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ABSTRACT 

Scanned, focussed ultrasound 1s one of several methods for 

clinically Inducing hyperthermia 1n cancer patients. To study this 

heating modality, a transient three-dimensional simulation program 

was developed to study the effects of scanning speed, scanning 

pattern, blood perfusion, transducer choice and multiple tilted 

transducers with overlapping foci. Special attention was given to 

the effect of these parameters on the transient temperature 

fluctuations that occurred at the focal depth. The results showed 

that 1) the magnitude of the temperature fluctuations increase 

linearly with decreasing scanning speed, 2) the magnitude of the 

temperature fluctuations are a weak, Increasingly exponential 

function of the blood perfusion rate, and 3) that the largest 

temperature fluctuation 1s always located at the acoustical focal 

depth on the scan path Independently of focal plane depth. 

Therefore, large temperature fluctuations are obtained at the 

acoustical focal depth for low scanning speeds and high blood 

perfusion. It was shown that temperature fluctuations inside the 

scanned volume for single circular scans of 2 cm in diameter can be 

avoided using scan times of 10 seconds or less. Simulations using 

multiple scan paths (3 concentric circles) showed that relatively 

uniform average temperature distributions can be achieved at the 

x11 
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focal zone for an outer scan diameter of up to 5 cm and blood 

perfusion values of up to 15 Kg/m3/s, as long as the spacing between 

the concentric scans was not greater than the diameter of the focus 

of the power field. The results showed that using multiple tilted 

transducers with overlapping foci, Increased focussing can be 

obtained at the focal depth, therefore producing better temperature 

distributions with the temperature maximum occurring at the focal 

depth. Finally, the simulation predictions agree with the 

experimental trends present 1n previously reported experiments, 

Indicating that the program could be an Important tool In patient 

treatment planning and temperature field approximations. 



CHAPTER 1 

INTRODUCTION 

A promising method for treating certain types of cancerous 

tumors 1s hyperthermia, either alone or with other types of treat

ments such as chemotherapy and radiation. Scanned, focussed 

ultrasound has been used as a hyperthermia treatment method since 

1975 [1], and 1t 1s receiving Increased Interest as the heating 

method of choice for deep seated tumors [2], Results from 1n vivo 

and 1n vitro experiments [2-6] show that uniform temperature distri

butions can be obtained Inside the treatment volume with a steep 

fall off outside the scanned volume. Similar results have been 

obtained from patient treatments [2]. However, very little 

quantitative Information 1s available concerning the effect of the 

parameters of a scanned, focussed hyperthermia treatment, such as 

scanning pattern and speed, transducer choice, and blood perfusion 

pattern and flow rate. These parameters are very Important for 

system design and patient treatments. Some Information about scan

ning speed has been reported from 1n vivo and 1n vitro experiments 

[4,5,7] and from two dimensional steady state computations [8-12]. 

Nevertheless, no systematic parametric study has been done on the 

effect of scanning speed on the temperature fluctuations present 

1 
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during scanned focussed ultrasound hyperthermia treatments. These 

temperature fluctuations, primarily present along the scanning path, 

can significantly affect the thermal dose delivered to the tissue. 

There 1s even less Information 1n the literature about the effect of 

scanning pattern or transducer choice as well as the effect of 

multiple tilted transducers. Only examples of scanning patterns 

which produce good temperature distributions 1n vitro 1n phantoms or 

1n vivo 1n animals have been given [1-6]. 

It would be extremely useful to know 1f there are combina

tions of scanning speeds, transducer choice and scanning pattern 

that would give good temperature distributions Independent of blood 

perfusion rate. However, these parameters are difficult or 

Impossible to study in vivo since 1t 1s not easy to vary and control 

the perfusion rate 1n the tissues, and only limited temperature 

Information can be obtained. For these reasons, 1t has been 

necessary to develop a three-dimensional, transient computer model 

to study the effect of scanning speed and pattern, transducer 

choice, multiple tilted transducers and blood perfusion rate on the 

temperature and relative thermal dose distributions produced, as 

well as on the transient temperature fluctuations. The most 

Important feature of this model 1s the ability to scan the entire 

three dimensional ultrasound power field 1n a circular path (or 1n 

several concentric circles) at any speed with the focal point of the 

power field located at any depth from the skin (focal depth). Some 

two dimensional computations have been reported before [8-12] but 



these assumed that the scanning was taking place at very high 

speeds, and none of them Included the very Important transient 

temperature fluctuations that occur during scanned, focussed ultra 

sound. Likewise, no fully transient three dimensional scanned, 

focussed ultrasound hyperthermia studies have been previously 

reported. In this thesis, the techniques used to develop the 

computer model are explained along with numerical analysis 

considerations. Finally, results from a three dimensional 

transient parametric study of scanned, focussed ultrasound hyper

thermia are reported. 



CHAPTER 2 

METHODS 

In this chapter the methods developed to construct the 

scanned focussed ultrasound hyperthermia treatment simulation model 

are presented. To help visualize the model at this point, the main 

flow chart 1s presented 1n Figure 1. The simulation of ultrasound 

power for a single tilted transducer and for multiple tilted 

transducers are explained in section 2.1. This simulated power 

fields are always stored in an array named q (see Figure 1). The 

scanning simulation 1s developed in section 2.2. Lastly, 1n section 

2.3, the temperature solving routine using the bloheat transfer 

equation is developed using a finite difference representation. 

In this thesis, the terms focal depth, focal point and focal 

plane refer to the acoustical focus; that is, the depth, point or 

plane 1n the ultrasound field of largest power intensity. 
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Flag 
set? yes 

no 

yes no 

Start 

Stop 

Input 
ultrasound 
array q 

(section 2.1) 

Are steady state 
conditions 

met? 

Enter scanning 
simulation parameters 

(section 2.2) 

Set flag 
and save 
temperatures 
for every 
Iteration 1n 
the last cycle 

Call scanning simulation 
subroutine and temperature 
solving routine for 
a complete cycle 
(section 2.2, 2.3) 

Figure 1. Main Flow Chart. 



2.1 The Ultrasound Power 
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2.1.1 Power Array for One Transducer With Face Parallel to the Skin 

Most of the simulations of scanned focussed ultrasound done in 

this work were performed using one ultrasound transducer whose axis 

was perpendicular to the skin while scanning (Figure 2). The power 

values to construct the ultrasound power array (q) came from a pro

gram developed by W. Swindell for spherical transducers [12]. By 

specifying the transducer's radius of curvature, diameter and fre

quency, this program computes the absorbed acoustical power for a 

chosen region in front of the transducer face. The simulation 

consists of a one-dimensional Integration of the Raylelgh-Sommerfeld 

diffraction Integral over the face of the transducer [12] and only 

linear effects are considered. The power 1s then exponentially atten

uated with depth according to the user specified attenuation coeffi

cient, and all attenuated energy 1s assumed to be locally absorbed by 

the medium; that Is, scattering 1s neglected. The depth of the focal 

plane Into the uniformly attenuating medium can be Independently 

varied by moving the region of absorption along the axis closer to or 

further away from the transducer. Because the transducers are assumed 

to be spherical, thus producing a cyllndrically symmetric acoustic 

field, the output of this program Is a two-dimensional cylindrical 

Intensity array which consists of an axial plane of the power field. 

This array was then transformed into a three-dimensional cartesian 

array with angular symmetry because the scanning program and 

temperature solving routine were written 1n cartesian coordinates. 
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Figure 2. Schematic Diagram of Simulated Geometry 
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The program developed to make this transformation uses a subroutine 

developed by S. CI egg [13] which converts a radially symmetric 

pattern into a rectangular pattern. The method used 1s to calculate 

the Intersection areas of an annular ring with a box. The box 

represents the control volume of a finite difference solver 

(cartesian coordinates) and the annular ring represents the volume 

of uniform power given by Swindell's ultrasound program. This 

transformation took place at every depth (at every x-y plane, see 

Figure 2). Finally, the three dimensional cartesian coordinates 

ultrasound power array (q) 1s Input Into the scanning subroutines 

where 1t was used to assign power values to the tissue power array 

(Q, see section 2.2 & 2.3) to carry out the scanning simulations as 

described In section 2.2. Figure 3 helps to visualize the flow and 

usage of both power arrays, q and Q. 

2.1.2 Power Array for Multiple Tilted Transducers 

One of the characteristics of scanned focussed ultrasound 

hyperthermia Is the appearance of high temperature regions usually 

between the skin and the focal plane (near field) when weakly 

focussed transducers are used to heat large volumes. For certain 

scanning patterns, the power field may always be depositing energy 

1n some particular tissue location (as seen in Figure 4) causing the 

temperature at this location to rise; that 1s, the power overlaps 

due to scanning. 
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Obtain Cylindrical Coordinates 
Ultrasound Power Array 
From W. Swindell Program 

Conversion to a Three 
Dimensional Cartesian Coordinates 

Ultrasound Power Array 

Temperature Field 1s Calculated 
Using a Three-D1mens1onal 

Cartesian Coordinates Representation 
of the BHTE 

Scanning Subroutines Use the 
Array q to Assign Values 

to the Array 0 
After Every Iteration (Time Step) 
Array Q 1s Clear After Every Iteration 

Figure 3. .Flow Chart to Depict the Use of the Ultrasound Power 
Arrays q and Q. 
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In order to avoid these high temperature regions, the size of the 

area swept by the ultrasound field at the skin (defined as the 

acoustic window or the ultrasound window, see Figure 4) must be 

Increased. The larger the window, the lower the power density 

everywhere except at the focal region. Therefore, even 1f power 1s 

still being constantly deposltloned 1n some particular region 1n the 

near field, the temperature of this tissue will not rise much due to 

the lower power density. 

