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ABSTRACT 

A review of existing approaches to the finite 

element analysis of general shell structures shows the 

degenerate shell element as the most promising option. A 

detailed formulation is given. The elements fail due to 

element locking when the normal order of integration is 

used. Reduced or selective reduced integration can 

alleviate element locking but can also introduce zero-

energy modes. Only for the eight node element these vanish 

in a finite element mesh. Two methods to suppress zero-

energy modes in the nine node element are presented. The B-

spline shell element is also developed. It uses a B-spline 

surface to model the shell geometry, thus beeing C1 -

continuous across element boundaries. 

The four, eight, and nine node degenerate shell 

elements are tested in a standard set of problems. Results 

are good for singly-curved structures for all elements. The 

modified nine node elements is recommended for doubly-

curved shells . 

ix 



CHAPTER 1 

INTRODUCTION 

Shells are commonplace in almost every aspect of 

modern day life. They are present everywhere in nature, and 

in engineering they are used in a wide variety of shapes 

and materials and for many different purposes. By 

definition shells are curved and this is what gives them 

their great load carrying capabilities. Shell roofs, freely 

spanning large distances, have fascinated many casual 

observers. 

However, they have also frustrated many engineers. 

Attempts to analyse the structural behavior of shells began 

as early as the 1820s. The first general shell theory was 

presented by Love in 1888. Since then countless theoretical 

efforts have been made to improve shell theories based on 

Love's formulation. However, analytical solutions to 

general shell problems are still limited, especially when 

arbitrary shapes are involved. Host engineering structures, 

however, include some kind of shape or load irregularity. 

Finite element analysis claims to be able to deal with 

these complications and it has therefore come to help 

naturally in the structural analysis of shell structures. 

1 



2 

Historically three different approaches to finite 

element shell formulation can be distinguished: 

(i) Flat elements with superimposed bending and 

stretching behavior 

(ii) Curved elements, based on shell theory 

(iii) Specialized solid elements 

1.1 Flat Shell Elements 

If it is assumed that a continuously curved surface 

can be adequately represented by an assembly of flat 

elements, finite element analysis of an arbitrarily curved 

shell structure can be performed with flat elements, 

constructed by superimposing two fundamental elements : a 

plate bending element to approximate flexural behavior and 

a membrane element to approximate stretching behavior. 

Elements of this type are among the earliest and ' simplest 

elements for general shell analysis (Argyris 1967, Clough 

and Johnson 1968). Arbitrary surfaces can be approximated 

only with triangular elements while cylindrical surfaces 

can be modeled with quadrilateral elements as well. 

Flat shell elements have gained considerable 

popularity due to their simplicity in formulation and use, 

but their performance has often been hampered by slow and 

sometimes unacceptable rates of convergence (Carpenter, 

Stolarski, and Belytschko 1985). This is especially true in 
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thin shell problems, when membrane stresses become pre

dominant, due to the slow convergence of most available 

triangular membrane elements. In 'sensitive' test problems 

(see Chpt. 5) flat elements often completely fail (Cook 

1981, p.273). However, Carpenter et al (1985) recently 

presented an element with improved membrane formulation 

that shows improved performance in sensitive test cases. 

Another drawback of flat shell elements is that 

they perform notoriously poorly in problems with a strong 

coupling of bending and membrane actions (Knowles, 

Razzague, and Spooner 1976). In an assembly of flat 

elements bending and membrane forces are coupled only at 

element boundaries, because a membrane force in one element 

has components normal to the surface of adjacent elements. 

Thus spurious 'discontinuity moments' are introduced at 

element boundaries (Cook 1981, p. 272). 

Numerical difficulties can occur in an assembly of 

flat elements at nodes where elements are coplanar or 

nearly coplanar. This is due to the fact that of the six 

degrees of freedom (that are generally employed), the in-

plane rotations are not used in the formulation of the 

stiffness matrix. Stiffness corresponding to these d.o. f.'s 

is only introduced through coupling of rotations of 

adjacent elements. At nodes where these neighbouring 

elements are coplanar the overall stiffness matrix will be 
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singular because of a zero row and column corresponding to 

the normal rotation. A simple remedy for this problem is to 

change the zero on the diagonal to some factor a, thus 

effectively setting the normal rotation to zero (Cook 1981, 

p. 273). The problem becomes more severe if elements are 

'nearly' coplanar. Now the normal rotation is only weakly 

coupled to other rotations and a near singularity is intro-

duced into the stiffness matrix (Cook 1981, p. 273). 

Despite their various shortcomings flat shell 

elements still enjoy some popularity in practical applica

tions (Knowles et al, 1976). The error introduced by the 

approximation of curved surfaces by flat elements can 

usually be made small by refining the finite element mesh. 

This, however, makes the analysis more costly and flat 

shell elements therefore often unattractive. 

1.2 Curved Shell Elements 

The second option in finite element analysis of 

shell structures is to use curved shell elements formulated 

directly from appropriate shell theory. Elements of this 

type (Argyris and Scharpf 1968; Dupuis 1971? Morley 1976; 

Dawe 1976) are capable of performing very well in many 

situations but their formulation is complicated and some 

expertise is required in their application. 

Many different shell theories have been proposed, a 

substantive review of which is given by Morris (1976). None 
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of the available shell theories has received exclusive 

acceptance to date (Gallagher 1976). The complexity of 

shell problems appears to leave room for argument about 

which of many terms can be discarded as negligible, resul

ting in different strain-displacement relationships for the 

same geometry. Different formulations also exist for 

shallow and deep shells. Shallow shell theory is much 

simpler but elements based on this theory may or may not 

work in deep shell situations (Cook 1981, p. 271). Popular 

choices of theories for deep shells are those due to 

Sanders (1959) and Koiter (1960). 

One problem in curved shell elements concerns the 

exact representation of rigid body motions. When displace

ment fields are defined in terms of curvilinear surface 

coordinates, as in deep shell theory, the displacement 

functions have to include trigonometric terms to model 

rigid body motions exactly. Host researchers , however, 

prefer to use conventional polynomial displacement fields 

which only approximate rigid body motions (Gallagher 1976). 

Good results can be obtained when high-order, in particular 

quintic, polynomials are used (Argyris and Scharpf 196 8; 

Dupuis 1971; Dawe 1976). However, considerable complexity 

is introduced in these formulations. In particular, higher-

order derivatives have to be used as nodal degrees of 

freedom. This leads to a stiffening of the structure 
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because a higher order o£ interelement continuity than 

necessary is enforced (Cook 1981, p. 189). Serious problems 

arise at points where there is an abrupt change in 

stiffness or material properties, where continuity of 

higher-order derivatives must not be enforced. Moreover, 

the description of the element geometry can become very 

cumbersome, and in fact an expert might be needed to use 

these elements. This has limited the range of commercial 

application of curved shell elements, although they are 

among the best performers available for the analysis of 

arbitrarily curved shell structures. 

1.3 Isoparametric Shell Elements 

The ambiguities surrounding conventional shell 

theories have led researchers to pursue a third alternative 

in finite element analysis of shell structures: the use of 

specialised isoparametric solid elements. The basic idea is 

to circumvent classical shell theories as the starting 

point of the formulation and to begin with the fundamental 

equations of three-dimensional continuum mechanics instead. 

The necessary assumptions are made en route. The resulting 

elements have also been termed degenerate shell elements. 

The idea was first conceived by Ahmad, Irons, and 

Zienkiewicz (1970), and subsequently numerous papers have 

been published on isoparametric shell elements. In particu

lar, the phenomena of 'shear-locking* (Zienkiewicz, Taylor, 
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and Too 1971; Pawsey and Clough 1971) and 'membrane-

locking' (Stolarski and Belytschko 1983; Parisch 1979) have 

received much attention. Reducing the order of numerical 

integration (Zienkiewicz et al 1971) is the remedy most 

frequently used to overcome locking behavior. However, 

spurious zero-energy modes can be introduced by reduced 

integration, which, if they persist in a mesh of two or 

more elements, render the solution useless (Pawsey 1971; 

Cook 1972). 

Using discrete Kirchhoff theory is another means of 

avoiding element locking (Wempner, Oden, and Rross 196 9; 

Weeks 1972). Elements based on this formulations are 

assumed to be so thin that the shear strain energy need not 

be included in the formulation. Additional equations are 

then needed, however, to relate nodal displacements and 

rotations because the bending strains are given . only in 

terms of rotations of the cross-sections. These equations 

are established by invoking the classical Kirchhoff assump

tion at discrete points: normals remain normal at specific 

points in the domain of the element, usually the two-by-two 

Gauss integration points. 

The SemiLoof shell element (Irons 1976) is the most 

sophisticated element following this approach. It has a 

rather unusual nodal configuration that is chosen to 

enhance the performance in problems with multiple 
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junctions. Corner and midside nodes have only deflections 

in global x,y,z directions as d.o.£. while rotations are 

introduced only at the two Gauss points along each side. 

Numerical results establish the SemiLoof shell element as a 

very good performer (Irons 1976). 

Overall, isoparametric shell elements are today 

arguably the most popular elements available for the 

analysis of general shell structures. Their accuracy is 

good in most cases, if not quite reaching that of curved 

shell elements. As is the case for flat elements, the 

description of the element geometry requires only node-

coordinates as input, but due to their isoparametric nature 

degenerate shell elements can model arbitrarily curved 

surfaces with considerable accuracy. Only physical d.o.f. 

are employed in isoparametric shells, usually three 

displacements and two rotations per node. Thus displacement 

compatibility conditions are satisfied directly and in an 

effective manner. Finally, isoparametric shells can account 

for transverse shear deformations, with the exception of 

those using discrete Kirchhoff theory. Unlike flat and 

curved shell elements, which use the classical Kirchhoff 

assumption that normals remain normal, they can therefore 

be used in both thin and thick shell problems. 

