellipse contribution to the
contour.

An attempt to restore this contribution would be to add in

annealing to the reconstruction, which would imply changing just the
parameter T from 0 to an annealing schedule Tfc+l^Tk , where o is a
parameter determined empirically, with 0<a<l.

An a=l, or a slow

annealing process, seemed to give the best results.

An annealing

schedule of Tjc+l=.9*Tjc was used, and Fig. 2.10 shows reconstructions for
various allowed tilt angles.

Annealing appears to have no positive

effect on the contour, but only seems to make the reconstructions more

c

d

Fig. 2.9. Reconstructions without a priori knowledge and
annealing but with 1% Poisson noise.
(a)

Angular range of —90®<4»<90°-

(b)

Angular range of -75°<$<75°.

(c)

Angular range of -60#<$<60®.

(d)

Angular range of -45#<4><45°.

without
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c

d

Fig. 2.10. Reconstructions without a priori knowledge but with annealing
and 1% Foisson noise.
(a)

Angular range of -90°<«K90°.

(b)

Angular range of -75°<*<75°.

(c)

Angular range of -60#<*<60°.

(d)

Angular range of -45#<*<45°.

»' ,
*

noisy. This added noise may be the result of an insufficient number of
iterations. However, for both the non-annealed and annealed case there
is ambiguity in determining an exact contour for all angular ranges,
except when the full angular data set is available.
Next, to eliminate this ambiguity, the a priori knowledge of
constant object density was incorporated without annealing (T=0).

The

initial estimate of Fig. 2.8 was perturbed to obtain the desired contour.
The boundary of the constant-density object was perturbed during a
boundary scan and the background was perturbed during a raster scan,
with a 1% grain size being used.

The smaller 'grain size yielded

smoother results when the added constraint of constant density was
included.

The ratio of boundary scans to raster scans was set at 1,

which resulted in less incorrect stray tails attached to the object.
Also, due to the necessity of accurate determination of the constant
density, a density change was attempted after every boundary scan. The
object density which agreed best with the data set (projections) was
assigned to the object during each density check.

Fig. 2.11 shows the

reconstructions for the various allowed tilt angles.

An improvement

over the previous cases is visible, but for the 60® and 45° cases the
contour is still inadequate.
Finally both a priori knowledge and annealing were incorporated
together to obtain a contour.

The ratio of boundary scans to raster

scans was set at 1 and a density check was performed after every
boundary scan.

The same 1 % grain size was used when perturbing

background pixels, and an annealing schedule of Tk+1=.9*Tfc was used.
Fig. 2.12 shows the reconstruction results when both a priori knowledge
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Fig. 2.11. Reconstructions with a priori knowledge but without annealing
(a)

Angular range of -90®<<K90#.

(b)

Angular range of -75°<4><75®.

(c)

Angular range of -60c<4><60°.

(d)

Angular range of -45°<4><45°.
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Fig. 2.12. Reconstructions with both a priori knowledge and annealing
(a)

Angular range of -90°< <K90#.

(b)

Angular range of -75#<<t><75°.

(c)

Angular range of -60°<4><60°.

(d)

Angular range of -45°<<K45°.

and annealing were utilized.

No great improvement was obtained, and

annealing again seemed just to increase the noise.

As a final check on

the sensitivity to noise, an additional case incorporated a priori
knowledge and annealing with 1 % Poisson noise included in the data. The
reconstructions with the addition of noise are shown in Fig. 2.13.

Discussion
The rough features of the contour are obtainable with or without
incorporating the a priori knowledge of constant density.

However, the

incorporation of a priori knowledge resulted in improved contour
estimates for each tilt-angle case.

In both the 90° and 75° case, an

almost exact contour estimate was obtained when the constraint of
constant density was applied.

For the 60° and 45° cases the correct

number of contour lobes was revealed, with the horizontal ellipse being
revealed only when the constraint of constant density was applied.
However, the fine detail of these contours failed to be reconstructed.
Several contour tails and stray pixels were also added during the
boundary scans which took into account the constant-density assumption.
Further raster scans would presumably eliminate these tails. There also
exists the possibility of constraining placement of constant-density
pixels within a smaller region, which is known to entirely contain the
object contour.
The addition of annealing had no drastic effect on the
reconstructions except to make them more noisy.

A technique to remedy

this problem could be an approach used by Smith (1985), who utilized an
additional constraint of correlation between nearest-neighbor pixels to

a

b

»»
.
^S«5£
H-.-M-y —y •4i.
,

*• ^ . ».r

#

_•

r. c. *
^ ;•• *,.

-fJs/V.

Fig. 2.13. Reconstructions with both a priori knowledge and annealing
and with 1 % Poisson noise added.
(a)

Angular range of -90°<<K90#.

(b)

Angular range of -75#<<K75#.

(c)

Angular range of -60°<(K600.

