
A NEW RESIDUAL FINITE-ELEMENT
FORMULATION FOR ELASTODYNAMIC PROBLEMS

Item Type text; Thesis-Reproduction (electronic)

Authors Pratap, Rudra, 1964-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 26/05/2023 10:10:54

Link to Item http://hdl.handle.net/10150/276552

http://hdl.handle.net/10150/276552


INFORMATION TO USERS 

This reproduction was made from a copy of a document sent to us for microfilming. 
While the most advanced technology has been used to photograph and reproduce 
this document, the quality of the reproduction is heavily dependent upon the 
quality of the material submitted. 

The following explanation of techniques is provided to help clarify markings or 
notations which may appear on this reproduction. 

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity. 

2. When an image on the film is obliterated with a round black mark, it is an 
indication of either blurred copy because of movement during exposure, 
duplicate copy, or copyrighted materials that should not have been filmed. For 
blurred pages, a good image of the page can be found in the adjacent frame. If 
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame. 

3. When a map, drawing or chart, etc., is part of the material being photographed, 
a definite method of "sectioning" the material has been followed. It is 
customary to begin filming at the upper left hand corner of a large sheet and to 
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again—beginning below the first row and continuing on 
until complete. 

4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer Services Department. 

5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed. 

University 
Micnjfilms 

International 
300 N. Zeeb Road 
Ann Arbor, Ml 48106 





Order Number 1332240 

A new residual iinite element formulation for elastodyuamic 
problems 

Pratap, Rudra, M.S. 

The University of Arizona, 1987 

U M I  
300 N. Zecb Rd. 
Ann Arbor, MI 48106 





PLEASE NOTE: 

In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark V . 

1. Glossy photographs or pages 

2. Colored illustrations, paper or print 

3. Photographs with dark background 

4. Illustrations are poor copy 

5. Pages with black marks, not original copy ^ 

6. Print shows through as there is text on both sides of page 

7. Indistinct, broken or small print on several pages ^ 

8. Print exceeds margin requirements 

9. Tightly bound copy with print lost in spine 

10. Computer printout pages with indistinct print 

11. Page(s) lacking when material received, and not available from school or 
author. 

12. Page(s) seem to be missing in numbering only as text follows. 

13. Two pages numbered . Text follows. 

14. Curling and wrinkled pages 

15. Dissertation contains pages with print at a slant, filmed as received 

16. Other „ 

University 
Microfilms 

International 





A NEW RESIDUAL FINITE ELEMENT FORMULATION 

FOR ELASTODYNAMIC PROBLEMS 

by 

Rudra Pratap 

A Thesis Submitted to the Faculty of the 

DEPARTMENT OF CIVIL ENGINEERING 

& 

ENGINEERING MECHANICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

MASTER OF SCIENCE 

WITH A MAJOR IN ENGINEERING MECHANICS 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1987 



STATEMENT BY AUTHOR 

This Chesis has been submitted In partial fulfillment of re
quirements for an advanced degree at The University of Arizona and is 
deposited In the University Library to be made available to borrowers 
under rules of the Library. 

Brief quotations from this thesis are allowable without special 
permission, provided that accurate acknowledgment of source is made. 
Requests for permission for extended quotation from or reproduction of 
this manuscript in whole or in part may be granted by the head of the 
major department or the Dean of the Graduate College when in his or her 
judgment the proposed use of the material is in the interests of 
scholarship. In all other instances, however, permission must be 
obtained from the author. 

SIGNED: (£-|° 

APPROVAL BY THESIS DIRECTOR 

This thesis has been approved on the date shown below: 

nI Date 



DEDICATED TO MA GAYATRI 

iii  



ACKNOWLEDGEMENTS 

I am thankful to 

Prof. T. Kundu for his guidance and consistent encouragement. 

Prof. D. A. DaDeppo for his valuable suggestions. 

My friends, specially Rajesh, Praahant, Yoga and Dinesh for their help with T^jX. 

iv 



TABLE OF CONTENTS 

page 

ABSTRACT vii 

CHAPTER 1 - INTRODUCTION 1 

CHAPTER 2 - LITERATURE SURVEY 6 

CHAPTER 3 - FUNDAMENTALS OF ELASTODYNAMICS 16 

CHAPTER 4 - PROBLEM DESCRIPTION 25 

Governing Equations 25 

Boundary Conditions 26 

Continuity Conditions 26 

Frequency Transform 27 

Analytical solution 27 

CHAPTER 5 - NUMERICAL ANALYSIS 29 

Least square formulation 29 

Numerical formulation 32 

Linear triangular element with 6 nodal unknowns 32 

Quadratic element with 6 nodal unknowns 35 

Linear element with 9 nodal unknowns 38 

CHAPTER 6 - RESULTS AND DISCUSSION 42 

Results from the linear element of 5.2.1 46 

Results from the linear element of 5.2.3 49 

CHAPTER 7 - CONCLUSIONS 51 

APPENDIX-A 52 

APPENDIX-B 53 

v 



APPENDIX-C 56 

APPENDIX-D 58 

REFERENCES 60 

vi 



ABSTRACT 

In the research undertaken a finite element formulation has been developed 

for an elastodynamic problem using a least squares approach. The special require

ments of the problem demanded a study of suitability of various elements. The 

emergence of the final element is a result of both theoretical and numerical study 

of three different elements. The formulation is new in the sense that, unlike the 

conventional residual approach, it does not require the approximation function to 

satisfy the boundary conditions apriori. The approximation function is assumed 

just on the basis of the order of the governing differential equations. Then the square 

of the error resulting from the approximate solution is minimized over the entire 

domain as well as the boundaries in the same functional. The element equation 

emerging from the formulation does not yield a singular stiffness matrix, since the 

boundary conditions are already taken into account in the element equation. The 

stiffness matrix, however, loses its physical significance. The formulation presented 

in this thesis is only for the normal propogation of <^-wave. A finite element code 

has been developed based on the new formulation. This new technique can be a 

very powerful tool for theoretical analysis of non-destructive testing techniques of 

cracked solids if shear wave effects are also included in the analysis. 
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CHAPTER 1 

INTRODUCTION 

In. the consistent endeavour of trying to understand and explain every phys

ical phenomenon, the mankind has come a long way to be able to describe virtually 

every phenomenon in nature in terms of algebraic, differential or integral equations 

relating various quantities of interest. While the derivation of the governing equa

tions for these problems is not unduly difficult, their solution by exact methods of 

analysis is a formidable task. The narrow domain of availability of the analytical 

solutions leaves no other alternative than to seek approximate methods of analysis. 

Many numerical techniques have evolved as a result over the last few decades. 

In Engineering, particularly in mechanics, the most frequently encountered 

problem is the well known boundary value problem. Though a wide range of prob

lems of this class can be efficiently handled by powerful numerical techniques such 

as finite difference, finite elements, boundary elements; the growing nature of com

plexities of these problems keep imposing new challenges to these methods everyday. 

As a result, all the methods are under consistent improvements. Today, the most 

popular and probably the most powerful method, the finite element method, spans 

over so many kinds of formulations to accomodate the complexities of the prob

lems. Given a boundary value problem, this method seeks to reduce the problem to 

a set of algebraic equations which can be solved by imposing appropriate boundary 

conditions. This is achieved by some variational method such as Ritz method or 

the methods of weighted residuals. While most of the problems of elastostatics are 

easily amenable under one or the other formulation, the same cannot be said for 
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elastodynamic problems particularly when a discontinuity in the domain such as a 

preexisting crack is to be considered and analysed. Mostly, the problem arises due 

to the complex boundary conditions. The conventional variational formulations do 

have their own limitations. 

In the conventional variational formulation of FEM, the given governing 

equation is transformed into a variational form, usually named as a functional and 

the solution is sought such that it minimizes that functional over an appropriate 

space of admissable functions. The applicability of the Ritz method is limited due 

to the very fact that not all the problems can be transformed into an equivalent 

variational problem. The other method of formulation, the method of weighted 

residuals, in its standard form seeks to minimize the residual in the governing 

equation resulting from the error in the assumed solution in terms of some approx

imating functions. These approximating functions are required to satisfy all the 

given boundary conditions. While this method avoids the need of a variational 

form of the problem, the requirement of the approximation function to satisfy the 

boundary conditions apiiori narrows down its domain of applicability. It is not al

ways possible to find such approximation functions which can satisfy all boundary 

conditions. Another method called penalty finite element method uses a functional 

with a penalty parameter for the violation of the boundary conditions. This method 

again is restricted to the problems which can have a functional form. 