If one transducer 1s used, the ultrasound window can be made 

larger by Increasing the diameter of the transducer but this may be 

Impractical 1n many clinical applications as well as expensive. 

Another way commonly practiced to achieve a larger ultrasound window 

1s to use multiple tilted transducers whose foci overlap. This 

modality not only can create the same or larger window size as a 

larger transducer but also may provide better cooling effect for the 

tissue surrounding the focal point due to the spaces that exist 

between the power fields of the emitting transducers. Simulations 

of scanned focused ultrasound hyperthermia using multiple tilted 

transducers are necessary for designing optimum treatment protocols 

for different tumor characteristics and applicator parameters. 

2.1.2.1 Simulation of a power field of a tilted transducer. 

In order to simulate the power field of a tilted transducer whose 

face 1s no longer parallel to the skin, the ultrasound power array 

(q) needs to be reorganized so that Its new power values at every 

node correspond to the power field of the tilted transducer. 
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In this simulation work, the z-x planes (see Figure 5) of the 

unattenuated ultrasound power array (q) were rotated by an angle 

alpha with respect to the axial plane of the power field (Figure 5). 

The rotation always took place about the focal point of the power 

field 1n order to maintain the same distance from the skin to the 

focal point for both the tilted and until ted transducers. After the 

tilting procedure was completed, the power field was exponentially 

attenuated along the new axial direction. The reorganization of the 

power values for the ultrasound power array (q) due to tilting 1s a 

difficult problem because a volume weighted redistribution of the 

power 1s needed. A good solution to this problem 1s to tilt a power 

field whose array has the grid size some Integer times smaller than 

the final grid size desired. This means that the Initial array has 

some Integer times more grid points than the final array. Then, 

every grid point (or node) can be tilted and Its power value can be 

reassigned to the nearest node to the corresponding position after 

tilting. After this tilting operation the number of grid points of 

the array can be "reduced" so that the desired grid size 1s 

obtained. This "reduction" Is achieved by averaging the power 

values from the larger array to the smaller array. For example 1f 

the larger array has a spatial resolution of 0.1 cm and the desired 

final grid size 1s 0.5 cm (that 1s 5 times larger), then 125 (5x5x5) 

power values (from 125 nodes) from the larger array will be averaged 

and assigned to one node 1n the final reduced size array. 
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focal plane 

focal plane 

empty space 

section to be cut out 

focal plane 

section to be 
cut out 

Figure 5. Z-X Planes Schematic of the Power Array Before and After 
Tilting 

a) until ted array, b) Incorrect tilted array, c) correct tilted 
array. The shaded area represents the computed power field inside 
the power array. 
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When the power array 1s tilted there are two other problems 

that must be avoided. First, when the array 1s tilted the new power 

field 1s wider along the x-direction and, secondly, empty spaces are 

created between the tilted power field and the skin, as shown 1n 

Figure 5b. Figure 5 shows a z-x plane of the power array and the 

shaded area represents the computed power field. Figure 5b shows an 

Incorrectly tilted array where there 1s Insufficient data 1n the z 

direction to correctly perform the tilting procedure. Figure 5c 

shows a correctly tnted array. Both problems can be solved by 

starting off with a longer array (or power field) In the z direction 

and by ending with a wider array 1n the x direction. The final 

width In the x direction should be large enough so that the 

ultrasound beam enters the medium (tissue) through the skin surface 

only (Figure 5c). If any part of the beam enters the tissue through 

one of the sides of the cube (Figure 5), scanning will later 

introduce empty power spaces. After the tilting has taken place, 

the array 1s "cut" 1n the z direction to the desired length as 

Illustrated 1n Figure 5c. Finally, the array 1s reduced to obtain 

the desired spatial resolution. 

The length of the power array 1n the z direction (Lz) needed 

before tilting can be calculated with the following formula: 

Lv 
Lz = -£555 + dc tana 

where Lv 1s the desired length 1n the z direction of the power array 

after tilting, dc 1s the diameter of the power ultrasound field, and 
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a 1s the tilting angle. The final width In the x direction of the 

power array (I_h) after tilting 1s 

Lu = 2 VD tana + dc 
"H cosa 

where 

VD = Max (DEP, | DEP-LV|), and DEP 1s the distance from the 

skin to the focal plane. 

The final length of the power array along the y direction 1s the 

same as LH. All the lengths of the unreduced and reduced power 

array are the same, only the number of nodes has been decreased. In 

this thesis, all of the simulated tilted transducer power fields 

were reduced by a factor of 5 which proved to give good results (see 

Appendix A3). After the ultrasound power array has been tilted, cut 

and reduced 1s then uniformly attenuated along the new axial axis of 

the tilted transducer. Figure 6 shows that the distance from the 

skin to some arbitrary depth (zi) parallel to the transducer axial 

axis Is the same everywhere for the entire plane z-j; that Is, 

segment a 1s equal to segment b, c and d where a = b = c = d = 

Zj/cosa. Consequently, every depth 1s exponentially and uniformly 

attenuated using the same attenuation factor. 

2.1.2.2 Simulation of power field for multiple tilted 

transducers with overlapping foci. A power array containing the 

power field for multiple tilted transducers with overlapping foci Is 

simulated 1n the following way. First, a new array can be created 

by rotating the power array representing one tilted transducer about 



DEPTH Z, 

Figure 6. The Distance From the Skin to Some Arbitrary Depth Zi 
Parallel to the Tilted Transducer Axial Axis 

This distance 1s the same for the whole plane zi. Segment a 1s 
equal to segement b, c and d. 
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the z axis by 90*, 180* or 270*. Any number of these new arrays can 

be added to the original array to create a power array for multiple 

transducers. For example, to create an ultrasound power array for 

two tnted transducers located on opposite sides, a new array must 

be created by rotating the original array by 180* and then adding 1t 

to the original array. In these simulations power arrays were 

constructed for two and four transducers only because the original 

power array can only be accurately rotated by an angle multiple of 

90* so that nodes of the rotated cartesian cubical grid can coincide 

with nodes of the original array. Therefore, this technique 

requires that the number of tilted transducers to be simulated be 

limited to four. Figure 7 presents an x-y plane (top view) with the 

relative positions of the transducers to visually demonstrate this 

requirement. Contour power plots of these power fields are 

presented 1n the results section (Chapter 3). Figure 8 shows a flow 

chart of the tilting program summarizing the creation of a multiple 

tilted transducer power array. 
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Figure 7. Schematic of the Relative Position of the Transducers 
(Top View). 

a) two-tilted transducers, b) four-tilted transducers. 
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ultrasound power array and 
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Figure 8. Flow Chart of the Tilting Program. 
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2.2 The Scanning Simulation 

The most Important feature of the computer program 1s the 

capability to simulate scanning of the power field generated by an 

ultrasonic transducer or multiple tilted transducers contained 1n 

the array q. To simulate scanning, the program moves the 3-D 

cartesian ultrasound power array (q) 1n a circular path inside 

another larger array which represents the tissue (tissue power array 

Q). This scanning of the power array (q) 1s such that 1t simulates 

a translating transducer; that 1s, the transducer does not rotate 

around Its own axial axis. Also, since during almost all of our 

simulations the focal point of the ultrasonic power field was always 

kept at the same depth, the scanning problem was reduced to two 

dimensional scans 1n the x-y planes, since the relative position of 

the power array nodes (q) and the tissue array nodes (Q) are the 

same for all planes. The solution for one x-y plane then applies 

for all depths. For purposes of Illustration, the solution for the 

focal depth 1s explained next. In order to obtain an accurate 

representation of the moving power field, the distance traveled by 

the focal point along the scan path 1n one time step should be equal 

to or smaller than the spatial resolution of the power array. Each 

new location of the focal point is calculated from knowledge of the 

time step, the angular velocity of the transducer and the diameter 

of the scanning circle as shown In Figure 10. 
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SCANNING CIRCLE 

•TRANSDUCER 

av 

Figure 9. Schematic Diagram Showing a Top View of the Transducer 
Translating Along the Scanning Circle. 

av is the angular velocity of the transducer. Note that the 
transducer orientation does not change with position. 
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Scon Radius Focal PoinJ 
ov 

Scanning Circle 

Figure 10. X-Y Focal Plane, Calculation of the Location of the Focal 
Point of Power Field on the Scanning Circle. 

(X0iY0) is the center of the power array Q; (x^y1) is the center of 
the power array q (the focal point); av 1s the angular velocity. 
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At each location redistribution of the 3-D power values from the 

ultrasound power array (q) to the tissue power array (Q) 1s needed 

because the nodes (grid points) of the moving ultrasound power array 

(q) will generally not coincide with the nodes of the stationary 

tissue power array (Q). 

The power redistribution at every new location of the 

transducer 1s performed using an area weighted averaging algorithm. 

This averaging depends on the relative position of the focal point 

of the ultrasound power array (real coordinates po1nt(x,y)) with 

respect to Its nearest grid point 1n the tissue power array (Integer 

coordinates point (nx,ny)). Both points are measured with respect 

to the same reference frame. There are four possible relative 

positions (see Figures 11-14): 1) nx > x and ny < y; 2) nx < x and 

ny < y; 3) nx > x and ny > y; and 4) nx < x and ny >y. The areas 

shown 1n Figures 11 through 14, Aj, A2, A3 and A4, represent the 

Intersections between the area of the fixed node (nx,ny) with the 

four surrounding areas of the nodes of the moving grid. The 

formulas to, compute these areas are the same in all four cases. To 

assign a new power value to the fixed node (nx.ny) of the tissue 

power array (Q) after every time step 1n the program proceeds 1n the 

following way: 1) the case number 1s determined (Case 1, 2, 3 or 

4), 2) the areas A1, A2, A3 and A4 are computed, 3) every area 1s 

multiplied by their respective power values of the moving array q, 

and 4) the results are added and divided by the total area of the 

node (nx,ny). 
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Figure 11. Relative Position of the Focal Point (x,y) with Respect 
to the Nearest Node (nx,ny) for Case 1: nx>x and ny<y. 

