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ABSTRACT 

This thesis discusses how the variability and uncertainty in 

engineering parameters may be included in the analyses and design of 

both new and abandoned uranium tailings impoundments. This is pre

sented first by showing how: (1) a Monte Carlo simulation may be 

used and interpreted in an unsaturated seepage analysis and (2) a 

Taylor series approximation and the point-estimate method may be used 

in the analyses of radon emanation and determining the reliability of 

covers to reduce radon flux. 

These methods are followed by a review of the use of linear 

regression for describing and modeling the shear strength of materials 

and a discussion of how these results may be utilized in a modified 

Bishop's slope stability analysis (STABR). Also reviewed is the use 

of extreme value statistics for4predicting the magnitude and return 

period of catastrophic climatic and seismic events. 

xi 



CHAPTER 1 

INTRODUCTION 

There is some degree of uncertainty connected with all engi

neering analysis. The design of uranium tailings impoundments is no 

exception. Peak flows, average annual precipitation, and the shear 

strengths of soil are just a few examples of observed phenomena that 

will vary even under ideal testing and measurement. The safety of 

constructed uranium tailings impoundments is dependent on these and 

other parameters. To deal with this uncertainty, typical engineering 

design incorporates a factor of safety. If the degree of uncertainty 

is small and if the consequences of any variability will not be signifi

cant, the typical engineering approach with a factor of safety may be 

suitable. However, the variability of hydraulic conductivities or radon 

concentrations may approach 400%; variability this high cannot be 

ignored. High variation may also be found in the strength parameters 

used in slope stability analysis, and the return intervals of catastrophic 

climatic events and earthquakes. This implies that current engineering 

analysis using these parameters in a deterministic approach is unsatisfac

tory, and that a factor of safety is not a true measure of the reliability of 

the resulting design or the long-term stability of an impoundment. 

1 
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Purpose 

The purpose of this thesis is to demonstrate that a probability 

approach may be used for the analysis and design of uranium tailings 

and to demonstrate how probability methods are used. 

Objectives 

The major objectives of this thesis are to: 

1. Evaluate the variability of engineering parameters used in the 

design of uranium tailings impoundments. 

2. Evaluate the effect of parameter variability on the analysis and 

design of uranium tailings impoundments. 

3. Introduce probability techniques for use in the analysis and 

design of uranium tailings, which can be programmed on a 

small computer {64K, 8 bit. 2.5 MHz). 

4. Apply these probability techniques to selected analyses used 

in the design and investigation of uranium tailings impound

ments: 

a. Unsaturated seepage analysis through the foundation, 

b. Radon attenuation through covers, 

c. Slope stability, 

d. Prediction of rare, catastrophic climatic events and earth

quakes. 

5. Evaluate the results and their application. 
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Scope 

This thesis encompasses a review of selected, current analyti

cal approaches used in the analyses and design of uranium mill tailings 

impoundments. The limitations of the deterministic approach to analy

ses .^and design of uranium tailings impoundments are discussed. A new 

approach, based on probability and statistics, is presented. Specifi

cally, the following are included: 

1. Discussion of the variability in the parameters used in the 

McWhorter and Nelson (1979) model for unsaturated seepage 

and the Rogers and Nielson (1981) model for radon diffusion 

in earthern covers. 

2. Discussion of limitations in the deterministic approach used 

in an engineering analysis resulting from the variability in 

the engineering parameters of uranium tailings impoundments. 

3. Introduction of Monte Carlo simulation, Taylor series approxi

mation, and point estimates as probability methods that utilize 

the variability of the engineering parameters. 

4. Application of the above probability techniques to the 

McWhorter and Nelson model for evaluation of groundwater 

contamination potential and the Rogers and Nielson model 

for evaluation of radon emissions. 

5. Review of a probability approach to slope stability using a 

modified Bishop's (STABR) analysis (Larson, 1982). 
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6. Review of extreme value statistics in the determination of 

return times of rare events as they apply to high winds, 

earthquakes, and flooding. 

7. Evaluation of the results and discussion of their application. 

This information is presented in six sections. The beginning 

section is a literature review of the variability of the engineering 

parameters used in the analysis of uranium tailings impoundments and 

the probability methods available that allow this variability to be 

included in an engineering model. This section is followed by the 

introduction of a probability approach for analyzing unsaturated seep

age beneath uranium mill tailings along with an example problem. 

Next, two probability methods that may be used with the analysis of 

radon emanation through covered tailings are covered, again with a 

sample problem. Following these analyses, a review of previous work 

on slope stability and "long-term stability of tailings impoundments is 

presented. A final section covers conclusions and recommendations 

for future work. 

Five appendices follow. These include two appendices to pro

vide specific information on unsaturated flow and radon emanation 

theoretical considerations, an appendix on probability and statistics, 

and two appendices containing data for a clay liner and for the pore-

size distribution index used in the unsaturated seepage analysis. 



CHAPTER 2 

LITERATURE REVIEW 

Gillen (1985), in his discussion of the geotechnical engineering 

considerations of uranium mill tailings remedial action plans (UMTRAP), 

reviewed the legislative and regulatory background. Eight years ago, 

the U.S. Congress enacted the Uranium Mill Tailings Radiation Control 

Act of 1979 (UMTRAC). UMTRAC established a program of assessment 

and remedial action at inactive uranium mill tailing sites in order to 

stabilize and control uranium tailings in an environmentally safe man

ner. UMTRAC' directed the Department of Energy (DOE) to select and 

perform these remedial actions in accordance with general standards 

established by the Environmental Protection Agency (EPA), and with 

the concurrence of the Nuclear Regulatory Commission (NRC). 

The EPA concluded that the objectives of tailings control and 

stabilization efforts are to: 

1. Prevent misuse by man, 

2. Reduce radon emissions, 

3. Avoid contamination of land and water. 

To meet these objectives, the EPA established standards for active 

uranium tailings impoundments as well as abandoned sites (40 CFR 192; 

subparts A, B, and C). These standards will: 

5 
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1. Ensure, to the extent reasonably achievable, stability and 

control of the tailings to be effective for up to 1,000 years, 

and in any case, for at least 200 years. 

2. Provide reasonable assurance that releases of radon-222 from 

residual radioactive material to the atmosphere will not exceed 

an average release rate of 20 picocuries per square meter per 

second. 

In lieu of a groundwater standard, the EPA indicated that judgments 

on the possible need for remedial or protective actions for groundwater 

aquifers should be made on a case-by-case basis. 

In 1985, the DOE initiated remedial action at one site (Canons-

burg, PA) and will begin work at two other sites (Shiprock, AZ, and 

Salt Lake City, UT). Remedial action, as planned by the DOE, con

sists of recontouring the tailings, either in place or at an alternate 

site, and covering them with several feet of soil and rock materials to 

reduce radon emanation, to limit infiltration, and to protect against 

wind and water erosion (Gillen, 1985). 

The EPA has not yet established maximum criteria for radon 

emissions or groundwater contamination for active uranium tailings 

sites. However, in the Final Generic Environmental Impact Statement 

(1980), the NRC established objectives similar to those used for aban

doned uranium mill tailings impoundments. 

The analyses and approaches used in this thesis apply more 

directly to abandoned uranium tailings impoundments. However, with 
4 

little or no modification, the portions dealing with the prediction of 
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long-term events, slope stability, and unsaturated seepage may be used 

directly for active sites. With some modification, the radon attenuation 

model may also be used. Therefore, these analyses apply equally to 

active as well as abandoned uranium mill tailings impoundments. 

Most methods of analyses and design currently used to meet 

the standards set by the DOE are deterministic. Deterministic analyses 

are limited in that they do not take into account the variability inher

ent in the engineering parameters of uranium tailings, geologic materials, 

or constructed earthworks. 

Variability of Soil Parameters 

Typically, engineering design is based on deterministic meth

ods. For example, a mathematical model, such as the McWhorter and 

Nelson (1979) model for unsaturated seepage, is chosen to represent 

the seepage of a wetting front through unsaturated soils below a solid 

waste impoundment. Soils are tested for a required parameter used in 

the model. The results of the testing are analyzed and an "average" 

value is chosen based on the testing results and/or previous experi

ence. This in effect is making the assumptions that, in reference to 

the tested parameter, the soil is homogeneous, and that the "average" 

value chosen is correct. 

In a natural environment, even with constructed earthworks, 

the soil parameters vary spatially and with depth (MacDonald, 1985; 

Warrick and Amoozegar-Fard, 1981). Furthermore, some parameters, 

particularly the hydraulic conductivity and the pore-size distribution 

index (as defined by Brooks and Corey, 1966), are difficult to measure 
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accurately. Experimental values for the hydraulic conductivity obtained 

for the same soil may vary over an order of magnitude, making selec

tion of an average value almost arbitrary (Warrick and Amoozegar-

Fard, 1981). 

To compensate for uncertainty and variability, a factor of 

safety is typically applied. Unfortunately, the factor of safety states 

little about the reliability of a design. A factor of safety of four is 

not necessarily twice as reliable as a factor of safety of two. Also, 

the factor of safety is insensitive to the variability of the soil parame

ters (Singh, 1972). 

Probabilistic design assumes that there is some true average 

value that will correctly describe the tested parameter and that the 

variability and average of the testing results will approximately describe 

this true average value. Two sources of variability enter into the 

estimation of engineering parameters, sampling variability and testing 

variability. In a simplified treatment of probability, no distinction is 

made between these two sources of variability. The measure of varia

bility obtained is then a measure of heterogeneity of the sampled 

population and of the uncertainty of the sampling and testing. 

Statistical techniques are available to help distinguish unlikely 

values not to be included in the analysis. This may help to decrease 

the uncertainty in the variability of a sample. Factor analysis, regres

sion models, and analysis of variance are common statistical techniques 

available in statistical packages for both small computers (StatPac, 
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Walonick Associates, Inc., SYSTAT, Systat, Inc., etc.) and larger 

mainframes (SPSS, SPSS, Inc., etc.). 

Probability Distributions 

A mathematical model that incorporates probability allows the 

uncertainty and variability in the measured parameters to be included. 

Because the variability for each parameter is entered into the mathe

matical model, the model will produce a set of results over a range of 

possibilities that includes the set of most probable results. In order 

to determine what is the set of most probable results, a mathematical 

relationship is required that will describe the distribution of the prob

abilities. This function is known as the probability density function 

(Benjamin and Cornell, 1970). 

For the soil parameters used in the unsaturated seepage and 

radon emanation models, a variable may take on any real number value 

within some practical limits. For example, saturation may be described 

as any real number between zero and one. In probability, these vari

ables are denoted as continuous random variables (Benjamin and 

Cornell, 1970). The mathematical function describing the distribution 

of the probabilities for a continuous random variable is known as the 

"continuous probability density function," which is referred to herein 

only as the probability density function, because all variables used in 

this thesis are assumed to have continuous distributions. By definition, 

occurrences in different intervals over the continuous function are 

mutually exclusive; therefore, the probability of occurrence is the sum 

of all probabilities over the interval, or the integral of the probability 
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density function over the interval (Benjamin and Cornell, 1970). In 

other words, the probability of success mathematically is in the area 

under the probability density function (PDF) curve "above" the limit

ing value of success. 

Figure 1 is the probability density function for the porosity of 

a liner for a heap leach pad (van Zyl, 1983). The shaded areas indi

cate one standard deviation (1 SD) either side of the arithmetic mean. 

The probability that the liner porosity could be greater than some 

value "x" can be determined by integrating the PDF from x to », or 

in this case 1.0. 

'o 0.1 0.2 0.3 0.4 0.5 0.6 

LINER POROSITY 

Figure 1. Probability density function for the liner porosity 
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There are distinct classes of variability that can be described 

by a particular mathematical function known as a probability distribu

tion. Most probability models require either knowledge of the specific 

distribution of at least some of the parameters used to solve the model 

or the distribution of the solution in order to properly interpret the 

results. 

Determining the correct probability distribution for a variable 

or a function is a difficult task. The best method is a theoretical 

approach based on the theoretical concepts behind the distribution and 

the causal processes of the variable or function (Hahn and Shapiro, 

1967). This is often not possible or feasible, and instead an "empir

ical" distribution is fit. 

Determining the correct empirical distribution for any parame

ter may also be an arduous task. Often large amounts of data are 

required to determine correctly the proper distribution. One of the 

more complete methods used to determine the proper distribution is by 

the Pearson's Distribution System. Pearson's distributions include a 

large number of distribution groups including the familiar normal, log-

normal, and beta distributions (Hahn and Shapiro, 1967). 

Classification of the best fit distribution for a particular set of 

data requires the calculation of the first four moments of the data sam

pled. The first moment (M^) is equivalent to the arithmetic mean, the 

second moment (Mg) is the equivalent to the variance, and the third 

(M3) and fourth (M4) moments may be thought of as distribution shape 

parameters. The third moment is calculated similarly to the variance: 



3 
M

3 
=l:(Xi- u) I(N-1). 

Similarly, the fourth moment: 

4 M = l: (X. -u) I ( N -1) 

where 

4 1 

u = arithmetic mean = X. 
1 

N = number of samples, and 

X. = sample value. 
1 

(Note: (N-1) provides an unbiased estimate of the moment.) 

Pearson's distributions may be classified by the following cri-

terion ( Harr, 1977) : 

where 

K 

s1 

Sz 

K = - "' 

= the criterion 

= coefficient of 

= coefficient of 

K<O 

Symmetrical 

K = 0 

(Fig. 2) ' 

skewness 
2 

= M
3 

1M2 
3 

kurtosis = M41M2 
2 

K = 1 

12 

Type III Type I Type IV Type V Type VI Type III 

Nonnal (6 = 3) 
Type I I ( 6 ~ < 3) 

Type VII (62 > 3) 

Figure 2. The criterion K and associated distributions. -
From Harr (1977, Fig. C-11, p. 489). 
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The coefficient of skewness (3^) may be thought of as the measure of 

symmetry of the distribution of the data, and the coefficient of kurtosis 

($2? may be thought of as the measure of peakedness of the data. 

For example, a normal distribution has coefficient of skewness of zero 

and coefficient of kurtosis of three. 

The criterion K may be compared to Figure 2 to determine the 

proper distribution. In addition, the coefficients of skewness and 

kurtosis may be used with Figure 3. In general, although not theoret

ically correct, it is said that a particular distribution fits a set of data 

if the plot of the points is anywhere close to the location of the chosen 

distribution in either Figure 2 or Figure 3. 

The accuracy of the selection may be determined by any one of 

the goodness-of-fit tests. The most simple and straightforward is sim

ply plotting the data on probability paper designed for the distribution 

chosen. If the data plots in approximately a straight line, the distri

bution is said to be a good approximation (Fig. 4). 

Another goodness-of-fit test often used is the Chi-square test. 

The Chi-square test is based on the difference between the observed 

counts and the predicted counts from the selected distribution. The 

calculated measure is D: 
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l(U) 
Pr. 

I (J) Ml 

KU) 

VII 

](J) 

Vll, 

Exponential 

0 3 4 1 2 

(fif-

Figure 3. Pearson distributions determined by coefficients of 
skewness (fj,) and kurtosis ($->). — From Harr (1977, Fig. C-12, p. 
490). 1 
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where: 

O. = observed number of occurrences over an interval, 
1 

E. = expected number of occurrences over the same interval. 

The calculated measure D can then be compared to table of values, 

found in any standard statistics text, based on the desired accuracy 

and the degrees of freedom (DF). The DF may be calculated: 

DF = N - k , 

where: 

N = number of categories compared, 

k = number of parameters used to calculate the estimated 

distribution. 

Appendix D shows an example of distribution fitting along with 

goodness-of-fit tests for laboratory testing data. 

Spatial Variability 

In alluvial or aeolian soils, the variation of soil parameters 

usually is a result of the mixing and deposition of the soil particles. 