In my view, the use of isoparametric elements is the 

option most likely to meet the diverse requirements of a 



general shell finite element. Host shell problems 

encountered in practice include some form of irregularity: 

branches and intersections, stiffeners, cutouts, and wide 

variations of thickness. A good shell element should be 

able to give reasonably accurate results in these applica

tions as well as in the test problems commonly used today, 

many of which seem to be of mostly academic interest. 

The degenerate shell element appears to be the only 

element capable of performing well in thick and thin 

situations and representing complex geometries without 

requiring an expert to describe it. The remainder of this 

study therefore pays a closer look to these elements. In 

Chpt. 2 and Appendix B the formulation of degenerate shell 

elements is described in detail. The benefits and problems 

of numerical integration as it relates to isoparametric 

elements are discussed in Chpt. 3. Some remarks on stress 

calculation are made in Chpt. 4, and test problems and 

numerical results are given in Chpts. 5 and 6, 

respectively. 



CHAPTER 2 

DEGENERATE SHELL ELEMENTS 

First introduced by Ahmad et al (1970) shell 

elements that are based on isoparametric solids have also 

become known as Ahmad shells. The element is essentially 

regarded as a three-dimensional isoparametric solid with 

the thickness made small compared to the remaining 

dimensions. 

Fig. 1. Isoparametric shell element 

Since the geometry of isoparametric elements is 

entirely determined by the nodal positionsr they can model 

an arbitrary shell geometry with considerable accuracy. 

10 
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The three-dimensional solid is specialized to model 

shell elements by making two assumptions: 

(i) Lines originally normal to the midsurface remain 

straight after deformation. 

(ii) Strains normal to the midsurface are negligible. 

These assumptions are essentially equivalent to 

those made by Mindlin (1951) for plates. It should be noted 

that the first constraint does not require the normals to 

remain normal. Thus the classical Kirchhoff hypothesis is 

discarded and the shell is allowed to experience shear 

deformations. This is an important feature in thick shells. 

The second assumption is necessary because stiff

ness coefficients associated with the strains normal to the 

midsurface become much larger than other coefficients as 

the thickness becomes small. To avoid ill-conditioned 

equations the normal strains are thus ignored. This assump

tion is also consistent with classical plate and shell 

theory. 

2.1 Geometry and Displacements 

The assumption that normals remain straight after 

deformation allows one to make some simplifications in the 

description of the geometry. Namely, the retention of 

several nodes across the thickness of the shell becomes 

unnecessary. Instead it can be assumed that top and bottom 

nodes are connected by straight lines. The geometry of the 
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element can now, according to isoparametric concepts, be 

described by the top and bottom node coordinates alone 

(Ahmad et al 1970) : 

Xi 
y* 
Zi. top 

r«l(to>A3sJ | J; 
12i. 

(2.1) 

bottom 

Here the Ni(£,77) are the well-known two-dimensional shape 

functions for variable numbers of nodes. The elements that 

will be considered here are the four-, eight- and nine-

noded elements, the shape functions for which are listed in 

Appendix A. £ is the element coordinate through the thick

ness of the shell, and denotes the node coordinates of 

the top and bottom nodes. 

Egu. (2.1) can now be rewritten by introducing a 

vector connecting each pair of top and bottom nodes : 

*3i * 

x; 

Vl 
Z i  tap 

- jy.'j 
' bottom 

( 2 . 2 )  

Using mid-surface nodes instead of top and bottom nodes the 

geometry can now be described by : 

(I) Z Nj -
Xl 

Zi 
' + 

mid 

(2.3) 
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The displacement field can be described similarly. 

Instead of using three displacements at both the top and 

bottom nodes it is more convenient to use five d.o.f. at 

each mid-surface node : three displacements and two 

rotations of the vector V 

Fig. 2. Local coordinate system at mid-surface nodes 

To determine the effect of nodal rotations on the 

global displacements u, v, and w two unit vectors perpen

dicular to Y31 have to be defined. 

For small deformations the global displacements of 

the tip of y3i due to rotations Oti and ̂  about orthogonal 

vectors Yii and yllr respectively, can be written as 

- i + 
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Thus the global displacement field of degenerate shell 

elements is defined by (Ahmad et al 1970) : 

£u, • v! • + £ [-yzi ]jj^J (2.4) 

Here u , v , and w are displacements in global directions, 

while o<i and ̂  are rotations about local axes Yii and Yzi , 

respectively. The shell thickness at each node is given by 

t'l * 

There is no unique way of defining and y2i since 

an infinite number of vectors orthogonal to y3i can be 

defined. An efficient way of proceeding is to define yti and 

as 

v - * y* v = Y* x y* 
£v x yT yT x y, £y x y, y, X y, 

If £y and y3 happen to be aligned we choose instead : 

o _ ys x rT _ yt x y, 
¥i- % xfi, Vi - ya x % 

It should be noted that Ahmad shells are not 

strictly isoparametric. For the eight-noded element, for 

example, the geometry is defined by 48 coordinates, the 

(x,y,z) at the two ends of each nodal line, while there are 

only 40 d.o.f. from the eight midsurface nodes with five 

d.o.f. each. Thus the elements are superparametric and some 
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of the very desirable properties of isoparametric elements 

are lost (Irons and Ahmad 1980, pp. 82-83). 

2.2 Stresses and Strains 

It is most convenient to define stresses and 

strains in a local coordinate system with two axes lying in 

the mid-surface of the shell. The normal strain 6i is 

assumed to be zero and can be eliminated from the stress-

strain relations. To clarify some of the difficulties 

encountered subsequently, the strains are split into two 

parts (Onate, Hinton, and Glover 1978). The strain compo

nents of interest are thus given by 

3u' 
9 x' 
9 v' 
3y' 

a u' . Sv' 
3y "dx1 

a w 1 ,  a u 1  

i « a  x  
8 v' 

3 z1 

a  w  
a  z 1  a y  

(2.5) 

and are the in-plane and transverse shear strains, 

respectively. Restricting the formulation to isotropic 

materials, the stress-strain relationships can be written 

as 

ffi - W £i and ay = [D2*I 

where [ OV, 0"/, Txy' ] 

ffi - I , Tyi 1 

( 2 . 6 )  

(2.6a) 
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[Dl] =7^ 
(I--?2) 

1 S> 

^ 1 

0 0 

0 
C1--0) 
~ir 

[Di] = 
2(1+10) 

1/k 0 

0 1/k 
(2.6b) 

Here E and *£ are the Young's modulus and the Polsson's 

ratio, respectively. The factor k in [Dj] is included to 

improve the approximation of the shear displacement. The 

true shear distribution is approximately parabolic, while 

the displacement definition in egu. (2.4) implies a shear 

distribution that is approximately constant through the 

thickness. The value k=1.2 is the ratio of the relevant 

strain energies (Ahmad et al 1970). 

The potential energy can now be written as (Onate 

et al 1978) : 

7 T < 1 1 ' )  = T  / £'>;] g;av + il £[d;] &av 

- f jj,t J}' dv - f jj,t j' 
•v 

dS 
(2.7) 

where J}1 and J' are are the body forces and surface 

tractions, respectively, given in local coordinates. 
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2.3 Stiffness Matrix 

Upon discretization and minimization of equation 

(2.7) we find expressions for the stiffness matrix and 

associated load vectors : 

[K] = / [BJT [DU [BJ dv + /[ BJ iDi J [BJ dV 
V V 

= [K* 1 + [KJ 

f  =  J j / b d V + f s T d S  

( 2 . 8 )  

(2.9) 
v s 

Here [BJ and [BZ] are the matrices relating displacements 

and strains. [KJ and [Kz] are the in-plane and transverse 

parts of the stiffness matrix, respectively. To find the 

expressions for [BT] and [BZ] some transformations are 

necessary. Equation (2.4) defines displacements in global 

directions as functions of the element coordinates £, ny , 

and % , and these have to be related to derivatives of 

local displacements with respect to local coordinate 

systems. First the derivatives with respect to global 

coordinates can be found by employing the inverse of the 

Jacobian matrix relating global coordinates and element 

coordinates. 
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3  U  a v  a w  0 U  a v  a w  
a x  d x  a x  a r  

S u  a v  3 w  =  [ J ] " 1  S u  a v  a w  
a y  a y  a y  a - n  d"t 

3  u  9  V  3 w  a u  a v  D w  
8 Z  a z  3 Z  a s  a s  a s  

(2.9) 

where the Jacobian matrix is defined as 

[J] = 

3 x 3y 
9F 

_3x_ ja*. 
a oj aoj 

& z 
ar 

3z 

9x ay c)z 
L as as as J 

The elements of [J] can be calculated from the definition 

of the geometry, equ. (2.3). 

To transform the global derivatives to the local 

coordinate system, a matrix of direction cosines has to be 

formed. This matrix is equal to a matrix of unit vectors in 

x', y'r z' directions of the local coordinate system : 

[0] = (2.10) 

is a vector perpendicular to the midsurface of the shell 

and can be found by taking the cross-product of any two 

vectors lying in the midsurface, e.g., 

= 3 x ax 
a«7 

(2.11) 

9 x a x 
where -ST and are again given from equation (2.3). 
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and £2 are not defined uniquely and the procedure 

outlined above for yt and Yz should be adopted. 