(d)

Angular range of -45°<4><45#.
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smooth out the noise added during annealing. It is hoped that these few
slight modifications to the reconstruction algorithm will then allow
exact contour determination for the smaller allowed tilt angles.
However, even if a perfect reconstruction were found, the
practicality of this method of optical CT is debatable. Due to the need
for a system possessing a large depth of field, severe restrictions are
placed on the system resolution.

A depth of field as large as the

thickness of the tissue which contains the artery is needed. The depth
of field is given by X(F#)2/2 (Born and Wolf 1970), where X is the
wavelength used and Fif is the f-number of the imaging system. From Eq.
(A.2) the depth of field in terms of the numerical aperture (N.A.)(see
Appendix A) is given by X/8(N.A.)2. Thus, the tissue thickness determines
the needed numerical aperture, and since resolution is given by 0.5A/N.A.
(see Chapter 3 and Eq. (A.2)), the tissue thickness also determines the
system resolution.

Table 2.1 shows the available resolutions for

tissues of various thicknesses, where X is taken as 0.5 micron.

Thus,

for several resolution points per arterial contour, the artery must have
dimensions very near the tissue thickness.

Overall, this method of

optical CT is basically impractical due to restriction on the resolution.
However, another imaging technique which has superior resolution is
reconstruction from microscope focal series and is considered next.
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Table 2.1

Tissue Thickness
(t) in nm

Necessary N.A.
N.A.=——
4/t

System Resolution

500

.011

22.36

200

.018

14.14

100

.025

10.00

75

.029

8.66

50

.035

7.07

25

.050

5.00

10

.079

3.16

5

.111

v 2.23

.250

1.00

4N.A.=/¥

111 Um

1

Table 2.1.

Available system resolution for various tissue thicknesses.
X=0.5u.

CHAPTER 3

FOCAL-SERIES RECONSTRUCTION

A second technique to accomplish the task of acquiring an
arterial cross section is by focal-series reconstruction.

This method

requires much less modification of the microscope to obtain the
necessary data and is shown in Fig. 3.1a. A much smaller depth of focus
is required, and, therefore, the resolution of this technique is superior
to the first method of optical tomography, which required a large depth
of focus.

The necessary data are accumulated by obtaining a focal

series, which implies focusing through the tissue and digitizing each
resulting image. Stacking up these images will yield a 3-D data set, as
seen in Fig. 3.1b, to be processed for extracting an arterial contour.
This contour will just be a slice of the focal-series parallel to the
direction of the focus scan.

However, any slice of an unprocessed

focal-series data set will yield an image devoid of any structure or
boundaries due to the substantial blur associated with microscopic
imaging.
The fact that each image contains contributions not only from
the desired focal plane but also from all other planes in the 3-D image
scrambles the needed depth information.

Removal of this out-of-focus

blur becomes necessary for obtaining a reliable arterial contour, and,
therefore, understanding the origins of the 3-D blurring properties of
the microscope becomes necessary.

Knowledge of the transfer function
30
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Video
TV Camera
Digitizer

' VAX

Fig. 3.1. Setup for obtaining a 3-D focal series and the focal series.
(a)

Equipment for acquiring the focal series.

(b)

The focal series and a slice containing a contour.
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will reveal the post-processing steps necessary to restore the
transverse and depth information and enable acquisition of the needed
arterial lumen shape.

3-D Transfer Theory
Optical transfer theory for flat 2-D objects has been developed
through numerous contributors and is well known. Given a 2-D object one
can find the corresponding 2-D image in an adjacent plane by diffraction
propagation principles.

The transfer between planes is dealt with using

Fourier theory (Goodman 1965) by considering a 2-D point spread function
(PSF) in the spatial domain or by considering the optical transfer
function (OTF) in the frequency domain.

This 2-D theory describes the

image and image spectrum (2-D Fourier transform) of a 2-D object from
plane to plane, and the relationship between PSF and OTF is
OTF(C,n)=F2{PSF(x,y)}. Imaging systems are described by either function,
both of which are derivable from the pupil function.
In the case of microscopic imaging, the object and image are
three-dimensional, and the image formation can also be described by a
generalized transfer theory.

Both the 3-D image of the object and its

3-D Fourier transform are described by this transfer theory as discussed
by Frieden (1967) and others.

The 3-D transfer function can be

calculated from the pupil function of the system.
Consider for now the 3-D PSF of an aberration-free system when
diffraction is neglected.

This PSF is given by the geometrical light

cone whose functional form is:
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0

if

|r| > |z|/2F#

z"2

if

|
r| < |z|/2F//

t(r,z) =

(3.1)

where r = ( x , y ) and F# is the f-number of the imaging system given by
f/d=(2tan<*)-^, where f is the focal length, d is the lens diameter, and «
is the cone half-angle.