In elastodynamics, a class of problems involving elastic wave propogation, 

its reflection, refraction and scattering, has gained a lot of popularity recently due 

to its potential application in non-destructive testing of materials in seismology 

and earthquake engineering. Many investigators axe actively involved in finding the 

characteristics of the reflected or scattered elastic waves from the interior disconti
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nuities. The basic idea behind this investigation is to devise efficient methods for 

studying the propogation of elastic waves in cracked or uncracked homogeneous or 

multilayered plates. 

If a very sensitive model based on wave characteristics can be developed 

then it may even be possible to predict the crack initiation from the damage accumu

lation estimates. Despite many reliable and fundamental results in the mechanics of 

cracked solids, the mechanism of dispersed damage is still in general a phenomeno-

logical and semi-empirical science and still there is no satisfactory relation between 

the description of the damage accumulation and that of the growth of microcracks. 

Whether elastic wave characterization can contribute positively to the understand

ing and systematizing this phenomenon or not, still remains to be seen. But it 

depends on the development of a numerical model which can accurately predict the 

wave characteristics, once the numerical model is developed, it is a simple extension 

to incorporate the study of interior discontinuities. A considerable amount of work 

is available in the literature for such a study for anti-plane loading but unfortu

nately, the same is not true for in-plane loading. Once the wave potentials <f> and ijj 

can be determined and hence the displacements and stresses at every point in the 

domain of the problem geometry for an incident P-wave, it is not very difficult to 

incorporate a crack at a bimaterial interface and determine the dynamic stress in

tensity factor and the crack opening displacement(COD) which are very important 

parameters in the study of the behaviour of cracked materials. 

With the bulk of literature available on the finite element method, it is only 

a natural question to ask why it is difficult to model the in-plane wave propogation 

in the conventional way when wave potentials (f> and ip are primary unknowns. 

The answer is, due to the complex boundary conditions. The type of boundary 
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conditions one needs to satisfy in such a case involve the wave potentials $ and 

0 and their first and second derivatives as well as a linear combination of all of 

these. None of the conventional methods of formulation can possibly handle these 

kinds of boundary conditions. In the work undertaken, it was intended to develop a 

formulation for a finite element model in the transformed frequency domain which 

could take care of those boundary conditions as well as the governing equation. 

The proposed model for the finite element method is based on the mini

mization of a functional consisting of the square of errors in the governing equation 

as well as boundary conditions. It differs from the conventional least square formu

lation of FEM in that it does not require the approximation function to satisfy the 

boundary conditions apriori. Another very important characteristic of the problem 

undertaken is that the displacements are functions of first derivatives of the wave 

potentials whereas the stresses involve second derivatives of the potentials as well 

as the potentials themselves; implying that if the potential is assumed to be a lin

ear function, displacements will be constant whereas the stresses will vary linearly! 

This particular feature led to the investigation of many trial functions, taken from 

the family of interpolation functions of the conventional FEM and study their suit

ability for this model. Both linear and quadratic elements were used and the results 

were studied. A brief discussion is given for the suitability or unsuitability of the 

elements used and reasons for their unsuitability have been outlined. Finally, a suit

able technique has been proposed which models the problem very well after reducing 

the second order differential equation to a set of first order differential equations. 

Though the technique proposed does give results very close to the analytical results, 

another technique has also been proposed which on theoretical grounds and logical 

deductions from the work, is expected to give still better results. 
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The emphasis in the work undertaken was on the development of a new 

formulation for the FEM which could incorporate any kind of complex boundary 

conditions. This work has tremendous potential applications in many practical 

problems of elastodynamics and fracture mechanics. 



CHAPTER 2 

LITERATURE SURVEY 

The study of elastic wave propogation dates back to the late 19th century. 

Many mathematicians and engineers have been consistently investigating the na

ture of propogation, reflection, refraction and scattering of various kinds of elastic 

waves. As a matter of fact, a very fundamental paper on surface waves by Rayleigh 

(1887) was published one hundred years ago. Since then investigators like Lamb 

(1904), Courant (1943) and Love (1944) have contributed to this field many works 

of very fundamental nature. In the early part of the century the researchers were 

mainly concerned with the analytical formulations and solutions of the problem. 

After the advent of computers, the attention of mathematicians shifted to the de

velopment of numerical methods for solution of many problems of practical interest 

which were either very difficult or impossible to solve with the available analytical 

tools. Solutions of partial differential equations and boundary value problems found 

special place and attention due to their huge applicability in engineering problems. 

Elasticians kept pace with the new developments and they successfully applied the 

numerical schemes like finite difference to the wave equation and many idealized 

problems were solved. 

The standard mixed boundary value problem of linear elastodynamics con

sists of finding a state, that is, a displacement, strain and stress field which satisfies 

the governing field equations in a given space and time domain and meets certain 

initial and boundary conditions. The former involve the prescription of the ini

tial displacement and velocity distribution, the latter assign the displacements and 
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tractions over complementary portions of the boundary for all time. The classical 

variational principles of elastodynamics are patterned after Hamilton's Principle. 

They assert that the variation of a specified functional over a set of admissable 

states vanish at a certain state if and only if that state meets the field equations 

and boundary conditions, the admissable states being required to meet certain of 

the field equations and boundary conditions and to assume a given displacement 

distribution at the initial as well as at a later instant. This type of principle is 

clearly inapplicable to the mixed problem of elastodynamics in its standard form 

since it fails to take into account the initial velocity distribution and presupposes the 

knowledge of the displacements at a later time; an item of information not available 

in advance. Gurtin (1964) established variational principles which in contrast to the 

previously mentioned results fully characterize the solution of the mixed problem 

for a general linear elastic solid. He established variational theorems based on ad

missable states that satisfy some of the boundary conditions and field equations, not 

all. But the application of these principles seems to be more towards the theoreticl 

problems than the problems of practical significance. An excellent review on many 

other analytical methods of solutions has been given by KnopofF (1969) in a pre

sentation at the winter annual meeting of ASME. In this presentation, the author 

reviews the method of images; a technique used by Sommerfield which involved the 

expansion of the incident field in a series of cylindrical wave functions, the interac

tion of each of these with the wedge and specially the half plane geometry. But this 

method also provides solution only for the homogeneous boundary conditions on 

displacements (rigid boundary). He also reviews the Kantorovich-Lebedev trans

form technique. Kantorovich and Lebedev (1939) introduced an integral transform 

in the radial co-ordinates with Bessel functions of arbitrary complex order as the 
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kernel. The inverse transform is a contour integral in the Bessel function complex 

order plane. They solved the problem of the diffraction of plane scalar electromag

netic waves by a conducting half plane. Knopoff has also presented a review of the 

Weiner-hopf technique and the Busemann's method of conical flow. 

Another variational principle for elastodynamic problems is given by Tabar-

rok and Assamoi (1987) in which the continuous displacements and equilibrating 

stresses constitute the amissable functions of the functional and the extremum con

ditions of this functional enforce the satisfaction of the constitutive equations. The 

classical extremum principle of minimum potential and complementary energy have 

been shown to be a subset of this formulation. From a computational point of view 

this formulation allows one to determine the various quantities of interest directly 

rather than by differentiation of an already approximate solution. This way the 

results obtained tend to be numerically superior. The results are compared with 

the complementary variational formulation given by Tobarrok (1984). 

On the numerical front, there have been numerous attempts to solve the 

wave propogation problem employing the Galerkin's method. A general discussion 

on the method as applied to the finite element formulation for differential equations 

is very well presented by Fairweather (1978) in a volume of lecture notes on pure 

and applied mathematics. A full chapter is devoted to the method of solution 

of hyperbolic equations including the wave equation. The mathematical basis of 

the method as well as convergence criteria and error estimates is presented well 

in details. The author, however, assumes a good background in the mathematics 

of vector spaces. One technique often used to obtain approximate solutions of 

boundary initial value problems is the semi-descrete method. It is called semi-

descrete because only spacial variables are descretized. It reduces the problem 
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to the solution of a system of ordinary differential equations subjected to certain 

prescribed initial conditions. Benthien, Gurtin and Ralston (1972) have presented a 

paper on this technique and its application to problems in elastodynamics. A large 

class of hyperbolic problems has been considered. Results have been applied to the 

wave problem and the mixed problem of elastodynamics and alternate formulations 

in terms of stresses and displacements have been given. Results are specialized 

to the class of linear trial functions. There are quite a few papers available in 

the literature on the convergence studies and the error estimates of the method. 