Because of differences in particle shapes and densities, there is a 

graditional deposition of soil particles resulting in strata and micro-

strata. Many of the geotechnical parameters (i.e., porosity and 

hydraulic conductivity) are sensitive to the distribution of the soil 

particles (Wagenet, Knighton, and Bressler, 1984). Those parameters 

most sensitive to the distribution of fines will be highly correlated to 

location. These parameters are defined as regionalized variables 



(Journel and Huijbregts, 1978). This implies that the parameter's 

value is somehow related to its position. This may be mitigated by 

spatial classification of the soils and confining testing and analysis to 

similar classifications, or by using weighted averages. In addition, 

there are methods of statistics available that deal specifically with 

spatial variation. One such method that can be highly sophisticated 

and produce useful results is geostatistics. 

The science of geostatistics was developed for estimating ore 

concentrations between a few isolated sample locations. In recent 

years, geostatistics has been applied to problems other than mining, 

with variable success. In geostatistics, a technique known as Kriging 

will generate a grid of most likely values. Large variations in sample 

values require extensive sampling or mapping to generate a grid of 

accurate values. Often this is done by alternating sampling and 

Kriging until an accurate grid is generated. For only one parameter 

a large data grid may be generated; for multiple parameters enough 

data are generated to require the use of large, sophisticated computers 

to evaluate even a simple model such as radon attenuation. Because of 

this sophistication, Kriging, while not a useful technique for simple 

probability models, is a highly useful technique for the more complex 

finite-element and finite-difference models which require grids of data 

for accurate solutions. On the more simple side, geostatistics is a good 

research tool for determining optimum sampling patterns (MacDonald, 

1985). 
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Because liners and covers designed for uranium tailings are 

critical for proper retention of the radioactive tailings, it will be 

assumed that they are constructed carefully. Furthermore, it will be 

assumed that specific efforts are made to ensure that similar soils are 

used to construct either the liner or cover. With well-mixed materials, 

variation of the geotechnical parameters should be more random than 

spatial. Therefore, it will be assumed that spatial variation is negli

gible in the geotechnical parameters of the tailings, liner, and cover, 

or that its effect is minimal. 

Probability Models 

Three probability techniques are particularly applicable to use 

with the models used for uranium tailings analysis. These are Monte 

Carlo simulation, Taylor series approximation, and point estimates. 

Monte Carlo Simulation 

Monte Carlo simulation involves the random selection of a set of 

values with their selection based on their probability distribution. The 

selected values are then used as the input for the problem to be 

solved. This is repeated numerous times until a distribution of results 

is produced, usually 200-300 times (Harr, 1977). A probability distri

bution can then be fit to the resulting data and the results interpreted 

according to this probability distribution. Thus, the Monte Carlo 

simulation requires specific knowledge about the probability distribution 

for each variable. 
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Taylor Series Approximation 

The Taylor series approximation is based upon Taylor's formula, 

expanding a function about a point (Appendix C). The Taylor series 

approximation only requires the first and second differentials of a func

tion for each variable and the arithmetic means and standard deviation for 

each variable. For complex functions that are difficult to differentiate, 

this method can become overly complex so as to be practically impossi

ble. Furthermore, in order to interpret most accurately the results, a 

probability distribution of the results is required. No information about 

the probability distribution of the results is given by the Taylor series 

method. Often more information is needed from the results besides the 

mean and variance. Therefore, either a probability distribution for the 

results is assumed from previous testing or experience or a probability 

distribution needs to be generated by a simulation technique such as 

the Monte Carlo. 

Point Estimates 

Point estimates are based on variables whose probability distri

butions are symmetrical about their means or whose probability moments 

are known (Appendix C). Alternate points are chosen about the mean, 

based on their standard deviation. The total of all nonrepetitive com

binations of these points adequately describes the mean and the vari

ance of the function (Appendix C). Because the function must be 

evaluated at all possible combinations "c" of points, any more than a few 

variables become cumbersome. Even a simple model of 11 variables 

would require 2,048 different combinations. This is a useful technique 
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for engineering parameters whose distributions are well known or for 

estimating the variance from data with only a few data points such as 

published plots of data (Chameau and Harr, n.d.). 

- 9N c = 2 

where: 

c = number of solutions required, 

N = number of variables. 

Interpretation of Results 

In order to interpret completely the data resulting from proba

bility approaches, the probability distribution must either be known or 

must be determined. The probability distribution allows a complete 

interpretation of the data in terms of probability and reliability. Of 

me three probability approaches presented in this thesis, the Monte 

Carlo simulation gives the most information about a probability distribu

tion. The Taylor series approximation can be used to generate third 

and fourth central moments (Hahn and Shapiro, 1967), allowing empiri

cal distributions to be fitted, but does not lend itself to a goodness-of-

fit test. The point-estimate method presented in this thesis will give 

no information about a probability distribution other than the mean and 

standard deviation. 

For this thesis, probability distributions will be known for the 

results of a Taylor series approximation or a point-estimate determina

tion. 



21 

The results are now interpreted as the probability (the percent 

chance) of success, P, that a value will be a minimum value or larger. 

The opposite chance, the probability of failure, Q, is simply 1-P. 

This is because, by definition, the sum total of all probabilities for an 

occurrence is equal to one. The minimum probability of success is 

chosen similar to a factor of safety. The selection will be based on 

the reliability of the input parameters and the economic and social 

costs of failure. 

A more complete discussion of probability theory and proba

bility methods is presented in Appendix C. The following two chapters 

provide specific examples of how probability methods may be used, and 

the results are interpreted for both unsaturated seepage and radon 

emanation. 



CHAPTER 3 

UNSATURATED SEEPAGE 

Uranium mill wastes contain a combination of toxic metals, non-

metals, and radionuclides (Shepherd and Cherry, 1980). The movement 

of these elements, compounds, and ions through the liner and founda

tion soils involves many complex geochemical, biological, and thermal 

interactions. The modeling of these interactions is beyond the scope 

of this thesis and would only cloud its purpose of showing how proba

bility may be incorporated into current engineering analyses. There

fore, the simplifying assumption is made that the movement of these 

elements through the liner and foundation approximates the movement 

of a conservative ion. Therefore, the contamination of a groundwater 

source and an estimation of the rate of contamination by these elements 

can be conservatively estimated based on the rate of a wetting front 

advance and the quantity of seepage. 

Uranium tailings impoundments in many areas of the world are 

located over natural soil foundations, with a water table at some depth 

in the foundation. This implies that the foundation below the tailings and 

above the phreatic surface is unsaturated. Because the soils are not 

saturated, traditional analyses of saturated seepage through the unsatu

rated foundations using Darcy's Law will be overly conservative in estima

tion of seepage times. McWhorter and Nelson (1979), however, have pre

sented an analysis for unsaturated flow below mine wastes impoundments. 

22 
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The McWhorter and Nelson Model 

The McWhorter and Nelson (1979) model breaks unsaturated 

seepage below a tailings impoundment into three stages (Fig. 5)i 

I. An advance of a wetting front through unsaturated media by 

alternately saturating and desaturating pore spaces; capillary 

forces predominate. 

II. Begins at the point when the wetting front reaches, either an 

impermeable base or water table and a mound of groundwater 

forms and proceeds upward through the foundation. 

III. The end of unsaturated flow, when the groundwater mound 

reaches the base of the tailings or liner. 

TAILINGS 

LINER 

FOUNDATION 

Stage 1 :  Advance of a wetting front Advance of a 
Stage II :  Groundwater mound develops 
Stage III:  Saturated seepage 

Figure 5. Stages of unsaturated flow 



24 

The theoretical basis and analytical assumptions for the McWhorter and 

Nelson model are discussed in Appendix A, along with a review of the 

major analytical steps used in the solution of the example problem pre

sented in this section. 

This thesis presents analysis of Stage I and Stage II unsatu

rated flow in McWhorter and Nelson's model. Stages I and II are the 

critical periods of flow in terms of groundwater contamination. The 

assumption is made that the movement of a wetting front through 

unsaturated soils approximates the movement of a conservative ion, 

such as chloride (Salvetti, 1984). Stage I unsaturated flow is then 

the critical flow of initial groundwater contamination. Analysis using 

the unsaturated seepage model will result in an estimation of the length 

of time before contamination by conservative ions could occur. 

Stage II unsaturated flow models the buildup of a saturated 

groundwater mound. Stage II unsaturated flow is most critical in the 

situations where the groundwater mound reaches the base of the 

uranium tailings and the flow contaminants is controlled by saturated 

seepage principles. Even in situations where the groundwater mound 

does not reach the base of the tailings in a realistic time period, 

Stage II flow is still critical. The distance of unsaturated flow to the 

groundwater table has been decreased and therefore the length of time 

decreased for a contaminant to reach the groundwater. Therefore, 

Stage II unsaturated flow will increase the rate of groundwater contam

ination. The results are presented in terms of length of time required 

for a groundwater mound to reach the base of the tailings or liner. 
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The McWhorter and Nelson model was chosen for a number of 

reasons: 

1. It is an unsaturated seepage model that is currently in use in 

the industry. 

2. It is mathematically simple enough to be used, with a probabil

ity overlay, on a small (64K, 8 bit, 2.5 MHz) inexpensive 

computer. 

3. It compares favorably with much more rigorous numerical 

models, particularly over long periods of time. 

The McWhorter and Nelson model is well accepted by the ura

nium tailings industry. The majority of the papers concerning unsat

urated flow, presented at the seven recent symposia on uranium mill 

tailings at Fort Collins, Colorado, have presented the McWhorter and 

Nelson model for unsaturated flow. 

Other more rigorous numerical models such as TRUST or 

UNSAT2 have also been presented (Bureau, 1981; Siegal and Stephens, 

1980). However, these numerical approaches to unsaturated seepage 

tend to be unstable at early times, require specific knowledge of the 

hydraulic parameters of the site, and are time consuming in terms of 

personnel time and computer time. These requirements make the model 

very expensive to run. For complex, deterministic models, computer 

costs alone can run into tens of thousands of dollars. With a proba

bility overlay, these costs may increase exponentially. 

The McWhorter and Nelson model for unsaturated flow has been 

shown to compare favorably with TRUST (Bureau, 1981; Siegel and 
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Stephens, 1980). Bureau (1981) found the McWhorter and Nelson 

model to be more conservative than TRUST and more stable at early-

times. At long periods of time (greater than 25 years), Bureau (1981) 

found the solutions to TRUST and the McWhorter and Nelson model to 

converge for Stage I flow. Siegal and Stephens (1980) found the 

prediction of the location of the seepage front was similar for both 

TRUST and the McWhorter and Nelson models for isotropic soils. 

The McWhorter and Nelson model requires a number of trial and 

error iterations to solve the system of equations because the water con

tent changes with time, and the effective permeability changes with 

water content. This precludes the use of closed form probability solu

tions, such as the Taylor series approximation, to determine the vari

ability of the results. In addition, the Taylor series approximation 

gives no information about the probability distribution of the resulting 

seepage times. 

Eleven variables are required as input into the McWhorter and 

Nelson model. Eleven variables would require 2,048 calculations of the 

model for a point-estimate determination. In addition, the point esti

mate is biased toward a symmetric distribution and would poorly handle 

skewed distributions such as the log-normal or exponential probability 

distribution functions. Finally, the point estimate gives no information 

about the shape of the resultant distribution of seepage times. 

The Monte Carlo simulation requires a knowledge of the proba

bility distribution of the parameters needed to solve the distribution 

for each variable. Due to recent research into the variability of 
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engineering soil parameters, much is kn9wn about the probability dis

tributions for the parameters used in the McWhorter and Nelson model. 

The probability distributions for the one uncertain variable, the pore-

size index, can be estimated from published unsaturated hydraulics 

data. These are discussed below. The McWhorter and Nelson model 

requires a knowledge of the parameters listed in Table 1. 

In order to provide a realistic example problem, the literature 

was reviewed for actual data for the uranium tailings and foundation 

soils. When actual data for uranium tailings impoundments were una

vailable, other typical values from example problems presented in the 

literature were used. For the liner, data were obtained from a heap 

leach pad liner (van Zyl, 1983). The data from a heap leach pad liner 

were felt to be representative of a uranium tailings impoundment liner 

because the purpose of both liners is identical to prevent movement of 

contaminants into the environment by decreasing the rate of seepage. 

In addition, the reduction of these data provides a realistic example of 

how data may be treated to provide the required parameters for a 

probability approach (Appendix D). As was discussed previously, 

these seepage parameters will vary both as a function of the uncer

tainty and inaccuracy of their measurement as well as a function of 

natural variability resulting from the nonhomogeneous, anisotropic 

nature of soils and constructed earthworks. 
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Table 1. Unsaturated seepage parameters 

Layer Parameters Required 

Tailings Depth of saturated tailings 

Radius of impoundment area (R) 

Saturated hydraulic conductivity (k) 

Liners Depth 

Saturated hydraulic conductivity (k) 

Initial volumetric water content (0.) 

Residual volumetric water content (6r) 

Porosity (n) 

Pore-size distribution index (X) 

Foundation Depth to phreatic surface 

Thickness of groundwater table (H ) cL 

Saturated hydraulic conductivity (k) 

Initial volumetric water content (0.) 

Residual volumetric water content (0_) r 

Porosity (n) 

Pore-size distribution index (A) 
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Variability of Seepage Parameters 

The following is a review of the major unsaturated seepage 

parameters and a discussion of their variability. 

Porosity 

Porosity is required for both the unsaturated seepage model 

and the radon attenuation model. The values for porosity are required 

for the uranium tailings themselves, as well as for the cover, the 

liner, and the foundation. 

Smith, Nelson, and Baker (1985) reported a mean porosity for 

uranium tailings of 0.43 and estimated a standard deviation of 0.04. This 

would indicate a coefficient of variation of 9.0%. Schultze (1972) found 

the coefficient of variation for silts to coarse sands to range from 8.0% to 

13.0%. 

Data for the porosity of covers and liners are limited. Smith et 

al. (1985) reported a mean cover porosity of 0.48 and estimated a stan

dard deviation of 0.04, resulting in a coefficient of variation of 8.0%. 

Data from a heap leach pad liner produce a mean liner porosity of 0.37 

with a standard deviation of 0.018, resulting in a coefficient of varia

t i o n  o f  5 . 0 %  ( A p p e n d i x  D ) .  

Volumetric Water Content 

Volumetric water content is required for the unsaturated seep

age model for both the liner and foundation. Both the initial and resid

ual volumetric water contents are required. Volumetric water content 

changes variability with pore water pressure as reviewed by Warrick 
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and Amoozegar-Fard (1981). Coefficient of variation may range from 

10.0% at zero tension to 30.0% at 15 bar (approximately equivalent to 

residual volumetric water content. 

The initial volumetric water content will depend on the drying 

history of the soil. Compacted clay liners and covers should have ini

tial volumetric water contents close to saturation (Gee, Nielson, and 

Rogers, 1984; McWhorter and Nelson, 1979). Western foundation soils 

may have initial volumetric water contents close to zero (McWhorter and 

Nelson, 1978). Initial volumetric water contents of liners and covers 

should have low variation because the liners and covers are assumed 

to be well mixed and are compacted at optimum moisture content. 

Therefore, the moisture in these constructed earthworks should be well 

distributed. The initial volumetric water contents of foundation soils 

will vary with depth as well as spatially, depending on the regional 

evapotranspiration rate and the frequency and amount of precipitation, 

as well as soil type (Russo and Bressler, 1981). In the western United 

States, evapotranspiration may exceed precipitation, resulting in initial 

volumetric water contents close to zero. It will be assumed that the 

variation of initial volumetric water content of the foundation soils, 

when the mean is close to zero, will, be low (CV = 10,0%). 

A coefficient of variation of 30.0% was assumed for the residual 

volumetric water content. This is approximately the amount of varia

tion in the volumetric water content of agricultural soils when there is 

a 15 bar pore pressure (Warrick and Amoozegar-Fard, 1981). At 15 

bar pore pressure, the water content of most soils is approximately 

equal to the residual volumetric water content. 
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Hydraulic Conductivity 

Saturated hydraulic conductivity is required for the unsatu

rated seepage model. Saturated hydraulic conductivities are required 

for the tailings, liner, and foundation soils. 