See Appendix A for the interpretation for the

F# in terms of the numerical aperture (N.A). The corresponding OTF in
cylindrical coordinates is given by the 3-D Fourier transform as

|z|/2F#
T(P,C) =

z~2 exp[-2iriCz]

Jo(2itPr) rdrdz

d

- 4 « F f" J _ _ —

t

•

where t=irpz/F# . Performing the indicated integral yields

1

"

<*?*•>'

I'' 2
(3.2)

T(P,C) =
8(F//):

6(C)

P=0,

where the frequency variables conjugate to (x,y,z) are (t,n,C) and
p=/£z+nz. Fig. 3.2 shows a slice of OTF's for varying F#'s or numerical
apertures (N.A.).

Each OTF contains a missing cone given by |C|>P/2F#.

Increasing the aperture will decrease the cone size and transmit more

c

Fig. 3.2.

d

OTF slices for 4 different numerical apertures.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

<d)

Numerical aperture of 1.35,, medium index of 1.5.
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depth information, but in any case the missing cone will still be
present*
If one includes diffraction, fringes will appear in the PSF and
there will exist in the OTF a diffraction limit.

The general

relationship for the incoherent case for a 3-D OTF given the 2-D pupil
function p(p) is

T(P,C) =

P(P'

+ 4p) P*(P' " 4p) «(C + Xp-p') dV ,

(3.3)

/ —00

where p=(£,n). For a derivation of this equation see Appendix B, Streibl
(1984a), or Frieden (1967), and for several numerically calculated 3-D
OTF's for special pupil functions see Streibl (1984a).

For the

diffraction—limited pupil given by a more realistic microscopic pupil
function,
1

if

p < 1/2XF#
(3.4)

P(P) =
0 if

otherwise

Eq. (3.3) and (Streibl 1984b) give the OTF as

Kp.O - toj

a«

[ 1 " < >«»» + llilli)']172

(3.5)

This OTF is limited at low spatial frequencies by the missing-cone term
2|c|F#/p and limited at
diffraction term XpF#.

the higher spatial frequencies by the

The lateral bandlimit is Pmax=lAF//, giving a
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resolution of 1/pma3C=XF#. Longitudinal resolution, or depth of field, is
given by $z=l/cmax=8*(F//)2 since the longitudinal band limit is
Cmax=l/8(F//)2*.

Here the zero points are used as the cutoff, whereas in

chapter 2 the 80% points were used to define the depth of field.

An

even more complete description of 3-D transfer theory which takes into
account the coherence of illumination and its effect upon the region of
support of the OTF can be found in Streibl (1985). Fig. 3.3 shows the
limited regions of support for illuminations of various coherences which
are derived in Appendix C.
As can be seen, the missing-cone constraint is always present
and will remain a fundamental restriction in any 3-D microscopic imaging
technique. Thus, as in the first imaging technique, the same problem of
a deficient data set in the form of a missing cone in Fourier space
exists.

As in the first imaging technique, incorporating the a priori

knowledge of constant object density into a reconstruction algorithm
will be utilized to attempt to compensate for this 3-D missing cone and
obtain an arterial contour from a focal series.

3-D Filtering For an Intial Estimate
Obtaining the arterial contour amounts to deblurring a focal
series.

This focal series is acquired by focusing through the object

and digitizing the 2-D optical slices imaged by a microscope.

Stacking

up these optical slices yields a 3-D data set to filter and perturb in
order to extract an arterial cross section.

This 3-D data set can be

represented as the original object convolved with some 3-D PSF which is
characteristic to the microscope used, where the microscope is
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Fig. 3.3. Regions of support in the frequency domain for different
coherences of illumination.
(a)

Complete coherence.

(b)

Partial coherence.

(c)

Complete incoherence.
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approximated as a linear shift-invariant system.

A diffraction-limited

system assures shift-invariance, and an incoherent, weakly scattering
system assures linearity (Frieden 1967).

Ignoring noise for the moment

yields
g(x,y,z)=f(x,y,z)***h(x,y,z) ,

(3.6)

where g is the 3-D focal series, h is the PSF of the microscope, and f is
the desired 3-D object containing the arterial lumen we wish to
reconstruct. The corresponding relationship in the Fourier domain is

G(5,n,C)=F(C,n,C)H(€,n,C) ,

(3.7)

where G is the 3-D Fourier transform of the focal series, H is the OTF
of the microscope (which is zero within a missing cone), and F is the 3-D
Fourier transform of the object.
Any hope of estimating f from g requires accurate knowledge of
the blurring function of the microscope.

The microscope PSF can be

obtained by digitizing a focal series of a pinhole which is smaller than
the resolution of the microscope. A 3-D Fourier transform of this focal
series will yield the 3-D OTF containing missing cones.

Knowledge of H

will now allow an estimate of f to be formed which will be labeled f.
One would like to obtain f from some filter operation on the acquired
blurred image g which implies fmg*p or f«GP. Due to the many zeros in
the microscope OTF, simple inverse filtering will only amplify noise
within the missing cone which will degrade the image.

An alternative

filter operation for obtaining an original estimate, which dampens the
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noise amplication properties of the inverse filtering operation, is the
Wiener-Helstrom filter (Helstrom 1967).