For the second order hyperbolic equations Dupont (1973) has given a very good 

mathematical analysis of L2 estimates for Galerkin method. Apriori error estimates 

are established in the L2 norm for the Galerkin approximations to the solution of a 

generalized wave equation. Optimal rates of convergence are established for several 

boundary conditions using both continuous and descrete Galerkin procedures. The 

conclusion drawn from the form of the error bounds is that if one is to be assured 

that the L2 convergence is not degraded, great care must be taken in starting values. 

The author shows that it may be necessary to solve an elliptic Galerkin problem to 

start the hyperbolic computation properly. A general discussion on error estimates 

for hyperbolic equations solved by finite element methods is given by Baker (1976) 

and the effect of error has been discussed by Baker and Dougalis (1976). 

Another variation of Galerkin's method is the so called penalty Galerkin 

method. The conventional method for approximating the solutions of differential 

equations with Dirichlet boundary conditions requires the construction of finite di

mensional subspace satisfying the given boundary conditions. Except for special 

domains, this construction is difficult or impossible. Penalty method avoids this 

difficulty. A general discussion of the method, its mathematical basis as well as im
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portant applications are given by Reddy (1982) in a lecture note on pure and applied 

mathematics. An exhaustive list of references is also included. A paper by Dendy 

(1974) discusses the application of the method to partial differential equations in 

general in which the main emphasis has been on the non-linear parabolic equations 

although results have been obtained for linear elliptic and hyperbolic equations also. 

Other residual methods have also been used for the finite element formu

lation of the wave propogation problems. Least square method is one of the other 

popular methods for FEM formulation. Carasso (1974) has developed and analysed 

a least square procedure for approximating the homogeneous Dirichlet problem for 

the wave equation in a bounded domain a; in RN, This procedure is based on 

the pure implicit scheme for time differencing. The scheme requires the normal 

derivatives of displacement rather than the displacement itself to be included in 

the functional. The normal derivative is used as an unknown quantity. This work 

seems to be motivated by the work of Bramble and Thomee (1972) who describe 

least square methods for the heat equation in a bounded domain. The advantage 

over the usual Galerkin method is that the trial functions need not satisfy the 

boundary conditions and hence the problem can be solved in a general domain. 

Both these papers are extremely mathematical in nature. 

Finite element method has certainly proved to be superior for the kind of 

problems under review. A paper by Schwartz and WendrofF (1974) compares the 

relative efficiency of the two most popular methods, finite element and finite differ

ence for hyperbolic problems and points out many reasons for preference of finite 

element method. Another paper by Kuhlemeyer and Lysmer (1973) discusses the 

accuracy of FEM for wave propogation problems. The main drawbacks of the finite 

difference technique include the difficulties in matching the complex boundary and 
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interface conditions encountered in many problems of interest, and in changing the 

mesh spacing through various elastic layers of radically different elastic properties. 

These are essentially the same reasons leading to the development of the finite ele

ment approach for elastostatic problems. An extension of the finite element method 

to the stress wave problems first appeared in 1967 when Constantino (1967) formu

lated the problem for the dynamic case. Since then, there has been many papers 

on this subject with varying degree of modifications to suit the particular prob

lem. There has been a simultaneous development of this method in other fields 

also with the similar nature of problems. Sylvester and Konard (1973) developed a 

finite element method for solving Laplace's , Poisson's and Helmholtz's equations in 

the axisymmetric case. They have used complete polynomial functions of arbitrary 

high order as basis functions. Each triangular element is described by a matrix 

equation involving cotangents of the vertex angles, the vertex coordinates and the 

triangle area. They have successfully applied the method to many field problems in 

electromagnetics, electroacoustics and related fields. 

The most important feature of the elastodynamic problems or the wave 

propogation problems as modelled by the finite element method is the time depen

dence of these problems. This feature only puts these problems into a separate 

class. A survey of the literature indicates that mainly three types of time integra

tion schemes are used in the solution of time independent equations. One of these 

uses the Taylor series expansions of the dependent in time coordinate. Such studies 

differ from one another in the order of magnitude of the terms kept in the expansion. 

The other type of sheme involves the use of finite elements in time and space. The 

third type which may be described as the transform technique reduces the problem 

to the differential equations in space domain by taking either the Laplace transform 
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of the original equation or the Fourier transform. Solution of the time dependent 

differential equations by these transformations accompanied by numerical inversion 

processes can also be described as a special time integration scheme. This technique 

simplifies considerably the treatment of time dependent boundary conditions and 

this can be considered as an advantage. Aral and Gulcat (1977) have used Laplace 

transform technique for the finite element formulation and solution of the wave 

equation. After taking the transform the wave equation is reduced to the partial 

differential equation with space cordinates being the only independent variables in 

the transformed domain. Then using a numerical Laplace inversion process, which 

in this case has been taken to be the expansion in shifted Legendre polynomials, the 

results are transformed back to the original time domain. There are many schemes 

for the numerical Laplace inversion, such as the complex numerical inversion as 

used by Holzlohner (1974) in the FEM analysis of vibration of viscoelastic bod

ies. Despite the availability of many numerical schemes for the Laplace inversion, 

Fourier transform technique seems to be more popular. Engineers seem to prefer 

this method probably because of the standardization of the fast fourier transform 

(FFT) routines. In this method the solution is first carried out in the transformed 

frequency domain and then the inversion to the original domain is done by a very 

standardized numerical scheme. Kundu (1983) has extensively used this method for 

both analytical studies as well as numerical studies of wave characteristics reflected 

and scattered from the interface discontinuities. The same method has been used 

by Kundu and Hassan (1986) in a numerical study of the transient behaviour of 

an interfacial crack in a bimaterial plate. The suitability of this method to such 

problems has been proved by many investigators. A recent study of dynamic stress 

intensity factor and crack opening displacement of a crack inclined to a bimaterial 
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interface by Kundu and Awal (1987) uses the same technique. 

In finite element formulation of a particular problem two major aspects are 

to be considered, the method of formulation and the type of elements used. It is a 

well known fact that these two aspects vary widely in their range as the problem 

under consideration may demand. It is this variation that has led to the present 

state of development of the method. As pointed out earlier, if the problem can

not be transformed to an equivalent variational form, the conventional variational 

method cannot be employed for the formulation. A very important aspect that 

may dictate the choice of a particular formulation is the bounary conditions that 

are to be satisfied by the solution. For the problems which do not possess a vari

ational form, method of weighted residuals has been applied successfully. Among 

the many residual techniques the Galerkin method and the least square method are 

more commonly used today. Out of these two, Galerkin method is used more fre

quently [13], whereas the least square approach provides an alternate formulation. 

In this method the integrated square of the residuals of the governing equation is 

minimized. The residual is expressed in terms of nodal quantities. This method 

also does have its own merits and demerits. As the residual functional is always 

positive, the operation of minimization over this functional results into symmetric 

and positive definite matrices. This method, unlike the Ritz method, is equally ap

plicable to the problems which are not self adjoint. But the trial functions have to 

exhibit a higher degree of continuity than those generally resulting from the use of 

the Galerkin principle. It has been shown that if in the governing differential equa

tion the highest order of derivative of the unknown function is m then its (m — l)f/i 

derivative must be continuous across inter-element, boundaries [36]. It has been, 

however, shown by Lynn and Arya (1973) that this difficulty can be overcome by 
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posing the original problem as a set of lower order equations. Similar technique has 

been used by Zienkiewicz, Owen and Lee (1974) to solve elastostatic problems. The 

authors have simultaneously used stresses and displacements as variables and the 

equilibrium equations and stres-strain equations have been used as the governing 

equations. Both the governing equation and the boundary conditions have been 

taken in the same functional and the square of residual in both has been mini

mized with respect to the unknown nodal vector. Different weighting factors have 

been used for the two parts and results have been shown to converge for a wide 

range of the weighting factors. The authors have successfully shown that the least 

square formulation is practicable at least when reduced integration and isopara

metric parabolic quadrilaterals are used. The results are superior to those obtained 

from the usual displacement formulation; however, the price is paid in the form of 

taking more number of variables. 