Now the local derivatives of the displacements can 

be determined by the standard matrix operation 

3u' 
3 x' 

3v' 
ax' 

aw' 
ax' 

_a_u 
ax 

Sv 
8x 

Sw 
ax 

au' 
ay' 

9 V 1  

ay • 
aw' 
ay. 

= [0]T 9u 
"ST 

av 
Sy 

aw 
ay 

S>u' 
az» 

3  V '  

9  Z  1  

3w' 
az«_ 

9 u 
a z 

9v 
dz 

3w 
3 Z _  

iei (2.12) 

Now matrices [BJ and [B2] can be evaluated. Some 

more details of the formulation are outlined in Appendix B. 

The integrations in equation (2.8) are performed 

over the range of the element coordinates and 5. Thus 

the determinant of the Jacobian [J] has to be included to 

relate the respective volumes : 

dxdydz = det [J] d$d<7d$ 



CHAPTER 3 

NUMERICAL INTEGRATION 

The element matrices of isoparametric elements 

require numerical integration. The integration procedure 

usually employed in finite element calculations is Gauss 

integration. The basic assumption of this proceduref here 

written for the one-dimensional case, is that the matrix 

integrals can be approximated by sampling them at a certain 

number of integration points : 

where the r*. are the sampling points , &i are weighting 

factors applied at each sampling point, n is the number of 

integration points, and a and b in finite element calcula

tions are usually -1 and +1, respectively. The positions of 

the sampling points and the values of the weighting factors 

can be optimized so as to achieve for best accuracy by a 

procedure called Gauss quadrature, the results of which 

have been widely published (Bathe 1982). Since Gauss 

quadrature involves 2n unknowns, oc and r at n points, any 

polynomial of order 2n-l or less can be integrated 

exactly. For integrations in two and three dimensions, the 

20 
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one-dimensional integration formula is applied successively 

in each direction. 

3.1 Order of Integration 

One of the most important questions related to 

isoparametric shell elements is which order of integration 

should be used in the evaluation of the various finite 

element integrals. 

The first choice would obviously be to select a 

high-enough order so that no loss of convergence rate 

occurs due to the approximate integration. Considering the 

order of polynomials appearing in the expression for the 

stiffness matrix, equ (2.8), the 'normal* order of integra

tion for the shell elements under consideration here would 

be 2x2x2 integration for the four-noded element and 3x3x2 

integration for the eight- and nine-noded elements, where 

the first two numbers are associated with integration over 

the surface of the shell while the third number denotes the 

order of integration through the thickness. It will be 

seen, however, that this 'normal' order of integration in 

some cases is not the appropriate one and that reducing the 

order of integration can in many cases lead to dramatically 

improved results. 

Reducing the integration order can be desirable for 

a number of reasons, the most obvious of which is that it 
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reduces cost. The cost of numerical integration is directly 

proportional to the number of required function evalua

tions, and reducing the order of integration naturally 

reduces this number. 

Another reason is that a low-order rule tends to 

soften an element, which can be explained as follows: a 

polynomial that is sampled at less points than are needed 

to define it uniquely for the computer becomes a polynomial 

of lower order. If the sampling points are Gauss points, 

the lower order polynomial tends to be a least squares fit 

to the original polynomial (Zienkiewicz 1977, p. 281). The 

softening effect of reduced integration now comes about 

when some potentially troublesome higher-order terms that 

would otherwise contribute to the strain energy happen to 

vanish in a polynomial defined by the Gauss points of a low 

order rule. Softening often is desired because .the dis

placement formulation of finite element analysis yields a 

lower bound on the exact strain energy of the system and 

thus overestimates the stiffness of the system. This error 

can be compensated by softening the element through 

numerical integration, although the bounding property of 

the displacement analysis will be lost (Bathe 1982). 

In Ahmad shell elements reduced integration is 

widely used because it helps to overcome a phenomenon 

called 'element-locking'. 
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3.2 Element Locking 

Soon after Ahmad shell elements were first intro

duced it was discovered that while they perform well in 

thick shell situations they completely fail in bending when 

thin sections are considered due to an apparently unlimited 

increase of the stiffness. This behavior is due to two 

locking phenomena which have been termed shear-locking 

(Zienkiewicz et al 1971) and membrane-locking (Parisch 

1979; Stolarski et al 1983). Both these effects are due to 

an inability of the element to adequately represent a state 

of pure bending. The reasons for the occurrence of shear-

locking are easier to identify and better understood than 

those for membrane-locking. Shear-locking results from the 

inability of the element to bend without undergoing shear 

deformations. This is especially fatal when the thickness 

becomes small because the shear deformations of thin 

sections are negligible. 

To gain some insight into the phenomenon of shear-

locking it is useful to consider a thin plate element that 

is based on the same theory as Ahmad shell elements. The 

total potential energy for this plate element is given by 

(Pughr Hint on, and Zienkiewicz 197 8) : 

7T = Et [-J / £t ID*] f dS + ' 

T /|3 { (5TT - SJ + ("3^~0y) } dA ] 
Js 

where [D*] = [D,]/Etsr and |3 = GLV«.Et • The first and 
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second part of the right-hand-side of equation (3.1) corre

spond to the bending and shearing contributions to the 

potential energy, respectively. If the plate becomes very 

thin the parameter ~ becomes very large and thus can be 

viewed as a penalty number to enforce constraints on the 

shear deformations &~ -e. and ~w e 
ay - Y • If, however, the 

finite , element displacement assumptions on B and w do not 

allow ·these shearing deformations to be small throughout 

the element for large ~ , then the element stiffness will 

be grossly overestimated because the penalty number ~ is a 

multiplier to the erroneous shearing deformations. This is 

exactly what happens in the case of the plate and shell 

elements considered here. Figure 3a shows the true deforma

tion mode of a plate, seen in edge view, deflected by end 

moments M0 • Figure 3b shows an four-noded isoparametric 

plate element deflected by the same nodal d.o.f. of Fig. 

3a. 

(a) (b) 

Fig. 3 : Plate deflected by end moments 
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08 and 0S are the deformations due to bending and shear, 

respectively. In Fig. 3b 0B is zero and thus the shearing 

deformation has to be large, while the true deformation 

mode shows only negligible shearing deformations, 

especially in thin elements. 

Upon discretization and minimization of egu. (3.1) 

it can be seen how this effect influences the stiffness 

equation. Similar to egu. (2.8) for shell elements we 

obtain 

([KJ + J3 [Kj]) A = f 

For thin elements p goes to infinity and clearly the 

solution will be overconstrained and an unrealistic answer 

with ^—• 0 will be obtained. To overcome this condition 

and to obtain a more realistic solution [K^] has obviously 

to be singular (Pugh et al 197 8). 

The phenomenon of membrane-locking has received 

much less attention in the literature. It was apparently 

first identified by Stolarski and Belytschko (1982). It is 

due to the inability of an element to bend without 

stretching. The effects of membrane-locking are usually not 

as devastating as those of shear-locking but can still slow 

down the rate of convergence considerably (Belytschko et al 

1985). 
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The reasons for the occurrence of membrane-locking 

are less apparent than those for shear-locking because the 

membrane terms are not as easily identified as the shear 

terms. However, similarly to shear-locking, membrane-

locking is due to the generation of parasitic membrane 

energy in a state of inextensional bending (Belytschko et 

al 1985). It can be avoided by introducing a singularity 

into the matrix [K^J . 

Both shear-locking and membrane-locking can be 

avoided if higher-order elements are used. In a cubic 

isoparametric beam element, for example, no locking of 

either shear or membrane type is detectable (Stolarski et 

al 1983). However, the considerable computational expense 

of higher-order elements makes it desirable to look for 

other ways of overcoming locking behavior. 

3.3 Reduced and Selective Reduced Integration 

First introduced by Zienkiewicz et al (1971) 

reducing the order of integration has since become by far 

the most popular method to overcome the problem of element 

locking in Ahmad shell elements, and a great amount of 

research effort has been spent on it. 

The success of reduced integration is due to the 

fact that it brings about the desired singularities of the 

stiffness matrices in- equation (2.8). While the good 

results of Ahmad shells for thick structures are generally 
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preserved complete convergence can now be achieved even for 

very thin shells (Zienkiewicz et al 1971). 

A heuristic argument for the success of reduced 

integration is given by Hughes, Taylor, and Kanoknukulchai 

(1977). Consider a large finite element mesh of, for 

example, eight-noded shell elements, to which one new 

element is added (Fig. 4). 

Fig. 4. Adding a new element to a large finite element mesh 

Every new element typically adds only three free nodes or 

15 d.o.f. However, as pointed out above, for thin shells 

the shear term in the potential energy equation acts as a 

virtually rigid constraint on the two transverse shear 

deformations. This constraint is introduced at every 

integration point. Using the 3x3 rule thus 18 constraints 

are introduced with every new element, as opposed to only 

15 d.o.f. and the element is overconstrained and the mesh 

locks. When the integration order is now reduced to 2x2 
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only 8 constraints are introduced with every new element 

and element locking is avoided. 

However, there is also a dark side to reduced 

integration. In some elements it can introduce spurious 

zero-energy modes, which in fact may yield the results 

meaningless. Zero-energy modes come about when the process 

of reducing the order of integration not only yields the 

desired singularity of the shear part of the stiffness 

matrix but also introduces singularities into the total 

stiffness matrix. 