Lumb (1971) found the saturated hydraulic conductivity of 

undisturbed soil to be highly variable, with the coefficient of variation 

of about 240%. Warrick and Amoozegar-Fard (1981) reported coeffici

ents of variation for saturated hydraulic conductivities for various 

soils ranging from 110% to 190% and coefficients of variation from 170% 

to 440% for unsaturated hydraulic conductivities. 

Little statistical data are available for the hydraulic conductiv

ities of uranium tailings and liners. Data from a heap leach pad liner 

indicates a coefficient of variation of 175% (Appendix D). Variation of 

hydraulic conductivities for tailings is assumed to approximate variation 

of natural soils, approximately 200%. 

Pore-size Distribution Index 

The pore-size distribution index was suggested by Brooks and 

Corey (1966) to estimate the unsaturated hydraulic conductivity as a 

function of pore water pressure over displacement head in the unsatu

rated seepage model. Little data are available for the pore-size distri

bution index. Values for typical soils presented in Brooks and Corey 

(1966) and from a review of data presented in Mualem (1976) show 

little variation for a particular group of soils (Appendix E). However, 

there is considerable variation among different soil types, where varia

tion may exceed an order of magnitude (Appendix E). Brooks and 
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Corey (1966) found the pore-size distribution index to be highly sen

sitive to the amount and size of fines as well as the uniformity of the 

grain sizes. 

Probability Distributions for Seepage Parameters 

When possible, a probability distribution for a variable was 

determined from the literature. Theoretical arguments for a distribu

tion are used when possible, but mostly distributions are based on the 

fit of the data. 

Porosity 

Schultze (1972) has shown that porosity for both silts and 

sands are normally distributed. Similarly, he also found the void ratio 

to be normally distributed for silts and clays. In addition, Fredlund 

and Dahlman (1972) found void ratio of clays to be normally distributed. 

Both studies determined the applicability of the normal distribution 

based on both the Chi-square test and the Pearson's distributions 

(Schultze) or only by the Pearson's distribution (Fredlund and Dahl

man). Void ratios for a heap leach pad liner approximate a normal 

distribution (Appendix D). Therefore, a normal distribution was 

assumed for both void ratio and porosity. 

Volumetric Water Content 

Schultze (1972) found the gravimetric water content of clays to 

be normally distributed. Fredlund and Dahlman (1972) found the 

probability distribution for the water content to vary with depth. 
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Close to the surface, water content was affected by evaporation and 

h a d  a  v e r y  f l a t  a n d  s k e w e d  d i s t r i b u t i o n ,  w i t h  h i g h  v a r i a t i o n  ( F i g .  6 ) .  

Below the 2-m depth, the moisture content was distinctly bell shaped 

and close to a normal distribution. Below the 4-m depth, the bell 

shape became very peaked, more so than a normal distribution (Fig. 

7). However, Vauclin, Haverkamp, and Vachaud (1984), using neu

tron probe measurements to determine volumetric water content, found 

all volumetric water content measurements to be normally distributed 

at a specific depth. Volumetric water contents of a heap leach pad 

liner taken at equal depth can be shown to approximate a normal 

o 

cy 
LU 
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MEAN = 
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SKEWNESS = 
KURTOSIS 
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PERCENT WATER CONTENT 

Figure 6. Gravimetric water content probability density 
function at a depth range of 1 to 3 ft. — From Fredlund and Dahlman 
( 1 9 7 2 ,  F i g .  7 ,  p .  2 2 0 ) .  
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MEAN = 32.8 
SD = 3.9 

SKEWNESS = - 0.27 
KURTOSIS = 0.37 
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Figure 7. Gravimetric water content at a depth range of 9 to 
1 1  f t .  —  F r o m  F r e d l u n d  a n d  D a h l m a n  ( 1 9 7 2 ,  F i g .  7 ,  p .  2 2 0 ) .  

distribution (Appendix D). This suggests that Fredlund and Dahlman 

(1972) may have skewed their probability distributions by sampling 

over a range of depth. 

Gravimetric water content is mathematically and physically 

similar to volumetric water content; therefore, the probability distribu

tion would remain the same. The normal distribution was therefore 

assumed to best represent both the volumetric and gravimetric water 

content. 
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Hydraulic Conductivity 

The log-normal distribution has been shown to best represent 

hydraulic conductivity (van Zyl, 1979). The log-normal distribution 

is particularly relevant to hydraulic conductivities for a number of 

reasons. The log-normal distribution ranges from zero to infinity, 

realistically fitting hydraulic conductivities which may vary over sev

eral orders of magnitude. The log-normal distribution is a logarithmic 

transform of the normal distribution (Hahn and Shapiro. 1976), and 

hydraulic conductivity is similar to a diffusion coefficient that is 

theoretically normally distributed (Harr, 1977). 

Pore-size Distribution Index 

The pore-size distribution index is poorly known statistically. 

However, several factors about the pore-size distribution index imply 

a normal probability distribution. The arithmetic mean of the pore-

size distribution index can be shown to be a sum of logs (McWhorter 

and Nelson, 1979): 

- X = log 

where 

X = pore-size distribution index, 

0 = volumetric water content, 

0r = residual volumetric water content, 

h = pore pressure, 

h^ = displacement head . 

(e - ej 
" (h'hd> 
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Porosity and water content are normally distributed parameters as 

defined earlier in this paper. The logarithmic function in the calcula

tion of the pore-size distribution index suggests a log transformation, 

similar to the logarithmic transformation of the log-normally distributed 

hydraulic conductivity. Another parameter describing the .distribution 

of particles in soil, the uniformity coefficient, has been shown to 

approximate a log-normal distribution (Schultze, 1972). Therefore, 

the probability distribution of the pore-size distribution function was 

assumed to be a normal distribution. 

Example Problem 

To illustrate the effects of the variability of the seepage 

parameters on the McWhorter and Nelson (1979) model, an example 

problem is presented. For this example, the geometries of the unsat

urated seepage model are held constant, allowing more ready compari

sons between a deterministic solution and a probabilistic solution. 

Therefore, the depths, the radius of the impoundment, and the thick

ness of the groundwater table will be constant. 

For the example problem a typical uranium tailings impound

ment, as would be found in the western United States, was used. 

Unsaturated uranium tailings overlie saturated tailings, which rest on 

top of a liner. The uranium tailings impoundment rests on top of an 

unsaturated foundation which has a water table of known thickness at 

a known depth. To further simplify the problem, all layers, tailings, 

liner, and foundation, are assumed to be homogeneous and isotropic. 

Figure 8 illustrates this example problem. 
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20 ft TAILINGS 

k = 473 cm/yr/946* 

k = 4 cm/yr/7 
n = 0.4/0.08 

5 ft LINER Pi = 0.2/0.02 
6r = 0.2/0.04 
\ = 1.0/0.1 

k = 3,150 cm/yr/6300 
n = 0.4/0.02 

S1 = 0.01/0.001 
9r = 0.13/0.03 

X  =  2 1 . 2  

? 
GWT 

* = mean/SD 

Figure 8. Unsaturated seepage example problem 

As discussed above, engineering parameters for the liner were 

taken from data collected from a liner designed for heap leaching, 

except for the pore-size distribution index which was estimated based 

on typical values for similar soil types. Engineering parameters for 

the tailings and foundations were selected from reasonable values 

listed in the literature, with standard deviations determined from 

published variances for the same soil parameter. The data in Table 2 

were used for input into the McWhorter and Nelson (1979) analysis. 

200 ft FOUNDATION 
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Table 2. Seepage analysis data. — All calculations for Stage 
I and Stage II unsaturated seepage analyses were done in days and 
the results presented in terms of years. 

Layer 
Standard Coefficient of 

Mean Deviation Variation (%) 

Saturated Hydraulic Conductivity (cm/yr) 
(Log-normal Distribution) 

Tailings 
Liner^ 
Foundation 

473.00a 946.000f 200b 

4.10 7.000f 175, 
3,150.00a 6,300.000 200° 

Porosity (Normal Distribution) 

Liner1* 
Foundation 

0.40 0.080 20 
0.40 0.020f 5b 

Initial Volumetric Water Content (Normal Distribution) 

Liner^ 
Foundation 

0.30 0.020 6 
0.01a 0.001* 10b 

Residual Volumetric Water Content (Normal Distribution) 

Liner 0.20a 0.040? 20e 

Foundation 0.13a 0.030 20e 

Pore-size Distribution Index (Normal Distribution) 

Liner 1.00^ 0.000^ 10 
Foundation 2.00C 0.200 10 

a. McWhorter and Nelson (1978) 
b. Harr (1977) 
c. Brooks and Corey (1966) 
d. Calculated from a heap leach pad liner 
e. Warrick and Amoozegar-Fard (1981) 
f. Estimated 
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Stage I Results 

Sensitivity Analysis 

The effect of the variance of each seepage parameter on the 

resulting Stage I seepage times was quantified by a sensitivity analy

sis. The sensitivity analysis was based on a comparison of the deter

ministic solution (using only the mean values for all the seepage 

parameters) with a "variability" solution. The resulting seepage time 

of the 11 variability" solution is determined by using one parameter, 

with a magnitude equal to the mean plus one standard deviation. The 

remaining seepage parameters remain identical in magnitude to those 

values used in the deterministic solution. The results (Table 3) are 

presented as either the percent increase or decrease in resulting 

seepage time as a percentage of the deterministic seepage time. 

Percent affect = (S - D)/D x 100% , 

where 

S = "variability" solution and 

D = deterministic solution. 

Discussion on Sensitivity Analysis 

As seen from Table 3, the Stage I model is very sensitive to 

the liner hydraulic conductivity. The liner porosity and initial volu

metric water content have significant effects on the calculation of 

seepage times for the liner, but they have little effect on the total 

Stage I seepage times. The foundation hydraulic conductivity also 
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Table 3. Results of the sensitivity analysis 

% Affect on Seepage Time 
Coefficient of 

Seepage Time 

Layer Mean Variation (%) Liner Foundation 

Hydraulic Conductivity (cm/yr) 

Tailings 473.00 200 1.23 0.17 
Liner 4.00 175 62.57 60.66 
Foundation 3,150.00 200 8.58 

Porosity 

Liner 0.40 20 79.96 0.03 
Foundation 0.40 5 0.01 

Initial Volumetric Water Content 

Liner 0.30 10 20.04 2.82 
Foundation 0.01 — — — — 

Residual Volumetric Water Content 

Liner 0.20 20 0.00 3.83 
Foundation 0.13 20 5.09 

Pore-•size Distribution Index 

Liner 1.0 10 0.61 0.09 
Foundation 2.0 10 1.55 
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has an effect on the resultant Stage I seepage times, but it has a 

significantly smaller effect than the liner hydraulic conductivity. 

Although the pore-size distribution index is fundamental to 

the calculation of the unsaturated hydraulic conductivities, it causes 

little effect in the calculation of seepage times. Even if the coefficient 

of variation is increased to 100%, there is only an overall 6% increase 

in the seepage times. Variation less than 10% in the seepage times in 

days will be negated when the seepage times are converted from days 

to years. 

There is the possibility of cumulative affects when more than 

one parameter is allowed to vary, and the possibility of more variable 

effects when parameter values are selected toward the tails of their 

probability distributions (beyond one standard deviation). This sensi

tivity test does not account for these effects. However, this test 

does indicate that the values for the hydraulic conductivity of the 

foundation, and especially the liner, are critical in the proper estima*-

tion of the times of Stage 1 seepage. 

Monte Carlo Simulation 

The Monte Carlo simulation, used as a probability overlay, 

allows any or all parameters in the model to be varied according to 

their probability distribution. A total of 300 iterations were run for 

Stage I in order to fit accurately a probability distribution describing 

the results. This was accomplished by plotting the results as a 

histogram, calculating the first four probability moments, and compar

ing these results to a Pearson's distribution scheme (Appendix C). 



The arithmetic mean of the Monte Carlo results and the result of the 

deterministic solution can then be compared to the range of possible 

solutions and their probability of occurrence. Results of the Monte 

Carlo simulation are presented in Table 4 and Figure 9. As can be 

seen, due to the iterative nature of the solution for the McWhorter 

and Nelson model and the nature of the log-normal distribution of the 

results, the deterministic solution has less probability of occurrence 

than the arithmetic mean of the results. 

Discussion on Monte Carlo Simulation 

Table 4 indicates that the deterministic solution (Det.) of the 

McWhorter and Nelson (1979) model will severely overestimate the time 

of Stage I seepage. The probability that the time of Stage I seepage 

will be 9.5 years or longer is less than 15%. For most geotechnical 

engineering design, even open-pit mine slopes where some failure is 

expected, the design reliability (probability of success) is usually 

greater than 90%. By these standards, greater than 90% reliability, 

the estimated time of seepage for this example would be less than 

0.5 years. 

Furthermore, even the arithmetic mean of the Monte Carlo 

simulation results (Avg.) has only a 25% reliability that the actual time 

of Stage I seepage will be 6 years or longer. This is due to the 

logarithmic distribution of the resulting times of Stage I seepage. 

This emphasizes two concepts: (1) that it is necessary to know the 

probability distribution of the results before interpreting the results 
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Table 4. Results of the Monte Carlo simulation (Stage I) 

Time (yr) Probability (t < time) Probability (t > time) 

0.5 0.11 0.89 

1.0 0.24 0.76 

1.5 0.35 0.65 

2.0 0.44 0.56 

2.5 0.50 0.50 

3.0 0.56 0.44 

3.5 0.60 0.40 

4.0 0.64 0.36 

4.5 0.67 0.33 

5.0 0.70 0.30 

5.5 0.73 0.27 

6.0 0.75 0.25 Average 

6.5 0.76 0.24 

7.0 0.77 0.23 

7.5 0.80 0.20 

8 . 0  0 . 8 2  0 . 1 8  

8.5 0.83 0.17 

9.0 0.84 0.16 

9.5 0.85 0.15 Det. 

10.0 0.86 0.14 
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and (2) that, depending on the probability distributions and the amount 

of variability in the parameters used to solve a particular model, the 

deterministic solution may be a highly unconservative estimate. 

The resulting times for Stage I unsaturated seepage to flow 

through the liner and foundation is a log-normal distribution (Fig. 9). 

This is a result of the probability distributions of the hydraulic con

ductivities of the liner and foundation, as was indicated in the sensi

tivity analysis, particularly the hydraulic conductivity of the liner. 

The high variance of seepage time is a result of the high variance of 

the saturated hydraulic conductivity and its probability distribution. 

If the only variable allowed to vary is the saturated hydraulic conduc

tivity, the amount of variation is approximately the same, about 100%. 

It is interesting to note that the model is more sensitive to 

the variance and probability distribution of the saturated hydraulic 

conductivity than to the actual mean. This is because the variance is 

so large. This suggests that the accurate measurement of the satu

rated hydraulic conductivity, if in the correct order of magnitude, is 

not as important if the variance is taken into account. 

In summary, these data are the result of the iterative nature 

of the solution to the McWhorter and Nelson (1979) model and the 

uncertainty in the coefficient of permeability represented by the large 

variances. This suggests that the McWhorter and Nelson model used 

with a deterministic approach, even with conservative values selected 

for the coefficient of permeability, may lead the engineer or scientist 

to overestimate the time of unsaturated seepage. 
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As found by McWhorter and Nelson, the calculated times for 

saturation of the liner are very short compared to the total time of 

Stage I unsaturated flow. For most situations, the time required to 

saturate a liner could probably be ignored. 

Stage II Results 

For Stage II flow, the geometries of the model were held con

stant for the same reasons as in Stage I. Stage II is also dependent 

on the horizontal hydraulic conductivity as well as the vertical 

hydraulic conductivity. For sandstone, the proportion of horizontal 

to vertical permeability has a mean of 1.5 with a possible range of 

1 to 20 (Freeze and Cherry, 1979). In Western alluvial soils this 

value is probably much larger. Analysis of Stage II flow indicates 

that horizontal permeabilities more than the vertical permeability pro

hibited the generation of a groundwater mound, even for very long 

periods of times (i.e., "l million years). For this model, the founda

tion was required to be homogeneous and isotropic. Therefore, the 

horizontal and vertical permeabilities used in the Stage II model were 

equal. 