The model developed in this study has derived its inspiration from a paper 

by Lynn and Arya (1973). This paper outlines the use of the least square criterion in 

the finite element formulation. The authors have proposed a method of reducing the 

order of original governing differential equations to reduce the requirement of higher 

degree of inter-element continuity. With the reduced order of governing equations, 

C° continuous element has been used. In this study, the authors have shown that 

the approximation functions must be 'error consistent'. However, this requirement 

has been proved to be flexible in another paper (1974) by the same authors. In 

the development of the formulation, the approximation functions are selected such 

that they satisfy the given boundary conditions and then the residual arising from 

this approximation in the governing equation is minimized. This method is not 

directly applicable to the problems with complex boundary conditions, since finding 



15 

approximation, functions which can. satisfy all the boundary conditions, itself may 

be a formidable task. As a matter of fact the exact matching of even the essential 

boundary conditions is one of the most difficult problems in FEM. In this regard, 

Mitchell and Mashall (1974) have proposed the blending of the function interpolants 

in such a way that the Dirichlet boundary conditions are exactly matched. One can 

probably blend the interpolants for relatively simpler boundary conditions but by no 

means it can be applied to complex boundary conditions and all types of elements. 

In the entire survey of the literature, it has been found that the boundary 

conditions taken are more or less the standard Dirichlet or Neumann boundary 

conditions. The problem posed under the present study requires the satisfaction of 

boundary conditions which do not fall in either category. The functional formed 

from the residual of all boundary conditions and the governing equations has also 

been found to be quite new. Hence it was essential to investigate many types of 

elements, that is, different trial functions to study their suitability to this problem. 

The inherent inconsistency in the variation of displacements and stresses left the 

choice open to the use of non-conforming elements. The development of the final 

model was possible only through the results obtained from trying different elements 

and analysing the results obtained. The emergence of the final model has been a 

result of application of successive improvements learnt from the preceeding results. 

The proposed functional is unique in the sense that no one has used so many 

complex boundary conditions in the functional and the element developed is unique 

in the sense that the wave potentials have not been previously used as the primary 

unknowns in conventional finite element techniques. A combination of these two 

features does make this model as a new development. 



CHAPTER 3 

FUNDAMENTALS OF ELASTODYNAMICS 

The governing equation of motion for an elastic body in tensorial notations 

is given by 

4" ft = pv>i 

where 
<7 = applied stress 

/ = body force per unit volume 

p = mass density 

u = displacement. 

The same expression in its vector form is called the Navier's Equation and 

is given by 

(A + p)¥.{5L' li) + + / = PIL (3-l) 

where 
A, n = Lame's constants 

V = differential operator given by 

d d d 
V = ——EI + ——E2 + ——E3. 

OX\  OX2  uX$  

3.1 One Dimensonal Wave Equation 

The general expression of u for three dimensional problem is given by 

u = uiei + + U3e$. 

16 



For one dimensional case , let 

ui = 1*1(2:1,4) 

«2 = 0 

u3 = 0. 

Then, 

17 

V » u  =  u i f ]  

V(V.«)  = Ui,!! 

V x u = 
ei ea es 
a a a 

dx i  6x3  dxa  
Ui 0 0 

= 0. 

Hence the Navier's equation simplifies to: 

(A + 2^)t4I,ii ex = pui ex 

wi ,n  ~  
(A + 2 ji) 

Ui 

1 - n «1,U - ~2 "l = 0 

where 

2 A + 2 {i ci = 

(3.2) 

Equation (3.2) is the one dimensional wave equation, in which Ci stands for the 

velocity. A general solution of this equation is given by 

u i  =  f ( x  1  -  c i t )  +  g(x  1  +  c i t )  

where / and g are two functions which can be determined from the given boundary 

and initial conditions. 



where 
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3.2 Stokes Helmholtz Decomposition 

u can be expressed in terms of two potentials <j> and A , 

u = V_4> + V X A (3.3) 

= Ui+U 2  

Mi — ¥jt> (irrotational part) 

u2 = A (rotational part) 

<j> = scalar field 

A = vector field 

To determine <f> and A uniquely in equation (3.3) another equation is re

quired. This is given by 

V-^i = 0 (3.4) 

Now substitution of u from equation (3.4) in equation (3.1) and dropping the body 

force component gives 

(A -f 2 f i )  V [ V • (V<£ + Vx j4)] — fiV. x V x (V0 + VxA) = /iu (3.5) 

= + pV x A 

Using the mathematical identities, 

V  •  (V  x  A)  =0  

V x (V0) = 0 

equation (3.5) is reduced to 

(A + 2 f i )V (V • V</>) — /iV x V x V x A = pV_4> + pV x A. 
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This equation is satisfied if the following two sufficient conditions are met, 

V(V-V0)  =  ~Z4>  (3 .4 )  
ci 

1 
V X V x V X A = x A (3.5) 

where 

and 

2 A + 2/z 

P 
cl = 

2 = t 
P> 

C2 ~ 

The first condition gives 

V  •  V c f )  — =  0  
ci 

>2 < 1 " VV--20  =  0  (3 .6 )  
ci 

and the second condition gives 

Y X (V x V X A) + -i- A = 0 
c 2  

but, V x V xA = V(V- A) -  V 2 A 

and  V(V-A)  =0  

hence, 

1 
V24- 41 = 0. (3.7) 

c2 

Equations (3.6)and (3.7) represent the general 3-Dimensional wave equa

tions. 



3.3 Solution of The Wave Equation: 

A general solution of equation (3.6) is given by, 

where 

so, 

Hence 

4> = f {n  '  2L  ~  ci0 

n = niei + n^ea + n3e3 

4>t\ - nif{n' x- Ci t )  

0 ,n  =  n l f " {n*x -  c ^ )  

0 , 2 2  =  n l f " {n*x -  c ^ )  

0 , 3 3  =  n l f " {n  •  x -  a t ) .  

V20 = (nf + n% +  n§)/"(7x -  ̂  — a t )  

=  f " (n  •  x  — c i f )  

0 = Ci/"(n • x  — a t )  

u = V0 

= n i f ' i lL  * ® — cii)ei. 

It represents a wave propagating in n direction with a velocity c\. 

= n i f ' {n  •  x  — c i t )  

— n i f ' ( n jX j  — cii) 

At t = 0, 

«i - nif'{njXj). 

Let rii = 1, n-i == ri3 = 0. Then, 
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At t = 0, 

«i = f ' { x i  ~  cii)-

ui = f ' { x  1). 

This gives the particle motion and the wave motion in the same direction. This 

type of longitudinal motion is called P-wave. Accoustic waves are of this type. 

Similarly a general solution of equation (3.7) is given by, 

Aj  = g j {n iX i  - c 2 t )  

u = V x A = 
ei ea e3 
a a a 

dz x  8x3  d ig  
Ai A<i A3 

Let ni = 1, ri2 = nz — 0. Then, 

Aj = g3 (x 1 - c2t) 

£ =  ~ f f3 ( x i  — c 2 t ) e a  - t -  ^2 (a s i  -  c 2 t ) e 3. 

Thus vector A gives a wave motion which propagates with velocity c2 and the 

particle motion is perpendicular to the wave motion. This wave is called shear 

wave or S-wave. 

3.4 Two Dimensional Problems: 

Let 

<f> = <f>{x 1,2:2) 

u i  = u i (x i ,x 2 )  

u2 = u2(x1,x2) 

U3 = 0. 

Then, 
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so 

Similarly let 

Vl = = 0,1 ei + 4>,2 ea + 0,3 

Ui - 0,1 

u2 = 0,2 

«3 = 0. 

A =  A(x i ,X 2 )  

u — V x A 

VA — 
ei ea eg 
a a a 

6x t  dx2  
A\ Ai A2 

= -^-3,261 — A3,ie3 — {A?ti — ^1,2)63. 

For «3 to be zero, the last component must be zero, i.e., 

^2,1 — Ait2 = 0. 