A frequently used remedy is the use of selective 

reduced integration, i.e., to reduce the order of integra

tion only for the shear stiffness [K2] while retaining the 

full order for [K4]. This method alleviates shear-locking 

and usually succeds in supressing spurious zero-energy 

modes. However, selective reduced integration does not 

always succeed, since it does not help to overcome the 

effects of membrane-locking (Belytschko et al 1985). Thus 

zero-energy modes, and other means of supressing them, 

still deserve a closer look. 
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3.4 Zero-Energy Modes 

A zero-energy moder also called a mechanism, arises 

when a pattern of nodal displacements in an element that is 

supported in a manner eliminating rigid body motion 

produces a strain field that is zero at all integration 

points (Cook 1981, p.135). Since all contributions to the 

stiffness matrix come from the integration points, the 

element will have no stiffness corresponding to this 

deformation mode. -Mechanisms detected in a single element 

may disappear in a finite element mesh due to the incompa

tibility of the displacements when two or more elements are 

assembled, or due to the imposition of certain boundary 

conditions that tend to supress the mechanism. However, in 

some cases the zero-energy mode may propagate through the 

finite element mesh and render the solution meaningless. 

For well-posed problems zero-energy modes will not 

arise, i.e., the stiffness matrix will be non-singular and 

the solution unique, if the stiffness matrix is integrated 

exactly (Zienkiewicz 1977, p. 203). When the order of 

integration is reduced, zero-energy modes will occur in a 

single element if the number of degrees of freedom (with 

rigid body motions suppressed) exceeds the total number of 

strain relations supplied at all integration points 

(Zienkiewicz 1977, p. 204). 
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A rigourous method to detect zero-energy modes is 

to evaluate the number of zero-eigenvalues associated with 

the element stiffness matrix. For a single shell element, 

unrestrained against movement, the number of eigenvalues 

should be equal to six , corresponding to the rigid body 

motions. Any further zero-eigenvalue is associated with a 

zero-energy mode. 

A less theoretical way of detecting and demonstra

ting the presence of zero-eigenvalues is to test the 

elements in a critical plate bending situation with the 

minimum number of constraints (Onate et al 197 8), as shown 

in Figure 5. 

Fig. 5. A critical plate bending test 
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Figures 6 and 7 show the results for four-, eight-, 

and nine-noded shell elements, both for a single element 

and for a 2x2 mesh. Fully reduced integration introduces 

zero-energy modes in all elements. For the eight-noded 

element these vanish in a 2x2 mesh, but they persist in 

both the four- and nine-noded elements, giving entirely 

meaningless results. Selective reduced integration does not 

quite solve the problem: The solutions are 'polluted' for 

both elements in both meshes. The deflection under the load 

is reasonably exact but the mechanism is still present, 

indicating that the correct solution is superimposed by a 

zero- or low-energy mode. It will be seen, however, that in 

practical applications with more than the minimum number of 

constraints the results for the four-noded element are 

usually good (see Chpt. 5). 
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Four-noded Ahmad shell : 

full int. sel. red. int. red. int. 

-0.0 83 -0.29 failed 

-0.125 -0.33 failed 

Eight-noded Ahmad shell : 

full int. sel. red. int. red. int. 

-0.205 -0.31 -0.32 

-0.31 -0.36 -0.37 

The values under each figure indicate displacement under 
the load 

Fig. 6. Zero-energy modes in four- and eight-noded elements 
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Nine-noded Ahmad shell 

full int sel. red. int red. int 

-0.27 -0.37 failed 

-0.33 -0.46 failed 

Fig. 7. Zero-energy modes in the nine-noded element 

3.5 Supression of Zero-Energy Modes 

The results in section 3.4 show that for the eight-

noded Ahmad shell element with 2x2 integration over the 

shell surface the zero-energy modes that exist in a single 

element are incompatible in an assembly of two or more 

elements. These results are supported by many publications 

(see e.g. Pawsey 1971), and the eight-noded Ahmad shell has 

enjoyed considerable popularity. 

reduced integration introduces zero-energy modes that can 

propagate in a finite element mesh, and selective reduced 

The nine-noded element is more troublesome. Fully 
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integration slows down convergence considerably due to 

membrane-locking (see Chpt. 5). We could just dispose of 

the nine-noded element and always use the serendipity 

element instead. However, the nine-noded element is much 

more accurate than the eight-noded element if irregular, in 

particular non-rectangular, element shapes are considered 

(Cook and Zhao-Hua 1982). It is therefore worth the effort 

to look at methods to suppress zero-energy modes in the 

nine-noded element. 

A number of different methods have been proposed. 

Belytschko, Ong, and Liu (1984) noted that it is important 

that any modifications not adversely affect the ability of 

the resulting element to pass the patch test and to model 

rigid body motions. 

Cook and Zhao-Hua (1982) proposed two methods that 

will be adopted here. They use a hierarchical ninth node: 

the 'bubble-function' associated with the center-node is 

superimposed on the eight serendipity shape functions 

instead of using the nine Lagrangian shape function. The 

d.o.f. of the center-node thus represent departures from 

the interpolated serendipity values (Cook 1981, p. 185) and 

the condensation of these d.o.f. is required. To suppress 

zero-energy modes the internal d.o.f. are now stiffened by 

multiplying the diagonal elements of the stiffness matrix 

associated with the internal node by a factor (1+e), where 
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e is a small number. Physically, this modification amounts 

to adding a soft spring between the center-node and a fixed 

point. This method will here be refered to as the ' e-

method'. 

The second proposed method, named the -method', 

consists of perturbing the nine-node stiffness with that of 

the eight-noded element. The stiffness matrix is then 

defined by 

IK] = p [Kq] + (1-p) [K8] 

where [Ke ] and [Ks] are the stiffness matrices of the 

eight- and nine-noded elements ,respectively, and p is a 

small number between 0 and 1. 

Both modifications do not affect the ability of the 

element to pass the patch test and to model rigid body 

motions (Cook and Zhao-Hua 1982). Considering again the 

critical plate bending situation of section 3.4, it can be 

seen that both methods succeed in suppressing zero-energy 

modes in a 2x2 mesh (see Fig. 8). 
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2x2 

method 

-0 .68  -0.41 

method 

-0.32 -0.38 

8. Zero-energy modes in modified nine-noded elements 
with reduced integration 



37 

3.6 Thickness Integration 

As pointed out in section 3.1, two-point 

integration is used through the thickness of the shell. If 

it is assumed that all the relevant terms in the expression 

for the stiffness matrix (egu. (2.8) and (B.10)) are inde

pendent of the thickness coordinate g , the thickness 

integration can be performed explicitly. This approximation 

reduces the cost of numerical integration by 50% and is 

plausible for most shell geometries. It is as accurate as 

two-point numerical integration for plate problems and only 

very slight errors are introduced in thin shell problems 

(Cook 1981, p. 282). Appreciable errors can be introduced, 

however, in very thick and sharply curved shells, when 

variations of the local coordinate system through the 

thickness are no longer negligible (Zienkiewicz et al 

1971). 



CHAPTER 4 

STRESS COMPUTATION 

Assumming that the nodal displacements of the 

finite element structure have been calculated, the stresses 

at any point of the shell element can be evaluated using 

G = ID'] (£-&) (4.1) 

where are the initial strain values. Since finite 

element formulations using the displacement method do not 

in general ensure continuity of the stresses across element 

boundaries, equ. (4.1) often gives a very poor approxima

tion of the actual stress field. A procedure to define a 

more accurate stress field that is continuous across 

element boundaries is described subsequently. 

4.1 Optimal Stress Locations 

Stresses are generally calculated only at some 

specific points of the element. The nodes are the most 

useful output locations but appear to be the worst sampling 

points (Binton and Campbell 1974). It can be shown that 

there exist certain points in the interior of isoparametric 

finite elements at which the stresses are almost as 

accurate as the displacements (Cook 1981, p. 137). The 

38 
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procedure to locate these points has been described by 

Barlow (1976). For the eight- and nine-noded Ahmad shell 

elements the optimal stress locations are the 2x2 Gauss 

integration points, while for the four-noded element only 

the center-node is employed. Stresses computed at these 

points are of the same order of accuracy as the 

displacements. 

Stresses calculated at optimal stress locations 

effectively define a smoothed stress field that is a least 

squares fit to the computed stress field. Nodal stresses 

defined by the smoothed field tend to be much better than 

those defined by equ.(4.1) (Hinton and Campbell 1974). It 

is reasonable that the stress field is of lower order than 

the displacement field because stresses are proportional to 

displacement derivatives. 

4.2 Global Stress Smoothing 

Although stresses calculated at optimal stress 

locations define a locally smoothed stress field, stresses 

across element boundaries will in general still be 

discontinuous. Least squares methods to define a continuous 

stress field have been introduced by Oden and Brauchli 

(1971) and by Hinton and Campbell (1974) and will be 

adopted here. 
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First a continuous stress field is defined in 

terms of unknown nodal stresses 0"i using shape functions: 

St?,-?) = I NiCTi (4.2) 

The error between the unsmoothed stress field CT ( J ,«) ) , 

obtained from equation (4.1), and is given by 

e (J r**7) = O" (ff'V) "" S^fOy) 

and the least squares error is found by minimizing the 

functional 

E = //e (?,<?)2 djd^ 

This leads to a matrix relation for each element (Gallagher 

1976 p. 264) : 

IS]* ffi = Z{ (4.3) 

tsr 

£c 

// 

// 

Nx detJ dffd«j NnN4 detJ djd^ 
• • 

• • 

NtNndetJ djd^ NnNndetJ djd^ 

Nt 0" det J djd<»7 

N„C7 det J d$d<7 

The matrices [S]' and £e are evaluated numerically. 

They are then assembled into global matrices and the resul-



41 

ting system of equations is solved for the unknown nodal 

stresses (Ji . 