Monte Carlo Simulation 

Two conditions may occur with Stage II flow analysis that have 

to be dealt with arbitrarily in the computer simulation. One condition 

is the case where the groundwater mound is rising but is rising at a 

rate so slow as to take a phenomenally long period of time (greater 

than 1 billion years). The other case is the theoretical case where the 
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inflow and outflow of groundwater in the mound will reach an equilib

rium, at some mound configuration below the liner at some depth in 

the foundation, given a specific combination of seepage parameters. 

Therefore, the program was written so that any period of time greater 

than 1 million years was designated as 1 million years, and the simula

tion continued to the next iteration. 

Because of the large amount of memory required for the Stage 

II program and for the probability overlay, only 200 iterations could 

be run for the Stage II Monte Carlo simulation. The results are pre

sented in Table 5. 

Discussion on Stage II 
Monte Carlo Simulation 

Because of the truncation limits imposed on the times in the 

Stage II seepage model, a realistic probability distribution is practically 

impossible to fit. Stage II unsaturated flow produces a large range of 

resulting times with an arbitrary maximum of 1 million years. There

fore, the resulting relative frequencies of the results are interpreted 

as probabilities. 

For this example, the end of Stage II unsaturated seepage 

(where the groundwater mound reaches the base of the tailings) is 

unlikely (less than 50%) to occur within the period of concern (1,000 

years; Table 5). However, the time period with a 90% reliability that 

Stage II unsaturated seepage will not reach the base of the impound

ment is less than 1 year. This agrees with the results from Stage I 
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Table 5. Results of the Monte Carlo simulation (Stage II) 

Time (yr) Probability (t < time) Probability (t > time) 

0.1 0.05 0.95 

1.0 0.22 0.78 

10.0 0.26 0.74 

50.0 0.32 0.68 

100.0 0.37 0.63 

200.0 0.40 0.60 

500.0 0.42 0.58 

1,000.0 0.45 0.55 

10,000.0 0.47 0.53 

100,000.0 0.50 0.50 
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where the 90% reliability time for Stage I flow was found to be less 

than 6 months. 

For Stage II flow, this model is highly sensitive to the selec

tion of radius of impoundment area (R), the thickness of the ground

water table (H ), and the determination of the horizontal hydraulic cl 

conductivity (k ) (McWhorter and Nelson, 1979). Minor variations in 
3i 

the area of the impoundment (the radius) cause large variations in 

the lengths of time of Stage II seepage. In addition, the thickness of 

the groundwater table required to meet the criteria that "s" shall be 

everywhere small in relation to H (see discussion in Appendix A) may 
cl 

be an unrealistic geometry in some situations. 



CHAPTER 4 

RADON EMANATION 

Radon emissions from uranium mill tailings have long been 

recognized as a potential health hazard (Rogers and Nielson, 1981). 

The management procedure suggested to reduce radon emissions of 

inactive mill tailings is to cover the tailings with earthen materials or 

a combination of earthen materials and cement, asphalt, etc. (Rogers 

and Nielson, 1984). Because radon is a chemically inert gas whose 

principle isotope, radon-222, has a radioactive half-life of 3.8 days, 

it is able to migrate considerable distances before decaying to a stable 

daughter product. Radon-222 has been measured at elevated concen

trations 1,000 m from uranium tailings piles (Rogers, Overmyer, and 

Nielson, 1979). Critical levels of radon-222 generation continues for 

many thousands of years due to the relatively long half-life (4.5 x 10 

years) of its radioactive parent, uranium-238, which is present in 

uranium tailings (Rogers and Nielson, 1981). As a result of this 

potential health hazard, the EPA established standards for the maxi

mum average release rate for radon-222 of 20 picocuries per square 

meter per second, averaged over the entire tailings surface, for inac

tive uranium tailings impoundments. 

The transport of radon through uranium tailings and cover 

materials is generally described by diffusion theory. The tendency of 

radon to diffuse, taking into account the diffusion of radon into the 

50 
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pore fluid, the interference of the soil matrix, and the presence of 

more than one fluid phase, is described by the constant of diffusion, 

D. Rogers and Nielson (1984) have found the diffusion coefficient to 

be empirically related to the degree of saturation and the porosity of 

the soil material: 

D = 0.07 e~4^m mP + m ^ 

where 

m = degree of saturation and 

P = porosity. 

As is obvious from the above equation, the diffusion coefficient is 

strongly influenced by the moisture content of the soil and less so by 

the porosity. 

Because of the regulatory emphasis on annual radon fluxes 

averaged over the entire tailings, one-dimensional steady-state models 

are adequate (Rogers and Nielson, 1984). The model most commonly 

used by the uranium tailings industry is currently a one-dimensional 

model, and the current approach used by the Nuclear Regulatory Com

mission for regulatory purposes incorporates a one-dimensional, steady-

state analysis (Rogers and Nielson, 1984). 

Recent research has shown that the variability of the parame

ters used to solve the radon emanation model may cause large varia

tions in the results (Smith et al., 1985). However, no research has 

yet approached the radon flux problem from strictly a probability 

aspect. This thesis uses simple probability techniques that will allow 
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the variance of the input parameters for the radon emanation model to 

be incorporated into the calculations. 

There is a conviction among the engineers currently analyzing 

and designing uranium tailings that radon flux and required cover 

thickness should be able to be calculated by hand (Rogers et al., 

1980). To be consistent with industry practices, this thesis presents 

simple probability methods that can be calculated directly without the 

aid of computers or complex tables and charts. However, there is 

spatial variation in the concentration of radon in the uranium tailings 

(see plot results of Nelson, Gee, and Oster, 1980; Fig. 10). Hand-

calculated one-dimensional models cannot easily incorporate this spatial 

variation. The true average of the annual radon flux, therefore, will 

be highly dependent on the sampling pattern selected (MacDonald, 

1985). This bias in sampling may be avoided by either intensive 

sampling and using weighted averages or by going to more complex 

spatial statistical models. 

The analysis presented in this thesis follows the mathematical 

theory of radon attenuation presented by Rogers et al. (1982). In 

addition, this analysis introduces the probability procedures of point 

estimates and Taylor series approximations to the variability of a func

tion of more than one variable. Monte Carlo simulation is not used in 

this analysis for two major reasons. First, the Monte Carlo requires 

specific knowledge of the probability distributions for each variable in 

the determination of radon flux, some of which are poorly known 

(e.g., the diffusion coefficient and the emanation coefficient). 
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Second, the simplicity of the equations in the diffusion models cur

rently in use for radon emanation allow more simple and more rapid 

techniques for determining the variation of a function. 

For the purposes of this analysis, the diffusion coefficient may 

either be calculated with the above empirical equation, or values 

derived from testing and/or selected from the literature may be input 

into the following equations. 

Radon Attenuation Model 

Although the theory used in this thesis was originally pre

sented in 1981 by Rogers and Nielson, there have been more recent 

publications by these authors that develop the mathematical theory 

more clearly and succinctly. Therefore, the equations used in this 

paper may come from references other than only Rogers and Nielson. 

According to Rogers et al. (1982), flux from the bare tailings 

(J t) may be described by the following function (Appendix B): 

J t  = 10,000 RpEAD t  Tanh (x t  A/D^.) 

where 

2 J t  = radon flux (pCi/m s) , 

R = radium content (pCi/g) , 

3 p = bulk density (g/cm ) , 

E = emanating coefficient , 

\ = radon decay constant (2.1 x 10 ^ s-*) , 

2 = tailings diffusion coefficient (cm Is) , and 

x t  = tailings depth (cm) . 



The radon flux through covered tailings (Jc) is defined as: 
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2 J. e'-'A1 

J = 
C {1 + a./a Tanh b.x.) + (1 - a./a Tanh b.x.) e 2 H:Xc , tc tt tc tt 

where 

x = cover thickness (cm) , 
c 

b. = X/D. ( i = c or t) , 

a. = P.2D.[l-(l-k)m.]2 , and 
i 11 iJ 

k = 0.26 at 20°C. 

Therefore, the cover thickness may be calculated from: 

xc = Dc/a In 1(2 J t/J)/(1 + a t/ac + (1 - a t/ac)(Jc/J)2)] , 

where 

2 J = required radon flux (20 pCi/m s) 

Variability of Emanation Model Parameters 

Two models are used in the radon emanation portion of this 

thesis: Rogers and Nielson's (1984) empirical approach to the radon 

diffusion coefficient and the Rogers and Nielson (1981) model for 

radon attenuation through tailings and covers. The engineering 

parameters required to solve these models are listed in Table 6. 
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Table 6. Required parameters for determining diffusion coeffi
cient and radon emission. — See Appendix B for definition of terms. 

Variable Required Parameters 

Diffusion coefficient Degress of saturation (m) 

Porosity (P) 

Radon emission Bulk density (p) 

Radium content (R) 

Degree of saturation (m) 

Porosity (P) 

Diffusion coefficient (D) 

Bulk Density 

Bulk density is used in the radon attenuation model (Rogers 

and Nielson, 1981). Bulk density values are only required for the 

uranium tailings in the radon emanation model. 

Analysis of the data presented in Gee et al. (1981) indicates 

3 an average bulk density of 1,23 g/cm with a standard deviation of 

0.1224 for the uranium tailings at Grand Junction, Colorado. This 

results in a coefficient of variation of 10%. This coefficient of varia

tion is similar to data presented in Warrick and Amoozegar-Fard (1981) 

for typical agricultural soils, where they found the coefficient of vari

ation of bulk density to range from 7% to 11%. Harr (1977) reports 

1% to 12% coefficients of variation for the bulk densities of silts and 

clays. 
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Porosity 

The variation of porosity in soils was discussed previously in 

Chapter 3. 

Fractional Moisture Saturation 

There is some confusion in the literature over the so-called 

"moisture fraction." In part, this is due to the many diverse ways 

authors present the proportionality of water in the soil, often within 

the same paper. The proportional fraction of moisture in a soil sample 

has been presented as the gravimetric water content (the weight of 

moisture over the dry weight of the sample), the volumetric water con

tent (the volume of water over the volume of the total sample), and as 

the degree of saturation (the volume of water over the volume of the 

voids). Although all the above terms are similar, they represent dif

ferent physical properties in the soil. If not used correctly, they 

could lead to errors in calculations. 

This thesis follows Rogers and Nielson's (1981) definition of 

the proportional moisture content because it is consistent with the 

mathematical model used in this thesis. Rogers and Nielson defined 

"m" as the "volumetric fraction of moisture saturation.11 The volumet

ric fraction of moisture saturation ranges from zero to one. At a value 

of one, the soil is said to be saturated. This implies that the volu

metric fraction of moisture saturation is identical to the geotechnical 

engineering term, degree of saturation. 

Because both the water content and the degree of saturation 

describe the volume of water in a sample of soil, the variation of the 
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degree of saturation would be expected to approximate the variation of 

volumetric water content or the variation of the gravimetric water content. 

Fredlund and Dahlman (1972) found coefficients of variation for 

the degree of saturation of glacial sediments to range from approximately 

8% to 13%. Schultze (1972) found a coefficient of variation of approxi

mately 19% for the degree of saturation of silts. No direct data are avail

able for uranium tailings or covers. However, Smith et al. (1985) found 

the gravimetric water content of uranium tailings at the Salt Lake City 

site to have a coefficient of variation of 30% and estimated a coefficient of 

variation for the cover material gravimetric water content of 17%. To be 

consistent with data presented in Smith et al,, a coefficient of variation 

of approximately 30% was used for the degree of saturation for the tail

ings, and a coefficient of variation of approximately 15% was used for the 

degree of saturation for the cover. These values are consistent with 

coefficients of variation that were calculated for the degree of saturation, 

using point estimates (see example problem, p. 63) with data from Smith 

et al. 

Radium Content 

From data presented in Gee et al. (1981), the Grand Junction, 

Colorado uranium tailings impoundment was found to have a mean radium 

content of 1,582 pCi/g with a standard deviation of 361.63 pCi/g, 

resulting in a coefficient of variation of 23%. Smith et al. (1985) found 

a weighted average radium content for the Salt Lake City, Utah uranium 

tailings of 470 pCi/g and estimated a standard deviation of 300 pCi/g. 

This would indicate a coefficient of variation of 64%. 
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Emanating Fraction 

The emanating fraction of radon is only required for the ura

nium tailings in the radon diffusion model. Smith et al. (1985) found 

the mean emanating fraction of radon to be 0.22 with a standard devia

tion of 0.05 at the Salt Lake City uranium tailings site. These results 

indicate a coefficient of variation of 23%. 

Diffusion Coefficient 

The diffusion coefficient is required for the radon diffusion 

model and it is required for both the uranium tailings and the cover 

material. 

Smith et al. (1985) determined a mean of 0.024 and a standard 

deviation of 0.0038 for the diffusion coefficient for the Salt Lake City 

uranium tailings site. They also found a mean of 0.013 and a standard 

deviation of 0.0031 for cover soil from South Clive, Utah. This would 

indicate a coefficient of variation of 16% and 24%, respectively. 

As indicated by their empirical equation for the diffusion coef

ficient, Rogers and Nielson (1981) found the diffusion coefficient 

strongly dependent on moisture content. This would suggest a lower 

coefficient of variation in the cover material if compacted at optimum 

moisture content, as opposed to the tailings. These conclusions are 

opposite to those of Smith et al. (1985). This suggests that the mois

ture data for the cover soils presented in Smith et al. may have been 

natural gravimetric water content and would, therefore, be more repre

sentative of the variation that may occur in the moisture content of 

covers over long periods of time. This indicates the importance of 



calculating a "residual degree of saturation" similar to the residual 

volumetric water content of agricultural engineering. 

As was summarized in Chapter 3, the parameters used in the 

radon attenuation and diffusion models will be grouped according to 

their variability: high, medium, or low. Low variability parameters 

will be those with a coefficient of variation less than 10%. Medium 

variability parameters will be those parameters with a coefficient of 

variation greater than 10% but less than 50%. High variability parame

ters will be those parameters with a coefficient of variation greater 

than 50% {Table 7). 

Table 7. Summary table of parameter variability 

Coefficient of 
Parameter Variation (%) Reference 

Low Variability 

Bulk density 

Porosity 

7-11 

8-13 

Warrick and Amo'ozegar-Fard (1981) 
Schultze (1972) 

Schultze (1972) 
Smith, Nelson, and Baker (1985) 

Medium Variability 

Radium content 

Emanating fraction 

Diffusion coefficient 

Saturation 

23-64 

22 

16-24 

8-19 

Gee, Nielson, and Rogers (1985) 
Smith et al. (1985) 

Smith et al. (1985) 

Smith et al. (1985) 

Schultze (1972) 
Fredlund and Dahlman (1972) 
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For the radon emissions model, both the point estimate and the 

Taylor series approximation technique are used. Because of the way 

the point estimate is used in this thesis, the variables used with the 

point estimate, the degree of saturation and the porosity, must come 

from symmetrica] distributions. Both of these variables were shown to 

be normally distributed in the unsaturated seepage section. 

Parameter Distribution 

The Taylor series approximation probability method only gives 

results in terms of the mean and standard deviation and gives no infor

mation about the probability distribution. In order for an accurate 

interpretation of the data, a probability distribution for the results 

must be known or inferred. Therefore, the probability distribution for 

the radon flux from the Rogers and Nielson (1981) model was required. 

Radon Flux 

The distribution for radon flux is required for interpretation 

of the results of the radon emanation model. Analysis of radon flux 

data presented in Gee et al. (1984) indicates that radon flux follows a 

log-normal distribution (Fig. 11). As was shown in Chapter 3, the 

resulting times of a diffusion process, unsaturated seepage, follow a 

log-normal distribution. Therefore, it would be expected that the 

results of another diffusion process, radon emanation, will also follow 

a log-normal distribution. The theoretical diffusion equation, on which 

the one-dimensional analysis for radon emanation is based, is the same 

equation, the Richard's equation, that is used for unsaturated seepage. 
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Therefore, it is assumed that the physical properties, which cause the 

log-normal probability distribution for hydraulic conductivity and seep

age times, apply equally to the radon diffusion coefficient and radon 

flux. 

•Analysis of data presented in Gee et al. (1984) indicate that 

the log-normal distribution is probably the correct distribution (Fig. 