A sufficient condition to ensure this is, 

Ai — A2 = 0. 

Let Az = t})\ then, 

u = V x A 

«i = "0,2 

«2 = -0,1-

The wave equations given by (3.6) and (3.7) are thus reduced to finding 0 and i f)  

such that 

V 2 0-40  =  °  
ci 

(3.8) 
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VV - = 0. (3.9) 
C2 

A general solution of these equations is given by: 

<f )  —  f ( n  •  x  — C i i )  

i p  =  g[n  •  x  — Cz t )  

and the displacements are 

ui — <f>, l + jf, 2 

^2 = <f>,2 — 1* 

3.5 Wave Equations In Frequency Domain: 

The Fourier transform of a time dependent function is given by: 

+oo 

?(/(())= F(w) = I f(t)e'"'dt. 

The inverse transform is defined as, 

+oo 

7_ ,(FM) = m = ± I F(W)e-'"'dW. 
—oo 

It is easy to see that, 

F[ f ( t ) )  =  « jP( u)  

F(/(t)) = 

Let 

$  =  7(<f>{x 1 , x 2 , « ) )  
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Then the equations (3.8) and (3.9) are reduced to, 

a 

Introducing new symbols, 

V2$ + ^$ = 0 
ci 

V 2 ®+^t f  =  0 .  
C2 

U) 
k i = — = P-wave number 

ci 
0J 

k,2 — — = S-wave number. 
C 2 

(3.10) 

(3.11) 

The above equations can be written as: 

= 0 

V2tf + = 0. 

Two displacement components in transformed domain are: 

ux  = r( t t l) = $,i  +  ̂ ,2 

u 2  — T(U 2 )  =  -  ̂,1  

and the transformed stress components are given by: 

on = ̂ (2^,12 - (2$,u + A;2#)] 

5*22 = Ai[—2 ,̂12 — (2$,n + &2̂ )] (3-12) 

5n = At[2$,i2 - (2^,11 + AJ®)]. 

The set of relations (3.10), (3.11) and (3.12) have been used in the subse

quent derivations. In elastodynamics literature the wave velocities ci and C2 are 

also denoted by the symbols a and /? and the two wave numbers by ka and kp 

respectively. In subsequent derivations the latter symbols have been used. 



CHAPTER 4 

PROBLEM DESCRIPTION 

Y * 

Yi 

Oo 
I I 1 1 1 

1 

aV V W W W W W K B" 
L 

Fig. 1 Multi-layered Plate Subjected To Normal P-Wave 

In Fig. 1, ABCD is a multi-layered rectangular plate with different bound

ary conditions as specified below. The plate is subjected to an incident P-wave 

normal to one of its boundaries. A state of solution is sought for any point in 

the domain. The solution must contain displacements, stresses as well as the wave 

potential <j>. 

4.1 Governing Equation: 

In time domain, 

aVi . a*<k 
"T~ dx 2  

0Vi 

dy 2  

i 
oc2 dt2 

1 d2ipi 
dx 2  dy 2  d t 2  

0. 

0. 

25 
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where, 

<f>i — P-Wave potential in the i-th layer 

cti = P-Wave velocity in the i-th layer 

At- + 2 m 

Pi 

X i , H i  = Lame's first and second constants for the matarial of the i-th layer 

ipi = S-Wave potential in the i-th layer 

Pi — S-wave velocity in the i-th layer 

Pi 

Hi = Lame's 2nd constant or shear modulus 

Pi = mass density of the material in the i-th layer 

4.2 Boundary Conditions: 

Along AB (fixed boundary): 

Ur = 0 

Along AD and BC: 

Along CD: 

uy = 0 

u, = 0 

r x y  = 0 

_  _  i w t  Gyy  — "oC 

T x y  —  0 .  

4.3 Continuity Conditions: 

Along an interface u x ,  uy, o y y  and r x y  are continuous. So if y  =  y i  represents 
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the interface of t-th and (t + l)-th layer then, 

uyj(yi) = uVJ+l(yi) 

avvi(y*) ~ ^vui+i(y») 

T xy t { y i )  — T x y t + l ( y i )  

4.4 Frequency Transform 

If the governing equations are transformed into frequency domain, the equa

tions become, 
32$,- d2$v a 

+ -5-5- + &«$.• = 0 
dx 2  dy 2  

d2*i ,  d2*i , 2 t  

da:2 3y2 +V®r< 

where, 

w) = 

p+oa 
w) = / 

J — OO 

w) = 

f+00 

w) = / 
/—00 

kl = w
2 

,va 
a2 

fc2 -
w2 

K(i — 

.iut 

For a solution in frequency domain all the boundary conditions and the continuity 

conditions also must be transformed into frequency domain. 

4.5 Analytical Solution For a Homogeneous Plate 

Let 
4> = {ae-ik-» + beikaV)c~iut 

•0 = 0. 

Since displacements and stresses will also have a time dependence of the form e~ t u t ,  

the time dependence can be dropped for the analysis. Then, 

«x - ̂,x + = 0 



uy = ^,y - ̂,x 

= —ikaae~tk"y + iJcabetka 

At y = 0 

At y = h 

u y  = 0 

—ik a (a  — b )=  0  

a — b 

0yy  = —{ik'p <f> 

= a(e-*'fc-y) 

= —2a cos(fcQt/). 

ffyy — —(To 

2 (ikpa cos (kah) = <70 

^0 a — 
2/zfcjj cos{k a h) '  

Hence the closed form solution is: 

^ _ oq cos(fcay) 
likp cos [kah) 

rf) = 0. 

Displacements and stresses are: 

ux = 0 

_ —OQ ka sin(fctty) 
v fik% cos[kah) 

_ <7o COs(fca^) 
ayv cos(kah) 

TXy = 0. 



CHAPTER 5 

NUMERICAL ANALYSIS 

5.1 Least Square Formulation 

Let <f> be the vector of assumed approximate functions, expressed in terms 

of the nodal unknowns as, 

W = Nq 

where N = Matrix of interpolation functions 

q = Vector of nodal unknowns 

Now all the governing equations as well as the boundary conditions can be expressed 

in terms of the assumed functions in a matrix relationship. 

m 

Let n be a domain bounded by the boundary T. The boundary is subdi

vided into three parts: ru, ra, and Tm. 

On ru the displacements are specified: ux = Uo,«y = t>o 

On  T a  t he  s t r e s se s  a r e  spec i f i ed :  o y y  =  <7o ,  r z y  =  t q  

On rm mixed conditions (partly on stress, partly on displacement) are 

29 
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specified: ux = tto,rxv = ro 

Let 

{g} = the governing equation vector 

•{x} 
=  f  +  <f>,yy +  Kl$ \  

\  $,XX +  i f , y y  + Kfo  J 
= Aq 

W = { ^ } = B q  

w = t e } = c q  

{ T } = { " . ; } = D q  

The governing equation must be satisfed over the entire domain ft. 

So in ft 

W 
Aq = 0 

Along TUJ {«} = f  ux |  r "0 |  

1 Wtf / ~ Vo ~ 
=> Bq -TlO = 0 

Along r„ {*} = t e l - M  
=* Cq -Co = 0 

Along rm, {T} = 

=>  Dq-- T0 = 0 

Hence, if q is a solution close to the exact solution it should minimize the 
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functional of the square of residuals given by, 

I(q) = \ [y / qTATAqdA + J [(ua - u0)2 + (uy - v0)2l dS 

n ru 

+  J -  < 7 o ) 2  +  ( r i y  -  r 0 ) 2 ] < f S  +  J [(uz - u0)2 + (riy - ro)2]^ 

= ^ [/" I J qTBTBqdS — 2 J qTBTUodlS, 

r ru ru 

•+• J uju0 dS + J qTCTCqdS — 2 J qTCT<70d5 
r„ r. r, 

+ J aZ<T0 dS + J qTDTDq<£S - 2 J qTDTT0 dS 

or 

or 

r. r„ 

+ J  T^To t ^ j  
rm 

For I(q) to be minimum 

<*M=0 
5q 

\j J ATA dA+ J BTB ds  + J CTC dS+ J DTD dS 
a r u r1 j r m 

= J BTU0 dS + J CTct0 dS + J DTT0 dS 
r. 