The areas Alf A2, A3, and A4 are shown. 
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Figure 12. Relative Position of the Focal Point (x,y) with Respect 
to the Nearest Node (nx.ny) for Case 2: nx<x and ny<y. 



26 

ci, j+n 

Focal Point 

b -•* 
(nx,ny) 

<—Moving Grid 

Figure 13. Relative Position of the Focal Point (x,y) with Respect 
to the Nearest Node (nx.ny) for Case 3: nx>x and ny>y. 
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Figure 14. Relative Position of the Focal Point (x,y) with Respect 
to the Nearest Node (nx,ny) for Case 4: nx<x and ny>y. 
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For Instance, for case 2)(see Figure 12): 

Q(nxfny) = (q(I,J)Al + q(I,J-l)A2 + q(I-l,J)A3 + q(I-l,J-l)A4)/a2 

where Q(nx,ny) 1s the new local power value assigned to the tissue 

array at the node (nx,ny) and q(I,J) Is the power value of the 

nearest node 1n the ultrasound power array to the node (nxtny) 1n 

the tissue power array. The sum of the areas should be equal to a2 

(a2 = A1 + A2 + A3 + A4), where a 1s the side length of the control 

area of a node. 

Once the power is computed for the node (nx,ny) 1n the tissue 

power array, the same operation 1s repeated for all the nodes within 

the radius of the ultrasound power field (within the boundaries of 

the ultrasound power array). The areas calculated for the point 

(nx,ny) will be the same for all of the other points 1n the tissue 

power array at a given time step, thus reducing the complexity of 

the problem. In other words, the relative position of the focal 

point (x,y) of the ultrasound power array with respect to the 

nearest node (nx,ny) 1n the tissue power array 1s the same as the 

relative positions for all of the nodes 1n the ultrasound power 

array with respect to their nearest nodes 1n the tissue power array. 

The technique can be visualized as consisting of sweeping a smaller 

ultrasound power array Inside the larger tissue power array where 

the center of the smaller array moves along a circle centered In the 

middle of the larger array. 
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The scanning simulation 1s carried out by two subroutines. 

The first subroutine keeps track of the location of the transducer, 

as shown 1n Figure 15, during a cycle by computing the angle theta 

(see Figure 10) around a given scan circle from knowledge of the 

scan time (time 1n seconds to scan one scan circle) as follows: 

0 - av timer 

where av 1s the angular velocity of the transducer and timer 1s the 

time around the scan circle (timer 1s set equal to zero at the start 

of every scan circle). 

2 T av = 
scan time 

By knowing on what position of the scan circle the focal point of 

the power field 1s located, and the time step (At) for that scan 

circle, the value of timer can be computed: 

timer = position number * At 

scan time At = 
ndc 

where ndc 1s the number of positions around a scan circle that the 

focal point of the power field hits during scanning that scan 

circle, and 1t 1s determined so that the distance traveled by the 

focal point In a time step 1s always equal or smaller than the 

spatial resolution of the arrays used. A cycle has been defined as 

the total path traveled by the focal point during scanning until 1t 

starts to perform the same routine again. 
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calculate temperatures 

Loop over the number 
of positions per circle 
for this scan path 

Figure 15. Scanning Subroutine 

This subroutine keeps track of the location of the transducer during 
a cycle. 
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A cycle could be composed of one or several concentric scan paths 

with the possibility of repeating some of the circular scans several 

times. A second subroutine performs the power redistribution after 

the transducer has moved to a new location along the scan circle. 

This second subroutine uses the angle theta and the scan diameter to 

locate the focal point of the power field as follows: 

x- SD C°SW +X0 

. SD sln(fl) + y 2 
yo 

where SD 1s the scan diameter, x and y are the coordinates of the 

focal point and x0 and y0 are the coordinates of the center of the 

scan circle as seen 1n Figure 10. The coordinates of the nearest 

nodal point to the point (x,y) where the focal point of the 

transducer 1s located are easily computed by finding the nearest 

Integer to x (nx) and y (ny). Then, the subroutine computes the 

areas as follows: 

A l  = L1L2 

A2 = hl_2 

A3 = bl_i 

A4 = hb 
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where 

b = |x-nx| 

h = |y-ny| 

L-| = a-h 

L2 = a-b 

All these areas and dimensions are Illustrated 1n Figures 11-14. 

Once the areas are calculated, redistribution of the ultrasound 

power array to the tissue power array 1s carried out as explained 

before. A flow chart of this subroutine 1s presented 1n Figure 16. 

The scanning subroutines are performed for as many cycles as the 

program users chooses. In the present simulations they were 

performed until periodic steady state criteria were met between 

consecutive cycles. 
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Figure 16. Redistribution of Power Subroutine Flow Chart 
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2.3 Temperature Solving Algorithm 

2.3.1 The B1o Heat Transfer Equation (BHTE) 

The b1o heat transfer equation, first presented by Pennes 

(14) has been the most common representation of the spatial and 

temporal distribution of temperature 1n living tissue. The 

differential form of this equation 1s: 

-V(kVT) + WbCb(T-Ta) + ,cp-§I = Q + Q„ (2.3.1) 

where 

T = temperature of the tissue (*C) 

p = density of tissue (Kg/m3) 

Q = power absorbed per unit volume of tissue (W/m3) 

Qn= power generated per unit volume of tissue by metabolic 

process (W/m3) 

k = tissue thermal conductivity (W/m*c) 

Wb= mass perfusion rate of blood per unit volume of tissue 

(Kg/m3/s) 

t = time in seconds (s) 

Cjj,Cp specific heat of blood and tissue, respectively (J/Kg/*C) 

Ta= temperature of the arterial blood entering the control volume 

(°C). 

QT 
The term pZ^ describes the rate of change 1n stored Internal 

energy of the tissue. The term -V(kVT) describes the heat transfer 

due to conduction, and the term Wt,Cjj(T-Ta) 1s intended to account 
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for a large number of blood perfusion effects and that simulates the 

energy carried away by the blood as 1t leaves the control volume. 

This term, typically referred to as the convectlve blood perfusion 

term, assumes that the blood enters the control volume at the 

temperature Ta and then comes to thermal equilibrium with the 

tissue. 

The BHTE has been the subject of criticism due to the scalar 

treatment of the convectlve blood perfusion term and to the lack of 

countercurrent heat exchange [15,16]. Various Improvements of the 

BHTE have been made which Include the directionality effects and the 

effects of the counter current heat exchange [17-19]. These 

Improvements, although they provide new Insight Into the heat 

transfer process 1n tissues, are mathematically and numerically 

complex at present. As a result, the BHTE presently continues to 

be the equation of choice to approximate the temperature field In 

tissues during hyperthermia. 

In the simulations performed 1n this work, a simpler form of 

equation 2.3.1 was used. The modeled tissue was assumed homogeneous 

and isotropic. In other words, the tissue and blood properties (Wt,, 

K, p, Cb and Cp) were assumed to be constants throughout the entire 

field. Also, the metabolism (Qn) was neglected due to its small 

contribution to temperature changes as shown by Jain [16]. With 

these assumptions, the BHTE reduces to: 

-kVZT + WbCb(T-Ta) + />Cp = Q (2.3.2) 



2.3.2 Finite Difference Explicit Representation of the B1o Heat 

Transfer Equation 

The BHTE was numerically approximated using explicit forward 

differences In time (Explicit Euler me':hod) [20] to approximate the 

first order partial derivative of temperature with respect to time, 

and by using central differences [20] to represent the second order 

partial derivative of temperature with respect to space. The 

explicit forward difference was chosen because the time step (At) 

required by the simulations was small enough to guarantee stability 

(as shown 1n Appendix B), and because any implicit formulation 

(e.g., ADI methods) required large memory space arid computational 

time. 

Applying these numerical approximations to the BHTE with the 

assumptions of constant properties and uniform blood perfusion, the 

dlscretized equation takes the form: 

T1?j!k = P [T1+lJ,k + T1,j+l,k + T1,j,k+1 + Ti-l,j,k + T1 J-l,k + 

T1,j,k-1 " T1,j,k W] + QT 1,j,k (2.3.3) 

where 

1,j,k represents the position of a temperature point 1n the 3-D 

temperature array (dlmenslonless) 

n represents the Iteration number 1n time (dimensionaless) 

B = (dlmenslonless) 
(AS)2 

a = thermal dlffuslvlty = (m2/s) 
9 P 
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at = time step 1n seconds 

AS = spatial resolution In meters (same 1n all directions) 

7 
1 ch = 6 + -J- — - 1 (dlmenslonless) 

P 

T|,j,k = temperature of a node located at (1,j,k) (#C) 

Q T 1 t j . k =  P l , l . k  +  W b T a C b )  ^  C C )  

Q|,j,k = P°wer density value of a node located at (1,j,k) (W/m3) 

Wb» Cj), Cp and p were defined earlier. 

All six boundaries were treated as constant temperature 

boundary conditions (D1r1chlet condition). A flow chart of the 

temperature solving subroutine 1s shown 1n Figure 17. Recall, 

Figure 1 shows the flow chart for the whole computer program and as 

can be seen, the temperatures at every iteration for the last cycle 

are saved. This 1s done to obtain Information about the transient 

temperature fluctuations 1n the whole field as well as to compute 

the relative thermal dose (see Chapter 3). The program terminates 

after this last cycle 1s completed. 
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Figure 17. Flow Chart of the Temperature Solving Subroutine. 



