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ABSTRACT 

Two models for aggregating subjective probabilities are 

presented. One employs a multiplicative rule and the other a weighted 

average. The choice of a model is based on the type of evidence upon 

which the subjective probabilities were estimated. An experiment was 

developed to determine if people are sensitive to this difference in 

the type of evidence when ocmbinirig subjective probabilities. Two 

other variables tested were the tense of the event and the experience 

of the subject with the use of probabilities. The type of evidence 

presented had an effect on the combination rule employed, whereas tense 

of the event did not. The naive and expert subjects approached the 

problems differently. An order effect due to the presentation order of 

the evidence within a problem was found. A momentum tendency, which 

may explain the order effect, was present in the expert subjects. 

Further research en combining subjective probabilities is indicated. 

vii 



CHAPTER ONE 

INTRODUCTION 

Background 

The debate over the combination of independent estimates of 

subjective probability to obtain a probability that reflects all of the 

information has continued for many years. Currently, the two methods 

of combining discrete probabilities that are most debated are a 

weighted average rule and a multiplicative rule. The literature 

contains a plethora of examples in which authors support, defend, or 

criticize one of the two approaches for aggregating probabilities. 

Morris (1983) proposed an axiomatic approach to expert resolution, a 

method for aggregating differing probability judgments from a group of 

experts. For the event case, when a single probability is assigned to 

the occurrence of an event by each expert, Morris proposed a weighted 

average combination rule. He demonstrated mathematically that under 

certain modeling assumptions, the aggregated probability should be a 

weighted average of the probabilities obtained from various experts, 

each probability weighted by the relative expertise of each expert. 

This article by Morris was followed by a series of four papers, a 

rejoinder to Morris, and a rejoinder by Morris (Winkler, 1986; Lindley, 

1986; Schervish, 1986; Clemen, 1986; French, 1986; Morris, 1986). All 

of the papers were somewhat critical of Morris' approach to aggregating 

event probabilities. Winkler (1986) indicates that the difference 

1 
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between the use of a multiplicative rule and the use of a weighted 

average is dependent en how the situation is node led. Winkler (1986) 

states that "It is interesting to see the types of rules that arise 

under different modeling assumptions, but in practice the important 

(and difficult) problem is how to model a given situation". The issue 

of when to employ a particular combination rule can be resolved if 

there is a clear cut indicator of how a situation should be modeled. 

The author believes that if one examines the evidence upon which the 

individual probabilities were based, then the aggregation method to use 

will often be clear. 

The aggregation method proposed by Morris (1983) assumed that 

an expert's implicit prior is beta distributed with parameters r and n. 

The expert's prior probability p would be the mean of the data dis

tribution, the ratio r+l/n+2 or approximately r/n. For a series of 

Bernoulli trials, the parameter n is the number of observations, and 

the parameter r is the number of cases in which the desired state was 

observed. Morris does not suggest, however, that modeling an expert 

has actually observed Bernoulli trials. Instead, he suggests that the 

parameter n is a measure of the expert's experience or expertise. His 

result, then, is that each probability in an aggregation should be 

weighted by the relative expertise of the person providing the proba

bility. A person's relative expertise, or weight, would be that 

person's parameter n divided by the sum of each individual's parameter 

n in the group. This is simply the person's expertise relative to the 

total expertise of the group. The relative expertise would have to be 

estimated by the final decision maker and might be difficult or 
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impossible to estimate. With the weighted average aggregation method 

proposed by Morris, the aggregate probability will always be less 

extreme than the most extreme probability. 

Morris used an example of weatherpeople giving probability 

estimates of rain tomorrow. Suppose that ten independent experts say 

the probability of rain is .55. Morris' aggregation method would lead 

to an aggregate probability for all ten experts of .55, the same 

probability as each individual estimate. If each expert has an 

independent sanple of the number of times there has been rain when the 

current conditions were involved, then the aggregated probability would 

be the probability from combining the samples, .55. If each expert's 

probability is based on actual Bernoulli trials of the occurrence 

of rain under the current conditions, then the overall probability of 

rain would be approximately 

Eio «=i r«-

E10 i= 1 ni 
10 

This would be .55, since this is the mean of the posterior beta dis

tribution given the total sanple of the experts' independent observa

tions. 

On the other hand, if each expert has independent evidence 

about the current weather conditions which indicates a .55 chance of 

rain, for example, rain clouds, low pressure system, or a temperature 

inversion, etc., then all of the independent evidence aggregated would 

have to lead to a higher probability of rain. 
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One approach in this case is to assume that each observer i has 

obtained his/her probability p± by a Bayesian revision of a prior of .5 

using independent evidence. Using Bayes' rule, one can solve for the 

likelihood ratio: 

_ P(evidence|rain) 
* P(evidence|no rain) 

that each observer i used to revise the prior odds ratio of 1 to a 

posterior odds ratio of pA = ). The likelihood ratio is just 

the posterior odds ratio in this case. The group likelihood ratio, 

based on all the independent evidence, is the product of the individual 

likelihood ratios, so the group posterior odds ratio is: 

10 

Rg  = Rol[Li  (3) 
1=1 

Solving for the posterior probability of rain given the ten 

independent estimates yields: 

P 
R° RQ n", u 

' i  +  +  ( 4 )  

but R0 = 1, so: 

P n?°, n 

' n.,̂ .+n.I°1(i-pi) <5> 

Applying this formula to the ten independent estimates of a .55 chance 

of rain yields a probability of approximately .9. Morris feels that 
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this is counter intuitive since a large group of experts who are 

uncertain, but slightly favor rain, when aggregated leads to a proba

bility of near certainty. This author believes that the aggregate 

probability may be either .9 or .55, depending on the kind of evidence 

for each individual probability estimate. It is important to note that 

the multiplicative method assumes that the evidence is independent; if 

it is not, a more general multiplicative rule derived by Bordley (1982) 

is used. 

p n.'°, (a)-

' nS, (£)*"+nS. (6) 

The exponents account for the effects of both independence and calibra

tion. 

The basic difference between the two cases given above where 

each case involved a different combination method is that in the first 

case, the evidence provided was related to the probability of the 

event, not the event itself; and in the second case, the evidence 

related directly to the event. When the evidence provided is sample 

data about the probability of the occurrence of an event, then the 

independent estimates of probability should be averaged. Independent 

estimates of probability should be aggregated using a multiplicative 

rule, however, if the evidence considered when making the probability 

estimates has a direct relationship to the event of interest, itself. 

Winkler (1986) points out that "there is no single, all-purpose rule 

for combining probabilities except in a very general sense." Another 

example highlighting this distinction in the types of evidence will be 
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presented later after presenting a modification of Morris' method for 

aggregating event probabilities that was used in this research. 

The focus thus far has been aggregating event probabilities 

frcm separate experts. The probabilities to be combined in the two 

aggregation techniques, however, can ccme from many separate sources or 

a single source, the decision maker himself. They can arise frcm a 

group of people attempting to render a decision in the form of a single 

probability of the occurrence of an event for which each of the indi

viduals in the group has his/her own opinion. Also, a decision maker 

may solicit advice from outside sources and is faced with the task of 

combining the individual probability estimates received into a single 

estimate of the probability that the event of interest will occur or 

not occur. 