Kq = Q (5.1) 

This is the desired relation for the discrete minimization required for the 

finite element formulation. It is, however, to be noted that K matrix no longer 

holds any physical significance as in the case of the displacement formulation of the 

finite element method. Same is true for the 'load vector' Q also. 



32 

5.2 Numerical Formulations 

5.2.1 Linear Triangular Elements With Six Nodal Unknowns 

c <>. 

{£.sv' 

Fig.2 Lineax Triangular Element 

Let 

i=l 
3 

i= i  

where iV* are linear interpolation functions expressed in areal co-ordinates as, 

j4-2 N 2  = L 2 ^ -~  
A 

N s =t s  = ̂ . 

Thus 

« = {$}=N» 
f u Li Lz 0 0 0 1 

0 0 0 Li L2 . LiqJ 

q=i | ^ \ j '  =  [01  4>2 <t>3 l}> 1 ^3 ]J 
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1 = 1 

4-< 8x v' 
1= 1  

_ y- y- 8Nj  dL j  , 
f-f 5Lv dx 9>l' *= i j= i  J  

4t« 
where 

— 2/23 = V2 — Vz 

= 2/31 = S/3 — yx 

^3 = t/12 =J/l — S/2 

and 

*.»=JtEw.-
* 1=1 

s»»  
— V" V dL j  ,  

~hh d L '  a*  

«=i 
where 

ai = £32 = X3 — X2 

0,2 = ®13 — X\ — X3 

G3 = X21 — 312 '— Xj. 



Similarly, 

Clearly 

Thus 

where 

where 

where 

and 

where 

1=1 

$>»= 21 ̂ ai^' 
i= i  

0,z* — ^,xy — 0,yy ~ 0 

V'.xz = ̂ ,xy = V'.yy = 0 

A = f c*Li  A£L 2  k lL z  0  0  0  
0 0 0 k%Lx k2pL2 kpLz 

-U 
b i &2 ^3 ®1 a3 
al a2 a3 ~&1 —t>2 —&3 

/A} = I °yv X = U I 2^'xv (2^>xx + kp^ 1 = CA 
\ T*v J I 20>Iy — (2iptxx + kpijt) ) 

C — —„h2 [ -^1 -^2 -^3 0 0 0 1 
M0 [ 0 0 0 LI IS L3 J '  

{ r } - { " , ; } = {  * - $ * } = D q  

D = 1 &i 62 &3 al a2 &3 
2A 0 0 0 k^Li k2Li ki^>z 
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and 

& 2  = —f ikp2A .  

Thus all the matrices written in the integrand for the element equation 

(5.1) can be computed. These matrices are explicitly written in Appendix-A. For 

the integration, exact integral formulas for the areal co-ordinates have been used. 

The exact integral formulas as well as the required integrations are tabulated in 

appendix-D. The rest of the process is the standard finite element procedure. The 

element stiffness matrices are stored in the corresponding global locations and the 

system of equations is solved to obtain the nodal unknowns. Gauss elimination 

scheme has been used throughout this work for solving the linear system of equa

tions. 

Since the problem under consideration is for normal P-wave incidence, if) 

can be completely omitted for the sake of simplicity. 

Taking only <f> as the unknown function, for a six noded triangular element 

5.2.2Quadratic Triangular Element With Six Nodal Unknowns 

6 

Fig.3 Quadratic Triangular Element 



we have, 

6 

<t>=J2 N̂ i 
i=l 

where Nis are the quadratic interpolation functions given by: 

Ni = L{(2Li — 1), for the vertices 

and JVfc = 4L,Ly, for the midside nodes, 

where node k lies between i-th and j-th nodes. 

1=1 

where for the vertex nodes, 

hi **-(«.-! ) '2A 

and for the midside nodes, 

Libj + Libi) 

similarly, 
6 , 

dy 1=1 
for the vertex nodes, 

and for the midside nodes, 

4 
Nfc , y  =  2^ (A"®j + •C'jfli) 

- 2  ̂"53"̂ ' 

where for the vertex nodes 

•Wf.yy = ai 

and for the midside nodes 



Nk ,yy  — 2a,'ay. 

similarly, 

Now 

where 

where 

«=i 

Ni,xz — ~^2 

^k,xx ~ ~~^2*26,'6y. 

_^d 2 Ni  

t=l dxdy 

Ni,x y = t&i 

iVfc.xy = ^ My + ay6;) 

{?} = {^,« + ̂ ,yy + kl} = Aq 

/ b l+a l+kxN!  \  
b%+a%+ ki N2  

At = — bl + al + ̂ Nz 
A2 2(6162 + 0102) + kiNi 

2(6263 + &2a3) + k xN s  

\ 2(6361 + 03ai) + fciiVe ) 

where 

ki = A2k* 

w-teMfc}= Bq 

BT = 
2 A 

/ (4Li — l)6i (4lri — l)ai > 
(4L2 — 1)62 (4Jj2 — l)a2 
(4L3 — 1)63 (4L3 — 1)03 

4(X26l "f" ^162) 4(Z>2<I1 -f~ •£'112) 
4(^362 + i/263) 4(Zf3a2 + L2&3) 

\.4(Li63 + £361) 4(Lia3 + L^ai) J 
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where 

where 

where 

w = " { _ 2 ^ ^ }  =  C q  

T _ 
° ~~A? 

( bl+k2Nl 

b\ + k2N2 

bl + k2N3 

—A>IBI 
—a2b2 

—0363 

2&1&2 + k2N± —{b\a2 -f- aib2) 
26263 + k2N& —(0362 •+• <1263) 

V. 26361 + k2Ne —(0163 + 0361)7 

hi = ffiA2 

{t}4Z)= Dq 

DT = — 
A2 

( ${4LI-L)BT 
f (4Lx - 1)62 

4(4Lx - 1)63 

2(IAIBI 
2fia2b2 

2FXAZBZ 
2A(£j&i + £162) 2/1(0261 -f 0162) 
2^(^362 + £>263) 2/i(a3&2 + 0263) 

^ 2A{LI63 + £361) 2/i(ai63 + 0361) ; 

The details of the matrices involved in. the element equation are given in 

Appendix-B. 

5.2.3 Linear Triangular Element with Reduced Order of Governins Differential Equations. 

The following element developement is only for the normal incidence of P-

wave i.e. only <f> has been taken into consideration. Exactly same analysis can be 

followed to include if/ in the formulation but then the the size of the matrices A, 

B, C and D changes. 

Governing equation: 

4>,XX +  <f>,yy  + k*( f>  =  0 

Let 

u x  — (f> ,x  and Uy — <f>}y 
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Then the second order governing equation is reduced to a set of three first order 

differential equations: 

U X , X  + tt j , f y  + kl ( f>  = 0 

uy ~ 4>,v ~ ® 

(5.2) 

Hence a C° continuous element can be used without violating any continuity 

requirements, provided ux, uy and <f> are taken as unknowns at every node. 

Fig.4 Linear Element with Nine Nodal Unknows. 

Using linear interpolation functions for all the three unknowns one can 

write 

Ux — ^ NIUXI 
i= 1 

3 

Uy = ^ ^ NjUyj 
i=l 
3 



40 

where Ni — Li are the areal co-ordinates as described in section (5.2.1). 

w = 

where 

N = 

_,T _ 

Uy Nq 

JVi N2 iV3 0 0 0 0 0 01 0 0 0 NJ. iV2 iV3 0 0 0 
0 0 0 0 0 0 JVi iv2 N3J 

'XI  U X J  UI, tty» «y3 02 03 ) 

Governing Equations: 

U x , x  +  «y,y + KL# 

where 

ux 0,® 
uy ~ 0,y 

= Aq 

A = 2 A  
&1 &2 &3 

2AL\  2AL2 2AL3 
AI 
0 

a 2 

0 
AZ 
0 

k\L\  k i I /2  Ar iZ^A 

—61 —62 — &3 1 

and fci = 2Afc£ 

0 2ALI 2AL2 2AL3 —A, 1 —Q.2 —A3 J 

« = { £ } = B q  

where 

n  (Li  X»2 £3  0  0  0  0  0  o \  
\0 0 0 Ii £2 I3 0 0 oj 

w = { : - } = c q  

where 

p A* / &i 62 63 0 0 0 ^2^2 K2L&\ 
A\  0 0  0  bx  b 2  b 3  0 0 0 / 

and &2 = • 

t r >={" , ;}= D q  
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where 

± ( A L  I A L 2  A L a  0 0 0 0 0 (A 
A \ 0 0 0 f ib i  fxbi  nbz  0 0 oj 

Details of the matrices involved in the element equation are given in Appendix G. 