11). Although the Chi-square test shows only a moderate level of 

uncertainty (50%), it is felt that the log-normal distribution is a good 

choice. 

To illustrate the application of the point estimate and the 

Taylor series approximation methods to radon emanation, an example 

problem is presented. In addition, this example problem illustrates the 

affect of variation of the engineering parameters on the reliability of a 

solution of the radon emanation model. 

Example Problem 

A typical inactive uranium tailings impoundment that is desig

nated for remedial action will have partially saturated tailings covered 

by a constructed earthen cover (Fig. 12). The data in Table 8 are 

from Smith et al. (1985) and will be used as input for the example 

problem. This will facilitate comparison with the results of the sensi

tivity analysis presented by Smith et al. The gravimetric water con

tents presented in Smith et al. have been converted to degrees of 

saturation, using the porosity and bulk density data from Smith et al. 
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x EARTHEN COVER J ! g;«/0 ;04 

R = 470 pCi/g/300 
E = 0.22/0.05 

20 ft URANIUM TAILINGS f = 2*52^2*25 m = 0.29/0.09 
p = 1.23/0.1224 

A = 2.1 x 10'V1 

* = Mean/SD 

Figure 12. Radon emanation example problem 

The example is in two parts. The first part is the calculation 

of the diffusion coefficient, which illustrates the use of the point esti

mate and the Taylor series approximation. The second part utilizes 

the Taylor series approximation to determine the variability in the 

radon flux given a particular cover thickness. 
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Table 8. Variables used in the radon diffusion model 

Layer Parameter Mean SD CV (%) 

Tailings R 470.00 300.0000 63.8 

E 0.22 0.05 22.7 

P 0.43 0.04 9.3 

m 0.29 0.09 31.0 

P 1.23 0.1224 10.0 

Cover P 0.48 0.04 8.3 

m 0.38 0.06 15.8 

Constants: A. = 2.1E-6 
k = 0.26 

Diffusion Coefficient 

The variability in the empirical diffusion coefficient equation. 

can then be estimated by point estimates or by a Taylor series approx

imation. Both methods are presented so that they may be compared 

for relative accuracy and ease of use. 

Point Estimate 

If normal or symmetric probability distributions are assumed, 

the point-estimate method becomes very simple and straightforward. 

The mean and standard deviation for each variable is required and the 

equation is solved for a set of unique solutions based on these values 

(see discussion on point estimates in Appendix C). 
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For the diffusion coefficient, only two variables (degree of sat

uration and porosity) are required. The input for the point-estimate 

method then is a collection of the mean plus one standard deviation ( + ) 

and the mean minus one standard deviation (-) for each variable. The 

equation is then solved four times, once for each unique combination 

of variables: 

For tailings: 

D(m,P) = 0.07 e"4tm " mP + m&) 

m+ = 0.1 + 0.03 = 0.13 

m- = 0.1 - 0.03 = 0.07 

P+ = 0.43 + 0.04 - 0.47 

P- = 0.43 - 0.04 = 0.39 

mean = E[D] = l/4(D(m+, P+) + D(m+, P-) + D(m-, P + ) 

+ D(m- , P-) ] 

variance = V[D] = E[D^] - (E[D])^ 

where 

D = D(m, P) , 

resulting in 

E[D] = 0.05 

V[D] = 0.000025 

SD = /V[D] = 0.005 

CV = 10% . 



67 

Taylor Series Approximation 

Because the empirical diffusion equation is easily differentiated 

for both variables, the Taylor series approximation may also be used. 

The Taylor series approximation is based on the expansion of a Taylor 

series about the mean value of a function (Appendix C). All equations 

are evaluated at their mean values: 

EID] = 0.07 e"4<m " mp2 + m5) 

VIDl + (dD/dra)2 x Vim] + (dD/dP)2 x V(P] 

where 

V[m] = variance of m and 

V[P] = variance of P 

Entering the same data as for the point-estimate method, the following 

results were obtained: 

E[D] = 0.05 

V[D] = 0.000025 

SD = 0.005 

CV = 10% . 

Therefore, with only two variables both methods produce the same 

results. However, the point-estimate method is simpler and more 

rapid. 
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Radon Flux 

The Taylor series approximation method was used for the calcu

lation of the variability in the bare tailings flux and for the covered 

tailings flux. The resulting answers, from using the probability 

approach, were compared to a deterministic solution. 

Taylor Series Approximation Results 

The results of the Taylor series approximation are presented 

in Table 9. Table 9 is a table of the expected means and standard 

deviations for the radon flux, given a specific cover thickness and the 

data in Table 8. As would be expected, the mean radon flux decreases 

with increasing cover thickness; however, the variance of the radon 

flux also increases with increasing cover thickness. 

Table 9. Results of radon emissions 

Radon Emission (pCi/m2s) 

Thickness 
of Cover 

(ft) Mean 
Standard 
Deviation 

Coefficient of 
Variation 

( % )  

10 44.78 8.0204 17.91 

12 28.56 5.4976 19.25 

13 22.86 4.5575 19.94 

14 18.32 3.7800 20.63 

15 14.69 3.1364 21.35 

20 4.90 1.2300 25.10 
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Discussion on Radon Flux 

These results, as discussed earlier, may be evaluated by using 

a log-normal distribution and standard probability tables. Such an 

analysis is presented in Table 10. 

As was shown with the seepage results, the log-normal distri

bution is skewed toward zero, causing arithmetic averages and deter

ministic solutions to have a less than 50% reliability. By deterministic 

analysis, a 14-ft-*thick earthen cover would be deemed adequate to 

attenuate radon flux to less than the 20 pCi/m s required by the EPA. 

However, the probability that the radon flux is less than this limit is 

70%. For this example, adequate reliability values (greater than 90%) 

Table 10. Analysis of results 

Probability of Radon Flux 
Cover Thickness (ft) Less than 20 pCi/m^s 

10 -0.00 

13 0.28 

14 0.70 

15 0.94 

20 -1.00 
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2 for an average radon flux less than the maximum 20 pCi/m s requires a 

cover thickness 15 ft or thicker. Because the probability calculated is 

the total probability less than a certain radon flux and because the 

radon flux is log-normally distributed, the reliability increases rapidly 

with little increase in cover thickness. 

Smith et al. (1985), using the same values for input into a com

puterized version of the radon emanation model, performed a sensitivity 

analysis. The sensitivity analysis determined the input parameters 

whose variability caused the greatest variation in the calculated cover 

thickness {Table 11). They calculated the sensitivity of the model by 

varying each parameter by one standard deviation, leaving the other 

parameters at their mean. They reported the effect on the resulting 

variability in cover thickness by reporting the range of cover thick

nesses calculated when each parameter was varied. 

As is apparent from Table 11, radium concentration, cover 

moisture content, cover diffusion coefficient, and the emanating coeffi

cient cause the greatest variability in the calculated cover thickness. 

These results from the sensitivity analysis show that the variation of 

primarily the radium concentration, the cover moisture, and the cover 

diffusion coefficient cause considerable variation in the range of 

required cover thicknesses. This may help explain the variability 

from the Taylor series analysis. 

An interesting corollary to these results is the fact that, due 

to the log-normal probability distribution of the radon flux, a minor 

increase in the cover thickness greatly increases the reliability of the 
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Table 11. Sensitivity analysis from Smith, Nelson, and 
Baker (1985) 

Mean 
Standard 
Deviation 

Range of 
Cover 
Thickness 

(ft) 

0.013 

Cover Diffusion Coefficient 

0.0031 2 . 0  

18.000 

Cover Moisture Content 

3.000 2.4 

0.480 

Cover Porosity 

0.0400 0 . 6  

0.024 

Tailings Diffusion Coefficient 

0.0038 0.3 

10.000 

Tailings Moisture Content 

3.000 0 . 1  

0.4300 

Tailings Porosity 

0.0400 0.5 

470.000 

Radium Concentration 

300.0000 4.0 

0 .220  

Emanating Coefficient 

0.0500 1.2 
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design. This result would lend itself readily to a cost-benefit analysis 

where the optimum reliability with minimal costs could be determined. 



CHAPTER 5 

SLOPE STABILITY 

Larson (1982) applied a probability method to slope stability 

analysis by adapting a computerized version (STABR) to the modified 

Bishop's method of slope stability analysis. This chapter presents a 

review of the methodology Larson used in his analysis. 

Probability Model for Slope Stability 

In normal soil sampling, soil samples are collected from sepa

rate locations that, it is assumed, adequately represent the soil mass. 

Assuming that the soils form lithologic or stratigraphic units in the 

soil mass, the soil samples are grouped according to soil type. From 

here on specimen refers to the actual soil unit prepared for testing, 

and sample refers to the collection of specimens that represent one 

soil type. 

If the soil specimens were properly cored and handled in the 

field and proper shear testing of the sample was conducted in the lab, 

there will result a collection of shear strength results from three to 

four specimens for each soil sample. Normal stresses are calculated 

from the cross-sectional sheared area at failure and the data are 

plotted on a shear strength versus normal stress plot (Fig. 13). 

A straight line, best fit, through the data is obtained by a 

linear regression to form the Mohr-Coulomb failure envelope. Because 

shear strength t  is defined in terms of the cohesive strength and the 

73 
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Figure 13. Plot of normal stress versus shear strength for a 
typical CL soil tested in a small-scale direct shear machine 

frictional resistance, the cohesion is dependent on the friction in terms 

of the shear strength. Therefore, C will refer to the cohesional com

ponent and u will refer to the frictional component. A linear regres

sion then defines the shear strength as: 

t. I o = C. + u. 
i1 i l 

where 

1.1 a = mean shear strength at a for specimen i , 

Cj = best estimator for cohesive component , 

u. = best estimator for frictional component , and 

a = normal stress 
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The calculation of the cohesive component and the frictional component 

are then: 

u. 

C. = t  -
1 a u. 1 

where 

n = number of data points, 

Tj =, calculated shear stress for data point i, 

Oj = calculated normal stress for data point i, 

x = mean shear stress for the specimen, and 

o = mean normal stress for the sample. 

The measure of the error of the points from their predicted (linear) 

As is often observed, the plot of measured shear stress— 

normal stress points rarely falls on a perfectly straight line (Fig. 14). 

Therefore, for a single specimen the variance of the shear strength is 

given by; 

2 value is known as the expected square error (s ): 

s2 = _i_. 2 [ x - (C. + u. CT )] ̂  
n-2 i i 
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Figure 14. Linear regression plot of the shear strength test 
data for a typical CL soil 
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V[tjJ a] = s2 [1/n + (a. - o)2/((n-l) V[a])] , 

V [ t J o ] = variance of the mean shear strength at a given 

normal stress, a 

s2 = expected squared error, and 

V[o] = best estimator of the variance of o . 

This is known as the "within sample variance." The plot of the one 

standard deviation from the best fit line is not linear. The amount of 

standard deviation will be smallest in the regions where there is test 

data and will diverge from the mean away from this region. This may

be interpreted as that the confidence in the mean decreases where 

there is no data (Fig. 14). 

Often the combined plot of the shear strength envelopes for all 

the specimens of one soil sample will show some difference from one 

specimen to another. This is called the "between sample variance." 

For an application of probabilistic methods, these specimens will need 

to be combined into a single plot with a mean and variance. 

The variability of the shear strength of the soil in the field is not 

a function of the number of normal stresses applied during laboratory test

ing. Statistically speaking, this would assume that each data point was 

independent. The specimens, however, are independent, whereas the 

shear strength for each specimen is dependent on the data points used to 

define it. The mean shear strength for a sample is then the mean of 
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all the sample means. In effect, a linear regression is performed, not 

on the data but on the resultant regression for each specimen: 

x|o= 1/k I t.|o 

= 1/k E (C. + ou.) 

= 1/k I C. + o/k Z u. 
i 1 

where 

k = number of specimens, 

x|a = mean shear strength at o for a sample, and 

all t, C, and u are evaluated at their mean. 

The variance of the mean shear strength is then: 

Vlt |o] = 1/k2 Z V[T-| a] + V[t] 

where 

V [ t ] = variance of the specimen means. 

The above equation expresses the sum of both the "within sam

ple variance" and "the between sample variance." Numerically, the 

total variance of the soil sample becomes the mean sample variance of 

the specimen means. These also plot as curvilinear lines with the vari

ance at a minimum in the range where data exist. 

For input into the modified Bishop computer model (STABR), a 

further simplification is made, an artificial standard deviation is calcu

lated. Approximately 20 to 50 points are taken along the calculated 

standard deviation curves in the range where data exist. Two linear 

regressions are fit through these points, one at plus one standard 

deviation and one at minus one standard deviation. The new standard 

deviation for the angle of friction is defined as the difference between 
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the mean angle of friction and the slope of the fitted standard deviation 

(Fig. 15). 

The distribution of the shear strengths is now assumed to be 

a normal distribution about the calculated mean shear strength. The 

shear strengths can then be sampled by using a Monte Carlo simulation. 

By definition of the above calculations, for each friction angle selected, 

there is a corresponding cohesion. In effect, the cohesion is depen

dent on the angle of friction. Therefore these variables cannot be 

selected independently. This is easily simulated by using the same 

random number to select both the cohesion and the angle of friction 

from their respective probability distributions. Because the same ran

dom number is used for both distributions the value selected for both 

the cohesion and the angle of friction will occur at approximately the 

same area in the distribution. 

The Monte Carlo simulation, in conjunction with the modified 

Bishop (STABR) method of slope stability, produces a set of resulting 

factors of safety. Larson (1982) has shown that the factor of safety 

for slope stability approximates a normal distribution. The probability 

of failure is then defined as the region of the normal distribution less 

than FS = 1 (Fig. 16). 
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CHAPTER 6 

LONG-TERM STABILITY 

The concern over the long-term stability of tailings impound

ments results from the long-time periods in which tailings continue to 

release radioactive materials. Radon has a relatively short half-life, 

about 4 days. Its radionuclide precursers, however, have half-lives 

ranging from 1,600 years for radium to 80,000 years for thorium 

(Nuclear Regulatory Commission, 1980). 

The EPA established standards that will ensure the stability 

and control of uranium mill tailings for up to 1,000 years, and in any 

case for 200 years. Many environmental, physical, and climatic effects 

pose a potential risk to the stability and control of the uranium tail

ings. This chapter reviews the probability applications currently in 

use for prediction of catastrophic climatic events and earthquakes. 

In this chapter extreme value statistics as they apply to cli

matic events and earthquakes are reviewed. Although there are major 

limitations to the predictive ability of these techniques due to a paucity 

of regional data, they are the predominant quantitative predictors cur

rently in use. The probability of rare, relatively isolated, random 

events such as tornadoes and volcanics are ignored, as well as less 

serious events such as gullying and wind erosion. The less serious 

events can be readily mitigated by the placement of the tailings or by 

the design of a cover. 

81 
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The EPA has regulated a minimum design life of 200 years and 

a recommended design life of 1,000 years for uranium tailings. Nelson 

et al. (1984) determined that the recurrence intervals, of the largest 

possible natural phenomena, at a 0.99 confidence interval, at a uranium 

tailings impoundment would be on the order of 20,000 years. Extrapo

lating from a relatively poor data base to these rare events is questio-

able. In western states there is often less than 20 years of hydrologic 

data for even major watersheds in urban areas. And the recurrence 

interval for even medium magnitude earthquakes in most areas is so 

large that there may be only one or two recorded events, 

Lindsey, Mishima, and King (1982) have shown that there are 

many manmade structures, thousands of years old, that have withstood 

climatic events ana earthquakes with no appreciable damage. These 

structures can be found in most climates from the arid Southwest to 

the humid Southeast. As Lindsey et al. have shown, erosion, gully

ing, and blowouts have been prevented with primitive construction, 

techniques and the structure has survived for thousands of years. 

What cannot be easily ignored, however, are the extreme catastrophic 

events. 

Even catastrophic events, as Shepherd and Nelson (1978) have 

shown, are variable in the actual danger created. A slope failure can 

be catastrophic, with thousands of cubic yards of radioactive waste 

released. However, the waste material in the failure, if it does not 

liquify, will not move far beyond the tailings impoundment and may 

easily be cleaned up. On the other hand, a catastrophic flood could 
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easily destroy a tailings impoundment, carrying radioactive wastes far 

beyond the original location of the tailings. 