The functional form of this

filter transfer function is given as

P(°)=jH(^)f^T7SNR

(3,8)

'

where a=(£,ri,c) and SNR is the signal-to-noise ratio, or ratio of object
power spectrum to noise power spectrum.

This filter function assunles

knowledge of the blurring function and assumes a priori knowledge about
the object's power spectrum.

However, since we are using this filter

just to obtain an initial estimate, we shall take SNR as a constant over
the spectrum for simplicity. This filter function approaches an inverse
filter for large signal-to-noise ratios and a matched filter for small
signal—to—noise ratios.

If one possesses prior knowledge of other

characteristics of the object and wishes to also add in these
constraints, one must, in addition, apply a different non-linear
algorithm incorporating this added a priori knowledge.

As in method one

(optical tomography), the iterative reconstruction algorithm known as
simulated annealing will be used to incorporate any additional prior
knowledge and

minimize some

error criterion while

maintaining

consisitency with these added constraints.

3-D Reconstruction
After the initial estimate is acquired from the Wiener-Helstrom
filtering operation, the iterative algorithm is then applied. During this
iterative process of pixel perturbing, some error criterion or energy E
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will be minimized in an attempt at arriving at the desired cross section.
For the case at hand we will use the criterion

-r

|8 ~ g|* d'r =

J —A

2 dsr = min. ,
|h***f - h***f
|

(3.9)

/ — CO

where r=(x,y,z), and consider this as leading to a good estimate of £.
This amounts to finding an estimate focal series g=h***£ close (in the
least-squares sense) to the measured focal series g.
perturbed in order to minimize /|g - g|2 dsr.

Thus, ? is

After each pixel of £ is

perturbed, this pixel change is propagated through the system to find
the new g.

Initially g is formed from the filtered estimate and an

initial E is calculated. This process of pixel perturbing continues, and
after the ith iteration the new g (gi+i) is given in terms of the new 1
(?i+l) 38

Si+1

=

h***?i+i = h***(?j+A?£) = h***?i + h***A?i = gi + Agi .(3.10)

Now if one pixel is changed, A£j=A6(r0), and this implies

Agi = h***A?i = h***A6(r0) = Ah(r-r0)

(3.11)

The new energy is then given by

Ei+1

|S - gi — Agi|2 dJr =

18 ~ 8i ~ Ah(r-r0)
|1 d*r .(3.12)
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Thus, after each pixel change is propagated through the system,
A8i=gi+1

~ gi Is subtracted from the stored value g - gj_ to give

g - §!+!•

This new difference is then integrated or summed over the

space domain to give the new energy, which is then subtracted from the
previous energy to give AE.

This pixel change is then accepted if a

decrease in the energy accompanies the perturbation (AE<0), or accepted
with the probability given by Eq. (2.7),

P(AE) = exp(-AE/kT) ,

(3.13)

if the energy is increased by the pixel change (AE>0). For every pixel
change accepted, the old

energy /|g - gi.|2 dsr is updated

to

~ 8i+l|2 dsr. Fig* 3*4 is a flowchart for the iteration process.
The pixel-perturbing process is identical to that described for
the optical-tomography reconstruction method.

Pixels are either changed

during a boundary scan around the constant-density object or during a
raster scan which checks all non-object pixels.

The boundary scan

originally starts by scanning the original constant-density object
estimated from the Wiener-Helstrom-filtered focal series.

Boundary

scans are continued and pixels are either added to or subtracted from
the boundary according to the change in the energy (AE) caused by each
pixel change.

Also, after some chosen number of boundary scans, all

object pixels are changed to a new density and the effect on the energy
is observed, and the new object density is accepted or rejected depending
on AE. Due to the contributions of non-object pixels in all other slices
to the blurred data set, a reasonable agreement between the background

Perturb Pixel
A6(r)

AE

yes

No

yes
exp[-AE/kT] < Random //

Change Pixel
No

Update
G - Gi - (Gi+1 - Gi)

Check
Next Pixel

Fig. 3.4

Flowchart for the iteration process.

of the object and estimate is required. Perturbing non-object pixels is
considered during a raster scan over the image for an agreement between
these backgrounds. The ratio of boundary scans to image raster scans is
determined empirically.

The Results
The above algorithm has been applied to reconstruct computer
simulated images of constant-density objects (arteries) from their
simulated blurred focal series.

These focal series were obtained by

blurring an original object with a PSF to approximate the image slices
seen when viewing the object with a microscope.

The assumed OTF was

just the OTF associated with the geometrical conical PSF as given by Eq.
(3.2).

Also, to reduce computation time, all arteries were assumed to

have symmetry in the y direction (Fig. 3.1). This assumption reduces the
3-D reconstruction problem to a 2-D reconstruction problem while the
results are still generalizable to 3-D.

