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ABSTRACT 

This paper proposes a metric to predict edge detection 

performance when applied to an image with noise. First, models of 

edges and edge detection linear operators are characterized by their 

spatial and Fourier domain properties. Second, additive uncorrelated 

noise on the operator is examined and a metric is developed using the 

image formation system modulation transfer function (MTF), expected 

noise power spectral density, and edge detector characterization as 

inputs. Thirdly, the problem of partially correlated noise is examined. 

A separate performance metric for simple thresholded operator outputs 

is proposed. Finally, several discrete edge detectors in noise are 

evaluated numerically. Both the metric based on signal to noise 

detector output, and based on thresholding probabilities were useful in 

predicting previously published performance results. This was true 

even for many nonlinear detectors based on the linear detectors 

evaluated here. The specification of a localization criteria was 

critical for comparisons between detectors. 



CHAPTER I 

INTRODUCTION 

The application of edge detectors and edge enhancement 

algorithms is common throughout the general discipline of signal 

processing. This topic has applications to a wide variety of processing 

environments. These environments are usually characterized as 

continuous or discrete, single or multi-dimensional, and may utilize both 

linear and nonlinear methods. 

Edge detection is found in many signal detection applications. 

For example, a one dimensional continuous signal may be smoothed (low 

pass filtered) to reduce high frequency noise, differentiated for basic 

slope detection, and applied to a threshold circuit to set a flag. Such 

a circuit application would be very useful in, say, infrared motion 

detection alarm systems. Characterization of the expected (normal) 

noise out of the infrared detector before going into the low pass filter 

can turn out to be critical to the design and performance of the system 

as a whole. 

For a much more complex example, where edge detection is not 

the ultimate goal, consider a stereoscopic machine vision system using 

two offset digitizing cameras. Here, a four dimensional signal is being 

processed. Each individual two dimensional image frame may be processed 

by an edge detection algorithm where not only edge detection, but 

location, magnitude, and orientation are important. Such information may 

1 
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be used to link edge points into line segments within the frame, and in 

three dimensions by correlation with the second stereoscopic frame. 

Utilizing the high correlation expected frame-to-frame may significantly 

improve the edge detection performance. Adaptive algorithms might be 

used to distinguish the processing of moving objects from stationary 

objects, or to take local and/or global illumination variations into 

account. Having located the edges in three dimensions, typically a 

segmentation or other data compression technique would be used to reduce 

the problem complexity to a manageable size for further processing. 

The options open to the system designer are very many. Such 

complex machine vision systems are now the subject of highly demanding 

research (T.S. Huang, 1983). 

From the simplest to the most complex, such systems rely on 

the performance of the edge detection routines which are applied at the 

front end of the process. A poor edge detection routine will result in 

either poor total system performance or added processing complexity and 

redundancy in the following stages. Consequently, being able to 

quantitatively predict a given edge detector performance can be used to 

help predict overall system performance. Moreover, it can be used as a 

design parameter to determine the nature and extent of processing after 

edge detection. 

Several such performance criteria have been proposed. They 

range from simple estimates of error rate to methods of calculating SNR 

and specifications for position, orientation and magnitude inaccuracy 

(U.K. Pratt, 1978, Nalwa and Binford, 1986). These performance criteria 
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have been practically judged with test data where the ideal response is 

defined. In general, such prior knowledge of the ideal response does not 

exist, except maybe for system calibration procedures. The expected 

system performance must then be expressed in a probabilistic sense based 

on the estimates of the image statistics. 

Threshold effects play a major role in determining what 

constitutes an edge (Abdou and Pratt, 1979). Consider an image with 

noise, with an edge that has decreasing contrast along the edge until it 

vanishes within the confines of the frame. At some contrast, the system 

downstream of the edge detector may no longer benefit from an edge 

response, on the average. Too high of a threshold will minimize false 

edge responses due to noise, but would yield less information about 

where true edges exist. A correctly set threshold may have a worse 

performance standard taking noise into account for a given frame, but 

could provide better performance over many frames. 

Typically, threshold levels are set just high enough to result 

in less than the maximum allowed false positive error rate due to noise 

alone. Such allowed rates are determined by a cost function, which in 

turn is determined by how the edge map is to be used. For the most part 

such evaluations are beyond the scope of this paper. At the actual edge 

location, the detector cannot produce such a false positive, by 

definition. The possible outcomes are a true positive, or false 

negative. Near the edge, however, the false positive error rate usually 

rises sharply. Along with this rise in false positive error rate there 

is usually a significant drop in the cost of such errors, simply because 
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the true edge is near. Thus the incorporation of a localization function 

implicitly reflects a cost function. 

In the development of a widely applicable yet useful predictor 

of edge detector performance, we wish to include the most significant 

factors of performance. This will implicitly include a definition of 

what it is desireable to detect, i.e. an edge. It is generally recognized 

that the edge signal-to-noise ratio is a pervasive determinant of 

performance, and we will characterize this. 

Many edge detectors utilize nonlinear processing of linear 

operators. The gamut of such methods are such that it is too 

complicated to characterize all, or even many, in a simple performance 

metric. Yet the linear operators they depend on can be so 

characterized. 

In addition to nonlinear processing of linear operators, many 

parametric curve fitting methods are available that do not lend 

themselves to linear system analysis. Probably the best known is the 

Hueckel model which fits a curve to a local region of interest (M. 

Hueckel, 1971). 

It is difficult to combine all such techniques into a common 

predictor. We could just characterize the image statistics alone and not 

concern ourselves with how it is processed. Simply knowing the blurring 

of the image formation system and the noise power will give some idea of 

edge detector performance, but the performance of some operators in 

noise is sometimes much better than others. There are optimal detectors 

matched to the blurring of edges (Shanmugan, Dickey and Green, 1979) and 
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detectors that are based on Wiener filtering for optimal noise 

performance (J.W. Modestino, 1982). It is easy enough to characterize at 

least the linear operators in such a metric, and the resulting predictor 

will be more useful. 

In this paper we first develop a linear systems model for an 

edge detector operating on an edge signal with additive noise. We then 

include a localization criteria to determine the final detector figure of 

merit equation. This equation is expressed both in the spatial (or time) 

domain and in the Fourier domain. 

The outputs of linear edge detection algorithms are often 

thresholded to produce edge maps. We develop a second method to 

evaluate this process. 

Pratt (1978), and Abdou and Pratt (1979) have reported 

experimental performance results of some common discrete detectors 

which are thresholded. We will find that both the figure of merit based 

on signal-to-noise detector output and based on simple thresholding are 

useful in predicting these reported performances. 

The effect of blurring, contrast, and edge orientation are 

examined numerically. 



CHAPTER II 

MODELS FOR EDGES AND LINEAR DETECTORS IN NOISE 

Continuous Model 

This analysis will deal primarily with the linear systems model 

for edges, noise, and the edge detector operators. The most common 

model for noise in an image is additive white or band-limited white 

noise. This is popular because 1) it is a good approximation for much of 

the real world noise processes, and 2) it is relatively easy to work 

with in linear system models. 

Figure 2.1 depicts the block diagram for a one dimensional 

continuous model of an image formation system (IFS), with additive noise 

after image formation and a linear edge operator applied to the 

resulting noisy image. A nonlinear process may operate on the linear 

edge detector output. 

As discussed in the introduction, many nonlinear edge detectors 

are defined by combinations of the results of linear operators, so the 

characterization of how well these linear operators extract edge 

information will contribute significantly to characterization of the 

total detector performance. For example, such classic linear operators 

as the gradient or laplacian may have their magnitudes thresholded, 

which is inherently nonlinear. Other methods include taking the maximum 

of many masks applied to an image, or comparing magnitudes of several 

masks in order to extract edge orientation and slope. 