The interpolation functions Ni used in equ. (4.3) 

do not have to be of the same order as the shape functions 

used to define the element displacement field (Hinton and 

Campbell 1974). In fact, since the true stress field is of 

lower degree than the displacement field, it is reasonable 

to use lower-order functions. In the present case bilinear 

shape functions are used for the eight- and nine-noded as 

well as for the four-noded shell element. The element 

matrices [S]e and £e are evaluated by 2x2 integration for 

the quadratic elements and by one-point integration for the 

four-noded element. Thus the unsmoothed stress field, 

contained in £e, is introduced into equ.(4.3) only at the 

Gauss integration points, which are identical with the 

optimal stress locations. Therefore the continuous stress 

field is in effect a least squares fit to the locally 

smoothed stress field as described in section 4.1. 



CHAPTER 5 

TEST PROBLEMS 

The purpose of any problem set used to test a 

finite element should be to ascertain the reliability and 

accuracy of the element in various applications. It is 

certainly not possible to test or even ensure the relia

bility of an element in all possible situations. The list 

of possible error causing parameters is very long. This is 

especially true for shell elements of arbitrary geometry. 

But a good test procedure should be able to ensure the 

accuracy of an element in all frequently encountered 

engineering situations and identify problems in which an 

element should be used only with great caution. 

There exist a number of test problems for shell 

elements that have been very frequently used and have 

thereby achieved a status of quasi standard test problems. 

Host published test results, however, give only limited 

information about element behaviour, because an insuffi

cient number of conditions are tested and bad results are 

often not published. Only recently a standard set of 

problems to test the accuracy of shell elements has been 

proposed by HacNeal and Harder (1984) which will be adopted 

here. 

42 
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The parameters that affect element accuracy can be 

divided into three groups: loading, geometry, and material 

properties. The different loading situations tested should 

provide all possible deformation modes which the element 

can undergo. The quadrilateral shell elements under 

consideration here should be subjected to extension, in-

plane shear, in-plane and out-of-plane bending and twist 

(MacNeal and Harder 1984). Testing of different element 

geometries is especially important for shell elements. At 

least one test with doubly curved geometry should be 

included. Also non-standard and irregular shapes should be 

considered, the standard shape being rectangular for a 

quadrilateral element. 

Another very important tool to evaluate element 

performance that should be included in every test procedure 

is the patch test (Irons and Ahmad 1980, p. 152). It pro

vides the user with a yes/no answer to the question of 

convergence. An element either passes the test exactly or 

it fails. If it passes it converges to the correct result. 

Irons and Ahmad state that an element that fails the patch 

test should never be really trusted (Irons and Ahmad 1980, 

p. 155). On the other hand, the results published by 

MacNeal and Harder (1984) show that elements that fail the 

patch test can still perform very well in many applica

tions. Also the patch test does not give any information 
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about the rate of convergence, which may in fact be too 

slow for practical use. 

Unfortunately ,there is no patch test for curved 

shell elements because constant strain states cannot be 

stated for arbitrarily curved shells (Cook 1981, p.284). 

However, shell elements should be able to pass the patch 

tests for membrane and plate elements. This can be 

considered a necessary, if by no means sufficient, 

condition for element quality. 

Some attention has been given by some authors to 

•sensitive' problems (Morris 1976; Morley 1976). A sensi

tive problem is one that has significant bending stress but 

negligible membrane stress. Problems of this class have 

proved to be troublesome for many shell elements, because 

approximations in the geometry or inappropriate displace

ment fields can lead to large spurious membrane stresses 

(Irons and Ahmad 1980, p.284). The practical importance of 

these problems can be questioned,and Irons and Ahmad note 

that "there must be so many hypersensitive cases that it 

will be impossible to protect ourselves from all of them" 

(1980, p.284). 
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5.1 The Elements 

The basic elements under consideration here are the 

four-, eight-, and nine-noded Ahmad shell elements based on 

the formulation outlined in Chpt. 2 and Appendix B. They 

are available as elements SHAH4, SHAH8, and SHAH9 in the 

program SHELL that has been written for this project. Full 

integration as well as selective reduced and reduced 

integration is available in SHELL for all three elements. 

Integration through the thickness is done explicitly, as 

described in section 3.6. 

The nine-noded element is available in three 

different variants: the 'normal' Lagrangian element and two 

elements employing a hierarchical center-node with 

suppressed zero-energy modes, using the methods described 

in section 3.5. Element SHAH9E uses the 'e-method'. The 

value of e is taken as 0.0004. Element SHAH9B employs the 

'£ -method'. 

Table 1 summarizes the properties of all available 

elements. 
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Table 1. Elements available in SHELL 

integration rule 

d.o. £ type in-plane shear 

SHAH4 20 f 2x2 2x2 

SHAH4/S 
^7 

20 s 2x2 lxl 

SHAH4/R 20 r lxl lxl 

SHAH 8 40 f 3x3 3x3 

SHAH8/S /"> 40 s 3x3 2x2 

SHAH8/R 40 r 2x2 2x2 

SHAH9 45 f 3x3 3x3 

SHAH9/S 45 s 3x3 2x2 

SHAH9/R 45 r 2x2 2x2 

SHAH9E/R 45 r 2x2 2x2 

SHAH9B/R 45 r 2x2 2x2 

f : full integration 

s : sel. reduced integration 

r : reduced integration 
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5.2 Patch Tests 

In the patch test a patch of arbitrarily shaped 

small elements (Fig. 9) is deformed by loads representing 

a state of constant stress (Irons and Ahmad 1980r p.150). 

This can be done by either applying nodal loads consistent 

with the state of constant stress, or by imposing deflec

tions that would give the constant stress. The stresses 

calculated by the finite element computations should be 

identical to the assumed state of constant stress. 

r b 

a 

x 

a • 0.12 b » 0.24 t = 0.001 

E = 1.0*10* i?= 0.25 

Fig. 9. Finite element model for the patch test 



4 8  

Membrane Patch Test 

The following in-plane deflections, representing a 

state of constant stress, are imposed on the boundaries 

(MacNeal and Harder 1984): 

u = 10'® (x + y/2) 

v = 10"3 (y + x/2) 

The theoretical solution is given by 

a = CTy = 1333. 

%Y = 400. 

Plate Bending Patch Test 

The boundary conditions representing a state of 

constant bending curvature are given by 

w = 10"3 (x + xy + y )/2 

©k = ot = 10"3 (y + x/2) 

9y = (3 = 10*3 (-x - y/2) 

Theoretical solutions for the surface stresses: 

(J, = (Ty = ±0.6667 

Txi = ±.200 

All elements considered here have passed both patch 

tests. 
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5.3 Pinched Cylinder 

This problem was not included in (MacNeal and 

Harder 1984) but has been used so frequently that it has 

achieved quasi standard status. Belytschko et al (1985) 

proposed that it be included in a standard test procedure. 

The problem concerns a short circular cylinder that is 

pinched by two concentrated forces. 

Fig. 10. Pinched Cylinder 
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This problem certainly presents an exceptional 

situation which is far removed from,.an ideal practical 

design. Except for the region near the concentrated forces 

bending is predominant. Horley (1976) gives the theoretical 

value of the vertical deflection under the concentrated 

load: 

w (£)'(?-*) 

Two load cases are considered here. 

Load case A : P = 100 lb t = 0.094" 

Load case B : P = 0.02 lb t = 0.004" 

For both cases we have: 

E = 1.05*10 psi V = 0.3125 

R = 4.953" L = 10.35" 

Load case B presents an extremely thin shell 

problem. It has been included to check if numerical 

troubles occur. Knowles et al (1976) note that the 

-IS 

condition number of the stiffness matrix may exceed 10 

when the diameter-to-thickness ratio approaches 1000, due 

to the small contribution of the bending strain energy 

compared to the membrane strain energy. Numerical problems 

can thus be expected. In load case B the diameter-to-

thickness ratio approaches 2500. 
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Finite Element Model 

Due to symmetry only one octant of the cylinder has 

to be modeled. 

Fig. 11. Finite element model for pinched cylinder problem 

The results for load case A are shown in Table 2 and 

Figures 12-15. As expected, all elements using the full 

order of integration fail completely. Selective reduced 

integration helps only to a certain extent, except in the 

four-noded element, where results are good (Fig. 12). For 

elements SHAH8/S and SHAH9/S the results are good in a 4x4 

mesh but too stiff in a 2x2 mesh, indicating membrane 

locking (Figures 13 and 14). No zero-energy modes develop 

in any element with selective reduced integration. 

v*o 
(**0 

Results 
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Reduced integration gives the expected results. It 

works very nicely for the serendipity element, but zero-

energy modes destroy the results for the four- and nine-

noded elements. The modified nine-noded elements appear to 

show good results at first glance. However, the too 

flexible result of element SHAH9B/R with p = 0.99 makes one 

suspicious. A look at the displacements along edge A-B 

(figure 15) reveals the reason: The zero-energy mode of the 

Lagrangian element is not quite suppressed. Trying again 

with = 0.95 gives better results. The mechanism is still 

visible but has almost no effect on the solution. In the 

element using the •e-method1 the zero-energy mode is 

completely suppressed. 

Only the four elements that show good performance 

in load case A were tested in load case B (Fig. 16). The 

results show similar accuracy as in load case A, indicating 

that no numerical problems occur. 
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Table 2: Pinched Cylinder test results 

Integration Rule 

/^*NAL /^*NAL 
full sel. red. reduced 

SHAH4 0.079 0.976 i  
SHAH 8 0.13 0.993 1.018 

SHAH9 0.135 1.017 H  
SHAH9E - - 1.054 

SHAH9B 
P = 0.99 — — 1.107 

0 = 0.95 - - 1.042 

All results were obtained in meshes with 9 nodes along 
each boundary. 