Models of Aggregation 

In this work, certain restrictions were made which necessitate 

a modification of Morris' method of aggregating probabilities. First, 

there will be only two independent event probabilities considered for 

aggregation. Second, these two independent probability estimates to be 

combined are not implicit prior probability estimates as in Morris' 

method, but are updated posterior probability estimates. Further, 

these updated posterior probability estimates are based on a common 

prior probability. Each updated probability estimate takes into 

account separate independent evidence about the event of interest, but 

in light of the same prior. So, there will be three probabilities 

considered when comparing the two aggregation methods, a prior and two 
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update posterior probabilities. In the interest of brevity, the prior 

probability estimate will be referred to as the prior, and each of the 

updated posterior probabilities will be referred to as the i^jiyj-ment 

probabilities throughout this paper. The weighted average formula 

under these assumptions is: 

_ r0 + 1 _ r0 + r x  + 1 = r0 + r2 + 1 
0 — no+ 2' 1 no + nj + 2' 2 no + n2 + 2 

p _ r0 + rl + r2 + 1 
B no + ni + n2 + 2 

r0 = Po(no + 2) - 1 

rx = Pi(n0 + ni + 2) - r0 - 1 

= Pi (no + nj + 2) — P0(n0 + 2) 

r2 = P2(no + n2 + 2) - r0 - 1 

= P2(n o + n2 + 2) — Po(no + 2) 

p _ P0(n0 + 2) — 1 + Pi (no + ni + 2) + P2(no + n2 + 2) — 2Po(no + 2) + 1 
" no + ni + n2 + 2 

— Ji("o ni ̂  2) + P2(no + n2 -f 2) — Pp(np + 2) 
no + ni + n2 + 2 

(7) 

= WiPi + W2P2 - WoPo 
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The derivations of the three probabilities to be combined and the 

ocmbined probability in the above formula are contained in Appendix A. 

This formula is a weighted average of the two probabilities in 

light of the fact that both oanpcnent probabilities came from the same 

prior. Each of the component probabilities is weighted try a factor 

similar to Morris' relative expertise factor. In this case, the 

weighting is the number of observations examined to ccme up with each 

individual probability, divided by the total number of observations 

made for all of the probability estimates. The weighting on the prior 

is negative since this probability was considered when reaching each of 

the other two probabilities. Subtracting the prior probability in the 

aggregate is reasonable, since each probability should be considered 

only once. The mean of a beta distributed probability is (r+1)/(n+2) 

rather than r/n as in Morris' model. Morris appears to believe that 

the n's are large enough to render the difference insignificant. With 

the parameters r+1 and n+2, the case when there are no observations for 

the prior is accounted for, making the prior .5 with no information. 

In almost all cases, except for seme extreme instances, the aggregate 

probability will be between the two component probabilities. 

Under the same assumptions made above for the weighted average 

formula, the multiplicative revision formula with a single prior and 

two component probabilities becomes: 



Rg RQL\IJ2 

R\ = RqL\ 

L 
1 RO 

i?2 — R0L2 

L 
2 Ro 

RA = ROTT 
R\ i?2 

Ro Ro 

ElEZ 
•p RO RQ •* n — 

iEcr 

RlR2  

RQ + RXR2  

Ri = Pi 

I - P i  

. ft ft 
(i-p,)(i-pa)  

Pn 1 Pi PI 
1-Po + (1-PiH1-P3) 

PLP2 
V-W-W +P lP2  
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This formula is a standard Bayesian revision under the given cir

cumstances. Throughout the rest of this paper, a multiplicative 

ccnbination rule will be referred to as a Bayesian revision. (The 

weighted average is also obtained by a Bayesian revision, but it is a 

revision of a prior distribution, not a prior probability). 

As an example of the distinction between the two types of 

evidence which determine the combination method enployed, consider the 

example of drawing balls from an urn. Suppose that um 1 contains 70 

red balls and 30 white balls, and that um 2 contains 50 of each color 

of ball. Also suppose that one does not knew which um is being drawn 

from, indicating a prior of .5. What is the probability that um 1 is 

being drawn from given the evidence that 3 red balls and 1 white ball 

have already been drawn and replaced? Since the evidence in this case 

has a direct relationship to (i.e., is conditioned on) the event 

itself, a Bayesian revision should be enployed. The relationship being 

that if um 1 was being drawn frcm, then it is more likely that more 

red balls were drawn than white balls. 

The probability of um 1 given the evidence of 3 red balls and 

1 white ball is .62. 
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Pi(C/i|3 red, 1 white) = 

Rg Rq LTe£ £white 

P(red|t/i) .7 
red P(red|t/2) .5 

_ P(white|C/i) .3 
white ~ P(white|C/2) ~ ^ " J 

Py = (1)(1.4)3(.6) = 1.646 

Px(I7i|3 red, 1 white) = .62 
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For the other conponent probability, suppose that 4 red balls and no 

White balls have been drawn with replacement. The probability of um 1 

given this evidence is .79. 

F,(Pi|4 red) = 

RG  = (l)(1.4)4 = 3.84 

P2{XJX\4 red) = .79 

Now, consider the aggregate probability of urn 1 being drawn 

frcm given all the evidence presented, 7 red balls and 1 White ball. 

The Bayesian revision indicates a probability of .86. 

PG(U!\7 red, 1 white) = 

RG  = (1)(1.4)7(.6) =6.32 

PG(UI\7 red, 1 white) = .86 

This probability is the same as the aggregate probability of um 1 as 

computed by the multiplicative rule from the two component 

probabilities. 

P^LPO, PU ft) = 
1-Po * ^ 
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The weighted average revision can not be applied to this 

example, as it stands. The evidence provided does not indicate how 

many times urn 1 was used to draw frcm in the past as ocnpared to the 

number of times urn 2 has been used to draw frcm. To fit the averaging 

model, one would have to know how many times um 1 and um 2 had been 

selected, and not how many red or white balls had been selected. 

Assume the evidence is that um 1 had been used 3 times in the past and 

um 2 had been used once. The probability of um 1 being drawn frcm 

given this information is .67. 

p,(v,|3tr,, ip.)= r°tr't1, 
Tlo + Til + 2 

_ 0 + 3 + 1  
~ 0 + 4 + 2  

= .67 

Continuing with the same numbers as in the earlier example, assume for 

the second component probability that the evidence is that um 1 had 

been used 4 times and that um 2 had not been used at all. This would 

indicate a probability of .83. 

Pi(Ui\4 Ux) = r °  *  f 2  +  1  
1  '  n 0  + n 2 + 2  

-  0  +  4 + 1  

" 0 + 4 + 2  

= .83 

The total combined probability using the weighted average 

method and assuming that um 1 has been used 7 times and um 2 once is 

.8 .  
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P i { U x \ I U u  1 ^ 2 )  =  
**0 + 1"i + T2 + 1 

Tl 0 + Ml + Tl 2 + 2 

_ 0 + 3 + 4 + 1 
~~ 0 + 4 + 4 + 2 

= .8 

The basic difference between the two examples of the probabil

ity of um 1 being drawn from is that the evidence in the multiplica

tive case is evidence about the event, and in the weighted average case 

the evidence is about the probability of the event. Bayes rule is 

applied to both cases to ccme up with the aggregate. However, Bayes 

rule is applied to a different entity in each case. In the multiplica

tive case, Bayes rule is applied to the event that um 1 is being drawn 

from. Bayes rule is applied to the probability distribution in the 

weighted average case. The following illustrates Bayes' rule applied 

to the multiplicative case. 

A comparison of this application of Bayes' rule to the following 

employment of the rule in the weighted average case highlights the 

distinction in applying Bayes' rule. 

P(i/i|color data) = 
P(color data|t/1)P(Z71) 

P(color data) 

/(P(E7i)|urn history data) = 
/(urn history data|P(£/i))/(P(i7i)) 

/(urn history data) 

P(Z7i|urn history data) = the mean of /(P(t7i)|urn history data) 
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The difference in the type of evidence considered can be emphasized by 

at tempting to treat the averaging case as a multiplicative case. 