6 
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NOISE 

v(x) 
V (w) 

NONLINEAR 
PROCESS 

EDGE 
DETECTOR IFS 

g(x) 

k(w) v(x) g(x) f(x) 

K(w) G(w) G(w) F(w) 

V (w) 

D(w) 

d(x) h(x) 

H(w) 

OBJECT DETECTOR 
OUTPUT 

Figure 2.1. Image Formation System (IFS), Noise, and Edge Detector 

Block Model. 



8 
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b) 

A g(x)+v(x) 

c) 

Figure 2.2. Edge Model Illustrations: a) Ideal step edge, b) Ideal 
step edge blurred by an IFS, c) Blurred edge with additive 

gaussian noise. 
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For our analysis we will define in one dimension: 

f(x) - the object distribution (of whatever quantity is of 

interest e.g.: luminance, transmitance, texture) 

h(x) - the IFS impulse response 

g(x) - the IFS output distribution (= f(x) * h(x), where * 

denotes one dimensional convolution) 

v(x) - the additive noise distribution (a non-deterministic 

function, so random process analysis will be needed) 

d(x) - the edge detector impulse response 

k(x) - the edge detector output distribution 

We will consider an ideal edge as a step discontinuity in x, 

which for ease of analysis we will locate at x = 0. No loss of 

generality is sacrificed by this constraint, since a shift in edge 

location for a linear system will result in only a comparable shift in 

the system output due to the edge. This assumes of course that v(x) is 

not correlated with f(x). Then for contrast c and low edge level b; f(x) 

= c u(x) + b where u(x) is the unit step function. 

Depending on the numerical analysis to be performed, the 

blurring expected from the IFS can be modeled many ways. Figure 2.3 

shows three popular models; a) the simplest, though not necessarily the 

easiest to analytically evaluate, is a linear slope, b) a more realistic 

split exponential, with a fairly easy to analyze generalized Fourier 

transform (Shanmugam, Dickey, and Green, 1979), and c) an even more 

realistic gaussian edge. This gaussian edge is an approximation to the 
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a) 

g(x) =rect(x/w)*u(x) 

b) 

1-1/2 exp(-ax) 

1/2 exp(ax) < 0^| 
g(x) 

A g(x) 
c) 

Figure 2.3. IFS Blurring Models: a) Ramp edge (W.K. Pratt, 1978), 
b) Split exponential (Shanmugam et al., 1979), c) Gaussian. 
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cross section of the edge response of a circular pupil, diffraction 

limited incoherent IFS in two dimensions. Such systems are common. 

This gaussian edge is also fairly easy to work with in both the spatial 

and Fourier domain, the Fourier transform of a gaussian also being a 

gaussian. 

For our one dimensional analysis we will use this gaussian blur 

model. This results in (omitting the b level bias); 

g(x) = f(x) * h(x) = c 

X 

—exp(-a2/2a2)da (2.1) 
-oo a/ 2 v 

where 

h(x) = —^ exp(-x2/2a2) (2.2) 
O/ 2 IT 

and the Fourier transform of h(x); 

H(w) = exp(-o2w2/2) (2.3) 

so 

G(w) = F(w)H(w) = cjj~ + *fi(w)J exp(-a2w2/2) (2.4) 

The exact analytic solution for g(x) has not been determined, 

but its values have been tabulated, and several analytic equations exist 

that closely approximate it. Equations (2.1) through (2.4) leave out the 

b level biasing factor. For edge detection or enhancement, we desire a 

constant output of the operator for a constant input. For edge 

detection we want this DC output component to be zero. Given this, we 

will define our operators to have the characteristic that D(w) equals 

zero at w = 0. This in general will not be true for edge enhancement 
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operators. So for our linear edge model we can not only ignore b, but 

we can ignore the delta function at w = 0 as a component in F(w), which 

is equivalent to a DC shift in the edge function f(x). So now; 

•£- exp(-o2 w2/2) [w ̂  0] 
J " 

G(w) = 

don't care [w = 0] (2.5) 

Given this model for the blurred ideal edge, we wish to 

characterize the noisy edge. The function v(x) is real valued, but being 

modeled as bandlimited or white gaussian zero mean noise it is non-

deterministic. Still, for one given instance it will have a specific 

shape, and will have a Fourier transform V(w). From one instance to 

another, V(w) is also non-deterministic. So we will characterize the 

noise by its power spectrum; 

S(w) = 
v / - »  v  

R(T) exp(-jwT) dT (2.6) 

where R(T) is the auto-correlation function of v(x). 
v 

For our initial analysis we will characterize the bandlimited white noise 

by; 

!

o 2 M w | <w ] 
v v 

0 [elsewhere] (2.7) 
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As an aside; for a truncated v(x), i.e. for 

v(x) [ -T/2 < x < T/2 ] 

0 [elsewhere] (2.8) 

E[ |Vx(w) |2] 
S(w) = lim (2.9) 

T+oo 

~ 1 i 9 and a common estimate for S(w) is S( w) = — | V(w) |z 
v v T 

Given this continuous one dimensional model for the noisy edge, 

we wish to first generalize it to include the discrete model, and second 

to generalize both to two dimensions. 

Discrete Model 

For the discrete model, we must assume that g(x) is bandlimited 

to below 1/2 the sampling frequency, to meet the Nyquist conditions so 

as to prevent aliasing errors. This will occur if either f(x) is so 

limited or h(x) is so limited. If we consider both to be so limited then 

the entire system can be unambiguously described completely in the 

discrete notation. If fs = 1/Ts is the sampling frequency then we will 

define f(n) = f(nTs) for -«® < n < 00 , i.e. the notation f(n) will 

implicitly mean the discrete case. We will also use the normalized 

frequency 6 = wTs. 

So as before; 

g(n) = h(n) * f(n) (2.10) 

and 

v(x) 
T 

then 
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k(n) = [g(n) + v(n)] * d(n) (2.11) 

where * now represents discrete convolution. For F(0) now defined as 

the discrete time Fourier transform of f(n); 

G( 0 )  =  H(0)F(0)  (2 .12)  

and 

K(0)  =  [G(0)  +  V(0) ]  D(0)  (2 .13)  

Here, with f(x), g(x), ... bandlimited to below the Nyquist 

frequency then F(0), G(0), ... are all completely described over the 

normalized frequency range minus u to i, and from the sampling theorems 

are periodic in 0 with period two rr. Whereas before in the continuous 

case we were more concerned with bandlimited white noise, in the 

discrete case we will in general treat the noise as white. 

As before v(n) is now a discrete random process, and for 

mm-
bandlimited white noise is characterized by the power spectrum; 

! o " v 2  f  I  ®  I  < .  ® v <  * ] 

o I  ev  < |  e |  < tt ]  (2.14) 

Our ideal discrete edge is now f(n) = c u(n) + b, where u(n) is 

the discrete step function; 

!1 [n > 0] 

0 [n < 0] (2.15) 

To meet the bandlimiting criteria we will make some 

approximations for the previous gaussian edge model, since the continuous 
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a) Ideal Edge 

1 
f(n) 

-3 - 2  -1 n 

b) Linearly Smoothed 
Edge (width less 
than 2) 

A g(n) 

-3 -2 -1 n 

c) Gaussian Smoothed A g(n) 
Edge 

-3 -2 -1 0 1 3 n 

Figure 2.4. Ideal Discrete Step Edge, Linear Smooth Edge, and Gaussian 
Smoothed Edge. 
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Fourier transform of a gaussian is not truly ever bandlimited. We will 

assume that it is g(x) that is sampled after being passed through an 

ideal low pass filter to prevent aliasing. Indeed, it is a common 

practice to low pass filter a continuous distribution prior to sampling 

for this very reason. The true IFS transfer function and the ideal low 

pass filter can be combined into an equivalent H(0) in the discrete 

domain. 