The object is now represented

by f(x,z) and its 3-D Fourier transform is given by Fs{f(x,z)}=F(£,c)S(n).
Therefore, since the object's Fourier transform is non-zero only when
0=0, the 2-D OTF for this case becomes a slice out of the 3-D OTF. Its
form is given by Eq. (3.2) when n=0 or

0TFU,O-B.{^{l - C^)']1/2} +

(3.14)

Figure 3.2 shows these OTF slices and Fig. 3.5 depicts an object (cross
section), while Fig. 3.6 shows the object blurred by Eq. (3.14) for these

Fig. 3.5

Simulated arterial contour.

d

Fig. 3.6.

Simulated blurred arterial cross sections.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.

different N.A.'s.

Fig. 3.6 represents cross sections one would obtain

from a slice out of an unfiltered microscopic focal series. Application
of the filter function of Eq. 3.8, where SNR=100, yields the cross
sections shown in Fig. 3.7.

For the largest numerical aperture this

filtering operation, which is basically an inverse filter, determines the
cross section almost exactly.

All the smaller numerical apertures,

which are less than 1, allow estimation of the rough features, but the
finer detail is absent due to the "missing cone".

Reconstruction of the

horizontal ellipse contribution is inadequate, which was also observed in
the reconstructions from the optical tomographic data.

To reconstruct

this remaining part of the contour, the pixels will be perturbed to
match corresponding focal series between object and estimate according
to Eq. 3.9
The first attempt involves just perturbing pixels without
incorporating either a priori knowledge of constant density or annealing.
The results of this approach are shown in Fig. 3.8, and each image
represents 20 raster scans over the image with an intial 2% grain size.
Very little improvement if any is seen.
the horizontal ellipse contribution

The constrast is reduced, and

was not

revealed.

Next,

incorporating annealing was utilized to restore the missing contour.

An

anealing schedule of TJc+I=.9TJc was used with an initial 2% grain size.
The annealing results are shown in Fig. 3.9, and as observed previously,
annealing is equivalent to adding noise to the image. However, the fact
that only a few raster scans were used must be kept in mind.
Next, a priori knowledge was used to overcome the missing data.
An initial estimate was formed from each filtered focal series by

c

Fig. 3.7.

d

Cross sections of Fig. 3.6 filtered by equation 3.8 with
SNR-100 and with 1% Poisson noise added.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.

c

Fig. 3.8.

d

Reconstructions without a priori knowledge and without
annealing but with 1% Poisson noise added.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.

c

Fig. 3.9.

d

Reconstructions without a priori knowledge but with annealing
but with 1% Poisson noise added.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.

&,

thresholding within a chosen region containing the object.
density was then assigned to the object.

An initial

Since the density which best

agrees with the data is chosen at the start of the reconstruction, the
initially chosen density is Immaterial. These initial estimates for the
object are shown in Fig. 3.10.
considered.

First, the non-annealing case was

The reconstruction began by calculating the density which

fits the data best, then a few raster scans over the image were
performed, and then the density was checked again.

Good reconstructions

were very sensitive to determination of the object's density very
accurately and early in the reconstruction, and a' good density estimation
was dependent on both a good initial estimate and good background
agreement.

Following the initial density checks and raster scans, the

object's boundary was then perturbed.

The ratio of boundary scans to

raster scans was set to 1 to reduce the number of tails attached to the
object, and the density was then checked after each boundary scan.

Fig.

3.11 shows the results with these parameters. Improvements if any were
minimal. Several tails are evident on each contour, but these were also
observed from reconstructions from the optical tomographic data.
Further raster scaiis and boundary scans eliminated these tails and stray
object pixels for the optical tomographic data, and presumbly the same
effect would by seen for longer reconstruction times for the focalseries reconstructions.

However, for all but the largest numerical

aperture, the density was incorrectly chosen, and the consequences of
this failure are evident.

A final attempt at reconstruction involved

both incorporation of the constant density constraint and annealing. An
annealing schedule of Tk+i^Tfc was used and the ratio of boundary scans

b
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Fig. 3.10. Estimates from a filtered focal series.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.
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Fig. 3.11. Reconstructions with a priori knowledge but without annealing
and with 1% Foisson noise added.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.
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to raster scans was set at 1. The annealing results are shown in Fig.
3.12.

The addition of noise is again evident, and for the small

numerical aperture cases image degradation is obvious. Again the correct
object densities were not achieved, which resulted in unsatisfactory
reconstructions.

c

d

Fig. 3.12. Reconstructions with a priori knowledge and with annealing
and with 1% Poisson noise added.
(a)

Numerical aperture of .40, medium index of 1.0.

(b)

Numerical aperture of .60, medium index of 1.0.

(c)

Numerical aperture of .85, medium index of 1.0.

(d)

Numerical aperture of 1.35, medium index of 1.5.

CHAPTER 4

CONCLUSION

Two possible techniques for obtaining data on arterial shapes
from In vivo studies were presented.

Each method, however, suffered

from the restriction of possessing a "missing cone" of spatial
frequencies in the Fourier domain.