P(Ui\um history data) = ̂ ""- history data|yi)P(^) 
P(urn history data) 

This statement is true, but is also vacuous because the probability of 

the urn history data conditioned on um 1 being drawn from yields 

simply the probability of the um history data. 

P(urn history data|l/i) = P(urn history data) 

Because the above formula is true, then: 

P(£/i|urn history data) = P{U{) 

The um history data are not conditioned on the event, but on 

the probability of the event. Cases in which averaging is appropriate 

are ones in which the evidence is for the probability of the event and 

not for the event. This can usually be ascertained by considering 

whether P(data|event) is a meaningful quantity or whether the 

distribution: 

/(data|P(event)) 

has to be considered. 

To consider a more practical example, assume that a person is 

trying to determine the probability of a bug in a software program. 
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Assume there are two pieces of evidence, each leading to a component 

probability. The first piece of evidence is the number of bugs in 

similar programs, and the second piece of evidence is the number of 

bugs in programs by the same author. Consider P(evidence|bug), the 

probability of either piece of evidence given there is a bug in the 

current program. For either piece of evidence, is the evidence more or 

less likely given a bug (or no bug)? A bug in the current software 

program does not affect the number of bugs in other completed programs, 

so the answer is no. The evidence would have to be conditioned on the 

probability of a bug. The evidence refers to the probability of a bug 

in the software and not to the presence of a bug; therefore, the two 

component probabilities should be averaged in this case. 

As an example of the multiplicative case, consider the proba

bility that a person has cancer. The two pieces of evidence upon which 

the canpanent probabilities are based are two different tests for the 

presence of cancer. Consider P(evidence|cancer), the probability of 

the test results given that the person has cancer. Again, is the 

evidence more or less likely given the person has cancer? The answer 

is yes, since the outcome of the tests depends on, in part, whether 

cancer is present or not in the person. Since P(evidence|cancer) is 

meaningful, a multiplicative revision should be applied to the com

ponent probabilities. The evidence in this case refers to the event, 

cancer, and not the probability of the event. 
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Statement of Problem 

A question of major interest is, then, are people sensitive to 

this distinction in the types of evidence? Do they apply combination 

rules based on the type of evidence, or do they apply general aggre

gation rules independently of the type of evidence? Answering this 

question is the main experimental concern of this paper. An experiment 

was developed to determine if individuals combine component probabili

ties differently when the evidence on which they are based is changed 

from evidence about the event to evidence about the probability of the 

event. The aggregate responses of the subjects were their intuitive 

subjective judgements based on the component probabilities and type of 

evidence. Using the subjects' intuitive judgements should reduce the 

likelihood of the subjects calculating a combined probability by using 

a rule in which they substituted the component probabilities. If the 

subjects were substituting into a formula, then the test might not 

indicate whether people are sensitive to this distinction in the type 

of evidence since they might persist with the formula without consider

ing the evidence. 

The type of evidence for the multiplicative cases was broken 

into categories, since these cases include evidence which refers to the 

event in many different ways. The first category is evidence which 

directly affects the likelihood of the event of interest. The second 

category is evidence which affects the event of interest by reducing 

the probability of complement events to the event of interest. For 

example, if the event is that a software failure caused a computer to 

be shut down, then reducing the probability of a hardware failure would 
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affect the probability of a software failure being the cause of the 

shutdown. Reducing the probability of a hardware failure would be this 

type of evidence. The third category is testimonial evidence (i.e., 

scmecne heard or saw the event occur and the information is relayed in 

verbal form through possibly unreliable sources). 

Since the component probabilities in this experiment will be 

combined intuitively by the participants, there are numerous variables 

which may affect the combining rule employed. For example, Wright 

(1982) indicates that the framing of an event in the past or the future 

affects a person's subjective probability estimate for that event. 

Does this difference in estimating subjective probabilities due to 

tense, past or future, affect the way in which people combine those 

probability estimates? This author believes that there should not be 

an effect on how individuals combine probabilities due to tense of the 

event, since the tense was already used by the subjects in the indi

vidual probability estimates. In a test for an affect due to the type 

of evidence, manipulating the tense, past or future, of the event of 

interest will allow testing for an affect due to tense of the event as 

well as a possible effect of interaction between the type of evidence 

and the tense of the event. 

Another variable of interest in combining probabilities is the 

level of experience a person has with the use of probabilities and 

their combination. One would think the people experienced with 

probabilities would be more likely to combine depending on the evidence 

as indicated above or to use Bayesian revision since this is the usual 

method of combining probabilities advocated in the literature and 
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texts. This auth::>r believes that people inexperienced with the use of 

probabilities would be less likely to follCM such c:X::ctrine and would 

instead anploy a weighted average approach. A weighted average is 

intuitively satisfactory to people inexperienced with probabilities, in 

this auth:::>r' s opinion, because, beginning in high school, math people 

are taught that the mean of a group of numbers is a si.nJle number that 

describes the tendency of the group. The expectation is that people 

inexperi'enced with probabilities will adhere to this simple concept 

when ccmb.i.nirg probabilities. 

Can the revision technique anployed by the person ccmb.i.nirg the 

probabilities be distinJuished en the basis of the cx:np:nent probabil

ities and the aggregate probability? The Bayesian revision will yield 

a probabi,,lity between the two cc:mp::nent probabilities, as in a weighted 

average revision, when the prior is also between the cx:np:nent proba

bilities. In these cases, the two types of revision will lead to 

similar and possibly indistirguishable aggregate probabilities. To 

detennine if a person were ccmb.i.nirg probabilities usi.DJ a certain 

fonnula just fran their aggregate respcnse would be i.mp:>ssible unless 

all the parameters of the beta distributed prior and ccmponent proba

bilities were :k:r'n-m. There are clear cut cases, lxJ..Iever, when the two 

revision techniques yield distirguishable results. These are the cases 

when the two ccmponent probabilities are both greater than or are b:>th 

less than the prior. In these cases, a Bayesian revisicn leads to a 

ccmbined probability m::>re extrane than the m::>St extrane cx:mp:>nent 

probability, whereas the weighted average approach will alm:>st always 

result in a ccmbined probability between the two ccmponent probabili-
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ties. The cases when both component probabilities are an one side of 

the prior will be the ones principally considered in the rest of this 

paper. This will be done so that a revision technique can be unequivo

cally distinguished based on the aggregate probability. 

The following summarizes the main hypotheses of the experiment. 

The main test of interest is to determine if people are sensitive to 

the difference in the types of evidence presented and combine accord

ingly. The hypothesis is that people will not be sensitive to the 

difference and therefore will enplqy the same rule to each type of 

evidence. The other tests are subordinate to the test for sensitivity 

to the type of evidence in this paper, but they are interesting and 

have an important impact, especially in pointing to further research. 

The hypothesis for tense is that framing the event in the past or in 

the future will not affect the combination rule applied. The final 

hypothesis is that there will be a difference in the combination 

methods employed by people experienced with probabilities and by people 

inexperienced with the use of probabilities. The expectation is that 

the difference will be that experienced people will use a Bayesian 

revision more often, and the inexperienced ones will enplqy a weighted 

average. 