Then the equivalent form for H(0) is; 

This approximation is reasonable if either f(x) was bandlimited 

to less than IR/fs or if (IT)2 <J2/2 fs2 » 1 , i.e. h(x) smoothed f(x) 

enough so that g(x) was essentially bandlimited to below |0| = ir. 

Now; 

H( 0 )  = exp(-(a2/ fs2) ( 0 2 / 2 ) )  [ | e |  <  ir] (2.16)  

00 

F(6) . c .in «2n + 1) . ) £SE<i»/2> 

n=l 

(2.17) 

and 

G(0) = F(0) H(0) (2.18) 

Extension to Two Dimensions 

In the continuous domain, with the Fourier transform pair 

r r 
F(w,c) - 1 1 f(x,y) exp( -j (wx + c y)) dx dy (2.19) 

F(w,c) exp( j(wx + cy)) dw dc (2.20) 
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then 

g(x,y) = f(x,y) ** h(x,y) (2.21a) 

G(w,c) = F(w,c) H(w,c) (2.21b) 

k(x,y) = [ g(x,y) + v(x,y) ] ** d(x,y) (2.21c) 

K(w,;) = [ G(w,c) + V(w,c) ] D(w,c) (2.21d) 

where ** indicates two dimensional convolution. 

In the discrete domain, with the discrete time Fourier transform (DTFT) 

pair 

F(6,<t>) = Yi f(n»ra) exp(-j(n0 + m<t>)) (2 .22)  
m=—00 n=-«> 

f(n,m) = (2^ 
F(0,<j>) exp( j(n0 + mi)))) d0 d<|> 

—» 

then 

g(n,m) = f(n,m) ** h(n,m) 

G( 0 ,$) = F( 0,4») H(0 ,$) 

k(n,m) = [ g(n,m) + v(n,m) ] ** d(n,m) 

K(e,4>) = [ G(e,$) + v(e,4>) ] d(©,•) 

where ** now indicates two dimensional discrete convolution. 

(2.23) 

(2.24a) 

(2.24b) 

(2.24c) 

(2.24d) 



CHAPTER HI 

SIGNAL AND NOISE RESPONSE OF LINEAR OPERATORS 

Continuous Model 

Starting with our first simple one dimensional continuous 

model, the linear operator response to our blurred, noisy edge has two 

components, the first due to the edge; 

k(x) = g(x) * d(x) (3.1) 
s 

and the second due to noise; 

k(x) = v(x) * d(x) (3.2) 
v 

In the Fourier domain; 

K(w) = D(w) G(w) (3.3) 
s 

With the previously mentioned assumption that D(0) = 0, it is 

straightforward to find k(o). This is of interest since a good edge 
s 

detector will have its maximal signal response at the middle of the 

edge. So; 

k(0) = -±-
s ^ 11 

1 
2 IT 

D(w) G(w) dw 
J —CO 

D(w) exp(- a2 w2 / 2) dw (3.4) 
_» J w  

Similarly; 

18 
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k<°>" r? D(w) V(W) dw (3.5) 
/ —GO 

but V(w) Is still non-deterministic. What we can determine is the 

expected value and expected squared value (the variance) of k(0). 
v 

Because the noise is random and stationary, these quantities are not 

dependent on position. From linear systems theory; 

fo0] 
= E[v(x)] * d(x) = E[v(x)] D(0) = 0 (3.6) 

and 

E|k(x)*J = j  S(w) | D(w) |2 dw (3 .7 )  

For a specific example, consider the differential operator, 

whose equivalent Fourier domain transfer function is jw. This responds 

to edges by giving their slope directly, and meets the characterization 

that D(0) = 0. So; 

k(°) = ~ 
s 2 ir 

c exp ( -a2 w2 / 2 ) dw 
J —00 

/2iT 
(3 .8 )  

2 * ° a/2? 

and for bandlimited white noise; 
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E[k(x)2] 
v 

1 
2 IT 

Wt 

'-W, 
| jw I2 dw 

v 2 
2ir 3 Wv 3ir Wv (3.9) 

so at x = 0 the signal-to-noise detector output energy ratio is; 

I k( 0) |1 

E[k<0)] 

3 c2 
i  i  

2 ov a  W v  
(3.10) 

In general for the assumptions made on v(x) and d(x) to this 

point, this ratio can be useful for evaluating the noise susceptibility 

of a given edge detector linear operator. In this last example it is 

clear that the performance degrades rapidly with increased noise 

bandwidth. In general at x = Xq this ratio is; 

SNR(x ) = 
o 

k(x ) 2 
s o 

E[k(x V) 
V o 

2 n 
J —00 

-— exp(- o2w2/2 ) D(w) exp( jwx ) dw | 
J w o 

(3.11) 

l i t  
S(w) | D(w) | dw 

J —00 

In many instances the numerator can be calculated more readily 

in the spatial domain, while the denominator is calculated in the 

frequency domain. In many real world applications the noise power 
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spectral density is not necessarily known. In these cases there are 

methods to either estimate the noise power spectral density or simply 

estimate the noise variance in the spatial domain. 

For the differential operator (d/dx); 

1X) = s g(x)" s c 
—oo a/ 2 v  

exp( -a2 / 2 cr2 ) da 

o/ 2 if 
exp ( -x2/ 2 a2) (3.12) 

so 

(3.13) 

so at x=x 

SNR(x ) = 
o 

f00 

\4- •£: exp( -a2w2/2) D(w) exp(jwx ) dw|2 
2ir jw o 

J — OO 

X 
2ir 

w. 

/-wv v 

a 2 | D( w) |2 d w 

HVi2 
(3.14) 

v 
2ir 
| D(w) 12dw 

/ —00 

For meaningful comparison of edge detectors at this stage, the 

maximum over x of SNR(x) should be examined. Consider the laplacian 

operator (d2/dx2) which has an equivalent Fourier domain operator of 

(jw)2. At x=0 SNR(x) = 0; 
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k(x) 
s 

_dI  

dx2 
-oo a / 2TT 

exp( -a2/2a ) da 

^ exp( -x2/2a2) = ̂  exp(-x2/2o2) (3.15) 
a /2ir a /2ir 

But |k(x)| is a maximum at x = ± o/2 where 
s 

| k( x) | 2 
s rar exp(-2> 

(3.16) 

The noise term is 

_1_ 
2 IT 

W, 

-W, 

a 2 I -w2 I dw = 
°v* wvs 

5ir 
(3.17) 

so 

SNR 
max 

5 c2 
a* q » w » exp(-2) 

V V 

(3.18) 

Discrete Model 

Generalizing to the discrete case, the corresponding equations 

are as follows. 