This limitation causes a loss of

contour detail in images obtained from the acquired data, and therefore,
postprocessing

algorithms

to

overcome

accompanied each imaging method.

these

data

deficiencies

Due to the possibility of injecting a

contrast dye inside the artery, the assumption was made that the object
of interest was homogeneous. This a priori knowledge of constant object
density was incorporated into a simulated annealing reconstruction
algorithm in an attempt to restore the missing contour detail.
For the first method of optical tomography, this assumption
proved adequate for revealing the rough features of the arterial
contour, and for small missing cones fine detail was revealed with the
added constraint.

Due to the constraint of computation time,

reconstruction times for every case were limited, and better results
might be possible as a result of increased iterations. However, even if
perfect reconstructions were possible, optical tomography is not exactly
practical for this application.

This method required a large depth of

field which implied very poor resolution.

The fine detail necessary for

determining the fine features of arteries of a microcirculatory network
55

56

would be blurred out due to the resolution limitation.

Also, these

results assume the artery being imaged with this method must satisfy
certain assumptions*

These assumptions are that the object is weakly

scattering and that the ray paths are straight lines, and thus refraction
can be neglected.

Any imaging case violating one of these assumptions

would imply modification to the present reconstruction algorithm.
For the second method of focal-series reconstruction, the
results were not promising unless very large numerical apertures were
used. The missing cone was a severe limitation for the small numerical
apertures and the attempts to overcome the missing data were not
totally successful.

Very little improvement resulted from further

iterations on the inverse filtered focal series, and when annealing was
used the results just became more noisy.

However, the fact that

computation time limited the allowed reconstruction time must be kept in
mind.

More iterations could improve the results, provided the density

could be accurately determined. An additional area of improvement would
be to examine different pupil functions for the microscope and the
effect upon the bandpass region.

Also, any microscopic imaging case

using these results must satisfy the assumption of being a weak
scatterer, such that the first Born approximation holds!
would require modification to the present algorithm.

Any deviation

Overall though,

the second technique of focal-series reconstruction would seem to be the
more practical method of attacking this problem.
Prior knowledge of the homogeneity of the object improved
results much more than the addition of annealing, provided the correct
density could be accurately found.

The algorithm used was very
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sensitive to calculation of the correct object density and required close
determination of the density for adequate reconstructions. The addition
of annealing seemed to be equivalent to adding noise to the image, and a
smoothing operation seems to be needed.

The assumption of correlation

between neighboring pixels, as previously stated, may be needed.
However, drawing conclusions from limited reconstruction times may be
erroneous, and a more complete analysis still requires more iterations.
The problem of a "missing cone" is not limited to the imaging
problem discussed in this thesis, but also appears elsewhere (Chiu et al.
1981). The results obtained in this thesis are also applicable to these
areas as well, and also to other microscopic imaging cases provided the
assumption of a weakly scattering object is met.

APPENDIX A

RELATION BETWEEN F-NUMBER (F#) AND NUMERICAL APERTURE (N.A.)

The F# in Eq. (3.2) is descriptive of the PSF geometrical light
cone angle for a given system since F#=f/D=l/2tana (see Fig. A.la). The
F# is useful when the object being imaged is at infinity or distant; but
for an instrument working at finite conjugates (both object and image
distances are finite), the numerical aperture (N.A.) is a more appropriate
description of the PSF geometrical light cone.

From this numerical

aperture, an effective cone angle (ae) is calculated and the expression
l/2tanae is inserted in Eq. (3.2) as the F# to describe the system PSF
light cone.
The numerical aperture is defined as n*sino, where n is the index
of refraction of the medium between object and lens and a is the half
angle of the light cone entering the lens (see Fig. A.lb). For n=l the
Fif to insert into Eq. (3.2) is given as

^

2tana

2tan[ sin-^N.A.) ] *

(A«l)

For small a tana^sina^o, and the relation between F# and N.A. for a
system in air and with this approximation is then

F// =

2tiiST

a

7S * 25155- " 5n7a7 •
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(A"2)

59

2tana

N.A. = nsino

Fig. A.l

Schematic of Fit and numerical aperture
(a)

Parameters for determining the F//.

(b)

Parameters for determining the numerical aperture.
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m-

Fig. A.2

Spatial frequencies collected by a lens.
(a)

Medium with n=l.

(b)

Medium with n>l.

For the case with n>l, the effect of an increase of n can be
understood by considering the object spectrum passed by the lens with
and without the medium between object and lens.

The object to consider,

a square wave grating, is shown in Fig. A.2a illuminated by a plane wave
and with a medium of n=l.

The diffracted wave directions are also

shown, and the angles are given by the grating equation (for small
angles) as 62=0i±mX? where e2 is the diffracton wave angle,

is the

incident wave angle taken to be 0, m is the order of diffraction, X is
the wavelength, and £=l/d is the spatial frequency of the grating. Fig.
A.2a shows how the higher spatial frequencies of the grating are not
passed by the system.
Now if a fluid is inserted between object and lens, the angles
of diffraction are given by 6^=6x±m£X/n, where n is the index of
refraction of the fluid.

This reduction of angles implies that higher

spatial frequencies of the grating are passed in the case where n>l as
shown in Fig. A.2b.