CHAPTER TWO 

METHOD 

Subjects 

Two subject pools were used in this study, expert and naive 

subjects. The expert subjects were 16 professors under contract to the 

University of Arizona, six from the Department of Systems and Indus

trial Engineering, two frcm the Department of Management and Informa

tion Systems, four frcm the Department of Management and Policy, and 

four frcm the Department of Hydrology and Water Resources. These 

subjects were selected because of their background in probability and 

statistics. All of these subjects use probability and statistics in 

their daily work and agree that they were comfortable with the use of 

probabilities. The naive subjects were 16 students registered in 

either Systems and Industrial Engineering 265, Engineering Economics, 

or Systems and Industrial Engineering 320A, Introduction to Probability 

and Statistics, at the University of Arizona. These courses were being 

offered during the first surtmer session of 1987. None of these 

subjects had completed the initial probability and statistics course 

requirement for the Systems and Industrial Engineering Department. All 

of the subjects, both naive and expert, were volunteers with no 

compensation for their time and effort. The expert subjects responded 

individually in the presence of the experimenter and the students in a 

classroom setting. 

21 
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Equipment 

The cases were presented to the expert subjects on a Toshiba 

1100 lap top computer. A program was written in BASIC to present the 

questions on the screen in an order selected by the experimenter and 

stored in a disk file. There was a separate input disk file for each 

subject. These subjects typed their subjective probability estimates 

an the computer keyboard, and their responses were recorded in a disk 

file. The reasons they gave for selecting a particular probability 

were recorded on a small Panasonic tape recorder with a built-in 

microphone. These were later transcribed. The questions for the naive 

subjects were presented in a booklet, a paper and pencil test. A 

booklet format was used for the naive subjects to facilitate the test 

taking and reduce the time requirements for these subjects since there 

was no reward offered. 

Design and Procedure 

Design 

There are three independent variables of special interest in 

this experiment. They are (1) the category of evidence presented, (2) 

whether the event of interest occurred in the past or will occur in the 

future, and (3) whether the subject is an expert in the use of proba

bilities or naive in the use of probabilities. There were four cate

gories of evidence presented: (1) the evidence provided was sanple 

data about the event of interest; (2) the given evidence was testimony 

to the fact that the event had occurred relayed through possibly 

unreliable sources; (3) the evidence presented had a direct causal 
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relationship to the event of interest; and (4) the evidence eliminated 

or reduced the probability of complements to the event of interest. 

The dependent variable is the apparent combination method employed by 

the subject, a Bayesian revision or a weighted average. This experi

ment is a within subject design, where all subjects in a subject pool 

receive all the treatments. Each subject received each of the treat

ments in an attempt to control for very large subject effects due to 

the fact that the subjects provided the probabilities that were 

combined and because of the scarcity of expert subjects. 

Test Material 

A previous study (Rakshit, 1985) and a preliminary study done 

by the author revealed that subjects, when combining two posterior 

probabilities from different experts about an event, tended to hedge 

the probabilities given by the experts or ignore them when making their 

combined posterior judgment. This occurred even though the subjects 

were told that the experts were well calibrated and that the evidence 

upon which the experts based their probabilities was independent. Some 

subjects did not believe that the experts would give the stated 

probabilities based on the evidence provided. This adjustment effect 

made determining the type of combination method employed by the 

subjects difficult and impossible in some cases. The difficulty in 

determining the combination method used arose because one could not 

determine what the actual component probabilities were that the 

subjects used when making their combined posterior judgment. 
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To eliminate the problem of the subjects not believing the 

experts' probabilities based on the given evidence, a new format for 

this study was employed. Rather than supply the subjects with an 

expert's posterior probability estimate of the occurrence of a par

ticular event given seme information, the subjects were given the 

information and asked to supply their own posterior probability 

estimates. The subjects would then combine two such posterior proba

bility estimates into a single combined posterior probability estimate 

of the occurrence of the event given both pieces of evidence. Since 

the subjects were supplying their own component posterior probabili

ties, the assumption was made that the subjects would not adjust these 

probabilities when combining them to come up with a combined posterior 

probability estimate. Using this assumption, the combination method 

employed by the subjects can now be determined from the subjective 

probability estimates elicited from the individual subjects. 

The events used to elicit a subjective probability estimate 

from the participants in this study were selected from eight different 

subject areas. The subject areas from which the events were selected 

for this study are: (1) simulation programs; (2) a particular topic 

being on a quiz; (3) whether a student will receive an A in a par

ticular class; (4) trouble with a car; (5) unreadable subscripts in a 

xerox copy; (6) keyboard lockup on a PC clone; (7) an RVAX system 

crash; and (8) a buzzing sound in a car radio (see Appendix B for an 

example of an event from each subject area). These subject areas were 

selected to avoid any of the individual participant's area of exper

tise. This should ensure that the each subject in a subject pool had 
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approximately the same level of expertise as any other subject in the 

same pool in regards to any of the subject areas. 

Once the eight events were selected, then evidence for or 

against each event was generated using each of the four categories of 

evidence. Each problem consists of the event and two pieces of 

evidence of the same type. Each problem was written four times, i.e., 

with each of the four different types of evidence, in an attempt to 

control the information content in a problem. Then, the event of 

interest in each problem was written in both past and future tense, 

except in the case of testimonial evidence. For testimonial evidence, 

the event must have already occurred for someone to have seen or heard 

the event. Each event, then, is included in seven different problems, 

for a total of 56 variants. Each subject made 32 subjective probabil

ity estimates, four estimates for each of eight different problems, one 

from each subject area and one from each category of evidence, except 

testimony evidence which they received twice. 

Each problem was broken into four parts (see Appendix B for a 

sample problem). In the first part, the subjects were asked for their 

subjective prior probability of the generic event; for example, the 

RVAX computer crashing due to a software problem. These subjective 

probability judgemetns were considered to be the subjects' prior 

probabilities for the event. 

In the next part, the subjects were presented with the same 

information given in part one along with their probability estimate for 

that part and, in addition, they were given seme information about the 

event in part one. This information was one of the four categories of 
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evidence tending either to confirm or deny the occurrence of the event. 

The subjects were again asked for their subjective probabilities of the 

event given the new information. These probabilities are considered to 

be the subjects' first ccrnponent posterior probabilities. 

In the third part, the subjects were given the same information 

presented in part cane along with their probability estimate for that 

part and also sane additional information about the event. The 

information given about the event in this part is different information 

from that in part two, but in the same category of evidence as in part 

two. The information given in part two is independent of the informa

tion in part three. The subjects were specifically asked to give their 

subjective probabilities for the event given the information in part 

three without any consideration of the information in part two. These 

probability estimates are considered to be the subjects' second 

component posterior probabilities. 

In the final part, the subjects were given all the information 

presented in the first three parts along with their probabilities for 

each of those parts. The subjects were asked for their subjective 

probabilities estimate for the event given all the information. These 

probability estimates are considered to be the subjects' combined 

posterior probabilities. 

The experimenter acknowledges that subjects may not be able to 

give a subjective probability based on the information currently being 

presented without any effect of the information given previously. To 

control for this, the presentation order of the parts two and three of 

a problem were varied, as well as the entire problems being presented 
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in a randan order to each subject. The first part of any of the 

problems was always presented first and the fourth part was always 

given last, but the second and third parts were reversed in their order 

of presentation half of the time. A program was written to generate 

the randcm order in which the problems were presented to the subjects 

as well as randomly assigning which treatments would be used for each 

problem, as long as all of the treatments were used for each subject. 

All four parts of each problem were presented together rather 

than randomly interspersed with parts of other problems. This was done 

so that the subject's prior probability could be held relatively 

constant throughout a single problem. If there was intervening 

information between the time the subject gave his/her prior probability 

estimate for a particular problem and the time the additional evidence 

for that problem was given, then the subject's prior probability for 

the event may have been changed by the intervening information. In 

this case, the component posterior probability would not be conditioned 

on just the evidence about the event, but would also be conditioned on 

all of the intervening information. 