SNR(n) = 

exp c 
exp(j6/2) ̂  sin((2n+l)0)D(0)exp(jne)d012 

J -IT s NS-FLO 

_1_ 
2 v  

' -IT 

sy (e)  |  D(e)  |  de 

(3.19) 
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For the white noise case the denominator of equation (3.19) reduces to 

a 2 
v 

2ir 

IT <*> 

1 D(e) 12 de = av2 [d(i)]2 (3.20) 
/-IT i=-co 

The numerator is almost always easier to evaluate by discrete 

convolution, especially for finite length operators and edges. Thus; 

| g(i) d(n-i) | 
i=—® 

SNR(n) = (3.21) 

2  r  0 ,  o f v 2 

-Jr I d( o) I de 2" J-ev 

For the case where the sampling interval is comparable to or 

larger than the extent of practical blurring of the IFS, H(6) * 1, and 

for white noise; 
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00 

c2 | u(i) d(n-i) | 
i=-co 

SNR(n) = 

|D(0) | * d6 

i  -ir 

c2 | d(n-i) | 

i=o 

°v* d(±) 

i=-» 

(3.22) 



CHAPTER IV 

DEVELOPMENT OF AN EDGE DETECTOR PERFORMANCE METRIC 

Introduction of Locatization Criteria 

It is worthwhile here to review the characteristics of edge 

detectors and evaluate what the SNR equations of the previous chapter 

are indicating. First, it is desireable to have the magnitude of the 

edge detector output due to the edge signal itself be large at or very 

near the middle of the blurred edge (x = 0, n= -1 or 0 in our previous 

examples). Pratt (1978) used a figure of merit rating factor for 

experimental evaluation of detectors that weighted thresholded positives 

by their distance from the ideal edge location; 

k 
«• i 1 TTTP M 

i=l 

where In = max( Ii , la ) 

Ii = number of ideal edge points 

la = number of actual edge points 

a = separation weighting factor, zero 

d = separation distance of detected edge point from 

the ideal edge point 

The weighting factor 1/(1 + a d2) penalized offset from the 

true edge location according to the weighting factor 'a', and penalized 

25 
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to a lesser degree a smeared response due to the combination of 1/ln and 

1/(1 + a d2). 

We should also consider these effects for incorporation into a 

performance predictor. The offset weighting factor should be 

monotonically decreasing with the absolute value of x for our continuous 

edge model. It should also be continuous and smooth around x = 0. This 

latter condition is desirable since very small offsets should be 

penalized very little. Once again a gaussian function will meet these 

criteria. 

Consider the function exp(-x2/ 2 a2) where the magnitude of 'a' 

is the localization weighting value. This value represents an acceptable 

edge detection offset distance. For x2 < a2, exp(-x2 / 2 a2) is 

approximately equal to 1/(1 + x2/2 a2) which is similar to the squared 

error weighting factor used in equation (4.1). 

We can now incorporate this localization Weighting factor with 

our SNR(x) function to determine a real valued performance metric. The 

magnitude of 'a' may be considered as a specification for required output 

edge resolution. 

Consider the figure of merit (FOM) equation in one dimension; 

FOM = /SNR(x) dx 
/—00 

|k(x) | exp(-x2/2 a2) dx 
_<» 

|k(x)| dx 
/_» s 

(4.2) 
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The first integral term represents the total signal to noise 

level ratio out of the detector integrated over all distance 

perpendicular to the edge. The second bracketed term represents a 

normalized localization weighting with range zero to one. If the output 

of the operator due to the edge signal is zero everywhere except at 

x = 0, then the localization is perfect and the localization weighting is 

equal to one. As discussed previously both offset and spreading are 

penalized with lower localization weighting. Spreading is penalized to a 

lesser extent than offset. Figure 4.1 illustrates how some SNR(x) 

distributions look that may lead to equivalent FOM values. 

By expanding our previous definition for SNR(x) we can express 

the FOM equation as; 

FOM = 

|k(x) | exp(-x2/2 a2) dx 
s 

Ik(x)| dx 

11/2 

S(w) |D(w) |2 dw 
2ir J-a, v 

/SNR(x) exp(-x2/2 a2) dx 
J — 00 

/ SNR(x) dx 

(4.3) 
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A SNR(x) 

Figure 4.1. Illustration of SNR(x) Distributions That Lead to Roughly 
Equivalent FOM's. Not drawn to Scale. Offsets need 
greater peak values than smeared responses to compensate 
for the localization weighting function. 
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For illustration we will evaluate this FOM for two different 

operators in order to compare their predicted performance in noise. The 

first case will be the simple differential operator (d/dx) with 

bandlimited white noise. The second will be an operator whose impulse 

response is a differentiated gaussian. J. Canny (1986) examined this 

second operator which deviated from an optimal detector by only a few 

percent. So specifying this second operator's impulse response as; 

d(x) = —exp(-x2/2 Oj}2) (4.4) 
°d 

We will let this second operator perform with additive white noise. 

In the first example, from equation (3.12); 

|k (x) | = —-— exp(-x2/2 a2) (4.3) 
s a/ 2 IT 

and 

(4.6) 

so the figure of merit is; 
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FOM = 
/  —eo 

a„a exP(-x![2^+2?] ) dx 

/ —00 

c I 3 
JvO y 2wv® 

exp(-x2/2a2) dx 

= JL ,OI 1 
ov Y 2 wv' 1 + (c (a2/a1) 

(4.7) 

In the second example; 

D(w) = j w od /2ir expC-o^ 2̂ / 2 ) (4.8) 

and the noise power is; 

i !' 77— a2 w2 2IT ojl exp(-o2 w*) dw 
2 IT J V d r d 

/ —00 

/IT A2 °V 
2 ff? 

(4.9) 

Similarly; 

|k(x)| = 
s 2ir 

G(w)D(w) exp(jxw) dw | 

c  
2 IT 

-OjW2 a 

/ —00 

i 22 
j— exp("a2W ) jw od / 2ir exp(—|—) exp(jxw) dw| 

ca 

•  a 2  + a 2  
d 

exp(-x2 / 2 ( o2 + a2)) (4.10) 

So now from the FOM equation; 
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FOM = 

-,2 

CO 

exp(2(oWJ)) 
exp<r?)d,t 

—00/ 0^0 , d 

CO 

J  -co/  o^o*.  
a  

exp( 
-v* 

2(o*+o2) 
) dx 

/it o2 
v 

2 a 

1 / 2  
(4.11) 

and equation (4.11) evaluates to; 

FOM 
case 2 

c 

0.. 

ul/4 

3/2 

1 + (a2 + o2 )/a2 
(4.12) 

Repeating the results of equation (4.7); 

FOM 
case 1 

3ir 
2w 

1 / 2  

1 + o2 / a2 
(4.13) 

Remember that case 2 results assume white noise, and in fact is 

a good approximation as long as the spatial extent of the differentiated 

gaussian operator is large compared to l/wv« With this restriction the 

FOM is a maximum for o^ = /3(a2 + o2) , i.e. for either a more relaxed 

localization criterion or a more blurred edge the optimum edge detector 

size is broader, all of this dependent on this localization weighting. 

As the imaged edge becomes very sharp, i.e. as o approaches 

1/2 
zero, the case 1 FOM approaches (c/ov) (3it/ws) with perfect 

localization. In the same limit the case 2 FOM approaches (1/2) (c/o^) 

(ir)*^ (a2 / (a* + 0j) where localization is still a significant 
d d 
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factor as long as 'a' is not » Here the optimum = /3 a. As 

approaches zero the FOM approaches zero due to poor noise smoothing. As 

Oj becomes very large the FOM again approaches zero due to poor 

localization. 

For a numerical comparison with c = a = a = o = 1, w =10,a, 
v v d 

optimized at /6, then the ratio of FOM case 2 to FOM case 1 is 8.2 dB 

with a doubling of wy resulting in a 4.5 dB increase in this relative 

performance ratio. 