CHAPTER 3 

SIMULATIONS RESULTS 

The simulation results are presented 1n this chapter. A brief 

explanation of how they were obtained 1s first offered. It should be 

noted that 1n this work the focal plane (focal point, focal depth) 

refers to the acoustical focal plane (focal point, focal depth) of 

the power field; that 1s, the plane (point, depth) where the peak 

power Intensity 1s located. 

In all simulations, the program was run until periodic steady 

state temperatures were reached. Numerically, the criteria for peri

odic steady state was reached when the maximum difference In temper

atures between two consecutive cycles was less than or equal to 

0.001*C for all points. Also, 1n every case the power was adjusted to 

obtain a minimum temperature at the center of the scan paths 1n the 

focal plane of 43*C. This standardized all simulations to the same 

conditions which approximated a reasonable clinical goal. Likewise, 

all runs were made with the focal point of the power field at 5 cm 

deep Into the tissue (except where specified) since the behavior 1n 

the focal plane was of most Interest, and this behavior 1s the same 

regardless of the focal depth chosen as long as the boundaries are 

kept far enough away (results shown later). The value of the tissue 

parameters used 1n the simulations are presented 1n Table 1. 

39 
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Table 1. 

Tissue Parameters Used In the Simulations 

Density 998 Kg/m3 (21-23) 

Thermal conductivity 0.5 W/m *C (21) 

Heat capacity 3770 J/Kg *C (22,23) 

Blood heat capacity 3770 J/Kg *C (22,23) 

Ultrasound absorbtion coefficient 5 Nepers/m (24) 

Uniform blood perfusion variable Kg/m3/s 
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These represent average values for human soft tissues. For some 

cases, the resultant transient oscillating temperature values at 

periodic steady state were used to calculate thermal dose using the 

Sapareto and Dewey [25] formulation. The relative thermal dose was 

then obtained by dividing the thermal dose value calculated from the 

continuous, tine varying temperatures, by the dose given by the 

temporal average temperature for the same location [4]. It should 

be noted that the actual reaction of biological cells to fluctuating 

high temperatures has not been studied, so use of this formula 1s 

clearly an approximation to the actual dose. 

3.1 Single Transducer Simulations 

Four different transducers (Table 2) were used for single 

transducer simulations (where the face of the transducer 1s parallel 

to the skin as shown 1n Figure 2), all of them had resonating 

frequencies of 1 MHz, diameters of 13 cm, and rad11 of curvatures 

ranging from 14 cm to 34 cm. This combination gave a practical 

range of f numbers (f = diameter of transducer/radius of curvature). 

The absorbed power deposition patterns for transducers one and four 

(see Table 2) focussed at 5 cm deep Into the tissue are shown in 

Figure 18 where contour power lines are plotted for 10% Increments 

of the peak value. The effect of reducing the radius of curvature 

1s a more sharply focussed power deposition as seen 1f Figure 18. 

The same effect can be obtained 1f one increased transducer diameter 

for a constant radius of curvature. In other words, the lower the f 

number, the more sharply focussed Is the power deposition pattern. 



Table 2. 

Physical Characteristics of the Focussed Ultrasonic Transducers 

Used In the Simulations 

Radius of *D1ameter of 

Transducer Curvature (mm) f-number the Focus (mm) 

1 340 2.6154 8.0 

2 290 2.2308 7.0 

3 240 1.8462 6.0 

4 140 1.0769 4.0 

*The diameter of the focus 1s twice the distance along the focal 

plane from the axis of the transducer to the first zero power 

location. All transducers had diameters of 130 mm and resonating 

frequencies of 1 MHz. 
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Figure 18. Absorbed Power Deposition Pattern for Transducers 1 and 4 
Focussed at 5 cm Into the Tissue, a) and b) Respectively. 

These represent axial planes which have angular symmetry. The iso-
power contour lines are plotted every 10% increments of the peak 
value. 



Transducer 1 has good deep heating capabilities due to Its large 

radius of curvature and has a practical diameter size. For these 

two reasons 1t was chosen for most of the single transducer simula

tions even though It does not have the sharpest power deposition 

pattern. One way to Improve the power deposition pattern 1s by 

using multiple tilted transducers (sections 2.1.3, 3.2 and 4.2). 

As mentioned before (1n Chapter 1) the most significant 

feature of this transient three-dimensional model 1s that of being 

able to simulate scanning of the ultrasound transducer. This 

feature allows the study of the dependence of temperature 

fluctuations on scan time and blood perfusion magnitude for a given 

transducer and scanning pattern. This transient feature can be 

appreciated 1n Figure 19 where temperature distributions 1n the 

focal plane are shown at three different Instances 1n time (90* 

apart) along a 2 cm diameter scan. These graphs were obtained after 

periodic steady state conditions were reached for a case of 5 

Kg/m3/s blood perfusion and a 60 seconds scan time using transducer 

1. The hottest point 1n this plane follows the focal point of the 

power field around the scan path. The effect of scanning on the 

temperature fluctuations 1n the scan path can be appreciated by 

noticing that the position of the lowest temperature on the scan 

path 1s 1n front of the position of the highest temperature (Figure 

19c) where the focal point 1s located. As the transducer 1s scanned 

the position of the lowest temperature becomes the position of the 

highest temperature; hence, causing the temperature fluctuations. 
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Figure 19. Temperature Distributions in the Focal Plane at Three 
Different Times (Transducer Positions 90* Apart) After 
Steady State Periodic Conditions Were Reached. 

a), b), and c) represent the three consecutive instances 1n time; d) 
shows a temperature contour plot of the Figure 2c case. Note how the 
hottest point in this plane changes with position. Blood perfusion 
of 5 Kg/m3/sf scan time of 60 seconds, and transducer number one. 
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3.1.1 Single Scan Simulations 

Single scan simulations, for which the scanning pattern 1s a 

circle, provided a reasonable place to start to Investigate the 

effects of blood perfusion, scan time and transducer choice on the 

temperature field. Typical temperature distributions for single 

scan simulations are presented 1n Figure 20 through 23, where the 

contour lines of normalized average temperatures are shown for 10% 

increments of the peak value. The scans were 2 cm In diameter. 

Figures 20 and 21 were obtained using transducer 1 for blood flow 

values of 0.5 and 5.0 Kg/m3s, respectively. Figures 22 and 23, for 

the same respective blood perfusion values, were obtained using 

transducer 4. The effect of blood flow 1s to Increase the 

temperature gradient by washing away the energy that otherwise would 

have been conducted away. This produces a temperature field which 

1s narrower for the high blood flow cases. Also, the effect of 

transducer choice can be seen by comparing Figures 20 and 21 with 22 

and 23, respectively. The effect of a sharper focussed transducer 

(transducer 4) 1s that of more localized heating. However, even 

though the focal depth 1s at 5 cm deep, the location of the maximum 

temperature 1s somewhere between the skin and the focal depth. This 

effect, common when using scanned focussed ultrasound for deep 

heating, 1s caused by continuous overlap of the power while scanning 

as explained 1n section 2.1.2. 
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Figure 20. Contour Lines of Normalized Average Temperature 
Distribution of an Axial Plane Every 10% Increment of 
the Peak Value. 

Focal depth at 5 cm, blood perfusion of 0.5 kg/m3/s using transducer 
1 • 
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Figure 21. Contour Lines of Normalized Average Temperature 
Distribution of an Axial Plane Every 10% Increment of 
the Peak Value. 

Focal depth at 5 cm, blood perfusion of 5.0 kg/m3/s using transducer 
X * 
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Figure 22. Contour Lines of Normalized Average Temperature 
Distribution of an Axial Plane Every 10% Increment of 
the Peak Value. 

Focal depth at 5 cm, blood perfusion of 0.5 kg/m3/s using transducer 
4. 
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Figure 23. Contour Lines of Normalized Average Temperature 
Distribution of an Axial Plane Every 10% Increment of 
the Peak Value. 

Focal depth at 5 cm, blood perfusion of 5.0 kg/m3/s using transducer 
4. 



These high temperature regions always seemed to appear at a distance 

of less than 3 cm from the skin for focal plane depths of more than 

3 cm deep, as shown 1n Figures 24 through 27 where the normalized 

average temperature distributions are plotted for a 2 cm scan, two 

values of blood perfusion and for focal depths of 3 and 7 cm. 

Notice that the high temperature regions stay close to the skin even 

1n the 7 cm focal depth cases. 

As mentioned at the beginning of this chapter, the behavior 

of the focal plane 1s of most interest; specifically, the 

temperature fluctuations on the scan path. These temperature 

fluctuations are Independent of the focal depth as shown 1n Figures 

28 through 30, where the contour lines for the temperature 

fluctuations were plotted for 10% Increments of the peak value for 

focal depths of 3, 5 and 7 cm (blood perfusion value of 5.0 Kg/m3/s, 

scan time of 60 seconds, and a 2 cm diameter scan using transducer 

1). Notice that the fluctuation pattern remains unchanged, but Is 

just translated with the focal depth. 

Other very Important results are that the largest temperature 

fluctuations are always located at the focal depth on the scan path 

and, that the near field high temperature regions do not have any 

effect on the temperature fluctuations regardless of the focal 

depth. These results are also shown 1n Figures 28-30. First, 

notice that the largest temperature fluctuation 1s at the focal 

depth 1 cm away from the scan center (I.e., on the scan path). 
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Figure 24. Contour Lines of the Normalized Average Temperature 
Distributions of an Axial Plane Every 10% Increment of 
the Peak Value Using Transducer 1. 