Instead, Shepherd and Nelson (1978) have produced a decision 

analysis approach that is dependent on the combination of the "likeli

hood" of an event, the relative amount of radioactive material such an 

event would release, and a scaling factor that was dependent on the 

severity of such an event. 

Shepherd and Nelson Model 

Severity "S" is calculated by Shepherd and Nelson (1978) as 

the following: 

S. = L. x M. x U. 
1 1 1 1  

where 

S. = severity of failure , 

L. = likelihood of failure, 
l 

foL = magnitude of failure , and 

U. = negative utility factor. 

The likelihood of failure is not strictly a probability term, but 

rather a combination of the probability of occurrence, site conditions, 

and uncertainty of long-term prediction. The likelihood of failure was 

scaled by Shepherd and Nelson from 0 to 10 in increments of 2. Setting 

the increments to two allowed the uncertainty of the predictive probabil

ity to be taken into account. The hazard of failure is actually a measure 

of the magnitude of four specific failure mechanisms i 
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1. w = radon emanation, 

2. x = dissolved radionuclide release, 

3. y = undissolved radionuclide release, 

4. z = reduction in gamma-ray emission attenuation. 

The magnitude of failure describes the amount of radioactive materials 

expected to be released relative to the total potential amount that 

could be released. 

The negative utility of failure mode is a weighting factor which 

considers the extent of the problem, based on the different types of 

hazard, different levels of hazard, and different control problems. 

This is an entirely subjective evaluation of the site conditions and the 

specific conditions that would influence failure. Some values are pre

sented in Table 12. 

Table 12. Negative utility of failure 

Potential Failure Mode Negative Utility 

Earthquakes 

Floods 

2 . 0 0  

1.75 

Winds 1.50 
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Nelson et al. Model 

Nelson et al. (1984) suggested the current data base of large 

values for catastrophic events precludes the use of accurate prediction 

of the recurrence interval for large times. For an annual probability 

of occurrence of 0.01 or less for a stability period of 200 years would 

require an event with a recurrence interval of over 2,000 years. In

stead, Nelson et al. suggested the use of probable maximum precipita

tion (PMP), probable maximum flood (PMF), and maximum credible 

earthquake (MCE). The maxima for floods are determined from the 

physical limitations of the atmosphere, the longest duration of precipi

tation possible, and the hydraulic characteristics of the watershed. 

The MCE is most often reported as an estimation of the maximum accel

eration . The maximum acceleration are reported for the four seismic 

zones in Table 13. However, probable maximum events have been 

Table 13. Earthquake acceleration. — From National Academy 
of Science (1983, Table 5-5, p. 176). 

Region Maximum Credible Earthquake (g) 

0  0 . 0  

1  0 . 1  

2  0 . 2  

3 0.4 
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approached or exceeded many times in the past decade, suggesting 

such events are clearly within the range of possibilities (National 

Academy of Science, 1983). 

In practice, probable maxima values tend to become static for 

a region, and current estimates appear to be well within the realm of 

probability rather than actual maxima. To use these estimated maxima 

for long-term design criteria may lead managers to believe that the 

event is beyond the realm of possibility and ignore any future improve

ments upon its estimation. 

Extreme Value Statistics 

For watersheds and seismic regions, where historical data are 

available, the science of probability that deals with rare events is 

known as extreme-value statistics. Although current data for reliably 

predicting catastrophic events are lacking in many areas, the extreme 

value statistics allow predictive models to be upgraded as data collec

tion improves, either from observed events or improved methods using 

dendrochronology and/or geomorphology. 

The expected number of events is defined either as the inverse 

of the return period or the inverse of the recurrence interval. There

fore, the probability that "x" events exceeding a probability "p" in a 

given number of years can be determined using the binomial distribu

tion (Junge and Dezman, 1984): 
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r>/ \ n! x (n-x) 
P<x) = x! (n-x)! P 15 

where 

P(x) = probability of occurrence of x events exceeding p, 

n = number of years, 

x ~ number of occurrences, 

p = probability of exceedance 

= (1/return period), and 

q = probability of nonexceedance 

= 1_P • 

The probability of at least one 1,000-year event occurring in a 1,000-

year time period is equal to one minus the probability of zero 1,000-

year events occurring in 1,000 years. Therefore, 

P(x>l) = 1 - P(0) 

_ , ri 1 0 (n-0) 
(0! Cn-0) I) P q 

P(x>l) = 1 - q11 

ur n - , ft _1 \ 1000 P(x>l) 1 - (1 - 1000) 

= 0.632 . 

Computations can be continued for larger return periods until a table 

(Table 14) is established. Probability of combinations of occurrences 

are additive: 

P{x = 1, 2, and 3) = P(l) + P(2) + P(3) . 
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Table 14. Return periods for events greater than 1,000 
years. — From Junge and Dezman (1984, Table 2, p. 492). 

Return Period (yr) 
% Probability of this Event 

or Larger 

1,000 63.2 

5,000 18.1 

10,000 9.5 

50,000 2.0 

100,000 1.0 

A more complete analysis results if the extreme value distribu

tions are used. Basically, there are three types of Gumbel distribu

tions (Benjamin and Cornell, 1970): 

I. Used to determine the limiting distribution of the largest of n 

values as n gets large. Type I distributions are most often 

used for predicting floods and earthquakes. 

II. Similar to Type I but the distribution is limited at the left by 

zero. Type II distributions are most often used for predicting 

annual maximum winds. 
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III. Commonly known as the Weibull distribution, Type III is used 

for modeling distributions in the tail of the distribution of 

interest. 

Gumbel's Type I is the most useful for the purposes of this 

review. Certain functions behave a certain way at large values: the 

normal, lognormal, and exponential, for example. Gumbel's Type I 

distribution, therefore, holds for both normal and exponential popula

tions. The Type I distribution is: 

-By 
nt . -ae ' G(y) = e 

where 

y = some extreme value, 

a = scaling coefficient, and 

f$ = scaling coefficient. 

In order to estimate a and 6 , the largest annual events y. 

for n consecutive years are grouped in order of increasing size, such 

that Yj < y2 < Yj Yn • G(y) is then estimated by: 

G(y.) = i/(n+l) . 

The values of a and B are estimated from a least-square fit. 

Special extreme probability graph paper has been created to facilitate 

these calculations: 

Log [-Log G(y)] = Log a-0y 
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Once a and 0 are determined, other useful information can be deter

mined (after Lomnitz, 1974). 

If m is the minimum threshold values for a region, the Mean 

magnitude M of an event: 

M = m + 1/3 

If N is the number of events expected per year, T = 1/N is the mean 

return interval period in years. The mean return period for events 

exceeding magnitude y is: 

T = 1/N e6y/° . 

The maximum event most frequently observed in a year, y : 

Log a 
7 = I 

The probability that a given magnitude event y will be exceeded in any 

given year: 

P (>y) = 1 - G(y) 

The probability of occurrence of an event of magnitude y or greater 

in a D year period R: 

R(y> = 1-e-^e"6" 
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Discussion 

The events modeled by a Type I distribution can either be 

flooding or earthquakes. The Type I distribution requires a fairly 

complete set of data in order that a and g can be properly determined. 

Because a and 3 are determined from a best fit of a line through a set 

of data, poor numbers of large events may cause large errors of either 

over-estimation or under-estimation. As noted earlier, long return 

period events are attempted to be predicted by using data collected in 

less than 30 years. This leaves the results in great doubt. 

The Type II and Type III Gumbel distributions have also been 

used for hydrologic data, however, the Type I distribution is used 

most often. The Gumbel Type II has been shown to be useful for pre

diction of annual maximum winds. The Type III distribution has been 

shown to be most useful for predicting minimum values and has been 

useful in predicting droughts. Prediction of earthquakes usually fol

lows a Type I distribution (Benjamin and Cornell, 1970). 

All three distributions are dependent on fitting a line through 

a set of known data and thereby determining the respective scaling 

parameters. Once the scaling parameters are determined, the proba

bilities of occurrence and the probability that a certain event will be 

exceeded can be determined, similar to the example shown for the 

Type I distribution. 

The predictive ability of these distributions is dependent on 

the accuracy of the scaling parameters. If there is little or inaccurate 

data, the determination of the scaling parameters may be highly 
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inaccurate, resulting in a poor predictive model. With a data set that 

is constantly being updated, a better predictive model can be deter

mined. The accuracy of the model will therefore improve with an 

improving data set. 

For long-term stability it is often necesary to predict events 

that may have return periods of an order of magnitude greater than 

the period for which there is data. It is unlikely that any amount of 

data that could be collected in the next few years would be able to 

increase the reliability of these predictive models. However, if it is 

recognized that long-term stability is not a one-time design, but rather 

a long-term management, a predictive model that is easily updated will 

become a useful management tool. 



CHAPTER 7 

CONCLUSIONS 

The purpose of this thesis was to demonstrate the application 

of the probability to current deterministic approaches used in the 

design and analysis of uranium tailings. 

A review of the current engineering literature indicates that a 

significant amount of information exists about the variation and the prob

ability distributions for the engineering parameters used in the analyses 

of uranium tailings impoundments. A sufficient amount of information 

is known about the variation and probability distributions of these 

engineering parameters to allow the use of probability approaches with 

the engineering design and analysis. 

The three probability approaches used in this thesis, the 

Monte Carlo simulation, the Taylor series approximation, and the point 

estimates, are unique in their approach to the variance of a function. 

This enables one method to be utilized when another method becomes 

overly difficult or impossible. As an example, the unsaturated seepage 

model could be used with either the point-estimate method or the Monte 

Carlo simulation. The iterative methods used to solve the unsaturated 

seepage model preclude the use of the Taylor series approximation. 

However, the point-estimate method was shown to require over 2,000 

iterations to adequately solve the unsaturated seepage model. The 

Monte Carlo simulation will give reliable results in around 200 to 300 
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iterations; therefore, the Monte Carlo simulation was used for the 

unsaturated seepage model. 

On the other hand, the variance of the empirical diffusion 

coefficient equation, presented in Chapter 4, could be determined by 

either the point estimate or by the Taylor series approximation. Both 

methods were used. In this case, however, the point estimate provides 

an equally accurate solution more easily and more rapidly than the 

Taylor series approximation. 

Often it is tempting to simplify probability methods by using 

only the normal distribution to represent the probability distribution 

for all of the engineering parameters used to solve a particular model. 

As was shown in Chapter 3, the log-normally distributed saturated 

hydraulic conductivities with a high coefficient of variation can cause 

vastly different results than would be predicted by using a determin

istic analysis. 

Unsaturated Seepage 

Stage I 

The deterministic solution was found to be unsatisfactory for 

use in an unsaturated seepage problem for Stage I unsaturated seepage. 

Because of the log-normal probability distribution of the resulting seep

age times, the deterministic solution may produce resulting times of 

seepage that have a low reliability of occurrence. Also, if the seepage 

times are assumed to be normally distributed, the times of Stage I seep

age may have erroneous reliabilities. This is because of the skewed 

nature of the log-normal distribution. Because of the skewed nature 
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of the log-normal distribution, small times are heavily weighted in terms 

of their probability; therefore, the cumulative distribution of seepage 

times will include a large majority of the possible times before it even 
i 

reaches the arithmetic mean. Because of the Monte Carlo simulation 

and the log-normal probability distribution of the saturated hydraulic 

conductivities, the deterministic solution is larger (longer) than the 

arithmetic mean of the seepage results; therefore, the probability of 

exceeding the deterministic solution is very low. 

The sensitivity analysis for the Stage I unsaturated seepage 

model indicates that the variation of the foundation and liner saturated 

hydraulic conductivities cause most of the variation in the resulting 

seepage times. The variation in the pore-size distribution index was 

found to be insignificant. 

An interesting observation made in the Stage I analysis was that 

the variation of the saturated hydraulic conductivity was so large (~200%) 

that the actual determination of the mean value of the hydraulic conduc

tivities was insignificant, as long as the estimate of the mean saturated 

hydraulic conductivity was in the correct order of magnitude and the 

variance was taken into account. This is useful information for models 

where incomplete information is known about the saturated hydraulic 

conductivity. 

Stage II 

Stage II is difficult to model adequately because the model is so 

sensitive to geometry of the tailings impoundment and the foundation. 

In addition, the Stage II model is highly sensitive to the ratio of verti

cal to horizontal hydraulic conductivities for the foundation soils. For 
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the example presented, if the horizontal hydraulic conductivities were 

even two times the vertical hydraulic conductivities, the Stage II mound 

would have an extremely low probability of occurrence. For a realistic 

situation, where the horizontal saturated hydraulic conductivities may 

be up to 20 times the vertical saturated hydraulic conductivities, the 

Stage II model may be unrealistic. In addition, it seems inadquate to 

use the results from Stage I, which assumes isotropic hydraulic con

ductivities, to predict the beginning of Stage II, which is highly sen

sitive to anisotropy. 

Because of the limiting nature of the computer algorithm, the 

results of Stage II do not lend themselves to a rigorous probability 

distribution. However, the relative frequencies of the results may be 

interpreted as probabilities when the sample size is large enough. In 

this case, the probability that a Stage II mound will approach the base 

of the tailings for the example problem is low. 

Radon Emanation 

As was shown in Chapter 3, the porosity and soil moisture are 

normally distributed engineering parameters. Because of the symmetric 

nature of these distributions, the point-estimate method is easily 

applied to the empirical determination of the diffusion coefficient. The 

point estimate was found to be equally accurate as the Taylor series 

approximation but faster and easier than the Taylor series or the 

Monte Carlo simulation. 

In order to accurately interpret the results, the probability 

distribution for the resulting radon flux was required. From information 
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from the literature and the rationale that radon flux is the result of 

a diffusion process, it was determined that the radon flux was log-

normally distributed. 

The log-normal probability distribution of the radon flux causes 

the same bias toward smaller values as was found in the unsaturated 

seepage analysis. However, because the analysis for radon flux is trying 

to determine the probability that the true average radon flux is less 

2 
than 20 pCi/m , small increases in cover thickness will produce rapid 

increases in reliability. In this case, a deterministic analysis with a 

conservative factor of safety of 2 {FS = 2) would be overly conserva

tive in design. For even a simple design, the added costs of a prob

ability overlay to the radon emanation model would produce significant 

cost savings by giving a better measure of the design reliabiity. 

Slope Stability 

The probability" appeoach to slope stability presented in Larson 

(1982) was reviewed. This approach is basically a linear regression 

approach to material strengths. Once the variance of the strengths is 

known for a population of samples for a soil type, the angle of friction 

and the cohesion are sampled jointly using a Monte Carlo simulation. 

These values are simply entered into a standard slope stability com

puter model. The results are presented as a probability distribution 

of the factors of safety. The probability of failure is then simply 

the area under the normal distribution curves less than 1.0. 
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Long-term Stability 

A review of current approaches to the prediction of cata

strophic climatic and earthquake events was presented. In many areas 

where uranium tailings impoundments are located, data are lacking for 

past earthquakes and climatic events. Current statistical approaches 

to prediction of rare events, such as Gumbel's extreme value theory, 

depend on a record of past events to accurately predict scaling parame

ters used in the solution of the statistical equations. Because these 

data are lacking, the prediction of these scaling parameters can be 

haphazard. However, fixed approaches to rare catastrophic events, 

based on theoretical considerations such as the probable maximum flood 

or the maximum credible earthquake, tend to become set values in 

regulation and design. In many cases, the theoretical causes that 

would produce a "maximum" event are themselves unknown. Maximum 

predicted events have been equalled or exceeded in the past 40 years 

in the United States, suggesting that these events are clearly possible 

and should not be treated as a set limit. Long-term stability cannot 

be a one-time design. The first design will need to be monitored and 

adapted as both social and climatic events change. The statistical 

models, such as Gumbel's extreme value statistics, will allow the con

cept of a rare catastrophic event to evolve with the acquisition and 

improvement of knowledge about these rare events. 