Extension To Discrete and Two Dimensional Forms 

The corresponding expression for this FOM evaluation in discrete 

form is; 

) /SNR(n) exp(-n2/2 a2) 
n=-«*> 

FOM = — 
n 

(4.14) 

/ SNR(n) 
n=—eo 

To extend this analysis to two dimensions is primarily a 

problem in redefining the edge model in two dimensions, and from this 

extended model determining SNR(x,y) and SNR(n,m). 

We will define our continuous edge model f(x,y) = f(x), i.e. 

f(x,y) is an edge of infinite extent in the y direction, with form 

independent of y. Also, our blurred edge g(x,y) = g(x). The two 

dimensional IFS impulse response that gives this behavior is limited to a 



specific class of functions, but is not unique for a given pair of f(x,y) 

and g(x,y). If the IFS is circularly symetric the class of such 

functions is narrowed. 

It is not our interest to describe all such transfer functions, 

but merely to note that this modeled smoothing of the gaussian g(x) form 

is a good approximation to typical two dimensional IFS edge responses. 

For purposes of analyzing edge orientation we will assume the IFS is 

linear, shift invarient and circularly symetric. We can then analyze FOM 

variations verses edge orientation by rotations of the detector impulse 

response d(x,y). 

fractional rotation of a discrete impulse response is not defined over 

n and m. In these cases for good FOM comparisons the edge model must 

be modified to take into account rotations and the localization weighting 

factor must be expanded to take into account distances perpendicular to 

the edge. This discrete analysis quickly becomes too complicated for 

easy analytic determination, but can be closely approximated by computer 

simulation. 

In the discrete case it is not convenient to do this since a 

For the continuous case we will denote dr(x,y) as the rotated 

operator and so 

|dr(*»y) ** g(x,y) I 
2 

SNR (x,y) = (4.15) 
r 00 00 

1 Sv(w,c) | Dr(w,c) |2 dw dc (2*)*  
/ —00 J — 00 
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Since the model is shift invariant and g(x,y) = g(x) then 

SNRr(x,y) = SNRr(x) and FOM is then 

/SNRr(x) exp(-x2/2 a2) dx 

FOM (4.16) 
r 

00 

• SNRr(x) dx 
J -00 

This will do well in evaluating the resolution of the edge 

detector in the x direction but will not consider the resolution along 

the edge. This becomes of concern in real images where edges commonly 

come to abrupt stops, where they have corners, or even just tight 

curves. By making use of the spatial correlation in the y direction one 

could develop an edge detector with extremely high SNR, but would also 

smear edges intolerably along their length. So in designing an edge 

detector one would have to balance these tradeoffs. J. Canny (1986) 

discusses this in his development of an extended two dimensional 

differentiated gaussian edge mask for locally straight contours. 

estimate SNR(0) where 6 is perpendicular to the edge, and calculate the 

FOM; 

In discrete space it is easier to model a blurred rotated edge, 
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FOM0 = 

SNR (0) exp(-02/ 2 a2) 

0=— 00 

(4.17) 

SNR (0) 
0=— 00 

Real World Considerations 

At this point it is instructive to discuss in more detail how 

these figure of merit calculations will reflect real world performance. 

The edge model is the key to the analysis. There are many other feature 

detectors such as line detectors, curve detectors (Rosenfeld and Kak, 

1982) that this SNR calculation could be modified for simply by 

redefining f(x) as the ideal line, ideal curve, etc. In any case the 

problem with edge detectors has been their inherent high pass filtering 

characteristics. In the presence of noise and with blurred edges most 

of the high SNR energy is at the low frequencies. The extension to 

additive noise before the IFS can easily be analyzed by modifying the 

noise power spectrum; 

S(w) = Sy(w) + Svl(w) |H<w)|2 (4.18) 

where Sv̂ (w) is the noise power spectrum applied to the IFS. Equation 

(4.18) is true if v(x) and vl(x) are independent. 

The SNR calculation easily assesses the impact of blurring, 

noise, and contrast for the detector being evaluated. The tradeoffs in 

methods that increase the SNR by emphasizing the lower frequencies is 

manifested by a spatial operator that is extensive. In a model 



(parametric curve fitting) based system it is manifested by a large 

sample region. Both these effects usually involve a comparable overhead 

in computation time or complexity when numerically implemented. 

These high SNR operators will also tend to have poorer 

localization. This is a parameter that should be weighted based on the 

purpose of the edge detection. For example, in the infrared motion 

detection alarm system mentioned in the introduction, a time delay of up 

to several seconds (poor localization) may be tolerable if it reduces 

false detections, increases probability of true detections, and results 

in a generally more reliable alarm. Most edge localization weights 

proposed have been a variation of one divided by one plus the mean 

squared displacement. The FOM localization weighting factor used here 

is more harsh at large displacements, but as noted before; 

exp(-x2/ 2 a2) = i + x2/2 a2 f°r < a <4.19) 

Other localization weighting functions could still be used while 

retaining the approach to figure of merit evaluation proposed in this 

paper. In general the FOM would then be hard to evaluate analytically 

and/or would have to be evaluated numerically and/or would only be 

easily evaluated in one of the spatial/Fourier domain options. 

Considerations For Other Than Uncorrelated Noise 

Another common problem with edge detectors is their reponse to 

correlated noise such as artifacts of transmission errors, IFS streaks, 

etc. These types of noise can still be considered additive as an 
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approximation, rnd can significantly skew the noise power spectrum 

toward the frequencies passed by an edge detector which performs well 

in white noise. 

Consider a line streak modeled by l(x,y) = 6(X-Xq) in two 

dimensions. This is presumably the worst orientation. Then in two 

dimensions it has the Fourier transform magnitude of 2 I T  6(C)«  

Considering this as additive noise; 

E[(hy(x)2] = E[((v(x,y) + l(x,y)) ** d(x,y))2] 

= E[(v(x,y) ** d(x,y))2] 

+ 2 E[(v(x,y) ** d(x,y)) (l(x,y) ** d(x,y))] 

+ E[(l(x,y) ** d(x,y))2] (4.20) 

The second term is zero assuming v(x,y) is not correlated co 

the line streak. 

So; 

E[(hv(x,y))2 ] = ^ 
— 00 i 

S^w.c) | D(w,c) | dw dc 

+ [6(X-Xq) ** d(x,y) ]s (4.21) 

This second term is the line response of the operator, and for 

an operator with significant extent in the y direction can be large, 



though still less than the edge response. Also, for random streaking x 
o 

can be considered a random variable with uniform probability 

distribution, and Xq will in all probability be far from true edge 

locations. 

By setting Xq » 'a' the FOM localization weighting factor does 

help degrade the FOM, since the line response would not be included in 

the numerator SNR integration. Unfortunately this FOM reduction is very 

small since the SNR at Xq would in all likelihood be near zero anyway. 

A better treatment of streaking would be to analyze it as the edge 

signal is, but still separated from the edge location by a large 

distance. Its contribution to SNR(x) will then be penalized as a false 

positive response. In all likelihood this still will not reflect the 

impact of such a line response on the system, but will help to compare 

detectors with otherwise equal FOMs. 

The effect of such streaks prior to image formation can still be 

evaluated in the same fashion, although for a detector matched to the 

IFS blur it will not make a big difference whether it is considered 

before image formation or after. For a detector not matched to the IFS 

blur, such as the simple differential operator, it may make a large 

difference. 