For this run, the focal depth was at 3 cm deep and the blood 
perfusion was 0.5 kg/m3/s. 
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Figure 25. Contour Lines of the Normalized Average Temperature 
Distributions of an Axial Plane Every 10% Increment of 
the Peak Value Using Transducer 1. 

For this run, the focal depth was at 3 cm deep and the blood 
perfusion was 5.0 kg/m3/s. 
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Figure 26. Contour Lines of the Normalized Average Temperature 
Distributions of an Axial Plane Every 10% Increment of 
the Peak Value Using Transducer 1. 

For this run, the focal depth was at 7 cm deep and the blood 
perfusion was 0.5 kg/m3/s. 
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Figure 27. Contour Lines of the Normalized Average Temperature 
Distributions of an Axial Plane Every 10% Increment of 
the Peak Value Using Transducer 1. 

For this run, the focal depth was at 7 cm deep and the blood 
perfusion was 5.0 kg/m3/s. 
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Figure 28. Contour Lines of the Temperature Fluctuations Across an 
Axial Plane Every 20% Increment of the Peak Value. 

The focal plane was 3 cm deep, blood perfusion of 5.0 kg/m3/s and 
scan time of 60 seconds. Notice that the largest fluctuation is 
located at the focal depth. 
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Figure 29. Contour Lines of the Temperature Fluctuations Across an 
Axial Plane Every 20% Increment of the Peak Value. 

The focal plane was 5 cm deep, blood perfusion of 5.0 kg/m3/s and 
scan time of 60 seconds. Notice that the largest fluctuation is 
located at the focal depth. 
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Figure 30. Contour Lines of the Temperature Fluctuations Across an 
Axial Plane Every 20% Increment of the Peak Value. 

The focal plane was 7 cm deep, blood perfusion of 5.0 kg/m3/s and 
scan time of 60 seconds. Notice that the largest fluctuation 1s 
located at the focal depth. 
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Secondly, the magnitude of this largest fluctuation 1s Invariant 

with focal depth (not shown), Indicating that the near field high 

temperature regions shown 1n Figures 20-27 do not have an effect on 

the magnitude of the largest temperature fluctuations. Also, since 

the high temperature regions remained close to the skin (less than 3 

cm for single transducer simulations), they did not have any effect 

on the focal plane temperatures for focal depths of more than 3 cm. 

The effects of scan time and blood perfusion on the 

temperature distribution In the focal plane are presented 1n Figure 

31, where the maximum, average, and minimum temperatures are plotted 

against the radial distance from the center of the scanning circle 

for two blood perfusion values and two scan times for transducer 1. 

The magnitude of the temperature fluctuations can be seen to 

Increase with blood perfusion and scan time. In other words, for 

large blood perfusion values or slow scanning speeds, the 

temperature fluctuations Increase. Also, for the larger perfusion 

case (Figure 31c and d) temperature dips at the center of the scan 

appear. 

To further Illustrate these effects, Figure 32 plots the 

maximum, average, and minimum temperature of a point located on the 

scan path as a function of the scan time for four different values 

of blood perfusion. 
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Figure 31. Maximum, Average and Minimum Temperatures in the Radial 
Direction at the Focal Plane 

a) and b) are for a blood perfusion of 0.5 Kg/m3s and scan times of 
10 and 60 seconds, respectively; c) and d) are for a blood perfusion 
of 10.0 Kg/m3s and scan times of 10 and 60 seconds, respectively. 
The scan diameter is 2 cm for transducer 1. 
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Figure 32. Maximum, Average and Minimum Temperature on the Scanning 
Path (2 cm diameter scan) in the Focal Plane for 
Transducer 1 as a Function of Scan Time 

a), b), c) and d) represent blood perfusion values of 0.5, 1.0, 5.0 
and 10.0 Kg/m3/s, respectively. Notice the scale change between 
figures. 
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Again, for fast scanning speeds significant temperature fluctuations 

are not present even 1n the high blood flow cases, and for slow 

scanning speeds (longer scan times), small temperature fluctuations 

are present even 1n the low blood flow cases. (Note the scale change 

between the figures.) At higher blood flows the tissue 1n the 

scanning path 1s at significantly higher temperatures than the 43*C 

value at the scan center. Therefore, high blood perfusion values 

not only Induce temperature fluctuations for long scan times, but 

they also induce higher average temperatures at the scan radius for 

all scan times. 

Figure 33 shows that the magnitude of the fluctuations are a 

linear function of the scan time and that the slope of the curves 

Increases with the blood perfusion. Notice that all the lines, 1f 

extrapolated, Intersect the origin; 1n other words, 1f the scanning 

could take place at Infinitely fast speeds no temperature fluctua

tion would occur. For a given scan time, the temperature fluctua

tions appear to be exponentially related to the blood perfusion 

magnitude as shown 1n Figure 34, where the fluctuations of a point 

on the scan path are presented as a function of the blood perfusion 

rate. The effects of these fluctuations on the relative thermal 

dose delivered are presented In Figure 35 where the relative thermal 

dose of a point on the scan path 1s plotted against blood flow and 

scan time. For a scan time of one second, there 1s no change 1n the 

relative thermal dose as blood perfusion changes, but for longer 

scan times the relative thermal dose starts to Increase dramatically 

with blood perfusion. 
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Figure 33. Temperature Fluctuations of a Point on the Scan Path 
a Function of Scan Time for Three Blood Perfusion 
Values: a) 1.0, b) 5.0 and c) 10.0 kg/m3/s. 

These results were obtained using transducer 1 and 2 cm scan 
diameter. 
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Figure 34. Temperature Fluctuations of a Point on the Scan Path as 
a Function of Blood Perfusion for Three Different Scan 
Times: a) 5, b) 10 and c) 30 seconds. 

Results obtained using transducer 1 and a 2 cm scan diameter. 
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Figure 35. Relative Thermal Dose Delivered to a Point on the 
Scanning Path 1n the Focal Plane (2 cm Diameter Scan) 
as a Function of the Blood Perfusion for Different Scan 
Times (Transducer 1). 

a)t b)t c), d) and e) are for scan times of 1, 5, 10, 30 and 60 
seconds, respectively. 
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Figure 36 shows that the temperature fluctuations at a point 

on the scanning path depend on the transducer choice (diameter of 

the focus) and the scan size. The data 1n that figure 1s for blood 

perfusion values of 0.5, 5.0 and 10.0 Kg/m3-s and scan diameters of 

1.0 and 2.0 cm. It can be seen that narrower the diameter of the 

focus, the higher the fluctuations. Thus, the fluctuations on the 

scan path at the focal plane also depend on the sharpness of the 

power field. For higher blood perfusion values the fluctuations 

increase with the size of the scan, while for the low perfusion case 

the scan size has little effect on the results. 

In addition to the focal point temperature fluctuations, the 

temperature distributions Inside the scanning circle are also very 

Important. Ideally a uniform temperature distribution at 

therapeutic levels 1s desired, but high blood perfusion can make 

this goal difficult to achieve. To study this phenomenon for a 

single scan, Figure 37 and 38 plot the average temperature on the 

scan path minus the minimum temperature of the center of the focal 

plane (43*C 1n all cases) as a function of the blood perfusion and 

the diameter of the focus respectively for different scan sizes. 

The smaller the scan size, the broader the focus, and the lower the 

blood perfusion the more uniform are the temperature distributions 

obtained. 
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Figure 36. Temperature Fluctuation Magnitudes of a Point Located 
on the Scan Path as a Function of the Diameter of the 
Transducer Focus for Different Scan Diameters and 
Different Blood Perfusions (Scan Time of 60 Seconds). 

a) and b) are for blood perfusions of 0.5 kg/m3/s and scan diameters 
of 1. and 2.0 cm, respectively, c) and d) are for blood perfusion 
of 5.0 kg/m3/s and the same scan diameters. 
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Figure 37. Average Temperature of a Point Located on the Scan Path 
Minus the Temperature of the Center of the Focal Plane 
(43*C) Versus Blood Perfusion for Four Different Scan 
Diameters. 

a), b), c) and d) are for scan diameters of 0.5, 1.0, 1.5 and 2.0 
cm, respectively. Scan time 60 seconds, transducer 1. 
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Figure 38. Average Temperature of a Point Located on the Scan Path 
Minus the Temperature of the Center of the Focal Plane 
(43*C) Versus the Diameter of the Focus for Two 
Different Blood Flows and Two Different Scan Sizes. 

a) and b) are for blood flow of 0.5 Kg/m3/2 and scan diameters of 
1.0 and 2.0 cm, respectively, c) and d) are for blood flow of 5.0 
kg/m3/s and the same scan diameters. Scan time of 60 seconds, 
transducer 1. 
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3.1.2 Multiple Scan Simulations 

The size of the tumors to be treated with focussed, scanned 

ultrasound vary from a few millimeters to several centimeters. The 

focal zone of an ultrasonic power field usually 1s small relative to 

the tumor size. This difference between the focal zone size and the 

tumor size requires scanning the focal region of the power field 

through the whole tumor volume. In order to achieve this, more than 

one scan 1s necessary. In this work, the scanning pattern, composed 

of concentric circles, was Investigated for a single transducer with 

the goal of obtaining uniform temperature distributions at the focal 

depth. The multiple concentric scans are defined by the scan 

diameters of their respective scan circles. The program 1s able to 

scan any combination of concentric scan paths with different 

combinations of rounds around any circle as well as different speeds 

for any circle. 