CHAPTER 6 

RESULTS AND DISCUSSION 

Though the computer code developed has the capability to handle multi-

layered plate, the results discussed here are for a homogenous plate. This has been 

done intentionally because it was possible to solve this problem analytically. The 

results obtained from the formulations in section (5.2.1) and (5.2.3) have been com

pared with the analytical results to study its accuracy and convergence properties. 

The results obtained from the proposed model are well within the numerical error. 

The maximum error was four percent in displacements and minimum error was one 

percent in stresses. 

A square plate of dimensions 1 m x 1 m was taken for the analysis. The 

normal stress <7o on boundary CD (Fig.l) was takento be unity. No shear stress 

was applied on this boundary. Other boundary conditions were specified as given 

in the problem description in chapter 4. 

The frequency w was taken to be tt. 

The material of the plate was selected rather arbitrarily to be silicon for 

which, 

a = 9.3 m/s (3 = 6.0 m/s 

For the finite element analysis, six different mesh configurations were used 

for two, four, eight, sixteen and thirty two elements. The different meshes are shown 

in Fig.5. 

Results obtained from the linear element of section 5.1 are plotted in Fig.6-

42 
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Fig. 10. The variation of (f> and a across the depth of the plate are given in Fig.6 

and Fig.7 respectively. It is clear from these plots that the finite element model 

gives exact results only at the top boundary. It does not give good results across 

the depth of the plate. For 4> convergence to the exact value is achieved on the top 

boundary as the number of elements is increased (Fig.9) but at the bottom boundary 

the results converge to a wrong value (Fig.10). It may be due to the fact that a 

severe violation of the continuity requirement has been commited. The governing 

equation is of the 2nd order in <f> but the element taken is only C° continuous in the 

unknown. Naturally, the penalty is to be paid at the boundary where the derivatives 

of the unknown are involved. This explains the wrong variation of $ as given by 

this element when the boundary with specified displacements is approached. Since 

the stress, as modelled by this element, is a linear function of tj>, the element gives 

good resultB at the top boundary where stresses are unknown. The results obtained 

from this element show that even if the problem is non-conforming, the continuity 

requirement for the least square formulation should not be violated. 

It was, however, thought that the results may be off due to wrong mod

elling of stresses. Since by taking linear <f>, the second derivatives of (f> become 

identically zero, two terms from the stress expression involving <f>,Xx and drop 

out. Hence the normal stress which is supposed to increase as the bottom boundary 

is approached does not show the desired variation. To the contrary, it decreases. 

Keeping this in mind, the quadratic triangular element was tried. The only unknown 

taken was <f> with quadratic variation and hence the stresses could be modelled as 

per the analytical expression. The results obtained with this element were nowhere 

close to the analytical values. The failure of this element can again be ascribed 

to the continuity violation. Taking quadratic <f> does not ensure the continuity of 
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the first derivatives of <f> across the interelement boundary unless and untill the 

derivatives are also taken as the primary unknowns. Since this element involves the 

second derivatives also, an error in <f> will result in magnified error in displacements 

and stresses. On theoretical grounds it is not unreasonable to assume that this 

element will give very good results if the first derivatives and <j>,v are also taken 

as nodal unknowns. This, however, results in a (18 X 18) stiffnes matrix for the 

element. If iff is also introduced, which has to be introduced if shear-wave effects 

are to be considered, the stiffness matrix for a single element will be (36 x 36)!! 

Obviously, this element is not desirable from computational point of view-

Encouraged by the partial good results given by the linear elements, it was 

thought that the problem should be transformed into a first order problem and the 

linear element should be used for the formulation. The results given by this model, 

as shown in Fig.ll-Fig.14 are very much in agreement with the analytical results. 

Despite the fact that the assumed linear variation of 0, u,x and u,„ are not 'error 

consistent* the results axe well within the range of numerical error. Fig.ll, Fig. 12 

and Fig.13 show the variation of <f>, a and uv across the-depth of the plate. The 

results obtained from this element are cearly very close to the analytical results. 

The maximum percentage errors in <f>, cr and uy were found to be 3.18, 4.0 and 

3.02 respectively, which are well within the acceptable range. The so called 'error 

inconsistency' is due to the fact that ux and uv if computed from <j> will be constant 

whereas they have been assumed to vary linearly. 
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a) 2 elements b) 4 elements 

c) 4 elements d) 8 elements 

e) 16 elements f) 32 elements 

Fig. 5 Finite Element Meshes 
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CHAPTER 7 

CONCLUSIONS 

From the results and discussion presented in chapter 6, the following con

clusions can be drawn : 

1. Even for a non conforming problem continuity requirements must be satisfied. 

2. Adoption of higher order elements should be avoided as far as possible for such 

problems. 

3. It is possible to model a problem even with complex boundary conditions, by 

least squares method using a single functional. 

4. An error - inconsistent element can be satisfactorily used if the inconsistency is 

taken into account in the set of governing equations. 

5. This inconsistency can also be removed by taking a 6-noded 'mixed' element in 

which <f> can be assumed to vary quadratically while the first derivatives ux and 

uy can be assumed to vary linearly. Then this element will have uz, uy and <f> as 

unknowns at all the vertex nodes but at the mid nodes only 4> will be unknown. 

Thus this element results in a total of 12 degrees of freedom if only $ is taken into 

consideration. At least on theoretical grounds, this element is expected to give 

improved results. 

51 



APPENDIX A 

DETAILS OF MATRICES FOR THE ELEMENT IN 5.1 

ATA = 

KihLa KIL^LS 0 0 0 A K<aL\ K*L2LS 0 0 0 
*%L\ 0 0 0 

Sym. K*Ll K*LIL2 K^LiLs 
K$L\ K*L2Ls 

V 
K$L\ 

KjL\ 

btb = 
4A2 

/b i  + af bib2 + aia2 
BS + A2 

Sym. 

6163 + ai 03 
b 2^3 + <12^3 

bl + a-l 
62a! — ^2^1 
63Q1 — 03b! 

af + bf 

^la2 ™ a1^2 
0 

&3tt2 — a3^2 
a t a 2  + 6162 

a2 + 63 

bias — 0163 > 
6203 — 12^3 

0 
ax 03 + bibs 
flja 3 + 6363 

6| + a§ y 

CTC = fSKi 

(L\ LIL2 LxLi 0 0 0 A 
L\ L2L3 0 0 0 

LI 0 0 0 
Sym. Li LlL2 LiLs 

LI L2 La 
V LI / 

(bl bib2 

DTD= A: 
4A2 

62 

Sym. 

where c = 4A2(i2Kp 

BIBS 
B2BS 
*2 

ai&i 
62ai 
i»sai 

af + cL\ 

a2i»i 
b2o3 

6303 
axa2 + CL\L% 

a2 + cLj 

a3bi 
b2as 
B^AS 

aias + CL\LS 
A2AS + CL2LS 

a|+ c£g -
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APPENDIX B 

MATRDC DETAILS 

Let 
aJ + 6J = ABl bibj +axas = AB12 
flj + ij ~ AB2 63 63 + ajdj — AB23 
a3 + ̂ 3 == AB3 6361 +ajai = ABZl 

ATA = [an] 

The typical coefRcients a<y are as follows 

An = ABl2 + 2/Tij451(2L2 - £x) + ir*(4£< - 4if + X?) 

i412 = ABl A52 + Kx[ABl{2Ll - X2) + .452(2X5 - ir)J 

+ Kl[iL\L\ - 2(X?X2 + LlLx) + LM 

Aia = ABl ABS + Kx\ABl(2L\ - X3) + AB3{2Ll - Lx)} 

+ Kl[4.L\L\ - 2{L\LS + L2
3Lx) + LxLa] 

An = 2AB1 AB12 + ifi [4/151 XxX2 + -Afll2{2Xj - £i)j + if?[8X?X2 - 4XjXa] 