To estimate the performance of a real world detector based on 

a real world IFS, one would need to measure or estimate the edge blur o, 

edge contrast c, noise power spectral density Sv(w), and determine the 

system localization requirement 'a'. In determining o, one needs to take 

into account both the MTF (modulation transfer function) of the IFS and 



the expected object statistics. If the IFS is very good but the objects 

being imaged have few sharp edges then a should be modified to model the 

typical object edge. The determination of contrast c is not necessary 

when comparing the relative performance of two detector schemes with 

each other. It is necessary if the detection of a specified minimum edge 

contrast is needed and the numerical performance requirement has been 

determined for the system in question. 

The noise power spectrum Sy(w) is typically estimated 

empirically either by test patterns, experience or even within a single 

frame from local regions of no contrast in the object distribution. The 

localization factor 'a' can be constrained by many considerations. If 

the edge resolution requirements are known, that will put an upper bound 

on 'a'. Image statistics may relax the localization requirements since 

images with edges separated by large distances will be able to tolerate 

a significantly larger edge detection offset with little loss of visual 

intelligibility. Other such factors are highly dependent on the ultimate 

use of the detected edges. 



CHAPTER V 

A METRIC FOR THRESHOLDED OPERATOR OUTPUTS 

Simple Thresholding 

In the previous sections we examined the behavior of linear 

operators in gaussian noise and developed a metric that rewarded high 

SNR values near the edge location. This information is useful especially 

where an edge map may be formed at locations of local maximum above a 

threshold level. J. Canny (1986) uses local maxima as the edge location. 

A high SNR will increase the likelihood that such a maximum is precisely 

located. 

A more common scheme is to form the edge map from all 

locations where the linear operator returns values above a threshold 

level. This is also computationally easy. This scheme is common enough 

it deserves a corresponding performance evaluation. The previous FOM 

metric ranged in value from zero to plus infinity. A linear system that 

evaluates extremely well using that metric may not perform that much 

better than another with considerable lower FOM once the detector 

outputs are thresholded. 

We will consider two thresholding schemes; one where k(x) is 

thresholded and the second where the magnitude of k(x) is thresholded. 

Threshold levels are often chosen to give a maximum acceptable 

false positive error rate where no edge is near. We will call this 

error rate E which is nonnegative. 

40 



Then for a threshold level Th; 

41 

p(B) dB 1 -
Th 

Th 

p(B) dB (5.1) 

where p(B) is the probability density function of the noise output of the 

detector. Since up to this point we are considering linear system 

responses, and the probability distributions at the output of systems 

with gaussian input probability distributions are also gaussian, then; 

P(B) = 1 

sig /2ir 
exp ( -B2/ 2 sig2) (5.2) 

where 

sig2 = E[ k(x)2 ] 
v 

(5.3) 

If the magnitude of the detector output is thresholded, 

equation (5.1) needs modification to include the probability of the 

detector output exceeding a threshold in either the positive or negative 

direction. So then; 

[ Th 
1 - j p(B) dB 

S - 1  

[ Th > 0 ] (5.4) 

-Th 

Then over a region of interest -W to W (where W is distance 

perpendicular to the edge) we will define the simple thresholded figure 

of merit F; 
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W <*> 

p(B - k^x)) dB exp( -x2 / 2 a2) dx 

'-W ITh 
F = (5.5) 

W 

p(B — k^x)) dB dx 

J-W Th 

This figure of merit will range from zero to one. The 

sensitivity of it is dependent on the values of E and W. If W is allowed 

to be too large, the denominator will approach 2WE and will soon drown 

out any variations due to k^x) in the localization region. In this case F 

will always evaluate close to zero. We have determined a good rule of 

thumb is to set W about equal to 1/4E so 2WE is about equal to 1/2. 

Setting W larger gives mora sensitivity at low performance levels and 

conversely setting W lower gives more sensitivity at high performance 

levels. Also W should be on the order of magnitude of 3a or more so 

that the localization penalty has its intended effect. 

Functionally, inclusion of k(x) in the probability density 
s 

function shifts the probability output distribution up as shown in figure 

(5.1). A very high k(x) will make the probability integral very close to 

one. An even higher signal output will not affect the probability of 

exceeding the threshold level to any large degree. This is why a 

different performance metric than the SNR basis alone is needed, and why 

the form of F reflects these concerns. 
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Simple Thresholding 

4 P(B-kg(x)) 

Magnitude Thresholding 

A P(B-k (x)) 

Figure 5.1. Calculation of Thresholded Probability Outputs at x. 
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The denominator of F is simply a localization normalization 

factor, comparable to In = max(Ii, la) used experimentally by Pratt, 

1978, pp497 and mentioned previously in this paper. 

Of note is that; 

p(B - k(x)) dB 
Th 

p(B) dB (5.6) 

Th-k^x) 

Figure (5.2) illustrates the behavior of this integral for a typical k^x) 

out of an edge detector. 

Thresholding of Magnitudes 

The probability integral needs modification for thresholding the 

magnitude of k(x). For example if we looked at the probability 

distribution of the magnitude of k(x) when k^x) = 0, it is a folded over 

gaussian distribution; 

sig 

p(B) = 

^ exp( -B* /  2 sig2) [B > ol  
/  2 t t  l  j  

[B -  o] 
sig • 2 it 

0  [ B < ° ]  ( 5 . 7 )  

However a slight modification of the simple threshold metric 

(and a look at figure 5.1) shows the probability of the magnitude of k(x) 

exceeding the threshold is; 
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p(mag( k(x)) > Th) 1 -

k£x)+Th 

kix)~ 
p(B) dB (5.8) 

Th 

So now we can restate equation (5.5) for the simple 

thresholding case as; 

and 

W 

J-W Th 
"HX) 

p(B) dB exp( -x2 / 2 a2) dx 

F = 

iw r 
J-W i Th-

p(B) dB dx 

k£x) 

(5.9) 

For magnitude thresholding? 

[Th 
1 - ! p(B) dB [ Th >. 0 ] 

I-Th 
(5.10) 

W 

/-W 

Fmag = 

k^x)+Th 

Hx) 

p(B) dB 

-Th 

exp( -x2 / 2 a2) dx 

(5.11) 

W 

-W 

j k^x)+Tt 

p(B) dB dx 

'k£x)-Th 
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k (x) 

p(B)dB 

Th-k (x) 

1.0 

Th 

0.5 

Figure 5.2. Typical k (x) and Thresholded Probability Outputs vs. x, 

(Prior toSlocalization weighting). 
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Discrete Model 

Generalizing to the discrete operators, where n is perpendicular 

to the modeled edge; 

_W 

L 
n=-W Th-ks(n) 

p(B) dB exp(-n2/2a2) 

*n = 

W f® 
f 

p(B) dB 

n=-W ' Th-ks(n) 

(5.12) 

For magnitude thresholding; 

iL v z_ 
n=-W 

Fnmag 

1 -

kc(n)+Th 

p(b) do 

ks(n)-Th 

exp (-n2/2a2) 

_W 

n=-W 
1-

ks(n)+Th 

p(B) dB 
kR(n)-Th 

(5.13) 

In general the probability integral cannot be solved 

analytically. Beyond a certain magnitude of the integral limits it can 

be considered essentially zero (or one) to within any given accuracy 

desired. The value of this integral is extensively tabulated for the 

ranges of interest between these extremes. There also exist asymptotic 

series representations for numerical evaluation, and also some analytic 

approximations are available. 