Figure 39 shows the results of multiple scan simulations 

where the average temperatures at the periodic steady state 

condition are plotted versus radial distance 1n the focal plane for 

different perfusion values. The scan time for a whole cycle was 

kept equal to 7.5 seconds for all of these simulations 1n order to 

avoid temperature fluctuations. The results of Figure 39 Indicate 

that good heating 1s achieved as long as the difference between scan 

diameters Is less than or equal to the diameter of the focus of the 

transducer used. For Instance, the scan paths for the simulation of 

Figure 39b are separated by 7.5 mm which is close to the diameter 
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Figure 39. Average Temperature Distributions in the Focal Plane of 
Transducer 1 Using Concentric Scans. 

a) 1.0, 2.0 and 3.0 cm scans; b) 1.0, 2.5 and 4.0 cm scans; and c) 
1.0, 3.0 and 5.0 cm scans. The results are shown for 4 blood 
perfusion values (scan time of 7.5 seconds), d) is average 
temperature distribution versus radius at the focal depth for two 
outer 5 cm scans and a singler 2 cm Inner scan for 4 different blood 
flows (scan time of 7.5 seconds). 



of the focus (DOF) of the transducer used (transducer 1, D0F=8mm). 

The temperature distributions for this case are the most uniform as 

1t can be seen if compared with Figures 39a and 39c. This general 

result was verified by repeating similar runs with the most sharply 

focussed transducer (number 4 DOF=0.4mm) and scan diameters of: 

0.4, 1.2, 2.0cm. Here uniform distributions were also obtained. 

Figure 39d shows the results of simulating the pattern one 

animal experiment (4), a two scan cycle with 1 revolution on the 

Inner 2 cm scan and 2 revolutions on the outer 5 cm scan. The 

results for a resting muscle blood perfusion level (0.5 Kg/m3s) gave 

a uniform temperature distribution. For higher blood perfusions, 

the outer scan had very large temperature elevations. 

One way to avoid the near field heating effects due to power 

overlapping during scanning 1s by using a transducer with smaller f 

number, and thus, larger acoustic window area. For example, Figure 

40 (top) shows the power deposition pattern for a large transducer 

whose radius of curvature 1s 24 cm and whose diameter 1s 26 cm. 

Because of Its larger size and window, this transducer Induces 

better deep heating as shown 1n Figure 41, where the normalized 

average temperature contour lines are plotted for two blood 

perfusion values (2 cm scan diameter and the focal depth at 5 cm). 

These temperature distributions are more desirable than those given 

using transducer 1 (Figures 20 and 21). Unfortunately, low f number 

transducers (with diameter larger than 13 cm) are complicated to 

manufacture and, therefore, expensive. 
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Figure 40. Absorbed Power Deposition Pattern Across an Axial Plane. 

Contour lines are plotted for 10% increments of the peak value. 
Top) large transducer, radius of curvature of 24 cm and diameter of 
26 cm, focussed at 5 cm deep. Bottom) four tilted transducers 
(using transducer 3, tilted by 33#, Table 2) focussed at 5 cm deep. 
The total surface area of both a) and b) 1s the same. 
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Figure 41. Normalized Average Temperature Distributions of an Axial 
Plane (with Angular Symmetry) for the Large Transducer 

Radius of curvature = 24 cm and diameter = 13 cm. Focal depth at 5 
cm deep, 2 cm scan diameter. Blood perfusion values of 0.5 (top) 
and 5.0 (bottom) kg/m3/s. The contour lines are plotted for 10% 
increments of the peak temperature. 
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3.2 Multiple Tilted Transducer Results 

Another way to obtain the same effect 1s to use multiple 

tilted transducers with overlapping foci, where the combined surface 

area of the multiple transducers 1s the same as the area of one low 

f number transducer. For example, Figure 40 (bottom) shows the 

normalized power pattern for four tilted transducers with 

overlapping foci. These transducers have the same radius of 

curvature as the large transducer (Figure 40 top) and diameters of 

13 cm. That 1sf the combined surface area of the four transducers 

1s equal to the surface area of the large transducer. Notice that 

the power values are very similar Inside the 20% 1so power line. 

Similar results to those presented 1n Figure 41 using multiple 

tilted transducers with overlapping foci are presented 1n Figure 42. 

As can be seen by comparing Figure 41 with Figure 42, using multiple 

tilted transducers induced less near field heating. 
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Figure 42. Normalized Average Temperature Distributions of an Axial 
Plane (with Angular Symmetry) for Four Tilted 
Transducers. 

Radius of curvature = 24 cm and diameter = 13 cm, tilting angle of 
33*. Focal depth at 5 cm deep, 2 cm scan diameter. Blood perfusion 
values of 0.5 (top) and 5.0 (bottom) kg/m3/s. The contour lines are 
plotted for 10% increments of the peak temperature. 



CHAPTER 4 

DISCUSSION 

The development of a three-dimensional model to simulate 

scanned focussed ultrasound hyperthermia has been motivated by the 

need to know the transient temperature field during hyperthermia 

treatments. This work represents the Initial step towards a more 

complete patient treatment planning program where actual tumor 

geometry, properties, and other anatomical features will be 

considered, to not only predict but also monitor temperatures during 

hyperthermia. The steering of focussed ultrasound beams can Induce 

temperature fluctuations 1n tissues but, 1f well Implemented,uniform 

temperature distributions can be Induced. The dependencies of these 

temperature fluctuations and distributions on different parameters 

encountered in hyperthermia treatments were the center of attention 

in this work. These dependencies are also compared with experimental 

trends previously obtained at the University of Arizona [4,6]. 

4.1 Single Transducer Simulations 

4.1.1 Temperature Fluctuations for Single Scans 

The temperature fluctuations during scanned focussed ultra

sound were found to be Independent of the focal depth. That 1s, at 

any focal depth the same fluctuation pattern and magnitude (+ 0.1'C) 

were obtained. 
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Moreover, the maximum temperature fluctuation always occurred on the 

scanning path (at the focal depth), not 1n the more superficial 

tissues as reported by Dickinson [11]. These results allowed this 

study to concentrate on the fluctuations at the focal plane without 

concern for any depth dependence. 

According to the model the fluctuations Increase linearly 

with scan time (Figure 33) for a given scan size (scan diameter) and 

a given power level. Also, the relation between the fluctuations 

and the blood flow (for a given scan size and scan time) 1s 

exponential (Figure 34) but very weak. This means that for 

practical applications, this relationship may be considered to be 

linear for a practical range of blood perfusion values. The 

Increase of temperature fluctuations due to high blood perfusion 

values and long scan times (as shown 1n Figures 31 thorugh 34) has a 

dramatic Impact on the relative thermal dose. Figure 35 shows that 

for a given scan time the relative thermal dose Increases very 

rapidly with blood perfusion. However, this effect Is not felt for 

very short scan times (scan time of 1 s, Figure 35), Indicating that 

fluctuation can be always avoided by Implementing high scanning 

speeds. 

The temperature fluctuations also depend on the diameter of 

the focus of the ultrasonic power field (Figure 36). In general the 

sharper the power field, the greater the fluctuations; this effect, 

however, seems to be present only 1n highly perfused cases. Also, 

for a given scan time and blood perfusion, the temperature 



fluctuations Increase with the size of the scan path (Figure 36); 

again, this effect seems to be Important only 1n high perfusion 

cases. 

The experimental results and a simple previous theory [4] 

showed that at a given power the scanning speed does not have an 

effect on the temporal average temperature distribution Inside the 

scan path; the experiments also showed that the fluctuations are 

localized to a very small volume next to the scan path. These same 

results were verified by these simulations. For example, Figure 32 

shows that the average temperature remains constant for all scan 

times at a given blood flow value, and from Figures 28 through 31, 

one can observe that the simulated temperature fluctuations are 

localized very close to the scan radius. The simulation results 

also agree with the suggested scan times given by Lele [5], who 

stated that scans with sharply focussed transducers should be 

completed within 3 to 10 seconds 1n order to avoid significant 

temperature fluctuations. 

4.1.2 Temperature Distributions for Single Scans 

The model showed that to obtain uniform temperature 

distributions the scan diameter should be equal or less than the 

diameter of the focus of the power field. For example, scan 

diameters up to 1.0 cm gave uniform temperature distributions, 

Independent of the blood perfusion magnitude (Figure 38). This Is 

because the diameter of the focus of the transducer used was 
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approximately 8 mm, which Is about the same as the diameter of the 

scan (5 and 10 mm); therefore, almost the whole target volume Inside 

the scan was swept with significant power, producing uniform 

temperatures—a consequence of a more uniform power. If the 

diameter of the scan path 1s much greater than the diameter of the 

focus, a temperature drop appeared at the center of a 2 cm scan when 

high blood perfusions were present (Figure 31) as also reported, by 

Lele [5], Also, the average temperature at the scan path Increases 

with blood flow and with the sharpness of power field (Figure 38), 

1n order to meet the condition of a minimum temperature of 43*C at 

the center of the scan. 

4.1.3 Temperature Distributions for Multiple Concentric Scans 

In the case of multiple concentric scans (Figure 39), a 

scanning pattern where the scan paths are spaced at a distance 

approximately equal to or less than the diameter of the focus gave 

uniform average temperature distributions Independent of the blood 

perfusion rate. At larger separations between concentric scans, 

uniform temperature distributions may occur at low perfusions, but 

1n regions of higher perfusions, significant temperature variations 

exist. These results suggest that the scan sizes are dependent on 

the transducer being used 1f one wants to achieve uniform 

temperature distributions. Thus, knowledge of the power pattern for 

a given transducer 1s essential In order to choose an effective 

scanning pattern for a given tumor size. 



81 

The simulation results on the effect of the scanning pattern 

on the temperature distributions agree with the trends present In a 

previous canine experimental study [4], The simulations of two 5 cm 

and one 2 cm diameter scans (Figure 39) gave uniform temperature 

distributions at perfusion values comparable to resting muscle 

perfusion (about 0.5 Kg/m3/s)f and for higher perfusion rates 

similar to the observations made during vasodilation caused by 

hydralazine Injection [4], the simulations predicted higher 

temperatures at the outer scan, as was also observed experimentally. 