2.0 

We 
WA*«l 

1 s 

l.o 

0.? 

0J) 

Fig. 12. Pinched cylinder test results for SHAH4 

jrtodes/edg 

A SHAH4 • SHAH4/S 
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2.0 

1.5 

1.0 

D SHAH8/S A SHAH8 

Pig. 13. Pinched cylinder test results for SHAH8 

2.0 

W««L 
1.5 

1.0 

nodes/edge 

A SHAH9 • SHAH9/S x SHAH9E/R +SHAH9B/R 
(p - 0.95) 

Fig. 14. Pinched cylinder test results for SHAH9 
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0 = 0.99 

W: -1.03 -1.01 -1.03 -1.08 -1.12 -1.10 -0.18 -l.il -WO 

jJ = 0.95 

W : -UN -1.07 -1.07 -107 -1.07 -1.01 -III -ill -US 

Fig. 15. Displacements along edge A-B for element SHAH9B/R 

2.0 

1.5 

nodes /edgi 

XSHAH9E/R B SHAH4/S o SHAH8/R 

Fig. 16. Pinched cylinder test results (load case B) 
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5.4 Scordelis-Lo Roof 

This problem (Scordelis and Lo 1969) is another 

example of a de facto standard test problem. It concerns a 

cylindrical shell roof under self-weight resting on two 

rigid diaphragms. 

E = 3.0*10 psi S) = 0 

R = 300" L • 300" t = 3" 

load = 0.2083 lb/in3 

Fig. 17. Scordelis-Lo roof 

Both membrane and bending actions contribute 

significantly to the displacements. 
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Finite Element Model 

Due to symmetry only one quarter of the structure 

has to be modeled. 

Figure 18 : Finite element model for Scordelis-Lo roof 

Results 

The vertical displacement at point B is the result 

most frequently given (see Table 3 and Figures 19-21). Here 

also the horizontal displacement at point B is displayed 

(Table 4), the theoretical value for which was given by 

Cook (1972) as -1.963". The theoretical value for the 

vertical displacement is -3.6288" (MacNeal and Harder, 

1984). 
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Again the fully integrated elements fail, if not so 

dramatically as in Test 1. However, shear-locking does not 

appear to be the main reason for the failure, since the 

results are very similar when selective reduced integration 

is used. For both the eight- and nine-noded elements only 

reduced integration gives acceptable results. 

For the four-noded element these arguments 

obviously do not apply. Selective reduced integration gives 

very good results, and full integration fails completely. 

Table 3. Scordelis-Lo 
at point B. 

roof: vertical displacements 

"TEH/HWAL 
Integration Rule 

"TEH/HWAL 
full sel. red. reduced 

SHAH4 0.135 0.984 1.053 

SHAH8 0.80 0.811 0.982 

SHAH 9 0.320 0.253 t 
SHAH9E - - 0.981 

SHAH9B 
(P « 0.95) — — 1.027 

All results were obtained in meshes with 9 nodes along 
each boundary. 
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Table 4. Scordelis-Lo roof, horizontal 
displacement at point B. 

Integration Rule 

Wteh/*W Wteh/*W 
full sel. red. reduced 

SHAH4 0.652 0.958 1.026 

SHAH 8 0.762 0.772 0.954 

SHAH9 0.306 0.241 * 
SHAH9E - - 0.953 

SHAH9B 
= 0.95) — — 1.106 

All results were obtained in meshes with 9 nodes along 
each boundary. 

2.0 

1.0 

b SHAH4/S o SHAH4/R A SHAH4 

Fig. 19. Scordelis-Lo roof results for SHAH4 
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nodes/edge 

A SHAH8 • SHAH8/S o SHAH8/R 

Fig. 20. Scordelis-Lo roof results for SHAH8 

A SHAH9 SHAH9/S 

jwdes/edge 

+ SHAH9E/R X SHAH9B/R 
(0 = 0.95) 

Fig. 21. Scordelis-Lo roof results for SHAH9 
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5.5 Spherical Shell 

While both previous problems involved only singly-

curved shells, this example tests the element properties in 

doubly-curved structures. Also the element shapes are non-

rectangular. The problem represents a hemisphere with four 

alternating point loads. The hole in the top has been 

introduced to avoid the use of triangular elements (HacNeal 

and Harder 1984). 

E = 6.825*10'' « 0.3 

0.04 

Fig. 22. Spherical shell problem 



62 

Results 

The theoretical value for the horizontal deflection 

under the loads is 0.094" (MacNeal and Harder 1984). 

Only the four elements that showed promising 

results in problems 1 and 2 were tested here : SHAH4/S, 

SHAH8/R, SHAH9E/R and SHAH9B/R (£> = 0.95). Considering the 

good results in the first two examples the considerably 

worse results here come as somewhat of a surprise. Only the 

nine-noded elements give good results, thus justifying the 

modifications made in section 3.5. 
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2.0 

1.0 

G SHAH4/S X SHAH9B/R o SHAH8/R + SHAH9E/R 

Fig. 23. Results for spherical shell problem 



CHAPTER 6 

B-SPLINE SHELL ELEMENTS . 

An accurate description of the geometry of an 

arbitrarily curved structure appears to be one of the most 

important prerequisites for a successful finite element 

analysis. Flat shell elements have their biggest weakness 

here. Curved elements based on shell theory use a very 

accurate representation of the geometry. This, however, 

makes them difficult to use. Degenerate shell elements 

combine the advantages of both: simple input and curved 

geometry. However, continuity of slopes and curvatures is 

not guaranteed across element boundaries. In sharply curved 

structures this can introduce considerable error, especial

ly in coarse meshes. Thus the question arises whether it is 

possible to develop an element that preserves the good 

properties of degenerate shell elements but that uses a 

more accurate surface representation, in particular one 

that ensures higher-order continuity of the geometry across 

element boundaries. 

In computer aided design systems B-splines are most 

frequently used to model arbitrary surfaces. They allow to 

interpolate shapes with continuity in slopes and curvatures 

64 
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(if cubic B-splines are used) without requiring specifica

tion of slopes or curvatures at the input points. 

Several finite shell elements that use B-spline 

functions to model the shell surface have been presented in 

the past (Moore, Yang, and ,Anderson 1984; Liu 1979). All 

these elements are based on shell theory. It will be 

attempted here to develop an element that is based on the 

same concepts as degenerate shell elements but that 

uses a B-spline method to model the surface. Elements of 

this type could be expected to perform better in highly 

curved structures. Moreover, they would constitute a step 

towards a synthesis of computer aided design and analysis 

by allowing to generate an exact finite element representa

tion of a surface generated with a design system. 

6.1 B-spline Surfaces 

A surface can be interpolated from either'points or 

curves. A cartesian product surface interpolates through 

point data only while lofting and transfinite surface 

representations interpolate through curves (Wu and Abel 

1979). When a lofting procedure is used one family of 

curves on the surface is preselected and the surface is 

then interpolated through these curves. This appears to be 

the most appropriate method here since design data are most 

often described in terms of planar sectional curves. 
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The first step of the description of the surface 

then is to specify sectional curves on the surface. When 

cylindrical shapes are considered, the sectional curves are 

circles and thus have a direct mathematical description. 

For arbitrary surfaces , however, the sectional curves 

themselves have to be interpolated from input points. This 

can be done by B-spline curves. 

6.1.1 B-spline curves 

The order of B-splines selected here is cubic since 

the order of displacement functions used in eight- and 

nine-noded shell elements is also cubic. 

A B-spline curve is defined by (Newman and Sproull 

1979, p. 321) 

P(u) = £ Mifujpi 
I 

where the M[ are cubic blending functions and the pL are 

control points. Each blending function is non-zero in only 

four spans of the parameter u and is determined by prescri

bing positions , slopes, and curvatures at both ends of the 

non-zero portion to be zero, and specifying one non-zero 

value at an internal point (Faux and Pratt. 1979, p.163). 

Fig. 24 shows a typical blending function with the value at 

the middle of the non-zero portion equal to four. 
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i-l i-l l-t-2. l+l 

positions M 1 4 1 
slopes Mju 3 0-3 

Fig. 24. A cubic B-spline blending function 

The control points pi do not lie on the curve. They 

can be determined from the input points that lie on the 

curve and from prescribed slopes at each end by a simple 

inversion procedure (Ramel 1984) : 

-3 
1 

P* (0) 
P(0) 
P(l) 

• 

i 
.
 u 

• 

P(n) 
P' (n) 

0 3 P-i 
4 1 P. 
14 1 

• • 

• • 

• • 

14 1 P» 
-3 0 3 P„+1_ 

(6.1) 

Here n is the number of points specified on the curve. 

For most arbitrary curves a natural B-spline with 

zero-curvatures at the ends can be used. For a cylindrical 

surface the sectional curves, which are circles, can be 

modeled quite accurately by prescribing the appropriate end 

slopes. 
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Equation (6.1) has to be solved for each coordinate 

x, y, and z. The three-dimensional curve is then defined by 

E(u) = 
x(u) 
y(u) 
z(u) 

6.1.2 Lofting 

Having defined the sectional curves, we can now 

generate the surface description by a lofting procedure: 

2L(u,v) = Y. <f>i (v) Pj(u) (6.2) 

Each lofting function (pi is equal to one at u=j and equal 

t o  z e r o  a t  a l l  o t h e r  n o d e s .  F i g u r e  2 5  s h o w s  ( p j .  

l 

Pig. 25. Lofting function (j=3) 

The resulting surface has continuous slopes and 

curvatures everywhere. It should be noted that there are 

two options to model a shell structure. One is to 
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interpolate top and bottom surfaces independently. Alterna

tively, resulting in the same geometry and computationally 

more efficient, the middle surface can be defined plus the 

shell thickness at each node. The thickness over the domain 

of the surface is then interpolated in the same way as the 

surface. 