CHAPTER VI 

A CASE STUDY; PERFORMANCE METRIC PREDICTIONS 

OF SEVERAL COMMON DISCRETE OPERATORS 

Some Common Operators and Relative Performances 

Some of the most common linear detectors, masks, and nonlinear 

combinations of detectors use 2 x 2 or 3 x 3 discrete operators. Pratt 

(1978), Abdou and Pratt (1979), Rosenfeld and Kak (1982), and Rosenfeld 

(1984) provide good overviews of the digital Laplacian, Roberts operator, 

Prewitt operator, Kirsch masks, Sobel operator and the compass gradient 

masks. Both Pratt (1978) and Abdou and Pratt (1979) report the results 

of experimental evaluations verses signal-to-noise ratio. The signal-to-

noise ratios are evaluated by c2 / av2 and the figure of merit quoted is 

from equation (4.1). In their experiments the threshold levels were 

tuned to give the best performance from detector to detector, and for 

each signal-to-noise ratio. They did not maintain the same false 

positive error rate away from the edge location. Thus their results 

minimize the spreading penalty expected at high contrasts. In practical 

applications this would require adaptive thresholding, since the edge 

contrast will be a random variable. Presumably at low contrasts the 

thresholds were maintained so as to not exceed some acceptable false 

error rate. 
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Table 1 shows the signal-to-noise ratios that gave roughly 

equivalent performance at the 50% and 70% figure of merit values, for 

straight on edges of one pixel width. 

The east compass mask is -111 

-1  -2  1  

-1 1 1 . 

The Roberts operator is the convolution of the image with 

0 1 and 10 

- 1 0  0 - 1  

and the magnitude of the difference is taken. Another common nonlinear 

processing method is to calculate the root of the sum of the squares of 

the above two values at each image pixel. Another method is to sum the 

magnitudes. These options also apply to the Sobel operator, Prewitt 

operator and variations of these types. 

The Kirsch algorithm chooses the maximum of eight masks, each 

being a rotation of -3 -3 5 For example one rotation is -3 -3 -3 

-3 0 5 -3 0 5 

-3 -3 5 . -3 5 5 . 

The Sobel operators are 

- 1 0  1  a n d  1 2  1  a n d  t h e  r e s u l t s  a r e  

-2 0 2 0 0 0 

- 1 0  1  - 1  - 2  - 1  

combined in the same way as the Roberts operator previously discussed. 
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Table 1. Published SNR Levels for 
Discrete Operators, from 
Abdou and Pratt, 1979). 

Equivalent Perforaance of Several 
Empirical Studies (Pratt, 1978 and 

50% 70% 
OPERATOR PERFORMANCE LEVEL PERFORMANCE LEVEL 

PREWITT 3 6 

SOBEL 4 7 

KIRSCH 4 7 

EAST COMPASS 6 11 

ROBERTS 16 26 



The Prewitt operator is very similar to the Sobel operator. 

The image is convolved with -10 1 and 1 1 1 

-1 0 1 0 0 0 

-1 0 1 -1 -1 -1 . 

The east compass mask is -111 and other compass 

-1 -2 1 

-1 1 1 

gradient masks are rotations of this. For example the southeast compass 

mask is -1 -1 1 

-1 -2 1 

1 1 1 .  

This operator is processed similar to the Kirseh masks, in that the 

maximum of all eight masks is used. 

metric developed in chapter four by evaluating each operator or 

individual mask as if it were used in a strictly linear fashion. We will 

then evaluate the simple threshold metric developed in chapter five, 

again assuming the output is due to an individual operator or mask. In 

the case of masks, the mask rotation evaluated is the one which gives 

the maximum signal output. 

the individual operators prior to nonlinear operations we will see if the 

results are consistant with Table 1. Pratt (1978) and Abdou and Pratt 

(1979) both used a linearly sloped edge instead of a gaussian blurred 

For our analysis we will examine the discrete performance 

Non-Thresholded Performance Prediction 

Applying the general SNR predictor developed in chapter four to 



edge. Their edge thus gave a finite signal response perpendicular to the 

edge. We will evaluate our figure of merit equation for both the 

linearly sloped edge (a different edge model) and for the gaussian 

blurred edge where o = 1.0. In both edge cases we use a localization 

weighting factor a = 2.0. 

Table 2 shows the results. The Kirsch operator does better for 

a finite edge width than for the more spread out gaussian blurred edge. 

This is partly due to the localization weighting factor since the Kirsch 

operator has its output nonsymetrical about the center of the edge. 

This leads to an offset penalty. 

Comparing Table 2 with Table 1 gives some insight but there are 

also lnconsistancips- Ic appears the gaussian edge FOM values are a 

better predictor even though the empirical studies quoted in Table 1 

were based on the linearly sloped edge model. 

The biggest factor which separates the two results is the fact 

that Table 2 does not take into account the thresholding nature of the 

empirical studies which resulted in the Table 1 values. The next step 

then is to evaluate the discrete thresholded performance figure of 

merits F. 

Simple Threshold Performance Prediction 

For a meaningful comparison in the evaluation of F for various 

operators, the threshold levels were set so that the probabibilty of 

false positives were the same, E = 0.01, and 2WE was set to 0.5. This 

meant different threshold values for different detectors since the noise 

response variance depends on the detector used. Choosing 2WE = 0.5 made 
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Table 2. Comparison of FOM Performance Predictions of Some Operators 
with Published Empirical Performance 

OPERATOR FOM (x c2/a 2) 
v 

OPERATOR 

LINEAR EDGE 
W =  1 . 0  

GAUSSIAN EDGE 
a = 1 . 0  

PREWITT 1.56 1.88 

SOBEL 1.47 1.78 

KIRSCH 1.98 1.69 

EAST COMPASS 1.56 1.33 

ROBERTS 0.64 0.55 



the F predictor somewhat more sensitive on the low performance end. An 

operator with E = 0.01, perfect localization at n=0 and no spreading 

would have its F evaluate to 1.0/1.5 = 0.67. Simple spreading would at 

first tend to increase F, and to offset this tendancy we made the 

localization criteria more restrictive than that used in Table 2. We set 

'a' = 1.0. Table 3 shows the results for simple thresholding of these 

operators verses c2 / an and also as a function of gaussian blurring 

factors. These results and trends prove to be a good predictor of the 

results reported in Table 1. Since Table 3 is based on our gaussian edge 

model there is a slight decrease in performance at very high contrast 

levels for the more noise folerant operators. This is due to the 

spreading of the positive edge response near the edge. As expected all 

operators performed worse for increased blurring. Increased blurring 

results in both more spreading of the operator output and in lower local 

contrast within the spatial extent of the operator. Operators with more 

spatial extent (3 x 3 in these examples) are inherently less prone to 

the loss of local contrast than small operators, but are more prone to 

spreading. 

The Roberts operator evaluated poorer than the others due to 

its limited extent in the direction perpendicular to the edge which 

causes less local contrast, and due to its limited extent in the 

direction along the edge which gives it a poorer noise smoothing 

capability. 

The east compass mask evaluated worse than the Prewitt, Sobel 

and Kirsch mostly due to the mask center value which increases its noise 
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Table 3. Comparison of Threshold FOM Performance Predictions for Some 
Popular Discrete Operators (E = 0.01, W = 25, a = 1.0). 