Even though scanned focussed ultrasound hyperthermia can 

induce uniform temperature distributions at the focal depth, 1t can 

also induce high temperature regions between the skin and the focal 

depth due to the power deposition overlap. However, by using large 

transducers (low f numbers), this problem can be avoided—a 

consequence of the larger acoustic window. Unfortunately larger 

diameter transducers are expensive (they may have to be built using 

multiple crystals). An alternative to use of larger transducers 1s 

to use multiple, small diameter tilted transducers with overlapping 

foci. 

4.2 Multiple Tilted Transducers 

The results of using several tilted transducers with 

overlapping foci and a given surface area are better than the 

results obtained by using a single, equivalent surface area 

transducer. These better results are a consequence of the spadngs 



1n between the power fields of every transducer which promote better 

cooling by conduction and the larger combined window size of the 

multiple tilted transducers. The window size Is larger due to the 

contributions of three different effects. First, the geometric 

window size at the transducer face for a single scanning transducer 

1s proportional to (rj + rg)2, where rj 1s the radius of the 

transducer and r§ is the radius of the scan. The window size for 

multiple tilted transducers 1s proportional to (rj + prs)2 where p > 

1 (I.e., p = 2 for four tilted transducers); therefore, the window 

size at the face of the transducers 1s always greater for multiple 

transducers than for one transducer of equivalent surface area. 

Second, the individual windows at the skin of every tilted 

transducer become ellipses having more surface area than circles. 

And finally, the tilted transducers must be closer to the skin 1n 

order to maintain the same focal depth as the single until ted 

transducer, and thus, creating a larger window on the skin. On the 

other hand the fact that there 1s more attenuating tissue between 

the skin and the focal depth may require more power. However, the 

results of the present simulations show that 1n general the use of 

multiple transducers reduce the power overlapping problem that 

creates the high temperature regions close to the skin because the 

power 1s spread over a larger volume maintaining the peak Intensity 

at the focal point. Nevertheless, if the scan path diameter 1s too 

large, the tilted beams may start overlapping again (result not 

shown). If the tilting angle is increased, the power deposition 
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pattern Is Improved because more power will be concentrated closer 

to the focal point. However, the tilting angle 1s limited by the 

specific hardware of a given system, as well as by the sound wave 

reflections from the skin (the reflections are a function of the 

Incidence angle of the wave on the skin and the acoustical impedence 

of the medium). Furthermore, multiple transducers add more flexi

bility to a hyperthermia system. However, the optimal combination 

of f number, number of transducers and tilting angles Is yet to be 

found. 



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

The model results show that for the uniformly perfused 

tissues simulated, the temperature fluctuations caused by scanned 

focussed ultrasound are a linear Increasing function of the scan 

time and a weakly exponential function of the blood perfusion rate. 

Also, the largest temperature fluctuation was always located on the 

scan path at the focal plane Independent of the focal plane depth. 

Specific cases showed that to avoid temperature fluctuations for 

scans of 2 cm 1n diameter, scan times of 10 seconds or less were 

needed. Furthermore, uniform temperature distributions can be 

obtained for a range of uniform blood perfusion rates by using 

multiple concentric scans separated by a distance equal to the 

diameter of the focus of the power field. Finally, the use of 

multiple tilted transducers with overlapping foci gave better 

results than those that were obtained using a single transducer with 

equivalent surface area. This Is due to the resulting larger window 

and the spaclngs In between the power fields of every transducer. 

Some general conclusions and recommendations follow. 

During clinical hyperthermia only average temperatures are 

generally measured and thus the thermal dose usually computed 1s 

based on that temperature. If fluctuations are present the thermal 
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dose computed using average temperatures will be 1n error, and 1t 

could be significantly low. Hence, 1f only the average temperatures 

are measured and thermal doses are to be calculated and used, then 

the scan must be fast enough to avoid fluctuations at practical 

perfusion rates. Based on both experimental [4] and simulated 

results (Figure 35), this criteria can be met with scan times 

shorter than 10 seconds (blood perfusion values less than 20 

kg/m3/s), with even shorter times required 1f very sharply focussed 

transducers are used and/or regions of very high perfusion are to be 

treated. However, one may also use the effect of temperature 

fluctuations to get higher doses In the focal region as proposed by 

Hynynen et al. [4]. In this case, lower scanning speeds should be 

used with accurate control of the temperature field. 

While the present simulation results were obtained for 

uniformly perfused tissues, 1n clinical hyperthermia treatments the 

blood perfusion rate can be different 1n different parts of the 

tumor. This would probably cause nonuniform average temperature 

distributions 1f constant power scans were used. In order to obtain 

uniform temperature distributions, the distance between scan 

diameters should be equal or less than the diameter of the focus and 

the power output should be controlled as a function of position 

based on measured temperatures. Furthermore, by also using high 

scanning speeds, uniform temperature distributions can be obtained 

without temperature fluctuations. This can be done with scanned 
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focussed ultrasound systems and thus, uniform temperature 

distributions can possibly be obtained even 1n tissues with 

nonuniform blood perfusion rates [26]). 

The average temperature contour plots obtained for 

simulations using multiple tilted transducers Indicate that, due to 

scanning, the highest average temperatures are located 1n front of 

the focal depth. If the power pattern 1s known for a set of 

multiple tilted transducers, the focus could be aimed deeper Into 

the tumor 1n order to obtain the highest temperatures Inside the 

tumor. The optimal combination of transducer size, number of 

transducers, and possible tilted angles should be studied for 

different focal depths. Another possible design could be one where 

only one transducer 1s used with a scanning pattern that avoids 

continuous power overlaps; that 1s, the transducer could be moved 1n 

three dimensions while Its focal point 1s only moving 1n a small 

volume. In this way, cooling by conduction and by blood convection 

1s maximized 1n the tissue surrounding the tumor while the tumor 

Itself 1s constantly being heated. 

The present simulation program could be further Improved. 

For example, different tissues may be simulated such as skin, 

muscle, fat, bones and tumors by assigning appropriate values of 

blood perfusion, thermo and acoustical properties 1n different 

regions. A particular patient treatment can be simulated by 

obtaining information about the tumor size, tumor location, as well 

as the location of bones, fat regions and muscle regions. All this 
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Information that can be obtained from CT scans and along with 

approximate acoustical properties and blood perfusion values, can be 

Input Into the simulation program to obtain temperature information 

for that particular patient treatment before the actual treatment 

takes place. In this sense, the program could be a valuable tool 1n 

predicting temperature fields for a given treatment. 



APPENDIX A 

PROGRAM TESTS 

Tests on the scanning simulation routine (section A.l), the 

tilting program (section A.2), and on the temperature solving 

routine (section A.3) were performed. All tests indicated that the 

simulation program works accurately. 

A.l Test on the Scanning Simulation Subroutine 

The scanning algorithm described 1n Chapter 2.2 was checked 

1n the following manner. An array representing the ultrasound power 

array q was constructed using the function 

q = s1n-Y S1"-V (A.l) 

for all z'. The scanning took place at every x-y plane for all z 

values (as explained 1n section 2.1), where h 1s the side length of 

a square x'-y' plane (x't y' and z' are the coordinates of the array 

q and x, y and z are the coordinates of the array Q). This array 

was then used by the scanning simulation routine to generate the 

array that represented the power term 1n the BHTE (Q). Then as the 

scanning simulation was being carried out,-power values for an x-y 

plane were taken at different Instances 1n time. The normalized 

power contour lines were plotted for the different Instances and 

compared with each other. Figure A.l shows one of these tests. 
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DISTANCE (mm) 

Figure A.l Normalized Power Pattern at Some Depth (Some x-y Plane 
of Array Q) When the Array q was Constructed Using 
Equation A.l. 

The scan diameter was of 5 cm; the contours are incremented every 
10% of the peak value; the outer contour is the 30% 1so power line; 
the angle of the array q with respect to the horizontal axis is of 
0 # .  
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Here a 4 cm diameter (h=4 cm) power cylinder was being scanned on a 

5 cm scan path Inside a 10 cm by 10 cm x-y plane. As can be seen by 

comparing Figures A.l, A.2, A.3 and A.4, the same power pattern was 

obtained for different positions on the scan path. These plots are 

similar to those presented 1n Figure 19 (Chapter 3), where tempera

ture distributions were plotted (Instead of power distributions for 

different positions of the scanning transducer. These results (and 

many others using different power functions) show that the scanning 

subroutine 1s accurate 1n representing a moving power field. More

over, the total power at every x-y plane and on the whole volume was 

also calculated at every iteration in time to test if the scanning 

simulation would alter these values. It was always found that the 

power at a given x-y plane and for the whole volume remained the 

same through a whole cycle. The attenuation of the ultrasound power 

due to the absorbing tissue was also checked for all the depths. 

A.2 Test on the Tilting Program 

The tilting program (section 2.1.2.1) used to tilt the 

ultrasound power array q was tested 1n the following manner. A 

power array (q) was generated so that the power at every node was 

the same for a z'-y' plane. Giving different power values for 

different z'-y' planes, the contour power lines for a z'-x' plane 

would be straight lines. In the case of no tilting (tilting angle 

alpha equal to zero), the result would be vertical straight lines as 

shown 1n Figure A.5 (the power pattern 1s symmetrical with respect 

to the centered 1sollne). 
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Figure A.2 Normalized Power Pattern at Some Depth (Some x-y Plane 
of Array Q) When the Array q was Constructed Using 
Equation A.l. 