6.2 B-Spline Elements 

How can the surface representation described in the 

previous section be utilized in a degenerate shell element? 

Looking back to Chapter 2 we see that the surface descrip

tion enters into the formulation of the stiffness matrix 

through the Jacobian matrix at the Gauss points and through 

the local coordinate systems at both the Gauss points and 

the nodes. 

Using the relations derived in the previous 

section, the Jacobian matrix is now defined by 

X'f X,u* du/d J 

[J] = Xri; * dv/dt; (6.3) 

V 

IX
 

•
 i 

CN <f
ri) 

£ is a unit vector perpendicular to the shell midsurface : 
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£fU and are given from equation (6.2). 

Zru = £<£j(v)Ej, a(u) 

&,v = (v)*j(u) 

TF and -f-jj- can be determined easily by dividing the 

length of the section of the parameters u and v that is 

covered by the element in question by two, corresponding to 

the range of the element coordinates and . This is 

illustrated in Fig. 26. -|j- and are both constant 

over the domain of the element. 

Pig. 26 Ratio of surface parameters and element 
coordinates 
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It should be noted that two simplifying assumptions 

have been made here. Equation (6.3) holds only if the 

directions of u=const. and $ =const, and those of v=const. 

and if =const., coincide. Also can only be determined 

in the way described above if the points used to define the 

surface are equally spaced. Since the purpose of this 

section is only to examine the feasibility of B-spline 

elements, these simplifications seem plausible. 

The local coordinate systems, defined in equation 

(2.10) for Ahmad shells, can now also be redefined : 

[6]  T _ I' 
i 

XfU 
K r u |  

(gXl,u ) 
I Xx2,u | 

(6.4) 

The two modifications shown in equations (6.2) and 

(6.3) are all that is required to transform an Ahmad shell 

into a B-spline element. The displacement field is defined 

in the same way as it is for Ahmad shells, see equation 

(2.4). 

It should be noted that a finite element mesh can 

be generated entirely independent of the input points that 

are used to define the surface, i.e., these points do not 

have to coincide with the structural nodes. Thus consider

able flexibility is gained. The finite element mesh can be 
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refined at critical points such as cutouts or at points at 

which complicated load patterns are applied. A similar 

refinement of the input of the geometry is often not neces

sary at such points. 

6.3 Test Results 

The test cases of section 5 were again used to test 

the performance of B-spline elements. 

The four-noded element cannot be expected to 

perform well since it uses a linear displacement field on a 

cubic surface. Thus the rigid body motions cannot be 

modeled exactly. A look at the eigenvalues of a singly-

curved four-noded B-spline element confirms this: the 

number of zero-eigenvalues is less than six. Therefore no 

further test have been performed with this element. 

The results for the eight- and nine-noded elements 

are more encouraging. Figures 27-3 3 show their performance 

compared to the equivalent Ahmad shells. While the results 

are very similar for a mesh of 4x4 elements, B-spline 

elements tend to perform better in coarse meshes, in parti

cular when only one element is used (Table 5). This is 

especially significant for the Scordelis-Lo roof problem. 

Also it can be observed that B-spline elements tend to be 

slightly stiffer than Ahmad shells. The results for the 

pinched cylinder problem reveal another, rather unexpected 
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benefit of B-spline elements: they apparently are less sus

ceptible to the development of spurious zero-energy modes. 

The ninernoded element using the '(&-method1 with p = 

0.99 does not develop a mechanism as a B-spline element 

(Fig. 29). 

The results for the spherical shell problem are not 

changed significantly. In a lxl mesh results are still 

unsatisfactory and only the nine node elements perform 

reasonably well. 

Table 5. Test results for Ahmad shells and B-spline shells 
in a lxl mesh 

Waml 
pinched 
cylinder 

Scordelis-Lo 
roof 

SHAH8/R 

Ahmad 0.906 1.113 

B-spline 0.892 1.049 

SHAH9E/R 

Ahmad 0.890 1.120 

B-spline 0.953 1.041 

SHAH9B/R 

Ahmad 
(p=0.95) 

0.900 1.100 

B-spline 
(P =0.99) 

0.914 1.060 
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error t%l 

nodes/edge 

SHAH8/R 
Ahmad 
—o— 

B-spline 

Figure 27s Comparison of Ahmad and B-spline shell SHAH8/R 
(pinched cylinder problem) 

error [%' 

SHAH8/R 
SHAH9/B 

Ahmad 

a 

8 1 nodes/edge 

B-spline 

Fig. 28. Comparison of Ahmad and B-spline shell SHAH9/R 
(pinched cylinder problem) 
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Ahmad 

i_L-L_L-L-L-L \ I B"spllne 

o p = 0.99 

- I.St -101 -l.oi -102 -1.02 -1.01 -103 -105 -tore 

Fig. 29. Comparison of zero-energy modes in nine-noded 
Ahmad shell and nine-noded B-spline shell. 
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error i%1 

Iff 

10 

5 

0 

S 

10 

15 

°N 

*<\ 
'• 

2 3 ^ i T 6 7  8 < ?  

Ahmad G 
SHAH 8/R ° 

nodes/edge 

B-spline 

Fig. 30. Comparison of Ahmad and B-spline shell SHAH8/R 
(Scordelis-Lo roof) 

error 

SHAH8/R 
SHAH9/B 

Ahmad 
—a— 
— 

8 <1 nodes/edge 

B-spline 

Fig. 31. Comparison of Ahmad and B-spline shell SHAH9/R 
(Scordelis-Lo roof) 
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error [%] 

Ahmad B-spline 
SHAH8/R 

Fig. 32. Comparison of Ahmad and B-spline shell SHAH8/R 
(spherical shell problem) 

error [%1 

Ahmad B-spline 
SHAH8/R —o • 
SHAH 9/B A 4 

Fig. 33. Comparison of Ahmad and B-spline shell SHAH9/R 
(spherical shell problem) 



CONCLUSIONS 

Formulation and test results of isoparametric 

quadrilateral shell elements have been presented. These 

elements are derived from three-dimensional elements by a 

'degeneration-process1: stresses through the thickness are 

neglected and lines originally normal to the shell mid-

surface are assumed to remain straight. The resulting 

elements have three translational and two rotational 

degrees of freedom per midside-node and can be applied to 

both thin and thick shell situations. 

Test results show that the elements fail in thin 

shells when the full order of integration is used, the full 

order beeing 2x2 integration over the shell surface for the 

four node element and 3x3 for both eight and nine node 

elements. The failure is due to shear- and membrane-

locking, resulting from the generation of spurious shear 

and membrane strain energies in states of inextensional 

bending. Although the fully integrated elements ultimately 

convergef the rate of convergence is so slow that the 

elements are useless for engineering analysis. 

Locking behaviour can be overcome in the four node 

element by selective reduced integration: all terms in the 

stiffness matrix associated with the transverse shear 

deformation are integrated by a one-point rule. The resul
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ting element gives good results in two test cases involving 

singly curved shell structures. Thus the reason for the 

failure of the fully integrated bilinear element appears to 

be shear-locking rather than membrane-locking. However, a 

critical plate bending test with the minimum number of 

constraints shows that zero-energy modes can develop in a 

finite element mesh of four node elements with selective 

reduced integration. Thus the element appears to be 

unreliable, although the zero-energy modes do not pollute 

the solutions of any other test case. 

In eight and nine node elements only reduced 

integration guarantees that element locking is avoided. 

However, the introduction of zero-energy modes is again 

possible. The critical plate bending test shows that the 

zero-energy modes of the eight node element are incompa

tible when elements are assembled, and further tests 

confirm that no additional steps to suppress the zero-

energy modes have to be taken. The nine node element, 

however, requires such steps. Two methods were presented. 

One consists of simply adding a soft spring between the 

hierarchical center-node and a fixed point. With a spring-

factor of 0.0004 the zero-energy modes are shown to be 

satisfactorily suppressed and good results are obtained in 

all test problems. The other method of suppressing zero-

energy modes consists of perturbing the stiffnesses of the 
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eight and nine node elements. The pinched cylinder test 

problem shows that the factor p has to be taken no larger 

than 0.95 to ensure that the solution is not polluted. The 

results for the spherical shell problem justify these 

modifications. Both the four and eight node elements show 

very slow convergence heref while both nine node elements 

give good results. 

Also presented in this study were B-spline shell 

elements. The geometry for these elements is not defined on 

the element level, but for the entire shell surface. The 

surface description is generated by a lofting procedure 

that interpolates through B-spline curves which themselves 

are interpolated from the geometry input points. The resul

ting surface has continuous slopes and curvatures every

where on its domain. A finite element mesh is then mapped 

onto the surface patch and thus the geometry, is C1 -

continuous across element boundaries, while Ahmad shells 

are only C°-continuous. 

Test results do not show any dramatic improvement. 

However, in coarse meshes, especially when only one element 

is used, B-spline shells tend to perform better than 

classical degenerate shells. Further tests are recommended. 

These should include highly curved and irregularly shaped 

structures, for which the description of the geometry can 

be expected to be important. 