An attempt was made to give two pieces of evidence in each 

problem that would elicit subjective probabilities on the same side of 

the prior probability. As an example, if one piece of evidence was 

expected to increase the probability of the event occurring, then the 

second piece of evidence was also expected to increase the probability. 

Strictly speaking, this was not always possible because the subjects' 

prior probability estimates could not be anticipated beforehand. Also, 

subjects interpret evidence in different ways and, in fact, may have 
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already assumed that evidence when they gave their prior probability 

estimate. For instance, when considering whether a simulation program 

will perform within sane specification, the subject may have already 

asssumed the evidence that the source code is without errors. This 

evidence would make one of the subject's component posterior probabili

ties the same as his/her prior probability. However, a concerted 

effort was made to ensure that the subjects were considering the same 

generic event when making their probability estimates. 

Test Presentation 

Expert Subjects. The expert subjects did this study on a 

Toshiba 1100 lap top portable computer. Each part of each problem was 

presented on a separate screen and, on each screen, the subject was 

prompted for a subjective probability estimate. Each subject was 

instructed to give an intuitive response to the event and information 

given on each screen and not to use a pre-established procedure. These 

subjects were instructed further to treat each part of a problem as a 

separate problem. The instructions urged the participants to use only 

the information available on the current screen and to suppose that 

they have no knowledge of the information on any previous screens. The 

subjects typed in their subjective probability estimates for each part 

of a problem, and their responses were recorded in a disk file. Each 

subject was asked to state why they chose that particular probability, 

thereby verbalizing their thought process leading up to that probabil

ity estimate. The subjects' oral responses were tape recorded. Once 

the subjects had given all 32 probability estimates, they were given a 
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chance to review the problems along with their estimates and to make 

any comments they felt they had left out earlier. This also gave the 

experimenter an opportunity to ask questions if the subject did 

something unusual. 

Naive Subjects. The naive subjects in this study received 

their problems in a booklet format. The problems for these subjects 

were the same as those for the expert subjects. Each of the four parts 

of a problem was on a separate page. The instructions were identical 

to the ones given to the other subjects except that the symbol P(E) was 

explained to mean the probability of the event of interest, since the 

naive subjects had little working knowledge of probability and statis

tics. The naive subjects were allowed to look back to their previous 

probability estimates for a particular problem, whereas the expert 

subjects were given those probabilities automatically by the computer. 

The naive subjects recorded their responses on each page. These 

subjects were tested in tvro group situations to accommodate all of the 

participants. These subjects were not asked to verbalize their thought 

processes or otherwise justify their subjective probability estimates 

as with the expert subjects. 

The experimenter acknowledges that there are substantial 

differences between the testing procedure for the expert subjects and 

naive subjects. There are two reasons for this discrepancy. First, 

the naive subjects were uncompensated volunteer students in a summer 

session class with certain time constraints. A booklet was felt to be 

less time consuming and more convenient for the students and thereby 

entice more students to volunteer. To make the test as convenient as 
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possible, the test was offered in the same rocm as the students' class 

and right after the class was dismissed. 

Second, the main focus of this paper is the combination of 

component posterior probabilities by expert subjects. The use of the 

computer for the expert subjects made the test appear professional and 

something to be taken seriously by the professors. Recording the 

professors' justifications for their probability estimates adds a wide 

range of observational data for the expert pool of subjects. The naive 

subjects were not recorded because they were not the focus of this 

study, for the reasons given earlier, and time constraints an the 

experimenter. A more in-depth caiparisan between naive and expert 

subjects would have to include the thought processes of the naive 

subjects and would be a worthwhile study. 

Analysis 

The combined posterior probability for each subject is class

ified as to whether it falls outside the two component posterior 

probabilities, suggesting a bayesian type revision, or between the two 

component posterior probabilities, suggesting a weighted average 

revision. This assumes that the two component posterior probabilities 

are either both greater than or both less than the subject's prior 

probability. A third category is if the two component posteriors are 

rot both greater than or not both less than the subject's prior 

probability. An SPSSX statistical program for analyzing categorical 

data was used to test for experimental effects. In addition to testing 

the independent variables, a test for an effect from informational 
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content (problem subject are) was run as well as a test for an effect 

due to the order of presentation. 

The experts' reasons given for selecting a particular proba

bility were evaluated to see if they were attending to the evidence as 

expected. These verbalizations were also used to identify interesting 

differences between the experts that could possibly be exploited in 

further research. 



CHAPTER THREE 

RESULTS AND CONCLUSIONS 

The data for the two subject pools cross tabulated by the 

category of evidence presented and the categories into which their 

responses fell are presented in Table 1. 

First, to allow a test of the hypothesis that the type of 

evidence would not affect the combination rule enployed, the first two 

categories of responses were left as they were, and the last three 

categories were compressed into one. The first two categories con

tained responses where both the component posteriors were on the same 

side of the prior. These cases are the only ones where it can be 

determined with certainty whether the subjects were using a Bayesian 

revision or a weighted average technique when giving their final 

combined posterior probability. The last three categories combined 

together yield a category for undetermined combination method. The 

recategori zed data are presented in Table 2. 

Evidence 

The hypothesis that the category of evidence would not affect 

the revision technique enployed was not supported. There was no sig

nificant effect due to the category of evidence presented when either 

three response categories were considered or when all five response 

categories were considered separately. As a matter of fact, the 

opposite hypothesis, that evidence does affect combination method, was 

32 
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Table 1. Subjects' Response Category Based on the 
Type of Evidence Presented 

Expert Naive 

Response Categories Response Categories 
I II III IV V I II III IV V 

Evidence 

Sample Data 6 12 5 4 5 11 12 4 0 5 

Testimony 14 8 3 0 7 18 6 5 1 2 

Event 12 8 4 5 3 18 9 3 0 2 

Complement Event 10 7 2 2 11 17 6 5 0 4 

Total 42 35 14 11 26 64 33 17 1 13 

The response category labels are as follows: 

I. Bayes type revision, both component posteriors and the final 
combined probability were on the same side of the prior, with the 
combined probability being the most extreme. 

II. Weighted average, both ccmponent posteriors and the final 
combined probability were on the same side of the prior. 

III. Prior and combined were in between the ccmponent posteriors 

IV. All four probabilities were equal. 

V. One of the component probabilities equals the prior and the 
other component probability equals the combined posterior. 
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Table 2. Subjects' Aggregation Method Based on the 
Type of Evidence Presented 

Expert Naive 

Bayes Average Other Bayes Average Other 

Evidence 

Sample Data 6 12 14 11 12 9 

Testimony 14 8 10 18 6 8 

Event 12 8 12 18 9 5 

Complement Event 10 7 • 15 17 6 9 

Total 42 35 51 64 33 31 

Bayes—the subjects employed a Bayesian revision of their 
prior and two posterior probabilities. 

Average—the subjects employed a weighted average revision 
their prior and two posterior probabilities. 

Other—the revision technique could not be discriminated on 
the basis of the subjects' responses. 
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supported, although not significantly. As can be seen fron the data in 

Table 2, there is a tendency for the subjects to treat the sample data 

evidence differently from the other types of evidence. Oorrpressing the 

three categories of evidence which should be combined in a Bayesian 

fashion, testimony evidence, evidence directly affecting the event of 

interest, and evidence eliminating possible ccmplement events, high

lights this tendency. These data are listed in Table 3. With the 

three categories of evidence combined (others), the Bayes column 

outweighs the average column by approximately 1.6 to 1 for the experts 

and 2.5 to 1 for the naive subjects. With the sample data evidence 

(sample data), the average column outweighs the Bayes column for the 

sanple data by 2 to 1 for the experts and 1.1 to 1 for the naive 

subjects. The difference in these ratios frcm one TCM to the next 

indicates discrimination by the subject based on the type of evidence 

presented. The Chi squared statistic is nearly significant for the 

naive subjects (P=.099, df=2, Chi=4.625) as well as for the experts 

(P=.1139, df=2, Chi=4.344). If both subject pools are combined, 

assuming no differences between the pools in ccmbination behavior 

(which subsequent analysis shows is not entirely warranted), then the 

subjects are sensitive to the type of evidence presented when making 

their subjective probability estimates and combinations (P=.0123, df=2, 

Chi=8.791). 