CHAPTER 8 

RECOMMENDATIONS 

This thesis is an initial attempt to demonstrate the use and the 

advantages of a probability approach to the design and analysis of 

uranium tailings impoundments. The models used are simple, and many 

simplifying assumptions were made. In practice, additional work will 

be required and additional information will be needed to ensure the 

successof a probability approach. 

Unsaturated Seepage 

The following are recommended for future work with the models 

and approaches used in this approach to unsaturated seepage: 

1. Additional research is required into the probability distribu

tions and variation of the pore-size distribution index. 

2. Research is required to determine the importance and to 

quantify the amount of dependence between the engineering 

parameters, particularly the pore-size distribution index, the 

hydraulic conductivity, and the volumetric water content. 

3. Better analytical approaches must be developed for Stage II 

flow. 

In addition, two other possibilities come to mind. First, it 

seems possible to develop a theoretical probability approach to unsatu

rated seepage, similar to Harr's (1977) derivation of the diffusion 
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process. Second, considerable information is available on the spatial 

variation of hydraulic conductivity. This spatial variation along with 

the one-dimensional McWhorter and Nelson (1979) model lends itself to 

a geostatistics model. Although time-consuming and costly, this 

research is required to establish the importance of the spatial variation 

of the seepage parameters on the prediction of seepage times. 

Radon Emanation 

The following are recommendations for future work with the 

radon emanation models and approaches used here: 

1. There is a need for more and better information on the 

variation and probability distributions for the engineering 

parameters used in the radon emanation models. 

2. As with the unsaturated seepage, more work is needed to 

develop the quantity and importance of the dependence and 

independence of the engineering parameters. 

3. There appears to be sufficient information to determine the 

spatial variability of the parameters used in the radon emana

tion models. The mathematics are such that a geostatistics 

overlay may be simple and useful. 

Long-term Stability 

The long-term design approach using only maximum event cri

teria or even extreme value statistics appears to be overly simplistic. 

There has been considerable improvement in decision theory in recent 

years. It would seem beneficial and even necessary to incorporate 
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decision theory into the long-term design of these impoundments. As 

Shepherd and Nelson (1981) indicated, even a catastrophic event may 

not cause great harm, depending on the failure mechanism. However, 

something as simple as gullying could cause considerable concern when 

extended over hundreds of years. 

Future work should look into the ability of decision theory and 

its applicability to the long-term design of uranium waste impoundments. 



APPENDIX A 

McWHORTER AND NELSON (1979) MODEL 
FOR UNSATURATED FLOW 

The proportion of water in the soil can be defined as the volu

metric water content (0); that is, the volume of water in a unit volume 

of soil. Balance of water mass, assuming water is incompressible, in a 

nondeforming unit volume of porous medium, requires: 

div(q) ( A - l )  

where 

div = divergence operator, 

q = volume flux of water, 

0 — volumetric water content, and 

t = time. 

For a homogeneous isotropic medium, Darcy's Law states: 

q = kg grad(h + z) ( A - 2 )  

where 

k = effective hydraulic conductivity, e 

grad = gradient operator, 

h = pore-water pressure head, and 

z ~ elevation head. 
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In the case of unsaturated homogeneous material, ke is a con

stant. In the case of partially saturated materials, ke is a function of 

the pore-water pressure head, h. 

Combining Equations A-l and A-2 yields: 

div[ke grad(h + z)] = ^ . (A-3) 

Equation A-3 is Richard's Equation, a nonlinear partial differ

ential equation. In Equation A-3, ke, h, and 0 are all dependent 

variables. If ke and 0 are constant, Equation A-3 reduces to the 

Laplace equation: 

div^(h + z) ~ 0 . <A—4) 

Although Equation A-4 has been found difficult to solve in 

saturated regions bounded in part by a phreatic surace, some simplify

ing assumptions can be made to ease the solution. The Dupuit hydraulic 

assumption is that the hydraulic gradient at any point is constant in 

the vertical direction and is equal to the slope of the water surface. 

If the Dupuit assumption is combined with the Conservation of Mass, 

the Boussinesq equation results: 
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where 

H = the elevation of the phreatic surface, 

S = apparent specific yield, and 

x,y = spatial coordinates. 

The apparent specific yield is a term that defines the volume of stored 

or released water associated with a change in phreatic surface. It is 

defined as the ratio of the volume of water released to the change in 

volume of aquifer below the phreatic surface. 

As soil drains, the largest pores desaturate first because the 

capillary forces are less in larger pores than in smaller pores. The 

pore-water pressure at which the air in the soil pores is continuous is 

called the displacement pressure. When the displacement pressure is 

expressed as a pressure head, it is given the symbol hjj. Little 

desaturation occurs until the pore-water pressure head becomes less 

(more negative) than h^. 

As the pore-water pressure head, h, becomes increasingly 

negative, 6 approaches a constant value, 6r  (Figure A-l). 6r  is 

termed the residual volumetric water content. It is very difficult to 

reduce the soil moisture below the residual volumetric water content by 

mechanical means. The residual volumetric water content is a property 

of the soil. 

The functional relationship between pore-water pressure head 

and volumetric water content is: 



105 

-140 

-120 

-100 

O «X Ul z 
ui 
3 i/1 i/) 
UJ 

- BO 
DC 
a. 

UJ t— 
«S 3C 
UJ 

o 

- 40 

- 20 
O.OB 0.16 

VOLUMETRIC WATER CONTENT (0) 

0.24 

Figure A-l. Determination of the residual volumetric water 
content. — Relationship between capillary pressure head and volumetric 
water content. From McWhorter and Nelson (1979, Fig. 3, p. 1322). 
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for h i h^: 6 = n 

for h < hd: 0 = <n-er)(h/hd)"X (A-6) 

where 

n = porosity and 

X = pore-size distribution index. 

The effective hydraulic conductivity ke is approximately con

stant and equal to the saturated hydraulic conductivity until the pore-

water pressure becomes less than h^, after which ke decreases rapidly 

(Figure A-2). The decrease in ke is a result of a reduction in cross-

sectional area, a change of hydraulic radius, and an increasing tortu

osity of flow channels as the material desaturates. ' ke is represented 

by: 

ke = k <h/hd)"(2 + 3A); h < hd (A —7) 

where 

k = saturated hydraulic conductivity. 

Combining Equations A-6 and A-7 yields: 

ke = k 
[(e-e )1 

r 
(2 + 3A) [(e-e )1 

r X  
(n-0 ) 

r_ 

X  (A-8) 
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Stage I 

Time to Saturate the Liner 

Because the permeability of the tailings is substantially larger 

than that of the liner, saturation will exist behind the wetting front as 

it moves through the liner (i.e., 0 = n). Seepage rate, q, and time 

of saturation, t, for a liner are calculated from the following by solving 

for the depth, L: 

(L + D +h ) 
q = kl (L + k (D t/k t) (A"9) 

and 

t = ^ (n-e.) |L-(kl ^ . D t  + hc) x ln ( D t  - h c
C ) j  

where 

k] = hydraulic conductivity of liner, 

kj. = hydraulic conductivity of tailings, 

L = depth of liner, 

= head depth of tailings, 

0. = initial volumetric water content, and 

hc = hd[2 +3y)/( 1 + 3y) ] . 

After the liner has become saturated, a wetting front moves downward 

in the foundation soils, the beginning of Stage I unsaturated flow. 
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Foundation 

Because the permeability of the liner is much less than the per

meability of the foundation material, the soil behind the wetting front 

will be partially saturated. 

The mean seepage rate, qm» for the foundation can be calcu

lated from the following by trial and error: 

Dt + D1 " hd(<l /kf> (Z + 3X> ' 
qm =(D t/k t) + (Dj/kj)) (A"10) 

where 

kf = hydraulic conductivity of the foundation. 

The foundation volumetric water content, 0^, behind the wetting 

front is determined from: 

( 2  +  
0f  = 0. + (n - 6.)(qm/kf) {A-ll) 

where 

n = porosity of foundation and 

®. = initial volumetric water content. 
i 

The penetration of the wetting front in the foundation at a 

particular time, D^, is equal to: 

Df = e^V (A"12) 
f r 
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Stage II 

When the wetting front has moved entirely through the foun

dation and has reached either a groundwater table or an impermeable 

boundary, Stage I has ended. At this point the volumetric water 

content of the foundation is equal to 0^, the volumetric water content 

behind the wetting front. 

For simplification, it was assumed that there is a continuous, 

constant head of water on the tailings and that there is a groundwater 

table at some depth. Due to the capillary rise of water from the 

groundwater table, the depth of foundation is replaced by: 

Df  = hd . (A-13) 

If the height of the saturated mound above the groundwater, 

s, is everywhere small compared to the thickness of the squifer, Equa

tion A-5 can be linearized and analytical solutions obtained. 

To further simplify the problem, the impoundment is idealized 

as a circle of radius "R" with an area equivalent to the area of the 

tailings impoundment (Figure A-3). For any radius, r, that is smaller 

than R, Equation A-5 can be rewritten as: 

d^/r^s + 1/r d /d - 1/a d /d (A-14) 
s r st 



Figure A-3. Circular approximation of a tailings impoundment area 
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where 

a -
K H

a a a 
n - 0, 

ka = horizontal hydraulic conductivity, 

H = thickness of groundwater table, 
& 

r = radial distance from center of tailings, and 

s = height of saturated mound. 

Because the build-up is maximum at the center of the tailings, 

r = 0, that is the point of solution. This is analogous to heat conduc

tion in an infinite plate from a circular plate source. The solution is 

borrowed from Carslaw and Jaegar (1959): 

B(t) =iaS_x 

k H it* 
a a 

(l~e 

2 -a x I 
R2 

J, x d 
1 x 

x4 (P2 + Q2) 
(A-15) 

where 

it = 3.14159 , 

P = J,(x) Y (B ) - B J (x) Y,(B ) 
1 o x o 1 x 

Q - J, (x) J (B ) - B J (x) J,(BJ , 
1 ox O IX 

J, ,J = Bessel functions of the first kind, 
I o 

Y,,Y = Bessel functions of the second kind, and 
1 o 

B = 
n-0. 

i 

n-0. 
and 

x = integration variable. 
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Therefore, the length of time for Stage II is the length of 

time it takes the height of the groundwater mound, s, to reach the 

bottom of the liner. In other terms, the time at which: 

S = Df = h
d (A-16) 



APPENDIX B 

ROGERS AND NIELSON (1981) RADON 
EMANATION MODEL 

Radon Diffusion Theory 

From Nelson, Gee, and Oster (1980) and Rogers and Nielson 

(1981) :  

The conversion of mass for radon requires: 

Change in Change in Increase in 
Diffusion = Concentration + Loss Due to t  Radon Due to 

Flux the A:rf: d Rad°n Decay Radium Decay 
Pores with time 

or 

J = -(P-0) dC/dt - (P-0) AC + RpXE (B-l) 

where 

J = bulk macroscopic diffusive flux vector for radon, 

P-0 = the gas-filled pore space in the porous material, 

P = the material porosity, 

6 - volumetric moisture content, 

C = gas-filled pore concentration of radon, 

A, = decay constant for radon, 

p = bulk density of the soil, 

R = radium concentration in the soil, and 

E = emanation coefficient. 
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The bulk diffusive flux of radon, from Fick's Law: 

J = -D dC/dx (for one dimension) (B-2) 

where 

J = bulk flux, 

D = bulk diffusion coefficient of the porous media, and 

C = concentration of radon in the total pore space. 

Radon concentrations sampled from within the soil are intersti

tial quantities and are measured per unit volume of pore. The radon 

flux is measured across the total or bulk soil surface and not just 

across the exposed itnerstices. 

The use of Dg to relate the radon concentration gradient in the 

pore space to the bulk flux, Jg, accounts for the restrictive nature of 

the channels in which diffusion occurs. The two main factors that 

reduce the radon flux are the resudction in cross-sectional area for 

diffusion and the lengthening of the pathway for diffusion. The J and 

Jg are related simply by the porosity, P, of the material: 

J = J x P . (B-3) 
e 

Therefore, the relationship between D and is: 

D = D x P . (B-4) 
e 

Radon diffusion through a natural soil is a complex process. 

There is diffusion through air-filled pores in the presence of water. 

There is diffusion through water in water-blocked regions and there is 
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radon absorption in the water. Recent publications approximate these 

mechanisms with a single diffusion coefficient which describes the radon 

diffusion occurring through a simple homogeneous medium, characteris

tic of the natural tailings or cover soils. 

The one-dimensional, steady-state diffusion of radon through a 

moist, unsaturated soil cover may be described as the combined diffu

sion in the gas- and liquid-filled pore volumes of the soil. The gas-

phase diffusion is described by: 

_ RpXE 
D d C /d 2 - x C + D/1 

a
s + T =0 (B-5) 

a a x a P(l-m) wa 

where 

D& - diffusion coefficient for the air-filled pores, 

Ca = concentration of radon in the air-filled pores, 

Ea = emanation coefficient for the air-filled pores, 

T = radon transfer rate from water to air, and 
wa 

m = degree of saturation. 

For the fluid-filled pores, the diffusion is described as: 

2 ? RP*EW 
D d C I d  2  - XC + p - T = 0 (B—6) 

w w x w Pm wa 

where 

D = diffusion coefficient in the fluid-filled pores, 
w 

Cw = radon concentration in the fluid-filled pores, and 

Ew = emanation coefficient for the fluid-filled pores. 
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The air and water components of E may be combined: 

(B-7) 

The emanation coefficient may now be easily determined by tak

ing aliquots of the tailings. The aliquots are stabilized for at least 30 

days, and the short-lived radon daughter was measured by 

counting the 609 keV gamma peak with a lead-shielded 13 cm by 7 cm 

Nal(Tl) scintillation crystal. The aliquots were then de-emanated by 

drying for 12 h in a 105°C oven and then counted again using the same 

13^214 peak (Rogers et al», 1982). The emanation coefficients may then 

be calculated from: 

where 

Cg = net 609 keV count rate for equilibrated sample and 

= net 609 keV count rate for de-emanated sample. 

The radon concentration, C, in the total pore space is described by: 

C = C (1-m) + C m 
a w 

(B-9) 

The combined diffusion may then be described by: 

(B-10) 
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where D is given by: 

D = ~ Ink- + , (l-m) (B-U) 
1 TPkT 1 "HT 

where 

k = radon distribution coefficient for air and water. 

Boundary conditions for the above differential equation are: 

dC/d (x = x ) = 0 
x t 

C (x = 0) = 0 . 

The resulting equation for the radon flux from uncovered uranium tail

ings is: 

J. = RpE ADa Tanh(AD, xj . (B-12) 
t t t t 

where 

t = subscript referring to tailings and 

x t  = thickness of tailings. 

For covered tailings, the source term in the cover and the 

radon concentration at the surface of the cover are assumed to be 

zero. The origin is assumed to be at the interface. Interface condi

tions are: continuity of flux, radon concentration in air, and radon 

concentration in water across the interface. This yields: 
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C, C t _ c 
l-(l-k)m t  l-(l-k)mc 

where 

t = subscript referring to tailings and 

c = subscript referring to cover. 

Continuity of flux yields: 

D.P, dQ /dx = D P dC /dx 
t t t c c c 

The surface flux from covered tailings is then defined: 

2 J e C C 

Jc = -2 b x 
[1 + a /a Tanh(b x )] + [1 - a /a Tanh(b x )e c c] 

lC I t t C t I 

(B-13) 

where 

a. = P.2D.[1 - (l-k)m.]2 
l 11 i 

b. = X/D. , and 
l I 

i = t or c. 



APPENDIX C 

PROBABILITY THEORY AND MODELS 

Probability 

From Benjamin and Cornell (1970) and Harr (1977): 

Probability is the science of mathematics that is the analysis of 

the variation in the data. Statistics is the analysis of the data itself 

in terms of the likelihood that the data is actually representative of the 

measured parameter. The most useful measure of the sample data is 

the sample mean: 

u = 1/n E x. (C-l) 
1 

where 

u = the sample mean of the collected data, 

n = the number of sample data, and 

xj = each individual datum. 