Axb ~ 2AB1 AB2Z + Kx[4AB1L2Ls + j4523(2XJ — ^1)] "1" Jfi[8£iX2X3 — 4X1X2X3] 

A x u  =  2 A B I  A B Z l  +  K x [ i A B l L i s I * x  +  A B Z l \ 2 L f  —  L i ) ]  +  K [ [ 8 £ j L j  —  4 X 2 X s ]  

An = 4/15122 + IQKlL\L\) + lQKtABl2Lx - X2 

A i &  =  4 / 1 5 1 2  A B 2 Z  +  2 K i \ 4 A B l 2 L ^ L s  +  4 / 1 5 2 3 X i X 2 ]  +  1 Q K f L x L ^ L a  

At0 = 4.AB12 AB31 + 2ifi(4j45l2£s£i + 4/153lXiX2] + 1 0-ffiX2X2Xj 

BTB = [bij] 

The typical coefficients bij are as follows 
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BN = ABL[LBL\ - 8LX + 1) 

B\2 ~~ j4B12(16L^] — 4(J^i — Lj + 1) 

i?i3 — ABZl(iaLiL$ — 4(Xi + is) 4* 1) 

Bn — 4fci(461X1X3 + 462X' — 61X2 — 62X1) 4* 401(401X1X2 4* 402XJ — 01X3 — a2-^i) 

•Sis = 461(462X1X3 4* 463X1X2 —' 62X3 -• 63X2) 4* 4*11(402X1X3 4" 403X1X3 — 02X3 — 03X2) 

Biq = 46i (463X1 -+• 461X1X3 — Xi -* 63 — X361) -+• 401(403X1 4* 401X1X3 — Xi — 03 -* X301) 

Bi4 — 16(j451X2 4* AB2L\ 4* 2ABI2L1L2) 

Bi& = 16(^4512X2X3 4" ABSII12 4" j4B2XI£J 4" 4B23XiXj) 

BI6 = 16(^4531X1X2 4~ ABII12L3 + j4523Xj + ABLLX 

CTC = I Btf] 

The typical coefficients cy are as follows 

Cxi = a?6? 4- b* 4- 2if36j(2XjX1) 4- iif|(4Xf - 4Xj 4- X?) 

C^i2 = 01026163 4- 6J6' 4* /f2[6i(2X2 — X2) 4- 63(2X1 — Xi)| 

+ if=[4X?Xl - 2(X?X2 + X^Xi) 4- XiX2i 

Cl3 = 01036163 + 6163 + ̂2(61(2X5 — X3) + 63(2X1 — Xi)J 

+ ir|[4x;x§ - 2(x;xs 4- XgXi) 4- X1X3I 

Cn ~ 26162 4" tf3[46?XiX2 4* 26162(2X1 — Xi)j 4- /£;[ (8X1X2 — 4X1X3) 4* 20161(0261 4" 0163) 

C15 = 2616263 4* if3[46jXaX3 4" 26263(2X1 — Xi)] + (8X1X2X3 — 4X1X2X3) 4* 0161(0363 4" 0363) 

Cm = 26^63 4" ^3(461X1X3 4- 26163(2X1 — Xi)j 4* K%(8X1X3 — 4X1X3) 4" 0161(0361 4* 0163) 

Cn = 46J63 4- 10^26163X1X3 4- 16^3X1X3 4- (0361 4- ai6a)3 

C45 — 4616363 4" 8if26i63X2X3 4" 8/^26263X1X216/^2X1X2X3 4" (0261 4" 01625(0362 4* 0263) 

C46 — 4616263 4" 8/^216163X3X1 4- 6163X1X3] 4- 16/^3X1X3X3 + (0261 4* 0162)(0163 4- 0361) 



DTD = [rfy] 

The typical coefficients dij ore as follows 

DTX = 4^6i(16i? - 8£i + 1) + 4/*3a?6? 
4 
A2 

•®12 = -—6I62(16£I£2 — 4(£i + £3) + 1) + 4/i2 <11(126162 
4 

A2 

•Dis = -^-6163(10X1 £3 — 4(£i + £3) + 1) + 4/x3ai <136163 

jDI4 = A2 61 (46iLI£3 + 462^1 — 61X2 — 62^1) + 4/t2ai6i(a26i + Q163) 

D15 — A2 61 {462 £1 £3 + 46S£I£2 — 62X3 — 63X2) + 4p2ai6i(as62 + <1263) 

£>i« = A26i(463 £2 + 4&I£I£3 — 63X1 — 6i£s) + 4/x2ai6i(ai&3 + 0361) 

D« = 4A2(6?£g + 63 £2 + 2&i62£i£3) + 4/x3(a261 + ai62)2 

D45 — 4A2(6i62£2£S -f" 6163£| + 6j£i£3 + 62&3£I£3) + 4/t2(d26i + <*i62)(<i363 + <*263) 

D4 e = 4A2{6I63£i£S + 62£2£s + 62&3£2 + 6I62£I£S) + 4/t2(a 261 + 0162) (0163 + 0361) 



APPENDIX C 

MATRIX DETAILS FOR ELEMENT OF SECTION 5.3 

ATA = [at j | + [of3-] 

LlL2 LtLs 0 0 0 
LI L2 0 0 0 

L\ 0 0 0 
L\ L1L2 

L\ 
LxLa 

Lz Li 
Sym. LI 

-b,L 1 -btL! v 
2 A 2 A 2A -b,L, -b,L, -biL3 
2 A 2 A 2 A -btLa -bits -6J£,J 
2 A 2 A SA -a tLi -a j Li ~asLi 
2 A 1A 2 A -aiLi =SLJL2. t A 2 A 2 A 

ZL?-lkjL -aiL» 
2 A SA 2A 

6? + a? b,b7+a,ai 6i6s4*Aias 
iA\ AA* 

b\+a\ 6i6<i*faiai 
4A* 4A 2  

*»+;> J 

/ fcita 
6® 

6l63 ai&i 02&1 a3f>i KxbxLi KihLs > 
62^8 0162 &2&2 asbs /f 162-^2 

6S ai6s a2&s <1363 /fx 63 £2 KtbzLz 

«! ala2 oia3 ifiaiLi ifiai£2 KiaiLt 
a> «2fl3 iflOjil ifiaaij KiajLi 

Sym. a3 KiasLi iTiajLa KiazLz 
K\L\ KlLiLi KlhLi K\L\ 

K\L\ KfLaL3 

KLLL 
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BTB = 

lLl 

LIT* L\Lz 0 0 0 0 0 0\ 
L\ l2ls 0 0 0 0 0 0 
L\ 1*2 LS 0 0 0 0 0 0 

L\ L2L3 0 0 0 0 0 
LI LlL2 LxL3 0 0 0 

L\ LtLa 0 0 0 
SYM. LI 0 

0 
0 
0 
0 

0 
0 
0 

< 0/ 

FB\ BIB2 

C T C=^ 
A* 

I>1 
Ma 0 0 0 6iifaZi 6^ K2L2 BILCSLZ Y 
6263 0 0 0 63^2^1 62^2 L2 B2KSLA 
% 0 0 0 BILCJLI B$K2L2 BSK2LS 

6? bibg 6163 0 0 0 

b I &2&3 0 0 0 

% 0 0 0 
SYM, KIL\ KLHL2 K^L, KIL\ 

KILL K2L2L3 

KIL* 

D T D = ^  

A2LXL2 A2LiLa 0 0 0 0 0 ° \  
A2Ll A*L2LS 0 0 0 0 0 0 

A*Ll 0 0 0 0 0 0 
fbl P2HBA fbxbi 0 0 0 

M3FOBS 0 0 0 
Sym, fbl 0 

0 
0 
0 
0 

0 
0 
0 
0/ 



APPENDIX D 

EXACT INTEGRALS FOR THE AREAL CO-ORDINATES 

Area Integrals: 

fLL?L'L''dA" [m-Tntp + 2)i1A 

SLL'IA=T, 

ILLliA=To 

ffALVA=± 

///'"= T 

j'Lw=£ 

5 

IL Ll l'iA=Ti 

/LL'L'dA=r0 

FILLL'L""L=WO 

Path Integrals: 

LL'D'=i 
j T u a - j  



J H 4 . - \  

J Li L2 da = — 
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