Further tests were run supposing that the sanple size had been 

increased to see at what sanple size the subpopulaticns would be 

affected significantly (alpha = .05) by the type of evidence presented. 

Increasing the sanple size by 35% and holding the cell proportions 
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Table 3. Subjects' Aggregation Method Based on Whether the 
Evidence Indicates a Weighted Average or Bayesian 
Revision Should be Used 

Expert Naive 

Bayes Average Other Bayes Average Other 

Evidence 

Sample Data 

Other Evidence 

Total 

6 12 14 

36 23 37 

42 35 51 

11 12 9 

53 21 22 

64 33 31 
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constant brought the alpha level very close to .05 for both subject 

pools. The analysis yielded an alpha of .0507 (df=2, Chi=5.962) for 

the experts and an alpha of .0466 (df=2, Chi=6.131) for the naive 

subjects. 

A direct comparison of the two subpopulations reveals that 

there is a significant difference between the way in which experts 

revise their probabilities and the way in which naive subjects revise 

their probabilities (P=.0083, df=2, Chi=9.586). The totals line from 

Table 2 indicates that, in general, experts tend to use a revision 

method which is indeterminate based on their responses, whereas the 

naive subjects use a Bayes revision most often. The data with five 

categories (see Table 1) indicate that the experts tend to not change 

their prior in light of one or both pieces of evidence much more often 

than the naive subjects (columns IV and V combined). Also noticeable 

is a column of almost all zeros for the naive subjects, indicating that 

they rarely gave the same probability in all four cases. Naive 

subjects think they knew something about everything (?!). 

Considering only the last three categories of evidence in Table 

2 separately, there was rx> significant difference in the revision tech

nique employed for either the expert subjects or the naive subjects. 

The naive subjects treated each of the last three types of evidence 

with approximately the same revision pattern. The expert; subjects also 

treated each of the last three types of evidence in the same manner, 

but differently from the naive subjects. Comparing the last row of 

Table 3 between the subject pools yields a significant difference in 

the way in which these problems were handled (P=.028, df=2, Chi=7.152). 
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The difference appears to be that naive subjects tend to use a Bayes 

revision most often, whereas the expert subjects are somewhat balanced 

between the use of a Bayes revision and an indeterminate revision 

which, of course, could also be Bayes. This would seem to indicate 

that the difference, when considering all the types of evidence, 

between the experts and the naive subjects is in the manner in which 

they revise the three types of evidence which should be revised in a 

Bayesian manner and not a difference in the way the sample data 

evidence is revised. 

Tense 

The data cross tabulated by whether the event of interest has 

already occurred or will occur in the future and the type of revision 

technique employed is in Table 4. The tense of the event did rot 

significantly affect the revision method for either the experts or the 

naive subjects. As can be seen from these data, there is no effect due 

to the framing of the event in the past or in the future. This is 

actually fairly strong evidence, in this author's opinion, against an 

effect due to the event having already occurred or occurring in the 

future for both the experts and naive subjects. 

Tense and Evidence 

There was no interaction effect due to tense and evidence. 

Neither subject pool was affected anywhere near significantly due to an 

interaction between whether the event had occurred or will occur in the 

future and the type of evidence presented. Lack of an interaction 
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Table 4. Subjects' Aggregation Method Based on the Tense 
of the Event 

Expert Naive 

Bayes Average Other Bayes Average Other 

Tense 

Past 14 14 20 23 15 10 

Future 14 13 21 23 12 13 

Total 28 27 41 46 27 23 

Past—The wording of case indicates that the event of interest 
has already occurred . 

Future—The wording of the case indicates that the event of 
interest may occur in the future. 
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effect would be expected because of the almost total lack of an effect 

due to the tense of the event of interest. 

Order 

Order refers to the order in which the two pieces of evidence 

for each question were presented. Order, surprisingly, was very close 

to being statistically significant at the .05 level for experts 

(P=.0700, df=2, Qii=5.319). The effect for naive subjects was not as 

close to being significant as for the expert subjects (P=. 1749, df=2, 

Chi=3.487). When the tvro pools of subjects are combined to make a 

general pool, there is a significant effect on the subjects ccmbination 

method due to the order in which the pieces of evidence were presented 

(P=.0209, df=2, Chi=7.733). The rows labeled one and two in Table 5 

refer to the two possible orderings of parts two and three of a 

problem. 

As can be seen fran the experts' data (see Table 5), there is a 

noticeable discrepancy in the totals for the diagonals of the Bayes and 

average columns. There is also a discrepancy in the diagonals for the 

naive subjects data, but not as noticeable. This means that somehow 

the subjects tend differentially to combine the probabilities based on 

which piece of information was presented first. Possibly this could be 

due to a perceptual set on the part of the subject set up by the 

initial piece of evidence presented. The initial piece of evidence 

gives the subject a certain frame of reference and the additional 

evidence is fit into that frame. If the two pieces of evidence do not 
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Table 5. Subjects' Aggregation Method Based on the Presentation 
Order of the Evidence Within a Problem 

Expert Naive 

Bayes Average Other Bayes Average Other 

Evidence Ordering 

One 15 21 28 28 21 15 

Two 27 14 23 36 12 16 

Total 42 35 51 64 33 31 
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give the same frame of referervoe, perceptual set, for the subject, then 

there could be this effect due to order. 

Another possible explanation is a momentum effect. A momentum 

effect is when a subject follows the direction in which his/her second 

component probability was in comparison to the first component 

probability when making his/her final probability estimate. Consider, 

for example, that the subject's two component probabilities are both 

greater than his/her prior estimate. If the subject's second component 

is greater than the first component, then the increasing order might 

suggest to the subject that the final combined probability should be 

even greater than the largest probability, continuing the trend. There 

was seme momentum in the increasing direction. Also, if the subject's 

second component is less than the first component, then the decreasing 

order of the component probabilities might suggest that the final 

probability should be less than the largest probability. These would 

be "momentum" effects due to relationship between the two component 

probabilities. This analogy could also be applied when both component 

posterior probabilities are less than the prior by reversing some of 

the direction indicators, i.e., greater than and less than. 

The responses which could indicate whether a momentum effect 

had occurred or rot were separated out and examined to determine if the 

subjects were more likely to continue in the direction of their last 

component probability or not, i.e., shew a momentum effect. For the 

expert subjects, there were 28 cases which met the prerequisites for a 

momentum effect to occur. Of these 28 cases, 19 displayed a momentum 

effect and 9 did not. Based on the type of evidence, the expected 
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number of cases which should have an aggregate probability the same as 

would be predicted by a mcmentum effect is 11. Further, the expected 

number of cases which should not have responses the same as a mcmentum 

effect is 17. Testing the difference between the observed and expected 

for when a mcmentum effect was present or not led to a significant 

difference (P=.003, df=l, Chi=9.5829). This indicates that the expert 

subjects were more likely to give an aggregate response based en the 

trend of the ccrnponent probabilities than they were to give an aggre

gate response based on the type of evidence. 