This is also written as: 

E[x] = u . (C-2) 

The measure of the dispersivity of the data is the sample vari-

c2 
ance S : 

S^ = 1/n S (x.-u)^ = l/n[2x.^-nu^l (C-3) 
i I 
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or 

S2 = E [x. - E(x.)]2 
1 1 

(C-4) 

Because sample sizes are often small, a biased estimator of the 

variance is usually given: 

The variance is often presented in terms of the standard devia

tion (SD), which is simply the square root of the variance. It is anal-

agous to the radius of gyration of a structural cross-section. 

It is assumed that there is a true mean value , U, that ade-

represents the true scatter of results about the mean, depending on 

chance circumstances which are either unknown or beyond control. 

The population is then defined as the collection of all total occurrences. 

For most purposes, the sample mean is assumed to describe the popula

tion mean, as is the sample variance. 

event about which only partial information exists. Where the probabil

ity of outcome A is defined as 

S2 = 2 (x. - u)2 

n-1 i 
(C-5) 

2 quately represents the population and the true variance, S , which 

Probability computes the likelihood of the occurrence of an 

(C-6) 

where 

T = the probable number of outcomes of A and 

N = the total number of possible outcomes. 
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Probability is dependent on the random variable. The random 

variable is defined as a variable that, when sampled, has a probability 

of occurrence and that can give varying results depending on chance 

circumstances that are either unknown or beyond control. Further

more, a random event must be mutually exclusive; that is, no two or 

more elementary events can occur simultaneously. The axioms of 

probability are the following: 

1. The probability of an event is a number greater than or equal 

to unity: 

0 < P[A] < 1 . 

2. The probability of a certain event, S, is unity: 

PIS] = 1 . 

3. The probability of an event which is the union of two mutually 

exclusive events is the sum of the probabilities of these two 

events: 

P[A U B] = P[A] + P[B] . 

The third axiom implies that the union of all random, possible events 

is: 

I P[E.] = 1 . 
1 

The way a random variable behaves is described by its probability dis

tribution. Because the variables in the presented models are not coun

ting variables, they are considered continuous random variables. The 

continuous random variable is a real number and, therefore, free to 

take on any value on a numerical axis. 
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A probability density function (PDF) is a mathematical function 

describing the continuous probability for all possible outcomes of the 

continuous random variable. The cumulative probability density func

tion (CDF) describes the probability of an event or any lesser event 

occurring. For example, the particle-size distribution curve can be 

thought of as a plot of a CDF. In mathematical terms, the CDF is the 

integration of the PDF. 

Probability Distributions 

Two major probability distributions were of importance in this 

thesis, the normal distribution and the log-normal distribution. The 

normal distribution is the distribution that describes the probability of 

an event that is the result of many small additive causes. The normal 

distribution is completely described by the arithmetic mean (u) and 

standard deviation (S ): 
x 

f(x) = 1 e-i/2<^r>2 CC-7) 
S 2 X 

X 

where 

u = arithmetic mean for all x, 

Sx = standard deviation for all x, 

tt = 3.14159, and 

e = exponential function. 
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The log-normal distribution is a probability distribution of 

events caused by the multiplication of many small events. The log-

normal distribution is based on the assumption that if x is the result 

of normally distributed process but is not normally distributed, then y 

is normally distributed, where y = ln(x). Therefore: 

Let y = ln(x) , (C-8) 

then Sy2 = ln[l + V^] , (C-9) 

and U = ln[u] - Sy^ . (C-10) 

Therefore: 

1 -l/?( ln[yl  * U^2 
f ( y >  =  7 ^ 7 2 1 1 6  s y  < c - n >  

where 

Sy — standard deviation of the log-normal distribution, 

Uy = the mean of the log-normal distribution, and 

Vx = coefficient of variation for x . 

Taylor Series Apoproximation 

Following Hahn and Shapiro (1967): 

Taylor's formula given in most calculus texts for the expansion 

of a function with N continuous derivatives about a point (i.e., x = u) 

is given as: 



where 
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f(x) = f(u) + f'(u)(x-u) + ^ (x ~ u)^ + - - - -

+1^nT( !"u)<n"1)+Rn (C"U> 

R is some remainder term, 
n 

For a function of N variables (up to the second order about x^ = u^, 

x- = u_, x = u ) 
2 2 n n' 

F(x,,x_, ,x ) = F (u, ,u_ , »u) + £ dF/dx. (x.-u.) (C-12) 
L  c  n  i d  n  1 1 1  

If the expected value, the mean, is taken of both sides of the equa

tion, by definition: 

E[x.-u. ] = 0 
i l 

and 

Elx.-Uj]2 = S.2 . 

Therefore, the resulting equation evaluated at the mean is: 

ElF{x, t  ,x )] = F(u,, ,u ) . (C-13) 
In in 

Similarly, knowing that the variance is defined as: 

Var [ F(x, , »*_)] = E[F(x, , ,x )]2 - (E[F(x,, x )])2. 
in in in 

(C-14) 

If terms only to the first order are kept: 



Var [F(x, , «x„)l = (dF/dx.)2 Var[x.] 
in 11 
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< C—15) 

Point Estimate 

Following Chameau and Harr (1984): 

Assume X is a random variable with known mean and standard 

deviation and whose probability distribution is symmetrical about the 

mean. Rosenblueth (1975) determined that the distribution of X may be 

replaced by two points, + and If these points are taken equi

distant about the mean, the following equations will hold true: 

P(+) + P(-) = 1 . (C-16) 

P(+)|(+) + P(-)1(") = E[x] . (C-17) 

P(+) ((+) - E[x])2 + P(-) ((-) - E[x])2 = Sx
2 . (C-18) 

Simultaneous solution of these equations yields: 

( + ) = E[x] + Sx . (C-19) 

(-) = E[x] - Sx . (C-20) 

Therefore, for some function Y the mean and standard deviation are: 

E[Y] = Y(+) t Y(-)  . (C-21) 

Sy2 = Yf + )  - Y<-> . (C-22) 

-  ; < - >  .  ( c - 2 3 )  VarlY] - y(  + )  + y(_j • 
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For a function ' Q' of three random variables: 

E[Q] = ± (Q(E[x.}-Sv ) + Q(E[x?]-S ) + Q(E[xJ-Sv )) 
p x 2 3 

(C-24) 

p = number of terms - 2n = 8, 

or 

E[Q1 — 77 (Q + Q + Q + Q + Q •'"Q Q Q . • 
I V J  8  + + +  + —  - + +  w + - +  - + -  w — +  w + + - )  

(C-25) 

E[Q2] = (Q+++
2 + Q 2 + Q++_2) . (C-27) 

Var[Q] = E[Q2] - E[Q]2 . (C-27) 

This type of analysis is also available for correlated variables 

and variables without symmetrical distributions. However, the mathe

matics become increasingly more complex, often making other methods 

more useful. 

Also, it should be noted that the number of equations neces

sary to solve these equations expands exponentially. Any equation or 

mathematical model involving more than a few variables will become 

extremely tedious due to the number of equations that are required. 

The Poisson Process 

In a poisson process, incidents occur "at random" along a time 

(or other parameter) axis. If the average annual arrival rate is y, 

then: 
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1. For any interval of time of length, t, the number of events 

X which occur has a poisson distribution with parameter v: 

v = yt . (C-28) 

p(X) = yX
x

6 . (C-29) 

The mean and variance are both equal to v. 

2. The distribution of time, T, between incidents has a negative 

exponential distribution with parameter y: 

f{T) = y e~yt  (C-30) 

2 with mean 1/y and variance 1/y 

3. The time s between k incidents has a gamma distribution: 

f(s) = (y(ys)k_1 e~ys)/(k-1)! (C-31) 

2 with mean k/y and variance k/y . The distribution is also 

defined for noninteter k, whereby ! should be replaced by the 

gamma function. 

Linear Regression 

Given N pairs of sample data (x,y), a linear relationship 

occurs such that y = mx + b. The variable y is said to be the depen

dent random variable and x the independent random variable. 

The method of least squares minimizes the sum of the square of 

the vertical distances between the data points and the corresponding 

points on the calculated straight line: 
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2 (y - mx -b) = minimum . (C-32) 

Simultaneous solution of the normal equations: 

y = m Ex. + Nb and (C-33) 

xy = m E x?" + b x. (C-34 
'  j 1 

yields 

n. = N 1  (C-35) 
N E x - (Ex)^ 

b  =  1  * 2 z Y  ~  z  x £ x y  _  ( C - 3 6 )  
N E x - (Ex) 

Because the variables x and y are assumed to be correlated for this 

exercise, there is a covariance between the two variables, which is 

defined by: 

Cov [x,y ] = g I (x, - E[x]) (y. - E[y ]) . (C-37) 

The measure of how well the two variables, x and y, are cor

related or how well they define a line is known as the correlation 

coefficient r: 

= cgvlg-r' . (c-38) 
x y 



APPENDIX D 

SEEPAGE DATA FOR A HEAP LEACH PAD 

The data for the seepage parameters for the liner for the 

uranium tailings impoundment were taken from data collected for a heap 

leach pad liner. These data were considered to be representative of a 

uranium tailings impoundment liner because the purpose of each liner 

is the same, the retardation of seepage in order to prevent contamina

tion of the surrounding natural soils and subsurface water. 

van Zyl (1983) reported on the materials and construction of 

this heap leach pad liner. The major soils used in the construction of 

the pad were collected at the site. The soil at the site was 20% to 30% 

finer than the #200 sieve and 100% finer than 35 mm. This material 

was nonplastic and had a coefficient of permeability of 5.4E-6 cm/sec 

when compacted to Proctor maximum density. 

This soil was mixed with another, more clayey, soil to lower 

the permeability. This soil was a clayey silt (80% minus a #200 sieve, 

liquid limit 50, and plasticity index 20). The design mixture was deter

mined through laboratory tests. 

The pad was constructed in three lifts, with the top and 

bottom lifts constructed of a mixture of the above* materials. A 5% 

addition of bentonite noodles was added to the middle lift. 

Moisture and density measurements were determined as the pad 

was constructed using a nuclear borehole probe. Permeability tests were 
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performed in the laboratory on samples taken from the pad. The permea

bility was determined by using a flow pumpt as described by van Zyl. 

To simplify the data for the purpose of this thesis, only data 

from the first and second lifts were used. These data were combined 

because these two lifts are assumed to be the identical mixture of the 

aforementioned soils. The data presented in Tables D-l, D-2, D-3, 

and D-4 were used in this thesis. 

These data were plotted in histograms and the arithmetic mean 

and standard deviations were calculated (Figs. D-l, D-2, D-3, and 

D-4). Because of previous information from the literature, it was 

assumed that the normal distribution would be the best distribution for 

the void ratio, porosity, and moisture content. Chi-square tests were 

conducted to determine the goodness of fit. For these seepage parame

ters, a Chi-square test indicates that the normal distribution fits at 

the 90% confidence interval or better. 

The permeability were presented in units of cm/yr to facilitate 

the plotting of an histogram. The data were plotted in an histogram 

and a probability distribution fit. As seen from Figure D-4, a log-

normal distribution is a poor fit for these data. However, the log-normal 

distribution has been shown by other authors, with much larger data 

sets, to be log-normally distributed. It is believed that this data set 

is too small for an accurate determination of the probability distribution 

when the coefficient of variation is so large. For the purpose of this 

thesis, the mean and standard deviation were considered to be repre

sentative of the variance of permeability for a liner. 
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Table D-l. Saturated hydraulic conductivity (cm/yr) 

27.14 1.42 0.95 0.38 17.36 1.20 11.68 0.79 1.48 1.17 
0.69 0.41 0.47 0.79 2.08 6.94 27.14 2.18 23.98 2.75 
0.73 2.71 9.15 0.95 1.01 0.85 3.47 0.07 5.84 11.99 
0.17 6.00 0.60 0.28 0.76 0.60 0.79 0.08 0.05 0.03 
0.01 0.03 0.63 0.01 0.41 2.02 1.83 0.09 0.01 0.92 
0.06 0.17 0.10 0.32 1.89 8.52 0.63 0.30 2.30 1.29 
0.66 0.50 5.68 9.47 0.23 3.16 17.99 10.10 24.93 1.26 

16.69 0.03 2.56 

Table D-2. Volumetric moisture content (g/g) 

16.70 17.50 19.10 
16.00 13.90 17.90 
13.70 13.70 13.60 
15.50 17.40 17.00 

18 .80  16 .00  
16.50 12.70 
15.20 15.60 
15.10 13.90 

15.30 14.00 
12.50 17.00 
16.60 15.90 
11.50 16.00 

18.50 18.90 19.30 
14.40 16.00 14.50 
14.00 13.00 14.70 

0.35 
0.35 
0.33 

0.36 
0.35 
0.34 

0.34 
0.36 

Table D-3. Porosity 

0.33 
0.37 

0.36 
0.35 

0.38 
0.34 

0.35 
0.39 

0.34 
0.30 

0.34 
0.36 

0.38 
0.37 

Table D-4. Void Ratio 

0.48 
0 . 6 1  
0 . 6 0  

0.55 
0.54 
0.49 

0.57 
0.54 
0.51 

0.53 
0.56 

0.49 
0 . 6 0  

0.56 
0.55 

0 . 6 1  
0.51 

0.53 
0.63 

0.51 
0.42 

0.51 
0.57 
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Figure D-l. Void ratio data for a clay liner 
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Figure D-2. Moisture content data for a clay liner 
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Figure D-3. Porosity data for a clay liner 
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Figure D-4. Permeability for a clay liner 



APPENDIX E 

PORE-SIZE DISTRIBUTION INDEX DATA 

A review of data presented in Mualem (1976) indicates that 

considerable information is available for hydraulic conductivity versus 

pore pressure. Analyses of these data allow pore-size distribution 

indices to be calculated. The pore-size distributions were calculated 

for a collection of soil types approximating the soils found in typical 

liners and foundation soils. 

The data are presented in Tables E-l and E-2. Table E-l is 

typical data for soils similar to liner soils. Table E-2 is data for soils 

similar to foundation soils. 
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Table E-l. Soil moisture data for unsaturated conditions for 
typical liner soils 

PSI k /kCA„ PSI 0 e SAT 

Schlohot Silty Clay 

1.3 1.00 15.1 0.16 
2.8 0.88 12.0 0.18 
5.5 0.68 9.6 0.19 
9.0 0.49 6.6 0.20 

32.5 0.19 4.9 0.21 
60.0 0.11 3.8 0.22 
95.0 0.07 2.5 0.23 

150.0 0.04 1.9 0.25 
250.0 0.02 1.4 0.26 
350.0 0.01 0.8 0.28 
460.0 0.01 0.7 0.29 

0.5 0.30 
0 . 3  0.34 
0.1 0.39 

Lachish Clay 

40.0 1.00 
60.0 0.79 
80.0 0.63 

100.0 0.49 
200.0 0.19 
250.0 0.11 
300.0 0.06 
400.0 0.01 

Beit Netofa Clay Soil 

1.25 1.00 15100 0.24 
5.50 0.91 12800 0.26 

16.00 0.67 10400 0.28 
27.00 0.43 8000 0.30 
45.00 0.30 5600 0.32 
70.0 0.20 4050 0.33 

100.00 0.13 3150 0.34 
198.0 0.07 2480 0.35 
300.0 0.04 2100 0.35 
450.0 0.02 1630 0.36 
550.0 0.01 1220 0.37 



139 

Table E-2. Soil moisture data for unsaturated conditions for 
typical foundation soils 

PSI ke / kSAT PSI 0 

Pachard Fine Sandy Clay 

9.2 1.00 15000 0.05 
10.4 1.00 3000 0.07 
30.6 0.95 1600 0.08 
61.2 0.83 750 0.10 
93.8 0.33 380 0.12 

107.1 0.17 200 0.15 
122.4 0.08 150 0.18 
132.6 0.05 130 0.20 
163.2 0.02 120 0.22 
193.8 0.01 90 0.26 

52 0.30 
30 0.31 
10 0.32 

Rubicon Sandy Loam 

N / A  N / A  100 0.25 
90 0.27 
80 0.31 
73 0.35 
70 0.37 
60 0.37 
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