The scan diameter was of 5 cm; the contours are Incremented every 
10% of the peak value; the outer contour 1s the 30% iso power line; 
the angle of the array q with respect to the horizontal axis 1s of 
45*. 
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Figure A.3 Normalized Power Pattern at Some Depth (Some x-y Plane 
of Array Q) When the Array q was Constructed Using 
Equation A.l. 

The scan diameter was of 5 cm; the contours are Incremented every 
10% of the peak value; the outer contour 1s the 30% iso power line; 
the angle of the array q with respect to the horizontal axis is of 
90*. 
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Figure A.4 Normalized Power Pattern at Some Depth (Some x-y Plane 
of Array Q) When the Array q was Constructed Using 
Equation A.l. 

The scan diameter was of 5 cm; the contours are incremented every 
10% of the peak value; the outer contour 1s the 30% iso power line; 
the angle of the array q with respect to the horizontal axis 1s of 
135*. 
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Figure A.5 Normalized Power Pattern for an Axial Plane (z'-x' 
Plane) of the Array q for a Vertical Line Test and a 
Tilting Angle of 0*. 

The 10,30,60 and 100% contour lines are shown. 



If this power array 1s tilted by an angle alpha, the resulting 

contour power lines should be straight lines tilted by an angle 

alpha with respect to the center vertical axis. Figure A.6 presents 

the power array of Figure A.5 tilted by an angle of 20* about the 

center of the z'-x1 plane. As can be seen, the contour lines are 

almost straight and tilted by an angle of 20*. The same test was 

also performed using a power array that would generate horizontal 

contour power lines 1f not tilted. Results from this test were 

similar to that of Figure A.6 only that the horizontal lines were 

tilted by an angle alpha with respect to the horizontal axis. These 

results show that the tilting subroutine works with good accuracy. 

In order to test a power array representing multiple tilted 

transducers, the contour power lines for arrays representing two and 

four multiple tilted transducers with overlapping foci were plotted. 

A vertical contour power line array was tilted by 17* and used to 

generate plots for two and four tilted power arrays. These plots 

are presented 1n Figure A.7 and A.8, respectively. Both results are 

symmetric with respect to both the z' and x' axis centered In the 

middle as expected. These results show that the simulation of 

multiple tilted transducers worked correctly, representing a good 

approximation. 
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Figure A.7 Normalized Power Pattern for an Axial Plane (z'-x' 
Plane) of the Array q Representing 2 Tilted Transducer 
Power Fields Using a Vertical Contour Power Line Array 
(as in Figure A.6) Tilted by 17*. 

The 10, 30, 60, 90 and 100% contours are shown. 



98 

E 
E 

X 
h-
CL 
LU 
a 

100 

80 

60 

40 

20 

0 
0 20 40 60 

DISTANCE ( mm ) 

80 

Figure A.8 Normalized Power Pattern for an Axial Plane (z'-x' 
Plane) of the Array q Representing 4 Tilted Transducer 
Power Fields Using a Vertical Contour Power Line Array 
(as in Figure A.6) Tilted by 17*. 

The 10, 30, 60, 90 and 100% contours are shown. 
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A.3 Test of the Temperature Solver Subroutine 

Some of the standard tests performed on the finite difference 

approximation of the b1o heat equation and the results thereof are 

listed 1n Table A.l. These tests Involved starting at some Initial 

condition and letting the transient routine decay to the steady 

state governed by the boundary conditions. In every case the 

resultant steady state distribution obtained corresponded to the 

expected one. For cases with blood perfusion, the convergence to 

steady state 1s much faster than when this term 1s zero. This 

faster convergence (when blood perfusion 1s greater than zero) 1s 

due to the blood perfusion convectlve term which drives the whole 

field to the arterial temperature (37*C) whether the temperatures 1n 

the field are above or below this value. 

In order to test the transient solution of the program, an 

analytical exact solution of the bloheat transfer equation was 

obtained for the following conditions: the arterial temperature, 

Initial and boundary conditions equal to zero, and the power term Q 

of the form 

Q(x,y,z) = Q0s1n ̂  • sin -j® • sin 

where Q0 1s a constant (W/m3) and L 1s the side length of the cube 

(m). For the above conditions and power expression, the exact 

solution of the BHTE Is 

T(x.y.z) = f Q(x,y.z) (A.2) 
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Table A.l 

Temperature Solving Routine Tests (Q=0) 

Boundary Arterial Initial Blood Steady State 
Conditions Temperature Condition Perfusion Temperature 

CO CC) CO Kg/m3/s CO 

37 37 40 10 37 

37 37 40 0 37 

37 37 34 10 37 

37 37 34 0 37 
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where E Is 

. 2  WC. 
P _ j. b 
h j_2 Pc 

All the variables and tissue properties are defined 1n 

Section 2.3. The tissue properties used 1n this test were the same 

as those 1n Table 1. The blood flow term was always equal to 1 

kg/m3/s. In order to compare the results between both solutions an 

error function was defined as 

error = |Texact - Tnuner|Ca|| 

where Texact 1s the temperature obtained using the exact solution 

equation A.2, and Tnuaer|ca| 1s the temperature given by the finite 

difference approximation. 

Tests using spatial resolutions of 0.25 cm and 0.50 cm and 

time steps of 1 and 5 seconds (1n all simulations the time Increment 

used was almost always less than 1 second) were carried out for Q0 

equal to 5xl04 W/m3. The test cases run for 1 hr simulation time; 

this corresponded to 720 Iterations for the 5 second time step cases 

and 3600 iterations for the 1 second time step cases. For all the 

tests done, the maximum error found was always of the same order of 

magnitude or smaller than the criteria for periodic steady state 

used (lxl0-3*C). The tests point out that this explicit numerical 

approximation of the bloheat transfer equation 1s sufficiently 

accurate over the range of time Increments and spatial resolutions 

used 1n the simulations. 



APPENDIX B 

A STABILITY ANALYSIS OF THE EXPLICIT CENTRAL DIFFERENCE 

REPRESENTATION OF THE BIO HEAT TRANSFER EQUATION ' 

Let Te = T-Ta, then equation 2.3.2 becomes: 

• WbCbTe + /iCp-gf Q (B.l) 

Q 1s a function of time and space which does not affect the 

stability of the finite difference representation and complicates 

the analysis; therefore, 1t 1s omitted. Rearranging equation B.l 

takes the form: 

9 WhC„Te , 0T „ p p e _1 —e n) 
v 'e ic a 9t 

In finite difference form using operator notation, equation B.2 

becomes: 

^2 K 
+ ffy + 4) Te " ̂  » = J Ve <B'3> 

where ff2x 1s the central flnate difference operator and 1s the 

explicit finite difference operator. Applying the Von Newmann 

stability analysis [28] to equation B.3, a fluctuating error 1s 

Introduced at all locations (x,y,z) at time zero (t=0); then, the 

bound of the time step (At) 1s determined so that the fluctuation 
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errors 1n all of the locations do not grow with respect to time. 

Let e be the solution with the fluctuating error where e 1s: 

e m n (f l i s )  et (f jAs) eL (f kAs) 

for time nAt and the (x,y,z) locations equal to (1AS, jAS, kAS) 

where: 

1fjtk = node number 1n the xfy and z directions, respectively 

f = the frequency of the error 1n each direction 

l = complex number i-1 

£ = amplification factor (stability constraint) 

n = Iteration number 1n time 

AS = the spatial resolution 1n all directions 

Letting the operator 62x to act on the solution e, 

62 (<rn etf iAs etf JAS e1^ kAS) = x ® 

^n eif 1AS &Lf kAS [ei,f (l+l)As)_2e*,f 1AS + etf Cl-lDAS = 

g.n eof 1AS etf jAS efcf kAS (etf AS _2 + e-*f AS) = 

e (2 Cos (f AS) -2) = 

£ (-4 sin2 ] ] (B.5.a) 

Likewise for the 52y and 52z operators 

6y2 e = e [-4 sin2 ) ] (B.5.b) 

Sz
Z e = e (-4 sin2 ] ) (B.5.c) 
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and finally 

Ste = tn+1 - <?") = etf 1AS etf JAS etf kAS 

• tn+1 - -J e (B.6) 
r 

Substituting equations B.5 and B.6 Into the finite difference 

equation 2.3.3 

(3 si.2 m ) « 

• "T^~ * - i (f" »> Sn J: 

cancel out, solving for £ 

f = 1 - 12. § sin2 [igiS] - ̂  . (B.7) 

In order for the original error not to grow with time, $ should 

satisfy the following condition 

|£| < 1 or -1 < f < 1 

The case $ < 1 1s always true because the second and third terms on 

the right hand side of equation B.7 are always positives. 

Therefore, the condition £ < -1 must be satisfied, that 1s, 

. l s l . 1 2 a M _  v, . 
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Thus, 

u i  6  EE 
12 a sin 2 ff AS! "bvb 

T (if). 

The smallest At possible (upper bound restriction) will be given by 

the largest denominator. This case occurs when s1n2^-|^ j = 1. 

Hence, 1n order for the original error not to grow with time, the 

condition on At Is 

At S 
12a + 

WbCb a 

AS2 

In the simulations made 1n this work, the worst case was given for 

AS equal to 0.0025 m and Wt, equal to 50 Kg/m3s. The thermal 

conductivity k had a value of 0.5 W/nTC, Cp and Cj, had the same 

value of 3770 J/Kg*C, p was equal to 998 Kg/m3 and a was equal to 

1.33 x 10-7 m2/s. Using these values, the time step necessary to 

satisfy stability had to be smaller than 6.55 seconds which 1s a 

fairly large time step for the simulations since 1n the simulations 

the time step was almost always less than 1 second. This was one of 

the reasons to use an explicit formulation Instead of an Implicit 

one. This choice 1s computationally much faster and requires less 

computer memory allocation. 
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