The naive subjects, however, did not shew indications of a 

mcmentum effect. For these subjects, there were 52 cases where a 

possible mcmentum effect could have occurred. In 27 cases, a mcmentum 

effect occurred when there should have been 25 based on the type of 

evidence. There were 25 cases which did not display this effect with 

the expected number of cases being 27. The expected and observed are 

close for both when the mcmentum effect occurred and did not occur. 

This indicates that the naive subjects do not seem to be susceptible to 

a mcmentum effect. This is puzzling in that one would expect naive 

subjects, unfamiliar with the combination of probabilities, to be more 

susceptible to this type of an effect than subjects experienced with 

probabilities and their combination. The fact that these samples are 

subsets of the data for each pool needs to be considered when 

interpreting these results. The sample size for the experts is 21.9% 

of the experts' data, and the sample size for the naive subjects is 

40.6% of the observations from the naive subjects' data. 
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Question 

Question refers to the subject events covered in each of the 

questions or more generally the information content in a question. The 

information content of the questions did not affect the manner in which 

the subjects, either naive or expert, combined their subjective proba

bility estimates. This seems to say that combining probabilities is 

unaffected by the type of information being considered, as opposed to 

the type of evidence, for a subject pool. This may not be true on an 

individual basis, but to both the naive and expert subject pools, 

information content didn't determine the subjects' method of combining 

their subjective probabilities. 

Commentary on Taped Responses 

The experts' verbalizations of their thought processes provided 

a unique opportunity to explore factors inportant to a decision maker 

and that may affect decision behavior. The following are observations 

of the experimenter on the taped responses of the expert subjects when 

they were giving their subjective probability estimates. These obser

vations are not conclusions about decision behavior, but instead are 

indications of where future research may be fruitful. 

There were several comments en the tapes about testimonial evi

dence. Testimony appears to affect the subjects in a dichotomous way. 

First, some subjects appear to discount eyewitness accounts almost 

entirely. They feel that the sources are too unreliable or that 

hearsay is not "strong" evidence. Other subjects, on the other hand, 

appear to put a lot of weight on eyewitness accounts in that their 
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posterior probabilities approach one. The difference may be in the way 

testimonial evidence is viewed by the individuals. The taped responses 

indicate that sane people view testimony as rumor and something that 

should not influence a decision without firsthand knowledge, while 

others treat testimony similar to fact. How testimony is integrated 

into a decision possibly reflects a philosophical difference between 

individuals. Another interesting observation about testimony evidence 

is that sane people give only slightly increased probabilities for 

their two component probabilities and yet have a large increase in 

their final probability. The final probability is much more extreme 

than would be expected from a Bayesian revision. The taped responses 

indicated that the individual eyewitness accounts, by themselves, do 

not affect the subjects' prior probability to a large extent, but with 

two eye witness accounts, one of than seems to corroborate the other 

(i.e., P(datumL |H) • Ptdatun^ |H) < P(datum1, datun^ |H). 

In sane of the experts' responses, there were comments about 

why a particular piece of evidence did not affect their prior. There 

were two reasons given for ignoring a piece of evidence. The first was 

that the individual was familiar with the event of interest and "knew" 

that the evidence did not have any effect on the probability of the 

event. The other was that the individual was so unfamiliar with the 

event of interest that he/she had no idea how the evidence provided 

would affect the probability of the event of interest or even if the 

evidence would have any affect at all. This is an interesting 

dichotomy in the application of knowledge (or lack of knowledge) to 
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make a decision. The same decision is reached, i.e., no change in the 

prior probability estimate, but for quite opposite reasons. 

Although the two pieces of evidence for each problem were 

written to be independent of each other, some of the experts remarked 

that they felt the evidence was not independent in seme cases. Some of 

the remarks indicated that one of the pieces of evidence implies the 

other. This would indicate that the two component probability 

estimates would be different from the prior, but the final combined 

probability would be the same as one of the component probabilities. 

They felt that the information in one of the pieces of evidence 

includes all the information in the other as well as seme additional 

information. 

In their verbal responses, some of the experts indicated that 

additional evidence broadened their concept of the event of interest. 

One subject commented that he "should have been smart enough to think 

about" the possibilities when he was presented with an additional 

piece of evidence. Another subject mentioned that the second piece of 

evidence broadened his view of the event in that he had considered the 

event cane way and, after viewing the evidence, could "see others." 

This broadening of the concept of the event of interest may help 

explain some of the effect due to the ordering of the evidence men

tioned earlier. Further, the contention that a piece of evidence may 

set a frame of reference for the individual is consistent with these 

remarks. 

With the sample data evidence, there were seme indications on 

the tapes that subjects may not be interpreting sample data as sample 



47 

data. For example, some of the experts interpreted a 3.7 grade point 

average as an indication of a good student and based their probability 

that this student would get an A in a class on the fact that he/she was 

a good student, and not on the sample of previous grades by this 

student, i.e., his/her grade point average. If it is the case that 

seme of the sample data evidence was interpreted as being causal 

evidence, then some of the Bayesian revisions with the sample data 

evidence may be due to a misinterpretation of the evidence. Clearing 

up this misinterpretation might lead to a statistically significant 

difference in the manner in which subjects combine probabilities based 

on the type of evidence with the given sample size. 

As a final comment on the tapes, one subject mentioned that she 

was going to give a probability between the two component probabili

ties, i.e., use a weighted average, even though she was "not supposed 

to." This is an indication that there may be something in sample data 

evidence that makes a weighted average approach intuitively satis

factory. What is it in sample data evidence that indicates to people 

that they should use a weighted average? This would be a worthwhile 

research endeavor. 



CHAPTER POUR 

DISCUSSION 

The subjects did not respond as expected in several different 

instances. For a given problem, seme of the subjects did not estimate 

component posterior probabilities that were both greater than or both 

less than their prior probability estimate. This was not totally 

unexpected, but the total number was a little surprising, 51 of the 

experts and 31 of the naive subjects. This meant that 39.8% of the 

experts' data and 24.2% of the naive subjects' data would not 

contribute to determine if there were an effect on the combination 

method they employed by the various variables that were manipulated. 

This reduced the power of the desired tests. The variety of responses 

to each problem indicates sane of the ccnplexity of this area of study 

and how difficult writing concise and unequivocal evidence can be. 

Hcwever, some other interesting artifacts were uncovered because of 

this problem. 

One of these artifacts is that the expert subjects tended not 

to change their prior probability estimate in light of one or both 

pieces of evidence more often than the naive subjects. Thirty-seven of 

the expert cases included responses where one or both pieces of 

evidence did rot affect the prior, whereas only 14 of the naive 

subjects responded in this way. These are the sums of columns IV and V 

given in Table 1. A possible explanation for this is that the experts, 
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having more experience in the world than the naive subjects, are more 

skeptical about the relevance of a piece of evidence to the event of 

interest or that they already assumed that piece of evidence when 

making their prior probability estimate. The evidence provided was 

intended to be relevant to the event, but since this is a subjective 

study, subjects were free to interpret the consequences of the evidence 

in any manner they saw fit. This seems to suggest that experts 

consider a broader concept of the event than the naive subjects, they 

include more information in their original estimates. 

Another explanation, however, is that the experts are more 

willing to admit they do not knew enough about the event of interest to 

knew how the evidence affects the probability of the event. So in this 

case, the evidence is not necessarily irrelevant or included in the 

subject's prior; it is just ignored because the subject does not know 

or is not sure what the effect of the evidence would be. This brings 

up an interesting distinction in that evidence can be discounted 

because someone knows a lot about the event of interest or because 

someone knows little about the event of interest. 