OPERATOR BLUR 

a  

SIGNAL TO NOISE RATIO c2/av2 OPERATOR BLUR 

a  5 10 20 50 

.5 .57 .64 .64 .64 
PREWITT 1.0 .45 .56 .61 .59 

2.0 .25 .34 .43 .47 

.5 .55 .63 .64 .64 
SOBEL 1.0 .43 .55 .61 .60 

2.0 .23 .32 .42 .48 

.5 .53 .63 .64 .64 
KIRSCH 1.0 .41 .53 .60 .60 

2.0 .22 .31 .40 .47 

EAST .5 .44 .57 .64 .64 
COMPASS 1.0 .32 .45 .56 .61 

2.0 .18 .25 .34 .45 

.5 .17 .25 .38 .55 
ROBERTS 1.0 .13 .18 .26 .42 

2.0 .09 .11 .15 .23 



susceptability. The Kirsch operator was only slightly penalized 

compared to the Prewitt and Sobel operators. This was due to its 

slightly asymetric response around the edge center. The Prewitt only 

slightly out-performed the Sobel except at high contrast levels where 

the spreading response started to penalize it. Conclusions at these high 

contrast levels are suspect from this data, due to the choice for 2WE = 

0.5 which favors comparison at lower performance values. 

All these results agree with the previously reported empirical 

studies which formed the basis for Table 1. 

Abdou and Pratt (1979) also reported figure of merit studies 

for diagonal edges. We will evaluate the same operators checked in 

Table 3 but now will use the Kirsch rotation -3 -3 -3 

-3 0 5 

-3 5 5 

and the southeast compass mask -1 -1 1 

-1 -2 1 

1 1 1 

since these rotations will with high probability give the maximum signal 

response at the edges. Table 4 gives the results with the gaussian edge 

blurred with o = 1.0 and a localization factor 'a' «= 1.0. To the right 

of the table are the signal-to-noise ratios which resulted in about a 

70% performance as reported by Abdou and Pratt (1979). Comparing 

Tables 1, 3 and 4 for an edge blurring factor of a = 1.0, the 70% 

performance factor reported by Pratt (1978) and Abdou and Pratt (1979) 
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Table 4. Comparison of Threshold FOM Performance Predictions, Diagonal 
Edge, With Published Empirical Performance Results (E = 0.01, 
W = 25, a = 1.0). 

OPERATOR SIGNAL TO NOISE RATIO c2/cr 2 
V 

REPORTED 70% 
PERFORMANCE SNR 

ESTIMATE 

OPERATOR 

5 10 20 50 

REPORTED 70% 
PERFORMANCE SNR 

ESTIMATE 

PREWITT .37 .49 .60 .63 7 

SOBEL .36 .48 .59 .64 7 

KIRSCH .44 .56 .63 .62 7 

SE COMPASS .36 .48 .59 .64 12 

ROBERTS .21 .30 .40 .54 30 



corresponds to about .47 for the performance metric from the simple 

threshold evaluation here. 

The Prewitt and Sobel predictions fare worse than the Kirsch 

and compass masks since they are not rotated to match the edge 

orientation. The Roberts operator is somewhat better suited to a 

diagonal edge. It does marginally better due to its inherent longer 

extent in the diagonal direction. 

Abdou and Pratt (1979) report better results than that 

predicted here for the Prewitt and Sobel operators. We expect this is 

due to the incomplete modeling of the simple threshold metric as 

compared to the root sura of squares machod thai they used. This will 

be more important in the diagonal edge case since significant signal 

response is gained from both rotations of the basic mask. The root sum 

of squares method would result in a slightly higher threshold level to 

maintain a given false positive error rate than that for a single mask. 

The signal output for a diagonal edge processed by root sum of squares 

in these cases will be double that of a single mask. 

With these limitations in mind we can still compare the Prewitt and 

Sobel performance predictions to each other. The results are then 

compatable with the empirical studies. 



CHAPTER VII 

CONCLUSIONS 

We have seen how various factors of edge detection affect 

performance. Such subtleties as what edge to use, a linear sloped model 

with finite operator response or a gaussian smoothed edge with extensive 

operator response, can shift two otherwise equal performance results 

away from each other due to edge detection smearing. The development 

of a purely linear model for edge detector systems can by itself give 

good indications of how well such operators will perform, even when the 

outputs of such operators are then combined or operated on in nonlinear 

fashions. 

A localization criteria plays a major role in determining 

performance. With no penalty for smearing or offset, in general an 

operator with very wide spatial extent will perform much better than 

those of lesser extent. This is due to the inherent noise smoothing 

available, thus leading to very high signal-to-noise ratios. In some 

applications this is the correct evaluation. In general, however there 

is a cost paid for an edge detector response far from the location of 

the edge. 

In summary, there are many conditions that will lead to poor 

detector performance: For image characteristics; low contrast, 

extensive blurring of edges, high noise content. For detector 

characteristics; small spatial extent of its impulse response (leading to 
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poor noise performance), large spatial extent of its impulse response 

(leading to poor localization performance), small extent parallel to an 

edge (poor noise performance), large spatial extent parallel to an edge 

(poor localization at edge ends). For threshold levels; low threshold 

levels (poor noise performance), high threshold levels (poor signal 

contrast sensitivity). For system requirements; stringent localization 

requirements. 

Of the preceeding factors this paper has considered all except 

the localization along the edge. This becomes a factor when considering 

curved edges and edge ends. 

A simple metric that accurately quantifies edge detector 

performance is not going to be applicable lo a wide variety of 

situations. We have introduced a non-thresholded figure of merit method 

that is highly indicative of general performance over a limited variety 

of applications. It is based on a moderately small number of factors 

that reflect most of the characteristics identified previously in this 

chapter. As the example in chapter four showed, it can contrast two 

different operators with two different image parameters. It performed 

well when used to evaluate some common discrete operators in chapter 

six, even though it was being used to predict tuned thresholded empirical 

performances. 

The separate threshold performance figure of merit equations 

developed in chapter five were based on gaussian distributed noise 

responses. Such an assumption is no longer true if several operator 

outputs are added after thresholding, or squared, or other more 



complicated nonlinear operations are performed. Still the simple 

thresholding, or thresholding of detector output magnitudes is a common 

and computationally easy task. The evaluation of such simple 

thresholded operators proved to be a reliable prediction of some edge 

detection operators and masks. This result held true even when compared 

to empirical studies where the threshold levels were tuned at each noise 

level for optimum performance. 

Both the non-thresholded and thresholded figure of merit 

evaluations are based on the model of additive noise and the separation 

of a signal and noise response. 

Much more work can be done to characterize noise such as 

streaks or global illumination variations. The figure of merit equations 

used here do not penalize such effects to nearly the extent we feel they 

should be. We expect that including such effects will greatly 

complicate both the model and the figure of merit equations in order to 

give adequate results. Perhaps a completely separate predictor should 

be developed to characterize an edge detectors line response. This may 

be simpler than trying to incorporate such response considerations into 

the prediction methods proposed here. 



APPENDIX 

SOME USEFUL INTEGRALS AND FOURIER TRANSFORM PAIRS 

Fourier Transform Pairs: 

f(x) F(w) 

n 
d 

dx 

where * denotes convolution. 

n 
- f(x) (jw) F(w) 
n 

f x 

| f(T) dT + it F(0) 6(w) 
J-» JW 

f(x) * g(x) F(w) G(w) 

u(x) ir 6(w) + -r-
jw 

exp(-x* / 2 a2) a/2ir exp (-a2w2 / 2) 

f(x) g(x) F(w) * G(w) 
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Parseval's Theorem: 

| f(x) |2 dx = 
/ — CO 

2 ir 
| F(w) |2 dw 

Exponential Integrals: 

J —« 
exp (-p x2) dx -f. for p > 0 

j x4 exp (-p x2) dx = ^^5 f°r P > 0 
}-

Probability Integral Series Representation: 

exp (-a2 / 2 a2) da 
I-ca a/2ir 

1 ^ 7 ^  < - »  
/n k=1 

k+1 

2k-l 
(-r~) 
/ 2 a 

(2k - 1) (k - 1)! 
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