APPENDIX A 

SHAPE FUNCTIONS FOR QUADRILATERAL ISOPARAMETRIC ELEMENTS 

The two-dimensional shape functions for the dis

placement interpolation over the shell surface are given in 

Table 6. 

Table 6. Shape functions for four-, eight-, and nine-noded 
shell elements. 

include only if node i is defined 

i=5 i=6 i=7 i=8 i=9 

Ni (1+f) (1+77j/4 -ns/2 -n8/2 +Nq / 4 

n2 (1-f) (l-5?7)/4 -ny/2 -n«/2 +n./4 

N3 (l-£) (l-77)/4 -n6/2 -n7/2 +n,,/4 

(1+f) (1-77) / 4 -n7/2 -n8/2 +nq/ 4 

"f a-£ j (1+77) /2 -n9/2 

N6 (l-f) <l-77x)/2 -n,/2 

n7 (l-£2) (1—77)/2 -nq/2 

n8 (1+f) (l-77z)/2 -nq/2 

N, (1-f2) (1-77 ) 
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For the bilinear element the functions Nt-Nj, in the 

leftmost column of Table 6 are used. The shape functions 

for the eight-noded element can be constructed by subtrac

ting the quantities in columns 2-5 of Table 6 from the 

bilinear functions. This ensures that the resulting 

functions are equal to zero at the midside nodes. The 

Lagrangian shape functions for the nine-noded element are 

then obtained by adding or subtracting fractions of the 

'bubble-function' associated with the center-node, as 

shown in column 6 of Table 6. 



APPENDIX B 

DEGENERATE SHELL ELEMENTS : PROGRAMMING DETAILS 

Here some details of the formulation of degenerate 

shell elements are given that allow to reduce computation 

time as much as possible (Zienkiewicz et al 1971). 

The displacement derivatives in the local coordi

nate system are given by equations (2.9) and (2.12). 

[$£] - ter urtf£] lei (B.D 

The Jacobian matrix can be rewritten in terms of 

three vectors: 

[J] = 
& 
£ 
2 

(B. 2) 

g and S are vectors tangential to the midsurface of the 

shell in directions of f and , respectively, and £ is a 

vector in the direction of $ . The inverse of [J] can now be 

rewritten as 

[J1 = f^ISxTrXxBrS?c§] (B.3) 

where IJi is the determinant of [J]. 
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Here it is possible to make the simplifying assump

tion that £ is normal to the midsurface (Zienkiewicz et al 

1971). This is true in the case of B-spline elements and 

introduces only marginal errors for eight- and nine-noded 

Ahmad shells. For the bilinear element the error is 

slightly larger since this element has straight edges and 

the finite element model of a curved surface thus has kinks 

at element boundaries. Some caution should therefore be 

exercised when the four-noded element is used in coarse 

meshes. The problem is avoided if three rotations about 

global axes are employed (Kanok-Nukulchai 1979). In this 

case, however, some steps have to be taken to constrain the 

normal rotation at each node in fine meshes since no 

stiffness associated with this d.o.f. is included in the 

formulation of the element stiffness matrix. A method to 

constrain the normal rotation was presented by Kanok-

Nukulchai (1979). 

surface allows us to simplify the term [0]T [J]1 , due to the 

normality of several vectors in [J] and [6], as defined in 

equation (2.10). 

The assumption that £ is normal to the shell 

[A] = [0]T [J]"1 = [gxT, TxR, RxS] 

An A12 0 
A2I A 0 
0 0 A 33 

(B. 4) 
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Now equation (2.12) 

*3 u' 
a x1 

3v' 
w 

3w' 
W 

3 u' 
.ay 

8V 
"5y 

3 w* 
ay 

r9u' 
.3b' 

3v' 
9z' 

&L] 
9z' J 

. rA" A,I1[U"V'S w'!l,ei 
U2t Aaz J Lu,, V,,, W,, J 

= A3s [u„ V,f w,s ] 10] 

(B.5a) 

(B.5b) 

The derivatives of the global displacements with 

respect to element coordinates are given from egu. (2.4): 

jv.'i | - I K;,?|Vt} + I N,,;J 'fci l{p,'} 

|v,"J = I Ni.Jv'j + I Ni.,5 -f f-fel '&> ]{fi} 

{!)= E* -f 

(B.6a) 

(B.6b) 

(B.6c) 

3u* Using egus. (B.5) and (B.6) we can now write for, e.g., 

§£ = {A,.[ lNi(f Ui+ lNi>ty £ 

A lit iNt., u; + 

+ { A„[ Znj.j ui+ £ 

Att [ Z ni,,) ui + Z ni,,? |! 

+ { Am [ ZNilS ui+ ZN„5r i' 

Att[ ZNi(,Ui+ ZM£ 

-V.lrV.ilfjj}] + 

-V^r V.i } 3 } ©n 

-v̂ v,*]̂ ;j ] + 

-v^v,?]{-;} ]}e3l (B. 7) 

Similar expressions can be derived for the other terms on 

the left-hand side of equation (B.4) and, upon some further 
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algebra, we arrive at an expression for the strain vector, 

defined in equation (2.5). 

£ - [biii ier jv!}+ £ [b,j ief 

= [b2l] [0]T|vt|+ [b^+lciljief [-v2i,vu] 

rb.t 0 o"l 
! 0 bi{ 0 
[_bai b,i 0 J 

- [s 0 sj fcj «[hs] 

(B.8a) 

Pi 

where 
[B„] 

(B.8b) 

b|i = An Ni, j + Aj| 

bat = A12 NJ F + Aj2 Ni^ (B. 8c) 

Ci = A33 Ni 

Now constructing the element stiffness matrix, equation 

(2.8), it can be seen that the two parts of [K] contain the 

following submatrices: 

I K J  =  f f f  101 IBiDJBj ] I0]r Uldfd̂ dJ + 
r r r  + * (B.9a) 
jJJ  [<fcr  l e i  [BiD^B^i  [Qi i^r^uidfd^dj  
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[K2]  fff 10] [BiDtB^][0]T |j|dfd^dj + 
r r r  t -  < B * 9 b >  

J J J [0] [Bi DjBj ] [0]T [*]r |,|J|d?d^d'S + 

///[<fc]T[0] [BiDsBiI [0]TS iMJldfd^dS + 

f ff 101 [Bi Ds Cj ] [0]T [&] |l|J|dfd^dS + 

f f f m r m  [CiDsBjiier J i J i d f d ^ d s +  

fff WiV [0] [Ci DsBj ] [0]T[<fc] J ^U-fdSd^dS 

fff [0] [Bi Ds Ci ] [0f[<fc] ff J|djd^dg 

fff M\1T [0] [BtDsBi] [0f[<fc]f ^|J|dSd^d? 

fff til? 10] [CiDsCj] [0]TWJ ^|J|dS<^d$ 

+ 

+ 

+ 

+ 

where 

[DJ = 

0 0 
Di 0 0 

0 0 
0 0 0 0 0 
0 0 0 0 0 

[Ds ] = 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 D 
0 0 0 1,1 

To simplify expressions [- is written as [^i]. 

[K1 ] and [Kz] are the in-plane and transverse parts of the 

stiffness matrix, respectively. Forming the parts 

seperately allows for reduced and selective reduced 

integration in a convenient and clear manner. 

When equation (B.9) is integrated explicitly 

through the thickness, as outlined in section 3.6, all the 

f+' 
integrals consisting the term / ? df become equal to zero. 

-I 

Thus only the following submatrices have to be calculated: 

2 /f [01 [BiD^Bj ] [0]T |J|dfd<>7 (B.lOa) 

2 ff [0] [BiDsBi] [0]T |J|d{d«) (B.lOb) 

ti//[<#JT[0] [BiDs] [0JTIJ|df dy (B. 10c) 

t»// [0] [Ci Ds Bj ] [0] [fo JJ[ d$ d«? (B. 1 Od) 
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iLii /// [#T tei CBi Ds Bj] [Of[<|»]| Jl dj d<? (B. 10e) 
6 

t^k/[f [<t>.f tei CBiD^ireft^uidfd^ (B.iof> 

tltlfjf rnr [0] [ct ds cjirefwgi ji d| d^ (b. 1 og) 

Equations (B10.a) through (BlO.g) contain the following 

three-by-three submatrices : 

[Bi D* Bd] == 

[Bt Ds Bj] == 

[Bi D, Cj] 

[ Cj Ds Bj ] = 

[C-, Dj Cj] 

Bit Dh Bij B,; Di2 Bjj 0 

BziDnBij BziDwB^ 0 

0 0 0 

Bjj DxjBij 

Bit DjjBtj 

0 

Bii D|;Bij 0 

0 0 

0 0 0 
0 0 0 

0 0 B,iD«B,j + B̂  DH Bj j 

0 0 0 

0 0 0 

Bit D^Ci B][D[[Cj 0 

0 0 C( DwB,j 

0 0 C[ DjjBtj 

0 0 0 

Cj D̂ Cj 0 0 

0 C; Dj; Cj 0 

0 0 0 
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The element stiffness matrix contains iXj submatrices, 

where i and j correspond to the number of nodes of the 

element. Eaeh of the 5x5 submatrices can now be con

structed from equations (BIO) in the following manner : 

the 3x3 matrices (B10.a) and (B10.b) are assembled into 

rows and columns 1-3 of each submatrix. Matrices (B10.c) 

and (B10,d) have dimensions 2x3 and 3x2, respectively , 

and are assembled into the corresponding parts of each 

submatrix. Finally, matrices (B10.e) through (B10.g) all 

have dimensions 2x2 and are assembled into rows and co

lumns 4-5. This step completes the construction of the 

element stiffness matrix. 
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