The main hypothesis of this paper, that the type of evidence 

presented would not affect the combination method employed by the 

subjects, was not supported. In fact, the opposite hypothesis was 

supported. Subjects tended to use a weighted average more often with 

the sample data evidence than with the other types of evidence, 

indicating that they are sensitive to the type of evidence presented 

when combining probabilities. The hypothesis that the tense of the 

event would not affect the aggregation method used by the subjects was 
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supported by the data. Further, there was a difference between the 

ways in which expert and naive subjects approached the problems. The 

difference, hcwever, was not as anticipated. The hypothesis was that 

the expert subjects would use a Bayesian revision most often and that 

the naive subjects would use a weighted average most often. This was 

not supported by the data. 

Further research in this area is definitely indicated. The 

complexity of studying decision making yields a plethora of possible 

variables of interest. This study uncovered several worthwhile candi

dates for investigation. One is the different ways in which testimony 

evidence is incorporated into the decision process. Another is inves

tigating hew experience with the area from which an event is drawn 

affects the way in which the probabilities are both estimated and 

combined. What is it in sample type data that makes the probabilities 

from this type of data intuitively satisfactory to combine using a 

weighted average? Is it that there is a statistic available or 

something else? Can the pieces of evidence be presented in such an 

order as to suggest the use of a particular combination rule? The 

momentum effect is a prospective research endeavor with a wide range of 

implications. This list of possible research topics indicates how 

unexplored this area seems to be. 



APPENDIX A 

DERIVATION OF PROBABILITIES FOR 
THE WEIGHTED AVERAGE MODEL 

Assume the prior is beta(1,1). This distribution has a mean of 

.5 and is diffuse from 0 to 1. 7r(p) = 1 

Sample Bernoulli trials and observe rD successes. 

Apply Bayes rule to determine: /(p|ro) 

, / . ^ _ /(ro|p)7r(p) 

°  fo  f { r0 \p )* (p )dp  

f { r 0 \p )  ~ Binomial(n0, p ) 

Substituting yields: 
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(no)pr°(l-p)no~ro 

=  r ° ( n n ) ( r n Un n - r n )U-

(no + l)!pr°(l — p) n °~ r °  

*"oKno - ro)! 

/(p|r0) ~ beta(r0 + 1, n0 - r0 + 1) 

E{p)  =  P 0  = 
a  Tq + 1 Tq + 1 

a + /3 i*o + 1 + no — fo + 1 no + 2 

Now assume the prior is beta(r0+l, -r0 +1). Sample 

successes in Bernoulli trials. 



/(ri|p) ~ Binomial(ni, p) 

/(nw = (;')p"d-pr-

/wpmpj - [(;;)p-d - rt--] [("0+̂ ;f°"r°] 

= /rtA (n0 + l)!pr°+ri (1 - p)n°+n>~r°-r> 
[rij r0r(n0 — r0)! 

1  r / _  i f n Ar  (»o +  l ) !  x / ( r o  +  r i ) ! ( no+n 1 - r o -n ) ! ^  
/(n|p)«r(p)*-{ r i)( r o K n o_ r o V)( („0  + m +1)! )  

/w,\ (no4-l)lpro + ri(l-pro'<''>t"ro~ri 
f (n \ r  \  = *ri' r0l(w0—rp)l 
"'^"1 (ni\/ (wq-(-I)I w (r0+ri )l(n0+rii — r0—ri )l \ 

V T\ / * rol(no—i"o) 1'' (*io+ni +1)1 ' 

= (no + m + l)!pr°+ri (1 -

(ro + ri)!(n0 + n x  -  r0 - rx)! 

/(p|ri) ~ beta(r0 + + 1, n0 + nj - r0 - rx + 1) 
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New assume the prior is beta(rD+l, r\,-r0+l) and observe two independent 

sequences of Bernoulli trials with rx successes in n,^ trials and r2 

successes in trials. Therefore, there are r2 + r2 successes in + 

trials. The sum rx + r2 can be substituted for rx and can 

be substituted for in the last derivation. This yields: 

./ , , (no + m + n2 + l)!pr°"l"ri+r3(l -  p)no+n1-ro-r1-r3  

r2) (ro + n + r2)!(no + nx + n2 - r0 - n - r2)! 

/(p|ri, r2) ~beta(r0 + ri + r2 + 1, n0 + rii + n2 - r0 - n - r2 + 1) 

E(p)  =  
Tq + T\ + r2 + 1 ro + f"i + r2 + 1 

ro + rj + r2 + 1 + no + Mi + n2 — Tq — — r2 + 1 no + + n2 + 2 

In conclusion, 

Po = 
rp + 1 _ rp + ri + 1 p _ rp + r2 + 1 
FLQ -j- 2* ^ *1a -I- f) i 4- 7 fin 4- !7.o -4- 2 no + ni + 2 no + n2 + 2 

ro + *"i + r2 + 1 

no + nj + n2 + 2 



APPENDIX B 

EVENTS FOR WHICH SUBJECTS RENDERED 
A SUBJECTIVE PROBABILITY ESTIMATE 

(1) Consider your subjective probability that a graduate stu

dent's assembly line simulation program predicted a particular assembly 

line's performance to within 10%. 

(2) A student friend is wondering if a particular topic was 

covered on the comprehensive final exam in a course you are not 

involved with. Consider your subjective probability that the topic was 

covered on the final. 

(3) Consider your subjective probability that a particular 

graduate student received an A in a certain 500 level class. 

(4) A friend of yours recently completed a driving trip to San 

Francisco and back. You are wondering what the probability is that he 

completed the trip without any mechanical breakdowns. 

(5) A friend had a journal article photocopied at the copy 

center and you wonder what the probability is that sane of the sub

scripts are not readable in the copy. 

(6) The keyboard on a colleague's IBM PC clone has locked up 

(the computer does not respond to keyboard entries). Consider your 

subjective probability that the keyboard lockup was caused by a problem 

in the software he was using. 

(7) The University of Arizona RVAX computer recently went down 

at an unscheduled time. Consider your subjective probability that the 
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system went down due to a software error or failure rather than a 

hardware failure or human error. 

(8) A friend's car radio made a buzzing sound when you 

listened to the radio yesterday and you are wondering what the proba

bility is that the problem was in a speaker. 



APPENDIX C 

SAMPLE PROBLEM WITH THE POUR 
SEPARATE PARTS LABELED 

Part 1 

(A) A student is asking you what questions may be on a final 

exam and, as you are answering, you are wondering what the 

probability is that this student received an A in a 

particular class. 

What is your subjective probability that this student received 

an A in a particular class? 

Part 2 

(A) A student is asking you what questions may be on a final 

exam and, as you are answering, you are wondering what the 

probability is that this student received an A in a 

particular class. 

(B) The instructor believes that this student had attended all 

the lectures that she gave. She also thinks that this 

student had A's on about 80% of her heme work. 

Considering only the information in A and B above, what is your 

subjective probability that this student received an A in a 

particular class? 
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Part 3 

(A) A student is asking you what questions may be on a final 

exam and, as you are answering, you are wondering what the 

probability is that this student received an A in a 

particular class. 

(C) This student has had A's on about half of the exams and 

quizzes given during the semester. 

Considering only the information in A and C above, what is your 

subjective probability that this student received an A in a 

particular class? 

Part 4 

(A) A student is asking you what questions may be on a final 

exam and, as you are answering, you are wondering what the 

probability is that this student received an A in a 

particular class. 

(B) The instructor believes that this student had attended all 

the lectures that she gave. She also thinks that this 

student had A's en about 80% of her homework. 

(C) This student has had A's on about half of the exams and 

quizzes given during the semester. 

Considering the information in A, B, and C above, what is your 

subjective probability that this student received an A in a 

particular class? 
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