Therefore, the resolution is enhanced by a medium

placed between object and lens.

An equivalent system with n=l would

imply reducing the object-to-lens distance by n (see Fig. A.3b). The two
systems in Fig. A.3 now pass the same spatial frequencies and will give
the same resolution and will have the same F//'s in Eq. (3.2). Thus, in
Fig. A.3b 8, is reduced by n and the F# descriptive of this system is
l/2tanae where ae»Tan-^(Dn/2s0). The general relation for the F# which
is inserted into Eq. (3.2) for any n is thus given by

F#

1
1
n 2tan[ sin~i(N.A./n) ]

(A.3)

n>l
N.A. = nsino

D/2

a

n=l .
_ _i, Dn .
1 _ _i,N.A.x
Tan 1(^—) = -Sin 1(——)
D/2

b
A.3

Equivalent systems with and without medium.
(a)

System with n>l.

(b)

Equivalent system with n=l.

APPENDIX B

3-D OTF FOR AN INCOHERENT SYSTEM

Given a general system pupil function p( p ) , where p =(5»Il)

and

(S,n) are spatial frequency variables conjugate to (x,y), one can derive
the 3-D system OTF, which is the 3-D Fourier transform of the 3-D PSF.
The 3-D PSF is given by

T(r,z)=t(r,z)t*(r,z) ,

where t(r,z) is the amplitude distribution and r=(x,y).

(B.l)

The angular

spectrum t(p ,z)=F2{t(r,z)} is determined from the pupil function p(p) and
a propagation transfer function.

Within the Fresnel region, this

propagation transfer function is given by

exp[2iriz/x] exp[-iirXzp2] ,

(B-2)

which yields an amplitude distribution

t(r,z)=F2 *{ p(p) exp[2iriz/x] exp[-iirXzp2] }

p(p) exp[-iriXzp2+2iripT] exp[2iriz/X] d2p . (B.3)
/ —00
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The 3-D OTF T(p,c) is then found from a 3-D Fourier transform operation
on |t(r,z)|2 or

|t(x,z)|2 exp[-2iri(p*x + cz) d2xdz

?(p.O=

P(Pi)P*(Pa) exp[-iirXz(p12-pI*)]
00

expIZiritr'Cpj-pj-p^cz}] d4pld*p1dtrdz

X

p(pi)p*(pz)

r

exp[2uir*(p,-p2-p)] d*r

J —a

expjj-2iTiz{c+^X(pi2-P22)}J dz

X

d2pid2p2

J _-oo

P(Pi)P*(Pa)5|c+^X(PiI-P**)Jfi(Pi-Pi-P)d,Pid1Ps
/

p(p2+p)p*(p»)fi|jc+-|(p2+p2,p)j dlp2 .

(B.4)

/ —09

After the substitution P'=P2+P/2, the final result is

?(p,C)=

P(P'+-|p)p*(p »-Jp)fi(c+X P *P')d2p'

(B.5)

APPENDIX C

REGIONS OF SUPPORT FOR 3-D IMAGING SYSTEMS

The Imaging system to consider is shown in Fig. (C.l).

The

monochromatic incident wave on the semi-transparent, weakly scattering
object is given by

U* = exp(ikj/R) ,

(C.l)

where R=(x,y,z) and ki defines the incident wave direction.

The

resulting field at a point specified by R is given by

U(R) = Ui(R) + US(R) ,

where U8(R) is the scattered field.

(C.2)

The field U(R) satisfies the

Helmholtz wave equation

V2U(R) + kln2(R)U(R) = 0 ,

where n(R) is the refractive index at point R and

(C.3)

|^iI•

Eqs. (C.2) and

(C.3), coupled with the fact that the incident field satisfies the
equation (V2+k|)U*-=0, imply the scattered field obeys the equation

65
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n(R)

Scattering object

Fig. C.l

Notation fcr the 3-D scattering system.

67
(V2+kf)Us(R) = F(R)U(R) ,

(C.4)

where F(R)=-k|(n2(R)-l), which is referred to as the scattering potential.
For a weakly scattering object |us|«|u1|, which allows replacing
F(R)U(R) with F(R)U*(R).

Thus, an approximate solution to Eq. C.4 is

given by the first Born approximation,

u»cr) =

FCR^explki-R'JGdR-R'l) d s R* ,

(C.5)

where G(|R-R'|) is the Green's function associated with the Helmholtz
wave equation and is given by

expfikjlR-R'h
|R-k'|

(C.6)

Utilizing the Fraunhofer approximation yields

expri ^lR-R'11 „ expri^R(l -R*R'/R 2 )] _ exp[iki(R -£d"R')]
|
R—R'
|
R
"
R

where R=|R.| and £^°R/|r|.

U 8(R)

/r
V

Therefore, the scattered wave is given by

F(R') exp[ikjfci/R' - ikifi^'R'] d'R'

68

F(R,)exp^-^R,-(fid - £0] d'R'

(C.8)

= FS{F(R)> loKV*i)A »

where &iski/|ic£j and a=(€,n,C)> which are the Fourier
conjugate to (x,y,z).

variables

Eq. (C.8) implies that the object frequencies

contributing to the image lie on a surface described by a =(£d_£i)A •

To

establish this surface, first assume the incident wave is fixed in
direction, and then vary Ic^ (see Fig. C.2). As

is varied, a sweeps out

a sphere in the 3-D frequency space, or a circle in the 2-D
representation.

This sphere of object frequencies which contributes to

the image is better known as the Ewald sphere.
A coherent optical system is shown in Fig. C.3a, where the point
source assures the incident wave is fixed in direction.

Due to the

aperture, not all diffracted wave angles are passed by the system.
the diffracted waves with
the image.

Only

passing within the aperture contribute to

Therefore, the object frequencies which contribute to the

image are limited by the angle 0max (see Fig. C.3a), and the region of
support is shown in Fig. C.4.

The contributing frequencies o=(£d-£i)M

are confined to a cap of the Ewald sphere due to the restriction on ly.
An incoherent optical system is shown in Fig C.3b, where the
source is now of infinite extent.
source, all

Due to each point of the extended

directions are incident on the object, but not all incident

waves are passed by the system.

The aperture also limits the allowed

incident waves in addition to the diffracted waves.

This limit is

o=(*d - ^iV *

Fig. C.2

Object frequencies contributing to the image.
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3-D object

aperture

3-D image

point
source

max
a) Complete coherence

infinite
source

max

b) Complete incoherence

finite
.source

$1

max
c) Partial coherence

Fig. C.3

Optical systems with different coherences of illumination.
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0
I

max

Fig. C.4

Region of support for a coherent system
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designated by <l>max.

Also, for each incident wave, there exists a

different angular spread of diffracted waves which are passed by the
optical system.

A few incident wave directions and the corresponding

diffracted wave directions for each incident wave are shown in Fig. C.5.
The region of support of frequencies contributing to the image is thus
found from considering all incident waves and their diffracted waves
which pass within the aperture. This bandpass region is represented as
the shaded region in Fig. C.5, and the corresponding missing cone
associated with the imaging system is also shown.
The intermediate case between the previous two is a partially
coherent system (see Fig. C.3c). Here the source is of finite extent and
this finite

size is the limiting factor which determines the incident

waves which area passed by the system, whereas for the incoherent
system the aperture was the limiting factor.
incident waves is now given by *max»

and

The angular spread of

each incident wave has a

corresponding angular range of diffracted waves which are passed by the
system.

This angular spread of diffracted waves is identical to the

spread in the incoherent case for a given

The region of support for

a partially coherent system is, thus, very similar to the case of an
incoherent system, but possesses a different limit on contributing
incident waves. A few incident waves and their corresponding diffracted
waves which are passed by the system are shown in Fig. C.6. Considering
all allowable

and ly will, therefore, map out a region of support,

which is designated by the shaded portion of Fig. C.6.

D

max

The "missing cone

Fig. C.5

Region of support for an incoherent system.
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Fig. C.6

Region of support for a partially coherent system,

75.-

REFERENCES

Barrett, H.H. and W. Swindell, Radiological Imaging: The Theory of Image
Formation, Detection, and Processing, Vols. I and II, Academic
Press, New York (1981).
Born, M. and E. Wolf, Principles of Optics, Pergamon. New York (1970). p.
441.
Carlson,E.C., M.E. Burrows, and P.C. Johnson, "Electron Microscopic
Studies of Cat Mesenteric Arterioles: A Structure Function
Analysis," Microvasc. Res. 24, 123-141 (1982).
Chiu, M.Y., H.H. Barrett, R.G. Simpson, C. Chou, J.W. Arendt, and G.R.
Gindi, "Three-Dimensional Radiographic Imaging with a Restricted
View Angle," J. Opt. Soc. Am. 69, 1323-1333 (1979).
Frieden, B.R., "Optical Transfer of the Three-Dimensional Object," J. Opt.
Soc. Am. 57, 56-66 (1967).
Goodman, J.W., Introduction to Fourier Optics, Mcgraw Hill, New York
(1968).
Helstrom, C.W., "Image Restoration by the Method of Least Squares," J.
Opt. Soc. Am. 57, 297-303 (1967).
Herman, G.T., Image Reconstruction From Projections: The Fundementals of
Computerized Tomography, Academic Press, New York (1980).
Smith, W.E., "Simulated Annealing and Estimation Theory in Coded-Aperture
Imaging," Ph.D. Thesis, University of Arizona, Tucson (1985).
Streibl, N., "Depth Transfer by an Imaging System," Optica Acta 31,
1233-1241 (1984a).
Streibl, N., "Fundamental Restrictions for 3-D Light Distributions," Optik
66, 341-354 (1984b).
Streibl, N., "Three-Dimensional Imaging by a Microscope," J. Opt. Soc. Am.
A 2, 121-127 (1985)

/

